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THE CLASS QO AND MIXTURE DISTRIBUTIONS WITH
DOMINATED CONTINUOUS SINGULAR PARTS

ALEXEY A. KHARTOV

We consider a new class Q of distribution functions F that have the property
of rational-infinite divisibility: there exist some infinitely divisible distribu-
tion functions F; and F, such that F; = F % F,. A distribution function of
class Q is quasi-infinitely divisible in the sense that its characteristic function
admits the Lévy-type representation with a “signed spectral measure”. This
class is a wide natural extension of the fundamental class of infinitely divisible
distribution functions and it is being actively studied now. We are interested
in conditions for a distribution function F to belong to class Q for the
unexplored case, where F may have a continuous singular part. We propose
a criterion under the assumption that the continuous singular part of F is
dominated by the discrete part in a certain sense. The criterion generalizes
the previous results by Alexeev and Khartov for discrete probability laws and
the results by Berger and Kutlu for the mixtures of discrete and absolutely
continuous laws. In addition, we describe the characteristic triplet of the
corresponding Lévy-type representation, which may contain a continuous
singular part. We also show that the assumption of the dominated continuous
singular part cannot be omitted or even slightly extended (without some
special assumptions). We apply the general criterion to some interesting
particular examples. We also positively solve the decomposition problem
stated by Lindner, Pan and Sato within the case being considered.

1. Introduction

This paper is devoted to the study of a new class of probability laws that naturally
extends the fundamental class of infinitely divisible distributions.

Let F be a distribution function on the real line R. Recall that F and the
corresponding probability law are called infinitely divisible if for every positive
integer n there exists a distribution function Fj, such that F = (F;,)*", where
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“x” denotes the convolution operation, i.e., F is the n-fold convolution power of
Fi/,. Let f be the characteristic function of F, i.e.,

f@) ::/e”xdF(x), teR.
R

It is well-known (see [12; 31; 37]) that F is infinitely divisible if and only if f
admits the Lévy representation
o’t? ,
€Y f(t):exp{ity——-l—/ (e”x—l—itsin(x)) dL(x)}, teR,
2 R\(0)

with a shift parameter y € R, a the Gaussian variance 62>0,and a Lévy spectral
function L : R\ {0} = R, which is nondecreasing on each of the intervals (—oo, 0)
and (0, +00), and satisfies

(2) lim L(x)= lim L(x)=0,
X——00 xX— 400

and also
/ x2 dL(x) <oo forany 4 >0,
Os

where O; := (=6, 0) U (0, §). The function L is assumed to be right-continuous
at every point of the real line. Importantly, the characteristic triplet (y, o2, L) is
uniquely determined by f and hence by F. Due to this representation, the class of
infinitely divisible probability laws has found a lot of applications through Lévy
processes (see [31]), the stochastic calculus (see [4]), teletraffic models (see [25]),
and actuarial mathematics (see [32]).

Let I denote the class of all infinitely divisible distribution functions on the real
line. This class is naturally extended in the following way. We call a distribution
function F (and the corresponding probability law) rational-infinitely divisible
if there exist some infinitely divisible distribution functions F; and F; such that
F1 = F x F,. In terms of characteristic functions, this definition is equivalent to the
formula f(z) = fi(t)/f>(¢), t € R, for the characteristic function f of F, where
f1 and f, are the characteristic functions of some infinitely divisible distribution
functions F) and F,. We denote by @ the class of all rational-infinitely divisible
distribution functions. Since F, may be chosen as degenerate at some point a
(i.e., fo(t) = €, t € R), it is clear that, indeed, I C Q. Moreover, from the
definition, it is seen that the characteristic function f of any F € Q admits a Lévy-
type representation. Namely, if F; and F, have characteristic triplets (y,, 012, L)
and (y,, 022, L), then formula (1) holds with the shift parameter y =y, —y, € R,
the Gaussian variance o> = 012 — 022, and the spectral function L = L — L. In that
case, L has a bounded total variation on R\ O; for every § > 0, and, in general,
it is nonmonotonic on the intervals (—oo, 0) and (0, +00). The function L also
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inherits from L and L, right-continuity on R and property (2). Moreover,
f x2d|L|(x) <oo forany 6 >0,
Os

where we integrate over the variation of L. We now suppose that, conversely, f
admits representation (1) with some y € R, o2 > 0, and L satisfying the above
conditions. Following Lindner and Sato [26], the corresponding distribution function
F and probability law are called quasi-infinitely divisible. Let us fix any real y,
and y, such that y = y, — y,. Let us fix any nonnegative 012 and 022 such that
012 > 022 and 02 = 0'12 — 0'22. Due to the Hahn—Jordan decomposition, it is not
difficult to show that there exist some canonical Lévy spectral functions L and L,
satisfying the usual conditions with monotonicity such that L = L1 — L,. Then
f@)= fit)/fo(t), t € R, where f| and f, are represented by the canonical Lévy
formula (1) with characteristic triplets (y,, 0*12, Ly) and (y,, 022, L3). So fi and f>
are the characteristic functions for some infinitely divisible distribution functions
and hence the distribution function F corresponding to such an f is rational-
infinitely divisible. Thus F € Q if and only if f admits representation (1) with
some (y, o2, L) satisfying the above conditions. Additionally, the characteristic
triplet (y, o2, L) is uniquely determined by f and hence by F as for infinitely
divisible laws (this can be concluded from the assertion in [12, p. 80]). It is also
clear that for any rational-infinitely divisible F its characteristic function f has no
zeroes on the real line, i.e., f(¢) #0, 1 € R.

The class @ and its multivariate analog are objects of active study (see [2; 8; 26])
and they find interesting applications in probability limit and compactness theorems
(see Sections 4 and 8 in [26], Section 3 in [3], the paper [19], and also [1; 17]),
and in other areas (see, for instance, [10; 29; 30]). But, actually, nondegenerate
representatives of Q \ I appeared even earlier in the theory of decompositions of
probability laws as components of certain infinitely divisible distribution functions
(see [12, pp. 81-83; 27, p. 165]).

The class Q is seen to be rather wide. For instance, it contains the distribution
function of every probability law that has a mass > 1/2 at some point. Hence the
class QO contains nondegenerate distribution functions of some probability laws
with bounded supports (see examples in [26]), which are “far” from the infinite
divisibility property in a known sense (see [5]). So it is interesting and important to
obtain criteria for belonging to the class Q. The existing results in this direction
usually have simple and nice formulations in terms of characteristic functions. The
first quite general result of such type was obtained by Lindner, Pan, and Sato in
[26] (see Theorem 8.1, p. 30). It states that a lattice distribution function F belongs
to the class @ if and only if its characteristic function f does not have zeroes on
the real line, i.e., f(¢) # O for any ¢ € R.
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In [3] and [18], this result was generalized to the class of arbitrary discrete
probability laws. Namely, a discrete distribution function F belongs to Q if and
only if its characteristic function f is separated from zero, i.e., | f(¢)| > u for any
t € R and for some constant © > 0. Moreover, in that case, the components of
the characteristic triplet are fully described. This result is a generalization of the
previous one for discrete lattice distributions, because the absolute value | f(-)| of
the characteristic function f of a discrete lattice distribution is a periodic continuous
function on R. Therefore such f is zero-free on the period segment (and hence on
R) if any only if it is separated from zero.

In [6], Berger considered mixtures of a degenerate law (with a nonzero coefficient)
and absolutely continuous distributions. According to his result, a distribution
function F of such type belongs to @ if and only if f(¢) #0, r € R. Moreover,
the result describes the structure of the components of the characteristic triplet in
that case. The author also formulated more general criterion for the case, when the
degenerate law from the previous one is replaced by a discrete lattice distribution
with characteristic function, which has no zeroes on the real line. At present,
however, the most general criterion (among those that use assumptions about the
type of distribution) is the following result for the mixtures of discrete and absolutely
continuous probability laws, which was obtained by Berger and Kutlu in the paper
[7]. Let us formulate it with more details here. Namely, assume that F(x) =
caFy(x) 4+ c,F.(x), x € R, where Fy is a discrete distribution function, F, is an
absolutely continuous distribution function, ¢; >0, ¢, >0, and c;+c, = 1. We write
the characteristic function f in the corresponding form: f(t) = cq fa(t) + cq f4 (1),
t € R. Then F € Q if and only if f(¢) # 0 and | f;(¢)| = n for any ¢ € R with
some constant x> 0. It is equivalent to the condition | f(¢)| > u’ for any ¢ € R and
for some constant u’ > 0. Moreover, Berger and Kutlu showed the existence of
some discrete part in the spectral function and they fully described its absolutely
continuous part for this case. It should be noted that we are not aware of any similar
results for purely absolutely continuous distribution functions F. However, for
some cases the problem of membership in class @ for a given distribution function
of such type is not difficult to solve by the general criteria proposed in [20] with
some additional analysis.

This article is devoted to generalizing and complementing all the mentioned
results (except [20]) for the case, when F' may have a continuous singular part.
Namely, we propose a criterion for a distribution function F to belong to class Q
under the assumption that its continuous singular part is dominated by its discrete
part in a certain sense. In fact, we show that the conditions on f from the results
[6] and [7] are carried over to this case. In addition, we describe the characteristic
triplet of the corresponding Lévy-type representation, which may contain some
continuous singular part.
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We next show that the assumption of a dominated continuous singular part
cannot be omitted or even slightly extended without some additional assumptions.
In addition, for any F' € Q we solve the decomposition problem, which was stated
by Lindner, Pan, Sato in [26] (see Open Question 8.4), within the considered case.
Here we obtain a positive solution generalizing similar results from [6] and [7].

The article has the following structure. Section 2 contains necessary preliminaries,
more detailed statements of some preexisting results mentioned above and the
formulations of the new results of the paper. In Section 3, we formulate some
important known theorems and useful lemmata, which will be auxiliary tools
needed for the proofs of our results. In Section 4, we first prove a key auxiliary
lemma and we next propose the proofs of the main results of the article.

Throughout the paper, we use the following notation. We denote by N the set
of positive integers and let Ny := N U {0}. The symbols Z and Q denote as usual
the sets of all integers and rational numbers, respectively. Next, C is the set of all
complex numbers. For any z € C we denote by Im{z} and arg(z) its imaginary part
and the principal value of the argument of z, respectively. If ¢ is a complex-valued
continuous function on R satisfying ¢¥/(0) = ¢ € C\ {0} and v (¢) # O for any
t € R, then the distinguished logarithm Ln v is defined by the formula Ln ¢/ (¢) :=
In|y(t)| + iArgr(2), t € R, where Argyr(¢) is the argument of ¥ (¢) uniquely
defined on R by the continuity with the condition Arg(0) = arg(c) € (—m, 7].
The symbol 1, with fixed a € R denotes the distribution function of the degenerate
law concentrated at the point a, i.e., 1,(x) =1 for x > a and 1,(x) =0 for x < a.
For any set A we denote by [4 the indicator function of A, i.e., [4(x) =1 for any
x € Aand l4(x) =0 for any x ¢ A. The signum function is denoted by sgn(-), i.e.,
sgn(x) =41 for x > 0, sgn(x) = —1 for x <0, and sgn(0) = 0. For any finite set A
the symbol |A| denotes the number of elements of A. We always set ) ,_, ax =0
and [[;.4 ax = 1 in the case A = @. For any two vectors x and y from R" the
standard scalar product is denoted by (x, y).

For any function G defined on R the limits lim,_, +,, G(x) are denoted by
G (£00), respectively, if these limits exist. The class of all functions G : R — R of
bounded total variation on R (nonmonotonic in general), which are right-continuous
at every point and G(—o0) = 0, is denoted by V. We denote by V¢ the set of
all functions G : R — C of the form G(x) = G;(x) +iGy(x), x € R, where G,
and G, are from V. For every G € V (or V) its total variation on R will be
denoted by ||G || and the total variation on (—oo, x] by |G|(x), x € R. So we have
|G(x)| <|Gl(x) < |G|, x €R, and |G|(+00) = ||G||. Next, we adopt the following
convention. Let G be a function from V with the Fourier—Stieltjes transform g,
ie., g(t) = fR €™ dG(x), t € R. In view of the uniqueness theorem for functions
from V, we set ||g| := ||G|l. So ||g]| = 0 if and only if g(t) = 0, t € R, and
llc-gll = lc|- |lgll for any ¢ € R. Let G| and G, be functions from V with the
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Fourier—Stieltjes transforms g; and g;, correspondingly. The known inequalities
IG1+ G2l < IIG1ll + G2l and |Gy * G2l < |G| - |G2 || are correspondingly
written as [|g1 + &2/l < g1/l + 1182 and [Ig1 - g2l < [l g1l - [[g2]l. We recall that both
V and the corresponding space of functions g with norm || - || will be complete
normed spaces (see [11, p. 165]).

2. Criteria for belonging to class O

Let F be an arbitrary distribution function on the real line. According to the
Lebesgue decomposition theorem, F' admits the representation

(3) F(x)=cqFy(x)+caFy(x)+csFs(x), xeR,

where Fy, F,, and F; are discrete, absolutely continuous and continuous singular
distribution functions, respectively. Here the coefficients c4, c,, and ¢ are nonneg-
ative constants such that ¢; + ¢, + ¢; = 1. Let f be the characteristic function of
F. It is represented in a similar way:

“4) S@) =cafa®) +cafa() +cs fs(0), teR,

where fy, f,, and f are the characteristic functions corresponding to Fy, F,, and
F;, respectively. It is well known that the summands in (3) or (4) are uniquely
determined. So if any of the terms is not identically zero, then the corresponding co-
efficient, distribution function, and characteristic function are uniquely determined.

We will consider only the case that F' has nonzero discrete part, i.e., ¢ > 0 in (3).
We write the distribution function Fj; in the form

) Fax)=Y pr, x€R,

kGN()
Xp <X

where x; are distinct reals associated with weights py > 0, k € Ny, Z/fio pr=1.
Hence f; has the form

(©) f) =Y pee™, te.

kENo
We define the carrier of the distribution corresponding to Fy:
X!={xk2pk>0,k€N0}.
Obviously, X # @. We also need the set of all finite Z-linear combinations of

elements from the set X:

m
(X) = {Zakzk: ar€Z, zy € X, m EN}.
k=1
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So (X) is the module over the ring Z with the generating set X. It easily seen that,
in particular, X C (X) and 0 € (X). If X # {0}, then (X) is an infinite countable
set.

Now we are ready to formulate in detail the most general existing results on
criteria for belonging to class (0. We start with the result obtained in [3] and [18]
by Alexeev and Khartov for the case of discrete F.

Theorem 1. Suppose that F is a discrete distribution function, c; = 1 and c, =
¢ =0in (3) (F and F; are identical and hence f and f; are too; F has the form
(5), f is represented by (6)). Then F € Q if and only if inf,cr | f (t)| > 0. In that
case, f admits the representation

(7 f(t):exp{ity0+ > ,\u(e””—l)}, 1R,

ue(X)\{0}
with some y,, € (X) and A, € R for all u € (X) \ {0}, and Zue(X)\{O} [Ay| < oc.

It is not difficult to rewrite the representation (7) in integral form (1) with some
y € R, 0% =0, and some discrete L, which will satisfy all the conditions for a
spectral function for the quasi-infinitely divisibility. We will do this below for a
more general case. Hence, if the characteristic function f is represented by (7),
then F € Q.

It is clear that if ' € @Q and A, > 0 for all u € (') \ {0} in representation (7), then
F is infinitely divisible, i.e., F € I. If there exists A, < 0 with some v € (X) \ {0},
then F € Q\ I, because the (uniquely defined) function L will be decreasing in the
neighborhood of v. For examples of the latter case see [26, p. 10] and [27, p. 165].

We now formulate Berger and Kutlu’s result in [7] for the important case ¢, > 0.
As mentioned, at present, this is the most general criterion using information about
the type of the distribution function F.

Theorem 2. Suppose that F has the decomposition (3) with some cq > 0, ¢, > 0,
and ¢y = 0. Then the following statements are equivalent:

1) FegQ.
(i) infrer | f(2)| > 0.
(iii) f(¢) #£0 foranyt € R, and inf;cr | f7(2)| > O.

If one (hence all) of the conditions is satisfied, then f admits the representation

. . Lo lxl
(8) f(f)ZCXP{iIVo‘i‘Z Au(el[“—1)+f (e”x—l)<v(x)+sgn(x) m |i| )dx},
uel R
teR,

where y, € R,m € Z,U is a discrete set, A, € R for all u € U, with > v [ Aul < 00,

and v is a real-valued function from L (R).

ue
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In addition to this theorem, the paper [7] contains a number of interesting
assertions concerning decomposition of F' and characterization of the existence of
the H-moment of F for certain positive functions H. Additionally, there is a rather
general theorem similar to Theorem 2 for the function f, but without the assumption
that it is the characteristic function of some probability law (Theorem 2.1 in [7]).

Theorem 2 generalizes the results by Berger ([6, Theorems 4.5 and 4.12]) men-
tioned in the introduction, where F,; was assumed to be a discrete lattice. It is also
seen that, in fact, Theorem 2 is a strengthening of Theorem 1. However, we note
that v, and the discrete part in (7) are described in greater detail than in formula (8).

We now propose a generalization of the previous criteria for the case when F
may have a continuous singular part, i.e., when c¢; 2 0 in (3). The following theorem
is the main result of this article.

For convenience, we preliminarily select the following property of distributions.
Let us define ug := inficr | f7(2)]. We say that a distribution function F has a
dominated continuous singular part if ¢, < cquq for the case g > 0 and if ¢; =0
for the case ug = 0.

Theorem 3. Suppose that F has a decomposition (3) with cq > 0,c, >0, ¢y =0,
and that F has a dominated continuous singular part. Then the following statements
are equivalent:

i) Fed.
(i) infreg | f(2)] > 0.
(i) f(t) #0foranyt € R, and inf,cr | f;(t)| > 0.

If one (hence all) of the conditions is satisfied, f admits the representation

9) f(t):exp:ityo—l- Z ku(ei’”—l)

ue{XN\{0}

. m, - e_lxl
+/ (e — 1)(va(x) + sgn(x) a—) dx
R\{0} x|

+f (ei’x—l)dW(x)}, reR.
R\ {0}

Here y, € (X), A, € R for all u € (X) \ {0}, and Zu€<X>\{O} |Au| < oo. Next, the
Sfunction v, : R — R satisfies fR [vg(x)| dx < 00, and, in the case ¢, = 0, v, is
identically O; the constant m, € Z is defined by the formula

1
(10) my = —( lim Arg R,(t) — lim ArgR, (t)),
27T ‘t—00 t——00

with
Ca fa(t)

R,(t) =1 ,
O=1+ 0+ fi@)
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where, in particular, m, = 0 for the case c, = 0. Next, the function W : R — R
belongs to V and it is always continuous on R. If c; = 0 then W is identically 0.
If ¢y # 0 then W is not absolutely continuous on R, i.e., it always contains some
continuous singular part. In addition, if all the functions F, s*k, k € N, are continuous
singular, then the function W is (purely ) continuous singular.

Note that the discrete part in the exponent in (9) depends only on discrete part
of f,i.e., on f;. More precisely, we have the following remark, which will be seen
from the proof of Theorem 3.

Remark 1. In the representation (9),

Ln fy(t) =ityy+ > d(e™ =1, teR.
ue(X)\(0)

It is easily seen that if we set ¢, := 0 and ¢, := 0 in the assumptions of this
theorem, then we come to Theorem 1. If we set only ¢, := 0, then we conclude the
statement of Theorem 2, but with a full description of the discrete part in (8). In
the unexplored case ¢, > 0, the new function W appears and it always has some
continuous singular part.

Using Theorem 3, it is easy to construct a lot of particular examples of F € Q
with nonzero continuous singular parts.

Example 1. Suppose that
F(x):=cqlo(x) +coFa(x) +csFs(x), x€eR,

with ¢y > ¢y >0, ¢, 20, and ¢g 4+ ¢, + ¢; = 1. Let F; be an arbitrary continuous
singular function, but F, be an absolutely continuous distribution function, whose
characteristic function f, is real and nonnegative (for instance, f, is a Pdlya-
type characteristic function, or f, corresponds to a symmetric continuous stable
distribution). Then F € Q. Indeed, F' has dominated continuous singular part,
because f; is identically 1 here, i.e., uy = 1, and hence cyug = cg > c5. Let us
check (ii) from Theorem 3. For this, we consider the characteristic function of F,

f(t)=cd+cafa(t)+csfs(f), teR.

Under the assumptions, we observe that

| f O] = lca+cafa®)—csl fs(O)] =ca+cafa(t) —cslfs @), t€R.

Since f,(t) > 0and | f;(¢)| < 1 forany ¢t € R, we have | f (¢)| = ¢4 — ¢g > 0 for any
t € R, i.e., (ii) holds. Thus F € Q by Theorem 3.

In the general case, of course, checking (ii) or (iii) of Theorem 3 may require
more subtle analysis. We illustrate this with the following special example, which
is interesting also because there is a (purely) continuous singular function W in (9).



148 ALEXEY A. KHARTOV

Example 2. Let us consider the mixture of the degenerate law, the uniform distri-
bution on [0, 1] and the classical Cantor distribution. Namely, we set

F(x) :=cqlo(x) +caUx) +¢:S(x), x€eR,

where U is an absolutely continuous distribution function with density [jo, 1}, and
S is the cumulative function of the classical Cantor distribution supported on the
Cantorset C C [0,1]; ¢y > ¢y >0,¢c, >20,and ¢; +c,+ ¢, = 1.

We first observe that f; is identically 1 here and, as in Example 1, F has
dominated continuous singular part. We next check condition (iii) of Theorem 3.
Since inf;cg | f7(¢)] =1, it remains to show that f(¢) # 0 for any ¢ € R. The function
f is expressed by the formula

it

o0
+ege? [ Jeost/35). teR.
k=1

e
ft)=cq+cq ;
it

We set
sin(t/2)

f0) = f@)e " = cae™ P s =13

o0
+ ¢y Hcos(z/Bk), teR.
k=1

The functions f and f have the same set of zeroes on R, a subset of the set of
zeroes of the function Im{ f (1)} = —cgsin(t/2), t € R. The last set is exactly
{2rm : m € Z}. Therefore it is sufficient to show that f(2wm) # 0 for any m € Z.
Obviously, we can exclude m = 0. For any m € Z\ {0} we write

sin(rm)

o
+¢; [ [ cos2mm/3Y)
k=1

|fQram)| = |fQrm)| =

cqcos(mm) +cq

(e8]
ca(=1)" +¢; [ [ cos@rm/3)
k=1

It follows that

o0
| fQRrm)| = cqg —c; l_[|cos(2rrm/3k)| >cqg—cs > 0.
k=1
Thus f(¢) # 0 for any ¢ € R and condition (iii) of Theorem 3 is satisfied. So, by
the theorem, F € Q.
Let us consider the representation (9) for f. Since f;(¢) =1 for any ¢ € R, the
sum

ityy+ 2 hu(e™ —1)
u

is identically O according to Remark 1. There are the function v, € L (R) and the
constant m, € Z, but we will not determine these here. Next, we turn to the function
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W. It is known that all convolution powers $**, n € N, of the Cantor distribution
function S are continuous singular; this follows from the famous Jessen—Wintner
theorem (see [16], Theorem 35) and the representation of S (x + %), x € R, as the
infinite symmetric Bernoulli convolution, and it was also explicitly shown in [36]
(see p. 520). According to Theorem 3, this implies that W is purely continuous
singular. Moreover, it will be seen from the proof of Theorem 3 that W is the limit
of the sums

n

_1yk—1 k
W, (x) =ZL<Z—) s*(), xeR, neN,

k
k=1
as n — oo with respect to convergence in total variation on R.

So Theorem 3 yields a sufficient condition for W to be (purely) continuous
singular. Is it true that W is always a (purely) continuous singular function in the
case ¢y # 07

Proposition 1. Suppose that F € Q satisfies the assumptions of Theorem 3 with
¢s > 0 and the characteristic function f is represented by (9) with some W. Suppose
there is an integer n, > 2 such that the function F, =) g (purely) continuous
singular, but the function F;"" is not, i.e., Fy"*(x) =aH,(x)+(1 —a) Hy(x), x € R,
where « is a number in (0, 1], H, is an absolutely continuous distribution function,
and H; is a continuous singular distribution function. If

la G5

o>
- ng+1 cy

then the function W is not (purely) continuous singular. In particular, this is always
true for the case o = 1.

It should be recalled here that there exist examples of continuous singular distri-
bution functions (say of Fy), whose convolution squares (say F*?) are absolutely
continuous (see [14; 15; 36]). Therefore we answer the question asked before
Proposition 1 in the negative.

The following remark yields the characteristic triplet for F € Q in the explicit
form under the assumptions of Theorem 3.

Remark 2. The representation (9) can be written in the form

f@ = exp{ityo +/ (€™ —1) dL(x)}

R\{0}
:exp{ity—l—/ (€™ — 1 —itsin(x)) dL(x)}, t e R,
R\{0}

where
y = y0+/ sin(x) dL(x)
R\{0}
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and L(x) := Ly(x)+ Ly(x) 4+ Ly(x) for any x € R\ {0} with

> o ifx <O,
ME(X<)\{0}
(11) Ly(x):= sy
- Y A ifx>0,
ue(X)\{0}

Lo lul
f (va(u) + sgn(u) m”;) du if x <0,
(12) La(x) =9 USx |u|_|u‘
—f (va(u) + sgn(u) m“|—e|> du if x >0,
u

Uu>x

W (x) if x <0,

13 Lg(x) :=
(13) ) [W(x) —W(4o0) if x >0.

It is seen that L satisfies all admissible conditions for a spectral function in the
Lévy type representation. Thus, under the assumptions of Theorem 3, (y, 0, L) is
the characteristic triplet for F satisfying one of the conditions (i)—(iii). On the other
hand, if we know that (9) represents the characteristic function of some probability
law, then its distribution function F is quasi-infinitely divisible by the definition
and hence F € Q.

The following remark shows that the property of dominated singular part is not
a necessary condition for belonging to class Q.

Remark 3. Let F satisfy the assumptions of Theorem 3 with ¢, > 0. Suppose that
F € Q. Then F** € Q for any n € N, but F*" does not have dominated singular
part for all sufficiently large .

Indeed, it is seen from the definition of the rational-infinite divisibility that the
convolution of two any distribution functions from @ belongs to Q. Therefore
F** e Q for any n € N. Next, we consider the characteristic function f of F. It
admits the decomposition (4) with ¢; > 0, ¢, = 0, ¢; > 0, and ¢, < cyug, Where
g = infrcg | f2(t)| as before. Then every F*" has the characteristic function

FO" = (cafa® +cafa®+esfs(0), teR

From this it is easily seen that # — cJ; f4(1)", t € R, is the Fourier-Stieltjes transform
of the discrete part of F*". Hence c/; is the weight of this part and inf;cg | f4()"| =
;. Next, there are n terms cscg_1 fs(t) f2(t)"~! that appear in the Fourier-Stieltjes
transform of the continuous singular part of F**. This is because a convolution of
continuous singular function with a discrete function is continuous singular (see
[28, p. 190] or [34, p.319]). So the weight of the continuous singular part of F*"
is not less than ncscz_l. For any integer n > c4/cs we have ncscg_1 >cl >l
Therefore the exact weight of the continuous singular part of F*" is not less than
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/il too; i.e., the condition of dominated singular part doesn’t hold for F*" for
nZzcq/cs.

The following interesting example shows that the condition of a dominated
singular part cannot be simply omitted, or even extended to the case ¢; = cytg
with wg > 0 without certain additional assumptions.

Example 3. Let B denote the distribution function of the Bernoulli law on the
points 1 with equal probabilities, i.e., B(x) = % 1)+ % 1i(x), x € R. We set

(14) Fi(x):=310() +3 F(x), xeR,
where Fj is the following infinite symmetric Bernoulli convolution
Fs=BixBy*---%By*---

with Bi(x) := B(k!x), x € R, k € N. Let f, and f; denote the characteristic
functions of F, and Fy. Then f,(¢) = %—i— % fs(), t € R, and

o
(15) f: (1) = Hcos(t/k!), teR.

k=1
It is known (see [28, pp. 20, 67]) that the function Fj is continuous singular. Let
us consider Lebesgue’s decomposition (4) for f = f.. We have ¢y = %, ca =0,
and ¢; = % Observe that the component f; is identically 1 for f, and hence
wq = inficr | fa(®)| = 1. So cquq = cy, i.e., the condition of dominated continuous
singular part, doesn’t hold. Next, f,(#) #0 for any 7 € R, since otherwise f(f)) =—1
for some #y # 0 and hence | f;(tp)| = 1, which would mean that F; is a discrete
lattice distribution function (see [28, Theorem 2.1.4]), a contradiction. Thus F;
satisfies condition (iii) of Theorem 3 and the assumption c; > 0, but F, doesn’t

have dominated continuous singular part.
Proposition 2. The function F, doesn’t belong to Q.

Thus, in general, conditions (i) and (iii) from Theorem 3 are not equivalent even
if ¢g = cquqg > 0.

By the way, we recall that distribution functions of discrete laws with a point
mass %, which have characteristic functions without zeroes on the real line, don’t
always belong to class @ (see [22] for more details). However, if the distribution is
an atom of mass % plus a continuous part, which is not purely singular, then the
answer is definite.

Example 4. Suppose that
F(x) =351, (x) +caFa(x) + ¢ Fs(x), x€R,

where F, is an absolutely continuous distribution function, F is a continuous
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singular distribution function, y, € R, ¢, > 0, ¢; > 0, and ¢4 + ¢y = % Such a
function F always belongs to class Q. Let us check it. We consider the characteristic
function of F':

fO) =3 +cifa)+c, fs(t), teR.

Here ¢; = % and fy(t) = e, t € R. Hence uy = infiep |fa(®)] =1and ¢; =
% —Cy < % = c4/L4, 1.€., F has dominated continuous singular part. Next, f(¢) #0
for any ¢ € R. For otherwise 2c¢, f,(to) + 2¢s f5(to) = —e'™% for some o # 0 and
S0 |2¢4 fa(t0) + 2¢5 f5(to)| = 1. This equality implies that the distribution function
with the characteristic function 2¢, f,;(-) 4+ 2¢ fs (- ) is discrete lattice, but this is
actually continuous by the assumptions, a contradiction.

So F satisfies condition (iii) and the other assumptions of Theorems 3. It follows

that F € Q.

The next assertion solves the decomposition problem for any distribution function
F e Q satisfying the assumptions of Theorem 3.

Proposition 3. Let F be a distribution function with decomposition (3) with some
ci >0,¢c, 20, ¢y =0, and a dominated continuous singular part. Suppose that
F € Q and F = F| x F, with some distribution functions F| and F,. Then F\ and
F> belong to Q.

This proposition generalizes a similar result from [7] (see Corollary 2.3 to
Theorem 2.2), which solves the problem for F' € Q satisfying the assumptions of
Theorem 2. We note that there is a general decomposition problem for arbitrary
F € Q, which was stated by Lindner, Pan and Sato in [26] (see Open Question 8.4):
Is it true that if F € Q and F = F| x F> (F| and F, being distribution functions
on R), then Fy € Q and F> € Q7 So Proposition 3 answers this question in the
affirmative for any F € Q satisfying the assumptions of Theorem 3. However, there
is a result in [21] that asserts that the general answer is negative.

3. Auxiliary theorems and lemmata

The proof of the main result (Theorem 3) of the article essentially uses the following
Wiener-Pitt theorem [35] (see also [33; 11, p. 191]).

Theorem 4. Let H be a function in V¢ with Lebesgue decomposition
H(x) = Hy(x) + Ha(x) + Hs(x), x €R,

where Hy, H,, H; are the discrete, absolutely continuous and singular parts of H,
each of which belongs to V¢. Let

h(t) ::/ei’de(x), and hg(t) ::/ei’ded(x), reR.
R R
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Suppose that inf,cg |h(t)| > 0and || Hy || <inf;cr |hy(t)|. Then there exists a function
K in V¢ such that

L:/e“xcu((x), teR.
h(t) R

The following theorem was proposed by Berger [6]. In fact, it is a modification
of one of Krein’s results (see [23, Theorem L, p. 15]).

Theorem 5. Suppose that a function h : R — C is defined by the formula
(16) h(t) ::c—l—f eu(x)dx, teR,
R

where ¢ € C\ {0} is a constant, u : R — C is a function satisfying the condition
fR lu(x)|dx < oo. Assume that h(0) =1 and h(t) # 0 for any t € R. Then

. m- e_lx‘
h(t) = exp f (e — 1)(v(x) + sgn(x) > dx}, t € R,
{ R\{0} | x|

where m is a constant defined by the formula
1, . .
mi= ( tl_l)rgOArg h(t) — t_l)u_nooArg h(1)),

and the function v : R — C satisfies the condition fR [v(x)] dx < oo.

Let us consider the quantity m from the theorem. It is the index of h (see [23]).
By the Riemann-Lebesgue lemma, for the function / defined by (16) we have
h(t) — c as t = Fo00. Therefore it is not difficult to conclude the following fact.

Remark 4. The quantity m from Theorem 5 is well-defined and it is an integer.
We next formulate a very useful result obtained by Berger [6].

Theorem 6. Let F be a distribution function on R with the characteristic function
f. Suppose that f admits the representation
o’t? ,
ft)= exp{it)/] - +f (e —1—itl_ (x)) dL(x)}, t eR,
2 Jmo

with some y, € C, 02 eC,and the function L(x) = Li(x) +iLy(x), x € R\ {0}
Here for every j € {1, 2} the function L ; has bounded variation on R\ Ojs for any
8 > 0 (in general, L ; may be nonmonotonic on the intervals (—oo, 0) and (0, +00)),
L is right-continuous at every point of R, L j(—00) = L j(+00) =0, and

/x2d|Lj|(x)<oo forany 8 >0,
Os

where O := (—=8,0)U (0, §). Then y, € R, 02 >0, and Im{L(x)} = Lo(x) = 0 for
any x € R\ {0}. In addition, F € Q.
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The next theorem yields one special property of characteristic functions of
rational-infinitely divisible laws. Its proof can be found in [18, p. 3] or [19, p. 360].

Theorem 7. Let F be a distribution function on R with the characteristic function

f. If F € Q then for any T > 0 there exists C; > 0 such that

fe-—0)f+1)
f@®?

Lemma 1 (Bochner [9]). Let (W,),en be a sequence in 'V such that sup, oy | W, || =
B < o0. Let

<C.

teR

wn(t):/e”xde(x), teR, neN.
R

Suppose that w, (t) — w(t) as n — oo uniformly on every bounded interval. Then
there exists W € V with |W || < B such that

w(r) = / AW (x), teR.
R
We will need the following multivariate version of the Leibniz rule for partial

derivatives of a product of two functions (see [13, p. 10]).

Lemma 2. Suppose that the functions f : R? — C and g : R? — C have continuous
mixed partial derivatives up to and including order d in some open set T C R.
Then, foranyt = (t1,...,t3) €T,

([ () g(1)) _ (8'“f(t) . 97 Mg () )
Aty - -- Oty = [Tcudt Tljep\u ’

where D ={1, ..., d}, and the parameter u of the sum ranges over all the subsets
of D.

We will also need the multivariate form of Faa di Bruno’s formula for the partial
derivatives of a composition of two functions (see [13, p. 4]).

Lemma 3. Suppose that a function g : RY — C has continuous mixed partial
derivatives up to and including order d in some open set T C RY. Suppose that
f : C— Cis a holomorphic function in some domain in C that which include the
values of g(t), t € T. Suppose that D := {1, ...,d}, u is nonempty subset of D,

P(u) is the set of all partitions of the set u. Then, foranyt = (t1,...,t5) €T,
M fe@) 3 (d'P'f(z) 1lg(r) )
Hjeu at] PeP(u) dZ‘Pl 7=g(t) sep Hjes 8t]

We now formulate a lemma that will be a key tool in proving of Theorem 3.
Its proof is given at the start of the next section.
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Lemma 4. Suppose a function ¢ : R? — C, where d € N, admits the representation

N
o)=Y que ™. 1=(n,....10) € R,

m=1

with N eN, g, €C,and ¢,y = (Cm 15 -+ Cm.d) eZi m=1,...,N. Then, for any
keN,

a7 lle"ll <
T d |P| .
—|P
(%) Z( [ tkej =11+ > (]‘[(k—z+1)-s¢, ! -R(/,(P))),
uCD “jeD\u PeP) “i=1
|P|<k
where D ={1, ...,d},
Olj I=Il’li1’1m:1w.’NCm’j, j=1,...,d,
0"l
(18) Sy = sup |e()|, Ry(P):= sup T ol
te[—m,m]d te[fn,n]dsep Hjes I
In particular,
(19) lp*ll < Agk!S}  forany k €N,
with
d
T _
(20) A, = (%) Z( [T (el +1)->° Sw“"R@(P)),
uCD “jeD\u PeP(u)
which is independent of k.
4. Proofs

Proof of Lemma 4. We will first prove inequality (17) for k = 1. We define a vector
a:=(ay,...,aq) witha;:=1—a;, j=1,...,d, and we introduce the function

N
Ga(t) 1= p(t)e' ") = Z gme' et e RY.

Note that ¢, +a € N¢ for any m = 1, ..., N. Without loss of generality we can
assume that ¢, are distinct if N > 1. Then we have

d d
@) lell= me—Z(lqml-l_[@m,ﬁaj)-l_[ﬁ)
»J J

m=1 j=1 =1 "

~

N

1/2 N d 1/2
S (Z<|Qm|2 l_[(cm’j +aj)2>> . <Z 1_[ (cm J +aj) ) .

m=1 j=1 m=1 j=1
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Since ¢;, +a = (cm1+ai,...,cma+aqg) € N4 are distinct vectors for different m,
the following estimate holds:

N d 7_[2 d
< I+ =+ + 5+ ={—)-
(G )=(%)
We next write the function ¢, in expanded form as

(pa(t)—quexp{ Zt](cm]—f—aj)} t=(,..., 1) € R

m=1

So it is easily seen that

adya) Al d .
Z qm - l H(Cm,j+aj)‘exp{lth(cm,j+aj)} ,
m=1 j=1 j=1
t=(,..., 1) € R

We consider the written exponential functions (additionally normed by 2m)4) as a
rank-N orthonormal system of Lz([—n, n]¢ ) and, by Parseval’s identity, we get

N d~
1 09 (1)
|G| (c +a)> ——| dt;--- dity.
n;( " Jl—[] e Q) Ji_gga| 0ty - 0ty
Hence
N d d~
340, (1
z(|qm|2-n<cm,,~+aj>2)< sup | balD)
m=1 j=l t€[—7T,7T]d 8t1 "'atd

Using these estimates in (21), we come to the inequality

nn<(”y

Pl |\ —F~= sup
\/6 te[—m,m]d
We next find an upper estimate for the latter supremum in terms of ¢ and a. We apply
Lemma 2 for the function ¢, (1) = ¢(t)e' "% with f (1) := ¢(¢) and g(t) := '),

teRe:
Mo i, a) jd—1u
Z(H}Guat] 1_[ >

%0a(0) _ Z( M) ad—lulei<f’a>> ~
31y - - - d1y [Tiewdty Miepudy) 4 Ll

ucD

9“a (1)
oty -+ - Ity '

t € RY,

Here D :={1,...,d} and the index u of the sum ranges over all subsets of D.
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Hence we get the estimate

390, (1 Ay (r
sup A < Z( l_[ |aj| sup & >
relmmyd |00 -0t S0 jeD\u rel-mt | [Tjeu 91
Thus (on account of the equalities a; =1 —«a;, j=1,...,d) we have
d

i M)
(22) el < (—) ( lej — 1] sup |=—F7- )

V6 L;) j!_[[)\u te[—m x4 ]_[jeu 3t

The right-hand side of this inequality coincides with that of (17) for k = 1. Indeed, in
the inner sum in (17), the index P can be equal to {1}, i.e., | P| =1, and, in the product
in R,(P), the index s assumes only the value u. Therefore ]_[}ill k—-1+1)=1,
Sy "1'=50=1, and

2 — Mo T b

Mg (r)
l—[ jeu atj

Substituting these values in (17), we see the match with (22).
We now prove that (17) is true for any k € N. Let us fix an arbitrary k € N. We
consider the function ¢* given by

N k
o (1) = (que“f’cw), reRe.
m=1

Clearly, it can be written in the form

R,(P) = sup

te[—m, ]

M
W)= Oue'™, 1eR,

m=1

with some M €N, Q,, € C, and distinct C;, = (Cypy. 1, - . ., Ci.a) eZ¢ m=1,..., M.
Observe that

k
Cp € {Zcmj :ml,...,mke{l,...,N}}, m=1,..., M.
j=1
Therefore
m=nll,i.P,MCm’j :km:r?’i?’Ncm,j =ka;, j=1,...,d.

Taking this into account, we use inequality (22) for the function ¢*:

d gl k
||§0k|| < <%) Z( 1_[ |k(,¥j—1|- sup L(t)

ucD “jeD\u te[—m,m]d Hjeuatj

)
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We now write expressions for the mixed partial derivatives from the right-hand side.
We apply Lemma 3 with g(7) := ¢(1), t € R?, and f(z) :=z*, z € C:

Mgt (r) 5 (d'P'zk 1 e )
Hjeu at/ PeP(u) dZ‘P' 7=¢() sep HjES atJ
[P )
3t
> (l_[(k—lﬂ)-(p(t)"'P'-]_[—g"(a)).
PP\ I=1 seP [Tjes 92
|PI<k

This formula holds even in the case u = &, where P must be &, i.e., | P| =0 and

P(u) = {@}. Indeed, there is only one summand in the latter sum, in which the

written products are equal to 1 (because the indexes formally belong to the empty

set). Hence the right-hand side equals @(t)*, as does the left-hand side, since |u| =
We have the estimate

M ()

njeu atj

|P|

< Z <1_[(k —14+1)-SEIPL R(p(P)>,

PeP(u) N=1
|PI<k

sup
te[—m,m]?

where S, and R, (P) are defined by (18). Thus we obtain the required inequality (17).
We next show that (19) holds. Let us obtain an upper estimate for the right-hand
side of inequality (17). We fix k > 1. Observe that

[ tkoj —11< T (klel+1) < [T (klojt +&) <k T (leejl + 1)
jeD\u jeD\u jeD\u jeD\u
Next, since | P| < |u| for any P € P(u), we have

|P| |P|

]_[(k—z+1)<]_[(k—1+1):k“”'gk'u'.

=1 =1

We apply these inequalities to (17), obtaining

d
lo*] < (%) Z(kd"”' [Txei+D- > k'“-S(’;_P|-R¢(P))

ucD JjeD\u PeP(u)
|P|<k
T \¢
d gk P
—k S¢-<%> > (]_[ lejl+1) - > S, FIR, (P))
ucD N jeD\u PEP(;;)
[P|<

Since S, and R, (P) are always nonnegative, we come to the needed inequality

d
||<p"||<k"S!;(%> Z( [T (ejt+1)- > s,17R (P)):Awde(’;. 0

uCD “jeD\u PeP(u)
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Proof of Theorem 3. We assume that F' admits the decomposition (3) with some
cq € (0, 1], and that F has a dominated singular part. We set g := inf;cr | fz(?)].

(i) = (ii). Suppose that F € Q. If uy; = 0 then ¢, = 0 by the assumption of
a dominated singular part, and hence we can apply Theorem 2. According to
that theorem, (i) implies (ii). Next, if u; > 0 then we know that ¢; < cgug, i.€.,
ciltd —cs > 0. Observe that, for any 1 € R,

| f O] = |cafa®) +cs [ (1) + ca fa@)| 2 cal fa®)] = s | fsO] = cal fua(0)]
2 Caphag — Cs — | fa(D)].

Since f,(t) — 0 as t — o0, there exists T > 0 such that | f,(t)| < %(cd,ud —Cy)
as |t| > T. Hence | f(¢)| > %(cdud —c¢g) > 0as |t] > T. Next, let us consider the
function ¢ — | f(¢)| on the segment [—7, T']. Since it is continuous, there exists
tmin € [—T, T] such that | f(¢)| > | f (tmin)| for any ¢t € [T, T]. Since F € Q, we
know that f(¢) # 0 for any ¢ € R (see the introduction) and thus Cr := | f (#nin)| > 0.
Sowe get | f(t)] = Cr >O0forany ¢t € [T, T]. Thus, for any ¢ € R,

| f®)| = min{3} (cqpa —c5), Cr} >0,

i.e., inf,eg | £ ()] > 0. So we come to (ii).

(ii)) = (iii). Obviously, (ii) yields that f(¢) # O for any + € R. To obtain a
contradiction, suppose that ug = inf,cr | fz ()| = 0. Then ¢; = 0 by the condition
of dominated singular part. According to Theorem 2, (iii) follows from (ii), i.e., in
particular, we have g > 0, a contradiction. Thus we conclude that inf,cgr | f7(¢)| >0
and (iii) holds.

(iii) = (i). Let us consider f represented by formula (4) with c¢; > 0. Here we
assume that f(¢) # 0 for any ¢ € R, that

(23) paq = inf | f4()| > 0,
teR
and that ¢y < cgt4. Due to these assumptions, for any t € R we have

|ca fa(®) +cs f ()| = cal fa®)] = ¢s] fo(0)] = capa — ¢5 > 0,
1.€.,
(24) tigﬂglcczfd(t) +cs fs(1)] > 0.
Then for any ¢ € R we can write

S@)=cafa®)+cs fs @)+ cafalt)
cq fa(t) +cs f5(8) + ca fu(t) ] cq fa(t) +cs f5(2)

= S D+ e o) 10
Cafull) ca fa(t) + ¢, f(t)
= 1 : )
Ja(t) < P +csfs(r)> fa(0)
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So it is convenient to represent f as

(25) F @) = fa@) faas(®) fs,a(®), 1R,

where

calCa ~+¢) fa(1) _cafat)+cs fs (1)

cafa® et YT ey fatt)
Let us consider f; represented by (6). Due to (23), by Theorem 1, it admits the

representation

fa,ds(t) =cqg+cs+

9’

(26) fd(t):exp{ity0+ > Au(e"f“—1)}, 1eR,

ue{X)\{0}

with some y,, € (X) and 1, € R for all u € (X)) \ {0}, and ZME(X)\{O} [Ay| < o0.

We now consider the function f, 45. If ¢, =0then f, 45(t) =cq4+cs=1—c,=1.
We next suppose that ¢, > 0. The function ¢ — ¢4 f;(t) +cs f5 (), t € R, is separated
from 0 according to (24) and for its continuous singular part we have

lles fsll = €5 < €apta = ca inf | fa(@)].

By Theorem 4, there exists a function /45 : R — C in V¢ such that

1 .
- "l s ’ R.
cafa(t) +cs fs(t) /R" dlgs(x), te€

We next observe that

fa(t) = itx . itx _ itx
Cdfd(t)-l-csfs(t)_/Re dFa(X)/Re dlds(X)—/Re d(F,xlz)(x), teR,

and we write

CalCa+cs) fat)
ca fa(t) +cs f5 (1)
where ﬁa (x) ;= cu(cqg + c5)(Fy % 1z5)(x), x € R. The function ﬁa € V¢ inherits

absolute continuity from F,, i.e., there exists a function p, : R — C such that
S 1Pa(@)]dx < 00 and Fy(x) = fygx Pa(y)dy, x € R. Hence

/e”xczﬁa(x), teR,
R

/ei’xdﬁa(x):/ei’xﬁa(x)dx, teR,
R R

and we have

ca(Ca +¢s) fa(t)
ca fa(t) +cs f5(1)
where ¢y +c5 = ¢4 > 0. Note that f, 45(0) =1. Since f () #0 for any € R and the
function  — ¢4 f4(t) + ¢ f5 (1), t € R, is bounded, we conclude that f, 45(t) # 0

fa,ds(t) =cqgtcg+ :Cd+cs+/ eilx];a(x)dX, teR,
R
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for any € R. By Theorem 5, f, 45 admits the representation

— x|
@7) fa,as(t) =CXP{/ (e 1)(va(X)+Sgn(X) ﬁ) dX}, 1 eR,

R\{0}
where v, : R — C is a function satisfying the condition fR [vg(x)| dx < 00, m, is a
constant defined by the formula

1
mg ! 2”(hm Argfa ds(t)_ hm Argfa ds(t))

Since ¢4 + c; is positive, formula (10) gives an equivalent definition of m,. By the
way, it is easily seen that m, = 0 if ¢, = 0. In general, m, € Z (see Remark 4).
Therefore, in the case ¢, = 0, we set v, (x) := 0 for every x € R and the formula
(27) remains valid.

We now turn to the function

cafa(®) +esfs(@) _ (1 n Csfs(t)) o
(ca +c) fa(t) cafa®)) ca+tcg’
From (24) we know that f; 4(¢) # O for any r € R and we see that f; 4(0) = 1.

Hence the distinguished logarithm Ln f; ;4 is uniquely defined on R with condition
Ln f; 4(0) = 0. Due to the assumptions,

fs,d(t) = teR.

t
(28) IO S 1 forany reR,
cq fa(t) Cd,ud
and we can write
t
(29) Lnfs,d(t):1n<1+ o Js )>—1n<1+c—s), teR,
cq fa(t) Ca

where In( - ) returns the principal value of the logarithm. Let us consider the first
logarithm in the right-hand side. Due to (28), we have the expansion

cs fs (1)
30) Inf{ 1
©0) “( +cdfd<r>)

> k > k—1 k
(= 1)k : (Csfs(t)> (=D (C5> k k
= 2 f0fat, reR,
P ca fa(t) ; k ca) ™’
where we have set g4(¢) := 1/f4(t), t € R. The series converges uniformly in R by

the Weierstrass M-test, because, due to (28), for any # € R the absolute values of its
terms are majorized by the terms of the convergent numerical series
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Let us consider the function g; and show that it is actually a Fourier—Stieltjes
transform of some function from class V. Indeed, according to (26),

gq(t) = e M. g0, exp{— Z )\‘ueitu}’ t €R,
ue(X)\{0}

where we have set

Ao = — Z A

ue{X)N\{0}

There is an absolutely convergent Fourier series with real coefficients in the last
exponential function. Hence this function itself expands into an absolutely conver-
gent Fourier series with coefficients in R and exponents in (X). This remains true
after multiplying this series by e=*0 and e "% (which leads to g,), because Ag € R
and y, € (X). Thus we have

31) ga)= Y g, 1€R,
yE(X)

where g, € R for every y € (X) and Zyew) lgy| < co. Obviously, the series (31)
can be written as a Fourier—Stieltjes transform,

ga(t) = / "M dly(x), 1eR,
R
with the discrete function I; € V given by

(32) Li(x):= Y qy, xeR.
YE(X)
ysx
Let us return to the formula (30). We observe that for any k& € N the functions
fs", 85’ fsk - g* are the Fourier—Stieltjes transforms of functions from V:

fF = / S AE*R (x),  ga()f = / e dIk (x),

(33) " .

fFga)* = f T AF* I x), teR
R

Consequently, the partial sums of the series (30) are the Fourier—Stieltjes transforms
of the functions

n

(GO (T
G4 W) =) —(—) (F*+IX%)(x), xeR, neN.

k C
k=1 d

Let us show that the sum of the whole series (30) admits the representation

o0

D e\ i1
(35) > ( )fs(t) ga(t) =fe”dW(x), 1eR,
R

S
k c
k=1 d
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with some function W € V. According to Lemma 1, for this it is sufficient that
(1) the partial sums of (30) uniformly converge to the infinite sum on every bounded
interval and (2) sup,,cp || Wy |l < 0o. The uniform convergence of the partial sums
(even on whole real line) was shown above, i.e., (1) holds. Let us prove (2). For
any n € N we have the estimate

n

| k “(1/¢c k
IWall < Zdi) IF % 1340 < Z{;(ﬁ IE- ||1;k||}.

k=1 k=1
Here |F/*| =1 for every k € N, because all the F;* are distribution functions.
Also, it is convenient for us to set ||g§|| = ||I;l"k||, k € N. Thus we come to the
inequalities
"1 e\
(36) Wl <> z(a) lghll, neN.
k:1

We now estimate || gf} || for every k € N. Let us return to decomposition (31) for the
function g;. The set (X') is countable, and Zye () lgyl < 00. So we fix an arbitrary
¢ € (0, 1) and choose N, € N and distinct points y, ..., yy, € (X) such that

Yo gyl <e
YEXN {15000 YNe }

We introduce the polynomial

Ne
(37) g.(t) = Z gy, e, teR.

m=1
So we have ||gg — g:|| < &. We also observe that

gd_ga

(38) ‘ < llga — &ell-

1 . .
‘—H =|ga — &gl - Il fall = llga — 8¢l <e&.
8d

k
~k 8d ~k
g\ = )| <lgl-
‘ (88) “ ‘

In order to get a convenient representation for g;/g., we observe that for any n € N

L (gdm —gsm)” _ (1 R0 —g%(r)) .”i‘(gd(r) —gsm)f
8a(1) 8a(1) o, 8a (1)

z.(0) ”‘l(gdm—gs(r))f
=2, odi’ oe R.
84(1) Z 84(1) €

j=0

Let us fix k € N and write
k
8d

&

Ighll =
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So we have
n—1 ~ j ~ n
t t) — t t) — t t
g~d():z<8d() gg()> +<8d() 86())‘531()’ feR neN.
8 (1) ; 8(1) 8a(t) 8 (1)
Hence, due to (38), we get
n—1 _ = j = n n—1
c‘i_d SZ 8d — 8¢ + 8d— 8| éi_d <Z€J—|—8"- Q’ neN.
8e —0 8d 8d 8e —0 8e
j= j=
Since ¢ € (0, 1), letting n — oo yields
o0
8d ; 1
— | < gl = .
8e jgo 1—¢
Thus we have -
(39) gkl < 8l
(1—e)
So the estimation of ||/ jk = g§|| is reduced to finding an upper bound for ||§§ Il

Let us consider g, defined by formula (37). Let Y, :={yi, y2, ..., yn,}. Suppose
that Y, ={0}, i.e., Zya)()\{o} lgy| <& and g¢(t) =go forany r € R. Then 1851 =1q0l*
for any k € N. Observe that

g0l = 18:(0)] < 184(0)] +18:(0) — ga(0)1,
where |g4(0)] = [1/f4(0)] =1 and

18:(0) — g4(0) =

Z‘Iy

YE(XN\{0}

Thus |go| < 14 & and hence ||§§|| < (1+e)k.

We next assume that Y, # {0}, i.e., Y, contains nonzero elements. We select a
basis over Q in the set Y, (see [24, p. 67-68]), i.e., we choose nonzero elements
Bi,...,Ba €Y, withsome d € {1, ..., N;}, which are linearly independent over
Q and for any m € {1, ..., N.} there exist some 7y, 1, ..., nqa € Q such that
Vin = 27:1 rm.1 . Linear independence over Q means that with r, ..., r; € Q,
vanishes only in the case rj =r, =--- =r; =0. It is clear that the coefficients r,
of the decomposition of y,, are uniquely determined. Let x be the minimal positive
integer such that r,,, ; := 2 -, ; € Z for any admissible m and /. We set Bl = B/x
forevery [l € {1, ..., d}. Then we have y,, = Zf’zl Fm,lﬁl forany m € {1, ..., N¢}.
Here the coefficients 7, ; are uniquely determined by y,, too. We define the vectors
Fm = Fm1s- s ¥ma) € 7% m=1,...,N,. Since Y1, ..., YN, are assumed to be
distinct, all 7, are distinct too. Let us introduce the function

Ng d
Qe(t1, ..., 1) = qum exp{i me,[l‘l}, f,...,tg €R.

=1

< ) lpl<e

yE(XN\{0}

m=1
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It is easily seen that this function is continuous and 27 -periodic over every variable.
We will also use a shorthand for it:

Ne
Q)= gy, t=(..... 1) eR".
m=1

The functions ¢, and g, are related:

N; d WA
it Ba) = Y it i) = Y =20, s
m=1 =1 m=1
i.e., g¢ is diagonal for the function (71, ..., t;) — @ (Bltl, el Bdtd). Hence the

image of the first function is dense in the image of the second one (see [24, p. 116,
Theorem 2.4.1]) and, consequently, in the image of ¢.. This yields

(40 sup [ge(D)| = sup |@e(D)].

teR te[—m,m]d

Let us show that
1) 15N = llgkll for any k e N.

We fix k € N and write

N k Ne Ne
gé(t) — (qume”ym) = Z Z (Qyml Ces .qymkeit(ym+"'+ymk)), teR,

m=1 my=1 my=1

N k N N
vL () = (qumeig’f'")) =D 2 (@, ey, ) e RY
m=1

mi=1 mi=1

We next have the representation

= Z( Z Gy 'qymk)ei’z, teR,

zey® )<m1 ..... Mg Ne

ok = Z ( Z Gr, .qrmk>ei<z,s>’ teRe.

seR® N I<my,.mp <N,
le +"‘+’7mk:S

where
(k) . . 1 N
yg . {Ym1+ +ymk~mls~~~smk€{v---s 8}}v
Rg‘) = {le—l—---—kfmk :ml,...,mke{l,...,Ng}}.
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Thus we have

sk
42) IZE="Y"1 Do G|
Zéyék) m1=l.,..'..,N5,
mr=1,...,N,
yml+‘“+ymk =2
(43) gz ll = :
(pé‘ - qYInl qymk °
SE'Rg{) mi=1,..., N¢
_mg=1,....Ng
Tmy +"'+rmk:S
. . k k
There is a natural map between the two finite sets V& and RY: every number

7= ZI; _1 Ym, from the first set is paired with a vector s = ZI;':I rim; from the second
set. Here s is the vector of coefficients of the decomposition for z with the basis
Bi, ..., Ba. This map is actually a bijection. Indeed, it is injective, because distinct
numbers from yé") have the distinct decompositions, i.e., they are paired with the
distinct vectors from the set Rfyk). The map is surjective, because any vector v € Rf;k)
isasum 7, +- - +7,, with some indices my,...,m,e{l,..., Ny}, and this sum
corresponds to the number z = Y e Y, from the set yé") by construction. Next,
it is clear from the basis decompositions that for any fixed pair of corresponding

elements z € yé") ands € Rg‘) the equalities y,,,+- - -+Ym, =z and ryy, +- - 47, =S

are equivalent for varying index vectors (mq, ..

and (43) add the same weight g,

., my). Since the inner sums in (42)
----- qy,, forevery index vector (m, ..

., M), wWe

conclude that these inner sums are equal. Thus we come to the equality || g§ |= ||(,0£c Il
We now apply Lemma 4 to estimate [|¢*|| for any k € N (we set ¢ := @;, N := N,
gm ‘= qy,, and ¢, :=r,, forevery m =1, ..., N;). Using inequality (19), we get

ol < Ag k! sup eI, keN,

te[—m,m]

where A, is a constant defined by (20), which doesn’t depend on k. Applying (40)

and (41), we come to the inequality

18511 < Ay k9 sup|g. (1),

Observe that

teR

k e N.

sup 8 ()| < sup [ga(1)| +sup g4 (1) — e (1)].

teR

On account of (38), we have

SUP;cr lga(t) — g« (1)| < su

SUp; g |84 (1)

~
teR

teR t

eR

8a(1) — 8e(1)

gd_ge

8d

(r)

i.e., sup |gs(¢) — g (t)| < e sup|gq(t)|. Therefore

teR

teR

< ‘

8d

<e,

sup |ge (1)] < sup [ga(r)]| + & sup |g4 ()| = (1 +¢) sup |g4()],
teR

teR

teR

teR
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where
18a(6)] = sup| — 1 :

sup |gq sup - = —.

1eR rer| Ja(t) lnfzeR [fa(®)]  pa
So we obtain the estimate

- 1+ &)k
180 < gkt LX) pen
Ky

We note that here k¢ > 1 and 1 / ,ufl > 1 for any k € N. Therefore the estimates of
||§’8‘ | in the cases Y, = {0} and Y, # {0} can be unified as

. (14 e)k
121 < Cek - ——
Ha
with some constant C, > 0. We use this in (39), obtaining
sk k
1 1+4¢
gkl < 8l copa Lo (1XEY g,
(1—e) pk \1—¢

Let us return to (36). Due to the last estimate, for any € € (0, 1) and n € N we have

"N 1 [(1+e i o 14\
449 Wl <> (=) Cekd— C. Y k :
a1 (5) e (7)) me oo (s

Since ¢; < cqq by assumption, the fixed number ¢ € (0, 1) can be specified by
cs l+e
cipra 1 —e

for any k e N,

0< < 1.

Then we obtain

Cs 1+¢ k
sup [|[W,|| < C, de 1( 1_8> < 00,

C
neN k=1 dHd

i.e., we showed that the sufficient condition (2) for (35) is satisfied (condition (1)
was proved above). So, according to (30) and (35), we have
(45)

k—1
]n(]+ Csfs(t)) Z&( ) ﬂ(t)kgd(t)k /eitxdW(X), [ER,
k=1 R

ca fa(®) k

with some function W € V. Hence (29) takes the form

Lnfs,d(f)=/€”xdW(x)—ln<1+c—s>, teR.
R cq

The equality Ln f 4(0) = 0, which was mentioned above, implies

1n(1+%):L AW (x).
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Then
Ln f; 4(t) =/(e"”C — 1D dW(x), teR,
R

i.e., we come to the representation

(46) fs.a(t) = exp { /R "™ —1) dW(x)}

=exp{/ @™ =1 dW(x)} t eR.
R\{0}

Let us investigate the function W. If ¢, = 0, then W is identically 0, which
is seen from (45). We next focus on the case ¢; # 0. We will prove that W is
continuous on R. For this we first observe that the W,, n € N, are continuous
functions on R. Indeed, according to (34), W, is a finite linear combination of the
functions F}* x I*, k € N, which are continuous on R, being convolutions with
continuous Fy. Next, we observe that, similarly to (44), we have the estimate

1 k
W Wall<C S kf“( & +8),

c 1—¢
k=ni+1 did

with the same ¢, C. and for any positive integers n; and n; such that n; < ny. The
sum on the right can be made arbitrarily small for all sufficiently large n; and n,,
because its terms (for k € N) form a convergent series. This means that (W,)),en
is a fundamental sequence in the space V. Since V is a complete norm space
(see the comments at the end of the introduction), there exists W, € V such that
IW,, — W,|| = 0 as n — oo. Hence
lim [ "™ dW,(x) = / e dW.(x), teR.
R

n—odo R

On the other hand, we know that

k=1
nlggo ) e AW, (x) = n&n;)Z%( )fs(f)kgd(l)k
( DL k k itx
’ < )fs(t) g4(t) A%e dwW(x), teR.

k=1

Then [ €' dW,(x) = [ ¥ dW (x) for any ¢ € N, and we conclude that W, = W.
So we have proved that

@7 W, —W]| —0 as n— oo.

In general, from the well-known relation sup,.g |U (x)| < |U|| forany U € V, we
have uniform convergence:

sup|Wn(x) - W(x)’ — 0 as n— oo.
xeR
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Due to the already proved continuity of W,,, n € N, we conclude that W is continuous
on R too.

We now show that W cannot be purely absolutely continuous (in the case ¢y # 0).
For suppose that W is absolutely continuous. Let

w(r) :=/e”xdW(x), reR.
R

Then, according to (45), we have

k
i z;;;((?) :exp{/R itx dW(x)} — exp{w(n)} = 1 +Z W(t) , telR.

Hence, on the one hand,

fos(t) — 1lim Z U)(t) nli)ngoz / itx dW*k(x)

cafa(t) —n—oo i~

n

. 1
1 itx *k
_nlggo e d( E k‘ — W (x)) telR.

R

On the other hand, on account of (33), we have

SR S 0 -gutn= f ¢ d(FyeI) (x) = f ei”d(ﬁ-(mld)(x)),
cafat)  ca R R “d

for t € R. Since the variance

n2

ny k
W] W

<Y o S X

k=n1+1 k=n1+1

ny 1

Z EW*k

k=n;+1

can be made arbitrarily small for all sufficiently large n; and n;, the sequence of
sums Y y_, W/ k!, n € N, is fundamental in the space V. Due to the completeness
of V, these sums converge in variation to some function from V, namely, to
(cs/cq) - (Fg * I7) by the uniqueness of the Fourier—Stieltjes transform:

n
1
Y Wt S ()
Cd

k' —0 as n— oo.
k=1

But this is impossible, because Y ;_, W*/k!, n € N, are absolutely continuous
as linear combinations of convolution powers of absolutely continuous W by the
assumption, but (cs/cy) - (Fy * 1) is continuous singular as the convolution of the
continuous singular function F; and the discrete function /; (see the comments
after Remark 3). Thus W is not a (purely) absolutely continuous function from V,
i.e., it always has some continuous singular part.

Let us return to (47) and prove the sufficient condition (from the statement of the
theorem) for W to be (purely) continuous singular. Suppose that all the functions
F*, k € N, are continuous singular. Hence all W,,, n € N are too. Let W, and W,
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be the absolutely continuous part and the continuous singular part of the Lebesgue
decomposition for W: W = W, + W;. Then

[Wa = Wil = Wy — Wa = Wil = W, = Wl + [[Wall = [[Wall =0

Due to (47), we conclude that | W, || =0, i.e., W,(x) =0 for any x € R. Thus W = Wj.
We now combine the representations (26), (27) and (46) with formula (25):

f@) = exp!ityo + Z Al,(eit“ — 1)
N0} i

+/ (”x 1)(va(x)+sgn(x) a¢ )dx+/ (@™ —1) dW(x)}
R\{0} |x| R\{0}

:exp{ityo—l—f @™ =1 dL(x)} t eR,
R\(0}

with L(x):=Lg(x)+Ls(x)+ Lg(x), x € R\ {0}, where Ly, L,, and L are defined
by formulas (11), (12), and (13). It is not difficult to check that L4, L,, Ly, and,
consequently, L satisfy all conditions the for a spectral function of the Lévy type
representation (see introduction or Theorem 6). However, we recall that the function
v, is potentially complex-valued and hence L is too. Next, it is seen that

|x| d|Ls|(x) < 00
S

with 7 :=[—1, 1]\ {0} and for any L, € {Ly4, L,, Ls}. Hence it is also true for
L, = L, and we can write

f@® :exp:ityl —I—f ( X _ 1 —jrx l—1 1](x)) dL(x)} teR,
R\{0}

with y, :=y, + fR\{O} x lj=1,11(x) dL(x), which is potentially complex.
We now apply Theorem 6 to derive that L is actually real-valued, which means
that v, is a real-valued function. Moreover, we have F € @, i.e., (i) is proved. [J

Proof of Proposition 1. To obtain a contradiction, we assume that W is continuous
singular. For convenience, we introduce the operator [ - ], which acts from V to V,
and for any U € V it returns the continuous singular part of U as [U], (which can
be identically zero). We start with (47) from the proof of Theorem 3, which holds
under the assumptions of the proposition. For every n € N we write

W, — W] = ||(Wn — [Wals) + ((Wuls — W) H = || W, — [Wn]s” + ||[Wn]s -Ww

’

where the latter equality is valid because W, — [W, ], is absolutely continuous (or
identically zero) and [W,]s — W is continuous singular by assumption. Therefore
W, — W] = || 4 || > 0 and, due to (47), we conclude that

(48) [(Waly =W =0 as n— co.



THE CLASS Q AND MIXTURE DISTRIBUTIONS 171

Next, according to (34), we have

1 k—1 n 1 k—1
[Wn]sz(z( k) (C)F;*k Ij") = ) ( )[F*" 1'],
k=1 d k=l

for n € N. Since 1, is discrete (see (32)), the functions I;k are discrete and hence
[F*s13¥] = [F7*],  1;* for any k € N. Thus we come to the equalities

(=D K] ek
(49) [Wn]s_z . (C)[F | +1;*, neN.
d

k=1

Let us consider the functions [F *k]s and numbers [F Y*k]s(oo). By the definition of
ng, for any k < n, we have [F*k]s = F** and, in particular, [F*k] (00) = 1. For
the case k = n,, by the assumption, we have [ *"“] x)=(10—-a)H;(x), x € R,
and hence [FS ]S(oo) = 1 — «. Next, for any integer k > n, we observe that

[FrED] () = [F* « F] (x) = [[F*, * Fs ] (0) < ([F*], * Fs)(x), xeR.

By the Lebesgue dominated convergence theorem, we conclude that
(L], % Fy) (00) = lim / Fy(z—x) d[F}*] (x)= / dlF;*] (x) =[F}*], (c0).
> JR R

Thus [ 3*(]‘“)] (00) € [Fs*k]s(oo) for any integer k > n,. Let us introduce the
sequence Ay := [ ] (00), k € N. So we have

A1=...=Ana_1=l’ Ana=1—a,
Ag 2 Agy1 =0 forany k > n,.

(50)

Due to (48), we next conclude that

/ eil‘x dW(x) — lim eilx d[Wn]S(x)7 1 e R.
R

n—oo R

Then, according to (45) and (49), we have

k—1
1n<1+%)=nlggo;( lk) ( )fks(t)gd(t) forany 1e€R,

where

Jie,s (1) 2=/R A[FF) (x), teR.

In particular, we write

cs £5(0) L (= DF ‘( ) x
Infl4+ ——— | = 50 0
n< cdfd<o>) > Fies (0)ga(0).
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Recall that f;(0) = f4(0) = g4(0) =1 and f;.;(0) = [F;*] (c0) = Ay for any k € N.
Then, on the one hand,

&\ g D e
w(5) -2 ()

k=1

On the other hand, since ¢; < cyuq < ¢4, we have the expansion

) _ s CD e
n(+5) -2 5 (0):

k=1

Thus we come to the equality

S (e a5

k=1 k=1

Due to (50), it is reduced to
00 k—n k 00 k—n k
(=D "(Cs) (=D ”(Q)
51) — =) A= ——=.
k;na k cd k;na k Cd

The series on the left is alternating with nonincreasing absolute values of the terms.
Therefore

00 k—n k n n
— 1)k 1 ¢ 1 “
3 LC-) A < _(C_S) Ay, = —(C—S> (1-a).
k Cd na Cd na Cd
k=n,
Since the series on the right in (51) is alternating with strictly decreasing absolute
values, the following inequality holds:

i )k "a < Koy e\ 1 e Vet 1 S\ | n, Cs
s—|=) - = =—(= — ).
ng \ Cd ng+1\cq Ng \ Cd na+1 cq

/

We see that the assumption o > fa . & implies the inequality
na+1 Cd
1 k—ng -1 k—ng k
> (e < 3 CR (),
k Cd k Cd
k=na k:na

Thus we come to a contradiction with (51). So the assumption that W is continuous
singular is false.
Due to the condition of dominated continuous singular part, we have c¢; < c,.

< 1, the inequality o > —¢— . & always holds in the case « = 1. [
ng+ ng+1 c¢q4

Since
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Proof of Proposition 2. Let us consider the function f; defined by formula (15).
We first find the limit of the sequence f(t,), n € N, with ¢, := 7w (2n)! as n — oc.
We write f(t,) = M, - R,, n € N, where

2n o0
M, = l_[ cos(t,/k!) and R, := 1_[ cos(t,/k), neN.
k=1 k=2n+1

For any n e N

<71(2n)!> ( 7(2n)! ) ( 7(2n)! ) (n(Zn)!)
M, = cos -cos| ———— ) -cos| ———— ) --- -cos
2n)! 2n—1)! 2n —2)! 1!

=cos(7r)-cos(7t-2n)-cos(n-zn(zn—1)). -COS(n-Zn(2n—1)- .1)
=(=D-1-1-+-1=—1.

Next, for every n € N and for every integer k > 2n + 1 we have

In 7 (2n)! T

0<—=———<—-<
k' k-(k=1)! "k

’

b4
3

and, by the well-known inequality cos(x) > 1 —x?%/2, x € R, we get

12 2 2
(/KD > 7T
2 18

Tk 0.

cos(t,/k!) > 1

Therefore, on the one hand, it is clear that for any n € N we have cos(#,/k!) < 1
for any k > 2n 4 1 and hence R, < 1. On the other hand,

R, > 1_[ (1_2_k2):eXp{ Zln(l—z—kz>}, nelN,

k=2n+1 k=2n+1

where the sum in the exponent tends to 0 as n — co. So we conclude that R, — 1
as n — oo. Thus

fs(t) =M, -R,=—R, — —1 as n— oo,

and we know that f;(#,) > —1 for any n € N.
We next observe that

ad t,tm
fs(tnﬂ:ﬂ)=IHICOS< 0 ):O.

2!

(71(2n)!:|:71) ( n)
=cos| ——— )| =cos|{w-3-----2n)E =) =0.
k=2 2



174 ALEXEY A. KHARTOV

We now return to the characteristic function fi(t) = % + % fs(t), t €R, and we
consider the quantities

filtn =m) fulta+7) _ (345 £t =) (545 filtn + 7))

fu(tn)? Iy ; W
A (§+§fs(tn))
By the above,
Ji(ty —70) fu(ty + 70) 1
> = 5 —> 00 as n— 0.
Jstn) (1 + fs ()
Therefore, by Theorem 7, f, cannot be the characteristic function of a distribution
function from class Q. Thus F, ¢ Q. ([

Proof of Proposition 3. We have decompositions (3) and (4) for the distribution
function F and its characteristic function f, respectively. Since F € @, we know
that f(¢#) # 0 for any t € R and pg = inf;cgr | f7(2)| > O according to equation (9).
Due to the assumption of dominated singular part and c; > 0, we have ¢; < cyuq.

Let fi and f, denote the characteristic functions of F;| and F,. The assumed
decomposition F = F| * F> means that f(t) = fi(¢) f(t), t € R. This means that
f1(®) #0and f>(¢) #0forall t € R.

Let us write the Lebesgue decompositions for F} and F;:

Fix)=cjaFjax)+cjaFja(x)+cjsFjs(x), xeR, je{l, 2}
We also write the corresponding decompositions for f| and f>:

fi®) =cjafja®)+cjafjalt)+cjsfis@®, teR, je{l, 2}
Here cj 4, ¢} 4, cj s are nonnegative and ¢j 4 +cjq+cjy=1for j=1and j =2.
For clarity, we write the equality F' = F)| % F; in the expanded form:
82) caFg+coFy+csF
= (craF1a+craFia+cisFis) * (caaFaa+ c2aFra+ a5 Fay).

Since F has nonzero discrete part (c; > 0), the functions F; and F, have nonzero
discrete parts too, i.e., c;.4 > 0 and ¢z 4 > 0. Since a convolution of any two
distribution functions is discrete if and only if these functions are discrete, we
conclude that ¢ Fy(x) = c1,4¢2.4(F1.4 * F2.4)(x), x € R, i.e., cg = c1,4¢2.4 and
F;= Fl,d * F2,d~ Thus we have f;(t) = fl,d(t)fg,d(l‘), t € R. Since |f1,d(t)| <1
and | f> 4(t)| < 1 for any ¢ € R, we conclude that

pi,a = 1nf | f1 4(2)| = inf | f4(2)| = pa > 0,
teR teR
and, analogously,

wo,q :=1nf | 5 4()| = inf | f4 ()| = pa > 0.
teR teR
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We next observe that F s F 4 and F, ;% F 4 are continuous singular. Therefore
the corresponding summands from (52) are included in the continuous part of F, i.e.,
csFy(x) > c15¢0,0(F1 5 % F2,0)(x) + 2 5¢1,0(Fa 5 % F1 4)(x), x € R. Consequently,

cs = ¢ F(00) = ¢y 500,a(F1 5 % F24)(00) + ¢3 5¢1,4(Fa 5 % F1 4)(00)
=C1,5€2,d +C2,5Cl1,4-

Then we get

C1,5C2,d L C5 < Cahd = C1,dC2,dMd < C1,dC2,dM1,d

i.e., c1s < cC1.4M1.4. Analogously,

€2,5C1,d & Cs < Cahd = C1,dC2,dMd K C1,dC2,dM2.d

ie., c2s <2.4M2.4. Thus F| and F> have dominated continuous singular parts.
We have shown that F; and F; satisfy the assumptions of Theorem 3 and condition
(>iii) from it. Thus, according to that theorem, F| and F, belong to class Q. O
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