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Á. Baricz dedicates this paper to Mourad E. H. Ismail on the occasion of his 80th birthday

We study certain continuous univariate probability distributions supported
on [0, ∞) — the McKay distribution and its generalizations, the generalized
inverse Gaussian distribution and the K -distribution — , all of which are
related to modified Bessel functions of the first and second kinds. In most
cases we show that they belong to the class of infinitely divisible distributions,
self-decomposable distributions, generalized gamma convolutions and hy-
perbolically completely monotone densities. Some of the results are known,
but new proofs are provided using special functions techniques: Integral
representations of quotients of Tricomi hypergeometric functions, Gauss-
ian hypergeometric functions, and modified Bessel functions of the second
kind, play an important role in our study. In addition, by using a different
approach based on asymptotic properties of modified Bessel functions, we
rediscover a Stieltjes transform representation due to Hermann Hankel for
the product of modified Bessel functions of the first and second kinds and we
deduce a series of new Stieltjes transform representations for products, quo-
tients and their reciprocals concerning modified Bessel functions of the first
and second kinds. By using these results we obtain new infinitely divisible
modified Bessel distributions with Laplace transforms related to modified
Bessel functions of the first and second kind. We show that the new Stieltjes
transform representations have some interesting applications and we list
some open problems that may be of interest for further research. In addition,
we present a new proof, using the Pick function characterization theorem,
for the infinite divisibility of the ratio of two gamma random variables
and some new Stieltjes transform representations of quotients of Tricomi
hypergeometric functions.
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1. Introduction

1.1. Preliminaries on infinite divisibility. A probability distribution is infinitely
divisible (see Steutel and Van Harn [SH03]) if it can be expressed as the probability
distribution of the sum of an arbitrary number of independent and identically
distributed random variables. The concept of infinite divisibility of probability
distributions was introduced in 1929 by Bruno de Finetti and the most basic results
were discovered by Andrey Kolmogorov, Paul Lévy and Aleksandr Khinchin. This
type of decomposition of a distribution is used in probability and statistics to
find families of probability distributions that might be natural choices for certain
models or applications. Infinitely divisible distributions also play an important
role in the context of limit theorems. The characteristic function of any infinitely
divisible distribution is called an infinitely divisible characteristic function and such
a function may be represented, for any value of n, as the n-th power of some other
characteristic function. More precisely, a probability distribution ν on the half-line
[0,∞) is infinitely divisible if for any n ∈ N there exists a probability distribution
νn on (0,∞) such that ∫ ∞

0
e−xt dν =

(∫ ∞

0
e−xt dνn

)n
.

A function f : (0,∞)→R is completely monotone (or completely monotonic) if it
has derivatives of all orders and (−1)n f (n)(x)> 0 for all x > 0 and n ∈ {0, 1, 2, . . . }.
The classes of completely monotonic functions and infinitely divisible distributions
are related by the following well-known result (see [Fe66, p. 425]).

Lemma 1. The function ω : (0,∞) → (0,∞) is the Laplace transform of an
infinitely divisible distribution if and only if ω(x)= e−ϕ(x), where ϕ(0+)= 0 and
ϕ : (0,∞)→ (0,∞) is a Bernstein function, that is, ϕ′ is completely monotonic.

Every continuous-time Lévy process has infinitely divisible distributions, and
conversely every infinitely divisible distribution generates uniquely a Lévy process
(see for example Steutel and Van Harn [SH03]).

In various real life situations — for instance in biology, physics, economics and
actuarial science — certain models postulate a random effect that is the sum of
several independent random components with the same distribution. A convenient
way to enforce this condition is to suppose the infinite divisibility of the distribution
of these random effects.

The concept of self-decomposability of probability measures is due to Paul Lévy
and goes back to 1937. A random variable X , distributed according to a law, is
called self-decomposable if for every c ∈ (0, 1) there exists a random variable Xc,
independent of X , such that X and Xc + cX are equal in law. A distribution is
self-decomposable if and only if it is a weak limit of partial normed centered sums
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of a simple sequence of independent random variables. More precisely, a probability
distribution is self-decomposable if it is the limit of

(X1 + · · · + Xn − bn)/an,

where the X i are independent random variables and {an} and {bn} are sequences of
constants with an → ∞ and an+1/an → 1. Every self-decomposable distribution is
infinitely divisible, and the class of self-decomposable distributions is closed under
the convolution and the weak convergence. This class contains stable distributions
and generalized gamma convolutions.

The next auxiliary result (see [Fe66, p. 589]) characterizes self-decomposable
distributions with support [0,∞).

Lemma 2. A random variable X with support [0,∞) having the Laplace transform
ω : (0,∞)→ (0,∞) is self-decomposable if and only if for every α, where α∈ (0, 1),
the function ω(x)/ω(αx) is a Laplace transform.

Now, let us focus on two other subclasses of infinitely distributions. A function
f : (0,∞) → (0,∞) is hyperbolically completely monotone if for each u > 0
the function f (uv) f (u/v) is completely monotone as a function of w = v+ 1/v,
where v > 0. A distribution is said to be hyperbolically completely monotone if
its probability density function is hyperbolically completely monotone. This class
of lifetime distributions was discovered by Lennart Bondesson (see [Bo92]) and it
is strongly connected to the class of generalized gamma convolutions, which was
introduced by Olof Thorin [Th77] and constitutes the smallest class of distributions
on (0,∞) that contains all gamma distributions and is closed under convolution
and weak convergence. A positive continuous random variable X belongs to the
class of generalized gamma convolutions if its Laplace transform is of the form

L(s)= exp
(
−as +

∫ ∞

0
ln t

s+t
dµ(t)

)
,

where s ≥ 0, a ≥ 0 and dµ(t) is a nonnegative measure. Since the gamma distribu-
tion is infinitely divisible and self-decomposable, so is every generalized gamma
convolution. An interesting result of Bondesson (see [Bo92]) states that a probability
density that is hyperbolically completely monotone is the density of a generalized
gamma convolution.

The next result is a Pick function characterization theorem of generalized gamma
convolutions.

Lemma 3 [Bo92, Theorem 3.1.2]. The probability distribution of a continuous
random variable X on [0,∞) is a generalized gamma convolution if and only if its
moment generating function ψ is analytic and zero-free in C \ [0,∞), and satisfies
Im

(
ψ ′(s)/ψ(s)

)
≥ 0 for Im s > 0.
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Another simple characterization of generalized gamma convolutions is due to
Bondesson:

Lemma 4 [Bo92, Theorem 6.1.1]. A function φ on [0,∞) is the Laplace transform
of a generalized gamma convolution if and only if φ(0)= 1 and φ is hyperbolically
completely monotone.

Thorin’s class of generalized gamma convolutions is closed with respect to
rescaling, weak limits, and addition of independent random variables. Bondesson
[Bo15, Theorem 1] has shown that the generalized gamma convolution class also
has the remarkable property of being closed with respect to multiplication of
independent random variables.

Proving or disproving infinite divisibility of a certain distribution is sometimes
a complicated task and it may need a specialized approach; see for example the
papers of John Kent [Ke78] and those of Pierre Bosch and Thomas Simon [BS15;
BS16]. The Laplace transforms of probability measures are usually transcendental
special functions, which has led authors to study the complete monotonicity of
various quotients of special functions (such as modified Bessel functions, Tricomi
hypergeometric functions, parabolic cylinder functions) and of the logarithmic
derivatives of solutions of differential and difference equations; see for example the
papers of Philip Hartman [Ha78; Ha79].

The present study is motivated by the special function technique approach of
Mourad Ismail and coauthors (see [Is77a; Is77b; IK79; IM79; IM82; Is90]); we
extend and complement the results from these papers by deducing a series of new
Stieltjes transform representations for products and quotients of modified Bessel
functions of the first and second kinds and by obtaining new infinitely divisible
modified Bessel distributions.

Some of our main results are proved using ideas from the works just cited, but we
also work with the theory of generalized gamma convolutions and hyperbolically
completely monotone densities.

Outline. In the remainder of this section we recall some basic lemmas on Stieltjes
transforms. In Section 2 we present a series of results on infinite divisibility of
McKay distributions and its generalizations, the K -distribution and generalized
inverse Gaussian distribution. In Section 3 we obtain a series of new Stieltjes
transform representations for products and quotients of modified Bessel functions of
the first and second kinds and using these results we obtain new infinitely divisible
modified Bessel distributions. These new distributions have Laplace transforms
related to modified Bessel functions of the first and second kinds. Section 4 is
devoted to remarks and open problems concerning some distributions related to
modified Bessel functions and Tricomi hypergeometric functions, while Section 5
contains the proofs of all the main results of this paper.
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1.2. Preliminaries on Stieltjes transforms. Before presenting our results on infinitely
divisible distributions whose probability density function or Laplace transform
involves modified Bessel functions, we recall some basic facts concerning Stieltjes
transforms. The first two lemmas of this subsection are variants of the representation
theorem for Stieltjes transforms. In some applications we use Lemma 5 and in
others Lemma 6. The ensuing Lemma 7 is called the inversion theorem for Stieltjes
transforms or Perron–Stieltjes inversion formula and it is also a key ingredient in
our proofs.

For proofs of Lemmas 5 and 6 we refer to [HW55] (pp. 235 and 210, respectively),
while Lemma 7 can be found in [St32]. (Alternatively, Lemmas 5–7 can be found
in [Is77a, Lemma 2.1], [IK79, Theorem 1.2] and [Is77a, Lemma 2.2], respectively.)

Lemma 5 (first representation theorem for Stieltjes transforms). A complex function
F(z) admits a Stieltjes transform representation

(1-1) F(z)=

∫ ∞

0

dµ(t)
z + t

, with
∫ ∞

0
|dµ(t)|<∞,

if and only if the following conditions hold true:

a. F(z) is analytic for |arg z|< π .

b. F(z)= o(1) as |z| → ∞ and F(z)= o(|z|−1) as |z| → 0, uniformly in every
sector |arg z| ≤ π − ε for ε > 0.

Lemma 6 (second representation theorem for Stieltjes transforms). If

a. F(z) is analytic for |arg z|< π/θ for some θ such that 0< θ < 1, and

b. F(z) = o(1) as z → ∞ and F(z) = o(|z|−1) as z → 0, uniformly in every
sector |arg z| ≤ π/η with θ < η < 1,

then the Stieltjes transform representation

(1-2) F(x)=
1
π

∫ ∞

0

dt
x + t

1
2π i

∫
C

ze
z
2 F(tez)

z2 +π2 dz

is valid for all x > 0, where C is a rectifiable closed curve going around [−iπ, iπ ]

in the positive direction and lying in the strip |Im z|< π/θ .

Lemma 7 (inversion theorem for Stieltjes transforms). If F has the representation
(1-1), then

(1-3) µ(t2)−µ(t1)= lim
η→0+

1
2π i

∫ t2

t1
[F(−t − iη)− F(−t + iη)] dt,

where µ(t) is normalized by µ(0) = µ(0+) = 0 and 2µ(t) = µ(t+)+µ(t−) for
t > 0.
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2. Distributions whose probability density function involves
modified Bessel functions

In this section we consider some known distributions whose probability density
function involves the modified Bessel function of the first or second kind and study
whether these distributions belong to the class of infinitely divisible distributions
or to one of its subclasses: self-decomposable distributions, generalized gamma
convolutions and hyperbolically completely monotone densities.

2.1. The McKay distribution of type I. The McKay distribution of type I involves
the modified Bessel function of the first kind, Iµ. Its probability density function is
given by

(2-1) ϕµ,a,b(x)=

√
π(b2

− a2)µ+
1
2

(2a)µ0
(
µ+

1
2

) xµe−bx Iµ(ax),

where b > a > 0, µ > −
1
2 , and its support is (0,∞). In view of the asymptotic

relation

Iµ(x)∼
xµ

2µ0(µ+ 1)

as x → 0 and by using the Legendre duplication formula for the Euler gamma
function

0(2x)=
1

√
π

22x−10(x)0
(
x +

1
2

)
we obtain

lim
a→0

ϕµ,a,b(x)=
b2µ+1

0(2µ+ 1)
e−bx x2µ,

which shows that the McKay distribution of type I for a → 0 reduces to a gamma
distribution with shape parameter 2µ + 1 and inverse scale parameter b (also
known as the rate parameter). Since the gamma distribution is infinitely divisible
and self-decomposable, and obviously belongs to the class of generalized gamma
convolutions, it is natural to ask whether the McKay distribution of type I belongs
to those same classes of distributions. It is known (see [Ba10, p. 580]) that x 7→

e−x xµ Iµ(x) is completely monotonic on (0,∞) for all µ ∈
[
−

1
2 , 0

]
, which in

turn implies that x 7→ e−ax(ax)µ Iµ(ax) is completely monotonic on (0,∞) for
all µ ∈

[
−

1
2 , 0

]
and a > 0. On the other hand, the function x 7→ e(a−b)x is also

completely monotonic on (0,∞) for all b > a, and since the product of two
completely monotonic functions is also completely monotonic, we conclude:

Fact. The probability density function ϕµ,a,b is completely monotonic on (0,∞)

for all µ ∈
(
−

1
2 , 0

]
and b > a > 0, and according to the Goldie–Steutel law the

McKay distribution of type I is infinitely divisible for all µ ∈
(
−

1
2 , 0

]
and b> a > 0.
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With a more sophisticated analysis it is possible to show the next theorem, to the
effect that the McKay distribution of type I is infinitely divisible for all µ > −

1
2

and b > a > 0. The proof may be found in Section 5.

Theorem 1. If µ >−
1
2 and b > a > 0, the McKay distribution, whose probability

density function is defined by (2-1), belongs to the class of infinitely divisible
distributions, self-decomposable distributions and generalized gamma convolutions.

2.2. Another McKay-type distribution. Another distribution similar to the McKay
distribution of type I also involves the modified Bessel function of the first kind Iµ.
Its support is [0,∞) and its probability density function is given by

(2-2) ψµ,a,b(x)=

√
π(b2

− a2)µ+
3
2

2b(2a)µ0
(
µ+

3
2

) xµ+1e−bx Iµ(ax),

where b > a > 0, µ >−1.

Theorem 2. If µ > −1 and b > a > 0, the distribution with probability density
function (2-2) belongs to the class of infinitely divisible distributions.

2.3. Generalization of the McKay distribution of type I. We turn to a generalization
of McKay-type distributions. Its support is also (0,∞) and its probability density
function is given by

(2-3) ϕµ,ν,a,b(x)=
1

cµ,ν,a,b
xν−1e−bx Iµ(ax),

where µ+ 1> 0, µ+ ν > 0, b > a > 0, and

cµ,ν,a,b =
(a/2)µ

bµ+ν

0(µ+ ν)

0(µ+ 1)
· 2F1

(
µ+ν

2 ,
µ+ν+1

2 , µ+ 1, a2/b2)
(here 2F1(a, b, c, x) is the Gaussian hypergeometric function). Observe that

cµ,µ+1,a,b =
(2a)µ0

(
µ+

1
2

)
√
π b2µ+1 1F0

(
µ+

1
2 , a2/b2)

=
(2a)µ0

(
µ+

1
2

)
√
π(b2 − a2)µ+

1
2

and

cµ,µ+2,a,b =
2(2a)µ0

(
µ+

3
2

)
√
π b2µ+2 1F0

(
µ+

3
2 , a2/b2)

=
(2b)(2a)µ0

(
µ+

3
2

)
√
π(b2 − a2)µ+

3
2

,

and consequently for all x > 0, µ >−
1
2 and b > a > 0 we have

ϕµ,µ+1,a,b(x)= ϕµ,a,b(x)=

√
π(b2

− a2)µ+
1
2

(2a)µ0
(
µ+

1
2

) xµe−bx Iµ(ax)



268 ÁRPÁD BARICZ, DHIVYA PRABHU K, SANJEEV SINGH AND ANTONY VIJESH V

and for all x > 0, µ >−1 and b > a > 0 we have

ϕµ,µ+2,a,b(x)= ψµ,a,b(x)=

√
π(b2

− a2)µ+
3
2

2b(2a)µ0
(
µ+

3
2

) xµ+1e−bx Iµ(ax).

From [Ba10, p. 578] we know that the function x 7→ e−x x−µ Iµ(x) is com-
pletely monotonic on (0,∞) for all µ ≥ −

1
2 , which in turn implies that x 7→

e−ax(ax)−µ Iµ(ax) is completely monotonic on (0,∞) for all µ≥ −
1
2 and a > 0.

On the other hand, the function x 7→ e(a−b)x is also completely monotonic on
(0,∞) for all b > a. As the product of completely monotonic functions, therefore,
the probability density function ϕµ,ν,a,b is completely monotonic on (0,∞) for all
µ≥ −

1
2 , µ+ ν ≤ 1 and b > a > 0; thus, according to the Goldie–Steutel law, the

generalization of the McKay distribution of type I is infinitely divisible for such
values of µ, ν, b, a.

Theorem 3. If µ+ν > 0, µ+1 ≥ ν and b> a> 0, the distribution with probability
density function defined by (2-3) is infinitely divisible.

With the previous paragraph, this gives two domains in the (µ, ν)-plane where
our distribution is infinitely divisible (with b> a > 0). Neither domain contains the
other. It would of interest to find the largest domain of µ and ν with this property.

2.4. One more McKay-type distribution. We turn to another distribution similar
to the above generalization of the McKay distribution of type I. Its support is also
(0,∞) and its probability density function is given by

(2-4) ξµ,a,b(x)=
1

cµ,a,b
x2µe−bx (

Iµ(ax)
)2
,

where µ >−
1
4 , b > 2a > 0 and

cµ,a,b =
24µa2µ

πb4µ+1

0
(
µ+

1
2

)
0

(
2µ+

1
2

)
0(µ+ 1)

· 2F1
(
µ+

1
2 , 2µ+

1
2 , µ+ 1, 4a2/b2).

From [Ba10, p. 580] we know that the function x 7→ e−x xµ Iµ(x) is completely
monotonic on (0,∞) for all µ ∈

[
−

1
2 , 0

]
, and thus so are x 7→ e−ax(ax)µ Iµ(ax)

and x 7→ e−2ax(ax)2µ(Iµ(ax))2 for all a> 0. Taking the product with x 7→ e(2a−b)x ,
which is completely monotonic on (0,∞) for b>2a, we see that ξµ,a,b is completely
monotonic on (0,∞) for all µ ∈

(
−

1
4 , 0

]
and b> 2a > 0. Again by Goldie–Steutel,

then, the above McKay type distribution is infinitely divisible for all µ ∈
(
−

1
4 , 0

]
and b > 2a > 0. With a finer analysis the range of µ can be extended:

Theorem 4. If µ∈
(
−

1
4 ,

1
2

]
and b> 2a> 0, the distribution with probability density

function (2-4) is infinitely divisible.
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2.5. The K-distribution or gamma-gamma distribution. Suppose that a random
variable X has gamma distribution with mean σ and shape parameter α, where σ
is a random variable also having a gamma distribution, with mean µ and shape
parameter β, where α, β, µ > 0. The result (see [JP78] and [Re99]) is that X has
the following probability density function, supported on (0,∞):

(2-5) ωα,β,µ(x)=
2

0(α)0(β)
(αβ/µ)

α+β
2 x

α+β
2 −1Kα−β(2

√
αβx/µ).

The corresponding probability distribution, known as the K -distribution, besides
being a compound distribution, it is also a product distribution: namely, the dis-
tribution of the product of two independent gamma-distributed random variables,
one with mean 1 and shape parameter α > 0, the other with mean µ > 0 and shape
parameter β > 0.

Since gamma densities are hyperbolically completely monotone and the product
of hyperbolically completely monotone functions belongs to the same class (see
[Bo92] or [Bo15, Proposition 4]), we conclude that the K -distribution is a hyper-
bolically completely monotone distribution. This proves the next theorem, but we
will later give an alternative proof of it using special function techniques.

Theorem 5. If α, β, µ > 0, the K -distribution, with probability density function
defined by (2-5), belongs to the class of infinitely divisible distributions, self-
decomposable distributions, generalized gamma convolutions and hyperbolically
completely monotone distributions.

The K -distribution (also known as the gamma-gamma distribution, since it arises
from the product of two independent gamma random variables) is well-known
in engineering, having been used for example in modeling land and sea radar
clutter, as well as the combined effects of fading and shadowing encountered in
mobile communications channels. It has been applied also to optical wireless
systems, involving the transmission of optical signals through the atmosphere (see
[BSMKR06; CK11]), and in modeling microwave sea echo (see [JP78]).

In [BPV11, Theorem 5] the authors proved that the probability density function
of the gamma-gamma distribution x 7→ ωα,β,µ(x) is geometrically concave on
(0,∞) for all α, β, µ > 0, that is, the function x 7→ xω′

α,β,µ(x)/ωα,β,µ(x) is
decreasing on (0,∞) for all α, β, µ > 0. It can be shown easily (see for example
[Bo92, p. 102]) that this is equivalent to the probability density function of the
K -distribution being hyperbolically monotone (of order 1), that is, the function
w 7→ωα,β,µ(uv)ωα,β,µ(u/v) is decreasing on (0,∞) for all u, v, α, β, µ>0, where
w = v+ 1/v. Clearly Theorem 5 states much more than this: the function w 7→

ωα,β,µ(uv)ωα,β,µ(u/v) is not only decreasing on (0,∞) for all u, v, α, β, µ > 0,
it is even completely monotonic.
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2.6. The generalized inverse Gaussian distribution. The generalized inverse Gauss-
ian distribution is a three-parameter family of continuous probability distributions
with probability density function

(2-6) πµ,a,b(x)=
(a/b)µ/2

2Kµ(
√

ab)
xµ−1e−

1
2 (ax+b/x)

and support (0,∞), where a, b> 0 and µ is a real parameter. Barndorff-Nielsen and
Halgreen [BH77] have proved that the generalized Gaussian distribution is infinitely
divisible. Barndorff-Nielsen et al. [BBH78] have shown that the generalized inverse
Gaussian distribution is a first hitting time for certain time-homogeneous diffusion
processes provided the parameter µ is negative, and in this case infinite divisibility
follows from the general central limit theorem. Halgreen [Ha79] and Bondesson
[Bo79] have shown that the generalized inverse Gaussian distribution is a generalized
gamma convolution, and according to [Bo92, p. 74] the generalized inverse Gaussian
distribution belongs to the class of hyperbolically completely monotone densities
and hence to the class of generalized gamma convolutions and self-decomposable
distributions. Thus the next theorem is previously known, but we will provide
an alternative proof, based on the special function approach, for the fact that the
generalized inverse Gaussian distribution is a generalized gamma convolution.

Theorem 6. If µ ∈ R and a, b > 0, the generalized inverse Gaussian distribution,
with probability density function (2-6), belongs to the class of generalized gamma
convolutions and hence to the class of self-decomposable distributions and infinitely
divisible distributions.

3. Distributions whose Laplace transform involves
modified Bessel functions

At the end of his book [Bo92] Bondesson wrote: “Since the class of infinitely
divisible distributions is extremely large, it is not a very interesting class. In fact,
as the research during the last two decades has shown, infinitely divisibility seems
to be more a rule than an exception. This is not surprising if one considers that the
class of (univariate) distributions which are infinitely divisible with respect to the
maximum operation contains all distributions. On the other hand, to investigate
whether or not infinitely divisibility holds for a particular distribution may lead to a
deep insight into the structure of that and other distributions and also to a lot of
by-products. (Cf. Riemann’s hypothesis in mathematics, for example.) This work
would certainly not have been written had not Steutel (1973) asked whether the
lognormal distribution is infinitely divisible and had not Thorin (1977) attacked and
solved this problem.”
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In this section our aim is to consider some new lifetime distributions whose
Laplace transform contains the modified Bessel function of the first and/or second
kind and to study whether these distributions belong to the class of infinitely divisible
distributions or to one of its subclasses such as self-decomposable distributions or
generalized gamma convolutions. It is an interesting problem to find out whether
or not particular distributions are infinitely divisible; in this connection, the first
part of this section was motivated by the following open conjecture of Ismail and
Miller [IM82, p. 234]:

Conjecture. If ν > µ≥ 0 and b > a > 0, is the function

x 7→

(b
a

)µ−ν Iµ(a
√

x)Iν(b
√

x)
Iµ(b

√
x)Iν(a

√
x)

the Laplace transform of an infinitely divisible probability distribution?

Theorems 8 and 9 show that it is possible to generate the Laplace transform of
an infinitely divisible probability distribution from the above quotient of modified
Bessel functions of the first kind, with some slight modifications.

3.1. Quotients of modified Bessel functions of the first kind. Due to Ismail and
Kelker [IK79, Theorem 1.10], we know that the function

(3-1) x 7→ ρµ,a(x)=
1

2µ0(µ+ 1)
(a

√
x)µ

Iµ(a
√

x)

is the Laplace transform of an infinitely divisible distribution on [0,∞), when
µ> 0 and a> 0. The same distribution is also self-decomposable; the proof follows
naturally from Lemma 2.

The next result shows that in fact the above function is the Laplace transform of
a generalized gamma convolution.

Theorem 7. If µ >−1 and a > 0, then x 7→ ρµ,a(x) is the Laplace transform of a
generalized gamma convolution and therefore it is also the Laplace transform of a
self-decomposable distribution.

Theorem 8. If µ >−1, ν > σ >−1 and b > a > 0, then

�µ,ν,σ,a,b(x)=

(b
a

)µ−ν Iµ(a
√

x)Iν(b
√

x)
Iµ(b

√
x)Iν(a

√
x)

· ρσ,b(x)

is the Laplace transform of an infinitely divisible distribution with support [0,∞).

Theorem 9. If µ >−1, ν > 1
2 and b > a > 0, the function

�µ,ν,a,b(x)=

(b
a

)µ−ν Iµ(a
√

x)Iν(b
√

x)
Iµ(b

√
x)Iν(a

√
x)

· e−b
√

x

is the Laplace transform of an infinitely divisible distribution with support [0,∞).
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3.2. Stieltjes transform representations and infinite divisibility. We now list results
related to Stieltjes transforms of modified Bessel functions of the first and second
kinds, their products and quotients. We show that these new Stieltjes transform
representations are closely related to some new infinitely divisible modified Bessel
distributions. The proofs of the results are based on representation and inversion
theorems for Stieltjes transforms. Some of the proofs related to infinitely divisibility
were inspired from the papers of Mourad Ismail, but in each case we will also show
the integral representation of the probability density functions in question.

Theorem 10. If a > 0, µ >−
1
2 and |arg z|< π , the following Stieltjes transform

representation is valid:

e−a
√

zz−
µ
2 Iµ(a

√
z)=

1
π

∫ ∞

0

t−
µ
2

z + t
Jµ(a

√
t) sin(a

√
t) dt.

It can be rewritten as the two-fold Laplace transform

e−a
√

zz−
µ
2 Iµ(a

√
z)=

1
π

∫ ∞

0
e−zs

(∫ ∞

0
e−st t−

µ
2 Jµ(a

√
t) sin(a

√
t) dt

)
ds.

We know from [Is90, Theorem 2] that if µ > 1
2 , the function

x 7→ 2µ0(µ+ 1)x−µ/2 Iµ(
√

x)e−
√

x

is the Laplace transform of an infinitely divisible distribution that is not a generalized
gamma convolution. This implies that the function

x 7→
2µ0(µ+ 1)

aµ
x−

µ
2 e−a

√
x Iµ(a

√
x)

is also the Laplace transform of an infinitely divisible distribution that is not a
generalized gamma convolution. In view of Theorem 10, the function

s 7→
1
π

2µ0(µ+ 1)
aµ

∫ ∞

0
e−st t−

µ
2 Jµ(a

√
t) sin(a

√
t) dt

is the corresponding probability density function for the above distribution when
µ > 1

2 . This complements [Is90, Theorem 2]. Also, from [EMOT54, eq. (19),
p. 226] we know that

z−
µ
2 e−a

√
z Iµ(b

√
z)=

1
π

∫ ∞

0

t−
µ
2

z + t
Jµ(b

√
t) sin(a

√
t) dt,

where Reµ >−
1
2 , a > b > 0.

Theorem 10 can be extended to the case when a> 0, Reµ>−
1
2 and |arg z|<π ,

which clearly complements the above formula for the case a = b.
The next theorem is a similar result for the product of modified Bessel functions.
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Theorem 11. Let a ≤ b, µ, ν >−1, ν−µ < 1 and |arg z|< π . Then

(3-2) z
ν−µ

2 Iµ(a
√

z)Kν(b
√

z)=
1
2

∫ ∞

0

t
ν−µ

2

z+t
Jµ(a

√
t)Jν(b

√
t) dt.

This Stieltjes transform representation can be rewritten as

z
ν−µ

2 Iµ(a
√

z)Kν(b
√

z)=
1
2

∫ ∞

0
e−zs

(∫ ∞

0
e−st t

ν−µ
2 Jµ(a

√
t)Jν(b

√
t) dt

)
ds.

Theorem 11 also holds for modified Bessel functions whose orders µ and ν are
complex numbers: specifically, under the conditions a ≤ b, Reµ>−1, Re ν >−1,
Re(ν−µ) < 1 and |arg z|< π .

During our work we found out that the integral representation in (3-2) existed in
the literature (see [MOS66, p. 96]) in the form

(3-3) zν−µ Iµ(az)Kν(bz)=

∫ ∞

0

tν−µ+1

z2 + t2 Jµ(at)Jν(bt) dt

with the better conditions a ≤ b, Re ν > −1, Re(ν − µ) < 2 and Re z > 0. By
replacing z by

√
z and introducing a suitable transformation, equation (3-3) becomes

(3-2) with the conditions a ≤ b, Re ν > −1, Re(ν −µ) < 2 and |arg z| < π . The
representation (3-2) is also given in [EMOT54, eq. (24), p. 227] with conditions
0< a < b, 2 + Reµ > Re ν >−1. By using the asymptotic relations 10.30.4 and
10.25.3 in [NIST10], we have, as z → ∞,

z
ν−µ

2 Iµ(a
√

z)Kν(b
√

z)∼ z
ν−µ

2
ea

√
z√

2πa
√

z

√
π

2b
√

z
e−b

√
z
=

1

2
√

ab
e(a−b)

√
zz

ν−µ−1
2 .

The factor e(a−b)
√

z does not goes to zero as |z| → ∞ uniformly in every sector
|arg z| ≤ π − ϵ, for ϵ > 0. Consequently, condition (b) in Lemma 5 is not valid
when Re(ν−µ)≥ 1. Thus, when Re(ν−µ)≥ 1 the Stieltjes measure presented in
[MOS66, p. 96] and [EMOT54, eq. (24), p. 227] is not absolutely integrable.

For integer µ= ν = n, equation (3-3) appears in [Mi36] with a reference to von
Hermann Hankel [Ha75], while a more general form of (3-3) for integer orders has
been considered in [Ha75]. Namely, the extension of (3-3) in the case when k ∈ N

and n + m + q is an even integer has the form

−
1

20(k + 1)

(
∂

∂r2

)k
rq Jn(ar)

(
Yn(br)−π iJn(br)

)
=

∫ ∞

0
tq+1 Jn(at)Jm(bt)

(t2 − r2)k+1 dt.

The following result provides an immediate application of (3-2).

Theorem 12. If µ >−1 and |arg z|< π , the following representations hold:

(3-4) 2Iµ(
√

z)Kµ(
√

z)=

∫ ∞

0

J 2
µ(

√
t)

z + t
dt =

∫ ∞

0
e−zs

(∫ ∞

0
e−st J 2

µ(
√

t) dt
)

ds.
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and consequently for µ > 0 the function x 7→ 2µIµ(
√

x)Kµ(
√

x) is the Laplace
transform of an infinitely divisible probability distribution with support [0,∞), and
its corresponding probability density function is

ςµ(x)= µ
∫ ∞

0
e−t x J 2

µ(
√

t) dt =
µ

x
e−

1
2x Iµ

( 1
2x

)
.

A Stieltjes transform can be viewed, at least formally, as a two-fold Laplace
transform: ∫ ∞

0

dµ(t)
z + t

=

∫ ∞

0
e−zs

∫ ∞

0
e−st dµ(t) ds.

This relation immediately implies the second equation in Theorems 10 and 11, as
well as the second equality in (3-4). The formula (3-4) preexisted in the literature as
[EMOT54, eq. (22), p. 226]) with condition µ∈C. But for the case when Reµ≤−1,
µ ̸= −1,−2, . . . , by using the asymptotic relations [NIST10, 10.30.1, 10.30.2 and
10.27.3], we observe that as z → 0

Iµ(
√

z)Kµ(
√

z)= Iµ(
√

z)K−µ(
√

z)∼
0(−µ)

22µ+10(µ+ 1)
zµ.

It is clear that |z| Iµ(
√

z)Kµ(
√

z) does not goes to zero as z → 0. This violates
one of the conditions in Lemma 5. Thus, when Reµ ≤ −1, µ ̸= −1,−2, . . .
the Stieltjes measure presented in [EMOT54, eq. (22), p. 226] is not absolutely
integrable.

The next corollary contains some immediate applications of the formula in (3-4)
concerning the product of modified Bessel functions of the first and second kinds.
The first part of the next corollary is well-known and was proved using nontrivial
arguments by Penfold et al. [PVG07] for µ≥ 0, by Baricz [Ba09] for µ≥ −

1
2 and

by Segura [Se21] for µ≥ −1.

Corollary 1.

a. The function x 7→ Iµ(x)Kµ(x) is decreasing on (0,∞) for all µ >−1.

b. The function x 7→ Iµ(
√

x)Kµ(
√

x) is completely monotonic on (0,∞) for all
µ >−1.

c. The function x 7→ x Iµ(
√

x)Kµ(
√

x) is a Bernstein function on (0,∞) for all
µ >−1.

d. The function x 7→
(
x Iµ(

√
x)Kµ(

√
x)

)−1 is completely monotonic on (0,∞)

for all µ≥ 0.

e. If µ> 0 and x > 0, then Iµ(x)Kµ(x)≤
πc2

L
√

3x
2
3

, where cL = supt∈R+

3
√

t J0(t)≃
0.7857468704 . . . .

In [BMPS16, Theorem 1] the authors obtained a more general bound for µ≥ ν
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and x > 0:
Iµ(x)Kν(x)≤

2π
3
2 cL

√
30

( 2
3

)
0

( 5
6

)
(2x)

1
3

.

Since

cL <
2

2
3
√
π

0
( 2

3

)
0

( 5
6

) ≃ 1.8407427466 . . . ,

the upper bound in Corollary 1e is sharper than the above bound from [BMPS16]
in the case when µ= ν.

Another infinitely divisible distribution related to the product of Iµ(a
√

x)Kν(b
√

x)
can be found in the next theorem.

Theorem 13. If µ, ν >−1, ν−µ < 1, a, b > 0 and |arg z|< π , then

z
ν−µ

2 e−a
√

z Iµ(a
√

z)Kν(b
√

z)

=
1
2

∫ ∞

0

t
ν−µ

2 Jµ(a
√

t)
z + t

(
Jν(b

√
t) cos(a

√
t)− Yν(b

√
t) sin(a

√
t)

)
dt.

This Stieltjes transform representation can be rewritten as

Iµ(a
√

z)Kν(b
√

z)

z
µ−ν

2 ea
√

z
=

1
2

∫ ∞

0
e−zs

(∫ ∞

0
e−st t

ν−µ
2 Jµ(a

√
t)

(
Jν(b

√
t) cos(a

√
t)−Yν(b

√
t) sin(a

√
t)

)
dt

)
ds.

The next theorem shows that the function

x 7→
2µ−ν+10(µ+ 1)bν

aµ0(ν)
e−a

√
x x

ν−µ
2 Iµ(a

√
x)Kν(b

√
x)

is the Laplace transform of an infinitely divisible distribution on (0,∞) with the
conditions a, b, ν > 0 and µ > 1

2 . Based on Theorem 13 we can express the
probability density function of the corresponding distribution as

s 7→
2µ−ν0(µ+ 1)bν

aµ0(ν)

×

∫ ∞

0
e−st t

ν−µ
2 Jµ(a

√
t)

(
Jν(b

√
t) cos(a

√
t)− Yν(b

√
t) sin(a

√
t)

)
dt

whenever a, b, ν > 0, µ > 1
2 and ν−µ < 1.

Theorem 14. If a, b, ν > 0 and µ > 1
2 , the function

χµ,ν,a,b(x)=
2µ−ν+10(µ+ 1)bν

aµ0(ν)
e−a

√
x x

ν−µ
2 Iµ(a

√
x)Kν(b

√
x)

is the Laplace transform of an infinitely divisible distribution on (0,∞).
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The next result is also related to an infinitely divisible distribution, but involves
only the modified Bessel functions of the second kind.

Theorem 15. If a, b, µ, ν > 0, ν+µ < 1 and |arg z|< π , then

(3-5) z
µ+ν

2 Kµ(a
√

z)Kν(b
√

z)

= −
π

4

∫ ∞

0

t
µ+ν

2

z + t

(
Jµ(a

√
t)Yν(b

√
t)+ Jν(b

√
t)Yµ(a

√
t)

)
dt.

This representation can be rewritten as

z
µ+ν

2 Kµ(a
√

z)Kν(b
√

z)

=

∫ ∞

0
e−zs

(
−
π

4

∫ ∞

0
e−st t

µ+ν
2

(
Jµ(a

√
t)Yν(b

√
t)+ Jν(b

√
t)Yµ(a

√
t)

)
dt

)
ds.

The following result shows that the above product of modified Bessel functions
naturally generates a generalized gamma convolution. On the other hand, if we let
a, b, µ, ν and s be strictly positive real numbers, and ν+µ < 1, then the function

s 7→
−πaµbν

2µ+ν0(µ)0(ν)

∫ ∞

0
e−st t

µ+ν
2

(
Jµ(a

√
t)Yν(b

√
t)+ Jν(b

√
t)Yµ(a

√
t)

)
dt

is in fact a probability density function and∫ ∞

0

(∫ ∞

0
e−st t

µ+ν
2

(
Jµ(a

√
t)Yν(b

√
t)+ Jν(b

√
t)Yµ(a

√
t)

)
dt

)
ds

=
−2µ+ν0(µ)0(ν)

πaµbν
.

This follows from Theorem 15 and the fact that function in (3-6) is the Laplace
transform of an infinitely divisible distribution. In the case when a = b = 1, in view
of the integral representation

Jµ(x)Yν(x)+ Jν(x)Yµ(x)= −
4
π

∫ ∞

0
Jµ+ν(2x cosh s) cosh((µ− ν)s) Fds

(see [EMOT53b, eq. (65), p. 97]), we obtain that (3-5) reduces to

z
µ+ν

2 Kµ(
√

z)Kν(
√

z)=

∫ ∞

0

(∫ ∞

0

t
µ+ν

2

z + t
Jµ+ν(2

√
t cosh s) cosh((µ− ν)s) ds

)
dt,

where µ, ν > 0, ν+µ < 1 and |arg z|< π , as before.
In Theorem 15 it is possible to assume that the orders µ and ν are complex

numbers with the conditions such that Reµ> 0, Re ν > 0 and Re(ν+µ) < 1. The
integral representation in (3-5) preexisted in the literature (see [MOS66, p. 96]) in
two forms:

(−1)l+1 2
π

zµ+ν+2lKν(az)Kµ(bz)=
∫ ∞

0

tµ+ν+2l+1

z2 + t2

(
Jν(at)Yµ(bt)+Jµ(bt)Yν(at)

)
dt ,
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where l ∈ {0,±1,±2, . . . }, Re(ν+l)>−1, Re(µ+l)>−1, l−1<Re(µ+ν+2l)< l,
Re z > 0, and

(−1)l+1 2
π

zµ+ν+2l−1Kν(az)Kµ(bz)=
∫ ∞

0

tµ+ν+2l

z2 + t2

(
Jν(at)Jµ(bt)−Yν(at)Yµ(bt)

)
dt,

where l ∈ {0,±1,±2, . . . }, Re(ν+l)>−
1
2 , Re(µ+l)>−

1
2 , l− 1

2 <Re(µ+ν+2l)< l,
Re z>0. Clearly our product representation (3-5) corresponds to case when zµ+ν+2l

reduces to zµ+ν and in this case the conditions will be Re ν > −1, Reµ > −1,
−1< Re(ν+µ) < 0 and Re z > 0, which complements our conditions Reµ > 0,
Re ν > 0, Re(ν+µ) < 1 and |arg z|< π .

Theorem 16. If a, b, µ, and ν are strictly positive real numbers, the function

(3-6) ϑµ,ν,a,b(x)=
aµbν

2µ+ν−20(µ)0(ν)
x
µ+ν

2 Kµ(a
√

x)Kν(b
√

x)

is the Laplace transform of an infinitely divisible distribution on (0,∞) that is
self-decomposable and a generalized gamma convolution.

Ismail and Kelker [IK79, Theorem 1.8] proved that if µ > ν > −1, the func-
tion x 7→ (

√
x)ν−µKν(

√
x)/Kµ(

√
x) is the Laplace transform of an infinitely

divisible distribution with support (0,∞) and consequently taking into account
that Kµ(x) ∼ 2µ−1x−µ0(µ) as µ → ∞ for x > 0 fixed, the function x 7→

(
√

x)νKν(
√

x)/
[
2ν−10(ν)

]
is also the Laplace transform of an infinitely divisible

distribution with support (0,∞) whenever ν >−1. However, after verifying the
proof of [IK79, Theorem 1.8] we reached the conclusion that the above results are
only true when µ > ν > 0, and ν > 0, respectively.

The next result is analogous to Theorem 15.

Theorem 17. If a, b > 0, µ, ν >−1, µ+ ν >−1 and |arg z|< π , then

e−(a+b)
√

zz−
µ+ν

2 Iµ(a
√

z)Iν(b
√

z)

=
1
π

∫ ∞

0

t−
µ+ν

2

z + t

(
Jµ(a

√
t)Jν(b

√
t) sin((a + b)

√
t)

)
dt.

This Stieltjes transform representation can be rewritten as

e−(a+b)
√

zz−
µ+ν

2 Iµ(a
√

z)Iν(b
√

z)

=
1
π

∫ ∞

0
e−zs

(∫ ∞

0
e−st t−

µ+ν
2

(
Jµ(a

√
t)Jν(b

√
t) sin((a + b)

√
t)

)
dt

)
ds.

The product of two modified Bessel functions of the first kind also generates an
infinitely divisible distribution, which however will not be a generalized gamma
convolution:
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Theorem 18. If a, b > 0 and µ, ν > 1
2 , the function

ζµ,ν,a,b(x)=
2µ+ν0(µ+ 1)0(ν+ 1)

aµbν
e−(a+b)

√
x x−

µ+ν
2 Iµ(a

√
x)Iν(b

√
x)

is a Laplace transform of an infinitely divisible distribution on (0,∞), but is not a
generalized gamma convolution.

From Theorems 17 and 18 for a, b > 0 and µ, ν > 1
2 we conclude that

s 7→
2µ+ν0(µ+ 1)0(ν+ 1)

aµbνπ

∫
∞

0
e−st t−

µ+ν
2

(
Jµ(a

√
t)Jν(b

√
t) sin(a + b)

√
t
)

dt

is a probability density function and∫ ∞

0

(∫ ∞

0
e−st t−

µ+ν
2

(
Jµ(a

√
t)Jν(b

√
t) sin(a + b)

√
t
)

dt
)

ds

=
πaµbν

2µ+ν0(µ+ 1)0(ν+ 1)
.

The next result is the counterpart of Theorem 15.

Theorem 19. If a, b > 0, µ, ν ∈ R, µ+ ν > 1 and |arg z|< π , then

e−(a+b)
√

z

z
µ+ν

2 Kµ(a
√

z)Kν(b
√

z)
=

4
π3

∫ ∞

0

t−
µ+ν

2

z + t
0µ,ν,a,b(t) dt.

This representation is equivalent to

e−(a+b)
√

z

z
µ+ν

2 Kµ(a
√

z)Kν(b
√

z)
=

4
π3

∫ ∞

0
e−zs

(∫ ∞

0
e−st t−

µ+ν
2 0µ,ν,a,b(t) dt

)
ds,

where

0µ,ν,a,b(t)=
1Tµ,ν,a,b(t) cos((a + b)

√
t)− 2Tµ,ν,a,b(t) sin((a + b)

√
t)(

J 2
µ(a

√
t)+ Y 2

µ(a
√

t)
)(

J 2
ν (b

√
t)+ Y 2

ν (b
√

t)
)

with
1Tµ,ν,a,b(t)= Jµ(a

√
t)Yν(b

√
t)+ Jν(b

√
t)Yµ(a

√
t),

2Tµ,ν,a,b(t)= Jµ(a
√

t)Jν(b
√

t)− Yµ(a
√

t)Yν(b
√

t).

The next theorem shows that the reciprocal of the product of two modified Bessel
functions of the second kind also generates an infinitely divisible distribution.

Theorem 20. If a, b > 0, µ, ν > 1
2 , the function

κµ,ν,a,b(x)=
2µ+ν−20(µ)0(ν)

aµbν
·

e−(a+b)
√

x

x
µ+ν

2 Kµ(a
√

x)Kν(b
√

x)

is the Laplace transform of an infinitely divisible distribution on (0,∞), which is a
generalized gamma convolution.
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In view of Theorems 19 and 20, the function

s 7→
2µ+ν0(µ)0(ν)

aµbνπ3

∫ ∞

0
e−st t−

µ+ν
2 0µ,ν,a,b(t) dt

is a probability density function on (0,∞) whenever a, b > 0, µ, ν > 1
2 , and

moreover ∫ ∞

0

(∫ ∞

0
e−st t−

µ+ν
2 0µ,ν,a,b(t) dt

)
ds =

aµbνπ3

2µ+ν0(µ)0(ν)
.

Now, we focus on the quotient of modified Bessel functions of the first and
second kinds.

Theorem 21. If a, b > 0, µ >−1, µ+ ν > 0 and |arg z|< π , then

z−
µ+ν

2

e(a+b)
√

z

Iµ(a
√

z)
Kν(b

√
z)

= −
2
π2

∫
∞

0

t−
µ+ν

2

z + t
Jµ(a

√
t)γν,a,b(t) dt.

This representation can be rewritten as

z−
µ+ν

2

e(a+b)
√

z

Iµ(a
√

z)
Kν(b

√
z)

= −
2
π2

∫ ∞

0
e−zs

(∫ ∞

0

e−st Jµ(a
√

t)

t
µ+ν

2

γν,a,b(t) dt
)

ds,

where

γν,a,b(t)=
Jν(b

√
t) cos((a + b)

√
t)+ Yν(b

√
t) sin((a + b)

√
t)

J 2
ν (b

√
t)+ Y 2

ν (b
√

t)
.

In particular, when a → 0, we obtain the following result.

Corollary 2. If b > 0, ν > 1
2 and |arg z|< π , then

z−
ν
2 e−b

√
z 1

Kν(b
√

z)
= −

2
π2

∫ ∞

0

t−
ν
2

z + t
γν,0,b(t) dt.

Finally, we show that the above quotient of modified Bessel functions of the first
and second kinds also generates an infinitely divisible distribution.

Theorem 22. If a, b > 0, ν, µ > 1
2 , then the function

εµ,ν,a,b(x)=
2µ+ν−1

aµbν
0(ν)0(µ+ 1)e−(a+b)

√
x x−

µ+ν
2

Iµ(a
√

x)
Kν(b

√
x)

is the Laplace transform of an infinitely divisible distribution on (0,∞). If a, b> 0,
ν > 0 and µ >−1, then the reciprocal of e(a+b)

√
xεµ,ν,a,b(x), that is,

e−(a+b)
√

x

εµ,ν,a,b(x)
=

aµbν

2µ+ν−10(ν)0(µ+ 1)
x
µ+ν

2
Kν(b

√
x)

Iµ(a
√

x)
,

is also a Laplace transform of an infinitely divisible distribution on (0,∞).
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If a, b > 0 and µ, ν > 1
2 , Theorems 21 and 22 imply that the function

s 7→
−2µ+ν0(ν)0(µ+ 1)

aµbνπ2

∫ ∞

0
e−st t−

µ+ν
2 Jµ(a

√
t)γν,a,b(t) dt

is a probability density function and∫ ∞

0

(∫ ∞

0
e−st t−

µ+ν
2 Jµ(a

√
t)γν,a,b(t) dt

)
ds = −

aµbνπ2

2µ+ν0(ν)0(µ+ 1)
.

4. Remarks, open problems and challenges for future direction

4.1. Remarks on quotients of Tricomi hypergeometric functions. We now state
some facts related to quotients of Tricomi hypergeometric functions. Goovaerts et
al. [GHP78] proved that the distribution of the ratio of two independent gamma-
distributed random variables is infinitely divisible; this solved a problem posed
by Steutel [St73] in a survey of the theory of infinite divisibility. More precisely,
based on a relation between the Laplace transform of the density of the quotient of
two gamma random variables and the Tricomi confluent hypergeometric function,
Goovaerts et al. proved that the distribution of the ratio of two independent gamma-
distributed random variables is a generalized gamma convolution. In their proof
the logarithmic derivative of the Laplace transform is obtained by the argument
principle and contour integration. At the same time, Ismail and Kelker [IK79,
Theorem 1.5] proved with the Stieltjes transform technique that the distribution of
the two gamma random variables is self-decomposable, hence is infinitely divisible.
In this subsection we provide another way to show that the distribution of the ratio
of two gamma random variables is a generalized gamma convolution.

Theorem 23. The distribution of the quotient of two gamma random variables is a
generalized gamma convolution.

Ismail and Kelker’s proof of [IK79, Theorem 1.5] was based on the integral
representation

(4-1)
ψ(a + 1, c + 1, z)

ψ(a, c, z)
=

∫ ∞

0

t−ce−t
|ψ(a, c, teiπ )|−2

(z + t)0(a + 1)0(a − c + 1)
dt

(see [IK79, p. 885]), where a> 0, c< 1 and |arg z|<π . Our proof of Theorem 23 is
also based on (4-1), bur our approach is based on the Pick function characterization
theorem, Lemma 3. Moreover, we show that it is possible to obtain similar Stieltjes
transform representations for quotients of Tricomi hypergeometric functions. These
results complement [IK79, Theorem 1.4].

Theorem 24. If a > 0, c < 1 and |arg z| < π , then the following representations
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are valid:

(4-2)
ψ(a, c−1, z)
ψ(a, c, z)

=
1−c

a−c+1
+

∫ ∞

0

z
z+t

t−ce−t
|ψ(a, c, eiπ t)|−2

0(a)0(a−c+2)
dt,

ψ(a+1, c, z)
ψ(a, c, z)

=
1

a−c+1
−

∫ ∞

0

z
z+t

(a−c+1)t−ce−t

0(a+1)0(a−c+2)
|ψ(a, c, eiπ t)|−2dt,

(4-3)
ψ(a, c+1, z)
ψ(a, c, z)

= 1+

∫ ∞

0

t−ce−t

z+t
|ψ(a, c, eiπ t)|−2

0(a)0(a−c+1)
dt,

ψ(a−1, c, z)
ψ(a, c, z)

= z−c+a+

∫ ∞

0

z
z+t

t−ce−t
|ψ(a, c, eiπ t)|−2

0(a)0(a−c+1)
dt.

This follows naturally from (4-1), but for (4-3) we give a more detailed proof
via the Stieltjes representation and inversion theorems. We mention that by using
the Stieltjes transform technique Ismail and Kelker [IK79, eq. (1.5)] proved that

ψ(a, c − 1, z)
ψ(a, c, z)

=

∫
∞

0

z
z + t

t−ce−t
|ψ(a, c, eiπ t)|−2

0(a)0(a − c + 2)
dt

for a > 0, 1 < c < a + 1 and |arg z| < π , and our result (4-2) complements this
naturally.

Bondesson [Bo92, Example 4.3.1] remarked that the distribution of the quotient of
two gamma random variables belongs also to the class of hyperbolically completely
monotone densities. More precisely, if X and Y are independent gamma distributed
random variables with parameters (α, β) and (α0, β0), then the probability density
function of their quotient Z = X/Y is given by

f (x)=
0(α+α0)

0(α)0(α0)

(
β0
β

)α
xα−1

(
1 +

β0
β

x
)−(α+α0)

,

where x > 0; see [IK79, p. 889]. Now, if u, v > 0 and w = v+ 1/v, we have, by
[Bo92, Example 4.3.1],

f (uv) f
(u
v

)
=

(
0(α+α0)

0(α)0(α0)

(β0

β

)α)2

u2α−2
(
(1 +

β0
β

uv)
(

1 +
β0
β

u
v

))−(α+α0)

=

(
0(α+α0)

0(α)0(α0)

(β0

β

)α)2

u2α−2
(

1 +

(uβ0
β

)2
+
β0
β

uw
)−(α+α0)

,

and thusw 7→ f (uv) f (u/v) is completely monotonic on (0,∞) for all α, α0, β, β0>0.
As discussed in [AB23], the integral representation (4-1) was important in the

study of the infinite divisibility of the Whittaker distribution. It is possible to obtain
similar results on ratios of Tricomi hypergeometric functions where the difference
between the parameters is not necessarily an integer; see [FS23, Section 2] for
details.
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4.2. The noncentral chi square distribution. The noncentral chi square distribution
is a noncentral generalization of the chi-squared distribution and has the probability
density function

χµ,λ(x)=
1
2 e−

(x+λ)
2 (x/λ)

µ
4 −

1
2 I µ

2 −1(
√
λx), ,

where λ > 0 is the noncentral parameter and µ > 0 is the degree of freedom.
From [IK79, Theorem 1.6] we know that the noncentral chi square distribution
is infinitely divisible for all degrees of freedom, including fractional ones. From
[Bo92, Example 9.2.2] we also know that the noncentral chi square distribution
belongs to the so-called class of generalized convolutions of mixtures of exponential
distributions, introduced in [Bo81, p. 43], and which is in fact the smallest class of
distributions that is closed under convolution and weak convergence and contains
all mixtures of exponential distributions. We know that the class of generalized
convolutions of mixtures of exponential distributions is a subclass of the infinitely
divisible distributions, but contains all generalized gamma convolutions and hence
hyperbolically completely monotone densities. Thus, it is very natural to ask
whether the noncentral chi square distribution belongs to the class of generalized
gamma convolutions or to the class of hyperbolically completely monotone densities.
The next result suggests that under some conditions on the parameters µ and λ the
noncentral chi square distribution belongs to the class of hyperbolically completely
monotone densities, and hence to the class of generalized gamma convolutions.
The first open problem is to find the optimal range for the parameters µ and λ such
that the noncentral chi square distribution belongs to the class of hyperbolically
completely monotone densities.

Theorem 25. Let µ > 1, u, v > 0 and w = v + 1/v. If λ ≤ µ, the function
w 7→ χµ,λ(uv)χµ,λ (u/v) is strictly decreasing on (2,∞) and if 2λ ≤ µ, then
w 7→ χµ,λ(uv)χµ,λ (u/v) is strictly convex on (2,∞).

4.3. Hyperbolically complete monotonicity of McKay distributions. In Theorems
1–4 of Section 2 we studied the infinite divisibility and self-decomposability of
McKay-type distributions and checked their membership in the class of generalized
gamma convolutions. We were not able to check whether these distributions belong
to the class of hyperbolically completely monotone densities. (In Theorem 5,
Macdonald’s integral representation of the K -distribution was crucial; but to our
knowledge there is no similar result for modified Bessel functions of the first kind.)

A function f : (0,∞)→ R is absolutely monotone (or absolutely monotonic) if it
has derivatives of all orders and f (n)(x) > 0 for all x > 0 and n ∈ {0, 1, 2, . . . }. The
next result shows that w 7→ Iµ(uv)Iµ(u/v) is absolutely monotonic on (2,∞); thus
a more sophisticated analysis is needed to verify whether McKay type distributions
belong to the class of hyperbolically completely monotone densities.
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Theorem 26. If µ > −
1
2 , u, v > 0 and w = v + 1/v, then the function w →

Iµ(uv)Iµ (u/v) is absolutely monotonic on (2,∞).

The second open problem is to verify under what conditions the distributions
considered in Theorems 1–4 belong to the class of hyperbolically completely
monotone densities, and under what conditions the distributions in Theorems 2–4
belong to the class of self-decomposable distributions as well as of generalized
gamma convolutions. One can also ask under what conditions the probability density
function in Theorem 12 is hyperbolically completely monotonic.

4.4. Self-decomposability of modified Bessel distributions. Letw(x) be the Laplace
transform of a probability distribution on [0,∞). It is known that if −dw(x)/dx
is the Stieltjes transform of a positive measure, then the original distribution is
self-decomposable, and hence is infinitely divisible. In other words, a nonnegative
random variable is self-decomposable if its Laplace transform satisfies

(4-4)
∫ ∞

0
e−xt dϖ(t)= e−h(x), h′(x)=

∫ ∞

0

dϖ(t)
x + t

, dϖ(t)≥ 0.

By Lemma 1, a probability measure dω supported on [0,∞) is infinitely divisible
if and only if its Laplace transform satisfies

(4-5)
∫ ∞

0
e−xt dω(t)= e−h(x), h(0)= 0, and h′(x) is completely monotonic.

Recall that self-decomposable functions are infinitely divisible and a probability
distribution satisfying (4-4) and (4-5) is called a generalized gamma convolution. In
Theorems 14, 18 and 22 we have infinitely divisible modified Bessel distributions
whose Laplace transform can be written as Stieltjes transforms, but these Stieltjes
transforms do not have positive kernels. Thus, the third open problem is to verify
under which conditions the distributions considered in Theorems 14, 18 and 22 are
self-decomposable.

5. Proofs of the main results

Proof of Theorem 1. From Prudnikov et al. [PBM88, eq. 2.15.3.2], we have

∫ ∞

0
xµe−bx Iµ(ax) dx =

(2a)µ0
(
µ+

1
2

)
√
π(b2 − a2)µ+

1
2

,

which in turn implies that the Laplace transform

L[ϕµ,a,b(x)] =

∫ ∞

0
e−xtϕµ,a,b(t) dt

of the probability density function ϕµ,a,b is given by
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L[ϕµ,a,b(x)] =

√
π(b2

− a2)µ+
1
2

(2a)µ0
(
µ+

1
2

) ∫
∞

0
tµe−(b+x)t Iµ(at) dt =

(
b2

− a2

(x + b)2 − a2

)µ+
1
2

.

First we show that the McKay distribution with probability density function (2-1)
is infinitely divisible. In view of Lemma 1, this is equivalent to

x 7→ −
d ln L[ϕµ,a,b(x)]

dx
=

(
µ+

1
2

)( 1
x+b−a

+
1

x+b+a

)
being complete monotone on (0,∞) when µ >−

1
2 and b > a > 0, which is true.

We show that the same distribution is self-decomposable. Write ωµ,a,b(x) =

L[ϕµ,a,b(x)]/L[ϕµ,a,b(αx)]. By Lemma 2, self-decomposability is equivalent to
the complete monotonicity on (0,∞) of

x 7→−
d lnωµ,a,b(x)

dx
=

(
µ+

1
2

)( (1−α)(b−a)
(x+b−a)(αx+b−a)

+
(1−α)(b+a)

(x+b+a)(αx+b+a)

)
when α ∈ (0, 1), µ >−

1
2 and b > a > 0, which is also true.

We show that our distribution belongs to the class of generalized gamma convo-
lutions. The moment generating function of the distribution is

ψ(z) := MX (z)=

∫ ∞

0
et zϕµ,a,b(t) dt = L[ϕµ,a,b(−z)] =

(
b2

− a2

(z − b)2 − a2

)µ+
1
2

.

This function is analytic and zero-free in C \ [0,∞), so to apply Lemma 3 we just
need to verify that Im

(
ψ ′(s)/ψ(s)

)
≥ 0 for Im s > 0. We have

ψ ′(s)
ψ(s)

= −
(
µ+

1
2

)( 1
s+a−b

+
1

s−a−b

)
,

which implies that for s = x + iy and y = Im s > 0 we have, as needed,

Im
ψ ′(s)
ψ(s)

=
(
µ+

1
2

)( y
(x + a − b)2 + y2 +

y
(x − a − b)2 + y2

)
> 0.

(Another proof that the distribution belongs to the class of generalized gamma
convolutions uses Lemma 4: we just observe that if φ(x) = L[ϕµ,a,b(x)], then
φ(uv)φ(u/v) can be written as

φ(uv)φ(u/v)=
(b2

− a2)µ+
1
2 u−2µ−1(

w+
u2

+ (b − a)2

(b − a)u

)µ+
1
2
(
w+

u2
+ (b + a)2

(b + a)u

)µ+
1
2

,

which is completely monotonic in w = v+1/v > 0 for all µ>−
1
2 and b> a > 0.)

□
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Proof of Theorem 2. By [PBM88, equation 2.15.3.2] we have

∫ ∞

0
xµ+1e−bx Iµ(ax) dx =

2b(2a)µ0
(
µ+

3
2

)
√
π(b2 − a2)µ+

3
2

,

which implies that the Laplace transform L[ψµ,a,b(x)] =
∫

∞

0 e−xtψµ,a,b(t) dt of
the probability density function ψµ,a,b is given by

√
π(b2

− a2)µ+
3
2

2b(2a)µ0
(
µ+

3
2

) ∫ ∞

0
tµ+1e−(b+x)t Iµ(at) dt =

(
1 +

x
b

)(
b2

− a2

(x + b)2 − a2

)µ+
3
2

.

By Lemma 1, showing that the distribution with probability density function
(2-2) is infinitely divisible is equivalent to showing that

x 7→−
d ln L[ψµ,a,b(x)]

dx
=

µ+ 1
x + b − a

+
µ+ 1

x + b + a
+

a2

(x + b)(x + b − a)(x + b + a)

is completely monotone on (0,∞) when µ >−1 and b > a > 0, which is true. □

Proof of Theorem 3. Equation 2.15.3.2 of [PBM88] reads
∫

∞

0 xν−1e−bx Iµ(ax) dx
= cµ,ν,a,b, so the Laplace transform

L[ϕµ,ν,a,b(x)] =

∫ ∞

0
e−xtϕµ,ν,a,b(t) dt

of the probability density function ϕµ,ν,a,b is given by

L[ϕµ,ν,a,b(x)] =

( b
x+b

)µ+ν

·

2F1

(
µ+ν

2
,
µ+ν+1

2
, µ+ 1, a2

(x+b)2

)
2F1

(
µ+ν

2
,
µ+ν+1

2
, µ+ 1, a2

b2

) .

Recall that the Gaussian hypergeometric function satisfies

d
dx

(2F1(a, b, c, x))=
ab
c

· 2F1(a + 1, b + 1, c + 1, x)

and for a, b and c such that −1 ≤ a ≤ c and 0< b ≤ c we have the Küstner integral
representation [Kü02]

(5-1)
z · 2F1(a + 1, b + 1, c + 1, z)

2F1(a, b, c, z)
=

∫ 1

0

z
1 − t z

dqa,b,c(t),

where z ∈ C \ [1,∞), qa,b,c(1)− qa,b,c(0) = 1 and qa,b,c is a nondecreasing self-
mapping of [0, 1]. To prove infinite divisibility, in view of Lemma 1, we just need
to observe that the function

x 7→ −
d ln L[ϕµ,ν,a,b(x)]

dx
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=
µ+ν

x+b
+

a2(µ+ν)(µ+ν+1)
2(µ+1)(x+b)3

·

2F1

(
µ+ν+2

2
,
µ+ν+3

2
, µ+2, a2

(x+b)2

)
2F1

(
µ+ν

2
,
µ+ν+1

2
, µ+1, a2

(x+b)2

)
=
µ+ν

x+b

(
1+

a2(µ+ν+1)
2(µ+1)

∫ 1

0

dqµ,ν(t)
(x+b−a

√
t)(x+b+a

√
t)

)
is completely monotonic on (0,∞) for all µ+ ν > 0, ν ≤ µ+ 1 and b > a > 0,
where in view of (5-1) we have qµ,ν(1)− qµ,ν(0)= 1 and qµ,ν is a nondecreasing
self-mapping of [0, 1]. □

Proof of Theorem 4. Equation 2.15.20.5 of [PBM88] reads
∫

∞

0 x2µe−bx(Iµ(ax))2dx
= cµ,a,b, so the Laplace transform

L[ξµ,a,b(x)] =

∫ ∞

0
e−xtξµ,a,b(t) dt

of the probability density function ξµ,a,b is given by

L[ξµ,a,b(x)] =

( b
x+b

)4µ+1
·

2F1
(
µ+

1
2 , 2µ+

1
2 , µ+ 1, 4a2/(x + b)2

)
2F1

(
µ+

1
2 , 2µ+

1
2 , µ+ 1, 4a2/b2

) .

To prove infinite divisibility, in view of Lemma 1, we just need to observe that

x 7→ −
d ln L[ξµ,a,b(x)]

dx

=
4µ+ 1
x + b

+
8a2(µ+

1
2)(2µ+

1
2)

(µ+ 1)(x + b)3
2F1

(
µ+

3
2 , 2µ+

3
2 , µ+ 2, 4a2/(x + b)2

)
2F1

(
µ+

1
2 , 2µ+

1
2 , µ+ 1, 4a2/(x + b)2

)
=

4µ+ 1
x + b

(
1 +

2a2(2µ+ 1)
µ+ 1

∫ 1

0

dqµ(t)
(x + b − 2a

√
t)(x + b + 2a

√
t)

)
is completely monotonic on (0,∞) for all −1 ≤µ+

1
2 ≤µ+1, 0< 2µ+

1
2 ≤µ+1

and b > 2a > 0, where in view of (5-1) we have qµ(1)− qµ(0) = 1 and qµ is a
nondecreasing self-mapping of [0, 1]. □

Proof of Theorem 5. We will consider only the case when α ̸= β for the proof of
the infinite divisibility, self-decomposability as well as when we prove that the
K -distribution belongs to the class of generalized gamma convolutions. However,
in the case of hyperbolically complete monotonicity we will consider also the case
when α = β.

By using Lemma 1, first we show that the K -distribution is infinitely divisible.
Equation 2.16.8.4 of [PBM88] reads∫ ∞

0
tq−1/2e−r t K2ν(2s

√
t) dt =

0
(
q + ν+

1
2

)
0

(
q − ν+

1
2

)
2srqe−s2/2r

W−q,ν

(s2

r

)
,
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where Wκ,µ stands for the Whittaker function of the second kind. Hence

L[ωα,β,µ(x)] =

∫ ∞

0
e−xtωα,β,µ(t) dt =

(αβ
µx

)α+β−1
2

e
αβ

2µx W
−
α+β−1

2 ,
α−β

2

(αβ
µx

)
.

Wκ,µ is related to the Tricomi hypergeometric function by

Wκ,µ(x)= e−
x
2 xµ+

1
2 ·ψ

(
µ− κ +

1
2 , 1 + 2µ, x

)
,

so the Laplace transform of the K -distribution is

L[ωα,β,µ(x)] =

(
αβ

µx

)α
ψ

(
α, 1 +α−β,

αβ

µx

)
.

Now, recall the recurrence relation [NIST10, eq. 13.3.22]

ψ ′(a, c, x)= −aψ(a + 1, c + 1, x)

and the integral representation (4-1), which is valid for |arg z|<π , a > 0 and c< 1.
In view of Lemma 1 and the above relations, to show that the K -distribution is
infinitely divisible we just need to show that for θ(x)= L[ωα,β,µ(x)] we have

−
d

dx
ln θ(x)=

α

x
+
αβ

µx2

ψ ′
(
α, 1+α−β,

αβ

µx

)
ψ

(
α, 1+α−β,

αβ

µx

) =
α

x
−
α2β

µx2

ψ
(
α+1, 2+α−β,

αβ

µx

)
ψ

(
α, 1+α−β,

αβ

µx

) ,

that is,

−
d

dx
ln θ(x)=

α

x

(
1 −

αβ

µx

∫ ∞

0

ωα,β(t)
αβ

µx + t
dt

)
,

where

ωα,β(t)=
tβ−α−1e−t

0(α+ 1)0(β)

∣∣ψ(α, 1 +α−β, teiπ )
∣∣−2
,

is completely monotonic on (0,∞). To show this, observe that if in

(5-2)
αβ

µx

ψ
(
α+ 1, 2 +α−β,

αβ

µx

)
ψ

(
α, 1 +α−β,

αβ

µx

) =

∫ ∞

0

αβ

µxωα,β(t)
αβ

µx + t
dt

we make the change of variable αβ

µx = s and take s to infinity, then in view of the
asymptotic expansion [NIST10, eq. 13.7.3]

ψ(a, c, x)∼ x−a
(

1+a(c −a −1)1
x

+
1
2

a(a +1)(a +1−c)(a +2−c) 1
x2 + . . .

)
,

which is valid for large real x and fixed a and c, we obtain

(5-3)
∫ ∞

0
ωα,β(t) dt = 1.
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This implies that

−
d

dx
ln θ(x)=

α

x

(∫ ∞

0
ωα,β(t) dt −

αβ

µx

∫ ∞

0

ωα,β(t)
αβ

µx + t
dt

)
=

∫ ∞

0

αωα,β(t)

x +
αβ

µt

dt,

and this is completely monotonic in x on (0,∞) for all α, β, µ > 0 such that
α < β. All we need is to observe that the Whittaker function of the first kind is
symmetric in the second parameter, that is, Wκ,µ = Wκ,−µ, and this shows that
for every α, β, µ > 0 the Laplace transform of the K -distribution L[ωα,β,µ(x)] is
the Laplace transform of an infinitely divisible distribution. Another way to show
the complete monotonicity of −d ln θ(x)/dx is to use the Kummer transformation
[NIST10, eq. 13.2.40]

ψ(a, c, x)= x1−cψ(a − c + 1, 2 − c, x)

and then apply the previous approach to the Laplace transform

(5-4) L[ωα,β,µ(x)] =

(
αβ

µx

)β
ψ

(
β, 1 −α+β,

αβ

µx

)
,

to check that it is the Laplace transform of an infinite divisible distribution for all
α, β, µ > 0 such that β < α.

Now set θ(x) = L[ωα,β,µ(x)]. By Lemma 2, the K -distribution will be self-
decomposable if, for every a ∈ (0, 1), the function η(x)= θ(x)/θ(ax) is a Laplace
transform. Lemma 1 reduces the proof of the last condition to checking that
−d ln η(x)/dx is completely monotonic on (0,∞). Thus, by (5-2) we have

−
d

dx
[ln η(x)] = −

αβ

aµx2

ψ ′
(
α, 1+α−β,

αβ

aµx

)
ψ

(
α, 1+α−β,

αβ

aµx

) +
αβ

µx2

ψ ′
(
α, 1+α−β,

αβ

µx

)
ψ

(
α, 1+α−β,

αβ

µx

)
=
α2β

aµx2

ψ
(
α+1, 2+α−β,

αβ

aµx

)
ψ

(
α, 1+α−β,

αβ

aµx

) −
α2β

µx2

ψ
(
α+1, 2+α−β,

αβ

µx

)
ψ

(
α, 1+α−β,

αβ

µx

)
=
α

x

(∫
∞

0

αβ

aµxωα,β(t)
αβ

aµx +t
dt −

∫
∞

0

αβ

µxωα,β(t)
αβ

µx +t
dt

)

=

∫
∞

0

α2β(1−a)ωα,β(t)

aµt
(
x +

αβ

tµ

)(
x +

αβ

atµ

) dt,

which is completely monotonic as a function of x on (0,∞), a ∈ (0, 1), for all
α, β, µ> 0 and α < β. Thus the K -distribution is self-decomposable if α < β. The
case β < α is handled by repeating the process for the other version of the Laplace
transform, (5-4).

Lemma 3 is used to prove that the K -distribution belongs to the class of general-
ized gamma convolutions. The moment generating function
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MX (s)= L[ωα,β,µ(−s)] =

(
−
αβ

µs

)α
ψ

(
α, 1 +α−β,−

αβ

µs

)
of the K -distribution is analytic and zero-free in C\[0,∞); we show that it satisfies
Im

(
ψ ′(s)/ψ(s)

)
≥ 0 for Im s > 0. In view of (5-2) and (5-3) for ψ(s) = MX (s)

and α < β we obtain

ψ ′(s)
ψ(s)

= −
α

s
−
α2β

µs2

ψ
(
α+ 1, 2 +α−β,−

αβ

µs

)
ψ

(
α, 1 +α−β,−

αβ

µs

) = −
α

s
+
α

s

∫
∞

0

−
αβ

µsωα,β(t)

−
αβ

µs + t
dt

= −α

∫
∞

0

ωα,β(t)(
s −

αβ

µt

) dt,

so for s = x + iy such that y > 0 we have

Im
ψ ′(s)
ψ(s)

=

∫
∞

0

αyωα,β(t)((
x −

αβ

µt

)2
+ y2

) dt > 0.

This concludes the proof in the case α < β. The case α > β is handled by applying
the same process to the other version of the Laplace transform, (5-4).

Finally, we show that the probability density function of the K -distribution is
hyperbolically completely monotone. By using Macdonald’s integral representation

(5-5) Kµ(x)Kµ(y)=
1
2

∫ ∞

0
exp

(
−

t
2

−
x2

+y2

2t

)
Kµ

( xy
t

)dt
t

(see [Wa44, p. 439]), where x, y > 0 and µ ∈ R, we obtain

ωα,β,µ(uv)ωα,β,µ(u/v)

=
2uα+β−2

02(α)02(β)

(
αβ

µ

)α+β
∫

∞

0
exp

(
−

t
2

−
w

µt
(2αβu)

)
Kα−β

(4αβu
µt

)dt
t
,

which is completely monotonic on (0,∞) as a function of w = v + 1/v for all
α, β, µ, u > 0. □

Proof of Theorem 6. We apply Lemma 4. Observe that the Laplace transform of the
generalized inverse Gaussian distribution is given by

φ(x) := L[πµ,a,b(x)] =

( a
2x+a

)µ
2
·

Kµ

√
b(2x + a)

Kµ(
√

ab)
.

Macdonald’s integral representation (5-5) then gives

φ(uv)φ (u/v)=
1
2

aµ
(
Kµ(

√
ab)

)−2

(αw+β)µ/2

∫ ∞

0
e−

t
2 −

b
t (uw+a)Kµ(b

√
αw+β)

dt
t
,

where α= 2au > 0 and β = 4u2
+a2 > 0. On the other hand, by [Ba10, p. 589], the

function x 7→ xµ/2Kµ(
√

x) is completely monotonic on (0,∞) for all µ ∈ R. This
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implies that the function w 7→ (b
√
αw+β)µKµ(b

√
αw+β) is also completely

monotonic on (0,∞) for all µ ∈ R and b, α, β > 0. Since w 7→ (αw+ β)−µ is
completely monotonic on (0,∞) for all µ≥ 0 and α, β > 0, and w 7→ e−

b
t (uw+a)

is completely monotonic on (0,∞) for all a, b, u, t > 0, we conclude that in-
deed the function w 7→ φ(uv)φ (u/v) is completely monotonic on (0,∞) for
all µ ≥ 0 and a, b > 0. For the case when µ < 0 we just need to observe that
Kµ(x)= K−µ(x) and in view of the above mentioned results x 7→ x−µ/2Kµ(

√
x)

is completely monotonic on (0,∞) for all µ < 0, which implies that the function
w 7→ (b

√
αw+β)−µKµ(b

√
αw+β) is also completely monotonic on (0,∞) for

all µ< 0 and b, α, β > 0. Thus, we conclude that the function w 7→ φ(uv)φ (u/v)
is completely monotonic on (0,∞) also for all µ < 0 and a, b > 0. Now, applying
Lemma 4, the proof is complete. □

Proof of Theorem 7. We will use Lemma 3. From [IK79, Theorem 1.9] we know
that x 7→ ρµ,a(x) is the Laplace transform of a probability distribution, and so the
moment generating function s 7→ φµ,a(s) is

φµ,a(s)= ρµ,a(−s)=

(a
2

)µ (−s)
µ
2

0(µ+1)
1

Iµ(a
√

−s)
=

(a
2

)µ s
µ
2

0(µ+1)
1

Jµ(a
√

s)
,

in view of the relation Iµ(ix) = iµ Jµ(x). Therefore s 7→ φµ,a(s) is analytic and
zero-free in C \ [0,∞). Taking the logarithmic derivative of both sides of the
preceding display, we obtain

(5-6)
φ′
µ,a(s)

φµ,a(s)
=
µ

2s
−

a
2
√

s

J ′
µ(a

√
s)

Jµ(a
√

s)
.

Taking the logarithmic derivative of both sides of the infinite product representation

Jµ(x)=

( 1
2 x

)µ
0(µ+ 1)

∏
n≥1

(
1 −

x2

j2
µ,n

)
,

where jµ,n stands for the n-th positive zero of x 7→ Jµ(x), we obtain the classical
Mittag-Leffler expansion

J ′
µ(x)

Jµ(x)
=
µ

x
−

∑
n≥1

2x
j2
µ,n − x2 ,

which implies that

Im
φ′
µ,a(s)

φµ,a(s)
= Im

(∑
n≥1

a2

j2
µ,n − a2s

)
=

∑
n≥1

a4 y
( j2
µ,n − a2x)2 + (a2 y)2

> 0,

whenever x = Re s ∈ R and y = Im s > 0. Consequently, the conditions in Lemma 3
are satisfied and the proof is complete. □
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Proof of Theorem 8. Since 2µ0(µ+ 1)x−µ Iµ(x) → 1 as x → 0, it follows that
�µ,ν,σ,a,b(x) → 1 as x → 0. Using the recurrence relation I ′

µ(x) = Iµ+1(x)+

(µ/x)Iµ(x) (see [Wa44, p. 79]) and the Mittag-Leffler expansion

Iµ+1(x)
Iµ(x)

=

∑
n≥1

2x
x2 + j2

µ,n
,

we obtain for −d ln�µ,ν,σ,a,b(x)/dx the value

−
a

2
√

x

I ′
µ(a

√
x)

Iµ(a
√

x)
−

b
2
√

x
I ′
ν(b

√
x)

Iν(b
√

x)
+

b
2
√

x

I ′
µ(b

√
x)

Iµ(b
√

x)
+

a
2
√

x
I ′
ν(a

√
x)

Iν(a
√

x)
+

∑
n≥1

( b2

b2x + j2
σ,n

)
=

∑
n≥1

(
−

1
x + j2

µ,na−2 −
1

x + j2
ν,nb−2 +

1
x + j2

µ,nb−2 +
1

x + j2
ν,na−2 +

1
x + j2

σ,nb−2

)

=

∫
∞

0
e−xt

(∑
n≥1

(
−e− j2

µ,na−2t
− e− j2

ν,nb−2t
+ e− j2

µ,nb−2t
+ e− j2

ν,na−2t
+ e− j2

σ,nb−2t)) dt

=

∫
∞

0
e−xt

(∑
n≥1

((
−e− j2

µ,na−2t
+ e− j2

µ,nb−2t)
+

(
−e− j2

ν,nb−2t
+ e− j2

σ,nb−2t)
+ e− j2

ν,na−2t)) dt.

Since a<b and −1<σ <ν, we have e− j2
µ,na−2t<e− j2

µ,nb−2t and e− j2
ν,nb−2t<e− j2

σ,nb−2t

for every n ∈ N and µ >−1, where we used the fact that µ 7→ jµ,n is increasing
on (−1,∞) for every n ∈ N. Consequently, the last expression is positive, and this
implies that −d ln�µ,ν,σ,a,b(x)/dx is completely monotonic in x on (0,∞). In
view of Lemma 1 we conclude that �µ,ν,σ,a,b(x) is indeed the Laplace transform
of an infinitely divisible distribution. □

Proof of Theorem 9. The result will be established by verifying the conditions in
Lemma 1 and by using the main idea of the proof of [Is90, Theorem 1]. Clearly
�µ,ν,a,b(x) → 1 as x → 0, and by using the same approach as in the proof of
Theorem 8, we obtain

−
d ln�µ,ν,a,b(x)

dx

=
b

2
√

x
+

∑
n≥1

(
−

1
x+ j2

µ,na−2 −
1

x+ j2
ν,nb−2 +

1
x+ j2

µ,nb−2 +
1

x+ j2
ν,na−2

)
=

b
2
√

x
−

∑
n≥1

1
x+ j2

ν,nb−2 +

∫ ∞

0
e−xt ∑

n≥1

(
−e− j2

µ,na−2t
+e− j2

µ,nb−2t
+e− j2

ν,na−2t) dt.

Note that e− j2
µ,na−2t <e− j2

µ,nb−2t for allµ>−1, b>a, t>0 and n ∈N. Consequently,

x 7→

∫ ∞

0
e−xt

∑
n≥1

(
−e− j2

µ,na−2t
+ e− j2

µ,nb−2t
+ e− j2

ν,na−2t) dt
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is a completely monotonic function on (0,∞) for all µ >−1, ν >−1, and b > a.
Now, define

ηµ,b(x)=
b

2
√

x
−

∑
n≥1

1
x + j2

ν,nb−2 .

Then b
2
√

x
=

1
π

∫ ∞

0

dt
x+b−2t2 and thus

ηµ,b(x)=
1
π

∫ ∞

0

dt
x + b−2t2 −

∑
n≥1

1
x + j2

ν,nb−2 .

On the other hand, for every s such that jν,m ≤ s < jν,m+1, we have

∫ s

0

dt
x + b−2t2 ≥

∫ jν,m

jν,0

dt
x + b−2t2 =

m∑
n=1

∫ jν,n

jν,n−1

dt
x + b−2t2

≥

m∑
n=1

∫ jν,n

jν,n−1

dt
x + b−2 j2

ν,n
=

m∑
n=1

jν,n − jν,n−1

x + b−2 j2
ν,n
,

where we used the fact that t 7→ 1/(x + b−2t2) is a decreasing function on (0,∞)

for all b > 0 and x > 0. We thus arrive at

ηµ,b(x)≥
1
π

∑
n≥1

jν,n − jν,n−1

x + b−2 j2
ν,n

−

∑
n≥1

1
x + j2

ν,nb−2 .

Since jν,n − jν,n−1 > π for ν > 1
2 (see [Se01, Theorem 1.6], for example), we

conclude that ηµ,b(x) > 0 for all x > 0 and b > 0. Moreover, from the previous
results we obtain that

(−1)k

k!
η
(k)
µ,b(x)=

1
π

∫ ∞

0

dt
(x + b−2t2)k+1 −

∑
n≥1

1
(x + j2

ν,nb−2)k+1

≥
1
π

∑
n≥1

jν,n − jν,n−1

(x + j2
ν,nb−2)k+1 −

∑
n≥1

1
(x + j2

ν,nb−2)k+1

for all x > 0, b > 0 and k ∈ N, where we have used that t 7→ 1/(x + b−2t2)k+1

is a decreasing function on (0,∞) for all x > 0, b > 0 and k ∈ N. Consequently,
(−1)kη(k)µ,b(x)≥ 0 for all k ∈ N and x > 0, b> 0. Therefore ηµ,b is also a completely
monotonic function on (0,∞) and this implies that x 7→ −d ln�µ,ν,a,b(x)/dx is
the sum of two completely monotonic functions on (0,∞). □

Proof of Theorem 10. Let F(z) = e−a
√

zz−
µ
2 Iµ(a

√
z). Using eq. 10.30.1 of

[NIST10], we have

F(z)∼
e−a

√
zaµ

2µ0(µ+ 1)
as z → 0,
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leading to F(z)= o(|z|−1) as |z| → 0. Using eq. 10.30.4 of [NIST10], we obtain

F(z)∼
1

√
2πa

z−
(µ+1/2)

2 as |z| → ∞.

These relations hold uniformly in every sector |arg z| ≤ π − ϵ, ϵ > 0. Hence
conditions a and b of Lemma 5 hold, and by using (5-8) we arrive at

F(−t − iη)= F(e−iπ (t + iη))= eai
√

t+iη(t + iη)−
µ
2 Jµ(a

√
t + iη),

F(−t + iη)= F(eiπ (t − iη))= e−ai
√

t−iη(t − iη)−
µ
2 Jµ(a

√
t − iη).

By using the asymptotic relation

(5-7) Jν(z)∼
(z/2)ν

0(ν+ 1)
, ν ̸= −1,−2, . . . , as z → 0

(see [NIST10, eq. 10.7.3]) we conclude that the function F(−t − iη)− F(−t + iη)
is continuous in every rectangle [t1, t2] × [0, η], where t1, t2, η > 0. Thus, the
limit and the integral in (1-3) can be interchanged and the fundamental theorem of
calculus yields

α′(t)=
1
π

t−
µ
2 Jµ(a

√
t) sin(a

√
t),

so that α(t) is continuous and limt→0+ α(t) exists. Letting α̃(t)= α(t)−α(0), we
get the normalized measure α̃(t) with α̃′(t)= α′(t). □

Proof of Theorem 11. Let us consider the function

F(z)= z
ν−µ

2 Iµ(a
√

z)Kν(b
√

z).

Using eqs. 10.30.1 and 10.30.2 of [NIST10] we get, for ν > 0 and µ >−1,

F(z)∼
( 1

2

)µ−ν+1 0(ν)

0(µ+ 1)
aµ

bν
as z → 0.

And using eqs. 10.30.1 and 10.30.3 of [NIST10] we get, for ν = 0 and µ >−1,

F(z)∼ −
aµ

2µ0(µ+ 1)
ln(b

√
z) as z → 0.

Similarly, by using the relations Kν(z) = K−ν(z) (see eqs. 10.27.3, 10.30.2 and
10.30.1 of [NIST10]) we have, for −1< ν < 0 and µ >−1,

F(z)∼
aµbν

2µ+ν+1

0(−ν)

0(µ+ 1)
zν+1 as z → 0.

We thus obtain F(z)= o(|z|−1) as z → 0 for all ν >−1 and µ>−1. Further using
eqs. 10.30.4 and 10.25.3 of [NIST10], we see that

F(z)∼ z
ν−µ−1

2
e−(b−a)

√
z

2
as z → ∞,
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uniformly in every sector |arg z| ≤ π − ε, ε > 0. This leads to F(z) = o(1) as
|z| → ∞, whenever b ≥ a and ν−µ < 1. Thus, the conditions in Lemma 5 have
been verified because F(z) is analytic in |arg z|< π .

Now, in order to apply Lemma 7, we observe that

F(−t − iη)= F(e−iπ (t + iη))

= (e−iπ (t + iη))
ν−µ

2 Iµ(ae−
iπ
2
√

t + iη)Kν(be−
iπ
2
√

t + iη)

=
1
2 iπ(t + iη)

ν−µ
2 Jµ(a

√
t + iη)H (1)

ν (b
√

t + iη),

F(−t + iη)= F(eiπ (t − iη))

= (eiπ (t − iη))
ν−µ

2 Iµ(ae
iπ
2
√

t − iη)Kν(be
iπ
2
√

t − iη)

= −
1
2 iπ(t − iη)

ν−µ
2 Jµ(a

√
t − iη)H (2)

ν (b
√

t − iη),

where we have used the following relations (see [IM79, p. 459; NIST10, 10.27]):

(5-8)


H (1)
µ (z)= Jµ(z)+ iYµ(z), H (2)

µ (z)= Jµ(z)− iYµ(z),

Kµ(ze−
1
2 iπ )=

1
2 iπe

1
2 iπµH (1)

µ (z), Kµ(ze
1
2 iπ )= −

1
2 iπe−

1
2 iπµH (2)

µ (z),

Iµ(ze±
1
2 iπ )= e±

1
2 iµπ Jµ(z), Iµ(z)= e−

1
2 iµπ Jµ(ze

1
2 iπ ).

We next justify interchanging the limit and the integral in (1-3), in three cases:

(i) ν > 0 and µ >−1: By using the asymptotic relation

(5-9) H (1)
ν (z)∼ −H (2)

ν (z)∼ −
i
π
0(ν)(z/2)−ν, z → 0, Re ν > 0

(see [NIST10, eq. 10.7.7]) and (5-7), we observe that the function F(−t − iη)−
F(−t + iη) is continuous in every rectangle [t1, t2] × [0, η], where t1, t2, η > 0.
Thus, in this case, we can interchange the limit and the integral in (1-3).

(ii) ν = 0 and µ >−1: By using the asymptotic relation

(5-10) H (1)
0 (z)∼ −H (2)

0 (z)∼
2i
π

ln(z), z → 0

(see [NIST10, eq. 10.7.2]) and (5-7), we obtain

F(−t − iη)∼ −
aµ

2µ0(µ+ 1)
ln(b

√
t + iη), t → 0, η→ 0,

F(−t + iη)∼ −
aµ

2µ0(µ+ 1)
ln(b

√
t − iη), t → 0, η→ 0.

By the definition of asymptotic convergence, this means there are constants c, α,
β > 0 such that∣∣F(−t ∓ iη)

∣∣ ≤
caµ

2µ0(µ+ 1)

∣∣ln(b√
t ± iη)

∣∣, for 0< t < α, 0< η < β.
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Because the right side of this (double) inequality is integrable over [t1, t2], where
0< t1 < t2 < α, we are allowed to interchange the limit and the integral in (1-3).

(iii) −1< ν < 0 and µ >−1: Using the relations

(5-11) H (1)
−ν (z)= eνπ i H (1)

ν (z), H (2)
−ν (z)= e−νπ i H (2)

ν (z)

(see [NIST10, eq. 10.4.6]) and the asymptotic relations (5-7) and (5-9), we have

F(−t − iη)∼
e−νπ i0(−ν)aµbν

2µ+ν+10(µ+ 1)
(t + iη)ν,

F(−t + iη)∼
eνπ i0(−ν)aµbν

2µ+ν+10(µ+ 1)
(t − iη)ν,

as t → 0 and η → 0. Then the same reasoning as in the previous case justifies
interchanging the limit and the integral in (1-3).

Altogether we get

α′(t)=
1

2π i
lim
η→0+

(
F(−t − iη)− F(−t + iη)

)
=

1
2 t

ν−µ
2 Jµ(a

√
t)Jν(b

√
t),

showing that α(t) is continuous and limt→0 α(t) exists. Then α̃(t)= α(t)−α(0)
is a normalized measure with α̃′(t)= α′(t). □

Proof of Theorem 12. A function x 7→φ(x) is the Laplace transform of a probability
distribution on (0,∞) if and only if φ(0)= 1 and φ(x) has the form

φ(x)=

∫ ∞

0
e−xt dµ(t)

and is completely monotonic on (0,∞) (see [Bo92, p. 8]). In view of (3-4) this
implies that x 7→ 2µIµ(

√
x)Kµ(

√
x) is the Laplace transform of a probability

distribution with support (0,∞). Combining this with the second equality in (3-4)
we see that this distribution’s probability density function,

ςµ(x)= µ
∫ ∞

0
e−t x J 2

µ(
√

t) dt,

is a completely monotonic function on (0,∞) for all µ > 0, and by using the
Goldie–Steutel law we obtain that indeed the function x 7→ 2µIµ(

√
x)Kµ(

√
x) is

the Laplace transform of an infinitely divisible probability distribution with support
(0,∞). Now using the formula

∫
∞

0 e−st J 2
µ(

√
t) dt =

1
s e−

1
2s Iµ

( 1
2s

)
, where µ > 0

(see [OB12, p. 139]), we get

ςµ(x)=
µ

x
e−

1
2x Iµ

( 1
2x

)
,

which completes the derivation of the probability density function. □
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Proof of Corollary 1. The assertions in parts a, b and c follow immediately from
the integral representation (3-4). We prove part d. From [Se21, p. 8], we have

[x Iµ(x)Kµ(x)]−1
=

Iµ−1(x)
Iµ(x)

+
Kµ−1(x)
Kµ(x)

and in view of the three-term recurrence relation

Iµ−1(x)= Iµ+1(x)+
2µ
x

Iµ(x),

we arrive at (
x Iµ(x)Kµ(x)

)−1
=

2µ
x

+
Iµ+1(x)
Iµ(x)

+
Kµ−1(x)
Kµ(x)

.

Now, replacing x by
√

x and dividing both sides by
√

x , we obtain(
x Iµ(

√
x)Kµ(

√
x)

)−1
=

2µ
x

+
1

√
x

Iµ+1(
√

x)
Iµ(

√
x)

+
1

√
x

Kµ−1(
√

x)
Kµ(

√
x)

.

Using the integral representation

(5-12)
Kµ−1(

√
x)

√
x Kµ(

√
x)

=
2
π2

∫
∞

0

t−1

x + t

(
J 2
µ(

√
t)+ Y 2

µ(
√

t)
)−1dt,

where x > 0, µ≥ 0 (see for example [Is77a, eq. (1.3)] or [IM82, eq. (2.4)]) and the
series and integral representations for the ratios of modified Bessel functions of the
first and second kinds, we obtain(
x Iµ(

√
x)Kµ(

√
x)

)−1
=

2µ
x

+

∑
n≥1

2
x+ j2

µ,n
+

2
π2

∫
∞

0

t−1

x+t

(
J 2
µ(

√
t)+Y 2

µ(
√

t)
)−1 dt,

which is the sum of three completely monotonic functions on (0,∞) for all µ > 0.
For e we use the integral representation of Iµ(

√
x)Kµ(

√
x) and the Landau bound

|Jµ(t)| ≤ cL |t |−
1
3 , µ > 0, t ∈ R, cL = 0.7857468704 . . .

(see [La00] or [BMPS16]). We obtain, as desired,

Iµ(
√

x)Kµ(
√

x)≤
c2

L

2

∫
∞

0

t−
2
3

x + t
dt =

πc2
L

√
3x

2
3

. □

Proof of Theorem 13. Let

F(z)= z
ν−µ

2 e−a
√

z Iµ(a
√

z)Kν(b
√

z).

The steps on the first half-page of the proof of Theorem 11 apply unchanged until
the use of eq. 10.30.4 of [NIST10], which is replaced by 10.30.5. We arrive at

F(z)∼
z
ν−µ−1

2 e−b
√

z

2
√

ab
as |z| → ∞,
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uniformly in every sector |arg z| ≤ π − ϵ, ϵ > 0, and thus F(z)= o(1) as |z| → ∞.
Hence conditions a and b in Lemma 5 have been verified, and this implies that the
corresponding Stieltjes transform representation exists. The use of the inversion
theorem to obtain the corresponding measure is also almost the same: from Lemma 7
and equations (5-8) we obtain

F(−t−iη)= F(e−iπ (t+iη))=
iπ
2
(t+iη)

ν−µ
2 eai

√
t+iη Jµ(a

√
t+iη)H (1)

ν (b
√

t+iη),

F(−t+iη)= F(eiπ (t−iη))= −
iπ
2
(t−iη)

ν−µ
2 e−ai

√
t−iη Jµ(a

√
t−iη)H (2)

ν (b
√

t−iη).

The justification for interchanging the limit and the integral in (1-3) also goes as in
the proof of Theorem 11, and we omit it. Finally, from the relations (5-8), we get

α′(t)=
1
2 t

ν−µ
2 Jµ(a

√
t)

(
Jν(b

√
t) cos(a

√
t)− Yν(b

√
t) sin(a

√
t)

)
. □

Proof of Theorem 14. From the recurrence relation K ′
µ(x)= −Kµ−1(x)−

µ
x Kµ(x)

(see [Wa44, p. 79]) and the equivalent form of the integral representation (5-12),
namely,

Kµ−1(
√

x)
√

x Kµ(
√

x)
=

4
π2

∫
∞

0

t−1

x + t2

(
J 2
µ(t)+ Y 2

µ(t)
)−1dt,

where x > 0, µ≥ 0, we obtain

−
d lnχµ,ν,a,b(x)

dx
=

a
2
√

x
+
µ− ν

2x
−

a
2
√

x

I ′
µ(a

√
x)

Iµ(a
√

x)
−

b
2
√

x
K ′
ν(b

√
x)

Kν(b
√

x)

=
a

2
√

x
−

a
2
√

x
Iµ+1(a

√
x)

Iµ(a
√

x)
+

b
2
√

x
Kν−1(b

√
x)

Kν(b
√

x)

=2(x)+
2
π2

∫
∞

0

t−1

x + b−2t2

(
J 2
ν (t)+ Y 2

ν (t)
)−1dt,

where

2(x)=
1
π

∫
∞

0

dt
x + a−2t2 −

∑
n≥1

1
x + a−2 j2

µ,n

≥
1
π

∑
n≥1

jµ,n − jµ,n−1

x + a−2 j2
µ,n

−

∑
n≥1

1
x + a−2 j2

µ,n
≥ 0.

Further,

(−1)m

m!

dm2(x)
dxm ≥

1
π

∑
n≥1

jµ,n − jµ,n−1

(x + a−2 j2
µ,n)

m+1 −

∑
n≥1

1
(x + a−2 j2

µ,n)
m+1 ≥ 0,

since jµ,n− jµ,n−1>π wheneverµ> 1
2 and n ∈N. Thus, x 7→−d lnχµ,ν,a,b(x)/dx

is completely monotonic on (0,∞) for all a, b, ν >0 andµ> 1
2 . In view of Lemma 1

the proof is complete. □
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Proof of Theorem 15. Let F(z)= z
µ+ν

2 Kµ(a
√

z)Kν(b
√

z). Using the asymptotic
eq. 10.30.2 from [NIST10] for a, b, µ, ν > 0, we have

z
µ+ν

2 Kµ(a
√

z)Kν(b
√

z)∼
1
40(µ)0(ν)

2µ+ν

aµbν

as z →0. Hence, f (z)=o(|z|−1) as |z| → 0. Using [NIST10, eq. 10.25.3], we have

z
µ+ν

2 Kµ(a
√

z)Kν(b
√

z)∼
π

2
√

ab

√
zµ+ν−1e−(a+b)

√
z

as |z| → ∞ and |arg z| < 3
2π . From this we see that F(z) = o(1) as |z| → ∞,

uniformly in every sector |arg z| ≤ π − ε, ε > 0. Therefore, the conditions of
Lemma 5 hold true. At the same time, using (5-8) we obtain

F(−t − iη)= F(e−iπ (t + iη))= −
1
4π

2(t + iη)
µ+ν

2 H (1)
µ (a

√
t + iη)H (1)

ν (b
√

t + iη),

F(−t + iη)= F(eiπ (t − iη))= −
1
4π

2(t − iη)
µ+ν

2 H (2)
µ (a

√
t − iη)H (2)

ν (b
√

t − iη),

By using the asymptotic relation (5-9), we conclude that F(−t − iη)− F(−t + iη)
is continuous in every rectangle [t1, t2]× [0, η], t1, t2, η > 0. Consequently, we can
interchange the limit and the integral in (1-3). In view of Lemma 7 we arrive at

α′(t)= −14π t
µ+ν

2
(
Jµ(a

√
t)Yν(b

√
t)+ Jν(b

√
t)Yµ(a

√
t)

)
.

Thus α(t) is continuous and limt→0+ α(t) exists. Then α̃(t) = α(t)− α(0) is the
normalized measure with α̃′(t)= α′(t). □

Proof of Theorem 16. Infinite divisibility results from [IK79, Theorem 1.8]. Namely,
we know that the function x 7→ (

√
x)νKν(

√
x)/(2ν−10(ν)) is the Laplace transform

of an infinitely divisible distribution with support (0,∞) whenever ν > 0. Thus the
Laplace transform ϑµ,ν,a,b(x) is the product of Laplace transforms of two infinitely
divisible distributions, and hence the Laplace transform of an infinitely divisible
distribution, by [SH03, Proposition 2.1]. More precisely, (5-12) gives

−
d lnϑµ,ν,a,b(x)

dx
= −

µ+ ν

2x
−

a
2
√

x

K ′
µ(a

√
x)

Kµ(a
√

x)
−

b
2
√

x
K ′
ν(b

√
x)

Kν(b
√

x)

=
a

2
√

x
Kµ−1(a

√
x)

Kµ(a
√

x)
+

b
2
√

x
Kν−1(b

√
x)

Kν(b
√

x)

=
1
π2

(∫ ∞

0

t−1

x + ta−2

(
J 2
µ(

√
t)+ Y 2

µ(
√

t)
)−1dt

+

∫ ∞

0

t−1

x + tb−2

(
J 2
ν (

√
t)+ Y 2

ν (
√

t)
)−1dt

)
,

which as a function of x is completely monotonic on (0,∞) for all strictly positive
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real numbers a, b, µ and ν. Applying Lemma 1, this shows that x 7→ ϑµ,ν,a,b(x)
is the Laplace transform of an infinitely divisible distribution.

Set ξ(x)= ϑµ,ν,a,b(x)/ϑµ,ν,a,b(αx). Then

−
d ln ξ(x)

dx

= −
a

2
√

x

K ′
µ(a

√
x)

Kµ(a
√

x)
−

b
2
√

x
K ′
ν(b

√
x)

Kν(b
√

x)
+

a
√
α

2
√

x

K ′
µ(a

√
αx)

Kµ(a
√
αx)

+
b
√
α

2
√

x
K ′
ν(b

√
αx)

Kν(b
√
αx)

=
a

2
√

x
Kµ−1(a

√
x)

Kµ(a
√

x)
+

b
2
√

x
Kν−1(b

√
x)

Kν(b
√

x)
−

a
√
α

2
√

x
Kµ−1(a

√
αx)

Kµ(a
√
αx)

−
b
√
α

2
√

x
Kν−1(b

√
αx)

Kν(b
√
αx)

=
a2

π2

∫ ∞

0

(1 −α)

(a2αx + t)(a2x + t)

(
J 2
µ(

√
t)+ Y 2

µ(
√

t)
)−1dt

+
b2

π2

∫ ∞

0

(1 −α)

(b2αx + t)(b2x + t)

(
J 2
ν (

√
t)+ Y 2

ν (
√

t)
)−1dt

is completely monotonic with respect to x on (0,∞) for all α ∈ (0, 1) and strictly
positive real numbers a, b, µ and ν. Applying Lemmas 1 and 2 we conclude that ξ is
the Laplace transform of an infinitely divisible distribution, and so x 7→ ϑµ,ν,a,b(x)
is the Laplace transform of a self-decomposable distribution.

Finally, let w = v+ 1/v. For a, b, µ, ν arbitrary positive real numbers set

αµ,ν,a,b =
aµbν

2µ+ν−20(µ)0(ν)
.

Using Macdonald’s integral representation (5-5) for modified Bessel functions of
the second kind we can write

ϑµ,ν,a,b(uv)ϑµ,ν,a,b(u/v)

= α2
µ,ν,a,b · uµ+νKµ(a

√
uv)Kµ(a

√
u/v)Kν(b

√
uv)Kν(b

√
u/v)

=
1
4α

2
µ,ν,a,b uµ+ν

×

∫ ∞

0

∫ ∞

0
exp

(
−wu

(b2t+a2s
2ts

))
exp

(
−

t+s
2

)
Kµ

(au2

t

)
Kν

(bu2

s

) dt
t

ds
s
.

The factor containing w makes the function w 7→ ϑµ,ν,a,b(uv)ϑµ,ν,a,b (u/v) com-
pletely monotonic with respect to w on (0,∞). Then Lemma 4 gives that x 7→

ϑµ,ν,a,b(x) is the Laplace transform of a generalized gamma convolution. □

Proof of Theorem 17. Let F(z)= e−(a+b)
√

zz−
µ+ν

2 Iµ(a
√

z)Iν(b
√

z). As z → 0,

z−
µ+ν

2 Iµ(a
√

z)Iν(b
√

z)∼
( 1

2

)µ+ν aµbν

0(µ+ 1)0(ν+ 1)
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and hence F(z)= o(|z|−1) as |z| → 0. Using [NIST10, eq. 10.25.3] we obtain

F(z)∼
1

2π
√

ab
z−

µ+ν+1
2

as |z| → ∞, uniformly in every sector |arg z| ≤ π − ε, ε > 0. Thus, conditions
a and b of Lemma 5 are met. Now we use (5-8) to evaluate

F(−t−iη)= F(e−iπ (t+iη))= e(a+b)i
√

t+iη(t+iη)−
µ+ν

2 Jµ(a
√

t+iη)Jν(b
√

t+iη),

F(−t+iη)= F(eiπ (t−iη))= e−(a+b)i
√

t−iη(t−iη)−
µ+ν

2 Jµ(a
√

t−iη)Jν(b
√

t−iη).

By using the asymptotic relation (5-7), we can validate the interchange of the
integral and limit in (1-3). Then Lemma 7 gives

α′(t)=
1
π

t−
µ+ν

2 Jµ(a
√

t)Jν(b
√

t) sin((a + b)
√

t),

and thus α(t) is continuous and limt→0+ α(t) exists. Letting α̃(t)= α(t)−α(0) we
get the normalized measure with α̃′(t)= α′(t). □

Proof of Theorem 18. From [Is90, Theorem 2] we know that if ν > 1
2 , the function

x 7→ 2ν0(ν+1)x−ν/2 Iν(
√

x)e−
√

x is the Laplace transform of an infinitely divisible
distribution that is not a generalized gamma convolution. Hence ζµ,ν,a,b(x) is the
Laplace transform of an infinitely divisible distribution that is not a generalized
gamma convolution, being a product of two such.

To prove infinite divisibility we start with the observation that −ln ζµ,ν,a,b(x)→0
as x → 0 (see [NIST10, eq. 10.30.1]). Using the same idea as in the proof of
Theorem 9 we obtain

−
ln ζµ,ν,a,b(x)

dx
(x)

=
a + b
2
√

x
+
µ+ ν

2x
−

a
2
√

x

I ′
µ(a

√
x)

Iµ(a
√

x)
−

b
2
√

x
I ′
ν(b

√
x)

Iν(b
√

x)

=
a

2
√

x
−

∑
n≥1

1
x + j2

µ,na−2 +
b

2
√

x
−

∑
n≥1

1
x + j2

ν,nb−2

=

(
1
π

∫
∞

0

dt
x+t2a−2 −

∑
n≥1

1
x+ j2

µ,na−2

)
+

(
1
π

∫
∞

0

dt
x+t2b−2 −

∑
n≥1

1
x+ j2

ν,nb−2

)
;

this is a sum of two completely monotonic functions on (0,∞) if a, b > 0 and
µ, ν > 1

2 .
To show that ζµ,ν,a,b(x) is not a Laplace transform of a generalized gamma

convolution we use Pick’s characterization (Lemma 3). If ψ(s)= ζµ,ν,a,b(−s) is
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the moment generating function, we have Im
(
ψ ′(s)/ψ(s)

)
< 0 whenever Im s > 0,

as follows: With s = reiθ
= x + iy, we can write

ψ ′(s)
ψ(s)

= −
(a + b)i

2
√

s
−
µ+ ν

2s
+

a
2
√

s

J ′
µ(a

√
s)

Jµ(a
√

s)
+

b
2
√

s
J ′
ν(b

√
s)

Jν(b
√

s)

= −
(a + b)i

2
√

s
+

∑
n≥1

a2

s − j2
µ,n

+

∑
n≥1

b2

s − j2
ν,n

=

(
− sin θ

2 − i cos θ2
)
(a + b)

2
√

r
+

∑
n≥1

a2(x − j2
µ,n − iy)

(x − j2
µ,n)

2 + y2 +

∑
n≥1

b2(a − j2
ν,n − iy)

(x − j2
ν,n)

2 + y2 ,

which is negative when Im s > 0, as desired. □

Proof of Theorem 19. Define

F(z)=
e−(a+b)

√
z

z
µ+ν

2 Kµ(a
√

z)Kν(b
√

z)
.

First take µ > 0 and ν > 0 and use [NIST10, eq. 10.30.2] to get

F(z)∼
aµbνe−(a+b)

√
z

2µ+ν−20(µ)0(ν)
as z → 0.

Then take µ > 0 and ν = 0 and use [NIST10, eq. 10.30.3] to get

F(z)∼ −
aµe−(a+b)

√
z

2µ−10(µ) ln(b
√

z)
as z → 0.

When µ > 0 and ν < 0, we use [NIST10, eq. 10.30.2] and Kν(z)= K−ν(z) to get

F(z)∼
e−(a+b)

√
zaµb−νz−ν

2µ−ν−20(µ)0(−ν)
as z → 0.

To sum up, F(z) = o(|z|−1) as |z| → 0 whenever µ > 0 and ν ∈ R, and by
interchanging ν and µ we can conclude that in fact F(z) = o(|z|−1) as |z| → 0
whenever µ ∈ R, ν ∈ R and µ+ ν > 1. Using [NIST10, eq. 10.25.3], we also have

F(z)∼
2
√

abz
1−(µ+ν)

2
√
π

as |z| → ∞

for µ+ν > 1. Hence, F(z)= o(1) as |z| → ∞ in the region |arg z|< 3
2π , showing

that condition b in Lemma 6 is met.
Kµ(z) has no zeros in |arg z| ≤

π
2 and has finitely many zeros in C \�, where

�=
{
z : |arg z|< π

2

}
. Consequently, Kµ(a

√
z) has no zeros in |arg z| ≤ π and has

finitely many zeros in π < |arg z|< 2π . Hence, we can find a θ ∈
( 2

3 , 1
)

such that
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the function F(z) is analytic in the region |arg |<π/θ , showing that condition a of
Lemma 6 is also met.

Using the residue theorem, we evaluate the contour integral in (1-2) to

ϱ(t)=
1

2π i

∫
C

ze
z
2

z2 +π2 F(ezt) dz =
i
2
(
F(teiπ )− F(te−iπ )

)
,

where C is a rectifiable closed curve going around [−iπ, iπ ] in the positive direction
and lying in the strip |Im z|< π/θ . On the other hand, in view of (5-8), we have

F(teiπ )=
−4e−(a+b)i

√
t

π2t
µ+ν

2 H (2)
µ (a

√
t)H (2)

ν (b
√

t)
,

F(te−iπ )=
−4e(a+b)i

√
t

π2t
µ+ν

2 H (1)
µ (a

√
t)H (1)

ν (b
√

t)
.

All this leads to

ϱ(t)=
4

t
µ+ν

2 π2
·

1Tµ,ν,a,b(t) cos((a + b)
√

t)− 2Tµ,ν,a,b(t) sin((a + b)
√

t)(
J 2
µ(a

√
t)+ Y 2

µ(a
√

t)
)(

J 2
ν (b

√
t)+ Y 2

ν (b
√

t)
) . □

Proof of Theorem 20. From [Is90, Theorem 1] we know that if ν > 1
2 , the function

x 7→2ν−10(ν)x−ν/2e−
√

x/Kν(
√

x) is the Laplace transform of an infinitely divisible
distribution that is a generalized gamma convolution. This implies that κµ,ν,a,b(x) is
the Laplace transform of an infinitely divisible distribution that is also a generalized
gamma convolution, being a product of two such. (See [Bo15, Theorem 1] or
[BB17, Proposition 7].)

For infinite divisibility we calculate

−
d ln κµ,ν,a,b(x)

dx

=
a + b
2
√

x
+
µ+ ν

2x
+

a
2
√

x

K ′
µ(a

√
x)

Kµ(a
√

x)
+

b
2
√

x
K ′
ν(b

√
x)

Kν(b
√

x)

=
a

2
√

x
−

a
2
√

x
Kµ−1(a

√
x)

Kµ(a
√

x)
+

b
2
√

x
−

b
2
√

x
Kν−1(b

√
x)

Kν(b
√

x)

=
1
π

∫ ∞

0

1
x + t2a−2

(
1 −

2(π t)−1

J 2
µ(t)+ Y 2

µ(t)

)
dt

+
1
π

∫ ∞

0

1
x + t2b−2

(
1 −

2(π t)−1

J 2
ν (t)+ Y 2

ν (t)

)
dt.

which for µ > 1
2 implies, in view of the inequality J 2

µ(t)+ Y 2
µ(t) > 2/(π t) (see

[Wa44, p. 447]), that x 7→ −d ln κµ,ν,a,b(x)/dx is indeed completely monotonic on
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(0,∞) for all µ, ν > 1
2 and a, b > 0. Then Lemma 1 shows that κµ,ν,a,b(x) is the

Laplace transform of an infinitely divisible distribution. □

Proof of Theorem 21. Letting

F(z)= z−
µ+ν

2 e−(a+b)
√

z Iµ(a
√

z)
Kν(b

√
z)
,

we go through the same manipulations as in the proof of Theorem 19 to obtain the
asymptotics of F as z → 0: when ν > 0, use eqs. 10.30.1 and 10.30.2 of [NIST10];
when ν = 0, use 10.30.1 and 10.30.3; when ν < 0, use 10.30.1, 10.27.3 and 10.30.2.
Finally, when a, b > 0 and µ+ ν > 0 use 10.30.4 and 10.25.3 to obtain

F(z)∼
√

b/a
z−

µ+ν
2

π
as |z| → ∞.

Thus, condition b of Lemma 5 holds true. Kν(z) has no zeros in |arg z| ≤
π
2 , so

neither does Kν(b
√

z) have zeros in |arg z| ≤ π . Thus, condition a of Lemma 5 is
also met. From (5-8) we then obtain

F(−t − iη)= F(e−iπ (t + iη))= −
2i(t + iη)−

µ+ν
2 e(a+b)i

√
t+iη

π

Jµ(a
√

t + iη)

H (1)
ν (b

√
t + iη)

,

F(−t + iη)= F(eiπ (t − iη))=
2i(t − iη)−

µ+ν
2 e−(a+b)i

√
t−iη

π

Jµ(a
√

t − iη)

H (2)
ν (b

√
t − iη)

.

To validate the interchange of limit and integral in (1-3) we consider three cases
as in the proof of Theorem 11:

(i) ν > 0 and µ >−1: From (5-7) and (5-9) we see that F(−t − iη)− F(−t + iη)
is continuous in every rectangle [t1, t2] × [0, η].

(ii) ν = 0 and µ >−1: From (5-7) and (5-10) we get, as t → 0 and η→ 0,

F(−t − iη)∼ −
aµ

2µ0(µ+ 1)
1

ln(b
√

t + iη)
,

F(−t + iη)∼ −
aµ

2µ0(µ+ 1)
1

ln(b
√

t − iη)
.

Thus, both functions are bounded in every rectangle [t1, t2] × [0, η].

(iii) ν < 0 and µ >−1: From (5-7), (5-9) and (5-11) we get, as t → 0 and η→ 0,

F(−t − iη)∼
eνπ iaµ

2µ−ν−1bν0(µ+ 1)0(−ν)
(t + iη)−ν,

F(−t + iη)∼
e−νπ iaµ

2µ−ν−1bν0(µ+ 1)0(−ν)
(t − iη)−ν;

that is, both functions are bounded in every rectangle [t1, t2] × [0, η].
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Finally, in view of Lemma 7, we obtain

dα(t)
dt

= −
2t−

µ+ν
2

π2 Jµ(a
√

t)
cos((a + b)

√
t)Jν(b

√
t)+ sin((a + b)

√
t)Yν(b

√
t)

J 2
ν (b

√
t)+ Y 2

ν (b
√

t)
.

□

Proof of Corollary 2. We can simply take a → 0 in Theorem 21. However, we give
another proof using the Stieltjes transform representation in Lemma 6. Let

F(z)= (
√

z)−νe−b
√

z 1
Kν(b

√
z)
.

Equation 10.30.2 in [NIST10] gives F(z)∼ o(|z|−1) as z → 0, while 10.25.3 gives
F(z)∼ (

√
z)−ν+

1
2
√

2b/π as |z| → ∞. Hence condition b in Lemma 6 holds true.
Next, Kν(z) has no zero in the region |arg z| ≤

π
2 and it has finitely many zeros

in the regions π
2 < arg z < π and −π < arg z < −

π
2 . Hence F(z) is analytic

in |arg z| ≤ π . We can find ϵ ∈
( 2

3 , 1
)

such that F(z) is analytic in the region
|arg z|< π

ϵ
, so condition a in Lemma 6 is also met. In view of Lemma 7 we obtain

dα(t)
dt

=
1

2π i

(
F(e−iπ t)− F(eiπ t)

)
,

where

F(e−iπ t)= ei π2 ν(
√

t)−νeib
√

t 1

Kν(e−i π2 b
√

t)
=

2(
√

t)−ν

iπ
eib

√
t Jν(b

√
t)− iYν(b

√
t)

J 2
ν (b

√
t)+ Y 2

ν (b
√

t)
,

F(eiπ t)= e−i π2 ν(
√

t)−νe−ib
√

t 1

Kν(ei π2 b
√

t)
= −

2(
√

t)−ν

iπ
e−ib

√
t Jν(b

√
t)+ iYν(b

√
t)

J 2
ν (b

√
t + Y 2

ν (b
√

t))
.

This leads to

dα(t)
dt

= −
2
π2 (

√
t)−ν

Jν(b
√

t) cos(b
√

t)+ Yν(b
√

t) sin(b
√

t)
J 2
ν (b

√
t)+ Y 2

ν (b
√

t)
□

Proof of Theorem 22. Applying Theorems 1 and 2 of [Is90] in the same way as
in the proof of Theorem 18 shows that εµ,ν,a,b(x) is the Laplace transform of an
infinitely divisible distribution. More precisely, we use that

−
d ln εµ,ν,a,b(x)

dx
(x)=

a + b
2
√

x
+
µ+ ν

2x
−

a
2
√

x
I ′(a

√
x)

Iµ(a
√

x)
+

b
2
√

x
K ′
ν(b

√
x)

Kν(b
√

x)

=
a + b
2
√

x
−

a
2
√

x
Iµ+1(a

√
x)

Iµ(a
√

x)
−

b
2
√

x
Kν−1(b

√
x)

Kν(b
√

x)

=
1
π

∫ ∞

0

1
x + b−2t2

(
1 −

2(π t)−1

J 2
ν (t)+ Y 2

ν (t)

)
dt

+
1
π

∫ ∞

0

dt
x + a−2t2 −

∑
n≥1

1
x + a−2 j2

µ,n
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is completely monotonic on (0,∞) for all µ, ν > 1
2 and a, b > 0, being a sum

of two completely monotonic functions: the expression on the penultimate line
is completely monotonic because of the inequality J 2

ν (t)+ Y 2
ν (t) > 2/(π t) where

ν > 1
2 (see [Wa44, p. 447]), while the expression on the last line satisfies

2(x)=
1
π

∫
∞

0

dt
x + a−2t2 −

∑
n≥1

1
x + a−2 j2

µ,n

≥
1
π

∑
n≥1

jµ,n − jµ,n−1

x + a−2 j2
µ,n

−

∑
n≥1

1
x + a−2 j2

µ,n
≥ 0

and

(−1)m

m!

dm2(x)
dxm ≥

1
π

∑
n≥1

jµ,n − jµ,n−1

(x + a−2 j2
µ,n)

m+1 −

∑
n≥1

1
(x + a−2 j2

µ,n)
m+1 ≥ 0,

since jµ,n − jµ,n−1 > π whenever µ > 1
2 and n ∈ N. In view of Lemma 1, this

proves the first part of Theorem 22.
For the second part we observe, using a similar approach as before, that the

corresponding expression

−
d

dx
ln

e−(a+b)
√

x

εµ,ν,a,b(x)
= −

ν+µ

2x
−

b
2
√

x
K ′
ν(b

√
x)

Kν(b
√

x)
+

a
2
√

x

I ′
µ(a

√
x)

Iµ(a
√

x)

=
b

2
√

x
Kν−1(b

√
x)

Kν(b
√

x)
+

a
2
√

x
Iµ+1(a

√
x)

Iµ(a
√

x)

=
2
π2

∫
∞

0

1
x + b−2t2 [J 2

ν (t)+ Y 2
ν (t)]

−1dt +

∑
n≥1

1
x + a−2 j2

µ,n

is completely monotonic on (0,∞), being a sum of two completely monotonic
functions whenever a, b, ν > 0 and µ >−1. □

Proof of Theorem 23. Let X and Y be independent gamma variables with parameters
(α, β) and (α0, β0). The probability density function of the quotient Z = X/Y is

f (z)=
0(α+α0)

0(α)0(α0)

(
β0
β

)α
xα−1

(
1 +

β0
β

x
)−(α+α0)

,

where x > 0 (see for example [IK79, p. 889]). Let a = α and c = 1 − α0. The
Laplace transform L(s) of the quotient of two gamma random variables is

L(s)=
0(a − c + 1)
0(1 − c)

ψ(a, c, s)

(see [IK79, p.889]) and thus the moment generating function φ(s)= L(−s) is

(5-13) φ(s)=
0(a − c + 1)
0(1 − c)

ψ(a, c,−s).
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Since a > 0, by using [NIST10, eq. 13.9.13], we observe that ψ(a, c,−s) has no
zeros in C \ [0,∞). Thus the first condition of the Pick function characterization
theorem (Lemma 3) is verified, and by taking the logarithmic derivative of both
sides of (5-13), we obtain

φ′(s)
φ(s)

= −
ψ ′(a, c,−s)
ψ(a, c,−s)

=
aψ(a + 1, c + 1,−s)

ψ(a, c,−s)
.

For s = x + iy, by using the integral representation (4-1), which is valid for
|arg z|< π , a > 0 and c < 1, we arrive at

φ′(s)
φ(s)

=

∫
∞

0

at−ce−t
|ψ(a, c, teiπ )|−2 dt

(−s + t)0(a + 1)0(a − c + 1)

=

∫
∞

0

at−ce−t
|ψ(a, c, teiπ )|−2 dt

(−x − iy + t)0(a + 1)0(a − c + 1)

=

∫
∞

0

(t − x + iy)at−ce−t
|ψ(a, c, teiπ )|−2 dt

((t − x)2 + y2)0(a + 1)0(a − c + 1)
.

This shows that Imφ′(s)/φ(s)≥ 0 whenever Im s > 0. □

Proof of Theorem 24. By using equations (12)–(15) of [EMOT53a, p. 258] and the
equality ψ ′(a, c, z)= −aψ(a + 1, c + 1, z), we obtain

ψ(a, c − 1, z)=
1−c

a−c+1
ψ(a, c, z)+ az

a−c+1
ψ(a + 1, c + 1, z),

ψ(a + 1, c, z)=
1

a−c+1
ψ(a, c, z)− z

a−c+1
ψ(a + 1, c + 1, z),

ψ(a, c + 1, z)= ψ(a, c, z)+ aψ(a + 1, c + 1, z),

ψ(a − 1, c, z)= zψ(a, c, z)− (c − a)ψ(a, c, z)+ azφ(a + 1, c + 1, z).

Dividing both sides of these equations by ψ(a, c, z) and using the integral repre-
sentation (4-1) yields the required results.

Thus, the representations in Theorem 24 follow naturally from (4-1), but for
(4-3) we give a more detailed proof via the Stieltjes representation and inversion
theorems. For this let

F(z)=
ψ(a, c + 1, z)
ψ(a, c, z)

− 1.

Using eq. 13.7.3 of [NIST10], we have

F(z)∼

∑
s≥1

(a)s((a−c)s −(a−c+1)s)(−z)−s

s!∑
s≥0

(a)s(a−c+1)s(−z)−s

s!

as z → ∞,
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and |arg z| < 3
2π , showing that f (z) → 0 as |z| → ∞. Next, for c < −1, using

eq. 13.2.22, we have

F(z)∼
0(−c)/0(a − c)

0(1 − c)/0(a − c + 1)
− 1 as z → 0;

for c = −1, eqs. 13.2.21 and 13.2.22 give

F(z)∼
1/0(a + 1)

0(1 − c)/0(a − c + 1)
− 1 as z → 0;

for −1< c < 0, eqs. 13.2.20 and 13.2.22 yield

F(z)∼
0(−c)/0(a − c)

0(1 − c)/0(a − c + 1)
− 1 as z → 0;

for c = 0, eqs. 13.2.19 and 13.2.21 lead to

F(z)∼
−1/0(a)(ln(z)+ d)

1/0(a + 1)
− 1 as z → 0,

(where d is the constant in eq. 13.2.19), and for 0< c < 1, eqs. 13.2.18 and 13.2.20
give

F(z)∼
0(c)/0(a)z−c

+0(−c)/0(a − c)
0(1 − c)/0(a − c + 1)

as z → 0.

Thus F(z)=o(|z|−1) as z →0, for a>0 and c<1. The conditions in Lemma 6 have
been verified, because ψ(a, c, z) has no zeros in |arg z|< π/α, where α ∈

(2
3 , 1

)
.

By using the residue calculus we obtain

d
dt
α(t)=

1
2π i

(
F(te−iπ )− F(teiπ )

)
=

1
2π i

lim
η→0+

(
F(−t − iη)− F(−t + iη)

)

=
1

2π i
lim
η→0+

ψ(a, c, eiπ (t − iη))ψ(a, c + 1, e−iπ (t + iη))
−ψ(a, c, e−iπ (t + iη))ψ(a, c + 1, eiπ (t − iη))∣∣ψ(a, c, eiπ (t − iη))

∣∣2 .

Now, by using [EMOT53a, eq. (14), p. 263], for −a <min{0, 1 − c} we have

(5-14) lim
η→0+

ψ(a, c, e±iπ (t ∓ iη))= k1 y1(−t)− e∓iπck2 y2(−t),

where

y1(x)=8(a, c, x) and y2(x)= x1−c8(a − c + 1, 2 − c, x),

8(a, c, x) being the Kummer confluent hypergeometric function and

k1 =
0(1 − c)

0(a − c + 1)
, k2 = (−1)1−c0(c − 1)

0(a)
.
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On the other hand, from [EMOT53a, eq. (9), p. 253] we have

(5-15) W [y1(x), y2(x)] = y1(x)y′

2(x)− y2(x)y′

1(x)= (1 − c)x−cex

and by using the recurrence relation ψ(a, c + 1, x) = −ψ ′(a, c, x)+ψ(a, c, x)
(see [EMOT53a, eq. (14), p. 258]) and equation (5-14), we obtain

(5-16) lim
η→0+

ψ(a, c + 1, e∓iπ (t ± iη))

= k1 y′

1(−t)− e±iπck2 y′

2(−t)+ k1 y1(−t)− e±iπck2 y2(−t).

From (5-16), (5-15) and (5-14) it follows that

dα(t)
dt

= −
sin(πc)k1k2(y1(−t)y′

2(−t)− y2(−t)y′

1(−t))
π |ψ(a, c, eiπ t)|2

and by using the formula sin(πc)=
π

0(c−1)0(2−c)
(see [IK79, p. 890]) we arrive

at
dα(t)

dt
=

t−ce−t
|ψ(a, c, eiπ t)|−2

0(a)0(a − c + 1)
.

This completes the proof of (4-3). □

Proof of Theorem 25. From [MOS66, p. 90] we have this integral representation for
the product of modified Bessel functions of the first kind, where µ >−

1
2 :

(5-17) Iµ(a)Iµ(b)=(1
2ab

)µ
√
π0

( 1
2+µ

) ∫ π

0
(a2

+b2
−2ab cos t)−

1
2µ Iµ

(
(a2

+b2
−2ab cos t)1/2

)
sin2µ t dt,

Combining this with

χµ,λ(uv)χµ,λ(u/v)=
1
4 e−λ(u/λ)

µ
2 −1e−

u
2w I µ

2 −1(
√
λuv)I µ

2 −1(
√
λu/v).

and using the notation T =
√
λu(w− 2 cos t), we obtain

(5-18) χµ,λ(uv)χµ,λ(u/v)= cµ,λ(u)e−
u
2w

∫ π

0

I µ
2 −1(T )

T
µ
2 −1

sinµ−2 t dt,

with

cµ,λ(u)=
e−λu(µ−2)

2
µ
2 +1√π0

(
µ−1

2

) .
Since 2dT /dw=λu/T and by the recurrence relation (z−µ Iµ(z))′ = z−µ Iµ+1(z)

(see for example [Wa44, p. 79]), after differentiating both sides of (5-18) with respect
to w = v+ 1/v, we arrive at

d
dw

(
χµ,λ(uv)χµ,λ(u/v)

)
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= cµ,λ(u)
(

−
1
2

ue−
uw
2

∫ π

0

I µ
2 −1(T )

T
µ
2 −1

sinµ−2 t dt + e−
uw
2

∫ π

0

λu
2

I µ
2
(T )

T
µ
2

sinµ−2 t dt
)

= cµ,λ(u)
(

u
2

e−
uw
2

∫ π

0

sinµ−2 t

T
µ
2 −1

(
−I µ

2 −1(T )+ λ
I µ

2
(T )

T

)
dt

)
.

The recurrence relation (2µ/z)Iµ(z)= Iµ−1(z)− Iµ+1(z) (see [Wa44, p. 79]) yields

λ

T
I µ

2
(T )=

λ

µ
I µ

2 −1(T )−
λ

µ
I µ

2 +1(T ),

which in turn gives

d
dw

(
χµ,λ(uv)χµ,λ(u/v)

)
=

1
2 ucµ,λ(u)

e
u
2w

∫ π

0

sinµ−2 t

T
µ
2 −1

((
λ

µ
− 1

)
I µ

2 −1(T )−
λ

µ
I µ

2 +1(T )
)

dt < 0

whenever 0< λ≤ µ and u > 0. By using a similar approach we obtain

d2

dw2

(
χµ,λ(uv)χµ,λ(u/v)

)
= cµ,λ(u)

[
−

1
4

u2e−
u
2w

∫ π

0
sinµ−2 t

(
−

I µ
2 −1(T )

T
µ
2 −1

+ λ
I µ

2
(T )

T
µ
2

)
dt

+
u
2

e−
u
2w

∫ π

0
sinµ−2 t

(
−
λu
2

I µ
2
(T )

T
µ
2

+
λ2u

2

I µ
2 +1(T )

T
µ
2 +1

)
dt

]
= cµ,λ(u) ·

u2

4
e−

u
2w

∫ π

0

sinµ−2 t

T
µ
2 −1

(
I µ

2 −1(T )−
2λ
T

I µ
2
(T )+ λ2

T 2 I µ
2 +1(T )

)
dt,

which can be rewritten as

u2cµ,λ(u)

4e
u
2w

∫ π

0

sinµ−2 t

T
µ
2 −1

((
1 −

2λ
µ

)
I µ

2 −1(T )+
2λ
µ

I µ
2 +1(T )+

λ2

µ2 I µ
2 +1(T )

)
dt

and this is strictly positive whenever 0< λ≤ µ/2 and u > 0. □

Proof of Theorem 26. If t ∈
(
0, π2

]
and a, b> 0, then a2

+b2
−2ab cos t >(a−b)2> 0;

if t ∈
(
π
2 , π

)
and a, b > 0, we likewise have a2

+ b2
− 2ab cos t > 0. Inserting

a = uv and b = u/v in the integral representation (5-17), we obtain

Iµ(uv)Iµ(u/v)=

( 1
2 u2

)µ
√
π0

( 1
2 +µ

) ∫ π

0
fµ(S) sin2µ t dt,

where fµ(S) = S−µ Iµ(S) and S =

√
u2((w2 − 2)− 2 cos t) > 0. The recurrence

relation (z−µ Iµ(z))′ = z−µ Iµ+1(z) (see [Wa44, p. 79]) implies that each of
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d
dw

fµ(S)= u2w fµ+1(S),
d2

dw2 fµ(S)= u2 fµ+1(S)+ (u2w)2 fµ+2(S),

d3

dw3 fµ(S)= 3wu4 fµ+2(S)+ (u2w)3 fµ+3(S),

d4

dw4 fµ(S)= 3u4 fµ+2(S)+ 6u6w2 fµ+3(S)+ (u2w)4 fµ+4(S)

is positive for all a, b > 0, w > 2 and µ >−
1
2 . In view of these relations we make

the induction hypothesis that the (2n + 1)-st derivative is of the form

d2n+1

dw2n+1 fµ(S)=

(u2w)2n+1 fµ+2n+1(S)+α2n(u)w2n−1 fµ+2n(S)+ · · · +α2(u)w fµ+k(S)

and this expression is positive, where k ≤ 2n and α2n(u), α2n−2(u), . . . , α2(u)
are nonnegative constants. We also make the induction hypothesis that the 2n-th
derivative is of the form

d2n

dw2n fµ(S)= (u2w)2n fµ+2n(S)+β2n(u)w2n−1 fµ+2n−1(S)+· · ·+β2(u) fµ+k(S)

and this expression is positive, where k ≤2n−1 and β2n(u), β2n−2(u), . . . , β2(u) are
nonnegative constants. By using the recurrence relation d fµ(S)/dw= u2w fµ+1(S)
repeatedly we see that the derivatives d2n+3 fµ(S)/dw2n+3 and d2n+2 fµ(S)/dw2n+2

have a similar form as d2n+1 fµ(S)/dw2n+1 and d2n fµ(S)/dw2n , respectively, and
that each of these expressions is positive. Consequently, for all µ >−

1
2 , u, v > 0,

w > 2 and n ∈ N we have

dn

dwn

(
Iµ(uv)Iµ(u/v)

)
=

( 1
2 u2

)µ
√
π0

( 1
2 +µ

) ∫ π

0

dn

dwn fµ(S) sin2µ t dt ≥ 0. □
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ON R-TREES, HOMOTOPIES, AND COVERING MAPS

JEREMY BRAZAS, GREGORY R. CONNER, PAUL FABEL AND CURTIS KENT

A map p : E → X has the unique path lifting property if every path in X ,
after a choice of an initial point, lifts uniquely to a path in E. We prove
that if a group G acts on an R-tree T in such a way that the quotient map
p : T → T/G has the unique path lifting property, then the quotient space
T/G does not contain a disc. As a consequence, we show that every map
of manifolds with the unique path lifting property is a covering map. The
proof requires a study of one-dimensional backtracking in paths. We show
the surprising and counterintuitive result that the equivalence relation given
by homotopies of paths rel. endpoints is generated by inserting and deleting
one-dimensional backtracking.

1. Introduction

Actions of groups on R-trees are a central tool in topology and geometric group
theory. Paulin constructed essential actions of hyperbolic groups on R-trees [18].
Culler and Vogtmann’s outer space has a natural boundary consisting of actions of
a free group on an R-tree [3, Section 2]. Sela and Groves used isometric actions on
R-trees to study limit groups [13; 19]. Rips developed tools to understand finitely
generated groups acting freely on R-trees (see [4; 12]).

Our interest here is motivated by considering non-finitely generated groups acting
on R-trees. Berestovskii and Plaut in [1] proved that every length space X is the
quotient of an R-tree T obtained via an action by isometries of a locally free group
G on T . They showed that the quotient map p : T → T/G = X has the property
that every rectifiable path in X lifts uniquely to a path in T , after a choice of initial
point. They constructed the R-tree T by considering the set of rectifiable paths in
X without backtracking and showed that these paths naturally formed an R-tree.

We say that p : E→ X has the unique path lifting property (or is a UPL map)
if for every path α : [0, 1] → X and every e ∈ p−1({α(0)}), there is a unique path
α̃ : [0, 1] → E with α̃(0)= e and p ◦ α̃ = α. The following is well-known:

(∗) If p : E→ X is a covering map, then p has the unique path lifting property.
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If the quotient map p : E→ X coming from a group action is a UPL map, one
may understand the group action in terms of paths in the base space. Thus it is
natural to ask when can a topological space X be the orbit space of a group acting
on an R-tree in such a way that the quotient map has the unique path lifting property.
We prove the following.

Theorem 1.1. If a group G acts on an R-tree T in such a way that the quotient map
p : T → T/G has the unique path lifting property, then the quotient space T/G
does not contain a two-dimensional Euclidean disc.

Theorem 1.1 follows from the following lemma.

Lemma 1.2. If X is a first countable, locally path-connected, and simply connected
space, E is a path-connected space, and p : E → X is a UPL map, then p is a
homeomorphism.

This gives the following surprising corollary for manifolds.

Corollary 1.3. If p : E→ X is a UPL map where X is first countable, locally path
connected, and semilocally simply connected and E is locally path connected, then
p is a covering map. In particular, every UPL map p : M→ N of manifolds is a
covering map.

Lemma 1.2 is a positive answer to Dydak’s unique lifting problem: Is every
map with the unique path lifting property from a path-connected space E to the
unit disc D2 in the Euclidean plane a homeomorphism? (See [9, Problem 2.3]
and [5, Problem 4.6].) Additionally, Corollary 1.3 is a converse to (∗), which is
surprisingly difficult to verify outside of one-dimensional cases.

The primary obstruction to establishing the converse to (∗) is showing that the
unique lifting of paths rel. basepoint implies the lifting of path homotopies. If
one assumes that path lifts vary continuously relative to their starting point, then
standard techniques would apply; see, for example, [15, Section 12 of Chapter III].
However, the weaker lifting hypothesis of UPL maps need not imply continuous
lifting in general. In fact, the aforementioned results of Berestovskii and Plaut
may be considered as evidence that the converse of (∗) should not hold even
when X = D2. Since arbitrary paths in D2 can be approximated by paths in
one-dimensional subspaces and since R-trees are closed under various limiting
constructions, limiting methods seem a promising way to produce a counterexample
extending that for rectifiable paths.

Our principal tool is understanding one-dimensional backtracking. We will make
backtracking formal by considering maps into R-trees. Suppose the nonconstant
path α : [0, 1] → X in a metric space factors through an R-tree T as α = q ◦ p,
where p : [0, 1] → T is a path and q : T → X is a map. Let r : [0, 1] → T
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parameterize the unique geodesic in T from p(0) to p(1). Then we say that the
path β = q ◦ r is obtained from α by geodesic R-tree reduction. Certainly, if β

is a geodesic R-tree reduction of α, then α and β are homotopic. The surprising
result and main idea for proving Theorem 1.1 and Corollary 1.3 is that any two
homotopic paths are both R-tree reductions of a single common path. Hence, one
may delete one-dimensional backtracking from this common path to obtain either
of the two homotopic paths.

Theorem 1.4 (main theorem). If X is a topological space and α, β : [0, 1] → X
are homotopic paths, then there exists a path γ : [0, 1] → X such that α and β are
both geodesic R-tree reductions of γ .

Typically, the path γ will be very complicated, as it (1) will be space-filling in the
image of some chosen homotopy between α and β and (2) must pass through all of
the points of both α and β in the same order that each of these paths does. Despite
its complexity, the construction of γ from the pair α, β is entirely explicit. Our
main theorem implies that the equivalence relation on paths generated by geodesic
R-tree reduction coincides precisely with path homotopy (Corollary 5.7).

In [14, Corollary 2.4], it is shown that the following notion of “thin homotopy”
is an equivalence relation on the set of paths in a Hausdorff space: two paths are
thinly homotopic if they form a loop that factors through a simplicial tree. The
key idea needed to verify transitivity is a technical result ensuring that certain
pushouts of simplicial trees are simplicial trees [14, Proposition 5.5]. Theorem 1.4
implies that if one replaces “simplicial tree” with “R-tree” in the definition of a
thin homotopy, then the analogous relation is not transitive (Corollary 5.8). This
occurs precisely because there exist extreme situations, namely those modeled by
our main construction, where analogous pushouts of R-trees are topological discs.

Outline of paper. Section 2 establishes notation for four equivalence relations on
the path space that we will require throughout the paper and lays out some of their
properties. Section 3 defines Cantor paths and staggered paths, which we will use
in our construction of the path γ from Theorem 1.4 to control the distance between
approximations of γ . In Section 4, we define CIP loops and LIP loops and state
Lemmas 4.6 and 4.8. These two lemmas allow us to conclude that whenever a given
path is modified by a recursive process of inserting out-and-back paths along parts
of the domain where it is already constant, the uniform limit is R-tree homotopic
to the original path. In Section 5 we prove the technical result, Lemma 5.3, that
constitutes the inductive step in the construction of γ for Theorem 1.4, and so
complete the proof of that theorem. Section 6 contains the proofs of Theorem 1.1,
Lemma 1.2, and Corollary 1.3. The proof of Lemma 4.6 is given in the Appendix.
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2. R-tree factorization of paths and loops

For paths α and β in a space X , αβ will denote path concatenation and α will denote
the reverse path. If (X, d) is a metric space, ρ(α, β)= sup

{
d(α(t), β(t)) | t ∈[0, 1]

}
defines the sup metric on the space of paths from [0, 1] to X . Recall that when
(X, d) is complete, so is its path space [11, 4.3.13]. We also require notation for a
variety of relations on paths.

Definition 2.1. Let α : [a, b] → X , β : [c, d] → X be paths.

(1) We say α is equivalent to β and write α ≡ β if α = β ◦ h for some increasing
homeomorphism h : [a, b] → [c, d]. If h is linear, we may say that α is a
linear reparameterization of β.

(2) We say α and β are Fréchet equivalent and write α∼∼∼β if α ◦ f = β ◦ g for
nondecreasing continuous surjections f : [0, 1]→ [a, b] and g : [0, 1]→ [c, d].

Both ≡ and ∼∼∼ are equivalence relations finer than the path homotopy relation,
which we denote by ≃ . See [8] for a proof of the transitivity of ∼∼∼. Recall that an
R-tree is a uniquely arcwise connected, and locally arcwise connected geodesic
metric space [2; 16] and a Peano continuum is a compact, connected, locally path-
connected, metric space. A dendrite is a Peano continuum that does not contain
a simple closed curve [17, Definition 10.1]. It is then an exercise to see that a
dendrite is uniquely arcwise connected and locally arcwise connected. Mayer
and Oversteegen showed that any uniquely arcwise connected and locally arcwise
connected metric space admits a geodesic metric [16, Theorem 5.1]. Thus every
dendrite admits a metric that makes it an R-tree.

Definition 2.2. Let α, β : [0, 1] → X be paths in a topological space X .

(1) We say that β is a geodesic R-tree reduction of α, and we write α ≥R β, if
there is an R-tree T , a path p : [0, 1] → T , an injective path r : [0, 1] → T
with p(i)= r(i) for i ∈ {0, 1}, and a map f : T → X such that f ◦ p = α and
f ◦ r = β.

(2) We say that α and β are R-tree homotopic, and we write α ≃R β, if αβ̄ is a
loop that factors through an R-tree, that is, if α(i)= β(i) for i ∈ {0, 1} and if
there exists an R-tree T , a loop ℓ : [0, 1]→ T and a map f : T → X such that
f ◦ ℓ= αβ̄.

Note that
α ≡ β ⇒ α ≥R β ⇒ α ≃R β ⇒ α ≃ β,

where the last implication holds since R-trees are contractible. Geodesic R-tree
reduction is our formalization of removing backtracking, as mentioned in the
introduction. Also, if α ≃R β, where β is injective, then α ≥R β. Certainly, ≃R is
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reflexive and symmetric. However, the transitivity of ≃R does not hold in general;
see Corollary 5.8. In a given space, transitivity of ≃R is equivalent to all paths
admitting a unique (up to ≡) “maximally reduced” geodesic R-tree reduction. One
must be wary of this temptation as our main result implies that there exist some
paths in the plane which fail to have unique maximally reduced representatives.

We note some key properties of ≃R and ≥R that do hold.

Remark 2.3. If T1 and T2 are R-trees, f1 : [0, 1] → T1 is an injective path, and
f2 : [0, 1] → T2 is any path, then the pushout of f1 and f2 is an R-tree. Indeed,
this pushout is obtained by attaching the closure of each connected component of
T1 \ f1([0, 1]) to T2 at a point along the image of f2. As a consequence:

(1) ≥R is transitive and is antisymmetric up to equivalence; that is, α ≥R β and
β ≥R α ⇒ α ≡ β. Hence, ≥R induces a partial order on path-equivalence classes.

(2) α ≃R β if and only if α and β share a common geodesic R-tree reduction, that
is, if and only if there exists δ with α ≥R δ and β ≥R δ.

Lemma 2.4. The following properties of R-tree homotopy hold.

(1) If α, β : [0, 1]→ X are paths such that α ≃R β (resp. α ≥R β) and f : X→ Y
is a map, then f ◦α ≃R f ◦β (resp. f ◦α ≥R f ◦β).

(2) If α1 ≃R β1, α2 ≃R β2, and α1(1)= α2(0), then α1α2 ≃R β1β2.

Assume moreover that X is Hausdorff. Then:

(3) If α, β : [0, 1]→ X are paths and α◦g1≃R β◦g2 for nondecreasing continuous
surjections g1, g2 : [0, 1] → [0, 1], then α ≃R β.

(4) If α1, α2 : [0, 1]→ X are paths such that α1 ≃R α2 and β1, β2 : [0, 1]→ X are
paths such that α1∼∼∼β1 and α2∼∼∼β2, then β1 ≃R β2.

Proof. (1) is clear. (2) holds since the one-point union of two R-trees is an R-tree.
(3) Since α ◦ g1 ≃R β ◦ g2, there exists an R-tree T , map F : T → X , and loop
ℓ : [0, 1]→ T such that F ◦ℓ= (α◦g1)(β ◦g2). We may replace T with the dendrite
ℓ([0, 1]) and assume ℓ is surjective. Since X is assumed to be Hausdorff, F(T )

is a compact metric space [17, 8.17] and we may replace X with F(T ). Define a
nondecreasing surjection g : [0, 1] → [0, 1] by

g(t)=

{
1
2 g1(2t) if t ∈

[
0, 1

2

]
,

1− 1
2 g2(2− 2t) if t ∈

[ 1
2 , 1

]
,

so that F ◦ ℓ= (αβ̄) ◦ g. Applying the monotone-light factorization theorem (see
[10, Theorem 1] or [20, Theorem 2.3]) to the map F : T → X of compact metric
spaces, we have F = F ′ ◦ π for a monotone map π : T → T ′ and a light map
F ′ : T ′→ X . Since π is a monotone quotient map on a dendrite, T ′ is a dendrite
[17, Exercise 10.52]. Since g is monotone, F ′ is light, and F ′ ◦π ◦ ℓ= (αβ̄) ◦ g,
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the loop π ◦ ℓ : [0, 1] → T ′ is constant on the fibers of g. Thus, there is a unique
loop µ : [0, 1] → T ′ such that π ◦ ℓ= µ ◦ g:

[0, 1]

g

��

ℓ
// T

F

��

π

��

T ′

F ′ ��

[0, 1]

µ
<<

αβ̄

// X

Since F ′ ◦µ ◦ g = (αβ̄) ◦ g, where g is surjective, we have F ′ ◦µ= αβ̄, proving
α ≃R β.

(4) Write α1 ◦ f1 = β1 ◦ g1 and α2 ◦ f2 = β2 ◦ g2 for nondecreasing continuous
surjections f1, f2, g1, g2 : [0, 1]→ [0, 1]. Since α1 ≃R α2, there exists an R-tree T ,
a map F : T → X , and loop ℓ : [0, 1]→ T such that F ◦ℓ= α1α2. Write ℓ=µ1µ2

so that F ◦µi = αi , i ∈ {1, 2}. If ℓ′ = (µ1 ◦ f1)(µ2 ◦ f2), then the factorization

F ◦ ℓ′ = (α1 ◦ f1)(α2 ◦ f2)= (β1 ◦ g1)(β2 ◦ g2)

shows that β1 ◦ g1 ≃R β2 ◦ g2. Now, (3) implies β1 ≃R β2. □

3. Cantor paths and their staggering

Definition 3.1. Recall that a Cantor set is any nonempty, compact, perfect, and
totally disconnected metric space and any such space is homeomorphic to the
standard ternary Cantor set. An open set U ⊆ (0, 1) is a Cantor complement if
[0, 1] \U is homeomorphic to a Cantor set.

An open set U ⊆ (0, 1) is a Cantor complement if and only if U is dense in [0, 1]
and the set of connected components of U have the order type of Q. It is necessarily
the case that the connected components of a Cantor complement have pairwise
disjoint closures. Given a path α : [0, 1]→ X , let lc(α) denote the set of connected
components of the open set O(α) =

{
t ∈ [0, 1] | α is locally constant at t

}
. Note

that distinct elements of lc(α) have pairwise disjoint closures and that α is a light
map if and only if O(α)=∅.

Definition 3.2. A nonconstant path α : [0, 1] → X is a Cantor path if O(α) is a
Cantor complement.

The standard ternary Cantor map τ : [0, 1]→ [0, 1] collapses the closure of each
component of the complement of the ternary Cantor set to a point. Thus τ is a
nondecreasing, surjective Cantor path. If α is a light path, then α ◦ τ is a Cantor
path. A key concept in the proof of our main theorem is the following.
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Definition 3.3. Let U1, U2 be proper open subsets of (0, 1) such that for each
i ∈ {1, 2}, inf(Ui ) = 0, sup(Ui ) = 1, and such that the connected components
of Ui have pairwise disjoint closures. We say the sets U1 and U2 are staggered if
U1 ∪U2 = (0, 1), or equivalently, if ∂U1 ∩ ∂U2 = {0, 1}.

The next lemma, which has a straightforward proof, allows us to select connected
components from staggered Cantor complements U1 and U2 so that the resulting
collections have the order type of Z while still having staggered unions.

Lemma 3.4. Let U1 and U2 be staggered Cantor complements. Then for i ∈ {1, 2}
there exists a set of connected components Ui of Ui such that Ui has the order type
of Z, inf(

⋃
Ui )= 0, sup(

⋃
Ui )= 1, and such that

⋃
U1 and

⋃
U2 are staggered.

Proof. Let U1 be the components of U1 that are not entirely contained in some
component of U2. Let U2 be the components of U2 which are not entirely contained
in some element of U1. Note that U1 ∪U2 still covers (0, 1). Now suppose the set
of endpoints of U1 has an accumulation point, p, that is neither 0 nor 1. Since the
components of U1 are disjoint and open, p is not contained in any element of U1.
Since U1 ∪U2 covers (0, 1), p is contained in some O ∈ U2. By construction each
element of U2 can contain at most two endpoints of U1, which contradicts that p is
an accumulation point of the endpoints of U1.

Since both U1 and U2 are nonempty and each component separates R, it must
be that the set of components, and thus the set of endpoints, of U1 is infinite, does
not contain 0 or 1, but has both as limit points.

Therefore the set of endpoints of U1 is discrete and (being a subset of R) linear,
and it has limit points at 0 and 1. Hence it must be a bi-infinite sequence and thus
have order type Z. A similar argument holds for U2. □

Lemma 3.5. Let U be a Cantor complement. For every ϵ > 0, there exists an
increasing homeomorphism f : [0, 1] → [0, 1] such that ρ( f, id[0,1]) < ϵ and that
U and f (U ) are staggered.

Proof. Let ϵ > 0 and let U be the set of connected components of U with the
induced ordering. Since U is a Cantor complement, U is densely ordered and we
can find a bi-infinite sequence In = (an, bn)∈U , n ∈Z, such that inf(

⋃
n∈N In)= 0,

sup
(⋃

n∈N In
)
= 1, and such that for all n ∈ Z, the segment [bn, an+1] has diameter

less than 1
3ϵ. For each n ∈ Z, find Jn = (cn, dn) ∈ U with J ⊆ (bn, an+1). We will

define f by first setting its value on the closures of the intervals in the bi-infinite
sequence

· · ·< I−2 < J−2 < I−1 < J−1 < I0 < J0 < I1 < J1 < I2 < J2 < · · · .

For each n ∈ Z, choose a subdivision of [an, bn] as follows. Find an < Dn−1 <

An < Bn <Cn <bn , where the outer four segments [an, Dn−1], [Dn−1, An], [Bn, Cn],
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bn−1 In

Jn

... ...

Kn

< /3 < /3 < /3 < /3 < /3 < /3 < /3 < /3 < /3 < /3

cn−1 dn an−1 bn cn dn +1an

Bn−1Cn−1 Dn An−1 Bn Cn Dn +1An

Jn−1

LnLn−1

Figure 1. Part of the homeomorphism f : [0, 1]→ [0, 1] that maps In to
Kn and Jn to Ln in a piecewise linear fashion.

and [Cn, bn] all have diameter less than 1
3ϵ. If Kn = (An, Bn) and Ln = (Cn, Dn),

then the bi-infinite sequence

· · ·< K−2 < L−2 < K−1 < L−1 < K0 < L0 < K1 < L1 < K2 < L2 < · · ·

limits to 0 on the left and 1 on the right. Moreover, Kn ⊆ In and Jn ⊆ Ln for all
n ∈ Z. We define f so that it maps [an, bn] to [An, Bn] and [cn, dn] to [Cn, Dn] by
increasing linear maps. Since the sets In, Jn, Kn, Ln limit to 0 as n→−∞ and
to 1 as n→∞, this definition extends uniquely to an increasing homeomorphism
f : [0, 1]→[0, 1], which is piecewise linear on [a−n, bn] for all n≥ 1 (see Figure 1).

Our choices of the sizes of the intervals [bn, an+1] and subdivisions ensure that
ρ( f, id[0,1]) < ϵ. Additionally, if t ∈ (0, 1) \U , then t ∈ [bn, cn] ∪ [dn, an+1] for
some n ∈ Z. Since [bn, cn] ∪ [dn, an+1] ⊆ Ln = f (Jn) where Jn ∈ U , we have
t ∈ f (U ). We conclude that U ∪ f (U )= (0, 1), i.e., U and f (U ) are staggered. □

Definition 3.6. We say that two Cantor paths α, β : [0, 1] → X are staggered if
O(α) and O(β) are staggered.

Our final lemma of the section allows us to take two nonstaggered Cantor paths
and perturb one of them so that the resulting pair is staggered.

Lemma 3.7. Given any two Cantor paths α, β : [0, 1] → X and ϵ, δ > 0, there
exists an increasing homeomorphism f : [0, 1] → [0, 1] such that ρ( f, id[0,1]) < δ,
ρ(α, α ◦ f ) < ϵ, and such that α ◦ f and β are staggered.

Proof. Let U1 =O(α) and U2 =O(β) and note that V =U1 ∩U2 is also a Cantor
complement. Find 0 < δ′ < δ such that |s− t |< δ′ implies |α(s)−α(t)|< 1

2ϵ. By
Lemma 3.5, we can find an increasing homeomorphism f : [0, 1]→ [0, 1] such that
| f (t)−t |<δ′ for all t ∈ [0, 1] and V ∪ f (V )= (0, 1). Hence, |α( f (t))−α(t)|< 1

2ϵ
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for all t ∈ [0, 1], which gives ρ( f, id[0,1]) ≤ δ′ < δ and ρ(α, α ◦ f ) < ϵ. We also
have V ∪ f −1(V )= (0, 1) and O(α ◦ f )= f −1(U1). Thus

(0, 1)= V ∪ f −1(V )= (U1 ∩U2)∪ ( f −1(U1)∩ f −1(U2))⊆U2 ∪O(α ◦ f ),

showing that α ◦ f and β are staggered. □

4. Inserting inverse pairs into Cantor paths

If U is a collection of open intervals in [0, 1] with disjoint closures, then a U -
collapsing map is a nondecreasing, continuous surjection µ : [0, 1] → [0, 1] that is
constant on the closure of each J ∈U and bijective on [0, 1] \

⋃
J∈U J . Such maps

may be constructed canonically using dyadic rational outputs and by enumerating
U by nonincreasing length and the ordering in [0, 1] (lexicographically). If a path
α : [0, 1] → X is not light and kα : [0, 1] → [0, 1] is a lc(α)-collapsing map, then
there is a unique light path αλ

: [0, 1] → X such that αλ
◦ kα = α.

Definition 4.1. We call a loop ℓ : [0, 1] → X an inverse-pair loop if there exists a
path α : [0, 1] → X such that ℓ≡ αα. More specifically:

(1) If α is a Cantor path or has the form α ≡ α1α2 for Cantor path α1 and constant
path α2, then, we call ℓ a Cantor-inverse-pair loop or CIP loop (see Figure 2).

(2) If α is light, we call ℓ a light-inverse-pair loop or LIP loop.

Remark 4.2. If α : [0, 1]→ X is a CIP loop, then α is a Cantor path. If α= αλ
◦kα ,

where kα : [0, 1]→ [0, 1] is an lc(α)-collapsing map αλ
: [0, 1]→ X is a light path,

then αλ is a LIP loop.

Definition 4.3. Let α, β : [0, 1] → X be Cantor paths and U ⊆ lc(α). We say that
β is a U -extension of α if

(1) β(t)= α(t) for all t ∈ [0, 1] \
⋃

U , and

(2) for each J ∈ U , β|J is a CIP loop.

a a-

a a-

a a-1 1

Figure 2. A CIP loop is an inverse pair loop that has either the form of
an inverse pair αα of Cantor paths (top) or the form α1βα1 for a Cantor
path α1 and constant path β (bottom).
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If β is a U -extension of α for some subset U ⊆ lc(α), we write α ⪯∗ β.

Remark 4.4. If α ⪯∗ β, then O(β)⊆O(α). In particular, if J ∈ lc(β), then either
J ∈ lc(α)\U or J ⊆ K for some K ∈U . The loop αβ̄ factors through a dendrite in
a highly structured way: namely, there is a dendrite D(β, α) constructed by starting
with a “base arc” B and attaching an arc to B for each element of U . We have
F ◦ (ab̄)= αβ̄ where a : [0, 1] → D(β, α) is a monotone map onto B and where
b : [0, 1] → D(β, α) maps [0, 1] \

⋃
U into B and the closure of each element of

U onto the corresponding attached arc in D(β, α) by an inverse-pair loop. While
α ≃R β holds, the relation α ≤R β only holds in the trivial case where U = ∅.
(See the Appendix for details.)

Remark 4.5. The relation ⪯∗ on the set of paths in a space X is certainly reflexive
and it is straightforward to check that it is antisymmetric. However, ⪯∗ is not
transitive. Rather, it is a very fine relation that generates a partial order relation,
which is strictly finer than ≤R.

If we have a sequence γ1⪯∗ γ2⪯∗ γ3⪯∗ · · · in a space X where, as one proceeds
through the sequence, the added out-and-back loops have very quickly shrinking
diameters, then {γn}n∈N should converge uniformly to a path γ . Moreover, γ1γ̄2

factors through a dendrite, call it D1, as described in Remark 4.4. Since γn+1

agrees with γn except on portions on which γn+1 is a CIP loop, we may recursively
construct a dendrite Dn by attaching arcs to Dn−1 so that γ j γ̄n+1 factors through Dn

for each j ∈ {1, 2, . . . , n}. In the limit, we find that there is a uniquely determined
limit dendrite D∞= lim

←−−n Dn that γn γ̄ factors through for all n. Hence, γ ≃R γn for
all n ∈N. The next lemma establishes this conclusion assuming the existence of the
limit γ . As one can see from the above proof sketch, this result is fairly intuitive.
However, a detailed proof requires careful bookkeeping of parameterizations of
paths in inverse limits. We defer the details to Appendix.

Lemma 4.6. If {γn}n∈N is a sequence of Cantor paths in a metric space (X, d) such
that γn ⪯∗ γn+1 for all n ∈ N and such that {γn}n∈N→ γ uniformly, then γn ≃R γ

for all n ∈ N.

In the next section, we will form alternating sequences α1⪯∗ α
′

1≡α2⪯∗ α
′

2≡· · · ,
where the equivalences are given by small perturbations. The next lemma, which is
proved using elementary real analysis, allows us to manage all these perturbations
simultaneously.

Lemma 4.7. Suppose { fn}n∈N is a sequence of increasing homeomorphisms fn :

[0, 1] → [0, 1] such that ρ( fn, id[0,1]) ≤ arn for some a > 0 and |r | < 1. If
gn = f −1

n ◦ f −1
n−1 ◦ · · · ◦ f −1

2 ◦ f −1
1 for all n ∈ N, then {gn}n∈N converges uniformly

to a continuous, nondecreasing surjection g∞ : [0, 1] → [0, 1].

Next, we combine the previous two lemmas.
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Lemma 4.8. Suppose {αn}n∈N and {α′n}n∈N are sequences of Cantor paths in a
metric space (X, d), γ : [0, 1]→ X is a path, and { fn}n∈N is a sequence of increasing
homeomorphisms fn : [0, 1] → [0, 1] such that the following hold:

(1) {αn}n∈N→ γ uniformly.

(2) αn ⪯∗ α′n for all n ∈ N.

(3) αn+1 = α′n ◦ fn for all n ∈ N.

(4) There exists a > 0 and |r |< 1 such that ρ( fn, id[0,1])≤ arn for all n ∈ N.

Then αn ≃R γ for all n ∈ N.

Proof. Let g0 = id[0,1] and gn = f −1
n ◦ f −1

n−1 ◦ · · · ◦ f −1
2 ◦ f −1

1 for all n ∈ N. Note
that fn ◦ gn = gn−1 for all n ∈ N. By Lemma 4.7, {gn}n∈N converges uniformly to
a continuous, nondecreasing surjection g∞ : [0, 1] → [0, 1].

Set γ1 = α1 and γn = αn ◦ gn−1 for n ≥ 2. For the moment, fix n ∈ N. Since
αn+1 = α′n ◦ fn , we have

γn+1 = αn+1 ◦ gn = α′n ◦ fn ◦ gn = α′n ◦ gn−1.

By assumption, αn ⪯∗ α′n . Composing αn and α′n with the homeomorphism gn−1

gives γn ⪯∗ γn+1. Additionally, since {αn}n∈N→ γ and {gn−1}n∈N→ g∞ uniformly,
we have {γn}n∈N = {αn ◦ gn−1}n∈N→ γ ◦ g∞. It now follows from Lemma 4.6 that
γn ≃R γ ◦g∞ for all n ∈N. Thus αn ◦gn−1 ≃R γ ◦g∞ for all n ∈N. Since we have
Fréchet equivalences (see Definition 2.1) αn ∼∼∼αn ◦ gn−1 and γ ∼∼∼ γ ◦ g∞, it follows
from Lemma 2.4(4) that αn ≃R γ for all n ∈ N. □

5. Proof of the main theorem

To begin, we fix Cantor-path parameterizations of planar line segments. Recall that
τ : [0, 1] → [0, 1] is the ternary Cantor map.

Definition 5.1. Given points x, y in the closed unit disc D2, let L x,y : [0, 1] → D2

be the path defined by L x,y(s)= τ(s)
( 1

2(x + y)
)
+ (1− τ(s))x .

Remark 5.2. If x= y, then L x,y is constant. If x ̸= y, then L x,y is a Cantor path that
parameterizes the line segment from x to 1

2(x+ y). Moreover, if x1, x2, y1, y2 ∈D2

with midpoints mi =
1
2(xi + yi ), then since the paths L x1,y1 and L y2,x2 are both

parameterized using τ , their sup distance is the maximum distance between the
endpoints, that is,

ρ(L x1,y1, L y2,x2)≤max
{
d(x1, m2), d(m1, y2)

}
≤max

{ 1
2 d(x2, y2)+ d(x1, x2),

1
2 d(x1, y1)+ d(y1, y2)

}
(see Figure 3). When x = x1 = x2 and y = y1 = y2, we have ρ(L x,y, L y,x) =
1
2 d(x, y).
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x1, y1

1

2

L-y2, x2

Figure 3. Since L x1,y1 and L y2,x2 are both parameterized by τ , their
metric distance is the maximum length between starting and ending
points.

We attribute the next lemma especially to the third author. The main idea is to
fix staggered Cantor paths α, β : [0, 1]→D2 satisfying α(i)= β(i), i ∈ {0, 1}, and
modify both of them by inserting CIP loops on a Z-ordered sequence of elements
of lc(α) and lc(β), respectively, so that α ⪯∗ α′ and β ⪯∗ β ′. Specifically, we
construct α′ from α by inserting a bi-infinite sequence of CIP loops of the form
L x,y L x,y or (L x,y)c(L x,y) (for a constant path c) on certain elements of lc(α). We
will construct β ′ from β in an analogous way. However, the two constructions are
not symmetric. Rather, they must be done simultaneously in an interlocking fashion.
In the end, the resulting paths α′ and β ′ will have 2

3 the sup distance of the original
paths. That one can insert nonconstant portions into both paths and somehow shrink
the distance between them is somewhat nonintuitive and is only possible because
the paths are staggered.

Since the construction of α′ and β ′ will involve an intricate arrangement of
overlapping intervals, we employ the following notation: if I ⊆ [0, 1] is an interval,
then ℓ(I ) and r(I ) will denote the left and right endpoints of I .

Lemma 5.3. For staggered Cantor paths α, β : [0, 1] → D2 such that α(i)= β(i),
i ∈ {0, 1}, there exist Cantor paths α′, β ′ : [0, 1] → D2 such that

(1) α ⪯∗ α′ and ρ(α, α′)≤ 1
2ρ(α, β),

(2) β ⪯∗ β ′ and ρ(β, β ′)≤ 1
2ρ(α, β), and

(3) ρ(α′, β ′)≤ 2
3ρ(α, β).

Proof. Let δ = ρ(α, β). By assumption, O(α) and O(β) are staggered Cantor
complements. By Lemma 3.4, we may select a set of connected components
U1 of O(α) and U2 of O(β) such that for i ∈ {0, 1}, Ui has the order type of Z,
inf(

⋃
Ui )= 0, sup(

⋃
Ui )= 1, and such that

⋃
U1 and

⋃
U2 are staggered. Index
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the elements of U1 as · · ·< A−2 < A−1 < A0 < A1 < A2 < · · · and the elements
of U2 as · · ·< C−2 < C−1 < C0 < C1 < C2 < · · · so that Cn meets An−1 and An .
Set wn = α(An) and yn = β(Cn).

For the moment, fix n∈Z. Since O(α) is a Cantor complement and α is uniformly
continuous, we can find a sequence Bn,1 < Bn,2 < · · · < Bn,kn in O(α) of length
kn ≥ 2, where each set Bn, j is contained in [r(An), ℓ(An+1)] and such that if I is
a connected component of [r(An), ℓ(An+1)] \

⋃kn
j=1 Bn, j , then diam(α(I )) < 1

6δ.
Similarly, since O(β) is a Cantor complement, we can find a sequence Dn,1 <

Dn,2 < · · · < Dn,mn in O(β) of length mn ≥ 2 where each Dn, j is contained in
[r(Cn−1), ℓ(Cn)] and such that if I is a connected component of [r(Cn−1), ℓ(Cn)]\⋃mn

j=1 Dn, j , then diam(β(I )) < 1
6δ. Note that Dn, j ⊆ An and Bn, j ⊆ Cn holds

whenever these sets are defined (see Figure 4).
Set xn, j = α(Bn, j ) and zn, j = β(Dn, j ) whenever these sets are defined. Let pn

be the midpoint of [ℓ(An), r(Cn−1)], qn be the midpoint of [ℓ(Cn), r(An)], ηn, j be
the midpoint of Bn, j , and θn, j be the midpoint of Dn, j .

To begin our definition of α′, we set α′ to agree with α on {0, 1} and on
[r(An), ℓ(An+1)] \

⋃kn
j=1 Bn, j for all n ∈ Z. We complete the definition of α′

piecewise by fixing n ∈ N and defining α′ on An in three cases and Bn, j for
1≤ j ≤ kn in a fourth case. It may be helpful to note that

An = [ℓ(An), pn] ∪ [pn, r(Cn−1)] ∪ [r(Cn−1), ℓ(Cn)] ∪ [ℓ(Cn), qn] ∪ [qn, r(An)]

(see Figure 5).

(A1) On [ℓ(An), θn,1], we define α′ to be the CIP loop, which is the linear repa-
rameterization of Lwn,yn−1 on [ℓ(An), pn], the constant path at 1

2(wn + yn−1) on
[pn, ℓ(Dn,1)], and the linear reparameterization of Lwn,yn−1 on [ℓ(Dn,1), θn,1].

(A2) On [θn, j , θn, j+1] (for each 1≤ j ≤ mn − 1), we define α′ to be the CIP loop,
which is the linear reparameterization of Lwn,zn, j on [θn, j , r(Dn, j )], the constant
path at 1

2(wn + zn, j ) on [r(Dn, j ), ℓ(Dn, j+1)], and the linear reparameterization of
Lwn,zn, j on [ℓ(Dn, j+1), θn, j+1].

Cn−1 Dn 1, Dn 2, 1,Dn+1 Cn+12,Dn+1

Bn 1, Bn 2, 1,Bn+1 2,Bn+11,Bn−1 2,Bn−1

3,Dn+1Cn

An +1An

Figure 4. Top: the selected sets An and Bn, j on which α is constant.
Bottom: the selected sets Cn and Dn, j on which β is constant.
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Dn 1,
pn pn 1+qn qn 1+Dn 2, 1,Dn+1 2,Dn+1

Bn 1, Bn 2, 1,Bn+1 2,Bn+11,Bn−1 2,Bn−1

3,Dn+1Cn−1 Cn+1Cn

An +1An

Figure 5. The interlocking pattern that determines the structure of α′ and
β ′. The triangles represent inserted inverse-pair loops and the trapezoids
represent an inverse pair loop but with a constant path included in the
middle. The three subintervals of An and the five subintervals of Cn

partitioned by the trapezoids correspond to the piecewise definitions (A1)-
(A3) and (B1)-(B5) respectively.

(A3) On [θn,mn , r(An)], we define α′ to be the CIP loop, which is the linear repa-
rameterization of Lwn,zn,mn

on [θn,mn , r(Dn,mn )], the constant path at 1
2(wn+ zn,mn )

on [r(Dn,mn ), qn], and the linear reparameterization of Lwn,zn,mn
on [qn, r(An)].

This completes the definition of α′ on An .

(A4) Lastly, on Bn, j , we define α′ to be the linear reparameterization of the CIP
loop L xn, j ,yn L xn, j ,yn .

This completes the definition of α′ (compare Figures 5 and 6). Note that α′

agrees with α everywhere except on a Z-ordered sequence of elements of lc(α) on
which CIP loops replace constant loops. Hence, it is clear that α′ is a well-defined
function.

To begin our definition of β ′, we set β ′ to agree with β on {0, 1} and on
[r(Cn−1), ℓ(Cn)] \

⋃mn
j=1 Dn, j for each n ∈ Z. We complete the definition of β ′

piecewise by fixing n∈N and defining β ′ on Cn in five cases and Dn, j for 1≤ j≤mn

in a sixth case.

(B1) On [ℓ(Cn), qn], we define β ′ to be constant at yn . (This happens to agree with
the value of β.)

(B2) On [qn, ηn,1], we define β ′ to be CIP loops, which is the linear reparameteriza-
tion of L yn,wn on [qn, r(An)], the constant path at 1

2(yn +wn) on [r(An), ℓ(Bn,1)],
and L yn,wn on [ℓ(Bn,1), ηn,1].

(B3) On [ηn, j , ηn, j+1] (for each 1 ≤ j ≤ kn − 1), we define β ′ to be CIP loops,
which is the linear reparameterization of L yn,xn, j on [ηn, j , r(Bn, j )], the constant
path at 1

2(yn + xn, j ) on [r(Bn, j ), ℓ(Bn, j+1)], and the linear reparameterization of
L yn,xn, j on [ℓ(Bn, j+1), ηn, j+1].
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Figure 6. A full period of the construction of α′ and β ′ starting with
ℓ(An) and ending with ℓ(An+1). Starting and ending points are circled
and the initial and terminal steps are indicated with arrows. The upper
and lower curves represent respectively α and β, where each subdivided
segment has diameter less than 1

6δ. The numbered paths trace out the
trajectory of α′ and the box-numbered paths trace out the corresponding
trajectory of β ′. When a number is positioned at a point, the path is
constant at that point.

(B4) On [ηn,kn , pn+1], we define β ′ to be the CIP loop given by the linear repa-
rameterization of L yn,xn,kn

on [ηn,kn , r(Bn,kn )], the constant path at 1
2(yn+ xn,kn ) on

[r(Bn,kn ),ℓ(An+1)], and the linear reparameterization of L yn,xn,kn
on [ℓ(An+1), pn+1].

(B5) On [pn+1, r(Cn)], we define β ′ to be constant at yn (this happens to agree
with the value of β). This completes the definition of β ′ on Cn .

(B6) On Dn, j (for each 1≤ j ≤mn), we define β ′ to be the linear reparameterization
of the CIP loop L zn, j ,wn L zn, j ,wn .

This completes the definition of β ′, which is a well-defined function (see Figures 5
and 6).

By construction, α′|(0,1) is continuous. If U is a convex neighborhood of α(0)=

β(0) in D2, then we can find N ∈ Z such that α(An ∪ Cn) ∪ β(An ∪ Cn) ⊆ U
for all n ≤ N . Let t = sup(AN ). Since the CIP loops added to α on [0, t] are
contained in line segments with respective endpoints in α([0, t]) and β([0, t]), it
follows that α′([0, t]) ⊆ U . Thus α′ is continuous at 0. A symmetric argument
shows that α′ is continuous at 1. The construction of α′ also ensures that distinct
elements of lc(α′) have disjoint closures. Hence, α′ is a Cantor path. Since α′ is
constructed from α only by replacing constant loops with CIP loops on elements of
lc(α) (one on each Bn, j and at least three on each An), we have α ⪯∗ α′. Moreover,
if µ : I → D2 is one of the added CIP loops in the construction of α′, then the
image of µ is the line segment connecting α(s) and 1

2(α(s)+β(s)) for some s ∈ I .
Thus ρ(α, α′)≤ 1

2ρ(α, β). Since these arguments apply just as well for β ′, we also
conclude that β ′ is a Cantor path satisfying β ⪯∗ β ′ and ρ(β, β ′)≤ 1

2ρ(α, β).
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To complete the proof, we will show that d(α′(s), β ′(s)) ≤ 2
3δ. We begin by

considering the case s ∈ An .

(1) On [ℓ(An), pn], α′ parameterizes the line from wn to 1
2(wn + yn−1) (see the

first part of (A1)) and β ′ is a corresponding parameterization of the line from
1
2(xn−1,kn−1 + yn−1) to yn−1 (see the last part of (B4)). Thus if s ∈ [ℓ(An), pn],
Remark 5.2 gives us the first inequality in the following sequence:

d(α′(s), β ′(s))

≤max
{ 1

2 d(xn−1,kn−1, yn−1)+ d(xn−1,kn−1, wn),
1
2 d(wn, yn−1)

}
=max

{1
2 d

(
α(r(Bn−1,kn−1)),β(r(Bn−1,kn−1))

)
+d(xn−1,kn−1, wn),

1
2 d(α(pn),β(pn))

}
< max

{1
2δ+ 1

6δ, 1
2δ

}
≤

2
3δ.

(2) On [pn, r(Cn)], α′ is constant at 1
2(wn + yn−1) (see middle part of (A1)) and

β ′ is constant at yn−1 (see (B5)). Therefore, if s ∈ [pn, r(Cn)], we have

d(α′(s), β ′(s))= 1
2 d(wn, yn−1)=

1
2 d(α(pn), β(pn))≤

1
2δ.

(3) On [r(Cn), ℓ(Dn,1)], α′ is constant at 1
2(wn + yn−1) (see middle part of (A1))

and β ′ agrees with β. Thus if s ∈ [r(Cn), ℓ(Dn,1)], then

d(α′(s), β ′(s))≤ d(α′(s), β(r(Cn−1)))+ d(β(r(Cn−1)), β
′(s))

= d
( 1

2wn + yn−1, yn−1
)
+ d(β(r(Cn−1)), β(s))

=
1
2 d(α(pn), β(pn))+ d(β(r(Cn−1)), β(s))

< 1
2δ+ 1

6δ ≤ 2
3δ.

(4) On [ℓ(Dn,1), θn,1], α′ parameterizes the line segment from 1
2(wn + yn−1) to

wn (see last part of (A1)) and β ′ parameterizes the line segment from zn,1 to
1
2(zn,1+wn). In this case, if s ∈ [ℓ(Dn,1), θn,1], then

d(α′(s), β ′(s))≤max
{
d(wn,

1
2(wn + yn−1)), d(zn,1,

1
2(zn,1+wn))

}
=max

{1
2 d(wn, yn−1),

1
2 d(zn,1, wn)

}
=max

{1
2 d(α(pn), β(pn)),

1
2 d

(
α(θn,1), β(θn,1)

)}
≤

1
2δ < 2

3δ.

(5) On [θn,1, r(Dn,1)], α′ parameterizes the line segment from wn to 1
2(zn,1+wn)

(see first part of (A2)) and β parameterizes the line segment from 1
2(zn,1+wn) to

zn,1 (see (B6)). Since these paths move along the same line segment, it follows that
if s ∈ [θn,1, r(Dn,1)], then

d(α′(s), β ′(s))= 1
2 d(wn, zn,1)≤

1
2 d(α(θn,1), β(θn,1))≤

1
2δ.
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As we proceed through the remainder of the intervals on which α′ and β ′ are
defined piecewise, every remaining case (all of which are illustrated in Figures 5
and 6) may be verified using an argument nearly identical to one of the above five
cases. Hence, we omit the remainder of the details. We conclude that ρ(α′, β ′)≤ 2

3δ.
□

The construction given in the proof of Lemma 5.3 results in two Cantor paths
α′ and β ′, which are not staggered. Hence, to iterate this construction, we must
perturb one of these two paths so that they become staggered.

Lemma 5.4. For given staggered Cantor paths α, β : [0, 1]→D2 with α(i)= β(i)
for i ∈ {0, 1} and δ = ρ(α, β), there exists sequences of Cantor paths {αn}n≥0,
{α′n}n≥0, {βn}n≥0, such that α0 = α, β0 = β and that, for all n ≥ 0,

(1) αn ⪯∗ α′n and βn ⪯∗ βn+1,

(2) αn and βn are staggered,

(3) αn+1 = α′n ◦ fn for some increasing homeomorphism fn : [0, 1] → [0, 1] with
ρ( fn, id[0,1]) < 2−n , and

(4) max
{
ρ(α′n, αn+1), ρ(αn, αn+1), ρ(βn, βn+1), ρ(αn, βn)

}
≤ δ

( 3
4

)n .

Proof. Let α0=α, β0=β, and δ=ρ(α0, β0). Suppose αn and βn are given staggered
Cantor paths that satisfy ρ(αn, βn)≤ δ

( 3
4

)n . Applying Lemma 5.3, find Cantor paths
α′n, β

′
n : [0, 1] → D2 such that αn ⪯∗ α′n , βn ⪯∗ β ′n , max

{
ρ(αn, α

′
n), ρ(βn, β

′
n)

}
≤

1
2ρ(αn, βn), and ρ(α′n, β

′
n)≤

2
3δ. By Lemma 3.7, there exists an increasing homeo-

morphism fn : [0, 1] → [0, 1] such that ρ( fn, id[0,1]) < 2−n , ρ(α′n ◦ fn, α
′
n) <

1
12ρ(αn, βn), and that α′n ◦ fn and β ′n are staggered. Set αn+1 = α′n ◦ fn and
βn+1=β ′n . Then αn+1 and βn+1 are staggered Cantor paths and satisfy the following
inequalities:

ρ(α′n, αn+1) < 1
12ρ(αn, βn)≤

1
12δ

( 3
4

)n
≤ δ

( 3
4

)n+1
,

ρ(αn, αn+1)≤ ρ(αn, α
′
n)+ ρ(α′n, αn+1)

< 1
2ρ(αn, βn)+

1
12ρ(αn, βn) < 3

4ρ(αn, βn) ≤ δ
( 3

4

)n+1
,

ρ(βn, βn+1)≤
1
2ρ(αn, βn)≤

3
4ρ(αn, βn)≤ δ

( 3
4

)n+1
,

ρ(αn+1, βn+1)≤ ρ(αn+1, α
′
n)+ ρ(α′n, β

′
n)

≤
1

12ρ(αn, βn)+
2
3ρ(αn, βn)=

3
4ρ(αn, βn) ≤ δ

( 3
4

)n+1
.

This completes the inductive construction of the desired sequences. □

In the next two statements, we assume α, β are fixed staggered Cantor paths as
given in the hypothesis of Lemma 5.4.
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Proposition 5.5. The sequences {αn}n≥0 and {βn}n≥0 constructed in the proof of
Lemma 5.4 both converge uniformly to a single path γ : [0, 1] → D2.

Proof. Recall that δ = ρ(α0, β0) is fixed. Since ρ(αn, αn+1)≤ δ
( 3

4

)n for all n ≥ 0,
{αn}n≥0 is Cauchy in the sup metric and so converges uniformly to some path
γ : [0, 1] → D2. Since the sequence {βn}n≥0 satisfies the same inequality, {βn}n≥0

also converges uniformly to some path. Additionally, since ρ(αn, βn)≤ δ
( 3

4

)n for
all n ≥ 0, {αn}n≥0 and {βn}n≥0 must both converge uniformly to γ . □

Lemma 5.6. If γ : [0, 1] → D2 is the uniform limit of the sequences {αn}n≥0 and
{βn}n≥0 as given in the conclusion of Proposition 5.5, then α ≃R γ and β ≃R γ .

Proof. For given paths α and β, Lemma 5.4 gives sequences {αn}n≥0, {α′n}n≥0,
{ fn}n∈N, and {βn}n≥0 satisfying a variety of relations and inequalities. Proposition 5.5
ensures that {αn}n≥0 and {βn}n≥0 converge uniformly to a path γ . The sequences
{αn}n≥0, {α′n}n≥0, { fn}n∈N and the limit path γ satisfy the hypotheses of Lemma 4.8.
It follows that αn ≃R γ for all n ≥ 0. In particular, α = α0 ≃R γ . Similarly, we may
apply Lemma 4.8 to the sequence {βn}n≥0 in the case where βn = β ′n and fn = id
for all n ≥ 0 (or we could apply Lemma 4.6). Thus, β = β0 ≃R γ . □

Proof of Theorem 1.4. First, we prove the special case X = D2. Respectively, let
a and b be the injective paths in D2 from (1, 0) to (−1, 0) that parameterize the
upper and lower semicircles of S1. Let τ : [0, 1] → [0, 1] be the ternary Cantor
map and note that a ◦ τ and b ◦ τ are Cantor paths. Set b0 = b ◦ τ . By Lemma 3.7
(taking ϵ = 1), there exists an increasing homeomorphism f : [0, 1] → [0, 1] such
that a0 = a ◦ τ ◦ f and b0 are staggered Cantor paths. Applying Lemma 5.6 to a0

and b0, we obtain the existence of a path c : [0, 1] → D2 such that a0 ≃R c and
b0 ≃R c. Since a∼∼∼ a0 and b∼∼∼ b0, Lemma 2.4(4) gives that a ≃R c and b ≃R c.
Since a and b are injective paths, it follows that c ≥R a and c ≥R b.

In the general case, suppose α, β : [0, 1] → X are path homotopic. Find a map
f :D2

→ X such that f ◦a=α and f ◦b= β. By Lemma 2.4(1), the path γ = f ◦c
in X satisfies γ ≥R α and γ ≥R β. □

Corollary 5.7. The equivalence relation on the set of paths in a given topological
space generated by ≥R (and ≃R) coincides with path homotopy.

If X is one-dimensional, then a loop is null-homotopic if and only if it factors
through a loop in a dendrite; see [6, Theorem 3.7] for the nontrivial implication.
Thus, for one-dimensional spaces, the relation ≃R (see Definition 2.2) is equivalent
to the homotopy rel. endpoints relation and hence is transitive. Since D2 contains
simple closed curves (parameterizations of which cannot factor through an R-tree),
Theorem 1.4 implies the following.

Corollary 5.8. If D2 embeds in X , then the R-tree homotopy relation on the set of
paths in X is not transitive.
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6. A Solution to Dydak’s Problem

We conclude with a proof of Lemma 1.2 and Theorem 1.1. The following auxiliary
result is proved using standard techniques from covering space theory.

Lemma 6.1. Let p : (E, e0)→ (X, x0) be a based map with unique lifting of paths
rel. starting point and suppose T is an R-tree. If f : (T, t0)→ (X, x0) is a based
map, then there exists a unique based map f̃ : (T, t0)→ (E, e0) such that p◦ f̃ = f .

Proof of Lemma 1.2. Let p : E→ X be a map where X is first countable, locally
path connected and simply connected and such that every path in X has a unique
lift in E rel. starting point. Since X is path connected, p is surjective. Suppose
that p(e1)= p(e2)= x for e1, e2 ∈ E . Let β̃ : [0, 1] → E be a path from e1 to e2.
Then β = p ◦ β̃ is a loop based at x . Let α : [0, 1] → X be the constant path at x .
Since X is simply connected, α ≃ β and thus, by Theorem 1.4, there exists a path
γ : [0, 1]→ X such that γ ≥R α and γ ≥R β. Let α̃, γ̃ : ([0, 1], 0)→ (E, e1) be the
lifts of α and γ and note that α̃ is constant at e1. Since αγ̄ factors through an R-tree,
it follows from Lemma 6.1 that α̃(1)= γ̃ (1) in E . Similarly, β̃(1)= γ̃ (1). Thus
e1 = γ̃ (1)= e2, proving that p is injective. Since X is first countable, it suffices to
show p−1

: X→ E preserves convergent sequences. If {xn} → x is a convergent
sequence in X , the hypotheses on X allow us to find a path α : [0, 1] → X with
α(1/n) = xn for all n ∈ N and α(0) = x . There is one lift α̃ : [0, 1] → E for
which p ◦ α̃ = α and it satisfies α̃(1/n)= p−1(xn) and α̃(0)= p−1(x). Since α̃ is
continuous, {p−1(xn)} → p−1(x) in E . Thus p−1 is continuous. □

Proof of Theorem 1.1. Suppose that a group G acts on an R-tree T in such a way
that the quotient map p : T → T/G is a UPL map. Suppose that T/G contains a
two-dimensional Euclidean disc D. Let E be a path-component of p−1(D). Then
p|E : E → D is a UPL map over a first countable, locally path-connected, and
simply connected space D. Hence p|E is a homeomorphism, which is impossible
since E is a subspace of an R-tree. □

Proof of Corollary 1.3. Lemma 1.2 implies that Dydak’s unique lifting problem has
a positive answer. It is an exercise to see that the evaluation map from P(X, x) to
X is an open surjection, since X is locally path-connected [5, Section 2.1]. Then
Corollary 1.3 follows immediately from [5, Corollary 4.10]. □

Appendix: Proof of Lemma 4.6

To prove Lemma 4.6, we must first detail the structure of a single U -extension. For
the moment, suppose that β : [0, 1] → X is a given U -extension of α : [0, 1] → X ,
where both are Cantor paths. Additionally, we fix
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(1) an lc(α)-collapsing map kα and light path αλ such that αλ
◦ kα = α, and

(2) an lc(β)-collapsing map kβ and light path βλ such that βλ
◦ kβ = β.

It follows from Remark 4.4 that there is a unique map kβ,α : [0, 1] → [0, 1] such
that kα = kβ,α ◦ kβ . Let V = {kβ(J ) | J ∈ U } be the collection of open intervals
that are the images of the elements of U . If J ∈ U and (c, d) = kβ(J ) ∈ V ,
then β|J is a CIP loop and (βλ)|[c,d] is a LIP loop. Thus we have the equivalence
(βλ)|[c,d] ≡ bJ b̄J for a light path bJ . In particular, there exists m ∈ (c, d) and
a “tent map” τJ : [c, d] → [0, 1] which (1) is an increasing homeomorphism
[c, m] → [0, 1] on [c, m], (2) a decreasing homeomorphism [m, d] → [0, 1] on
[m, d], and (3) satisfies the equality (βλ)|[c,d] = bJ ◦ τJ .

Let ∼ be the smallest equivalence relation on [0, 1] such that s ∼ t if there exists
J ∈ U such that s, t ∈ [c, d] = kβ(J ) and τJ (s)= τJ (t). Set D(β, α)= [0, 1]/∼
and let q : [0, 1] → D(β, α) denote the quotient “folding” map.

Note that D(β, α) is constructed by folding each interval [c, d] = kβ(J ), J ∈U

in half according to the tent map τJ . Hence, D(β, α) is a dendrite consisting of the
base arc B=q

(
[0, 1]\

⋃
V

)
and possibly infinitely many attached arcs. In particular,

the arc AJ = q([c, d]) meets B at the point q({c, d}) and has free-endpoint q(m)

(where m is defined as above).
The definition of ∼ ensures that βλ is constant on the fibers of q and, therefore,

there is a unique map F : D(β, α)→ X such that F ◦q = βλ. Recall that each fiber
of kβ is contained in (and possibly equal to) a fiber of kα . If q(s)= q(t) for s ̸= t ,
then k−1

β (s) and k−1
β (t) lie in the same fiber of kα (the closure of some element

of U ). Therefore, kα is constant on the fibers of q ◦ kβ and there is a unique map
r : D(β, α)→ [0, 1] such that kα = r ◦ q ◦ kβ . In particular, r maps the base arc B
homeomorphically onto [0, 1] and if (c, d)= kβ(J ) for J ∈U , then r maps the arc
AJ to the point kβ,α([c, d])= kα(J ) in [0, 1]. It follows that r is a monotone map.
Finally, since r ◦q ◦kβ = kα = kβ,α ◦kβ where kβ is surjective, we have r ◦q = kβ,α .
Overall, the following diagram on the left commutes. We address the diagram on
the right in the next proposition.

[0, 1]

β

$$

kβ

��

id
// [0, 1]

kα

��

α

~~

C

β|C

$$

kβ |C

��

id
// C

kα |C

��

α|C

~~

[0, 1]

βλ

��

q
��

kβ,α
// [0, 1]

id
��

[0, 1]

βλ

��

q
��

[0, 1]

σ
zz

id
��

D(β, α)

F
��

r
// [0, 1]

αλ

��

D(β, α)

F
��

[0, 1]

αλ

��

X X X X
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Proposition A.2. The map r : D(β, α)→ [0, 1] is a retraction. The unique section
σ : [0, 1] → D(β, α), which satisfies r ◦ σ = id, parameterizes the base arc B and
satisfies F ◦ σ = αλ.

Proof. Let C = [0, 1] \
⋃

U and note that the restrictions q ◦ kβ |C : C → B
and (kα)|C : C → [0, 1] are quotient maps that make the same identifications,
namely they collapse intervals J for J ∈ lc(α) \ U and identify endpoints of
intervals J ∈ U . Thus, there exists a unique homeomorphism σ : [0, 1] → B
such that σ ◦ (kα)|C = q ◦ kβ |C (see the right diagram on the previous page). Since
r◦σ ◦(kα)|C =r◦q◦kβ |C = (kα)|C , where (kα)|C is surjective, we have r◦σ = id[0,1].
Overall, r is a retraction whose section σ parameterizes B.

One can use the same diagram to confirm that F ◦σ ◦(kα)|C = β|C . By definition
of β being a U -extension of α, we have α|C = β|C . Thus F ◦ σ ◦ (kα)|C = α|C =

αλ
◦ (kα)|C . Since (kα)|C is surjective, we have the desired equality F ◦σ = αλ. □

Corollary A.3. If α ⪯∗ β, then α ≃R β and αλ
≤R βλ.

Proof. Note that σ ◦ kα and q ◦ kβ are paths in the compact R-tree D(β, α) with the
same endpoints and satisfying F ◦ (σ ◦ kα)= α and F ◦ (q ◦ kβ)= β. Thus α ≃R β.
Since F ◦ q = βλ and F ◦ σ = αλ where σ is injective, we have αλ

≤R βλ. □

Again, we suppose that β is a U -extension of α (where both are Cantor paths)
and we reuse the above notation. However, now we suppose also that there exists
a dendrite D, a map H : D→ X , and a surjective path Q : [0, 1] → D such that
H ◦ Q = αλ (surjectivity of Q is not required for the following construction but
appears naturally in our recursive application so we assume it). We use this data
and the above construction of D(β, α) to uniquely determine a factorization of βλ.

Let D′ be the pushout of Q : [0, 1] → D and the section σ : [0, 1] → D(β, α).
We have the following pushout square:

[0, 1]
Q

//
� _

σ

��

D� _
i
��

D(β, α)
j
// D′

Note that i is injective since σ is injective. Also, j is surjective since Q is surjective.
All of the domains being compact ensures that i is an embedding and j is a quotient
map. Observe that since i(D) is a dendrite and D′ \ i(D)∼= D(β, α) \ σ([0, 1]) is
a disjoint union of half-open arcs, D′ is a dendrite.

Since H ◦ Q = αλ
= F ◦ σ , there exists a unique map H ′ : D′→ X making

the left diagram below commute. Set Q′ = j ◦ q : [0, 1] → D′. Then H ′ ◦ Q′ =
H ′ ◦ j ◦q = F ◦q = βλ. Additionally, since r ◦σ = id[0,1] the right diagram below
shows that there exists a map R : D′→ D such that R ◦ i = idD and R ◦ j = Q ◦ r .
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Thus R is a retraction with section i . Additionally, note that R is monotone, since
r is monotone.

[0, 1]
αλ

��

Q
//

� _

σ

��

D

H

��

� _

i
��

[0, 1]
Q

//
� _

σ

��

D

idD

��

� _

i
��

[0, 1]
q
//

βλ

33

D(β, α)

F //

j
// D′

H ′

  

D(β, α)

Q ◦ r //

j
// D′

R

  

X D

We also have R ◦ Q′ = R ◦ j ◦ q = Q ◦ r ◦ q = Q ◦ kβ,α and H ′ ◦ i ◦ Q = αλ.
Finally, note that the paths i ◦ Q ◦ kα : [0, 1] → D′ and Q′ ◦ kβ : [0, 1] → D′ start
and end at the same points and that H ′ ◦ i ◦ Q ◦ kα = α and H ′ ◦ Q′ ◦ kβ = β. This
gives a factorization of the loop αβ̄ : [0, 1] → X through the dendrite D′. Overall,
we conclude the following, which employs the notation in the construction of both
D(β, α) and D′.

Lemma A.4. Let Cantor path β be a U -extension of another Cantor path α and
let kα and kβ be collapsing maps for these paths respectively. Suppose there exists
a dendrite D, a map H : D→ X , and a surjective path Q : [0, 1] → D such that
H ◦ Q = αλ. Then there exists a dendrite D′ (constructed from the pushout square
i ◦ Q = j ◦σ ), a map Q′ : [0, 1]→ D′ defined as Q = j ◦q , a monotone retraction
R : D′→ D with section i , and a map H ′ : D′→ X such that the following diagram
commutes:

[0, 1]

β

$$

kβ

��

id
// [0, 1]

kα

��

α

zz

[0, 1]

βλ

��

Q′
��

kβ,α
// [0, 1]

Q
��

αλ

��

D′

H ′

��

R
// D

H
��

X X

Moreover, (i ◦ Q ◦ kα)(Q′ ◦ kβ) is a well-defined loop in D′ satisfying

αβ̄ = H ′ ◦ ((i ◦ Q ◦ kα)(Q′ ◦ kβ)).

In the proof of Lemma 4.6, we iterate this construction.

Proof of Lemma 4.6. Since γn ⪯∗ γn+1, γn+1 is a Un-extension of γn for some
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Un ⊆ lc(γn). Before we inductively apply the construction from Lemma A.4, we
fix collapsing functions kγn for the paths γn . We then have uniquely determined
maps kγn+1,γn : [0, 1] → [0, 1] such that kγn+1,γn ◦ kγn+1 = kγn and light paths γ λ

n .
To simplify notation in the inverse systems to come, we write kn for kγn and
Kn+1,n for kγn+1,γn . Recall that since γn ⪯∗ γn+1 for all n ∈ N, we have a dendrite
D(γn+1, γn), which comes equipped with a corresponding folding map qn+1 :

[0, 1] → D(γn+1, γn), retraction rn+1,n : D(γn+1, γn)→ [0, 1], and embedding
σn,n+1 : [0, 1]→ D(γn+1, γn) such that rn+1,n ◦qn+1= kn+1,n and rn+1,n ◦σn,n+1=

id[0,1].
To begin the recursion, set D1 = [0, 1], H1 = γ λ

1 , and Q1 = id[0,1] so that
H1 ◦ k1 = γ1. Suppose that we have given dendrite Dn , map Hn : Dn → X , and
quotient map Qn : [0, 1]→ Dn such that Hn ◦ Qn = γ λ

n . We apply the construction
used in the proof of Lemma A.4 to the case where γn+1 is a Un-extension of γn .
We obtain a dendrite Dn+1 constructed as the pushout of embedding σn,n+1 and Qn .
This pushout construction yields a quotient map jn+1 : D(γn+1, γn)→ Dn+1, and
an embedding in,n+1 : Dn→ Dn+1 such that in,n+1 ◦ Qn = jn+1 ◦ σn,n+1. We also
obtain a map Hn+1 : Dn+1 → X , a quotient map Qn+1 : [0, 1] → Dn+1 defined
as Qn+1 = jn+1 ◦ qn+1, and a retraction Rn+1,n : Dn+1→ Dn . These maps satisfy
Hn+1 ◦ Qn+1 = (γn+1)

λ, Rn+1,n ◦ Qn+1 = Qn ◦ kn+1,n , and Rn+1,n ◦ in,n+1 = idDn .
This recursion results in the following infinite diagram where the top three rows

form inverse systems. In the n-th column, the vertical composition is γn .

[0, 1] //

k∞
��

· · ·
id
// [0, 1]

k4
��

id
// [0, 1]

k3
��

id
// [0, 1]

k2
��

id
// [0, 1]

k1
��

[0, 1] //

Q∞
��

· · ·
K5,4
// [0, 1]

Q4
��

K4,3
// [0, 1]

Q3
��

K3,2
// [0, 1]

Q2
��

K2,1
// [0, 1]

Q1=id[0,1]

��

D∞ // · · ·
R5,4

// D4

H4
��

R4,3
// D3

H3
��

R3,2
// D2

H2
��

R2,1
// D1 = [0, 1]

H1=γ λ
1

��

· · · X X X X

The inverse limit of the top row may be identified with [0, 1] so that the projec-
tion maps are also the identity. Since the bonding maps in the second row are
nondecreasing continuous surjections, the inverse limit lim

←−−n([0, 1], Kn+1,n) may
also be identified with [0, 1] and the bonding maps Kn : [0, 1] → [0, 1] are also
nondecreasing continuous surjections, see [7, Theorem 4.8 and Lemma 4.2]. We let
k∞ = (lim

←−−n kn) : [0, 1] → [0, 1] be the inverse limit of the morphisms connecting
the first two rows.
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In the third row, we have an inverse sequence where the bonding maps Rn+1,n

are monotone retractions of dendrites. Since any inverse limit of dendrites with
monotone bonding maps is a dendrite [17, Theorem 10.36], the inverse limit
D∞ = lim

←−−n(Dn, Rn+1,n) is a dendrite and the n-th projection Rn : D∞→ Dn is
also a retraction. For m′ ≥ m, let im,m′ : Dm → Dm′ and Rm′,m : Dm′ → Dm

be the respective composition of the sections in,n+1 and retractions Rn+1,n (and
the identity if m = m′). For fixed n, the maps in,m , m ≥ n induce a unique map
in : Dn → D∞ such that Rm ◦ in = in,m . The case m = n shows Rn ◦ in = idDn .
Finally, let Q∞ = lim

←−−n Qn be the inverse limit of the maps connecting the second
and third rows. Then the following diagram commutes for all n ≥ 1:

[0, 1]

γ

  

k∞
��

id
// [0, 1]

kn
��

γn

xx

[0, 1]
Kn
//

Q∞
��

[0, 1]

γ λ
n

��

Qn
��

D∞

∃H∞
��

Rn
// Dn

Hn
��

X X

We include γ in the above diagram to indicate that we intend to show that γ is
constant on the fibers of Q∞◦k∞ and therefore induces a unique map H∞ :D∞→ X
such that H∞ ◦ Q∞ ◦ k∞ = γ . First, we pause to verify that k∞ and Q∞ are
surjective. In the top two rows, 0 and 1 are identified in the inverse limit with
(0, 0, 0, . . . ) and (1, 1, 1, . . . ) respectively. Since k∞ is continuous and maps
k∞(0)= (kn(0))= (0)= 0 and k∞(1)= (kn(1))= (1)= 1, the connectedness of
[0, 1] ensures that k∞ is surjective.

To check that Q∞ is surjective, we first show that in(Dn) ⊆ Im(Q∞) for all
n ∈ N. If dn ∈ Dn , we have that in(dn) = (d1, d2, d3, . . . ) so that dk = in,k(dn)

for k > n, and dk = Rn,k(dn) for k < n. Fix tn ∈ [0, 1] with Qn(tn) = dn . For
k < n, recursively define tk−1 = Kk,k−1(tk). Since Qk−1 ◦ Kk,k−1 = Rk,k−1 ◦ Qk , it
follows that Qk(tk) = dk for all 1 ≤ k < n. For k ≥ n, recursively choose points
tk+1 ∈ q−1

k+1(σk,k+1(tk)) (see the diagram on the next page to trace these choices).
From this choice, we have for every k ≥ n that

Qk+1(tk+1)= jk+1 ◦ qk+1(tk+1)= jk+1(σk,k+1(tk))= ik,k+1 ◦ Qk(tk)

and so, by induction, Qk(tk)= dk for all k ≥ n. Hence Q∞(t1, t2, t3, . . . )= in(dn),
proving that in(Dn)⊆ Im(Q∞). Now, consider any element x = (d1, d2, d3, . . . )
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[0, 1]

σn,n+1

��

Qn
// Dn

in,n+1

��

[0, 1]

Qn+1

66

σn+1,n+2

��

qn+1
// D(γn+1, γn)

jn+1
// Dn+1

in+1,n+2

��

[0, 1]

Qn+2

55

σn+2,n+3
��

qn+2
// D(γn+2, γn+1)

jn+2

// Dn+2

in+2,n+3
��

...
...

...

of D∞. We have

xn = (d1, . . . , dn−1, dn, in,n+1(dn), in,n+2(dn), . . . ) ∈ in(Dn)

for all n ∈ N. Since D∞ is topologized as a subspace of
∏

n∈N Dn , we have
{xn}n∈N→ x in D∞. For each n ∈N, find tn ∈ [0, 1] such that Q∞(tn)= xn . Since
[0, 1] is compact, we can find a subsequence {tnm }m∈N such that {tnm }m∈N → t
for some t ∈ [0, 1]. Since {Q∞(tnm )}m∈N = {xnm }m∈N→ x and {Q∞(tnm )}m∈N→

Q∞(t), it follows that Q∞(t)= x . Thus Q∞ is surjective.
Knowing that Q∞ ◦ k∞ is surjective, we now check that γ is constant on each

fiber of Q∞◦k∞. Suppose a, b ∈ [0, 1] such that Q∞◦k∞(a)= Q∞◦k∞(b). Then
Qn ◦ kn(a)= Qn ◦ kn(b) for all n ∈ N. Applying Hn gives

γn(a)= Hn ◦ Qn ◦ kn(a)= Hn ◦ Qn ◦ kn(b)= γn(b)

for all n ∈ N. Since {γn} → γ uniformly, we have {γn(a)}n∈N → γ (a) and
{γn(b)}n∈N → γ (b), but since these sequences in X are equal, it follows that
γ (a)= γ (b). This completes the check and so we conclude that the desired map
H∞ exists.

With the existence of H∞ confirmed, we fix m ∈ N and check that the equality
Hm = H∞ ◦ im holds. Since {Hn ◦ Rn ◦ Q∞ ◦ k∞} = {γn} → γ = H∞ ◦ Q∞ ◦ k∞
uniformly and Q∞ ◦ k∞ is surjective, we have that {Hn ◦ Rn} → H∞ uniformly.
Recalling that m is fixed, we have {Hn◦Rn◦im}n>m→ H∞◦im uniformly. However,
{Hn ◦ Rn ◦ im}n>m = {Hn ◦ im,n}n>m = {Hm}n>m is the constant sequence at Hm .
Thus Hm = H∞ ◦ im for all m ∈ N.

We will now consider the endpoints of the paths to complete our proof. For
t ∈ {0, 1}, set xn,t = Qn ◦kn(t). Since Rn+1,n(xn+1,t)= xn,t , we have Q∞◦k∞(t)=
(xn,t)n∈N. However, recall that our inductive construction ensures that in,m(xn,t)=

xm,t whenever m > n. Thus in the limit, we also have im(xm,t) = (xn,t)n∈N. We
conclude that Q∞ ◦ k∞(t)= in ◦ Qn ◦ kn(t) for all n ∈ N and t ∈ {0, 1}. Therefore,
if we set gn,1 = Q∞ ◦ k∞ and gn,2 = in ◦ Qn ◦ kn , the concatenation gn,1ḡn,2 is
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a well-defined loop in D∞. Moreover, H∞ ◦ gn,1 = H∞ ◦ Q∞ ◦ k∞ = γ and
H∞ ◦ gn,2 = H∞ ◦ in ◦ Qn ◦ kn = Hn ◦ Qn ◦ kn = γn . Thus H∞ ◦ (gn,1ḡn,2)= γ γ̄n ,
proving γ ≃R γn . □
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SEVERI VARIETIES ON RULED SURFACES
OVER ELLIPTIC CURVES

XIAOTIAN CHANG, XI CHEN AND ADRIAN ZAHARIUC

We prove that the general members of Severi varieties on an Atiyah ruled
surface over a general elliptic curve have nodes and ordinary triple points as
singularities.

1. Introduction

Severi varieties of projective surfaces are roughly parameter (moduli) spaces of
curves of fixed geometric genus, in a given linear system or homology class on the
projective surface. The natural expectation is that a general curve in any irreducible
component of a Severi variety will have only nodes as singularities. This expectation
often turns out to be true under the natural assumption that the surface has general
moduli, although there are notable known exceptions, for instance, in the case of
abelian surfaces [DS17, Example (4.17)]. This problem has been investigated for
many classes of surfaces beyond the classical case of P2, including K3 surfaces
[Che02; Che19], abelian surfaces [KLM19; KL22], Enriques surfaces [CDGK23b],
surfaces in P3 [CC99], and some ruled surfaces [CDGK23a].

In this paper, we consider Severi varieties on a ruled surface over a smooth
elliptic curve. We will see that the unexpected phenomenon of general curves with
worse than nodal singularities occurs again on this ruled surface.

Let E be a smooth elliptic curve, let E be a rank 2 vector bundle on E given by
a nonzero vector in Ext(OE ,OE) and let R = PE . Such surfaces arise naturally
when we study the degeneration of abelian and K3 surfaces [Zah22]. We call such
a ruled surface the Atiyah ruled surface over E .

The main purpose of this note is to prove the following:

Theorem 1.1. Let E be a smooth elliptic curve, let E be a rank 2 vector bundle
on E given by a nonzero vector in Ext(OE ,OE) and let R = PE . For a line bundle
L on R, let VR,L ,g ⊂|L| be the locus of integral curves C ∈ |L| of geometric genus g.
Then when E is general, L is ample and g ≥ 1, for a general member [C] ∈ VR,L ,g,
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• if L .D ≥ 2, C is nodal, and

• if L .D = 1, C has only nodes and/or ordinary triple points as singularities,

where D is the unique section of R over E with self-intersection D2
= 0.

Theorem 1.2 below shows that triple points do occur in some cases.
The Picard group Pic(R) of R is generated by D and π∗ Pic(E), where π : R → E

is the projection.
For an integral curve C ⊂ R of geometric genus g with normalization f : Ĉ → R,

we have
deg(ωĈ ⊗ f ∗ω∨

R)= 2g − 2 − K R.C = 2(g − 1 + C.D),

since −K R = 2D. Based on [DS17, Corollary 2.11] (see also [HM98, Section B,
pp. 108–111] and [AC81, Lemma 1.4, p. 345]), we know the following.

• If the degree of ωĈ ⊗ f ∗ω∨

R is at least 2g, or equivalently,

(1-1) C.D ≥ 1,

then a general deformation of f is immersive.

• If the degree of ωĈ ⊗ f ∗ω∨

R is at least 2g + 2, or equivalently,

(1-2) C.D ≥ 2,

then a general deformation of f has nodal image.

Consequently, our main theorem holds for every L = m D + π∗M if m > 0
and deg M ≥ 2. Therefore, the only remaining case for Theorem 1.1 is m > 0
and deg M = 1. Furthermore, we will show that the case g ≥ 2 can be reduced
to g = 1 by a degeneration argument. That is, it suffices to prove the theorem for
L = m D + Rp and g = 1, where Rp = π∗ p is the fiber of R over a point p ∈ E .
Indeed, we have a more precise statement for this case:

Theorem 1.2. Let E be a smooth elliptic curve, let E be a rank 2 vector bundle
on E given by a nonzero vector in Ext(OE ,OE) and let R = PE . When E is general,
for L = m D + Rp and every [C] ∈ VR,L ,1,

• if 4 ∤m, C is nodal, and

• if 4 m, C has only nodes and/or ordinary triple points as singularities,

where D is the unique section of R over E with self-intersection D2
= 0 and Rp is

the fiber of R over p ∈ E.
In addition, if 4 m, then there exists at least one irreducible component V of

VR,L ,1 such that the general curve [C] ∈ V has at least one triple point.

Such elliptic curves were also studied by E. Sernesi in [Ser23].

Conventions. We work exclusively over C.
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2. The Atiyah ruled surface PE

We start with some basic facts about the Atiyah ruled surface PE .

Proposition 2.1. Let E be a smooth elliptic curve, let E be a rank 2 vector bundle
on E given by a nonzero vector in Ext(OE ,OE), let R = PE and let D ⊂ R be the
section of R/E with D2

= 0.

(1) For every point p ∈ E , |D+ Rp| is a pencil such that every curve C ̸= D∪ Rp ∈

|D + Rp| is a smooth elliptic curve and any pair C1 ̸= C2 ∈ |D + Rp| of curves
meet only at p (viewed as a point of D) with multiplicity 2, where Rp is the
fiber of R over p ∈ E.

(2) For every point p ∈ E , R \ (D ∪ Rp)∼= (E \ {p})× A1.

(3) For every pair of points p ̸= q ∈ E , R \ D is isomorphic to the gluing of
(E \ {p})× A1 and (E \ {q})× A1 via an automorphism

(E \ {p, q})× A1 (E \ {p, q})× A1η

given by
η(z, s)= (z, s + h(z)),

where h(z) is a meromorphic function on E with simple poles at p and q.

(4) There is an exact sequence of group schemes

(2-1)
0 Ga Aut(R)0 Aut(D)0 0

Aut(E)0,

where Ga is the additive group of C and Aut(R)0 and Aut(E)0 are the con-
nected components of Aut(R) and Aut(E), respectively, containing the identity.
Every φ ∈ Aut(R)0 is given by

(2-2)
φ(z, s)= (z + τ, s + b1(z)) on (E \ {p, p − τ })× A1,

φ(z, s)= (z + τ, s + b2(z)) on (E \ {q, q − τ })× A1,

where τ ∈ Pic0(E) = J (E), p and q are two distinct points on E satisfying
p −q ̸= ±τ , b1(z) is a meromorphic function on E with simple poles at p and
p − τ , b2(z) is a meromorphic function on E with simple poles at q and q − τ ,
and b1(z) and b2(z) satisfy

(2-3) b1(z)+ h(z)= b2(z)+ h(z + τ)

on E \ {p, p − τ, q, q − τ } with h(z) given in (3).
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Proof. By the exact sequence

0 OE E OE 0
we obtain

h0(E ∨
⊗OE(p))= h0(OE(p))+ h0(OE(p))= 2

and hence |D + Rp| is a pencil. Since

OR(D + Rp)
∣∣

D = OE(p)

every C ∈ |D + Rp| passes through p. If C is reducible, C must contain a section
of R/E and hence it must contain D. Consequently, the only reducible member of
|D + Rp| is D ∪ Rp. Every other member of |D + Rp| is a section of R/E . For
C1 ̸= C2 ∈ |D + Rp|, one of C1 and C2 must be integral. Let us assume that C1 is
a section of R/E . Then

OC1(C2)= OC1(D + Rp)= OC1(2p).

We know that both C1 and C2 pass through p and they have intersection number
2. So C1.C2 = p + p′. Then p + p′

∼rat 2p on C1 and hence p′
= p. That is, C1

and C2 meet at p with multiplicity 2 and they do not have any other intersections.
This proves (1).

Let αp : R 99K P1 be the rational map given by the pencil |D + Rp|. By (1), the
map

R \ (D ∪ Rp) (E \ {p})× A1π×αp

∼=

is an isomorphism, where π : R → E is the projection. This proves (2).
We have

R \ D = (R \ (D ∪ Rp))∪ (R \ (D ∪ Rq))

with (R\(D∪Rp)) and (R\(D∪Rq)) isomorphic to (E\{p})×A1 and (E\{q})×A1

via π ×αp and π ×αq , respectively. So R \ D is the gluing of (E \ {p})× A1 and
(E \ {q})× A1 via an automorphism η ∈ Aut(U × A1/U )

U × A1 U × A1η

for U = E \ {p, q}. Such an automorphism is given by

η(z, s)= (z, h(z)s + f (z)),

where h(z) and f (z) are meromorphic functions on E such that they are holomorphic
on U and h(z) ̸= 0 on U . So h(z) has zeros and poles only at p and q and f (z)
has poles only at p and q .

A member of the pencil |D + Rp| other than D ∪ Rp is given by

(π ×αp)
−1

{s = a}



SEVERI VARIETIES ON RULED SURFACES OVER ELLIPTIC CURVES 347

for a ∈ C. Similarly, a member of the pencil |D + Rq | other than D ∪ Rq is given by

(π ×αq)
−1

{s = b}

for b ∈ C. These two curves meet at two points lying in R\(D∪Rp∪Rq). Therefore,

{s = a} ∩ η−1
{s = b}

has two intersections (counted with multiplicity) in U × A1 for all a, b ∈ C. That
is, the function

ah(z)+ f (z)− b

has exactly two zeros over U for all a, b. It follows that h(z) is a nonzero constant
and f (z) has simple poles at p and q . We may choose h(z)≡ 1. This proves (3).

Clearly, every automorphism of R preserves the section D. Let φ : R → R be
an automorphism of R in the kernel of Aut(R)→ Aut(D) and let φ1 and φ2 be the
restriction of φ to (E \ {p})× A1 and (E \ {q})× A1, respectively. Suppose that
φ1 and φ2 are given by

φ1(z, s)= (z, a1(z)s + b1(z)),

φ2(z, s)= (z, a2(z)s + b2(z)),

where a1(z) and b1(z) are meromorphic functions on E with poles at p, a2(z) and
b2(z) are meromorphic functions on E with poles at q, a1(z) ̸= 0 on E \ {p} and
a2(z) ̸= 0 on E \ {q}. Clearly, a1(z) ≡ a1 and a2(z) ≡ a2 must be constants. In
addition, since φ1 ◦ η = η ◦φ2, we have

a1(s + h(z))+ b1(z)= a2s + b2(z)+ h(z)

on (E \ {p, q})× A1. Obviously, a1 = a2 = a and hence

b1(z)− b2(z)= (1 − a)h(z).

Since h(z) has simple poles at p and q , b1(z) has a single pole at p and b2(z) has
a single pole at q , b1(z) and b2(z) must have simple poles at p and q , respectively,
and hence they must be constant. It follows that a = 1 and b1(z)≡ b2(z)≡ b. This
proves that

Ga = ker(Aut(R)→ Aut(D)).

To complete the proof of (2-1), it remains to prove that the map

Aut(R)0 Aut(D)0

is surjective.
Every automorphism λ ∈ Aut(E)0 is given by a translation λ(p) = p + τ for

some τ ∈ Pic0(E)= J (E).
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For a given τ ∈ J (E), if there exists a pair of meromorphic functions b1(z) and
b2(z) satisfying (2-3), then φ ∈ Aut(R)0 given by (2-2) maps to λ ∈ Aut(E)0 with
λ(p)= p+τ . So it suffices to prove the existence of b1(z) and b2(z) satisfying (2-3).

If τ = 0, we can simply take b1(z)≡ b2(z)≡ b to be a constant.
Suppose that τ ̸= 0. We lift (2-3) from E ∼= C/3 to C. Then b1(z), b2(z) and

h(z) are doubly periodic meromorphic functions on C. We choose b1(z) such that

Resp b1(z)= − Resp h(z).
Since

Resp b1(z)+ Resp−τ b1(z)= 0
we have

Resp−τ b1(z)= Resp h(z)= Resp−τ h(z + τ).

So b2(z) = b1(z)+ h(z)− h(z + τ) is analytic at p and p − τ . This proves the
existence of b1(z) and b2(z) satisfying (2-3) and hence (4). □

Let C ∈ |m D+ Rp| be a (possibly singular) elliptic curve on R and let ν : C → R
be the normalization of C . We let

S = C ×E R = P(π ◦ ν)∗E

via the maps π ◦ ν : C → E and π : R → E . Clearly, (π ◦ ν)∗E is a rank 2 vector
bundle on C given by a nonzero vector in Ext(OC ,OC ).

The map g : S → R is induced by π ◦ ν : C → E and is hence étale. Let us
consider the preimage

g−1(C)= C ×E C

of C . It contains the curve G = {(s, ν(s)) : s ∈ C } ∼= C . It is not hard to see
that G ∈ |OS(D + Sq)|, where D = g∗D is the unique section of S/C with self-
intersection 0, q ∈ (π ◦ ν)−1(p) and Sq is the fiber of S/C over q.

Since g : S → R is Galois,

g∗C =

∑
σ∈Aut(S/R)

σ(G).

The map g : g∗C → C is étale. So C is nodal if and only if g∗C is, i.e., it has
normal crossings.

Since h = π ◦ ν : C → E is an isogeny, the dual isogeny h∨
: E → C has the

property that h∨
◦ h : C → C is a multiplication map given by x → p + n(x − p)

for some integer n. So the Galois group Aut(C /E) is a subgroup of Aut(h∨
◦ h).

Hence Aut(C /E) is given by a finite subgroup of J (C )= Pic0(C ). That is, every
σ ∈ Aut(C /E) is given by a translation σ(x) = x + τ for some torsion element
τ ∈ J (C ).

To prove Theorem 1.1, it suffices to prove the following:
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Proposition 2.2. Let E be a smooth elliptic curve, let E be a rank 2 vector bundle
on E given by a nonzero vector in Ext(OE ,OE), let R = PE , let D ⊂ R be the
section of R/E with D2

= 0 and let A ⊂ Aut(R)0 be a finite subgroup of Aut(R)0
acting freely on R. Then when E is general, for every point p ∈ E and every smooth
curve G ∈ |D + Rp|, ∑

σ∈A
σ(G)

has normal crossings if A does not contain the subgroup

J (E)2 =
{
τ ∈ J (E) : 2τ = 0

}
∼= Z/2Z × Z/2Z

and has only nodes and ordinary triple points as singularities otherwise.

When C ∈ |m D + E |, the Galois group Aut(C /E) has order m. If 4 ∤m,
Aut(C /E) does not contain a subgroup of order 4 and hence C is nodal by the
above proposition.

Here we let

J (E)n = {τ ∈ J (E) : nτ = 0} ∼= Z/nZ × Z/nZ and J (E)tors =

∞⋃
n=1

J (E)n

be the torsion subgroups of J (E). For every τ ∈ J (E)tors, we define the order
ord(τ ) of τ to be the smallest positive integer n such that nτ = 0 and let ord(τ )=∞

if τ ̸∈ J (E)tors.
Let φ ∈ Aut(R)0 be an automorphism of order n. By (2-2), φ is given by a

meromorphic function b1(z) on E with simple poles at p and p − τ satisfying

(2-4) b1(z)+ b1(z + τ)+ · · · + b1(z + (n − 1)τ )= 0,

where τ ∈ J (E)tors has order ord(τ )= n.
To prove that G and φ(G) intersect transversely, it suffices to prove that b1(z)

does not have a zero of multiplicity 2, i.e.,

(2-5) b1(p − η) ̸= 0 for τ = 2η

when E is a general elliptic curve.
Let φ1 ̸= φ2 ∈ Aut(R)0 be two automorphisms of finite order. Similarly, φ1 and

φ2 are given by two meromorphic functions b1(z) and b2(z) on E with simple poles
at {p, p − τ1} and {p, p − τ2}, respectively, satisfying

(2-6) bi (z)+ bi (z + τi )+ · · · + bi (z + (ni − 1)τi )= 0

for i = 1, 2, where τi ∈ J (E)tors has order ni and τ1 ̸= τ2. To show that G, φ1(G)
and φ2(G) do not meet at one point, it suffices to show that

(2-7) {b1(z)= 0} ∩ {b2(z)= 0} = ∅,
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where E is a general elliptic curve. So it remains to prove (2-5) and (2-7).
Let us start with the observation that the meromorphic functions bi (z) satisfying

(2-6) are unique up to a scalar, depending only on p and τi .

Proposition 2.3. Let E be an elliptic curve and let p be a point of E. For every
τ ∈ J (E)tors of order n and every meromorphic function b(z) on E with simple
poles at p and p − τ and no other poles,

n−1∑
k=0

b(z + kτ)

is constant.
In addition, there is a unique meromorphic function b(z)= bτ,p(z) on E , up to a

scalar, with simple poles at p and p − τ and no other poles such that

(2-8)
n−1∑
k=0

b(z + kτ)= 0.

Furthermore, for all positive integers m with n m and every meromorphic func-
tion b(z) on E with simple poles at p and p − τ and no other poles,

(2-9)
∑

λ∈J (E)m

b(z + λ)=
m2

n

n−1∑
k=0

b(z + kτ).

Consequently, (2-8) holds if and only if

(2-10)
∑

λ∈J (E)m

b(z + λ)= 0

for some positive integer m with n m.

Proof. Let ω ∈ H 0(�E) be a nonzero holomorphic 1-form on E . Then b(z)ω is a
meromorphic 1-form on E with simple poles at p and p − τ . So

Resp b(z)ω+ Resp−τ b(z)ω = 0.

It follows that
n−1∑
k=0

b(z + kτ)ω

is a holomorphic 1-form on E and hence

n−1∑
k=0

b(z + kτ)

is constant on E .
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Let V = H 0(OE(p1 + p2))∼= C2 be the vector space of meromorphic functions
on E with at worst simple poles at p1 = p and p2 = p − τ and let L : V → C be
the map given by

L(b(z))=

n−1∑
k=0

b(z + kτ).

Clearly, L is linear. When b(z) ≡ c is constant, L(b(z)) = nc and hence L is
surjective. Thus, ker(L) is a one-dimensional subspace of V . So there exists a
unique b(z) ∈ V , up to a scalar, such that

n−1∑
k=0

b(z + kτ)= 0.

Obviously, G = {kτ : k ∈ Z} is a subgroup of J (E)m for n m. So

J (E)m =

d⊔
i=1
(λi + G)

for some λ1, λ2, . . . , λd ∈ J (E)m and d = m2/n. Then

∑
λ∈J (E)m

b(z + λ)=

d∑
i=1

∑
λ∈G

b(z + λi + λ)

We have proved that
∑
λ∈G

b(z + λ) is constant. Therefore,∑
λ∈G

b(z + λ)≡

∑
λ∈G

b(z + λi + λ)

for all i and hence∑
λ∈J (E)m

b(z + λ)=

d∑
i=1

∑
λ∈G

b(z + λi + λ)= d
∑
λ∈G

b(z + λ).

This proves (2-9). □

We formally state the context around (2-5) and (2-7):

Proposition 2.4. For a general elliptic curve E , every point p ∈ E , every τ ∈

J (E)tors of order n ≥ 2 and every η ∈ J (E)tors satisfying 2η = τ , we have

bτ,p(p − η) ̸= 0,

where bτ,p(z) is the meromorphic function on E given in Proposition 2.3.

Proposition 2.5. Let E be an elliptic curve, let p ∈ E be a point on E and let bτ,p
be the meromorphic function on E given in Proposition 2.3 for a nonzero torsion
point τ ∈ J (E)tors.
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For E general and any two torsion points τ1 ̸= τ2 ∈ J (E)tors of orders n1 ≥ 2
and n2 ≥ 2, respectively, one of the following holds:

(2-11) {bτ1,p(z)= 0} ∩ {bτ2,p(z)= 0} = ∅

or

(2-12) (n1, n2)= (2, 2)

or

(2-13) (n1, n2)= (6, 6), ⟨τ1, τ2⟩ = 3 in J (E)6 and ord(τ1 − τ2)= 6.

In addition, when (n1, n2)= (2, 2),

(2-14) {bτ1,p(z)= 0} ∩ {bτ2,p(z)= 0} = {p − τ3},

where τ3 ∈ J (E)tors is a torsion point of order 2 different from τ1 and τ2.
For E general and any three distinct nonzero torsion points τ1, τ2, τ3 ∈ J (E)tors,

(2-15) {bτ1,p(z)= 0} ∩ {bτ2,p(z)= 0} ∩ {bτ3,p(z)= 0} = ∅.

The intersection pairing ⟨ · , · ⟩ on J (E)n will be defined in the next section.
Let us explain how Propositions 2.4 and 2.5 imply Proposition 2.2. Proposition 2.4

implies that any pair of curves among {σ(G) : σ ∈ A} meet transversely and thus∑
σ(G) has only ordinary singularities, i.e., singularities whose local branches are

smooth and meet transversely pairwise. Then Proposition 2.4 says that no three
curves among {σ(G) : σ ∈ A} meet at one point with the exceptions (2-12) and
(2-13), in which cases no more than three curves among {σ(G) : σ ∈ A} meet at one
point by (2-15). In case (2-12), τ1 and τ2 generate J (E)2 ⊂ A. In case (2-13), τ1

and τ2 generate a subgroup of J (E)6 of order 12 contained in A; such a subgroup
clearly contains J (E)2.

Finally, let us explicitly illustrate how the considerations above lead to curves with
triple points in the case 4 m. Let us first consider the case m = 4. Let [2] : E → E
be the multiplication by 2 map on E relative to the choice of a point on E . It is clear
that [2]

∗E ∼= E hence R ∼= E ×[2],E,π R. The group of deck transformations of the
projection to the second factor g : R → R is {idR, φτ1, φτ2, φτ3}, with φτi : R → R
lying above z 7→ z +τi , where J (E)2 = {0, τ1, τ2, τ3}. If G ∈ |D + Rp|, then (2-14)
implies that

G ∩φτ1(G)∩φτ2(G) ̸= ∅

by the same reasoning as above. Therefore, the curve g(G)∈ |4D + Rp| has a triple
point. In general, if 4 m, consider an isogeny C → E of degree m/4. As above, let
S = C ×E R, which is the Atiyah surface associated to C , D ⊂ S the section of S/C
of self-intersection 0, and q ∈ C . By the case m = 4 discussed above, |4D + Sq |

contains genus 1 curves with triple points. Then, their images in R by S → R
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are curves C ∈ |m D + Rp| with triple points. Furthermore, if f : Ĉ → R is the
normalization, then f is immersive and deg N f = 2, so

h0(Ĉ, N f )= 2 = dim Aut(R)0,

which implies that all equigeneric deformations of C ⊂ R come from automorphisms
of R, and thus have triple points as well. (For ease of language, we have included
the deformations which change the linear system.) Hence, if 4 m, there exists
at least one irreducible component of the Severi variety VR,m D+Rp,1 in which the
general curve has triple points, as claimed in Theorem 1.2.

3. Torsion points on generic elliptic curves

We will prove Proposition 2.4 and 2.5 by letting E vary in a complete family of
elliptic curves X/B with a unique section P . There are many choices of such X .
Let us choose X to be a K3 surface with Picard lattice

[
−2

1
1
0

]
. We call such X a

Bryan–Leung K3 [BL00]. Such X admits an elliptic fibration π : X → B = P1. For
X general, it has 24 nodal fibers over S ⊂ B. The (−2)-curve P ⊂ X is the only
section of π . For each positive integer n, let us consider

(3-1) 6n =
{
q ∈ Xb : b ̸∈ S, ord(p − q)= n for p = Pb = P ∩ Xb

}
Clearly, 6n is a multisection of X/B of degree

n2
∏

p prime
p |n

(
1 −

1
p2

)
.

We claim that 6n is irreducible. This is proved by studying the monodromy action
of π1(B \ S) on 6n . Actually, the monodromy action of π1(B \ S) on 6n is induced
by its action on H 1(Xb,Z).

Fix a smooth fiber E = Xb of X over b ∈ B◦
= B \ S and let us consider the

monodromy action of π1(B◦) on J (E)tors and H 1(E,Z). From the exponential
sequence, we have the diagram

J (E)n

0 H 1(E,Z) H 1(OE) J (E) 0

0 H 1(E,Z) H 1(OE) J (E) 0

H 1(E,Z)/nH 1(E,Z)

×n ×n ×n
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Thus, we have
J (E)n ∼= H 1(E,Z)/nH 1(E,Z)

and the action of π1(B◦) on J (E)tors is induced by its action of H 1(E,Z).
The action π1(B◦) on H 1(E,Z) preserves the intersection product of H 1(E,Z).

Thus, it is given by a group homomorphism

π1(B◦) Aut(H 1(E,Z))∼= SL2(Z),

where Aut(H 1(E,Z)) is the automorphism group of H 1(E,Z) as a lattice. Thus,
the induced action of π1(B◦) on 6n is given by the group homomorphism

π1(B◦) SL2(Z)

SL2(Z/nZ)

Proposition 3.1. Let π : X → B = P1 be a Bryan–Leung K3 surface with 24 nodal
fibers. Then the monodromy action π1(B◦)→ SL2(Z/nZ) is surjective and 6n is
irreducible for all n ∈ Z+ with 6n ⊂ X defined by (3-1).

The action of π1(B◦) on H 1(E,Z) is well understood. At each bi ∈{b1, b2, . . . , b24},
the loop around bi acts on H 1(E,Z) by a Lefschetz–Picard transform [Lew99]:

Tδi (λ)= λ+ ⟨λ, δi ⟩δi ,

where δi ∈ H 1(E,Z) is called the vanishing cycle at the node of Xbi for i =

1, 2, . . . , 24 and ⟨ · , · ⟩ is the intersection pairing on H 1(E,Z). The monodromy
action of π1(B◦) on H 1(E,Z) is the subgroup of Aut(H 1(E,Z)) generated by
Tδ1, Tδ2, . . . , Tδ24 . Clearly, Tδi lift to actions on H 1(E,Z)/nH 1(E,Z). We start
with a simple observation:

Lemma 3.2. Let δ1, δ2, . . . , δ24 ∈ H 1(Xb,Z) be the vanishing cycles associated to
a Bryan–Leung K3 surface π : X → B = P1 with 24 nodal fibers. Then:

(1) The δi are indivisible, i.e., there do not exist η ∈ H 1(Xb,Z) and an integer
m ≥ 2 such that δi = mη.

(2) For every indivisible λ ∈ H 1(Xb,Z),

gcd(⟨λ, δ1⟩, ⟨λ, δ2⟩, . . . , ⟨λ, δ24⟩)= 1.

Proof. It is well known that the δi are indivisible, as a consequence of the smoothness
of X . (See [Lew99, Example 6.6, p. 72], for instance.) Here we give another
argument based on torsion points.

Suppose that δ/m ∈ H 1(E,Z) for some δ = δi and m ≥ 2. For simplicity, let us
assume that m is prime. Then H 1(E,Z)/m H 1(E,Z) is fixed by Tδ so 6m is the
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union Q1 ∪ Q2 ∪· · ·∪ Qm2−1 of m2
−1 local sections over a disk U ⊂ B around the

point s = bi ∈ S. Since X is smooth, each Q j meets Xs at a point away from the
node x of Xs . Let f : X 99K X be the rational map given by f (q)= p + m(q − p)
for q ∈ Xb, b ∈ B◦ and p = P ∩ Xb. Then f can be extended to a regular, quasifinite
and unramified morphism

X \ {x1, x2, . . . , x24} X,
f

where x1, x2, . . . , x24 are the nodes of the 24 fibers X S = π−1(S). Then

XU ∩ f −1(P)= P ∪ Q1 ∪ Q2 ∪ · · · ∪ Qm2−1

for XU = π−1(U ). Since f is unramified, P, Q1, Q2, . . . , Qm2−1 are disjoint.
Therefore, p = P ∩ Xs and q j = Q j ∩ Xs are m2 distinct points on Xs \ {x}.
But there are only m distinct points q on Xs \ {x} such that m(q − p) = 0 in
Pic0(Xs)∼= C∗, which is a contradiction.

For (2), if
gcd(⟨λ, δ1⟩, ⟨λ, δ2⟩, . . . , ⟨λ, δ24⟩)= m ≥ 2,

then λ ∈ H 1(E,Z)/m H 1(E,Z) is fixed by Tδi for all i . Therefore, 6m contains a
section. But P is the only section of X/B, which is a contradiction. □

Proof of Proposition 3.1. If n = n1n2 for two coprime integers n1 and n2, then the
surjectivity of π1(B◦)→ SL2(Z/nZ) follows from those of π1(B◦)→ SL2(Z/ni Z)

for i = 1, 2 via the group isomorphism

SL2(Z/nZ) SL2(Z/n1Z)× SL2(Z/n2Z)
∼

So by induction on the number of prime divisors of n, it suffices to prove the
proposition for n = pd with p prime.

For simplicity, suppose that δ1 = e1, where {e1, e2} is the standard basis of
Z/nZ × Z/nZ. By Lemma 3.2,

gcd(⟨δ1, δ2⟩, ⟨δ1, δ3⟩, . . . , ⟨δ1, δ24⟩)= 1

So there exists 2 ≤ i ≤ 24 such that p ∤ ⟨δ1, δi ⟩. We may assume that p ∤ ⟨δ1, δ2⟩.
Then δ2 = ae1 +be2 for some p ∤ b. Let m be an integer such that bm ≡ 1 (mod n).
By changing the basis from {e1, e2} to {e1, ame1+e2}, we may assume that δ2 = be2.

Clearly,

T −1
δ1

[
x
y

]
=

[
1 1

1

] [
x
y

]
and (Tδ2)

m
[

x
y

]
=

[
1
1 1

] [
x
y

]
for

[ x
y

]
= xe1 + ye2, and hence π1(B◦)→ SL2(Z/nZ) is surjective. □

Let us consider the degeneration of the function bτ,p(z) when X t degenerates to
X0 for some 0 ∈ S.
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Proposition 3.3. Let π : X →1 be a flat projective family of curves over the unit
disk 1 such that X is smooth, X t is a smooth elliptic curve for t ̸= 0 and X0 is a
rational curve with a node, where X t is the fiber of X over t ∈1. Let P and Q be
two sections of X/1 such that Pt − Qt is a torsion class in J (X t) of order n ≥ 2
for t ̸= 0. Then there exists an integral curve Z ⊂ X flat of degree 2 over 1 such
that Z0 is supported on the node of X0 and

(3-2) {bτ,p(z)= 0} = Z t

for t ̸= 0, where bτ,p(z) is the meromorphic function on X t given in Proposition 2.3
with τ = Pt − Qt and p = Pt .

Proof. Since P and Q are sections of X/1 and X is smooth, P and Q meet X0

at smooth points P0 and Q0 of X0. By the argument in the proof of Lemma 3.2,
P0 − Q0 is a torsion class in Pic0(X0)∼= C∗ of order n.

Let us consider π∗OX (P + Q). This is a rank 2 vector bundle over 1 since
h0(OX t (P + Q))= 2 for all t . Therefore,

H 0(π∗OX (P + Q))= H 0(OX (P + Q))

is a rank 2 free module over C[[t]].
Let o be the node of X0. Then X0 \ {o} ∼= C∗. We may assume that P0 = 1

and Q0 = η = exp(2π i/n). Then H 0(OX0(P0 + Q0)) is spanned by the constant
function 1 and

s0(z)=
z

(z − 1)(z − η)

over C. We can choose s ∈ H 0(OX (P + Q)) such that s0 is the restriction of s to
X0, i.e., s0(z)= s(0, z), where we consider s = s(t, z) as a meromorphic function
on X with simple poles along P and Q. Then H 0(OX (P + Q)) is generated by 1
and s over C[[t]].

Let φ : X \ {o} → X \ {o} be the automorphism given by φ(z)= z + (p − q) for
z ∈ X t , p = Pt and q = Qt . Then

n−1∑
k=0

s(t, φk(z))

is constant for each fixed t ̸= 0 by Proposition 2.3. For t = 0, we have

n−1∑
k=0

s(0, φk(z))=

n−1∑
k=0

ηkz
(ηkz − 1)(ηkz − η)

= 0.

Therefore,

f (t)=

n−1∑
k=0

s(t, φk(z))
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for some f (t)∈C[[t]] with f (0)=0. Then ns(t, z)− f (t) is a section of OX (P+Q)
whose restriction to X t is exactly the function bτ,p(z).

Let

(3-3) Z =
{
ns(t, z)− f (t)= 0

}
be the vanishing locus of ns(t, z)− f (t). Then (3-2) follows from our choice of
f (t). In addition, since ns(0, z)− f (0)= ns0(z) and s0 only vanishes at the node
o of X0, we see that Z0 is supported at o.

We know that Z is a closed subscheme of X of pure dimension one and flat of
degree 2 over 1. So we are in one of the following cases:

• Z is supported on a section of X/1 with multiplicity 2.

• Z is a union of two distinct sections of X/1.

• Z is an irreducible multisection of degree 2 over 1.

Since Z0 is supported on the node o of X0 and X is smooth, Z cannot contain
any section of X/1. Thus, Z must be an integral curve flat of degree 2 over 1. □

Proposition 2.4 follows immediately from the above proposition.

Proof of Proposition 2.4. Suppose that bτ,p(p−η)= 0 on a general elliptic curve E
for some torsion class τ ∈ J (E) of order n ≥ 2 and 2η= τ . Then by Proposition 3.1,
this holds for every torsion class τ of order n.

Let π : X → B = P1 be a Bryan–Leung K3 surface with 24 nodal fibers over
S ⊂ B. We choose a point s ∈ S and let U ⊂ B be an open disk about s. Then there
exists a section Q of XU = π−1(U ) over U such that Pt − Qt is a torsion class of
order n for all t ∈ U . It follows from Proposition 3.3 that bτ,p(z) has two distinct
zeros on X t for τ = Pt − Qt and p = Pt , which is a contradiction. □

4. Proof of Proposition 2.5

In this section, we will prove Proposition 2.5. Combined with Proposition 2.4, we
obtain Proposition 2.2. Then Theorem 1.2 follows.

We will prove the following two statements in sequence:

Proposition 4.1. For a general elliptic curve E , a point p ∈ E and a pair τ1 ̸= τ2 ∈

J (E)tors of torsion points of orders n1 ≥ 2 and n2 ≥ 2, respectively, if

{bτ1,p(z)= 0} ∩ {bτ2,p(z)= 0} ̸= ∅

then either

(4-1) {p − q : bτi ,p(q)= 0} ⊂ J (E)tors

for i = 1, 2 or

(4-2) n1 = n2 = 6, ⟨τ1, τ2⟩ = 3 in J (E)6 and ord(τ1 − τ2)= 6.
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Proposition 4.2. For a general elliptic curve E , a point p ∈ E and a pair τ1 ̸= τ2 ∈

J (E)tors of nonzero torsion points, if

(4-3) {bτ1,p(z)= 0} ∩ {bτ2,p(z)= 0} ̸= ∅

and
{p − q : bτi ,p(q)= 0} ⊂ J (E)tors for i = 1, 2,

then ord(τ1)= ord(τ2)= 2.

Our main tool is the monodromy action of π1(B◦) on J (E)tors. We fix a Bryan–
Leung K3 surface X → B = P1 with 24 nodal fibers over S ⊂ B and a general
fiber E = X t of X/B. We extend the monodromy action on J (E)tors to the triples
(τ, q1, q2) with τ ∈ J (E)tors and {bτ,p(z)= 0} = {q1, q2}.

Define a curve in Pic0(X/B)×B X ×B X by

(4-4)
{
(τ, q1, q2) : τ ∈ J (X t)n, t ∈ B \ S, q1, q2 ∈ X t , and

{bτ,p(z)= 0} = {q1, q2} for p = Pt
}
.

By Proposition 2.4, for each fixed n ≥ 2, there exists a finite set Sn ⊂ B such that
for every t ̸∈ S ∪ Sn , bτ,p(z) has no double zeros on X t . So the curve defined by
(4-4) is unramified over B \ (S ∪ Sn) and we have a well-defined monodromy action
of π1(B \ (S ∪ Sn)) on such triples (τ, q1, q2) on a general fiber E = X t . Let us use
the notation λ(τ) and λ(τ, q1, q2) to denote the action of λ ∈ π1(B \ (S ∪ Sn)) on
τ ∈ J (E)tors and (τ, q1, q2).

Lemma 4.3. Let X → B = P1 be a Bryan–Leung K3 surface with 24 nodal fibers
and let E = X t be a general fiber of X/B. Let τ ∈ J (E)tors be a torsion class of
order n ≥ 2 and let q1, q2 ∈ E be two points given by

{bdτ,p(z)= 0} = {q1, q2}

for some integer d with dτ ̸= 0. If λ ∈ π1(B \ (S ∪ Sn)) acts on J (E)n by

λ(η)= η+ ⟨η, τ ⟩τ

for all η ∈ J (E)n , then

λ(dτ, q1, q2)= (dτ, q2, q1).

Proof. Fix a point 0 ∈ S and let δ be the vanishing cycle associated to the nodal
fiber X0. If τ = δ in J (E)n , then we must have λ= Tδ in SL2(Z/nZ), where Tδ is
the Picard–Lefschetz transform associated to δ. Since

Tδ(dτ)= dτ,

there is a local section Q ⊂ XU = X ×B U over a simply connected open neighbor-
hood U of 0 such that Pt − Qt = dτ . Then the lemma follows from Proposition 3.3.
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More generally, by Proposition 3.1, there exists α ∈ π1(B \ (S ∪ Sn)) such that
α(δ)= τ . Then Tδ = α−1

◦ λ ◦α since

α−1
◦ λ ◦α(η)= α−1(α(η)+ ⟨α(η), α(δ)⟩α(δ)

)
= α−1(α(η)+ ⟨η, δ⟩α(δ)

)
= α−1

◦α(η+ ⟨η, δ⟩δ)= Tδ(η).

Thus, the lemma follows. □

Lemma 4.4. Let X → B = P1 be a Bryan–Leung K3 surface with 24 nodal fibers
and let E = X t be a general fiber of X/B. Let τ1 and τ2 ∈ J (E)tors be two torsion
classes of the same order n ≥ 2 with m =⟨τ1, τ2⟩ in J (E)n , let n1, n2 be two integers
such that n ∤ ni and let

{bn1τ1,p(z)= 0} = {q1, q2}.

If bn2τ2,p(q1)= 0, then

(4-5)
bn2(τ2+kmτ1),p(q1)= 0 if 2 k,

bn2(τ2+kmτ1),p(q2)= 0 if 2 ∤ k.

If , in addition, (2 gcd(mn2, n)) ∤ n, then n1τ1 = n2τ2.

Proof. By Proposition 3.1, we can find λ ∈ π1(B \ (S ∪ Sn)) such that

λ(α)= α+ ⟨α, τ1⟩τ1

for all α ∈ J (E)n . Then λ(τ1)= τ1. Hence, by Lemma 4.3, we have

(4-6)
λk(n1τ1, q1, q2)= (n1τ1, q1, q2) if 2 k,

λk(n1τ1, q1, q2)= (n1τ1, q2, q1) if 2 ∤ k.

Obviously,

(4-7) λk(τ2)= τ2 − kmτ1

for all integers k. Combining (4-6) and (4-7), we obtain (4-5).
If (2 gcd(mn2, n)) ∤ n, then k0 = n/gcd(mn2, n) is odd. Setting k = k0 in (4-5),

we obtain
bn2τ2,p(q2)= bn2(τ2+k0mτ1),p(q2)= 0.

On the other hand, we assume that bn2τ2,p(q1)= 0. So

{bni τi ,p(z)= 0} = {q1, q2}

for i = 1, 2. This implies

n1τ1 = (p − q1)+ (p − q2)= n2τ2.
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□

Lemma 4.5. Let E be an elliptic curve, let p be a point on E and let τ ∈ J (E)tors

be a torsion point of order 2. Then

{bτ,p(z)= 0} = {q1, q2},

where q1, q2 are such that τ , p − q1 and p − q2 are the three distinct 2-torsion
points.

Proof. Let τ , τ1 and τ2 be the three distinct 2-torsion points. Clearly,

τ = τ1 + τ2.

So there exist a rational function b(z) on E with simple poles at p and p − τ and
simple zeros at p − τ1 and p − τ2. Note that b(z + τ) also has simple poles at p
and p − τ and simple zeros at p − τ1 and p − τ2. Therefore,

b(z + τ)≡ cb(z)

for a constant c. And since b(z)+ b(z + τ) is a constant by Proposition 2.3, we
must have c = −1 and

b(z)+ b(z + τ)≡ 0.

Therefore, bτ,p(z)≡ λb(z) for a constant λ ̸= 0 by the uniqueness of bτ,p(z) and
the lemma follows. □

Lemma 4.6. Let E be an elliptic curve, let p be a point on E and let τ1 ̸= τ2 ∈

J (E)tors be two distinct nonzero torsion classes. If

{bτ1,p(z)= 0} = {q1, q2} and {bτ2,p(z)= 0} = {q1, q3},

then
bτ1−τ2,p(q2)= 0.

Proof. From τ1 = (p − q1)+ (p − q2) and τ2 = (p − q1)+ (p − q3) we have
q2 = q3 − (τ1 − τ2). Let us consider the meromorphic function bτ2,p(z + (τ1 − τ2)).
It has simple poles at p − (τ1 − τ2) and (p − τ2)− (τ1 − τ2)= p − τ1 and a zero at

q3 − (τ1 − τ2)= q2.

Therefore,

b(z)= bτ1,p(z)+ cbτ2,p(z + (τ1 − τ2))

has simple poles at p and p − (τ1 − τ2) and a zero at q2 for the constant c given by

c = −
Resp−τ1 bτ1,p(z)ω

Resp−τ1 bτ2,p(z + (τ1 − τ2))ω
,

where ω is a nonvanishing holomorphic 1-form on E .
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Let n be a positive integer such that τ1, τ2 ∈ J (E)n . Then∑
λ∈J (E)n

b(z + λ)=

∑
λ∈J (E)n

bτ1,p(z + λ)+ c
∑

λ∈J (E)n

bτ2,p(z + (τ1 − τ2)+ λ)

=

∑
λ∈J (E)n

bτ1,p(z + λ)+ c
∑

λ∈J (E)n

bτ2,p(z + λ)≡ 0

by Proposition 2.3. Then by the uniqueness of bτ1−τ2,p(z), we must have

bτ1−τ2,p(z)≡ ab(z)

for some constant a ̸= 0 and the lemma follows. □

Lemma 4.7. Let E be an elliptic curve, let n be a positive integer satisfying 4 n
and 8 ∤ n and let α1 ̸= α2 ∈ J (E)tors be two torsion classes of order n. If

⟨α1, α2⟩ = n/2 in J (E)n and 4(d1α1 − d2α2)= 0

for some odd integers d1 and d2, then

ord(d1α1 − d2α2)= 2.

Proof. Let m = n/2. We may assume that α1 =
[ 1

0

]
and α2 =

[ a
m

]
in J (E)n ∼=

Z/nZ × Z/nZ, where gcd(a,m)= 1 and hence a is odd. Then

d1α1 − d2α2 =

[
d1 − ad2

−d2m

]
and 2m 4(d1 −ad2). Since d1 −ad2 is even and 4 ∤m, we see that 2m 2(d1 −ad2)

and hence d1α1 − d2α2 has order 2. □

Proof of Proposition 4.1. Suppose that E is a general fiber of a Bryan–Leung K3
surface π : X → B = P1 with 24 nodal fibers. Let

n = lcm(n1, n2), d1 =
n
n1

and d2 =
n
n2
.

Suppose that

{bτ1,p(z)= 0} = {q1, q2} and {bτ2,p(z)= 0} = {q1, q3}.

It suffices to prove that one of p − q1, p − q2 and p − q3 is torsion.
Since ord(τi ) = ni , we have τi = diαi for i = 1, 2 and some αi ∈ J (E)tors of

order n. Let m = ⟨α1, α2⟩ ∈ Z/nZ.
By Lemma 4.4,

bτ2+kd2mα1,p(q1)= 0 if 2 k,

bτ2+kd2mα1,p(q2)= 0 if 2 ∤ k.
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If k0 =n/gcd(d2m, n) is odd, then τ1 =τ2 by Lemma 4.4, which is a contradiction.
Therefore, k0 and n are even. If k0 ̸= 2, we have two cases:

Suppose that 4 k0. We have

bτ2,p(q1)= bτ2+(k0/2)d2mα1,p(q1)= 0.

Let
τ ′

1 = τ2 + (k0/2)d2mα1 and τ ′

2 = τ2.

Suppose that

{bτ ′

1,p(z)= 0} = {q1, q ′

2} and {bτ ′

2,p(z)= 0} = {q1, q ′

3}.

By Lemma 4.6,
bτ ′

1−τ
′

2,p(q
′

2)= 0.

Obviously, ord(τ ′

1 −τ ′

2)= 2. Therefore, p−q ′

2 ∈ J (E)tors by Lemma 4.5. It follows
that p − q1 ∈ J (E)tors and we are done.

Suppose that 4 ∤ k0 and k0 > 2. We have

bτ2,p(q1)= bτ2+2d2mα1,p(q1)= 0.

Let
τ ′

1 = τ2 + 2d2mα1 and τ ′

2 = τ2.

We see that τ ′

1 ̸= τ ′

2, ord(τ ′

1) n2 = ord(τ ′

2) and

⟨τ ′

1, τ
′

2⟩ = m′
= 2(d2m)2

with n2/gcd(m′, n2) odd. Then τ ′

1 = τ ′

2 by Lemma 4.4, which is a contradiction.

So we have k0 = 2. That is,

n = 2 gcd(d2m, n).
Similarly, we have

n = 2 gcd(d1m, n).

So we have
d2m ≡ d1m ≡

n
2
(mod n).

And since gcd(d1, d2)= 1, we conclude that

m ≡
n
2
(mod n)

and d1 and d2 are both odd. That is, we have reduced the proposition to the case
that

(4-8) 2 n, 2 ∤ d1d2 and m =
n
2
.
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Note that under these assumptions,

mτ j = di mα j = mα j

for all i, j = 1, 2.
If one of the τi is 2-torsion, then it follows immediately from Lemma 4.5 that

p − q1 ∈ J (E)tors and we are done. So we may assume that ni ≥ 3 for i = 1, 2.
By Lemma 4.6,

bτ1−τ2,p(q2)= 0.

If τ1 − τ2 is a 2-torsion class, then p − q2 ∈ J (E)tors by Lemma 4.5. We are again
done. So we may assume that none of τ1, τ2 and τ1 − τ2 are 2-torsion classes. That
is, we may assume that

(4-9) n1 ≥ 3, n2 ≥ 3 and ord(τ1 − τ2)≥ 3,

in addition to (4-8).
Repeatedly applying Lemma 4.4, we obtain

{bτ1,p(z)= 0} = {q1, q2},

{bτ2,p(z)= 0} = {q1, q3},

{bτ2+mα1,p(z)= 0} = {q2, q4},

{bτ1+mα2,p(z)= 0} = {q3, q5}.

Continuing this process, we obtain

bτ1+m(α2+mα1),p(q4)= 0.

Suppose that 4 n, i.e., 2 m. Then m(α2 + mα1)= mα2 and hence

bτ1+mα2,p(q4)= 0.

Since {bτ1+mα2,p(z)= 0} = {q3, q5}, we have either q3 = q4 or q4 = q5.

• If q3 = q4, then
{bτ1,p(z)= 0} = {q1, q2},

{bτ2,p(z)= 0} = {q1, q3},

{bτ2+mα1,p(z)= 0} = {q2, q3},

and hence
(p − q1)+ (p − q2)= τ1 ∈ J (E)tors,

(p − q1)+ (p − q3)= τ2 ∈ J (E)tors,

(p − q2)+ (p − q3)= τ2 + mα1 ∈ J (E)tors.

It follows that p − q1, p − q2, p − q3 ∈ J (E)tors. We are done.
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• If q4 = q5, then
{bτ1,p(z)= 0} = {q1, q2},

{bτ2,p(z)= 0} = {q1, q3},

{bτ2+mα1,p(z)= 0} = {q2, q4},

{bτ1+mα2,p(z)= 0} = {q3, q4},

and hence
(p − q1)+ (p − q2)= τ1,

(p − q1)+ (p − q3)= τ2,

(p − q2)+ (p − q4)= τ2 + mα1 = τ2 + mτ1,

(p − q3)+ (p − q4)= τ1 + mα2 = τ1 + mτ2.

It follows that

(m − 2)(τ1 − τ2)= 0 ⇒ gcd(m − 2, n)(τ1 − τ2)= 0.

Since gcd(m −2, n)= gcd(m −2, 2m) is either 2 or 4, the order of τ1 − τ2 is either
2 or 4. By our hypothesis (4-9), ord(τ1 − τ2) ̸= 2. So ord(τ1 − τ2) = 4. Then
gcd(m − 2, 2m)= 4 and 4 ∤m. This contradicts Lemma 4.7.

So far we have proved the proposition when m is even. Suppose that 2 ∤m. Then
m(α2 + mα1)= m(α1 +α2) and hence

bτ1+m(α1+α2),p(q4)= 0.

Continuing with the use of Lemma 4.4, we obtain

{bτ1,p(z)= 0} = {q1, q2},

{bτ2,p(z)= 0} = {q1, q3},

{bτ2+mα1,p(z)= 0} = {q2, q4},

{bτ1+mα2,p(z)= 0} = {q3, q5},

{bτ1+m(α1+α2),p(z)= 0} = {q4, q6},

{bτ2+m(α1+α2),p(z)= 0} = {q5, q7}.

Applying Lemma 4.4 to (τ1 + m(α1 +α2), τ2 + mα1), we obtain

bτ2+m(α1+α2),p(q6)= 0.

Similarly,
bτ1+m(α1+α2),p(q7)= 0.

That is, q6 ∈ {q5, q7} and q7 ∈ {q4, q6}. Since {q5, q7} ̸= {q4, q6}, we must have
q6 = q7. Then from

{bτ1,p(z)= 0} = {q1, q2},

{bτ2,p(z)= 0} = {q1, q3},
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{bτ2+mα1,p(z)= 0} = {q2, q4},

{bτ1+mα2,p(z)= 0} = {q3, q5},

{bτ1+m(α1+α2),p(z)= 0} = {q4, q6},

{bτ2+m(α1+α2),p(z)= 0} = {q5, q6},

we obtain
3(τ1 − τ2)= m(α1 −α2).

Hence τ1 − τ2 has order 2 or 6.
By our hypothesis (4-9), ord(τ1 − τ2) ̸= 2. So τ1 − τ2 has order 6. Hence 6 n,

3 m and 3 n1n2.
Since d1 and d2 are odd, n1 = n/d1 and n2 = n/d2 are even. So at least one of n1

and n2 is divisible by 6. Without loss of generality, let us assume that 6 n1. Then

n1(τ1 − τ2)= 0 =⇒ n1τ2 = 0 =⇒ n2 n1 =⇒ n = n1.

Let
τ ′

1 = τ1 and τ ′

2 = τ1 − τ2.

By Lemma 4.6,
bτ ′

1,p(q2)= bτ ′

2,p(q2)= 0.

Applying the whole argument to (τ ′

1, τ
′

2), we again arrive at

ord(τ ′

1 − τ ′

2)= 6.

That is, n2 = ord(τ2)= 6. Then this implies that τ1 = τ2 +(τ1 −τ2) also has order 6.
So we have (4-2). □

Proof of Proposition 4.2. Let

{bτ1,p(z)= 0} = {q1, q2} and {bτ2,p(z)= 0} = {q1, q3},

where ηi = p − qi are torsion for i = 1, 2, 3.
Suppose that n = lcm(ord(τ1), ord(η1), ord(η2)) and that τ1 = dα1 for some

α1 ∈ J (E)tors of order n. Let E be a general fiber of a Bryan–Leung K3 surface
X → B = P1 with 24 nodal fibers. Clearly, each λ ∈ π1(B \ (S ∪ Sn)) acts on
(τ1, q1, q2) by

λ(τ1, q1, q2)= (λ(τ1), p − λ(η1), p − λ(η2)).

On the other hand, for λ(η)= η+ ⟨η, α1⟩α1,

λ(τ1, q1, q2)= (λ(τ1), q2, q1)

by Lemma 4.3. Therefore,

η2 = λ(η1)= η1 + mα1
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for m = ⟨η1, α1⟩. And since τ1 = η1 + η2, we have

τ1 = 2η1 + mα1 =⇒ ⟨(d − m)α1, α1⟩ = ⟨2η1, α1⟩ =⇒ 2m = 0

in Z/nZ. If m = 0, then η1 = η2, which contradicts Proposition 2.4. So n is even
and m = n/2. Therefore, we have

(4-10) ord(η1 − η2)= ord(τ1 − 2η1)= 2.

Similarly,

(4-11) ord(η1 − η3)= ord(τ2 − 2η1)= 2.

It follows that τ1 − τ2 is a 2-torsion class as well. By Lemma 4.6,

bτ1−τ2,p(q2)= 0.

Hence η2 is a 2-torsion class by Lemma 4.7. Together with (4-10) and (4-11), we
see that all of τ1, τ2, η1, η2, η3 are 2-torsion classes. □

To finish the proof of Proposition 2.5, it remains to justify (2-15).

Proof of Proposition 2.5. We have proved (2-11) with two exceptions outlined in
the proposition.

If (2-15) fails, we must have one of the following:

A. τ1, τ2, τ3 are three distinct 2-torsion points.

B. τ1, τ2, τ3 are three distinct 6-torsion points satisfying that ⟨τi , τ j ⟩ = 3 and
ord(τi − τ j )= 6 for all 1 ≤ i < j ≤ 3.

In case A, by (2-14),

{bτ1,p(z)= 0} ∩ {bτ2,p(z)= 0} = {p − τ3},

{bτ2,p(z)= 0} ∩ {bτ3,p(z)= 0} = {p − τ1},

and (2-15) follows.
In case B, we may assume that

τ1 =
[ 1

0

]
∈ J (E)6 ∼= Z/6Z × Z/6Z

Since ⟨τi , τ j ⟩ = 3 for i ̸= j , we must have τ2 =
[a

3

]
and τ3 =

[ b
3

]
for some a, b ∈ Z

satisfying 3 ∤ ab and 2 ∤ (a − b).
Since ord(τ1 − τ2) = ord(τ1 − τ3) = 6, 3 ∤ (a − 1)(b − 1). Together with 3 ∤ ab,

we must have
a ≡ b ≡ 2 (mod 3).

Then ord(τ2 − τ3)= 2. Therefore, there are no such triples (τ1, τ2, τ3). □
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5. Proof of Theorem 1.1 for g ≥ 2

It remains to prove Theorem 1.1 for g ≥ 2. As mentioned in Section 1, we will
reduce it to the case g = 1 by a degeneration argument.

Let E be a smooth elliptic curve. We first construct a smooth projective family
X of surfaces over 1= A1 such that X0 ∼= E × P1 and X t ∼= PE for t ̸= 0, where
E is the rank 2 vector bundle on E given by a nonzero vector in Ext(OE ,OE).

Let V be a rank 2 vector bundle over E ×1 given by

t ∈ Ext(OE×1,OE×1)= H 1(OE×1)= C[t]

and let X = PV . Clearly, X is such a family.
There is an effective divisor D ⊂ X , flat over 1, such that Dt is the section of

X t/E with D2
t = 0. Fix a point p ∈ E and let L = m D + π∗ p, where π is the

projection X → E .
For t ̸= 0, the Severi variety VX t ,L ,g has expected dimension g. If we fix g

general points on X t , there exist finitely many [C] ∈ VX t ,L ,g such that C passes
through these points. Let us fix g general sections P1, P2, . . . , Pg ⊂ X of X/1.
Then after a base change, there exists a flat projective family C ⊂ X of curves
over 1 such that Ct is an integral curve in |L| on X t passing through Pi ∩ X t for
i = 1, 2, . . . , g and t ̸= 0. Here we replace 1 by an analytic disk or a smooth affine
curve finite over A1.

We may choose the base change in such a way that there exists a family of stable
maps ϕ : C → X over 1 such that ϕ maps C birationally onto C .

On X0, the linear system |L| is completely reducible in the sense that

H 0(OX0(L))= Symm H 0(OX0(D))⊗ H 0(OX0(π
∗ p)).

Therefore,
C0 = m1 D1 + m2 D2 + · · · + mg Dg + F,

where Di are the sections of X0/E passing through Pi ∩ X0 for i = 1, 2, . . . , g,
F is the fiber of π : X0 → E over p and the mi are positive integers such that∑

mi = m.
Clearly, Ct only has singularities in open neighborhoods of Di . So it suffices to

show that Ct has only nodes and ordinary triple points as singularities in an analytic
neighborhood of each Di for i = 1, 2, . . . , g, if E is general.

Since Ct is a smooth projective curve of genus g for t ̸= 0, there are exactly g
irreducible components 01, 02, . . . , 0g of C0 such that each 0i is a smooth elliptic
curve dominating Di for i = 1, 2, . . . , g.

Let us fix i . If mi = 1, there is nothing to do. Otherwise, suppose that mi ≥ 2.
Let ψ : X̂ → X be the blowup of X along Di . Then the central fiber X̂0 = S ∪ R is
a union of two smooth projective surfaces S and R, where S is the proper transform



368 XIAOTIAN CHANG, XI CHEN AND ADRIAN ZAHARIUC

of X0, R is the exceptional divisor of ψ and S and R meet transversely along a
curve over Di , which we still denote by Di . Let Ĉ be the proper transform of C
under ψ .

The rational map ψ−1
◦ϕ : C 99K X̂ is regular at a general point of 0i . We claim

that
ψ−1

◦ϕ(0i ) ̸⊂ Di = S ∩ R.

Otherwise, we choose a local section Q of C /1 passing through a general point
of 0i . Then ϕ(Q) is a local section of X̂/1meeting Di = S∩R, which is impossible
since X̂ is smooth. So ψ−1

◦ϕ maps 0i to an irreducible curve on R other than Di .
That is, Ĉ0 does not contain Di .

We have either R ∼= PE or R ∼= E × P1.

A. If R ∼= PE , then Ĉ ∩ R must be an integral curve in |mi D̂ + π̂∗ p| of geometric
genus 1, where D̂ is the proper transform of D and π̂ = π ◦ψ is the projection
X̂ → E . Then by Theorem 1.2, Ĉ ∩ R has only nodes and ordinary triple points as
singularities and the same holds for Ct in an open neighborhood of Di .

B. If R ∼= E × P1, then Ĉ ∩ R = mi D̂i + F̂ , where D̂i is the section R/E passing
through the point P̂i ∩ R with P̂i being the proper transform of Pi under ψ and
F̂ is the fiber of R over p ∈ E . So we continue to blow up X̂ along D̂i . By
embedded resolution of singularities, there exists a sequence of blowups over Di ,
say f : X ′

→ X , such that the proper transform C ′ of C is smooth over a general
point of Di . Then by Zariski’s main theorem, the map f −1

◦ ϕ : C 99K X ′ has
connected fiber over f −1(Di ). This means that C ′

0 is smooth over a general point
of Di . So we will eventually end up in case A after a sequence of blowups over Di .
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SPUN NORMAL SURFACES IN 3-MANIFOLDS
II: THE TOROIDAL CASE

ENSIL KANG AND J. HYAM RUBINSTEIN

Spun normal surfaces are a useful way of representing proper essential
surfaces using ideal triangulations for 3-manifolds with tori boundaries.
Here we consider spinning surfaces in the case of a 3-manifold with a non-
trivial JSJ decomposition, where each of the JSJ components is hyperbolic.
We prove that a proper essential surface 6 can be spun, so long as none of
the JSJ components are bundles with fiber a subsurface of 6 and the ideal
triangulation satisfies similar properties to a taut structure.

1. Introduction

Definition 1. A crushing of a space X is an epimorphism f : X → Y that is cell-like,
i.e., f −1(y) is a cell for each y ∈ Y .

It is well-known that such a map is homotopic to a homeomorphism; see [Sie].
We will be interested in crushings associated to triangulations and normal surfaces.
In particular, if S is a closed 2-sided normal surface in a triangulation T we will be
concerned with the process of cutting M open along S and then crushing each com-
ponent of S to a point. If we delete the image points of S after crushing, we obtain a
new triangulation which is ideal. We want to crush the cell structure of the cut open
triangulation into a new triangulation. This crushing process is detailed in [JR1]
in the case of 2-spheres and also will be described in Section 2 for our case of tori.

In [KR2], it is shown that a properly embedded nonfibered incompressible and
∂-incompressible 2-sided surface in M can be spin normalized along boundary tori
of M , if M is a suitable 3-manifold with 1-efficient ideal triangulation.

Definition 2. An ideal triangulation ℑ of a 3-manifold M is 1-efficient if it satisfies
the following conditions:

• There are no embedded normal 2-spheres, projective planes, or Klein bottles.

• Every embedded normal torus is peripheral.
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Equivalently, there are no normal surfaces with nonnegative Euler characteristic,
except for peripheral tori and Klein bottles.

[KR2,Theorem 8]. Let M be an anannular, atoroidal, irreducible and P2-irreducible
3-manifold with tori boundary components and ℑ be a 1-efficient ideal triangulation
of M. If F is a properly embedded, incompressible and ∂-incompressible 2-sided
surface in M which is not a fiber, then F can be spin normalized in (M, ℑ) with 2r

choices of spinning direction, where r is the number of boundary components of M
containing a curve of ∂ F.

We generalize this result by allowing JSJ-normal tori in M . To deal with such
tori, we need to restrict how they can be realized as normal surfaces.

Definition 3. An ideal triangulation ℑ of an irreducible and P2-irreducible 3-mani-
fold M is T -efficient if it satisfies the following conditions:

• There are no embedded normal 2-spheres or projective planes.

• Every embedded normal torus or Klein bottle is essential, i.e., π1-injective.

• For each isotopy class of essential tori or Klein bottles in M , there is exactly
one embedded normal torus or Klein bottle representing that class.

Our main theorem is the following.

Theorem 6. Suppose that M is compact, irreducible, and P2-irreducible and has
essential tori boundary components. Assume that each of the JSJ components
Mi of M is hyperbolic for 1 ≤ i ≤ k. Let 6 be any properly embedded 2-sided
essential surface in M with the property that no subsurface of 6 is a fiber of a
bundle structure for one of the JSJ components.

Assume that M has an ideal triangulation ℑ which is T -efficient. Then 6 can
be spin normalized with boundary curves spinning in all possible combinations of
directions.

To prove Theorem 6, we carry out the crushing process along JSJ-normal tori Ti ,
cutting M open along those Ti and then crushing and deleting the boundaries to
have an ideal triangulation for the interior of each JSJ component of M . This new
ideal triangulation of each of the JSJ components is 1-efficient, so that we can apply
the results of [KR2]. Also, in Section 5, we will show that there always exists an
ideal triangulation that satisfies all the conditions described in Theorem 6, so it is
reasonable to impose the above restrictions.

Another generalization would be to replace “1-efficiency” with “0-efficiency” for
the ideal triangulation of the JSJ components we are considering. However, in this
case, it is difficult to avoid inessential normal tori in spinning. Whether a properly
embedded surface can spin along an inessential normal torus is not clear to us.
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Spun normal surfaces and generalized spun normal surfaces play a central role in
the 3d index of Dimofte, Gaiotto, and Gukov [DGG]. The relationships between spun
and generalized spun normal surfaces and the 3d index are discussed in [GHRH].
To define the 3d index, a 1-efficient ideal triangulation is required. In [GHRS] it
is shown that the 3d index is independent of the choice of triangulation, so long
as a suitable class of triangulations are used, which come from the hyperbolic
structure on the 3-manifold. It is conjectured that the 3d index counts surfaces in
3-manifolds without reference to a triangulation. Moreover, an important problem
is to understand if the 3d index can be defined for toroidal manifolds. Exploring
the behaviour of spun normal surfaces in toroidal manifolds may give some insight
into this issue.

2. Crushing JSJ tori in an ideal triangulation

When a triangulation is cut open along a normal surface, we get a cell decomposition.
The cells are either truncated tetrahedra, truncated (triangular) prisms or normal
prisms (quadrilateral normal prisms and triangular normal prisms) with base a
quadrilateral or triangular disk included in the normal surface. As the normal
surface consists of quadrilateral and triangular disks, when these are crushed, we
need to extend the crushing to these cells to produce a new triangulation. In this
section, we will discuss such crushing. A detailed background and discussion is
given in [JR1].

Most of the arguments in this section will be developed under the conditions given
in the assumptions of the main theorem (Theorem 6) in Section 1. Although there
are some arguments that hold true in more general situations, this article will focus
on normal spinning a properly embedded incompressible and ∂-incompressible
surface, rather than on crushing a more general triangulation.

Let M be a compact, irreducible, and P2-irreducible 3-manifold with essential tori
boundary components, and ℑ be an ideal T -efficient triangulation of M̊ . Assume
that M is toroidal and each of the JSJ components Mi of M is hyperbolic, for
1 ≤ i ≤ k. We ultimately want to find a 1-efficient ideal triangulation for each
JSJ component Mi . To make further arguments easier, we will truncate (M̊, ℑ) by
removing an open regular neighborhood of ideal vertices whose boundaries are
peripheral normal tori, and denote the resulting manifold by M̂ .

Let S be the union of all the JSJ tori that are in (unique) normal form for (M̊, ℑ)

and all the boundary components of M̂ . We assume that each JSJ component
M̂i is obtained by cutting M̂ open along the JSJ-normal tori in S. Then all the
boundary components of M̂i are in normal form. Since we truncated (M̊, ℑ),
M̂i has no ideal vertices and has the induced cell decomposition Ci from the ideal
triangulation ℑ, which consists of four types of cells: truncated tetrahedra, truncated
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truncated tetrahedron truncated prism

trapezoid

triangular/quadrilateral normal prism

vertical edge

Figure 1. Four types of cells in Ci .

prisms, triangular normal prisms, and quadrilateral normal prisms (see Figure 1).
We will define a nice crushing fi : M̂i → M i , in Theorem 1, which satisfies the

following conditions; fi maps each component of ∂ M̂i to a point, M∗

i obtained by
deleting vertices from M i is homeomorphic to M̊i , and the induced cell decomposi-
tion of M i is an ideal triangulation of M̊i after deleting the vertices. We will show
that the new induced ideal triangulation of M∗

i , or equivalently M̊i , is 1-efficient
(Theorem 5).

Let us define a crushing fi : M̂i → M i by collapsing each cell of Ci as shown in
Figure 2, and call it a canonical crushing on M̂i .

We will investigate if fi is cell-like (see Figures 2 and 3). We denote the induced
cell decomposition of M i by ℑi . Note that each boundary component of M̂i crushes
to a vertex of ℑi . But there is no guarantee that the new manifold M∗

i given by
deleting vertices from M i is homeomorphic to M̊i , or that the induced cell structure
of M∗

i is a well-defined ideal triangulation. If fi is cell-like, the first assertion
follows from [Sie]. We will find that this is the case under our assumptions.

To investigate this, we need to look at the cycles of truncated prisms or trapezoids.
Here a trapezoid is a rectangular face of Ci bounded by two parallel (i.e., normal
isotopic) normal arcs and two vertical edges, where a vertical edge is an edge of
Ci whose interior is inside M̂i and both of whose boundary points are in ∂ M̂i , i.e.,
in S (see Figure 1). A trapezoidal cycle is an annulus or a Möbius band properly
embedded in M , formed by gluing trapezoids together along their vertical edges.

Note that a truncated prism crushes to a triangle and a trapezoid to an edge by the
canonical crushing fi . To achieve that M∗

i is homeomorphic to M̊i , we will verify
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collapse

by  f  

collapse

by  f  

collapse

by  f  

collapse

by  f  

Figure 2. Canonical crushing f = fi .

collapse

by  f  

Figure 3. Crushings of quadrilateral and triangular disks by f = fi .

that the regions surrounded by the cycles of trapezoids are simply connected, so that
such regions can be crushed into the edges. By modifying fi in this way, we are
able to achieve that the modified fi is cell-like and so the topology of M̂i is that of
Mi (Lemma 2). We also need to verify that there are no cycles of truncated prisms
(Lemma 3) which collapse to a triangle by fi , to finish the verification that the
modified fi is cell-like and that the induced cell structure of M∗

i is a well-defined
ideal triangulation. This is the main topic of discussion in this section.

Let P(Ci ) be the collection of all cells which crush to edges of ℑi by the canonical
crushing fi . Then P(Ci ) = {all normal prisms of Ci } ∪ {all trapezoids of Ci } ∪

{all vertical edges of truncated tetrahedra and truncated prisms of Ci }. We call P(Ci )
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the combinatorial product region of Ci . Each component of P(Ci ) crushes to an
edge of ℑi by the canonical crushing fi : M̂i → M i , and for M∗

i to be topologically
identical to M̊i , the inverse image of an edge must be simply connected. If each
component of P(Ci ) is simply connected, the canonical crushing fi is what we
need for spinning. If not, we will modify fi by further crushing as follows: each
region enclosed by the cycles of trapezoids (together with normal disks in ∂ M̂i )
crushes into an edge (Figure 4, right, shows an example of such a region — in this
case, a truncated prism that is crushed to an edge under modified crushing), so that
the enlarged crushing region is simply connected. We denote the union of the new
enlarged regions by P(M̂i ) and call it the induced product region, and the modified
crushing is called a combinatorial crushing. Under suitable conditions, the desired
P(M̂i ) can be constructed with properties required to achieve spinning. In our case
(assuming the hypotheses of the main theorem (Theorem 6), P(Ci ) has simply
connected components so that P(Ci ) = P(M̂i ) (Lemma 4) and furthermore the
canonical crushing fi itself is a combinatorial crushing and does not change the topol-
ogy of the original manifold. Under what general circumstances P(Ci ) is simply
connected, and under what conditions P(M̂i ) exists, is a subject for further study.

The following theorem states that the canonical crushing in our case induces a
suitable cell decomposition of the resulting manifold.

Theorem 1. Let M be compact, irreducible, and P2-irreducible with essential
tori boundary components. Assume that each of the JSJ components Mi of M is
hyperbolic for 1 ≤ i ≤ k and the ideal triangulation ℑ of M̊ is T -efficient. Then for
each JSJ component Mi , 1 ≤ i ≤ k, the canonical crushing fi : M̂i → M i gives that
M̊i is homeomorphic to M∗

i , with vertices deleted from M i . Moreover the induced
cell decomposition ℑ

∗

i of M∗

i is an ideal triangulation of M̊i .

We will prove this by using Lemmas 2, 3 and 4 below and [JR1, Theorem 4.1].

Lemma 2. With the same hypotheses as Theorem 1, any trapezoidal cycle in M̂i is
an annulus and together with two disks in S bounds a 3-cell, where M̂i is a truncated
JSJ component obtained by cutting M̂ open along the normal representatives of the
JSJ tori.

Note. The hypothesis of “unique normal representative of each JSJ torus” in
Theorem 1 could be replaced by “least-weight normal representative” in this lemma.

Proof. Let T be a trapezoidal cycle in M̂i . Then ∂T is on S, which is the union
of all normal JSJ tori of M and the normal boundary components of M̂ and T
is a properly embedded annulus or Möbius band in M̂i . By the assumptions of
Theorem 1, M̂i is hyperbolic and so there are no properly embedded essential
surfaces with nonnegative Euler characteristic. If T is an inessential Möbius band,
then T is either ∂-parallel or has a boundary compression to S. But since M̂i is
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hyperbolic and has tori boundary, neither can occur. Therefore T is an inessential
annulus with both boundary curves on S. Here since S is incompressible, either
both boundary curves of T are essential in S or both are not.

If both curves of ∂T are essential, then T must be boundary parallel, since M̂i is
hyperbolic. Let S1 be the component of S containing ∂T and A the annulus in S1

which is parallel to T . Note that T is 0-weight (meaning that its interior does not
intersect any edges of the triangulation). The new torus T ∪ (S1 \ A) is a barrier
(see [JR1]) so normalizing produces a topologically boundary parallel normal torus
with less weight than S1. This contradicts the fact that there is a unique normal
representation of each JSJ torus in S. Therefore the only possibility is that the curves
of ∂T are inessential and each bounds a disk in S1, say D1 and D2 respectively. If
say D1 ⊂ D2 then T must be ∂-parallel (to the annulus D2 \ D̊1). But then we get
a contradiction to the unique normal representation of JSJ tori again by a similar
argument to the previous paragraph. Hence D1 ∩ D2 = ∅ and D1 and D2 together
with T form a 2-sphere. Therefore T together with two disks in S bounds a 3-cell
in M̂i since M is irreducible, and the proof is complete. □

The following remark comes from the proofs of Lemmas 3 and 2.

Remark 1. (1) No 0-weight annulus properly embedded in M̂i can be ∂-parallel
to an annulus with positive weight in S.

(2) Any non-∂-parallel 0-weight annulus properly embedded in M̂i has inessential
∂-curves in S and together with two disks in S bounds a 3-cell in M̂i .

Since any trapezoidal cycle together with two disks in S bounds a 3-cell by
Lemma 2, we can define P(M̂i ) by adding to P(Ci ) these 3-cells enclosed by
trapezoidal cycles of P(Ci ). Note that P(M̂i ) is obtained by gluing a collection of
project regions of the form D × [0, 1], where D × 0 and D × 1 are disks in S, to
P(Ci ), and so the components of P(M̂i ) are simply connected.

The following lemma says that the components of P(Ci ) itself are simply con-
nected with our hypotheses and so P(Ci ) = P(M̂i ) and the canonical crushing fi is
a combinatorial crushing. This plays an important role in proving Theorem 1, and
also in Theorem 5, which asserts the 1-efficiency of the induced ideal triangulation
ℑ

∗

i of M̊i .

Lemma 3. With the same hypotheses as Theorem 1, there is no cycle of truncated
prisms in Ci , the induced cell decomposition of M̂i .

Proof. We mostly follow the ideas of Theorem 5.5 in [JR1]. But in the details, the
argument is simpler because of our strong hypotheses.

Let X be a cycle of truncated prisms of Ci . We can exclude the case that the cycle
X is formed along a single edge, i.e., the hexagonal faces of all truncated prisms
of X are glued along a single edge. For in that case, there is a properly embedded
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glue

D : isotopic to a disk in S

e e

e

Figure 4. A cycle of truncated prisms glued along a single edge.

disk D in Mi which is isotopic to a disk in S (due to the incompressibility of S)
and meeting edges of Ci in precisely one point (see Figure 4). By replacing the
disk in S with D and normalizing, we obtain a new normal representative of a JSJ
torus, contradicting the uniqueness assumption.

Hence we may assume that X is a cycle about more than one edge and so is a
solid torus with boundary identifications along some trapezoids (if any). Figure 5
describes X without any identifications along trapezoids.

identified identified

identified

Q'

Q'

Q

Q T2

T '2

T '2
T2

T '1

T '1

T1

T1

e1

e2

P'P

X

P'P .   .   .

Figure 5. A cycle of truncated prisms without any trapezoidal identification.
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a regular
neighborhood
of trapeziods

Figure 6. Truncating prisms along a trapezoidal identification.

The first case is of six strips in ∂ X , three from S and three from trapezoidal cycles,
and the second case is of two strips in ∂ X , one from S and the other from trapezoidal
cycles. If there are identifications along some trapezoids, we will truncate an open
regular neighborhood of the trapezoidal cycles at X (see Figure 6) so that the new
cycle of truncated prisms, again denoted by X , is a solid torus without any boundary
identifications. In this case, the boundary of the solid torus is covered by either six
strips (three from S and three 0-weight annuli parallel to the original trapezoidal
cycles in ∂ X ) or two strips (one from S and one 0-weight annulus parallel to the
original trapezoidal cycles in ∂ X ).

Case 1. Assume that the boundary of X has three strips, say Ai (i = 1, 2, 3), from
S and three 0-weight strips, say Ti (i = 1, 2, 3), from trapezoidal cycles. Figure 7
describes this case.

By Lemma 2 and Remark 1, Ti with two disks Di and D′

i in S bounds a 3-cell
1i , and each boundary curve of Ti (and so of Ai ) bounds a disk in S. Fix an annulus
Ai , say A1, which has boundary curves, say C1 and C2, and let D1 and D2 be disks
in S bounded by C1 and C2 respectively. Since D1 and D2 are glued along ∂ A1,

D1
D )( ∂= 1C1

D )( ∂= 2C2

C'2

D=

∩

1D2 A1

D' )( ∂= 1C'1
D'1

C=

∩

1T1T with1 C'1∂

C=

∩

2T2T with2 C'2∂

A2

T3

A3

C=

∩

1A1A with1 C2∂

Figure 7. A cycle X of truncated prisms with six strips in its boundary.
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these are all contained in the same component of S, and so either D2 = D1 ∪ A1

or D1 = D2 ∪ A1, say D2 = D1 ∪ A1 which means that A1 ⊂ D2. (Otherwise,
D1 ∪ D2 ∪ A1 is a 2-sphere.)

On the other hand, two 0-weight annuli, say T1 and T2, from trapezoidal cycles
are adjacent to A1 along the boundary curves C1 and C2. Let C ′

1 and C ′

2 be the
remaining boundary curves of T1 and T2. By Remark 1, C ′

1 and C ′

2 also bound
disks in S, say D′

1 and D′

2, and T1 ∪ D1 ∪ D′

1 and T2 ∪ D2 ∪ D′

2 bound 3-cells 11

and 12. Then the entirety of the cycle X is contained in 12 and so in P(M̂i ) since
A1 ⊂ D2 ⊂ 12 and so truncated prisms along A1 are contained in 12. Furthermore
11 ⊂ 12 (because ∂11 ⊂ 12) and A2, A3 ⊂ D′

2 (because ∂12 = D2 ∪ T2 ∪ D′

2 and
A2, A3 ⊂ ∂12).

Therefore, the remaining trapezoidal cycle T3 adjacent to A2 and A3 must be
parallel to an annulus in D′

2. This contradicts Remark 1(1).

Case 2. Assume that the boundary of the cycle X has two strips: one from S,
say A, and the other from a trapezoidal cycle, say T . Let C1 and C2 be the curves
in ∂ X bounding A and T . Since T is a 0-weight annulus properly embedded in
M̂i , by Remark 1(2), T with two disks D1 and D2 in S bounds a 3-cell 1, where
∂ D1 = C1 and ∂ D2 = C2. Then A ∪ D1 ∪ D2 is a 2-sphere in S, which gives a
contradiction. □

Lemma 4. With the same hypotheses as Theorem 1, there are no truncated prisms
or truncated tetrahedra in P(M̂i ), i.e., P(M̂i ) = P(Ci ) and so the components of
P(Ci ) are simply connected.

Proof. Suppose that there is a truncated prism or truncated tetrahedron 1 in P(M̂i ).
The closure of each component of P(M̂i ) \ P(Ci ) is a product D × [0, 1], where
D × 0 and D × 1 are disks in S. Since 1 is contained in such a closure of a
component of P(M̂i ) \ P(Ci ), at least two normal disks in ∂1 belong to the same
D × ϵ (ϵ = either 0 or 1) and so the vertical arc α connecting these two normal
disks is isotopic to an arc β of S along a disk in D ×[0, 1] ⊂ P(M̂i ) (see Figure 8).

arc in 1× ⸦D S

1×D

1×D0×D

[ 1]0,×D

(isotopic to    )

disk in

or

isotopic

a

ab

Figure 8. A vertical edge isotopic to an arc in S.
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Now we can isotope S so that it doesn’t meet the vertical edge and obtain
a new normal representative of S which contradicts the uniqueness of normal
representatives of each JSJ torus. (The new normal representation here may not be
least-weight.)

This completes the claim that P(M̂i ) has no truncated prisms or tetrahedra and
so P(M̂i ) = P(Ci ). Thus the components of P(Ci ) are simply connected. □

Remark 2. From the arguments of the above lemmas, we can say that Lemma 2
(as already observed) and Lemma 3 hold even if the “unique normal representation
of each JSJ torus” hypothesis is replaced by “unique least-weight normal repre-
sentation”. On the other hand, the proof of Lemma 4 required the assumption that
there is a unique normal representation of each JSJ torus.

Now we are ready to prove that M∗

i is homeomorphic to M̊i and that ℑ
∗

i is an
ideal triangulation of M̊i . In the general case of P(M̂i ) ̸= P(Ci ), an additional
crushing is required and the 3 cells enclosed by the trapezoidal cycles of P(M̂i )

are further crushed to the edges. This modified crushing f̄i : M̂i → M i will be
a combinatorial crushing. But in our situation described in Theorem 1, since the
components of P(Ci ) are simply connected, no further crushing to edges is required
and the canonical crushing will be a combinatorial crushing.

The following theorem from [JR1] provides sufficient conditions for P(M̂i ) to
ensure that the manifold M∗

i obtained by a combinatorial crushing map is home-
omorphic to M̊i and that the induced cell-structure ℑ

∗

i is an ideal triangulation
of M̊i . In our case of Theorem 1, it is enough to show that P(M̂i ) satisfies the three
conditions given by the theorem.

[JR1, Theorem 4.1]. Suppose ℑ is a triangulation of a closed, orientable 3-manifold
or an ideal triangulation of the interior of a compact, orientable 3-manifold M.
Suppose S is a normal surface embedded in M , X is the closure of a component
of the complement of S and X does not contain any vertices of ℑ. Let P(X) be the
induced product region for X. Suppose the following conditions are met:

• X ̸= P(X).

• P(X) is a trivial product region for X , i.e., it has simply connected components.

• There are no cycles of truncated prisms in X that are not in P(X).

Then the triangulation ℑ can be crushed along S into an ideal triangulation ℑ
∗ of X̊ .

Proof of Theorem 1. We will show that the three properties described in Theorem 4.1
of [JR1] hold for X = M̂i .

Since P(M̂i ) = P(Ci ) and P(Ci ) itself has simply connected components, we
can work with the canonical crushing map fi : M̂i → M i , which crushes each cell
of Ci , as shown in Figure 2. Here Ci is the cut-open cell decomposition of M̂i

induced from ℑ.
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• If M̂i = P(M̂i ), by Lemma 4, M̂i is simply connected. But this contradicts
that Mi is a JSJ component.

• Since P(Ci ) has simply connected components, P(M̂i ) (= P(Ci )) is a trivial
product region.

• There are no cycles of truncated prisms outside P(M̂i ) by Lemma 3. □

Remark 3. (1) In [JR1], the induced product region P(Mi ) is defined in a different
way; each component D × [0, 1] of P(Mi ) does not have to be simply connected,
but the inclusion homomorphism π1(D×ϵ) into π1(S) must be injective for ϵ = 0, 1.
But in our case, we are able to satisfy the [JR1] requirements above and deduce
Theorem 1. Therefore, Theorem 4.1 of [JR1] is also valid in our case.

(2) In [JR2] and [BJR], any crushing satisfying the three conditions above is called
a “combinatorial crushing”. In our case, the canonical crushing fi satisfies those
conditions, so it is also a combinatorial crushing in the sense of [JR2] and [BJR].

Now we are ready to prove that the constructed ideal triangulation ℑ
∗

i of M∗

i is
1-efficient.

Theorem 5. Let M be compact, irreducible, and P2-irreducible with essential tori
boundary components. Assume that the JSJ components Mi of M are hyperbolic
for 1 ≤ i ≤ k. If the ideal triangulation ℑ of M̊ is T -efficient, then for each JSJ
component Mi , 1 ≤ i ≤ k, the ideal triangulation ℑ

∗

i of M̊i induced by the canonical
crushing fi : M̂i → M i is 1-efficient.

Proof. By Theorem 1, the cell decomposition ℑ
∗

i induced by the canonical crushing
fi : M̂i → M i is an ideal triangulation of M̊i . To prove the 1-efficiency of (M̊i , ℑ

∗

i )

(which is hyperbolic), we need to show that there is no normal 2-sphere or non-
vertex-linking normal torus in (M∗

i , ℑ
∗

i ). Suppose that there is one, denoted by T ∗.
It is enough to show that the inverse image of T ∗ by fi , denoted by T , is a normal
surface homeomorphic to T ∗ in (Mi , Ci ) and so in (M̊, ℑ).

(i) If T is a 2-sphere then 0-efficiency is contradicted.

(ii) If T is a torus then, by uniqueness of normal tori, T must be vertex-linking
in ℑ or boundary-linking normally parallel to a boundary component of Mi that
crushes onto a vertex-linking normal torus in (M∗

i , ℑ
∗

i ). This contradicts that T ∗ is
not vertex-linking.

We will follow the proof ideas of Lemma 3.4 and Theorem 3.5 in [BJR]. (In [BJR],
the cell decomposition of M̂i must be an inflation of ℑ

∗

i which is a minimal-vertex
triangulation of M̂i (in the sense of [BJR]) crushing to ℑ

∗

i . So direct application of
the proof technique is problematic. However, the proof ideas are valid in our case
using the cell decomposition Ci of M̂i .)
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Note that the canonical crushing fi : M̂i → M i is a combinatorial crushing and
T crushes onto T ∗ by fi . Since fi is a combinatorial crushing and P(Mi ) = P(Ci ),
there is a 1-1 correspondence between the tetrahedra of ℑ

∗

i and the truncated
tetrahedra of Ci , and a 1-1 correspondence between the normal disks in a tetra-
hedron of ℑ

∗

i and the normal disks in the corresponding truncated tetrahedron of Ci .
Therefore, when comparing T and T ∗, we need only consider the inverse image
of T ∗ intersecting with 2-simplices or 1-simplices of ℑ

∗

i .
We first show that T and T ∗ are homeomorphic. In the proof of [BJR, Lemma

3.4], which uses the approximation theorem in [Sie], it is only necessary to prove
that the canonical crushing fi gives a proper cell-like map from T to T ∗, i.e., for
each point y of T ∗ the inverse image f −1

i (y) is compact and contractible. Let y be
a point of T ∗ contained in a tetrahedron 1 of ℑ

∗

i . If y is placed in the interior of 1,
the inverse image f −1

i (y) is a point in a truncated tetrahedron of Ci . Assume that
y is in the interior of a face of 1. The inverse image of a face of a tetrahedron via
fi is either a face between two truncated tetrahedra or a chain of truncated prisms
that is not a cycle. So the inverse image f −1

i (y) in this case is either a point or a
long arc inside the chain of truncated prisms. Finally, assume that y is in an edge
of 1. The inverse image of an edge of ℑ

∗

i by fi is a product component D × [0, 1]

of P(Ci ), so the inverse image f −1
i (y) is a horizontal cross section D × t which

is simply connected. Therefore, f −1
i (y) is contractible for all cases and by the

approximation theorem in [Sie], T and T ∗ are homeomorphic. (For the crushing
fi , see Figures 2 and 3.)

Next, we will prove that T, the inverse image of T ∗ by fi , is a normal surface.
We will prove that the inverse image of each normal disk, which is a quadrilateral
or a triangle, must be in normal form, i.e., a union of normal disks. Let A∗ be a
normal disk of T ∗. Since there is a 1-1 correspondence between the tetrahedra of
ℑ

∗

i and the truncated tetrahedra of Ci , there must be a unique normal disk A, which
crushes onto A∗, in a truncated tetrahedron of Ci .

We need now consider inverse images of edges and vertices of A∗. Let α be an
edge of A∗; then α is an arc inside a face of a tetrahedron in ℑ

∗

i . As we described
above, the inverse image of a face of a tetrahedron via fi is either a face between
two truncated tetrahedra or a chain of truncated prisms that is not a cycle. Hence
the inverse image of α must be an arc in a face of truncated tetrahedra (so it is an
edge of A in this case) or a strip inside the chain and further normally parallel to a
horizontal boundary strip of the chain (so in this case it is a union of normal disks
parallel to normal disks in the boundary of truncated prisms). Now we will look
at the inverse image of a vertex v of A∗. Since v is a point in an edge of ℑ

∗

i , the
inverse image of v is a horizontal cross section of a product component D × [0, 1]

of P(Ci ), so it is either a vertex of A or a disk that is a union of normal disks
parallel to those in D. This completes the proof. □
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Remark 4. From the reasoning in this proof, we can derive the following results.

(1) The inverse image under the combinatorial crushing fi of a normal surface T in
(M∗

i , ℑ
∗

i ), or equivalently (M̊i , ℑ
∗

i ), is a normal surface T ∗ in (M̂i , Ci ), and further
T and T ∗ are homeomorphic.

(2) The inverse image under the combinatorial crushing fi of a spun normal surface
in (M∗

i , ℑ
∗

i ) is a surface that spins in normal form along some JSJ tori and some
boundary tori of M . We call such a surface a pseudo-spun normal surface. Such a
surface can spin along nonperipheral essential normal tori embedded in the interior
of M , and thus may contain infinitely many quadrilateral normal disks. However
there are only finitely many quadrilateral normal disks which are not contained in
the infinite annuli spinning around nonperipheral essential normal tori.

(3) The combinatorial crushing fi : M̂i → M i is a proper cell-like map, i.e., for
each point y of M i , the inverse image f −1

i (y) is compact and contractible.

3. Review of the construction of a spun normal surface
in the case of 1-efficient ideal triangulations

The way that normal surfaces with nonnegative Euler characteristic can be an obstruc-
tion in normal spinning of a properly embedded incompressible and ∂-incompressible
surfaces has been described in [KR2]. We will briefly review the construction of
a spun normal surface in the absence of normal surfaces with nonnegative Euler
characteristic.

Definition 4. Let M be a 3-manifold with an ideal triangulation ℑ and let M̂ be the
compact 3-manifold obtained by deleting regular neighborhoods of ideal vertices
of ℑ from M with the induced truncated triangulation ℑ̂.

(1) A normal surface embedded in M is a closed surface that intersects each
tetrahedron in finitely many elementary disks.

(2) A spun normal surface S in M is an embedded surface formed from elementary
disks in the tetrahedra satisfying the following conditions:

• S consists of finitely many quadrilaterals and infinitely many triangular disks.

• S has a finite collection of disjoint infinite cylinders that spiral around ideal
vertices.

• Each such cylinder consists of an infinite subset of the triangular disks in S.

• The remainder of S outside these cylinders is compact and consists of finitely
many quadrilateral and triangular disks.

(3) Suppose that F is a properly embedded incompressible and ∂-incompressible
surface in M̂ . We say that F spin normalizes (or normally spins) if there is a spun
normal surface S in M such that S ∩ M̂ is isotopic to F .
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[KR2,Theorem 8]. Let M be an anannular, atoroidal, irreducible and P2-irreducible
3-manifold with tori boundary components and ℑ be a 1-efficient ideal triangulation
of M. If F is a properly embedded, incompressible and ∂-incompressible 2-sided
surface in M which is not a fiber, then F can be spin normalized in (M, ℑ) with 2r

choices of spinning direction, where r is the number of boundary components of M
containing a curve of ∂ F.

According to this theorem, if the manifold M we are considering is equipped
with a 1-efficient ideal triangulation then we can always normally spin a properly
embedded 2-sided essential surface F if F is not a fiber. To prove this, we truncated
M at an open regular neighborhood of the ideal vertices, to work on a compact
manifold with a truncated triangulation, and applied normal surface theory adapted
to the truncated triangulation.

Here is a rough sketch of the proof of [KR2, Theorem 8]. Each step will be
discussed in some detail later.

Step 1. Find a sequence < Fk > of topological spinnings of F , which contains an
infinite number of isotopy classes with a fixed boundary.

Step 2. Normalize each Fk to obtain a sequence ⟨F̂k⟩ of normal surfaces, which
also has an infinite number of normal isotopy classes.

Step 3. Find a fixed common core surface S of an infinite number of normal surfaces
F̂k , which means that the F̂k differ only by annuli (with only triangular normal
disks) parallel to boundary tori or Klein bottles of M .

Remark 5. (1) A sequence of “topological spinnings” in Step 1 requires that there
are infinitely many different isotopy classes in the sequence. These are compact
properly embedded surfaces with the same boundary curves and isotopies must
keep the boundaries fixed.

(2) The statement of Step 3 means that F is spin normalized. The reason is that if a
surface F̂k spins once along a boundary torus or Klein bottle then we can attach an
infinite normal annulus along the surface without introducing any new folds, and
obtain a spun normal surface where the core surface S is isotopic to F .

(3) Step 3 is the only place that requires 1-efficiency in the proof of the theorem.

(4) All steps are performed on the truncated manifold and triangulation (M̂, ℑ̂).

To apply this process to the proof of our main theorem in the next section, we
need additional information on how to construct the surfaces mentioned in each
step. Without loss of generality, we can assume that F is properly embedded in
the truncated manifold (M̂, ℑ̂) and its boundary curves are normal curves on the
boundary of M̂ and have the least intersection with the 1-simplices of ∂ M̂ in their
isotopy classes.
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Step 1: Constructing Fk , the k-th spinning of F. The k-th spinning Fk of F is a
surface obtained by spinning F k times for each boundary curve, along the boundary
tori or Klein bottles of M . That is, we attach a boundary parallel annulus of length k
along each boundary curve of F so that the boundary slope of Fk is exactly the
same as that of F .

Step 2: Normalizing Fk with the boundary fixed. Here, we perform the normalizing
process on the truncated triangulation of M . Since F , and so Fk , are essential, we
can always normalize Fk keeping the boundary fixed, so that the boundary curve of
the resulting normal surface F̂k is identical to the boundary curve of F and F̂k is in
normal form.

Step 3: Finding a core surface S. There is a finite number of fundamental surfaces
from which any closed normal surface can be represented by geometric sums. Since
the original ideal triangulation is 1-efficient, there are no closed normal surfaces with
nonnegative Euler characteristic, so all fundamental surfaces except the peripheral
tori or Klein bottles have negative Euler characteristic. Therefore, for a fixed Euler
characteristic χ(F) = χ(F̂k), only a finite number of possibilities for A and C arise
when we write F̂k = A + B +C , where A is a proper normal surface with the same
boundary as F̂k , B is a multiple of a peripheral normal surface and C is a closed non-
peripheral normal surface. (Here we assume that A cannot be written as a sum A =

A′
+ B.) This allows us to choose an infinite number of F̂k’s with a fixed core, say S:

F̂k = S +

r∑
j=1

lki , j T j

where the lk, j are nonnegative integers, and the T j are boundary components of M̂
containing some curves of ∂ F . Furthermore, the boundary slope of S is the same
as the boundary slope of F .

4. Spinning for suitable ideal triangulations in the toroidal case

Now we prove the main theorem, which guarantees the existence of a spun normal
surface for the case with only hyperbolic JSJ components. As mentioned in the
introduction, we first crush the JSJ tori to points by an appropriate cell-like crushing
map, yielding a 1-efficient ideal triangulation of each JSJ component, and then
apply the result of the 1-efficient case in [KR2].

Theorem 6. Suppose that M is compact, irreducible and P2-irreducible and has
essential tori boundary components. Assume that each of the JSJ components
Mi of M is hyperbolic, for 1 ≤ i ≤ k. Let 6 be any properly embedded 2-sided
essential surface in M with the property that no subsurface of 6 is a fiber of a
bundle structure for one of the JSJ components.
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Assume that M has a T -efficient ideal triangulation T . Then 6 can be spin
normalized with boundary curves spinning in all possible combinations of directions.

Proof. Let C be the collection of all JSJ tori which are the only normal surfaces
that have nonnegative Euler characteristic, except for boundary parallel normal tori,
and let S be the union of tori in the collection C. Since S is a collection of closed
2-sided essential normal surfaces, crushing each of these tori to a new ideal vertex
produces a 1-efficient ideal triangulation for each JSJ piece Mi of M , for 1 ≤ i ≤ k,
by Theorem 5 in Section 2.

Now, given an essential proper surface 6 embedded in M , we can isotope 6

until it meets each of the tori of C in a minimal set of essential loops. (We may
assume that 6 meets all JSJ tori in C. The reason is that if there are JSJ tori and JSJ
components that 6 does not meet, we can cut and remove those JSJ components
along the JSJ tori and then work on the remaining M.) In particular, it then follows
that 6 ∩ Mi = 6i is a properly embedded essential surface in Mi . We can further
isotope 6 to have minimal intersection with the edges of tori in C, which is required
in the spin normalizing process of each piece 6i . This immediately implies that 6

intersects tori of C in normal curves. So when we crush all the tori of C to ideal
vertices, 6i becomes an essential surface 6∗

i with the same boundary slope as 6i at
each vertex-linking torus of ℑ

∗

i and properly embedded in (M∗

i , ℑ
∗

i ), where M∗

i is
obtained by deleting vertices from the result of the canonical crushing fi : M̂i → M i

and ℑ
∗

i is the induced ideal triangulation.
Since, by Theorem 5, ℑ

∗

i is 1-efficient, 6∗

i can be spin normalized by [KR2]
with any combination of directions of spinning for the boundary curves. We will
use these spun normal surfaces, each representing 6∗

i in M∗

i (1 ≤ i ≤ k), as barriers
when normalizing a spinning of 6, and do this in a covering space of M . Here is
some notation for the construction.

• 6s (resp. 6s
i ): the spinning of 6 (resp. 6i ) obtained by attaching infinite annuli

parallel to the boundary tori of M (resp. Mi ) along ∂6 (resp. ∂6i ).

• 6ns (resp. 6ns
i ): the normal spinning of 6 (resp. 6i ) obtained by normalizing

6s (resp. 6s
i ) in (M̊, ℑ∗) (resp. (M∗

i , ℑ
∗

i )). (Here, 6ns
i is a pseudo-spun normal

surface in M .)

• M̃ : the covering space of M corresponding to π1(6).

• M̃i : the lift of Mi to M̃ , which is the covering space of Mi corresponding to
π1(6i ).

• 6̃: the lift of 6 to M̃ .

• 6̃′ and 6̃′′: parallel copies of 6̃ placed on opposite sides of 6̃.
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• 6̃i = 6̃ ∩ M̃i : the lift of 6i to M̃i .

• 6̃s (resp. 6̃s
i ): the spinning of 6̃ (resp. 6̃i ) obtained by attaching infinite annuli

parallel to the boundary infinite annuli of M̃ (resp. M̃i ) along ∂6̃ (resp. ∂6̃i ).

Let M̃ be the covering space of M corresponding to π1(6) and 6̃ the lift of
6 to M̃ . It is obvious that the covering space M̃i of Mi corresponding to π1(6i )

is embedded in M̃ , and each piece 6̃i = 6̃ ∩ M̃i is an essential surface properly
embedded in M̃i . Since 6 is 2-sided, we can take a parallel copy of 6̃ on each side
and denote the copies by 6̃′ and 6̃′′. All three copies are parallel, i.e., normally
isotopic in M̃ with the induced ideal triangulation. (Here, the ideal triangulation
of M̃ contains an infinite number of ideal tetrahedra.) Let 6̃′

i = 6̃′
∩ M̃i and

6̃′′

i = 6̃′′
∩ M̃i . Now we will spin all these 6̃′

i and 6̃′′

i surfaces by attaching infinite
annuli parallel to ∂ M̃i along the boundary curves of 6̃′

i and 6̃′′

i (see Figure 9).
The spinning direction for each boundary curve will be chosen so that the spinning

does not meet 6̃. Note that this choice of spinning direction causes 6̃′

i and 6̃′′

i to
spin in opposite directions in M̃i (1 ≤ i ≤ k). Now using the methods of [KR2], we
claim that the spinnings of 6̃′

i and 6̃′′

i can be pseudo-spin normalized as follows:
Let 6′

i and 6′′

i be the image of 6̃′

i and 6̃′′

i into M , and (6′

i )
∗ and (6′′

i )∗ be the
corresponding essential surfaces properly embedded in M∗

i . As mentioned above,
the induced cell-structure ℑ

∗

i of M∗

i is a 1-efficient ideal triangulation by Theorem 5,
so any spinnings of (6′

i )
∗ and (6′′

i )∗ can be spin normalized by [KR2] and the
inverse images of the resulting pseudo-spun normal surfaces are also pseudo-spun
normal surfaces (by Remark 4) in Mi . Finally the latter surfaces can be lifted
to pseudo-spun normal surfaces, say (6̃′

i )
ns and (6̃′′

i )ns , representing 6̃′

i and 6̃′′

i
in M̃i . This establishes the claim that the spinnings of 6̃′

i and 6̃′′

i can be pseudo-spin
normalized.

Now we will use all the surfaces (6̃′

i )
ns and (6̃′′

i )ns , which are lifts of spun
normal surfaces representing 6′

i and 6′′

i , as a barrier when we normalize a spinning
of 6̃ in M̃ (see Figure 10).

.  .  .

.  .  .
.  .  .

Σ' )( 1

Σ'1

Σ''1
Σ1

ns

Σ'')( 1
ns

Σ' )( 2

Σ'2

Σ''2

Σ2

ns

Σ'' )( 2
ns

Σ' )( k

Σ'k
Σ''k

Σk

ns

Σ'' )( k
ns

∂M A ∂M

Figure 9. Both way spinnings of 6̃i in M̃ .
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.  .  .

.  .  .Σ )(

Σ

1
ns Σ )( 2

ns Σ )( k
ns

∂M Ti Tj ∂M

Figure 10. A barrier for spun normalizing 6̃.

Note that the pseudo-spun normal surfaces (6̃′

i )
ns and (6̃′′

i )ns are inverse images
of spun normal surfaces obtained by normalizing the corresponding spinnings of
6̃′

i and 6̃′′

i , and the direction of spinnings of 6̃′

i and 6̃′′

i were chosen to not meet
6̃. This implies that 6̃ does not meet any of (6̃′

i )
ns and (6̃′′

i )ns for 1 ≤ i ≤ k, and
any combination of spinning directions for the boundary curves of 6̃ can be chosen
so that the spinnings with arbitrarily long annuli attached are all disjoint from the
barriers (6̃′

i )
ns and (6̃′′

i )ns for 1 ≤ i ≤ k.
The normalizing process does not introduce any new intersections with the

1-skeleton of the triangulation; it just removes them by isotopies. With this ob-
servation, the union of pseudo-spun normal surfaces (6̃′

i )
ns and (6̃′′

i )ns acts as a
barrier, so that the normalization of a spinning of 6̃ in the complement of this
union does not touch the barrier (see Section 3 of [JR1] for details on barriers)
and 6̃ must normally spin in M̃ exactly as in the argument in [KR2]. What we
need to additionally check here, unlike [KR2], is that the normal spinning of 6̃

does not spin along the infinite annuli lifted from JSJ tori of M . Suppose that 6̃

normally spins along the infinite annulus A lifted from a JSJ torus T bounding
two JSJ components Mi and M j . Here, there are two possible ways of spinning
6̃ along A; spinning between (6̃′

i )
ns and (6̃′

j )
ns , or spinning between (6̃′′

i )ns and
(6̃′′

j )
ns (see Figure 11).

However, we obtain the normal spinning (6̃)ns of 6̃ by normalizing a spinning
(6̃)s , which is obtained by attaching infinitely long annuli along ∂6̃ lying on the
annuli of ∂ M̃ (note that none of these were lifted from JSJ tori), without touching
the barriers. Therefore, neither (6̃)s nor (6̃)ns can meet the 1-skeleton located
between the long annuli of (6̃′

i )
ns (resp. (6̃′′

i )ns) and (6̃′

j )
ns (resp. (6̃′′

j )
ns). This

establishes the claim that the spun normal surface (6̃)ns does not spin along any
lifts of JSJ tori of M .
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or

  invalid
nomalizing

  invalid
nomalizing

∂M ∂M

Σ' )( i
ns

Σ'')( i
ns )( j

j

ns

Σ' )( j
ns

Σ)( s

Σ)( s

MiM jMiM

Σ''

Figure 11. Spinnings of 6̃ along a lift of a JSJ torus in M̃ .

Now, (6̃)ns , which normally spins along the boundary annuli of M̃ , can be
projected to M to obtain a normal spinning of 6 in M . This completes the proof.

□

5. Constructing suitable triangulations

Among the assumptions of Theorem 6, the condition of T -efficiency of the triangula-
tion, that the boundary of the JSJ components are the only normal tori, seems rather
strong. However, in this section we show that such an ideal triangulation can always
be constructed if the manifold under consideration admits a taut ideal triangulation.
Moreover, Lackenby showed in [Lac] that taut ideal triangulations are very common;
it is sufficient to assume the manifold is irreducible, P2-irreducible and anannular to
achieve a taut triangulation. The assumption that all JSJ components are hyperbolic
implies these conditions and hence the existence of a T-efficient taut triangulation.

Lemma 7. Suppose that M is compact, irreducible and P2-irreducible and has
essential tori and Klein bottle boundary components. Further suppose that M is
toroidal and admits a taut ideal triangulation T . Then every essential torus or Klein
bottle admits a unique normal representative in its isotopy class.

Proof. The argument follows by the same method as in [DGR]. We first consider the
case of 2-sided surfaces. Namely, if there were two normal essential 2-sided tori or
2-sided Klein bottles isotopic to each other [DGR, Theorem 5.5], then we can find
two disjoint such normal surfaces bounding a product region [Wal, Lemma 5.3].
So the surfaces are topologically but not normally parallel. However, by standard
sweepout theory from [Rub] and [Sto], there must be an almost normal torus or
Klein bottle in this product region, and this contradicts the taut structure of T .
According to the Euler characteristic calculation using the angles induced by the
taut structure (see Remark 6), almost normal surfaces with a nonnegative Euler
characteristic are not allowed in such a structure.
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To deal with the case of 1-sided surfaces, assume that is a normal essential
1-sided torus or Klein bottle. The boundary of a small regular neighborhood is
then a 2-sided normal torus or Klein bottle. By the 2-sided case, this surface is
unique in its isotopy class. but then it follows immediately that so is also the 1-sided
surface. □

Remark 6. Let 6 be a normal or almost normal surface in M with an ideal
triangulation T .

(1) By Gauss–Bonnet,

2πχ(6) =
∑
T

(vertex angle sum of a triangle T − π)

+
∑
Q

(vertex angle sum of a quadrilateral Q − 2π)

+
∑
O

(vertex angle sum of an octagon O − 6π).

(2) In a taut structure, the vertex angle sum is π for a triangle, 0 or 2π for a
quadrilateral, and 2π or 4π for an octagon. For details, see [KR1].

Theorem 8. Suppose that M is compact, irreducible and P2-irreducible and has
essential tori boundary components. Further suppose that M has a JSJ decomposi-
tion with only hyperbolic pieces. Then M has a taut ideal triangulation T which is
T -efficient. Consequently, any surface 6 in M satisfying the same conditions as
Theorem 6 can be spin normalized with boundary curves spinning in all possible
combinations of directions.

Proof. By Theorem 2.6 of [KR1], any taut ideal triangulation is 0-efficient; that
is, there are no embedded normal 2-spheres, projective planes, or Klein bottles,
and moreover any normal torus or Klein bottle is essential. By Lemma 7, every
essential torus or Klein bottle admits a unique normal representative in its isotopy
class. Therefore, it suffices to establish the existence of a taut ideal triangulation.

According to Theorem 1 of [Lac], a compact, irreducible, P2-irreducible, and
anannular 3-manifold with incompressible torus boundary admits a taut ideal tri-
angulation. The assumption that the 3-manifold has a JSJ decomposition with all
components hyperbolic implies that the manifold is anannular. Indeed, suppose
there exists an essential annulus or Möbius band B. Then B can be isotoped to
intersect the JSJ tori in parallel essential curves. An innermost annulus between
two such curves would lie in a single JSJ component and must be inessential, since
all JSJ components are hyperbolic. Consequently, B can be isotoped to remove all
intersections with the JSJ tori. This contradicts the assumption that B is essential,
as it would then be properly embedded in a hyperbolic component. Hence, all such
3-manifolds admit taut ideal triangulations. This completes the proof. □
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Example 1. Suppose that M is a punctured surface bundle over a circle. Assume that
the fiber is a union of subsurfaces glued along their boundary curves. Finally suppose
that the monodromy is a collection of pseudo-Anosov maps on these subsurfaces
and the boundary curves of the subsurfaces are fixed under the monodromy. If we
take a layered ideal triangulation of M , this clearly has a taut structure satisfying
the conditions of Theorem 6 and the JSJ decomposition is given by the surface
bundles over a circle with fibers given by the subsurface system. In general such
bundles have many essential surfaces which do not have subsurfaces in the fiber
bundle structure. These surfaces can all be spin normalized by Theorem 8.

Remark 7. In the proof of Theorem 8, it is sufficient to assume that all JSJ
components of M adjacent to the boundary components of M are hyperbolic
in order to conclude that M is anannular and hence admits a taut triangulation.
Therefore, it may be possible to extend the main results of this paper to this more
general setting. However, for such 3-manifolds, in addition to the tori defining the
JSJ decomposition, further essential tori are allowed inside JSJ components that
are not adjacent to the boundary of M . This must be taken into account in the
construction, and as a consequence, applying the methods of [KR2] becomes more
difficult.
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RESOLVENT BOUNDS FOR REPULSIVE POTENTIALS

ANDRÉS LARRAÍN-HUBACH, YULONG LI,
JACOB SHAPIRO AND JOSEPH TILLER

We prove limiting absorption resolvent bounds for the semiclassical Schrö-
dinger operator with a repulsive potential in dimensions n ≥ 3, which may
have a singularity at the origin. As an application, we obtain time decay for
the weighted energy of the solution to the associated wave equation with a
short range repulsive potential and compactly supported initial data.

1. Introduction and statement of results

We establish limiting absorption resolvent bounds for the semiclassical Schrödinger
operator with a repulsive potential in dimensions three and higher. The one-
dimensional case was studied in [ChDa21, Section 2]. As an application, we
obtain time decay of a weighted energy for the solution to the associated wave
equation with a short range repulsive potential and compactly supported initial data.

Let 1 :=
∑n

j=1 ∂2
j ≤ 0 be the Laplacian on Rn . We use (r, θ) = (|x |, x/|x |) ∈

(0, ∞) × Sn−1 for polar coordinates on Rn
\ {0}. Throughout, we equip Sn−1 with

the standard Borel measure dθ such that the product measure rn−1dr × dθ gives
Lebesgue measure on (0, ∞) × Sn−1. Put B(0, r0) := {x ∈ Rn

: |x | < r0}. For a
function u defined on a subset of Rn , we write u(r, θ) := u(rθ), and denote the
radial derivative by u′

:= ∂r u. If E ⊆ Rn is a Borel set, 1E stands for its indicator
function.

Our Schrödinger operator takes the form

(1) P(h) := −h21 + V (x) : L2(Rn) → L2(Rn), x ∈ Rn,

where h > 0 is the semiclassical parameter. The conditions we place on the Borel
measurable potential V : Rn

→ R are as follows. We suppose V = V +
− V − with

V +
= max(V, 0) and V −

= − min(V, 0); moreover

V −
∈ L∞(Rn),(2)
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rρ(n)V (x) is bounded for r ≤ 1,(3)

V (x) is bounded for r ≥ 1,(4)

for each θ ∈ Sn−1, (0, ∞) ∋ r 7→ V (r, θ) := V (rθ) has bounded variation.(5)

Here, ρ(n) > 0 depends on the dimension n:

(6) ρ(n) <

{ 3
2 if n = 3,

2 if n ≥ 4.

Recall that a function f of locally bounded variation on an interval I ⊆ R has
distributional derivative equal to a locally finite signed Borel measure, which we
denote by d f . In particular

(7)
∫

ϕ d f = −

∫
f ϕ′dx, ϕ ∈ C∞

0 (I ),

where the dx on the right side denotes Lebesgue measure on I ; d f further satisfies

(8)
∫

(a,b]

d f = f R(b) − f R(a),

for any interval (a, b] ⊆ I̊ , where f R(x) := limδ→0+ f (x + δ).
The last condition we impose on V is that there exists CV > 0 such that for all

θ ∈ Sn−1 and every bounded Borel set E ⊆ (0, ∞),

(9)
∫

E
dV (r, θ) ≤ −CV

∫
E
(r + 1)−1V +(r, θ)dr.

We emphasize that since the inequality (9) is one sided, each measure dV ( · , θ) is
allowed to have negative point masses. Moreover, because only the positive part V +

appears on the right side, the potential is allowed to approach a negative constant
as r → ∞. A prototype potential satisfying the above conditions is

V (r, θ) = g(θ)
(
1B(0,1)r−ρ(n)

− 2−11Rn\B(0,1)(r−δ
− 2−1)

)
for some δ > 0 and g ≥ 0 a bounded measurable function on Sn−1. Note that for
V ∈ C1(Rn

; [0, ∞)), (9) implies each V ( · , θ) is repulsive in sense of classical
mechanics, i.e., that V (r, θ) > 0 implies V ′(r, θ) < 0. The local bound (3) allows
for mild singularities at the origin, most notably the repulsive Coulomb behavior.

For a real-valued potential V ∈ L p(Rn)+ L∞(Rn) with p ≥ 2, p > n/2, P(h) is
self-adjoint if one takes the Sobolev space H 2(Rn) as the domain [Ne64, Theorem 8].
The conditions (2), (3), and (4) imply that V ∈ L p(Rn)+ L∞(Rn) for some such p.

Our main results are the following weighted limiting absorption resolvent bounds
for P(h).

Theorem 1.1. Suppose n ≥ 3 and V satisfies (2)–(5) and (9). Define P(h) by (1)
and equip it with the domain H 2(Rn). For all s > 1

2 and z = E ± iε with E > 0
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fixed, there is a constant C(E, s, ε, ∥V −
∥L∞) > 0 defined in (40) such that

(10) ∥(r + 1)−s(P(h) − z)−1(r + 1)−s
∥L2(Rn)→L2(Rn) ≤

C(E, s, ε, ∥V −
∥L∞)

h
.

When V −
= 0, we prove stronger estimates.

Theorem 1.2. Suppose n ≥ 3 and V satisfies (2)–(5) and (9) with V −
= 0. Define

P(h) by (1) and equip it with the domain H 2(Rn). For all s, s1, s2 > 1
2 , with

s1 + s2 > 2, there is C > 0 such that for all z ∈ C \ [0, ∞) and h > 0,∥∥(r + 1)−s(P(h) − z)−1(r + 1)−s
∥∥

L2(Rn)→L2(Rn)
≤

C
h|z|1/2 ,(11)

∥∥(r + 1)−s1(P(h) − z)−1(r + 1)−s2
∥∥

L2(Rn)→L2(Rn)
≤

C
h2 .(12)

Remark 1.3. From (42), we see how the constant C in (11) depends on s and CV .
The dependence of C in (12) on s1, s2 and CV can be deduced from (49).

Section 2 is devoted to the proof of Theorem 1.2, which builds on [ChDa21,
Theorem 1.2], where the authors obtained (11) and (12) for bounded, repulsive
potentials, nonnegative potentials on the half-line. The novelty of our paper is that it
extends these bounds to dimensions n ≥ 3 for repulsive potentials that may be singu-
lar as r → ∞. The corresponding problem in dimension two appears to be delicate,
and to our knowledge remains open; we comment below on a possible approach.

Remark 1.4. In Appendix D, we recall how for the case V = 0 and n = 3, the
conditions on s, s1 and s2 in Theorem 1.2, as well as the h- and z-dependencies of
the right sides of (11) and (12), are nearly optimal in a suitable sense.

Remark 1.5. The weighted estimates underlying (10), (11), and (12) hold under a
condition weaker than (3), namely that |rn−1V (r, θ)| → 0 as r → 0; see (32). (The
factor rn−1 reflects the volume element of Lebesgue measure in polar coordinates.)
These estimates are derived for test functions in C∞

0 (Rn) and are transferred to
resolvent bounds via the density argument in Appendix C. This step uses that
the operator domain is H 2(Rn) and that C∞

0 (Rn) is dense in H 2(Rn), which is
why we impose the stronger hypothesis (3). We note, however, that self-adjoint
realizations of −1+ V exist under weaker local assumptions on V . For example, if
V ∈ L2

loc(R
n) and V ≥0, then −1+V is essentially self-adjoint on C∞

0 (Rn) [ReSi75,
Theorem X.28]; essential self-adjointness on C∞

0 (Rn
\ {0}) holds under inverse

square lower bounds [ReSi75, Theorem X.30]. It would be interesting to formulate
the weighted estimates in such frameworks, which would allow more singular
potentials. However, for the wave decay results discussed below, a restriction comes
from the need to control r V near the origin. We thus adopt the more streamlined
approach here.
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We prove Theorems 1.1 and 1.2 using the spherical energy method, a widely
used technique for deriving weighted estimates for Schrödinger operators. The
approach is based on separation of variables and the classical identity

(13) r
n−1

2 (−1)r−
n−1

2 = −∂2
r + r−23,

where

(14) 3 := −1Sn−1 +
1
4(n −1)(n − 3),

and 1Sn−1 denotes the negative Laplace–Beltrami operator on Sn−1. The repulsivity
condition is sufficiently advantageous to allow the use of a relatively simple weight —
specifically, the same weight employed in [ChDa21] — to obtain (35) and (46). For
more general potentials, it is usually necessary to instead conjugate the Laplacian
by eϕ/hr (n−1)/2 (see, e.g., [CaVo02; Da14; GaSh22]) for a suitable phase ϕ. This
results in a Carleman estimate with exponential losses as h → 0+.

We use in a crucial way that 3 ≥ 0 on L2(Sn−1); see (30). This is why our
approach does not cover the case n = 2 where the effective potential −1/(4r2)

has a strong negative singularity as r → 0. We expect that repulsive potentials in
dimension two can be treated by adapting the Mellin transform methods used in
[DGS23; Ob24].

As an application of (12), we prove weighted energy decay for the solution to
the wave equation

(15)
{
(∂2

t −1 + V (x))u(t, x) = 0 for (t, x) ∈ R × Rn, n ≥ 3,

u(0, x) = u0(x), ∂t u(0, x) = u1(x) for x ∈ Rn,

where u0 ∈ H 1(Rn) and u1 ∈ L2(Rn) have compact support. The potential obeys
V ≥ 0, (3), (5) with ρ = ρ(n) = 1, (9), and the extra short range condition

(16) 1Rn\B(0,1)V ≤ C(r + 1)−δ(n),

for some C > 0 and δ(n) > 0 such that

(17) δ(n) >

{ 1
2 +

n+3
4 if n ̸= 8,

1
2 + 3 if n = 8.

Since P := P(1) = −1+V is self-adjoint (and nonnegative) under such conditions,
we may use the spectral theorem for self-adjoint operators to represent the solution
to (15) by

(18) u(t, · ) = cos(t
√

P)u0 +
sin(t

√
P)

√
P

u1.

For s > 0 fixed, define the weighted energy of the solution u to (15) to be

Es[u](t) = Es(t) :=

∫
Rn

⟨x⟩
−2s(|∂t u(t, x)|2 + |∇u(t, x)|2 + |u(t, x)|2) dx .
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Set also
E(0) := ∥∇u0∥

2
L2 + ∥u1∥

2
L2 .

Theorem 1.6. Suppose V ≥ 0 satisfies (3), (5) with ρ = 1, (9), as well as (16). Let
u0 ∈ H 1(Rn) and u1 ∈ L2(Rn) have compact support. For each s such that

(19) s >

{ n+3
4 if n ̸= 8,

3 if n = 8,

there exists Cs > 0 depending on s but independent of t , u0, and u1 so that

(20) Es(t) ≤ Cs⟨t⟩−2 E(0),

where ⟨t⟩ := (1 + |t |2)1/2.

Remark 1.7. Since u(−t, · ) = cos(t
√

P)u0 + (sin(t
√

P)/
√

P)(−u1), to prove
(20) it suffices to suppose t ≥ 0.

Remark 1.8. We expect that, by adapting the arguments of [Vo04b, Section 3], the
assumption of compact support on the initial data can be relaxed. Specifically, the
decay should continue to hold for initial conditions lying in an appropriate weighted
Sobolev spaces. However, to keep the presentation technically streamlined, we
suppose u0 and u1 have compact support.

Remark 1.9. The condition (17) has a quirk in dimension eight compared to other
dimensions. This appears to be an artifact of our approach, which analyzes the
low-frequency behavior of the resolvent kernel in terms of Hilbert–Schmidt norms
(Appendix E).

For smooth, nonnegative potentials of compact support, the local energy

Er0(t) :=

∫
B(0,r0)

|∂t u(t, x)|2 + |∇u(t, x)|2 + |u(t, x)|2dx, r0 > 0,

obeys

(21) Er0(t) =

{
O(e−ct) for some c > 0 if n ≥ 3 is odd,

O(t−2n) if n ≥ 4 is even.

Indeed, Vainberg [Va75] showed (21) for compactly supported perturbations of
the Laplacian satisfying the generalized Huygens principle (as defined in [Vo04c]).
A result of Melrose and Sjöstrand on the propagation of singularities [MeSj78;
MeSj82] implies that this principle holds for a broad class of nontrapping perturba-
tions of the Laplacian, which includes smooth, nonnegative, compactly supported
potentials. The study of energy decay for nontrapping perturbations has a long
history, going back to the works of Lax, Morawetz, and Phillips [LMP63; Mo66;
Mo75].

Bounds similar to (20) were obtained in previous works for various classes of short
range potentials. In [Za04], Zappacosta considered potentials V ∈ C1(R3

; (0, ∞))
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with ∂α
x V = O(⟨x⟩

−δ−|α|) for all 0 ≤ |α| ≤ 1 and some δ > 2. For each χ ∈ C∞

0 (R3),
the bound ∥∥χ

√
V (sin(t

√
P)/

√
P)

√
V χ

∥∥2
L2→L2 = O(t−2)

was proved. In [Vo04a], Vodev showed Er0(t) = O(t−2) in dimension n ≥ 3, where
V ∈ C1(Rn

; [0, ∞)) obeys

V = O(⟨x⟩
−δ0) for some δ0 > 2, and(22)

2V + r∂r V ≤ C⟨x⟩
−δ for some C > 0 and some δ > 1.(23)

Additionally, it is assumed that V has no resonance at zero energy, a condition
closely related to the validity of a bound such as (12) for |z| ≪ 1. Vodev also
obtained weighted energy decay for a class of long-range, nontrapping perturbations
of the Laplacian that includes perturbations by a nonnegative long-range potential,
provided the initial conditions are spectrally localized away from [0, a] for a > 0
sufficiently large [Vo04b]. (In our approach, the positivity of the potential appears
crucial for obtaining (12). Indeed, the constant C(E, s, ε, ∥V −

∥L∞) in (40) blows
up as E → 0+ unless ∥V −

∥L∞ = 0.)
We note the connection between (23) and our repulsiveness condition. If V ∈

C1(Rn
; (0, ∞)) satisfies (9), then ∂r (log V ( · , θ)) ≤ −CV (r + 1)−1 uniformly in θ .

Integration in r yields 0≤ V (r, θ)≤C(r+1)−CV , so 2V +r∂r V ≤2V ≤C(r+1)−CV ,
which is (23) provided CV > 1.

In the absence of a bound like (12), or a condition excluding a resonance or
eigenvalue at zero, decay of wave equation solutions generally cannot be expected.
Thus, in the present work the positivity of the potential serves as a sufficient
condition to rule out threshold obstructions. Other sufficient conditions have been
obtained in previous works; for example, smallness of the potential in the Rollnik
and global Kato norms [RoSc04]. For related discussions and further references,
see [JeNe01; ChDa25; CDY25].

The proof of Theorem 1.6 follows the strategy of [Vo04a, Section 3], with
modifications to account for the possible singularity of V at the origin. The key
step is to establish

(24) t2 Es(t) ≤ Ct2
∫ ∞

t
Es(τ ) dτ ≤ C E(0), t ≥ 1.

Using Duhamel’s formula and the Fourier transform (t dual to λ), the Fourier
transform of u can be expressed in terms of (P − λ2)−1; see (64). Because the
initial data are compactly supported, finite speed of propagation allows insertion
of a cutoff function η, and Plancherel’s theorem then reduces control of Es(t) to
bounds on ⟨x⟩

−s(P − λ2)−1η, which comes from (12); see also Lemma 3.1.
However, the factor t2 in (24) corresponds to differentiation with respect to λ, so
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it is also necessary to control

⟨x⟩
−s d

dλ
(P − λ2)−1η.

This is achieved under the stronger assumptions (3) with ρ = 1 (compare with (6))
and (16). In particular, the restriction ρ = 1 arises from the need for a uniform
bound on λV (−1− λ2)−1

⟨x⟩
−s for Im λ > 0, see (58). It would be interesting to

determine whether more singular potentials could be accommodated by controlling
the λ-derivative in a less perturbative manner.

We expect that for certain potentials with mild spatial decay depending on the
dimension, t−2 is the optimal decay for the local energy. A sharper description
should depend on a low-frequency expansion of the resolvent around λ = 0 (see,
e.g., [JeNe01]), rather than a bound alone.

Another energy studied is the quantity

E (1)
K [u](t) :=

∫
K

|∂t u(t, x)|2 + |∇u(t, x)|2 + V (x)| u(t, x)|2 dx,

where K ⊆ Rn is a region of interest. In [Vo04a, Theorem 1.1], Vodev studied the
case K = B(0, γ0t) ⊆ Rn for n ≥ 3 and suitable 0 < γ0 < 1. Under the assumption
of no resonance at zero, along with (22) for some δ0 > 1 and (23) for constants
C > 0 and δ > 1, he proved that E (1)

K [u](t) = O(t−1). In [Ik23, Theorems 1.1
and 1.2], Ikehata considered exterior subdomains � of Rn , n ≥ 2, excluding the
origin. For compact subsets K ⊆ �, he established the same decay rate assuming V
is nonnegative, C1, and obeys x ·∇V +2V ≤ 0. The O(t−1)-decay was first showed
by Morawetz [Mo61] for V = 0 in the exterior of a three-dimensional star-shaped
obstacle (later improved to exponential decay in [LMP63]).

There is an extensive body of literature on wave decay for higher-order perturba-
tions. For general second-order perturbations that may exhibit trapping, logarithmic
decay — rather than polynomial decay — is more typical. For historical background
and related developments, see [Bu98; Vo99; Bu02; Bo11; CaVo04; Sh18; ChIk20].

Outline. In Section 2, we prove Theorem 1.2. In Section 3, we apply Theorem 1.2
to prove norm bounds for ⟨x⟩

−s(P − λ2)−1
⟨x⟩

−s and its λ-derivative. In Section 4
we prove Theorem 1.6. Finally, we include several appendices of technical results
that assist with the proofs of earlier sections.

2. Proof of Theorem 1.2

Throughout this section, we take P(h) as in (1) and assume the potential V satisfies
(2)–(5) and(9).
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By (13),

(25) P±(h) := r
n−1

2 (P(h) − E ± iε) r−
n−1

2

= −h2∂2
r + h2r−23 + V − E ± iε,

where we let E and ε vary in [0, ∞). Let u ∈ r (n−1)/2C∞

0 (Rn). Define a spherical
energy functional F[u](r),

(26) F(r) = F[u](r) := ∥hu′(r, · )∥2
−⟨(h2r−23+V R(r, · )− E)u(r, · ), u(r, · )⟩,

where ∥ · ∥ and ⟨ · , · ⟩ denote the norm and inner product on L2(Sn−1
θ ). We take

complex conjugation to occur in the first argument of ⟨ · , · ⟩. Here, V R(r, θ) is the
measurable function defined by V R(r, θ) := limk→∞ V ((r + (1/k))θ) for k ∈ N.
The limit exists for each r and θ since each V ( · , θ) has bounded variation. Each
V R( · , θ) is decreasing thanks to (2), (8) and (9).

For a weight w(r) which is absolutely continuous, nonnegative, and increasing,
we compute the derivative of wF in the sense of distributions on (0, ∞). For this
we need the following technical lemma, whose proof we give in Appendix A.

Lemma 2.1. The function r 7→
∫

Sn−1 V R(r, θ)|u(r, θ)|2 dθ has locally bounded
variation and its derivative in the sense of distributions on (0, ∞) is the element of
C∞

0 (0, ∞) given by

(27) ϕ 7→∫ ∞

0
ϕ(r)

∫
Sn−1

V (r, θ) 2 Re(ūu′) dθ dr +

∫
Sn−1

∫ ∞

0
ϕ(r)|u(r, θ)|2 dV (r, θ) dθ.

Note that, aside from the term in F(r) involving V R(r, θ), the remaining terms
are functions of r with locally bounded variation on (0, ∞). Thus by Lemma 2.1,
F(r) itself is of locally bounded variation on (0, ∞).

Using (27) we have, in the sense of distributions on (0, ∞):

(28) (wF)′ = wF ′
+ w′F

= w(−2 Re⟨(−h2∂2
r + h2r−23 + V − E)u, u′

⟩

+ 2h2r−3
⟨3u, u⟩ −

∫
Sn−1 |u(r, θ)|2 dV (r, θ) dθ)

+ w′(∥hu′
∥

2
− ⟨h2r−23u, u⟩ + ⟨(E − V )u, u⟩

= −2w Re⟨P±(h)u, u′
⟩ ± 2εw Im⟨u, u′

⟩ +w′
∥hu′

∥
2

+ (2wr−1
− w′)⟨h2r−23u, u⟩ + Ew′

∥u∥
2

−
∫

Sn−1 |u(r, θ)|2(w(r) dV (r, θ)+ w′(r)V (r, θ)) dθ.

First we show (11). Since increasing s decreases the left side of (11), without
loss of generality we may take 0 < δ := 2s − 1 < 1. We will show that the last line
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of (28) can be made to have a suitable lower bound, using

(29) w(r) := 1 −
CV

CV + δ
(1 + r)−δ.

For such w, we clearly have

w′(r) =
δCV

CV + δ
(r + 1)−1−δ.

Therefore, on the one hand,

2wr−1
− w′

= 2r−1(r + 1)−δ

(
(r + 1)δ −

CV

CV + δ

(
1 +

δr
2(r + 1)

))
≥ 0,

where we used

(r + 1)δ −
CV

CV + δ
≥

δCV

CV + δ

∫ r+1

1
sδ−1 ds ≥

δCV r
(CV + δ)(r + 1)

,

since δ < 1. On the other hand, using (9), we have, in the sense of measures on
bounded Borel subsets of (0, ∞),

w dV + w′V =
δCV V

(CV + δ)(r + 1)1+δ
+ wdV ≤

CV V +

1 + r
((r + 1)−δ

−1) ≤ 0.

Thus, the last two estimates and (28) imply, for any ϕ ∈ C∞

0 ((0, ∞); [0, ∞)),

(30)
∫

ϕ d(wF)

= −

∫
(wF)ϕ′dr

≥

∫ (
−2w Re⟨P±(h)u, u′

⟩ ± 2εw Im⟨u, u′
⟩ +w′

∥hu′
∥

2
+ Ew′

∥u∥
2)ϕ dr,

where in the first line of (30) we applied (7). Now, take a sequence of ϕk ∈

C∞

0 ((0, ∞); [0, 1]) that converges pointwise to the indicator function 1(r0,r1] with
0 < r0 ≪ 1 and r1 large enough so that u(r, θ) = 0 for near [r1, ∞)× Sn−1. Substi-
tuting ϕ = ϕk in (30), sending k → ∞, and applying the dominated convergence
theorem and (8) gives

(31)
∫ ∞

r0

Ew′
∥u∥

2
+ w′

∥hu′
∥

2 dr + w(r0)F R(r0)

≤

∫ ∞

r0

2w Re⟨P±(h)u, u′
⟩ ∓ 2εw Im⟨u, u′

⟩ dr.

Since u = r (n−1)/2v for some v ∈ C∞

0 (Rn), we recognize that

(32) F R(r0) = ∥hu′(r0, · )∥
2
+ rn−3

0 ⟨h21Sn−1v(r0, · ), v(r0, · )⟩

+
(
Ern−1

0 − h24−1(n −1)(n − 3)rn−3
0

)
∥v(r0, · )∥

2

+ rn−1
0 ⟨V R(r0, · )v(r0, · ), v(r0, · )⟩.
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We rewrite the term in (32) involving 1Sn−1 using the formula for the Laplacian in
spherical coordinates:

r−21Sn−1 = 1 − ∂2
r − (n −1)r−1∂r .

This leads to

(33) rn−3
0 ⟨h21Sn−1v(r0, · ), v(r0, · )⟩

= h2rn−1
0 ⟨(1v)(r0, · ), v(r0, · )⟩ − h2rn−1

0 ⟨(∂2
r v)(r0, · ), v(r0, · )⟩

− h2(n −1)rn−2
0 ⟨(∂rv)(r0, · ), v(r0, · )⟩.

We can express the differential operators ∂r and ∂2
r with respect to the Euclidean

coordinate system as

(34) ∂r = r−1
n∑

j=1

x j∂x j , ∂2
r = r−2

n∑
k=1

xk

n∑
j=1

x j∂xk ∂x j .

By (3), (33) and (34), all terms in (32) tend to zero as r0 → 0, except possibly
for ∥hu′(r, · )∥2 in dimension three, which in that case tends to |v(0)|2

∫
Sn−1 dθ .

We conclude that

lim
r0→0

w(r0)F(r0) = w(0)F(0) =

{
ωn−1w(0)|v(0)|2 if n = 3,

0 if n ≥ 4,

where ωn−1 is the (n −1)-dimensional volume of Sn−1.
Thus, in view of (31) and 0 < w ≤ 1,

(35)
∫ ∞

0
Ew′

∥u∥
2
+ w′

∥hu′
∥

2 dr

≤ 2
(∫ ∞

0

1
h2w′

∥P±(h)u∥
2 dr

)1/2(∫ ∞

0
w′

∥hu′
∥

2 dr
)1/2

+
2ε

h

(∫ ∞

0
∥u∥

2 dr
)1/2(∫ ∞

0
∥hu′

∥
2 dr

)1/2
.

We now estimate∫ ∞

0
∥hu′

∥
2 dr

= Re
∫ ∞

0
⟨u, −h2u′′

⟩ dr

= Re
(∫ ∞

0
⟨u, P±(h)u⟩ dr+

∫ ∞

0
⟨u, (E−V −h2r−23)u⟩ dr∓iε

∫ ∞

0
∥u∥

2 dr
)

= Re
∫ ∞

0
⟨u, P±(h)u⟩ dr+

∫ ∞

0
⟨u, (E−V −h2r−23)u⟩ dr

≤

(∫ ∞

0

1
w′

∥P±(h)u∥
2 dr

)1/2(∫ ∞

0
w′

∥u∥
2 dr

)1/2
+ (E+∥V −

∥L∞)
∫ ∞

0
∥u∥

2 dr
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and

ε
∫ ∞

0
∥u∥

2 dr = ε∥v∥
2
L2

=
∣∣Im⟨(P(h) − E ± iε)v, v⟩L2

∣∣ =

∣∣∣Im ∫ ∞

0
⟨P±(h)u, u⟩ dr

∣∣∣
≤

(∫ ∞

0

1
w′

∥P±(h)u∥
2 dr

)1/2(∫ ∞

0
w′

∥u∥
2 dr

)1/2
.

Combining these estimates gives

ε2

h2

∫ ∞

0
∥u∥

2 dr
∫ ∞

0
∥hu′

∥
2 dr

≤ (E + ε + ∥V −
∥L∞)

∫ ∞

0

1
h2w′

∥P±(h)u∥
2 dr ·

∫ ∞

0
w′

∥u∥
2 dr.

Plugging this into (35) yields

(36)
∫ ∞

0
Ew′

∥u∥
2
+ w′

∥hu′
∥

2 dr

≤ 2
(∫ ∞

0

1
h2w′

∥P±(h)u∥
2 dr

)1/2

·

((∫ ∞

0
w′

∥hu′
∥

2 dr
)1/2

+
(
E + ε + ∥V −

∥L∞

)1/2
(∫ ∞

0
w′

∥u∥
2 dr

)1/2)
.

Now restrict to E > 0 and complete the square in (36) to find

(37)
(
√

E
(∫ ∞

0
w′

∥u∥
2 dr

)1
2
−

√
E+ε+∥V −∥L∞

√
E

(∫ ∞

0

1
h2w′

∥P±(h)u∥
2 dr

)1
2
)2

+

((∫ ∞

0
w′

∥hu′
∥

2 dr
)1

2
−

(∫ ∞

0

1
h2w′

∥P±(h)u∥
2 dr

)1
2
)2

≤
2E + ε + ∥V −

∥L∞

E

∫ ∞

0

1
h2w′

∥P±(h)u∥
2 dr.

Dropping the second term on the left side of (37) implies, for all E > 0 and ε ≥ 0,

(38)
√

E
(∫ ∞

0
w′

∥u∥
2 dr

)1
2

≤

(√
E+ε+∥V −∥L∞

√
E

+

√
2E+ε+∥V −∥L∞

√
E

)(∫ ∞

0

1
h2w′

∥P±(h)u∥
2 dr

)1
2
.

Recall that w′
= CV δ(CV + δ)−1(r + 1)−1−δ and δ = 2s −1. From (38) and the

density argument in Appendix C we get, rewriting z = E ± iε, that

(39) ∥(1 + r)−2s(P − z)−1(1 + r)−2s
∥L2(Rn)→L2(Rn) ≤

C(E, s, ε, ∥V −
∥L∞)

h
,



406 ANDRÉS LARRAÍN-HUBACH, YULONG LI, JACOB SHAPIRO AND JOSEPH TILLER

where

(40) C(E, s, ε, ∥V −
∥L∞)

=
CV + δ

EδCV

(
(E + ε + ∥V −

∥L∞)1/2
+ (2E + ε + ∥V −

∥L∞)1/2) .

From this point on, we assume V −
= 0. Fix 0 < α < 1. From (38), we get for all

h > 0, all E ± iε in the sector {z ∈ C : |Im z| < α Re z}, and u ∈ rn−1/2C∞

0 (Rn),

(41)
∣∣(E ± iε)1/2∣∣(∫ ∞

0
(r + 1)−2s

∥u∥
2 dr

)1/2

≤ h−1(1 + α2)1/4
(1

δ
+

1
CV

)(
(1 + α)1/2

+ (2 + α)1/2)
·

(∫ ∞

0
(r + 1)2s

∥P±(h)u∥
2 dr

)1/2
.

Here, our branch of the complex square root is chosen so that Im(E ± iε)1/2 > 0,
and we used that |(E ± iε)|1/2

= (E2
+ ε2)1/4

≤ E1/2(1 +α2)1/4 because E ± iε ∈

{z ∈ C : |Im z| < α Re z}. Since u ∈ r (n−1)/2C∞

0 (Rn), a standard density argument,
which we review in Appendix C, shows that (41) implies

(42)
∥∥z1/2(r + 1)−s(P(h) − z)−1(r + 1)−s

∥∥
L2→L2

≤ h−1(1 + α2)1/4
(1

δ
+

1
CV

)(
(1 + α)1/2

+ (2 + α)1/2),
on {z ∈ C : |Im z| < α Re z} and for any 0 < α < 1. To extend this bound to all
z ∈ C \ [0, ∞), we will use the Phragmén–Lindelöf method [EM] in the following
way. For u, v ∈ L2(Rn), put

U (z) := z1/2〈(r + 1)−s(P(h) − z)−1(r + 1)−su, v
〉
L2 .

Then U (z) in analytic in �α := {z ∈ C : α Re z < |Im z|}. By (42), on ∂�α \ {0} we
have

(43) |U (z)| ≤ h−1(1 + α2)1/4
(1

δ
+

1
CV

)
((1 + α)1/2

+ (2 + α)1/2)∥u∥L2∥v∥L2 .

On the other hand, in �α, we have the standard bound

(44) |U (z)| ≤
|z|1/2

∥u∥L2∥v∥L2

dist(z, [0, ∞))
=


∥u∥L2∥v∥L2

|z|1/2 if Re z < 0,

|z|1/2
∥u∥L2∥v∥L2

|Im z|
if Re z ≥ 0, z ∈ �α,

where we used

1
dist(z, [0, ∞))

=
1

inf
r≥0

((Re z − r)2 +(Im z)2)1/2 =

{
|z|−1 if Re z < 0,

|Im z|−1 if Re z ≥ 0, z ∈ �α.
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Finally, define, g(z) = ei(z−1)1/2
, where our branch of the square root is as above.

In �α, |g(z)| ≤ e−cα |z|−1/2
for some 0 < cα < 1 depending on α; this is because,

from the definition of �α , there exists θα ∈ (0, π/4) such that any z ∈ �α takes the
form |z|eiθ with θα < θ < 2π − θα. Hence Re(i(z−1)1/2) = −|z|−1/2 sin(θ/2) ≤

−|z|−1/2 sin(θα/2). Combining with (44) gives

(45) lim sup
z→0, z∈�α

|g(z)|σ |U (z)| = 0, σ > 0.

Therefore, from (43) and (45), the Phragmén–Lindelöf theorem (Theorem B.1 in
Appendix B) implies that (42) holds for all z ∈ �α too. Sending α → 0+ completes
the proof of (11).

To prove (12), start again at (37) and drop the first term on the left-hand side.
Still working on {z ∈ C : |Im z| < α Re z}, some manipulations give

(46)
(∫ ∞

0
w′

∥hu′
∥

2 dr
)1/2

≤ (1 +
√

2 + α)
(∫ ∞

0

1
h2w′

∥P±(h)u∥
2 dr

)1/2
.

By integration by parts, we have∫ ∞

0
(r + 1)−3−δ

∥u∥
2 dr

=
2

2 + δ

∫ ∞

0
(r + 1)−2−δ Re⟨u, u′

⟩ dr

≤ h−1
(∫ ∞

0
(r + 1)−1−δ

∥hu′
∥

2 dr
)1/2 (∫ ∞

0
(r + 1)−3−δ

∥u∥
2 dr

)1/2
,

which implies

(47)
(∫ ∞

0
(r + 1)−3−δ

∥u∥
2 dr

)1/2
≤ h−1

(∫ ∞

0
(r + 1)−1−δ

∥hu′
∥

2 dr
)1/2

.

From (46), (47) and w′
= CV δ(CV + δ)−1(r + 1)−1−δ, we obtain(∫ ∞

0
(r + 1)−3−δ

∥u∥
2 dr

)1/2

≤ h−2
(1

δ
+

1
CV

)
(1 +

√
2 + α)

(∫ ∞

0
(r + 1)1+δ

∥P±(h)u∥
2 dr

)1/2
.

Using again the density argument in Appendix C, for 0 < δ < 1, we get

(48)
∥∥(1+r)−

3+δ
2 (P(h)−z)−1(1+r)−

1+δ
2

∥∥
L2→L2≤ h−2(δ−1

+C−1
V

)
(1+

√
2 + α)

on {z ∈ C : |Im z| < α Re z}. Then, as above, we can use (44) and the Phragmén–
Lindelöf theorem, and take the limit α → 0+, to obtain∥∥(1 + r)−

3+δ
2 (P(h) − z)−1(1 + r)−

1+δ
2

∥∥
L2→L2≤ h−2(δ−1

+ C−1
V

)
(1 +

√
2),
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for z ∈ C \ [0, ∞). Since the norm of an operator coincides with that of its adjoint,
we reach∥∥(1 + r)−

1+δ
2 (P(h) − z)−1(1 + r)−

3+δ
2

∥∥
L2→L2 ≤ h−2(δ−1

+ C−1
V

)
(1 +

√
2),

for z ∈ C \ [0, ∞). The three lines lemma then says that for fixed z ∈ C \ [0, ∞),
the analytic mapping

λ 7→ (1 + r)−
3+δ

2 +λ(P(h) − z)−1(1 + r)−
1+δ

2 −λ, 0 < Re λ < 1,

with values in the space of bounded operators L2(Rn) → L2(Rn), obeys

(49)
∥∥(1+r)−

3+δ
2 +θ (P(h)−z)−1(1+r)−

1+δ
2 −θ

∥∥
L2→L2≤h−2(δ−1

+C−1
V

)
(1+

√
2),

θ ∈ [0, 1].

Having established (49), to finish, we need to see that we can choose δ and
θ appropriately to arrive at (12). That is, we need to attain the more general
weights characterized by s1, s2 > 1

2 and s1 + s2 > 2. However, because we have
the restrictions δ ∈ (0, 1) and θ ∈ [0, 1], we first need to make reductions as
follows. Since decreasing s1 or s2 in (12) increases the left side, it suffices to
suppose s1, s2 > 1

2 and 2 < s1 + s2 < 3. Furthermore, by taking the adjoint, it is no
restriction to have s1 ≤ s2. If we write s1 = (1 + 2δ2)/2 for some δ2 > 0, then we
may replace s2 by min(s2, (3 + δ2)/2). Having made these reductions, (12) follows
from (49) by setting δ = s1 + s2 − 2 < 1 and

θ =
1
2(s2 − s1 + 1) ≤

1
4(4 − δ2) < 1.

Remark 2.2. The bound (38) with ε = 0 rules out P(h) having an eigenvalue E > 0.
When V −

= 0, a zero eigenvalue is ruled out by combining (36) (with E = ε = 0)
with (47).

3. Resolvent bounds for wave decay

In this section, we consider the operator P := P(1) = −1 + V , with P(h) as in
(1) and V obeying (2)–(5) and (9). As a consequence of Theorem 1.2, we prove
several more resolvent bounds for P , which enable us in Section 4 to establish
weighted energy decay for the solution to the wave equation (15). Throughout
this section, C denotes a positive constant whose precise value may change, but is
always independent of λ, which plays the role of our spectral parameter.

Lemma 3.1. Fix s1, s2 > 1
2 with s1 + s2 > 2. There exist C > 0 such that for all

λ ∈ C with 0 < |Im λ| ≤ 1 and for all multiindices α1, α2 with |α1| + |α2| ≤ 2,

(50)
∥∥⟨x⟩

−s1∂α1
x (P − λ2)−1∂α2

x ⟨x⟩
−s2

∥∥
L2(Rn)→L2(Rn)

≤ C(1 + |Re λ|)|α1|+|α2|−1.
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Proof. Since ((P − λ2)−1)∗ = (P − λ2)−1, to prove (50) is suffices to assume
Im λ > 0.

First, we treat the case |α2| = 0. Using (11) if |Re λ| > 1 or (12) if |Re λ| ≤ 1,
we get

(51)
∥∥⟨x⟩

−s1(P − λ2)−1
⟨x⟩

−s2
∥∥

L2→L2 ≤ C(1 + |Re λ|)−1, 0 < Im λ ≤ 1,

Recall from standard elliptic theory that for all f ∈ H 2(Rn) and all γ > 0,

(52)
∥ f ∥H2 ≤ C(∥ f ∥L2 + ∥1 f ∥L2),

∥ f ∥
2
H1 ≤ C∥ f ∥L2∥ f ∥H2 ≤ C(γ −1

∥ f ∥
2
L2 + γ ∥1 f ∥

2
L2).

Therefore, for any f ∈ L2(Rn),

∥⟨x⟩
−s1(P−λ2)−1

⟨x⟩
−s2 f ∥H2(Rn)

≤ C(∥⟨x⟩
−s1(P−λ2)−1

⟨x⟩
−s2 f ∥L2(Rn) + ∥(−1)⟨x⟩

−s1(P−λ2)−1
⟨x⟩

−s2 f ∥L2(Rn))

≤ C(∥⟨x⟩
−s1(P−λ2)−1

⟨x⟩
−s2 f ∥H1(Rn) + ∥⟨x⟩

−s1(−1)(P−λ2)−1
⟨x⟩

−s2 f ∥L2(Rn))

≤ C(γ −1
+ |Re λ|

2)∥⟨x⟩
−s1(P−λ2)−1

⟨x⟩
−s2 f ∥L2(Rn)

+ Cγ ∥1⟨x⟩
−s1(P−λ2)−1

⟨x⟩
−s2 f ∥L2(Rn) + C∥ f ∥L2(Rn).

Selecting γ sufficiently small depending on C and applying (51) yields

(53)
∥∥⟨x⟩

−s1(P − λ2)−1
⟨x⟩

−s2 f
∥∥

H2(Rn)
≤ C(1 + |Re λ|)∥ f ∥L2(Rn),

as desired. This confirms (50) for |α1| = 2. For |α1| = 1 (still with |α2| = 0),
combine (51) and (53) via the second line of (52).

If |α2| > 0, let f ∈ C∞

0 (Rn), and put

u = ⟨x⟩
−s1(P − λ2)−1

⟨x⟩
−s2∂α2

x f.

We need to show

∥u∥H |α1| ≤ C(1 + |Re λ|)|α1|+|α2|−1
∥ f ∥L2, H 0

:= L2(Rn).

If |α1| = 0, we use self-adjointness and the already proved estimate

∥⟨x⟩
−s2(P − λ2)−1

⟨x⟩
−s1 f ∥H j ≤ C(1 + |Re λ|) j−1

∥ f ∥L2, j ∈ {0, 1, 2},

to get
∥u∥

2
L2 = ⟨u, ⟨x⟩

−s1(P − λ2)−1
⟨x⟩

−s2∂α2
x f ⟩L2

≤ ∥∂α2
x ⟨x⟩

−s2(P − λ2)−1
⟨x⟩

−s1u∥L2∥ f ∥L2

≤ C(1 + |Re λ|)|α2|−1
∥u∥L2∥ f ∥L2 .

If |α1| = 1, we recognize that

(P − λ2)u = ⟨x⟩
−s1−s2∂α2

x f + [−1, ⟨x⟩
−s1]⟨x⟩

s1u.
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Then multiply by ū, integrate over Rn , and integrate by parts as appropriate:

∥∇u∥
2
L2 =

∫
(λ2

− V )|u|
2
−

∫
∂α2

x (⟨x⟩
−s1−s2 ū) f +

∫
ū[−1, ⟨x⟩

−s1]⟨x⟩
s1u

≤ λ2
∫

|u|
2
−

∫
∂α2

x (⟨x⟩
−s1−s2 ū) f +

∫
ū[−1, ⟨x⟩

−s1]⟨x⟩
s1u.

Because both ∂α2
x ⟨x⟩

−s1−s2 and

[−1, ⟨x⟩
−s1]⟨x⟩

s1 = (−1⟨x⟩
−s1)⟨x⟩

s1 − 2(∇⟨x⟩
−s1) · ∇⟨x⟩

s1

are first-order differential operators with bounded coefficients, we conclude, for all
γ > 0,

∥∇u∥
2
L2 ≤ Cγ ((1 + |Re λ|)2

∥u∥
2
L2 + ∥ f ∥

2
L2) + γ ∥∇u∥

2
L2

≤ Cγ (1 + |Re λ|)2
∥ f ∥

2
L2 + γ ∥∇u∥

2
L2,

for some Cγ > 0 depending on γ .
Fixing γ small enough, we absorb the second term on the right side into the left

side, confirming (50) when |α1| = |α2| = 1. □

Next, we prove an estimate for the λ-derivative of the weighted resolvent, which
requires the extra short range conditions (16) and (17) on the potential. As input
we need the following bound for the weighted square of the free resolvent, which
we prove in Appendix E.

Lemma 3.2. Let n ≥ 3. Suppose s satisfies (19). There exists C > 0 such that for
all λ ∈ C with 0 < |Im λ| ≤ 1, and any multiindex α such that |α| ≤ 1,

(54)
∥∥λ⟨x⟩

−s∂α
x (−1 − λ2)−2

⟨x⟩
−s

∥∥
L2(Rn)→L2(Rn)

≤ C(1 + |λ|)|α|−1.

Remark 3.3. In [Vo04a], the estimate (54) is stated to hold in any dimension n ≥ 3
provided s > 3

2 . However, our proof of Lemma 3.2 in dimension n ≥ 4 needs s
larger if (54) is to hold uniformly as |λ| → 0. In our approach, we use the integral
kernel of λ⟨x⟩

−s(−1 − λ2)−2
⟨x⟩

−s to assess L2-boundedness as |λ| → 0. The
kernel is given in terms of the Macdonald function [DLMF, 10.27.4, 10.27.5] of
order (n/2)− 2, along with other factors. We are able to conclude boundedness on
L2(Rn) for s as in (19).

Lemma 3.4. Let n ≥ 3 and suppose s is as in (19). Assume V obeys (2)–(5) and
(9), as well as (16) and (17). There exists C > 0 such that for all λ ∈ C with
0 < |Im λ| ≤ 1, and any j ∈ {0, 1} and multiindex α such that j + |α| ≤ 1,

(55)
∥∥∥ d

dλ
⟨x⟩

−sλ j∂α
x (P − λ2)−1

⟨x⟩
−s

∥∥∥
L2(Rn)→L2(Rn)

≤ C.

Proof. Without loss of generality, we take s sufficiently close to (but larger than)
1
4(n + 3) when n ̸= 8, or sufficiently close to (but larger than) 3 when n = 8, so
that by (17) we may fix s ′ > 1

2 such that s + s ′ < δ. With these choices we have
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s ′
+ s > 2, so we are permitted to apply (50) as the need arises.
We begin from the resolvent identity

(56) (P − λ2)−1
⟨x⟩

−s(I + K (λ)) = R0(λ)⟨x⟩
−s,

where

K (λ) := V (x)⟨x⟩
s+s′

⟨x⟩
−s′

R0(λ)⟨x⟩
−s and R0(λ) := (−1 − λ2)−1.

We know that ⟨x⟩
−s′

R0(λ)⟨x⟩
−s

: L2(Rn) → H 2(Rn) has a continuous extension
from either half-plane (± Im λ > 0) to R [GiMo74, Proposition 2.4]. Let us denote
this extension by R±

0,s′,s(λ) and put K ±(λ) = V (x)⟨x⟩
s+s′

R±

0,s′,s(λ).
We now show that K ±(λ) is a compact operator L2(Rn) → L2(Rn). To see this,

write K ±(λ) as the sum

K ±(λ) = (χ⟨x⟩
s+s′

V )R±

0,s′,s(λ) + ((1 − χ)V ⟨x⟩
δ)⟨x⟩

s+s′
−δ R±

0,s′,s(λ).

where χ ∈ C∞

0 (Rn
; [0,1]) is supported in B(0,1) and χ ≡ 1 near the origin in Rn .

The second operator on the right side of the display is compact by [DyZw19, Theo-
rem B.4]). The first operator on the right is compact, as follows: It is the composition
of bounded R±

0,s′,s(λ) : L2(Rn) → H 2(Rn) with multiplication by χ⟨x⟩
s+s′

V . Due
to (3) and Lemma F.1, we have ∥χ⟨x⟩

s+s′

V u∥L2(Rn) ≤ C∥u∥H1(B(0,1)) for some
C > 0 and all u ∈ H 2(Rn). By the Kondrachov embedding theorem the inclusion
H 2(B(0, 1)) → H 1(B(0, 1)) is compact. So compactness of (χ⟨x⟩

s+s′

V )R±

0,s′,s(λ)

holds as desired.
We claim further that I + K ±(λ) : L2(Rn) → L2(Rn) is invertible for all λ with

± Im λ ≥ 0. By compactness of K ±(λ) and the Fredholm alternative [ReSi80,
Theorem VI.14], I + K ±(λ) will be invertible if we can show that for g ∈ L2(Rn),
(I + K ±(λ))g = 0 implies g = 0. To this end, put u := ⟨x⟩

s′

R±

0,s′,s(λ)g, which
belongs to ⟨x⟩

s′

H 2(Rn). If we can show u = 0, then in fact g = 0. This is because
(−1 − λ2)u = ⟨x⟩

−s g in the distributional sense.
Now let us show u = 0. If λ2

∈ C \ [0, ∞) (so that K ±(λ) = K (λ)), this follows
immediately from (P −λ2)u = ⟨x⟩

−s g + V R0(λ)⟨x⟩
−s g = ⟨x⟩

−s(I + K (λ))g = 0.
If λ2

∈ [0, ∞), the idea is the same, but we incorporate a limiting step. Set
u±,ε =(−1−λ2

±iε)−1
⟨x⟩

−s g. Proposition 2.4 of [GiMo74] implies that ⟨x⟩
−s′

u±,ε

converges to ⟨x⟩
−s′

u in H 2(Rn) as ε → 0+. We also have

u±,ε = (−1 − λ2
± iε)−1

⟨x⟩
−s g

= (P − λ2
± iε)−1(P − λ2

± iε)(−1 − λ2
± iε)−1

⟨x⟩
−s g

= (P − λ2
± iε)−1

⟨x⟩
−s(I + V ⟨x⟩

s(−1 − λ2
± iε)−1

⟨x⟩
−s)g.

Therefore, by (12),
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∥⟨x⟩
−s′

u∥L2 = lim
ε→0+

∥⟨x⟩
−s′

u±,ε∥L2

≤ C lim
ε→0+

∥(I + V ⟨x⟩
s(−1 − λ2

± iε)−1
⟨x⟩

−s)g∥L2

= ∥(I + K ±(λ))g∥L2 = 0.

Thus we have demonstrated that I + K ±(λ) is invertible for ± Im λ ≥ 0. As λ → ∞,
∥K (λ)∥L2→L2 → 0 thanks to (50); hence we can compute (I + K ±(λ))−1 by a
Neumann series, thanks to (50). Therefore

(57) ∥(I + K ±(λ))−1
∥L2→L2 ≤ C.

Now for 0 < |Im λ| ≤ 1 the λ-derivative of (56) is

(58)
( d

dλ
⟨x⟩

−sλ j∂α
x (P − λ2)−1

⟨x⟩
−s

)
(I + K (λ))

=
d

dλ
⟨x⟩

−sλ j∂α
x R0(λ)⟨x⟩

−s

− 2⟨x⟩
−sλ j∂α

x (P − λ2)−1
⟨x⟩

−s′

V ⟨x⟩
s+s′

λ⟨x⟩
−s(−1 − λ2)−2

⟨x⟩
−s,

where we used

(59) d
dλ

⟨x⟩
−s′

∂α
x R0(λ)⟨x⟩

−s
= 2λ⟨x⟩

−s′

∂α
x (−1 − λ2)−2

⟨x⟩
−s, j ∈ {0, 1}.

The operator norm L2(Rn) → L2(Rn) of the term in the second line of (58)
is bounded above by a constant, due to (54) and (59). As for the third line,∥∥⟨x⟩

−sλ j∂α
x (P − λ2)−1

⟨x⟩
−s′

∥∥
L2→L2 ≤ C by (50). Moreover,∥∥V ⟨x⟩

s+s′

λ⟨x⟩
−s(−1−λ2)−2

⟨x⟩
−s

∥∥
L2→L2 ≤C

∥∥λ⟨x⟩
−s(−1−λ2)−2

⟨x⟩
−s

∥∥
H1→L2,

since multiplication by V ⟨x⟩
s+s′

is a bounded operator H 1(Rn) → L2(Rn) (see (3)
and Lemma F.1). Finally, because

∥∥λ⟨x⟩
−s(−1−λ2)−2

⟨x⟩
−s

∥∥
H1→L2 ≤ C by (54),

the proof of (55) is complete. □

4. Proof of Theorem 1.6

In this section we prove Theorem 1.6 by combining the resolvent bounds of the
previous section with an argument from [Vo04a, Section 3]. As before we set
P = −1 + V : L2(Rn) → L2(Rn), n ≥ 3, where V obeys (2)–(9), (16) and (17).

In several steps below, we use that for all 0 ≤ α ≤ 1 there exists C > 0 such that,
for any f ∈ H 1(Rn),

(60) ∥V α f ∥
2
L2 ≤ C(∥∇ f ∥

2
L2 + ∥ f ∥

2
L2) ≤ C∥∇ f ∥

2
L2 .

The first inequality follows from (3), (16) and Lemma F.1, while the second follows
from the Poincaré inequality (as we work in dimension n ≥ 3).

Given s > 0 and u as in (18) solving the wave equation (15), with compactly



RESOLVENT BOUNDS FOR REPULSIVE POTENTIALS 413

supported initial conditions u(0, x) = u0(x) ∈ H 1(Rn), ∂t u(0, x) = u1(x) ∈ L2(Rn),
define

Es(t) :=

∫
Rn

⟨x⟩
−2s(|∂t u(t, x)|2 + |∇u(t, x)|2 + |u(t, x)|2) dx,

E(0) := ∥∇u0∥
2
L2 + ∥u∥

2
L2 .

Lemma 4.1. If s > 1
2 and V satisfies (2)–(9), there exists C > 0 such that

(61)
∫ ∞

0
Es(τ ) dτ ≤ C E(0).

If in addition s satisfies (19) and V (16) and (17), there exists C > 0 such that, for
t ≥ 1,

(62)
∫ ∞

t
Es(τ ) dτ ≤ Ct−2 E(0).

Proof. Choose φ ∈ C∞(R) with φ ≥ 0, φ(t) = 0 near
(
−∞, 1

2

]
, and φ(t) = 1 near

[1, ∞). Since (∂2
t + P)u = 0, where P = −1 + V , we have

(63) (∂2
t + P)φu = (φ′′

+ 2φ′∂t)u := v(t).

By Duhamel’s formula for the solution to an inhomogeneous wave equation with
zero initial conditions,

φu(t) =

∫ t

0

sin(t − τ)
√

P
√

P
v(τ) dτ.

On the other hand,

(P − (λ − iε)2)−1
=

∫ ∞

0
e−i t (λ−iε) sin(t

√
P)

√
P

dt, ε > 0.

It follows from the last two identities that the Fourier transform φ̂u of φu satisfies

(64) φ̂u(λ − iε) :=

∫ ∞

−∞

e−i t (λ−iε)φ(t)u( · , t) dt = (P − (λ − iε)2)−1v̂(λ − iε).

By finite propagation speed for the wave equation, and because v(t) is compactly
supported in t , suppx v(t), and thus also suppx v̂(λ), is contained in some compact
subset of Rn independent of t . Choose η ∈ C∞

0 (Rn) such that η = 1 near suppx v(t)
for all t ∈ R. By (64),

⟨x⟩
−s φ̂u(λ − iε) = ⟨x⟩

−s(P − (λ − iε)2)−1ηv̂(λ − iε),

⟨x⟩
−s ̂∂t(φu)(λ − iε) = ⟨x⟩

−s(λ − iε)(P − (λ − iε)2)−1ηv̂(λ − iε),

⟨x⟩
−s

∇φ̂u(λ − iε) = ⟨x⟩
−s

∇(P − (λ − iε)2)−1ηv̂(λ − iε).

Therefore, by (50), for s > 1
2 and V obeying (2)–(9), there is C > 0 independent of

λ and ε and such that for all λ ∈ R, 0 < ε ≤ 1, we have
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(65)
∥∥∥ dk

dλk ⟨x⟩
−s ∂̂t(φu)(λ − iε)

∥∥∥
L2

+

∥∥∥ dk

dλk ⟨x⟩
−s

∇φ̂u(λ − iε)
∥∥∥

L2

+

∥∥∥ dk

dλk ⟨x⟩
−s φ̂u(λ − iε)

∥∥∥
L2

≤ C∥v̂(λ − iε)∥L2 + Ck∥t̂v(λ − iε)∥L2

for k = 0. If in addition we suppose s satisfies (19) and V satisfies (16) and (17),
then by (55), (65) holds for k ∈ {0, 1}. Here when k = 1 we used the product rule
and the identity d v̂(λ − iε)/dλ = −i t̂v(λ − iε).

Next, by (65) and Plancherel’s theorem, there exist C1, C2, C3, C >0 independent
of ε and such that

(66)
∫ ∞

−∞

(∥⟨x⟩
−s∂t(φu)∥2

L2 + ∥⟨x⟩
−s

∇(φu)∥2
L2 + ∥⟨x⟩

−sφu∥
2
L2)e−2εt dt

= C1

∫ ∞

−∞

(∥⟨x⟩
−s ̂∂t(φu)(λ − iε)∥2

L2 + ∥⟨x⟩
−s

∇φ̂u(λ − iε)∥2
L2

+ ∥⟨x⟩
−s φ̂u(λ − iε)∥2

L2) dλ

≤ C2

∫ ∞

−∞

∥v̂(λ − iε)∥2
L2dλ = C3

∫ ∞

−∞

∥v(t)∥2
L2e−2εt dt ≤ C sup

t∈R

∥v(t)∥2.

The last constant C is independent of ε because v(t) has compact support in t ; see
(63). The proof of (61) is completed by sending ε → 0 in (66) and observing that

(67) ∥v(t)∥L2 ≤ C(∥u0∥L2 + ∥
√

Pu0∥L2 + ∥u1∥L2)

≤ C(∥∇u0∥L2 + ∥u1∥L2) = C
√

E(0).

In the last inequality we used that for any f ∈ H 2(Rn) (and thus any f ∈ H 1(Rn),
since H 2(Rn) is dense in H 1(Rn)),

∥
√

P f ∥
2
L2 = ⟨ f, P f ⟩L2 = ∥∇ f ∥

2
L2 + ∥

√
V f ∥

2
L2 ≤ C∥∇ f ∥

2
L2,

with the inequality being due to (60).
To prove (62), we again use Plancherel’s theorem with (65), so that for all

0 < ε ≤ 1 and T ≥ 1,

(68) T 2
∫ ∞

T

(
∥⟨x⟩

−s∂t(φu)∥2
L2 + ∥⟨x⟩

−s
∇(φu)∥2

L2 + ∥⟨x⟩
−sφu∥

2
L2

)
e−2εt dt

≤

∫ ∞

−∞

(
∥⟨x⟩

−s t∂t(φu)∥2
L2 + ∥⟨x⟩

−s t∇(φu)∥2
L2 + ∥⟨x⟩

−s tφu∥
2
L2

)
e−2εt dt

= C1

∫ ∞

−∞

(∥∥∥ d
dλ

⟨x⟩
−s ̂∂t(φu)(λ − iε)

∥∥∥2

L2
+

∥∥∥ d
dλ

⟨x⟩
−s

∇φ̂u(λ − iε)
∥∥∥2

L2

+

∥∥∥ d
dλ

⟨x⟩
−s φ̂u(λ − iε)

∥∥∥2

L2

)
dλ

≤ C2

∫ ∞

−∞

(
∥v̂(λ − iε)∥2

L2 + ∥t̂v(λ − iε)∥2
L2

)
dλ

= C3

∫ ∞

−∞

(
∥v(t)∥2

L2 + ∥tv(t)∥2
L2

)
e−2εt dt ≤ C sup

t∈R

∥v(t)∥2
≤ C E(0).
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Once again sending ε → 0+ concludes the proof of (62). □

The local energy decay (20) follows from (62) and the following:

Lemma 4.2. If s > 0 and V ≥ 0 satisfies (3) and (4), there exists C > 0 such that,
for all t ≥ 1,

(69) Es(t) ≤ C
∫ ∞

t
Es(τ ) dτ.

Proof. The strategy is the same as that of [Vo04a, Lemma 3.2]. Computing d
dt

Es(t),
one finds

(70)
d
dt

Es(t) = −2 Re
∫

Rn
∂r u(t, x)∂t u(t, x)∂r ⟨x⟩

−2s dx

+ 2 Re
∫

Rn
(−V u(t, x)∂t u(t, x) + u(t, x)∂t u(t, x))⟨x⟩

−2s dx .

By (60),

∥V ⟨x⟩
−su(t, x)∥L2 ≤ C∥∇⟨x⟩

−su(t, x)∥L2

≤ C ∥⟨x⟩
−s

∇u(t, x)∥L2 + C ∥⟨x⟩
−su(t, x)∥L2 .

for C > 0 independent of t , and whose precise value may change between lines.
Thus we can bound the right side of (70) from above by Cauchy–Schwarz:

d
dt

Es(t)

≤ C
∥∥⟨x⟩

−s∂r u(t, x)
∥∥

L2

∥∥⟨x⟩
−s∂t u(t, x)

∥∥
L2 +C

∥∥V ⟨x⟩
−su(t, x)

∥∥
L2

∥∥⟨x⟩
−s∂t u(t, x)

∥∥
L2

+ C
∥∥⟨x⟩

−su(t, x)
∥∥

L2

∥∥⟨x⟩
−s∂t u(t, x)

∥∥
L2

≤ C Es(t).

We then have, for all T > t ≥ 1,

(71) Es(t) ≤ Es(T ) + Cs

∫ T

t
Es(τ ) dτ.

From (61), we also have a sequence T j → ∞ such that limT j →∞ Es(T j ) = 0. So
setting T = T j in (71) and sending T j → ∞ completes the proof of (69). □

Appendix A. Proof of Lemma 2.1

First we check that

(72) C∞

0 (0, ∞) ∋ ϕ 7→

∫
Sn−1

∫ ∞

0
ϕ(r)|u(r, θ)|2 dV (r, θ) dθ

(part of the expression in (27)) is well defined as a distribution on (0, ∞). Indeed,
by (7), for each θ ∈ Sn−1,∫ ∞

0
ϕ(r)|u(r, θ)|2 dV (r, θ) = −

∫ ∞

0
V (r, θ)(|u(r, θ)|2ϕ(r))′dr.
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By Fubini’s theorem the expression on the right side belongs to L1(Sn−1). Hence
the quantity in (72) is well defined as a distribution on (0, ∞).

Next we demonstrate that the function r 7→
∫

Sn−1 V R(r, θ)|u(r, θ)|2 dθ has locally
bounded variation. Suppose [a, b]⊆ (0, ∞) and a =r0 <r1 < · · ·<rN =b. We have

N∑
k=1

∣∣∣∫
Sn−1

V R(rk, θ)|u(rk, θ)|2 dθ −

∫
Sn−1

V R(rk−1, θ)|u(rk−1, θ)|2 dθ

∣∣∣
≤

∫
Sn−1

N∑
k=1

|u(rk, θ)|2 |V R(rk, θ)− V R(rk−1, θ)| dθ

+

∫
Sn−1

N∑
k=1

|V R(rk−1, θ)|
∣∣|u(rk, θ)|2 − |u(rk−1, θ)|2

∣∣ dθ.

For each θ , the function r 7→ V R(r, θ) is decreasing, so∫
Sn−1

N∑
k=1

|u(rk, θ)|2|V R(rk, θ)− V R(rk−1, θ)| dθ

≤ ∥u∥
2
L∞([a,b]×Sn−1)

∫
Sn−1

N∑
k=1

|V R(rk, θ)− V R(rk−1, θ)| dθ

≤ ∥u∥
2
L∞([a,b]×Sn−1)

∫
Sn−1

(V R(a, θ)− V R(b, θ)) dθ

≤ ωn−1∥u∥
2
L∞([a,b]×Sn−1)

∥V ∥L∞([a,b]×Sn−1),

where ωn is the (n −1)-dimensional volume of Sn−1. On the other hand,
N∑

k=1

∫
Sn−1

|V R(rk−1, θ)|
∣∣|u(rk, θ)|2 − |u(rk−1, θ)|2

∣∣ dθ

≤ ∥V ∥L∞([a,b]×Sn−1)

N∑
k=1

∫
Sn−1

∫ rk

rk−1

|∂r |u(r, θ)|2| dr dθ

≤ ωn−1(b − a)∥V ∥L∞([a,b]×Sn−1) ∥∂r |u|
2
∥L∞([a,b]×Sn−1).

Taken together, the previous two estimates show that r 7→
∫

Sn−1 V R(r, θ)|u(r, θ)|2 dθ

has locally bounded variation.
We finish by confirming (27). Let ϕ ∈ C∞

0 (0, ∞). In the following chain
of equalities, the first uses Fubini’s theorem, the second arises because for each
θ ∈ Sn−1, V R( · , θ) = V ( · , θ) almost everywhere with respect to the measure dr ,
and the last uses (7):

−

∫ ∞

0
ϕ′(r)

∫
Sn−1

V R(r, θ)|u(r, θ)|2 dθ dr

= −

∫
Sn−1

∫ ∞

0
ϕ′(r)V R(r, θ)|u(r, θ)|2 dr dθ

= −

∫
Sn−1

∫ ∞

0
ϕ′(r)V (r, θ)|u(r, θ)|2 dr dθ

= −

∫
Sn−1

∫ ∞

0

(
(ϕ(r)|u(r, θ)|2)′ − ϕ(r)2 Re(ū(r, θ)u′(r, θ))

)
V (r, θ) dr dθ
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=

∫
Sn−1

∫ ∞

0
ϕ′(r)|u(r, θ)|2 dV (r, θ) dθ

+ 2
∫

Sn−1

∫ ∞

0
ϕ(r) Re(ū(r, θ)u′(r, θ)))V (r, θ) dr dθ.

Appendix B. The Phragmén–Lindelöf theorem

Let f (z) be a holomorphic function in a domain D of the complex plane with
boundary 0. We say that f (z) does not exceed a number M ≥ 0 in modulus at a
boundary point ζ ∈ 0 if lim supz→ζ, z∈D | f (z)| ≤ M .

Theorem B.1 (Phragmén–Lindelöf [EM]). Suppose that E ⊆0 and that f : D → C

is analytic and does not exceed M in modulus at any point of 0 \ E. Suppose also
there is a function g(z) with the following properties:

(1) g(z) is analytic in D.

(2) |g(z)| < 1 in D.

(3) g(z) ̸= 0 in D.

(4) For every σ > 0, the function |g(z)|σ | f (z)| does not exceed M in modulus at
any ζ ∈ E.

Then | f (z)| ≤ M everywhere in D.

Appendix C. Density argument: proof of (42) and (48)

Estimates (42) and (48) are consequences of the following fact:

Lemma C.1. Fix h, s1 > 0, 0 < s2 < 1, and z ∈ C \ [0, ∞). Let P(h) be as in (1)
with V : Rn

→ R obeying (3) and (4) (so that P(h) is self-adjoint with respect to
the domain H 2(Rn)). Suppose there exists C > 0 so that for all v ∈ C∞

0 (Rn),

(73) ∥⟨x⟩
−s1v∥

2
L2 ≤ C∥⟨x⟩

s2(P(h) − z)v∥
2
L2 .

Then

(74) ∥⟨x⟩
−s1(P(h) − z)−1

⟨x⟩
−s2∥L2→L2 ≤ C.

Proof. The operator

[P(h), ⟨x⟩
s2]⟨x⟩

−s2 =
(
−h2(1⟨x⟩

s2) − 2h2(∇⟨x⟩
s2) · ∇

)
⟨x⟩

−s2

is bounded H 2(Rn) → L2(Rn). So, for v ∈ H 2(Rn) such that ⟨x⟩
s2v ∈ H 2(Rn),

(75)
∥⟨x⟩

s2(P(h) − z)v∥L2 ≤ ∥(P(h) − z)⟨x⟩
s2v∥L2 + ∥[P(h), ⟨x⟩

s2]⟨x⟩
−s2⟨x⟩

s2v∥L2

≤ Cz,h∥⟨x⟩
s2v∥H2,

for some constant Cz,h > 0 depending on z and h.
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Given f ∈ L2(Rn), the function u =⟨x⟩
s2(P(h)−z)−1

⟨x⟩
−s2 f ∈ H 2(Rn) because

u = (P(h) − z)−1( f + w), w = [P(h), ⟨x⟩
s2]u,

with [P(h), ⟨x⟩
s2] being bounded L2(Rn) → L2(Rn) since s2 < 1.

Now, choose a sequence vk ∈ C∞

0 such that vk → ⟨x⟩
s2(P(h) − z)−1

⟨x⟩
−s2 f in

H 2(Rn). Define ṽk := ⟨x⟩
−s2vk . Then, as k → ∞,∥∥⟨x⟩

−s1 ṽk −⟨x⟩
−s1(P(h)−z)−1

⟨x⟩
−s2 f

∥∥
L2 ≤

∥∥vk −⟨x⟩
s2(P(h)−z)−1

⟨x⟩
−s2 f

∥∥
H2,

which tends to 0. Also, applying (75),

∥⟨x⟩
s2(P(h)− z)ṽk − f ∥L2 ≤ Cz,h∥vk −⟨x⟩

s2(P(h)− E ± iε)−1
⟨x⟩

−s2 f ∥H2 → 0.

Thus (74) follows by replacing v by ṽk in (73) and sending k → ∞. □

Appendix D. Justification of Remark 1.4

In the setting of Theorem 1.2, consider the case of V = 0 and n = 3. In that scenario
the integral kernel of (P(h)− z)−1

= (−h21− z)−1 with z ∈ C\[0, ∞) is given by

R0(x, y, z) := h−2 e i
√

z
h |x−y|

4π |x − y|
, Im

√
z > 0.

Looking at the operator

(76) ⟨ · ⟩
−s1(−h21 − z)−1

⟨ · ⟩
−s2 : L2(R3) → L2(R3)

we recall why having a bound on it like (11) requires s1, s2 > 1
2 .

Since the norm of an operator and its adjoint coincide, it suffices to show that
s1 > 1

2 is necessary. Use
√

z of the form
√

z = E + iε for E > 0 fixed and
ε > 0 tending to zero. As calculated in the proof of [DyZw19, Theorem 3.5], for
f ∈ C∞

0 (R3),

(77) ⟨x⟩
−s1

∫
R3

R0(x, y, z) f (y) dy

= h−2 ⟨x⟩
−s1

4π |x |
e

i
h (E+iε)|x |( f̂

( E
h

x
|x |

)
+ o(1)) + O(|x |

−2)

as ε → 0+ and |x | → ∞. If f is chosen so that | f̂ | > c for some c > 0 on
{|x | = E/h}, then (77) and s1 ≤

1
2 imply ∥⟨x⟩

−s1
∫

R3 R0(x, y, z) f (y) dy∥L2 → ∞

as ε → 0+.
Next, supposing s1, s2 > 1

2 , we show why a bound like (12) on (76) requires
additionally that s1 + s2 ≥ 2, which is nearly the condition we impose for (12).
Using

√
z = iε for ε > 0 tending to zero, and fη(y) = ⟨y⟩

−η−
3
2 , η > 0, we see as
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in [BoHa10, proof of Remark 2] that

⟨x⟩
−s1

∫
R3

R0(x, y, z)⟨y⟩
−s2 f (y)

= h−2
⟨x⟩

−s1
∫

R3

e−
ε
h |x−y|

4π |x − y|
⟨y⟩

−s2 f (y) dy

≳ h−2e−
3ε
2h |x |

⟨x⟩
−s1−1

∫
|y|≤

|x |

2

⟨y⟩
−s2−η−

3
2 dy ≳ h−2e−

3ε
2h |x |

⟨x⟩
−s1−s2−η+

1
2 ,

where the implicit constants indicated by ≳ are independent of ε and η. First
sending ε → 0+ gives s1 + s2 ≥ 2 − η, but since η > 0 is arbitrary, we in turn get
s1 + s2 ≥ 2.

To see that the O(|z|−
1
2 h−1)-dependence of the right side of (11) is optimal,

consider the function u = ei
√

z
h x1χ for nontrivial χ ∈ C∞

0 (R3
; [0, 1]). We have

⟨x⟩
s(−h21 − z)u = −i

√
zh⟨x⟩

s∂x1χ − h2ei
√

z
h x1⟨x⟩

s1χ =: f,

whence ⟨ · ⟩
−s(−h21 − z)−1

⟨ · ⟩
−s f = ⟨ · ⟩

−su and thus, as h → 0,

∥⟨ · ⟩
−s(−h21 − z)−1

⟨ · ⟩
−s f ∥L2

∥ f ∥L2
=

∥⟨ · ⟩
−su∥L2

∥ f ∥L2
≳ |z|−

1
2 h−1.

Finally, we argue why the O(h−2)-dependence of the right-hand side of (12)
is sharp. As noted before, Proposition 2.4 or [GiMo74] gives that R0,s1,s2(λ) =

⟨ · ⟩
−s1(−h21−λ2)−1

⟨ · ⟩
−s2 , with s1, s2 > 1

2 and s1 + s2 > 2, extends continuously
from Im λ > 0 to R in the space of bounded operators R3

→ R3. In this case,

h−2∥∥⟨x⟩
−s1

∫
R3

1
4π |x − y|

⟨y⟩
−s2dy

∥∥
L2→L2 = lim

ε→0
∥R0,s1,s2(iε)∥L2→L2 .

Appendix E. Proof of Lemma 3.2

Lemma 3.2. Let n ≥ 3. Suppose s satisfies (19). There exists C > 0 such that for
all λ ∈ C with 0 < |Im λ| ≤ 1, and any multiindex α such that |α| ≤ 1,

(78)
∥∥λ⟨x⟩

−s∂α
x (−1 − λ2)−2

⟨x⟩
−s

∥∥
L2(Rn)→L2(Rn)

≤ C(1 + |λ|)|α|−1.

Proof of Lemma 3.2. Initially we take |α| = 0 in (54), so may assume without
loss of generality that Im λ > 0. We treat the |α| = 1 case at the end of the proof.
Observe that

d
dλ

⟨x⟩
−s(−1 − λ2)−1

⟨x⟩
−s

= 2λ⟨x⟩
−s(−1 − λ2)−2

⟨x⟩
−s,

so we can bound the L2(Rn) → L2(Rn) norm of either quantity.
We now consider two cases for |λ|.
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Case |λ| ≥ 1. If we assume |λ| ≥ 1, then

(79) −λ2
⟨x⟩

−s(−1 − λ2)−2
⟨x⟩

−s

=−
1
2⟨x⟩

−s(−1−λ2)−1(−21)(−1−λ2)−1
⟨x⟩

−s
+⟨x⟩

−s(−1−λ2)−1
⟨x⟩

−s .

By (50), the L2(Rn) → L2(Rn) norm of the second line of (79) is bounded by
C(1 + |Re λ|)−1. So it suffices to investigate the first summand on the right side
of (79). For notational brevity, put R0(λ) := (−1 − λ2)−1. We show that, for all
f ∈ C∞

0 (Rn),

(80) ⟨x⟩
−s R0(λ)(−21)R0(λ)⟨x⟩

−s f

= −⟨x⟩
−s R0(λ)∂r (r⟨x⟩

−s f )+⟨x⟩
−s R0(λ)⟨x⟩

−s f +⟨x⟩
−sr∂r R0(λ)⟨x⟩

−s f.

Since s > 3
2 by (19), the L2(Rn)-norm of the right side of (80) is bounded by

C∥ f ∥L2 , thanks to (50). So it remains to show (80).
Recall the formula

1 = ∂2
r + (n −1)r−1∂r + r−21Sn−1

for the Laplacian in polar coordinates, which implies the commutator identity

(81) [r∂r , 1] := r∂r (1) −1(r∂r ) = −21.

Fix f ∈ C∞

0 (Rn), g ∈ L2(Rn), and put

u := R0(λ)⟨x⟩
−s f ∈ H 2(Rn).

Let {uk}
∞

k=1 ⊆ C∞

0 (Rn) be a sequence converging to u in H 2(Rn). Starting from
the left side of (80) and applying (81),

(82) ⟨g, ⟨x⟩
−s R0(λ)(−21)R0(λ)⟨x⟩

−s f ⟩L2

= lim
k→∞

⟨g, ⟨x⟩
−s R0(λ)[r∂r , 1]uk⟩L2

= ⟨g, ⟨x⟩
−sr∂r u⟩L2 − lim

k→∞

〈
g, ⟨x⟩

−s R0(λ)r∂r (−1 − λ2)uk
〉
L2 .

The purpose of the following calculations is to show that the limit on the last line
of (82) equals ⟨g, ⟨x⟩

−s R0(λ)r∂r ⟨x⟩
−s f ⟩L2 . First, for any v ∈ L2(Rn), we have

r R0(λ)⟨x⟩
−1v ∈ H 1(Rn), for the following reason. Setting w := ⟨x⟩R0(λ)⟨x⟩

−1v,
then r R0(λ)⟨x⟩

−1v = r⟨x⟩
−1w and

(−1 − λ2)w = [−1, ⟨x⟩]R0(λ)⟨x⟩
−1v + v =⇒

w = R0(λ)
(
[−1, ⟨x⟩]R0(λ)⟨x⟩

−1v + v
)
∈ H 2(R).

Furthermore, for any w, v ∈ C∞

0 (Rn),

⟨w, ∂rv⟩L2 = ⟨∂∗

r w, v⟩L2 := (1 − n)⟨r−1w, v⟩L2 − ⟨∂rw, v⟩L2 .
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Hence, by the density of C∞

0 (Rn) in H 1(Rn), and setting ũk = (−1−λ)uk , we get

(83) lim
k→∞

〈
g, ⟨x⟩

−s R0(λ)(r∂r )ũk
〉
L2 = lim

k→∞

⟨(∂r )
∗r R0(λ)⟨x⟩

−s g, ũk⟩L2

= ⟨(∂r )
∗r R0(λ)⟨x⟩

−s g, ⟨x⟩
−s f ⟩L2

= ⟨g, ⟨x⟩
−s R0(λ)r∂r ⟨x⟩

−s f ⟩L2 .

as desired. Taken together, (82) and (83) confirm (80).

Case |λ| ≤ 1. Now we turn to the case |λ| ≤ 1, and utilize the integral kernel of
the free resolvent, which is given by [JeNe01, Section 3],

(84) (−1−λ2)−1(|x−y|)=
1

2π

(
−iλ

2π |x − y|

) n
2 −1

K n
2 −1(−iλ|x−y|), Im λ>0,

where Kν(z) is the Macdonald function of order ν [DLMF, 10.27.4, 10.27.5]. Now,
if n = 3, the integral kernel of

⟨x⟩
−s d

dλ
(−1 − λ2)−1

⟨x⟩
−s

is given by i(4π)−1
⟨x⟩

−seiλ|x−y|
⟨y⟩

−s , which has Hilbert–Schmidt norm bounded
uniformly in |λ| ≤ 1 provided s > 3

2 . Moving on to n ≥ 4, by [DLMF, 10.29.2],

d
dλ

(
−iλ

2π |x − y|

)n
2 −1

K n
2 −1(−iλ|x − y|) =

−(−i)
n
2 λ

n
2 −1

(2π)
n
2 −1

|x − y|
n
2 −2

K n
2 −2(−iλ|x − y|).

The Macdonald function satisfies [DLMF, 10.25.3, 10.30.2, 10.30.3]

(85) |Kν(z)| ≤


C |z|−ν if 0 < |z| ≤ 1, ν > 0,

C
∣∣ln |z|

∣∣ if 0 < |z| ≤ 1, ν = 0,

C |z|−1/2 if |z| ≥ 1, Re z ≥ 0, ν ≥ 0,

for C > 0 a constant independent of z. Therefore, there is a constant C > 0
independent of λ such that, if n = 4,

(86)

∣∣∣∣∣λ
n
2 −1

⟨x⟩
−s

⟨y⟩
−s

|x − y|
n
2 −2

K n
2 −2(−iλ|x − y|)

∣∣∣∣∣
≤ C |λ|⟨x⟩

−s
⟨y⟩

−s
∣∣ln(|λ||x −y|)

∣∣ 1{|λ||x−y|≤1}+C
|λ|

n
2 −

3
2 ⟨x⟩

−s
⟨y⟩

−s

|x − y|
n
2 −

3
2

1{|λ||x−y|>1}

and, if n > 4,

(87)

∣∣∣∣∣λ
n
2 −1

⟨x⟩
−s

⟨y⟩
−s

|x − y|
n
2 −2

K n
2 −2(−iλ|x − y|)

∣∣∣∣∣
≤ C

|λ|⟨x⟩
−s

⟨y⟩
−s

|x − y|n−4 1{|λ||x−y|≤1} + C
|λ|

n
2 −

3
2 ⟨x⟩

−s
⟨y⟩

−s

|x − y|
n
2 −

3
2

1{|λ||x−y|>1}.
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As preparation for the conclusions we draw in the next paragraph, we observe that
the first summand on the right-hand side of (87) has the bound, for |λ| ≤ 1 and
0 < α ≤ 1,

(88)
|λ|⟨x⟩

−s
⟨y⟩

−s

|x − y|n−4 1{|λ||x−y|≤1} =
|λ||x − y|

α
⟨x⟩

−s
⟨y⟩

−s

|x − y|n−4+α
1{|λ||x−y|≤1}

≤
⟨x⟩

−s
⟨y⟩

−s

|x − y|n−4+α
1{|λ||x−y|≤1}.

In what follows we make repeated use of Lemma F.3 to verify that a given kernel
is Hilbert–Schmidt. In both (86) and (87), the last summand on the right side is
uniformly bounded in Hilbert–Schmidt norm for |λ| ≤ 1, provided s > 1

4(n + 3).
This also holds for the first summand on the right side of (86) if s > 3

2 . In addition,
to address the first summand on the right side of (87), we utilize (88) in combination
with Lemma F.3. Taken together this means that ⟨x⟩

−s
⟨y⟩

−s
|x − y|

−n+4−α is
Hilbert–Schmidt

when n = 5, if α = 1 and s > 3
2 ;

when n = 6, if 0 < α < 1 and s > 2 −
1
2α; and

when n = 7, if 0 < α < 1
2 and s > 2 −

1
2α.

Thus, when n = 6 it is enough to take s > 3
2 , while when n = 7, s > 7

4 suffices.
Finally, if n ≥ 8, the first summand on the right in (87) is uniformly bounded as

an operator L2(Rn) → L2(Rn) for |λ| ≤ 1 provided s > 3. This is due to (88) with
α = 1 and the Schur test; see Lemma F.2.

We finish by resolving the |α| = 1 case for (54). By (54) in the |α| = 0 case, and
by (52), we need to show that∥∥λ⟨x⟩

−s(−1 − λ2)−2
⟨x⟩

−s f
∥∥

H2 ≤ O(1 + |λ|)∥ f ∥L2 .

According to (89) below,∥∥λ⟨x⟩
−s(−1 − λ2)−2

⟨x⟩
−s f

∥∥
H2

≤ C
∥∥λ⟨x⟩

−s(−1 − λ2)−2
⟨x⟩

−s f
∥∥

L2 + C
∥∥λ⟨x⟩

−s(−1)(−1 − λ2)−2
⟨x⟩

−s f
∥∥

L2

= C∥ f ∥L2 + C
∥∥λ⟨x⟩

−s(−1)(−1 − λ2)−2
⟨x⟩

−s f
∥∥

L2 .

Then use

⟨x⟩
−s(−1)(−1 − λ2)−2

⟨x⟩
−s f

= ⟨x⟩
−s(−1 − λ2)−1

⟨x⟩
−s f + λ2

⟨x⟩
−s(−1 − λ2)−2

⟨x⟩
−s f,

which in combination with (50), as well as (54) in the |α| = 0 case, yields∥∥λ⟨x⟩
−s(−1)(−1 − λ2)−2

⟨x⟩
−s f

∥∥
L2 ≤ C(1 + |λ|)∥ fL2,

completing the proof. □
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Appendix F. Useful lemmas

Lemma F.1 [Fa67, Proposition 6]. Let n ≥ 3. Then

∥r−1u∥
2
L2 ≤

( 2
n−2

)2
∥∇u∥

2
L2, u ∈ H 1(Rn).

Lemma F.2 (Schur’s test [DyZw19, Section A.5]). Suppose K (x, y) is measurable
on Rn

× Rn and satisfies

sup
x

∫
|K (x, y)| dy ≤ C and sup

y

∫
|K (x, y)| dx ≤ C.

Then the linear operator

T F(x) =

∫
K (x, y) f (y) dy,

obeys the estimate

∥T f ∥L2 ≤ C∥ f ∥L2 .

Lemma F.3 [Pe24]. The necessary and sufficient conditions for∫
Rn

∫
Rn

⟨x⟩
−s

⟨y⟩
−t

|x − y|
−p dx dy < ∞,

are

s + p > n, t + p > n, s + p + t > 2n, p < n.

Lemma F.4. Suppose T : L2(Rn) → H 2(Rn) is a bounded operator. For any s > 0,
there exists C > 0 such that

(89) ∥⟨x⟩
−s T ∥L2→H2 ≤ C(∥⟨x⟩

−s T ∥L2→L2 + ∥⟨x⟩
−s1T ∥L2→L2).

Proof. Let f ∈ L2(Rn) and put u = T F . By the first line of (52), there exists C > 0,
whose precise value may change from line to line, such that

(90) ∥⟨x⟩
−su∥H2 ≤ C∥⟨x⟩

−su∥L2 + C∥1⟨x⟩
−su∥L2, ũ ∈ H 2(Rn).

Then use the second line of (52):

∥1⟨x⟩
−su∥L2 ≤ ∥[1, ⟨x⟩

−s
]u∥L2 + ∥⟨x⟩

−s1u∥L2

≤ C∥⟨x⟩
−su∥H1 + ∥⟨x⟩

−s1u∥L2

≤ Cγ −1
∥⟨x⟩

−su∥L2 + Cγ ∥1⟨x⟩
−su∥L2) + ∥⟨x⟩

−s1u∥L2, γ > 0.

Fixing γ small enough yields

∥1⟨x⟩
−su∥L2 ≤ C(∥⟨x⟩

−su∥L2 + ∥⟨x⟩
−s1u∥L2),

which in combination with (90) implies (89). □
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DIFFERENTIABLE SPHERE THEOREMS FOR COMPACT
SUBMANIFOLDS

JUAN LI, HONGWEI XU AND ENTAO ZHAO

We investigate the differentiable structure on compact simply connected
submanifolds in Riemannian manifolds under curvature pinching condi-
tions. We prove a sharp differentiable sphere theorem that an n-dimensional
compact simply connected submanifold Mn (n ≥ 5, n ̸= 7, 8) in the sphere
SN(1/

√
c) (c > 0) with the second fundamental form A and the mean curva-

ture vector H satisfying |A|2 ≤ 4c +
|H|2

n−2 is diffeomorphic to the standard
sphere. The similar differentiable sphere theorem also holds for compact
simply connected submanifolds in the space form FN(c) with c ≤ 0.

1. Introduction

The sphere theorems characterize the geometric and topological properties of
compact Riemannian manifolds through curvature pinching conditions, representing
a forefront topic in global Riemannian geometry. Rauch [30] first introduced the
concept of curvature pinching for Riemannian manifolds. A Riemannian manifold
Mn is δ-pinched (globally) for δ > 0 if the sectional curvature KM of M satis-
fies δ < KM ≤ 1. Rauch [30] proved a topological sphere theorem for compact
simply connected δ-pinched Riemannian manifolds with δ ≈ 3/4. Berger [3] and
Klingenberg [17] provided a topological sphere theorem under the 1/4-curvature
pinching condition. Subsequently, Brendle and Schoen [6] proved the following
differentiable sphere theorem by using Ricci flow techniques.

Theorem A [6]. Let M be an n-dimensional (n ≥ 4) complete and simply connected
Riemannian manifold. If 1/4 < KM ≤ 1, then M is diffeomorphic to the standard
sphere Sn .

In fact, Brendle and Schoen proved the differentiable sphere theorem for point-
wise 1/4-pinched Riemannian manifolds. They proved in [5] that a compact simply
connected weakly pointwise 1/4-pinched Riemannian manifold is diffeomorphic
to the standard sphere Sn or isometric to a compact rank one symmetric space
(CROSS).

MSC2020: 53C40.
Keywords: differentiable sphere theorem, compact submanifold, curvature pinching, mean curvature

flow, homology vanishing theorem.
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Since any Riemannian manifold can be regarded as a zero-codimensional sub-
manifold of itself, it is an interesting problem whether it is possible to extend
the Brendle–Schoen differentiable sphere theorem to the case of submanifolds of
arbitrary codimension in a general Riemannian manifold.

Let Mn be an n-dimensional submanifold in an N -dimensional Riemannian
manifold M N . Denote by A and H the second fundamental form and the mean
curvature vector of M , respectively. Lawson and Simons [19] proved a topological
sphere theorem for compact submanifolds in the unit sphere by combining the
homology vanishing theorem for compact submanifolds with Smale’s [33] proof of
the generalized Poincaré conjecture in dimensions n ≥ 5.

Theorem B [19]. Let Mn be an n-dimensional oriented compact submanifold in
the unit sphere SN .

(i) If n ̸= 3, 4 and |A|
2 < 2

√
n − 1, then M is homeomorphic to a sphere.

(ii) If n = 3, 4 and |A|
2 < n − 1, then M is a homotopy sphere.

Inspired by the rigidity theorems for submanifolds with parallel mean curvature
(see [32; 36; 37; 38]), Shiohama and Xu [31] improved and extended the theorem
of Lawson and Simons [19]. They proved the following optimal topological sphere
theorem for complete submanifolds in space forms.

Theorem C [31]. Let Mn be an n-dimensional oriented complete submanifold in a
simply connected space form FN (c) with nonnegative constant curvature c. Assume

sup
M

(
|A|

2
− α(n, |H |, c)

)
< 0,

where

α(n, |H |, c) = nc +
n

2(n − 1)
|H |

2
−

n − 2
2(n − 1)

√
|H |4 + 4(n − 1)c|H |2.

(i) If n ̸= 3, then M is homeomorphic to an n-dimensional sphere.

(ii) If n = 3, then M is diffeomorphic to a 3-dimensional spherical space form.

For compact submanifolds in the hyperbolic space, a similar topological sphere
theorem was proved by Fu and Xu [11].

Xu and Zhao [40] were the first to apply the Ricci flow to prove differentiable
sphere theorems for compact submanifolds in general Riemannian manifolds. In
particular, they proved the following theorem.

Theorem D [40]. Let Mn be an n-dimensional (n ≥ 4) oriented complete submani-
fold in the unit sphere SN .

(i) If n = 4, 5, 6 and supM |A|
2 < 2

√
n − 1, then M is diffeomorphic to Sn .

(ii) If n ≥ 7 and |A|
2 < 2

√
2, then M is diffeomorphic to Sn .
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Xu and Zhao [40] also obtained a topological sphere theorem for compact simply
connected submanifolds in a Riemannian manifold under the assumption that

|A|
2 < 16

3

(
K min −

1
4 K max

)
+

|H |
2

n − 2
.

Here K min and K max are the minimum and the maximum of the sectional curvatures
of M at a point.

Xu and Gu [39] further advanced the field by proving an optimal differential
sphere theorem for complete submanifolds in space forms.

Theorem E [39]. Let Mn be an n-dimensional (n ≥ 2) oriented complete submani-
fold in a simply connected space form FN (c) with nonnegative constant curvature c. If

sup
M

(
|A|

2
−

|H |
2

n − 1
− 2c

)
< 0,

then M is diffeomorphic to Sn .

Many other differentiable sphere theorems for compact submanifolds were ob-
tained by using Ricci flow and mean curvature flow techniques [1; 2; 12; 13; 22;
21; 23; 24; 26]. For instance, Lei and Xu [22; 21; 23] proved several optimal or
sharp smooth convergence theorems for the mean curvature flow of submanifolds
in space forms, which imply optimal or sharp differentiable sphere theorems for
submanifolds in space forms.

Inspired by these developments, we prove the following differentiable sphere
theorem for compact submanifolds in Riemannian manifolds.

Theorem 1.1. Let Mn (n ≥ 4, n ̸= 7, 8) be an n-dimensional compact simply
connected submanifold in an N-dimensional Riemannian manifold M N . If

|A|
2 <

16
3

(
K min −

1
4

K max

)
+

|H |
2

n − 2
,

then M is diffeomorphic to Sn .

Theorem 1.1 refines Xu and Zhao’s topological sphere theorem in [40] to a
differentiable sphere theorem. More differentiable sphere theorems for compact
submanifolds in Riemannian manifolds will be proved in Section 6.

If the ambient space is a space form of constant sectional curvature c, then
the condition in Theorem 1.1 simplifies to |A|

2 < 4c +
|H |

2

n−2 . With the aid of the
homology vanishing theorem for compact submanifolds and the mean curvature
flow of arbitrary codimension, we prove the following differentiable sphere theorem
for compact submanifolds in space forms under a weak pinching condition.

Theorem 1.2. Let Mn be an n-dimensional compact simply connected submanifold
in a simply connected space form FN (c) of constant sectional curvature c.
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(i) If c ≥ 0, n ≥ 5, n ̸= 7, 8, |H | > 0 for c = 0, and

|A|
2
≤ 4c +

|H |
2

n − 2
,

then M is diffeomorphic to Sn .

(ii) If c < 0, n ≥ 9, and

|A|
2
≤ 4c +

|H |
2

n − 2
,

then M is diffeomorphic to Sn .

For c > 0 and n ≥ 5, consider

Mn(ε) := S2(ε) × Sn−2(√1/c − ε2 )
⊂ Sn+1(1/

√
c
)
,

with 0 < ε < 1/
√

c. Intuitively, Mn(ε) is simply connected and not homeomorphic
to the sphere. By a direct computation, we have

|A|
2
−

|H |
2

n − 2
=

2(n − 4)

n − 2
1
ε2 +

2n
n − 2

c.

For n ≥ 5, one has

2(n − 4)

n − 2
1
ε2 +

2n
n − 2

c → +∞ as ε → 0,

2(n − 4)

n − 2
1
ε2 +

2n
n − 2

c → 4c as ε →
1

√
c
.

Therefore, for any constant C > 4c, there is 0 < ε < 1/
√

c such that Mn(ε) satisfies
|A|

2
≤ C +

|H |
2

n−2 . So for c > 0, Theorem 1.2 is sharp in the sense that the constant 4c
in the pinching condition is the largest constant such that the differentiable sphere
theorem holds. For c > 0 and n = 7, 8, M is homeomorphic to the sphere under
the same pinching condition (see Theorem 4.1 in Section 4).

The paper is organized as follows. In Section 2, we introduce the relevant concepts
and some curvature inequalities for Riemannian manifolds. In Section 3, we prove
Theorem 1.1 with the aid of the classification theorem for Riemannian manifolds
proved by using Ricci flow techniques. In Section 4, we prove a topological sphere
theorem for compact submanifolds in space forms FN (c) with c ≥ 0, utilizing the
homology vanishing theorem for compact submanifolds. In Section 5, we prove
Theorem 1.2 by applying the mean curvature flow techniques. In Section 6, more
differentiable sphere theorems for compact submanifolds under different curvature
pinching conditions are proved.
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2. Notation and formulas

Let (Mn, g) be an n-dimensional Riemannian submanifold in a Riemannian man-
ifold M N of dimension N with metric g. We shall make use of the following
convention on the range of indices:

1 ≤ i, j, k, . . . ≤ n, 1 ≤ A, B, C, . . . ≤ N , and n + 1 ≤ α, β, γ, . . . ≤ N .

We choose a local orthonormal frame {ei } for the tangent bundle and a local
orthonormal frame {eα} for the normal bundle. Let {ωA} be the dual frame field
corresponding to {eA}. Denote by Rm and Rm the Riemannian curvature tensors of
M and M . Then we have

Rm =
∑

i, j,k,l
Ri jklωi ⊗ ω j ⊗ ωk ⊗ ωl,

Rm =
∑

A,B,C,D
R ABC DωA ⊗ ωB ⊗ ωC ⊗ ωD.

Let A and H be the second fundamental form and the mean curvature vector of M ,
given by

A =
∑

i, j,α
Aα

i jωi ⊗ ω j ⊗ eα, H =
∑
α

Hαeα, Hα
=

∑
i

Aα
i i .

We have the Gauss equation

Ri jkl = Ri jkl +
∑
α

(
Aα

ik Aα
jl − Aα

il Aα
jk

)
.

The trace-free second fundamental form Å is defined by Å = A −
1
n g ⊗ H . Then

Å =
∑

i, j,α
Åα

i jωi ⊗ ω j ⊗ eα, Åα
i j = Aα

i j −
1
n

Hαδi j .

The sectional curvature, Ricci curvature, and scalar curvature on M and M are
defined as K , K , Ric, Ric, R, and R, respectively. Thus, we have

Ric(ei ) =
∑

j
Ri j i j , Ric(eA) =

∑
B

R AB AB, R =
∑
i, j

Ri j i j , R =
∑
A,B

R AB AB .

The normalized scalar curvature R0 on M is defined as

R0 =
R

N (N − 1)
.

Set
K min(x) = min

π⊂Tx M
K (π), Ricmin(x) = min

u∈Ux M
Ric(u),

K max(x) = max
π⊂Tx M

K (π), Ricmax(x) = max
u∈Ux M

Ric(u).
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We have Berger’s inequalities:

|R AC BC | ≤
1
2(K max − K min) for all distinct indices A, B, C,

|R ABC D| ≤
2
3(K max − K min) for all distinct indices A, B, C, D.

For any unit tangent vector u ∈ Ux M at point x ∈ M , let V k
x be a k-dimensional

subspace of Tx M satisfying u ⊥ V k
x . Choose an orthonormal basis {eA} in Tx M

such that for distinct indices 1 ≤ A0, A1, . . . , Ak ≤ N , we have

eA0 = u, span{eA1, . . . , eAk } = V k
x .

The k-th Ricci curvature on M is defined as

Ric(k)
(
u; V k

x
)
= Ric(k)

(
[eA0, eA1, . . . , eAk ]

)
=

k∑
p=1

R A0 Ap A0 Ap .

Set
Ric(k)

min(x) = min
u∈Ux M

min
u⊥V k

x ⊂Tx M
Ric(k)(u; V k

x ),

Ric(k)
max(x) = max

u∈Ux M
max

u⊥V k
x ⊂Tx M

Ric(k)(u; V k
x ).

Extend the orthonormal s-frame {eA0, . . . , eAs−1} on Tx M to an orthonormal
(k + 1)-frame {eA0, . . . , eAk } for 1 ≤ s ≤ k + 1 ≤ N . The (k, s)-curvature on M is
defined as

R(k,s)([eA0, eA1, . . . , eAk ]) =

s−1∑
p=0

k∑
q=0

R Ap Aq Ap Aq .

Set
R(k,s)

min (x) = min
{eA0 ,eA1 ,...,eAk }⊂Tx M

R(k,s)([eA0, eA1, . . . , eAk ]),

R(k,s)
max (x) = max

{eA0 ,eA1 ,...,eAk }⊂Tx M
R(k,s)([eA0, eA1, . . . , eAk ]).

The s-th weak Ricci curvature on M is defined as

Ric[s]([eA0, eA1, . . . , eAN−1]) = R(N−1,s)([eA0, eA1, . . . , eAN−1])

=

s−1∑
p=0

N−1∑
q=0

R Ap Aq Ap Aq .

Set
Ric[s]

min(x) = min
{eA0 ,eA1 ,...,eAN−1 }⊂Tx M

Ric[s]([eA0, eA1, . . . , eAN−1]),

Ric[s]
max(x) = max

{eA0 ,eA1 ,...,eAN−1 }⊂Tx M
Ric[s]([eA0, eA1, . . . , eAN−1]).



DIFFERENTIABLE SPHERE THEOREMS FOR COMPACT SUBMANIFOLDS 433

The k-th scalar curvature on M is defined as

R(k)([eA0, eA1, . . . , eAk ]) = R(k,k+1)([eA0, eA1, . . . , eAk ]) =

k∑
p=0

k∑
q=0

R Ap Aq Ap Aq .

Set
R(k)

min = min
{eA0 ,eA1 ,...,eAk }⊂Tx M

R(k)([eA0, eA1, . . . , eAk ]),

R(k)
max = max

{eA0 ,eA1 ,...,eAk }⊂Tx M
R(k)([eA0, eA1, . . . , eAk ]).

Remark 2.1. Based on the definitions, the Ricci curvature of M is equivalent to
its (N − 1, 1)-curvature, its (N − 1)-th Ricci curvature, and its 1-st weak Ricci
curvature. The scalar curvature of M is equivalent to its (N − 1, N )-curvature, its
N -th weak Ricci curvature, and its (N − 1)-th scalar curvature.

Without loss of generality, all manifolds and submanifolds in this paper are
assumed to be connected and without boundary.

3. Differentiable sphere theorem for compact submanifolds
in Riemannian manifolds

To prove the sphere theorem, we need the classification theorem for compact
Riemannian manifolds with positive isotropic curvature. For an n-dimensional
(n ≥ 4) Riemannian manifold Mn , if the Riemannian curvature tensor R of Mn

satisfies R1313 + R1414 + R2323 + R2424 − 2R1234 > 0 for every orthonormal four-
frame {e1, e2, e3, e4}, then we say that M has positive isotropic curvature. Recently,
Brendle [4] utilized curvature pinching estimates under Ricci flow to demonstrate
that compact Riemannian manifolds with positive isotropic curvature in dimen-
sions n ≥ 12 maintain the pinching condition under Ricci flow. This led to the
development of a classification theorem for compact Riemannian manifolds with
positive isotropic curvature, thereby strengthening the intrinsic connection between
curvature conditions and differential structure, and extending the applicability of
classical differentiable sphere theorems. Chen [7] further extended the theorem to
dimensions n ≥ 9.

Theorem F [4; 7]. Let Mn be an n-dimensional (n ≥ 9) compact manifold with
positive isotropic curvature. If M does not contain any essential incompressible
(n−1)-dimensional space forms, then M is diffeomorphic to a connected sum of
finitely many spaces, each of which is a quotient of Sn or Sn−1

× R by standard
isometries.

In the above theorem, an incompressible space form N n−1 in Mn is an (n − 1)-
dimensional submanifold diffeomorphic to Sn−1/0 such that the fundamental group
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π1(N ) injects into π1(M). The space form is said to be essential unless 0 is trivial,
or 0 = Z2 and the normal bundle is nonorientable.

Proposition 3.1. Let M be an n-dimensional (n ≥ 4) compact simply connected
Riemannian manifold. Then there is no essential (n−1)-dimensional incompressible
space form in M.

Proof. Let N be an (n − 1)-dimensional submanifold that is diffeomorphic to
Sn−1/0 in the Riemannian manifold M . By applying the Killing–Hopf theorem
[15; 16], we deduce that π1(N ) = π1(S

n−1/0) ≈ 0 as Sn−1 is simply connected.
Clearly, if 0 is nontrivial, then there is no injective homomorphism from π1(N ) to
π1(M), since 0 contains more than one element, while π1(M) is trivial. Therefore,
there is no essential (n − 1)-dimensional incompressible space form in M . □

Using the above proposition, we present the proof of Theorem 1.1.

Proof of Theorem 1.1. From the definition of the second fundamental form, we have

|A|
2
=

n∑
i, j=1

(Aα
i j )

2
=

n∑
i=1

(Aα
i i )

2
+

∑
i ̸= j

(Aα
i j )

2.

For all distinct indices p, q , k, l, applying the Cauchy inequality yields( n∑
i=1

Aα
i i

)2

≤ (n − 2)

[
(Aα

pp + Aα
qq)2 + (Aα

kk + Aα
ll)

2
+

∑
i ̸=p,q,k,l

(Aα
i i )

2
]

= (n − 2)

( n∑
i=1

(Aα
i i )

2
+ 2Aα

pp Aα
qq + 2Aα

kk Aα
ll

)
.

This inequality implies

(3-1) 2Aα
pp Aα

qq + 2Aα
kk Aα

ll ≥

(∑n
i=1 Aα

i i

)2

n − 2
−

n∑
i=1

(Aα
i i )

2

=

(∑n
i=1 Aα

i i

)2

n − 2
+

∑
i ̸= j

(Aα
i j )

2
−

n∑
i, j=1

(Aα
i j )

2.

Suppose {e1, e2, e3, e4} is an orthonormal four-frame. By the Gauss equation, we
have

(3-2) R1313 + R1414 + R2323 + R2424 − 2R1234

= R1313 + R1414 + R2323 + R2424 − 2R1234

+

∑
α

[
Aα

11 Aα
33 + Aα

11 Aα
44 + Aα

22 Aα
33 + Aα

22 Aα
44 − (Aα

13)
2
− (Aα

14)
2

−(Aα
23)

2
− (Aα

24)
2
− 2(Aα

13 Aα
24 − Aα

14 Aα
23)

]
.
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Applying Berger’s inequality yields

R1234 ≤
2
3(K max − K min).

Hence,

(3-3) R1313 + R1414 + R2323 + R2424 − 2R1234 ≥ 4K min −
4
3(K max − K min).

By (3-1), we obtain the following estimate for the first four terms in brackets on
the right-hand side of (3-2):

(3-4) Aα
11 Aα

33 + Aα
11 Aα

44 + Aα
22 Aα

33 + Aα
22 Aα

44

≥

(∑n
i=1 Aα

i i

)2
n − 2

+

∑
i ̸= j

(Aα
i j )

2
−

n∑
i, j=1

(Aα
i j )

2.

Combining (3-2)–(3-4), we obtain

(3-5) R1313 + R1414 + R2323 + R2424 − 2R1234

≥
16
3 (K min −

1
4 K max)

+

∑
α

[(∑n
i=1 Aα

i i

)2

n − 2
+

∑
i ̸= j

(Aα
i j )

2
−

n∑
i, j=1

(Aα
i j )

2

− 2(Aα
13)

2
− 2(Aα

14)
2
− 2(Aα

23)
2
− 2(Aα

24)
2
]

≥
16
3

(
K min −

1
4 K max

)
+

|H |
2

n − 2
− |A|

2.

Therefore, under the assumption of Theorem 1.1, M has positive isotropic curvature.
When n = 4, by [8; 9; 14], M is diffeomorphic to the standard sphere.
When n = 5, 6, it is known from [27] that M is homeomorphic to a sphere. As

the differentiable structure on the topological sphere of dimension 5 or 6 is unique,
M is diffeomorphic to the standard sphere.

When n ≥ 9, Proposition 3.1 implies that M contains no essential (n − 1)-
dimensional incompressible spatial form. By Theorem F, M is diffeomorphic to
the standard sphere. □

4. Topological sphere theorem for compact submanifolds in space forms

In this section, we prove a topological sphere theorem for compact submanifolds in
space forms of nonnegative sectional curvature.
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Theorem 4.1. Let Mn be an n-dimensional (n ≥ 5) compact simply connected
submanifold in a simply connected space FN (c) with c ≥ 0. Assume that |H | > 0
for c = 0. If

|A|
2
≤ 4c +

|H |
2

n − 2
,

then M is homeomorphic to Sn .

Theorem 4.1 provides a proof of the case n = 5, 6 of (i) in Theorem 1.2.
We need the following homology vanishing theorem for compact submanifolds

in space forms to prove Theorem 4.1. Lawson and Simons [19] initially established
the homology vanishing theorem for compact submanifolds in spheres under a strict
pointwise pinching condition. Subsequently, Xin [35] generalized this theorem to
compact submanifolds in the Euclidean space. It was observed by Elworthy and
Rosenberg [10] that the Lawson–Simons theorem still holds under a weak pinching
condition that is strict at some point. This generalization is also true for compact
submanifolds in the Euclidean space.

Theorem 4.2 [10; 19; 35]. Let Mn be an n-dimensional (n ≥ 5) compact submani-
fold in a simply connected space form FN (c) with nonnegative constant curvature c.
Assume that, for an integer 0 < q < n,

(4-1)
n∑

k=q+1

q∑
i=1

(
2|A(ei , ek)|

2
− ⟨A(ei , ei ), A(ek, ek)⟩

)
≤ q(n − q)c

holds for any orthonormal basis {ei } of Tx M at any point x ∈ M. If there is a point
such that (4-1) is strict for any orthonormal basis {ei } at that point, then there do
not exist any stable q-currents, and

Hq(M; Z) = Hn−q(M; Z) = 0,

where Hi (M; Z) is the i-th homology group of M with integer coefficients.

Proof of Theorem 4.1. We follow the computation in [31]. For any orthonormal
basis {eα} of the normal space at a point,

(4-2)
n∑

k=q+1

q∑
i=1

(
2|A(ei , ek)|

2
− ⟨A(ei , ei ), A(ek, ek)⟩

)
= 2

∑
α

n∑
k=q+1

q∑
i=1

(Aα
ik)

2
−

∑
α

n∑
k=q+1

q∑
i=1

Aα
i i Aα

kk

=

∑
α

[
2

n∑
k=q+1

q∑
i=1

(Aα
ik)

2
−

( q∑
i=1

Aα
i i

)(
Hα

−

q∑
i=1

Aα
i i

)]
.
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We take r = n − q and set

Zα := −

( q∑
i=1

Aα
i i

)(
Hα

−

q∑
i=1

Aα
i i

)
, Sα :=

n∑
i, j=1

(Aα
i j )

2, S̃α :=

n∑
i=1

(Aα
i i )

2.

Applying the Cauchy inequality, we have

(4-3) qr S̃α = qr
q∑

i=1

(Aα
i i )

2
+ qr

n∑
k=q+1

(Aα
kk)

2

≥ r
( q∑

i=1

Aα
i i

)2

+ q
( n∑

k=q+1

Aα
kk

)2

= (r + q)

( q∑
i=1

Aα
i i

)2

− 2q Hα

( q∑
i=1

Aα
i i

)
+ q(Hα)2.

This inequality implies

(4-4) nZα + (r−q)Hα

( q∑
i=1

Aα
i i

)
+ q(Hα)2

− qr S̃α ≤ 0.

By the definition and applying the Cauchy inequality, we have

S̃α −
1
n
(Hα)2

=

q∑
i=1

( Åα
i i )

2
+

n∑
k=q+1

( Åα
kk)

2
≥

1
q

( q∑
i=1

Åα
i i

)2

+
1
r

( n∑
k=q+1

Åα
kk

)2

=

(1
q

+
1
r

)( q∑
i=1

Åα
i i

)2

.

Hence, ∣∣∣∣ q∑
i=1

Åα
i i

∣∣∣∣ ≤

√
qr
n

(
S̃α −

1
n (Hα)2).

Combining this inequality with (4-4), we get

Zα ≤
qr
n

S̃α −

(q(r−q)

n2 +
q
n

)
(Hα)2

+
|r−q|

n
|Hα

|

√
qr
n

(
S̃α −

1
n (Hα)2).

Substituting this inequality into (4-2) yields
n∑

k=q+1

q∑
i=1

(2|A(ei , ek)|
2
− ⟨A(ei , ei ), A(ek, ek)⟩)

≤

∑
α

{
2

n∑
k=q+1

q∑
i=1

(Aα
ik)

2
+

qr
n

S̃α −

(q(r−q)

n2 +
q
n

)
(Hα)2

+
|r−q|

n
|Hα

|

√
qr
n

(
S̃α −

1
n (Hα)2)}.
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For n ≥ 5 and 2 ≤ q ≤ n − 2, one has qr > n. So for any n − 1 ≤ α ≤ N ,

(4-5) 2
n∑

k=q+1

q∑
i=1

(Aα
ik)

2
+

qr
n

n∑
i=1

(Aα
i i )

2

=
qr
n

n∑
i, j=1

(Aα
i j )

2
−

(qr
n

− 1
) ∑

i ̸= j

(Aα
i j )

2
−

q∑
i, j=1
i ̸= j

(Aα
i j )

2
−

n∑
i, j=q+1

i ̸= j

(Aα
i j )

2

≤
qr
n

n∑
i, j=1

(Aα
i j )

2.

Applying the Cauchy inequality, we have

(4-6)
∑
α

|Hα
|

√
S̃α −

1
n
(Hα)2 ≤

√∑
α

(Hα)2 ·

∑
α

(
S̃α −

1
n
(Hα)2

)
.

Hence,

(4-7)
n∑

k=q+1

q∑
i=1

(2|A(ei , ek)|
2
− ⟨A(ei , ei ), A(ek, ek)⟩)

≤

∑
α

(qr
n

Sα −
2qr
n2 (Hα)2

)
+

|r−q|

n

√
qr
n

∑
α

(Hα)2 ·

∑
α

(
S̃α −

1
n
(Hα)2

)
≤

qr
n

(
|A|

2
−

2
n
|H |

2
+

|r−q|
√

nqr
|H |

√
|A|

2
−

1
n |H |

2
)

≤
qr
n

(
|A|

2
−

2
n
|H |

2
− nc +

n−4
√

2n(n−2)
|H |

√
|A|

2
−

1
n |H |

2
)

+ qrc.

Now we take the case c > 0. By a direct computation, we have, for 2 ≤ q ≤ n −2
and n ≥ 5,

|A|
2
−

2
n
|H |

2
− nc +

n − 4
√

2n(n − 2)
|H |

√
|A|

2
−

1
n |H |

2 < 0,

provided |A|
2
≤ 4c +

|H |
2

n−2
. Therefore,

n∑
k=q+1

q∑
i=1

(
2|A(ei , ek)|

2
− ⟨A(ei , ei ), A(ek, ek)⟩

)
< qrc

for 2 ≤ q ≤ n−2. By Theorem 4.2, Hq(M; Z) = Hn−q(M; Z) = 0 for 2 ≤ q ≤ n−2.
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Next, we consider the case c = 0. As n ≥ 5 and 2 ≤ q ≤ n − 2, by a direct
computation we have

(4-8)
n∑

k=q+1

q∑
i=1

(
2|A(ei , ek)|

2
− ⟨A(ei , ei ), A(ek, ek)⟩

)
≤

qr
n

(
|A|

2
−

2
n
|H |

2
+

n−4
√

2n(n−2)
|H |

√
|A|

2
−

1
n |H |

2
)

≤ 0,

provided |A|
2
≤ |H |

2/(n − 2). Moreover, the second inequality becomes equality
at a point if and only if |A|

2
= |H |

2/(n − 2) at this point.
If the second inequality in (4-8) is strict at a point for any orthonormal basis {ei }

at that point, then by Theorem 4.2, Hq(M; Z) = Hn−q(M; Z) = 0 for 2 ≤ q ≤ n −2.
Now we consider the case that the equality holds for the second inequality in

(4-8) at any point for a certain orthonormal basis {ei } at that point. Then at any
point, all inequalities become equalities. In particular, from (4-8), there holds
|A|

2
− |H |

2/(n − 2) ≡ 0.
At any point, given a corresponding {ei } and for any {eα}, the equality case of

(4-3) implies that for any n + 1 ≤ α ≤ N ,

Aα
11 = · · · = Aα

qq , Aα
q+1q+1 = · · · = Aα

nn.

Moreover, the equality case of (4-5) gives that for any n + 1 ≤ α ≤ N ,

Aα
i j = 0, for any i ̸= j.

This implies Sα = S̃α for any n + 1 ≤ α ≤ N .
From the equality case of (4-6) we conclude that there exists a constant ρ for

this point such that
S̃α = ρ · (Hα)2

for any n + 1 ≤ α ≤ N . Since Sα = S̃α and |A|
2
−

|H |
2

n−2
≡ 0, one has ρ =

1
n−2

.
As |H | > 0 and |A|

2
− |H |

2/n > 0, the equality case of (4-7) implies

|r−q|
√

nqr
=

n − 4
√

2n(n − 2)
.

Hence, q = 2 or q = n − 2. Without loss of generality, we choose q = 2.
As |H |> 0 on M , at any point we can choose {eα} such that en+1 = H/|H |. Then

H n+1
= |H | and Hα

= 0 for any α = n + 2, . . . , N . Since Aα
i j = 0 for any α and

i ̸= j , and S̃α =
1

n−2(Hα)2 for any α, we conclude that Aα
= 0 for α = n+2, . . . , N .

Thus,
Sn+1 =

∑
i, j

(An+1
i j )2

= |A|
2
=

|H |
2

n−2
.

This implies An+1
i j ≤|A|= |H |/

√
n − 2< |H |. Therefore, by Proposition 2.5 in [28],

M lies in an (n +1)-dimensional affine subspace of RN . Since M is a hypersurface
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in Rn+1, its second fundamental form can be considered as a symmetric 2-tensor
A = {Ai j } and the mean curvature H of M is essentially a scalar function. We have
|A|

2
− H 2/(n −2) ≡ 0, and at any point there is an orthonormal basis {ei } such that

A11 = A22, A33 = · · · = Ann, Ai j = 0 for all i ̸= j.

Therefore, M is a compact hypersurface in Rn+1 with two distinct principal curva-
tures of multiplicities 2 and n −2. We denote the two principal curvatures by λ and
µ, respectively. Then λ and µ are smooth functions on M . We may assume H > 0.
Since

2λ + (n − 2)µ = H and 2λ2
+ (n − 2)µ2

=
H 2

n − 2
,

we have, by a direct computation,

λ = 0 and µ =
H

n − 2
,

or
λ =

2
n

H and µ =
n − 4

n(n − 2)
H.

In the first subcase, one has λµ = 0. By the Gauss equation, at any point of M
there exists a tangent plane with zero sectional curvature. However, since M is a
compact hypersurface in Rn+1, there exists a point of M at which all the sectional
curvatures are positive. Therefore, this subcase is impossible.

For the second subcase, we will prove that M is isoparametric. By Theorem 2
in [29] and its corollary, the distribution of the space of the principal vectors
corresponding to λ (resp., µ) is completely integrable, and λ (resp., µ) is constant
on each integral submanifold of the corresponding distribution of the space of the
principal vectors. At any point of M , there exists a corresponding {ei } such that
e1, e2 are principal vectors of λ and e3, . . . , en are principal vectors of µ. Putting

dλ =

n∑
k=1

λ,kωk, dµ =

n∑
k=1

µ,kωk,

one has at this point that

λ,1 = λ,2 = 0, µ,3 = · · · = µ,n = 0.

Putting

d H =

n∑
k=1

Hkωk,

we have
Hi =

n
2
λ,i = 0, for i = 1, 2,

and

H j =
n(n − 2)

n − 4
µ, j = 0, for j = 3, . . . , n.

Consequently, d H = 0 at this point. Since the point is arbitrary, one gets d H = 0
on M . This implies that the mean curvature is constant on M and the principal
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curvatures λ and µ are both constant. Therefore, M is an isoparametric hypersurface
in Rn+1 with two distinct principal curvatures λ and µ. By Cartan’s formula, λµ= 0.
This leads to a contradiction.

In summary, we conclude that there always exists a point of M such that the
second inequality in (4-8) is strict at this point for any orthonormal basis {ei }.
Therefore, Hq(M; Z) = Hn−q(M; Z) = 0 for 2 ≤ q ≤ n − 2.

Finally, we give the proof of Theorem 4.1. Since M is simply connected, it is
oriented (see Theorem 15.43 in [20] for a proof). By the Hurewicz theorem (see
Theorem 5 in Chapter 7 of [34]), the homotopy groups of M satisfy πi (M) = 0
for i = 1, . . . , n − 1. So M is a homotopy sphere. By the proof of the generalized
Poincaré conjecture [33], M is a topological sphere. □

5. Differentiable sphere theorem for compact submanifolds in space forms

We will use the mean curvature flow as a tool to prove Theorem 1.2.
Let M be an n-dimensional compact submanifold in a simply connected space

form FN (c) of constant sectional curvature c. Denote by F the immersion. We
deform M by the mean curvature flow F : Mn

× [0, T ) → FN (c) that satisfies

∂

∂t
F(x, t) = H(x, t),

where H(x, t) is the mean curvature vector of the submanifold Mt = F(M, t).

Lemma 5.1. Let F : Mn
× [0, T ) → FN (c) be a mean curvature flow of compact

submanifolds of dimension n ≥ 8 in a simply connected space form FN (c). Assume
M0 satisfies |A|

2
≤4c+ |H |

2

n−2 , and |H |>0 for c=0. Then Mt satisfies |A|
2 <4c+ |H |

2

n−2
for t > 0.

Proof. As in [1; 2; 26], we set Q = |A|
2
− a|H |

2
− bc. Then

(5-1)
(

∂

∂t
− 1

)
Q = −2(|∇ A|

2
− a|∇ H |

2) + 2R1 − 2a R2

− 2nc| Å|
2
− 2n

(
a−

1
n

)
c|H |

2,

where

R1 =

∑
α,β

(∑
i, j

Aα
i j Aβ

i j

)2

+ |R⊥
|
2 and R2 =

∑
i, j

(∑
α

Hα Aα
i j

)2

,

with

|R⊥
|
2
=

∑
i, j,α,β

(∑
k

(Aα
ik Aβ

jk − Aβ

ik Aα
jk)

)2

=

∑
α,β

N (Aα Aβ
− Aβ Aα).

Here Aα
= (Aα

i j ) and N ( · ) denotes the squared Frobenius norm of a matrix.
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At the point where |H | ̸= 0, we choose {eα} such that en+1 = H/|H | at this point.
Let AH =

∑
i, j An+1

i j ωi
⊗ ω j , AI = A − AH , ÅH = AH −

1
n H ⊗ g, ÅI = Å − ÅH .

From the definitions, it follows that

|AH |
2
= |An+1

|
2, |AI |

2
=

∑
α>n+1

|Aα
|
2
= |A|

2
− |AH |

2,

| ÅH |
2
= | Ån+1

|
2, | ÅI |

2
=

∑
α>n+1

|Aα
|
2
= | Å|

2
− | ÅH |

2.

Notice that |AH |
2
= | ÅH |

2
+

1
n |H |

2 and | ÅI |
2
= |AI |

2. By the calculations in [1],
one has

(5-2) 2R1 − 2a R2 = 2| ÅH |
4
− 2

(
a−

2
n

)
| ÅH |

2
|H |

2
−

2
n

(
a−

1
n

)
|H |

4

+ 4
∑

α>n+1

(∑
i, j

Ån+1
i j Åα

i j

)2

+ 4
∑

α>n+1

N (An+1 Åα
− Åα An+1)

+ 2
∑

α,β>n+1

(∑
i, j

Åα
i j Åβ

i j

)2

+ 2
∑

α,β>n+1

N ( Åα Åβ
− Åβ Åα).

For the first line of the right-hand side of (5-2), we replace |H |
2 with

| ÅH |
2
+ | ÅI |

2
− bc − Q

a −
1
n

and get

(5-3) 2| ÅH |
4
− 2

(
a−

2
n

)
| ÅH |

2
|H |

2
−

2
n

(
a−

1
n

)
|H |

4

= −

(
2 +

2

n
(
a−

1
n

))
| ÅH |

2
| ÅI |

2
+

(
2 +

2

n
(
a−

1
n

))
| ÅH |

2 Q

+

(
2b +

2b

n
(
a−

1
n

))
c| ÅH |

2
−

2

n
(
a−

1
n

) | ÅI |
4
+

4

n
(
a−

1
n

) | ÅI |
2 Q

+
4bc

n
(
a−

1
n

) | ÅI |
2
−

4bc

n
(
a−

1
n

) Q −
2b2c2

n
(
a−

1
n

) −
2

n
(
a−

1
n

) Q2.

For the last two lines of the right side of (5-2), the computations in [1] give

(5-4)
∑

α>n+1

(∑
i, j

Ån+1
i j Åα

i j

)2

+

∑
α>n+1

N (An+1 Åα
− Åα An+1) ≤ 2| ÅH |

2
| ÅI |

2
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and

(5-5) 2
∑

α,β>n+1

(∑
i, j

Åα
i j Åβ

i j

)2

+ 2
∑

α,β>n+1

N ( Åα Åβ
− Åβ Åα) ≤ 3| ÅI |

4.

Combining (5-2)–(5-5), we have

(5-6) 2R1 − 2a R2 ≤

(
6 −

2

n
(
a−

1
n

))
| ÅH |

2
| ÅI |

2
+

(
3 −

2

n
(
a−

1
n

))
| ÅI |

4

+

(
2 +

2

n
(
a−

1
n

))
| ÅH |

2 Q +
4

n
(
a−

1
n

) | ÅI |
2 Q

+

(
2b +

2b

n
(
a−

1
n

))
c| ÅH |

2
+

4bc

n
(
a−

1
n

) | ÅI |
2

−
4bc

n
(
a−

1
n

) Q −
2b2c2

n
(
a−

1
n

) −
2

n
(
a−

1
n

) Q2.

We also calculate that

(5-7) −2nc| Å|
2
− 2n

(
a−

1
n

)
c|H |

2
= −2nc| Å|

2
− 2nc(| Å|

2
− bc − Q)

= −4nc| ÅH |
2
− 4nc| ÅI |

2
+ 2nc2b + 2ncQ.

Substituting (5-6) and (5-7) into (5-1) yields

(5-8)
(

∂

∂t
− 1

)
Q

≤ −2
(
|∇ A|

2
− a|∇ H |

2)
+

(
6 −

2

n
(
a−

1
n

))
| ÅH |

2
| ÅI |

2
+

(
3 −

2

n
(
a−

1
n

))
| ÅI |

4

+

(
2b +

2b

n
(
a−

1
n

) − 4n
)

c| ÅH |
2
+

(
4b

n
(
a−

1
n

) − 4n
)

c| ÅI |
2

+

(
2
(
a−

2
n

)
a −

1
n

| ÅH |
2
+

4

n
(
a−

1
n

)(| Å|
2
− bc) + 2nc

)
Q

+

(
2nb −

2b2

n
(
a−

1
n

))
c2

−
2

n
(
a−

1
n

) Q2.

For n ≥ 8, we choose a =
1

n−2 and b = 4, satisfying the condition a < 3
n+2 . We

also have the following gradient inequality for submanifolds in FN (c):

(5-9) |∇ A|
2
≥

3
n + 2

|∇ H |
2.
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From this inequality, we derive −2
(
|∇ A|

2
−

1
n−2 |∇ H |

2
)
≤ 0. Consequently, we

discard this term in (5-8).
We will analyze the following three cases separately: c = 0, c < 0 and c > 0 for

the constant curvature c of the space form FN (c).

Case c = 0: Since |H | > 0 at t = 0, there is a t0 > 0 such that |H | > 0 for t ∈ [0, t0].
At any point in Mt for t ∈ [0, t0], (5-8) implies(

∂

∂t
− 1

)
Q ≤

(
6 −

2

n
(
a−

1
n

))
| ÅH |

2
| ÅI |

2
+

(
3 −

2

n
(
a−

1
n

))
| ÅI |

4

−
2

n
(
a−

1
n

) Q2
+

(
2
(
a−

2
n

)
a −

1
n

| ÅH |
2
+

4

n
(
a−

1
n

) | Å|
2
)

Q.

Since a =
1

n−2 , one has

6 −
2

n
(
a−

1
n

) = −(n − 8) ≤ 0, −
2

n
(
a−

1
n

) = −(n − 2) < 0.

Therefore,

(5-10)
(

∂

∂t
− 1

)
Q ≤ −(n − 5)| ÅI |

4
+

(
−(n − 4)| ÅH |

2
+ 2(n − 2)| Å|

2)Q.

By the maximum principle, (5-10) implies that Q ≤ 0 is preserved on [0, t0].
By (5-10) we have, on [0, t0],

(5-11)
(

∂

∂t
− 1

)
Q ≤ −(n − 5)| ÅI |

4
− (n − 4)| ÅH |

2 Q.

Since −(n − 5)| ÅI |
4
≤ 0, by the strong maximum principle, either Q < 0 for all

t ∈ (0, t0], or Q ≡ 0 for all t ∈ [0, t0].
Recall that we discarded the nonpositive term −2

(
|∇ A|

2
−

1
n−2 |∇ H |

2
)

in the
above computations. If we retain this item, then (5-11) becomes(

∂

∂t
− 1

)
Q ≤ −2

(
|∇ A|

2
−

1
n−2

|∇ H |
2
)

− (n − 5)| ÅI |
4
− (n − 4)| ÅH |

2 Q.

If Q ≡ 0 for all t ∈ [0, t0], this inequality implies |∇ A|
2
−

1
n−2 |∇ H |

2
≡ 0 and

ÅI ≡ 0. As 1
n−2 < 3

n+2 for n ≥ 8, it follows from (5-9) that ∇ A ≡ 0, i.e., the second
fundamental form is parallel. Therefore, M lies in an (n + 1)-dimensional affine
subspace of RN , and the second fundamental form of the hypersurface M in Rn+1

is parallel. Then by [18], M = Sk(r) × Rn−k for k = 0, 1, 2, 3, . . . , n. Since M
is compact, we conclude that k = n and M = Sn(r). This implies |A|

2
≡

1
n |H |

2,
which is a contradiction to that Q ≡ 0. Therefore, Q < 0 for all t ∈ (0, t0]. By the
maximum principle, Q < 0 for all t > 0.

Case c < 0: At t = 0, the pinching condition implies that |H | > 0. Then there is a
t0 > 0 such that |H | > 0 for t ∈ [0, t0].
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As a =
1

n−2 and b = 4, (5-8) implies that, at any point in Mt for t ∈ [0, t0],

(5-12)
(

∂

∂t
− 1

)
Q

≤
[
−(n − 4)| ÅH |

2
+ 2(n − 2)(| Å|

2
− bc) + 2nc

]
Q − 8(n − 4)c2.

As −8(n − 4)c2 < 0, by the maximum principle, Q ≤ 0 is preserved on [0, t0].
By the strong maximum principle, either Q < 0 for all t ∈ (0, t0], or Q ≡ 0 for all
t ∈ [0, t0]. For the second case, (5-12) implies

0 ≤ −8(n − 4)c2 < 0,

which is impossible. Therefore, Q < 0 for all t ∈ (0, t0]. By the maximum principle,
Q < 0 for all t > 0.

Case c > 0: We first consider the point |H | ̸= 0. For x, y ≥ 0, define the function

F(x, y) =

(
6 −

2

n
(
a−

1
n

))
xy +

(
3 −

2

n
(
a−

1
n

))
y2

+

(
2b +

2b

n
(
a−

1
n

) − 4n
)

cx +

(
4b

n
(
a−

1
n

) − 4n
)

cy +

(
2nb −

2b2

n
(
a−

1
n

))
c2.

As a =
1

n−2 and b = 4, F(x, y) can be expressed as

F(x, y) = −(n − 8)xy − (n − 5)y2
+ 4(n − 4)cy − [8(n − 4) − ϵ]c2

− ϵc2.

As n ≥ 8, we have −(n − 8)≤0. Hence, we only need to consider the function

f (y) = −(n − 5)y2
+ 4(n − 4)cy − [8(n − 4) − ϵ]c2.

The discriminant of this quadratic satisfies

△ = 16(n − 4)2
− 4(n − 5)[8(n − 4) − ϵ] < 0

for a sufficiently small ϵ > 0. So f (y) < 0 for this ϵ. Therefore,

F
(
| ÅH |

2, | ÅI |
2) < −ϵc2.

Thus, (5-8) implies

(5-13)
(

∂

∂t
− 1

)
Q ≤

[
−(n − 4)| ÅH |

2
+ 2(n − 2)(| Å|

2
− bc) + 2nc

]
Q − ϵc2.

If |H | = 0 at a point, then Q = |A|
2
− bc, which implies | Å|

2
= |A|

2
= Q + bc.

Therefore, by the Li–Li inequality [25],(
∂

∂t
−1

)
Q ≤3| Å|

4
−2nc| Å|

2
=3| Å|

2(Q+bc)−2nc| Å|
23| Å|

2 Q+(3b−2n)c| Å|
2.

As b = 4, 3b − 2n = −2(n − 6) < 0. Hence,

(5-14)
(

∂

∂t
− 1

)
Q ≤

(
3| Å|

2
− 2(n − 6)c

)
Q − 8(n − 6)c2.
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Therefore, by the maximum principle, we see from (5-13) and (5-14) that Q ≤ 0
is preserved.

Moreover, by (5-13) and (5-14), one always has(
∂

∂t
− 1

)
Q ≤ −γ1(| Å|

2
+ c)Q − γ2

for positive constants γ1 and γ2. Therefore, by the strong maximum principle, either
Q < 0 for all t > 0, or Q ≡ 0 for all t ≥ 0. However, for the second case, the above
inequality implies

0 ≤ −γ1 < 0,

which is impossible. Therefore, Q < 0 for all t > 0. □

Remark 5.2. For 4 ≤ n ≤ 7, by a similar computation, the pinching condition
|A|

2
≤ a|H |

2
+ bc for certain 1

n−1 < a < 1
n−2 and 2 < b < 4 is also preserved.

Proof of Theorem 1.2.. When n =5, 6, if c >0, or c =0 and |H |>0, by Theorem 4.1,
M is a topological sphere. Since the differentiable structure on a topological sphere
of dimension 5 or 6, M is diffeomorphic to the standard sphere.

When n ≥ 9, combining Theorem 1.1 and Lemma 5.1, we conclude that M is
diffeomorphic to the standard sphere. □

6. More differentiable sphere theorems for compact submanifolds

We present two more differentiable sphere theorems for compact submanifolds in
Riemannian manifolds.

Theorem 6.1. Let Mn (n ≥ 4, n ̸= 7, 8) be an n-dimensional compact simply
connected submanifold in an N-dimensional Riemannian manifold M N . Suppose
that one of the following conditions holds:

(i) |A|
2 < 10

3

(
Ricmin −

5N−11
5 K max

)
+

|H |
2

n−2 .

(ii) |A|
2 < 7N

6s

(
Ric[s]

min −
s(7N 2

−7N−24)
7N K max

)
+

|H |
2

n−2 for some 1 ≤ s ≤ N.

(iii) |A|
2 < 7N (N−1)

6

(
R0 −

7N 2
−7N−24

7N (N−1)
K max

)
+

|H |
2

n−2 .

Then M is diffeomorphic to Sn .

Proof. As in Theorem 1.1, we need only show that M has positive isotropic curvature.

(i) For any x ∈ M , suppose u, v ∈ Ux M be two orthonormal vectors such that
K (π) = K min(x), where π = span{u, v}. Let V k

x ⊂ Tx M be a k-dimensional sub-
space such that v ∈ V k

x and u ⊥ V k
x . Define eA0 = u, eA1 = v, and let {eA1, . . . , eAk }
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be an orthonormal basis of V k
x . We have

Ric(k)
(
[eA0, eA1, . . . , eAk ]

)
=

k∑
p=1

R A0 Ap A0 Ap = R A0 A1 A0 A1 +

k∑
p=2

R A0 Ap A0 Ap

≤ K min + (k − 1)K max.

By the definition of Ric(k)
min, one has

(6-1) K min ≥ Ric(k)
min − (k − 1)K max.

Suppose {e1, e2, e3, e4} is an orthonormal four-frame. Extend {e1, e2, e3, e4} to
an orthonormal (k + 1)-frame {e1, . . . , ek+1}. Then

Ric(k)([e1, e2, . . . , ek+1]) =

k+1∑
p=2

R1p1p = R1313 + R1414 +

(
R1212 +

k+1∑
p=5

R1p1p

)
≤ R1313 + R1414 + (k − 2)K max.

This implies

(6-2) R1313 + R1414 ≥ Ric(k)
min − (k − 2)K max.

Combining (6-1) and (6-2) with Berger’s inequality, we obtain

(6-3) R1313 + R1414 − R1234 ≥ Ric(k)
min − (k − 2)K max −

2
3

(
kK max − Ric(k)

min

)
=

5
3

[
Ric(k)

min −
(
k −

6
5

)
K max

]
.

Similarly,

(6-4) R2323 + R2424 − R1234 ≥
5
3

[
Ric(k)

min −
(
k −

6
5

)
K max

]
.

Combining (3-2), (6-3) and (6-4), we obtain

R1313 + R1414 + R2323 + R2424 − 2R1234

≥
10
3

[
Ric(k)

min −
(
k −

6
5

)
K max

]
+

∑
α

[(∑n
i=1 Aα

i i

)2
n − 2

+

∑
i ̸= j

(Aα
i j )

2
−

n∑
i, j=1

(Aα
i j )

2

− 2(Aα
13)

2
− 2(Aα

14)
2
− 2(Aα

23)
2
− 2(Aα

24)
2
]

≥
10
3

[
Ric(k)

min −
(
k −

6
5

)
K max

]
+

|H |
2

n − 2
− |A|

2.

Choosing k = N − 1 and combining the assumption, we know that M has positive
isotropic curvature.
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(ii) For any x ∈ M , let u, v ∈ Ux M be two orthonormal vectors such that K (π) =

K min(x) with π = span{u, v}. Let {eA0, eA1, . . . , eAk } be an orthonormal (k + 1)-
frame such that eA0 = u, eA1 = v. Then

R(k)
(
[eA0, eA1, . . . , eAk ]

)
=

k∑
p=0

k∑
q=0

R Ap Aq Ap Aq

= R A0 A1 A0 A1 + R A1 A0 A1 A0

+

k∑
p=0

k∑
q=0

R Ap Aq Ap Aq − (R A0 A1 A0 A1 + R A1 A0 A1 A0)

≤ 2K min + [k(k + 1) − 2] K max.

This implies

(6-5) K min ≥
1
2

(
R(k)

min − [k(k + 1) − 2] K max
)
.

By the definition of R(k,s), one has

(6-6)
R(k)

min

k(k + 1)
≥

R(k,s)
min

ks
.

Combining (6-5) and (6-6), we have

(6-7) K min ≥
1
2

( k+1
s R(k,s)

min − [k(k + 1) − 2] K max
)
.

Suppose {e1, e2, e3, e4} is an orthonormal four-frame. Extend {e1, e2, e3, e4} to
a (k + 1)-frame {e1, . . . , ek+1}. As R(k)

= R(k,k+1), we have

R(k)([e1, . . . , ek+1]) =

k+1∑
i=1

k+1∑
j=1

Ri j i j

= 2
(
R1313 + R1414 + R2323 + R2424

)
+

k+1∑
i=1

k+1∑
j=1

Ri j i j − 2(R1313 + R1414 + R2323 + R2424)

≤ 2
(
R1313 + R1414 + R2323 + R2424

)
+ [k(k + 1) − 8] K max.

By (6-6), this implies that for 1 ≤ s ≤ N , there holds

(6-8) R1313 + R1414 + R2323 + R2424 ≥
1
2

( k+1
s R(k,s)

min − [k(k + 1) − 8]K max
)
.
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Combining (3-5), (6-7) and (6-8) with Berger’s inequality, we obtain

R1313 + R1414 + R2323 + R2424 − 2R1234

≥
1
2

{ k+1
s R(k,s)

min − [k(k + 1) − 8] K max
}

−
2
3

[
k(k + 1)K max −

(k+1)
s R(k,s)

min

]
+

|H |
2

n−2 − |A|
2

≥
7
6

[ k+1
s R(k,s)

min −
(
k2

+ k −
24
7

)
K max

]
+

|H |
2

n−2 − |A|
2.

Choosing k = N − 1 and combining the assumption, we know that M has positive
isotropic curvature.

(iii) Substituting s = N into (ii), we derive that M has positive isotropic curvature.
□

Theorem 6.2. Let Mn (n ≥ 4, n ̸= 7, 8) be an n-dimensional compact simply
connected submanifold in an N-dimensional Riemannian manifold M N . Suppose
that one of the following conditions holds:

(i) |A|
2 < 4(N+2)

3

(
K min −

1
N+2 Ricmax

)
+

|H |
2

n−2 .

(ii) |A|
2 < 2(s N−s+6)

3

(
K min −

1
s N−s+6 Ric[s]

max
)
+

|H |
2

n−2 for some 2 ≤ s ≤ N.

(iii) |A|
2 < 2(N 2

−N+6)
3

(
K min −

N 2
−N

N 2−N+6 R0
)
+

|H |
2

n−2 .

Then M is diffeomorphic to Sn .

Proof. As in Theorem 1.1, we need only show that M has positive isotropic curvature.

(i) As in the proof Theorem 6.1(i), one has

K max ≤ Ric(k)
max − (k − 1)K min.

Suppose {e1, e2, e3, e4} is an orthonormal four-frame. Combining (3-5) with the
above inequality, we obtain

R1313 + R1414 + R2323 + R2424 −2R1234 ≥
16
3

(
K min −

1
4 K max

)
+

|H |
2

n−2 −|A|
2

≥
4
3

(
(k +3)K min −Ric(k)

max
)
+

|H |
2

n−2 −|A|
2.

Choosing k = N −1 and combining with the assumption, we see that M has positive
isotropic curvature.

(ii) As in the proof of Theorem 6.1(ii), one has that for 2 ≤ s ≤ k + 1,

K max ≤
1
2

(
R(k,s)

max − (ks − 2)K min
)
.

Combining this with (3-5), we obtain

R1313 + R1414 + R2323 + R2424 −2R1234 ≥
16
3

(
K min −

1
4 K max

)
+

|H |
2

n−2 −|A|
2

≥
2
3

(
(ks +6)K min − R(k,s)

max
)
+

|H |
2

n−2 −|A|
2.
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Choosing k = N − 1 and combining with the assumption, we know that M has
positive isotropic curvature.

(iii) Substituting s = N into (ii), we derive that M has positive isotropic curvature.
□

Remark 6.3. From the proofs of Theorems 6.1 and 6.2, similar differentiable sphere
theorems can be established for compact submanifolds under pinching conditions
involving the k-th Ricci curvature or the (k, s)-curvature.
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QUASITRIANGULAR AND FACTORIZABLE
POISSON BIALGEBRAS
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We introduce the notions of quasitriangular and factorizable Poisson bialgebras.
A factorizable Poisson bialgebra induces a factorization of the underlying Pois-
son algebra. We prove that the Drinfeld classical double of a Poisson bialgebra
naturally admits a factorizable Poisson bialgebra structure. Furthermore, we
introduce the notion of quadratic Rota–Baxter Poisson algebras and show that
a quadratic Rota–Baxter Poisson algebra of zero weight induces a triangu-
lar Poisson bialgebra. Moreover, we establish a one-to-one correspondence
between factorizable Poisson bialgebras and quadratic Rota–Baxter Poisson
algebras of nonzero weights. Finally, we establish the quasitriangular and
factorizable theories for differential antisymmetric infinitesimal (ASI) bialge-
bras, and construct quasitriangular and factorizable Poisson bialgebras from
quasitriangular and factorizable (commutative and cocommutative) differential
ASI bialgebras respectively.
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1. Introduction

Poisson algebras serve as fundamental structures in various areas of mathematics
and mathematical physics, including Poisson geometry [28; 29], classical and
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[14; 17] and quantum groups [8; 12]. A Poisson algebra is both a Lie algebra and a
commutative associative algebra which are compatible in a certain sense.

MSC2020: primary 16S32, 16T10, 17A30, 17B62, 17B63; secondary 17B38, 81R60.
Keywords: Poisson algebra, Poisson Yang–Baxter equation, quasitriangular Poisson bialgebra,

factorizable Poisson bialgebra, quadratic Rota–Baxter Poisson algebra, differential antisymmetric
infinitesimal bialgebra.

© 2026 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0
(CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.

http://msp.org/pjm/
https://doi.org/10.2140/pjm.2026.343-2
https://doi.org/10.2140/pjm.2026.343.453
http://www.ams.org/mathscinet/search/mscdoc.html?code=16S32, 16T10, 17A30, 17B62, 17B63
http://www.ams.org/mathscinet/search/mscdoc.html?code=17B38, 81R60
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/


454 YUANCHANG LIN AND DILEI LU

Definition 1.1 [19; 29]. A Poisson algebra is a triple (A, [ , ], · ), where (A, [ , ])

is a Lie algebra and (A, · ) is a commutative associative algebra satisfying

[a, b · c] = [a, b] · c + b · [a, c], ∀a, b, c ∈ A.

Both Lie algebras and associative algebras possess well-developed theories of
bialgebras, which have found extensive applications in various mathematical fields.
In the Lie algebra setting, Lie bialgebras, introduced by Drinfeld [11], play a
fundamental role as the infinitesimalization of Poisson Lie groups [8; 16]. On the
side of associative algebras, the notion of infinitesimal bialgebras was introduced
by Joni and Rota to provide an algebraic framework for the calculus of divided
differences [15]. Variants of this notion, such as balanced infinitesimal bialgebras
(also termed antisymmetric infinitesimal bialgebras or associative D-bialgebras in
different contexts [2; 4; 30]), have been systematically studied by Aguiar [1; 2],
who established their close analogy with Lie bialgebras. These structures have been
found significant applications in combinatorial mathematics.

Building on these ideas, a unified bialgebra theory for Poisson algebras, called
Poisson bialgebras, was later developed in [21], combining aspects of both Lie and
infinitesimal bialgebras.

Meanwhile, In the realm of Lie bialgebras, quasitriangular Lie bialgebra struc-
tures have been pivotal objects in mathematical physics [12; 26]. Among these
quasitriangular Lie bialgebra structures, factorizable Lie bialgebras constitute a par-
ticularly important subclass, linking classical r -matrices to factorization problems
and playing a key role in integrable systems [5; 24; 25]. Recently, quasitriangular
and factorizable theories has been extended to antisymmetric infinitesimal bialgebras
with [27] introducing quasitriangular and factorizable antisymmetric infinitesimal
bialgebras.

Naturally, we try to establish the quasitriangular and factorizable theories in
the context of Poisson bialgebras, synthesizing concepts from both quasitriangular
Lie bialgebras and quasitriangular antisymmetric infinitesimal bialgebras. More
precisely, we introduce the notion of quasitriangular Poisson bialgebras based on
the (ad, L)-invariant condition. In particular, if the symmetric part of the solution
of the Poisson Yang–Baxter equation in a quasitriangular Poisson bialgebra is
nondegenerate, then a factorizable Poisson bialgebra is obtained. We prove that
every factorizable Poisson bialgebra induces a factorization of its underlying Poisson
algebra. Furthermore, we establish that the Drinfeld classical double of a Poisson
bialgebra is automatically endowed with a canonical factorizable Poisson bialgebra
structure.

Recent results have shown that factorizable Lie bialgebras and factorizable
antisymmetric infinitesimal bialgebras could be characterized by quadratic Rota–
Baxter Lie algebras of nonzero weights and symmetric Rota–Baxter Frobenius
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algebras of nonzero weights respectively [18; 27]. This motivates our investigation
of analogous Rota–Baxter characterizations of factorizable Poisson bialgebras. For
this purpose, we introduce the notion of a quadratic Rota–Baxter Poisson algebra
by equipping a quadratic Poisson algebra with a Rota–Baxter operator satisfying a
compatibility condition. We show that a quadratic Rota–Baxter Poisson algebra of
zero weight can give rise to a triangular Poisson bialgebra. Moreover, we establish
a one-to-one correspondence between factorizable Poisson bialgebras and quadratic
Rota–Baxter Poisson algebras of nonzero weights.

Building on the fact that a Poisson algebra can be obtained from a commutative
differential algebra with two commuting derivations [7], Lin, Liu and Bai [20]
extended such a connection to the context of bialgebras, utilizing the theory of
differential antisymmetric infinitesimal (ASI) bialgebras to construct Poisson bial-
gebras from commutative and cocommutative differential ASI bialgebras. In this
paper, we further investigate this relationship in greater depth. Specifically, we
develop the theories of quasitriangular and factorizable differential ASI bialgebras,
and apply them to the study of their Poisson bialgebra counterparts. We establish
the constructions of quasitriangular and factorizable Poisson bialgebras from qua-
sitriangular and factorizable (commutative and cocommutative) differential ASI
bialgebras respectively.

Outline. Section 2 introduces the notion of quasitriangular (triangular) Poisson
bialgebras as a special class of coboundary Poisson bialgebras. Section 3 presents
the concept of factorizable Poisson bialgebras, which is a distinguished subclass
of quasitriangular Poisson bialgebras. We demonstrate that a factorizable Poisson
bialgebra induces a factorization of the underlying Poisson algebra. Furthermore,
we prove that the Drinfeld classical double of a Poisson bialgebra is naturally
endowed with a factorizable Poisson bialgebra structure. Section 4 establishes
the Rota–Baxter characterization of factorizable Poisson bialgebras. We introduce
the notion of quadratic Rota–Baxter Poisson algebras and establish a one-to-one
correspondence between quadratic Rota–Baxter Poisson algebras of nonzero weights
and factorizable Poisson bialgebras. Moreover, we show that a quadratic Rota–
Baxter Poisson algebra of zero weight can give rise to a triangular Poisson bialgebra.
In Section 5, we introduce the notions of quasitriangular and factorizable differential
ASI bialgebras, and give Rota–Baxter characterization of factorizable differential
ASI bialgebras. The constructions of quasitriangular and factorizable Poisson
bialgebras from quasitriangular and factorizable (commutative and cocommutative)
differential ASI bialgebras are illustrated respectively.

Throughout this paper, we work over a base field K of characteristic 0, and all
vector spaces and algebras are assumed to be finite-dimensional. We adopt the
following conventions and notations.
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(1) Let (A, ⋄) be a vector space equipped with a bilinear operation ⋄ : A ⊗ A → A.
Let L⋄(a) and R⋄(a) denote the left and right multiplication operators, that is,

L⋄(a)b = R⋄(b)a = a ⋄ b, ∀a, b ∈ A.

We also simply denote them by L(a) and R(a) without confusion. If (A, [ , ]) is a
Lie algebra, we let ad[,](a) = ad(a) denote the adjoint operator, that is,

ad[,](a)b = ad(a)b = [a, b], ∀a, b ∈ A.

(2) Let V be a vector space. Denote the flip operator by τ : V ⊗ V → V ⊗ V :

τ(u ⊗ v) = v ⊗ u, ∀u, v ∈ V .

(3) Let (A, ⋄) be a vector space equipped with a bilinear operation ⋄ : A ⊗ A → A.
Let r =

∑
i ai ⊗ bi ∈ A ⊗ A. Set

r12 =

∑
i

ai ⊗ bi ⊗ 1, r13 =

∑
i

ai ⊗ 1 ⊗ bi , r23 =

∑
i

1 ⊗ ai ⊗ bi ,

where 1 is the unit if (A, ⋄) is unital or a symbol playing a similar role as the unit
for the nonunital cases. Further define compound symbols such as r12 ⋄ r13 by

r12 ⋄ r13 =

∑
i, j

ai ⋄ a j ⊗ bi ⊗ b j , r13 ⋄ r23 =

∑
i, j

ai ⊗ a j ⊗ bi ⋄ b j ,

r23 ⋄ r12 =

∑
i, j

ai ⊗ a j ⋄ bi ⊗ b j , r12 ⋄ r23 =

∑
i, j

ai ⊗ bi ⋄ a j ⊗ b j .

(4) Denote the standard pairing between the dual space V ∗ and V by << , >> , so that

<< f, v>> := f (v) =: <<v, f >> , ∀ f ∈ V ∗, v ∈ V .

(5) Let V, W be two vector spaces and T : V → W be a linear map. Denote the
dual map by T ∗

: W ∗
→ V ∗:

<<v, T ∗(w∗)>> = << T (v), w∗
>> , ∀v ∈ V, w∗

∈ W ∗.

(6) Let A, V be vector spaces. For a linear map µ : A → End(V ), define a linear
map µ∗

: A → End(V ∗) by µ∗(a) = (µ(a))∗, or, more explicitly,

<<µ
∗(a)v∗, u>> = <<v

∗, µ(a)u>> , ∀a ∈ A, u ∈ V, v∗
∈ V ∗,

(7) Let 51 = {αk : V1 → V1}
m
k=1 and 52 = {βk : V2 → V2}

m
k=1 be two m-tuples

of commuting linear maps. Then obviously {αk + βk}
m
k=1 is still an m-tuple of

commuting linear maps, which is denoted by 51 + 52.
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2. Quasitriangular Poisson bialgebras

In this section, we recall the notion of coboundary Poisson bialgebras and introduce
the notion of quasitriangular Poisson bialgebras as a special case of the coboundary
Poisson bialgebras, based on the notion of (ad, L)-invariance. The notion of a
quadratic Poisson algebra is also introduced, which gives rise to an (ad, L)-invariant
2-tensor and serves as the foundation for the subsequent notion of a quadratic Rota–
Baxter Poisson algebra.

Definition 2.1 [21]. Let (A, [ , ]A, ·A) be a Poisson algebra, V a vector space and
ρ, µ : A → End(V ) two linear maps. The triple (V, ρ, µ) is called a representation
of the Poisson algebra (A, [ , ]A, ·A) if the following conditions hold:

(1) (V, ρ) is a representation of the Lie algebra (A, [ , ]A), that is, ρ([a, b]A) =

ρ(a)ρ(b) − ρ(b)ρ(a) for all a, b ∈ A.

(2) (V, µ) is a representation of (A, ·A), that is, µ(a ·A b) = µ(a)µ(b) for all
a, b ∈ A.

(3) The following equations hold:

ρ(a ·A b) = µ(b)ρ(a) + µ(a)ρ(b),

µ([a, b]A) = ρ(a)µ(b) − µ(b)ρ(a), ∀a, b ∈ A.

Proposition 2.2 [21]. Let (A, [ , ]A, ·A) be a Poisson algebra, V a vector space
and ρ, µ : A → End(V ) two linear maps. Then (V, ρ, µ) is a representation of
(A, [ , ]A, ·A) if and only if there is a Poisson algebra structure on A ⊕ V with the
bilinear operations [ , ] and · defined as follows, for all a1, a2 ∈ A and v1, v2 ∈ V :

[a1 + v1, a2 + v2] = [a1, a2]A + ρ(a1)v2 − ρ(a2)v1,

(a1 + v1) · (a2 + v2) = a1 ·A a2 + µ(a1)v2 + µ(a2)v1,

The resulting Poisson algebra structure on A ⊕ V is denoted by (A⋉ρ,µV, [ , ], · )

and called the semidirect product Poisson algebra by (A, [ , ]A, ·A) and (V, ρ, µ).

Example 2.3 [21]. Let (A, [ , ]A, ·A) be a Poisson algebra. Then (A, ad, L) is a
representation of (A, [ , ]A, ·A), called the adjoint representation, and (A∗, −ad∗, L∗)

is also a representation of (A, [ , ]A, ·A), called the coadjoint representation.

A Lie bialgebra is a pair of Lie algebras (A, [ , ]A) and (A∗, [ , ]A∗) such that

δ([a, b]A) = (ad(a) ⊗ id + id ⊗ ad(a))δ(b) − (ad(b) ⊗ id + id ⊗ ad(b))δ(a),

∀a, b ∈ A,

where δ : A → Alt2(A) is defined by <<δ(a), x∗
⊗ y∗

>> = <<a, [x∗, y∗
]A∗ >> . A Lie

bialgebra is denoted by
(
(A, [ , ]A), (A∗, [ , ]A∗)

)
or (A, [ , ]A, δ).
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An infinitesimal bialgebra is a pair of associative algebras (A, ·A) and (A∗, ·A∗)

such that

1(a ·A b) = (L(a) ⊗ id)1(b) + (id ⊗ R(b))1(a), ∀a, b ∈ A,

where 1 : A → A ⊗ A is defined by <<1(a), x∗
⊗ y∗

>> = <<a, x∗
·A∗ y∗

>> . An
infinitesimal bialgebra is denoted by

(
(A, ·A), (A∗, ·A∗)

)
or (A, ·A, 1).

Definition 2.4 [21]. A Poisson bialgebra is a pair of Poisson algebras (A, [ , ]A, ·A)

and (A∗, [ , ]A∗ , ·A∗) such that

(1)
(
(A, [ , ]A), (A∗, [ , ]A∗)

)
is a Lie bialgebra,

(2)
(
(A, ·A), (A∗, ·A∗)

)
is an infinitesimal bialgebra, and

(3) δ and 1 are compatible in the sense that, for all a, b ∈ A,

δ(a ·A b)

= (L(a) ⊗ id)δ(b) + (L(b) ⊗ id)δ(a) + (id ⊗ ad(a))1(b) + (id ⊗ ad(b))1(a),

and

1([a, b]A) = (ad(a) ⊗ id + id ⊗ ad(a))1(b) + (L(b) ⊗ id − id ⊗ L(b))δ(a),

where δ, 1 are the linear duals of [ , ]A∗ and ·A∗ respectively.

A Poisson bialgebra is denoted by
(
(A, [ , ]A, ·A), (A∗, [ , ]A∗, ·A∗)

)
or, in full,

(A, [ , ]A, ·A, δ,1).

Poisson bialgebras can be equivalently characterized by Manin triples of Poisson
algebras [21]. Notably, for a Poisson bialgebra

(
(A, [ , ]A, ·A), (A∗, [ , ]A∗, ·A∗)

)
,

the pair
(
(A∗, [ , ]A∗ , ·A∗), (A, [ , ]A, ·A)

)
forms a Poisson bialgebra as well.

Definition 2.5. Let (A, [ , ]A, ·A, δA, 1A) and (B, [ , ]B, ·B, δB, 1B) be Poisson
bialgebras. A homomorphism of Poisson bialgebras is a homomorphism of Poisson
algebras ϕ : A → B such that

(ϕ ⊗ ϕ)δA = δB ◦ ϕ, (ϕ ⊗ ϕ)1A = 1B ◦ ϕ.

If ϕ : A → B is a linear isomorphism of vector spaces, then ϕ : A → B is called an
isomorphism of Poisson bialgebras.

Proposition 2.6. Let ((A, [ , ]A, ·A), (A∗, [ , ]A∗, ·A∗)) be a Poisson bialgebra and
B be a vector space. Suppose that ϕ : A → B is a linear isomorphism of vector
spaces. Define brackets [ , ]B : B ⊗ B → B and [ , ]B∗ : B∗

⊗ B∗
→ B∗ by

[a, b]B = ϕ([ϕ−1(a), ϕ−1(b)]A), [x∗, y∗
]B∗ = (ϕ∗)−1([ϕ∗(x∗), ϕ∗(y∗)]A∗),

and multiplications ·B : B ⊗ B → B and ·B∗ : B∗
⊗ B∗

→ B∗ by

a ·B b = ϕ(ϕ−1(a) ·A ϕ−1(b)), x∗
·B∗ y∗

= (ϕ∗)−1(ϕ∗(x∗) ·A∗ ϕ∗(y∗)),
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the equalities holding, as the case may be, for all a, b ∈ B and all x∗, y∗
∈ B∗. Then(

(B, [ , ]B, ·B), (B∗, [ , ]B∗, ·B∗)
)

is a Poisson bialgebra, and ϕ is an isomorphism
of Poisson bialgebras.

Proof. This follows from a straightforward verification. □

Definition 2.7 [21]. A Poisson bialgebra (A, [ , ]A, ·A, δ,1) is called coboundary
if there exists r ∈ A ⊗ A such that, for all a ∈ A,

δ(a) = (id ⊗ ad(a) + ad(a) ⊗ id)(r),(2-1)

1(a) = (id ⊗ L(a) − L(a) ⊗ id)(r).(2-2)

A coboundary Poisson bialgebra is denoted by (A, [ , ]A, ·A, δr , 1r ).

Theorem 2.8 [21, Theorem 2]. Let (A, [ , ]A, ·A) be a Poisson algebra and r∈A⊗ A.
Write r as r = S + 3 with S ∈ Sym2(A) and 3 ∈ Alt2(A). Let δ : A → A ⊗ A and
1 : A → A ⊗ A be the linear maps defined by (2-1) and (2-2).Then (A∗, δ∗, 1∗) is
a Poisson algebra such that (A, [ , ]A, ·A, δ,1) is a Poisson bialgebra if and only if
the following conditions are satisfied, for all a ∈ A:

(1) (ad(a) ⊗ id + id ⊗ ad(a))S = 0.

(2) (L(a) ⊗ id − id ⊗ L(a))S = 0.

(3) (ad(a) ⊗ id ⊗ id + id ⊗ ad(a) ⊗ id + id ⊗ id ⊗ ad(a))C(r) = 0.

(4) (L(a) ⊗ id ⊗ id − id ⊗ id ⊗ L(a))A(r) = 0.

(5) (ad(a) ⊗ id ⊗ id)A(r) − (id ⊗ L(a) ⊗ id − id ⊗ id ⊗ L(a))C(r) = 0.

Here
C(r) := [r12, r13]A + [r13, r23]A + [r12, r23]A,

A(r) := r12 ·A r13 + r13 ·A r23 − r23 ·A r12.

Definition 2.9 [21]. Let (A, [ , ]A, ·A) be a Poisson algebra and r ∈ A ⊗ A. Then r
is called a solution of the Poisson Yang–Baxter equation in (A, [ , ]A, ·A) if C(r) =

A(r) = 0.

More precisely, C(r) = 0 is called the classical Yang–Baxter equation in the Lie
algebra (A, [ , ]A) and A(r) = 0 is called the associative Yang–Baxter equation in
the associative algebra (A, ·A).

Let A be a vector space. Any r ∈ A ⊗ A can be identified with the pair of maps
r+, r− : A∗

→ A defined by

<<r+(x∗), y∗
>> = − << x∗, r−(y∗)>> = <<r, x∗

⊗ y∗
>> , ∀x∗, y∗

∈ A∗.

Note that (τ (r))+ =−r− and (τ (r))− =−r+. The bracket and multiplication on A∗
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defined by (2-1)–(2-2) (as the duals) are given by, for all x∗, y∗
∈ A∗,

[x∗, y∗
]r = −ad∗(r+(x∗))y∗

+ ad∗(r−(y∗))x∗,(2-3)

x∗
·r y∗

= L∗(r+(x∗))y∗
+ L∗(r−(y∗))x∗.(2-4)

Lemma 2.10. Let (A, [ , ]A, ·A) be a Poisson algebra and r ∈ A ⊗ A. Then the
following statements are equivalent:

(1) r is a solution of the Poisson Yang–Baxter equation in (A, [ , ]A, ·A).

(2) τ(r) is a solution of the Poisson Yang–Baxter equation in (A, [ , ]A, ·A).

(3) The following equations hold, for all x∗, y∗
∈ A∗:

[r+(x∗), r+(y∗)]A = r+

(
−ad∗(r+(x∗))y∗

+ ad∗(r−(y∗))x∗
)
,(2-5)

r+(x∗) ·A r+(y∗) = r+

(
L∗(r+(x∗))y∗

+ L∗(r−(y∗))x∗
)
.(2-6)

(4) The following equations hold, for all x∗, y∗
∈ A∗:

[r−(x∗), r−(y∗)]A = r−

(
−ad∗(r−(x∗))y∗

+ ad∗(r+(y∗))x∗
)
,(2-7)

r−(x∗) ·A r−(y∗) = r−

(
L∗(r−(x∗))y∗

+ L∗(r+(y∗))x∗
)
.(2-8)

Proof. (1) ⇐⇒ (2): Let r =
∑

i
ai ⊗ bi ∈ A ⊗ A. Then we have

C(τ (r)) =
∑
i, j

[bi , b j ]A ⊗ ai ⊗ a j + bi ⊗ [ai , b j ]A ⊗ a j + bi ⊗ b j ⊗ [ai , a j ]A

= σ13
(∑

i, j
a j ⊗ ai ⊗ [bi , b j ]A + a j ⊗ [ai , b j ]A ⊗ bi + [ai , a j ]A ⊗ b j ⊗ bi

)
= −σ13(C(r)),

A(τ (r)) =
∑
i, j

bi ·A b j ⊗ ai ⊗ a j + bi ⊗ b j ⊗ ai ·A a j − bi ⊗ b j ·A ai ⊗ a j

= σ13
(∑

i, j
a j ⊗ ai ⊗ bi ·A b j + ai ·A a j ⊗ b j ⊗ bi − a j ⊗ b j ·A ai ⊗ bi

)
= σ13

(∑
i, j

a j ⊗ ai ⊗ b j ·A bi + a j ·A ai ⊗ b j ⊗ bi − a j ⊗ ai ·A b j ⊗ bi
)

= σ13(A(r)),

where σ13 ∈ End(A ⊗ A ⊗ A) is defined by σ13(a ⊗ b ⊗ c) = c ⊗ b ⊗ a for all
a, b, c ∈ A. Thus, r is a solution of the Poisson Yang–Baxter equation if and only
if τ(r) is a solution of the Poisson Yang–Baxter equation.

(1) ⇐⇒ (3): This follows from [5, Proposition 3.8] and [6, Theorem 3.5].

(2) ⇐⇒ (4): This is similar to the proof of (1) ⇐⇒ (3). □
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We now turn to the definition of quasitriangular Poisson bialgebras as a special
case of the coboundary Poisson bialgebras. The notion of (ad, L)-invariance of a
2-tensor in A⊗ A is the main ingredient employed, and is motivated by Theorem 2.8.

Definition 2.11. Let (A, [ , ]A, ·A) be a Poisson algebra. An element r ∈ A ⊗ A is
called (ad, L)-invariant if, for all a ∈ A, we have

(ad(a) ⊗ id + id ⊗ ad(a))(r) = 0,(2-9)

(L(a) ⊗ id − id ⊗ L(a))(r) = 0.(2-10)

Obviously, if r is (ad, L)-invariant, then so is τ(r). Denote by Ir the operator

(2-11) Ir = r+ − r− : A∗
→ A.

Note that r− = −r∗
+

and hence I ∗
r = Ir .

Letting S be the symmetric part of r , we have S+ =
1
2 Ir =

1
2 Iτ(r). In particular,

if r is antisymmetric, then Ir = 0.

Definition 2.12. Let (A, [ , ]A, ·A) be a Poisson algebra. If r is a solution of the
Poisson Yang–Baxter equation in (A, [ , ]A, ·A) and the symmetric part of r ∈ A⊗ A
is (ad, L)-invariant, then the coboundary Poisson bialgebra (A, [ , ]A, ·A, δr , 1r )

induced by r is called a quasitriangular Poisson bialgebra. If r is also antisymmetric,
then (A, [ , ]A, ·A, δr , 1r ) is called a triangular Poisson bialgebra.

Proposition 2.13. Let (A, [ , ]A, ·A) be a Poisson algebra and r ∈ A ⊗ A. Then
(A, [ , ]A, ·A, δr , 1r ) is a quasitriangular Poisson bialgebra if and only if

(A, [ , ]A, ·A, δτ(r), 1τ(r))

is a quasitriangular Poisson bialgebra.

Proof. This follows from Lemma 2.10. □

Lemma 2.14. Let (A, [ , ]A, ·A) be a Poisson algebra and r ∈ A ⊗ A. Let S be the
symmetric part of r . Then the following conditions are equivalent:

(1) S is (ad, L)-invariant.

(2) The following equations hold, for all a ∈ A and x∗
∈ A∗:

S+(ad∗(a)x∗) + [a, S+(x∗)]A = 0,(2-12)

S+(L∗(a)x∗) − a ·A S+(x∗) = 0.(2-13)

(3) The following equations hold, for all x∗, y∗
∈ A∗:

ad∗(S+(x∗))y∗
+ ad∗(S+(y∗))x∗

= 0,(2-14)

L∗(S+(x∗))y∗
− L∗(S+(y∗))x∗

= 0.(2-15)
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Proof. (1) ⇐⇒ (2): For all a ∈ A and x∗, y∗
∈ A∗, we have

<< S+(ad∗(a)x∗) + [a, S+(x∗)], y∗
>> = << S, ad∗(a)x∗

⊗ y∗
+ x∗

⊗ ad∗(a)y∗
>>

= <<(ad(a) ⊗ id + id ⊗ ad(a))S, x∗
⊗ y∗

>> ,

<< S+(L∗(a)x∗) − a · S+(x∗), y∗
>> = << S, L∗(a)x∗

⊗ y∗
− x∗

⊗ L∗(a)y∗
>>

= <<(L(a) ⊗ id − id ⊗ L(a))S, x∗
⊗ y∗

>> ,

which shows that S is (ad, L)-invariant if and only if equations (2-12)–(2-13) hold.

(2) ⇐⇒ (3): For all a ∈ A and x∗, y∗
∈ A∗, we have

<<ad∗(S+(x∗))y∗
+ ad∗(S+(y∗))x∗, a>> = << y∗, [S+(x∗), a]A>> + << x∗, [S+(y∗), a]A>>

= − << y∗, [a, S+(x∗)]A + S+(ad∗(a)(x∗))>> ,

<< L∗(S+(x∗))y∗
− L∗(S+(y∗))x∗, a>> = << y∗, S+(x∗) ·A a>> − << x∗, S+(y∗) ·A a>>

= − << y∗, −a ·A S+(x∗)+ S+(L∗(a)x∗)>> ,

which shows that equations (2-12)–(2-13) hold if and only if (2-14)–(2-15) do. □

Theorem 2.15. Let (A, [ , ]A, ·A) be a Poisson algebra and r = S + 3 ∈ A ⊗ A,
with S ∈ Sym2(A) and 3 ∈ Alt2(A). Suppose that S is (ad, L)-invariant. Then r
is a solution of the Poisson Yang–Baxter equation in (A, [ , ]A, ·A) if and only if
(A∗, [ , ]r , ·r ) is a Poisson algebra and the linear maps r+, r− : (A∗, [ , ]r , ·r ) →

(A, [ , ]A, ·A) are both Poisson algebra homomorphisms, where [ , ]r : A∗
⊗A∗

→ A∗

and ·r : A∗
⊗ A∗

→ A∗ are defined by equations (2-3) and (2-4).

Proof. (H⇒) By Definition 2.12, (A, [ , ]A, ·A, δr , 1r ) is a quasitriangular Poisson
bialgebra where δr , 1r are defined by (2-1) and (2-2). Thus, (A∗, [ , ]r , ·r ) is a
Poisson algebra where [ , ]r and ·r are given by (2-3) and (2-4). By Lemmas 2.10
and 2.14, for all x∗, y∗

∈ A∗, we have

r+([x∗, y∗
]r ) = r+(−ad∗(r+(x∗))y∗

+ ad∗(r−(y∗))x∗) = [r+(x∗), r+(y∗)]A,

r+(x∗
·r y∗) = r+(L∗(r+(x∗))y∗

+ L∗(r−(y∗))x∗) = r+(x∗) ·A r+(y∗),

r−([x∗, y∗
]r ) = r−(−ad∗(r+(x∗))y∗

+ ad∗(r−(y∗))x∗)

= r−

(
−2ad∗(S+(x∗))y∗

− ad∗(r−(x∗))y∗
+ ad∗(r+(y∗))x∗

− 2ad∗(S+(y∗))x∗
)

= r−

(
−ad∗(r−(x∗))y∗

+ ad∗(r+(y∗))x∗
)

= [r−(x∗), r−(y∗)]A,

r−(x∗
·r y∗) = r−

(
L∗(r+(x∗))y∗

+ L∗(r−(y∗))x∗
)

= r−

(
2L∗(S+(x∗))y∗

+ L∗(r−(x∗))y∗
+ L∗(r+(y∗))x∗

− 2L∗(S+(y∗))x∗
)

= r−

(
L∗(r−(x∗))y∗

+ L∗(r+(y∗))x∗
)

= r−(x∗) ·A r−(y∗),
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which shows that r+, r− are both Poisson algebra homomorphisms.

(⇐H) This follows from Lemma 2.10. □

Recall that a bilinear form B ∈ ⊗
2 A∗ on a Poisson algebra (A, [ , ]A, ·A) is

called invariant if

B([a, b]A, c) = B(a, [b, c]A), B(a ·A b, c) = B(a, b ·A c), ∀a, b, c ∈ A.

A quadratic Poisson algebra is a quadruple

(A, [ , ]A, ·A,B),

where (A, [ , ]A, ·A) is a Poisson algebra and B ∈ ⊗
2 A∗ is a nondegenerate sym-

metric invariant bilinear form on (A, [ , ]A, ·A).

Proposition 2.16. Let (A, [ , ]A, ·A) be a Poisson algebra. Then(
A⋉−ad∗,L∗ A∗, [ , ], · ,Bd

)
is a quadratic Poisson algebra, where Bd is defined by

(2-16) Bd
(
a + x∗, b + y∗

)
= <<a, y∗

>> + <<b, x∗
>> , ∀a, b ∈ A, x∗, y∗

∈ A∗.

Proof. This follows from a straightforward computation. □

Let A be a vector space and B be a nondegenerate bilinear form. Denote by
IB : A∗

→ A the induced linear isomorphism defined by

(2-17) << I −1
B (a), b>> := B(a, b), ∀a, b ∈ A.

Denote by rB ∈ A ⊗ A the 2-tensor form of IB, that is,

(2-18) <<rB, x∗
⊗ y∗

>> := << IB(x∗), y∗
>> , ∀x∗, y∗

∈ A∗.

Proposition 2.17. Let (A, [ , ]A, ·A) be a Poisson algebra and B a nondegenerate
bilinear form. Let IB : A∗

→ A be the linear isomorphism induced by B and
rB ∈ A ⊗ A be the 2-tensor form of IB given by (2-18). Then (A, [ , ]A, ·A,B) is
a quadratic Poisson algebra if and only if rB ∈ A ⊗ A is symmetric and (ad, L)-
invariant.

Proof. Suppose that (A, [ , ]A, ·A,B) is a quadratic Poisson algebra. For all
a, b, c ∈ A, there exist x∗, y∗, z∗

∈ A∗ such that IB(x∗) = a, IB(y∗) = b and
IB(z∗) = c. Then we have

<<rB − τ(rB), x∗
⊗ y∗

>> = << IB(x∗), I −1
B (b)>> − << IB(y∗), I −1

B (a)>>

= B(b, a) −B(a, b) = 0.
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Thus, rB is symmetric. Moreover, we have

<<(ad(c) ⊗ id + id ⊗ ad(c))(rB), x∗
⊗ y∗

>>

= <<rB, ad∗(c)(x∗) ⊗ y∗
>> + <<rB, x∗

⊗ ad∗(c)(y∗)>>

= << IB(y∗), ad∗(c)(x∗)>> + << IB(x∗), ad∗(c)(y∗)>>

= B([c, b]A, a) +B([c, a]A, b) = 0,

<<(L(c) ⊗ id − id ⊗ L(c))(rB), x∗
⊗ y∗

>>

= <<rB, L∗(c)(x∗) ⊗ y∗
>> − <<rB, x∗

⊗ L∗(c)(y∗)>>

= << IB(y∗), L∗(c)(x∗)>> − << IB(x∗), L∗(c)(y∗)>>

= B(c ·A b, a) −B(c ·A a, b) = 0,

which shows that rB ∈ A ⊗ A is (ad, L)-invariant. The converse statement can be
proved by reversing the argument. □

The next theorem demonstrates that every quadratic Poisson algebra naturally
induces an isomorphism between the adjoint and coadjoint representations of the
corresponding Poisson algebra.

Definition 2.18. Let (A, [ , ]A, ·A) be a Poisson algebra, and (V1, ρ1, µ1) and
(V2, ρ2, µ2) be two representations of (A, [ , ]A, ·A). A homomorphism of repre-
sentations from (V1, ρ1, µ1) to (V2, ρ2, µ2) is a linear map ϕ : V1 → V2 such
that

ϕ ◦ ρ1(a) = ρ2(a) ◦ ϕ, ϕ ◦ µ1(a) = µ2(a) ◦ ϕ, ∀a ∈ A.

When ϕ : V1 → V2 is a vector space isomorphism satisfying this same condition, ϕ

is called an isomorphism of representations from (V1, ρ1, µ1) to (V2, ρ2, µ2).

Theorem 2.19. Let (A, [ , ]A, ·A) be a Poisson algebra. If there is a bilinear form
B such that (A, [ , ]A, ·A,B) is a quadratic Poisson algebra, then the linear map
I −1
B : A → A∗ defined by << I −1

B (a), b>> =B(a, b) is an isomorphism from the adjoint
representation (A, ad, L) to the coadjoint representation (A∗, −ad∗, L∗).

Conversely, if I −1
: A → A∗ is an isomorphism from the adjoint representation

(A, ad, L) to the coadjoint representation (A∗, −ad∗, L∗), then the bilinear form
B defined by B(a, b) = << I −1(a), b>> is nondegenerate invariant on (A, [ , ]A, ·A).

Proof. Suppose that (A, [ , ]A, ·A,B) is a quadratic Poisson algebra. For all
a, b, c ∈ A, we have

<< I −1
B ad(a)b, c >> = −B([b, a]A, c) = −B(b, [a, c]A) = <<−ad∗(a)I −1

B (b), c >> ,

<< I −1
B L(a)b, c >> =B(a ·A b, c) =B(b ·A a, c) =B(b, a ·A c) = << L∗(a)I −1

B (b), c >> ,

that is,
I −1
B ad(a) = −ad∗(a)I −1

B , I −1
B L(a) = L∗(a)I −1

B .

Hence, I −1
B : A → A∗ is an isomorphism from the adjoint representation (A, ad, L)
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to the coadjoint representation (A∗, −ad∗, L∗). The converse can be proved by a
similar argument. □

We conclude this section with a proposition that will be valuable in Section 4, in
obtaining Rota–Baxter characterizations of factorizable Poisson bialgebras.

Proposition 2.20. Let (A, [ , ]A, ·A,B) be a quadratic Poisson algebra and IB :

A∗
→ A be the induced linear isomorphism by B. Suppose that r ∈ A ⊗ A. Then

r is a solution of the Poisson Yang–Baxter equation in (A, [ , ]A, ·A) if and only
if the linear map P := r+ ◦ I −1

B : A → A satisfies the following equations, for all
a, b ∈ A:

[P(a), P(b)]A = P
(
[P(a), b]A + [a, P(b)]A − [a, (Ir ◦ I −1

B )(b)]A
)
,(2-19)

P(a) ·A P(b) = P
(
P(a) ·A b + a ·A P(b) − a ·A (Ir ◦ I −1

B )(b)
)
,(2-20)

Proof. By Theorem 2.19, we have

I −1
B ad(a) = −ad∗(a)I −1

B , I −1
B L(a) = L∗(a)I −1

B , ∀a ∈ A.

For all a, b ∈ A, there exist x∗, y∗
∈ A∗ such that IB(x∗) = a and IB(y∗) = b. Then

we have

[P(a), P(b)]A = [(r+ ◦ I −1
B )(a), (r+ ◦ I −1

B )(b)]A = [r+(x∗), r+(y∗)]A,

P([P(a), b]A) = (r+ ◦ I −1
B )([(r+ ◦ I −1

B )(a), b]A)

= (r+ ◦ I −1
B )(ad(r+(x∗))IB(y∗)) = −r+(ad∗(r+(x∗))y∗),

P([a, P(b)]A) = (r+ ◦ I −1
B )([a, (r+ ◦ I −1

B )(b)]A)

= −(r+ ◦ I −1
B )(ad(r+(y∗))IB(x∗)) = r+(ad∗(r+(y∗))x∗),

−P([a, (Ir ◦ I −1
B )(b)]A) = −(r+ ◦ I −1

B )([a, (Ir ◦ I −1
B )(b)]A)

= (r+ ◦ I −1
B )(ad(Ir (y∗))IB(x∗)) = −r+(ad∗(Ir (y∗))x∗),

P(a) ·A P(b) = (r+ ◦ I −1
B )(a) ·A (r+ ◦ I −1

B )(b) = r+(x∗) ·A r+(y∗),

P(P(a) ·A b) = (r+ ◦ I −1
B )((r+ ◦ I −1

B )(a) ·A b)

= (r+ ◦ I −1
B )(L(r+(x∗))IB(y∗)) = r+(L∗(r+(x∗))y∗),

P(a ·A P(b)) = (r+ ◦ I −1
B )(a ·A (r+ ◦ I −1

B )(b))

= (r+ ◦ I −1
B )(L(r+(y∗))IB(x∗)) = r+(L∗(r+(y∗))x∗),

−P(a ·A (Ir ◦ I −1
B )(b)) = −(r+ ◦ I −1

B )(a ·A (Ir ◦ I −1
B )(b))

= −(r+ ◦ I −1
B )(L(Ir (y∗))IB(x∗)) = −r+(L∗(Ir (y∗))x∗).

By (2-11) and Lemma 2.10, the conclusion follows. □
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3. Factorizable Poisson bialgebras

A factorizable Poisson bialgebra is a special quasitriangular Poisson bialgebra such
that the map Ir : A∗

→ A is a linear isomorphism of vector spaces. We will show
that the Drinfeld classical double of a Poisson bialgebra is naturally a factorizable
Poisson bialgebra.

Definition 3.1. A quasitriangular Poisson bialgebra (A, [ , ]A, ·A, δr , 1r ) is called
factorizable if the symmetric part S of r is nondegenerate, which means that the
linear map Ir : A∗

→ A defined by (2-11) is a linear isomorphism of vector spaces.

Proposition 3.2. Let (A, [ , ]A, ·A) be a Poisson algebra and r ∈ A ⊗ A. Then
(A, [ , ]A, ·A, δr , 1r ) is a factorizable Poisson bialgebra if and only if the same is
true of (A, [ , ]A, ·A, δτ(r), 1τ(r)).

Proof. This follows from Proposition 2.13. □

Consider the map

A∗ r+⊕r−

−−−→ A ⊕ A
(a,b)7→a−b
−−−−−−→ A.

The next result justifies the term “factorizable Poisson bialgebra”.

Proposition 3.3. Let (A, [ , ]A, ·A, δr , 1r ) be a factorizable Poisson bialgebra.
Then Im(r+ ⊕ r−) is a Poisson subalgebra of the direct sum Poisson algebra A ⊕ A,
which is isomorphic to the Poisson algebra (A∗, [ , ]r , ·r ), where [ , ]r and ·r are
defined by (2-3) and (2-4). Any a ∈ A has a unique decomposition a = a+ − a−

with (a+, a−) ∈ Im(r+ ⊕ r−).

Proof. By Theorem 2.15, both r+ and r− are Poisson algebra homomorphisms.
Therefore, Im(r+ ⊕r−) is a Poisson subalgebra of the Poisson algebra A⊕ A. Since
Ir = r+ − r− is a linear isomorphism of vector spaces, it follows that the Poisson
algebra Im(r+ ⊕ r−) is isomorphic to the Poisson algebra (A∗, [ , ]r , ·r ). Moreover,
we have

r+ I −1
r (a) − r− I −1

r (a) = (r+ − r−)I −1
r (a) = a,

which shows that a = a+−a− with a+ = r+ I −1
r (a) and a− = r− I −1

r (a). Uniqueness
also follows from the fact that Ir : A∗

→ A is a linear isomorphism of vector spaces.
□

Let
(
(A, [ , ]A, ·A), (A∗, [ , ]A∗, ·A∗)

)
be an arbitrary Poisson bialgebra. We endow

A = A ⊕ A∗ with a bracket

[(a, x∗), (b, y∗)]A

=
(
[a, b]A − ad∗

[,]A∗
(x∗)b + ad∗

[,]A∗
(y∗)a, [x∗, y∗

]A∗ − ad∗

[,]A
(a)y∗

+ ad∗

[,]A
(b)x∗

)
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and a multiplication

(a, x∗) ·A (b, y∗)

=
(
a ·A b + L∗

·A∗
(x∗)b + L∗

·A∗
(y∗)a, x∗

·A∗ y∗
+ L∗

·A
(a)y∗

+ L∗

·A
(b)x∗

)
,

where a, b ∈ A, x∗, y∗
∈ A∗. Then (A, [ , ]A, ·A) is a Poisson algebra, called the

Drinfeld classical double of the Poisson bialgebra.
Let {e1, e2, . . . , en} be a basis of A and {e∗

1, e∗

2, . . . , e∗
n} be the dual basis of A∗.

Then
r =

∑
i

ei ⊗ e∗

i ∈ A ⊗ A∗
⊂ A⊗A

induces a coboundary Poisson bialgebra structure (A, [ , ]A, ·A, δr , 1r ) (see
[21, Theorem 3] for details).

Theorem 3.4. The Poisson bialgebra (A, [ , ]A, ·A, δr , 1r ) is a factorizable quasi-
triangular Poisson bialgebra.

Proof. First, we need to verify that the symmetric part S =
1
2(ei ⊗ e∗

i + e∗

i ⊗ ei ) of r
is (ad[,]A, L ·A)-invariant. For all (x∗, a) ∈ A∗, we have S+(x∗, a) =

1
2(a, x∗) ∈ A.

A straightforward computation gives

[(a, x∗), S+(y∗, b)]A

=
1
2

(
[a, b]A −ad∗

[,]A∗
(x∗)b+ad∗

[,]A∗
(y∗)a, [x∗, y∗

]A∗ −ad∗

[,]A
(a)y∗

+ad∗

[,]A
(b)x∗

)
,

ad∗

[,]A
(a, x∗)(y∗, b)

= −
(
[x∗, y∗

]A∗ −ad∗

[,]A
(a)y∗

+ad∗

[,]A
(b)x∗, [a, b]A −ad∗

[,]A∗
(x∗)b+ad∗

[,]A∗
(y∗)a

)
,

(a, x∗) ·A S+(y∗, b)

=
1
2

(
a ·A b + L∗

·A∗
(x∗)b + L∗

·A∗
(y∗)a, x∗

·A∗ y∗
+ L∗

·A
(a)y∗

+ L∗

·A
(b)x∗

)
,

L∗

·A
(a, x∗)(y∗, b)

=
(
x∗

·A∗ y∗
+ L∗

·A
(a)y∗

+ L∗

·A
(b)x∗, a ·A b + L∗

·A∗
(x∗)b + L∗

·A∗
(y∗)a

)
.

Thus, we have

S+(ad∗

[,]A
(a, x∗)(y∗, b)) + [(a, x∗), S+(y∗, b)]A = 0,

S+(L∗

·A
(a, x∗)(y∗, b)) − (a, x∗) ·A S+(y∗, b) = 0.

Therefore, by Lemma 2.14, the symmetric part S of r is (ad[,]A, L ·A)-invariant.
On the other hand, by [21, Theorem 3], r is a solution of the Poisson Yang–Baxter
equation in (A, [ , ]A, ·A). Hence, the Poisson bialgebra (A, [ , ]A, ·A, δr , 1r ) is a
quasitriangular Poisson bialgebra.

That Ir : A∗
→ A is a linear isomorphism of vector spaces follows from

the equality Ir (x∗, a) = 2S+(x∗, a) = (a, x∗). Therefore, the Poisson bialgebra
(A, [ , ]A, ·A, δr , 1r ) is factorizable. □
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4. Quadratic Rota–Baxter Poisson algebras

A linear map P : A → A is called a Rota–Baxter operator of weight λ on a Poisson
algebra (A, [ , ]A, ·A) if, for all a, b ∈ A, we have

[P(a), P(b)]A = P([P(a), b]A + [a, P(b)]A + λ[a, b]A),

P(a) ·A P(b) = P(P(a) ·A b + a ·A P(b) + λa ·A b).

A Rota–Baxter Poisson algebra (A, [ , ]A, ·A, P) of weight λ is a Poisson algebra
(A, [ , ]A, ·A) equipped with a Rota–Baxter operator P of weight λ.

Example 4.1. Let (A, [ , ]A, ·A) be a three-dimensional Poisson algebra with a
basis {e1, e2, e3} whose nonzero products are given by

(4-1) [e1, e2]A = e3, e1 ·A e2 = e3.

Let P : A → A be the linear map given by

P(e1) = e1, P(e2) = 2e2, P(e3) =
1
2 e3.

Then (A, [ , ]A, ·A, P) is a Rota–Baxter Poisson algebra of weight 1.

Lemma 4.2. Let (A, [ , ]A, ·A, P) be a Rota–Baxter Poisson algebra of weight λ.
Define a bracket [ , ]P : A ⊗ A → A by

(4-2) [a, b]P = [P(a), b]A + [a, P(b)]A + λ[a, b]A,

and a product ·P : A ⊗ A → A by

(4-3) a ·P b = P(a) ·A b + a ·A P(b) + λa ·A b.

Then (A, [ , ]P , ·P) is a Poisson algebra, called the descendent Poisson algebra of
(A, [ , ]A, ·A, P), and P is a Poisson algebra homomorphism from (A, [ , ]P , ·P)

to (A, [ , ]A, ·A).

Proof. The proof is straightforward. □

Equipping quadratic Poisson algebras with Rota–Baxter operators satisfying
compatibility conditions, we now introduce the notion of quadratic Rota–Baxter
Poisson algebras. We then show that a quadratic Rota–Baxter Poisson algebra of
zero weight induces a triangular Poisson bialgebra, and that there is a one-to-one
correspondence between factorizable Poisson bialgebras and quadratic Rota–Baxter
Poisson algebras of nonzero weight.

Definition 4.3. The triple ((A, [ , ]A, ·A),B, P) is called a quadratic Rota–Baxter
Poisson algebra of weight λ if (A, [ , ]A, ·A,B) is a quadratic Poisson algebra
and (A, [ , ]A, ·A, P) is a Rota–Baxter Poisson algebra of weight λ satisfying the
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compatibility condition

(4-4) B(a, P(b)) +B(P(a), b) + λB(a, b) = 0, ∀a, b ∈ A.

Proposition 4.4. Let (A, [ , ]A, ·A,B) be a quadratic Poisson algebra and let
P : A → A be a linear map. Then ((A, [ , ]A, ·A),B, P) is a quadratic Rota–Baxter
Poisson algebra of weight λ if and only if ((A, [ , ]A, ·A),B, P̃) is a quadratic Rota–
Baxter Poisson algebra of weight λ, where P̃ := −λ id − P.

Proof. It is easy to show that P is a Rota–Baxter operator of weight λ if and only if
P̃ is a Rota–Baxter operator of weight λ. Moreover, we have, for all a, b ∈ A,

B(P̃(a), b)+B(a, P̃(b))+λB(a, b) = −B(P(a), b)−B(a, P(b))−λB(a, b).

Thus, P satisfies (4-4) if and only if P̃ satisfies (4-4). □

Proposition 4.5. Let (A, [ , ]A, ·A, P) be a Rota–Baxter Poisson algebra of weight λ.
Then

(
(A ⋉−ad∗,L∗ A∗, [ , ], · ),Bd , P + P̃∗

)
is a quadratic Rota–Baxter Poisson

algebra of weight λ, where Bd is defined by (2-16) and P̃ := −λ id − P.

Proof. The proof is straightforward. □

Example 4.6. Building on Example 4.1, let (A, [ , ]A, ·A, P) be a Rota–Baxter
Poisson algebra of weight 1. Let {e∗

1, e∗

2, e∗

3} be the dual basis of {e1, e2, e3}. Then
(A⋉−ad∗,L∗ A∗, [ , ], · ) is a Poisson algebra whose nonzero products are given by

(4-5)
[e1, e2] = e3, [e∗

3, e1] = e∗

2, [e∗

3, e2] = −e∗

1,

e1 · e2 = e3, e∗

3 · e1 = e∗

2, e∗

3 · e2 = e∗

1.

By Proposition 4.5, we obtain a quadratic Rota–Baxter Poisson algebra(
(A⋉−ad∗,L∗ A∗, [ , ], · ),Bd , P + P̃∗

)
of weight 1, where Bd is defined by

Bd(ei , e j ) = Bd(e∗

i , e∗

j ) = 0, Bd(e∗

i , e j ) = Bd(ei , e∗

j ) =

{
1 if i = j,
0 if i ̸= j,

for i, j = 1, 2, 3, and P̃∗ is given by

P̃∗(e∗

1) = −2e∗

1, P̃∗(e∗

2) = −3e∗

2, P̃∗(e∗

3) = −
3
2 e3.

Lemma 4.7. Let A be a vector space and B be a nondegenerate symmetric bilinear
form. Let IB : A∗

→ A be the induced linear isomorphism by B and rB ∈ A ⊗ A be
the 2-tensor form of IB given by (2-18). Suppose that r ∈ A⊗ A. Then Pr := r+◦ I −1

B

satisfies (4-4) if and only if r + τ(r) = −λrB where λ ∈ K.
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Proof. For all a, b ∈ A, there exist x∗, y∗
∈ A∗ such that IB(x∗) = a, IB(y∗) = b.

Then

B (Pr (a), b) = B (b, Pr (a)) = << I −1
B (b), (r+ ◦ I −1

B )(a)>> = <<r, x∗
⊗ y∗

>> ,

B(a, Pr (b)) = << I −1
B (a), (r+ ◦ I −1

B )(b)>> = <<r, y∗
⊗ x∗

>> = <<τ(r), x∗
⊗ y∗

>> ,

λB(a, b) = λB(b, a) = λ << I −1
B (b), (IB ◦ I −1

B )(a)>> = λ <<rB, x∗
⊗ y∗

>> .

Hence, r + τ(r) = −λrB if and only if Pr satisfies (4-4). □

As a direct consequence, a quadratic Rota–Baxter Poisson algebra of zero weight
gives rise to a triangular Poisson bialgebra in the following sense.

Proposition 4.8. Let ((A, [ , ]A, ·A),B, P) be a quadratic Rota–Baxter Poisson
algebra of weight 0 and IB : A∗

→ A be the induced linear isomorphism by B.
Then (A, [ , ]A, ·A, δr , 1r ) is a triangular Poisson bialgebra where r ∈ A ⊗ A is the
2-tensor form of P ◦ IB given by

(4-6) <<r, x∗
⊗ y∗

>> := <<(P ◦ IB)(x∗), y∗
>> , ∀x∗, y∗

∈ A∗.

Proof. This follows from Proposition 2.20 and Lemma 4.7 with r + τ(r) = 0. □

The following theorem shows that a factorizable Poisson bialgebra naturally
gives rise to a quadratic Rota–Baxter Poisson algebra of nonzero weight.

Theorem 4.9. Let (A, [ , ]A, ·A, δr , 1r ) be a factorizable Poisson bialgebra with
Ir = r+ − r− . Then ((A, [ , ]A, ·A),B, P) is a quadratic Rota–Baxter Poisson
algebra of weight λ, where P : A → A is given by

P = −λr+ ◦ I −1
r , λ ̸= 0,

and the bilinear form B ∈ ⊗
2 A∗ is defined by

B(a, b) = −λ << I −1
r (a), b>> , ∀a, b ∈ A.

Proof. Clearly, B is a nondegenerate symmetric bilinear form and I −1
B = −λI −1

r .
Immediately, we have Ir = −λIB and thus r + τ(r) = −λrB. Noting that the
symmetric part of r is (ad, L)-invariant, we have rB is (ad, L)-invariant and thus
by Proposition 2.17, (A, [ , ]A, ·A,B) is a quadratic Poisson algebra. Moreover,
it is clear that P is a Rota–Baxter operator of weight λ on the Poisson algebra
(A, [ , ]A, ·A) by Proposition 2.20 and P satisfies (4-4) by Lemma 4.7. Thus,
((A, [ , ]A, ·A),B, P) is a quadratic Rota–Baxter Poisson algebra of weight λ. □

Corollary 4.10. Let (A, [ , ]A, ·A, δr , 1r ) be a factorizable Poisson bialgebra with
Ir = r+ − r−, and P = −λr+ ◦ I −1

r be the induced Rota–Baxter operator of
weight λ ̸= 0. Let (A, [ , ]P , ·P) be the descendent Poisson algebra of the Rota–
Baxter algebra (A, [ , ]A, ·A, P). Then ((A, [ , ]P , ·P), (A∗, [ , ]Ir , ·Ir )) is a Poisson
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bialgebra, where, for all x∗, y∗
∈ A∗,

[x∗, y∗
]Ir := −λI −1

r
(
[λ−1 Ir (x∗), λ−1 Ir (y∗)]A

)
,

x∗
·Ir y∗

:= −λI −1
r

(
(λ−1 Ir (x∗)) ·A (λ−1 Ir (y∗))

)
.

Moreover, −λ−1 Ir : A∗
→ A is a Poisson bialgebra isomorphism(

(A∗, [ , ]r , ·r ), (A, [ , ]A, ·A)
)
→

(
(A, [ , ]P , ·P), (A∗, [ , ]Ir , ·Ir )

)
,

where [ , ]r , ·r : A∗
⊗ A∗

→ A∗ are defined in (2-3) and (2-4).

Proof. For all x∗, y∗
∈ A∗, setting a = Ir (x∗) and b = Ir (y∗), we have

−λ−1 Ir ([x∗, y∗
]r )

(2-3)
= −λ−1 Ir

(
−ad∗(r+(x∗))y∗

+ ad∗(r−(y∗))x∗
)

(2-12)
= −λ−1(

[r+(x∗), Ir (y∗)]A − [r−(y∗), Ir (x∗)]A
)

= λ−2(
[P Ir (x∗), Ir (y∗)]A + [Ir (x∗), P Ir (y∗)]A + λ[Ir (x∗), Ir (y∗)]A

)
(4-2)
= [−λ−1 Ir (x∗), −λ−1 Ir (y∗)]P .

Similarly, we have

−λ−1 Ir (x∗
·r y∗) = (−λ−1 Ir (x∗)) ·P (−λ−1 Ir (y∗)).

Hence, −λ−1 Ir : (A∗, [ , ]r , ·r ) → (A, [ , ]P , ·P) is a Poisson algebra homo-
morphism.

Noting that λ−1 I ∗
r = λ−1 Ir , we have

−λ−1 I ∗

r ([x∗, y∗
]Ir )=

[
−λ−1 Ir (x∗), −λ−1 Ir (y∗)

]
A =

[
−λ−1 I ∗

r (x∗), −λ−1 I ∗

r (y∗)
]

A,

−λ−1 I ∗

r (x∗
·Ir y∗)=(−λ−1 Ir (x∗)) ·A (−λ−1 Ir (y∗))=(−λ−1 I ∗

r (x∗)) ·A (−λ−1 I ∗

r (y∗)),

which means that −λ−1 I ∗
r : (A∗, [ , ]Ir , ·Ir )→ (A, [ , ]A, ·A) is also a Poisson algebra

homomorphism. Since
(
(A∗, [ , ]r , ·r ), (A, [ , ]A, ·A)

)
is a Poisson bialgebra, so

is ((A, [ , ]P , ·P), (A∗, [ , ]Ir , ·Ir )), by Proposition 2.6. Clearly, −λ−1 Ir is an
isomorphism of Poisson bialgebras. □

As a counterpart to Theorem 4.9, the following theorem shows that a quadratic
Rota–Baxter Poisson algebra of nonzero weight induces a factorizable Poisson
bialgebra, thereby refining the one-to-one correspondence between factorizable
Poisson bialgebras and quadratic Rota–Baxter Poisson algebras of nonzero weight.

Theorem 4.11. Let ((A, [ , ]A, ·A),B, P) be a quadratic Rota–Baxter Poisson
algebra of weight λ ̸= 0, and IB : A∗

→ A be the induced linear isomorphism by B.
Let r ∈ A ⊗ A be the 2-tensor form of P ◦ IB given by (4-6). Then r is a solution of
the Poisson Yang–Baxter equation in (A, [ , ]A, ·A) and gives rise to a factorizable
Poisson bialgebra (A, [ , ]A, ·A, δr , 1r ).
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Proof. Let rB ∈ A ⊗ A be the 2-tensor form of IB in (2-18). By Proposition 2.17
and Lemma 4.7, rB is (ad, L)-invariant and r +τ(r) = −λrB, which shows that the
symmetric part of r is also (ad, L)-invariant and Ir = −λIB is a linear isomorphism.
By Proposition 2.20, r satisfies the Poisson Yang–Baxter equation, since P is a
Rota–Baxter operator of weight λ on (A, [ , ]A, ·A). Thus, (A, [ , ]A, ·A, δr , 1r ) is
a factorizable Poisson bialgebra. □

Corollary 4.12. Let (A, [ , ]A, ·A) be a Poisson algebra, {e1, e2, . . . , en} be a basis
of A and {e∗

1, e∗

2, . . . , e∗
n} be the dual basis of A∗. Then r =

∑
i e∗

i ⊗ ei is a solution
of the Poisson Yang–Baxter equation in (A⋉−ad∗,L∗ A∗, [ , ], · ) and gives rise to a
factorizable Poisson bialgebra (A⋉−ad∗,L∗ A∗, [ , ], · , δr , 1r ).

Proof. Clearly, id : A → A is a Rota–Baxter operator of weight −1 on (A, [ , ]A, ·A).
By Proposition 4.5,

(
(A⋉−ad∗,L∗ A∗, [ , ], · ),Bd , id + 0∗

)
is then a quadratic Rota–

Baxter Poisson algebra of weight −1, where Bd is defined by (2-16). Now the
conclusion follows from Theorem 4.11. □

Example 4.13. Let (A⋉−ad∗,L∗ A∗, [ , ], · ) be the Poisson algebra in Example 4.6.
By Corollary 4.12, r =

∑3
i=1 e∗

i ⊗ ei is a solution of the Poisson Yang–Baxter
equation in (A ⋉−ad∗,L∗ A∗, [ , ], · ) and then (A ⋉−ad∗,L∗ A∗, [ , ], · , δr , 1r ) is a
factorizable Poisson bialgebra where δr and 1r are explicitly defined by

δr (e1) = δr (e2) = δr (e3) = 0, δr (e∗

1) = δr (e∗

2) = 0,(4-7)

δr (e∗

3) = e∗

1 ⊗ e∗

2 − e∗

2 ⊗ e∗

1,

1r (e1) = 1r (e2) = 1r (e3) = 0, 1r (e∗

1) = 1r (e∗

2) = 0,(4-8)

1r (e∗

3) = e∗

1 ⊗ e∗

2 + e∗

2 ⊗ e∗

1.

Proposition 4.14. Let (A, [ , ]A, ·A, δr , 1r ) be a factorizable Poisson bialgebra,
which corresponds to a quadratic Rota–Baxter Poisson algebra ((A, [ , ]A, ·A),B, P)

of weight λ ̸= 0 via Theorems 4.9 and 4.11. Then the factorizable Poisson bialgebra
(A, [ , ]A, ·A, δτ(r), 1τ(r)) corresponds to the quadratic Rota–Baxter Poisson alge-
bra ((A, [ , ]A, ·A),B, P̃) of weight λ ̸= 0 where P̃ := −λid − P. In conclusion,
we have the following commutative diagram:

(A, [ , ]A, ·A, δr , 1r ) oo
Proposition 3.2

//

Theorem 4.9
��

(A, [ , ]A, ·A, δτ(r), 1τ(r))

Theorem 4.9
��

((A, [ , ]A, ·A),B, P)

Theorem 4.11

OO

oo
Proposition 4.4

// ((A, [ , ]A, ·A),B, P̃)

Theorem 4.11

OO

Proof. By Theorem 4.9, the factorizable Poisson bialgebra (A, [ , ]A, ·A,δτ(r),1τ(r))

induces a quadratic Rota–Baxter Poisson algebra (A, [ , ]A, ·A,B′, P ′) of weight
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λ ̸= 0, where

B′(a, b) = −λ << I −1
τ(r)(a), b>> = −λ << I −1

r (a), b>> = B(a, b), ∀a, b ∈ A,

and

P ′
= −λ(τ(r))+ ◦ I −1

τ(r) = λr− ◦ I −1
r = λr+ ◦ I −1

r − λIr ◦ I −1
r = −P − λidA = P̃.

Thus, (A, [ , ]A, ·A, δτ(r), 1τ(r)) induces a quadratic Rota–Baxter Poisson algebra
((A, [ , ]A, ·A), B, P̃) of weight λ by Theorem 4.9. By a similar argument, we show
the converse: the quadratic Rota–Baxter Poisson algebra ((A, [ , ]A, ·A), B, P̃) of
weight λ induces the factorizable Poisson bialgebra (A, [ , ]A, ·A, δτ(r), 1τ(r)) via
Theorem 4.11. □

5. Quasitriangular Poisson bialgebras via
quasitriangular differential ASI bialgebras

In this section, we generalize the construction of Poisson algebras from commutative
algebras with a pair of commuting derivations to the context of quasitriangular
bialgebras. We establish the quasitriangular and factorizable theories for differen-
tial ASI bialgebras, and then construct quasitriangular and factorizable Poisson
bialgebras from quasitriangular and factorizable (commutative and cocommutative)
differential ASI bialgebras respectively.

Recall that an associative coalgebra (A, 1) is a vector space A with a linear
map 1 : A → A ⊗ A satisfying the coassociative law

(1 ⊗ id)1 = (id ⊗ 1)1.

An associative coalgebra (A, 1) is called cocommutative if 1 = τ1.

Definition 5.1 [4]. An antisymmetric infinitesimal bialgebra or simply an ASI
bialgebra is a triple (A, ·A, 1) consisting of a vector space A and linear maps
·A : A ⊗ A → A and 1 : A → A ⊗ A such that

(1) (A, ·A) is an associative algebra,

(2) (A, 1) is an associative coalgebra, and

(3) the following equations hold for all a, b ∈ A:

1(a ·A b) = (R(b) ⊗ id)1(a) + (id ⊗ L(a))1(b),

(L(a) ⊗ id − id ⊗ R(a))1(b) = τ ((id ⊗ R(b) − L(b) ⊗ id)1(a)) .

Definition 5.2. Let (A, ·A) be an associative algebra. A linear map ∂ : A → A is
called a derivation if the Leibniz rule is satisfied:

∂(a ·A b) = ∂(a) ·A b + a ·A ∂(b), ∀a, b ∈ A.
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A differential algebra is a triple (A, ·A, 8), where (A, ·A) is an associative algebra
and 8 = {∂i : A → A}

m
i=1 is a tuple of commuting derivations. A differential algebra

(A, ·A, 8) is called commutative if (A, ·A) is commutative.

Definition 5.3 [10]. Let (A, 1) be an associative coalgebra. A linear map ∂- : A → A
is called a coderivation on (A, 1) if

(5-1) 1∂- = (∂-⊗ id + id ⊗ ∂-)1.

A differential coalgebra is a triple (A, 1,9), consisting of an associative coalgebra
(A, 1) and a tuple of commuting coderivations 9 ={∂-k : A → A}

m
k=1. A differential

coalgebra (A, 1,9) is called cocommutative if (A, 1) is cocommutative.

Definition 5.4 [20]. A differential antisymmetric infinitesimal bialgebra or simply
a differential ASI bialgebra is a quintuple (A, ·A, 1,8, 9) with these properties:

(1) (A, ·A, 1) is an ASI bialgebra.

(2) (A, ·A, 8 = {∂k}
m
k=1) is a differential algebra.

(3) (A, 1,9 = {∂-k}m
k=1) is a differential coalgebra.

(4) (A, ·A, 8) is 9-admissible, that is, for all a, b ∈ A and k = 1, . . . , m we have

∂-k(a) ·A b = a ·A ∂k(b) + ∂-k(a ·A b),(5-2)

a ·A ∂-k(b) = ∂k(a) ·A b + ∂-k(a ·A b).(5-3)

(5) (A, 1∗, 9∗) is 8∗-admissible, that is, for all k = 1, . . . , m we have

(∂k ⊗ id)1 = (id ⊗ ∂-k)1 + 1∂k,(5-4)

(id ⊗ ∂k)1 = (∂-k ⊗ id)1 + 1∂k .(5-5)

A differential ASI bialgebra (A, ·A, 1, 8, 9) is called commutative and cocommu-
tative if (A, ·A, 8) is commutative and (A, 1,9) is cocommutative.

Definition 5.5. Let (A, ·A, 8 = {∂k}
m
k=1) be a differential algebra. Suppose that

r ∈ A ⊗ A and that 9 = {∂-k : A → A}
m
k=1 is a set of commuting linear maps.

The 9-admissible associative Yang–Baxter equation or 9-admissible AYBE in
(A, ·A, 8) is the set of equations

A(r) = 0,

(∂k ⊗ id − id ⊗ ∂-k)(r) = 0, ∀k = 1, . . . , m,(5-6)

(∂-k ⊗ id − id ⊗ ∂k)(r) = 0, ∀k = 1, . . . , m.(5-7)

Lemma 5.6. Let (A, ·A, 8 = {∂k}
m
k=1) be a differential algebra. Suppose that

r ∈ A ⊗ A and 9 = {∂-k : A → A}
m
k=1 is a set of commuting linear maps. Then

equations (5-6)–(5-7) hold if and only if

∂ir+ = r+∂-∗i , ∂ir− = r−∂-∗i , ∀i = 1, 2, . . . , m.
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Proof. For all x∗, y∗
∈ A∗, we have

<<∂ir+(x∗), y∗
>> = <<r, x∗

⊗ ∂∗

i (y∗)>> = <<(id ⊗ ∂i )(r), x∗
⊗ y∗

>> ,

<<r+(∂-∗i (x∗)), y∗
>> = <<r, ∂-∗i (x∗) ⊗ y∗

>> = <<(∂-i ⊗ id)(r), x∗
⊗ y∗

>> ,

<<∂ir−(x∗), y∗
>> = − <<r, ∂∗

i (y∗) ⊗ x∗
>> = − <<(∂i ⊗ id)(r), y∗

⊗ x∗
>> ,

<<r−(∂-∗i (x∗)), y∗
>> = − <<r, y∗

⊗ ∂-∗i (x∗)>> = − <<(id ⊗ ∂-i )(r), y∗
⊗ x∗

>> ,

which completes the proof. □

Lemma 5.7. Let (A, ·A, 8) be a 9-admissible differential algebra and r ∈ A ⊗ A.
If r ∈ A⊗ A is a solution of the 9-admissible AYBE in (A, ·A, 8) and the symmetric
part of r satisfies (2-10), then (A, ·A, 1,8, 9) is a differential ASI bialgebra, where
1 : A → A ⊗ A is defined by

(5-8) 1(a) = (id ⊗ L(a) − R(a) ⊗ id)(r), ∀a ∈ A.

Proof. This follows from [20, Corollary 4.4]. □

Definition 5.8. Let (A, ·A, 8) be a differential algebra and r ∈ A ⊗ A. Then r is
called L-invariant if the following equation holds:

(5-9) (L(a) ⊗ id − id ⊗ R(a))(r) = 0, ∀a ∈ A.

Recall that a differential ASI bialgebra (A, ·A, 1,8, 9) is called coboundary if
1 is defined by (5-8) for some r ∈ A ⊗ A. A coboundary differential ASI bialgebra
is denoted by (A, ·A, 1r , 8,9).

Definition 5.9. Let (A, ·A, 8) be a 9-admissible differential algebra. If r is a
solution of the 9-admissible AYBE in (A, ·A, 8) and the symmetric part of r ∈ A⊗A
is L-invariant, then the coboundary differential ASI bialgebra (A, ·A, 1r , 8,9)

induced by r is called a quasitriangular differential ASI bialgebra. In particular,
if r is antisymmetric, then (A, ·A, 1r , 8,9) is called a triangular differential ASI
bialgebra. A quasitriangular differential ASI bialgebra (A, ·A, 1r , 8, 9) is called
factorizable if the symmetric part of r is nondegenerate.

Example 5.10. By Example 4.6, there is a six-dimensional commutative algebra
(A ⊕ A∗, · ) on A ⊕ A∗ with the nonzero products of · given by (4-5). Let ∂1, ∂2 :

A ⊕ A∗
→ A ⊕ A∗ be linear maps given by

∂1(e1) = e1, ∂1(e2) = 0, ∂1(e3) = e3, ∂1(e∗

1) = 0, ∂1(e∗

2) = e∗

2, ∂1(e∗

3) = 0,

∂2(e1) = 0, ∂2(e2) = e2, ∂2(e3) = e3, ∂2(e∗

1) = e∗

1, ∂2(e∗

2) = 0, ∂2(e∗

3) = 0.

Let 8={∂1, ∂2} and 9 ={−∂1, −∂2}. Then (A⊕ A∗, · , 8) is a 9-admissible differ-
ential algebra. Moreover, r =

∑3
i=1 e∗

i ⊗ei is a solution of the 9-admissible AYBE
in (A ⊕ A∗, · ) and (A ⊕ A∗, · , 1r , 8,9) is a commutative and cocommutative
factorizable differential ASI bialgebra with 1r given by (4-8).
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The next proposition justifies the term “factorizable differential ASI bialgebra.”

Definition 5.11. Let (A, ·A, 8A = {∂A,i }
m
i=1) and (B, ·B, 8B = {∂B,i }

m
i=1) be two

differential algebras. A linear map ϕ : (A, ·A, 8A) → (B, ·B, 8B) is called a
homomorphism of differential algebras if ϕ : (A, ·A, 8A) → (B, ·B, 8B) is a homo-
morphism of associative algebras satisfying

ϕ ◦ ∂A,i = ∂B,i ◦ ϕ, ∀i = 1, 2, . . . , m.

If in addition ϕ is a linear isomorphism, ϕ is called an isomorphism of differential
algebras.

Proposition 5.12. Let (A, ·A, 1r , 8,9) be a factorizable differential ASI bialgebra.
Then Im(r+ ⊕ r−) is a differential subalgebra of the differential algebra A ⊕ A,
which is isomorphic to the differential algebra (A∗, ·r , 9

∗), where ·r : A∗
⊗A∗

→ A∗

is defined by

(5-10) x∗
·r y∗

= R∗(r+(x∗))y∗
+ L∗(r−(y∗))x∗, ∀x∗, y∗

∈ A∗.

Every a ∈ A has a unique decomposition a = a+ −a− with (a+, a−) ∈ Im(r+ ⊕r−).

Proof. By [27, Proposition 3.2], both r+, r− : (A∗, ·r ) → (A, ·A) are associative
algebra homomorphisms, Im(r+⊕r−) is an associative subalgebra of the direct sum
associative algebra A ⊕ A, which is isomorphic to the associative algebra (A∗, ·r ),
and every a ∈ A has a unique decomposition a =a+−a− with (a+, a−)∈ Im(r+⊕r−).
By Lemma 5.6, we know that both r+, r− : (A∗, ·r , 9

∗)→ (A, ·A, 8) are differential
algebra homomorphisms. Therefore, Im(r+ ⊕ r−) is a differential subalgebra of
the direct sum differential algebra A ⊕ A, which is isomorphic to the differential
algebra (A∗, ·r , 9

∗). □

Let (A, ·A, 1,8, 9) be an arbitrary differential ASI bialgebra and (A, ·A) be
the associative algebra structure on A ⊕ A∗ obtained from the matched pair of
associative algebras (A, A∗, R∗

·A
, L∗

·A
, R∗

·A∗
, L∗

·A∗
) [20]. Let {e1, e2, . . . , en} be a

basis of A and {e∗

1, e∗

2, . . . , e∗
n} be the dual basis of A∗. Define

r =

∑
i

ei ⊗ e∗

i ∈ A ⊗ A∗
⊂ A⊗A

and
1r (u) = (id ⊗ L ·A(u) − R·A(u) ⊗ id)(r), ∀u ∈ A.

Then (A, ·A, 1r , 8+ 9∗, 9 + 8∗) is a coboundary differential ASI bialgebra (see
[20, Theorem 4.5] for details).

Theorem 5.13. The differential ASI bialgebra (A, ·A, 1r , 8 + 9∗, 9 + 8∗) is a
factorizable quasitriangular differential ASI bialgebra.
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Proof. The proof of Theorem 4.5 in [20] implies that r is a solution of the (9 +8∗)-
admissible AYBE in (A, ·A, 8+9∗). By suitably modifying the same proof, one
can show that the symmetric part of r is L-invariant. By the proof of Theorem 3.4,
Ir is an isomorphism of vector spaces. Hence, the differential ASI bialgebra
(A, ·A, 1r , 8+ 9∗, 9 + 8∗) is factorizable. □

Definition 5.14. A bilinear form B( , ) on an associative algebra (A, ·A) is called
invariant if

B(a ·A b, c) = B(a, b ·A c), ∀a, b, c ∈ A.

A Frobenius algebra (A, ·A,B) is an associative algebra (A, ·A) with a non-
degenerate invariant bilinear form B( , ). A Frobenius algebra (A, ·A,B) is called
symmetric if B( , ) is symmetric.

Definition 5.15. A differential Frobenius algebra is a quadruple (A, ·A, 8,B),
where (A, ·A, 8 = {∂k}

m
k=1) is a differential algebra and (A, ·A,B) is a Frobenius

algebra. It is called symmetric if B is symmetric. For all k = 1, . . . , m, let ∂̂k be
the adjoint linear operator of ∂k under the nondegenerate bilinear form B:

B(∂k(a), b) = B(a, ∂̂k(b)), ∀a, b ∈ A.

We call 8̂ := {∂̂k}
m
k=1 the adjoint of 8 = {∂k}

m
k=1 with respect to B.

Note that 8̂ is admissible to (A, ·A, 8), by [20, Proposition 3.3].

Definition 5.16. The triple ((A, ·A, 8={∂k}
m
k=1),B, P) is called a symmetric Rota–

Baxter differential Frobenius algebra of weight λ if (A, ·A, 8,B) is a symmetric
differential Frobenius algebra and (A, ·A, P) is a Rota–Baxter algebra of weight λ

satisfying the compatibility condition given by (4-4) such that

∂i P = P∂i , ∀i = 1, 2, . . . , m.

Lemma 5.17. Let
(
(A, ·A, 8 = {∂k}

m
k=1),B, P

)
be a symmetric Rota–Baxter dif-

ferential Frobenius algebra of weight λ, and IB : A∗
→ A be the induced linear

isomorphism by B. Let r ∈ A ⊗ A be the 2-tensor form of P ◦ IB given by (4-6) and
8̂ = {∂̂k}

m
k=1 be the adjoint of 8 with respect to B. Then

∂i IB = IB∂̂i
∗, ∂ir+ = r+∂̂i

∗, ∀i = 1, 2, . . . , m.

Proof. For all a ∈ A and x∗
∈ A∗, we have

B(∂i IB(x∗),a)=B(IB(x∗), ∂̂i (a))= << x∗, ∂̂i (a)>> = << ∂̂
∗

i (x∗),a>> =B(IB∂̂∗

i (x∗),a),

that is, ∂i IB = IB∂̂∗

i . Therefore,

∂ir+ = ∂i P IB = P∂i IB = P IB∂̂∗

i = r+∂̂∗

i ,

completing the proof. □
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Proposition 5.18. Let ((A, ·A, 8),B, P) be a symmetric Rota–Baxter differential
Frobenius algebra of weight 0 and IB : A∗

→ A be the induced linear isomorphism
by B. Then (A, ·A, 1r , 8, 8̂) is a triangular differential ASI bialgebra where
r ∈ A ⊗ A is the 2-tensor form of P ◦ IB given by (4-6) and 8̂ is the adjoint of 8

with respect to B.

Proof. It follows from Lemma 4.7 that r + τ(r) = 0. Similarly to Proposition 2.20,
we show that A(r) = 0. On the other hand, setting 8 = {∂k}

m
k=1, by Lemma 5.17,

we have ∂ir+ = r+∂̂∗

i . Therefore, by Lemma 5.6, we show that r is a solution of
the 8̂-admissible AYBE in (A, ·A, 8). Noting that 8̂ is admissible to (A, ·A, 8),
we complete the proof. □

Theorem 5.19. Let (A, ·A, 1r , 8 = {∂k}
m
k=1, 9 = {∂-k}m

k=1) be a factorizable differ-
ential ASI bialgebra with Ir = r+ − r− . Then ((A, ·A, 8),B, P) is a symmetric
Rota–Baxter differential Frobenius algebra of weight λ such that the adjoint of 8

with respect to B is 9, where

P = −λr+ ◦ I −1
r , λ ̸= 0

and the bilinear form B ∈ ⊗
2 A∗ is defined by

B(a, b) = −λ << I −1
r (a), b>> , ∀a, b ∈ A.

Proof. It follows from [27, Corollary 4.8] that (A, ·A,B) is a symmetric Frobenius
algebra and (A, ·A, P) is a Rota–Baxter algebra of weight λ such that (4-4) holds.
For all a, b ∈ A, we have

B(∂i (a), b) = −λ << I −1
r (∂i (a)), b>> = −λ << I −1

r ∂i Ir I −1
r (a), b>> ,

B(a, ∂-i (b)) = −λ << I −1
r (a), ∂-i (b)>> = −λ << I −1

r Ir∂-∗i I −1
r (a), b>> ,

and by Lemma 5.6, we have

∂i Ir = ∂i (r+ − r−) = (r+ − r−)∂-∗i = Ir∂-∗i .

Therefore, B(∂i (a), b) = B(a, ∂-i (b)). Furthermore, we have

∂i P = −λ∂ir+ I −1
r = −λr+∂-∗i I −1

r = −λr+ I −1
r ∂i = P∂i .

The proof is complete. □

Theorem 5.20. Let ((A, ·A, 8 = {∂k}
m
k=1),B, P) be a symmetric Rota–Baxter

differential Frobenius algebra of weight λ ̸= 0, and IB : A∗
→ A be the induced

linear isomorphism by B. Let r ∈ A ⊗ A be the 2-tensor form of P ◦ IB given
by (4-6) and 8̂ be the adjoint of 8 with respect to B. Then r is a solution of the
8̂-admissible AYBE in (A, ·A, 8) and gives rise to a factorizable differential ASI
bialgebra (A, ·A, 1r , 8, 8̂).
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Proof. By Lemma 4.7, r + τ(r) is equal to −λrB and Ir = −λIB. Then by
Lemma 5.17, we have

∂ir+ = r+∂̂∗

i and ∂ir− = ∂i (r+ − Ir ) = r+∂̂∗

i − Ir ∂̂
∗

i = r−∂̂∗

i .

Similarly to Theorem 4.11, we can show that A(r) = 0 and the symmetric part of r
is L-invariant. Hence, by Lemma 5.6, r is a solution of the 8̂-admissible AYBE in
(A, ·A, 8), which completes the proof. □

We now turn to the constructions of quasitriangular and factorizable Poisson
bialgebras from quasitriangular and factorizable (commutative and cocommutative)
differential ASI bialgebras.

Proposition 5.21 [7]. Let (A, ·A, 8 = {∂1, ∂2}) be a commutative differential
algebra. Then (A, [ , ]A, ·A) is a Poisson algebra, called the induced Poisson
algebra of (A, ·A, 8), where [ , ] : A ⊗ A → A is defined by

(5-11) [a, b]A := ∂1(a) ·A ∂2(b) − ∂2(a) ·A ∂1(b), ∀a, b ∈ A.

Lemma 5.22 [20]. Let (A, ·A, 8 = {∂1, ∂2}) be a 9 = {∂-1, ∂-2}-admissible com-
mutative differential algebra and (A, [ , ]A, ·A) be the induced Poisson algebra of
(A, ·A, 8). Suppose that

(5-12) ∂-2(∂1(a)) · b = ∂-1(∂2(a)) · b, ∀a, b ∈ A.

Then every solution of the 9-admissible AYBE in (A, ·A, 8) is a solution of the
Poisson Yang–Baxter equation in the Poisson algebra (A, [ , ]A, ·A).

Theorem 5.23. If (A, ·A, 1r , 8,9) is a quasitriangular (resp. triangular, fac-
torizable) commutative and cocommutative differential ASI bialgebra, and equa-
tion (5-12) holds, then (A, [ , ]A, ·A, δr , 1r ) is a quasitriangular (resp. triangular,
factorizable) Poisson bialgebra through r , where (A, [ , ]A, ·A) is the induced
Poisson algebra of (A, ·A, 8) and δr : A → A ⊗ A is defined by

(5-13) δr = (∂-1 ⊗ ∂-2 − ∂-2 ⊗ ∂-1)1r .

Proof. For all a ∈ A, we have

(ad(a) ⊗ id + id ⊗ ad(a))(r + τ(r))

=
(
(L(∂1(a))∂2 − L(∂2(a))∂1)⊗ id + id ⊗ (L(∂1(a))∂2 − L(∂2(a))∂1)

)
(r + τ(r)).

By (5-2), this equals(
L(∂1(a)) ⊗ ∂-2 − L(∂2(a)) ⊗ ∂-1 − id ⊗ ∂-2L(∂1(a)) + id ⊗ ∂-1L(∂2(a))

)
(r + τ(r))

+
(
id ⊗ L(∂-2∂1(a)) − id ⊗ L(∂-1∂2(a))

)
(r + τ(r)).

Using (5-12) this becomes
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(id ⊗ ∂-2)(L(∂1(a)) ⊗ id − id ⊗ L(∂1(a)))

+ (id ⊗ ∂-1)(L(∂2(a)) ⊗ id − id ⊗ L(∂2(a)))
)
(r + τ(r)) = 0.

Hence, the symmetric part of r is (ad, L)-invariant. By Lemma 5.22, r is a solution
of the Poisson Yang–Baxter equation in (A, [ , ]A, ·A). Furthermore,

δr (a) = (∂-1 ⊗∂-2 −∂-2 ⊗∂-1)1r (a) = (∂-1 ⊗∂-2 −∂-2 ⊗∂-1)(id⊗L(a)−L(a)⊗id)(r)

(5-6)
= (id⊗∂-2L(a)∂1 −id⊗∂-1L(a)∂2)(r)−(∂-1L(a)∂2 ⊗id−∂-2L(a)∂1 ⊗id)(r)

(5-2)
= (ad(a)⊗id+id⊗ad(a))(r).

It is now obvious that the theorem holds. □

Example 5.24. Continuing with Example 5.10, there is a commutative and cocom-
mutative factorizable differential ASI bialgebra (A ⊕ A∗, · , 1r , 8,9). Note that
(5-12) holds automatically. Thus by Theorem 5.23, it induces a factorizable Poisson
bialgebra (A ⊕ A∗, [ , ], · , δr , 1r ) where the nonzero product of [ , ] is defined by
[e1, e2] = e3 and δr is explicitly given by (4-8).

Let
(

A, ·A, 1r , 8={∂1, ∂2}, 9 ={∂-1, ∂-2}
)

be a commutative and cocommutative
factorizable differential ASI bialgebra. Using Proposition 5.12, let(

Im(r+ ⊕ r−), · , 8+ 8 = {∂1 + ∂1, ∂2 + ∂2}
)

be the differential subalgebra of the differential algebra A⊕ A, which is isomorphic
to the differential algebra (A∗, ·r , 9

∗), where ·r : A∗
⊗ A∗

→ A∗ is defined by (2-4).
On the other hand, suppose that (5-12) holds. Let (A, [ , ]A, ·A, δr , 1r ) be the
induced factorizable Poisson bialgebra in Theorem 5.23. Then by Proposition 3.3,
let (Im(r+ ⊕ r−), [ , ], · ) be the Poisson subalgebra of the direct sum Poisson
algebra A ⊕ A, which is isomorphic to the Poisson algebra (A∗, [ , ]r , ·r ), where
[ , ]r , ·r : A∗

⊗ A∗
→ A∗ are respectively defined by (2-3) and (2-4).

Corollary 5.25. With the same conditions as above, the induced Poisson algebras
of (Im(r+ ⊕ r−), · , 8 + 8) and (A∗, ·r , 9

∗) are exactly (Im(r+ ⊕ r−), [ , ], · ) and
(A∗, [ , ]r , ·r ). Thus we have the commutative diagram

(A, ·A, 1r , 8,9)

Theorem 5.23
��

Proposition 5.12
// (Im(r+ ⊕ r−), · , 8+ 8)

≃
//

Proposition 5.21
��

(A∗, ·r , 9
∗)

Proposition 5.21
��

(A, [ , ]A, ·A, δr , 1r )
Proposition 3.3

// (Im(r+ ⊕ r−), [ , ], · )
≃
// (A∗, [ , ]r , ·r )

Proof. By Theorem 5.23, the induced Poisson algebra of (A∗, ·r ,9
∗) is exactly

(A∗, [ , ]r , ·r ).Noting that (A, [ , ]A, ·A) is the induced Poisson algebra of (A, ·A,8),
it is straightforward that the induced Poisson algebra of (Im(r+ ⊕ r−), · ,8+8) is
exactly (Im(r+ ⊕ r−), [ , ], ·). The proof is complete. □



QUASITRIANGULAR AND FACTORIZABLE POISSON BIALGEBRAS 481

Let (A, ·A, 1,8 = {∂1, ∂2}, 9 = {∂-1, ∂-2}) be a commutative and cocommutative
differential ASI bialgebra. Let (A, [ , ]A, ·A) be the induced Poisson algebra of
(A, ·A, 8). Suppose that (5-12) and the following equation hold:

(5-14) (∂-2∂1 ⊗ id)1 = (∂-1∂2 ⊗ id)1.

Then (A, [ , ]A, ·A, δ,1) is a Poisson bialgebra where δ : A → A ⊗ A is defined by
δ = (∂-1 ⊗∂-2 −∂-2 ⊗∂-1)1 [20, Theorem 5.24]. Let (A, ·A, 1r , 8+9∗, 9 +8∗) be
the factorizable differential ASI bialgebra obtained in Theorem 5.13 arising from
(A, ·A, 1,8, 9) and let (A, [ , ]A, ·A, δr , 1r ) be the factorizable Poisson bialgebra
of Theorem 3.4 arising from (A, [ , ]A, ·A, δ,1). Since the Poisson algebra structure
(A, [ , ]A, ·A) is the induced Poisson algebra of (A, ·A, 8+9∗) [20, Remark 5.25]
and equation (5-12) also holds for the (9+8∗)-admissible commutative differential
algebra (A, ·A, 8+ 9∗), we have the following conclusion.

Corollary 5.26. With the same conditions as above, (A, [ , ]A, ·A, δr , 1r ) is the
induced factorizable Poisson bialgebra of the factorizable differential ASI bialgebra
(A, ·A, 1r , 8+ 9∗, 9 + 8∗). Thus, we have the following commutative diagram:

(A, ·A, 1,8, 9)
Theorem 5.13

//

��

(A, ·A, 1r , 8+ 9∗, 9 + 8∗)

Theorem 5.23
��

(A, [ , ]A, ·A, δ,1)
Theorem 3.4

// (A, [ , ]A, ·A, δr , 1r )

Proposition 5.27. Let (A, ·A, 1r , 8,9) be a commutative and cocommutative
factorizable differential ASI bialgebra, which corresponds to a symmetric Rota–
Baxter differential Frobenius algebra ((A, ·A, 8),B, P) of weight λ ̸= 0. Suppose
that (5-12) holds. Let (A, [ , ]A, ·A) be the induced Poisson algebra of (A, ·A, 8).
Then ((A, [ , ]A, ·A),B, P) is a quadratic Rota–Baxter Poisson algebra of weight
λ, to which the induced factorizable Poisson bialgebra (A, [ , ]A, ·A, δr , 1r ) in
Theorem 5.23 corresponds. Thus, we have the following commutative diagram:

(A, ·A, 1r , 8,9)
Theorem 5.23

//

Theorem 5.19
��

(A, [ , ]A, ·A, δr , 1r )

Theorem 4.9
��

((A, ·A, 8),B, P)

Theorem 5.20

OO

// ((A, [ , ]A, ·A),B, P)

Theorem 4.11

OO

Proof. For all a, b, c ∈ A, we have

B([a, b]A, c)

= B(∂1(a) ·A ∂2(b) − ∂2(a) ·A ∂1(b), c) = B(a, ∂-1(∂2(b) ·A c) − ∂-2(∂1(b) ·A c))

= B(a, ∂-1(∂2(b)) ·A c − ∂2(b) ·A ∂1(c) − ∂-2(∂1(b)) ·A c + ∂1(b) ·A ∂2(c))

= B(a, [b, c]A)
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and

[P(a), P(b)]A = ∂1(P(a)) ·A ∂2(P(b)) − ∂2(P(a)) ·A ∂1(P(b))

= P(∂1(a)) ·A P(∂2(b)) − P(∂2(a)) ·A P(∂1(b))

= P
(
P(∂1(a)) ·A ∂2(b) + ∂1(a) ·A P(∂2(b)) + λ∂1(a) ·A ∂2(b)

)
− P

(
P(∂2(a)) ·A ∂1(b) + ∂2(a) ·A P(∂1(b)) + λ∂2(a) ·A ∂1(b)

)
= P

(
∂1(P(a)) ·A ∂2(b) + ∂1(a) ·A ∂2(P(b)) + λ∂1(a) ·A ∂2(b)

)
− P

(
∂2(P(a)) ·A ∂1(b) + ∂2(a) ·A ∂1(P(b)) + λ∂2(a) ·A ∂1(b)

)
= P

(
[P(a), b]A + [a, P(b)]A + λ[a, b]A

)
.

Therefore, ((A, [ , ]A, ·A),B, P) is a quadratic Rota–Baxter Poisson algebra of
weight λ. Thus the proposition is true. □
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We define and study the symplectic semi-characteristic of a closed 4n-dimen-
sional symplectic manifold, based on the even-degree part of the primitive
cohomology. Using a vector field with nondegenerate zero points, we prove
a counting formula for the symplectic semi-characteristic. As corollaries of
the counting formula, we obtain a vanishing property and the fact that the
definition of the symplectic semi-characteristic is independent of the choice
of symplectic forms.
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1. Introduction

In three consecutive papers [18; 19; 20], Tsai, Tseng, and Yau introduced and
studied the p-filtered cohomology groups F p H k(M, ω) (0 ≤ k ≤ 1+2p +dim M)

of a symplectic manifold (M, ω). The p = 0 case in [18, (3.14), (3.22)] and [19,
(1.5), (1.6)] is called the primitive cohomology of (M, ω), and the p ≥ 1 case
in [20, (1.2), Theorem 3.1] is generalized from it. Different from the classical
de Rham cohomology, this p-filtered cohomology includes information about the
symplectic form ω. Thus, an important application of it is in distinguishing among
different symplectic structures; examples can be found in [19, Section 4] (computing
the primitive cohomology groups) and [20, Section 6] (computing the product
structures). Tanaka and Tseng [16, Theorem 1.1] proved that the mapping cone
complex determined by the map ∧ωp+1 between de Rham complexes computes
the p-filtered cohomology.
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In this paper, we focus on the primitive cohomology. Our work starts from
an interesting fact: When the symplectic manifold (M, ω) is closed, the Euler
characteristic

(1-1) dim F0 H even(M, ω)− dim F0 H odd(M, ω)

of the primitive cohomology is equal to zero. This was originally proved in [18,
Proposition 3.26] and [19, Proposition 3.7] by means of duality between cohomology
groups. Recently, using Tanaka and Tseng’s mapping cone complex, Clausen, Tang,
and Tseng proved the symplectic Morse inequality [7, Theorem 1.4], also showing
that the value of (1-1) is zero. Intuitively speaking, we may say that the even-degree
part of the primitive cohomology contains the same amount of information as the
odd-degree part.

We then ask whether F0 H even(M, ω) is an obstruction to some geometric object.
Here, to some extent, we are motivated by the Kervaire semi-characteristic in a
similar scenario. Recall that for any odd-dimensional closed oriented manifold N ,
the Euler characteristic of the de Rham cohomology of N is zero. Let bk be the
dimension of the k-th de Rham cohomology group of N . The Z2-valued Kervaire
semi-characteristic of N [11, Introduction; 12, Section 1; 1, Section 4] is defined
to be

(1-2)
∑

k even

bk mod 2.

When dim N = 4n +1, the Z2-valued Kervaire semi-characteristic satisfies Atiyah’s
vanishing theorem [1, Theorem 4.1] and Zhang’s counting formula [23, Theorem
1.3]. Both the vanishing theorem and the counting formula involve two vector
fields, showing that the Z2-valued Kervaire semi-characteristic is an obstruction to
a certain pair of vector fields. Now, back to our symplectic situation, we state our
main question:

Question 1.1. For a closed symplectic manifold (M, ω), what geometric object(s)
on M does the even-degree part of the primitive cohomology of (M, ω) obstruct?
Is it a pair of vector fields or something else?

Here we answer this question for 4n-dimensional closed symplectic manifolds.

Assumption 1.2. Throughout this paper, when not stated otherwise, (M, ω) is a
4n-dimensional closed symplectic manifold M equipped with a symplectic form ω.

We recall Tanaka and Tseng’s mapping cone complex (C∗(M, ω), ∂C), which
computes the primitive cohomology of (M, ω). Let �k(M) be the space of smooth
k-forms on M . The space of k-cochains [16, Section 3.1; 7, Definition 1.1] is

Ck(M, ω) := �k(M) ⊕ �k−1(M) (k = 0, 1, . . . , 4n + 1).
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Let d be de Rham exterior differentiation. The boundary map is

∂C : Ck(M, ω) → Ck+1(M, ω)

[
α

β

]
7→

[
d ω

0 −d

] [
α

β

]
=

[
dα + ω ∧ β

−dβ

]
.

Here, we write the pair (α, β)∈�k(M)⊕�k−1(M) as a column for the convenience
of using matrices and operators later.

The k-th cohomology group of (C∗(M, ω), ∂C) is exactly F0 H k(M, ω).

Definition 1.3. Let bω
k be the dimension of F0 H k(M, ω). The symplectic semi-

characteristic of (M, ω) is the Z2-valued number

(1-3) κ(M, ω) :=

∑
k even

bω
k mod 2.

To state our main result, we review the definition of nondegenerate vector fields.
Let V be a smooth vector field on M . Following [5, Section 1.6], at each zero point
p of V , we define a homomorphism

8p : Tp M → Tp M, v 7→ [V, ṽ](p),

where ṽ is a vector field extending the tangent vector v and [ · , · ] is the Lie bracket
between vector fields. This 8p is independent of the extension ṽ since V (p) = 0.

Definition 1.4. A smooth vector field V on M is called nondegenerate if either V
vanishes nowhere or 8p is invertible for each zero point p of V .

Such a nondegenerate vector field always exists because by [13, Theorem 6.6],
there is always a Morse function on M . Now, our main result is as follows:

Theorem 1.5 (compare [23, Theorem 1.3]). Let V be a smooth nondegenerate
vector field on M. The counting formula for the symplectic semi-characteristic
under Assumption 1.2 is

(1-4) κ(M, ω) = the number of zero points of V mod 2.

Remark 1.6. By the Poincaré–Hopf index formula [24, Theorem 4.5], formula
(1-4) also equals (mod 2) the Euler characteristic of the de Rham cohomology of M .

Remark 1.7. A special situation is when the de Rham cohomology class of ω is
integral. Then, by [16, Theorem 7.1], Theorem 1.5 computes the classical Kervaire
semi-characteristic (1-2) of the circle bundle over M induced by the line bundle
associated with ω.

The main idea of the proof is that we find a skew-adjoint operator, as in Zhang’s
construction [23, (1.1)]. Then, we show that κ(M, ω) is equal to the Atiyah–Singer
mod 2 index Definition 2.5 of this operator. Next, as in [23, (2.1)], we apply a
Witten deformation [22, Section 2] and Bismut and Lebeau’s asymptotic analysis
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[6, Chapters VIII–X; 24, Chapters 4-7] to the operator, compute its mod 2 index,
and then obtain Theorem 1.5.

A corollary of Theorem 1.5 is an Atiyah-type vanishing property:

Corollary 1.8 (compare [1, Theorem 4.1]). The semi-characteristic κ(M, ω) van-
ishes when there is a nonvanishing smooth vector field on M.

Another way to prove Corollary 1.8 without using Theorem 1.5 is described in
Remark 4.2.

The converse of Corollary 1.8 is not true; see Example 5.2. This contrasts with
the Euler characteristic of the de Rham cohomology of M .

Finally, although we have used the symplectic form ω to define κ(M, ω), a
nondegenerate vector field always exists and is independent of ω. Thus:

Corollary 1.9. The definition of κ(M, ω) is independent of the chosen symplectic
form.

Remark 1.10. The definition of the symplectic semi-characteristic can be assigned
to any closed symplectic manifold without assuming that dim M = 4n. However,
by Example 5.4, the counting formula does not work when the dimension is 4n+2.
Thus, the (4n+2)-dimensional part of Question 1.1 is still open.

Outline. In Section 2, we review Clifford actions and find a skew-adjoint operator
so that κ(M, ω) equals the Atiyah–Singer mod 2 index of this operator. In Section 3,
we carry out necessary analytic details about this operator. In Section 4, we prove
Theorem 1.5 based on those analytic details. In Section 5, we give some examples,
and Section 6 describes further developments.

2. Clifford actions and operators

In this section, we clarify technical details about the Clifford actions of tangent
vectors and introduce the skew-adjoint operator that we will work with.

After choosing an almost complex structure J on M , we let g be the Riemannian
metric on M :

g( · , · ) = ω( · , J · ).

We equip M with the orientation ω ∧ · · · ∧ω and let ⋆ be the Hodge star operator.
Letting dvol = ⋆1 be the volume form of M , we define the L2-norm (and inner
product) by

(2-1) ∥α∥ =

(∫
M

g(α, α) dvol
)1/2

on �k(M). We require that �k(M) ⊥ �ℓ(M) when k ̸= ℓ. For pairs of forms on
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Ck(M, ω) = �k(M) ⊕ �k−1(M), following [7, (2.2)], we define

g
([

α

β

]
,

[
α′

β ′

])
= g(α, α′) + g(β, β ′).

As in (2-1), we have the L2-norm (and inner product)∥∥∥∥[
α

β

]∥∥∥∥ =

(∫
M

g(α, α) dvol +
∫

M
g(β, β) dvol

)1/2

(2-2)

on Ck(M, ω). We require Ck(M, ω) ⊥ Cℓ(M, ω) when k ̸= ℓ.
Let d∗ be the formal adjoint of d with respect to the inner product induced by

(2-1), and
ω∗⌟ : �k(M) → �k−2(M)

be the adjoint of

ω∧ : �k(M) → �k+2(M), α 7→ ω ∧ α,

with respect to the same inner product. For convenience, we will omit the “⌟”
after ω∗ and the “∧” after ω when there is no ambiguity. Recall the mapping cone
complex

(2-3) ∂C : �k(M) ⊕ �k−1(M) → �k+1(M) ⊕ �k(M)(α, β)7→

[
d ω

0 −d

] [
α

β

]
.

The formal adjoint of ∂C is

∂∗

C =

[
d∗ 0
ω∗

−d∗

]
with respect to the inner product induced by (2-2).

Proposition 2.1. The kernel of the Dirac type operator ∂C + ∂∗

C and that of the
Laplacian (∂C + ∂∗

C)2 are isomorphic to the primitive cohomology of (M, ω). In
particular,

ker
(
(∂C + ∂∗

C)2
: Ck(M, ω) → Ck(M, ω)

)
is isomorphic to the k-th primitive cohomology group.

Proof. We can check that (2-3) defines an elliptic complex [14, Definition 10.4.28].
By the properties of such a complex [14, Theorem 10.4.30], the complex defined
by (2-3) satisfies the Hodge decomposition theorem. Therefore, the kernel of
(∂C + ∂∗

C)2
|Ck(M,ω) is isomorphic to the k-th primitive cohomology group. □

For any (globally or locally defined) vector field Y on M , we have two Clifford
actions:

ĉ(Y ) = Y ∗
∧ +Y⌟ and c(Y ) = Y ∗

∧ −Y⌟.
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Given any oriented local orthonormal frame e1, . . . , e4n of TM , the Clifford action
of the volume form dvol is expressed as

ĉ(dvol) = ĉ(e1) · · · ĉ(e4n).

This is independent of the choice of oriented local orthonormal frames. Following
[1, Section 3], we lay out some interactions between the Hodge star, Clifford actions,
and differential forms. Recall that the dimension of M is 4n.

Lemma 2.2. For all α ∈ �k(M), we have ĉ(dvol)α = (−1)k(k+1)/2 ⋆ α.

Proof. Let e1, . . . , e4n be an oriented local orthonormal frame. Suppose α =

e∗

i1
∧ · · · ∧ e∗

ik
and choose indices j1, . . . , j4n−k so that

e∗

i1
∧ · · · ∧ e∗

ik
∧ e∗

j1 ∧ · · · ∧ e∗

j4n−k
= e∗

1 ∧ · · · ∧ e∗

4n.

Then we have

ĉ(dvol)α = ĉ(ei1)ĉ(ei2) · · · ĉ(eik )ĉ(e j1) · · · ĉ(e j4n−k )α

= (−1)k(4n−k)ĉ(e j1) · · · ĉ(e j4n−1)ĉ(ei1)ĉ(ei2) · · · ĉ(eik )α

= (−1)k(4n−k)+ 1
2 (0+k−1)k ⋆ (e∗

i1
∧ · · · ∧ e∗

ik
)

= (−1)k(k+1)/2 ⋆ α.

The case of general α is straightforward. □

Lemma 2.3. For all α ∈ �k(M), we have ĉ(dvol)(ω∗⌟α) = −ω ∧ ĉ(dvol)α.

Proof. Using the equality ω∗⌟α = (−1)k ⋆ ω ⋆ α from [7, Section 2.1], we find

ĉ(dvol)(ω∗⌟α) = ĉ(dvol)((−1)k ⋆ ω ⋆ α)

= (−1)
1
2 (k−2+1)(k−2) ⋆ ((−1)k ⋆ ω ⋆ α) (by Lemma 2.2)

= (−1)
1
2 (k−2+1)(k−2) ⋆

(
(−1)k ⋆

(
ω ∧ (−1)

1
2 k(k+1)ĉ(dvol)α

))
= (−1)k2

+1 ⋆ ⋆
(
ω ∧ (ĉ(dvol)α)

)
.

When k is odd, ω ∧ ĉ(dvol)α is an odd-degree form, making ⋆⋆ = −1 and then
(−1)k2

+1⋆⋆=−1. Similarly, when k is even, we have ⋆⋆=1 and then (−1)k2
+1⋆⋆=

−1. Thus, we obtain ĉ(dvol)(ω∗⌟α) = −ω ∧ (ĉ(dvol)α). □

We set �even(M) :=

2n⊕
k=0

�2k(M) and �odd(M) :=

2n⊕
k=0

�2k−1(M). We also set

(2-4) �(M) := �even(M) ⊕ �odd(M) and �(M) := �odd(M) ⊕ �even(M).

Using Lemmas 2.2 and 2.3, we obtain a skew-adjoint operator as follows.
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Proposition 2.4. Abbreviate ĉ(dvol) as ĉv. The operator

(2-5)
[

0 1
1 0

] [
ĉv

ĉv

] [
d + d∗ ω

ω∗
−d − d∗

]
on �(M) is skew-adjoint.

Proof. Using Lemma 2.2 and [21, Definition 6.1(2)], for all α ∈ �k(M), we have

ĉv(d +d∗)α = (−1)
1
2 (k+1)(k+2) ⋆ dα + (−1)

1
2 (k−1)k ⋆ (−1) ⋆ d ⋆ α

= (−1)
1
2 (k+1)(k+2) ⋆ dα + (−1)

1
2 (k−1)k+1(−1)(4n−k+1)(4n−4n+k−1)d ⋆ α

= (−1)
1
2 (k+1)(k+2) ⋆ dα + (−1)

1
2 k(k+1)d ⋆ α.

Similarly,

(d + d∗)ĉvα = d(−1)
1
2 k(k+1) ⋆ α + d∗(−1)

1
2 k(k+1) ⋆ α

= (−1)
1
2 k(k+1)d ⋆ α + (−1) ⋆ d ⋆ (−1)

1
2 k(k+1) ⋆ α

= (−1)
1
2 k(k+1)d ⋆ α + (−1)

1
2 (k+1)(k+2) ⋆ dα.

Thus, we have
(d + d∗)ĉv = ĉv(d + d∗).

Now, since ĉ∗
v = ĉ(e4n) · · · ĉ(e1) = ĉ(e1) · · · ĉ(e4n) = ĉv, we find([

0 1
1 0

] [
ĉv

ĉv

] [
d+d∗ ω

ω∗
−d−d∗

])∗

=

[
ĉvω

∗
−ĉv(d+d∗)

ĉv(d+d∗) ĉvω

]∗

=

[
ωĉv (d+d∗)ĉv

−(d+d∗)ĉv ω∗ĉv

]
= −

[
ĉvω

∗
−ĉv(d+d∗)

ĉv(d+d∗) ĉvω

]
= −

[
0 1
1 0

] [
ĉv

ĉv

] [
d+d∗ ω

ω∗
−d−d∗

]
,

where the second-to-last equality is justified by Lemma 2.3. Thus, the operator
(2-5) is skew-adjoint. □

We recall the definition of the Atiyah–Singer mod 2 index. In [2, Theorem A],
this invariant was defined for real Fredholm skew-adjoint operators. However, by
functional calculus [10, Definition 1.13], one derives a version for real elliptic
skew-adjoint operators:

Definition 2.5 [24, (7.5)]. Given a real elliptic skew-adjoint operator D, its Atiyah–
Singer mod 2 index is the Z2-valued number

ind2 D := dim ker D mod 2.
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According to the definition of κ(M, ω) and the identification between kernels
and cohomology groups, we have:

Corollary 2.6. Keep the notation ĉv := ĉ(dvol). The Atiyah–Singer mod 2 index of[
0 1
1 0

] [
ĉv

ĉv

] [
d + d∗ ω

ω∗
−d − d∗

]
(2-6)

on �(M) is equal to κ(M, ω).

Proof. This is verified using Definition 1.3 and Propositions 2.1 and 2.4. With [
0
1

1
0 ],

the operator (2-6) preserves the parity of the grading, mapping �(M) into �(M)

and �(M) into �(M). When we restrict (2-6) to �(M), its kernel counts half of
the bω

k . □

Similar to the Fredholm index [8, Theorem 3.11], and as stated in [2, Proposition
5.1] and [3, Section 2], the mod 2 index of a real skew-adjoint elliptic operator on
a compact manifold is homotopy invariant:

Proposition 2.7. Given a real skew-adjoint elliptic operator D on M , the index
ind2 D is invariant under a continuous deformation of D.

Remark 2.8. The invariance of ind2 in [2, Proposition 5.1] is for bounded real
skew-adjoint Fredholm operators. It is extended to the elliptic operators on M
as follows [1, Section 4]: for D as in Proposition 2.7, the operator 1 + (−D2) is
self-adjoint and positive. We have the compact operator

(1 + (−D2))−1/2

defined by functional calculus [10, Definition 1.13]. Then,

D ◦ (1 + (−D2))−1/2

is a bounded real skew-adjoint Fredholm operator.

The next proposition gives us the skew-adjoint operator similar to [23, (1.1)].

Proposition 2.9. The Atiyah–Singer mod 2 index of the skew-adjoint operator

(2-7)
[ 1

2(ω∗
− ω) −d − d∗

d + d∗ 1
2(ω − ω∗)

]
on �(M) is equal to κ(M, ω).

Proof. We keep the notation ĉv := ĉ(dvol). By Lemma 2.3, the operator

1
2

[
ĉv(ω

∗
+ ω)

ĉv(ω + ω∗)

]
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is skew-adjoint on �(M). Then, by Corollary 2.6, we find

κ(M, ω) = ind2

([
0 1
1 0

] [
ĉv

ĉv

] [
d+d∗ ω

ω∗
−d−d∗

])
= ind2

[
ĉvω

∗
−ĉv(d+d∗)

ĉv(d+d∗) ĉvω

]
= ind2

([
ĉv

1
2(ω∗

−ω) −ĉv(d+d∗)

ĉv(d+d∗) ĉv
1
2(ω−ω∗)

]
+

1
2

[
ĉv(ω

∗
+ω)

ĉv(ω+ω∗)

])
= ind2

[
ĉv

1
2(ω∗

−ω) −ĉv(d+d∗)

ĉv(d+d∗) ĉv
1
2(ω−ω∗)

]
= ind2

[1
2(ω∗

−ω) −d−d∗

d+d∗ 1
2(ω−ω∗)

]
.

The second-to-last equality is justified by Proposition 2.7. □

3. Symplectic Witten deformation

In this section, we study the symplectic Witten deformation of the skew-adjoint
operator (2-7) on Ceven(M, ω) := �(M).

We let V be a nondegenerate smooth vector field on M . This means around each
zero point p of V , given any small local chart with coordinates x1, y1, . . . , x2n, y2n

satisfying x1(p) = · · · = y2n(p) = 0, there is an R4n-valued smooth function B on
the chart with order

O(x2
1 + y2

1 + · · · + x2
2n + y2

2n)

and a matrix A ∈ GL4n(R) such that

(3-1) V (x1, y1, . . . , x2n, y2n) =
[
∂x1, ∂y1, . . . , ∂x2n , ∂y2n

] A

 x1
y1

...
x2n
y2n

 + B

 .

Here, ∂xi and ∂yi are the local coordinate vector fields. For convenience, we let

x =

 x1
y1

...
x2n
y2n

 , xT
= [x1, y1, . . . , x2n, y2n],

|x| =

√
x2

1 + y2
1 + · · · + x2

2n + y2
2n.

Alternatively, if we write x = [ϕ1, . . . , ϕ4n]
T, we have |x| =

√

ϕ2
1 + · · · +ϕ2

4n .

Lemma 3.1. There is a smooth vector field X on M such that the zero set of X is
the same as the zero set of V , and

X =
[
∂x1, ∂y1, . . . , ∂x2n , ∂y2n

]
Ax

near each zero point p.
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Proof. We will use a cutoff function to modify the vector field V near its zeros so
that it agrees with a standard local model. We find a constant C > 0 such that

(3-2) |B| ≤ C |x|
2

on the local chart centered at p. Viewing A as an operator on the linear space R4n ,
we let ∥A∥ be its operator norm. We choose a bump function σ such that

(3-3) supp(σ ) ⊆
{
(x1, . . . , y2n) : (x2

1 + · · · + y2
2n)

1/2 < ∥A−1
∥

−1
· C−1}

and σ = 1 near p. Now, we show that

X = σ V + (1 − σ)
[
∂x1, ∂y1, . . . , ∂x2n , ∂y2n

]
Ax

=
[
∂x1, ∂y1, . . . , ∂x2n , ∂y2n

]
(Ax + (1 − σ)B)

is the vector field we need. Indeed, by (3-2) and (3-3),

|x + (1 − σ)A−1 B| ≥ |x| − ∥A−1
∥ · C · |x|

2
≥ 0.

The last “≥” becomes “=” if and only if x is zero. Thus,

Ax + (1 − σ)B = A · (x + (1 − σ)A−1 B) = 0

if and only if we are at a zero point p of V . Therefore, the zero set of X coincides
that of V . □

Inspired by [22, Section 2; 6, Chapters VIII–X; 24, Section 7.3; 23, Section 2],
for a parameter T > 0, we use the vector field X to set up the Witten deformation

(3-4) DT :=

[ 1
2(ω∗

− ω) −d − d∗
− T ĉ(X)

d + d∗
+ T ĉ(X) 1

2(ω − ω∗)

]
of the operator (2-7) on �(M). Let ε > 0 be a sufficiently small number. Around
each zero point p of X , we choose a chart

(3-5) U =
{
(x1, . . . , y2n) : x2

1 + y2
1 + · · · + x2

2n + y2
2n < (4ε)2}

centered at p and satisfying

(1) ω|U = dx1 ∧ dy1 + · · · + dx2n ∧ dy2n ,

(2) g( · , · )|U = dx2
1 + dy2

1 + · · · + dx2
2n + dy2

2n , where g is the metric, and

(3) X |U =
[
∂x1, ∂y1, . . . , ∂x2n , ∂y2n

]
Ax.

We can obtain (1)–(3) as follows: Using [15, Theorem 8.1], we first choose a
Darboux chart U centered at the zero point p with coordinates x1, y1, . . . , x2n, y2n

such that
ω|U = dx1 ∧ dy1 + · · · + dx2n ∧ dy2n.
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We then construct a metric g′ on M such that

g′( · , · )|U = dx2
1 + dy2

1 + · · · + dx2
2n + dy2

2n.

Next, following the proof of [15, Proposition 12.3], we use the polar decomposition
together with g′ to construct the almost complex structure J . Then, we let g( · , · ) =

ω( · , J · ). The two metrics g( · , · ) and g′( · , · ) are different, but checking the polar
decomposition, we have

g( · , · )|U = g′( · , · )|U = dx2
1 + dy2

1 + · · · + dx2
2n + dy2

2n.

Finally, the vector field X is guaranteed by Lemma 3.1.
Let

ei =
[
0, . . . , 0︸ ︷︷ ︸

2i−2

, 1, 0, 0, . . . , 0
]T and fi =

[
0, . . . , 0, 0︸ ︷︷ ︸

2i−1

, 1, 0, . . . , 0
]T

Inside U , we find that

(d+d∗
+T ĉ(X))2

=−

2n∑
i=1

∂2
xi
−

2n∑
i=1

∂2
yi
+T

2n∑
i=1

c(∂xi )ĉ
([

∂x1, ∂y1, . . . , ∂x2n , ∂y2n

]
Aei

)
+ T

2n∑
i=1

c(∂yi )ĉ
([

∂x1, ∂y1, . . . , ∂x2n , ∂y2n

]
A fi

)
+ T 2xTA∗ Ax.

Now, on R4n with coordinates denoted by x1, y1, . . . , x2n, y2n , we let

X0 =
[
∂x1, ∂y1, . . . , ∂x2n , ∂y2n

]
Ax.

Meanwhile, using the standard Euclidean metric

g0 := dx2
1 + dy2

1 + · · · + dx2
2n + dy2

2n

on R4n , we have the L2-norm (and inner product)

(3-6) ∥α∥ =

(∫
R4n

g0(α, α) dx1 ∧ dy1 ∧ · · · ∧ dx2n ∧ dy2n

)1/2

on the space �k(R4n) of smooth k-forms on R4n . For the standard symplectic form

ω0 = dx1 ∧ dy1 + · · · + dx2n ∧ dy2n

on R4n , we let

ω∗

0⌟ = ∂y1⌟ ∂x1⌟+ · · · + ∂y2n⌟ ∂x2n⌟

be the adjoint of ω0 ∧ .
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Let L be the operator with the expression

−

2n∑
i=1

∂2
xi

−

2n∑
i=1

∂2
yi

+ T
2n∑

i=1
c(∂xi )ĉ

([
∂x1, ∂y1, . . . , ∂x2n , ∂y2n

]
Aei

)
+ T

2n∑
i=1

c(∂yi )ĉ
([

∂x1, ∂y1, . . . , ∂x2n , ∂y2n

]
A fi

)
+ T 2xTA∗ Ax

but defined on the space
4n⊕

k=0
�k(R4n) of smooth forms on R4n . As in [24, (4.23)],

we let

L ′
= −

2n∑
i=1

∂2
xi

−

2n∑
i=1

∂2
yi

− T · trace(
√

A∗ A ) + T 2xTA∗ Ax

and

L ′′
= trace(

√
A∗ A ) +

2n∑
i=1

c(∂xi )ĉ
([

∂x1, ∂y1, . . . , ∂x2n , ∂y2n

]
Aei

)
+

2n∑
i=1

c(∂yi )ĉ
([

∂x1, ∂y1, . . . , ∂x2n , ∂y2n

]
A fi

)
.

Then, L = L ′
+ T · L ′′. Indeed, L ′ is the (rescaled) harmonic oscillator [17,

Chapter 8, Section 6] on the space of square-integrable functions on R4n , and L ′′ is
a nonnegative operator on the (real) vector space spanned by

(3-7)
{
dxi1 ∧ · · · ∧ dxir ∧ dy j1 ∧ · · · ∧ dy js :

0 ≤ i1 < · · · < ir ≤ 2n, 0 ≤ j1 < · · · < js ≤ 2n, 0 ≤ r, s ≤ 2n
}
.

The following result was proved using the properties of harmonic oscillators
[loc. cit.] and equations (4.23)–(4.25) and Lemma 4.8 of [24].

Proposition 3.2 [24, Proposition 4.9]. For any T > 0, the kernel of L is one-
dimensional and generated by

(3-8) ρ = exp
(
−

1
2 T xT

√
A∗ Ax

)
· δ,

where δ is a certain linear combination (with real coefficients independent of T )
of elements of (3-7). The grading of δ is even if det A > 0 and odd if det A < 0.
Each nonzero eigenvalue of L has the expression α ·T , where α is a positive constant
independent of T .

Noticing that ω∗

0⌟− ω0∧ is skew-symmetric, we have:

Proposition 3.3. There exists a unique smooth form η on R4n such that

1
2(ω∗

0 − ω0)ρ =
(
d + d∗

+ T ĉ(X0)
)
η

and η ⊥ ρ. Here, d + d∗ is defined on
4n⊕

k=0
�k(R4n)according to the L2-norm of

forms.
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Proof. Recall the definition (3-8) of ρ. We notice that

g0
(
(ω∗

0 − ω0)ρ, ρ
)
= 0.

Therefore, 1
2(ω∗

0 −ω0)ρ is orthogonal to the kernel of L on
⊕4n

k=0 �k(R4n). Since
d + d∗

+ T ĉ(X0) preserves the eigenspaces of L , we find

(3-9) η = L−1
◦

(
d + d∗

+ T ĉ(X0)
) (1

2(ω∗

0 − ω0)ρ
)
.

Here, L−1 is the inverse of L restricted to the orthogonal complement of ker(L).
The kernel of L is given by Proposition 3.2. See [6, (10.17)] for details about the
inverse map L−1. □

The next proposition will be used in the estimates of the spectrum of −D2
T .

Proposition 3.4. There is a constant C1 ≥ 0 independent of T such that

(3-10) ∥η∥ = C1T −1/2
· ∥ρ∥.

Here, the L2-norm is that on the space of forms on R4n .

Proof. If η = 0, we choose C1 = 0. If η ̸= 0, by Proposition 3.3, 1
2(ω∗

0 − ω0)ρ is
nonzero, and we look at (3-9). We write 1

2(ω∗

0−ω0)ρ as a finite sum of eigenvectors
of L:

1
2(ω∗

0 − ω0)ρ =

∑
i

Ki · exp
(
−

1
2 T xT

√
A∗ Ax

)
· δi ,

where each Ki is a constant independent of T and each δi is an eigenvector of L ′′

in the span of (3-7), associated with an eigenvalue λi > 0. These δi and λi satisfy

g0(δi , δ j ) = 0 and λi ̸= λ j when i ̸= j.

Then, we apply L−1
◦ (d + d∗

+ T ĉ(X0)) to 1
2(ω∗

0 −ω0)ρ. Since d + d∗
+ T ĉ(X0)

preserves the eigenspaces of L , we obtain

L−1
◦ (d + d∗

+ T ĉ(X0))
( 1

2(ω∗

0 − ω0)ρ
)

=

∑
i

1
λi T

· (d + d∗
+ T ĉ(X0))

(
Ki · exp

(
−

1
2 T xT

√
A∗ Ax

)
· δi

)
.

One step further, considering the effect of d + d∗
+ T ĉ(X0), we find

η = L−1
◦ (d + d∗

+ T ĉ(X0))
( 1

2(ω∗

0 − ω0)ρ
)

=
∑

i

1
λi T

· T · exp
(
−

1
2 T xT

√
A∗ Ax

)
·

( 2n∑
j=1

Ki j · x j · δi j +

2n∑
j=1

K̃i j · y j · δ̃i j

)
=

∑
i

1
λi

· exp
(
−

1
2 T xT

√
A∗ Ax

)
·

( 2n∑
j=1

Ki j · x j · δi j +

2n∑
j=1

K̃i j · y j · δ̃i j

)
,
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where the Ki j and K̃i j are constants independent of T and the δi j and δ̃i j are certain
linear combinations (with real coefficients independent of T ) of elements of (3-7).
Thus, (3-10) is essentially the relation between(∫

R4n
x2

i exp
(
−T |x|

2) dx1 dy1 · · · dx2n dy2n

)1/2
=

πn

T n
·

1
√

2T

and (∫
R4n

exp
(
−T |x|

2) dx1 dy1 · · · dx2n dy2n

)1/2
=

πn

T n .

Their ratio gives us the factor T −1/2. □

Remark 3.5. In the standard Witten deformation, the form ρ functions as a model
for eigenforms associated with small eigenvalues of the deformed Laplacian. In this
paper, the pair (ρ, η) plays a similar role in the mapping cone Witten deformation.

Now, using (3-6), we define the L2-norm (and inner product)

(3-11)
∥∥∥∥[

α

β

]∥∥∥∥ =
(
∥α∥

2
+ ∥β∥

2)1/2

on �(R4n). (See (2-4) and recall the matrix A in (3-1) associated with the zero
point p.) When det A > 0, we study the orthogonal complement of spanR

([
ρ
η

])
in �(R4n) under the inner product induced by (3-11). Let

[
α
β

]
∈ �(R4n) be an

L2-element orthogonal to
[

ρ
η

]
. We write

α = rρ + α′ and β = sη + β ′,

with α′
⊥ ρ and β ′

⊥ η. Then, we have

(3-12) r∥ρ∥
2
+ s∥η∥

2
= 0.

Let ∥ · ∥1 be the first Sobolev norm (see [14, Definition 10.2.7]) induced by (3-6).
If ∥α∥1 < ∞ and ∥β∥1 < ∞, we find that ∥α′

∥1 < ∞, ∥β ′
∥1 < ∞, and then

(3-13)
∥∥∥∥[ 1

2(ω∗

0−ω0) −d−d∗
−T ĉ(X0)

d+d∗
+T ĉ(X0)

1
2(ω0−ω∗

0)

] [
α

β

]∥∥∥∥
≥

∥∥∥∥[
−d−d∗

−T ĉ(X0)

d+d∗
+T ĉ(X0)

] [
rρ+α′

sη+β ′

]∥∥∥∥
−

∥∥∥∥1
2

[
ω∗

0−ω0
ω0−ω∗

0

] [
rρ+α′

sη+β ′

]∥∥∥∥
≥

∥∥∥∥[
(−d−d∗

−T ĉ(X0))(sη+β ′)

(d+d∗
+T ĉ(X0))(rρ+α′)

]∥∥∥∥−C2

∥∥∥∥[
rρ+α′

sη+β ′

]∥∥∥∥
=

(
∥(d+d∗

+T ĉ(X0))(sη+β ′)∥2
+∥(d+d∗

+T ĉ(X0))α
′
∥

2)1/2
−C2

∥∥∥∥[
rρ+α′

sη+β ′

]∥∥∥∥,
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since (d +d∗
+T ĉ(X0))ρ = 0. Using ∥α′

∥1 < ∞, ∥β ′
∥1 < ∞, and Proposition 3.2,

we see that the right-hand side of (3-13) is

≥ C3
√

T ∥sη + β ′
∥ + C3

√
T ∥α′

∥ − C2

∥∥∥∥[
rρ + α′

sη + β ′

]∥∥∥∥
= C3

√
T

√
∥sη∥2 + ∥β ′∥2 + C3

√
T ∥α′

∥ − C2

∥∥∥∥[
rρ + α′

sη + β ′

]∥∥∥∥
≥ X,

where

(3-14) X := C4
√

T ∥sη∥ + C4
√

T ∥β ′
∥ + C3

√
T ∥α′

∥ − C2

∥∥∥∥[
rρ + α′

sη + β ′

]∥∥∥∥.

We estimate X in two complementary cases. If η = 0, then by (3-12), we find r = 0
and then

X= C4
√

T ∥β ′
∥+C3

√
T ∥α′

∥−C2

∥∥∥∥[
α′

β ′

]∥∥∥∥≥ C5
√

T
∥∥∥∥[

α′

β ′

]∥∥∥∥= C5
√

T
∥∥∥∥[

rρ + α′

sη + β ′

]∥∥∥∥.

If η ̸= 0, then

X =
1
2

C4
√

T ∥sη∥ +
1
2

C4
√

T
|r | · ∥ρ∥

2

∥η∥2 ∥η∥ + C4
√

T ∥β ′
∥ + C3

√
T ∥α′

∥ − C2

∥∥∥[rρ + α′

sη + β ′

]∥∥∥
=

1
2

C4
√

T ∥sη∥ +
1
2

C4
√

T ∥rρ∥C−1
1

√
T + C4

√
T ∥β ′

∥ + C3

[√
T ∥α′

∥ − C2

∥∥∥rρ + α′

sη + β ′

]∥∥∥
≥ C5

√
T

∥∥∥[rρ + α′

sη + β ′

]∥∥∥.

This takes care of the case det A > 0. When det A < 0, we replace
[

ρ
η

]
by

[
η
ρ

]
and

repeat the argument. Then, we summarize:

Proposition 3.6. There exists a constant C5 >0 such that when det A>0 (resp. when
det A < 0), for all sufficiently large T , we have∥∥∥∥[ 1

2(ω∗

0 − ω0) −d − d∗
− T ĉ(X0)

d + d∗
+ T ĉ(X0)

1
2(ω0 − ω∗

0)

] [
α

β

]∥∥∥∥ ≥ C5
√

T
∥∥∥∥[

α

β

]∥∥∥∥
whenever

[
α
β

]
∈ �(R4n) is orthogonal to

[
ρ
η

] (
resp.

[
η
ρ

])
and satisfies ∥α∥1 < ∞

and ∥β∥1 < ∞.

Following [6] and [24], based on Propositions 3.2–3.6, we apply the asymptotic
analysis to carry out the estimates about DT . Recall from (3-5) the chart U around
each zero point p of X . For each zero point p, we pick a bump function γ : M → R

such that

supp(γ ) ⊆ U (2ε) :=
{
(x1, . . . , y2n) : x2

1 + · · · + y2
2n < (2ε)2},
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and γ = 1 on

U (ε) :=
{
(x1, . . . , y2n) : x2

1 + · · · + y2
2n < ε2}.

For each zero point p, we let

ρp = γ · exp
(
−

1
2 T xT

√
A∗ Ax

)
· δ

and ηp = γ · η. As in [6, Definition 9.4] and [24, (4.36)], we let

ET,0 := spanR

{[
ρp
ηp

]
: p is a zero point of X

}
,

ET,1 := spanR

{[
ηp
ρp

]
: p is a zero point of X

}
,

ET := ET,0 ⊕ ET,1.

Let E⊥

T be the orthogonal complement of ET in �(M) and pT (resp. p⊥

T ) be the
orthogonal projection from �(M) to ET (resp. E⊥

T ).
Recall the operator

DT :=

[ 1
2(ω∗

− ω) −d − d∗
− T ĉ(X)

d + d∗
+ T ĉ(X) 1

2(ω − ω∗)

]
on �(M). There is a constant C6 > 0 such that∥∥∥∥DT

[
ρp

ηp

]∥∥∥∥ =

∥∥∥∥[ 1
2(ω∗

− ω) −d − d∗
− T ĉ(X)

d + d∗
+ T ĉ(X) 1

2(ω − ω∗)

] [
γρ

γ η

]∥∥∥∥
=

∥∥∥∥[
−c(dγ )η

c(dγ )ρ +
1
2(ω − ω∗)γ η

]∥∥∥∥
≤

∥∥∥∥[
c(dγ )η

c(dγ )ρ

]∥∥∥∥ +

∥∥∥∥[
0

1
2(ω − ω∗)γ η

]∥∥∥∥ ≤ C6

∥∥∥∥[
ρp

ηp

]∥∥∥∥
when T is sufficiently large. Summarizing this estimate, we get:

Proposition 3.7. There is a constant C6 > 0 such that, when T is sufficiently large,∥∥DT
[

α
β

]∥∥ ≤ C6
∥∥[

α
β

]∥∥
for all

[
α
β

]
∈ ET .

Now, if
[

α
β

]
∈ E⊥

T , we have the following estimate similar to those in Theorem
9.11 of [6] and Proposition 4.12 of [24]:

Proposition 3.8. There exists a constant C7 > 0 such that when T is sufficiently
large, ∥∥DT

[
α
β

]∥∥ ≥ C7
√

T
∥∥[

α
β

]∥∥
for all

[
α
β

]
∈ E⊥

T .

Proof. We perform three steps:



SYMPLECTIC SEMI-CHARACTERISTICS 501

Step 1: If
[

α
β

]
is supported outside all the U (2ε)’s, the minimum of g(X, X) is

greater than 0. Then, as in [24, Proposition 4.7], we find∥∥∥∥DT

[
α

β

]∥∥∥∥
≥

∥∥∥∥[
−d−d∗

−T ĉ(X)

d+d∗
+T ĉ(X)

] [
α

β

]∥∥∥∥ −

∥∥∥∥[1
2(ω∗

−ω)
1
2(ω−ω∗)

] [
α

β

]∥∥∥∥
≥ C8T

∥∥∥∥[
α

β

]∥∥∥∥−C9

∥∥∥∥[
α

β

]∥∥∥∥ .

Step 2: If
[

α
β

]
is supported inside the chart U centered at some zero point p, we

view
[

α
β

]
as an element in �(R4n). Let p′

T be the orthogonal projection from
�(R4n) to the one-dimensional space generated by

[
ρ
η

]
. Letting ⟨ · , · ⟩ denote the

inner product induced by (3-11), we have

p′

T

[
α

β

]
=

1√
∥ρ∥2 + ∥η∥2

〈[
ρ

η

]
,

[
α

β

]〉
·

(
1√

∥ρ∥2 + ∥η∥2

[
ρ

η

])
=

1
∥ρ∥2 + ∥η∥2

〈[
ρ

η

]
,

[
α

β

]〉
·

[
ρ

η

]
=

1
∥ρ∥2 + ∥η∥2

∫
M

(1 − γ ) · g
([

ρ

η

]
,

[
α

β

])
dvol ·

[
ρ

η

]
,

since
〈[

γρ
γ η

]
,
[

α
β

]〉
= 0. Then, we find, by Cauchy–Schwarz and comparing ∥ρ∥ with

exp(−C10ε
2T ),∥∥∥∥p′

T

[
α

β

]∥∥∥∥ =
1√

∥ρ∥2 + ∥η∥2

∣∣∣∣∫
M

(1 − γ ) · g
([

ρ

η

]
,

[
α

β

])
dvol

∣∣∣∣
≤

1√
∥ρ∥2 + ∥η∥2

· exp(−C10ε
2T )

∫
|x|≤4ε

g
([

α

β

]
,

[
α

β

])1/2

dvol

≤

√
T

√

T + C2
1

· ∥ρ∥
−1

· exp(−C10ε
2T ) ·

∥∥∥∥[
α

β

]∥∥∥∥
≤ exp(−C11T ) ·

∥∥∥∥[
α

β

]∥∥∥∥ .

By Proposition 3.6, we find∥∥∥∥DT

[
α

β

]∥∥∥∥ ≥ C5
√

T
∥∥∥∥[

α

β

]
− p′

T

[
α

β

]∥∥∥∥ ≥ C5
√

T · (1 − exp(−C11T )) ·

∥∥∥∥[
α

β

]∥∥∥∥ .

Step 3: For a general
[

α
β

]
∈ E⊥

T supported on M , we combine what we have shown
in Steps 1 and 2, following the standard procedure used in Step 3 of the proof of
[24, Proposition 4.12]. □

Noticing that DT is skew-adjoint, we have:
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Proposition 3.9. The operator −D2
T is self-adjoint and nonnegative. When T is

sufficiently large, the eigenvalues of −D2
T lie in the union [0, C2

6 ] ∪ [C2
7 T, +∞).

Proof. This is a combination of Propositions 3.7 and 3.8, following the same pattern
as in the proof of [25, Lemma 5.3]. Since there is no essential spectrum here, we
only need a simplified procedure as in the proof of [26, Proposition 6.18]. □

4. The counting formula

We now prove the counting formula (1-4) stated in Theorem 1.5. Let ẼT be the sum
of eigenspaces of −D2

T on �(M) associated with eigenvalues in [0, C2
6 ]. Then,

κ(M, ω) = ind2
(
DT on �(M)

)
= dim ker

(
−D2

T on �(M)
)

mod 2

= dim ker
(
DT : ẼT → ẼT

)
mod 2,

since each eigenspace of −D2
T is invariant under DT . By [9, Section 8.16], every

r × r skew-symmetric matrix has Atiyah–Singer mod 2 index equal to the parity
of r . Thus,

κ(M, ω) = dim ẼT mod 2.

Now, to prove Theorem 1.5, we only need to show that dim ET = dim ẼT .

Proposition 4.1. We have dim ET = dim ẼT when T is sufficiently large.

Proof. Recall the L2-norm (2-2) on �(M). We let

P̃T : �(M) → ẼT

be the orthogonal projection to ẼT . Then, for any h ∈ ET , we obtain

∥h − P̃T h∥ ≤
1

C7
√

T
∥DT (h − P̃T h)∥ (by Proposition 3.9)

≤
1

C7
√

T

(
∥DT h∥ +∥DT P̃T h∥

)
≤

1

C7
√

T
· C6 · (∥h∥ +∥h∥) (by Proposition 3.9).

Thus, when T is large, P̃T maps ET injectively into ẼT , meaning that dim ẼT ≥

dim ET .
We prove the opposite inequality by contradiction. As in [24, (5.32)], suppose

that dim ẼT > dim ET . We pick some ϕ ∈ ẼT such that ϕ is orthogonal to the space
P̃T ET . Let ⟨ · , · ⟩ denote the inner product induced by (2-2). For any zero point p
of X and the associated

[
ρp
ηp

]
(or

[
ηp
ρp

]
, depending on the sign of det A), we have〈

ϕ,

[
ρp

ηp

]〉
=

〈
ϕ,

[
ρp

ηp

]〉
−

〈
ϕ, P̃T

[
ρp

ηp

]〉
=

〈
ϕ,

[
ρp

ηp

]〉
−

〈
ϕ,

[
ρp

ηp

]〉
= 0,
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the middle equality being a consequence of ϕ ∈ ẼT . Thus, ϕ ∈ E⊥

T . Using
Proposition 3.8, we get

∥DT ϕ∥ ≥ C7
√

T ∥ϕ∥,

contradicting to the fact that ϕ ∈ ẼT (this space, we recall, is the sum of the
eigenspaces of −D2

T associated with eigenvalues in [0, C2
6 ].) Therefore, ẼT is

isomorphic to ET when T is sufficiently large. □

Recall that X is an adjusted version of V . By Proposition 4.1, we finally have

κ(M, ω) = dim ẼT mod 2

= dim ET mod 2

= the number of zero points of the adjusted vector field X mod 2

= the number of zero points of the original vector field V mod 2,

and this completes the proof of Theorem 1.5.

Remark 4.2. We get Corollary 1.8 from Theorem 1.5. An alternative to using
Theorem 1.5 involves applying Atiyah’s perturbation technique from [1, Section 4]
to prove Corollary 1.8 directly. Let V be a vector field with g(V, V ) = 1 on M .
We perturb the operator

D =

[
0 1
1 0

] [
ĉ(dvol)

ĉ(dvol)

] [
d + d∗ ω

ω∗
−d − d∗

]
on �(M) into the operator

D′
= D +

[
0 1
1 0

] [
ĉ(V )

−ĉ(V )

]
D

[
ĉ(V )

−ĉ(V )

] [
0 1
1 0

]
.

Once we verify that ind2 D = ind2 D′ and that ker D′ admits a complex structure
given by ([

0 1
1 0

] [
ĉ(V )

−ĉ(V )

])2

=

[
−1 0

0 −1

]
,

we conclude that dim ker D′ is even, and therefore κ(M, ω) = 0.

5. Examples

We illustrate with some examples, most of which have already been studied in other
papers; we just adapt them to the computation of symplectic semi-characteristics.

Example 5.1. We equip M = CP2 with the Fubini–Study form [15, Homework 12].
According to [7, Example 4.2],

bω
0 = 1, bω

2 = 0, bω
4 = 0,
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meaning that κ(M, ω) = 1. These bω
i are computed using a Morse function with

three critical points, together with the associated cone Morse cochain complex
[7, Definition 1.2]. By the counting formula (1-4), we can also use the three critical
points of this perfect Morse function to find κ(M, ω) = 1.

Example 5.2. Let M = S2
× S2 equipped with the standard symplectic structure.

Recall that we have a height function h (see [4, Example 3.4]) on S2 with two
critical points. Then,

f : S2
× S2

→ R, (p, q) 7→ h(p) + h(q),

is a Morse function on S2 with four critical points. Thus, in this case, κ(M, ω) = 0.
As we know, the Euler characteristic of the de Rham cohomology of S2

× S2

is 4, meaning that S2
× S2 does not admit a nonvanishing vector field. However,

as we see, its symplectic semi-characteristic is 0. Thus, in terms of judging the
existence of nonvanishing vector fields, the symplectic semi-characteristic (1-3) of
the primitive cohomology is a weak substitute for the Euler characteristic of the
de Rham cohomology.

Example 5.3. As in [18, Section 3.4] and [16, (5.3)], we let ∼ be the identification

(x1, x2, x3, x4) ∼ (x1 + a, x2 + b, x3 + c, x4 + d − bx3) (when a, b, c, d ∈ Z)

on R4. Then, the Kodaira–Thurston fourfold is equal to R4/∼. Let M = R4/∼

equipped with the symplectic form ω given in [18, (3.26)] and [16, (5.4)]. We know
that κ(M, ω)=0 from the tables of primitive cohomology groups in [18, Section 3.4]
and [16, Section 5.4]. Since R4/∼ has a globally defined tangent vector field ∂x1 ,
we also obtain κ(M, ω) = 0 according to Corollary 1.8.

Example 5.4. We briefly mention the (4n+2)-dimensional case. Let M = T2 be
equipped with the standard symplectic form. Since T2 is Kähler, we use the formula
[7, (4.4)] to find bω

0 = 1, bω
2 = 2, and so κ(M, ω) = 1.

However, we know there is a height function [13, Part I, Section 1] with 4 non-
degenerate critical points on T2. This means our Theorem 1.5 does not apply to the
(4n+2)-dimensional case.

6. Discussion and perspectives

We now mention some possible extensions of this project. The deformation replaces
d+d∗ by d+d∗

+T ĉ(V ) and does not perturb ω. This preserves the symplectic infor-
mation and relates κ(M, ω) to the primitive forms given by the Lefschetz decompo-
sition. However, as κ(M, ω) is unchanged when replacing ω by another symplectic
form, it is also natural to consider replacing ω by ω ∧ · · · ∧ω or by other forms.

The form ω ∧ · · · ∧ ω gives the semi-characteristic of the 1-filtered cohomology
[16; 20]. In a follow-up work [27], we use ω ∧ω on a (4n+2)-dimensional closed
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symplectic manifold. Then, the associated semi-characteristic vanishes, which is
exactly the parity of the de Rham Euler characteristic. This provides more evidence
that κ relies more on M than on the form.

Also, from an index-theoretic perspective and without involving the primitive
cohomology, we may perturb ω into sω and let s change from 0 to 1. The study
could thus be done for any closed orientable manifold equipped with a closed
homogeneous form. For this case, we will give the formula and the analysis in a
future joint work with S. Xu, with assumptions on both dim M and the degree of the
form. A similar perturbation using s−1 instead of s was carried out in a recent work
[28] on the mapping cone Morse theory for any closed oriented manifold equipped
with a closed homogeneous smooth form. This s−1 preserves the cohomology.

To conclude, we briefly discuss the K -theoretic background of this study. By
[3, Theorem 2.3], the mod 2 index is equivalent to the map

(6-1) KO−1(TM) → KO−1(point) ∼= Z2.

When dim M = 4n, we have a skew-adjoint elliptic operator (3-4) whose skew-
symbol class is in KO−1(TM) and then mapped to κ(M, ω). In the (4n+2)-
dimensional case, if we continue the current pattern of construction, we cannot
obtain a skew-adjoint elliptic operator on �(M) whose skew-symbol class is mapped
to κ(M, ω). Thus, in the 4n+2 case, it could be worthwhile to study the geometric
meaning of the image of the skew-symbol class of (2-7) under (6-1) [23, Theorem
3.2], and whether (6-1) can be generalized to give the (4n+2)-dimensional case
a KO-valued index result of the semi-characteristic.
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