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Using the projection complex machinery, a number of authors (Bestvina,
Bromberg and Fujiwara; Hagen and Petyt; and Han, Nguyen and Yang) have
proved that several classes of nonpositively curved groups admit equivariant
quasi-isometric embeddings into finite products of quasitrees, i.e., having
property QT. Here we unify and generalize those results by establishing a
sufficient condition for relatively hierarchically hyperbolic groups to have
property QT.

As applications, we show that a group has property QT if it is residually
finite and belongs to one of the following classes of groups: admissible groups,
hyperbolic-2-decomposable groups with no distorted elements, and Artin
groups of large and hyperbolic type. We also introduce a slightly stronger
version of property QT, called property QT,, and show the invariance of
property QT under graph products.

1. Introduction

Group actions on quasitrees have been studied intensively in recent years. A
quasitree is a geodesic space quasi-isometric to a simplicial tree. We say that a
finitely generated group G has property QT if G acts on a finite product of quasitrees
(equipped with the £!-metric) such that the orbit map is a quasi-isometric embedding.
Such an embedding is called a QT embedding of G. Since a quasitree has asymptotic
dimension at most 1, property QT is a stronger form of finite asymptotic dimension.
Examples of groups with property QT include

» Coxeter groups [DJ99];
« residually finite hyperbolic groups [BBF21];
» mapping class groups of finite-type surfaces [BBF21];

« virtually colorable hierarchically hyperbolic groups whose associated hyper-
bolic spaces are all quasitrees [HP22] (including virtually compact special
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groups [BHS17b], the genus 2 handlebody group [Che22], fundamental groups
of nongeometric graph manifolds [HRSS24]);

» fundamental groups of compact orientable 3-manifolds whose sphere-disk
decomposition does not support either Sol or Nil geometry [HNY25];

along with their undistorted subgroups.

The last four examples were proved to have property QT with the help of the
projection complex techniques developed in [BBF15; BBFS19]. For mapping
class groups, property QT strengthens Theorem C of [BBF15], which says that
mapping class groups equivariantly quasi-isometrically embed in a finite product of
hyperbolic graphs of finite asymptotic dimension. Counterexamples of property
QT include certain special linear groups [Man06; Man08], generalized Baumslag—
Solitar groups with infinite monodromy [But25] and groups with Property hereditary
(NL) [BFG24]. For some basic corollaries of property QT, see [HNY25, §§2.1, 2.2].
Recently, Vergara [Ver24] proved that any finitely generated group with property
QT has a proper uniformly Lipschitz affine action on ¢! with quasi-isometrically
embedded orbits.

As a generalization of the Masur—-Minsky machinery [MM99; MMOO], hierar-
chically hyperbolic groups [BHS17b; BHS19], abbreviated HHGs, have become an
important bridge between mapping class groups, cubical groups, and many other
nonpositively curved groups. A list of papers in this field can be found in [HRSS24].
Coarsely speaking, an HHG is a finitely generated group G whose geometry can be
recovered from G-equivariant projections to a specified (possibly infinite) collection
of hyperbolic spaces. For background on HHGs and relative HHGs, see Section 2.3.
As shown in [BHS17a], HHGs have finite asymptotic dimension. This leads to a
natural question:

Question 1.1. Which HHGs have property QT?

In this paper, we provide a sufficient condition for relative HHGs to have property
QT, which reproves those of [BBF21; HP22; HNY?25]. We also give a sufficient
condition for the existence of a quasimedian QT embedding (for this notion, see
[HP22]). This stronger property can be used to prove the existence of globally
stable cylinders (see [PSZ25]), which connects to a long-standing question of Rips
and Sela [RS95] about canonical representatives of elements in hyperbolic groups.
The following is a collection of applications from Section 7. These results are new
except for mapping class groups.

Theorem 1.2. The following groups have property QT
o mapping class groups of finite-type surfaces;
o residually finite admissible graphs of groups;

o residually finite hyperbolic-2-decomposable groups with no distorted elements;,
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o residually finite Artin groups of large and hyperbolic type.
The QT embeddings for all these groups are quasimedian.

When studying the invariance of property QT in some cases, we want the group
action on the product space to be diagonal. We say that a finitely generated group
G has property QT if G has property QT and the G-action on the finite product
of quasitrees is diagonal. By [HNY25, Theorem 1.5], if a residually finite group
G is hyperbolic relative to a collection of groups with property QTy, then G has
property QT. Without ambiguity, we also say that a G-action on a metric space X
has property QTy if X admits a G-equivariant quasi-isometric embedding into a
finite product of quasitrees on which G acts diagonally. In particular, if X itself
is a finite product of quasitrees, then any diagonal action on X has property QTy.
We prove the following invariance of property QT under graph products.

Theorem 7.10. Any graph product of groups whose every vertex group has property
QT still has property QTy.

Now we give the main definitions needed to state our main theorem.

Definition 1.3. Let (G, &) be a relative HHG. For any U € &, we write Gy <
Aut(Sy) to mean the image of Stabs (U) under the restriction homomorphism.

(1) We say a domain U € G is of type [ if it has the following properties:

(hyperbolicity) CU is hyperbolic.

(acylindrical image) Gy acts on CU acylindrically.

(cobounded nested region) Gy acts on Fy; coboundedly.

(separable quasi-axes) For any element g € Stabg (U) that acts loxodromically
on CU, the elementary closure EC(g) is separable in G.

(2) We say adomain U € G is of type II if the action Gy ~ CU has property QTy.

For any U € G of type II, property QT provides quasitrees T,; along with
G y-equivariant maps L’b :CU — TL’} fori =1, ..., ny; such that

is a quasi-isometric embedding. Our main theorem is as follows.

Theorem 1.4. Let (G, G) be a relative HHG that is virtually colorable. If every
U € Gisoftype I or Il, then G has property QT.

If, for any D > 1, there exists D' > 1 such that for every U € & of type Il
and eachi =1, ..., ny the map LiU :CU — Tli] sends (D, D)-quasigeodesics to
unparametrized (D', D") quasigeodesics, then G is coarse median and the QT
embedding of G is quasimedian.
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Sketch of proof. We roughly explain how to prove Theorem 1.4 in the case that
(G, 6) is an HHG with only type I domains, excluding the “moreover” part. This
case contains most of the key ideas.

First, we introduce a class of thick distances on G each of which is defined using
a class of thick segments of hierarchy paths on G. We prove in Section 3 a thick
distance formula saying that the word metric of G can be recovered by summing
up these thick distances. This is an analogue of the distance formula for HHGs.

Then we show that any class of thick segments is cofinite up to the group action.
Furthermore, these thick segments can be extended to a cofinite collection of quasi-
axes. Using projections to these quasi-axes, we can estimate the thick distance.
This is done in Section 4.

Finally, we take a finite-index subgroup of G, say H, such that a collection of
quasi-axes as above is divided into finitely many H -orbits. Each H-orbit satisfies
the Bestvina—Bromberg—Fujiwara projection axioms, so it gives us a quasitree
with an H-action. We prove that H equivariantly quasi-isometrically embeds in
the product of these finitely many quasitrees in Section 5. Since property QT is
commensurably invariant, G has property QT. ]

As stated in the proof, property QT is commensurably invariant [BBF21, §2.2].
It follows that the conclusion of Theorem 1.4 also holds for any group that is
virtually a relative HHG that satisfies our condition, even though such a group may
not be a relative HHG itself [PS23].

For most examples of HHGs that emerged from the study, every domain satisfies
the first three conditions of type I. Virtual colorability is also common in practice.
Therefore, the biggest restriction of our theorem comes from the assumption of
separable quasi-axes. We further discuss it in Section 6 and show how residual
finiteness helps to give an easy-to-use criterion for having separable quasi-axes.

2. Background

2.1. Quasi-isometric embeddings and acylindricity. Given constants A > 1, ¢ >0,
we say that a coarse map f : X — Y between metric spaces (X, dx) and (Y, dy) is
a (A, ¢)-quasi-isometric embedding if

1
de(xla x2) —c <dy(f(x1), f(x2)) < Adx(x1,x2) +¢

for all x1,x; € X. A (X, ¢)-quasi-isometric embedding y : [0, /] — X is called
a (parametrized) (X, c)-quasigeodesic in X. A coarse map y : [0,l] — X is an
unparametrized (X, c)-quasigeodesic if there exists a strictly increasing function
f 10,11 — [0, 1] with f(0) =0, f(I) =1 such that y o f is a (A, c)-quasigeodesic.
We also use the term “quasigeodesic” to mean a quasi-isometric embedding of R.
We will not distinguish between a quasigeodesic and its image in X.
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A geodesic metric space is called §-hyperbolic (or simply hyperbolic) for § > 0 if
for any geodesics «, 8, v that form a triangle, « is contained in the §-neighborhood
of BUy [Gro87]. For a §-hyperbolic space X, an isometry g : X — X is called loxo-
dromic if the g-orbit n — g"x is a quasigeodesic for some (equivalently, any) x € X.

Let X be a hyperbolic space and G be a group acting by isometries on X with
a loxodromic element g. Given constants A > 1 and ¢ > 0, a (A, ¢)-quasigeodesic
y C X is called a (A, ¢)-quasi-axis for g if y is g-invariant. The elementary
closure of g in G, ECg(g), is the subgroup of G that stabilizes y up to bounded
Hausdorff distance. If there is no ambiguity in G, we often simplify the notation
as EC(g). Equivalently, it is the stabilizer of the set y(4-00), the points at infinity
of y. Thus, the elementary closure does not depend on the choice of y. Everything
that commutes with g is contained in £ C(g) (including powers and roots), but there
may be other elements.

A group action G ~ X by isometries is called acylindrical [Bow08] if for any
r > 0 there exist constants R, N > 0 such that, for any pair a, b € X withd(a, b) > R,

#{g € Gld(ga,a) <randd(gh,b)<r} <N.

Let X be a hyperbolic space and G be a group acting acylindrically on X with a
loxodromic element g. Some basic properties of this kind of action can be found in
[Osil6]. In this case, the elementary closure £C(g) is the unique maximal virtually
cyclic subgroup of G that contains g [DGO17, Lemma 6.5]. Moreover, EC(g)
has a subgroup of index at most 2 that is a centralizer of a large power of g in G
[DGO17, Corollary 6.6].

In this paper, we will consider group actions with a large kernel, in which case
the action cannot be acylindrical. As in [BBF21], an action G ~ X is said to have
acylindrical image if the image of G in the isometry group of X is acylindrical.

2.2. Projection axioms. In this section, we review the construction of a quasitree
of spaces in [BBF15] with improvements from [BBFS19].

Let Y be a collection of geodesic metric spaces, and my (X) C Y be specified
subsets whenever X # Y are elements of Y. Set dy (X, Z) :=diam(wry (X)Umy(Z))
for X #Y # Z. We say that (Y, {mry}) is a projection system with projection constant
& > 0 if it satisfies the following projection axioms:

(PO) (bounded projection) diam(wy(X)) <& when X #7Y.

(P1) (Behrstock inequality) 1If X, Y, Z are distinct and dy (X, Z) > &, then
dy(Y,Z) <§&.

(P2) (finiteness) For X # Z the set

{YeY|dy(X, Z2)>§)}

is finite.
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We say that (Y, {ry}) is a G-projection system if a group G acts on the set Y in
such a way that every g € G acts as an isometry from Y to gY¥ and the projections
my are G-equivariant, that is, mey (gX) = gmy (X).

We say that (Y, {wy}) satisfies the strong projection axioms if (P0), (P2) and the
following replacement for (P1) are satisfied:

(P1") If X, Y, Z are distinct and df (X, Z) > &, then 7x(Y) = wx(Z).

While there are many natural situations where the projection axioms hold, the
strong projection axioms are not as natural. However, we can modify the projections
so that they do hold.

Theorem 2.1 [BBFS19, Theorem 4.1]. If (Y, {wy}) is a projection system with
constant &, then there are projections {my} such that (Y, {}) satisfies the strong
projections axioms with constant &', where 1y, (X) and wy (X) are apart from each
other within a uniform Hausdorff distance €, and € and &' only depend on &.

If (Y, {my}) is a G-projection system, then (Y, {my}) is still a G-projection
system.

Let Cx Y denote the space obtained from the disjoint union

| ]r

YeY

by joining points in wx (Z) with points in 7wz (X) by an edge of length one whenever
dy(X,Z)<K forall Y e Y —{X, Z}. When the spaces are graphs and projections are
subgraphs, we can join just the vertices in these projections. If Y is a G-projection
system, then G acts isometrically on Cx Y.

Theorem 2.2 [BBF15, §4]. Let (Y, {my}) satisfy the strong projection axioms with
constant &, and take K > 2&. Then:

e CxY is hyperbolic if allY € Y are 5-hyperbolic.

o CxY is a quasitree ifall Y € Y are quasitrees with uniform QI constants.

There is a very useful distance formula in CxY. Let X,Z € Y and x € X,
z € Z. We define my(x) = wy(X) if Y # X and define wx(x) = x. Then define
dy(x, z) = diam(wy (x) Uy (2)).

Notation. Given A, B > 0, we define a threshold function by

A if A> B,
0  otherwise.

{Ads = {
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Theorem 2.3 [BBFS19, Theorem 6.3]. Let (Y, {my}) satisfy the strong projection
axioms with constant &. Let x € X and z € Z be two points of Cxk (Y) with X, Z € Y.
Then |

g 2 ldv(x, 9k <deyy(x.2) <2 ) {dv(x, )}k +3K

YeY YeY
forall K > 4§.

Next we recall a theorem that allows us to pass projection axioms from a projec-
tion system to a collection of certain subspaces. Let Y be a collection of §-hyperbolic
spaces and (Y, {my}) be a projection system with constant &£. For each Y €Y, let
Ay be a collection of quasigeodesics in Y. Let A be the disjoint union of all Ay’s.
We also make the following assumptions.

 As a collection of quasigeodesics, A has uniform coarse constants.
e For a, € Ay, we define 7, (8) to be the closest-point projection of § to «.

o For o € Ay and B € Ay where X # Y, we define 7, () to be the closest point
projection of x (Y) to «.

Theorem 2.4 [BBF21, Theorem 4.17]. For any 6 > 0, there exists &' > 0, depending
only on 0, 8, & and coarse constants of A, such that, if diam(mw,(8)) < 6 whenever
o and B are distinct elements in the same Ay, then (A, {ry}) is a projection system
with constant &',

2.3. (Relatively) hierarchically hyperbolic spaces. In this paper, we deal with
(relatively) hierarchically hyperbolic spaces and (relatively) hierarchically hyper-
bolic groups. Coarsely speaking, a (relative) HHS is a pair (X, &), where X is a
quasigeodesic space and & is an index set, with some extra structure. A full defini-
tion can be found in [BHS19, Definition 1.1,1.21]. Some important information
from the definition is collected below.

e Anelement U € G is called a domain of X. G has a partial order C, called nesting,
and a symmetric relation L, called orthogonality. These two relations are required
to be mutually exclusive. Any two elements that are neither comparable under the
partial order nor mutually orthogonal are by definition mutually transversal; we
denote this relation by th. We denote by & the set of domains nested in U, and by
&y, the set of domains properly nested in U.

 There is a unique C-maximal element S in & and a uniform bound on the length
of C-chains in G, called the complexity of (X, S). The level £(V) of V € G is
defined inductively as follows. If V is C-minimal then £(V') = 1. The element V has
level k+1 if k is the maximal integer such that there exists U = V with £(U) = k.

» For HHSes, there is a set {(CU, dy) : U € G} of uniformly hyperbolic spaces and
a set of uniformly coarsely Lipschitz and coarsely surjective maps wy : X — CU
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for all U € G. For relative HHSes, the complexity is at least 2. If U is E-minimal,
CU is not required to be hyperbolic. This is the only difference between HHSes
and relative HHSes in definition.

e For U = V or U m V, there is a uniformly bounded set p‘lf CcCV.

e For U £ V, there is a coarse map pl‘j :CV —> CU.

e Whenever VC W and W L U, we require that V L U.

e (orthogonal containers) For each T € G and each U € &r for which the set
{VeSr|V LU} #a,there exists W € &5, so that whenever V L U and VC T,
we have V T W. We say that W is an orthogonal container of U in T if W is a
C-minimal element satisfying the above property. Let cont-TLU denote the set of all
orthogonal containers of U in T'. If T is the maximal element of G, then we suppress
it from the notation and write cont~U. We set 6$ ={Ve&|V LU}U{A}, where
A is an arbitrary element of cont*U.

* (consistency) For every x € X, the tuple (y (x))yes is ko-consistent (defined
below). If U C V, then dw (,ovl{,, ,ov‘f,) < ko whenever W € G satisfies either V. W
orVihWand U f W.

o (bounded geodesic image) There exists E > 0 such that forall W e G, all V € G},
and all x, y € X such that some geodesic from 7y (x) to my (y) stays E-far from p“{,,
we have dy (my (x), my (y)) < E. We will refer this property as BGI in this paper.

Definition 2.5 (k-consistent tuple). For « > 0, let b= bv)ves € [1yes 2¢U be a
tuple such that every set by has diameter at most k. We say that b is x -consistent if

min {dy (by, py;), dv by, py))} <« whenever U hV, and
min {dv(bv, ,05), diamy (by U p[‘]/(bv))} <k whenever U C V.

For convenience, we always take E to be the greatest constant in all coarseness
from the above list (see [BHS19, Remark 1.6] for discussion on these constants).
For the rest of this subsection, let (X, &) be a relative HHS.

Notation. Given x, y € X, we write dy (x, y) to mean dy (ry (x), my (). UMV
or U & V, we write dy (x, ,o‘lf) to mean dy (wy (x), pg .

Notation. Given two functions f, g: X — Rand A, B > 0, we write f <4 ) &
to mean f(x) < Ag(x)+ B for any x € X. We write f <4 p) g to mean

LF@—B=gx) <Af()+B

for any x € X. Sometimes we omit the constants, meaning that the inequality holds
for some constants.

The powerful Masur—Minsky distance formula [MMO0O] shows that the distance
between points in a mapping class group is coarsely the sum of the distances
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between the projections of these points to the curve graphs of all subsurfaces. Like
mapping class groups, relative HHSes also satisfy a Masur—Minsky-style distance
formula.

Theorem 2.6 (distance formula [BHS19, Theorem 6.10]). There exists sy such that
for all s > s there exists a constant C > O such that, for all x, y € X,

dx(x,y) =<c.c) Y fdw(x. ).

Wes

Closely related to the distance formula is the existence of hierarchy paths.

Definition 2.7 (hierarchy path). A (D, D)-quasigeodesic y C X is a D-hierarchy
path if y (y) is an unparametrized (D, D)-quasigeodesic for each U € G.

Theorem 2.8 (existence of hierarchy paths [BHS19, Theorem 6.11]). There exists
Dy such that any two points in X are joined by a Dy-hierarchy path.

Remark 2.9. Let y be a D-hierarchy path connecting x and y. By the construction
of hierarchy paths in [BHS19], 7y (y) is contained in the D-neighborhood of a
geodesic connecting 7y (x) and 7y (v). If CU is hyperbolic, this is easy to see from
the Morse lemma. In the general case, it deserves its own mention.

There is an important class of subspaces in relative HHSes. We will consider
them in Section 4.

Definition 2.10 (standard product region, standard nested region, standard orthog-
onal region). Fix U € G and « > ky. Let Fy be the set of k-consistent tuples
in [Ty cg, 2¢7. Let Ey be the set of x-consistent tuples in [Ty g _(4)2°"- Let
Py =Fy x EU We can define a coarse map ¢y : Py — X as follows.

For each (a4, b) € Fy x E;y and each V € G, define the coordinate (¢U @a, b))v
as follows. If V C U, then (¢U(a b))v =ay;if V L U, then (¢U @a, b))v =by;
if VU, then (¢py (a, b))v = ,ov, and if U = V, then (¢y (a, b))v = pv. We can
check that the tuple ¢y (a, I;) is k-consistent, and thus the realization theorem
[BHS19, Theorem 3.1] supplies the map ¢y : Py — X. (See [BHS19, §5B] for
details.)

For convenience, we do not distinguish between Py and its image in X'. We call
Py the standard product region. By choosing any copy of Fy in the direct product,
¢y restricts to a coarse map ¢= : Fy — X. We also define ¢+ : Ey — X in
the same way. We call Fy and Ey the standard nested region and the standard
orthogonal region, respectively.

Remark 2.11. By definition, Fy, Eyy and Py depend on the constant k. From now
on, we fix some k > ko and do not mention it again.
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It is known that (Fy, &y), (Ey, GLL,) are both relatively hierarchically hy-
perbolic. By definition of Fy, Ey and Py, there are natural retractions from
X to these subspaces. We call such a map a gate map. Take Fy for example.
We denote the gate map to Fy by gp,. For all x € & and all V € & such that
CV is hyperbolic, wy (gF, (x)) uniformly coarsely coincides with the closest point
projection of my (x) to the quasiconvex subset y (Fy). In fact, gate maps can be
defined for all “hierarchically quasiconvex™ subspaces, which form a larger class of
subspaces of relative HHSes (see [BHS19, §5] for HHSes).

For any (relative) HHS (X, &), an automorphism is roughly speaking a bijection
from (X, G) to itself that preserves its (relative) HHS structure [BHS19, §1G]. The
automorphisms of (X, &) form a group Aut(S), which we call the automorphism
group of (X, G).

Definition 2.12 (hierarchically hyperbolic and relatively hierarchically hyperbolic
groups). A finitely generated group G is (relatively) hierarchically hyperbolic if
there exists a (relatively) hierarchically hyperbolic space (X, &) and an action
G — Aut(6) such that the action G ~ X is metrically proper and cobounded, and
such that the induced action on & is cofinite.

Note that if G is (relatively) hierarchically hyperbolic by virtue of its action on
the (relatively) hierarchically hyperbolic space (X, &), then (G, ©) is a (relatively)
hierarchically hyperbolic structure with respect to any word metric on G.

Let Aut(S; V) be the group of automorphisms g € Aut(S) such that g-V = V.
Then there is a restriction homomorphism 6y : Aut(G; V) — Aut(Sy) defined as
follows. Given g € Aut(S; V), let Oy (g) act like g on the substructure Gy . For a
group G < Aut(G), we write Stabg (V) to mean G N Aut(S; V) and write Gy to
mean the image of Stabg (V') under 9y .

For many HHGs (for example, the case of mapping class groups), every Gy acts
acylindrically on CV. However, not all HHGs have this property [DHS20].

Definition 2.13 (colorability). Let (G, &) be a relative HHG. Let &’ € &G be a G-
invariant subset. We say &' is colorable if &' admits a decomposition &' =| |*_, &/
into finitely many G-invariant families &’ such that any two domains in the same
family are transverse. Such a decomposition is called a coloring of &’. We say a
relative HHG (G, ©) is colorable if S is colorable.

The notion of colorability is formalized in [DMS23; HP22]. There are many
classes of (virtually) colorable HHGs, as listed in those papers. In particular, a
coloring is constructed for (a finite-index subgroup of) a mapping class group in
[BBF15, §5], from which the notion comes. However, one cannot expect that all
HHGs are virtually colorable [Hag23]. Nevertheless, Proposition 3.2 of [HP22]
provides a sufficient condition for an HHG to be virtually colorable.
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Remark 2.14. In this paper, we only treat unbounded domains, i.e., domains with
unbounded associated hyperbolic spaces. Abusing terminology, we say a relative
HHG (G, ©) is colorable if the collection of unbounded domains is colorable.

3. Thick distance formula

In this section, we will prove a thick distance formula that is similar to [BBF21,
Theorem 4.13]. This allows us to estimate the distance in a relative HHS by counting
only “thick” segments of a hierarchy path instead of the whole hierarchy path. The
reader should be aware that the definitions in this section are different from those
in [BBF21]. In particular, we do not have tight geodesics in a general HHG.

Let (X, ©) be a relative HHS and fix T > 100E + 10D (see Section 2.3 for
constants associated with a relative HHS). As in [BHS19, §2B], we say a domain
U € G is T-relevant for x,y € X if dy(x, y) > T. We write Rely(x, y) for the
set of T'-relevant domains for x, y, and define Relr (V; x, y) :=Relr (x, y) N G7,.
We write Rel (V; x, y) for the set of E-maximal elements in Rel7 (V; x, y). When
x and y are fixed, we often omit them from the notation.

Lemma 3.1. Given x,y € X and U € Rely (x, y), there exist at most two domains
Vi, Vo e Relr(x, y) such that U € Rel7 (Vi; x, y) fori =1, 2.

Proof. Suppose there exist three such domains V;, V», V3. Since U is maximal in
each Relr (V;; x, y), we know that the V; are not C-comparable. No two of them
can be orthogonal since U = V;. Thus, the V; must be pairwise transverse.

By [BHS19, Proposition 2.8], any set of pairwise transverse elements in Relz (x, y)
has a total order <, obtained by setting U <V whenever dy (y, py; V) < E. We assume
that V; < V, < V.

On the one hand, afyz(,ov2 ,ovz) > dvz(x y) —2E > T — 2FE by the triangle
inequality. On the other hand, aIV2 (,ov , :Ov ) < ko and dy, (,ov2 Pvz) < k¢ by consis-
tency, which gives dy, (,ov2 ,0\,2) <2x9 < T —2E. This gives a contradiction. []

Definition 3.2 (T-thickness). Given &’ C G, we say a pair of points (x, y) € X x X
is T-thick for &' if diam(wy (x) Umy (y)) < T for all U € &'. We define Pr (&)
to be the set of all T-thick pairs of points for &'. If & = {U}, we also say (x, y) is
T -thick for U and write (x, y) € Pr(U).

Note that (x, y) e Pr(U) if and only if U ¢ Relr (x, y), and that (x, y) € Pr(6Y,)
if and only if Relr(V; x, y) =

Lemma 3.3. Let Dy be the constant provided by Theorem 2.8. For any x,y € X, let
y be a Dy-hierarchy path between x, y. Given any U € & and any x', y' € y, then

dy(x',y") <dy(x,y)+2Dy.

In particular, if (x, y) € Pr(U), then (x', y") € Pr42p,(U).
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Proof. By Remark 2.9, ry; () lies in the Dy-neighborhood of a geodesic connecting
7y (x) and wy (y). The conclusion then follows from the triangle inequality.  [J

Notation. Throughout this paper, let T=T+ 2Dy and T=T- 2Dq for every
constant T > 2D.

Notation. Given two points x, y in a hyperbolic space, we write [x, y] to mean a
geodesic segment between x, y, which is coarsely unique. For an interval / or a
path ¥, we write I ~, I" or y—, ¥ to mean their endpoints.

Definition 3.4 ((T, R)-thick distance). Fix sufficiently large constants 7', R. Let y
be a Dy-hierarchy path between x and y. Let yy, ..., ¥, C ¥ be disjoint subpaths
occurring in this order such that (y;”, )/l-+) € Pr(Gy,) for each i.

The (T, R)-thick distance in V is denoted by di® (x, y) and is defined to be
the supremum of Z?:l (dy (v, yi+)}} g over all such choices for the y;, and for all
Dy-hierarchy paths from x to y.

It is always true that dg’R(x, y) < {dy(x, y)}g. This becomes an equality if V
is E-minimal. For the opposite direction, we have the following estimate.

Lemma 3.5. Fix constants T, R > 100E. Forany x,y € X and W € &, we have
fidw (x, )& < dy ™ (x, )+ (6E +2R) [Rel? (W; x, y)|.

Proof. If Rel’;(W) = &, then (x, y) € Pr(&j,). Thus, both sides of the above
inequality are equal.
Now assume that Rel’}l(W) # & and dw (x, y) > R. Then CW is not E-minimal,

so it is hyperbolic. Let y : I — X be a Dg-hierarchy path realizing dVTV’R(x, y),
where [ is an interval of R. For any V & W, we define

sy :=inf{s € I | 3U C Vsuch that dw (y (s), piy) < 2E},
sy :=sup{s € I | AU C Vsuch that dw (y (s), ply) < 2E}.
For any U C V & W, we know that dW(pVL{,, ,ov‘f,) < ko by consistency. Thus,
dw (v (sy), py) <2E+ko <3E and dw(y(sy). pyy) <2E +ko <3E.
Therefore,
dw (v (sy), ¥ (sy) < dw(y (sy), py) +dw (¥ (s7), py) < 6F.

Let Jo, . .., Ju be the collection of maximal intervals in 7 —{Jy cgepm () (Sy » sy
Note that n < |Rel”;(W)|. We now prove that (y (J;”), y(Jl.+)) € Pr (T6‘;V).

On the one hand, dy (pé{,, y(Ji)) = 2E for any U € Rel (W) by the definition
of J;. By the Morse lemma,

dw (piy, [y (J7), y (IHD > dw oy, v(Ji)) — E > E.
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Therefore, dy (y (J;), y(]f)) < E < T by BGI. On the other hand, (x, y) is T -thick
for &Y, —Rel; (W) by definition. It follows from Lemma 3.3 that (y (J;"), y(Jf))
is T-thick for &5, — Relz(W). In sum, (y (J,), v (J;)) € Pr(S5).

Finally, we estimate

dw(x,y) < X2 dw(y (I, y (7)) +6E [RelZ (W)
i=0

<dl®x, y)+Rn+1)+6E IRel (W)]
< dT,R m
<dy (x,y)+(6E+2R)|RelT(W)|. ([
Let S denote the unique maximal domain in &. Recall that the level £(S) of S is
equal to the complexity of (X, G).
Theorem 3.6. Fix constants T, R with T > R > 100E. Let x, y € X. Then, for
eachn,
D dwe. g < Y dR e+ Y fdwx k.
L(W)<n L(W)=n L(W)<n

Note that each sum is has finitely many terms since there are only finitely many W
such that dw (x, y) > R for given x, y, by the distance formula (Theorem 2.6).

Proof. If £(W) = n then by Lemma 3.5,
ldw (x, WY& < dy " (x, ) + (6E +2R) [RelZ (W)]

<dPRx, ) +6E+2R) Y A
VeRelZ (W) T

<dp®e,n+3 Y fdvx, iy
VeRel’}’(W)

<dbRoon+3 Y fdvx, )k
VeRel';’(W)

By Lemma 3.1, any V appears in at most two Rel”Tf(W). Therefore, if we sum up
the left side over all W with £(W) = n, we have

Do fdwx e D dyT )+ 6 Y {dw(x, y))e
L(W)=n LW)=n LW)<n

Adding ) «w) _dw(x, y)}r to both sides gives the desired inequality. U

Corollary 3.7. Fix constants T, R with T > R > 100E. Let x,y € X. Then

1
D Z dVTVR(xv y)— Dy < Z {dw(x, y)}g < 71 Z dVTV’R(x, y).

Wwes Wes Wes
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Proof. The first inequality is trivial since (1/Dg)dy; " (x, y) — Do < {dw (x, )} &
for all W. By inductively applying Theorem 3.6, with base case n = £(S), we have

S faw (v, 1)e < 7“”-"( S e+ Y fdw, y)}}R).

We6 n<L(W)<£(S) €W)<n
When n = 1, the last term on the right is zero, and the result follows. ([
Combining the distance formula (Theorem 2.6) with Corollary 3.7, we obtain:

Theorem 3.8 (thick distance formula). There exists Ry such that, for all T, R with
T > R > Ry, there exists a constant L > 0 such that, forall x,y € X,

dx(x,y) =X, Z dy " (x, y).
We&

4. Estimation of thick distance via quasi-axes

Our proof in this section is inspired by [NY23]. The main technique in the proof of
[NY23, Lemma 5.5] that is different from [BBF21] is the use of the extension lemma
[Yan19, Lemma 2.14]. Lemma 4.1 below is a trimmed version for acylindrical
actions on hyperbolic spaces. In the original statement of Lemma 4.1 in [NY23],
the group action is required to be cobounded, but it is easy to see from the proof
that this condition can be removed.

Lemma 4.1 (extension lemma [NY23, Lemma 4.13]). Let H be a group acting
nonelementarily and acylindrically on a 5-hyperbolic space Y. Fix a base point
o €Y. There exists a set F C H of three loxodromic elements and constants A > 1,
and c > 0 with the following property.

For any h € H there exists f € F such that hf is a loxodromic element and the
bi-infinite path

yi = (1) (Lo, hollho. hfo))
ieZ

is a (A, c)-quasigeodesic.

Let (X, ©) be a relative HHS with a coarse constant £, and let G be a relative
HHG by virtue of its action on X'. Corresponding to Definition 1.3, we say that a
domain U € & has

(1) hyperbolicity if CU is hyperbolic;
(2) acylindrical image if Gy acts on CU acylindrically;
(3) cobounded nested region if Gy acts on Fy coboundedly;

(4) separable quasi-axes if for any element g € Stabg (U) that acts loxodromically
on CU, the elementary closure EC(g) is separable in G, i.e., EC(g) equals
the intersection of all finite-index subgroups of G that contain EC(g).
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Till the end of this section, let V € & be an unbounded domain that has hyper-
bolicity, cobounded nested region and acylindrical image.

The next statement could be compared with Theorem 4.19 of [BBF21] for
mapping class groups.

Lemma 4.2 (extension of thick segments). There exist constants .. > 1, ¢ > 0,
B > 0 such that the following holds. For any T, R > 0, there exists a Gy -finite
collection Ay = A‘T,’R of (A, ¢)-quasi-axes in CV such that for any pair of points
(x,y) eP {f,R}(Sv) there exists y € Ay such that [y (x), Ty (y)] C Np(y).

max
Proof. Fix a base point 0 € Fy and project it to a base point in CV. If the action
Gy ~CV iselementary, CV itself is a quasi-axis of a loxodromic element, and thus
satisfies the requirement. Now assume that the action Gy ~ CV is nonelementary.
Lemma 4.1 provides a finite set ' C Gy and constants A > 1, ¢ > 0. Recall that
(Fy, Gy) is a relative HHS. Fy is proper because X is proper.

Since Gy acts coboundedly on Fy, there exists € > 0 such that Fy is covered
by the Gy-translates of any e-ball. Let 7/ = max{f, R}. By Theorem 2.6, there
exists r > 0, depending only on E, T’, €, such that the distance between any pair
of points in Fy that is (T’ + €)-thick for &y is bounded above by r. Fix any base
point 0 € Fy. Since Fy is proper, there exists a finite subset S C Gy such that
Ni4e(0) is covered by | g 5 - Ne(0).

Lemma 4.1 tells us that for each s € §, there exists f € F such that sf is a
loxodromic element actingonCV. Let Ay = A‘T,’R be the collection of Gy -translates
of the (A, ¢)-quasi-axes provided by Lemma 4.1 for all loxodromic elements of the
form sf.

Now we verify that Ay meets our requirements. Let (x, y) € Pr/(Sy). We can
choose g € Gy such that dp, (x, go) < €. Then

dr,(0,87'y) <dp,(x,y) +dr, (x, g0) <r +e.
By our choice of S, there exists s € § such that dp, (g_ly, so) < €. Thus,
dy(x,go0) <Ee+E, dy(y,gso)<Ee+E,

because my is E-coarsely Lipschitz. Since CV is E-hyperbolic, we can find B>0 by
the fellow-traveler property such that [y (x), my (y)] CNg([g -7y (0), gs -7y (0)]).
By construction, [g - wy (0), gs - wy (0)] is contained in some y € Ay, so we are
done. O

Notation. Assume that y is a quasigeodesic in a hyperbolic space Y. We write
m, : Y — y to mean the closest point projection. For x, y € Y, we write d, (x, y)
to mean diam(r, (x) U, (y)).

Notation. Assume that y is a quasigeodesic in CV. We write nf to mean 7, o 7Ty .
For x, y € X, we write d;) (x, y) to mean diam(7;" (x) U ;" ().
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The following lemma is a well-known corollary of the Morse lemma for quasi-
geodesics in -hyperbolic spaces so we omit the proof.

Lemma 4.3. Let y and a be two (A, ¢)-quasigeodesics in a §-hyperbolic space.
Then for any B > 0, there exists a constant C = C(\, ¢, B, §) > 0 such that

dy(a”,a™) > diam(@ NNg(y)) — C.

The main result of this section is the following estimate, which generalizes
Proposition 4.18 of [BBF21].

Proposition 4.4. For any K > 0, there exists R > 0 such that the following holds.
Givenany T > 0, let Ay = A‘T,’R be the collection of (A, c)-quasi-axes provided by
Lemma 4.2. Then for any two points x,y € X,

dy " (x.y) <2Do+ 1) Y {d (x. k.
yeAy

where Dy is the constant provided by Theorem 2.8.

Proof. Let C = C(A+ Dy, c+ Dy, B, E) be the constant provided by Lemma 4.3.
Let R > 2Dy(C + 1) + K. We will show that projections to quasi-axes Ay = A‘T,’R
bound the (T, R)-thick distance in V from above.

For any two points x, y € X, let 8 be a (Dy, Dy)-hierarchy path connecting x
and y realizing d‘C’R(x, v). Let {1, ..., a,} be the collection of disjoint subpaths

of g with dy (a; ", al.+) > R and (o, , Ot;“) € Pr(6Y)) such that

n
dy @, y) = dy(e; . o).
i=1

By the definition of gate maps, my(z) is coarsely vy (gF, (z)) for any z € X.
Thus, the difference between dy («; ", al.+ ) and dy (gF, («; ), gF, (oz;r )) is uniformly
bounded. This enables us to replace «; with gr, («;) from now on. We divide each
«; into several consecutive subpaths {&; ; | 1 < j < m;} with dy (&; &Z’ j) = R for

i,j?
j=1,...,m;—1and dy (& &' )< R. By Lemma 3.3, we already know that
(a

i,m;’ ~i,m;

dfj) € P;(6Y)) for every pair (i, j). Thus,

ij
dy(@; . a;,) <max{T, R)
forall U € Sy. By Lemma 4.2, there exists y; ; € Ay such that wy (&, j) C N (¥, ;)
(with an increased B by a uniform constant), which yields
diam(ry (a;) NNB(¥i,j)) = R.
Let A/V be the collection of all distinct y; ;. We see that
7y (@i \ @ m) C | v (i) N NB ().

yeA,
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Thus, we have

dy(a;, o) < Z diam(my (a;) NNB(y)) +R <2 Z diam(mry (a;) NNp(¥)).
yeA, yeA,

Summing up from i =1 to n yields

(1) dy®(x, ) <2 ) (Do diamGry (B) NN (1)) + Do).
yeA,

Note that R > 2Dy(C + 1) + K. Thus, Lemma 4.3 tells us that
df (x, y) = diam(y () NNp(y)) —C = R—C > Do(C+ 1)+ K
for each y € Aj,. We now estimate by Lemma 4.3 that
Do diam(rry (B) N NB(y)) + Do < Do(d;) (x, y) + C) + Do < (Do + D)dy' (x, ).

Combining this with (1), we obtain

dy®(x,y) <2Do+1) D df (x.y)

yeA,
=2Do+1) Y {d) (. MYk <2(Do+1) Y {d) (x. )k O
yeA, yeAy

5. Construction of quasitrees

This section is devoted to the proof of Theorem 1.4. Let (G, &) be a relative HHG
that is virtually colorable and assume that every domain in & is of type I or II.
The index set & admits a G-invariant decomposition & = &’ &Y, where &'
(respectively, &™) only contains domains of type I (respectively, type II). Note that
types I and II are not mutually exclusive, but for those domains of both types, we
can simply put them in &'/,

Before starting the proof, we summarize the dependencies of some important
constants that will be used in the proof:

Corollary 5.3 Theorem 2.4 Lemma 5.4 Proposition 4.4 Theorem 3.8
(E, Dy, A) 0 £ K R T.

Here A stands for the acylindrical constants. We draw an arrow from a constant M
to N if N depends on M. Remember that the dependency graph shown above is
incomplete, but we hope it is helpful to the reader.

5.1. Quasitrees from domains of type I.

Proposition 5.1. There exists a finite-index subgroup H < G satisfying the following.
For any sufficiently large constant R and any T > 0, there exist quasitrees Ty, ..., Ty
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such that H acts on ]_[?21 T; diagonally and for any choice of base points oj € T;
we have

n
> dy R h) =D dr (o). ho))

Ves! j=1
forany h € H.
Before proving this, we recall an auxiliary result.

Proposition 5.2 [BBF21, Proposition 3.4]. Let a group H act on a §-hyperbolic
space Y. Assume that the image of H in Isom(Y) is acylindrical. Consider a
loxodromic element g € H and the collection A of all H-translates of a fixed (A, c)-
quasi-axis of g. Then there exists a constant 0 > 0 depending only on A, ¢, § and
the acylindrical constants such that for any y € A, the set

{h € H | diam(r, (hy)) = 0}
is a finite union of double EC(g)-cosets.

Corollary 5.3. Let U € &'. Consider a (:, ¢)-quasi-axis y C CU for some loxo-
dromic element of the acylindrical action of Gy. Then there exists 6 > 0, only
depending on A, c, E and the acylindrical constants, and a finite-index subgroup
G, < G such that every translate of y by an element of G, N Stabg (U) either has
finite Hausdorff distance with y or has 0-bounded projection to .

Proof. This is clear by Proposition 5.2 and separability of quasi-axes. (]

By definition of relative HHGs, &/ consists of finitely many G-orbits, so acylin-
drical constants for U € &' can be chosen uniformly. Thus, Lemma 4.2 provides
uniform constants A > 1, ¢ > 0 for every U € S!. This further gives a uniform
constant 8 > 0 by Corollary 5.3.

Let U be a G-representative set of &' such that 1 € Py for any U € U. Let
Uel. Let T >0 and let K > 0 be a sufficiently large constant that will be
decided by Lemma 5.4. Lemma 4.2 provides a Gy -finite collection Ay = A[T]’R
of (A, c)-quasi-axes, where R is provided by Proposition 4.4. By Corollary 5.3,
we can find a finite-index subgroup Hy < G such that for any y € Ay and h €
Hy NStabg (U), either dyaus(hy, y) < oo or diamm, (hy) < 6. For any g € G, we
define Agy :={gy | y € Ay}.

Let A:=| |, g Av and H := (), Hy. Since U is finite, H is of finite index
in G. By adding finitely many domains to ¢/ so that there is one representative for
each H-orbit on &', we obtain an H-representative set 2/ of G. We still assume
that 1 € Py for any U € U. Let {y1,...,va} be an H-representative set of A.
We assume that every representative y; is contained in CU for some U € U. Let
Aj C Abe the H-orbit of y;.
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Without loss of generality, we assume that H is colorable instead of virtually
colorable. Thus, the H-orbit of any domain is pairwise transverse. By [HP22,
Lemma 3.4], every H-orbit of &/ is an H-projection system with constant sy +4E,
where s is the constant provided by Theorem 2.6. Thus, every A; is an H-projection
system with a uniform projection constant & = £(6, s, A, ¢, E) by Theorem 2.4.
The projections defined there will be denoted by IT,,.

Using Theorem 2.1, we obtain modified projections 1'[;/ such that (A;, {1'[;/})
satisfies the strong projection axioms with constant £’ = £’(£) and that IT, («) and
l'[;, (o) are apart from each other within a uniform Hausdorff distance € = €(§).
For any K’ > 4&', Cx'A; is a quasitree by Theorem 2.2. The following lemma
is an estimate via the orbit map between the projections n}fl = m, omy in the
relative HHG structure and the projections l'I;, in the quasitree Cx.A;. Recall from
Section 4 that d/ (g, h) is defined as diam(x' (¢) U (h)) for any g, h € H.

Lemma 5.4. Fix a base point o; € y; for each j = 1,...,n. There exists a
sufficiently large constant K' = K' (€, A, ¢, E) and a constant A > 0 such that if
K > 2K’ then

> {df (1. )}k < 8dey,a;(05, hoj) + A
}/GAJ'

foranyhe Handany j=1,...,n.
The proof depends on another lemma.

Lemma 5.5. For any constants A, B > 0 and constants L, M > 0,

{A+Blrim < A} . {BYw
L+M L M

Proof. Assume that A+ B > L + M. First, if A < L then B > M. Thus, {B}y =
B > HLM(A + B). Next, if B < M then A > L and the same argument holds.
Finally, if A > L and B > M, then all thresholds are reached and the inequality is

obviously true. ([

Proof of Lemma 5.4. For simplicity, we use |p — ¢| to mean the distance between
two points p, g in the same space. Assume that y; C CU for some U € U. For any
g € H—Staby (U), since 1 € Py and U h gU, we have |,y (1) — ngl < E by
the definition of standard product regions.

Assume y = gy;. By hyperbolicity, there exists a constant ' = F(E, A, ¢) such
thatif y CCgU #CU then |nf(1)—1’[§,(0j)| < |ngU(1)—ng|+F+e <E+F+e.
Let M > &'+ E + F + € and define §, (h) = |7T)f1(h) — H;/(hoj)l. We see that if
8y (h) = 8-1,(1) = M then y C ChU. Thus, for a fixed h € H, there are only
finitely many y € A; such that §, (h) > M by projection axiom (P2).
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Let K’ > 2M +4¢'. Define Dy, (1, h) = [IT,(0;) — I}, (ho;)|. By the triangle
inequality and Lemma 5.5, we obtain

(@ (@, mhieow = S22, (1 e + E2 4, (1) + 5, 0o
Therefore,
(a1 Yk =240, (L i+ K22 s, ().
Summing over y € A;, we obtain
S wa (L mx =2 Y AD, de+ 2 S g, (.
YEA; yEA; yEA;

By the preceding discussion,

K7+2A4

Aj= Y48, (D

yEA;
is a finite constant. Let A = max;<;<, A;. We conclude using Theorem 2.3. [

Proof of Proposition 5.1. Let K and K’ be the constants provided by Lemma 5.4.
Let T > 0. From the discussion before Lemma 5.4, we know that the collection .4
of quasi-axes provided by Proposition 4.4 forms n quasitrees Cx/A;, j=1,...,n.
Moreover, Proposition 4.4 tells us that there exists R > 0 such that

S apRam <Y (. myk.

ves! yeA

Finally, we conclude by Lemma 5.4. O

5.2. Quasitrees from domains of type II. We now prove an analogue of Proposition
5.1 for domains of type II.

Let H < G be the subgroup provided by Proposition 5.1. Fix an H -representative
set V of &/ such that 1 € Py for any V € V. For V € V we write [V] to mean its
H-orbit. By colorability and [HP22, Lemma 3.4], every [V] is an H-projection
system with constant so +4E.

Fix any V € V. By property QT of the action Stabs (V) ~ CV, there exist qua-
sitrees T{, along with Stabg (V)-equivariant maps ti, :CV — T"', fori=1,...,ny

such that
ny ny
]_[ ty :CV — 1_[ Ty,
i=1 i=1

is a (1, ¢’)-quasi-isometric embedding. Thus ¢}, is ()/, ¢’)-coarsely Lipschitz. Fix
ie{l,..., ny}. Itis conventional to extend the map LiV on [V]in an H-equivariant
way. This means that we can construct a collection of quasitrees T["V] = {Tl‘} |U e[V]}
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with an H-action and a collection of coarsely Lipschitz maps {L‘b :CU — Tli] |Uel[V]}
such that the following diagram commutes for any h € H and U € [V ]:

cu —" chu

i i
‘Ul Lhu

Ty —— Ty

Define HT/;-U(TIS) = LZU(,O;’]U) for any U € [V] and hU # U. Clearly, these
projections are H-equivariant and the projection axioms pass to the collection
(T[iv], {HT[/ }) under coarsely Lipschitz maps {L’b}. We modify the projections
within an error € such that (T, [’V], {IT. ; }) satisfies the strong projection axioms
with constant ¢ = ¢(sg, A, ¢/, E). For any K" > 4¢, CK/rT[iV] is a quasitree by
Theorem 2.2. Define dp; (1, h) := |t (ry (1)) — i, (ry (b)) | for any U € [V]. For
any VeVandie€{l,...,ny}, fix abase point 0"‘, € T(',. The following proposition
is an analogue of Proposition 5.1.

Proposition 5.6. There is a constant K" =K"(¢, X, ¢, E) such that R >2K" implies

D Mdu YR =YY dey, i, (@ holy).

UeG! Vevi=1
foranyh e H.

Proof. Fix VeVandi e{l,...,ny}. Forany U € [V]— {V}, we have
|ty (ru (1) — H/Tl,-/(oﬂ,)i <N|my() —pyl+ +e <VE+c +e
Let K" > 4¢ +2(WE + ¢’ +¢€). As in the proof of Lemma 5.4, we estimate that
> Mgy (1L Ye < (T, (00) = Ty (hon) [V < de,, 3i, (0. holy).
UelV]

Here the first inequality follows from the triangle inequality and Lemma 5.5, and
the second holds by Theorem 2.3. Since the map [}, ¢, : CU — [[;%, T}, is a
quasi-isometric embedding for any U € &, we conclude by summing the inequality
over 1 <i<ny forall V e V. O

5.3. Proof of Theorem 1.4.

Proof. Let R > 0 be large enough to satisfy Propositions 5.1 and 5.6 and Theorem 3.8.
Let T > R 4 2Dy. By Proposition 5.1 and Proposition 5.6, there exists quasitrees
Ti, ..., Tm such that H acts on [[;_, 7x diagonally and for any choice of base
points o € Ty and any h € H,

D dy i+ Y du (L hYr =) dr(or hoy).

ves! Ues! k=1
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By definition of thick distance, d; (1, h) < {dy (1, h)} . Thus, by Theorem 3.8,

m

Y dy R hy =) dr(ok, hoy)

Ve k=1

forany h € H.

On the other hand, the orbit map from H to [],_, 7x is coarsely Lipschitz since
H is finitely generated. Therefore, H embeds quasi-isometrically into [[;_, 7%,
which means that H has property QTy. Finally, we know that G has property QT
since property QT passes to any finite-index supergroup.

For the “moreover” part, first note that G is coarse median for the same reason as
[BHS19, Theorem 7.3]. The rest of the proof is just a combination of [HP22; Pet21].
The proof of [HP22, Proposition 3.9] can be naturally generalized to quasitrees
from domains of type II. The proof in [Pet21, §3] for mapping class groups can be
repeated verbatim to deal with quasitrees from domains of type L. (]

For relative HHGs with only type II domains, we obtain the following stronger
theorem.

Theorem 5.7. Let (G, &) be a relative HHG that is colorable. If every U € G is of
type 11, then G has property QTy.

Proof. The proof is a simplified version of that of Theorem 1.4. Since G is colorable
and every domain is of type II, the finite-index subgroup H in the above proof can
be replaced with G itself. This gives QT rather than just QT. ([

6. A criterion for having separable quasi-axes

In this section, we provide a criterion for a relative HHG to have separable quasi-
axes that is easy to use in application. For an acylindrical action on a hyperbolic
space, we have seen in Section 2.1 that the elementary closure of any loxodromic
element is a virtual centralizer. Inspired by the discussion in [BBF21, §4.3], the
following lemma generalizes this fact. In general, we cannot expect the elementary
closure to be a centralizer as in [BBF21, §4.3], because it may contain a flip.

Lemma 6.1. Let G be a group acting on a 5-hyperbolic space X with an acylin-
drical image. Let K be the kernel of this action. Assume that there is a subgroup
H < G such that [H, K] =1 and H is mapped to a finite-index subgroup of G/K.
Then for any loxodromic element g € G, the elementary closure EC¢(g) is a virtual
centralizer in G of some loxodromic element in H.

Proof. Let G = G/K, and let § : G — G be the quotient map. For any g € G,
denote the image 6(g) € G by 3.

Let g € G be a loxodromic element. Since #(H) is a finite-index subgroup of G,
we can choose & € H and n > 0 such that 7 = g". Since G acts acylindrically,
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ECg(g) = ECg (h), which contains the cyclic subgroup (h) as a finite-index
subgroup. By definition, ECs(g) = o1 (ECg(8)). Thus, the preimage 0! ((i_z)) =
K - (h) is a finite-index subgroup of ECg(g).

On the other hand, any element in G that commutes with /# has an image in G
that commutes with 4. Thus, Cg(h) < ECg (g). Note that K - (h) < Cg(h) since
[H, K] =1. In conclusion, C¢ () is a finite-index subgroup of ECg(g). O

Definition 6.2. For a relative HHG (G, G), we say a domain V € G has neat kernel
if there exists a subgroup Hy < Stabg (V) such that [Hy, ker(6y)] = 1 and 6y maps
Hy to a finite-index subgroup of Gy .

Proposition 6.3. Let (G, G) be a relative HHG that is residually finite. Let V € G.
If 'V has hyperbolicity, acylindrical image and neat kernel, then V has separable
quasi-axes.

Proof. Let g € Stabg(V) be a loxodromic element. Since V has neat kernel,
EC(g) is a virtual centralizer in Stabg (V') of some loxodromic element & € Hy by
Lemma 6.1. Every element that commutes with /4 stabilizes V. Therefore, EC(g)
is a virtual centralizer of & in G. Moreover, a centralizer in a residually finite group
is separable (see [BBF21, Lemma 2.1] or the proof of [Lon87, Proposition]). It is
also known that a finite-index supergroup of a separable subgroup is still separable
(easy to see from the profinite topology). Therefore, V has separable quasi-axes. [l

Corollary 6.4. Let (G, ©) be a relative HHG that is residually finite. Let S € & be
the unique maximal domain. Then S is of type 1.

Proof. By [BHS17b, Theorem 14.3], G acts on CS acylindrically. Now ker(8y) is
trivial, so S has neat kernel. Thus, S has separable quasi-axes by Proposition 6.3.
Moreover, S has cobounded nested region because G acts on X coboundedly.
In conclusion, S is of type L. ([l

7. Applications

7.1. Mapping class groups. We now explain how Theorem 1.4 applies to mapping
class groups to recover the following theorem.

Theorem 7.1 [BBF21, Theorem 1.2]. Mapping class groups of finite-type surfaces
have property QOT.

Proof. Let X be a finite-type surface, i.e., a closed oriented surface with finitely
many marked points. Let M(X) be its marking complex [MMO00]. Let & be the
collection of isotopy classes of essential non-pants-closed subsurfaces of X, where
disconnected subsurfaces are also allowed. Given any V € G, let V be the surface
obtained by gluing a once-punctured disk to each boundary component of V. Let
CV be the curve graph of V. Here the curve graph of a disconnected surface is



254 BINGXUE TAO

defined as the join of the curve graphs of its components, and thus is bounded. It is
known that (M(X), &) is an HHS. Moreover, the mapping class group MCG(X)
is an HHG by virtue of its action on (M (X), &) [BHS19, §11].

For any V € &°, let VL be the closure of ¥ — V in X, and let

MCG(Z; V) < MCG(Z)

be the stabilizer of V. Let ny :MCG(V) - MCG(X) be the homomorphism induced
by the inclusion V < X. Denote the image of y by MCG(V). By Theorem 3.18
of [FM12], MCG(V"1) is exactly the kernel of the restriction homomorphism
Oy : MCG(Z; V) — Gy, where Gy is a finite-index subgroup of MCG(V). Itis
clear that MCG(V) commutes with MCG(V1) and 6y maps MCG(V) to a finite-
index subgroup of Gy. Therefore, V has neat kernel.

It is known that MCG(X) is virtually colorable [BBF15, §5] and residually finite
[Gro74]. We only need to prove that every unbounded domain V € G is of type L.
First, it is clear that Fy is coarsely M(V). Since MCG(V) acts coboundedly on
M(V) and acts acylindrically on cv [Bow08], V has cobounded nested region
and acylindrical image. Furthermore, V has separable quasi-axes by the above
discussion and Proposition 6.3. Therefore, V is of type L.

In conclusion, mapping class groups of finite-type surfaces have property QT by
Theorem 1.4. ([l

Certain quotients of a mapping class group are again HHGs, as proved in
[BHS17a] and [BHMS24]. In particular, the quotient by the normal closure of a
suitable power of a pseudo-Anosov element or by the normal closure of suitable
powers of all Dehn twists is again an HHG. It would be interesting to determine
whether these quotient groups are still residually finite, thereby satisfying the
assumption of Theorem 1.4.

7.2. Admissible graphs of groups. Admissible groups were introduced by Croke
and Kleiner in [CKO02]; they generalize the fundamental groups of nongeometric
3-dimensional graph manifolds.

Definition 7.2. Let G = (T, {G,}, {G.}) be a graph of groups. We say G is admis-
sible if the following hold:

(1) T is a finite graph with at least one edge.

(2) Each vertex group G, has center Z, =7, and H, := G,/ Z, is a nonelementary
hyperbolic group.

(3) Every edge group G, is isomorphic to Z2.

(4) If e is an edge with v =¢" and w =¢~, and 7,, 7; are the edge monomorphisms,

then the subgroup (t=YZy), té_l(Zw)) has finite index in G,.

e
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(5) Let e; and e be distinct edges entering a vertex v, and let K; C G, be the

image of the edge homomorphism 7., for i =1, 2. Then

« for every g € G,, gK1g" is not commensurable with K»;

o forevery g € G, — K;, gK;g~' is not commensurable with K;.

A group G is admissible if it is the fundamental group of an admissible graph of
groups.

Every admissible group G has a (combinatorial) HHG structure by [HRSS24,
Theorem 1.4]. According to the classification of simplices by [HRSS24, Lemma 6.2],
if A L gA, where A corresponds to an unbounded hyperbolic space, then A is of
type 8 and g exchanges two adjacent vertices in the Bass—Serre tree (see [BHMS24,
Definition 1.11] for definition of orthogonality in a combinatorial HHS). Therefore,
itis easy to see that G has a subgroup of index at most 2 that is colorable (see [NY23,
Lemma 4.6] for example). This shows the virtual colorability of G. Thus every
nongeometric graph manifold group has a virtually colorable HHG structure with all
associated hyperbolic spaces being quasitrees. Thus, nongeometric graph manifold
groups have property QT by [HP22, Theorem 3.1] or Theorem 1.4. However, in
the HHG structure of an admissible group, associated hyperbolic spaces are not
necessarily quasitrees. As an application of Theorem 1.4, we show that property
QT still holds true in this case if we assume G to be residually finite.

Theorem 7.3. Let G = (I', {G,}, {G.}) be an admissible graph of groups, and let
G =mG. If G is residually finite, then G has property QT.

Proof. According to the classification of simplices [HRSS24, Lemma 6.2], any
simplex that is not of type 7 corresponds to a quasitree so it is a domain of type II.
Thus, we only need to check that simplices of type 7 are of type 1. The stabilizer
of such a simplex A is exactly a vertex group G, that acts on C(A) with image
H, = G,/Z,. Now C(A) is coarsely the hyperbolic space obtained by coning
off H, as a relatively hyperbolic group, and F is coarsely H, itself. Therefore,
acylindrical image and cobounded nested region hold true (see [Osil6, Proposition
5.2] for acylindricity). Since G, is a central extension of H, by Z,, A has neat
kernel. Therefore, we conclude by Proposition 6.3 and Theorem 1.4. O

There is another approach to property QT of nongeometric graph manifold groups
in [HNY25]. For graph manifolds with nonempty boundary, they actually prove in
a more general setting. A Croke—Kleiner admissible group (abbreviated as CKA
group) is an admissible group that admits a geometric action on a complete proper
CAT(0) space. As a corollary of Theorem 7.3, we recover the following theorem.

Corollary 7.4 [HNY25, Theorem 1.3]. Let G be a CKA group where for every
vertex v the central extension 1 — Z, - G, — H, — 1 has an omnipotent
hyperbolic quotient group H,. Then G has property QT.
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For definition of omnipotence, we refer the reader to [Wis00]. Note that if every
hyperbolic group is residually finite, then every hyperbolic group is omnipotent by
[Wis00, Remark 3.4]. Under the assumption of Corollary 7.4, the central extension
associated with any vertex virtually splits by [BH99, Theorem 11.7.1]. Therefore,
Theorem 7.3 implies Corollary 7.4 due to the following lemma.

Lemma 7.5. Let G be an admissible group where for every vertex v the central
extension 1 — Z, - G, — H, — 1 virtually splits and the hyperbolic quotient
group H, is omnipotent. Then G is residually finite.

We omit the proof of Lemma 7.5 since it is almost the same as the proof of
residual finiteness for graph manifold groups by Hempel [Hem87]. The reader can
also see [Ngu26] for an improved result.

7.3. Hyperbolic-2-decomposable groups. A group G is hyperbolic-2-decomposable
if G splits as a graph of hyperbolic groups with 2-ended edge groups.

Theorem 7.6. Let G be a residually finite hyperbolic-2-decomposable group. Then
G has property QT if and only if G does not contain any distorted element.

Proof. If G has property QT, then G does not contain any distorted element by
[HNY25, Lemma 2.5]. Now assume that G does not contain any distorted element.
Let &G be the HHG structure of G given by [RS20]. By construction, there is
no orthogonality in &. Thus, G is colorable. Let U € &. Then CU is either a
quasitree or a hyperbolic space obtained by coning off a vertex group G, as a
relatively hyperbolic group. In the former case, U is of type II. Now we only need
to consider the latter case. Similarly to Theorem 7.3, we have Stabg(U) = G, and
Fy is coarsely G, itself. It is easy to see that acylindrical image, cobounded nested
region and neat kernel hold true. Therefore, we conclude by Proposition 6.3 and
Theorem 1.4. U

Similarly to Lemma 7.5, if G is a hyperbolic-2-decomposable group without any
distorted element such that every vertex group is omnipotent, then G is residually
finite (see [Wis00, §4]).

7.4. Artin groups and extensions of lattice Veech groups. Let G be either

« an Artin group of large and hyperbolic type, or

o the ;(X)-extension group of a lattice Veech group in the mapping class group
MCG(ZX) of a closed surface X.

As shown in [HMS24] and [DDLS24] respectively, G is a virtually colorable
HHG. Moreover, the associated hyperbolic spaces of G are all quasitrees except
the maximal one. By Corollary 6.4 and Theorem 1.4, G has property QT if G is
residually finite. Hence:
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Theorem 7.7. Every residually finite Artin group of large and hyperbolic type has
property QOT.

It is proved in [Jan22] that any 3-generator Artin groups with labels > 4 except
for 2m + 1,4, 4) for any m > 2 is residually finite. Therefore, any 3-generator
Artin group with labels > 4 except for (2m + 1, 4, 4) for any m > 2 has property
QT. On the other hand, we ask

Question 7.8. When is the w1 (X)-extension group of a lattice Veech group residu-
ally finite?

7.5. Graph products.

Definition 7.9 (graph product). Let I" be a finite simplicial graph with the vertex
set V(I") and the edge set E(I"). Each vertex v € V(I") is labeled by a group G,.
The graph product Gr is the group

GF = (*UEV(F)GU)/ «[gv, gw] | 8v € GU7 8w € Gw, {U’ w} € E(F)» .

We call the G, the vertex groups of the graph product Gr.

Theorem 7.10. Any graph product of groups whose every vertex group has property
QTy still has property QTy.

Proof. Any graph product Gr has a relative HHG structure G by [BR22]. By
definition of G, any Gr-orbit on G corresponds to a unique subgraph of I" and
is pairwise transversal. Thus, G is colorable. By [BR22, Theorem 4.4], for each
domain [gA] € Gr, either [gA] is C-minimal or Cg A is a quasitree. Since each
C-minimal domain corresponds to a vertex group, this means that every domain is
of type II. By Theorem 5.7, Gr has property QT. O
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