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DIFFERENTIABLE SPHERE THEOREMS FOR COMPACT
SUBMANIFOLDS

JUAN LI, HONGWEI XU AND ENTAO ZHAO

We investigate the differentiable structure on compact simply connected
submanifolds in Riemannian manifolds under curvature pinching condi-
tions. We prove a sharp differentiable sphere theorem that an n-dimensional
compact simply connected submanifold M" (n > 5, n # 7, 8) in the sphere
SN (1/.4/¢) (¢ > 0) with the second fundamental form A and the mean curva-
ture vector H satisfying |A|*> < 4c + 'nHle is diffeomorphic to the standard
sphere. The similar differentiable sphere theorem also holds for compact
simply connected submanifolds in the space form F" (c) with ¢ < 0.

1. Introduction

The sphere theorems characterize the geometric and topological properties of
compact Riemannian manifolds through curvature pinching conditions, representing
a forefront topic in global Riemannian geometry. Rauch [30] first introduced the
concept of curvature pinching for Riemannian manifolds. A Riemannian manifold
M" is §-pinched (globally) for § > O if the sectional curvature K,; of M satis-
fies § < K)r < 1. Rauch [30] proved a topological sphere theorem for compact
simply connected §-pinched Riemannian manifolds with § ~ 3/4. Berger [3] and
Klingenberg [17] provided a topological sphere theorem under the 1/4-curvature
pinching condition. Subsequently, Brendle and Schoen [6] proved the following
differentiable sphere theorem by using Ricci flow techniques.

Theorem A [6]. Let M be an n-dimensional (n > 4) complete and simply connected
Riemannian manifold. If 1/4 < Ky < 1, then M is diffeomorphic to the standard
sphere S".

In fact, Brendle and Schoen proved the differentiable sphere theorem for point-
wise 1/4-pinched Riemannian manifolds. They proved in [5] that a compact simply
connected weakly pointwise 1/4-pinched Riemannian manifold is diffeomorphic
to the standard sphere S" or isometric to a compact rank one symmetric space
(CROSS).
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Since any Riemannian manifold can be regarded as a zero-codimensional sub-
manifold of itself, it is an interesting problem whether it is possible to extend
the Brendle—Schoen differentiable sphere theorem to the case of submanifolds of
arbitrary codimension in a general Riemannian manifold.

Let M" be an n-dimensional submanifold in an N-dimensional Riemannian
manifold M". Denote by A and H the second fundamental form and the mean
curvature vector of M, respectively. Lawson and Simons [19] proved a topological
sphere theorem for compact submanifolds in the unit sphere by combining the
homology vanishing theorem for compact submanifolds with Smale’s [33] proof of
the generalized Poincaré conjecture in dimensions n > 5.

Theorem B [19]. Let M" be an n-dimensional oriented compact submanifold in
the unit sphere SV.

() If n #3,4 and |A|> <2/n— 1, then M is homeomorphic to a sphere.
(i) If n =3,4 and |A|> <n — 1, then M is a homotopy sphere.

Inspired by the rigidity theorems for submanifolds with parallel mean curvature
(see [32; 36; 37; 38]), Shiohama and Xu [31] improved and extended the theorem
of Lawson and Simons [19]. They proved the following optimal topological sphere
theorem for complete submanifolds in space forms.

Theorem C [31]. Let M" be an n-dimensional oriented complete submanifold in a
simply connected space form FN (¢) with nonnegative constant curvature c. Assume

sup (|A]* —a(n, |H|, ¢)) <0,
M

where

n n—2
|HI, ) = ———|H = ———/|H|*+4(n—1)c|H|%.
a(n. |H|.¢) =nc+ 20— |H| Z(n_l)ﬂ [*+4(n —1)c|H]
(1) If n # 3, then M is homeomorphic to an n-dimensional sphere.

(ii) If n = 3, then M is diffeomorphic to a 3-dimensional spherical space form.

For compact submanifolds in the hyperbolic space, a similar topological sphere
theorem was proved by Fu and Xu [11].

Xu and Zhao [40] were the first to apply the Ricci flow to prove differentiable
sphere theorems for compact submanifolds in general Riemannian manifolds. In
particular, they proved the following theorem.

Theorem D [40]. Let M" be an n-dimensional (n > 4) oriented complete submani-
fold in the unit sphere SV

(1) If n=4,5, 6 and sup,, |A|> < 2+/n — 1, then M is diffeomorphic to S”.
(ii) If n > 7 and |A|* < 23/2, then M is diffeomorphic to S™.
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Xu and Zhao [40] also obtained a topological sphere theorem for compact simply
connected submanifolds in a Riemannian manifold under the assumption that
|H|?

|A|2 < 13_6 (Emin_ %Emax)‘F n_12"

Here K i, and K gy are the minimum and the maximum of the sectional curvatures
of M at a point.

Xu and Gu [39] further advanced the field by proving an optimal differential
sphere theorem for complete submanifolds in space forms.

Theorem E [39]. Let M" be an n-dimensional (n > 2) oriented complete submani-
fold in a simply connected space form FN (¢) with nonnegative constant curvature c. If

, HP?
sup | |A|]° — —2c | <0,
M n 1

then M is diffeomorphic to S".

Many other differentiable sphere theorems for compact submanifolds were ob-
tained by using Ricci flow and mean curvature flow techniques [1; 2; 12; 13; 22;
21; 23; 24; 26]. For instance, Lei and Xu [22; 21; 23] proved several optimal or
sharp smooth convergence theorems for the mean curvature flow of submanifolds
in space forms, which imply optimal or sharp differentiable sphere theorems for
submanifolds in space forms.

Inspired by these developments, we prove the following differentiable sphere
theorem for compact submanifolds in Riemannian manifolds.

Theorem 1.1. Let M" (n > 4,n # 7, 8) be an n-dimensional compact simply
connected submanifold in an N-dimensional Riemannian manifold MN . If

AP < 20 (R — LR ) 4 L
3 min 4 max n_25

then M is diffeomorphic to S".

Theorem 1.1 refines Xu and Zhao’s topological sphere theorem in [40] to a
differentiable sphere theorem. More differentiable sphere theorems for compact
submanifolds in Riemannian manifolds will be proved in Section 6.

If the ambient space is a space form of constant sectional curvature ¢, then
the condition in Theorem 1.1 simplifies to |A|? < 4c + % With the aid of the
homology vanishing theorem for compact submanifolds and the mean curvature
flow of arbitrary codimension, we prove the following differentiable sphere theorem
for compact submanifolds in space forms under a weak pinching condition.

Theorem 1.2. Let M" be an n-dimensional compact simply connected submanifold
in a simply connected space form FN (¢) of constant sectional curvature c.
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Q) Ifc=0,n>5,n#7,8,|H| >0 forc=0,and

2
AP < de+ 12

n_

then M is diffeomorphic to S".
() If c<0,n>9, and

2
AP < de+ T

n—2

then M is diffeomorphic to S".

For ¢ > 0 and n > 5, consider
M"(e) :=S*(e) x " *(V1/c—&*) c "M (1//¢),

with 0 < & < 1/4/c. Intuitively, M" (¢) is simply connected and not homeomorphic
to the sphere. By a direct computation, we have
, |H? 2m—-4)1 2n
AR - = —
n—2 n—2 g n-2

C.

For n > 5, one has

2n—4) 1 2n

P 8—2+n_2c—>+oo as ¢ > 0,

2(n—4)1+ 2n 4 1
— c— 4c as € > —.

n—2 & n-2 Je

Therefore, for any constant C > 4c, there is 0 < & < 1/4/c such that M" (¢) satisfies
A?<C+ % So for ¢ > 0, Theorem 1.2 is sharp in the sense that the constant 4¢
in the pinching condition is the largest constant such that the differentiable sphere
theorem holds. For ¢ > 0 and n =7, 8, M is homeomorphic to the sphere under
the same pinching condition (see Theorem 4.1 in Section 4).

The paper is organized as follows. In Section 2, we introduce the relevant concepts
and some curvature inequalities for Riemannian manifolds. In Section 3, we prove
Theorem 1.1 with the aid of the classification theorem for Riemannian manifolds
proved by using Ricci flow techniques. In Section 4, we prove a topological sphere
theorem for compact submanifolds in space forms F" (¢) with ¢ > 0, utilizing the
homology vanishing theorem for compact submanifolds. In Section 5, we prove
Theorem 1.2 by applying the mean curvature flow techniques. In Section 6, more
differentiable sphere theorems for compact submanifolds under different curvature
pinching conditions are proved.
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2. Notation and formulas

Let (M", g) be an n-dimensional Riemannian submanifold in a Riemannian man-
ifold MY of dimension N with metric g. We shall make use of the following
convention on the range of indices:

1<i,jk,...<n, 1<A,B,C,...<N, and n+l1<apB,y,...<N.

We choose a local orthonormal frame {e;} for the tangent bundle and a local
orthonormal frame {e,} for the normal bundle. Let {w4} be the dual frame field
corresponding to {e4}. Denote by Rm and Rm the Riemannian curvature tensors of
M and M. Then we have

Rm= ) Rijuw ®w;®w®aw,
m= ) Rapcp®A ® wp ® wc @ wp.
A,B,C.D
Let A and H be the second fundamental form and the mean curvature vector of M,
given by
A=) Alwoi®w;®ey, H=) H%,, H*"=} Aj.
ij.a o i
We have the Gauss equation
Rijit = Riju + 2 (AR AT — AfA,).
o
The trace-free second fundamental form A is defined by A=A- %g ® H. Then
o o o 1
A=Z A%a)i@)a)j@ea, A?j=A?j—;Ha5,‘j.
1],

The sectional curvature, Ricci curvature, and scalar curvature on M and M are
defined as K, K, Ric, Ric, R, and R, respectively. Thus, we have

Ric(e;) =Y Rijij, Ric(ea) =) Rapap, R=) Rijij, R=Y Rapas.
J B i,j A,B

The normalized scalar curvature Ry on M is defined as

— R
Ry=—.
NN —1)
Set

Kmin(x) = min_K (), Ricmn(x)= min Ric(u),
nCT M ueUcM

Kmax(x) = max K(m), Ricmax(x) = max Ric(u).
aCT M uelU,M
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We have Berger’s inequalities:

|Racscl < 3(Kmax — Kmin)  for all distinct indices A, B, C,

|Ragcpl < 3(Kmax — Kmin)  for all distinct indices A, B, C, D.

For any unit tangent vector u € U, M at point x € M, let Vf be a k-dimensional

subspace of .M satisfying u L Vf . Choose an orthonormal basis {e4} in T, M
such that for distinct indices 1 < Ay, Ay,

..., Ar < N, we have
ea, =Uu, span{es,,...,ea}= Vf.
The k-th Ricci curvature on M is defined as

_ _ ko _
Ric(k) (u; Vf) = RiC(k) ([eAO, CAps - v e eAk]) = Z R 0ApAoA,-
p=1

Set
Ric](fi)n(x) = min  min 7Ric(k)(u; V)f),
uelUyM ul VECT, M
R_icgj;x(x) = max  max

. _Ric®@; vH.
ueUyM ulVECT, M
Extend the orthonormal s-frame {ey4,,

..,ea,_,} on TyM to an orthonormal
(k+ 1)-frame {e4,,

.,ea ) for1 <s <k+1<N. The (k, s)-curvature on M is
defined as
Sk s—1 k _
R®Y([eag. ey, -..oea) =2 D Ra,a,a,4,-
p=04¢=0
Set
RED(x) = min ~_ R®(leay, e eal),
{eAO CAY sy eAk}CTxM
Efrlféf()(x) = max - I?(k"")([eAO, €Ay s eal).
{eAO’eAl ..... eAk}CTxM
The s-th weak Ricci curvature on M is defined as
ITR:[S]([era €Ay oo v eANfl]) - E(N_]’s)([er, €Ay oo v eANil])
s—1 N—1 _
=2 > Raaa,4,
p=0 ¢=0
Set
Ricl! (x) = min _Ric®(leag, eays v eay D,
{eAO,eAl,...,eANfl}CTxM
R_ic,[;lx(x) = max 7R_ic[s]([er, €Ay -5 €Ay )
{eAO,eAl,.A.,eANil}CTxM
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The k-th scalar curvature on M is defined as

_ _ ko ko
RO (eay ea,. ... en) = R V(leay ear.....ea) =2 3 Ra,a,a,4,-
p=04g=0
Set
— ) _
RY — min ~ R®([ea,, ea,.. ... ea)),
{EAO,EAI ..... eAk}CTxM
Egi)lx = max E(k)([er’ CAps o vns €Ak]).

{eag-ea,s-mea JCTM

Remark 2.1. Based on the definitions, the Ricci curvature of M is equivalent to
its (N — 1, 1)-curvature, its (N — 1)-th Ricci curvature, and its 1-st weak Ricci
curvature. The scalar curvature of M is equivalent to its (N — 1, N)-curvature, its
N-th weak Ricci curvature, and its (N — 1)-th scalar curvature.

Without loss of generality, all manifolds and submanifolds in this paper are
assumed to be connected and without boundary.

3. Differentiable sphere theorem for compact submanifolds
in Riemannian manifolds

To prove the sphere theorem, we need the classification theorem for compact
Riemannian manifolds with positive isotropic curvature. For an n-dimensional
(n > 4) Riemannian manifold M", if the Riemannian curvature tensor R of M"
satisfies R1313 + Ria14 + R2323 + Roa24 — 2R 1234 > 0O for every orthonormal four-
frame {ey, es, e3, e4}, then we say that M has positive isotropic curvature. Recently,
Brendle [4] utilized curvature pinching estimates under Ricci flow to demonstrate
that compact Riemannian manifolds with positive isotropic curvature in dimen-
sions n > 12 maintain the pinching condition under Ricci flow. This led to the
development of a classification theorem for compact Riemannian manifolds with
positive isotropic curvature, thereby strengthening the intrinsic connection between
curvature conditions and differential structure, and extending the applicability of
classical differentiable sphere theorems. Chen [7] further extended the theorem to
dimensions n > 9.

Theorem F [4; 7]. Let M" be an n-dimensional (n > 9) compact manifold with
positive isotropic curvature. If M does not contain any essential incompressible
(n—1)-dimensional space forms, then M is diffeomorphic to a connected sum of
finitely many spaces, each of which is a quotient of S" or "' x R by standard
isometries.

In the above theorem, an incompressible space form N”~!in M" is an (n — 1)-
dimensional submanifold diffeomorphic to $"~!/ T" such that the fundamental group
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1 (N) injects into 71 (M). The space form is said to be essential unless I is trivial,
or I' = 7, and the normal bundle is nonorientable.

Proposition 3.1. Let M be an n-dimensional (n > 4) compact simply connected
Riemannian manifold. Then there is no essential (n—1)-dimensional incompressible
space form in M.

Proof. Let N be an (n — 1)-dimensional submanifold that is diffeomorphic to
S"1/T in the Riemannian manifold M. By applying the Killing—Hopf theorem
[15; 16], we deduce that 771 (N) = 7 (S"!/T) ~ T as S"~! is simply connected.
Clearly, if I" is nontrivial, then there is no injective homomorphism from 7{(N) to
w1 (M), since I' contains more than one element, while 77 (M) is trivial. Therefore,
there is no essential (n — 1)-dimensional incompressible space form in M. (]

Using the above proposition, we present the proof of Theorem 1.1.
Proof of Theorem 1.1. From the definition of the second fundamental form, we have
AP = Z (Af)? = Z(A“)2 +> (A%,
i,j=1 i#£]j
For all distinct indices p, g, k, [, applying the Cauchy inequality yields

n 2
(ZA?‘,.) 5(n—2)[(Agp+qu)2+(Agk+A;§)2+ > (A;?;)Z}
i=1

i#p,q.k.l
=(n-2) (Z(A“) +2A% AZ +2A7 A?;).
This inequality implies

(3-1) 2A% AY +2AL AT > (Z’ 1A Z(A“)2

(Z 1 2 2
LR ST N
i#]j i,j=1
Suppose {e1, €2, €3, e4} is an orthonormal four-frame. By the Gauss equation, we
have
(3-2)  Ri1313+ Ria14 + Ra323 + Roaoa —2Ri234
= R1313+ Ria1a + R2323 + Roaoa — 2R 1234
+ > [AY A% + AS A, + AS A + A A, — (A“ )2 — (A%)?
“ —(A$3)* — (A5 —2(AT; A%, — AL AS)].
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Applying Berger’s inequality yields

Ri234 < 3(K max — Kmin)-

Hence,
(3-3)  Ri313+ Rusra+ Rozos + Roaza — 2R 1234 > 4K min — 3 (Kmax — K min)-

By (3-1), we obtain the following estimate for the first four terms in brackets on
the right-hand side of (3-2):

(3-4)  AY|AS; + AT AL + AR AT + A% ALY,

n 2 n
T A®
: (Z;;#”MDA%)% > (A,

i) ij=1
Combining (3-2)—(3-4), we obtain

(3-5)  Ri313 + Ria14 + R2303 + Roans — 2 R1234

16(Kmm 4Kmax)

+Z|: a) +Z(Acx)2 Z(AO[)Z

i#]j i,j=1
—2(A%)* —2(A%)? — 2(A%)? —2<A24>}

|H|?

— A%
n—2

= 13_6 (E min — %E ) +
Therefore, under the assumption of Theorem 1.1, M has positive isotropic curvature.

When n =4, by [8; 9; 14], M is diffeomorphic to the standard sphere.

When n =5, 6, it is known from [27] that M is homeomorphic to a sphere. As
the differentiable structure on the topological sphere of dimension 5 or 6 is unique,
M is diffeomorphic to the standard sphere.

When n > 9, Proposition 3.1 implies that M contains no essential (n — 1)-
dimensional incompressible spatial form. By Theorem F, M is diffeomorphic to
the standard sphere. U

4. Topological sphere theorem for compact submanifolds in space forms

In this section, we prove a topological sphere theorem for compact submanifolds in
space forms of nonnegative sectional curvature.
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Theorem 4.1. Let M" be an n-dimensional (n > 5) compact simply connected
submanifold in a simply connected space F" (¢) with ¢ > 0. Assume that |H| > 0
forc=0.If

|H|?

Al <4 ,
Al = C+n—2

then M is homeomorphic to S".

Theorem 4.1 provides a proof of the case n =35, 6 of (i) in Theorem 1.2.

We need the following homology vanishing theorem for compact submanifolds
in space forms to prove Theorem 4.1. Lawson and Simons [19] initially established
the homology vanishing theorem for compact submanifolds in spheres under a strict
pointwise pinching condition. Subsequently, Xin [35] generalized this theorem to
compact submanifolds in the Euclidean space. It was observed by Elworthy and
Rosenberg [10] that the Lawson—Simons theorem still holds under a weak pinching
condition that is strict at some point. This generalization is also true for compact
submanifolds in the Euclidean space.

Theorem 4.2 [10; 19; 35]. Let M" be an n-dimensional (n > 5) compact submani-
fold in a simply connected space form FN (¢) with nonnegative constant curvature c.
Assume that, for an integer 0 < g < n,

n q
@D DY (1A @) — (Alei, €), Alex, en))) < q(n—g)c

k=g+1 i=1

holds for any orthonormal basis {e;} of T, M at any point x € M. If there is a point
such that (4-1) is strict for any orthonormal basis {e;} at that point, then there do
not exist any stable q-currents, and

bh(ﬂf;Z)==fh_ﬂ(ﬂf;Z)==O,
where H;(M; Z) is the i-th homology group of M with integer coefficients.

Proof of Theorem 4.1. We follow the computation in [31]. For any orthonormal
basis {ey} of the normal space at a point,

n q
42) Y Y (21ACe en)l* — (Aler, &), Aler, &)

k=gq+1i=1

n q n q
=2) ) D ART-) 0 D Y ANAYL

a k=q+1i=1 a k=q+1i=1

-x[> 5y (Lar)(n- 2]

o b k=q+1i=1
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We take r =n — g and set

q q n n
_<Z Aﬁ) (H"‘ -3 A%), Sai= Y (A%, Su:=) (AN
i=1 i=1 i=1

ij=1
Applying the Cauchy inequality, we have

(4-3) qrS _qu(A ) +qr Z(A

k=g+1

y(;&?) +CI( Z %k)z

k=q+1

q 2
= (r+q)<ZA;?§) —2qH“<Z )+q(H"‘
i=1 =1

This inequality implies

q
(4-4) nZy + (r—q)H® (Z A;?‘i) +q(HY? —qr8, <O0.
i=1

By the definition and applying the Cauchy inequality, we have

n q 2 n 2
st =i o= () (5 )
i=1

k:q-‘rl k:q+l

— (}1+%) (gﬁg)z.

=S - 3D,
Combining this inequahty with (4-4), we get
Z, <975, - (105D L @) (e 4 I "'|H“|\/qr FCH).
n n

Substituting this inequality into (4-2) yields

N =

Hence,

n q
Y Y QlACer, e))* — (Alei, e0), Alex, €)))

k=g+1 i=I

Xl 3 Y+ L5 - (U524 ey

o k=g+1 i=1
lr—ql < 1
+ L e B (S — g )
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Forn>5and2 <qg <n—2,one has gr >n. Soforanyn —1<a <N,

n q n
@s) 2y Z(A:-"g%‘i—r;(fxﬁ)z

k=q+l i=1

n il :
S S () Do S Sy

ij=1 i#j i,j=1 i.j=q+1

; i#]j i#]
qr
D
i,j=1

Applying the Cauchy inequality, we have

(4-6) Z|H“|\/Sa—%<Ha>2 < \/Z(H%Z-Z(&—%(H&)Z).

Hence,

n q
@7 D D ClAGer, e)* — (Alei, ), Alex, ex))

k=q+1 i=1

Z(%Sa_%j_zr(l']a)z)‘F Ir;ql qn_rZ(Ha)Z.Z(Sa_%(Hay)

o o

ar(iar— 2+ lr=al g Jiaz— Ligp

n<|| n| |+W| |VIAIT =5 H]

qr 2 2 2 n—4 2 1 2
<—|(|AI"==|H|" —nc+ —— |H | |A|"— = |H|" | +grc.
_n<|| n| |“—n 2n(n—2)| |V IAIT =5 |) qr

Now we take the case ¢ > 0. By a direct computation, we have, for2 <g <n—2
and n > 5,

4
AP = 2| HP —ne+ — 22 \H| 1A - LiHP <0,
n V2n(n —2) "

2
provided |A|2 <4c+ |H—|2 Therefore,

IA

IA

n q
D7) (2lAGern el — (Alei, ), Alex, ex))) < gre

k=g+1 i=1

for2<q <n—2. By Theorem 4.2, H,(M; Z)=H,_4(M; Z)=0for2<q <n-2.
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Next, we consider the case c =0. Asn >5and 2 < g <n — 2, by a direct
computation we have

nooq
@8) D D (21A e’ — (Alei, @), Alex, ex))
k=q+1 i=1

n—4
V2n(n=2)
provided |A|? < |H|*/(n — 2). Moreover, the second inequality becomes equality
at a point if and only if |A|> =|H|?*/(n —2) at this point.

If the second inequality in (4-8) is strict at a pomt for any orthonormal basis {e; }
at that point, then by Theorem 4.2, H,(M; Z) = H,_,(M; Z) =0for2 <q <n-—2.

Now we consider the case that the equality holds for the second inequality in
(4-8) at any point for a certain orthonormal basis {e;} at that point. Then at any
point, all inequalities become equalities. In particular, from (4-8), there holds
AP~ [HI*/(n—2) =

At any point, given a corresponding {e;} and for any {e,}, the equality case of
(4-3) implies that forany n +1 <o < N,

o o [
All - - Aqq’ Aq+1q+1

<9 (AP = 21HP + HIIAP = 4IHI?) <0
n n

= A%,
Moreover, the equality case of (4-5) gives that foranyn+1 <a <N,
Af; =0, foranyi #j.

This implies S, = S, forany n +1 <« < N.
From the equality case of (4-6) we conclude that there exists a constant p for
this point such that
Sa=p- (H")

B 2
forany n+1 <a < N. Since S4 = S, and |A|2—ﬂ50> one has p = niZ'

As |H| > 0and |A|?> — |H|*/n > 0, the equalityncgse of (4-7) implies
r—ql _ n—4
NZ NG
Hence, g =2 or ¢ = n — 2. Without loss of generality, we choose g = 2.

As |H| > 0on M, at any point we can choose {e,} such that e, = H/|H|. Then
H" = |H| and H* =0 foranya =n+2,..., N. Since A“ =0 for any @ and

i#j,and S, = 2(H"‘)Zforany(x weconcludethatA“ 0fora—n+2 ,N.
Thus, |H|2
n+1\2
Sns1 = Z(A P =1AP= 5.

This implies A”Jr1 <|A|= |H|/«/n — 2 < |H|. Therefore, by Proposition 2.5 in [28],
M lies in an (n + 1)-dimensional affine subspace of R". Since M is a hypersurface
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in R+, its second fundamental form can be considered as a symmetric 2-tensor
A ={A;;} and the mean curvature H of M is essentially a scalar function. We have
|A|I>—H?/(n—2)=0, and at any point there is an orthonormal basis {e;} such that

A11=A22, A33=---=Ann, A,‘j=0 foralli;éj.

Therefore, M is a compact hypersurface in R"*! with two distinct principal curva-
tures of multiplicities 2 and n — 2. We denote the two principal curvatures by A and
w, respectively. Then A and p are smooth functions on M. We may assume H > 0.
Since 2

WA+ —2pu=H and 2>+ m—2)u’ =

n—2
we have, by a direct computation,

A=0 and pu= ,

n—2

or 2 n—4
A==-H and p=—H

n n(n—2)

In the first subcase, one has Au = 0. By the Gauss equation, at any point of M
there exists a tangent plane with zero sectional curvature. However, since M is a
compact hypersurface in R"*!, there exists a point of M at which all the sectional
curvatures are positive. Therefore, this subcase is impossible.

For the second subcase, we will prove that M is isoparametric. By Theorem 2
in [29] and its corollary, the distribution of the space of the principal vectors
corresponding to A (resp., i) is completely integrable, and A (resp., () is constant
on each integral submanifold of the corresponding distribution of the space of the
principal vectors. At any point of M, there exists a corresponding {e;} such that
e, ey are principal vectors of A and es, ..., e, are principal vectors of u. Putting

n n
d)»=Z)»,kwk, dM=Z//«,kwk,
k=1 k=1

one has at this point that

Ai=x2=0, pz=---=pu,=0.
Putting "
dH =" Hye,
we have " k=1
H; = E)L,l- =0, fori=1,2,
and

nn—2) .
ZTM,]ZO, for _]=3,...,I’l.

Consequently, d H = 0 at this point. Since the point is arbitrary, one gets dH =0
on M. This implies that the mean curvature is constant on M and the principal

H;



DIFFERENTIABLE SPHERE THEOREMS FOR COMPACT SUBMANIFOLDS 441

curvatures A and p are both constant. Therefore, M is an isoparametric hypersurface
in R"*! with two distinct principal curvatures A and .. By Cartan’s formula, Au = 0.
This leads to a contradiction.

In summary, we conclude that there always exists a point of M such that the
second inequality in (4- 8) is strict at this point for any orthonormal basis {e;}.
Therefore, H,(M; Z) = H,_4(M;Z) =0for2 <g <n-—2.

Finally, we give the proof of Theorem 4.1. Since M is simply connected, it is
oriented (see Theorem 15.43 in [20] for a proof). By the Hurewicz theorem (see
Theorem 5 in Chapter 7 of [34]), the homotopy groups of M satisfy m; (M) =0
fori=1,...,n—1. So M is a homotopy sphere. By the proof of the generalized
Poincaré conjecture [33], M is a topological sphere. ]

5. Differentiable sphere theorem for compact submanifolds in space forms

We will use the mean curvature flow as a tool to prove Theorem 1.2.

Let M be an n-dimensional compact submanifold in a simply connected space
form FY (¢) of constant sectional curvature ¢. Denote by F the immersion. We
deform M by the mean curvature flow F : M" x [0, T) — F¥ (c) that satisfies

0
—F(x,t)=H(x,1),
o7 (x,1) (x,1)

where H (x, t) is the mean curvature vector of the submanifold M; = F (M, t).

Lemma 5.1. Let F : M" x [0, T) — FN(c) be a mean curvature flow of compact
submanifolds of dimension n > 8 in a simply connected space form F" (c). Assume

M satisfies |A|> <4c+ LH‘Z ,and |H| >0 for c=0. Then M, satisfies |A]? < 4c+|nHT|;
fort > Q.

Proof. As in [1; 2; 26], we set Q = |A|> —a|H|? — bc. Then

(5-1) (% - A)Q — (VAP —a|VH?) + 2R, —2aR,
—2nc|AP —2n<a—%>c|H|2,

where

2
Z(ZA“M) +|R*? and R2=Z(ZH"A?J-),
B i
with

2
IR =) (Z(Af‘kA — A A" ) =Y N(A"AP — AP A,

i,j,a.p N

Here A* = (A%) and N (-) denotes the squared Frobenius norm of a matrix.
ij q
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At the point where |H | # 0, we choose {e,} such that e, | = H/|H | at this pomt.
LetAH=Z A”+1a)®a)f Aj=A— AH,AH—AH——H®g,A]—A AH.
From the deﬁmtlons it follows that

[Aul>= A" AP =) A=A - |Aul,
a>n+1

|Aul> = A", (AP = ) 1A% = AP - A
a>n+1

Notice that |Ay|> = |AH|2 1|H|2 and |A1|2 |Af]2. By the calculations in [1],
one has

. 2\ 2/ 1
(5-2) 2R1—2aR2=2|AH|4—2(a—E>|AH|2|H|2—;(a—;)lHl“

+4Z <ZA"+1Aa) +4ZN(An+lAa_AaAn+])

a>n+1 a>n+1
+2 ) (ZA“ A*") 2 ) N(A“AP - APA").
o,B>n+1 ao,B>n+1

For the first line of the right-hand side of (5-2), we replace | H |?> with

A2+ 141> —bc— Q
1

a— —
n

and get

(5-3) 2|AH|4—2(a—%)|AH|2|H|2—%(a—%)mr‘

n
2b - 2 .y 4 .,
+ 26+ —— JelAnl” — — 1Al + —— 14117 Q
n(a—y) n(a—y) ma=y
L _4be [P 4be 0- 2% 2
; n(a—y)  nla=3)

P L py

For the last two lines of the right side of (5-2), the computations in [1] give

2
54 ) (Z AL lAi-’;-) + 3 N(ATAY - AeArt) <2)Ag A1

a>n+1"i,j a>n+1
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and

(5-5) 2 ) (ZA"‘A’S> 2 ) N(A“AP - APA") <3]A,"

o,B>n+1 o,B>n+1

Combining (5-2)—(5-5), we have

(5-6) 2R, —2aR < (6—#>|AH| AP +( )M,r‘
n(a—y)
+< )an+ )an
+<2b+ )clA 24 4bc 1A,
n(a=1))" " (-5

We also calculate that
(5-7) —2nclA]? — 2n<a—%)c|H|2 = —2nc| A2 = 2nc(|A]? = be— )

= —dnc|Ay)? —dnc|A;)? +2ncb + 2nc Q.
Substituting (5-6) and (5-7) into (5-1) yields

59 (5-3)e

—2(IVAP* —a|VHP?)
2 o e o 2 -
+(6— 1 )|AH| 4] +<3— 1 )|A1|
n(a—3) n(a—;3)
+<2b+il—4n>c|AH|2+( 4b1 —4n)c|1§1|2
n(a—;) n(a—;)
2(a—2) 4 .
+((a—f)|AH|2+ : (|A|2—bC)+2nc>Q
a—y n(a—y)

+(2nb—2—bz>c2— 2 0?
n(a—y) n(a—3) "

For n > 8, we choose a = n%2 and b = 4, satisfying the condition a < ﬁ We

also have the following gradient inequality for submanifolds in F" (c):

(5-9) IVA> > LWHF
“n+2 )
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From this inequality, we derive —2(|VA|2 — anzWH |2) < 0. Consequently, we
discard this term in (5-8).

We will analyze the following three cases separately: ¢ =0, ¢ < 0 and ¢ > 0 for
the constant curvature c of the space form F" (c).

Case ¢ =0: Since |H| > 0 att =0, there is a 7y > 0 such that |H| > 0 for ¢ € [0, ty].
At any point in M, for ¢ € [0, tp], (5-8) implies
)|1‘§1|4

0 2 e 90 2
CRE (6——n(a_%))|AH| 1Al +(3—n(a_%)
2(a—2) .
S Q2+<(a iy L |A|2>Q-

AR s

Since a = ﬁ, one has

Therefore,

510 (2 -8)0=—(=35)Al*+ (-1 = HlAuP +20:-2)AF) 0.

By the maximum principle, (5-10) implies that Q < 0 is preserved on [0, #o].
By (5-10) we have, on [0, 7],

(5-11) (&-a)Q=—m-5)1A /- - aldnlo.

Since —(n —5)|A;* <0, by the strong maximum principle, either Q < O for all
t€(0,19],or Q=0forall ¢ €0, ty].

Recall that we discarded the nonpositive term —2(|VA|2 — ansz |2) in the
above computations. If we retain this item, then (5-11) becomes

9 2 1 2 ;o4 P2
(5:—8)2 = =2(IVAP = —SIVHI) = (0 = DI Al — (1 = D) Aul*Q.

If Q =0 for all ¢ € [0, tp], this inequality implies IVA|? — ﬁ|VH|2 = 0 and
A;=0. As -15 < 35 for n > 8, it follows from (5-9) that VA =0, i.e., the second
fundamental form is parallel. Therefore, M lies in an (n 4 1)-dimensional affine
subspace of RY, and the second fundamental form of the hypersurface M in R"*!
is parallel. Then by [18], M = SK(r)y x R** fork=0,1,2,3,...,n. Since M
is compact, we conclude that k = n and M = S"(r). This implies |A|> = %|H 12,
which is a contradiction to that Q = 0. Therefore, Q < 0 for all ¢ € (0, #p]. By the
maximum principle, Q < 0 for all # > 0.

Case ¢ < 0: At t =0, the pinching condition implies that |H| > 0. Then there is a
to > 0 such that |H| > O for r € [0, 19].
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Asa= ﬁ and b = 4, (5-8) implies that, at any point in M, for ¢ € [0, o],

(5-12) (% — A)Q
<[~ —=DAx* +2(n - 2)(JA)> — be) +2nc] O — 8(n — 4)c.

As —8(n —4)c? <0, by the maximum principle, Q < 0 is preserved on [0, #g].
By the strong maximum principle, either Q < 0 for all ¢ € (0, 7], or Q =0 for all
t € [0, to]. For the second case, (5-12) implies

0<—8(n—4)c? <0,

which is impossible. Therefore, Q < 0 for all # € (0, #p]. By the maximum principle,
O <Oforallt > 0.

Case ¢ > 0: We first consider the point | H| #~ 0. For x, y > 0, define the function

n

+(2b+ 2b 4) +( 4b 4) +(2b 26 )2
— — 4N |CX — — 4n |C np — ——— |C .
n(a—1) n(a—1) ’ n(a—1)

Asa= ﬁ and b =4, F(x, y) can be expressed as

F(x,y)=—(n—8)xy—(n—5)y" +4(n—4)cy — [8(n —4) —€]c® — ec”.

As n > 8, we have —(n — 8)<0. Hence, we only need to consider the function
) =—(n—=5)y" +4(n—4cy —[8(n —4) —e]c”.
The discriminant of this quadratic satisfies
A=16(n—4)> —4(n—5)[8(n—4)—€] <0
for a sufficiently small € > 0. So f(y) < O for this €. Therefore,
F(AuP 1A11?) < —ec?.

Thus, (5-8) implies

(5-13) (% - A)Q <[~ = AuP +20— 2 (AP = be) +2nc] @ — ec?.

If |[H| =0 at a point, then Q = |A|> — be, which implies |z¢i|2 =|A|>= Q +bc.
Therefore, by the Li-Li inequality [25],
0

(E—A> 0 <3|A1*—2nc|A1> =3|AP(Q+be)—2nc|AP3|A2 O+ Bb—2n)c| A

Asb=4,3b—2n=-2(n—6) < 0. Hence,
0

(5-14) (E—A)QE (BIA] = 201 — 6)c) @ — 8(n — 6)c™.
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Therefore, by the maximum principle, we see from (5-13) and (5-14) that Q <0
is preserved.
Moreover, by (5-13) and (5-14), one always has
ad

(5:—2)e = —nUdP+a0 -7

for positive constants y; and y,. Therefore, by the strong maximum principle, either
QO <O0forall r >0, or Q=0 for all r > 0. However, for the second case, the above
inequality implies

0<—-y <0,
which is impossible. Therefore, Q < 0 for all ¢ > 0. O

Remark 5.2. For 4 < n <7, by a similar computation, the pinching condition

|A|*> < a|H|*> + bc for certain ﬁ <a< n+2 and 2 < b < 4 is also preserved.

Proof of Theorem 1.2.. Whenn =35, 6,if ¢ >0, orc=0and |H| > 0, by Theorem 4.1,
M is a topological sphere. Since the differentiable structure on a topological sphere
of dimension 5 or 6, M is diffeomorphic to the standard sphere.

When n > 9, combining Theorem 1.1 and Lemma 5.1, we conclude that M is
diffeomorphic to the standard sphere. ([

6. More differentiable sphere theorems for compact submanifolds

We present two more differentiable sphere theorems for compact submanifolds in
Riemannian manifolds.

Theorem 6.1. Let M" (n > 4,n # 7, 8) be an n-dimensional compact simply
connected submanifold in an N-dimensional Riemannian manifold MN . Suppose
that one of the following conditions holds:

() 1417 < 2 (Ricpin — YLK pax) + 2L

_ 2 — 2
(i) |A]? < %(Ricggn — WKMX) Lﬁlz for some 1 <s <N.
IN(N=D (p 2_IN-24 = H|?
(i) |A]? < ME=L(Ro — 5 Knax) + 225

Then M is diffeomorphic to S".
Proof. Asin Theorem 1.1, we need only show that M has positive isotropic curvature.

(i) For any x € M, suppose u, v € U, M be two orthonormal vectors such that
K () = Kmin(x), where m = span{u, v}. Let Vf C T M be a k-dimensional sub-
space such that v € V¥ and u L V¥. Define es, =u, e4, =v, and let {e4,, ..., ea,}
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be an orthonormal basis of VX. We have

k

Raoa, 404, = Raga Apa, + E R oA, 404,
1 p=2

= I?min + (k - 1)I?max-

M~

ﬁ(k) ([ers €Ay oo e eAk]) =

=
Il

By the definition of RIC , one has
(6-1) Komin = Ric®) — (k= 1)K .

Suppose {e1, e, €3, e4} is an orthonormal four-frame. Extend {eq, €3, €3, e4} to
an orthonormal (k + 1)-frame {ey, ..., ex+1}. Then

k+1 k+1
Ric®([er, ez, ..., e111]) = Z Rip1p = Ri313+ Ri414 + <R1212 + Z Rlplp)
p=2 p=5

< Ri313 + Riara + (k —2) K max.
This implies
(6-2) Riz13+ Ria1a > RlCmln (k —2)K max-
Combining (6-1) and (6-2) with Berger’s inequality, we obtain

(6-3)  Ri313+ Ria1a — Ri23a > ﬂ:( — (k —2)Kmax — 3 (kK max — Ri CI(QH)
[Rlc(k) (k — g) I?max].

min

Similarly,

(6-4) R2303 + Rosps — R123a > %[Rlc(k) (k— 2) K max -

min

Combining (3-2), (6-3) and (6-4), we obtain

Ri1313 + Ria14 + Ro323 + Roa2a — 2R1234

> P[Ricyy, — (k= $) Kina +Z[ =1 4) +Z<A“‘)2 Z(A“)2
i#£]j i,j=1
— 2(Af3)" = 2(A5p)" — 2(A%)” - 2(45, 2}
|H?

_ H
> 10 [Rlc(k) (k—9) Kmax] + — 1A%

min

Choosing k = N — 1 and combining the assumption, we know that M has positive
isotropic curvature.
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(ii) For any x € M, let u, v € U, M be two orthonormal vectors such that K () =
K min(x) with 7 = span{u, v}. Let {e4,, €4, ..., ea,} be an orthonormal (k + 1)-
frame such that ey, = u, e4, = v. Then

k k
E(k) ([eA()7 eAl’ ey eAk]) = Z Z EAPA‘]APA‘]
p=0

+ Z Z RApAquAq - (RA0A1A0A1 + RAlAQAle)
p=04=0

= 2I?rnin + [k(k + 1) - 2] I?ma)p
This implies

(6-5) Komin = $(RU), — Tk + 1) — 2] Ko

min

By the definition of R**), one has

R(k) R(k ,5)
6_6 min > min .
(6-6) K+ 1)~ ks

Combining (6-5) and (6-6), we have

(6-7) Kumin = 1L REY — [k(k +1) — 2] Knax)-

N min

Suppose {e1, €3, €3, e4} is an orthonormal four-frame. Extend {ey, e;, €3, e4} to
a (k+1)-frame {ey, ..., ex+1}. As R® = R&KD e have

k+1 k+1

R©([ey, ..., exs1]) = Z Z Rijij

i=1 j=1

=2 (E1313 + Ris1a + Rozoz + §2424)
k41 k41

+ Z Z Rijij = 2(R1313 + Ria14 + Ro323 + Roana)
i=1 j=1

<2 (Ri313 + Ria1a + Rozoz + Roana) + [k(k + 1) — 8] K max.

By (6-6), this implies that for 1 <s < N, there holds

(6-8) R1313+R1414+§2323+Ez4242%(HIR(]”) [k(k + 1) — 81K max).-

min
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Combining (3-5), (6-7) and (6-8) with Berger’s inequality, we obtain
Ri313 + Ri414 + R2323 + Roaoa —2R1234

HEELRG — [h(k +1) — 8] Komax }

%[k(k—l— 1)Krnax (k+l)R(k S)] + 5 |H| |A|2
7

6

%

min

(S5 R’ = (& + k= F) Kmax] i —1AP.

v

Choosing k = N — 1 and combining the assumption, we know that M has positive
isotropic curvature.

(iii) Substituting s = N into (ii), we derive that M has positive isotropic curvature.
]

Theorem 6.2. Let M" (n > 4,n # 7, 8) be an n-dimensional compact simply
connected submanifold in an N -dimensional Riemannian manifold MY . Suppose
that one of the following conditions holds:

. = _— HI?
() [A? < 252 (K nin — 55 Ricmax) + 25

. 2(6N—s5+6) (& H|?

(ii) |A|* < 2¢ 3S+ )(Kmin . s+6R1C£ﬁ}1X) + 4| 5 for some2 <5 < N.
2 _ 2(N>-N+46) (7 . \le
(i) |A]7 < T(Kmm Nz—NJréRO) + 5

Then M is diffeomorphic to S".
Proof. Asin Theorem 1.1, we need only show that M has positive isotropic curvature.

(i) As in the proof Theorem 6.1(i), one has
Emax = Rlc(k) — (k- 1)I?min-

max

Suppose {e1, e, €3, e4} is an orthonormal four-frame. Combining (3-5) with the
above inequality, we obtain

Ri313+ Riata+ Ro3os + Rosoa — 2R1234 = 22 (K min — $ K max) + & lH' —|A?
> g((k+3)1?mm—Ric<k> )+%—|A|2.

max n

Choosing k = N — 1 and combining with the assumption, we see that M has positive
isotropic curvature.

(i1) As in the proof of Theorem 6.1(ii), one has that for 2 <s <k +1,
[?max = (Rgfa;) (ks — 2)I?min)«
Combining this with (3-5), we obtain
R1313+ Ris14+ R2323 + Roa2a — 2 R1234 > 176 (K min — 5 K max) + 125 IH' —|AP

> 3((ks +6) K min— R, ”) +1HE AP

max
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Choosing k = N — 1 and combining with the assumption, we know that M has
positive isotropic curvature.

(iii) Substituting s = N into (ii), we derive that M has positive isotropic curvature.
O

Remark 6.3. From the proofs of Theorems 6.1 and 6.2, similar differentiable sphere
theorems can be established for compact submanifolds under pinching conditions
involving the k-th Ricci curvature or the (k, s)-curvature.
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