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II: THE TOROIDAL CASE

ENSIL KANG AND J. HYAM RUBINSTEIN

Spun normal surfaces are a useful way of representing proper essential
surfaces using ideal triangulations for 3-manifolds with tori boundaries.
Here we consider spinning surfaces in the case of a 3-manifold with a non-
trivial JSJ decomposition, where each of the JSJ components is hyperbolic.
We prove that a proper essential surface X can be spun, so long as none of
the JSJ components are bundles with fiber a subsurface of X and the ideal
triangulation satisfies similar properties to a taut structure.

1. Introduction

Definition 1. A crushing of a space X is an epimorphism f : X — Y that is cell-like,
ie, f'(y)isacell foreachy € Y.

It is well-known that such a map is homotopic to a homeomorphism; see [Sie].
We will be interested in crushings associated to triangulations and normal surfaces.
In particular, if S is a closed 2-sided normal surface in a triangulation 7" we will be
concerned with the process of cutting M open along S and then crushing each com-
ponent of S to a point. If we delete the image points of S after crushing, we obtain a
new triangulation which is ideal. We want to crush the cell structure of the cut open
triangulation into a new triangulation. This crushing process is detailed in [JR1]
in the case of 2-spheres and also will be described in Section 2 for our case of tori.

In [KR2], it is shown that a properly embedded nonfibered incompressible and
d-incompressible 2-sided surface in M can be spin normalized along boundary tori
of M, if M is a suitable 3-manifold with 1-efficient ideal triangulation.

Definition 2. An ideal triangulation I of a 3-manifold M is 1-efficient if it satisfies
the following conditions:

o There are no embedded normal 2-spheres, projective planes, or Klein bottles.

» Every embedded normal torus is peripheral.
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Equivalently, there are no normal surfaces with nonnegative Euler characteristic,
except for peripheral tori and Klein bottles.

[KR2, Theorem 8]. Let M be an anannular, atoroidal, irreducible and P*-irreducible
3-manifold with tori boundary components and I be a 1-efficient ideal triangulation
of M. If F is a properly embedded, incompressible and 0-incompressible 2-sided
surface in M which is not a fiber, then F can be spin normalized in (M, J) with 2"
choices of spinning direction, where r is the number of boundary components of M
containing a curve of OF.

We generalize this result by allowing JSJ-normal tori in M. To deal with such
tori, we need to restrict how they can be realized as normal surfaces.

Definition 3. An ideal triangulation J of an irreducible and P2-irreducible 3-mani-
fold M is T-efficient if it satisfies the following conditions:

o There are no embedded normal 2-spheres or projective planes.
» Every embedded normal torus or Klein bottle is essential, i.e., 7y -injective.

« For each isotopy class of essential tori or Klein bottles in M, there is exactly
one embedded normal torus or Klein bottle representing that class.

Our main theorem is the following.

Theorem 6. Suppose that M is compact, irreducible, and P>-irreducible and has
essential tori boundary components. Assume that each of the JSJ components
M; of M is hyperbolic for 1 <i < k. Let ¥ be any properly embedded 2-sided
essential surface in M with the property that no subsurface of X is a fiber of a
bundle structure for one of the JSJ components.

Assume that M has an ideal triangulation I which is T -efficient. Then X can
be spin normalized with boundary curves spinning in all possible combinations of
directions.

To prove Theorem 6, we carry out the crushing process along JSJ-normal tori 7;,
cutting M open along those 7; and then crushing and deleting the boundaries to
have an ideal triangulation for the interior of each JSJ component of M. This new
ideal triangulation of each of the JSJ components is 1-efficient, so that we can apply
the results of [KR2]. Also, in Section 5, we will show that there always exists an
ideal triangulation that satisfies all the conditions described in Theorem 6, so it is
reasonable to impose the above restrictions.

Another generalization would be to replace “1-efficiency” with “O-efficiency” for
the ideal triangulation of the JSJ components we are considering. However, in this
case, it is difficult to avoid inessential normal tori in spinning. Whether a properly
embedded surface can spin along an inessential normal torus is not clear to us.
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Spun normal surfaces and generalized spun normal surfaces play a central role in
the 3d index of Dimofte, Gaiotto, and Gukov [DGG]. The relationships between spun
and generalized spun normal surfaces and the 3d index are discussed in [GHRH].
To define the 3d index, a 1-efficient ideal triangulation is required. In [GHRS] it
is shown that the 3d index is independent of the choice of triangulation, so long
as a suitable class of triangulations are used, which come from the hyperbolic
structure on the 3-manifold. It is conjectured that the 3d index counts surfaces in
3-manifolds without reference to a triangulation. Moreover, an important problem
is to understand if the 3d index can be defined for toroidal manifolds. Exploring
the behaviour of spun normal surfaces in toroidal manifolds may give some insight
into this issue.

2. Crushing JSJ tori in an ideal triangulation

When a triangulation is cut open along a normal surface, we get a cell decomposition.
The cells are either truncated tetrahedra, truncated (triangular) prisms or normal
prisms (quadrilateral normal prisms and triangular normal prisms) with base a
quadrilateral or triangular disk included in the normal surface. As the normal
surface consists of quadrilateral and triangular disks, when these are crushed, we
need to extend the crushing to these cells to produce a new triangulation. In this
section, we will discuss such crushing. A detailed background and discussion is
given in [JR1].

Most of the arguments in this section will be developed under the conditions given
in the assumptions of the main theorem (Theorem 6) in Section 1. Although there
are some arguments that hold true in more general situations, this article will focus
on normal spinning a properly embedded incompressible and d-incompressible
surface, rather than on crushing a more general triangulation.

Let M be a compact, irreducible, and P2-irreducible 3-manifold with essential tori
boundary components, and I be an ideal T -efficient triangulation of M. Assume
that M is toroidal and each of the JSJ components M; of M is hyperbolic, for
1 <i < k. We ultimately want to find a 1-efficient ideal triangulation for each
JSJ component M;. To make further arguments easier, we will truncate (M, ) by
removing an open regular neighborhood of ideal vertices whose boundaries are
peripheral normal tori, and denote the resulting manifold by M.

Let S be the union of all the JSJ tori that are in (unique) normal form for (1\°4 , )
and all the boundary components of M. We assume that each JSJ component
M; is obtained by cutting M open along the JSJ-normal tori in S. Then all the
boundary components of M; are in normal form. Since we truncated (M, ),
M, has no ideal vertices and has the induced cell decomposition C; from the ideal
triangulation ¥, which consists of four types of cells: truncated tetrahedra, truncated
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Figure 1. Four types of cells in C;.

prisms, triangular normal prisms, and quadrilateral normal prisms (see Figure 1).

We will define a nice crushing f; : M; — M, in Theorem 1, which satisfies the
following conditions; f; maps each component of M to a point, M ¥ obtained by
deleting vertices from M; is homeomorphic to 1\711-, and the induced cell decomposi-
tion of M, is an ideal triangulation of M,- after deleting the vertices. We will show
that the new induced ideal triangulation of M ¥, or equivalently M;, is 1-efficient
(Theorem 5).

Let us define a crushing f; : M; — M, by collapsing each cell of C; as shown in
Figure 2, and call it a canonical crushing on M;.

We will investigate if f; is cell-like (see Figures 2 and 3). We denote the induced
cell decomposition of M; by ;. Note that each boundary component of M; crushes
to a vertex of J;. But there is no guarantee that the new manifold M ¥ given by
deleting vertices from M; is homeomorphic to M;, or that the induced cell structure
of M ¥ is a well-defined ideal triangulation. If f; is cell-like, the first assertion
follows from [Sie]. We will find that this is the case under our assumptions.

To investigate this, we need to look at the cycles of truncated prisms or trapezoids.
Here a trapezoid is a rectangular face of C; bounded by two parallel (i.e., normal
isotopic) normal arcs and two vertical edges, where a vertical edge is an edge of
C; whose interior is inside M; and both of whose boundary points are in M, ie.,
in S (see Figure 1). A trapezoidal cycle is an annulus or a Mobius band properly
embedded in M, formed by gluing trapezoids together along their vertical edges.

Note that a truncated prism crushes to a triangle and a trapezoid to an edge by the
canonical crushing f;. To achieve that M ¥ is homeomorphic to M;, we will verify
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that the regions surrounded by the cycles of trapezoids are simply connected, so that
such regions can be crushed into the edges. By modifying f; in this way, we are
able to achieve that the modified f; is cell-like and so the topology of M; is that of
M; (Lemma 2). We also need to verify that there are no cycles of truncated prisms
(Lemma 3) which collapse to a triangle by f;, to finish the verification that the
modified f; is cell-like and that the induced cell structure of M ¥ is a well-defined
ideal triangulation. This is the main topic of discussion in this section.

Let P(C;) be the collection of all cells which crush to edges of J; by the canonical
crushing f;. Then P(C;) = {all normal prisms of C;} U ({all trapezoids of C;} U
{all vertical edges of truncated tetrahedra and truncated prisms of C;}. We call P(C;)
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the combinatorial product region of C;. Each component of P(C;) crushes to an
edge of J; by the canonical crushing f; : M; — M;, and for M ¥ to be topologically
identical to M;, the inverse image of an edge must be simply connected. If each
component of P(C;) is simply connected, the canonical crushing f; is what we
need for spinning. If not, we will modify f; by further crushing as follows: each
region enclosed by the cycles of trapezoids (together with normal disks in aM;)
crushes into an edge (Figure 4, right, shows an example of such a region — in this
case, a truncated prism that is crushed to an edge under modified crushing), so that
the enlarged crushing region is simply connected. We denote the union of the new
enlarged regions by P(M;) and call it the induced product region, and the modified
crushing is called a combinatorial crushing. Under suitable conditions, the desired
P (M;) can be constructed with properties required to achieve spinning. In our case
(assuming the hypotheses of the main theorem (Theorem 6), P(C;) has simply
connected components so that P(C;) = P(Mi) (Lemma 4) and furthermore the
canonical crushing f; itself is a combinatorial crushing and does not change the topol-
ogy of the original manifold. Under what general circumstances P (C;) is simply
connected, and under what conditions P (M;) exists, is a subject for further study.

The following theorem states that the canonical crushing in our case induces a
suitable cell decomposition of the resulting manifold.

Theorem 1. Let M be compact, irreducible, and P2-irreducible with essential
tori boundary components. Assume that each of the JSJ components M; of M is
hyperbolic for 1 <i <k and the ideal triangulation 3 of M is T -efficient. Then for
each JSJ component M;, 1 <i <k, the canonical crushing f; : M,- — M, gives that
M; is homeomorphic to M ¥, with vertices deleted from M;. Moreover the induced
cell decomposition I of M ¥ is an ideal triangulation of M;.

We will prove this by using Lemmas 2, 3 and 4 below and [JR1, Theorem 4.1].

Lemma 2. With the same hypotheses as Theorem 1, any trapezoidal cycle in M; is
an annulus and together with two disks in S bounds a 3-cell, where M; is a truncated
JSJ component obtained by cutting M open along the normal representatives of the
JSJ tori.

Note. The hypothesis of “unique normal representative of each JSJ torus” in
Theorem 1 could be replaced by “least-weight normal representative” in this lemma.

Proof. Let T be a trapezoidal cycle in M;. Then T is on S, which is the union
of all normal JSJ tori of M and the normal boundary components of M and T
is a properly embedded annulus or Md&bius band in M;. By the assumptions of
Theorem 1, M; is hyperbolic and so there are no properly embedded essential
surfaces with nonnegative Euler characteristic. If 7 is an inessential Mobius band,
then T is either d-parallel or has a boundary compression to S. But since M; is
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hyperbolic and has tori boundary, neither can occur. Therefore 7T is an inessential
annulus with both boundary curves on S. Here since S is incompressible, either
both boundary curves of T are essential in S or both are not.

If both curves of a7 are essential, then 7 must be boundary parallel, since M; is
hyperbolic. Let S; be the component of S containing 07 and A the annulus in S|
which is parallel to T. Note that 7" is 0-weight (meaning that its interior does not
intersect any edges of the triangulation). The new torus 7' U (S \ A) is a barrier
(see [JR1]) so normalizing produces a topologically boundary parallel normal torus
with less weight than S;. This contradicts the fact that there is a unique normal
representation of each JSJ torus in S. Therefore the only possibility is that the curves
of 0T are inessential and each bounds a disk in S, say D; and D, respectively. If
say D; C D, then T must be d-parallel (to the annulus D, \ D°1). But then we get
a contradiction to the unique normal representation of JSJ tori again by a similar
argument to the previous paragraph. Hence D; N Dy = & and D and D, together
with T form a 2-sphere. Therefore T together with two disks in S bounds a 3-cell
in M; since M is irreducible, and the proof is complete. U

The following remark comes from the proofs of Lemmas 3 and 2.

Remark 1. (1) No 0-weight annulus properly embedded in Mi can be d-parallel
to an annulus with positive weight in S.

(2) Any non-0-parallel O-weight annulus properly embedded in M; has inessential
d-curves in § and together with two disks in S bounds a 3-cell in M;.

Since any trapezoidal cycle together with two disks in S bounds a 3-cell by
Lemma 2, we can define P (M,-) by adding to P(C;) these 3-cells enclosed by
trapezoidal cycles of P(C;). Note that P(M;) is obtained by gluing a collection of
project regions of the form D x [0, 1], where D x 0 and D x 1 are disks in S, to
P(C;), and so the components of P(Mi) are simply connected.

The following lemma says that the components of P (C;) itself are simply con-
nected with our hypotheses and so P(C;) = P(M,-) and the canonical crushing f; is
a combinatorial crushing. This plays an important role in proving Theorem 1, and
also in Theorem 5, which asserts the 1-efficiency of the induced ideal triangulation
3:{ of Ml'.

Lemma 3. With the same hypotheses as Theorem 1, there is no cycle of truncated
prisms in C;, the induced cell decomposition of M.

Proof. We mostly follow the ideas of Theorem 5.5 in [JR1]. But in the details, the
argument is simpler because of our strong hypotheses.

Let X be a cycle of truncated prisms of C;. We can exclude the case that the cycle
X is formed along a single edge, i.e., the hexagonal faces of all truncated prisms
of X are glued along a single edge. For in that case, there is a properly embedded
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Figure 4. A cycle of truncated prisms glued along a single edge.

disk D in M; which is isotopic to a disk in § (due to the incompressibility of §)
and meeting edges of C; in precisely one point (see Figure 4). By replacing the
disk in S with D and normalizing, we obtain a new normal representative of a JSJ
torus, contradicting the uniqueness assumption.

Hence we may assume that X is a cycle about more than one edge and so is a
solid torus with boundary identifications along some trapezoids (if any). Figure 5
describes X without any identifications along trapezoids.

0 )
i\Tl\l/ %
identified identified
N\ TAN /&S
L o ||

P P

'

identified

Figure 5. A cycle of truncated prisms without any trapezoidal identification.



SPUN NORMAL SURFACES IN 3-MANIFOLDS II 379

a regular

neighborhood
/ of trapeziods

Figure 6. Truncating prisms along a trapezoidal identification.

The first case is of six strips in d X, three from S and three from trapezoidal cycles,
and the second case is of two strips in d X, one from S and the other from trapezoidal
cycles. If there are identifications along some trapezoids, we will truncate an open
regular neighborhood of the trapezoidal cycles at X (see Figure 6) so that the new
cycle of truncated prisms, again denoted by X, is a solid torus without any boundary
identifications. In this case, the boundary of the solid torus is covered by either six
strips (three from S and three 0-weight annuli parallel to the original trapezoidal
cycles in d.X) or two strips (one from S and one 0-weight annulus parallel to the
original trapezoidal cycles in 9 X).

Case 1. Assume that the boundary of X has three strips, say A; (i =1, 2, 3), from
S and three 0-weight strips, say 7; (i =1, 2, 3), from trapezoidal cycles. Figure 7
describes this case.

By Lemma 2 and Remark 1, 7; with two disks D, and D; in S bounds a 3-cell
A;, and each boundary curve of 7; (and so of A;) bounds a disk in S. Fix an annulus
A;, say A1, which has boundary curves, say C; and C», and let D and D; be disks
in S bounded by C; and C; respectively. Since D; and D, are glued along 0A,

D T, with 87,=C,UC;]
C,(=dD))
A, with 04, =
D,=D,UA, | with 04,=C,UC,
Cy(=3D,) .
o T, with 07y=C,UC}
C!
2 A2
1 L
Ci(=aDy) | A,
Dy

Figure 7. A cycle X of truncated prisms with six strips in its boundary.
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these are all contained in the same component of S, and so either D, = D1 U A;
or Dy = DU Ay, say D, = D; U A; which means that A} C D,. (Otherwise,
D1 UDyUAj is a 2-sphere.)

On the other hand, two 0-weight annuli, say 7} and 73, from trapezoidal cycles
are adjacent to A along the boundary curves C; and C;. Let C i and Cé be the
remaining boundary curves of 7; and 7>. By Remark 1, C;} and C} also bound
disks in S, say D and D}, and T; U D1 U D} and 7> U D, U D bound 3-cells A}
and Aj. Then the entirety of the cycle X is contained in A, and so in P(Mi) since
A C D, C A; and so truncated prisms along A; are contained in A,. Furthermore
Ay C Ay (because dA| C Ay) and Ay, A3 C D) (because dA, = D, UT> U D) and
Ay, A3 CAA)).

Therefore, the remaining trapezoidal cycle 73 adjacent to A, and Az must be
parallel to an annulus in D). This contradicts Remark 1(1).

Case 2. Assume that the boundary of the cycle X has two strips: one from S,
say A, and the other from a trapezoidal cycle, say T. Let C; and C, be the curves
in 0X bounding A and T'. Since T is a O-weight annulus properly embedded in
Mi, by Remark 1(2), T with two disks D; and D; in S bounds a 3-cell A, where
oD = C; and 0D, = C,. Then AU D U D;, is a 2-sphere in S, which gives a
contradiction. (]

Lemma 4. With the same hypotheses as Theorem 1, there are no truncated prisms
or truncated tetrahedra in P(M;), i.e., P(M;) = P(C;) and so the components of
P(C;) are simply connected.

Proof. Suppose that there is a truncated prism or truncated tetrahedron A in P(M;).
The closure of each component of P(Mi) \ P(C;) is a product D x [0, 1], where
D x 0 and D x 1 are disks in S. Since A is contained in such a closure of a
component of P(M,-) \ P(C;), at least two normal disks in d A belong to the same
D x € (e = either 0 or 1) and so the vertical arc « connecting these two normal
disks is isotopic to an arc 8 of S along a disk in D x [0, 1] C P(Mi) (see Figure 8).

———arcin Dx1c§
isotopic (isotopic to )

\dlsk in Dx[0,1]

D><l

\ Dx0 or Dx1

Figure 8. A vertical edge isotopic to an arc in S.
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Now we can isotope S so that it doesn’t meet the vertical edge and obtain
a new normal representative of S which contradicts the uniqueness of normal
representatives of each JSJ torus. (The new normal representation here may not be
least-weight.)

This completes the claim that P(Mi) has no truncated prisms or tetrahedra and
SO P(Ml-) = P(C;). Thus the components of P(C;) are simply connected. O

Remark 2. From the arguments of the above lemmas, we can say that Lemma 2
(as already observed) and Lemma 3 hold even if the “unique normal representation
of each JSJ torus” hypothesis is replaced by “unique least-weight normal repre-
sentation”. On the other hand, the proof of Lemma 4 required the assumption that
there is a unique normal representation of each JSJ torus.

Now we are ready to prove that M ¥ is homeomorphic to M; and that J7 is an
ideal triangulation of M;. In the general case of P(M,-) % P(C;), an additional
crushing is required and the 3 cells enclosed by the trapezoidal cycles of P(M;)
are further crushed to the edges. This modified crushing f; : M; — M; will be
a combinatorial crushing. But in our situation described in Theorem 1, since the
components of P(C;) are simply connected, no further crushing to edges is required
and the canonical crushing will be a combinatorial crushing.

The following theorem from [JR1] provides sufficient conditions for P(I\;I,-) to
ensure that the manifold M * obtained by a combinatorial crushing map is home-
omorphic to M; and that the induced cell-structure J7 is an ideal triangulation
of Mi. In our case of Theorem 1, it is enough to show that P(M,-) satisfies the three
conditions given by the theorem.

[JR1, Theorem 4.1]. Suppose 3 is a triangulation of a closed, orientable 3-manifold
or an ideal triangulation of the interior of a compact, orientable 3-manifold M.
Suppose S is a normal surface embedded in M, X is the closure of a component
of the complement of S and X does not contain any vertices of 3. Let P(X) be the
induced product region for X. Suppose the following conditions are met:

e X # P(X).
o P(X) is a trivial product region for X, i.e., it has simply connected components.
o There are no cycles of truncated prisms in X that are not in P(X).

Then the triangulation S can be crushed along S into an ideal triangulation J3* of X.

Proof of Theorem 1. We will show that the three properties described in Theorem 4.1
of [JR1] hold for X = M;.

Since P(]\;Il-) = P(C;) and P(C;) itself has simply connected components, we
can work with the canonical crushing map f; : M; — M;, which crushes each cell
of C;, as shown in Figure 2. Here C; is the cut-open cell decomposition of M;
induced from .
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o If Mi = P(Mi), by Lemma 4, Mi is simply connected. But this contradicts
that M; is a JSJ component.

e Since P(C;) has simply connected components, P(M,-) (= P(Cy)) is a trivial
product region.

 There are no cycles of truncated prisms outside P(M;) by Lemma 3. U

Remark 3. (1) In [JR1], the induced product region P (M;) is defined in a different
way; each component D x [0, 1] of P(M;) does not have to be simply connected,
but the inclusion homomorphism 71 (D X €) into 71 (S) must be injective for e =0, 1.
But in our case, we are able to satisfy the [JR1] requirements above and deduce
Theorem 1. Therefore, Theorem 4.1 of [JR1] is also valid in our case.

(2) In [JR2] and [BJR], any crushing satisfying the three conditions above is called
a “combinatorial crushing”. In our case, the canonical crushing f; satisfies those
conditions, so it is also a combinatorial crushing in the sense of [JR2] and [BJR].

Now we are ready to prove that the constructed ideal triangulation I of M Tis
1-efficient.

Theorem 5. Let M be compact, irreducible, and P2-irreducible with essential tori
boundary components. Assume that the JSJ components M; of M are hyperbolic
for 1 <i <k. Ifthe ideal triangulation 3 of M is T -efficient, then for each JSJ
component M;, 1 <i <k, the ideal triangulation 3} of Mi induced by the canonical
crushing f; M; — M; is 1-efficient.

Proof. By Theorem 1, the cell decomposition I} induced by the canonical crushing
fi: Mi — M, is an ideal triangulation of Mi. To prove the 1-efficiency of (]\;Ii, 35
(which is hyperbolic), we need to show that there is no normal 2-sphere or non-
vertex-linking normal torus in (M ¥, 37). Suppose that there is one, denoted by 7.
It is enough to show that the inverse image of T* by f;, denoted by T, is a normal
surface homeomorphic to 7* in (M;, C;) and so in (]\04 , ).

(i) If T is a 2-sphere then O-efficiency is contradicted.

(i1) If T is a torus then, by uniqueness of normal tori, 7 must be vertex-linking
in ¥ or boundary-linking normally parallel to a boundary component of M; that
o~k

crushes onto a vertex-linking normal torus in (M ¥, 7). This contradicts that 7* is
not vertex-linking.

We will follow the proof ideas of Lemma 3.4 and Theorem 3.5 in [BJR]. (In [BJR],
the cell decomposition of M; must be an inflation of 37 which is a minimal-vertex
triangulation of M; (in the sense of [BJR]) crushing to J7. So direct application of
the proof technique is problematic. However, the proof ideas are valid in our case
using the cell decomposition C; of M;.)
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Note that the canonical crushing f; : M; — M, is a combinatorial crushing and
T crushes onto T* by f;. Since f; is a combinatorial crushing and P(M;) = P(C;),
there is a 1-1 correspondence between the tetrahedra of 37 and the truncated
tetrahedra of C;, and a 1-1 correspondence between the normal disks in a tetra-
hedron of I} and the normal disks in the corresponding truncated tetrahedron of C;.
Therefore, when comparing 7 and T* we need only consider the inverse image
of T* intersecting with 2-simplices or 1-simplices of J7.

We first show that 7 and 7* are homeomorphic. In the proof of [BJR, Lemma
3.4], which uses the approximation theorem in [Sie], it is only necessary to prove
that the canonical crushing f; gives a proper cell-like map from T to 7%, i.e., for
each point y of T* the inverse image ffl(y) is compact and contractible. Let y be
a point of 7* contained in a tetrahedron A of J7¥. If y is placed in the interior of A,
the inverse image fl._1 (y) is a point in a truncated tetrahedron of C;. Assume that
y is in the interior of a face of A. The inverse image of a face of a tetrahedron via
fi is either a face between two truncated tetrahedra or a chain of truncated prisms
that is not a cycle. So the inverse image fl._l (y) in this case is either a point or a
long arc inside the chain of truncated prisms. Finally, assume that y is in an edge
of A. The inverse image of an edge of I} by f; is a product component D x [0, 1]
of P(C;), so the inverse image ffl(y) is a horizontal cross section D x ¢t which
is simply connected. Therefore, fl._l(y) is contractible for all cases and by the
approximation theorem in [Sie], 7 and T* are homeomorphic. (For the crushing
fi, see Figures 2 and 3.)

Next, we will prove that T, the inverse image of T* by f;, is a normal surface.
We will prove that the inverse image of each normal disk, which is a quadrilateral
or a triangle, must be in normal form, i.e., a union of normal disks. Let A* be a
normal disk of 7*. Since there is a 1-1 correspondence between the tetrahedra of
S and the truncated tetrahedra of C;, there must be a unique normal disk A, which
crushes onto A*, in a truncated tetrahedron of C;.

We need now consider inverse images of edges and vertices of A*. Let « be an
edge of A*; then « is an arc inside a face of a tetrahedron in J7. As we described
above, the inverse image of a face of a tetrahedron via f; is either a face between
two truncated tetrahedra or a chain of truncated prisms that is not a cycle. Hence
the inverse image of o must be an arc in a face of truncated tetrahedra (so it is an
edge of A in this case) or a strip inside the chain and further normally parallel to a
horizontal boundary strip of the chain (so in this case it is a union of normal disks
parallel to normal disks in the boundary of truncated prisms). Now we will look
at the inverse image of a vertex v of A*. Since v is a point in an edge of J7, the
inverse image of v is a horizontal cross section of a product component D x [0, 1]
of P(C;), so it is either a vertex of A or a disk that is a union of normal disks
parallel to those in D. This completes the proof. ([
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Remark 4. From the reasoning in this proof, we can derive the following results.

(1) The inverse image under the combinatorial crushing f; of a normal surface 7" in
(1\71;", J7), or equivalently (A;I,-, J7), is a normal surface 7 in (1\;11-, C;), and further
T and T* are homeomorphic.

(2) The inverse image under the combinatorial crushing f; of a spun normal surface
in (M ¥, 37) is a surface that spins in normal form along some JSJ tori and some
boundary tori of M. We call such a surface a pseudo-spun normal surface. Such a
surface can spin along nonperipheral essential normal tori embedded in the interior
of M, and thus may contain infinitely many quadrilateral normal disks. However
there are only finitely many quadrilateral normal disks which are not contained in

the infinite annuli spinning around nonperipheral essential normal tori.

(3) The combinatorial crushing f; : M; — M, is a proper cell-like map, i.e., for
each point y of M;, the inverse image fi_1 (y) is compact and contractible.

3. Review of the construction of a spun normal surface
in the case of 1-efficient ideal triangulations

The way that normal surfaces with nonnegative Euler characteristic can be an obstruc-
tion in normal spinning of a properly embedded incompressible and d-incompressible
surfaces has been described in [KR2]. We will briefly review the construction of
a spun normal surface in the absence of normal surfaces with nonnegative Euler
characteristic.

Definition 4. Let M be a 3-manifold with an ideal triangulation J and let M be the
compact 3-manifold obtained by deleting regular neighborhoods of ideal vertices
of I from M with the induced truncated triangulation J.

(1) A normal surface embedded in M is a closed surface that intersects each
tetrahedron in finitely many elementary disks.

(2) A spun normal surface S in M is an embedded surface formed from elementary
disks in the tetrahedra satisfying the following conditions:

S consists of finitely many quadrilaterals and infinitely many triangular disks.

S has a finite collection of disjoint infinite cylinders that spiral around ideal
vertices.

Each such cylinder consists of an infinite subset of the triangular disks in S.

The remainder of S outside these cylinders is compact and consists of finitely
many quadrilateral and triangular disks.

(3) Suppose that F is a properly embedded incompressible and d-incompressible
surface in M. We say that F spin normalizes (or normally spins) if there is a spun
normal surface S in M such that SN M is isotopic to F.
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[KR2, Theorem 8]. Let M be an anannular, atoroidal, irreducible and P*-irreducible
3-manifold with tori boundary components and I be a 1-efficient ideal triangulation
of M. If F is a properly embedded, incompressible and 0-incompressible 2-sided
surface in M which is not a fiber, then F can be spin normalized in (M, ) with 2"
choices of spinning direction, where r is the number of boundary components of M
containing a curve of OF.

According to this theorem, if the manifold M we are considering is equipped
with a 1-efficient ideal triangulation then we can always normally spin a properly
embedded 2-sided essential surface F if F is not a fiber. To prove this, we truncated
M at an open regular neighborhood of the ideal vertices, to work on a compact
manifold with a truncated triangulation, and applied normal surface theory adapted
to the truncated triangulation.

Here is a rough sketch of the proof of [KR2, Theorem 8]. Each step will be
discussed in some detail later.

Step 1. Find a sequence < F; > of topological spinnings of F', which contains an
infinite number of isotopy classes with a fixed boundary.

Step 2. Normalize each Fj to obtain a sequence (I:“k) of normal surfaces, which
also has an infinite number of normal isotopy classes.

Step 3. Find a fixed common core surface S of an infinite number of normal surfaces
Fy, which means that the F; differ only by annuli (with only triangular normal
disks) parallel to boundary tori or Klein bottles of M.

Remark 5. (1) A sequence of “topological spinnings” in Step 1 requires that there
are infinitely many different isotopy classes in the sequence. These are compact
properly embedded surfaces with the same boundary curves and isotopies must
keep the boundaries fixed.

(2) The statement of Step 3 means that F is spin normalized. The reason is that if a
surface Fy spins once along a boundary torus or Klein bottle then we can attach an
infinite normal annulus along the surface without introducing any new folds, and
obtain a spun normal surface where the core surface S is isotopic to F.

(3) Step 3 is the only place that requires 1-efficiency in the proof of the theorem.

(4) All steps are performed on the truncated manifold and triangulation (M , fs).

To apply this process to the proof of our main theorem in the next section, we
need additional information on how to construct the surfaces mentioned in each
step. Without loss of generality, we can assume that F is properly embedded in
the truncated manifold (M, J) and its boundary curves are normal curves on the
boundary of M and have the least intersection with the 1-simplices of dM in their
isotopy classes.
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Step 1: Constructing Fy, the k-th spinning of F. The k-th spinning F; of F is a
surface obtained by spinning F k times for each boundary curve, along the boundary
tori or Klein bottles of M. That is, we attach a boundary parallel annulus of length k
along each boundary curve of F so that the boundary slope of Fj, is exactly the
same as that of F.

Step 2: Normalizing Fy, with the boundary fixed. Here, we perform the normalizing
process on the truncated triangulation of M. Since F, and so Fg, are essential, we
can always normalize F} keeping the boundary fixed, so that the boundary curve of
the resulting normal surface ﬁk is identical to the boundary curve of F and I:“k is in
normal form.

Step 3: Finding a core surface S. There is a finite number of fundamental surfaces
from which any closed normal surface can be represented by geometric sums. Since
the original ideal triangulation is 1-efficient, there are no closed normal surfaces with
nonnegative Euler characteristic, so all fundamental surfaces except the peripheral
tori or Klein bottles have negative Euler characteristic. Therefore, for a fixed Euler
characteristic x (F) = x (I:” %), only a finite number of possibilities for A and C arise
when we write Fy = A+ B+ C, where A is a proper normal surface with the same
boundary as Fi, Bisa multiple of a peripheral normal surface and C is a closed non-
peripheral normal surface. (Here we assume that A cannot be written as a sum A =
A’+ B.) This allows us to choose an infinite number of F’s with a fixed core, say S:

,
ﬁk = S+Zlki,jTj
j=1

where the /i ; are nonnegative integers, and the 7; are boundary components of M
containing some curves of d F'. Furthermore, the boundary slope of § is the same
as the boundary slope of F.

4. Spinning for suitable ideal triangulations in the toroidal case

Now we prove the main theorem, which guarantees the existence of a spun normal
surface for the case with only hyperbolic JSJ components. As mentioned in the
introduction, we first crush the JSJ tori to points by an appropriate cell-like crushing
map, yielding a 1-efficient ideal triangulation of each JSJ component, and then
apply the result of the 1-efficient case in [KR2].

Theorem 6. Suppose that M is compact, irreducible and P*-irreducible and has
essential tori boundary components. Assume that each of the JSJ components
M; of M is hyperbolic, for 1 <i < k. Let X be any properly embedded 2-sided
essential surface in M with the property that no subsurface of X is a fiber of a
bundle structure for one of the JSJ components.
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Assume that M has a T-efficient ideal triangulation T. Then ¥ can be spin
normalized with boundary curves spinning in all possible combinations of directions.

Proof. Let C be the collection of all JSJ tori which are the only normal surfaces
that have nonnegative Euler characteristic, except for boundary parallel normal tori,
and let S be the union of tori in the collection C. Since S is a collection of closed
2-sided essential normal surfaces, crushing each of these tori to a new ideal vertex
produces a 1-efficient ideal triangulation for each JSJ piece M; of M, for 1 <i <k,
by Theorem 5 in Section 2.

Now, given an essential proper surface X embedded in M, we can isotope X
until it meets each of the tori of C in a minimal set of essential loops. (We may
assume that ¥ meets all JSJ tori in C. The reason is that if there are JSJ tori and JSJ
components that ¥ does not meet, we can cut and remove those JSJ components
along the JSJ tori and then work on the remaining M.) In particular, it then follows
that ¥ N M; = %; is a properly embedded essential surface in M;. We can further
isotope X to have minimal intersection with the edges of tori in C, which is required
in the spin normalizing process of each piece ¥;. This immediately implies that 3
intersects tori of C in normal curves. So when we crush all the tori of C to ideal
vertices, X; becomes an essential surface X* with the same boundary slope as ; at
each vertex-linking torus of 7 and properly embedded in (M7}, 37), where M7 is
obtained by deleting vertices from the result of the canonical crushing f; : M; — M,
and 37 is the induced ideal triangulation.

Since, by Theorem 5, 3} is 1-efficient, £ can be spin normalized by [KR2]
with any combination of directions of spinning for the boundary curves. We will
use these spun normal surfaces, each representing E[.* in M j‘ (1 <i <k), as barriers
when normalizing a spinning of X, and do this in a covering space of M. Here is
some notation for the construction.

e X7 (resp. X}): the spinning of X (resp. X;) obtained by attaching infinite annuli
parallel to the boundary tori of M (resp. M;) along 9 X (resp. 0%;).

e X" (resp. X;"*): the normal spinning of ¥ (resp. X;) obtained by normalizing
X¥ (resp. X}) in (M, 3%) (resp. (1\7[;.", J7)). (Here, X is a pseudo-spun normal
surface in M.)

« M: the covering space of M corresponding to 71 ().

o M;: the lift of M; to M, which is the covering space of M; corresponding to
1 (%).

e X: the lift of ¥ to M.

« ¥’ and £": parallel copies of % placed on opposite sides of X.
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e 3, =X N M;: the lift of &; to M;.
o X% (resp. f]f): the spinning of ¥ (resp. %;) obtained by attaching infinite annuli
parallel to the boundary infinite annuli of M (resp. M;) along 0% (resp. 0%;).

Let M be the covering space of M correspondmg to 71(X) and ¥ the lift of
¥ to M. It is obvious that the coverlng space M; of M; corresponding to 1 (X;)
is embedded in M, and each piece &; =X N M; is an essential surface properly
embedded in M;. Since ¥ is 2-sided, we can take a parallel copy of ¥ on each side
and denote the copies by £’ and £”. All three copies are parallel, i.e., normally
1sotop1c in M with the induced ideal triangulation. (Here, the ideal trlangulatlon
of M contains an infinite number of ideal tetrahedra.) Let E’ = ¥' N M; and
2/ = 3%"NM,;. Now we will spin all these 2/ and 2/ " surfaces by attaching infinite
annuh parallel to 3 M; along the boundary curves of ¥/ and ¥/ (see Figure 9).

The spinning direction for each boundary curve will be chosen so that the spinning
does not meet 3. Note that this choice of spinning direction causes %/ and X/’ to
spin in opposite directions in M; (1 <i <k). Now using the methods of [KR2], we
claim that the spinnings of E/ and E” can be pseudo-spin normalized as follows:
Let X! and X! be the image of E’ and Z” into M, and (X))* and (X/)* be the
correspondlng essential surfaces properly embedded in M . As mentioned above,
the induced cell-structure I of M *is a l-efficient ideal triangulation by Theorem 5,
so any spinnings of (X/)* and (X!)* can be spin normalized by [KR2] and the
inverse images of the resulting pseudo-spun normal surfaces are also pseudo-spun
normal surfaces (by Remark 4) in M;. Finally the latter surfaces can be lifted
to pseudo-spun normal surfaces, say (£/)" and (X/)™, representing =/ and %
in M;. This establishes the claim that the spinnings of ¥/ and ¥/ can be pseudo-spin
normalized.

Now we will use all the surfaces (f)tf)’” and (f)lf/ )™, which are lifts of spun
normal surfaces representing X and X, as a barrier when we normalize a spinning
of ¥ in M (see Figure 10).

(Z )ns (Z )ns (Z )ns
v‘i' NI
= e =N
\_I/'EH\_/—_Z\NH : : . Zk_N/-/a
= 1 > S Sr—=
(EY)I’ZS {(i;)nsw |( (E )ns
oM A oM

Figure 9. Both way spinnings of ¥; in M.
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Figure 10. A barrier for spun normalizing ¥.

Note that the pseudo-spun normal surfaces (f]lf )* and (f]lf/ )" are inverse images
of spun normal surfaces obtained by normalizing the corresponding spinnings of
¥/ and %7, and the direction of spinnings of ¥/ and ¥/ were chosen to not meet
. This implies that £ does not meet any of (i;)’” and (f)lf/ ) for 1 <i <k, and
any combination of spinning directions for the boundary curves of ¥ can be chosen
so that the spinnings with arbitrarily long annuli attached are all disjoint from the
barriers (X)) and (£/)" for | <i <k.

The normalizing process does not introduce any new intersections with the
1-skeleton of the triangulation; it just removes them by isotopies. With this ob-
servation, the union of pseudo-spun normal surfaces (f]lf )" and (f]lf/ )* acts as a
barrier, so that the normalization of a spinning of ¥ in the complement of this
union does not touch the barrier (see Section 3 of [JR1] for details on barriers)
and ¥ must normally spin in M exactly as in the argument in [KR2]. What we
need to additionally check here, unlike [KR2], is that the normal spinning of %
does not spin along the infinite annuli lifted from JSJ tori of M. Suppose that %
normally spins along the infinite annulus A lifted from a JSJ torus T bounding
two JSJ components M; and M. Here, there are two possible ways of spinning
) along A; spinning between (E )™ and (E )", or spinning between (E” )™ and
(2”)’” (see Figure 11).

However we obtain the normal spinning ()" of ¥ by normahzmg a spinning
(£)*, which is obtained by attaching infinitely long annuli along 3% lying on the
annuli of 9M (note that none of these were lifted from JSJ tori), without touching
the barriers. Therefore, neither (f))s nor (f])’” can meet the 1-skeleton located
between the long annuli of (Z )" (resp. (E”)’”) and (E )™ (resp. (E”)’”) This
establishes the claim that the spun normal surface ()™ does not spin along any
lifts of JSJ tori of M.
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Figure 11. Spinnings of % along a lift of a JSJ torus in M.

Now, (£)™, which normally spins along the boundary annuli of M, can be
projected to M to obtain a normal spinning of ¥ in M. This completes the proof.
O

S. Constructing suitable triangulations

Among the assumptions of Theorem 6, the condition of T -efficiency of the triangula-
tion, that the boundary of the JSJ components are the only normal tori, seems rather
strong. However, in this section we show that such an ideal triangulation can always
be constructed if the manifold under consideration admits a taut ideal triangulation.
Moreover, Lackenby showed in [Lac] that taut ideal triangulations are very common;
it is sufficient to assume the manifold is irreducible, P?-irreducible and anannular to
achieve a taut triangulation. The assumption that all JSJ components are hyperbolic
implies these conditions and hence the existence of a T-efficient taut triangulation.

Lemma 7. Suppose that M is compact, irreducible and P>-irreducible and has
essential tori and Klein bottle boundary components. Further suppose that M is
toroidal and admits a taut ideal triangulation T. Then every essential torus or Klein
bottle admits a unique normal representative in its isotopy class.

Proof. The argument follows by the same method as in [DGR]. We first consider the
case of 2-sided surfaces. Namely, if there were two normal essential 2-sided tori or
2-sided Klein bottles isotopic to each other [DGR, Theorem 5.5], then we can find
two disjoint such normal surfaces bounding a product region [Wal, Lemma 5.3].
So the surfaces are topologically but not normally parallel. However, by standard
sweepout theory from [Rub] and [Sto], there must be an almost normal torus or
Klein bottle in this product region, and this contradicts the taut structure of 7.
According to the Euler characteristic calculation using the angles induced by the
taut structure (see Remark 6), almost normal surfaces with a nonnegative Euler
characteristic are not allowed in such a structure.
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To deal with the case of 1-sided surfaces, assume that is a normal essential
1-sided torus or Klein bottle. The boundary of a small regular neighborhood is
then a 2-sided normal torus or Klein bottle. By the 2-sided case, this surface is
unique in its isotopy class. but then it follows immediately that so is also the 1-sided
surface. O

Remark 6. Let X be a normal or almost normal surface in M with an ideal
triangulation 7.

(1) By Gauss—Bonnet,

2w x(X) =Y (vertex angle sum of a triangle 7 — 1)
T

+ ) (vertex angle sum of a quadrilateral Q — 27)
Q

+ ) (vertex angle sum of an octagon O — 67).
0

(2) In a taut structure, the vertex angle sum is  for a triangle, O or 27 for a
quadrilateral, and 27 or 47 for an octagon. For details, see [KR1].

Theorem 8. Suppose that M is compact, irreducible and P*-irreducible and has
essential tori boundary components. Further suppose that M has a JSJ decomposi-
tion with only hyperbolic pieces. Then M has a taut ideal triangulation T which is
T -efficient. Consequently, any surface X in M satisfying the same conditions as
Theorem 6 can be spin normalized with boundary curves spinning in all possible
combinations of directions.

Proof. By Theorem 2.6 of [KR1], any taut ideal triangulation is O-efficient; that
is, there are no embedded normal 2-spheres, projective planes, or Klein bottles,
and moreover any normal torus or Klein bottle is essential. By Lemma 7, every
essential torus or Klein bottle admits a unique normal representative in its isotopy
class. Therefore, it suffices to establish the existence of a taut ideal triangulation.
According to Theorem 1 of [Lac], a compact, irreducible, P2-irreducible, and
anannular 3-manifold with incompressible torus boundary admits a taut ideal tri-
angulation. The assumption that the 3-manifold has a JSJ decomposition with all
components hyperbolic implies that the manifold is anannular. Indeed, suppose
there exists an essential annulus or Mobius band B. Then B can be isotoped to
intersect the JSJ tori in parallel essential curves. An innermost annulus between
two such curves would lie in a single JSJ component and must be inessential, since
all JSJ components are hyperbolic. Consequently, B can be isotoped to remove all
intersections with the JSJ tori. This contradicts the assumption that B is essential,
as it would then be properly embedded in a hyperbolic component. Hence, all such
3-manifolds admit taut ideal triangulations. This completes the proof. (]
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Example 1. Suppose that M is a punctured surface bundle over a circle. Assume that
the fiber is a union of subsurfaces glued along their boundary curves. Finally suppose
that the monodromy is a collection of pseudo-Anosov maps on these subsurfaces
and the boundary curves of the subsurfaces are fixed under the monodromy. If we
take a layered ideal triangulation of M, this clearly has a taut structure satisfying
the conditions of Theorem 6 and the JSJ decomposition is given by the surface
bundles over a circle with fibers given by the subsurface system. In general such
bundles have many essential surfaces which do not have subsurfaces in the fiber
bundle structure. These surfaces can all be spin normalized by Theorem 8.

Remark 7. In the proof of Theorem 8, it is sufficient to assume that all JSJ
components of M adjacent to the boundary components of M are hyperbolic
in order to conclude that M is anannular and hence admits a taut triangulation.
Therefore, it may be possible to extend the main results of this paper to this more
general setting. However, for such 3-manifolds, in addition to the tori defining the
JSJ decomposition, further essential tori are allowed inside JSJ components that
are not adjacent to the boundary of M. This must be taken into account in the
construction, and as a consequence, applying the methods of [KR2] becomes more
difficult.

References
[BJR] B. Bryant, W. Jaco, and J. H. Rubinstein, “Efficient triangulations and boundary slopes”,
Topology Appl. 297 (2021), art. id. 107689, 18 pp. MR

[DGG] T. Dimofte, D. Gaiotto, and S. Gukov, “3-manifolds and 3d indices”, Adv. Theor. Math. Phys.
17:5 (2013), 975-1076. MR

[DGR] N. M. Dunfield, S. Garoufalidis, and J. H. Rubinstein, “Counting essential surfaces in 3-
manifolds”, Invent. Math. 228:2 (2022), 717-775. MR

[GHRH] S. Garoufalidis, C. D. Hodgson, N. R. Hoffman, and J. H. Rubinstein, “The 3D-index and
normal surfaces”, Illinois J. Math. 60:1 (2016), 289-352. MR

[GHRS] S. Garoufalidis, C. D. Hodgson, J. H. Rubinstein, and H. Segerman, “1-efficient triangu-
lations and the index of a cusped hyperbolic 3-manifold”, Geom. Topol. 19:5 (2015), 2619-2689.
MR

[JR1] W. Jaco and J. H. Rubinstein, “O-efficient triangulations of 3-manifolds”, J. Differential Geom.
65:1 (2003), 61-168. MR

[JR2] W. Jaco and J. H. Rubinstein, “Inflations of ideal triangulations”, Adv. Math. 267 (2014),
176-224. MR

[KR1] E. Kang and J. H. Rubinstein, “Ideal triangulations of 3-manifolds, II: Taut and angle struc-
tures”, Algebr. Geom. Topol. 5 (2005), 1505-1533. MR

[KR2] E. Kang and J. H. Rubinstein, “Spun normal surfaces in 3-manifolds, I: 1-efficient triangula-
tions”, Algebr. Geom. Topol. 22:8 (2022), 3533-3576. MR

[Lac] M. Lackenby, “Taut ideal triangulations of 3-manifolds”, Geom. Topol. 4 (2000), 369-395. MR


https://doi.org/10.1016/j.topol.2021.107689
http://msp.org/idx/mr/4252195
https://doi.org/10.4310/atmp.2013.v17.n5.a3
http://msp.org/idx/mr/3262519
https://doi.org/10.1007/s00222-021-01090-w
https://doi.org/10.1007/s00222-021-01090-w
http://msp.org/idx/mr/4411731
http://projecteuclid.org/euclid.ijm/1498032034
http://projecteuclid.org/euclid.ijm/1498032034
http://msp.org/idx/mr/3665182
https://doi.org/10.2140/gt.2015.19.2619
https://doi.org/10.2140/gt.2015.19.2619
http://msp.org/idx/mr/3416111
http://projecteuclid.org/euclid.jdg/1090503053
http://msp.org/idx/mr/2057531
https://doi.org/10.1016/j.aim.2014.09.001
http://msp.org/idx/mr/3269178
https://doi.org/10.2140/agt.2005.5.1505
https://doi.org/10.2140/agt.2005.5.1505
http://msp.org/idx/mr/2186107
https://doi.org/10.2140/agt.2022.22.3533
https://doi.org/10.2140/agt.2022.22.3533
http://msp.org/idx/mr/4562554
https://doi.org/10.2140/gt.2000.4.369
http://msp.org/idx/mr/1790190

SPUN NORMAL SURFACES IN 3-MANIFOLDS II 393

[Rub] J. H. Rubinstein, “Polyhedral minimal surfaces, Heegaard splittings and decision problems
for 3-dimensional manifolds”, pp. 1-20 in Geometric topology (Athens, GA, 1993), vol. 1, AMS/IP
Stud. Adv. Math. 2.1, Amer. Math. Soc., 1997. MR

[Sie] L. C. Siebenmann, “Approximating cellular maps by homeomorphisms”, Topology 11 (1972),
271-294. MR

[Sto] M. Stocking, “Almost normal surfaces in 3-manifolds”, Trans. Amer. Math. Soc. 352:1 (2000),
171-207. MR

[Wal] F. Waldhausen, “On irreducible 3-manifolds which are sufficiently large”, Ann. of Math. (2) 87
(1968), 56-88. MR

Received July 16, 2025. Revised January 29, 2026.

ENSIL KANG

DEPARTMENT OF MATHEMATICS
COLLEGE OF NATURAL SCIENCES
CHOSUN UNIVERSITY

GWANGIU

SOUTH KOREA

ekang @chosun.ac.kr

J. HYAM RUBINSTEIN

SCHOOL OF MATHEMATICS AND STATISTICS
THE UNIVERSITY OF MELBOURNE
MELBOURNE VIC

AUSTRALIA

joachim@unimelb.edu.au


https://doi.org/10.1090/amsip/002.1/01
https://doi.org/10.1090/amsip/002.1/01
http://msp.org/idx/mr/1470718
https://doi.org/10.1016/0040-9383(72)90014-6
http://msp.org/idx/mr/295365
https://doi.org/10.1090/S0002-9947-99-02296-5
http://msp.org/idx/mr/1491877
https://doi.org/10.2307/1970594
http://msp.org/idx/mr/224099
mailto:ekang@chosun.ac.kr
mailto:joachim@unimelb.edu.au




PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius@math.ucla.edu

Matthias Aschenbrenner Vyjayanthi Chari
Fakultit fiir Mathematik Department of Mathematics
Universitit Wien University of California
Vienna, Austria Riverside, CA 92521-0135
matthias.aschenbrenner @univie.ac.at chari @math.ucr.edu

Atsushi Ichino Kefeng Liu Sucharit Sarkar
Department of Mathematics School of Sciences Department of Mathematics
Kyoto University Chongging University of Technology University of California
Kyoto 606-8502, Japan Chongging 400054, China Los Angeles, CA 90095-1555
atsushi.ichino@gmail.com liu@math.ucla.edu sucharit@math.ucla.edu

Dimitri Shlyakhtenko Ruixiang Zhang
Department of Mathematics Department of Mathematics
University of California University of California
Los Angeles, CA 90095-1555 Berkeley, CA 94720-3840
shlyakht@ipam.ucla.edu ruixiang @berkeley.edu

PRODUCTION
Silvio Levy, Scientific Editor, production@msp.org

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2026 is US $710/year for the electronic version, and $965/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Mathematical Sciences Publishers, 2000
Allston Way # 59, Berkeley, CA 94701-4004, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zen-
tralblatt MATH, PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science

Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at Mathematical Sciences Publishers, 2000 All-
ston Way # 59, Berkeley, CA 94701-4004, is published twelve times a year. Periodical rate postage paid at Berkeley, CA 94704,
and additional mailing offices. POSTMASTER: send address changes to Mathematical Sciences Publishers, 2000 Allston Way # 59,

Berkeley, CA 94701-4004.

PIM peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.
PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2026 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias.aschenbrenner@univie.ac.at
mailto:chari@math.ucr.edu
mailto:atsushi.ichino@gmail.com
mailto:liu@math.ucla.edu
mailto:sucharit@math.ucla.edu
mailto:shlyakht@ipam.ucla.edu
mailto:ruixiang@berkeley.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

Resolvent bounds for repulsive potentials 395

ANDRES LARRAIN-HUBACH, YULONG LI, JACOB SHAPIRO and
JOSEPH TILLER

Differentiable sphere theorems for compact submanifolds 427
JUAN L1, HONGWEI XU and ENTAO ZHAO

Quasitriangular and factorizable Poisson bialgebras 453
YUANCHANG LIN and DILEI LU

Symplectic semi-characteristics 485

HAO ZHUANG



	1. Introduction
	2. Crushing JSJ tori in an ideal triangulation
	3. Review of the construction of a spun normal surface  in the case of 1-efficient ideal triangulations
	4. Spinning for suitable ideal triangulations in the toroidal case
	5. Constructing suitable triangulations
	References

