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We define and study the symplectic semi-characteristic of a closed 4n-dimen-
sional symplectic manifold, based on the even-degree part of the primitive
cohomology. Using a vector field with nondegenerate zero points, we prove
a counting formula for the symplectic semi-characteristic. As corollaries of
the counting formula, we obtain a vanishing property and the fact that the
definition of the symplectic semi-characteristic is independent of the choice
of symplectic forms.
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1. Introduction

In three consecutive papers [18; 19; 20], Tsai, Tseng, and Yau introduced and
studied the p-filtered cohomology groups FP H*(M, ) (0 <k < 142p +dim M)
of a symplectic manifold (M, w). The p =0 case in [18, (3.14), (3.22)] and [19,
(1.5), (1.6)] is called the primitive cohomology of (M, w), and the p > 1 case
in [20, (1.2), Theorem 3.1] is generalized from it. Different from the classical
de Rham cohomology, this p-filtered cohomology includes information about the
symplectic form w. Thus, an important application of it is in distinguishing among
different symplectic structures; examples can be found in [19, Section 4] (computing
the primitive cohomology groups) and [20, Section 6] (computing the product
structures). Tanaka and Tseng [16, Theorem 1.1] proved that the mapping cone
complex determined by the map AwPt! between de Rham complexes computes
the p-filtered cohomology.
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In this paper, we focus on the primitive cohomology. Our work starts from
an interesting fact: When the symplectic manifold (M, w) is closed, the Euler
characteristic

(1-1 dim FH®*"(M, ») — dim FOH*Y (M, w)

of the primitive cohomology is equal to zero. This was originally proved in [18,
Proposition 3.26] and [19, Proposition 3.7] by means of duality between cohomology
groups. Recently, using Tanaka and Tseng’s mapping cone complex, Clausen, Tang,
and Tseng proved the symplectic Morse inequality [7, Theorem 1.4], also showing
that the value of (1-1) is zero. Intuitively speaking, we may say that the even-degree
part of the primitive cohomology contains the same amount of information as the
odd-degree part.

We then ask whether FOH®*"(M, w) is an obstruction to some geometric object.
Here, to some extent, we are motivated by the Kervaire semi-characteristic in a
similar scenario. Recall that for any odd-dimensional closed oriented manifold N,
the Euler characteristic of the de Rham cohomology of N is zero. Let by be the
dimension of the k-th de Rham cohomology group of N. The Z;-valued Kervaire
semi-characteristic of N [11, Introduction; 12, Section 1; 1, Section 4] is defined
to be

(1-2) > b mod2.
k even

When dim N =4n + 1, the Z,-valued Kervaire semi-characteristic satisfies Atiyah’s
vanishing theorem [1, Theorem 4.1] and Zhang’s counting formula [23, Theorem
1.3]. Both the vanishing theorem and the counting formula involve two vector
fields, showing that the Z,-valued Kervaire semi-characteristic is an obstruction to
a certain pair of vector fields. Now, back to our symplectic situation, we state our
main question:

Question 1.1. For a closed symplectic manifold (M, w), what geometric object(s)
on M does the even-degree part of the primitive cohomology of (M, w) obstruct?
Is it a pair of vector fields or something else?

Here we answer this question for 4n-dimensional closed symplectic manifolds.

Assumption 1.2. Throughout this paper, when not stated otherwise, (M, w) is a
4n-dimensional closed symplectic manifold M equipped with a symplectic form w.

We recall Tanaka and Tseng’s mapping cone complex (C*(M, w), d¢), which
computes the primitive cohomology of (M, w). Let QX(M) be the space of smooth
k-forms on M. The space of k-cochains [16, Section 3.1; 7, Definition 1.1] is

C"M,w) =Ky Q'M) (*k=0,1,...,4n+1).
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Let d be de Rham exterior differentiation. The boundary map is

dc : CH(M, @) > C* (M, ) [Z]I—) [g _;‘l’] [z] - [d“ i-;:g/\ ’3} .

Here, we write the pair («, 8) € QK(M)@® k1 (M) as a column for the convenience
of using matrices and operators later.
The k-th cohomology group of (C*(M, w), d¢c) is exactly FOHN (M, w).

Definition 1.3. Let b}’ be the dimension of F OHX(M, w). The symplectic semi-
characteristic of (M, w) is the Z,-valued number

(1-3) K(M,w):= Y by mod2.
k even
To state our main result, we review the definition of nondegenerate vector fields.
Let V be a smooth vector field on M. Following [5, Section 1.6], at each zero point
p of V, we define a homomorphism

S, :T,M - TpM, vi—>[V,0](p),

where ¥ is a vector field extending the tangent vector v and [ -, - ] is the Lie bracket
between vector fields. This @, is independent of the extension v since V (p) = 0.

Definition 1.4. A smooth vector field V on M is called nondegenerate if either V
vanishes nowhere or @, is invertible for each zero point p of V.

Such a nondegenerate vector field always exists because by [13, Theorem 6.6],
there is always a Morse function on M. Now, our main result is as follows:

Theorem 1.5 (compare [23, Theorem 1.3]). Let V be a smooth nondegenerate
vector field on M. The counting formula for the symplectic semi-characteristic
under Assumption 1.2 is

(1-4) k(M , ) = the number of zero points of V mod 2.

Remark 1.6. By the Poincaré—Hopf index formula [24, Theorem 4.5], formula
(1-4) also equals (mod 2) the Euler characteristic of the de Rham cohomology of M.

Remark 1.7. A special situation is when the de Rham cohomology class of w is
integral. Then, by [16, Theorem 7.1], Theorem 1.5 computes the classical Kervaire
semi-characteristic (1-2) of the circle bundle over M induced by the line bundle
associated with w.

The main idea of the proof is that we find a skew-adjoint operator, as in Zhang’s
construction [23, (1.1)]. Then, we show that x (M, ) is equal to the Atiyah—Singer
mod 2 index Definition 2.5 of this operator. Next, as in [23, (2.1)], we apply a
Witten deformation [22, Section 2] and Bismut and Lebeau’s asymptotic analysis
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[6, Chapters VIII-X; 24, Chapters 4-7] to the operator, compute its mod 2 index,
and then obtain Theorem 1.5.
A corollary of Theorem 1.5 is an Atiyah-type vanishing property:

Corollary 1.8 (compare [1, Theorem 4.1]). The semi-characteristic k (M, ®) van-
ishes when there is a nonvanishing smooth vector field on M.

Another way to prove Corollary 1.8 without using Theorem 1.5 is described in
Remark 4.2.

The converse of Corollary 1.8 is not true; see Example 5.2. This contrasts with
the Euler characteristic of the de Rham cohomology of M.

Finally, although we have used the symplectic form w to define (M, w), a
nondegenerate vector field always exists and is independent of w. Thus:

Corollary 1.9. The definition of k (M, w) is independent of the chosen symplectic
form.

Remark 1.10. The definition of the symplectic semi-characteristic can be assigned
to any closed symplectic manifold without assuming that dim M = 4n. However,
by Example 5.4, the counting formula does not work when the dimension is 4n +2.
Thus, the (4n+2)-dimensional part of Question 1.1 is still open.

Outline. In Section 2, we review Clifford actions and find a skew-adjoint operator
so that k (M, w) equals the Atiyah—Singer mod 2 index of this operator. In Section 3,
we carry out necessary analytic details about this operator. In Section 4, we prove
Theorem 1.5 based on those analytic details. In Section 5, we give some examples,
and Section 6 describes further developments.

2. Clifford actions and operators

In this section, we clarify technical details about the Clifford actions of tangent
vectors and introduce the skew-adjoint operator that we will work with.

After choosing an almost complex structure J on M, we let g be the Riemannian
metric on M:

g, ) =w(-, J-).

We equip M with the orientation w A - - - A w and let x be the Hodge star operator.
Letting dvol = 1 be the volume form of M, we define the L?-norm (and inner
product) by

12
2-1) el = ( / ¢(@, @) dvol)
M

on QK(M). We require that QM) L QY(M) when k # £. For pairs of forms on
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CK(M, w) = QK(M) & QK1 (M), following [7, (2.2)], we define

o o l 1

As in (2-1), we have the L?-norm (and inner product)

o 1/2
(2-2) H [ﬁ]H _(/Mg(a,a)dvol—i-/Mg(,B,ﬂ)dvol)

on CK(M, w). We require CX(M, w) L. C¢*(M, w) when k # £.
Let d* be the formal adjoint of d with respect to the inner product induced by
(2-1), and
o*i QK M) = Q2 (M)

be the adjoint of
oA QKM > QEM), o> wAa,

9

with respect to the same inner product. For convenience, we will omit the “,
after ™ and the “A” after w when there is no ambiguity. Recall the mapping cone
complex

(2_3) aC . Qk(M) oy Qk_l(M) N Qk+1(M) @ Qk(M)(a, ﬁ)}—) [d Cl)} [O{} .

0 —d
. _[a* 0
aC - |:a)>k _d*:|

with respect to the inner product induced by (2-2).

The formal adjoint of d¢ is

Proposition 2.1. The kernel of the Dirac type operator o, + 3. and that of the
Laplacian (0, + 83)2 are isomorphic to the primitive cohomology of (M, »). In
particular,

ker (3 +8%)? : CK(M, w) — CK(M, w))

is isomorphic to the k-th primitive cohomology group.

Proof. We can check that (2-3) defines an elliptic complex [14, Definition 10.4.28].
By the properties of such a complex [14, Theorem 10.4.30], the complex defined
by (2-3) satisfies the Hodge decomposition theorem. Therefore, the kernel of
(0c + ag)2|ck( M) 18 isomorphic to the k-th primitive cohomology group. U

For any (globally or locally defined) vector field Y on M, we have two Clifford
actions:

CY)=Y*A+Y, and c(¥Y)=Y*A—-Y..
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Given any oriented local orthonormal frame ey, ..., es, of TM, the Clifford action
of the volume form dvol is expressed as

&(dvol) = é(ey) - - - E(ean).

This is independent of the choice of oriented local orthonormal frames. Following
[1, Section 3], we lay out some interactions between the Hodge star, Clifford actions,
and differential forms. Recall that the dimension of M is 4n.

Lemma 2.2. For all o € Q¥(M), we have é(dvol)a = (—1)FK+D/2 4

Proof. Let ey, ..., e4, be an oriented local orthonormal frame. Suppose o =
e; Ao /\e;( and choose indices ji, ..., jau—k so that

* * * *
eil /\"'/\eik/\e]'l /\..'/\ej4n—k

=efN---Nef,.
Then we have
c(dvol)a = ¢(e;,)c(ey,) - - - Cej)C(ej) - - - C(ej,, )
= (=D*0e(e;,) - - Elej,, )E(ei)Eer,) - Elei)ar

1
= (— kRO =DE (% L gt

= (kD2
The case of general « is straightforward. U
Lemma 2.3. For all « € QX¥(M), we have ¢(dvol) (w*a) = —w A é(dvol) a.
Proof. Using the equality w* e = (—1)f x w » o from [7, Section 2.1], we find
é(dvol) (waa) = é(dvol) ((— D x w * )
— (—1)2* 240D, (Y xwxa) (by Lemma 2.2)
= (= 1)2E2EDED (1) % (A (=)D E(dvol) )

= (=¥ wx(w A (E(dvol)a)).

When £ is odd, w A ¢(dvol)« is an odd-degree form, making xx = —1 and then
(— 1)"2“** = —1. Similarly, when k is even, we have *x =1 and then (— 1)k2+1** =
—1. Thus, we obtain ¢(dvol)(w*.a) = —w A (¢(dvol) @). O

2n 2n
We set QEV"(M) := @ Q% (M) and QM) := @ Q%*~'(M). We also set
k=0 k=0

(2-4) QM) :=QV"(M)® Q4M) and QM) := QM) Q™ (M).

Using Lemmas 2.2 and 2.3, we obtain a skew-adjoint operator as follows.
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Proposition 2.4. Abbreviate ¢(dvol) as ¢,. The operator

01|[c, d—+d* w
= Vol I ]

on Q2(M) is skew-adjoint.
Proof. Using Lemma 2.2 and [21, Definition 6.1(2)], for all « € Qk(M), we have
ey d4dHa = (=12 FDED) L g 4 (1) 26Dk (1) wd xa
— (_1)%(k+1)(k+2)*do[+(_1)%(k71)k+1(_1)(4n7k+1)(4n74n+k71)d*a
= (=) 3EFDERD) gy 4 () REED g
Similarly,
(d +d*)épo = d(_l)%k(kﬂ) o +d*(_1)%k(k+1) v
— (_1)%k(k+1)d*a + (_1)*d*(_1)%k(k+l) o
= (=) kD g g 4 (— 1)z DD gy

Thus, we have
d+d*c, =c,(d+d").

Now, since ¢} = C(esy) - - - C(e1) = C(ey) - - - C(ean) = Cy, We find

0 17[é, d+d* o T\ _[ &o* —&d+dnH]
10 o w* —d—d*|) | é,(d+d®) Co

[ wly (d+d*)év}

—(d+d*¢, w*é,

[ &t —&(d+d)
T lad+dy o

_ |01 Cy d+d* o
o 10 Co ot —d—d*|’

where the second-to-last equality is justified by Lemma 2.3. Thus, the operator
(2-5) is skew-adjoint. U

We recall the definition of the Atiyah—Singer mod 2 index. In [2, Theorem A],
this invariant was defined for real Fredholm skew-adjoint operators. However, by
functional calculus [10, Definition 1.13], one derives a version for real elliptic
skew-adjoint operators:

Definition 2.5 [24, (7.5)]. Given a real elliptic skew-adjoint operator D, its Atiyah—
Singer mod 2 index is the Z;-valued number

ind, D := dimker D mod 2.
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According to the definition of k¥ (M, w) and the identification between kernels
and cohomology groups, we have:

Corollary 2.6. Keep the notation ¢, := ¢(dvol). The Atiyah—Singer mod 2 index of

01|[cy, d+d* o
= Vol )l ]

on 2(M) is equal to k (M, ).

Proof. This is verified using Definition 1.3 and Propositions 2.1 and 2.4. With [? }],

the operator (2-6) preserves the parity of the grading, mapping (M) into Q(M)
and Q(M) into Q(M). When we restrict (2-6) to Q(M), its kernel counts half of
the by. ([l

Similar to the Fredholm index [8, Theorem 3.11], and as stated in [2, Proposition
5.1] and [3, Section 2], the mod 2 index of a real skew-adjoint elliptic operator on
a compact manifold is homotopy invariant:

Proposition 2.7. Given a real skew-adjoint elliptic operator D on M, the index
indy D is invariant under a continuous deformation of D.

Remark 2.8. The invariance of ind; in [2, Proposition 5.1] is for bounded real
skew-adjoint Fredholm operators. It is extended to the elliptic operators on M
as follows [1, Section 4]: for D as in Proposition 2.7, the operator 1 + (—=D?) is
self-adjoint and positive. We have the compact operator

(1+(=D*)~""
defined by functional calculus [10, Definition 1.13]. Then,
Do(1+(=D*)'?
is a bounded real skew-adjoint Fredholm operator.

The next proposition gives us the skew-adjoint operator similar to [23, (1.1)].

Proposition 2.9. The Atiyah—Singer mod 2 index of the skew-adjoint operator

Lo, % *
s(*—w) —d-—d
. 2
(27) [d+ﬁ Ho—o0"
on QM) is equal to k (M, w).
Proof. We keep the notation ¢, := ¢(dvol). By Lemma 2.3, the operator

|:5U (0™ + w)

| —
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is skew-adjoint on 2(M). Then, by Corollary 2.6, we find

- JEE )

. Cow*  —Cy(d+d®)
= ind; [5U(d+d*) Gow

Al ~ N
. Cuz(0*—w) —cy(d+d*) | 1 |6(0"+w)
_mdz([ Co(d+d”) 5v%(w—w*)}+2 [ év(w+w*)]>
&3 (0 —w) —év<d+d*)}_. . [%(a}*—w) —d—d*]

= ind . R =
e |: Cy(d+d*) cv%(a)—a)*) d+d* %(a)—w*)

The second-to-last equality is justified by Proposition 2.7. ([

3. Symplectic Witten deformation

In this section, we study the symplectic Witten deformation of the skew-adjoint
operator (2-7) on CV*"(M, w) := Q(M).

We let V be a nondegenerate smooth vector field on M. This means around each
zero point p of V, given any small local chart with coordinates xy, yi, ..., X2,, Y2u
satisfying x;(p) = - - - = y2,(p) = 0, there is an R*-valued smooth function B on
the chart with order

0(x12—|-y12+ e —i—x%n +y%n)

and a matrix A € GL4,(R) such that

X1
1
(3_1) V('x17 y1’---»x2n’ y2n)=[ax1» 8y1"“’ax2n’8y2n] A +B
X2n
Y2n

Here, 0,, and 9d,, are the local coordinate vector fields. For convenience, we let

X1
Y1

. T __

X = : ) X —[x17y17~~-,x2n7y2n]a
X2n
Y2n

x| = Va2 432+ a2 +y2 .
Alternatively, if we write x = [@1, ..., @4n]", we have |x| = Vo7 + -+ ¢ .

Lemma 3.1. There is a smooth vector field X on M such that the zero set of X is
the same as the zero set of V, and

X =[x, 0y, ..., 0x,, Oy, | Ax

near each zero point p.



494 HAO ZHUANG

Proof. We will use a cutoff function to modify the vector field V near its zeros so
that it agrees with a standard local model. We find a constant C > 0 such that

(3-2) |B| < C |x|?

on the local chart centered at p. Viewing A as an operator on the linear space R*",
we let || A|| be its operator norm. We choose a bump function o such that

(3-3)  supp(0) S{(x1,....y2) s+ ) P < AT 7Y
and 0 = 1 near p. Now, we show that
X=0V+1—=0)[0,0y.,.... 0, dy, | Ax
= [0x,, 0yy+ - -+, Oxyys Oy, | (AX + (1 —0)B)
is the vector field we need. Indeed, by (3-2) and (3-3),
lx+(1—0)A™'B| = |x|—[|A”"|-C- |x|*>0.

__ 9

The last “>" becomes “=" if and only if x is zero. Thus,
Ax+(1—0)B=A-(x+(1—-0)A"'B)=0

if and only if we are at a zero point p of V. Therefore, the zero set of X coincides
that of V. (]

Inspired by [22, Section 2; 6, Chapters VIII-X; 24, Section 7.3; 23, Section 2],
for a parameter 7 > 0, we use the vector field X to set up the Witten deformation

(3-4) Dy :=[ 3"~ o) _d_d*_mx)}

d+d*+TéX)  3(@—o*)

of the operator (2-7) on Q(M). Let ¢ > 0 be a sufficiently small number. Around
each zero point p of X, we choose a chart

(3-5) U={@1,....ym) i x{ + 31+ +x3, + 3, < (4e)*}
centered at p and satisfying

(1) oly =dxi Adyr+ -+ +dxan Adyon,
(2) g(-, )y =dxi+dy} +---+dxj, +dyj;,, where g is the metric, and

(3) X|U = [axl’ 8y1a ] ax2n’ 8y2n]Ax'
We can obtain (1)—(3) as follows: Using [15, Theorem 8.1], we first choose a
Darboux chart U centered at the zero point p with coordinates xy, yi, ..., X2,, Yon
such that

oly =dx; /\dy1 + -4 dxy, /\dyzn.
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We then construct a metric g’ on M such that
g'( )y =dxi +dy} +---+dx3, +dy3,.

Next, following the proof of [15, Proposition 12.3], we use the polar decomposition
together with g’ to construct the almost complex structure J. Then, we let g( -, -) =
(-, J-). The two metrics g(-, -) and g’( -, -) are different, but checking the polar
decomposition, we have

gy =g, )Ny =dx}+dy} +---+dx3, +dy3,.

Finally, the vector field X is guaranteed by Lemma 3.1.
Let
T T
ei:[O,...,O,l,0,0,...,O] and ﬁ:[O,...,0,0,l,O,...,O]
— —_—— ———
2i-2 2i—1

Inside U, we find that

2n 2n 2n
(d+d*+Te(X))* ==Y 05— 05 +T Y. c(0x)¢ ([3x,. Dy, - - -, Onyy. Dy, | Ae)
i=1 i=1 i=1
o A 2T
+T 3 c(dy)¢ ([0x,, yys -+ s Oxys Oy | AS;) + T2 T A* Ax.
i=1
Now, on R** with coordinates denoted by x1, Y1, ..., Xon, Yon, We let
Xo=1[0x, 0y, ..., 0ns,, Oy, | Ax.

Meanwhile, using the standard Euclidean metric
go=dxi +dyi + - +dx3, +dy;,

on R**, we have the L2-norm (and inner product)

12
(3-6) lell = (/4 gola, a)dxy Adyy A -+ ANdxay /\d)’zn)
Rn

on the space Q¥ (R*") of smooth k-forms on R*". For the standard symplectic form
wo=dxy Ndy +---+dxy, Adys,

on R*", we let

o —
W2 =0y, 20, 24+ 0y,, 10x,, 1

be the adjoint of wg A .
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Let L be the operator with the expression
2n 5 2n 5 2n .

— 20, =200 +T 3 c(@)¢ ([0xys By, -+ s Dy Dy, | Al
i=1 i=1 i=1

2n
+T 3 @) ([8x), Byys - -+ Bunys Oy | ASi) + T2 TA* Ax

i=1

4n
but defined on the space P QK (R*") of smooth forms on R**. As in [24, (4.23)],
we let k=0
2n 2n
L'=—3% 09, —Y 9, — T trace(vA*A) + T*xT A*Ax
i=1 i=1
and
2n
L" = trace(v A*A) + Z] c(0x)¢ ([3x,+ By, - - - Oy, Dy, | Al
1=

2n
+ 3 (@))€ ([0x)5 By, - -+ Onsy Oy | AS) -
i=1

Then, L = L'+ T - L”. Indeed, L’ is the (rescaled) harmonic oscillator [17,
Chapter 8, Section 6] on the space of square-integrable functions on R**, and L” is
a nonnegative operator on the (real) vector space spanned by

(37 {dxi, A+ Adxi, Adyj A Ady)
0<ii<--<i,<2n,0<ji<--<j <2n 0<rs<2n}

The following result was proved using the properties of harmonic oscillators
[loc. cit.] and equations (4.23)—(4.25) and Lemma 4.8 of [24].

Proposition 3.2 [24, Proposition 4.9]. For any T > 0, the kernel of L is one-
dimensional and generated by

(3-8) p= exp(—%TxTv A*Ax) -4,
where § is a certain linear combination (with real coefficients independent of T)
of elements of (3-7). The grading of 4 is even if det A > 0 and odd if det A < 0.

Each nonzero eigenvalue of L has the expression a-T, where « is a positive constant
independent of T.

Noticing that wju — w(A is skew-symmetric, we have:
Proposition 3.3. There exists a unique smooth form 1 on R* such that
3@ —wo)p = (d+d* +Té(Xo) n

4n
and n L p. Here, d + d* is defined on @ Q*(R*)according to the L*-norm of
forms. k=0



SYMPLECTIC SEMI-CHARACTERISTICS 497

Proof. Recall the definition (3-8) of p. We notice that
g0 (@ — wg)p, p) = 0.

Therefore, %(wg — w)p is orthogonal to the kernel of L on @i';o Qk(R*"). Since
d+d* + T¢(Xo) preserves the eigenspaces of L, we find

(3-9) n=_L""o(d+d*+Te(Xp)) (2w} —wy)p).

Here, L™ is the inverse of L restricted to the orthogonal complement of ker(L).
The kernel of L is given by Proposition 3.2. See [6, (10.17)] for details about the
inverse map L~!. U

The next proposition will be used in the estimates of the spectrum of —|D>2T.
Proposition 3.4. There is a constant C; > 0 independent of T such that
(3-10) Inll = C:T~"2 - lpll.

Here, the L*-norm is that on the space of forms on R*".

Proof. If n =0, we choose C; = 0. If n # 0, by Proposition 3.3, %(a)g —wy)p is
nonzero, and we look at (3-9). We write %(a)’a —wg)p as a finite sum of eigenvectors
of L:

%(wg —wy)p = Z K; -exp(—%TxT«/ A*Ax) -8,
i
where each K; is a constant independent of 7' and each §; is an eigenvector of L”
in the span of (3-7), associated with an eigenvalue A; > 0. These §; and A; satisfy
80(8;,8;))=0 and A; #A; wheni#j.

Then, we apply L~ o (d +d* 4+ Té(Xy)) to %(wg —w,)p. Since d +d* + T ¢(Xo)
preserves the eigenspaces of L, we obtain

Lo (d+d* + Té(Xo)) (l<af6 — wp)p)

= Z —— - (d+d* +Té(Xo)(K: -exp(—1TxTVA*Ax) - &;).

One step further, considering the effect of d +d* + T ¢(Xy), we find
n=L""o(d+d" +Te&Xo)(3(@j—wp)p)
—Z— T -exp(—3 \/Mx)-<§:ll(ij-xj-8ij+il?ij-yj-gi»
2n - 2n -

1 - -
= Z = -exp(—%TxTvA*Ax) . (Z Kij-xj-d;ij+ 2:1 Kij-yj '(Sij)’
i 1 j=

j=1
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where the K;; and K ij are constants independent of 7" and the §;; and Si ; are certain
linear combinations (with real coefficients independent of 7T') of elements of (3-7).
Thus, (3-10) is essentially the relation between

([ e (~TIeP) derdys - dxsudyn) =70 L
R " /2T
and
([ oxp (~TIxP) dxidy: - .dxzndyzn)l/z =z
Their ratio gives us the factor 7~1/2, U

Remark 3.5. In the standard Witten deformation, the form p functions as a model
for eigenforms associated with small eigenvalues of the deformed Laplacian. In this
paper, the pair (p, ) plays a similar role in the mapping cone Witten deformation.

Now, using (3-6), we define the L%-norm (and inner product)

H
B
on Q(R*"). (See (2-4) and recall the matrix A in (3-1) associated with the zero
point p.) When det A > 0, we study the orthogonal complement of spanR([z ])

in Q(R*") under the inner product induced by (3-11). Let [Oﬁ‘] € Q(R*") be an
L?-element orthogonal to [’; ] We write

(3-11) ‘ 12

= (lell* +181%)

a=rp+a and B=sn+p,
with o’ L p and 8’ L n. Then, we have
(3-12) rlol?+slnl® =0.

Let || - ||; be the first Sobolev norm (see [14, Definition 10.2.7]) induced by (3-6).
If |||y < oo and ||B]|1 < oo, we find that ||/l < oo, ||B|l1 < oo, and then

1 N

) 5 (wy—wg) —d—d*—Tc(Xo)] [a]
(3-13) [d+d*+T5(Xo) Yop—wy |8
- i —d—d*—Té(Xo)} 'r,o+o/]
= || [d+d*+Té(Xo) Lsn+p'

|1 o=, rp+a’
2 wy— ] Lsn+p

_(—d—d*—Té(Xo))(sn+ﬁ’)} H c [rp+a" H
| (d+d*+TE(Xp) (rp+e!) 2 Lsn+8']

(I(d+d*+TeXo) sn+B) P +(d+d* +Té(Xo)e'|?) /= Cs

v
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since (d +d*+T¢(Xo))p =0. Using |||} < oo, ||B']l1 < oo, and Proposition 3.2,
we see that the right-hand side of (3-13) is

/
> VT s+ B+ CVTle | - G|,
sn+ B
/
= VTV IsnP+ 1B 12+ CVT e | — G| 2T,
sn+ B
> X,
where
/
(G-14)  X:=CaVTllsnll + CaVTIB | + CV/T || —C2‘ [:‘n’iﬂ -
We estimate X in two complementary cases. If n = 0, then by (3-12), we find r =0
and then
/
X = CVTIB | +CV/Tle| —Cs > Cs —osyT| [Tl
/3 sn+ B
If n #0, then
1 1 2 , ,
x= L/ Thsnl+LC/T ™ '” ””‘;” I+ CTIB + /Tl = Ca| [0 14 ]
1 1
— SCV/Tlsnl + 5 CVTlrollCy VT + CVTIB 1+ o[ VT | = C |10 4 ]
ro+ao
ZC5\/T |:57]+,3/] .

This takes care of the case det A > 0. When det A < 0, we replace [ ] by [ ] and
repeat the argument. Then, we summarize:

Proposition 3.6. There exists a constant Cs > 0 such that when det A > 0 (resp. when
det A < 0), for all sufficiently large T, we have
7]
p

H [ T —wy)  —d—d*— TE(XO)i| |:o¢i|
d +d*+ Té(Xo) Hwy—wf) B
whenever [g] € Q(R) is orthogonal to [f;] (resp. [Z]) and satisfies ||a||; < 00

and ||B|l1 < oo.

> Cs

Following [6] and [24], based on Propositions 3.2-3.6, we apply the asymptotic
analysis to carry out the estimates about D7. Recall from (3-5) the chart U around
each zero point p of X. For each zero point p, we pick a bump function y : M — R
such that

supp(y) € U (2e) := {(x1, ..., y2u) i X{ + -+ 3, < (2)*},
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and y =1 on
U(e) = {(xl,...,yz,,) :x%—k---—i—y%n <82}.
For each zero point p, we let
Pp=7 -exp(—%TxT\/Mx) )
and n, =y -n. As in [6, Definition 9.4] and [24, (4.36)], we let

Er:= spanR{ [f;

Er,1:=spang{[""]: p is a zero point of X},
P
Er:=Ero®Er1.

”] : p is a zero point of X},
P

Let E% be the orthogonal complement of E7 in (M) and pr (resp. p%) be the
orthogonal projection from Q(M) to Er (resp. E%).
Recall the operator

Ho*—w)  —d—d*—TéX)]
d+d*+TeX)  So-o)
on 2(M). There is a constant Cg > 0 such that
D, Pp %(a)* —w) —d—d*—TeX)]|[yp
np |d+d*+Te(X) 1(w—o) ¥

—c(dy)n ]H
Lc(dy)p+ 5(@—o")yn

<|[cmell Lo
= llLe@y)p Jw—w*)yn

when T is sufficiently large. Summarizing this estimate, we get:

< Cg

]
Mp
Proposition 3.7. There is a constant Cg > 0 such that, when T is sufficiently large,

[ [E11 = Csl 11

for all [Z] € Er.

Now, if [g] € EZ, we have the following estimate similar to those in Theorem
9.11 of [6] and Proposition 4.12 of [24]:

Proposition 3.8. There exists a constant C7 > 0 such that when T is sufficiently
large,

D[]0 = VT[]
for all [Z] € Ef.

Proof. We perform three steps:
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Step 1: If [g] is supported outside all the U (2¢)’s, the minimum of g(X, X) is
greater than 0. Then, as in [24, Proposition 4.7], we find
—d—d*—Té(X)} |:ai|

gn
p ‘ _H%(w*_w) %(w—w*J [Z]
7]

>
- H |:d+d*+Té(X)
a3
Step 2: If [Z] is supported inside the chart U centered at some zero point p, we
view [

—Cy

] as an element in Q(R*"). Let py be the orthogonal projection from
Q(R*") to the one-dimensional space generated by [f, ] Letting (-, - ) denote the
inner product induced by (3-11), we have

1) UL ) (e )

= woesir o) 3]) 1
= woemr Jo o) ) [

since ([Z'Z ], [Z ]> = 0. Then, we find, by Cauchy—Schwarz and comparing | o|| with

exp(—C10eT),
1—y)-2(|”]. “Dd 1
fya=ns (5] [3]) oo

el 1
‘pT [ﬂ” 112+ 12
< ; -exp(—CloszT) g <|:a:| s [a])l/z dvol
IpI? + 112 wi=ae O \LBJ LB
= H
B

VT +C}
<exp(—=Ci T)- H [;] ” :

By Proposition 3.6, we find
for[f)| 2 7 |[3] -4 3]z 070 -ewcam- 5]

Step 3: For a general [g] eE % supported on M, we combine what we have shown
in Steps 1 and 2, following the standard procedure used in Step 3 of the proof of
[24, Proposition 4.12]. [l

lpll™" - exp(—Cioe®T) -

IA

Noticing that D7 is skew-adjoint, we have:
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Proposition 3.9. The operator —|D>2T is self-adjoint and nonnegative. When T is
sufficiently large, the eigenvalues of—IDZT lie in the union [0, Cg] U [C72T, +00).

Proof. This is a combination of Propositions 3.7 and 3.8, following the same pattern
as in the proof of [25, Lemma 5.3]. Since there is no essential spectrum here, we
only need a simplified procedure as in the proof of [26, Proposition 6.18]. (|

4. The counting formula
We now prove the counting formula (1-4) stated in Theorem 1.5. Let E be the sum
of eigenspaces of —IDQT on (M) associated with eigenvalues in [0, Cé]. Then,

k(M, ) = ind, (D7 on Q(M))

= dim ker(—D% on Q(M)) mod 2

= dimker(IDT cEr — ET) mod 2,
since each eigenspace of —ID2T is invariant under Dr. By [9, Section 8.16], every
r x r skew-symmetric matrix has Atiyah—-Singer mod 2 index equal to the parity
of r. Thus,

k(M, w) = dim E7 mod 2.
Now, to prove Theorem 1.5, we only need to show that dim E7 = dim E T.
Proposition 4.1. We have dim Er = dim E7 when T is sufficiently large.
Proof. Recall the L?-norm (2-2) on Q(M). We let

Pr:Q(M)— Er

be the orthogonal projection to E7. Then, for any h € Er, we obtain

~ 1 ~
lh — Prh| < = D7 (h — Prh)| (by Proposition 3.9)

7

< — L (IDrhll + Dy Bril)

= oIt T T Pr
1

< -Ce- (||k]| + Ik])  (by Proposition 3.9).

CVT ° yop

Thus, when T is large, Py maps E7 injectively into E7, meaning that dim E7 >
dim ET

We prove the opposite inequality by contradiction. As in [24, (5.32)], suppose
that dim E7 > dim E7. We pick some ¢ € E7 such that ¢ is orthogonal to the space
PrE7. Let (-, ) denote the inner product induced by (2-2). For any zero point p
of X and the associated [g Z] (or [ZZ ], depending on the sign of det A), we have

4 L e R A e T S e R
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the middle equality being a consequence of ¢ € Er. Thus, ¢ € E% Using
Proposition 3.8, we get

D7l = C3V/Tllgl,

contradicting to the fact that ¢ € E7 (this space, we recall, is the sum of the
eigenspaces of —[DJZT associated with eigenvalues in [0, Cé].) Therefore, E7 is
isomorphic to E7 when T is sufficiently large. O

Recall that X is an adjusted version of V. By Proposition 4.1, we finally have
k(M, w) = dim Er mod 2

=dim E7r mod 2

= the number of zero points of the adjusted vector field X mod 2

= the number of zero points of the original vector field V mod 2,
and this completes the proof of Theorem 1.5.

Remark 4.2. We get Corollary 1.8 from Theorem 1.5. An alternative to using
Theorem 1.5 involves applying Atiyah’s perturbation technique from [1, Section 4]
to prove Corollary 1.8 directly. Let V be a vector field with g(V, V) =1 on M.
We perturb the operator

p_ [0 1][édvol) [d+d* o
“[1o é@dvol) || o* —d—d*

on 2(M) into the operator

; 0 1][c(V) [¢(V) 01
b _D+[1 o][ —5(V)i|D i —5(V)i| [1 0]‘

Once we verify that ind, D = ind, D’ and that ker D’ admits a complex structure

given by
0 17[ev) > [-1 0
10 —ewy]) Lo -1]

we conclude that dim ker D’ is even, and therefore « (M, w) = 0.

5. Examples

We illustrate with some examples, most of which have already been studied in other
papers; we just adapt them to the computation of symplectic semi-characteristics.

Example 5.1. We equip M = CP? with the Fubini—Study form [15, Homework 12].
According to [7, Example 4.2],

bo=1, by=0, by=0,
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meaning that « (M, w) = 1. These b’ are computed using a Morse function with
three critical points, together with the associated cone Morse cochain complex
[7, Definition 1.2]. By the counting formula (1-4), we can also use the three critical
points of this perfect Morse function to find « (M, w) = 1.

Example 5.2. Let M = S? x S? equipped with the standard symplectic structure.
Recall that we have a height function % (see [4, Example 3.4]) on S? with two
critical points. Then,

f:S*xS* =R, (p,q) = h(p)+h(q),

is a Morse function on S? with four critical points. Thus, in this case, k (M, w) = 0.

As we know, the Euler characteristic of the de Rham cohomology of S? x S?
is 4, meaning that S x S does not admit a nonvanishing vector field. However,
as we see, its symplectic semi-characteristic is 0. Thus, in terms of judging the
existence of nonvanishing vector fields, the symplectic semi-characteristic (1-3) of
the primitive cohomology is a weak substitute for the Euler characteristic of the
de Rham cohomology.

Example 5.3. As in [18, Section 3.4] and [16, (5.3)], we let ~ be the identification
(x1, X2, X3, x4) ~ (x1 +a,x2+b,x3+c,x4+d—bx3) (whena,b,c,deZ)

on R*. Then, the Kodaira-Thurston fourfold is equal to R*/~. Let M = R*/~
equipped with the symplectic form w given in [18, (3.26)] and [16, (5.4)]. We know
that x (M, w) =0 from the tables of primitive cohomology groups in [18, Section 3.4]
and [16, Section 5.4]. Since R*/~ has a globally defined tangent vector field d,,,
we also obtain k (M, w) = 0 according to Corollary 1.8.

Example 5.4. We briefly mention the (4n4-2)-dimensional case. Let M = T? be
equipped with the standard symplectic form. Since T2 is Kihler, we use the formula
[7, (4.4)] to find by =1, by =2, and so k (M, w) = 1.

However, we know there is a height function [13, Part I, Section 1] with 4 non-
degenerate critical points on T2. This means our Theorem 1.5 does not apply to the
(4n+2)-dimensional case.

6. Discussion and perspectives

We now mention some possible extensions of this project. The deformation replaces
d+d* by d4+d*+T¢(V) and does not perturb w. This preserves the symplectic infor-
mation and relates k (M, w) to the primitive forms given by the Lefschetz decompo-
sition. However, as x (M, w) is unchanged when replacing w by another symplectic
form, it is also natural to consider replacing w by w A - - - A w or by other forms.
The form w A - - - A w gives the semi-characteristic of the 1-filtered cohomology
[16; 20]. In a follow-up work [27], we use w A w on a (4n+2)-dimensional closed
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symplectic manifold. Then, the associated semi-characteristic vanishes, which is
exactly the parity of the de Rham Euler characteristic. This provides more evidence
that « relies more on M than on the form.

Also, from an index-theoretic perspective and without involving the primitive
cohomology, we may perturb w into sw and let s change from O to 1. The study
could thus be done for any closed orientable manifold equipped with a closed
homogeneous form. For this case, we will give the formula and the analysis in a
future joint work with S. Xu, with assumptions on both dim M and the degree of the
form. A similar perturbation using s ~! instead of s was carried out in a recent work
[28] on the mapping cone Morse theory for any closed oriented manifold equipped
with a closed homogeneous smooth form. This s ! preserves the cohomology.

To conclude, we briefly discuss the K -theoretic background of this study. By
[3, Theorem 2.3], the mod 2 index is equivalent to the map

(6-1) KO~ (TM) — KO~ (point) = Z,.

When dim M = 4n, we have a skew-adjoint elliptic operator (3-4) whose skew-
symbol class is in KO~ (TM) and then mapped to k(M, w). In the (4n+2)-
dimensional case, if we continue the current pattern of construction, we cannot
obtain a skew-adjoint elliptic operator on £2(M) whose skew-symbol class is mapped
to K (M, w). Thus, in the 4n+2 case, it could be worthwhile to study the geometric
meaning of the image of the skew-symbol class of (2-7) under (6-1) [23, Theorem
3.2], and whether (6-1) can be generalized to give the (4n+2)-dimensional case
a KO-valued index result of the semi-characteristic.
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