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MINIMAL RATIONAL GRAPHS
ADMITTING A QHD SMOOTHING

MÁRTON BEKE

Using the picture deformation technique of de Jong and van Straten we
show that no singularity whose resolution graph has 3 or 4 large nodes, i.e.,
nodes satisfying d(v)+ e(v) ≤ −2, has a QHD smoothing. This is achieved by
providing a general reduction algorithm for graphs with QHD smoothings,
and enumeration. New examples and families are presented, which admit a
combinatorial QHD smoothing, i.e., the incidence relations for a sandwich
presentation can be satisfied. We also give a new proof of the Bhupal–
Stipsicz theorem on the classification of weighted homogeneous singularities
admitting QHD smoothings with this method by using cusp singularities.

1. Introduction

The study of complex surface singularities is a central area of interest in algebraic
geometry. A key problem is understanding the various ways a singularity can
be deformed into a smooth surface through a process called smoothing. This
paper investigates a specific type of deformation known as a rational homology
disk (QHD) smoothing. These are the topologically simplest kinds of deformations,
giving us hope of a complete classification. The conjecture is attributed to Wahl,
who had an unpublished list of singularities admitting a QHD smoothing, stating
that this list is complete. This paper presents further evidence for Wahl’s conjecture
by showing the following:

Theorem 1.1. No complex surface singularity whose resolution graph has at most
three large nodes of any degree, or at most four nodes of degree 3, and no further
nodes can admit a QHD smoothing.

We also give a new proof of the classification theorem for weighted homogeneous
graphs.

Theorem 1.2 [Bhupal and Stipsicz 2011]. The star-shaped graphs admitting a
QHD smoothing are precisely the graphs depicted in Figure 2 in Section 2 and
Figures 10–16 in Section 6.

MSC2020: 14B07, 14J17, 32S25, 32S30, 51E30.
Keywords: rational homology disk, surface singularity, rational blowdown, Wahl’s conjecture,

smoothing, plane curve deformations.
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Besides the algebro-geometric perspective, these spaces are also important in low-
dimensional topology motivated by the rational blowdown operation of [Fintushel
and Stern 1998], which uses QHD fillings of linear graphs and a cut-and-paste
operation to generate topologically smaller exotic 4-manifolds. In a way this
problem also tries to classify all possible rational blowdowns of 4-manifolds.

Our result can also be interpreted as a generalization of an observation in [Bhupal
and Stipsicz 2013, Theorem 2.5, Remark 2.6]: a star-shaped graph, which admits a
QHD smoothing, cannot have a too negative node, which is the same as the large
nodes discussed here (e(v) + d(v) ≤ −2).

In order to achieve these results, we use the deformation theory of sandwiched
singularities developed in [de Jong and van Straten 1998]. This reduces the question
of finding deformations of surface singularities to deformations of curves with
some intersections prescribed by the surface singularity. We will be mostly dealing
with the combinatorial properties of these intersection patterns. Using Donaldson’s
diagonalizability theorem, strong necessary conditions were imposed on graphs
admitting a QHD smoothing by Stipsicz, Szabó and Wahl [Stipsicz et al. 2008],
in particular the study of graphs with QHD smoothings is essentially reduced to the
families G, W , N , M, A, B, C, a fact we will rely on in what follows. The proof
of Theorem 1.1 is as follows: Under the assumption of a graph having large nodes
and a QHD smoothing, we find a reduction algorithm (Section 3.2), so if a graph
admits (the combinatorics of a) QHD smoothing, then some smaller graph does
so too. This, and information about the general shape of our graphs, reduces the
problem to a finite number of graphs (Lemma 3.23). We then show (Theorem 4.1)
that any graph that admits a combinatorial solution to its QHD smoothing problem
satisfies Z2

K + n = 0, where n is the number of vertices of the graph, and Z K is
the anticanonical cycle. Using this statement, we can search through all possible
graphs to finish the proof of the theorem.

The proof of the Bhupal–Stipsicz theorem is a case analysis of possible solutions
to the QHD smoothing problem of graphs in A,B, C (since the other cases have
been settled already; see [Stipsicz et al. 2008, Section 8]). This argument is notably
simpler and shorter than the original proof, which utilizes the combinatorics of
symplectic curves and McDuff’s theorem. Accordingly the result is weaker, since
we only rule out the A,B, C graphs with one star from having a QHD smoothing,
whereas Bhupal and Stipsicz [2011] ruled them out from having a symplectic filling.
This gap is filled by new results of Plamenevskaya and Starkston. In [Plamenevskaya
and Starkston 2023] they expand the de Jong–van Straten theory into the symplectic
case, if the corresponding curve singularity has only smooth branches, and in
[Plamenevskaya and Starkston 2025] to the general case. This means, that if the
intersection pattern for a QHD smoothing is impossible then the graph cannot admit
a symplectic QHD filling.
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Figure 1. An illustration of the notation.

The paper is organized as follows: In Section 2, we review details on the A,B, C
families, and the deformation theory for sandwiched singularities. Section 3 gives
a specific introduction to minimal rational graphs, and describes and proves the
reduction algorithm. Section 4 shows some necessary conditions for a graph to
admit a combinatorial QHD smoothing. Section 5 is dedicated to examples of
graphs that admit combinatorial QHD smoothings, and Section 6 consists of an
introduction to the case when the curves can have cusp singularities, as well as the
proof of the Bhupal–Stipsicz theorem.

1.1. Notation. A number k on the edge of a graph 0 means a path consisting of k
vertices framed −2. In some cases, k is allowed to be −1; in this case, we identify
the two endpoints of the edge with k and frame it e + f + 2, where e, f are the
framings of the two endpoints of the edge with k over it. See Figure 1.

2. Preliminaries

2.1. Graphs admitting a QHD smoothing. Stipsicz, Szabó and Wahl [2008] derived
strong restrictions on the resolution graph of a singularity if it admits a QHD
smoothing.

Definition 2.1. A resolution graph 0 on n vertices is called a symplectic plumbing
tree if its intersection lattice Q0 admits an embedding into the negative definite
trivial lattice (Z⟨e1, . . . , en⟩, n⟨−1⟩) such that K =

∑
ei represents the anticanonical

cycle of Q0.

Theorem 2.2 [Stipsicz et al. 2008, Corollary 2.5]. If a complex surface singularity
admits a QHD smoothing, its resolution graph is a symplectic plumbing tree.

The minimal resolution graphs with this property are completely classified; they
belong to one of seven classes. The first, G, consists of linear graphs, with framings
given by the negatives of the Hirzebruch–Jung continued fraction coefficients of
p2/(pq − 1) for p > q > 0 coprime integers. The next three W , N , M are depicted
in Figure 2.

The remaining A, B, C are defined by repeated blowups of an edge next to the
unique −1 vertex or the −1 vertex itself, beginning from the graph of Figure 3.
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− p − 3 − 4 − q − 3 − p − 3 − r − 3− 3 − 3
q r q p

− r − 3 p − q − 4r

− r − 4 − 2 − 3 − 3 − q − 4
q r p

− p − 3

Figure 2. The graphs of W , N and M where p, q, r ≥ −1.

After the blowups, the framing of the −1 vertex (which is always unique) is changed
to −4, −3, −2 to obtain an element of the A, B, C classes, respectively.

Theorem 2.3 [Stipsicz et al. 2008, Theorem 1.8]. The set of minimal symplectic
plumbing trees S equals G ∪W ∪N ∪M∪A∪B∪ C.

This is only a necessary condition; for the first four classes, a converse of
Theorem 2.2 also holds.

Theorem 2.4 [Stipsicz et al. 2008, Theorem 1.10]. For every 0 ∈ G ∪W ∪N ∪M,
there is a complex surface singularity with resolution graph 0 admitting a QHD
smoothing.

The case of the A,B, C classes is only partially resolved, but there is a complete
classification for weighted homogeneous singularities in [Bhupal and Stipsicz 2011,
Theorems 1.4, 1.6], which will be proven in Section 6.

2.2. Deformations of sandwiched singularities.

Definition 2.5. A resolution graph 0 is called a sandwich graph if it arises as a
subgraph of a graph that can be blown down to the empty graph. A singularity is
called sandwiched if its resolution graph is a sandwich graph.

Note that the deformation theory of sandwiched singularities essentially reduces
to deformations of plane curves, as will be explained momentarily. We rely on the
picture deformation method developed in [de Jong and van Straten 1998].

Let ρ : ( Ã, E) → (C2, 0) be obtained by point blowups starting from (C2, 0) and
the singularity X be obtained by contracting the non-(−1) curves from Ã. Choose

− a

− b

− 1 − c

Figure 3. The starting graph for the construction of the A,B, C families,
where (a, b, c) = (3, 3, 3), (2, 4, 4), (2, 3, 6), respectively.
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one transverse curvetta C̃i on each −1 curve of Ã. Now Ã can be seen as a good
embedded resolution of ρ(C̃).

Reversing the blowup process, de Jong and van Straten define:

Definition 2.6 [de Jong and van Straten 1998, Definitions 1.3, 4.1]. A decorated
curve is a pair (C, l), where C =

⋃
I Ci ⊂ (C2, 0) is a curve with |I | irreducible

components and a function l : I → N assigning to each irreducible component a
number. Let m(i) denote the sum of the multiplicities of the i-th branch in the
minimal resolution of C . Then

(1) m(i) ≤ l(i)

for each i ∈ I . For discussing deformations, it is useful to encode the decoration l
as a divisor on the normalization C̃ of C .

From a decorated curve, we obtain a surface singularity as follows:

Definition 2.7 [de Jong and van Straten 1998, Definition 1.4]. Let (C, l) be a
decorated curve. The modification Ã(C, l) → (C2, 0) determined by (C, l) is
obtained from the minimal resolution of C by l(i)−m(i) further blowups at the i-th
branch of C . The analytic set X (C, l) is obtained by contracting the exceptional
curves not intersecting any branch of C in Ã(C, l).

Remark 2.8. If during the blowup process, we don’t reach the minimal good
resolution of C , the analytic set can have multiple singular points.

Note that the same surface singularity may be presented in multiple ways from
different decorated curves.

Next, de Jong and van Straten define the corresponding notion of deformation of
sandwich singularities from the decorated curve data.

Definition 2.9 [de Jong and van Straten 1998, Definition 4.2]. A one-parameter
deformation of a decorated curve (C, l) is a δ-constant deformation C1 → 1 of C
(where 1 := (C, 0)) and a flat deformation l1 ⊂ C̃×1 (where C̃ is the normalization
of C) under the multiplicity condition of (1).

The multiplicity condition means a divisor on each fiber lt = l1∩Ct =
∑

p∈Ct
m p p

subject to
∑

p∈(Ct )i
m p =

∑
p∈(C0)i

m p = l(i), where (C)i denotes the i-th irreducible
component of the curve C .

The important theorem for us is the following:

Theorem 2.10 [de Jong and van Straten 1998, Theorem 4.4]. For every one-
parameter deformation of (C, l), there is a one-parameter deformation of X (C, l),
and every one-parameter deformation of X (C, l) appears in this form!

Mostly we are interested in smoothing components. It is folklore that for rational
singularities (which sandwich singularities are; see [Spivakovsky 1990]) every
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component in the base space of the semiuniversal deformation space of X (denoted
by B(X)) is a smoothing component. That is, smoothing occurs over a generic
point of this component. A one-parameter deformation is always induced from
a well-defined component of B(X), and the generic fiber can be described by a
particularly simple special case of the previous theorem.

Definition 2.11 [de Jong and van Straten 1998, Definition 4.6]. A one parameter
deformation (C1, l1) is called a picture deformation, if for generic t ̸= 0 the
divisor lt is reduced.

Remark 2.12. It follows that the generic fiber of the δ-constant deformation Ct

only has transverse m-tuple points as singularities. Following [de Jong and van
Straten 1998] we call 1-tuple points “free.”

The general fiber of a picture deformation in general consists of a collection of
curves, with the m-tuple points marked for m > 1, and possibly some further marked
points on each component, so that in total, each component Ci contains l(i) marked
points. Since we will only be working with the intersection patterns of these curves,
we will identify curves with their marked points, so that they are finite (multi)sets.

We mention one particularly useful construction, which produces a smoothing
over the Artin component of B(X), called the Scott deformation of X .

Theorem 2.13 (see [de Jong and van Straten 1998, Proposition 1.10; Plamenevskaya
and Starkston 2023, Proposition 4.1]). Let (C, o) be an isolated curve singularity
of multiplicity m. There is a one-parameter deformation, the general fiber of which
only has singularities of the following two types:

• singularities of C after blowing up o,

• an m-tuple point.

Given a sandwiched singularity using Theorem 2.10 and iterating Theorem 2.13,
we obtain a picture deformation of X , the Milnor fiber of which is isomorphic to
the resolution of X . This will be useful when we compare QHD smoothings to the
resolution of the singularity in Section 4.

One can gather all of the incidence information of this combinatorial setup into
a |{points}| × |{curves}| matrix I := (ιmn) where ιmn = 1 if point m is on curve n,
and 0 otherwise.

Theorem 2.14 [de Jong and van Straten 1998, Theorem 5.2]. There is an exact
sequence

(2) 0 → H2(F) → Z⟨p ∈ Ct : m p ̸= 0⟩
I

−→ Z⟨(Ct)i ⟩ → H1(F) → 0,

where F is the Milnor fiber of the picture deformation.
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Using [Greuel and Steenbrink 1983, Theorem 2], which states that for any
smoothing of a normal surface singularity, the Milnor fiber F satisfies b1(F) = 0,
we get:

Corollary 2.15. rk H2(F) =: µ(F) = #{points} − #{curves}.

Finally, we mention a method to recover the intersection lattice of the Milnor
fiber of the smoothing from a picture deformation.

Theorem 2.16 [de Jong and van Straten 1998, Theorems 5.5, 5.11]. The intersection
form on H2(F) ⊂ Z⟨p ∈ Ct : m p ̸= 0⟩ is the restriction of the Euclidean negative
definite inner product on the latter space. Moreover, the canonical class is
represented by (1, 1, . . . , 1) in this basis.

3. Combinatorial smoothings

3.1. The minimal rational case. Throughout this section, we assume 0 to be a
minimal rational graph with a given sandwich presentation where each component
of the corresponding decorated curve is smooth.

Definition 3.1. In a tree graph 0 we denote the unique path between two vertices
v, w ∈ 0 by p(v, w) := (v = v1, . . . , vn = w) ⊂ V (0).

Definition 3.2. Given a minimal rational graph 0, choose a vertex v ∈ 0. Add
−(deg(v) + e(v)) − 1 ≥ 0 many −1 leaves to it, and −(deg(w) + e(w)) many
−1 leaves to every other vertex (deg denotes the degree of the vertex in the graph 0,
and e is the Euler number of the vertex). This larger graph 0̃ is a sandwich
presentation of 0 with smooth branches, where the blowdown ends at v.

We will be only interested in the incidence structure of the smoothings. To this
end, we identify the components of the deformed curve (C)i with the support of
their decoration divisor (l)i . We make this identification concrete with the following
definition.

Definition 3.3. Given a sandwich presentation of 0 with smooth branches define
a combinatorial smoothing to be a tuple (V, C), where V is a set of points, and
C ⊂ P(V ) represents the curves corresponding to each −1 leaf of the presentation.
We denote a curve on a vertex w ∈ 0 by Cw, and v denotes the last vertex of the
blowdown. The curves have to abide by the following two rules:

(1) |Cw| = |p(w, v)| + 1.

(2) |Cw ∩ Cz| = |p(w, v)∩ p(z, v)|.

Remark 3.4. Using the Noether multiplicity formula, it is clear that given a
sandwiched singularity with smooth branches, this is the incidence structure of a
picture deformation.
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Again, curves are identified with the support of their decoration divisor, and so
are finite sets.

There are many different ways to give a sandwich presentation of 0 with smooth
curves. This corresponds to the choice of v in Definition 3.2, the vertex where we
put one curve less than would be required to blow it down. De Jong and van Straten
[1998, Theorem 4.16.] explained how to relate combinatorial smoothings under a
change of this last vertex v.

Theorem 3.5 [loc. cit.]. Given a sandwich presentation of 0 with smooth branches,
ending at a vertex v, a combinatorial smoothing (V, C) and another vertex w with
deg(w) + e(w) < 0 one gets another sandwich presentation of 0 with smooth
branches, ending at w by adding an extra −1 leaf to v, and removing one from w.
There is a combinatorial smoothing of this graph (Ṽ , C̃) obtained as follows:

(1) Define Ṽ := V .

(2) Choose an arbitrary Cw curve to remove.

(3) Define the new curve C̃v := Cw.

(4) For C ̸= Cw and p ∈ V we have C̃ = Cw △ C.

Remark 3.6. Switching from Cv to Cw, and then back to Cv , recovers the original
smoothing.

Definition 3.7. We put a partial ordering on the graph: x > y if y ∈ p(x, v) where
v is the last vertex to be blown down.

Remark 3.8. From the definition it is clear that if x ≤ y, then |Cx ∩Cy| = |Cx |−1,
or stated differently ∃!p ∈ Cx : Cx \ {p} ⊂ Cy . On the other hand, if x ̸≷ y and
z ≥ y, then |Cx ∩ Cy| = |Cx ∩ Cz|. These basic properties will be used many times
in the following.

Definition 3.9. A reducing triple consists of three (not necessarily distinct) vertices
v ≤ w ≤ z, subject to the following conditions:

(1) {deg(v), deg(w), deg(z)} ⊂ {1, 2} or v = w = z.

(2) There is one curve on w and at least one on v and z.

(3) No vertex in p(v, z) \ {v, w, z} has any curves.

(4) 0 \ p(v, z) and p(v, z) only connect with edges in 0 at v and z.

Item (2) is to be understood additively, i.e., if say v = w, then it should have at
least two curves (one for w and at least one more for v).

Definition 3.10. For a reducing triple v ≤ w ≤ z, we let the blowdown end at v

and pick a distinguished curve on z and denote it by Cz . The curve on w is denoted
by Cw. We name Cw \ Cz =: {Q}, Cw ∩ Cz =: P , Cz \ P =: Q′. Similarly, we will
denote curves on a vertex x by C1

x , C2
x , and so on.
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3.2. The reduction algorithm. Next, we prove a few simple statements in the
context of a given reducing triple. From now on, we also suppose that every node
satisfies deg(v) + e(v) ≤ −2.

Lemma 3.11. Let w ̸= x ∈ 0 be a vertex. If Q ∈ Cx , then Q ∈ Ca for all x ≤ a.

Proof. Since Q ∈ Cx , either Q′
⊂ Cx if x ≥ z, or ∃!q ′

∈ Q′
: q ′

∈ Cx if x ≱ z. Now
supposing Q /∈ Ca implies Cx \ {Q} ⊂ Ca since x ≤ a. In the first case this implies
that P ⊂ Ca by intersection count with Cw and since Q′

⊂ Cx \ {Q} we get that
Cz = P ∪ Q′

⊂ Ca , a contradiction. Similarly in the second case q ′
∈ Ca implies

that Q ∈ Ca , which is a contradiction. □

Corollary 3.12. If Q ∈ Cx , Q /∈ Cy , then x ̸= y unless w = z = x = y. □

Remark 3.13. By this corollary, we can say that a vertex v ∈ 0 contains Q or not,
dependent on if its curves do.

Lemma 3.14. If a, b ∈ 0 are in different components of 0 \ {v} and Q ∈ Ca , then
Q /∈ Cb.

Proof. The deg(v) = 1 case is vacuous. Secondly, if deg(v) = 2 and Q ∈ Ca ∩ Cb,
suppose z ≤ a. Now b being in a different component means that Cb has to
intersect Ca once, but from Q ∈ Cb, we get that there is also a q ′

∈ Q′ which is
in Cb since it has to intersect Cz once. The relation z ≤ a implies that Q′

⊂ Ca ,
and thus |Ca ∩ Cb| ≥ 2, which is a contradiction.

In the third case, when the reducing triple is v, v, v, Q′ consists of a single
point, and the same argument shows that Q ∈ Ca ∩ Cb implies Q′

∈ Ca ∩ Cb, but
|Ca ∩ Cb| = 1 by assumption. □

Lemma 3.15. Let (w ̸=)x < a, b with a ̸≷ b in two different components of 0 \ {x}.
If Q /∈ C1

x , C2
x , then Q cannot be in both Ca and Cb.

Proof. Assume x > z and let n + 1 = |C i
x |. If Q ∈ Ca , then there is a point q ′

∈ Q′

which is in Ca and a point p ∈ P with p /∈ Ca . Call C i
x \ C j

x = {pi }. Since Ca

does not contain a point of P and contains Q, it also contains both pi ’s. This
means that if Q ∈ Cb were true, then Ca and Cb would intersect in at least n − 2
points of C1

x ∩ C2
x , in Q and p1, p2 for a total of at least n + 1 points, which is a

contradiction since they have to intersect n times by assumption.
If x is in another component of 0 \ {v}, we argue similarly. The C i

x intersect
Cw, Cz in a single point, which can be in C1

x ∩C2
x , or the pi ’s. In either case, Ca , Cb

have to intersect in the remaining at least n points of C1
x ∪C2

x , and in Q, which is a
contradiction. □

We can extend the notion of reducing triple to the case where we replace
Definition 3.9(1) with v = w, deg(v) = deg(w) < 3 and deg(z) > 2.
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Lemma 3.16. With the modified assumption on the reducing triple, we have that
C1

z ∩ C2
z ∩ Cv = {P}.

Proof. Let the blowdown end at v. We choose one of the curves on z to be Cz := C1
z ,

and define Cz∩Cv =: {P}, Cv\{P}=: {Q} and Cz\{Q}=: Q′ as usual. Furthermore,
assume that Q ∈ C2

z . Pick x > z with a curve. Without loss of generality, assume
that P ∈ Cx . Then Q′

⊂ Cx , since it missed Q ∈ C2
z , and it cannot intersect C2

z
enough times otherwise. This implies Cz ⊂ Cx , which is a contradiction. □

This tells us which point of Cv to label Q. Now we only need to check that
only one component of 0 \ {z} and 0 \ {v} can contain curves with Q. Afterwards
Lemmas 3.11 and 3.15 are applicable.

Lemma 3.17. If x ̸≷ y are in two different components of 0 \ {z}, then x , y cannot
both contain Q.

Proof. The assumption Q ∈ Cx ∩ Cy implies that Cx and Cy intersect n + 1 times,
since they have to contain (C1

z ∪ C2
z ) \ {P}, which is a contradiction. □

Lemma 3.18. Consider x > z and y in another component of 0 \ {v}. Then x , y
cannot both contain Q.

Proof. By Q ∈ Cx , we get that Q′
⊂ Cx , and by the assumption on y, we get that

Cy ∩ Q′
= ∅. So Cy ∩ Cz = ∅, which is a contradiction. □

Consider a graph 0 and a µ = 0 combinatorial smoothing of it (V, C). In this
case, the map I of Theorem 2.14 is injective, in particular invertible, so by [de Jong
and van Straten 1998, Corollary 5.12 and Theorem 13], such a combinatorial
smoothing is a qG-smoothing (see [Kollár 1991]) and, in particular, has no free
points. This guarantees us that there will be a curve besides Cw containing Q. The
preceding lemmas tell us that there is an edge of the graph that separates the vertices
containing Q from the vertices not containing it. We call such an edge a separating
edge.

Now, if there is a reducing triple in 0, we can construct a smaller graph and a
combinatorial smoothing for it by contracting a separating edge, deleting Q from V
and Cw from C. This can be iterated until the graph has no further reducing triples.
A graph with no reducing triples consists of nodes with two curves and other vertices
supporting at most one curve, such that every component of 0 \{nodes} has at most
two curves total.

Definition 3.19. We call such a graph reduced.

Remark 3.20. During reduction, the number of nodes, leaves, and components
of 0 \ {nodes} can only decrease.
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Definition 3.21. Given a sandwich graph 0 we define

δ(0) :=

( ∑
v∈0

−e(v) − d(v)

)
− 1 − |V (0)|.

Remark 3.22. Given (C, V ), a combinatorial smoothing of 0 with smooth branches,
we see δ = |C| − |V (0)|. Notice also that δ(0) = 1 −

∑
0(e(v)+ 3), and compare

with Wahl’s formula [2011, Theorem 8.1], which states that the dimension of a
QHD smoothing component is given by h1(S) −

∑
0(e(v) + 3), where S is the

sheaf of logarithmic vector fields, the kernel of the map TX → ⊕νv → 0.
For graphs in A, B, C, this quantity is always 3−s if the graph only has degree-3

nodes, and 2 − s if it has a degree-4 node, where s := #{v ∈ 0 : deg(v) > 2}.

The above proposed algorithm leaves this quantity unchanged.

Lemma 3.23. After reducing a graph 0 ∈ A3,B3, C3 with s many nodes, the
reduced graph γ satisfies |γ | ≤ 7s − 2. Similarly for a graph 0 ∈ A4,B4, C4 we
have |γ | ≤ 7s + 1.

Proof. In the first case 0 \ {nodes} has at most 2s +1 components, so γ has at most
this many.

This implies that γ has at most 2s + 2(2s + 1) − 1 = 6s + 1 curves. Writing
3 − s ≤ 6s + 1 − |γ | and rearranging gives the result.

For the case where 0 has a degree-4 node, we compute in a similar way that
2s + 2(2s + 2)− 1 = 6s + 3 is the upper bound on the curves, 2 − s ≤ 6s + 3 −|γ |

and the statement follows. □

Using Lemma 3.23 and computer checking we obtain special cases of [Bhupal
and Stipsicz 2011, Theorems 1.4, 1.6; Wahl 2011, Theorem 8.6]:

Corollary 3.24. Let 0 ∈ A∪B∪ C be a graph with one node of degree 3 (resp. 4)
with framing at most −5 (resp. −6). Then 0 cannot admit a QHD smoothing.

Proof. Suppose the graph has a QHD smoothing; apply the reduction algorithm
to its incidence structure. The reduced graph still has δ = 2 (1), with e(v) = −2
if deg(v) = 1, e(v) ∈ {−2, −3} if deg(v) = 2, e(v) = − deg(v) − 2 otherwise.
A linear graph under these framing restrictions has δ ≤ −1, which is an immediate
contradiction. Thus, the graphs have a node and at least 3 leaves. This means that
they have δ ≤ 0, which is a contradiction. □

Corollary 3.25. Let 0 ∈ A ∪ B ∪ C be a graph with two nodes of degree 3 and
framing at most −5. Then 0 cannot admit a QHD smoothing.

Proof. Suppose 0 admits a QHD smoothing. Choosing a sandwich presentation
for 0 with smooth curvettas (since it is assumed to be minimal rational), we get a
combinatorial QHD smoothing, to which we apply the reduction algorithm, after
which we obtain a reduced graph γ .
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By Lemma 3.16, we have the same framing possibilities as before. Since δ stays
constant, the reduced graph has δ = 1, since this is true for the starting graphs. By
the previous corollary, graphs with a single node have δ ≤ 0, so all possible graphs
have two nodes. Checking all trees γ with |γ | ≤ 12 under the constraints derived
thus far, we see that there is no reduced graph with nonsquare determinant. □

Further, we can extend this to graphs with a degree-4 and a degree-3 node, and to
the cases with 3 and 4 nodes as well. In these cases, the determinant can be a square,
so we need to rely on Theorem 4.1, proved below, which states that for a graph
admitting a combinatorial QHD smoothing, one has Z2

K + |0| = 0. Unfortunately
the computation of the d-invariant1 for general reduced graphs remains elusive.

Theorem 3.26. Let 0 ∈ A ∪ B ∪ C be a graph with one node of valency 4 and
framing at most −6, and at most 2 nodes of valency 3 and framing at most −5. Then
0 cannot admit a QHD smoothing. □

Theorem 3.27. Let 0 ∈ A∪B∪ C be a graph with at most four nodes of valency 3,
and framing at most −5. Then 0 cannot admit a QHD smoothing. □

4. Lattice embeddings

In this brief section, we wish to prove the following:

Theorem 4.1. If a sandwiched graph 0 admits a combinatorial rational homology
disk smoothing, then the anticanonical cycle of the graph Z K satisfies Z2

K +|0| = 0.

Proof. Consider a sandwiched graph 0 with a fixed sandwich presentation 0̃, which
admits a combinatorial QHD smoothing. Following [de Jong and van Straten
1998], we let P ′

= Zl denote the free abelian group generated by the points of
the combinatorial QHD smoothing and endow it with the trivial negative definite
intersection form. Similarly, let L = Zl denote the free abelian group generated by
the set of curvettas of the sandwich presentation 0̃. Consider the map J : P ′

→ L
where p 7→

∑
p∈L i

L i , i.e., the incidence matrix of the combinatorial smoothing.
Since rk P ′

= rk L , by [de Jong and van Straten 1998, Corollary 5.10], the matrix
of this map in the natural bases is invertible over Q.

Consider also the incidence map of the Scott deformation I : P = Zl+n
→ L . As

mentioned in [de Jong and van Straten 1998, Corollary 1.11; Plamenevskaya
and Starkston 2023, Subsection 4.2], the Milnor fiber of this deformation is
diffeomorphic to the resolution of the singularity; thus, by Theorem 2.16, we
have Q0 ↪→ P .

Next note that I I ∗
= J J ∗

= Qartin in the language of [de Jong and van Straten
1998]; thus J−1 I I ∗ J ∗−1

= (J−1 I )(J−1 I )∗ = id, which means that the rows of the
matrix J−1 I form an orthonormal basis for ker(J−1 I )⊥ = ker(I )⊥ ≤ P ⊗ Q.

1That is, 1
4 (Z2

K + |0|); see, e.g., [Némethi 2022].
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0 0

0 L∗ L∗ 0

0 ker f P L coker f 0

0 H2(F f ) H 2(F f ) H1(∂ F f ) H1(F f ) 0

0 0 0 0

f ∗ f ◦ f ∗

f

Figure 4. f denotes the incidence matrix of a combinatorial smoothing,
and F f the Milnor fiber [de Jong and van Straten 1998, Diagram 5.9].

Let 1α = (1)α1 . The product I 1l+n equals (|L i |)
l
1. Since the number of points

on each curvetta is determined by the sandwich presentation 0̃, the same is true
for J1l . Thus J−1 I 1l+n = 1l . This means that denoting the rows of J−1 I by fi we
obtain a basis where taking K =

∑
p∈P p we have

(3) (J−1 I )∗(J−1 I )K =

∑
fi .

Until now, we were concerned with ker(I )⊥. We have P ⊗Q = (Ql+n, ⟨−1⟩
l+n),

and an embedded (Ql, ⟨−1⟩
l). By Witt’s cancellation theorem (see Lemma 4.4

in [Milnor and Husemoller 1973]) this means that the orthogonal complement
generated by ker(J−1 I ) is isomorphic to (Qn, ⟨−1⟩

n).
By (3) the orthogonal projection of K onto ker(I )⊥ is equal to

∑
fi , and so

has square −l, which implies that the orthogonal projection to ker(J−1 I ) will have
square −n. From Theorem 2.16, this projection represents the anticanonical cycle
of 0; thus we get that Z2

K = −n. □

Proposition 4.2. If a sandwiched graph 0 admits a combinatorial rational homol-
ogy disk smoothing, then Q0 ⊂ U for some unimodular lattice U , with rk U = |0|.

Proof. Let I : P → L denote the incidence matrix of the Scott deformation, and
J : P ′

→ L denote the incidence matrix of a combinatorial QHD deformation, as
previously. By Figure 4 [de Jong and van Straten 1998, Diagram 5.9] we get that
I is surjective and J is injective. In particular H 2(FJ ) ≤ H1(∂ FJ ) is a subgroup of
the discriminant group of Q0 , which is isomorphic to H1(∂ F) of size

√
|H1(∂ F)|.

By commutativity of the diagram and the fact that P is endowed with the trivial
negative definite intersection form, this subgroup is isotropic, which by [Looijenga
and Wahl 1986, 1.7.1] gives an integral unimodular overlattice U for Q0 in Q∗

0 . □
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− 2 − k − 1
(k − 2) n

− n − 1

− n − 1

n − 3

n − 3 k
...

Figure 5. The graph Cl(k, n). The number x on an edge represents a
path of x many −2 vertices.

5. Some graphs admitting a combinatorial QHD smoothing

Example 5.1. Let us denote by fpp(n) the star-shaped graph with n2
+ n + 1 arms,

each of length n − 1, with the node having framing −n2
− n − 2, and all other

vertices −2. A combinatorial QHD smoothing of this graph is the finite projective
plane of order n. Each graph fpp(n) satisfies det(fpp(n)) = n(n+1)n(n + 1)2, and
they all have Z2

K + n = 0.
By modifying the finite projective plane configuration, we obtain further graphs

with combinatorial QHD smoothings. Pick a point x and all lines through it. Add
further points a1, . . . , al , and curves {x, ai } to the configuration, and for all lines
that do not contain x , add all of the ai . This is a QHD smoothing for the graph we
denote by fpp(n)l .

Example 5.2. Consider k “clusters” consisting of n points each: {Ai }
k
1 with |Ai |=n.

Define sets of curves as C i
j =

⋃
l ̸=i Al ∪{a j } where a j ∈ Ai . This is a combinatorial

QHD smoothing of a graph, which we denote by Cl(k, n). See Figure 5.

Example 5.3. We define the cluster extension of the graphs Cl(k, n). Here, consider
another set B, with |B| = b, and add its points to all existing curves. Furthermore
add new curves Di =

⋃
Al ∪{bi }. The construction corresponds to a combinatorial

smoothing of a graph if b ≥ n ≥ 2. See Figure 6.

Example 5.4. Another construction one can make is the star extension of Cl(k, n).
Add a new point x and a new set B of size b. Add the elements of B to the existing
curves, and define new curves Si = {x}∪ {bi } and F =

⋃k
1 Ai ∪{x}. See Figure 7.

Example 5.5. Using the complement idea, we generalize the family of Wahl [1981,
Section 5.9.2]. In this case we consider three sets A, B, C of sizes |a|, |b|, |c|,

− 2 − 3

− b − 1

(k − 1) n
− k − 1

b − n − 1

n − 3

− n − 1

− n − 1

n − 3

n − 3 k
...

Figure 6. The graph we obtain after cluster extending Cl(k, n).
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− b − 2 − 3

− 2

(k − 1) n − 1
− k − 1

b − n
− n − 1

− n − 1

n − 3

n − 2 n − 3 k
...

Figure 7. The graph we obtain after star extending Cl(k, n).

− 2

− b − 1

− 3

b − 2

− 3 − b − 1

− a − 1
b − 2

b − 3 a − b − 1 b − 2

Figure 8. The graph t (−a, −b, −b).

the curves are A ∪ {bi }, B ∪ {ci }, C ∪ {ai } with ai ∈ A, bi ∈ B, ci ∈ C , or one can
take the complements of the singletons inside their containing sets. We denote this
choice by flipping the sign of the set that the corresponding curves contain, i.e.,
a, −b, c uses the curves A ∪{bi }, B ∪ (C \{ci }), C ∪{ai }. This gives combinatorial
smoothings for the graphs we denote by t (a, b, c). If all parameters are positive,
we get Wahl’s family W (Figure 2, left), if one is negative, we get the N family
(Figure 2, right). In the case t (a, −b, −c) for the curves to be the smoothing of a
graph we need either a = 2 or c = 2 and get the subfamily of N with p = 0 and the
subfamily of W with q = 0. If all three are negative with |a| > |b| = |c| we get the
novel graph of Figure 8.

6. Weighted homogeneous singularities — stars

This section presents a new proof of the main theorem of [Bhupal and Stipsicz
2011], namely the classification of weighted homogeneous singularities admitting
a QHD smoothing. From Theorem 2.4, we only need to check the star-shaped
elements of A,B, C. In contrast to Section 3, not all graphs will be minimal rational;
most curvettas will be ordinary cusps.

6.1. The degree-3 case. Let us begin with some generalities, which will be used
multiple times in the following. We will be dealing with star-shaped graphs with
three arms, where two of the arms have length 1 and decorations −a and −b,
respectively. We will always put max{a − 2, 0} many −1 framed vertices on the
−a vertex and max{b − 3, 0} many −1 framed vertices to the −b vertex. Denote
curvettas on these vertices by Si and L i , respectively. The third “long” arm will be
blown down starting from the end and decorated as necessary. Take an arbitrary



16 MÁRTON BEKE

C
− 1

Cn
...

− 2a L,−

b S,−

Figure 9. The general case graph with the curves indicated.

order on the −1 leaves on every vertex, and denote the j -th curvetta of the i-th vertex
by C j

i . See Figure 9 for an illustration.
Since the node has framing at most −2, we know that the C j

i will be star-shaped
and the L i , Si will be smooth. We provide their intersections in Table 1, right.

The multiplicity sequence of these cusps are easily computed to be (2, 1, . . . , 1),
so C j

i must all have one double (2-tuple) point and further simple points (i.e., at
all but one point the curve is locally irreducible). For a cusp curve C , we define
X (C) to be the point in P which it contains with multiplicity 2. From this, it is
simple to compute how many points each curve has to contain and their intersection
multiplicities, this is collected in Table 1, left. We denote the points where these
curves intersect by {pi : 1 ≤ i ≤ 4 + n}.

In this section, n will always denote the number of vertices on the “long” arm
(on which the C j

i are located). From the construction of the A, B, C classes, it is
easy to see by induction that there will always be 4 + n many curves in total in the
sandwich presentation described above. We will mostly be interested in the smooth
curves, the curves at the very end Cα

n , and the curve closest to the node. We let ℓ

denote the index where there exists C1
ℓ , and for every k < ℓ, there is no C1

k .

Remark 6.1. As before, we work with the intersection pattern of the given sandwich
presentation of the graph, and by a small abuse of notation, we identify curves with
the intersection points they contain.

We note some simple facts about these curves:

curve L i Si C j
i

# of points 2 3 5+i

( · , · ) La Sa Cb
a

L i 1 1 2

Si 2 3

C j
i 6 + min{i, a}

Table 1. The combinatorial information in our setup. Left: Point data.
Right: Intersection data.
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− 2 − 2 − p − 6
p

− 3

Figure 10. Graphs in C6 admitting a QHD smoothing.

Lemma 6.2. Consider C j
i and Cb

a for i ≤ a. If X (C j
i ) ̸= X (Cb

a ), then C j
i ⊂ Cb

a
(as sets, without multiplicities). If X (C j

i ) = X (Cb
a ), then there is a single p ∈ C j

i
with p /∈ Cb

a .

Proof. If their double points differ, then we have pd := X (Cb
a ) ∈ C j

i , otherwise,
(Cb

a , C j
i ) ≤ 5 + i < 6 + i , and if pd ∈ C j

i , then it has to go through every point for
the intersection to reach 6 + i .

On the other hand, if their double points coincide, then there are a further 3 + i
simple points to make 2 + i intersections. □

Corollary 6.3. The Cα
n curves all have distinct double points, and all other C j

i
curves must pass through these double points with multiplicity 1. The L i and Si

cannot go through these points.

Proof. Since the Cα
n curves contain 5 + n points with multiplicity, and there are

4 + n points in total, they go through all points, i.e., it is impossible for the second
case of Lemma 6.2 to occur.

Both L i and Si would intersect the Cα
n curves too many times if they went

through the double points. □

We state the following for emphasis:

Corollary 6.4. All C j
i must go through every other Cb

a ’s double point.

6.1.1. Graphs in C. We begin the case analysis with the class C.

Theorem 6.5. In C6, only the family depicted in Figure 10 can admit a QHD
smoothing.

Proof. In this case, there are no L i , Si , only the cusps. The known case is ℓ = n,
and we want to rule out any other possibility. It is easy to see by induction that
there will be 6 + ℓ many Cα

n curves if ℓ < n. By Corollary 6.4, C1
ℓ would have to

contain 2 + 6 + ℓ > 5 + ℓ many points, which is a contradiction. □

Theorem 6.6. In C3, only the graphs of Figure 11 can admit QHD smoothings.

Proof. In this case, we have three L i ’s in addition to the cusps. If ℓ = n, we are
done, so let ℓ< n. Simple induction shows that there will be 3+ℓ many Cα

n ’s, so C1
ℓ

contains their double points, its double point and no further point. This means that
the L i have to go through C1

ℓ ’s double point to intersect it twice by Corollary 6.3.
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− 2 − 2 − p − 3
p

− 6

− 2 − 2 − 3 − q − 5
q 2

− 6

Figure 11. The graphs for the C3 case, p ≥ 0, q ≥ −1.

If there would be another Cα
k with ℓ ≤ k < n, then it intersects C1

ℓ least 7 + ℓ

times by Corollary 6.4, a contradiction. So there is C1
ℓ , and the Cα

n curves. This
means that 3+ℓ = 4+n−3−1, ergo ℓ = n−3, and this is the other known case. □

Theorem 6.7. In C2, only the graphs of Figure 12 can admit a QHD smoothing.

Proof. In this case, there will be four Si curves and the cusps. Let ℓ < n. There
will be 2 + ℓ many cusps on the last vertex.

Counting the number of points of C1
ℓ it has (besides the Cα

n double points)
pd := X (C1

ℓ ) and a further simple point denoted by ps . All of the Si have to go
through pd and ps since (Si , C1

ℓ ) = 3. This also means that they have a further
point each pSi . If there is a second C j

i for some ℓ ≤ i < n, then X (C j
i ) = pd or ps .

If X (C j
i ) = pd , then ps will be the point C j

i misses by Lemma 6.2, and pSi ∈ C j
i .

If there were a third Cb
a curve with i ≤ a < n, we see that X (Cb

a ) = pd by
Corollary 6.4. By the same argument we get that pSi ∈ Cb

a for i = 1, . . . , 4.
Every subsequent curve meets these same requirements. Let K :=C\{Si , Cα

n , C1
ℓ },

with |K | = k. Let K̃ :=
⋃

K \{X (Cα
n ) : 1 ≤ α ≤ ℓ+2} ⊂ V with |K̃ | = k̃. Counting

the curves and points of the configuration, we get

(4) 2 + ℓ + 1 + 4 + k = 2 + ℓ + 2 + 4 + k̃ = 4 + n,

implying k = 1 + k̃.

Claim. C j
i = C1

ℓ+3.

Proof. If C j
i would contain any further points, the curves in K restricted to the points

of K̃ give a solution to the combinatorial smoothing problem for a linear graph,
since X (C) = pd for all C ∈ K . This implies k ≤ k̃, which is a contradiction. □

− 6 − 2 − p − 2
p

− 3

− 6 − 2 − 4 − q − 4
q 3

− 3

− 6 − 2 − 3 − 3 − q − 4
q 2

− 3

Figure 12. The graphs for the C2 case, p ≥ 0, q ≥ −1.
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− 4 − 2 − 3 − 3 − q − 4− p − 3
q 1

− 4

− 4 − 2 − 3
p

− 4

Figure 13. The graphs for the B2 case, p ≥ 0, q ≥ −1.

Any further curve would also go through pd and pSi , which means it would
intersect C1

ℓ+3 10 + ℓ > 9 + ℓ times, which is a contradiction. Substituting k = 1
into (4) we see that ℓ = n − 4; this is the third graph of Figure 12.

The other case plays out similarly. If X (C j
i ) = ps , then every other curve has to

have its double point at ps and go through pd to intersect Si and C1
ℓ enough times.

The same argument shows that C j
i = C2

ℓ , there are no further curves and ℓ = n − 4.
This is the second graph of Figure 12.

If there is only one cusp curve that is not on the last vertex, then we have
4 + n = 2 + ℓ + 1 + 4, ergo ℓ = n − 3. The Cα

n ’s require 2 + n − 3 = n − 1 points,
C1

ℓ an additional 2. We have only 3 points left, which is a contradiction since the Si

need 4 additional points besides the previously mentioned ones.
Finally, if ℓ = n, we get the first graph of Figure 12. □

6.1.2. Graphs in B. We continue with the B class.

Theorem 6.8. In B2, only the graphs of Figure 13 can admit a QHD smoothing.

Proof. In this case, there are L1, S1, S2 and the cusps. Suppose that not every blowup
happened on the edge next to the leaf. In this case, the setup of the cusps is identical
to the C2 case, the curve C1

ℓ has (besides the X (Cα
n ) points) a double point pd and

one further simple point ps . The points ps, pd have to be contained in the Si in order
to intersect C1

ℓ three times (and both have one further point pSi ). The curve L1 has
to go through pd to intersect C1

ℓ twice, and thus it contains one further point pL1 .
We continue similarly to the C2 case. Any further curve can have its double point

at either pd or ps , and all of them have to be at the same point. Denote the curve
with the next smallest index after ℓ by C j

i . From here, the same argument provides
that C j

i is C1
ℓ+1 in both cases (if its double point is pd , it must contain pS1 and pS2 ;

if its double point is ps , it must contain pd and pL1). In both cases, there are no
further curves because they would intersect C1

ℓ+1 too many times. This gives the
second graph of Figure 13.

If every blowup happens next to the leaf, we get the first graph of Figure 13. □

Theorem 6.9. In B4, only the graph of Figure 14 can admit a QHD smoothing.

Proof. In this case, we have L1 and the cusps. Suppose not every blowup happened
next to the leaf. Then a simple induction shows that there are 4+ℓ many Cα

n curves.
This means C1

ℓ goes through 6 + ℓ points with multiplicity, which is an immediate
contradiction. □
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− p − 5− 2 − 2 − 3
p

− 4

Figure 14. The graph for the B4 case, p ≥ 0.

6.1.3. Graphs in A.

Theorem 6.10. In A3, only the graph of Figure 15 can admit a QHD smoothing.

Proof. In this case, there are S1 and the cusps. Suppose not every blowup happened
next to the leaf. There will be 3 + ℓ curves at the last vertex by induction. The
curve C1

ℓ will go through the double points of the Cα
n curves, and it has its double

point and no further points. By Corollary 6.3, S1 can only intersect C1
ℓ at pd , so at

most 2 times instead of the required 3, which is an immediate contradiction. Thus,
we are left with the case when every blowup happens next to the leaf, depicted
in Figure 15. □

6.2. The degree-4 case. Most of the setup stays unchanged in this case; there
will still be 4 + n many curves, the end curves have to go through all points, etc.
In addition to the L i , Si , there will also be some exceptional cusps 0i . They intersect
the L i , Si in the same manner as the C j

i curves do, and intersect the C j
i curves

6 times.

Lemma 6.11. X (Cα
n ) /∈ 0i for any i .

Proof. If this were not the case, they would intersect 7 times. □

In the following, we will assume that not all blowups happen next to the leaf. As
in the previous cases, a simple calculation shows, that C1

ℓ has three points (besides
the double points of the Cα

n curves of course): its double point denoted by pd , and
two simple points ps1 and ps2 . We fix this notation in this section.

Lemma 6.12. Every curve after C1
ℓ can have its double point at a maximum of two

of the three points pd , ps1 , ps2 , i.e.,⋃
j>1

X (C j
ℓ ) ∪

⋃
n>i>ℓ

j>0

X (C j
i ) ⊊ {pd , ps1, ps2}.

− p − 4− 3 − 2 − 4
p

− 3

Figure 15. The graphs for the A3 case, p ≥ 0.
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Proof. There are two cases to consider. The first curves have their double points at
pd , ps1 or ps1 , ps2 and both are similar. If there is a curve with double point at pd

besides C1
ℓ , it has to miss one of the psi , say ps2 . This means no curve can have its

double point at ps2 by Corollary 6.4.
Symmetrically, if every subsequent curve has its double point at the psi , no

curve can have its double point at pd since it would have to miss one of the psi by
Lemma 6.2. □

Corollary 6.13. If X (C j
i ) = pd , then X (Cb

a ) = pd for any a < i .

Proof. Such curves have to miss one of the psi ’s, and so a point of any curve with
double point at any of these two points, which is a contradiction. □

Lemma 6.14. If every curve B after C1
ℓ until C j

i has X (B) = pd and the next
curve C satisfies X (C) = ps1 , then all subsequent curves have their double points
at ps1 . The same statement is true if we change the order of pd , ps1 or replace pd ,
ps1 with ps1 , ps2 .

Proof. Let us denote a curve after C by C ′ with X (C) ̸= X (C ′). If X (C j
i ) = pd ,

then by assumption we know that ps1 ∈ C j
i and ps2 /∈ C j

i ; thus we only have to
rule out X (C ′) = pd . This is automatic by Lemma 6.2: since pd , ps1, ps2 ∈ C ,
the curve C ′ will also contain these points, and thus all points of C1

ℓ . This is a
contradiction, since X (C1

ℓ ) = X (C ′).
The case where X (C j

i ) = ps1 is simpler; if X (C) = pd , then ps2 /∈ C , which is a
contradiction since ps2 ∈ C j

i .
If X (C) = ps2 , then X (C ′) ̸= pd , since it would miss a point of C j

i , C . Since
X (C) ̸= X (C ′) = X (C j

i ) we get that C j
i ⊂ C ⊂ C ′, which is a contradiction. □

The strategy of the proof follows the C2, B2 cases: we analyze the configuration
of the existing L i , Si , 0i curves in relation to C1

ℓ , then we take every other cusp,
which is not a Cα

n , and use them construct a solution to the combinatorial smoothing
problem of a linear graph, i.e., a sequence of sets Ai satisfying Definition 3.3.

This is done by observing that if some cusps Ci have X (Ci ) = X (Ci ′), then by
“forgetting” the multiplicity of the double point the definition is already satisfied.
Furthermore if there are larger (in the sense, that they correspond to vertices of
the graph farther from the node) curves Di with X (Di ) = X (Di ′) ̸= X (Ci ) if we
remove X (Ci ) from Di the definition is satisfied. Furthermore we delete points,
which are contained in every curve, and identify points which we know must be
either contained or missed together.

6.2.1. Graphs in C.

Theorem 6.15. In C4, only the graph of Figure 16 can admit a QHD smoothing.
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−a

−b

−c

p
−3 −d −p − 2

Figure 16. The valency-4 graphs, which admit a QHD smoothing, where
[a, b, c; d] ∈ {[3, 3, 3; 4], [2, 4, 4; 3], [2, 3, 6; 2]} and p ≥ 0.

Proof. We have five 0i exceptional cusps and the C j
i on the fourth arm. If there is

no C1
ℓ , we are done; otherwise, there are 1 + ℓ many Cα

n curves. Counting points,
we see that C1

ℓ has three points (besides the double points of the Cα
n ): its double

point pd , and two simple points psi . The case (0i , C1
ℓ ) = 6 can only happen if

every 0i has its double point at pd and contains both psi by Lemma 6.11.
A simple checking of cases shows that all of the 0i have to go through a further

shared point (denoted by p0), and each must have a final point not on any other 0 j

(denoted by pi ). Every C j
i curve which is not C1

ℓ or Cα
n will have to contain

either p0 or the pi to intersect the 0i 6 times (but not both). Note, that a “switch”
lemma, similar to Lemma 6.14 applies to these two possibilities as well, if some
curves contain, say p0, and the next curve contains the pi , then every subsequent
curve has to contain the pi as well, since the curves C j

i have to contain the previous
ones’ points except for at most one.

Every further curve C j
i with i < n has to have its double point at pd or one of

the psi . By Lemmata 6.12–6.14 we have to consider the cases where some curves
after C1

ℓ have double points at pd or ps1 and possibly some later curves have their
double points at ps1 in the former, or ps2 in the latter case.

We construct a new system of curves: Take the points of X := C1
ℓ \ {A}, where

A denotes the double point of the first curve after C1
ℓ . Take every curve with index

(i, j) ̸= (ℓ, 1) or (n, α). Our new curves will be C j
i \ X if the double point of

this curve was at A, or C j
i \ {X ∪ {A}} if its double point was not at A, with the

modification that the pi are combined into a single point P , and finally with an
added new curve S0 = {p0, P}. These curves give a combinatorial solution to the
smoothing problem of a linear graph, and thus in particular it has at least as many
points as curves. From this we deduce that k+1≤ k̃+3, where k denotes the number
of curves in the original configuration besides C1

ℓ , Cα
n , 0i , and k̃ denotes the number

of points in the original configuration besides the points of C1
ℓ , p0, p1, . . . , p5.

Suppose there existed a QHD smoothing. Then we would have

1 + ℓ + 5 + 1 + k = 1 + ℓ + 3 + 1 + 5 + k̃,

which is equivalent to
k = k̃ + 3.

Thus k̃ + 4 ≤ k̃ + 3, which is a contradiction. □
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6.2.2. Graphs in B.

Theorem 6.16. In B4, only the known case admits a QHD smoothing.

Proof. We have L1, S1, S2, 01 besides the C j
i . If every blowup happens next to

the leaf of the fourth arm, we are in the known case. Otherwise there are 1 + ℓ

many Cα
n curves, and C1

ℓ has three points (which are not double points of the Cα
n

curves), denoted by pd , ps1 , ps2 as before. Besides these three points, 01 has two
further points p0, p1. The curve L1 contains two points. These can be either pd

and a new point pL , or ps1 , ps2 . In this latter case, there can be no further C j
i , since

either X (C j
i ) = pd which forces (C j

i , L1) = 1, or X (C j
i ) = ps1 , which implies

((C j
i ), L1) = 3. This means that this case cannot occur since we would have fewer

curves than points. The Si have to go through pd to intersect C1
ℓ three times. From

here, either they both go through ps1 , and each has one extra point (p2 and p3,
respectively), or they split the simple points (ps1 ∈ S1 and ps2 ∈ S2) and meet at a
further point pS .

In the latter case, no further C j
i can exist. This is because X (C j

i ) = pd would be
forced, meaning ps1 ∈ C j

i and ps2 /∈ C j
i ; thus (C j

i , S2) = 2, which is a contradiction.
Thus this case cannot happen, since there are at least two curves on the long arm,
which are not on the end by the construction of the B class.

If both Si go through ps1 then by Lemma 6.14 the sequence of double points for
the subsequent C j

i curves must follow one of the following patterns:

(1) ps1 then ps2 ,

(2) pd then ps1 ,

(3) pd then ps2 ,

(4) entirely at ps2 .

In the first three patterns the “switch” may or may not occur.
For all of these cases we derive a combinatorial smoothing for a linear graph

using the same method as previously. Let A denote X (C j
i ) where C j

i is the next
curve after C1

ℓ . Let X := (C1
ℓ ∪ L1 ∪ S1 ∪ S2) \ {A}. If X (C) = A, then consider

C \ X , otherwise we take a curve to be C \ (X ∪{A}). Finally add a curve {p0, p1}.
The validity of this configuration shows that k + 1 ≤ k̃ + 3. On the other hand we
can calculate

1 + ℓ + 5 + k = 1 + ℓ + 8 + k̃ ⇐⇒ k = k̃ + 3,

which is a contradiction. □

6.2.3. Graphs in A.

Theorem 6.17. In A4, only the known case admits a QHD smoothing.
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Proof. We have 01, 02, S1 and the cusps. The known case is when every blowup
happens towards the leaf. Otherwise, 1+ℓ is the number of Cα

n curves. Besides the
double points of the Cα

n curves, C1
ℓ has its own double point pd , and two simple

points ps1 and ps2 . The curves 01 and 02 have their double points at pd to intersect
C1

ℓ enough times. They intersect at one additional point p0 , and each has a unique
simple point respectively denoted by p1, p2. The curve S1 contains pd , ps1 and a
further point pS .

The proof is essentially the same as the previous two cases. The double points
of subsequent curves are restricted to at most two of the three possible points
pd , ps1 , ps2 . Let A denote the double point of the first curve. We create a
solution to the combinatorial smoothing problem of a linear graph by identifying
the points p1, p2 into a single point P , taking X = C1

ℓ \ {A} and considering the
curves C j

i \ X if X (C j
i ) = A and C j

i \ (X ∪ {A}) if X (C j
i ) ̸= A, and finally adding

S0 = {p0, P} to the beginning of the configuration. This means that k + 1 ≤ k̃ + 3.
Assuming the existence of a QHD smoothing, we compute

1 + ℓ + 4 + k = 1 + ℓ + 7 + k̃ ⇐⇒ k = k̃ + 3. □

Remark 6.18. The known families already ruled out in, for instance, [Gay and
Stipsicz 2012, Proposition 4.2] can also be ruled out from having a QHD smoothing
using this method. Similarly to Section 5 one can find many graphs with a fixed
sandwiched presentation admitting a combinatorial QHD smoothing. Unlike the
minimal rational case, this is even possible inside the A,B, C families.

More generally, there are graphs which are rational, and have more than one
−2 node in the A,B, C families, that don’t have a sandwich presentation using only
smooth and cusp curves. In fact there are rational graphs in A,B, C that are not
sandwiched at all.
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IWAHORI–HECKE MODEL FOR
THE UNIVERSAL SUPERSINGULAR REPRESENTATION

ANAND CHITRAO AND ASFAK SONEJI

Let F be a nonarchimedean local field with residue field Fq . Every super-
singular representation of GL2(F) is a quotient of a universal supersingular
representation πr for some integer 0 ≤ r ≤ q −1. When F is a finite extension
of Q p, Anandavardhanan–Borisagar and Anandavardhanan–Jana intro-
duced an Iwahori–Hecke model for πr in the regular case 0 < r < q−1. When
F =Q p, Chitrao introduced an Iwahori–Hecke model for πr when r =0, p−1.
This model was then used by Chitrao–Ghate to compute the reduction mod p
of two-dimensional irreducible semistable representations of Gal(Q p/Q p).
We extend this model to an arbitrary local field F for r = 0, q − 1.

We also write down an explicit nonsplit self-extension of πr which has a
four-dimensional space of I (1)-invariants when F = Q p and r = 0, p − 1.

1. Notation and conventions

For a prime p, let Fq = Fp f be a degree- f extension of the finite field Fp. Let Fp

denote an algebraic closure of Fp. We fix an embedding Fq ↪→ Fp. Let F be a
local field with ring of integers O, uniformizer ϖ and residue field Fq . Let G be
the group GL2(F) and Z be its center. For µ ∈ Fq , the element [µ] ∈ O denotes
the Teichmüller lift of µ in the mixed characteristic case and denotes the image
of µ under the natural embedding in the equal characteristic case. Let K = GL2(O)
be the maximal compact subgroup. Let I denote the Iwahori subgroup of upper
triangular matrices modϖ , and I (1) be the pro-p-Iwahori subgroup of K consisting
of matrices that are upper triangular unipotent mod ϖ . Let

w :=

(
0 1
1 0

)
, α :=

(
1 0
0 ϖ

)
, β :=

(
0 1
ϖ 0

)
= αw.

Let r = (r0, . . . , r f −1) be an f -tuple of integers where r j ≥ 0 for 0 ≤ j ≤ f −1. Let
Vr j denote the symmetric r j -th power of the standard two-dimensional representation
of GL2(Fq). We identify it with the homogeneous polynomials of degree r j in
variables X j and Y j for all 0≤ j ≤ f −1. By V Fr j

r j
we mean that the action of GL2(Fq)
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is twisted by the j-th power of Frobenius. We view these as representations of K ,
via the reduction mod ϖ map and then as representations of K Z by making the
scalar matrix ϖ act trivially. For such an f -tuple r , let Vr be the representation
Vr0 ⊗Fq V Fr

r1
⊗Fq · · · ⊗Fq V Fr f −1

r f −1
of K Z . For 0 ≤ r < q − 1, let dr be the character

I → F×
q sending

(a
c

b
d

)
to dr modϖ and extend it to I Z by mapping the scalar

matrix ϖ ∈ Z to 1. If 0< r < q − 1, we say that dr is regular and if r = 0, we say
that dr is nonregular.

Denote by indG
K Z σ the compact induction of a representation σ of K Z . Following

notation of [Barthel and Livné 1994], for g ∈ G and v ∈ σ , we use the symbol
[g, v] ∈ indG

K Z σ to denote the function from G to σ which is supported on the
coset K Zg−1 and which sends g−1 to v. To distinguish elements of different
induced representations, we will denote elements of compact induction indG

I Z χ

by [[g, v]] and those of indK Z
I Z σ by [[[g, v]]]. For an irreducible representation χ ,

we define the Iwahori–Hecke algebra as the endomorphism algebra EndG(indG
I Z χ).

Similarly, for an irreducible representation σ of K Z , the spherical Hecke algebra
is defined as EndG(indG

K Z σ).

2. Introduction

For a local field F , the classification of irreducible smooth representations over Fp

admitting a central character of G began with the notable work of Barthel and
Livné [1994]. In addition to many interesting results, they proved the existence of
irreducible smooth representations, known as supersingular representations, which
cannot be obtained as a subquotient of a parabolically induced representation.

It is proved in [Barthel and Livné 1994, Theorem 34] that up to a twist by a
character, a supersingular representation can be realized as an irreducible quotient
(after a possible extension of scalars) of a universal representation

πr =
indG

K Z Vr

(T )

for r = (r0, . . . , r f −1) with 0 ≤ r j ≤ p − 1 for all 0 ≤ j ≤ f − 1. Here, we have
r = r0 + r1 p + · · · + r f −1 p f −1 and T is the standard spherical Hecke operator
defined in [Barthel and Livné 1994, Section 3.1]. Since πr is defined over Fq , we
assume that all representations that we work with are defined over Fq . Computing
I (1)-invariants, Breuil [2003, Corollaries 4.1.1, 4.1.4] showed that πr is irreducible
when F = Qp. However, if [F : Qp] > 1, the structure of πr is mysterious. For
instance, they are of infinite length. Schein [2011, Theorem 1.3] established a
criterion for irreducibility of quotients of πr . In [Schein 2014, Proposition 1.3],
he also studied the K -structure of the G-representations πr when F/Qp is totally
ramified and [F : Qp] > 1. It can be seen in [Breuil and Paškūnas 2012] that
explicit construction of a supersingular representation is a difficult task when
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F ⊋ Qp is unramified. Schein [2023, Theorem 1.1] constructed a family of super-
singular representations with good socle for a ramified extension F of Qp, with
the ramification index e ≤

p−1
2 using diagrams. For a finite extension F of Qp,

Hendel [2019, Theorem 1.2] computed the space of I (1)-invariants of πr , and
when F is unramified over Qp, constructed a universal supersingular representation
having all supersingular representations with a good K -socle as quotients. Jana
[2023, Theorem 1.4] has extended Hendel’s work concerning the I (1)-invariants
of πr . Using the results of this paper, we have recently computed the space of
I (1)-invariants of πr for r = 0, q − 1 with Jana [Chitrao et al. 2026, Theorem 2.1].

A universal supersingular representation can also be constructed using the
Iwahori–Hecke operators instead of the spherical Hecke operator T for a finite
extension of Qp (see [Anandavardhanan and Borisagar 2015, Theorem 1.1; Anan-
davardhanan and Jana 2021, Theorem 1.1]). For 0< r < q −1, consider the regular
character dr of I Z . It is shown in [Barthel and Livné 1994, Proposition 13] that
the corresponding Iwahori–Hecke algebra is commutative and is given by

EndG(indG
I Z dr )∼=

Fq [T−1,0, T1,2]

(T−1,0T1,2, T1,2T−1,0)
.

Here, T−1,0 and T1,2 are Iwahori–Hecke operators as defined in [Barthel and Livné
1994, (17) and (16)]. The precise formulas for these operators are given in [Anan-
davardhanan and Borisagar 2015, (9) and (10)] for F = Qp and in [Anandavard-
hanan and Jana 2021, (3-2) and (3-3)] for an arbitrary F/Qp. When F is a totally
ramified extension of Qp, by [Anandavardhanan and Borisagar 2015, Remark 1],
we have

(2-1) Im T−1,0 = Ker T1,2 and Im T1,2 = Ker T−1,0.

When F is not totally ramified, there are strict inclusions

(2-2) Im T−1,0 ⊊ Ker T1,2 and Im T1,2 ⊊ Ker T−1,0

as shown in [Anandavardhanan and Jana 2021, Remark 5]. When F is a finite
extension of Qp, the comparison between Iwahori induction and spherical induction
is given in [Anandavardhanan and Jana 2021, Theorem 1.1].

The Iwahori model for the universal supersingular representations is also useful
when one wants to compute the invariants in πr under the action of principal
congruence subgroups. This is because using (2-1) one can write πr as a quotient
of an induced representation by kernels of certain Iwahori–Hecke operators. This
idea is worked out in [Anandavardhanan and Borisagar 2013, Theorem 1.2] to give
an easier proof of Morra’s result [2013, Theorem 1.4] on the K -structure of the
invariants of πr under the principal congruence subgroups when r ̸= 0, p − 1.
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For the nonregular case r ∈ {0, q − 1}, the Iwahori–Hecke algebra is non-
commutative and is generated by Iwahori–Hecke operators T1,0 and T1,2 satisfying

(2-3) T 2
1,0 = Id and T1,2T1,0T1,2 = −T1,2

as given in [Barthel and Livné 1994, Proposition 11]. The precise formulas for
these operators are given in Section 3. As far as the remaining cases are concerned,
Chitrao [2025, Theorem 3.13] provides an explicit Iwahori–Hecke model for πr

in the nonregular case, though exclusively for Qp, i.e., for r = 0 and p − 1. We
extend this model to include arbitrary local fields F ; see Theorem 4.4. We apply the
Iwahori–Hecke model for GL2(Qp) to construct self-extensions of supersingular
representations, which have four-dimensional I (1)-invariants in the nonregular
case, as is outlined in Theorems 5.5 and 5.6. This explicit construction partially
generalizes the results of [Anandavardhanan and Borisagar 2015, Theorem 1.2] for
the regular case. Furthermore, we establish the correct analogues of the inclusions
in (2-1) and (2-2) for the nonregular case over an arbitrary local field F . Specifically,
in Lemmas 5.7 and 5.8, we show that these inclusions get replaced by

Im(T1,2 + T1,0)= Ker(T−1,0), Im(T−1,0)= Ker(T1,2 + T1,0),

Im(T1,2)= Ker(T1,0 + T−1,0), Im(T1,0 + T−1,0)= Ker(T1,2).

This highlights a striking structural dissimilarity between the regular and nonregular
cases.

One of the motivations behind this paper was to write down an Iwahori-theoretic
modular local Langlands correspondence between Gal(F/F) and GL2(F) as was
done in [Chitrao 2025] for F = Qp. In [Chitrao 2025, Theorem 2.2], Breuil’s
correspondence was rewritten entirely in the language of Iwahori induction. For a
parameter r ∈{0, . . . , p−1} and a smooth character η :Q×

p →F×
p , the correspondence

in the supersingular case (where the Hecke eigenvalue is λ= 0) takes the form

(indωr+1
2 )⊗ η ⇐⇒

indG
I Z dr

(T−1,0 + δr,p−1T1,0)+ (T1,2 + δr,0T1,0)
⊗ η.

Here, ω2 is the fundamental character of level 2, and δ denotes the Kronecker
delta. The correspondence in the language of induction from the Iwahori subgroup
(times the center) is especially useful while computing the reduction of semi-stable
representations of Gal(F/F) when F = Qp. It turns out that the automorphic
representation associated by the p-adic local Langlands correspondence with a two-
dimensional, irreducible, semi-stable representation of the absolute Galois group
of Qp has a dense subrepresentation isomorphic to a quotient of a representation
induced from the Iwahori subgroup to GL2(Qp). Therefore, when computing the
reduction mod p of the automorphic representation, one must work with Iwahori
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induction. Using this idea, it is possible to compute the reduction mod p of two-
dimensional, irreducible, semi-stable representations of the absolute Galois group
of Qp with arbitrarily large Hodge–Tate weights. This has been done in [Chitrao
and Ghate 2023, Theorem 1.1] for weights at most p + 1, including the previously
untreated weights p and p + 1, and is further explored in [Chitrao and Ghate 2026]
for weights at most p2. Similarly, the results here might be useful in computing the
reduction mod p of representations of Gal(F/F) for arbitrary F/Qp. The progress
in this direction, however, is heavily dependent on a (yet to be discovered) mod p
local Langlands correspondence for representations of Gal(F/F).

3. Preliminaries

We state Lucas’ classical result in modular combinatorics, which computes the
residue of the binomial coefficient

(n
i

)
modulo p.

Theorem 3.1 (Lucas). Let n, i ∈ N be such that n =
∑k

j=0 n j p j and i =
∑k

j=0 i j p j ,
where 0 ≤ n j ≤ p − 1 and 0 ≤ i j ≤ p − 1. Then(

n
i

)
≡

k∏
j=0

(
n j

i j

)
mod p.

Corollary 3.2. Let n, i ∈ N. Then p |
(n

i

)
if and only if n j < i j for some 0 ≤ j ≤ k.

As mentioned in the introduction, the Iwahori–Hecke algebra is noncommutative
in the nonregular case. It is generated by the Iwahori–Hecke operators T1,0 and T1,2,
which satisfy (2-3). We write down the explicit formulas for these operators as
given in [Barthel and Livné 1995, Lemma 6]:

T1,0[[g, 1]] = [[gβ, 1]] and T1,2[[g, 1]] =

∑
λ∈Fq

[[
g

(
1 0

ϖ [λ] ϖ

)
, 1

]]
.

According to [Barthel and Livné 1995, Lemma 8(4)], the operator T−1,0 satisfies

(3-1) T−1,0 = T1,0T1,2T1,0.

Its formula is

T−1,0[[g, 1]] =

∑
λ∈Fq

[[
g

(
ϖ [λ]

0 1

)
, 1

]]
.

The spherical Hecke operator T is determined by

T [g, 1] =

∑
λ∈Fq

[
g
(
ϖ [λ]

0 1

)
, 1

]
+

[
g
(

1 0
0 ϖ

)
, 1

]
if r = 0,

T [g, X p−1
0 · · · X p−1

f −1] =

∑
λ∈Fq

[
g
(
ϖ [λ]

0 1

)
, X p−1

0 · · · X p−1
f −1

]
if r = q − 1.
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4. Comparison between Iwahori induction and spherical induction

In this section, we prove the main comparison theorem between Iwahori induction
and spherical induction.

The following lemma extends a case of [Ghate and Vangala 2022, Lemma 2.15].
This lemma also appears in [Ghate and Pandey 2026].

Lemma 4.1. For 0 ≤ j ≤ f − 1, fix integers r j ≥ 0 such that

0< r = r0 + r1 p + · · · + r f −1 p f −1 is divisible by q − 1.

Then for any integer i = i0 + i1 p +· · ·+ i f −1 p f −1
∈ [0, q − 1), let Ki be the set of

f -tuples (k0, . . . , k f −1) of integers such that 0 ≤ k j ≤ r j for all 0 ≤ j ≤ f − 1 and
k0 + k1 p + · · · + k f −1 p f −1

≡ i mod q − 1. Then we have∑
(k0,...,k f −1)∈Ki

(
r0

k0

)
· · ·

(
r f −1

k f −1

)
=

{
(−1)i mod p if i ∈ (0, q − 1),

2 mod p if i = 0.

Proof. Consider the polynomial

f (x)= (1 + x)r0(1 + x p)r1 · · · (1 + x p f −1
)r f −1

in the ring R = Fp[x]/(xq−1
− 1). For i ∈ [0, q − 1), the coefficient of x i in f (x)

is given by the sum, over the set Ki ,∑
(k0,...,k f −1)∈Ki

(
r0

k0

)
· · ·

(
r f −1

k f −1

)
.

However, f (x)= (1 + x)r . Let r = s0 + s1 p f
+ · · · + sn pn f be the expansion of r

in base p f . Using the identity (1+ x)q = (1+ x) in R, we see that f (x)= (1+ x)s ,
where s = s0 + s1 + · · · + sn . If r ≥ q, then s < r and s ≡ r mod q − 1. Iterating
this process, we may assume that s ∈ (0, q − 1]. Since s ≡ r ≡ 0 mod q − 1, we
see that s = q − 1. Therefore f (x)= (1 + x)q−1 in R.

If i ∈ (0, q − 1), the coefficient of x i in f (x) is(
(p − 1)p f −1

+ (p − 1)p f −2
+ · · · + (p − 1)

i f −1 p f −1 + i f −2 p f −2 + · · · + i0

)
=

f −1∏
j=0

(
p − 1

i j

)
= (−1)i

in Fp. The last equality follows from Theorem 3.1 and the fact
(p−1

l

)
≡ (−1)l mod p

for 0 ≤ l ≤ p − 1. If i = 0, however, the relation xq−1
− 1 makes the leading term

constant. So, the coefficient of x i receives contributions from the constant term and
the leading term, which proves the lemma. □

For j ∈Z/ f Z, let θ j = X j Y
p
j−1−Y j X p

j−1 denote the twisted Dickson polynomials
introduced in [Ghate and Jana 2025]. Using this notation, we state the following
theorem, which is the m = 0 case of [Ghate and Jana 2025, Theorem 2.18].
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Theorem 4.2. Let r = r0 + r1 p + · · ·+ r f −1 p f −1 be such that r j ≥ q = p f for all
0 ≤ j ≤ f − 1, and r is divisible by q − 1. The map

ψ :

f −1⊗
j=0

V Fr j

r j
→ indGL2(Fq )

B(Fq )
1

that sends a polynomial P = P0(X0, Y0)⊗ · · · ⊗ P f −1(X f −1, Y f −1) ∈
⊗ f −1

j=0 V Fr j

r j

to the function ψP : GL2(Fq)→ Fq defined by

ψP

((
a b
c d

))
= P0(c, d)⊗ · · · ⊗ P f −1(cp f −1

, d p f −1
)

induces an isomorphism of GL2(Fq)-representations⊗ f −1
j=0 V Fr j

r j

⟨θ0, . . . , θ f −1⟩
∼

−→ indGL2(Fq )

B(Fq )
1.

For brevity, let us define some notation. For r = (r0, . . . , r f −1) with r j ≥ 0 for
all 0 ≤ j ≤ f − 1, we write X r and Y r to represent X r0

0 · · · X r f −1
f −1 and Y r0

0 · · · Y r f −1
f −1 ,

respectively. We also define X p−1
:= X p−1

0 · · · X p−1
f −1, Y p−1

:= Y p−1
0 · · · Y p−1

f −1
and X r−p+1Y p−1

:= X r0−(p−1)
0 Y p−1

0 · · · X r f −1−(p−1)
f −1 Y p−1

f −1 .

Proposition 4.3. Let f ≥ 1. Let r = r0 + r1 p + · · · + r f −1 p f −1 be such that
r j ≥ q = p f for all 0 ≤ j ≤ f − 1. Assume r is divisible by q − 1. Then, the maps

ι0 :

f −1⊗
j=0

V Fr j

0 →

⊗ f −1
j=0 V Fr j

r j

⟨θ0, . . . , θ f −1⟩
, 1 7→ X r

− X r−p+1Y p−1
+ Y r ,

and

ιp−1 :

f −1⊗
j=0

V Fr j

p−1 →

⊗ f −1
j=0 V Fr j

r j

⟨θ0, . . . , θ f −1⟩
,

X p−1−i Y i
7→ X r−i Y i if (i0, . . . , i f −1) ̸= (p − 1, . . . , p − 1),

Y p−1
7→ Y r if (i0, . . . , i f −1)= (p − 1, . . . , p − 1),

induce an isomorphism

f −1⊗
j=0

V Fr j

0 ⊕

f −1⊗
j=0

V Fr j

p−1 ≃

⊗ f −1
j=0 V Fr j

r j

⟨θ0, . . . , θ f −1⟩
.

Proof. By Theorem 4.2, we have that⊗ f −1
j=0 V Fr j

r j

⟨θ0, . . . , θ f −1⟩
≃ indGL2(Fq )

B(Fq )
1.
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There is a copy of
⊗ f −1

j=0 V Fr j

0 in indGL2(Fq )

B(Fq )
1 given by the constant functions. A brief

calculation shows that under the isomorphism presented above, the polynomial
X r

− X r−p+1Y p−1
+ Y r maps to the constant function 1.

Next, we prove that the map

f −1⊗
j=0

V Fr j

p−1 →

⊗ f −1
j=0 V Fr j

r j

⟨θ0, . . . , θ f −1⟩
,

X p−1−i Y i
7→ X r−i Y i if (i0, . . . , i f −1) ̸= (p − 1, . . . , p − 1),

Y p−1
7→ Y r if (i0, . . . , i f −1)= (p − 1, . . . , p − 1),

is GL2(Fq)-equivariant.
Since

⊗ f −1
j=0 V Fr j

p−1 is irreducible, it is generated by any nonzero vector. In
particular, it is generated by X p−1. Therefore to show ιp−1 is GL2(Fq)-equivariant,
it is enough to show

ιp−1(gX p−1)= gιp−1(X p−1) for all g ∈ GL2(Fq).

Noting the Bruhat decomposition GL2(Fq)= B ⊔ BwB, it is enough to show

ιp−1(M X p−1)= Mιp−1(X p−1), ιp−1(MY p−1)= Mιp−1(Y p−1)

for all M ∈ B. The first identity is easy to check since B stabilizes X p−1 and X r .
We now verify the second identity. Let M =

(a
0

b
d

)
. Then the left-hand side of the

second equation above is

ιp−1[(bX0 + dY0)
p−1

· · · (bp f −1
X f −1 + d p f −1

Y f −1)
p−1

]

= ιp−1

[ ∑
(i0,...,i f −1)

(−1)i bq−1−i d i X p−1−i0
0 Y i0

0 · · · X p−1−i f −1
f −1 Y i f −1

f −1

]
,

where the sum runs over all tuples (i0, . . . , i f −1) for which 0 ≤ i j ≤ p − 1 for all
0 ≤ j ≤ f − 1. Separating the (i0, . . . , i f −1) = (p − 1, . . . , p − 1) term, the last
expression becomes[ ∑
(i0,...,i f −1) ̸=(p−1,...,p−1)

(−1)i bq−1−i d i X r0−i0
0 Y i0

0 · · · X r f −1−i f −1
f −1 Y i f −1

f −1

]
+Y r0

0 · · ·Y r f −1
f −1 .

Next, we compute the right-hand side as

Mιp−1(Y p−1)= M(Y r )

= (bX0+dY0)
r0 · · ·(bp f −1

X f −1+d p f −1
Y f −1)

r f −1

=

∑
(k0,...,k f −1)

(
r0

k0

)
· · ·

(
r f −1

k f −1

)
br−kdk X r0−k0

0 Y k0
0 · · · X r f −1−k f −1

f −1 Y k f −1
f −1 ,
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where the sum runs over all tuples (k0, . . . , k f −1) for which 0 ≤ k j ≤ r j for all
0 ≤ j ≤ f −1. Note that the coefficients of X r at the end of the two displays above
match, and so do the coefficients of Y r . To show that the remaining expressions
are equal, it is enough to check∑

(k0,...,k f −1)∈Ki

(
r0

k0

)
· · ·

(
r f −1

k f −1

)
≡ (−1)i mod p for i ∈ (0, p f −1

− 1),

∑
(k0,...,k f −1)∈Ki

(k0,...,k f −1) ̸=(0,...,0)
(k0,...,k f −1) ̸=(r0,...,r f −1)

(
r0

k0

)
· · ·

(
r f −1

k f −1

)
≡ 0 mod p for i = 0.

Here, the indexing set Ki is defined as in Lemma 4.1, which also provides the proof
for these congruences. Finally, a dimension count shows

f −1⊗
j=0

V Fr j

0 ⊕

f −1⊗
j=0

V Fr j

p−1 ≃

⊗ f −1
j=0 V Fr j

r j

⟨θ0, . . . , θ f −1⟩
. □

The following theorem generalizes [Chitrao 2025, Theorem 3.13], which was
the special case F = Qp.

Theorem 4.4. Let f ≥1. Let r =r0+r1 p+· · ·+r f −1 p f −1 be such that r j ≥q = p f

for all 0 ≤ j ≤ f − 1. Assume r is divisible by q − 1. The map

2 : indG
I Z 1 → indG

K Z

⊗ f −1
j=0 V Fr j

r j

⟨θ0, . . . , θ f −1⟩
, [[id, 1]] 7→ [id, Y r

− X r−p+1Y p−1
],

induces isomorphisms

indG
I Z 1

(T1,2T1,0)
≃ indG

K Z

f −1⊗
j=0

V Fr j

0 and
indG

I Z 1

(Id + T1,2T1,0)
≃ indG

K Z

f −1⊗
j=0

V Fr j

p−1.

Moreover, the operators T−1,0 +T1,0, T−1,0 on the left correspond to the operator T
on the right under the isomorphism above. Note that T ∈ EndG

(
indG

I Z
⊗ f −1

j=0 V Fr j

0

)
in the first case is different from T ∈ EndG

(
indG

I Z
⊗ f −1

j=0 V Fr j

p−1

)
in the second case.

Proof. We first prove that the map

2 : indG
I Z 1 → indG

K Z

⊗ f −1
j=0 V Fr j

r j

⟨θ0, . . . , θ f −1⟩
, [[id, 1]] 7→ [id, Y r

− X r−p+1Y p−1
],

is an isomorphism. Since I Z ⊆ K Z ⊆ G with I Z ⊆ K Z of finite index, there is
an isomorphism from indG

I Z 1 to indG
K Z indK Z

I Z 1 defined by

[[id, 1]] 7→ [id, [[[id, 1]]]].
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A brief computation using Theorem 4.2 shows the map sending Y r
− X r−p+1Y p−1

to [[[id, 1]]] is an isomorphism between⊗ f −1
j=0 V Fr j

r j

⟨θ0, . . . , θ f −1⟩
and indK Z

I Z 1.

Since −T1,2T1,0 is an idempotent by (2-3) in the noncommutative Hecke algebra,
we get a splitting

indG
I Z 1 = Im(−T1,2T1,0)⊕ Im(Id + T1,2T1,0).

We also know from Proposition 4.3 that

indG
K Z

⊗ f −1
j=0 V Fr j

r j

⟨θ0, . . . , θ f −1⟩
= indG

K Z

f −1⊗
j=0

V Fr j

0 ⊕ indG
K Z

f −1⊗
j=0

V Fr j

p−1,

where the space indG
K Z

(⊗ f −1
j=0 V Fr j

p−1

)
is identified with the subspace generated by

the element [id, X r
] and the space indG

K Z
(⊗ f −1

j=0 V Fr j

0

)
is identified with subspace

generated by the element [id, X r
− X r−p+1Y p−1

+ Y r
]. Therefore, to prove the

first part of this theorem, we need to show that

• 2(Im(−T1,2T1,0))= indG
K Z

(⊗ f −1
j=0 V Fr j

p−1

)
,

• 2(Im(Id + T1,2T1,0))= indG
K Z

(⊗ f −1
j=0 V Fr j

0

)
.

Indeed, under the map

indG
I Z 1 → indG

K Z

⊗ f −1
j=0 V Fr j

r j

⟨θ0, . . . , θ f −1⟩
,

the element T1,2[[id, 1]] maps to∑
λ∈Fq

[(
1 0

ϖ [λ] ϖ

)
, Y r

−X r−p+1Y p−1
]
=

∑
λ∈Fq

[
β

(
1 [λ]

0 1

)
w, Y r

−X r−p+1Y p−1
]
.

Since
( 1

0
[λ]
1

)
w ∈ K Z , we can move it to the other side to get∑

λ∈Fq

[
β, X r0

0 · · · X r f −1
f −1 − (λX0 + Y0)

r0−(p−1)X p−1
0

· · · (λp f −1
X f −1 + Y f −1)

r f −1−(p−1)X p−1
f −1

]
.

Expanding (λp j
X j + Y j )

r j −(p−1) for all 0 ≤ j ≤ f − 1, the above expression is

−

[
β,

∑
(k0,...,k f −1)

(
r0 − (p − 1)

k0

)
· · ·

(
r f −1 − (p − 1)

k f −1

) ∑
λ∈F×

q

λr−(q−1)−k X r−kY k
]

− [β, Y r−p+1 X p−1
],
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where the sum runs over all tuples (k0, . . . , k f −1) for which 0 ≤ k j ≤ r j − (p − 1)
for all 0 ≤ j ≤ f − 1 and where k = k0 + k1 p + · · · + k f −1 p f −1.

Using the identity

(4-1)
∑
µ∈Fq

µl
=

{
0 if q − 1 ∤l,

q − 1 if q − 1|l
for l ≥ 1,

we see that the inner sum over λ ∈ F×
q is nonzero modulo p if and only if the

exponent satisfies k ≡ r (mod q − 1). Consequently, only these terms contribute to
the sum. In the quotient ⊗ f −1

j=0 V Fr j

r j

⟨θ0, . . . , θ f −1⟩
,

we use the relations defined by the polynomials θ j to rewrite the sum of the
remaining terms as a linear combination of the monomials X r−kY k for k satisfying
0 ≤ k j ≤ p − 1. Finally, applying Lemma 4.1 with r j replaced by r j − (p − 1)
allows us to evaluate the resulting sum of binomial coefficients. Thus,

(4-2) T1,2[[id, 1]] 7→ [β, X r
].

• Using (4-2), we see that

T1,2T1,0[[id, 1]] = T1,2[[β, 1]] 7→ [id, X r
].

Moreover, [id, X r
] generates indG

K Z
(⊗ f −1

j=0 V Fr j

p−1

)
in indG

K Z

⊗ f −1
j=0 V Fr j

r j

⟨θ0, . . . , θ f −1⟩
.

• Again using (4-2), we see that

(Id + T1,2T1,0)[[id, 1]] = [[id, 1]] + T1,2[[β, 1]],

[[id, 1]] + T1,2[[β, 1]] 7→ [id, X r
− X r−p+1Y p−1

+ Y r
].

Moreover [id, X r
− X r−p+1Y p−1

+ Y r
] generates indG

K Z
(⊗ f −1

j=0 V Fr j

0

)
.

We have proved that the natural map induces isomorphisms

(4-3)

indG
I Z 1

(T1,2T1,0)
∼

−→ indG
K Z

( f −1⊗
j=0

V Fr j

0

)
,

indG
I Z 1

(Id + T1,2T1,0)
∼

−→ indG
K Z

( f −1⊗
j=0

V Fr j

p−1

)
.

These maps are respectively given by

[[id, 1]] 7→ [id, 1] and [[id, 1]] 7→ [id,−(X p−1)].
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Indeed, the first map sends [[id, 1]] to

[id, Y r
− X r−p+1Y p−1

] ≡ [id, X r
− X r−p+1Y p−1

+Y r
] mod indG

K Z

( f −1⊗
j=0

V Fr j

p−1

)
and the second map sends [[id, 1]] to

[id, Y r
− X r−p+1Y p−1

] ≡ [id,−(X r )] mod indG
K Z

( f −1⊗
j=0

V Fr j

0

)
.

Now using (2-3) and (3-1), we see that

Im T1,2T1,0 ⊆ Ker(T−1,0 + T1,0) and Im(Id + T1,2T1,0)⊆ Ker T−1,0.

Therefore, they are operators on the quotients

indG
I Z 1

(T1,2T1,0)
and

indG
I Z 1

(Id + T1,2T1,0)
,

respectively. Then, under the first map in (4-3), we see that

(T−1,0 + T1,0)[[id, 1]] =

∑
λ∈Fq

[[(
ϖ [λ]

0 1

)
, 1

]]
+ [[β, 1]]

7→

∑
λ∈Fq

[(
ϖ [λ]

0 1

)
, 1

]
+ [α, 1] = T [id, 1]

since β = αw and w ∈ K Z . Similarly, under the second map in (4-3), we get

T−1,0[[id, 1]] =

∑
λ∈Fq

[[(
ϖ [λ]

0 1

)
, 1

]]

7→

∑
λ∈Fq

[(
ϖ [λ]

0 1

)
,−(X p−1)

]
= T [id,−(X p−1)]. □

5. Self extensions of a supersingular representation of GL2(Qp)

Throughout this section, let p be an odd prime. Let G =GL2(Qp) and K =GL2(Zp)

be its standard maximal compact subgroup. Let I be the Iwahori subgroup of G,
and I (1) be the pro-p-Iwahori subgroup of G. Let πr = indG

K Z Vr/(T ), where
r ∈ {0, p − 1}, be a supersingular representation of G.

Breuil [2003, Corollary 4.1.3] proved that the map [id, 1] 7→ [α, Y p−1
] induces

an isomorphism
indG

K Z V0

(T )
∼=

indG
K Z Vp−1

(T )
.
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Before we come to results, we need to consider the implications of the above
isomorphism for finding the self-extensions of πr . A key property of the Hecke
operator T is its injectivity which implies that we have an exact sequence

0 → πr →
indG

K Z Vr

(T 2)
→ πr → 0.

The following lemma is well-known. We could not find its proof in the literature.
Hence, we provide a short proof. One can compare this lemma on the automorphic
side with [Bhattacharya et al. 2018, Theorem 7.53] on the Galois side using the
nonsemisimple mod p local Langlands correspondence.

Lemma 5.1. For r ∈ {0, p − 1}, the exact sequence

0 → πr
T

−→
indG

K Z V0

(T 2)
→ πr → 0

is nonsplit.

Proof. Since π0 ∼= πp−1, it suffices to prove that the sequence is nonsplit for r = 0.
Suppose that the given sequence is split. So, there exists a retraction map

S :
indG

K Z V0

(T 2)
→ π0

for the map T . Using the fact that [id, 1] is fixed under I (1), alongside Breuil’s
determination of the I (1)-invariants of π0 [2003, Theorem 3.2.4], we deduce that
S([id, 1]) = [id, a] + [α, b] for some a, b ∈ Fp. Also, since the element [id, 1] is
fixed by w in indG

K Z V0

(T 2)
, its image is fixed by w. Then, a quick computation using

[Barthel and Livné 1994, Lemma 20] shows b = 0. Writing T [id, 1] as a sum
of GL2(Qp)-translates of [id, 1], we see that S commutes with T . Consequently,
S(T [id, 1]) = 0 in π0. However, since S is a retraction map for T , we get a
contradiction. □

It is known using [Paškūnas 2010, Proposition 9.1, Theorem 10.13, Lemma 9.3;
Breuil and Paškūnas 2012, Corollaries 6.6, 6.7] that the one-dimensional subspace
of the three-dimensional Ext1G(πr , πr ) spanned by the class of this self-extension
consists of all the self extensions of πr which have a four-dimensional space of
I (1)-invariants, where Ext is computed in the category of smooth representations
with a given central character ζ . This is in contrast with the regular case, and hence
we write the argument in the form of the following proposition.

Proposition 5.2. Let r ∈ {0, 1, . . . , p − 1}. Let Ext1G(πr , πr ) be the space of self-
extensions of πr with a fixed central character ζ . Then, the subspace of Ext1G(πr , πr )

consisting of extensions having a four-dimensional space of I (1)-invariants has
dimension 1 if r ∈ {0, p − 1} or 2 if r /∈ {0, p − 1}.
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Proof. We claim that the subspace of Ext1G(πr , πr ) consisting of the extensions with
a four-dimensional space of I (1)-invariants is the image of Ext1H(π

I (1)
r , π

I (1)
r ) under

the map obtained using the functor −⊗H indG
I (1)Z ζ . It is shown in [Paškūnas 2010,

Proposition 9.1] that φ : Ext1H(π
I (1)
r , π

I (1)
r )→ Ext1G(πr , πr ) is injective. Moreover,

[Paškūnas 2010, Lemma 9.3] says that

dim Ext1H(π
I (1)
r , π I (1)

r )=

{
1 if r ∈ {0, p − 1},

2 otherwise.

This is where the difference between the regular and the nonregular cases lies.
Next, we justify why every self-extension with a four-dimensional space of

I (1)-invariants lies in the image of φ. Suppose E is one such self-extension of πr .
Then, taking I (1)-invariants, we get

0 → π I (1)
r → E I (1)

→ π I (1)
r → 0.

This sequence is exact because of the assumption that dim E I (1)
= 4 and the fact

that dimπ
I (1)
r = 2. Finally, we note that the two copies of πr appearing as the

submodule and the quotient module of E are generated as G-modules by their
I (1)-invariants. Therefore E is also generated as a G-module by E I (1). This means

E ≃ E I (1)
⊗H indG

I (1)Zζ,

and thus the element in Ext1G(πr , πr ) corresponding to E is in the image of φ. □

In this section, we focus on giving a realization of the self-extensions of πr ,
belonging to the above-mentioned one-dimensional space, using the Iwahori–Hecke
model for the nonregular case, i.e., r ∈ {0, p − 1}, given in [Chitrao 2025]. For the
regular case 0<r< p−1, see [Anandavardhanan and Borisagar 2015, Theorem 1.2].

The following theorem gives the Iwahori–Hecke model for a supersingular
representation of GL2(Qp) in the nonregular case.

Theorem 5.3. We have

indG
I Z 1

(T1,2T1,0)
∼= indG

K Z V0 and
indG

I Z 1

(Id + T1,2T1,0)
∼= indG

K Z Vp−1.

Moreover, the operators T−1,0 + T1,0 and T−1,0 on the left correspond to the
operator T on the right.

Proof. See Theorem 3.13 in [Chitrao 2025]. □

Explicitly, Breuil’s isomorphism in the nonregular case is given as follows.

Theorem 5.4 (Breuil’s isomorphism). We have

indG
I Z 1

(T−1,0)+ (T1,2 + T1,0)
∼=

indG
I Z 1

(T1,0 + T−1,0)+ (T1,2)
.
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Proof. We construct the isomorphism using the action of T1,0 on indG
I Z 1. Since

T1,0 is invertible, it induces an automorphism of the entire space. Using (2-3)
and (3-1), we see that T1,0 interchanges the defining operators of the quotients via
T1,0T−1,0T1,0 = T1,2 and T1,0(T1,2 + T1,0)T1,0 = T−1,0 + T1,0. Consequently, T1,0

maps the subspace (T−1,0)+ (T1,2 + T1,0) bijectively onto (T1,0 + T−1,0)+ (T1,2),
ensuring the induced map on the quotients is a well-defined isomorphism. □

Theorem 5.5. Consider the irreducible supersingular representation π0 =
indG

K Z V0
(T )

of GL2(Qp). Then, a basis for the subspace of Ext1G(π0, π0) consisting of isomor-
phism class of short exact sequence

0 → π0 → τ → π0 → 0,

where the representation τ has a four-dimensional space of I (1)-invariants (as
explicitly computed in Remark 5.9), is given by isomorphism class of

0 → π0 →
indG

I Z 1

(T−1,0)+ (T1,2 + T1,0)2
∼=

indG
K Z V0

(T 2)
→ π0 → 0.

Theorem 5.6. Consider the irreducible supersingular representation πp−1=
indG

K Z Vp−1
(T )

of GL2(Qp). Then, a basis for the subspace of Ext1G(πp−1, πp−1) consisting of
isomorphism class of short exact sequence

0 → πp−1 → τ ′
→ πp−1 → 0,

where the representation τ ′ has a four-dimensional space of I (1)-invariants (see
Remark 5.9), is given by isomorphism class of

0 → πp−1 →
indG

I Z 1

(T1,0 + T−1,0)+ (T 2
1,2)

∼=
indG

K Z Vp−1

(T 2)
→ πp−1 → 0.

Before we prove the theorems we note that

τ =
indG

I Z 1

(T−1,0)+ (T1,2 + T1,0)2
and τ ′

=
indG

I Z 1

(T1,0 + T−1,0)+ (T 2
1,2)

are isomorphic by defining a map

8 :
indG

I Z 1

X = [(T1,0 + T−1,0)+ (T 2
1,2)]

→
indG

I Z 1

[(T−1,0)+ (T1,2 + T1,0)2] = Y

as
8( f + X)= (−T1,2)( f )+ Y.

It can be checked that 8 is a well-defined G-linear map. Indeed, we must
show that 8 maps (T1,0 + T−1,0) and (T 2

1,2) to 0. The former is a consequence of
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Im(T1,0 + T−1,0)= Ker T1,2. For the latter, note that

(T1,2 + T1,0)
2(−T1,2)= (T 2

1,2 + T1,2T1,0 + T1,0T1,2 + Id)(−T1,2)

= −T 3
1,2 − (−T1,2)− T1,0T 2

1,2 − T1,2

= −T 3
1,2 − T1,0T 2

1,2

= −T 3
1,2 − T−1,0T1,0T1,2.

Therefore, (T 3
1,2) belongs to (T−1,0)+ (T1,2 + T1,0)

2. Also, 8 makes the diagram

(5-1)

0 indG
I Z 1

(T1,0+T−1,0)+(T1,2)

indG
I Z 1
X

indG
I Z 1

(T1,0+T−1,0)+(T1,2)
0

0 indG
I Z 1

(T−1,0)+(T1,2+T1,0)

indG
I Z 1
Y

indG
I Z 1

(T−1,0)+(T1,2+T1,0)
0

T1,2

T1,0 −T1,2=8 T1,0

T1,2+T1,0

commute. Indeed, it is easy to see that the second square commutes. For the first
square, we must show that −T 2

1,2 f = (T1,2T1,0 + Id) f in indG
I Z 1
Y for any f ∈ indG

I Z 1.
Note that

(T1,2 + T1,0)
2
− T−1,0T1,0 = T 2

1,2 + T1,2T1,0 + Id.

Hence, 8 is an isomorphism.

5.1. Proof of Theorem 5.5.

Proof. We prove that

τ =
indG

I Z 1

(T−1,0)+ (T1,2 + T1,0)2
∈ Ext1G(π0, π0).

Let π0 ∼=
indG

I Z 1
(T−1,0)+(T1,2+T1,0)

be an irreducible supersingular representation of GL2(Qp).
Consider the natural surjection

9 : τ →
indG

I Z 1

(T−1,0)+ (T1,2 + T1,0)
,

f + (T−1,0)+ (T1,2 + T1,0)
2
7→ f + (T−1,0)+ (T1,2 + T1,0).

We easily see Ker9 =
(T−1,0)+(T1,2+T1,0)

Y=[(T−1,0)+(T1,2+T1,0)2]
. We claim Ker9 ∼=

indG
I Z 1

(T−1,0)+(T1,2+T1,0)
.

Consider a map

φ : indG
I Z 1 →

(T−1,0)+ (T1,2 + T1,0)

Y = [(T−1,0)+ (T1,2 + T1,0)2]
,

f 7→ (T1,2 + T1,0)( f )+ Y.

Note that φ is a G-linear onto map. We show that Kerφ = (T−1,0)+ (T1,2 + T1,0).
For that, we prove the following result.
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Lemma 5.7. For an arbitrary local field F , we have Ker(T−1,0)= Im(T1,2 + T1,0)

and Ker(T1,2 + T1,0)= Im(T−1,0).

Proof. Since T1,0 is invertible, Ker(T1,2T1,0)= Ker(T1,0T1,2T1,0)= Ker(T−1,0) and
Im(T1,2 + T1,0)= Im(T1,2T1,0 + Id). Using the fact −T1,2T1,0 is an idempotent, we
see Ker(T1,2T1,0)= Im(T1,2T1,0 + Id). Therefore, we get the first equality. For the
second equality, a similar proof applies using Im(T1,0T1,2)= Ker(T1,0T1,2 + Id). □

We can observe from Lemma 5.8 that Im(T1,2+T1,0)+Im(T−1,0)⊆ Kerφ. Since
indG

I Z 1
(T−1,0)+(T1,2+T1,0)

is irreducible and φ is nonzero, Kerφ = (T−1,0)+ (T1,2 + T1,0).
Hence,

indG
I Z 1

(T−1,0)+ (T1,2 + T1,0)
∼=

(T−1,0)+ (T1,2 + T1,0)

X = [(T−1,0)+ (T1,2 + T1,0)2]
= Ker9,

which proves our claim τ =
indG

I Z 1
(T−1,0)+(T1,2+T1,0)2

∈ Ext1G(π0, π0). □

5.2. Proof of Theorem 5.6.

Proof. We prove that

τ ′
=

indG
I Z 1

(T1,0 + T−1,0)+ (T 2
1,2)

∈ Ext1G(πp−1, πp−1).

Let πp−1 ∼=
indG

I Z 1
(T1,0+T−1,0)+(T1,2)

be an irreducible supersingular representation of the
group GL2(Qp). Consider the natural surjection

9 ′
: τ ′

→
indG

I Z 1

(T1,0 + T−1,0)+ (T1,2)
,

f + (T1,0 + T−1,0)+ (T 2
1,2) 7→ f + (T1,0 + T−1,0)+ (T1,2).

We easily see Ker9 ′
=

(T1,0+T−1,0)+(T1,2)

X=[(T1,0+T−1,0)+(T 2
1,2)]

. We claim Ker9 ′ ∼=
indG

I Z 1
(T1,0+T−1,0)+(T1,2)

.
Consider a map

φ′
: indG

I Z 1 →
(T1,0 + T−1,0)+ (T1,2)

X = [(T1,0 + T−1,0)+ (T 2
1,2)]

,

f 7→ (T1,2)( f )+ X.

Note that φ′ is a G-linear onto map. We show that Kerφ′
= (T1,0 + T−1,0)+ (T1,2).

For that, we prove the following result.

Lemma 5.8. For an arbitrary local field F , we have Ker(T1,0 + T−1,0)= Im(T1,2)

and Ker(T1,2)= Im(T1,0 + T−1,0).
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Proof. Since T1,0 is invertible,

Ker(T1,0 + T−1,0)= Ker(Id + T1,2T1,0)= Im(T1,2T1,0)= Im(T1,2).

For the second equality, use that Ker(T1,2T1,0)= Im(T1,2T1,0 + Id), T1,0 induces an
isomorphism Ker(T1,2)∼=Ker(T1,2T1,0) and Im(T1,0+T−1,0)∼= Im(T1,2T1,0+Id). □

We can observe from Lemma 5.7 that Im(T−1,0+T1,0)+Im(T1,2)⊆Kerφ′. Since
indG

I Z 1
(T1,0+T−1,0)+(T1,2)

is irreducible and φ′ is nonzero, Kerφ′
= (T1,0 + T−1,0)+ (T1,2).

Hence,

indG
I Z 1

(T1,0 + T−1,0)+ (T1,2)
∼=

(T1,0 + T−1,0)+ (T1,2)

X = [(T1,0 + T−1,0)+ (T 2
1,2)]

= Ker9 ′,

which proves our claim τ ′
=

indG
I Z 1

(T1,0+T−1,0)+(T 2
1,2)

∈ Ext1G(πp−1, πp−1). □

Remark 5.9. We first recall the vector space isomorphisms for the two-dimensional
spaces of I (1)-invariants associated to the base representations:(

indG
I Z 1

(T−1,0)+ (T1,2 + T1,0)

)I (1)
∼=

(
indG

I Z 1

(T1,0 + T−1,0)+ (T1,2)

)I (1)

.

Next, the space of I (1)-invariants in τ is given by(
indG

I Z 1

(T−1,0)+ (T1,2 + T1,0)2

)I (1)

=

〈
[[id, 1]], [[β, 1]], (T1,2 + T1,0)([[id, 1]]), (T1,2 + T1,0)([[β, 1]])

〉
.

Furthermore, τ and τ ′ are isomorphic (see (5-1)). Consequently, τ ′ also possesses
a four-dimensional space of I (1)-invariants given by(

indG
I Z 1

(T1,0 + T−1,0)+ (T 2
1,2)

)I (1)

=

〈
[[id, 1]], [[β, 1]], T1,2([[id, 1]]), T1,2([[β, 1]])

〉
.
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THE CANONICAL EXACT SEQUENCE OF
DIFFERENTIAL MODULES FOR 0-DIMENSIONAL SCHEMES

TRAN N. K. LINH AND LE NGOC LONG

Given a 0-dimensional scheme X in Pn
K over a perfect field K , we examine

the second differential power of its homogeneous vanishing ideal. This
enables us to establish the canonical exact sequence for the associated Kähler
differential module. We also provide a formula for the Hilbert polynomial
of Kähler differential modules when X is either a fat point scheme or a
0-dimensional locally monomial Gorenstein scheme.

1. Introduction

Let K be a perfect field, and let R be a finitely generated K -algebra of the form
R = P/I , where P = K [X0, . . . , Xn] is a polynomial ring over K and I is an ideal
of P . One of the powerful tools for investigating the K -algebra R is its associated
Kähler differential module. This module is precisely defined as �1

R = 1R/12
R ,

where 1R is the kernel of the multiplication map µ : R⊗K R → R with f ⊗g 7→ f g.
The module �1

R is finitely generated and it reflects many structural properties of the
K -algebra R, including criteria for smoothness, regularity, and ramification (see,
for instance, [EGA IV4 1967; Kunz 1986; Scheja and Storch 1974]).

It is well known that �1
R admits the canonical exact sequence of R-modules

I/I 2 δ
−→ �1

P/I�1
P

γ
−→ �1

R → 0,

where δ( f + I 2) = d f + I�1
P for each f ∈ I and the map γ is induced from

the functorial map �1
P → �1

R . A significant result by Mohan Kumar [1978]
demonstrates that when R is reduced, I is a complete intersection if and only if the
exact canonical sequence forms a free resolution of �1

R , i.e., if and only if

0 → I/I 2 δ
−→ Rn+1 γ

−→ �1
R → 0

is exact and I/I 2 is a free R-module. This exactness condition has been further
explored in subsequent works. De Dominicis and Kreuzer [1999] proved that if
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I = IX is the homogeneous vanishing ideal of a finite set of points X = {p1, . . . , ps}

in Pn
K over a field K of characteristic zero, then the sequence of graded R-modules

(1) 0 → IX/IY
δ

−→ Rn+1(−1)
γ

−→ �1
R → 0

is exact, where IY is the homogeneous vanishing ideal of the double point scheme Y

in Pn
K . Recall that, for K -rational points p1, . . . , ps and positive integers m1, . . . ,ms ,

the saturated homogeneous ideal IX = I m1
p1

∩· · ·∩ I ms
ps of P defines a fat point scheme

X = m1 p1 + · · · + ms ps in Pn
K . Recently, when char(K ) = 0, the canonical exact

sequence (1) was generalized in [Kreuzer et al. 2015, Theorem 1.7] to such a fat point
scheme X =m1 p1+· · ·+ms ps using its fattening Y = (m1+1)p1+· · ·+(ms +1)ps

in Pn
K . Inspired by these advancements, it is natural to ask the following question:

Question 1.1. Given an arbitrary 0-dimensional scheme X in Pn
K over a perfect

field K of characteristic p ≥ 0, does a subscheme Y of Pn
K exist for which the

canonical exact sequence (1) for the Kähler differential module for X remains valid?

To answer this question, we will first deal with the differential powers of the
homogeneous vanishing ideal IX of the scheme X. Throughout, we assume that the
support of X is disjoint from the hyperplane Z(X0). This can be achieved without
loss of generality by a suitable linear change of coordinates, possibly after a small
base field extension if K is finite. The set {Xα0

0 · · · Xαn
n | (α0, . . . , αn) ∈ Nn+1

}

of all terms in P is denoted by Tn+1. For m ≥ 0, let Dm
P be the P-module of

K -linear differential operators on P of order at most m. On account of [Dao
et al. 2018, Definition 2.2], the m-th differential power of the ideal IX is given by
I ⟨m⟩

X = { f ∈ P | δ( f ) ∈ IX for all δ ∈ Dm−1
P }. The interplay between differential and

symbolic powers of an ideal has been studied extensively (see, for instance, [Dao
et al. 2018; De Stefani et al. 2020; Hochster and Huneke 2002; 2007]). For our
purpose, we focus on investigating the second differential power I diff

X := I ⟨2⟩

X . Our
first result is the following theorem that shows how to compute a finite generating
system of I diff

X , when X contains only a monomial point.

Theorem 1.2 (Theorem 3.2). Let K be a perfect field of characteristic p ≥ 0.
Assume that the homogeneous vanishing ideal IX of the scheme X is a proper
monomial ideal of P , minimally generated by terms t1, . . . , tr ∈ Tn+1.

(a) The ideal I diff
X is a monomial subideal of IX.

(b) For 1 ≤ j ≤ r , we write t j = Xα0 j
0 · · · Xαnj

n , and for 2 ≤ k ≤ n + 1 and 1 ≤ j1 ≤

· · · ≤ jk ≤ r , we define t j1,..., jk := Xβ0
0 · · · Xβn

n , where, for i = 0, . . . , n,

(2) βi :=


0 if αi j1 = · · · = αi jk = 0,

αi j1 if αi j1 = · · · = αi jk > 0 and p |αi j1,

αi j1 + 1 if αi j1 = · · · = αi jk > 0 and p ∤αi j1,

max{αi j1, . . . , αi jk } otherwise.
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Then
I diff
X = ⟨t j1,..., jk | 1 ≤ j1 ≤ · · · ≤ jk ≤ r; 2 ≤ k ≤ n + 1⟩.

In the general case of a 0-dimensional scheme X, we show that I diff
X is indeed a

saturated homogeneous ideal in P , and so it defines a 0-dimensional scheme Y in Pn
K

which is called the differential fattening of X. This notion can be viewed as a natural
extension of the classical notion of fattening for fat point schemes. Specifically,
when the characteristic of the base field does not divide the multiplicities of a
fat point scheme, its first fattening is precisely the scheme defined by the second
differential power of its vanishing ideal (see Remark 3.6). By xi we denote the
image of X i in R = P/IX for i = 0, . . . , n. Using the above terminology, we give
an affirmative answer for Question 1.1.

Theorem 1.3 (Theorem 3.8). Let X be a 0-dimensional scheme in Pn
K with homo-

geneous vanishing ideal IX, and let Y be the differential fattening of X with its
homogeneous vanishing ideal IY. The sequence of graded R-modules

0 → IX/IY
δ

−→ Rn+1(−1)
γ

−→ �1
R → 0

is exact, where δ( f + IY) =
∑n

i=0(∂ f/∂xi )ei for every homogeneous polynomial
f ∈ IX and γ (ei ) = dxi for i = 0, . . . , n.

Clearly, the theorem enables us to compute the Hilbert function of the Kähler
differential module �1

R and to bound its regularity index via those of X and of Y.
When X = m1 p1 +· · ·+ms ps is a fat point scheme in Pn

K , Kreuzer, Linh, and Long
[Kreuzer et al. 2025, Remark 7.1] posed the question: does the Hilbert polynomial of
the m-form Kähler differential module �m

R depend only on m, n and the multiplicities
m1, . . . , ms? A positive answer for this question is given in [Kreuzer et al. 2025,
Theorem 7.12] when either char(K ) = 0 or char(K ) > max{m j | j = 1, . . . , s}. The
proof therein combines localization arguments together with either the exactness
of the Koszul–Euler complex for Kähler differential modules or Gröbner basis
techniques to control the Hilbert function. However, these methods rely essentially
on the condition that the characteristic does not divide the multiplicities, and hence
they do not extend to the remaining case 0 < char(K ) ≤ max{m j | j = 1, . . . , s}.
In this range, the subtle behavior of differential operators causes the standard
connection between differential and symbolic powers to fail (see [De Stefani et al.
2020, Examples 3.7–3.8] or Example 3.3). Building on Theorems 1.2 and 1.3, we
give a formula for the Hilbert polynomial of �1

R and this improves [Kreuzer et al.
2025, Theorem 7.12] for m = 1 and 0 < char(K ) ≤ max{m j | j = 1, . . . , s} (see
Corollary 3.10). Unfortunately, we do not know an answer to this question when
m ≥ 2 and 0 < char(K ) ≤ max{m j | j = 1, . . . , s}.

On the other hand, we are also interested in finding a formula for the Hilbert
polynomial of the m-form Kähler differential module for 0-dimensional locally
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monomial Gorenstein schemes in Pn
K . Here, a 0-dimensional scheme X with support

Supp(X)={p1, . . . , ps} in Pn
K is a locally monomial Gorenstein scheme if, for each

j ∈{1, . . . , s}, the local ring O j of X at p j satisfies O j ∼= K [X1, . . . , Xn]/Q j , where
Q j is a monomial Gorenstein ideal generated by pure powers of the indeterminates.
The class of these schemes includes the class of 0-dimensional curvilinear schemes
which have been shown to play an important role in the proof of the so-called
Alexander–Hirschowitz theorem (see, for instance, [Chandler 2001]).

Corollary 1.4 (Corollary 4.8). Let X be a 0-dimensional locally monomial Goren-
stein scheme in Pn

K with Supp(X) = {p1, . . . , ps}, and let p = char(K ). For
j = 1, . . . s, we write O j ∼= K [X1, . . . , Xn]/Q j , where Q j = ⟨X k1 j

1 , . . . , X knj
n ⟩ with

ki j ≥ 1. For 1 ≤ i1 < · · · < im ≤ n and 1 ≤ j ≤ s, let

0(i1,...,im), j = {i ∈ {i1, . . . , im} : p ∤ki j }.

For m ≥ 1, we have

HP(�m
R) =

s∑
j=1

[ ∑
1≤i1<···<im−1≤n

∏
i /∈0(i1,...,im−1), j

ki j
∏

i∈0(i1,...,im−1), j

(ki j − 1)

+
∑

1≤l1<···<lm≤n

∏
i /∈0(l1,...,lm ), j

ki j
∏

i∈0(l1,...,lm ), j

(ki j − 1)
]
.

This paper is outlined as follows. In Section 2, we first recall the needed facts
about the Kähler differential modules, the ring of K -linear differential operators,
and the K -linear differential powers. Then we consider these invariants for a 0-
dimensional scheme in Pn

K . In Section 3, we prove Theorems 1.2 and 1.3 and derive
their consequences (see Corollaries 3.5, 3.10, and 3.11). In the final section, we
establish a formula for the Hilbert polynomial of the m-form Kähler differential
module associated to a 0-dimensional locally monomial Gorenstein scheme (see
Proposition 4.4 and Corollary 1.4).

Unless explicitly stated otherwise, we adhere to the definitions and notation
introduced in [Kreuzer and Robbiano 2000; 2005; Kunz 1986]. All examples in this
paper were calculated by using the computer algebraic system ApCoCoA [≥ 2026].

2. Differential modules and differential powers of ideals

In the following, let K be a perfect field and let P = K [X0, . . . , Xn] be a polynomial
ring in indeterminates X0, . . . , Xn over K . Let R be a finitely generated K -algebra
of the form R = P/I , where I is an ideal in P . The image of X i in R is denoted
by xi for i = 0, . . . , n. We denote by µ the multiplication map µ : R ⊗K R → R
given by µ( f ⊗ g) = f g for f, g ∈ R. This is a K -algebra homomorphism and its
kernel 1R := Ker(µ) is an ideal of the algebra R ⊗K R. In particular, the ideal 1R

is generated by {1 ⊗ xi − xi ⊗ 1 | i ∈ {0, . . . , n}}.
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Definition 2.1. Let R = P/I be a finitely generated K -algebra.

(a) We call the finitely generated R-module �1
R/K =1R/12

R the Kähler differential
module (or the module of Kähler differentials) of R/K .

(b) For every m ≥0, we call the m-th exterior power �m
R/K :=3m

R�1
R/K the m-form

Kähler differential module (or the module of Kähler differential m-forms)
of R/K .

(c) We call the exterior algebra �•

R/K :=
⊕

m≥0 �m
R/K the Kähler differential

algebra of R/K .

Unless explicitly stated otherwise, all algebras will be K -algebras. So, we usually
simplify the notation and write �m

R instead of �m
R/K for all m ≥ 0, as well as �•

R
instead of �•

R/K . Notice that �0
R = R and if I is a homogeneous ideal of P , then

�m
R is a graded R-module for every m ≥ 0. The Kähler differential module of R/K

comes together with the universal derivation dR : R → �1
R which is defined by

dR( f )= f ⊗1−1⊗ f +12
R for f ∈ R. We write d for dR , if no confusion can arise.

As in [Kunz 1986, Section 1], the set of all K -linear derivations ∂ : R → R is an
R-module and is denoted by DerK (R). By [Kunz 1986, Proposition 1.23], there is
an isomorphism

HomR(�1
R, R) → DerK (R), ϕ 7→ ϕ ◦ d.

Also, both DerK (R) and HomR(R, R) are submodules of HomK (R, R). The latter,
HomK (R, R), is the ring of endomorphisms of R/K , with operations of sum and
composition of endomorphisms.

If δ, θ ∈ HomK (R, R), then their commutator is defined as

[δ, θ] := δ ◦ θ − θ ◦ δ.

Obviously, [δ, θ] ∈ HomK (R, R). Every element in HomR(R, R) is simply a
multiplication map µ f : R → R for some f ∈ R, where µ f (g) = f g for all g ∈ R.
We write [δ, f ] for [δ, µ f ], so that

[δ, f ] = δ ◦ µ f − µ f ◦ δ and [ f, g] = 0

for all f, g ∈ R and δ ∈ HomK (R, R).
Based on [Heyneman and Sweedler 1969, Section 2; Coutinho 1995, Chapter 3,

Section 1], we have the following notion.

Definition 2.2. Let R = P/I be a finitely generated K -algebra, and let m ∈ N. The
K -linear differential operators of R of order at most m, Dm

R ⊆ HomK (R, R), are
defined inductively as

(i) D0
R = HomR(R, R);

(ii) Dm
R = {δ ∈ HomK (R, R) | [δ, f ] ∈ Dm−1

R for every f ∈ R}.

The ring of K -linear differential operators of R is defined by DR =
⋃

m∈N Dm
R .
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Note that the ring structure on DR is also given by composition and satisfies
Dm

R ⊆ Dm+1
R for m ≥ 0 and Dm

R ◦ Dk
R ⊆ Dm+k

R (see, e.g., [Coutinho 1995, Chapter 3,
Proposition 1.2]). The ring DR is a noncommutative ring, and it is in general not
Noetherian (see [Bernstein et al. 1972]).

When R = P = K [X0, . . . , Xn] and K is of characteristic zero, the ring DP is
known as the Weyl algebra of P and it has a concrete description below (see, for
instance, [Björk 1979, Chapter I, Proposition 1.2; Hart 1983, Theorem 2]). We
refer to [Smith 1986] for further information on DP in positive characteristic. In
the following, ∂0, . . . , ∂n are the partial derivatives defined by ∂i ( f ) = ∂ f/∂ X i for
f ∈ P . For α = (α0, . . . , αn) ∈ Nn+1, by Xα we mean the term Xα0

0 · · · Xαn
n and its

degree is |α| = α0 + · · · + αn , and similarly, for β = (β0, . . . , βn) ∈ Nn+1, by ∂β

we denote a ∂-term ∂
β0
0 · · · ∂

βn
n .

Proposition 2.3. If K is a field of characteristic zero, then

DP = P[DerK (P)] = K [X0, . . . , Xn, ∂0, . . . , ∂n]

and the set {Xα∂β
| α, β ∈ Nn+1

} is a K -basis of DP . In particular, any δ ∈ Dm
P

can be uniquely written as

δ =

∑
|α|≤m

fα∂α ( fα ∈ P).

For the finitely generated K -algebra R = P/I , there is an (R ⊗K R)-module
structure on HomK (R, R) given by the rule

(( f ⊗ g) · θ)(h) = f θ(gh)

for f, g, h ∈ R and θ ∈ HomK (R, R). Via this module structure, we have the
following characterization of differential operators (see [Heyneman and Sweedler
1969, Lemma 2.2.1 and Proposition 2.2.3]).

Proposition 2.4. The set Dm
R of K -linear differential operators of order ≤ m is

an (R ⊗K R)-submodule (and so an R-submodule) of HomK (R, R). Moreover,
δ ∈ Dm

R if and only if 1R · δ ⊆ Dm−1
R if and only if 1m+1

R · δ = 0.

The following notion of differential powers of an ideal in R was introduced in
[Dao et al. 2018, Definition 2.2].

Definition 2.5. Let J be an ideal of R and let m be a positive integer. The m-th
K -linear differential power of J is defined by

J ⟨m⟩
:= { f ∈ R | δ( f ) ∈ J for all δ ∈ Dm−1

R }.

It is straightforward to verify that J ⟨m⟩ is a subideal of J in R and if J1 ⊆ J2

then J ⟨m⟩

1 ⊆ J ⟨m⟩

2 . The next proposition gathers some additional properties of
differential powers from [Dao et al. 2018, Section 2].
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Proposition 2.6. Let J , J1, J2 be ideals of the finitely generated K -algebra R, and
let m be a positive integer. Then

(a) J m
⊆ J ⟨m⟩

⊆ J ;

(b) (J1 ∩ J2)
⟨m⟩

= J ⟨m⟩

1 ∩ J ⟨m⟩

2 ;

(c) If R = P and J is a maximal ideal of P , then J ⟨m⟩
= J m .

In what follows, let X be a 0-dimensional scheme in the n-dimensional projective
space Pn

K over the perfect field K , and let IX be the saturated homogeneous vanishing
ideal of X in P = K [X0, . . . , Xn]. Then the homogeneous coordinate ring of X

is R = P/IX. The ring R is a 1-dimensional, standard graded, Cohen–Macaulay
K -algebra. The set of closed points of X is known as the support of X and is
denoted by Supp(X) = {p1, . . . , ps}. To each point p j ∈ Supp(X) we associate the
homogeneous prime ideal P j ⊆ P , whose image p j in R is a minimal homogeneous
prime ideal. In particular, the set of minimal homogeneous prime ideals of R is
{p1, . . . , ps}. The local ring of X at p j is then the homogeneous localization R(p j )

of R at p j .

Assumption 2.7. No point of the support of X lies on the hyperplane Z(X0).

When this assumption fails, it suffices to perform a homogeneous linear change of
coordinates (potentially requiring a small base field extension if K is finite) without
affecting any of the results in this paper. Under this assumption, the elements x0 and
x0−1 are nonzerodivisors of R, the ring R = R/⟨x0⟩ is a 0-dimensional local graded
K -algebra, especially, R is a finite-dimensional K -vector space. Moreover, X is
contained in the affine space D+(X0) ∼= An

K . The affine coordinate ring of X,
viewed as a subscheme of An

K , is given by S = R/⟨x0 − 1⟩ ∼= A/JX, where A =

K [X1, . . . , Xn] and JX = I deh
X is the dehomogenization of IX with respect to X0.

The ring S is a 0-dimensional affine K -algebra and hence a finite-dimensional
K -vector space.

For j ∈ {1, . . . , s}, let I j denote the P j -primary component of IX, and define
Q j := I deh

j ⊆ A and O j := A/Q j . According to [Kreuzer and Robbiano 2005,
Propositions 4.3.10 and 4.3.12], the homogeneous primary decomposition IX =

I1 ∩ · · ·∩ Is induces the primary decomposition JX =Q1 ∩ · · ·∩Qs . Consequently,
the Chinese remainder theorem yields

S ∼= A/Q1 × · · · × A/Qs = O1 × · · · ×Os .

Furthermore, the local ring of X at pi satisfies

R(p j )
∼= O j for each j ∈ {1, . . . , s},

as addressed in [Hartshorne 1977, Chapter I, Section 3; Kunz 2013, Chapter III,
Section 2].
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Corollary 2.8. Let X be a 0-dimensional scheme in Pn
K with Supp(X)={p1, . . . , ps},

and let I j be the P j -primary component of IX corresponding to the point p j for
j ∈ {1, . . . , s}. For m ≥ 1, we have

I ⟨m⟩

X = I ⟨m⟩

1 ∩ · · · ∩ I ⟨m⟩

s

and
√

I ⟨m⟩

j =
√

I j = P j for j ∈ {1, . . . , s}.

Proof. This follows from the primary decomposition IX = I1 ∩ · · · ∩ Is and by
Proposition 2.6(a)–(b). □

The m-form Kähler differential module �m
R for the scheme X is a finitely

generated graded R-module and the Kähler differential algebra for the scheme X is
the exterior algebra �•

R =
⊕

m≥0 �m
R .

Proposition 2.9 [Kreuzer et al. 2025, Proposition 4.2]. Let X be a 0-dimensional
scheme in Pn

K with homogeneous coordinate ring R = P/IX.

(a) If m ≥ n + 2, then �m
R = ⟨0⟩.

(b) For m = 0, . . . , n +1, the P-module �m
P is a free P-module of rank

(n+1
m

)
with

basis
{d X i1 ∧ · · · ∧ d X im | 0 ≤ i1 < · · · < im ≤ n}.

(c) For m ≥ 1, the module of Kähler differential m-forms satisfies

�m
R

∼= �m
P/(IX�m

P + d IX ∧ �m−1
P ),

where d IX is the P-submodule of �1
P generated by {d f | f ∈ IX}.

(d) Let IX = ⟨ f1, . . . , fk⟩ for some f1, . . . , fk ∈ P. Then

d IX = ⟨d f1, . . . , d fk⟩ + ⟨ fi d X j | i ∈ {1, . . . , k}, j ∈ {0, . . . , n}⟩.

Definition 2.10. Let M =
⊕

i∈Z Mi be a finitely generated graded R-module.

(a) The map HFM : Z → Z given by HFM(i) = dimK (Mi ) for all i ∈ Z is called
the Hilbert function of M . The Hilbert polynomial of M , denoted by HPM ,
always exists. If HPM is a constant polynomial, it is also written as HP(M).

(b) The number ri(M) = min{i ∈ Z | HFM( j) = HPM( j) for all j ≥ i} is called
the regularity index of M .

Remark 2.11. The function HFX(i) := HFR(i) for all i ∈ Z is called the Hilbert
function of X and the number rX := ri(R) is called the regularity index of X. We
have

1 = HFX(0) < HFX(1) < · · · < HFX(rX) = HFX(rX + 1) = · · · = deg(X),

where deg(X) is the degree of X, i.e., the constant Hilbert polynomial of R.
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It is worth noting that deg(X) = dimK (S). For i ≥ rX, the map εi : Ri → S
defined by f 7→ f deh is an isomorphism of K -vector spaces (see [Kreuzer et al.
2018]). This structure map induces a valuable connection between the modules �m

R
and �m

S (see [Kreuzer et al. 2025]), ultimately leading to the proof of the following
result.

Proposition 2.12 [Kreuzer et al. 2025, Proposition 5.4]. Let X be a 0-dimensional
scheme in Pn with homogeneous coordinate ring R and affine coordinate ring
S = R/⟨x0 − 1⟩, and let m ≥ 1. Then

HP(�m
R) = dimK (�m

S ) + dimK (�m−1
S ) and ri(�m

R) ≤ 2rX + m.

In addition, if char(K ) = 0 or if char(K ) = p > 0 and p ∤(2rX + n + 1), then
ri(�n+1

R ) ≤ 2rX + n.

3. The canonical exact sequence for Kähler differentials

As in the previous section, let K be a perfect field, let X be a 0-dimensional scheme
in Pn

K with homogeneous vanishing ideal IX and homogeneous coordinate ring
R = P/IX. Further, let Supp(X) = {p1, . . . , ps}, and let P j be the homogeneous
prime ideal of the point p j for every j ∈ {1, . . . , s}. In the following, suppose
that Assumption 2.7 holds for X. Our goal in this section is to give an answer to
Question 1.1 posted in Section 1, regarding the existence of the canonical exact
sequence for the Kähler differential module �1

R of X. To achieve this goal, we will
first examine the second differential power of the homogeneous vanishing ideal IX

of the scheme X.
Let M = ⟨X0, . . . , Xn⟩ ⊆ P and let DP denote the ring of K -linear differential

operators on P . The second differential power I ⟨2⟩

X of IX is given by

I ⟨2⟩

X = { f ∈ P | δ( f ) ∈ IX for all δ ∈ D1
P}.

This ideal is also written as I diff
X . For i = 0, . . . , n, we will use ∂i to represent ∂/∂ X i .

Proposition 3.1. Suppose that X is a 0-dimensional scheme in Pn
K with support

Supp(X) = {p1, . . . , ps}. For j ∈ {1, . . . , s}, let P j denote the homogeneous prime
ideal of p j and let I j be the corresponding P j -primary component of IX.

(a) The ideal I diff
X is a saturated homogeneous ideal of P and

(3) I diff
X = { f ∈ IX | ∂i f ∈ IX for all i ∈ {0, . . . , n}} ⊆ P.

(b) We have I diff
X = I diff

1 ∩ · · · ∩ I diff
s , and

√
I diff

j =
√

I j = P j for j = 1, . . . , s.

Proof. (a) According to [Coutinho 1995, Chapter 3, Proposition 1.1], we first
observe that D1

P = P + DerK (P), where the elements of P are identified with
their multiplication operators of order zero. By [Kunz 1986, Example 1.22(c)],
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DerK (P) is generated as a P-module by the partial derivatives ∂0, . . . , ∂n . They
form in fact a basis of DerK (P) since if

∑n
i=0 fi∂i = 0 for f0, . . . , fn ∈ P then

fk =
∑n

i=0 fi∂i (Xk)= 0 for k = 0, . . . , n. Thus we have D1
P = P⊕ P∂0⊕· · ·⊕ P∂n .

Consequently, (3) is true for I diff
X .

Now let g = g0 + · · · + gd ∈ I diff
X be a nonzero polynomial of degree d, where

gk ∈ Pk is the k-th homogeneous component of g. For each i ∈ {0, . . . , n}, we
have ∂i (g) = ∂i (g0)+ · · ·+ ∂i (gd) ∈ IX. Since IX is homogeneous, ∂i (g j ) ∈ IX for
j ∈ {0, . . . , d}. Thus g j ∈ I diff

X for j ∈ {0, . . . , d}, and hence I diff
X is homogeneous.

Next, we will verify that I diff
X is saturated. It suffices to prove I diff

X = I diff
X :P M.

Let f ∈ I diff
X :P M and i ∈ {0, . . . , n}. Then Xk f ∈ I diff

X for all k = 0, . . . , n, and so
∂i (Xk f ) ∈ IX. Observe that ∂i (X0 f ) ∈ IX and X0 f ∈ IX. In R, we have x0 f̄ = 0.
Under Assumption 2.7, x0 is a nonzerodivisor of R, and this yields f̄ = 0, in other
words, f ∈ IX. Consequently, we have

X0∂i ( f ) = ∂i (X0 f ) − f ∂i (X0) ∈ IX

for all i =0, . . . , n. This also implies ∂i ( f )∈ IX for all i =0, . . . , n. Hence f ∈ I diff
X .

(b) This follows from Corollary 2.8. □

When the scheme X consists of a single monomial point, the homogeneous
ideal I diff

X can be explicitly described by the following theorem. Here the set of all
terms in P is given by Tn+1

= {Xα0
0 · · · Xαn

n | (α0, . . . , αn) ∈ Nn+1
}.

Theorem 3.2. Let K be a perfect field of characteristic p ≥ 0. Assume that the
homogeneous vanishing ideal IX of the scheme X is a proper monomial ideal of P ,
minimally generated by terms t1, . . . , tr ∈ Tn+1.

(a) The ideal I diff
X is a monomial subideal of IX.

(b) For 1 ≤ j ≤ r , we write t j = Xα0 j
0 · · · Xαnj

n , and for 2 ≤ k ≤ n + 1 and
1 ≤ j1 ≤ · · · ≤ jk ≤ r , we define t j1,..., jk := Xβ0

0 · · · Xβn
n , where, for i = 0, . . . , n,

(4) βi :=


0 if αi j1 = · · · = αi jk = 0,

αi j1 if αi j1 = · · · = αi jk > 0 and p |αi j1,

αi j1 + 1 if αi j1 = · · · = αi jk > 0 and p ∤αi j1,

max{αi j1, . . . , αi jk } otherwise.

Then

I diff
X = ⟨t j1,..., jk | 1 ≤ j1 ≤ · · · ≤ jk ≤ r; 2 ≤ k ≤ n + 1⟩.

Proof. Note that I diff
X ⊆ IX by Proposition 3.1(a), and that a nonconstant term

t = Xα0
0 · · · Xαn

n ∈ IX belongs to I diff
X if and only if αi t/X i ∈ IX for i = 0, . . . , n.



CANONICAL EXACT SEQUENCE OF DIFFERENTIAL MODULES 57

(a) Let f ∈ I diff
X be a nonzero homogeneous polynomial of degree d and write

f = c1t ′

1 +· · ·+cm t ′
m with c1, . . . , cm ∈ K \{0} and t ′

1, . . . , t ′
m ∈ Tn+1. It suffices to

show that t ′

j ∈ I diff
X for j = 1, . . . , m. Let i ∈ {0, . . . , n} and write t ′

j = Xγ0 j
0 · · · Xγnj

n

with (γ0 j , . . . , γnj ) ∈ Nn+1 and γ0 j +· · ·+γnj = d for j = 1, . . . , m. When γi j = 0
in K , it directly follows that ∂i (t ′

j ) = 0 ∈ IX. Now, consider the case, where γi j ̸= 0
in K . In this case, for 1 ≤ j < k ≤ m, we have t ′

j ̸= t ′

k and

∂i (t ′

j ) =
γi j t ′

j

X i
̸=

γik t ′

k

X i
= ∂i (t ′

k).

So, the element t ′

j/X i appears in the expansion of ∂i ( f ) = c1∂i (t ′

1)+· · ·+cm∂i (t ′
m)

with a nonzero coefficient. Since IX is a monomial ideal and ∂i ( f )∈ IX, this implies

∂i (t ′

j )

γi j
=

t ′

j

X i
∈ IX.

Consequently, ∂i (t ′

j ) ∈ IX for every j = 1, . . . , m and for every i = 0, . . . , n. Hence,
we find t ′

1, . . . , t ′
m ∈ I diff

X .

(b) Let
0 = {t j1,..., jk | 1 ≤ j1 ≤ · · · ≤ jk ≤ r; 2 ≤ k ≤ n + 1},

where t j1,..., jk = Xβ0
0 · · · Xβn

n ∈ 0 has the exponents βi as given in (4). For such a
term t j1,..., jk ∈ 0, it is easily seen that

βi ≥ max{αi j1, . . . , αi jk }

for all i = 0, . . . , n, and so t j1,..., jk ∈ IX. In particular, 0 ⊆ IX. Moreover, either p |βi

or both p ∤βi and βi ≥ min{αi j1, . . . , αi jk } + 1. If p |βi then ∂i (t j1,..., jk ) = 0 ∈ IX.
When p ∤βi , we may assume without loss of generality that αi j1 =min{αi j1, . . . , αi jk },
and we get βi ≥ αi j1 + 1. Then

∂i (t j1,..., jk ) =
βi t j1,..., jk

X i
= βi Xβ0

0 · · · Xβi−1
i−1 Xβi −1

i Xβi+1
i+1 · · · Xβn

n

is a multiple of t j1 , and hence it belongs to IX. Thus, ∂i (t j1,..., jk ) ∈ IX for all
i ∈ {0, . . . , n}, which means t j1,..., jk ∈ I diff

X . Therefore, ⟨0⟩ ⊆ I diff
X .

For the “⊇” inclusion, let u = Xγ0
0 · · · Xγn

n with (γ0, . . . , γn) ∈ Nn+1 be a term
in I diff

X . By (3), we have u ⊆ IX and ∂i (u) ∈ IX for i = 0, . . . , n. Since {t1, . . . , tr }
is the minimal monomial system of generators of IX, there exists j ∈ {1, . . . , r}

such that t j |u. Let Tu be the set of all terms in {t1, . . . , tr } which divide u. After
renumbering the indices of t j , we may assume that Tu = {t1, . . . , ts} with s ≤ r .
Obviously, we have

(5) γi ≥ max{αi j | j = 1, . . . , s} (i = 0, . . . , n).
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Next, we construct a specific term t j1,..., jk ∈ 0 that divides u. Set k = n + 1. For
i ∈ {0, . . . , n}, if ∂i (u) = 0 then we choose ji+1 = 1. If ∂i (u) ̸= 0, then ∂i (u) ∈ IX

and ∂i (u) divides u, and so we can choose an index ji+1 ∈ {1, . . . , s} such that
t ji+1 |∂i (u). Now we consider the term t j1,..., jn+1 = Xβ0

0 · · · Xβn
n formed by these

chosen indices j1, . . . , jn+1 according to (4). In order to show that t j1,..., jn+1 |u, we
need demonstrate that γi ≥ βi for all i = 0, . . . , n.

From (4) and (5), γi ≥ βi is true, except in the case where αi j1 = · · · = αi jn+1 > 0
and p ∤αi j1 . In this exceptional case, we also have βi = αi j1 + 1. If ∂i (u) = 0, then
the characteristic of the field K must be p > 0 with p |γi . We know γi ≥ αi j1 > 0
and p ∤αi j1 . It follows that γi ≥ αi j1 + 1 = βi . If ∂i (u) ̸= 0, by the choice of ji , we
find t ji+1 |∂i (u). This implies γi − 1 ≥ αi ji+1 , and so γi ≥ αi ji+1 + 1 = αi j1 + 1 = βi .

Altogether, we have γi ≥ βi for every i ∈ {0, . . . , n}, and hence the constructed
term t j1,..., jn+1 ∈ 0 divides u. It follows that u ∈ ⟨0⟩. Therefore, ⟨0⟩ ⊇ I diff

X . □

In view of (4), the generating system for I diff
X can be restricted to terms t j1,..., jk

whose indices satisfy j1 ≤ j2 for k = 2 and 1 ≤ j1 < · · · < jk ≤ r for k ≥ 3.

Example 3.3. In P2
K , let X be the 0-dimensional scheme defined by the monomial

ideal IX = ⟨X1, X2⟩
5

⊆ P = K [X0, X1, X2]. The minimal generators of IX are
t1 = X5

2 , t2 = X1 X4
2 , t3 = X2

1 X3
2 , t4 = X3

1 X2
2 , t5 = X4

1 X2, and t6 = X5
1 .

(a) Suppose char(K ) = 0: Following (4), we compute various terms t1,1 = X6
2,

t2,2 = X2
1 X5

2, t1,5 = X5
1 X2, t1,2,3 = X5

1 X4
2, t3,4,5 = X4

1 X3
2, etc. Consider the

element u = X3
1 X4

2 ∈ I diff
X . As in the proof of Theorem 3.2(b), we have

Tu = {t2, t3, t4}. By choosing the indices j1 = 2, j2 = 2, j3 = 3, we find
t2,2,3 = t2,3 = X2

1 X4
2, which divides u. A computation using ApCoCoA gives

a generating system of I diff
X consisting of 56 terms. In particular, we get

I diff
X = ⟨X1, X2⟩

6.

(b) Suppose char(K )=5: Observe that X5
1, X5

2 ∈ I diff
X , since their partial derivatives

are zero in K . A minimal system of generators of I diff
X is calculated by

{X5
1, X2

1 X4
2, X3

1 X3
2, X4

1 X2
2, X5

2}. In this case, we have I diff
X ̸= ⟨X1, X2⟩

6. It is
worth noting that if char(K ) ̸= 5 then one can also verify that I diff

X = ⟨X1, X2⟩
6.

Remark 3.4. The proof of Theorem 3.2 remains valid for any arbitrary nonzero
monomial ideal I in P . Specifically, a finite monomial system of generators
for I diff can be explicitly constructed from the minimal generators of I using
the formulas established above. If I is minimally generated by r terms in Tn+1,
then the complexity of computing I diff using Theorem 3.2 is given by O(n2rn+1).
In addition, applying the above method to other special classes of ideals in P is an
intriguing direction for the authors. Nevertheless, extending these results beyond the
monomial case will likely involve further constraints or the theory of Gröbner bases.
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As a direct consequence of Theorem 3.2, we obtain the following corollary.
The proof of part (a) for the case char(K ) = 0 is discussed in [Dao et al. 2018,
Exercise 2.8], and the straightforward but tedious proof of the remaining cases is
left to the interested reader.

Corollary 3.5. Let K be a perfect field of characteristic p ≥ 0. Suppose that X

contains exactly one point p1 = (1 : 0 : · · · : 0).

(a) If IX = ⟨X1, . . . , Xn⟩
m for some m ≥ 1, then

I diff
X =

{
⟨X1, . . . , Xn⟩

m+1 if p ∤m,
⟨X1, . . . , Xn⟩

m+1
+

〈
X pα1

1 · · · X pαn
n |

∑n
i=1 αi =

m
p

〉
if p |m.

(b) If IX = ⟨X k1
1 , . . . , X kn

n ⟩ for some integers k1, . . . , kn ≥ 1, then

I diff
X =


⟨X k1+1

1 , . . . , X kn+1
n ⟩ + ⟨X ki

i X k j
j | 1 ≤ i < j ≤ n⟩ if p = 0,

⟨X ki
i | i = 1, . . . , n; p |ki ⟩ + ⟨X ki +1

i | i = 1, . . . , n; p ∤ki ⟩

+ ⟨X ki
i X k j

j | 1 ≤ i < j ≤ n⟩
if p > 0.

Remark 3.6. Let p1, . . . , ps be distinct K -rational points in Pn
K , and let Ip j ⊆ P

be the homogeneous vanishing ideal of p j for j = 1, . . . , s. Given positive integers
m1, . . . , ms , the saturated homogeneous ideal IX := I m1

p1
∩ · · · ∩ I ms

ps of P defines a
fat point scheme X = m1 p1 +· · ·+ms ps in Pn

K . The number m j is the multiplicity
of the point p j for j = 1, . . . , s. As in [Kreuzer et al. 2018, Definition 4.1], the first
fattening of this scheme is the fat point scheme Y = (m1 +1)p1 +· · ·+ (ms +1)ps

in Pn
K . When X = m1 p1 + · · · + ms ps and char(K )∤m j for every j = 1, . . . , s,

Proposition 3.1 and Corollary 3.5(a) imply that I diff
X is the homogeneous vanishing

ideal of the first fattening Y of X in Pn
K .

The above observation indicates that for a fat point scheme whose multiplicities
are not divisible by the characteristic of the base field, its first fattening coincides
with the scheme defined by the second differential power of its vanishing ideal. This
motivates the following general definition for arbitrary 0-dimensional schemes.

Definition 3.7. Let X be a 0-dimensional scheme in Pn
K with homogeneous vanish-

ing ideal IX. Then the saturated homogeneous ideal I diff
X defines a 0-dimensional

scheme Y in Pn
K . The scheme Y is called the differential fattening of X.

With this terminology in hand, we can now provide an affirmative answer to
Question 1.1, regarding the existence of the canonical exact sequence of the Kähler
differential module �1

R for an arbitrary 0-dimensional scheme X.

Theorem 3.8. Let X be a 0-dimensional scheme in Pn
K with homogeneous vanishing

ideal IX, and let Y be the differential fattening of X with its homogeneous vanishing
ideal IY. The sequence of graded R-modules

0 → IX/IY
δ

−→ Rn+1(−1)
γ

−→ �1
R → 0
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is exact, where δ( f + IY) = (∂0( f ), . . . , ∂n( f )) =
∑n

i=0 ∂i ( f )ei for every homoge-
neous polynomial f ∈ IX and γ (ei ) = dxi for i = 0, . . . , n.

Proof. Note that {e0, . . . , en} is the standard basis of the graded free R-module Rn+1

with deg(ei ) = 1 for every i = 0, . . . , n. We also have Rn+1(−1) ∼= �1
P/IX�1

P and
I 2
X ⊆ IY = I diff

X . By [Kunz 1986, Proposition 4.17], we have the canonical exact
sequence of graded R-modules

IX/I 2
X

δ∗

−→ �1
P/IX�1

P
γ ∗

−→ �1
R → 0,

where δ∗( f + I 2
X) = d f + IX�1

P for each homogeneous polynomial f ∈ IX and
γ ∗(d X i + IX�1

P) = dxi for i = 0, . . . , n. So, it suffices to show that

Ker(δ∗) = I diff
X /I 2

X.

Indeed, for any polynomial f ∈ IX, we have f + I 2
X ∈ Ker(δ∗) if and only if

d f =
∑n

i=0 ∂i ( f )d X i ∈ IX�1
P . This is equivalent to the condition that ∂i ( f ) ∈ IX

for all i = 0, . . . , n, which in turn is equivalent to f ∈ I diff
X . □

More generally, the preceding proof also implies that for any ideal I ⊆ P and
R = P/I , there is a canonical short exact sequence

0 → I/I ⟨2⟩
→ �1

P/I�1
P → �1

R → 0.

Remark 3.9. Theorem 3.8 and Remark 3.6 together generalize the result of [Kreuzer
et al. 2015, Theorem 1.7] for fat point schemes X = m1 p1 +· · ·+ms ps in Pn

K . This
holds even when the base field K is not necessary of characteristic zero, provided
that char(K )∤m j for all j = 1, . . . , s.

Corollary 3.10. Let X be a 0-dimensional scheme in Pn
K , and let Y be the differential

fattening of X.

(a) For i ∈ N, we have

HF�1
R
(i) = (n + 1) HFX(i − 1) + HFX(i) − HFY(i).

In particular, HP(�1
R) = (n + 2) deg(X)− deg(Y) and the regularity index of �1

R
is bounded by ri(�1

R) ≤ max{rX + 1, rY}.

(b) Suppose X =m1 p1+· · ·+ms ps is a fat point scheme in Pn
K and let char(K )= p.

(i) We have

HP(�1
R) =

s∑
j=1

[
(n + 2)

(
m j+n−1

n

)
−

(
m j+n

n

)]
+

∑
p |m j

(
m j/p+n−1

n−1

)
.

(ii) We have m1 = · · · = ms = 1 if and only if HP(�1
R) = s.
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Proof. Claim (a) directly follows from Theorem 3.8. Now we will prove the two
parts in claim (b). For (i), we have HP(�1

R) = (n + 2) deg(X) − deg(Y) by (a).
For j ∈ {1, . . . , s}, let X j = m j p j and let Y j be the differential fattening of X j .
Then deg(X)=

∑s
j=1 deg(X j )=

∑s
j=1

(m j +n−1
n

)
and deg(Y)=

∑s
j=1 deg(Y j ). So,

it is sufficient to locally examine deg(Y j ). After a homogeneous linear change of
coordinates, we may assume p j = (1 : 0 : · · · : 0). Then IX j = ⟨X1, . . . , Xn⟩

m j .
If p ∤m j , then, by Corollary 3.5(a), IY j = ⟨X1, . . . , Xn⟩

m j +1 and Y j = (m j + 1)p j ,
and consequently deg(Y j ) =

(m j +n
n

)
. When p |m j , Corollary 3.5(a) yields

IY j = ⟨X1, . . . , Xn⟩
m j +1

+

〈
X pα1

1 · · · X pαn
n

∣∣ n∑
i=1

αi =
m j

p

〉
.

Letting A = K [X1, . . . , Xn], it follows that I deh
Y j

= IY j ∩ A and

deg(Y j ) = dimK (A/(IY j ∩ A))

=

(
m j+n

n

)
− #

{
(α1, . . . , αn) ∈ Nn

∣∣ n∑
i=1

αi =
m j

p

}
=

(
m j+n

n

)
−

∑
p |m j

(
m j/p+n−1

n−1

)
.

Hence we get the desired formula for HP(�1
R) as in (i).

Finally, from (i), we have

HP(�1
R) =

s∑
j=1

[
(n + 2)

(
m j+n−1

n

)
−

(
m j+n

n

)]
+

∑
p |m j

(
m j/p+n−1

n−1

)

=

s∑
j=1

[(
m j+n−1

n

)
+

(
m j+n−1

n−1

)
(m j − 1)

]
+

∑
p |m j

(
m j/p+n−1

n−1

)
.

Therefore, HP(�1
R) = s if and only if m1 = · · · = ms = 1, and (ii) follows. □

Next, let us consider a 0-dimensional scheme X ⊆ Pn
K with support Supp(X) =

{p1, . . . , ps} ⊆ D+(X0). For j ∈ {1, . . . , s}, let P j be the homogeneous prime
ideal of p j , and let I j be the P j -primary component of IX. In the sense of
[Kreuzer and Robbiano 2016, Definition 4.3.1], the scheme X is termed a curvilinear
scheme if, for each j ∈ {1, . . . , s}, there exists a homogeneous linear change of
coordinates such that I j = ⟨X1, . . . , Xn−1, X k j

n ⟩ for some positive integer k j . For
such a curvilinear scheme X, the ideal Q j = I deh

j in A = K [X1, . . . , Xn] is also
generated by {X1, . . . , Xn−1, X k j

n } after an affine linear change of coordinates. The
affine ideal of X is JX = Q1 ∩ · · · ∩ Qs , and its affine coordinate ring satisfies
S = A/JX

∼= O1 × · · · ×Os , where O j ∼= A/Q j .
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The next corollary describes the Hilbert polynomial of the Kähler differential
module �1

R for a curvilinear scheme (see also [Kreuzer et al. 2025, Corollary 6.7]
for an alternative proof).

Corollary 3.11. Let X be a 0-dimensional curvilinear scheme in Pn
K , and let

k j = dimK (O j ) = dimK (A/Q j ) for each j ∈ {1, . . . , s}. Then

HP(�1
R) = 2

s∑
j=1

k j −

∑
char(K )∤k j

1.

Proof. Let Y be the differential fattening of X. By Corollary 3.10, we have

HP(�1
R) = (n + 2) deg(X) − deg(Y)

= (n + 2) dimK (S) − dimK (A/J diff
X )

= (n + 2)

s∑
j=1

dimK (O j ) −

s∑
j=1

dimK (A/Qdiff
j )

=

s∑
j=1

[(n + 2)k j − dimK (A/Qdiff
j )].

Fix j ∈ {1, . . . , s}. Without loss of generality, we may assume that

Q j = I deh
j = ⟨X1, . . . , Xn−1, X k j

n ⟩.

If char(K ) ∤k j then Corollary 3.5(b) implies that

Qdiff
j = ⟨X1, . . . , Xn−1⟩

2
+ ⟨X i X k j

n | i = 1, . . . , n⟩,

and hence dimK (A/Qdiff
j ) = nk j + 1. If char(K )|k j then Corollary 3.5(b) yields

Qdiff
j = ⟨X1, . . . , Xn−1⟩

2
+ ⟨X k j

n ⟩,

and consequently dimK (A/Qdiff
j ) = nk j . Thus we obtain the above formula for the

constant Hilbert polynomial HP(�1
R). □

4. Differential modules for 0-dimensional LMG-schemes

We continue with the established notation. More precisely, let K be a perfect field,
and let X be a 0-dimensional scheme in Pn

K with Supp(X)={p1, . . . , ps}⊆ D+(X0).
Its homogeneous vanishing ideal in P = K [X0, . . . , Xn] is IX and its homogeneous
coordinate ring is R = P/IX. Furthermore, let A= K [X1, . . . , Xn], let JX ⊆ A be the
affine vanishing ideal of X, and let JX =Q1∩· · ·∩Qs be the primary decomposition
of JX. Then the affine coordinate ring of X is S = R/⟨x0 −1⟩ = A/JX and it can be
decomposed as S = O1 × · · · ×Os , where O j = A/Q j is the 0-dimensional local
ring of X at the point p j .
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In this section, we turn our focus to the following special class of 0-dimensional
schemes that generalizes curvilinear schemes.

Definition 4.1. (a) The scheme X is called a locally monomial scheme if, for
each j ∈ {1, . . . , s}, there is a linear change of coordinates ϕ j : A → A such that
Q′

j = ϕ j (Q j ) is a monomial ideal in A.

(b) The scheme X is called a locally monomial Gorenstein scheme (or, for short, an
LMG-scheme), if X is a locally monomial scheme and its local rings O j ∼= A/Q j

are Gorenstein for j = 1, . . . , s.

It is well known that every locally complete intersection is locally Gorenstein;
however, the converse does not hold in general. The following characterization
of an LMG-scheme at a given point can be found in [Herzog and Hibi 2011,
Corollary 1.3.2 and Proposition A.6.5].

Proposition 4.2. Let Q be a 0-dimensional monomial ideal in A = K [X1, . . . , Xn].
Then the following conditions are equivalent:

(a) The ring A/Q is a Gorenstein ring.

(b) The ring A/Q is a complete intersection.

(c) The ideal Q is irreducible.

(d) Q = ⟨X k1
1 , . . . , X kn

n ⟩ for some positive integers k1, . . . , kn .

Corollary 4.3. The scheme X is an LMG-scheme if and only if , for j ∈ {1, . . . , s},
there are positive integers k1, . . . , kn such that O j ∼= A/⟨X k1

1 , . . . , X kn
n ⟩ after a

suitable linear change of coordinates.

Now we aim to establish a formula for the Hilbert polynomial of �m
R , the m-form

Kähler differential module associated to LMG-schemes X. Since �m
R = 0 for all

m > n + 1, we only need to consider the range 1 ≤ m ≤ n + 1. When m = 1, we
can apply Corollary 3.5 to derive the following formula for HP(�1

R).

Proposition 4.4. Let X be a 0-dimensional LMG-scheme in Pn
K with support

Supp(X) = {p1, . . . , ps}, and let p denote the characteristic of K . For j = 1, . . . s,
we write O j ∼= A/Q j , where Q j = ⟨X k1 j

1 , . . . , X knj
n ⟩ with ki j ≥ 1. Then

HP(�1
R) =

s∑
j=1

[
(n + 1)k1 j · · · knj −

∑
p ∤ki j

k1 j · · · k̂i j · · · knj

]
.

Proof. Let Y be the differential fattening of X. By Corollary 3.10, we have

HP(�1
R) = (n + 2) deg(X) − deg(Y)

= (n + 2)
s∑

j=1
dimK (O j ) −

s∑
j=1

dimK (A/Qdiff
j )

=

s∑
j=1

[(n + 2)k1 j · · · knj − dimK (A/Qdiff
j )].
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Letting j ∈ {1, . . . , s}, we will compute dimK (A/Qdiff
j ). Without loss of generality,

we may assume that p |ki j for i ≤ e and p ∤ki j for i > e. An application of
Corollary 3.5(b) gives

Qdiff
j = ⟨X k1 j

1 , . . . , X kej
e , X ke+1 j +1

e+1 , . . . , X knj +1
n ⟩ + ⟨X

ki1 j

i1
X

ki2 j

j | e < i1 < i2 ≤ n⟩.

Consider a term t = Xα1
1 · · · Xαn

n ∈ Tn , where Tn is the set of all terms in A. Note
that t /∈Qdiff

j yields αi ̸= ki j for i = 1, . . . , e. Thus, t ∈ Tn
\Qdiff

j if and only if one
of the following holds:

• 0 ≤ αi < ki j for all i = 1, . . . , n.

• if αi = ki j for some i ∈ {e + 1, . . . , n}, then 0 ≤ αl < kl j for all l ̸= i .

It follows that

dimK (A/Qdiff
j ) = #(Tn

\Qdiff
j ) = k1 j · · · knj +

n∑
i=e+1

k1 j · · · k̂i j · · · knj

= k1 j · · · knj +

∑
p ∤ki j

k1 j · · · k̂i j · · · knj ,

where k̂i j means that the term ki j is omitted from the product. Consequently, we
get the desired formula for HP(�1

R). □

Example 4.5. Let K = F3 and let X be a 0-dimensional scheme in P3
K defined by

IX = ⟨ f1, . . . , f6⟩ ⊆ P = K [X0, X1, X2, X3], where

f1 = X3
1 + X3

2,

f2 = X2
0 X1 + X0 X2

1 + X2
0 X2 + X0 X1 X2 + X2

1 X2 − X3
2,

f3 = X2
0 X2 X3 + X0 X1 X2 X3 + X2

1 X2 X3 − X4
3,

f4 = X3
0 X3 + X3

2 X3 + X4
3,

f5 = X3
0 X2 + X2

0 X2
2 + X0 X1 X2

2 + X2
1 X2

2 + X4
2,

f6 = X2
0 X3

2 + X0 X1 X3
2 + X2

1 X3
2 − X2

0 X3
3 − X0 X1 X3

3 − X2
1 X3

3.

Then Supp(X) = {p1, p2, p3}. In A = K [X1, X2, X3], the affine vanishing ideal JX

decomposes as JX = Q′

1 ∩Q′

2 ∩Q′

3, where

Q′

1 = ⟨X1, X2, X3⟩,

Q′

2 = ⟨X1 + 1, X2 − 1, (X3 − 1)3
⟩,

Q′

3 = ⟨X2
1 + X1 + 1, X3

2 + 1, X4
3⟩.

Letting Q1 = ⟨X1, X2, X3⟩, Q2 = ⟨X1, X2, X3
3⟩, and Q3 = ⟨X2

1, X3
2, X4

3⟩, we find
O j ∼= A/Q j for j =1, 2, 3. Thus X is a 0-dimensional LMG-scheme. An application
of Proposition 4.4 yields

HP(�1
R) = 1 + 6 + 78 = 85.
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To treat the case that 2≤m ≤n+1, we apply the following observation. By [Kunz
1986, Proposition 4.12], the module �m

S decomposes as �m
S

∼= �m
O1

× · · · × �m
Os

.
Furthermore, according to Proposition 2.12, the Hilbert polynomial of �m

R satisfies

HP(�m
R) = dimK (�m

S ) + dimK (�m−1
S )

=

s∑
j=1

[dimK (�m
O j

) + dimK (�m−1
O j

)]

and the regularity index of �m
R is bounded by ri(�m

R) ≤ 2rX + m. This reduces the
problem to computing dimK (�m

S ) in the local setting where X contains exactly one
point.

Proposition 4.6. Let m, k1, . . . , kn be positive integers and p = char(K ). Suppose
that S = A/Q, where A = K [X1, . . . , Xn] and Q = ⟨X k1

1 , . . . , X kn
n ⟩ ⊆ A. For

1 ≤ i1 < · · · < im ≤ n, let

0(i1,...,im) = {i ∈ {i1, . . . , im} : p ∤ki }

and define
J(i1,...,im) = Q+ ⟨X ki −1

i | i ∈ 0(i1,...,im)⟩.

Then
�m

S
∼=

⊕
1≤i1<···<im≤n

(A/J(i1,...,im))(−m)

and
dimK (�m

S ) =

∑
1≤i1<···<im≤n

∏
i /∈0(i1,...,im )

ki

∏
i∈0(i1,...,im )

(ki − 1).

Proof. We equip A with the standard grading, where deg(X i ) = 1 and deg(d X i ) = 1
for every i = 1, . . . , n. Then �m

A is a graded free A-module with basis

{d X i1 ∧ · · · ∧ d X im | 1 ≤ i1 < · · · < im ≤ n}

by Proposition 2.9(b). Let us set ei1,...,im = d X i1 ∧ · · · ∧ d X im and write

�m
A =

⊕
1≤i1<···<im≤n

Aei1,...,im .

By [Kunz 1986, Proposition 4.12], we have the exact sequence of graded A-modules

0 → Q�m
A + dQ∧ �m−1

A → �m
A → �m

S → 0.

Since Q is a monomial ideal, the graded A-module Q�m
A+dQ∧�m−1

A is a monomial
module in the sense of [Kreuzer and Robbiano 2000, Definition 1.3.7]. Of course,
for i = 1, . . . , n, we have d X ki

i =
∑n

i=1 ∂i (X ki
i )= ki X ki −1

i d X i if p ∤ki and d X ki
i = 0
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if p |ki . By [Kreuzer and Robbiano 2000, Theorem 1.3.9] and Proposition 2.9(d),
a calculation gives

Q�m
A + dQ∧ �m−1

A =

⊕
1≤i1<···<im≤n

J(i1,...,im)ei1,...,im .

It follows that
�m

S =

⊕
1≤i1<···<im≤n

(A/J(i1,...,im))(−m).

Moreover, we have

dimK (A/J(i1,...,im)) =

∏
i /∈0(i1,...,im )

ki

∏
i∈0(i1,...,im )

(ki − 1).

Therefore, we obtain the above formula for dimK (�m
S ). □

Example 4.7. Let us continue looking at the LMG-scheme X given in Example 4.5.
We know that Supp(X) = {p1, p2, p3} and O j ∼= A/Q j for j = 1, 2, 3, where
Q1 = ⟨X1, X2, X3⟩, Q2 = ⟨X1, X2, X3

3⟩, and Q3 = ⟨X2
1, X3

2, X4
3⟩. Since K is a

perfect field and O1 ∼= K , we have �m
O1

= 0 for m ≥ 1. Notice that �m
O j

= 0 for
m ≥ 4 and j = 2, 3. By Proposition 4.6, we find

dimK (�1
O2

) = 3, dimK (�1
O3

) = 54,

dimK (�2
O2

) = 0, dimK (�2
O3

) = 39,

dimK (�3
O2

) = 0, dimK (�3
O3

) = 9.

Consequently, by Propositions 2.12, we get

HP(�1
R) = deg(X) +

3∑
j=1

dimK �1
O j

= 28 + 0 + 3 + 54 = 85,

HP(�2
R) =

3∑
j=1

(dimK �1
O j

+ dimK �2
O j

) = 0 + 3 + 93 = 96,

HP(�3
R) =

3∑
j=1

(dimK �2
O j

+ dimK �3
O j

) = 0 + 0 + 48 = 48.

When X is a 0-dimensional LMG-scheme, an application of Propositions 2.12
and 4.6 yields the following formula for the Hilbert polynomial of �m

R .

Corollary 4.8. Let X be a 0-dimensional LMG-scheme in Pn
K , and let p = char(K ).

For j = 1, . . . s, we write O j ∼= A/Q j , where Q j = ⟨X k1 j
1 , . . . , X knj

n ⟩ with ki j ≥ 1.
For 1 ≤ i1 < · · · < im ≤ n and 1 ≤ j ≤ s, let

0(i1,...,im), j = {i ∈ {i1, . . . , im} : p ∤ki j }.
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For m ≥ 1, we have

HP(�m
R) =

s∑
j=1

[ ∑
1≤i1<···<im−1≤n

∏
i /∈0(i1,...,im−1), j

ki j

∏
i∈0(i1,...,im−1), j

(ki j − 1)

+

∑
1≤l1<···<lm≤n

∏
i /∈0(l1,...,lm ), j

ki j

∏
i∈0(l1,...,lm ), j

(ki j − 1)

]
.
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ON THE MEASURE OF PRIMITIVE REPRESENTATIONS
OF AN INTEGER BY A QUADRATIC FORM

MANABU MURATA

We explicitly compare a measure defined by Siegel with a mass defined by
Shimura, both in the context of primitive representations of an integer by an
indefinite integral quadratic form. The main result gives an explicit formula
for the Siegel’s measure under the assumption that the lattices are maximal.
The result is applied to the computation of these measures in some families,
such as that of hyperbolic forms.

Introduction

Our study concerns the integral representations of an integer by an indefinite
quadratic form with integer coefficients. Namely, we take an indefinite symmetric
matrix S in GLn(Q) with entries in Z and consider the solutions over Z of the
quadratic Diophantine equation

(0-1) Tx Sx = t

with an integer t . Unlike the definite case, the set of solutions of (0-1) has infinitely
many elements in general. Siegel considered a measure on such an infinite set by
defining the volumes associated with orbits of the solutions under the unit group
of S and called it the measure of representations of t by S. In [Si3, Theorem 1]
he then proved the product formula, which expresses that measure as an infinite
product of local representation densities of t by S. There are many researches
concerning his product formula, and recently the formula was generalized to the
case where S is defined over an arbitrary algebraic number field by Kojima and
Sakata in [KS]. However, the explicit results for computation seem to be not so
much known. The reader is referred to Ratcliffe and Tschantz [RT, Theorem 12], in
which they gave an explicit formula for the representation measures of integers by
Lorentzian forms. In this paper we give a way of computing Siegel’s representation
measure with the primitive condition explained below.
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With S and t above, we set

B(S, t)=
{

x ∈ Qn
|
Tx Sx = t, Z1

nx = Z
}
,

where Z1
n is the Z-module of all (1 × n)-matrices with entries in Z. The condition

Z1
nx = Z means that x is primitive in the traditional sense. We also set

�(S)= {γ ∈ GLn(R) |
Tγ Sγ = S}, �(S,C)= {γ ∈�(S) | γC = C},

1(S)=�(S)∩ GLn(Z), 1(S,C)=�(S,C)∩ GLn(Z),

with C ∈ B(S, t). Since B(S, t) is stable under the map x 7→ γ x for γ ∈1(S), we
can consider the set of the1(S)-orbits of B(S, t), which we denote by1(S)\B(S, t).
For each representative C for 1(S)\B(S, t) we consider (C Y ) ∈ GLn(R) with a
variable matrix Y ∈ Rn

n−1; then

T(C Y )S(C Y )=

[
t Q

TQ R

]
has the same signature as S, where Q ∈ R1

n−1 and TR = R ∈ Rn−1
n−1. Fixing such

a matrix T1, we have the set P(S,C, T1) of all solutions (C Y ) of the equa-
tion T(C Y )S(C Y ) = T1. This can be viewed as a differentiable manifold on
which �(S,C) acts on the left. In [Si3] Siegel defined the volume ρ(S,C) of
1(S,C)\P(S,C, T1) using an �(S,C)-invariant volume element on P(S,C, T1);
similarly, the volume ρ(S) was defined for the equation TXSX = T ; see Section 1.3
for details. Then he considered the quantity

(0-2) ν(S, t)=

∑
1(S)C∈1(S)\B(S,t)

ρ(S,C)/ρ(S).

Following Siegel, we call ν(S, t) the measure of primitive representations of t by S.
It is noted that 1(S)\B(S, t) is a finite set.

Siegel proved the product formula

(0-3) ν(S, t)=

∏
p

βp(S, t),

where p runs over all prime numbers, βp(S, t) is the primitive representation density
of t by S at p, and n ≥ 4. In fact, this is the specialization of [Si3, Theorem 2]
to the scalar-valued Diophantine equation Tx Sx = t . (As for the case n = 4, see
a remark in [Si3, Section 12].) By virtue of (0-3), ν(S, t) can be computed by
determining all the βp(S, t) in the product. Conversely, the determination of the
measure in question provides useful information on such local densities. Several
explicit results are known for local representation densities; examples are due to
Siegel [Si1, Hilfssatz 16], Yang [Y, Theorem 4.1], and more recently Ikeda and
Katsurada [IK, Lemma 5.4] for hyperbolic forms.
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On the other hand, Shimura considered the solutions of (0-1) in a different
perspective from Siegel’s and introduced the mass of the set of such solutions in [S2,
(13.14)]. Since our main result is obtained from his mass formula in [S2, Theorem
13.12], let us briefly recall Shimura’s treatment on the Diophantine equation.

Let ϕ be an indefinite symmetric matrix in GLn(Q) and assume that ϕ is semi-
integral; namely, the diagonal entries are in Z and the others in 2−1Z. We use the
same symbol ϕ for the bilinear symmetric form defined by (x, y) 7→ xϕ ·

Ty. We set
V = Q1

n , L = Z1
n , G = {γ ∈ SLn(Q) | γ ϕ ·

Tγ = ϕ}, and 0(L)= {γ ∈ G | Lγ = L}.
We consider the set of solutions L[q, cZ] defined by

(0-4) L[q, cZ] = {x ∈ V | ϕ(x, x)= q, ϕ(x, L)= cZ}

with q, c ∈ Q×. Then L[q, cZ] is stable under the map x 7→ xγ for γ ∈ 0(L).
Pick h ∈ L[q, cZ] and consider the complement W = {y ∈ V | ϕ(h, y) = 0}, the
restriction ψ of ϕ to W , and H = {γ ∈ G | hγ = h}, which is regarded as the special
orthogonal group of ψ . Then the mass of L[q, cZ] is defined by

(0-5) m(L[q, cZ])=

∑
β∈B

ν(H ∩β0(L)β−1)/ν(0(L))

with a finite subset B of G such that L[q, cZ] =
⊔
β∈B hβ0(L). Here ν(0(L)) is

the constant #(0(L)∩ {±1})−1 times the measure of the quotient 0(L)\Zϕ with
respect to an invariant measure on the symmetric space Zϕ

= Z(r, θ) on which G
acts with 0 ≤ r ∈ Z and 0< Tθ = θ ∈ GLn−2r (R) (see Section 1.2 for details). The
quantity ν(H ∩ β0(L)β−1) is defined similarly with H and Zψ

= Z(r1, θ1); in
particular if ψ is definite, r1 = 0 and ν(H ∩β0(L)β−1)= [H ∩β0(L)β−1

: 1]
−1.

We note that m(L[q, cZ])= #{L[q, cZ]} when ϕ is definite.
The arithmetic nature of (0-4) can be clarified when L is Z-maximal in the

sense that L is a Z-lattice in V such that ϕ(x, x) ∈ Z for every x ∈ L and L is
maximal among such lattices. To be precise, let G A be the adelization of G and
put C(L)= {α ∈ G A | Lα = L}. For x ∈ V and α ∈ G A, xα is meaningful in VA
(= V ⊗Q QA) as V is embedded in VA. Shimura called the set V ∩hC(L) the genus
of h and in [S4, Theorem 2.2(iv)] he proved that if L is Z-maximal and n > 2, then

(0-6) V ∩ hC(L)= L[q, cZ].

This means that every element of L[q, cZ] locally belongs to hC(L)p for every
prime p if L is maximal, where the subscript p means the p-component. Shimura
found a principle governing such genera V ∩ hC(L)α−1 for α ∈ G A and gave the
mass formula based on that principle in [S4, Theorems 2.2 and 3.2]. In our maximal
case, that mass formula can be stated as follows:

(0-7) m(L[q, cZ])ν(0(L))= m(H, HA ∩ C(L)),
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where HA is the adelization of H and m(H, HA ∩ C(L)) is the mass of H relative
to HA ∩ C(L) (see (4-5) for the definition). By virtue of the classical mass formula
for orthogonal groups, m(H, HA ∩ C(L)) is essentially the inverse of an infinite
product of local representation densities of 2ψ by 2ψ itself. Thus (0-7) relates the
mass of the genus of a solution of the equation xϕ ·

Tx = q to the local representation
densities of 2ψ by 2ψ . Note that (0-7) is not applicable to L[q, cZ] with an arbitrary
lattice L in general, because it may not be maximal; see [S2, Theorem 13.12] for
the precise statement. In [S2, §13.15] Shimura asked how his mass formula can be
connected with Siegel’s product formulas.

The purpose of this paper is to connect Shimura’s mass with Siegel’s representa-
tion measure and by using the relationship, to give an explicit formula for ν(S, t)
under the assumption that the lattices L and L ∩W are maximal. With ϕ and L = Z1

n
as above, we have:

Theorem. Assume that ϕ is indefinite and semi-integral with n > 2. Pick h ∈

L[q, cZ] with q, c ∈ Q× and consider (W, ψ) and H in the above manner. Assume
also that ψ is anisotropic if n = 3. Let m(L[q, cZ]) be the mass of L[q, cZ] defined
with Zϕ

=Z(r, θ) and Zψ
=Z(r1, θ1). Set S =ℓϕ(2ϕ)−1 and t =2−1ℓϕc−2q, where

ℓϕ denotes the level of ϕ. Then m(L[q, cZ]) is related to the measure ν(S, t) by

(0-8) m(L[q, cZ])= 2(2+r1(n−1)−rn)/2
|c−2q|

(n−2)/2
|det(ϕ)|1/2ℓ−1

ϕ

·
det(θ1)

r1/2ρn−rρr

det(θ)r/2ρn−1−r1ρr1

ν(S, t).

Here ρm =
∏m

k=1 π
k/20(k/2)−1 if m > 0 and ρ0 = 1; as usual, 0(s) is the gamma

function.

It is noted that S in the Theorem defines a quadratic form with even-integer
coefficients, because 2−1S is semi-integral by the definition of ℓϕ . The assumption
on ψ when n = 3 is needed to avoid the case where the volume ρ(ψ) becomes
infinite for a binary isotropic form ψ .

By the Theorem combined with (0-3) the local primitive representation densities
of t by S are related to m(L[q, cZ]). Further if L is maximal, the latter is related
to the local representation densities of 2ψ by 2ψ via (0-7).

One virtue of our result is that it bypasses the classical product formula of
Siegel, which is not readily computable in practice. In his formal expression, the
local densities are difficult to compute explicitly, especially under the primitive
condition for indefinite forms. Our comparison approach trades the difficulty of local
representations for a more tractable (though still delicate) problem of evaluating
masses of arithmetic quotients of type 0\Z , which can at least be computed in the
maximal case through Shimura’s mass formula as will be seen from Theorem 4.1.
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The Theorem will be proved in Sections 2 and 3 after some preliminaries in
Section 1. We shall explicitly compare ν(H ∩β0(L)β−1) with ρ(S,Cβ) for some
Cβ by relating both to the same volume ρ(aψβ), where a is a nonzero constant
and ψβ is the matrix representing ψ with a basis of the lattice Lβ−1

∩ W . In
particular, Section 3 is devoted to connecting ρ(S,Cβ) with ρ(aψβ) by means of
some technique of integration such as Siegel did in [Si3, §10].

The main result of this paper is an explicit formula for ν(S, t) that follows from
the Theorem combined with (0-7). To state it simply, suppose n is even and put
M = L ∩ W with h ∈ L[q, cZ]. Set S = ℓϕ(2ϕ)−1 and t = 2−1ℓϕc−2q as in the
Theorem. Then for Z-maximal lattices L and M we have (see Theorem 4.1)

ν(S, t)= 2ℓϕ[L̃ : L]
−1

[C(M) : HA ∩ C(L)]L(n/2, χ)−1
∏
p | e

(λϕp)
−1

∏
p | e1

λψp .

Here L̃ ={x ∈ V | 2ϕ(x, L)⊂ Z}, e (resp. e1) is the product of all the prime numbers
for which L̃ p ̸= L p (resp. M̃ p ̸= Mp), L(s, χ) is the L-function of the primitive
Dirichlet character χ corresponding to Q(

√
δ) with δ = (−1)n/2 det(ϕ), and the

constants λϕp and λψp are explicitly given in Theorem 4.1. A similar formula will be
proven for odd n. Section 4.1 explains the actual computations on our formula.

As an application of Theorem 4.1, in Section 5 we shall consider the hyperbolic
form ηr =

[ 0
1r

1r
0

]
and obtain an explicit formula for ν(ηr , 2q) for every squarefree

integer q . We shall also deduce the local density βp(ηr , 2q) at p = 2 by comparing
our result with Siegel’s formula (0-3). A similar application will be discussed for
the Lorentzian form Sn =

[ 1n−1
0

0
−1

]
with n = 5 after the remark that the lattice Z1

n is
not Z-maximal with respect to Sn and so Theorem 4.1 is not applicable to ϕ = Sn

and L = Z1
n for any n > 2.

Another consequence of the Theorem is Corollary 5.9, on the invariance of the
mass of L[q, cZ] for indefinite ϕ with n > 3: Integral Z-lattices L1 in the same G-
genus have the same masses m(L[q, cZ]), provided L1[q, cZ] ̸=∅. This invariance
does not hold when ϕ is definite; see, e.g., the table in [M2, Introduction].

Notation. Throughout the paper we follow the notation and terminology in [S2].
We denote by Zp the ring of p-adic integers and by Qp the field of p-adic numbers.
We put F×2

= {x2
| x ∈ F×

} for F = Q or Qp.
If A is a commutative associative ring with identity element and if X is an

A-module, then we write A× for the group of all invertible elements of A and Xm
n

for the A-module of all (m × n)-matrices with entries in X . We put x̂ =
Tx−1 if

x is an invertible matrix. We denote by 1n the identity element of An
n . We put

GLn(A) = (An
n)

× and SLn(A) = {x ∈ GLn(A) | det(x) = 1}. For a symmetric
matrix S in An

n we put S[x] =
Tx Sx for x ∈ An

m . We write diag[a1, . . . , as] for the
matrix with square matrices a1, . . . , as in the diagonal blocks and 0 in all other
blocks. If a union

⋃
i∈I

X i is disjoint, we indicate this by writing
⊔
i∈I

X i .
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1. Preliminaries

1.1. Orbits of L[q,b] and B(S, t). Let V be a vector space of dimension n > 2
over Q and ϕ a nondegenerate Q-bilinear symmetric form on V × V . By a Z-lattice
in V we mean a finitely generated Z-submodule L of V that spans V over Q. We
call L integral with respect to ϕ if ϕ(x, x) ∈ Z for every x ∈ L . If L is maximal
among such Z-lattices, we call it Z-maximal with respect to ϕ. We put

L̃ = {x ∈ V | 2ϕ(x, L)⊂ Z}.

If L is integral with respect to ϕ, then L is contained in L̃ . We let the automorphism
group GL(V ) act on V on the right and define the orthogonal group of ϕ by
O(ϕ)= {γ ∈ GL(V ) | ϕ(xγ, yγ )= ϕ(x, y) for every x, y ∈ V }. Put

0
•

(L)= {γ ∈ O(ϕ) | Lγ = L},

SO(ϕ)= {γ ∈ O(ϕ) | det(γ )= 1},

and 0(L)= SO(ϕ)∩0•

(L). We have [0
•

(L) :0(L)] ≤ 2 since [O(ϕ) : SO(ϕ)] = 2.
Let h be an element of V such that ϕ(h, h) ̸= 0, and set q = ϕ(h, h) and

b = ϕ(h, L). We consider the orthogonal complement

W = (Qh)⊥ = {x ∈ V | ϕ(x, h)= 0}

and the restriction ψ of ϕ to W . We then regard O(ψ) as the subgroup

H •

= {γ ∈ O(ϕ) | hγ = h}

of O(ϕ) and SO(ψ) as H = SO(ϕ) ∩ H •. Hence 0(M) means the subgroup
{γ ∈ H | Mγ = M} for a Z-lattice M in W .

With q and b as above and L[q, b] as in (0-4), we have h ∈ L[q, b]. If k ∈ L[q, b],
there exists α ∈ SO(ϕ) such that k = hα, by [S2, Lemma 1.5]. Then, since L[q, b]
is stable under the map x 7→ xγ for γ ∈ 0(L), we have

(1-1) L[q, b] =
⊔
β∈B

hβ0(L)

with a subset B of SO(ϕ). It can be seen from [S2, Theorem 11.1] that B is a finite
set. We may assume that B contains the identity element.

If [0
•

(L) : 0(L)] = 1, we write B = B1 ⊔ B2, with

B1 = {β ∈ B | 0
•

(Lβ−1
∩ W )= 0(Lβ−1

∩ W )},

B2 = {β ∈ B | 0
•

(Lβ−1
∩ W ) ̸= 0(Lβ−1

∩ W )}.

If instead [0
•

(L) : 0(L)] = 2, fix δ ∈ 0
•

(L) such that 0•

(L)= 0(L)⊔ δ0(L), and
put

B1 = {β ∈ B | hβδ ∈ hβ0(L)}.
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If β1, β2 ∈ B are such that β1 ̸∈ B1 and hβ1δ ∈ hβ20(L), associate to the unordered
pair β1, β2 either of β1 or β2. Let B2 be the subset of B consisting of elements so
chosen. Then put

B21 = {β ∈ B2 | 0
•

(Lβ−1
∩ W ) ̸= 0(Lβ−1

∩ W )},

B22 = {β ∈ B2 | 0
•

(Lβ−1
∩ W )= 0(Lβ−1

∩ W )},

Bδ2i = {β ′
∈ B | hβδ ∈ hβ ′0(L) for β ∈ B2i } for i = 1, 2,

Bδ2 = Bδ21 ⊔ Bδ22.

Then we see that B2 = B21 ⊔ B22 and B = B1 ⊔ B2 ⊔ Bδ2 .

Lemma 1.1. With the notation above, let β ∈ B. Then:

(1) [H •

∩0
•

(Lβ−1) : H ∩0(Lβ−1)] = 1 if [0
•

(Lβ−1) : 0(Lβ−1)] = 1.

(2) [H •

∩0
•

(Lβ−1) : H ∩0(Lβ−1)] = 1 if [0
•

(Lβ−1
∩ W ) : 0(Lβ−1

∩ W )] = 1.

(3) Suppose that [0
•

(L) : 0(L)] = 2. Let 0•

(L)= 0(L)⊔ δ0(L). Then:

(i) β ∈ B1 ⇐⇒ [H •

∩0
•

(Lβ−1) : H ∩0(Lβ−1)] = 2.
(ii) β ∈ B1 ⊔ B21 ⊔ Bδ21 ⇐⇒ [0

•

(Lβ−1
∩ W ) : 0(Lβ−1

∩ W )] = 2.

Consequently, β ∈ B1 ⊔ B22 ⊔ Bδ22 if and only if

[0
•

(Lβ−1
∩ W ) : H •

∩0
•

(Lβ−1)] = [0(Lβ−1
∩ W ) : H ∩0(Lβ−1)].

(4) If n is even, then [0
•

(Lβ−1
∩ W ) : 0(Lβ−1

∩ W )] = 2 for every β ∈ B.

(5) If L is Z-maximal with respect to ϕ, then Lβ−1
∩ W belongs to the genus of

L ∩ W for every β ∈ B.

Proof. (1) If γ ∈ H •

∩0
•

(Lβ−1), then γ ∈ 0(Lβ−1) by the assumption. Hence γ
belongs to H ∩0(Lβ−1).

(2) Take γ ∈ H •

∩ 0
•

(Lβ−1) so that γ ̸∈ H . Clearly γ ∈ 0
•

(Lβ−1
∩ W ). If it

belongs to 0(Lβ−1
∩ W ), then γ ∈ H , which is a contradiction. This proves that

[H •

∩0
•

(Lβ−1) : H ∩0(Lβ−1)] = 2 implies [0
•

(Lβ−1
∩ W ) : 0(Lβ−1

∩ W )] = 2.

(3) We see that hβδ ∈ hβ0(L) if and only if βγ δ−1β−1
∈ H •

∩0
•

(Lβ−1), which
is so if and only if [H •

∩ 0
•

(Lβ−1) : H ∩ 0(Lβ−1)] = 2. This proves the first
assertion. To prove (ii) for β ∈ B1, suppose that [0

•

(Lβ−1
∩W ) :0(Lβ−1

∩W )]= 1.
Then 0•

(Lβ−1
∩ W ) must coincide with H •

∩0
•

(Lβ−1), and so 0(Lβ−1
∩ W )=

H •

∩0
•

(Lβ−1), in contradiction with (i). Hence (ii) is valid for β ∈ B1. To prove
(ii) in the remaining case, let β ∈ B2 and β ′

∈ Bδ2 be such that hβδ ∈ hβ ′0(L).
We easily see that L(β ′)−1

∩ W = (Lβ−1
∩ W )η, with some η ∈ H •. In view of

this, we only have to prove (ii) for β ∈ B2. Then the assertion immediately follows
from the definition of B21. Since H •

∩0
•

(Lβ−1)= H ∩0(Lβ−1) by (i), we have
the last assertion.
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(4) Fixing a basis of V , we employ the matrix representation of ϕ, where we
identify V with Q1

n . Let Lβ−1
∩ W = Z1

n−1kβ with kβ ∈ Qn−1
n and put σ =

[ h
kβ

]
;

clearly σ ∈ GLn(Q) since Lβ−1
∩ W has rank n − 1. Then the mapping xσ 7→ x

gives an isomorphism (V, ϕ) ∼= (Q1
n, σϕ ·

Tσ) that maps Lβ−1
∩ W to

∑n
i=2 Zei ,

where {ei }
n
i=1 is the standard basis of Q1

n . Observe that σϕ ·
Tσ = diag[q, ψβ] with

ψβ = kβϕ ·
Tkβ , σH •

σ−1
= {γ ∈ O(σϕ ·

Tσ) | e1γ = e1}, and

σ0
•

(Lβ−1
∩ W )σ−1

=
{
diag[1, γ0]

∣∣ γ0 ∈ O(ψβ)∩ GLn−1(Z)
}
.

Now we find that diag[1,−1n−1] ∈ σ0
•

(Lβ−1
∩ W )σ−1. Since n − 1 is odd, this

proves (4).

(5) By [M2, Lemma 4.1] and since L is assumed maximal, the mapping hβ0(L) 7→
(L ∩ (Qhβ)⊥)β−1 H defines a well-defined map of L[q, b]/0(L) into the set of all
H -classes in the H -genus of L ∩ W . Then (L ∩ (Qhβ)⊥)β−1

= Lβ−1
∩ W , which

proves (5). □

Let ϕ0 be the matrix that represents ϕ with respect to a Z-basis of L . With this
basis, we identify ϕ with ϕ0, V with Q1

n , and L with Z1
n , respectively; we may put

ϕ(x, y)= xϕ ·
Ty for x, y ∈ V . Then

L[q, b] = {x ∈ Q1
n | xϕ ·

Tx = q, xϕZn
1 = b}.

The groups O(ϕ) and 0•

(L) are defined by

O(ϕ)= {γ ∈ GLn(Q) | γ ϕ ·
Tγ = ϕ}, 0

•

(L)= O(ϕ)∩ GLn(Z).

Also SO(ϕ)= O(ϕ)∩SLn(Q) and 0(L)= SO(ϕ)∩GLn(Z), which is often denoted
by 0(ϕ). A matrix is called integral if all the entries are in Z. A symmetric matrix
is called semi-integral if the diagonal entries are in Z and the others in 2−1Z. We
note that ϕ0 is semi-integral if L is integral with respect to ϕ. Supposing ϕ is
semi-integral under the identification above, we denote by ℓ(ϕ) the level of ϕ;
namely, ℓ(ϕ) is the smallest positive integer N such that N (2ϕ)−1 is an integral
matrix whose diagonal entries are all even.

For a symmetric matrix S ∈ GLn(Q) we put

(1-2) �(S)= {γ ∈ GLn(Q) |
Tγ Sγ = S}, 1(S)=�(S)∩ GLn(Z).

We easily see that �(Ŝ)= O(S) and the map γ 7→ γ−1 (resp. γ 7→
Tγ ) gives an

isomorphism O(S)∼=�(Ŝ) (resp. O(S)∼=�(S)). Supposing that S is integral, we
set

B(S, t)= {x ∈ Qn
1 |

Tx Sx = t, Z1
nx = Z}

with t ∈ Z. This is stable under the map x 7→ γ x for γ ∈1(S).
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Lemma 1.2. Put b = cZ and ℓ = 2−1ℓ(ϕ) in the above setting. Also put S = ℓϕ̂,
t = c−2ℓq, and Cβ =

T(c−1hβϕ) for β ∈ B. Then the mapping x 7→
T(c−1xϕ)

defines a bijection of L[q, cZ] onto B(S, t). This also gives a well-defined bijection
of L[q, cZ]/0

•

(L) onto 1(S)\B(S, t). Consequently, we have

L[q, cZ] =
⊔

β∈B1⊔B2

hβ0•

(L), B(S, t)=
⊔

β∈B1⊔B2

1(S)Cβ .

Here B1 and B2 are as in Lemma 1.1.

Proof. We first observe that ϕ̂[
T(c−1xϕ)] = c−2q and Z1

n ·
T(c−1xϕ) = Z for x ∈

L[q, cZ]. It follows that T(c−1xϕ) ∈ Zn
1 . Since ℓϕ̂ is integral by the definition of

ℓ(ϕ), we have c−2ℓq ∈ Z. Hence our map is well defined and bijective. Furthermore,
we have T(c−1xεϕ)= ε−1

·
T(c−1xϕ) and ε−1

∈1(ℓϕ̂) for ε ∈ 0
•

(L) since 0•

(L)=
O(ϕ)∩ GLn(Z) in the present setting. Thus the map x0•

(L) 7→1(S) · T(c−1xϕ)
is also well defined and bijective, which proves the second assertion. Now, the
0(L)-orbits of L[q, b] can be found after (1-1). From this and the definitions of
B2i and Bδ2i if [0

•

(L) : 0(L)] = 2 we can see the 0•

(L)-orbits of L[q, b] in the
statement. For example, if [0

•

(L) : 0(L)] = 2, then

L[q, b] =
⊔

β∈B1⊔B2⊔Bδ2

hβ0(L)

=
⊔
β∈B1

hβ0•

(L)⊔
⊔
β∈B2

hβ0(L)⊔
⊔

β ′∈Bδ2

hβ ′0(L)

=
⊔

β∈B1⊔B2

hβ0•

(L).

The 1(S)-orbits of B(S, t) follow from the bijection of L[q, cZ]/0
•

(L) above. □

1.2. The symmetric space Z . Keeping the notation of the previous section, assume
that ϕ is indefinite. We put SO(ϕ)a = {α ∈ SLn(R) | αϕ ·

Tα = ϕ}. By a Witt
decomposition, ϕ can be represented by

(1-3)

 0 0 −1r

0 θ 0
−1r 0 0

 , Tθ = θ ∈ GLt(R),

with r > 0, where θ is positive or negative definite. If t = 0, we ignore θ . We take
κ ∈ Q× so that κϕ has signature (r + t, r). Also take σ ∈ GLn(R) so that

(1-4) κσϕ ·
Tσ is of the form (1-3) with 0< θ ∈ GLt(R).

We put ϕ′
= κσϕ ·

Tσ . Then following [S2, (16.3b)], we define a set Zϕ by

Zϕ
= Z(r, θ)=

{[ x
y

]
∈ Rr+t

r

∣∣ x ∈ Rr
r , y ∈ Rt

r ,
Tx + x > Tyθ−1 y

}
.

Notice that Zϕ depends on the choice of (1-4) above.
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For α ∈ O(ϕ′)a and z ∈Zϕ we can define α(z)∈Zϕ in the manner of [S2, §16.3].
Then by [S2, Proposition 16.6(i), (iii), and (v)], SO(ϕ′)a acts transitively on Zϕ ,
C ′

= {γ ∈ SO(ϕ′)a | γ (1) = 1} is a maximal compact subgroup of SO(ϕ′)a, and
{α ∈ SO(ϕ′)a | α(z) = z for every z ∈ Zϕ

} = SO(ϕ′)a ∩ {±1n}, where 1 =
[1r

0

]
.

Since SO(κϕ) = SO(ϕ) and σ SO(ϕ)σ−1
= SO(ϕ′), we can define the action of

SO(ϕ)a on Zϕ by α(z)= (σασ−1)(z) for α ∈ SO(ϕ)a and z ∈ Zϕ . Hence SO(ϕ)
acts on Zϕ via the projection of SO(ϕ) into SO(ϕ)a.

The space Zϕ can be viewed as a Riemannian manifold with the SO(ϕ)a-invariant
metric ds2 defined by [S2, (16.8c)]. Furthermore, the SO(ϕ)a-action is transitive.
Hence Zϕ is a symmetric space on which SO(ϕ) acts; see [M3, Lemma 2.1] for
details with Corrections at the end of this paper. We define the SO(ϕ)a-invariant
measure on Zϕ by dz = δ(z)−n/2 ∏r+t

i=1
∏r

j=1 dzi j , where z = [zi j ] =
[ x

y

]
∈ Zϕ ,

δ(z)=det(2−1(Tx+x−
Tyθ−1 y)), and

∏r+t
i=1

∏r
j=1 dzi j denotes the standard measure

on Rr(r+t) (= R1
r(r+t)).

Let D be an open subgroup of SO(ϕ)A such that D contains SO(ϕ)a and
SO(ϕ)h ∩ D is compact, where SO(ϕ)A denotes the adelization of SO(ϕ) and
SO(ϕ)h its nonarchimedean part. Put 0 = SO(ϕ) ∩ D. Since 0 is discrete in
SO(ϕ)a, 0 acts properly discontinuously on Zϕ . Denote by vol(0\Zϕ) the measure
of 0\Zϕ with respect to dz and assume that vol(0\Zϕ) is finite. Then put

(1-5) ν(0)= [0 ∩ {±1n} : 1]
−1vol(0\Zϕ).

Let us take D by C(L) = {α ∈ SO(ϕ)A | Lα = L} with L = Z1
n . Clearly 0(L) =

SO(ϕ) ∩ C(L) = 0(ϕ). Then we may assume that ν(0(cϕ)) = ν(0(ϕ)) for any
0 < c ∈ R. In fact, cϕ has the form in (1-4) with c−1/2σ in place of σ ; hence
Zcϕ

= Zϕ . Noticing that the O(ϕ)-action does not depend on this change of σ , we
have the desired fact.

The mass of L[q, b] is defined by (0-5) with the 0(L)-orbits of L[q, b] as in
(1-1). As for ν(H ∩ β0(L)β−1), if ψ is definite, we put ν(H ∩ β0(L)β−1) =

[H ∩ β0(L)β−1
: 1]

−1. In this case we understand that the space Zψ consists
of a single point, which can be denoted by Z(0, κ1ψ) with κ1 ∈ {±1}. If ψ is
indefinite, we have to realize Zψ in the following procedure: We first represent ψ
by a matrix ψ0 with a fixed basis of W ; we then define Zψ by Zψ0 with a fixed
matrix equivalent to ψ0 in the same manner as in (1-4). Since H ∩ β0(L)β−1 is
identified with the subgroup of SO(ψ0) with respect to the fixed basis, we define
ν(H ∩ β0(L)β−1) in the manner of (1-5). It can be verified that the action of H
on Zψ does not depend on the choice of matrix representation ψ0.

1.3. The surfaces P(S, T ) and P(S,C, T1). We recall some notation from [Si3].
For a symmetric matrix S in GLn(Q), the orthogonal group �(S)a = {γ ∈ Rn

n |

Tγ Sγ = S} acts on GLn(R) via X 7→ γ X for γ ∈�(S)a. Let FS be the mapping
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X 7→ S[X ] of GLn(R) into the set of symmetric elements T of GLn(R). We consider
the n2 entries of X as differentiable functions of the n(n+1)/2 independent variables
in T and of n(n − 1)/2 new independent variables x1, . . . , xn(n−1)/2. This is valid
on a suitable neighborhood of X0 for each X0 ∈ GLn(R) by virtue of the inverse
function theorem. Let JS(T, x) be the Jacobian of this transformation of variables.

For a symmetric matrix T in GLn(R) with the same signature as S we have
the n(n − 1)/2-dimensional surface P(S, T ) = F−1

S (T ). The group �(S)a acts
transitively on this surface. Notice that JS(T, x) is a function of the coordinates
x = (x1, . . . , xn(n−1)/2). We then define a volume element on P(S, T ) by

(1-6) dv = |det(T S−1)|1/2 |JS(T, x)|
n(n−1)/2∏

i=1
dx1 · · · dxn(n−1)/2.

This is invariant under the action of �(S)a. Also dv does not depend on the choice
of T . Let 1(S) be as in (1-2). This is a discrete subgroup in �(S)a and acts
discontinuously on P(S, T ). We denote by ρ(S) the volume of 1(S)\P(S, T )
computed with dv.

Let us fix a nonzero vector C ∈ Qn
1 and put S[C] = t ∈ Q. Set X = (C Y ) in

GLn(R) with a variable matrix Y ∈ Rn
m , where m = n − 1. The subgroup

�(S,C)a = {γ ∈�(S)a | γC = C}

of �(S)a acts on the set of such elements X . Also FS maps X to a symmetric
element T1 ∈ GLn(R) with the same signature as S, which is denoted in the form

(1-7) T1 =

[
t Q

TQ R

]
with Q ∈ R1

m and TR = R ∈ Rm
m .

Noticing that Y is related to (Q, R) by the equations TC SY = Q and S[Y ] = R,
in a similar way to the case of GLn(R) above we consider the nm entries of Y
as differentiable functions of the m(n + 2)/2 independent variables in T1 and of
m(m − 1)/2 new independent variables y1, . . . , ym(m−1)/2. Let J C

S (T1, y) be the
Jacobian of this transformation.

Let T1 be as above. We have the m(m −1)/2-dimensional surface P(S,C, T1)=

F−1
S (T1)∩ {(C Y ) | Y ∈ Rn

m} on which �(S,C)a acts transitively; namely,

P(S,C, T1)=
{
(C Y ) ∈ GLn(R)

∣∣ Y ∈ Rn
n−1, S[(C Y )] = T1

}
.

With the function J C
S (T1, y) of the coordinates y = (y1, . . . , ym(m−1)/2), we define

the �(S,C)a-invariant volume element on P(S,C, T1) by

(1-8) dv1 = |det(T1S−1)|1/2 |J C
S (T1, y)|

m(m−1)/2∏
i=1

dy1 · · · dym(m−1)/2.
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This does not depend on the choice of T1. Now, we put

�(S,C)=�(S,C)a ∩ GLn(Q), 1(S,C)=�(S,C)∩ GLn(Z).

Then we denote by ρ(S,C) the volume of 1(S,C)\P(S,C, T1) computed with
dv1.

It is known that ρ(S) is finite if n > 2 or if n = 2 and the quadratic form
represented by S is anisotropic. Also if S is integral and C is primitive, then
ρ(S,C) is related to ρ(S′) with a suitable symmetric element S′ of GLn−1(Q).
These facts can be found in [Si3, (110) and (11)], for example. We note that ρ(S)
and ρ(S,C) are independent of the choice of T and T1, respectively. Also ρ(S,C)
is independent of the choice of a representative in the 1(S)-orbit of C .

2. Proof of the Theorem

2.1. The volumes ρ(S) and ρ(S,Cβ). Throughout this and the next sections, let
the notation be as in Section 1.1. Assume that the symmetric matrix ϕ ∈ GLn(Q) is
indefinite and semi-integral, and that

(2-1) ψ is anisotropic if n = 3.

We note that (2-1) holds if and only if −q det(ϕ) ̸∈ Q×2. Put m = n − 1 ≥ 2, and
recall that L = Z1

n . With the notation of (1-1) we set

Lβ−1
∩ W = Z1

mkβ, ψβ = kβϕ ·
Tkβ,

with kβ ∈ Qm
n .

We start with the 1(ℓϕ̂)-orbits of B(ℓϕ̂, c−2ℓq) given in Lemma 1.2. Set

S = ℓϕ̂, t = c−2ℓq, Cβ =
T(c−1hβϕ) for β ∈ B.

Then the measure of primitive representations of t by S is defined by

ν(S, t)=

∑
β∈B1⊔B2

ρ(S,Cβ)/ρ(S).

To study the relationship between ρ(S) and ν(0(L)), we define ν(0(L)) with
Zϕ

= Z(r, θ) and dz in the setting of (1-4). Since ϕ̂ = ϕ−1ϕϕ̂, a matrix equivalent
to ϕ̂ over R is given by (1-3). Then Z ϕ̂

= Zϕ
= Z(r, θ) and the O(ϕ)-action on

Zϕ is the same as the O(ϕ̂)-action on Z ϕ̂ under the isomorphism O(ϕ) ∼= O(ϕ̂)
via γ 7→ ϕ−1γ ϕ.

Consider the isomorphism x 7→ xϕ of (Q1
n, ϕ) onto (Q1

n, ϕ̂) over Q. This maps L
to Z1

nϕ and also L̃ to 2−1Z1
n because L̃ = Z1

n(2ϕ)
−1. Since 0(L̃)= 0(L) in SO(ϕ),

it follows that 0(Z1
n)=0(Z1

nϕ) in SO(ϕ̂). Consequently we have 0(ϕ)∼=0(ϕ̂), and
hence ν(0(ϕ))=ν(0(ϕ̂)) in the above setting. Further, in view of the fact mentioned
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after (1-5), we have ν(0(ϕ̂))= ν(0(2−1ℓϕ̂)). Applying [M3, Proposition 3.3] to
the form 2−1ℓϕ̂ with κ ∈ {±1}, we have thus

Lemma 2.1. Put cϕ = 2rn/2 det(θ)r/2ρ−1
r+tρ

−1
r with the notation of (1-4). Then

ν(0(L))= cϕ|det(ℓϕ̂)|(n+1)/2
[0

•

(L) : 0(L)] ρ(S).

As for ρ(S,Cβ), it is related to the volume ρ(c−2ℓψβ) as follows.

Lemma 2.2. Assume that ϕ is indefinite and (2-1). For each hβ ∈ L[q, cZ] with
β ∈ B we have

ρ(S,Cβ)= |c−2ℓq|
1−n

|det(c−1ϕ)|n |det(Th Tkβ)|n

·
[
0

•

(Lβ−1
∩ W ) : H •

∩β0
•

(L)β−1] ρ(c−2ℓψβ).

This will be proven in Section 3.

2.2. The case of indefinite ψ . We shall prove a relationship between ν(H ∩

β0(L)β−1) and ρ(c−2ℓψβ) for β ∈ B under (2-1).
We define Zψ by Zψβ for each β. To be precise, let us first fix the matrix ψ0

representing ψ with respect to a basis of W over Q and also fix a matrix equivalent
to ψ0 over R as follows:

(2-2) κ1σ0ψ0 ·
Tσ0 =

 0 0 −1r1

0 θ1 0
−1r1 0 0

 , 0< Tθ1 = θ1 ∈ GLt1(R),

where r1> 0, κ1 ∈ {±1}, and σ0 ∈ GLm(R); If t1 = 0, we ignore θ1. We define Zψ
=

Z(r1, θ1). Noticing Q1
mkβ = W , we next take aβ ∈ GLm(Q) so that ψ0 = aβψβ ·

Taβ .
Since κ1σ0aβψβ ·

T(σ0aβ)= κ1σ0ψ0 ·
Tσ0, we have then Zψβ = Z(r1, θ1)= Zψ . As

mentioned in Section 1.2, the H -action on Zψ does not depend on β ∈ B.
Now, H ∩β0(L)β−1 is contained in 0(Lβ−1

∩W ). Under the identification with
respect to kβ , we can regard Lβ−1

∩ W as Z1
m , H as SO(ψβ), and 0(Lβ−1

∩ W )

as 0(Z1
m) = SO(ψβ) ∩ GLm(Z) = 0(ψβ), respectively. Then by applying [S5,

Theorem 10(iii)] we have

ν(H ∩β0(L)β−1)=
[
0(Lβ−1

∩ W ) : H ∩β0(L)β−1] ν(0(ψβ)).
Lemma 2.3. Let the notation be as above. For each β ∈ B we have

ν(H ∩β0(L)β−1)

= cψ |det(c−2ℓψβ)|
n/2 [

0
•

(Lβ−1
∩ W ) : H ∩β0(L)β−1]

· ρ(c−2ℓψβ),

where cψ = 2r1m/2 det(θ1)
r1/2ρ−1

r1+t1ρ
−1
r1

with the matrix fixed in (2-2).
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Proof. Noting that ν(0(ψβ)) = ν(0(2−1c−2ℓψβ)), we apply Proposition 3.3 of
[M3] to the matrix 2−1c−2ℓψβ to obtain our result.

In fact that proposition, with the notation used there, applies to the case n > 2,
but actually it is valid even when n = 2 and ϕ is anisotropic. Indeed vol(H/1)
(see [M3, §3.2]) is finite for n > 1 except when n = 2 and S is isotropic, and then
equality (3.5) of [M3] holds (see [Si3, (110)] for the proof). Consequently, the
proposition is applicable to 2−1c−2ℓψβ even if m = 2 (with the present notation)
under assumption (2-1). □

Proposition 2.4. The quantity ν(H ∩β0(L)β−1) is related to the volume ρ(S,Cβ)
for β ∈ B as follows:

ν(H ∩β0(L)β−1)= cψ |c−2q|
(n−2)/2ℓ(n−1)(n+2)/2

|det(ϕ)|−n/2

·
[
H •

∩β0
•

(L)β−1
: H ∩β0(L)β−1] ρ(S,Cβ).

Here cψ is as in Lemma 2.3.

Proof. Combining Lemmas 2.2 and 2.3, we obtain

ν(H ∩β0(L)β−1)= cψ |c|2−n
|det(ℓψβ)|n/2|ℓq|

n−1
|det(ϕ)|−n

|det(Th Tkβ)|−n

·
[
H •

∩β0
•

(L)β−1
: H ∩β0(L)β−1] ρ(S,Cβ).

Since ϕ[(Th Tkβ)] = diag[q, ψβ], we have

(2-3) |det(Th Tkβ)| =
∣∣q det(ψβ) det(ϕ)−1∣∣1/2

.

From these the desired relation follows. □

Now, it can be seen from Section 1.1 that

L[q, cZ] =

{⊔
β∈B1⊔B2 hβ0(L) if [0

•

(L) : 0(L)] = 1,⊔
β∈B1⊔B2 hβ0(L)⊔

⊔
β ′∈Bδ2

hβ ′0(L) if [0
•

(L) : 0(L)] = 2.

By employing Lemma 1.1(1) and (3) we find that

[H •

∩0
•

(Lβ−1) : H ∩0(Lβ−1)]

=

{
2 if [0

•

(L) : 0(L)] = 2 and β ∈ B1,

1 if [0
•

(L) : 0(L)] = 1 or if [0
•

(L) : 0(L)] = 2 and β ∈ B2 ∪ Bδ2 .

The 1(S)-orbits of B(S, t) are given by Cβ for β ∈ B1 ⊔ B2 by Lemma 1.2. We
also note that ρ(S,Cβ)= ρ(S,Cβ ′) if β ∈ B2 and β ′

∈ Bδ2 satisfy hβδ ∈ hβ ′0(L).
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Then by Proposition 2.4 the quantity m(L[q, cZ])ν(0(L)) is given by

(2-4)
∑
β∈B

ν(H ∩β0(L)β−1)

=

{∑
β∈B1⊔B2

ν(H ∩β0(L)β−1) if [0
•

(L) : 0(L)] = 1,∑
β∈B1⊔B2⊔Bδ2

ν(H ∩β0(L)β−1) if [0
•

(L) : 0(L)] = 2,

= cψ |c−2q|
(n−2)/2ℓ(n−1)(n+2)/2

|det(ϕ)|−n/2
[0

•

(L) : 0(L)]
∑

β∈B1⊔B2

ρ(S,Cβ).

Therefore, from (2-4) and Lemma 2.1 we obtain (0-8). This completes the proof of
the Theorem when ψ is indefinite.

2.3. The case of definite ψ . Since ν(H ∩β0(L)β−1)= [H ∩β0(L)β−1
: 1]

−1 by
definition, the mass m(L[q, cZ]) is then given by

m(L[q, cZ])= ν(0(L))−1
∑
β∈B

[
H ∩β0(L)β−1

: 1
]−1
.

On the other hand, �(c−2ℓψβ)a is compact since ψβ is definite. Then by using
[Si3, Lemma 26] we see that∫

�(c−2ℓψβ )a

du = ρn−1
∣∣det(c−2ℓψβ)

∣∣−n/2
,

where du is the volume element on �(c−2ℓψβ)a as in (1-6) with m and c−2ℓψβ in
place of n and S there. Noticing that1(c−2ℓψβ) is a finite subgroup in�(c−2ℓψβ)a,
we thus have

ρ(c−2ℓψβ)= ρn−1
∣∣det(c−2ℓψβ)

∣∣−n/2
[1(c−2ℓψβ) : 1]

−1.

Since [1(c−2ℓψβ) : 1] = [0
•

(c−2ℓψβ) : 1] = [0
•

(Lβ−1
∩ W ) : 1], Lemma 2.2

combined with (2-3) shows that

ρ(S,Cβ)= ρn−1
∣∣cn−2q(2−n)/2∣∣ ℓ1−n(n+1)/2

|det(ϕ)|n/2
[
H •

∩0
•

(Lβ−1) : 1
]−1
.

By the same way as in the indefinite case we can verify that the quantity
m(L[q, cZ])ν(0(L)) is given by (2-4). From this together with Lemma 2.1 we
obtain (0-8) with r1 = 0, which completes the proof of the Theorem.

3. Proof of Lemma 2.2

We preserve the notation of Section 2.1, and we introduce a bit more, before
proceeding to the proof.

If X = [xi j ] is a variable matrix in Rp
q , we put {d X} =

∏p
i=1

∏q
j=1 dxi j on Rpq .

Similarly for symmetric X , we put {d X} =
∏

i≤ j dxi j .
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3.1. Put p = n − r with the matrix in (1-4). Then S has the signature (p, n − p).
By [Si3, Lemma 27] there is ε ∈ GLn(Z) such that TεSε =

[ S1
∗

∗

∗

]
with 0<−S1 ∈

GLn−p(Q). Since TεSε[ε−1 X ] = S[X ] under the map X 7→ ε−1 X and �(TεSε)=

ε−1�(S)ε, we see that ρ(S) = ρ(TεSε) and ρ(S,Cβ) = ρ(TεSε, ε−1Cβ). Hence
we may assume that S =

[ S1
∗

∗

∗

]
with S1 as above.

Put

Xβ = {(Cβ X1 X2) ∈ GLn(R) | (X1, X2) ∈ Rn
p × Rn

m−p, S[X1]> 0},

W =
{
(Q, R) ∈ R1

m × Rm
m

∣∣ [ t
TQ

Q
R

]
has the same signature as S

}
,

H = {0< TP = P ∈ Rn
n | P S−1 P = S}.

Clearly,�(S,Cβ) acts on Xβ . Let�(S) act on H by P 7→ P[γ ] for γ ∈�(S). It can
be seen that H is a symmetric space on which �(S)a acts transitively. We consider
the mapping F of Xβ into H×W defined by

F : (Cβ X1 X2) 7→ (P, Q, R),
where

S[(Cβ X1 X2)] =
[ t
TQ

Q
R

]
, P = 2(S[X1])

−1
[
TX1S] − S,

with
X1 =

[ Y
1p

]
X0, Y ∈ Rn−p

p , and X0 ∈ GLp(R).

By virtue of [Si3, Lemma 4] together with the assumption on S and S1, F is well
defined and Y bijectively corresponds to a point P on H in the above way. Moreover,
U−1(Cβ X) corresponds to P[U ] for U ∈ �(S,Cβ) under the correspondence
Y 7→ P , where X = (X1 X2). Let H0 be a fundamental domain for 1(S) in H.
Then it can be verified that

H(Cβ)=
⊔

γ∈1(S)/1(S,Cβ ){±1n}

H0[γ ]

is a fundamental domain for 1(S,Cβ) in H.
Let D be a domain in W and D0 a domain in Xβ of all (Cβ X) such that

F((Cβ X)) ∈ H(Cβ)× D. For (Q, R) ∈ D let T1 be as in (1-7) and consider the
surface P(S,Cβ, T1). Since the �(S,Cβ)-action on P(S,Cβ, T1) corresponds to
the �(S,Cβ)-action on H, the intersection J (Cβ, T1) of D0 with P(S,Cβ, T1) is a
fundamental domain for 1(S,Cβ)\P(S,Cβ, T1). Then in the same way as in [Si3,
(116)] we have

(3-1)
∫

D0

{d X} = |det(S)|1/2
∫

D
|det(T1)|

−1/2ρ(S,Cβ){d Q}{d R},

where ρ(S,Cβ) is the volume of J (Cβ, T1) computed with dv1 of (1-8) with ℓϕ̂
and Cβ in place of S and C .
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3.2. We put δ = (Cβ T(c−1kββϕ)) ∈ GLn(Q), 9β = ϕ̂[δ], e1 =
[ 1

0m
1

]
, and

Yβ = {(e1 Y1 Y2) ∈ GLn(R) | (Y1, Y2) ∈ Rn
p × Rn

m−p, ℓ9β[Y1]> 0}.

Since Wβ = (Qhβ)⊥ in (V, ϕ) and L ∩ Wβ = Z1
mkββ, we have

9β = c−2
[

q 0
0 ψβ

]
.

Clearly �(ℓ9β, e1) acts on Yβ and �(ℓ9β, e1)= δ−1�(S,Cβ)δ since δe1 = Cβ .
Observe that ϕ̂[δY1] > 0 for (e1 Y1 Y2) ∈ Yβ . Then under the transformation of
variables

Yβ ∋ (e1 Y ) 7→ δ(e1 Y ) ∈ Xβ with Y = (Y1 Y2)

we have

(3-2)
∫

D0

{d X} =

∫
δ−1 D0

|det(δ)|m{dY } = |det(c−1ϕ)|m[L/Nβ]m
∫
δ−1 D0

{dY },

where Nβ = Zh + Lβ−1
∩ W and [L/Nβ] = |det(Th Tkβ)|.

To proceed in the integration over Yβ , we put

H1 = {0< TP1 = P1 ∈ Rn
n | P1(ℓ9β)

−1 P1 = ℓ9β}.

Then the mapping P 7→ P[δ] gives a bijection of H onto H1 and P[γ ][δ] =

P[δ][δ−1γ δ] for γ ∈ �(S,Cβ). Hence H(Cβ)[δ] is a fundamental domain for
δ−11(S,Cβ)δ in H1. Thus we can consider the mapping F1, similar to F , of Yβ into
H1×W via (e1 Y ) 7→ (P1, Q, R). Notice that P[δ]= P1 if F((Cβ X))= (P, Q, R)
and F1(δ

−1(Cβ X))= (P1, Q, R). From this it follows that δ−1 D0 is a domain in
Yβ of all (e1 Y ) such that F1((e1 Y )) ∈ H(Cβ)[δ] × D. Since U−1

1 (e1 Y ) ∈ Yβ

corresponds to P1[U1] ∈ H1 for U1 ∈ �(ℓ9β, e1), the intersection J (e1, T1) of
δ−1 D0 with P(ℓ9β, e1, T1) is a fundamental domain for δ−11(S,Cβ)δ in this
surface for a fixed T1 with (Q, R) ∈ D. Thus we get

(3-3)
∫
δ−1 D0

{dY } = |det(ℓ9β)|1/2
∫

D
|det(T1)|

−1/2ρ(1̃){d Q}{d R}.

Here 1̃= δ−11(S,Cβ)δ and ρ(1̃) is the volume of J (e1, T1) computed with the
volume element on P(ℓ9β, e1, T1), which is defined in the manner of (1-8) with
ℓ9β and e1 in place of S and C . Combining (3-3) with (3-2) and (3-1), we obtain

(3-4) ρ(S,Cβ)= |det(c−1ϕ)|n[L/Nβ]nρ(1̃).
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3.3. To compute ρ(1̃), let D∗ be the projection of F1(δ
−1 D0) into W. Put

D′
= {Q ∈ R1

m | (Q, R) ∈ D∗ with R ∈ Rm
m},

D(Q)= {
TR = R ∈ Rm

m | (Q, R) ∈ D∗
} for Q ∈ D′.

Then the integral in the right-hand side of (3-3) is given by

(3-5)
∫

D′

∫
D(Q)

|det(T1)|
−1/2ρ(1̃){d R}{d Q}.

Furthermore, for (e1 Y ) ∈ δ−1 D0 we put Y =
[ y1

y2

]
with y1 ∈ R1

m and y2 ∈ GLm(R).
Let D1 be the set of all such y1 and put

D(y1)=
{

y2 ∈ GLm(R)
∣∣ [ 1

0
y1
y2

]
∈ δ−1 D0

}
for y1 ∈ D1. Also put R1 = c−2ℓψβ[y2] for a given y2. Then we observe that[

t Q
TQ R

]
= ℓ9β[(e1 Y )] =

[
t t y1

T(t y1) t[y1] + c−2ℓψβ[y2]

]
,

{d Q} = |t |m{dy1}, {d R} = {d R1} for fixed Q ∈ D′.

It can be verified that D′
= t D1 and the map R1 7→ t[y1] + R1 is a bijection of

E(y1) onto D(Q) for each Q ∈ D′, where y1 = t−1 Q and E(y1)= c−2ℓψβ[D(y1)].
Moreover, det(T1)= t det(R1) because[

t Q
TQ R

] [
1 −t−1 Q
0 1m

]
=

[
t 0

TQ R − t−1
[Q]

]
.

Hence under the transformations y1 7→ Q and R1 7→ R, (3-5) is given by∫
D1

∫
E(y1)

|t |−1/2
|det(R1)|

−1/2ρ(1̃){d R1}|t |m{dy1}.

Combining this with (3-3), we obtain

(3-6)
∫
δ−1 D0

{dY }

= |t |m |det(c−2ℓψβ)|
1/2

∫
D1

∫
E(y1)

|det(R1)|
−1/2ρ(1̃){d R1}{dy1}.

On the other hand, we have∫
δ−1 D0

{dY } =

∫
D1

∫
D(y1)

{dy2}{dy1}.

Since c−2ℓψβ maps y2 to a symmetric element R1 of GLm(R), we consider the m2

entries of y2 as differentiable functions of the m(m + 1)/2 variables in R1 and of
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new variables u1, . . . , um(m−1)/2. We define the volume element du by (1-6) with
m, c−2ℓψβ , and R1 in place of n, S, and T . Then we have∫

D(y1)

{dy2} = |det(c−2ℓψβ)|
1/2

∫
E(y1)

|det(R1)|
−1/2

∫
J (Q,R1)

du{d R1},

where J (Q, R1) is the intersection of D(y1) with P(c−2ℓψβ, R1); here Q = t y1.
Combining these with (3-6), we get

(3-7) ρ(1̃)= |t |−m
∫

J (Q,R1)

du

for each R1, that is, each (Q, R) ∈ D∗.
Now, we may choose T1 = ℓ9β with (Q, R) = (01

m, c−2ℓψβ) ∈ D∗, which
corresponds to R1 = R = c−2ℓψβ . It can be seen that

P(ℓ9β, e1, ℓ9β)=�(ℓ9β, e1)a =
{[ 1

0
0
y

] ∣∣ y ∈�(c−2ℓψβ)a
}
.

Hence the mapping Yβ ∋ (e1 Y ) 7→ (0m
1 1m)(e1 Y ) · T(0m

1 1m) ∈ GLm(R) gives the
bijective projection

(3-8) �(ℓ9β, e1)a ∋
[ 1

0
0
y

]
7→ y ∈�(c−2ℓψβ)a.

Note that J (01
m, c−2ℓψβ) = D(01

m) ∩ �(c−2ℓψβ)a = (0m
1 1m)δ

−1 D0 ·
T(0m

1 1m).
Since the �(ℓ9β, e1)-action on �(ℓ9β, e1) corresponds to the �(c−2ℓψβ)-action
on �(c−2ℓψβ) under the projection, J (01

m, c−2ℓψβ) is a fundamental domain for
1\�(c−2ℓψβ)a, where 1 is the image of 1̃ under (3-8). Let ρ(1) be the volume
of J (01

m, c−2ℓψβ) computed with du. Then by (3-7) we have ρ(1̃)= |t |−mρ(1).
Together with (3-4), this shows that

(3-9) ρ(S,Cβ)= |t |−m
|det(c−1ϕ)|n[L/Nβ]nρ(1).

3.4. We observe that �(ϕ̂,Cβ)= O(ϕ, hβ)= β−1 H •

β. Then

1(S,Cβ)= β−1 H •

β ∩0
•

(L),

which is contained in 0•

(L ∩ Wβ). Since δ−1�(ϕ̂,Cβ)δ =�(9β, e1), we have

β−1 H •

β ∩0
•

(L)∼= 1̃⊂ 0
•

((L ∩ Wβ)δ).

Now, (L ∩ Wβ)δ = Z1
mkββ · c−1ϕ(T(hβ) T(kββ))= Z1

m(0
m
1 c−1ψβ). From this it

follows that

0
•

((L ∩ Wβ)δ)=
{[ 1

0
0
γ0

] ∣∣ γ0 ∈�(c−2ℓψβ)∩ GLm(Z)
}
.

In fact, if γ = diag[1, γ0] ∈0
•

((L∩Wβ)δ) with γ0 ∈�(c−2ℓψβ), then (L∩Wβ)δ=

(L ∩ Wβ)δγ = Z1
m γ̂0(0m

1 c−1ψβ). This shows that Z1
m γ̂0 = Z1

m , which proves



88 MANABU MURATA

the desired fact. Hence the image of 0•

((L ∩ Wβ)δ) under (3-8) is 1(c−2ℓψβ).
Summing up these, we see that

[1(c−2ℓψβ) :1] = [0
•

(L ∩ Wβ) : β−1 H •

β ∩0
•

(L)],

ρ(1)= [0
•

(Lβ−1
∩ W ) : H •

∩0
•

(Lβ−1)]ρ(c−2ℓψβ),

where ρ(c−2ℓψβ) is the volume of 1(c−2ℓψβ)\�(c−2ℓψβ)a computed with du.
This combined with (3-9) gives the desired relation, which completes the proof of
Lemma 2.2.

4. A formula for ν(S, t)

4.1. Statement. Given a Z-lattice L in a vector space V over Q, we denote by L p

the Zp-lattice in V ⊗Q Qp generated by L over Zp. For the special orthogonal
group G of a quadratic form defined on V , we denote by G A the adelization of G
and put C(L)= {α ∈ G A | Lα = L}.

Theorem 4.1. Let ϕ be an indefinite symmetric matrix in GLn(Q) and set L = Z1
n

with n > 2. Pick h ∈ L[q, 2−1bZ] for q, b ∈ Q×. Set W = (Qh)⊥, M = L ∩ W , and
H ={γ ∈ SO(ϕ) | hγ = h}; letψ be the restriction of the quadratic form represented
by ϕ to W . Assume that L is Z-maximal with respect to ϕ, M is Z-maximal with
respect to ψ , and ψ satisfies (2-1). Set S = ℓ(ϕ)(2ϕ)−1 and t = 2b−2ℓ(ϕ)q , where
ℓ(ϕ) is the level of ϕ. Then the measure of primitive representations of t by S is
given by

ν(S, t)= 2ℓ(ϕ)[L̃ : L]
−1

[C(M) : HA ∩ C(L)]
∏
p|e

(λϕp)
−1 ∏

p|e1

λψp

·

{
L((n − 1)/2, χ1)ζ(n − 1)−1 if n is odd,
L(n/2, χ)−1 if n is even.

Here e (resp. e1) is the product of all the prime numbers for which L̃ p ̸= L p

(resp. M̃ p ̸= Mp), ζ is the Riemann zeta function, L(s, χ) (resp. L(s, χ1)) is
the L-function of the primitive Dirichlet character χ (resp. χ1) corresponding to
Q(

√
(−1)n/2 det(ϕ)) (resp. Q(

√
(−1)(n−1)/2 det(ψ))), and the constants λϕp and λψp

are given as follows:

(1) The case of odd n:

λϕp =


1 if det(ϕ) ∈ Z×

p Q×2
p , tp = 1, and p | 2,

2−1(1 + p)−1(1 − p1−n) if det(ϕ) ∈ Z×
p Q×2

p and tp = 3,
2−1(1 + p(1−n)/2) if det(ϕ) ̸∈ Z×

p Q×2
p and tp = 1,

2−1(1 − p(1−n)/2) if det(ϕ) ̸∈ Z×
p Q×2

p and tp = 3,

λψp =

{
2−1(1 + p)−1(1 −χ1(p)p(3−n)/2)(1 −χ1(p)p(1−n)/2) if χ1(p) ̸= 0,
2−1 if χ1(p)= 0.
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(2) The case of even n:

λϕp =

{
2−1(1 + p)−1(1 −χ(p)p(2−n)/2)(1 −χ(p)p−n/2) if χ(p) ̸= 0,
2−1 if χ(p)= 0,

λψp =


1 if det(ψ) ∈ Z×

p Q×2
p , sp = 1, and p | 2,

2−1(1 + p)−1(1 − p2−n) if det(ψ) ∈ Z×
p Q×2

p and sp = 3,
2−1(1 + p(2−n)/2) if det(ψ) ̸∈ Z×

p Q×2
p and sp = 1,

2−1(1 − p(2−n)/2) if det(ψ) ̸∈ Z×
p Q×2

p and sp = 3.

Here tp (resp. sp) is the core dimension of ϕ (resp. ψ) at p.

The ideal 2−1bZ in Theorem 4.1 satisfies

(4-1) b2Z = 2q[L̃/L][M̃/M]
−1,

where [L̃/L] (resp. [M̃/M]) is the discriminant ideal of ϕ (resp. ψ) defined in
[S3, §6.1]. It can be seen from [M1, Theorem 4.2] that if h ∈ L[q, 2−1bZ] with b
above, then L ∩ W is Z-maximal with respect to ψ , and vice versa. Hence the
assumption on the maximality of L ∩ W in Theorem 4.1 can be replaced by the
condition that h ∈ L[q, 2−1bZ] with b of (4-1).

As for the computation of the discriminant ideal of ϕ, [S3, Theorem 6.2] describes
[L̃/L] and also ℓ(ϕ) in terms of the invariants of ϕ in the sense of [S3] (see
Section 4.2 below). Similarly for the discriminant ideal of ψ , we need the invariants
of ψ , which can be determined by [M1, Theorem 1.1]. We note simple facts: (i)
[L̃/L] = [L̃ : L]Z. (ii) If ϕ is semi-integral and if det(2ϕ)Z coincides with the
discriminant ideal of ϕ, then L(= Z1

n) is Z-maximal with respect to ϕ.
As for the constants λϕp and λψp , we need the core dimensions of ϕ and ψ at each

prime p | e and p | e1, respectively. These dimensions can be seen from the invariants
of ϕ and ψ . The index [C(M) : HA ∩ C(L)] is computable by [MY, Theorem 3.8]
together with the invariants of ϕ and ψ , since M = L ∩ W is maximal.

As can be seen from the formula preceding Corollary 4.3, the maximality of L is
indispensable for our proof of Theorem 4.1. Indeed, (0-6) is valid only for maximal
lattices, and thus for maximal L we can connect m(L[q, 2−1bZ]) with the mass
m(H,C(M)) via the mass formula in (0-7).

4.2. Invariants and discriminant ideal of a quadratic form. The invariants of ϕ
consist of four data; the dimension n of V , the discriminant field K = Q(

√
δ) with

δ = (−1)n(n−1)/2 det(ϕ), the characteristic quaternion algebra, denoted by Q(ϕ),
and the index, denoted by s∞(ϕ). We denote a set of these invariants by

{n, K , Q(ϕ), s∞(ϕ)}.

By [S3, Theorem 4.2] the invariants of ϕ determine the isomorphism class of
the quadratic space (V, ϕ). The algebra Q(ϕ) is the quaternion algebra over Q
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determined by an isomorphism A(ϕ) ∼= Q(ϕ)mm or A+(ϕ) ∼= Q(ϕ)mm according to
whether n is even or odd with some 0< m ∈ Z, where A(ϕ) (resp. A+(ϕ)) is the
Clifford algebra (resp. the even Clifford algebra) of ϕ; we put Q(ϕ)= Q2

2 if n = 1.
The index of ϕ is defined by s∞(ϕ) = p − q if ϕ is equivalent to diag[1p,−1q ]

over R.
Let tp be the core dimension of ϕ at a prime p. From [S3, §3.2] we have

(4-2) tp =



0 if χ(p)= 1 and p is unramified in Q(ϕ),
1 if p is unramified in Q(ϕ),
2 if χ(p) ̸= 1,
3 if p is ramified in Q(ϕ),
4 if χ(p)= 1 and p is ramified in Q(ϕ),

where χ is the primitive Dirichlet character corresponding to K .
The discriminant ideal of ϕ is defined by [L̃/L] with a Z-maximal lattice L in

V with respect to ϕ. Here, in general, for two lattices M, N in V we denote by
[M/N ] the fractional ideal generated over Z by det(α) of all α ∈ GLn(Q) such that
Mα ⊂ N . The ideal [L̃/L] is independent of the choice of L and in fact, it can be
given by [S3, Theorem 6.2] as follows:

(4-3) [L̃/L] =

{
DK (D1)

2Z if n is even,
2δ−1

0 (DQ(ϕ))
2Z ∩ 2δ0Z if n is odd,

where DK is the discriminant of K , δ0 is the squarefree factor of δ, DQ(ϕ) is the
product of all prime numbers ramified in Q(ϕ), and D1 is the product of all the
prime numbers for which p | DQ(ϕ) and p ∤ DK . The same theorem gives the level
of ϕ0, where ϕ0 is the matrix that represents ϕ with respect to a basis of L:

(4-4) ℓ(ϕ0)Z =

{
DK D1Z if n is even,
4δ0Z ∩ DQ(ϕ)Z if n is odd.

4.3. Proof of the formula. We need a mass formula for indefinite quadratic forms.
We start by recalling the definition of the mass in the sense of [S1, (5.5.1)].

Given a symmetric element ϕ of GLn(Q) and a Z-lattice L in Q1
n , we put

G = SO(ϕ), C(L)= {α ∈ G A | Lα= L}, and 0(L)= G ∩C(L), where G A denotes
the adelization of G. Let G A =

⊔
α∈A GαC(L) with a finite subset A of G A. Then

the mass of G relative to C(L) is defined by

m(G,C(L))=

∑
α∈A

ν(G ∩αC(L)α−1).

This is independent of the choice of A. Also when ϕ is indefinite, m(G,C(L))
depends on the choice of (1-4). Similarly, with the notation of (0-7), the mass
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m(H, HA ∩ C(L)) is defined by

(4-5) m(H, HA ∩ C(L))=

∑
β∈B

ν(H ∩βC(L)β−1),

where B is a complete set of representatives for H\HA/(HA ∩ C(L)).

Proposition 4.2. Let ϕ be an indefinite symmetric matrix in GLn(Q) with n ≥ 3
and L a Z-maximal lattice in Q1

n with respect to ϕ. Then the genus of L consists
of a single class with respect to SO(ϕ) and the mass of SO(ϕ) relative to C(L) is
given by

m(SO(ϕ),C(L))= ν(0(L))= 2rn/2+2−n det(θ)r/2ρ−1
r+tρ

−1
r [L̃ : L]

(n−1)/2

·

∏
p|e

λϕp ·

{∏(n−1)/2
k=1 ζ(2k) if n is odd,∏(n−2)/2
k=1 ζ(2k)L(n/2, χ) if n is even,

where m(SO(ϕ),C(L)) is defined with a fixed matrix as in (1-4), and e, λϕp, and χ
are as in Theorem 4.1.

Proof. The first assertion follows from [S2, Theorem 9.26] (cf. [S4, Remark 2.4(5)])
since L is Z-maximal with respect to indefinite ϕ. Hence by definition we have
m(SO(ϕ),C(L))= ν(0(L)). With a Z-basis of L , we may identify ϕ with ϕ0 and
L with Z1

n , where ϕ0 is the matrix representing ϕ with respect to the basis of L .
Then ϕ is semi-integral and by the first assertion the genus of ϕ consists of a single
class with respect to SO. Thus by [M3, Corollary 3.4] we obtain

(4-6) ν(0(L))= 22+rn/2 det(θ)r/2ρ−1
r+tρ

−1
r |det(2ϕ)|(n+1)/2

(∏
p

2−1ep(2ϕ)
)−1

,

where the last product is taken over all prime numbers p and ep(2ϕ) is the
representation density of 2ϕ at p. By [S1, Theorem 8.6(2)] each ep(2ϕ) can
be given by ep(2ϕ) = pnordp(2)−n(n−1)/2+ordp(det(2ϕ))

[Cϕ
p : (Dp)

ϕ

1 ], where ordp is
the order function of Qp, Cϕ

p = {γ ∈ GLn(Qp) | γ ϕ ·
Tγ = ϕ, L pγ = L p}, and

(Dp)
ϕ

1 = {γ ∈ Cϕ
p | L̃ p(γ − 1n)⊂ pL p}. Since L p is maximal for every prime p,

we can compute such an index as follows.
If n is even, then by [S1, Proposition 3.9] we see that

[Cϕ
p : (Dp)

ϕ

1 ] = 2pn(n−1)/2
(n−2)/2∏

i=1

(1 − p−2i )

·


1 −χ(p)p−n/2 if χ(p) ̸= 0 and p ∤ Q(ϕ),
2(1 + p)(1 −χ(p)p1−n/2)−1 if χ(p) ̸= 0 and p | Q(ϕ),
2 if χ(p)= 0.

If n is odd, by [S1, Proposition 3.9] (if det(ϕ) ∈ Z×
p Q×2

p ) or [MY, Lemma 2.5]
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(otherwise), we see that

[Cϕ
p : (Dp)

ϕ

1 ] = 2pn(n−1)/2
(n−1)/2∏

i=1
(1 − p−2i )

·


1 if det(ϕ) ∈ Z×

p Q×2
p and tp = 1,

2(1 + p)(1 − p1−n)−1 if det(ϕ) ∈ Z×
p Q×2

p and tp = 3,
2(1 + p(1−n)/2)−1 if det(ϕ) ̸∈ Z×

p Q×2
p and tp = 1,

2(1 − p(1−n)/2)−1 if det(ϕ) ̸∈ Z×
p Q×2

p and tp = 3.

Now, we observe that p | e if and only if p divides [L̃/L]. In view of this, combining
all results on ep(2ϕ) and [Cϕ

p : (Dp)
ϕ

1 ], we can compute the product
∏
p

2−1ep(2ϕ).

Since [L̃/L] = det(2ϕ)Z in our setting, the desired formula follows from (4-6). □

The notation being as in Theorem 4.1, let M = Z1
n−1k and set ψ1 = kϕ ·

Tk. We
fix two matrices equivalent to ϕ and ψ1 over R as follows:

(4-7) κσϕ ·
Tσ =

 0 0 −1r

0 θ 0
−1r 0 0

 , κ1σ1ψ1 ·
Tσ1 =

 0 0 −1r1

0 θ1 0
−1r1 0 0

 ,
with 0 < Tθ = θ ∈ GLt(R) and 0 < Tθ1 = θ1 ∈ GLt1(R), where κ, κ1 ∈ {±1},
σ ∈ GLn(R), and σ1 ∈ GLn−1(R). In particular, r1 = 0 if ψ is definite. We then
define ν(0(L)), and also ν(0) for a subgroup 0 of H if ψ is indefinite, as in (1-5).

Since L is Z-maximal with respect to indefinite ϕ, by Proposition 4.2 the genus
of L consists of a single class with respect to SO(ϕ). By virtue of [S4, Theorem 3.2]
(or by (0-7)) we obtain

m(L[q, 2−1bZ])ν(0(L))=m(H, HA∩C(L))=[C(M) : HA∩C(L)]m(H,C(M)).

Corollary 4.3. In the notation of Theorem 4.1, the mass of L[q, 2−1bZ] is given by

m(L[q, 2−1bZ])= 2(2+r1(n−1)−rn)/2
[C(M) : HA ∩ C(L)]

∏
p|e

(λϕp)
−1 ∏

p|e1

λψp

·
det(θ1)

r1/2ρr+tρr [M̃ : M]
(n−2)/2

det(θ)r/2ρr1+t1ρr1[L̃ : L](n−1)/2

·

{
L((n − 1)/2, χ1)ζ(n − 1)−1 if n is odd,
L(n/2, χ)−1 if n is even.

Proof. Suppose that ψ is indefinite and n > 3. Since M is Z-maximal with respect
to ψ , we have m(H,C(M))= ν(0(M)) by Proposition 4.2. Therefore

m(L[q, 2−1bZ])=
[
C(M) : HA ∩ C(L)

]
ν(0(M))/ν(0(L)).
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Applying the formula in Proposition 4.2 to these ν(0(L)) and ν(0(M)), we obtain
the desired result.

If n = 3, then ψ is anisotropic by (2-1). In this case [S1, Theorem 5.8] is applica-
ble to m(H,C(M)) and Proposition 4.2 is applicable to ν(0(L)). Combining these
results, we have the formula in the statement. This settles the case of indefinite ψ .

Suppose ψ is definite. Then m(H,C(M)) is given by [MY, Corollary 2.7].
Notice that the expression

2n−1ρn−1

[(n−2)/2]∏
k=1

(2k − 1)! (2π)−2k
·

{
((n − 3)/2)! (2π)(1−n)/2 if n is odd,
2(2−n)/2 if n is even

equals 2 for n > 2. Combining these facts with Proposition 4.2, we have the desired
formula with r1 = 0 (t1 = n − 1> 1). □

Now we put 2−1bZ = cZ and observe that

|c|2−n
= |2q−1

|
(n−2)/2

[L̃ : L]
(2−n)/2

[M̃ : M]
(n−2)/2.

Then our Theorem (page 72) shows that in the present case

(4-8) m(L[q, 2−1bZ])= 2(r1(n−1)−rn)/2ℓ(ϕ)−1
[L̃ : L]

(3−n)/2
[M̃ : M]

(n−2)/2

·
det(θ1)

r1/2ρr+tρr

det(θ)r/2ρr1+t1ρr1

ν(S, t).

Here m(L[q, 2−1bZ]) is the same quantity as in Corollary 4.3. This is because
if ψ is indefinite, the spaces Zϕ and Zψ in Theorem are respectively defined by
Z(r, θ) and Z(r1, θ1) and we may assume that these are defined with the setting
of (4-7). That is also true for definite ψ in a similar reason. Thus (4-8) combined
with Corollary 4.3 leads to the formula for ν(S, t). This proves Theorem 4.1.

5. Applications

With S and t as in (0-2), we denote by µ(S, t) the measure of representations of t
by S mentioned in the Introduction. This representation measure is related to the
primitive representation measures in the formula (see [Si3, Lemma 33])

(5-1) µ(S, t)=

∑
c

c2−n ν(S, c−2t)

for 0 ̸= t ∈ Z, where c runs over all positive integers satisfying c−2t ∈ Z. By [Si3,
Theorem 1], µ(S, t) can be expressed as an infinite product of the representation
densities αp(S, t) of t by S for all primes p. We here recall the two kinds of
densities, αp(S, t) and βp(S, t), for our application. By [Si1, Hilfssatz 13] their
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values are

d = 2ordp(2t)+ 1,

αp(S, t)= p−3d
· #Apd (S, t), βp(S, t)= p−3d

· #Bpd (S, t),

Apd (S, t)=
{
z ∈ (Zp/pdZp)

n
1 | S[z] − t ∈ pdZp

}
,

Bpd (S, t)=
{
z ∈ (Zp/pdZp)

n
1 | S[z] − t ∈ pdZp, (Zp)

1
nz = Zp

}
.

We note that if p does not divide the square factor of t , then βp(S, t)= αp(S, t).

5.1. The quadratic form ηr . We consider the quadratic form in 2r variables defined
by ϕ = 2−1ηr , where

ηr =

[
0 1r

1r 0

]
for 2 ≤ r ∈ Z. Clearly ϕ is indefinite and semi-integral. The invariants of ϕ are
{n,Q,M2(Q), 0} with n = 2r , where Mm(Q) = Qm

m as usual. In fact, det(ϕ) =

(−1)r 2−n and [
1r 1r

1r −1r

] [
0 1r

1r 0

] T[1r 1r

1r −1r

]
= 2

[
1r 0
0 −1r

]
,

which reveals the discriminant field and the index of ϕ. As for the characteristic
algebra, since A(ϕ)∼= M2r (Q) by [S2, Theorem 2.6], we have Q(ϕ)= M2(Q).

We set L = Z1
n . This is integral with respect to ϕ as ϕ is semi-integral. We then

observe that [L̃/L] = det(2ϕ)Z = Z, which coincides with the discriminant ideal
of ϕ by (4-3). Hence L is Z-maximal with respect to ϕ.

Given q ∈ Z, ̸= 0, set q = ab2 with squarefree a ∈ Z and b ∈ Z. Let us take
h = aber + ben , where {ei }

n
i=1 is the standard basis of Q1

n . We easily see that
h ∈ L[q, 2−1bZ]. Set W = (Qh)⊥, ψ = ϕ|W , and H = {γ ∈ SO(ϕ) | hγ = h}. Then
the invariants of ψ are {n −1,Q(

√
−q),M2(Q), s∞} with s∞ = −1 or 1 according

as q > 0 or < 0; in particular, ψ is indefinite.
To prove this, we first observe that

W = Q(aber − ben)+
r−1∑
i=1
(Qei + Qer+i ),

L ∩ W = Z(aber − ben)+
r−1∑
i=1
(Zei + Zer+i ).

In the basis {aber −ben, ei , er+i | i = 1, . . . , r −1}, ψ is represented by the matrix
ψ0 = diag[−q, 2−1ηr−1]. Hence we have a Witt decomposition

σψ0 ·
Tσ =

 0 0 2−11r−1

0 −q 0
2−11r−1 0 0

 ,
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with σ ∈ GLn−1(Q). Then A+(ψ)∼= M2r−1(Q) by [S2, Theorem 2.6], which shows
Q(ψ)= M2(Q). The other invariants can be seen with ψ0 above.

Proposition 5.1. For every squarefree integer a and 2 ≤ r ∈ Z we have

(5-2) ν(ηr , 2a)= 2ζ(r)−1
∏
p|a

(1 + p1−r ).

Proof. The discriminant ideal of ψ is given by 2aZ by (4-3). Since ψ0 is semi-
integral and |det(2ψ0)| = 2|a|, L ∩ W is Z-maximal with respect to ψ . Therefore
Theorem 4.1 is applicable to ϕ and h ∈ L[q, 2−1bZ]. In view of the invariants of ϕ,
we see that ℓ(ϕ) = 1 by (4-4), χ = 1, and e = 1 as L̃ = L with the notation of
Theorem 4.1. Then 2−1ϕ̂ = ηr . Also, p | e1 if and only if p | 2a. Hence we have

ν(ηr , 2a)= 2[C(L ∩ W ) : HA ∩ C(L)]ζ(r)−1
∏
p|2a

λψp .

Observe that the core dimension of ψ at p equals 1 for any prime p, because of
Q(ψ) = M2(Q). Noticing that det(ψ) ̸∈ Z×

p Q×2
p if and only if p | a, by [MY,

Theorem 3.8] we have [C(L ∩ W ) : HA ∩ C(L)] = 2λ, where λ is the number of
prime factors of a. Further, λψp equals 1 or 2−1(1 + p1−r ) according as p | 2 or
p | a. Combining these, we obtain the desired formula. □

On the other hand, Siegel’s product formula (0-3) specialized to (S, t)= (ηr , 2a)
shows that

ν(ηr , 2a)=

∏
p

βp(ηr , 2a)= β2(ηr , 2)(1 − 2−r )−1ζ(r)−1
∏

2̸=p|a

(1 + p1−r ).

Indeed, it can be seen from [Si1, Hilfssatz 16] that βp(ηr , 2a) = 1 − p−r or
(1 − p−r )(1 + p1−r ) according as p ∤ a or p | a for every odd prime p. Comparing
this with (5-2), we have

Corollary 5.2. The representation density β2(ηr , 2a) is given by

(5-3) β2(ηr , 2a)= 2(1 − 2−r ) ·

{
1 if a is odd,
1 + 21−r if a is even.

We mention that Siegel in [Si2, (90)] took up an integral matrix S equivalent to η2

over Z and computed µ(S, 2ℓ) for every positive integer ℓ, which hence coincides
with (5-2) with r = 2 if ℓ is odd squarefree. We note that the present µ(S, 2ℓ) is
denoted by µ(S, 2ℓ)/µ(S) with the notation of [Si2]. We also mention that (5-3)
in the case of even a can be verified by [IK, Lemma 5.4] together with the second
assertion of [Y, Theorem 4.1].

Now, we shall discuss a calculation of the representation measure µ(ηr , 2q) by
means of (5-1). To make our argument short, let q = ab2 with a squarefree integer a



96 MANABU MURATA

and a prime number b not dividing a. We consider the set

L[q] = {x ∈ L | xϕ ·
Tx = q}.

By [M1, (4.1)] a fractional ideal b(q) of Q can be defined by the equality b(q)2 =

2q[L̃ : L][M̃ : M]
−1, where [L̃ : L] is the discriminant ideal of ϕ and [M̃ : M] is

that of ψ . Since [L̃ : L] = Z and [M̃ : M] = 2aZ, we have b(q)= bZ. Then from
[M1, (4.4)] we see that

L[q] = L[q, 2−1bZ] ∪ L[q, 2−1Z].

Observe thatm(L[q, 2−1bZ]) is related to ν(ηr , 2a) andm(L[q, 2−1Z]) to ν(ηr , 2q)
by the Theorem. Then by (5-1), µ(ηr , 2q) is given by

(5-4) µ(ηr , 2q)= b2−2rν(ηr , 2a)+ ν(ηr , 2q).

Here ν(ηr , q/2)= ν(ηr , a/2)= 0 whenever a is even, because of B(ηr , t)= ∅ for
any odd integer t . Thus formula (5-2) computes ν(ηr , 2a) in (5-4).

Another measure ν(ηr , 2q), however, cannot be computed by Theorem 4.1. This
is because L ∩ W1 is not Z-maximal with respect to ψ1, where W1 = (Qk)⊥,
ψ1 = ϕ|W1 , and H1 = {γ ∈ SO(ϕ) | kγ = k} with k ∈ L[q, 2−1Z]; see (4-1). Since
still the present L is maximal, Theorem combined with (0-7) connects ν(ηr , 2q)
with m(H1,C(L ∩ W1)). In view of this, it is useful in application to remove the
condition of the maximality of L ∩ W from Corollary 4.3.

Let us show an easy example of ν(ηr , 2q) by employing Siegel’s formula (0-3).
Assume r = 2 and put η = η2 for simplicity. Let q = 2 · 32 with a = 2, b = 3,
for example. Then d = 7, 5, or 1 according as p = 2, 3, or p ∤ 6. If p ∤ 6, by
[Si1, Hilfssatz 16] we have βp(η, 36) = 1 − p−2. If p | 6, direct calculations (by
computer) show that #B27(η, 36)= 4718592 and #B35(η, 36)= 17006112; hence
we have β2(η, 36)=

9
4 and β3(η, 36)=

32
27 . Thus by (0-3),

ν(η, 36)= β2(η, 36)β3(η, 36)
∏
p ∤ 6

(1 − p−2)= 4ζ(2)−1.

Therefore by (5-4) together with (5-2) we obtain

µ(η, 36)= 3−2ν(η, 4)+ ν(η, 36)= 13/3ζ(2).

We can check this result by using [Si3, Theorem 1], or simply, by [Si2, (90)]
mentioned above.

5.2. The quadratic form Sn. In this subsection we assume n > 2 and set

Sn =

[
1n−1 0

0 −1

]
, L = Z1

n.
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Clearly Sn is indefinite and semi-integral, S−1
n = Sn and det(Sn)=−1. By definition

the level of Sn is 4 for every n. We shall first observe the relation between m(L[ε,Z])

and ν(2Sn, 2ε) by applying Theorem to Sn and L , where ε = 1 or −1.

Lemma 5.3. The invariants of Sn are

{n,Q(
√

−1), B2,∞, n − 2} if n ≡ 0, 5 (mod 8),

{n,Q(
√

−1),M2(Q), n − 2} if n ≡ 1, 4 (mod 8),

{n,Q,M2(Q), n − 2} if n ≡ 2, 3 (mod 8),

{n,Q, B2,∞, n − 2} if n ≡ 6, 7 (mod 8),

where B2,∞ is a definite quaternion algebra over Q ramified exactly at 2.

Proof. We first recall the characteristic algebra Q(1m) for m > 0:

(5-5) Q(1m)=

{
M2(Q) if m ≡ 0,±1, 2 (mod 8),
B2,∞ if m ≡ 4,±3,−2 (mod 8).

Suppose n ≡ 0 (mod 8). Put n = 8k. Then (−1)n/2 det(Sn)= (−1)4k+1, and hence
by definition the discriminant field is Q(

√
−1). Clearly the index of Sn equals n−2.

By applying [S3, Lemma 2.8(i)] to 1n−2 and diag[1,−1], we see that

A(Sn)∼= A(1n−2)⊗Q A((−1)(n−2)/2diag[1,−1])∼= Ms(B2,∞)⊗Q M2(Q)

with 0 < s ∈ Z. From this it follows that Q(Sn) = B2,∞. Hence we have
{n,Q(

√
−1), B2,∞, n − 2} if n ≡ 0 (mod 8). The other cases can be handled

in a similar way. □

Let {ei }
n
i=1 be the standard basis of Q1

n . For h ∈ L[ε,Z] put W = (Qh)⊥ with
respect to Sn and H = {γ ∈ SO(Sn) | hγ = h}. Let ψ be the restriction of the
quadratic form represented by Sn to W .

Lemma 5.4. The quantity ν(2Sn, 2ε)/m(L[ε,Z]) can be given by

ν(2Sn, 2ε)
m(L[ε,Z])

=

{
4π (1−n)/20((n − 1)/2) if n > 3 and ε = 1,
2n if n > 2 and ε = −1.

Here m(L[ε,Z]) is defined as in (0-5) with Z Sn =Z(1, 2·1n−2), Zψ
=Z(1, 2·1n−3)

if ε = 1, and Zψ
= Z(0, 1n−1) if ε = −1.

Proof. With Z Sn = Z(r, θ) and Zψ
= Z(r1, θ1), our theorem shows that

(5-6)
ν(2Sn, 2ε)
m(L[ε,Z])

= 2(2+rn−r1(n−1))/2
·

det(θ)r/2ρn−1−r1ρr1

det(θ1)r1/2ρn−rρr
.

Since Sn = diag[1, 1n−2,−1] is equivalent to[ 0 0 −1/2
0 1n−2 0

−1/2 0 0

]
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over Q, we may set Z Sn =Z(1, 2 ·1n−2). We pick e1 and fix it. Clearly e1 ∈ L[1,Z].
Take W and ψ as above with e1 in place of h. Then we have W =

∑n
i=2 Qei . With

this basis ψ is represented by ψ0 = diag[1n−2,−1], which is isotropic. Hence we
have to assume that n > 3 in the application of Theorem. Since ψ0 is equivalent to[ 0 0 −1

0 2·1n−3 0
−1 0 0

]
over R, we set Zψ

= Z(1, 2 · 1n−3). Clearly ρn−2/ρn−1 = π (1−n)/20((n − 1)/2).
Combining these facts with (5-6), we have the relation in the case of ε = 1. For the
case of ε = −1, we pick en ∈ L[−1,Z]. Then ψ is positive definite. The desired
relation follows from (5-6) with r1 = 0. □

Now we cannot apply Theorem 4.1 — more precisely, (0-7) — to m(L[ε,Z])

because the present L is not Z-maximal with respect to Sn for any n > 2 as will
be shown below. On the other hand, (0-3) is applicable to ν(2Sn, 2ε) if n ≥ 4 and
so we can calculate m(L[ε,Z]) by Lemma 5.4. To see this, let us take n = 4 and
ε = 1, for example. By [Si1, Hilfssatz 16] we have αp(2S4, 2)= 1 − ξ(p)p−2 for
every p ∤ 2, where ξ is the primitive Dirichlet character corresponding to Q(

√
−1).

As for p = 2, a direct calculation shows that #B25(2S4, 2)= 98304. Hence we have
β2(2S4, 2) = 3 and thus ν(2S4, 2) = 3L(2, ξ)−1 by (0-3). This equals µ(2S4, 2)
since t = 2 is squarefree. Therefore, by Lemma 5.4,

m(L[1,Z])=
π3/2

40
( 3

2

)ν(2S4, 2)=
3π
2

L(2, ξ)−1.

As mentioned in the Introduction, our theorem treats the quadratic form repre-
sented by S (in the statement), whose coefficients are all even integers. For this
reason, ν(Sn, k) cannot be derived from the theorem. There is an explicit formula
for the representation measure µ(Sn, k) valid for 0 ̸= k ∈ Z if n > 3. According to
that formula, µ(S4, 1) equals 3

2 L(2, ξ)−1; see [RT, Theorem 12]. For the equality
α2(S4, 1)=

3
2 the reader might refer to [Y, Theorem 4.1].

Returning to our example, take a Z-maximal lattice L0 in Q1
n with respect to Sn .

Let S0 be the matrix that represents Sn with respect to a Z-basis of L0. Then by
(4-4) and (4-3) together with Lemma 5.3 we can determine the level of S0 and
[L̃0 : L0]:

Lemma 5.5. With the notation above, we have

ℓ(S0)=


1 if n ≡ 2 (mod 8),
2 if n ≡ 6 (mod 8),
4 otherwise;

[L̃0 : L0] =


1 if n ≡ 2 (mod 8),
2 if n ≡ 1, 3 (mod 8),
4 if n ≡ 0, 4, 6 (mod 8),
8 if n ≡ 5, 7 (mod 8).
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On the other hand, we have

[L̃ : L] = |det(2Sn)| = 2n.

Thus L is not Z-maximal with respect to Sn for any n > 2 as mentioned.
If L0[q, 2−1bZ] ̸=∅ for a given q ∈ Q× with b satisfying (4-1), one can compute

ν(S, t) by means of Theorem 4.1, where S = ℓ(S0)(2S0)
−1 and t = 2b−2ℓ(S0)q.

We illustrate this in the case of n = 5:

Example. The lattice

(5-7) L0 =

3∑
i=1

Zei + Z f4 + Ze5, f4 = 2−1(e1 + e2 + e3 + e4).

is Z-maximal with respect to S5, because representing S5 (in the basis of L0) by

S0 =


1 0 0 1

2 0
0 1 0 1

2 0
0 0 1 1

2 0
1
2

1
2

1
2 1 0

0 0 0 0 –1

 , whose inverse is


2 1 1 –2 0
1 2 1 –2 0
1 1 2 –2 0

–2 –2 –2 4 0
0 0 0 0 –1

 ,
we easily see that S0 is semi-integral and [L̃0 : L0] = |det(2S0)| = 8. Together with
Lemma 5.5, this proves the desired fact.

We consider the set L[q,Z] with S0. Notice that L = Z1
5 is Z-maximal with

respect to S0.
Suppose h ∈ L[q,Z] with a squarefree odd positive integer q. With this h we

set W, ψ , and H as before. The invariants of ψ are {4,Q(
√

−q), Q(ψ), 2}, where
Q(ψ) is the indefinite quaternion algebra over Q of discriminant P or 2P according
as q ≡ 1 (mod 4) or q ≡ 3 (mod 4), and P is the product of all the prime factors
of q such that p ≡ 3 (mod 4). The discriminant ideal of ψ is 4qZ. Together
with [L̃0 : L0] = 8, this shows that (4-1) is satisfied in the present case. Hence
Theorem 4.1 is applicable to h ∈ L[q,Z]. Clearly ℓ(S0)= 4 by Lemma 5.5.

Proposition 5.6. Assume that L[q,Z] ̸=∅ with a squarefree odd positive integer q
in the above setting. Then ν(2S−1

0 , 2q) is given by

ν(2S−1
0 , 2q)=

24L(2, χ)
5ζ(4)

·

{
1 if q ≡ 1 (mod 4),
3−1(1−χ(2)2−1)(1−χ(2)2−2) if q ≡ 3 (mod 4),

where χ is the primitive Dirichlet character corresponding to Q(
√

−q).

Proof. Put K = Q(
√

−q) and M = L ∩ W . We see that M̃ p ̸= Mp if and only if
p | 2q . Then we have

ν(2S−1
0 , 2q)= [C(M) : HA ∩ C(L)]L(2, χ)ζ(4)−1

∏
p | 2

(λϕp)
−1

∏
p | 2q

λψp .
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Since Q(ϕ) = B2,∞, the core dimension of ϕ at p = 2 equals 3 by (4-2). Hence
λ
ϕ

2 = 2−1
· 3−1(1 − 2−4). Also since DK = −4q or −q according to whether

q ≡ 1 (mod 4) or q ≡ 3 (mod 4), we have λψp = 2−1 for any p | q in both cases.
As for p = 2, if q ≡ 1 (mod 4), then λψ2 = 2−1; if q ≡ 3 (mod 4), then λψ2 =

2−1
· 3−1(1 −χ(2)2−1)(1 −χ(2)2−2). It can be seen from [MY, Theorem 3.8] that

[C(M) : HA ∩ C(L)] = 2λ with the number λ of all prime factors of q . Combining
all this, we have the desired formula. □

Corollary 5.7. The representation density β2(2S−1
0 , 2q) is given by

β2(2S−1
0 , 2q)=

{
3 if q ≡ 1 (mod 4),
1 −χ(2)2−1 if q ≡ 3 (mod 4).

Proof. For each p ∤ 2, we have αp(2S−1
0 , 2q)= (1− p−4)(1−χ(p)p−2)−1 by [Si1,

Hilfssatz 16]. Thus (0-3) in the present case shows that

ν(2S−1
0 , 2q)=

β2(2S−1
0 , 2q)

1 − 2−4

L(2, χ)
ζ(4)

·

{
1 if q ≡ 1 (mod 4),
1 −χ(2)2−2 if q ≡ 3 (mod 4).

Comparing this with Proposition 5.6, we obtain β2(2S−1
0 , 2q). □

We end this subsection by showing, under some conditions, the existence of the
element h ∈ L[q,Z] needed in Proposition 5.6. Clearly, L[q,Z] ̸= ∅ if and only if
L0[q,Z] ̸= ∅ with respect to S5, where L0 is the maximal lattice given in (5-7).

Lemma 5.8. For a positive integer q the following assertions hold.

(1) If q is even and squarefree, then L0[q,Z] ̸= ∅.

(2) If q is odd and squarefree, then L0[q, 2−1Z] ̸= ∅.

(3) If q is odd and q + 1 is squarefree, then L0[q,Z] ̸= ∅.

Proof. We shall employ the results from the 4-dimensional quadratic space (Q1
4, 14).

Clearly Q1
4 can be identified with the subspace

∑4
i=1 Qei of Q1

5 under the map
x 7→ [x 0]; notice that [x 0]S5 ·

T
[x 0] = x ·

Tx for x ∈ Q1
4. Then by (4-3) and (5-5)

we see that M =
∑3

i=1 Zei + Z f4 is a Z-maximal lattice in (Q1
4, 14). By a result of

Yoshinaga [Yo, Lemma 7.4(1)],

(5-8)
M[q,Z] ̸= ∅ if q is even and squarefree,

M[q, 2−1Z] ̸= ∅ if q is odd and squarefree.

Assertions (1) and (2) follow from these results since L0 = M+Ze5 and (Qe5)
⊥

=Q1
4

with respect to S5 = diag[14,−1]. To prove (3), set q + 1 = 2a with a squarefree
odd integer a > 0. Then by (5-8) we can find g ∈ M[2a,Z]. Putting h = g + e5,
we easily see that h ∈ L0[q,Z]. □
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5.3. Invariance of the mass m(L[q,b]) for indefinite ϕ. Let (V, ϕ) be a quadratic
space over Q, SO(ϕ)A the adelization of SO(ϕ), and L a Z-lattice in V . We recall
that the genus of L is the set of all Z-lattices in V of the form Lα with α ∈ SO(ϕ)A.
There is a correspondence between the genus of a lattice and the genus of a matrix;
see [S2, §9.27] for details.

Corollary 5.9. Let the notation and assumptions be as in Theorem with n > 3. Let
L1 be a Z-lattice in the genus of L for which L1[q, cZ] ̸= ∅. Pick h1 ∈ L1[q, cZ]

and let ψ1 be the restriction of ϕ to the complement (Qh1)
⊥ in (V, ϕ). Define the

mass m(L1[q, cZ]) as in (0-5) with Zϕ
= Z(r, θ) and Zψ1 = Z(r1, θ1). Then

m(L1[q, cZ])= m(L[q, cZ]).

Proof. Since ϕ[h1] = ϕ[h], we have h1 = hγ with γ ∈ SO(ϕ). Hence we can take
a matrix representing ψ1 by the matrix representing ψ with respect to a basis of W .
We then define m(L1[q, cZ]) as in the statement.

Let ϕ1 be the matrix that represents ϕ with respect to a Z-basis of L1. Then ϕ1

belongs to the genus of ϕ; namely, ϕ1 = αvϕ ·
Tαv with αv ∈ GLn(Zv) for every

prime spot v of Q, where Zv = R if v is the archimedean prime. Since det(ϕ) and
ℓ(ϕ) are genus invariants, these coincide with det(ϕ1) and ℓ(ϕ1), respectively. Put
ℓ = 2−1ℓ(ϕ). It can be seen from the definition that ℓϕ̂1 belongs to the genus of
S(= ℓϕ̂). By virtue of [Si3, Theorem 2] the measure ν(S, t) is a genus invariant,
and thus ν(ℓϕ̂1, t)= ν(S, t) with t = c−2ℓq. This is valid even when n = 4; see a
remark in [Si3, Section 12]. Then we can find the desired equality by applying our
theorem to m(L1[q, cZ]). □
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Corrections to [M3]

• Page 91, line 3 from the bottom: “a Z-lattice L” should be “the lattice L = Z1
n”.

• Page 99, Lemma 2.1: “Cv” should be “Cv ∩ (Gv)0”. We also mention that
(Gv)0/(Cv∩ (Gv)0) is analytically diffeomorphic to Gv/Cv with the notation there.
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GROUP TOPOLOGIES ON GROUPS OF ABSOLUTELY
BICONTINUOUS HOMEOMORPHISMS

J. DE LA NUEZ GONZÁLEZ

The group of homeomorphisms of the closed interval that are absolutely
continuous and have an absolutely continuous inverse was shown by Solecki to
admit a natural Polish group topology τac. We show that under mild conditions
on a compact space endowed with a finite Borel measure such a topology can
be defined on the subgroup of the homeomorphism group consisting of those
elements g such that g and g−1 preserve the class of null sets.

We use a probabilistic argument to show that in the case of a compact
topological manifold equipped with an Oxtoby–Ulam measure, as well as in
that of the Cantor space endowed with some natural Borel measures, there
is no group topology between τac and the restriction τco of the compact-open
topology. In fact, we show that any separable group topology strictly finer
than τco must be also finer than τac. For one-dimensional manifolds we also
show that τco and τac are the only Hausdorff group topologies coarser than
τac, and one can read our result as evidence for the nonexistence of a good
notion of regularity between continuity and absolute continuity.

We also show that while Solecki’s example is not Roelcke precompact,
the group of absolutely bicontinuous homeomorphisms of the Cantor space
endowed with the measure given by the Fraïssé limit of the class of measured
boolean algebras with rational probability measures is Roelcke precompact.
This can be interpreted as showing the nonexistence of a good notion of
regularity between continuity and absolute continuity.

Introduction

Recall the notion of absolute continuity from classical real analysis.

Definition 0.1. We say that φ : [0,1] → R is absolutely continuous if there exists
some ψ ∈ L1([0,1]) such that for all t ∈ [0,1] we have φ(t)−φ(0)=

∫
[0,t] ψ dλ,

where λ is the Lebesgue measure on the interval.
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If f is absolutely continuous, then the derivative of f exists and coincides with
ψ almost everywhere. In [21, Lemma 2.4] Solecki considers the group

H+bac([0,1]) :=
{
g ∈H+([0,1]) | g and g−1 are absolutely continuous

}
,

where H([0,1]) denotes the homeomorphism group of a topological space X and
H+([0,1]) the subgroup of those which are orientation preserving in case [0,1] is a
manifold, and he shows that it is a Polish group with the topology τac induced by
the metric ρ( f, g) := ∥ f ′− g′∥1. One can define the group Hbac(S1) analogously
(see [4; 9]) and prove Polishness in essentially the same way, although in this case
an additional term controlling the displacement of a reference point is needed in
the definition of ρ.

Even though absolute continuity is particularly interesting in the 1-manifold
setting, in so far as it can be regarded as the first of an infinite family of intermediate
regularity conditions defining some Polish subgroup of the H([0,1]) (see [4]), we
believe worth pointing out that Solecki’s Polish group generalizes to a wide variety
of other contexts, some of which will be explored here.

Recall that given two nonnegative measures µ, ν on a measurable space (X,A)
we say that ν is absolutely continuous with respect to µ, written ν≪µ, if and only
if ν(A)= 0 for any A ∈A with µ(A)= 0. We are interested in the case where µ
is a Borel measure, i.e., a measure on the Borel σ -algebra B(X) of X . The group
H(X) acts on the space of Borel probability measures in a natural way by letting
g ·µ be the push-forward measure: (g ·µ)(A)= µ(g−1(A)) for A ∈ B(X).

Definition 0.2. Let X be a topological space and µ a Borel measure on X . We let
Hbac(X, µ) be the subgroup of H(X) consisting of all those g ∈H(X) such that
g ·µ≪ µ and µ≪ g ·µ (equivalently, g−1

·µ≪ µ), that is, the subgroup of all
g ∈H(X) such that for A ∈ B(X) we have µ(A)= 0 if and only if µ(g(A))= 0.

Using a different terminology, Hbac(X, µ) is the group of all homeomorphisms
of X that preserve the measure class of µ. In the case in which X = [0,1] and µ
is Lebesgue measure this definition agrees with the one in classical analysis given
in Definition 0.1. The condition g ·µ≪ µ for a homeomorphism in g is satisfied
precisely when g is absolutely continuous in the sense of Banach, a terminology
frequently found in older literature. We could thus refer to Hbac(X, µ) as the set of
absolutely bicontinuous homeomorphisms in the sense of Banach.

Fact 0.3 (Radon–Nikodym; see [13], Corollary 7.34). If µ, ν are two σ -finite
measures on a measurable space (X,A) such that ν≪µ, then there exists a unique
φ ∈ L1(X,A, µ) (that is, well-defined up to a µ-null set) such that ν(A)=

∫
A φ dµ

for all A ∈A. We write such φ ≥ 0 as dν/dµ. It follows that for all A-measurable
h : X→ R we have h ∈ L1(X,A, ν) if and only if hφ ∈ L1(X,A, µ), with equality∫

h dν =
∫

hφ dµ in that case.



GROUP TOPOLOGIES ON GROUPS OF HOMEOMORPHISMS 105

This allows one to define the following generalization of the absolute value of
the Jacobi determinant, central to the entire subsequent discussion.

Definition 0.4. If g ∈Hbac(X, µ), we write D(g) := dg∗µ
dµ

.

We establish the following generalization of Solecki’s result.

Proposition A. Let X be a metrizable compact topological space and µ a finite
Borel measure on X such that X has a basis of open sets with µ-null frontier.
Then the topology τac on Hbac(X, µ) generated by the restriction of the compact-
open topology on H(X) and the topology induced by the distance ρac(g, h) :=
∥D(g)−D(h)∥1 it is a Polish group topology.

When X ∈{[0,1], S1
} andµ is Lebesgue measure we recover Solecki’s result [21].

Even in the original setting, our proof that τac is a group topology diverges somewhat
from that in [21]. Our result applies, in particular, to compact manifolds of arbitrary
dimension equipped with an Oxtoby–Ulam measure, as defined below.

Definition 0.5. An Oxtoby–Ulam measure on a compact connected manifold X is
a finite Borel measure (necessarily regular) satisfying the following properties:

• µ(U ) > 0 for all nonempty open U ⊆ X ,

• µ({x})= 0 for all x ∈ X

• and µ(∂X)= 0.

We will refer to (X, µ) for X and µ a probability measure as above as an OU pair.

It is easy to establish the existence of Oxtoby–Ulam measures on an arbitrary
compact manifold M . If the manifold is orientable and admits a differentiable
structure, one may choose a volume form and define an Oxtoby–Ulam measure, up
to renormalization, by letting the measure of an open set be the absolute value of
the integral of the volume form over that set. In the general case, we may start with
a finite cover of M by embedded topological closed balls of the same dimension
and then obtain an Oxtoby–Ulam measure by adding an Oxtoby–Ulam measure on
each of the balls.

Another natural way of producing pairs (X, µ) as in the statement of the proposi-
tion is the following. Suppose given an inverse system πi : X i+1→ X i of continuous
epimorphisms between compact topological metric spaces, together with finite Borel
measures µi on X i satisfying (φi )∗(µi+1)= µi . Then by Theorem 2.2 in [2] the
inverse limit X := lim

←−−
X i can be endowed with a limit Borel measure µ := lim

←−−
µi

such that for each of the natural projections πi : X→ X i we have (πi )∗(µ)= µi .
If X i is generated by sets of µi -null frontier for all i , it can be easily checked that
the same property holds for (X, µ).

Two natural Borel measures on the Cantor space C are worth considering. Given
some finite measure µ0 on {1, . . . r} one can take the power µω0 measure on
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{1, . . . r}ω∼=C positive on singletons. We will refer to this as a generalized Bernoulli
measure.

Other than this, given any countable field K ⊆ R, one can consider the Fraïssé
limit BK of the class of all the finite Boolean algebras (see, for instance, [11] for
K =Q) equipped with probability measures with values on K ∩ [0,1]. By Stone
duality, one can identify BQ with the family of clopen sets of C, with the measure
on BK extending to a unique (up to this identification) Borel measure on C, which
we will denote by µK .

A gap between group topologies. We will use the term τco to refer to the restriction
of the compact-open topology to the group at hand. The main result of the paper is
Theorem B below, which establishes the existence of a gap between τco and τac in
a range of situations.

Theorem B. Let (X, µ) be either

(I) an OU pair, or

(II) the Cantor space C = X equipped with either µK for some dense subfield
K ⊆ R or a generalized Bernoulli measure.

Then there is no group topology τ on Hbac(X, µ) with τco ⊊ τ ⊊ τac. In fact, more
is true: for any separable group topology τ on Hbac(X, µ) if τco ⊊ τ , then τac ⊆ τ .

In the case of a one-dimensional manifold X , one can read the result above as
stating that there is no notion of regularity (for homeomorphisms) sitting between
continuity and absolute continuity in the same way absolute continuity sits between
C1-regularity and continuity. A more general set of sufficient conditions for the
first claim in the statement is given in Proposition 7.1 and the reader interested only
in this claim for the examples covered by Theorem B may skip the discussion in
Section 6. In the one-dimensional case we actually know that τco is the coarsest (not
just minimal) Hausdorff group topology on Hbac(X, µ) by the arguments in [8].
Therefore, we can conclude:

Corollary C. Let (X, µ) be an OU pair with X ∈ {[0,1], S1
} and µ be as above.

Then τac and τco are the only Hausdorff group topologies on Hbac(X, µ) coarser
than τco.

Strategy of the proof. Write G :=Hbac(X, µ). The proof of the first statement of
Theorem B goes roughly as follows. Assume that we are given a group topology τ
with τco ⊆ τ ⊊ τac. By the continuity of multiplication, it suffices to find a fixed
integer K > 0 such that for every U ∈ NId(τ ) there is U′ ∈ NId(τco) inside UK . The
second inclusion implies that U ∈NId(τ ) contains some V ∈NId(τac). It is not hard
to show that for any g ∈G supported on some set U ⊆ X we have ∥g∥ac ≤ 2µ(U )
ksee Lemma 3.5), so any such V will contain the subgroup GU of all elements
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supported on U for any open U ⊆ X with µ(U )≤κU, for some constant κ . The local
fragmentation property for homeomorphism groups tells us that a finite product of
the form GU1 · · ·GUk is a neighborhood of the identity in τco if X =

⋃k
i=1 Ui . The

argument above yields the existence of many similar products inside Uk , but only
under constraints on µ(Ui ) which might rule out the covering condition.

Note that we can assume U= U−1, so that for any U ⊆ X with µ(U )≤ κU and
g ∈ U we have Gg(U ) = gGU g−1

⊆ U3. If µ(X \ g(U )) < κU, then surely we can
find an open U ′⊆ X with µ(U ′)≤ κU and U∪U ′ and conclude using fragmentation,
so that the problem reduces to the existence of g ∈ U for which a suitable U exists.
This is done in Corollary 5.9, and the main difficulty is how to get there.

It is not difficult to prove that if ∥g∥ac is sufficiently close to 2, the supremum
of all possible values, then such a U will exist, even though it might be very far
from being connected. In order to proceed, we turn to the assumption τ ⊊ τac,
which amounts to the existence of some ϵ0 > 0 (depending only on τ ) such that in
every W ∈ NId(τ ) we can find ∥g∥ac > ϵ0. Our goal is now to get from “a definite
amount” to “almost as large as possible”.

Continuity of multiplication is far from enough for that purpose, since, while it is
true that any V ∈ NId(τ ) will contain arbitrary finite products of the form g1 · · · gn

with ∥gi∥ac > ϵ0, a careless choice of gi might result in ln(D(gi )) for different
gi canceling out under composition, canceling their good properties instead of
combining them. On the other hand, we have very little control over the choice of
the gi , and there is no obvious way to ensure that the sign of ln(D(gi )) for different
values of i agrees in any suitable set. Here, probability comes to our rescue. Given
a measurable real function ψ (i.e., a random variable) on a probability space (X, µ),
as well as a constant C > 0, Chebyshev’s inequality allows us to infer a particular
behavior of the function on a suitably large set from the properties of an aggregate
function of ψ , namely

(1) µ({x ∈ X | |ψ(x)|> C})≤
∥ψ∥22

C2 , C > 0.

And it involves precisely aggregate values derived from D(g), the kind of thing we
have access to.

For the sake of additivity (in the cocycle sense) it is natural and standard to replace
D(g) with φ :=D(g) := ln(D(g)) and we are interested in our candidate element g
being “almost optimal” in the sense above, so that φ has very large positive values
on the points of some set X+⊆ X of very small measure and negative values of very
large absolute value on the points of some set X−⊆ X of almost total measure. Note
that in any case

∫
D(g) dµ= 1 (see Observation 1.1), which implies that in passing

from D(g)− 1 to φ = D̄(g) we expect the contribution to the expectation
∫
φ2 dµ

of the locus of positivity of φ to be uniformly bounded, while the contribution of
the locus of negativity is expected to blow up. Hence, it makes sense to try to find g
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in our arbitrary neighborhood of the identity such that for a given large C > 0 we
have φ ≤−2C +ψ so as to conclude µ({x ∈ X |φ(x)≤−C})≤ 1

C .
Recall that one can assume that g = g1 · · · gn , where ∥gi∥ac > ϵ0 for ϵ0(τ ), but

the latter is far from enough for our purposes. The key will be to show that for
constants K , c > 0 the gi can be chosen satisfying the following properties:

(a) D(g) is well-approximated by
∑n

i=1 D̄(gi ).

(b) Each D(gi ) can be approximately bounded from above by a measurable func-
tion of the form −c+ψi , where

∫
ψi dµ= 0 and

∥∥∑n
l=1 ψl

∥∥2
2 ≤ K .

(c) (ψi )i is the sequence of differences of a martingale sequence, a weak form of
probabilistic independence (see Definition 3.1).

Writing ψ =
∑n

j=1 ψ j , (c) implies that ∥ψ∥22≤ K n, so that in (1) we can set C = nc
and still have the right-hand side converge to zero at a controlled speed.

Showing this involves two steps. Section 4 is dedicated to the proof of Corollary 4.7,
which establishes that the elements gi in our product can be taken with ∥gi∥ac not
only uniformly nonzero, but also sufficiently evenly spread over X in a technical
sense. The subsequent Section 5 is almost entirely concerned with the existence
of (gi )

n
i=1 admitting a sequence (ψi ) as above, stated precisely in Proposition 5.3,

from which Corollary 5.9 follows. The property established in Corollary 4.7 is
crucial in ensuring that the bound in (b) (uniform on an almost full set) can feature
the constant c > 0, which stands for the negative excess resulting from applying
the logarithm to negative values.

Key to the proof of Proposition 5.3 is that, given g0 ∈ G, if g1 ∈ G is chosen
sufficiently close to the identity in τco (as a function of g1), then D(g0g1) is well ap-
proximated by the sum D(g0)+D(g1), and the two functions behave independently
in a certain sense. It is in order to exploit this phenomenon that the assumption
τco ⊆ τ is used.

Roelcke precompactness. We say that a topological group (G, τ ) is Roelcke pre-
compact if it is totally bounded with respect to the Roelcke uniformity or, in more
concrete terms, if for any neighborhood V of the identity in G there are finitely
many elements {g1, . . . gr } such that G =

⋃r
l=1 VglV . Roelcke precompactness is

the topological correlate of the model theoretical notion of ω-categoricity, which
explains some of its importance.

In [19] Rosendal develops a theory that endows every topological group in some
large family that contains all Polish groups with a canonical metrizable coarse
structure. Roelcke precompactness implies boundedness in the sense of said coarse
structure. It is shown in [9] that the group (Hbac(X, µ), τac), where X ∈ {[0,1], S1

}

and µ is the standard measure, is bounded. One might wonder whether this could
just be a consequence of Hbac(X, µ) being Roelcke precompact, but that is not so:
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Theorem D. If (X, µ) is a 1-dimensional OU pair, then Hbac(X, µ) is not Roelcke
precompact: indeed, if (gn)n∈N ⊂Hbac(X, µ) is a sequence such that

• (gn)n∈N converges to the identity in τco, and

• (gn)n∈N does not converge to Id in τac,

then (gn)n∈N is not totally bounded for the Roelcke uniformity.

Remark. When (X, µ) is an OU pair with dim(X)≥ 2, the non-Roelcke precom-
pactness of Hbac(X, µ) follows from that of (H(X), τco) (see [18]) together with
Corollary 2.9.

One might wonder whether it might be possible to abstract the proof of Theorem D
so as to show that the conclusion holds for any sufficiently nontrivial instance of
Proposition A. However, some degree of uniform control of the topology of X over
the measure seems to be needed, as evidenced by our last result, which plays out in
the opposite direction.

Theorem E. Let K a countable subfield of R. Then (Hbac(C, µK ), τac) is Roelcke
precompact.

Structure of the paper. Section 1 is dedicated to the proof of Proposition A, while
introducing useful notation and results used later on. Section 2 focuses on the
properties of Hbac(X, µ) in the case in which (X, µ) is an OU pair. It collects
technical statements generalizing properties of the group of homeomorphisms of
a compact manifold, such as a fragmentation property relative to τco. Section 3
collects a handful of miscellaneous results and definitions of a probabilistic nature
to be used in later sections. Sections 4 and 5 are directly concerned with the proof
of Proposition 5.3, key to Theorem B, as described in more detailed in the summary
of the proof of Theorem B provided above.

Section 6 considers a group topology τ in Hbac(X, µ) of which it is only assumed
to be separable in the case in which (X, µ) is an OU pair. Adapting well known
arguments found in the literature on automatic continuity of homeomorphism
groups yields conclusions which fall short of automatic continuity for Hbac(X, µ),
but which can be combined with Corollary 5.9 to recover the stronger claim in
Theorem B. The theorem itself is proved in Section 7, while Section 8 is devoted to
the proofs of Theorems D and E.

1. A family of Polish groups

Let X be a compact metric space and µ a finite Borel measure on X . We will
assume throughout the paper that in such situation some compatible metric d on X
has been fixed. For the sake of simplicity, we write G :=Hbac(X, µ).
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For readability, in the presence of integrals we will often use ◦ to denote the
composition of elements in H(X) and write Id for the identity map. We write 1A

for the indicator function of a set A ⊆ X , and simply 1 in place of 1X .
The following two observations are well-known and easy to show (see [21]). We

include a proof of the next one for completeness.

Observation 1.1. For any g ∈G and any φ ∈ L1(X, µ) we have∫
(φ ◦ g)D(g) dµ=

∫
φ dµ

Proof.
∫
(φ ◦ g)D(g) dµ=

∫
φ ◦ g d(g−1

·µ)=
∫
φ ◦ g ◦ g−1 dµ=

∫
φ dµ. □

Using this and the fact that D(g) is well-defined up to a set of measure zero, one
also checks:

Observation 1.2. For any g1, g2 ∈G we have

D(g1 ◦ g2)= (D(g1) ◦ g2)D(g2), D(g−1
1 )=

1

D(g1) ◦ g−1
1

, a.e.

Recall that given g1, g2 ∈G we write

ρac(g1, g2) := ∥D(g1)−D(g2)∥1, ∥g1∥ac := ρac(g1, Id).

Clearly ρac is a pseudometric on G. For A ∈ B(X), f ∈ L1(X, µ) and g ∈G we
also write

∥ f ∥1,A := ∥1A f ∥1, ∥g∥ac,A := ∥D(g)− 1∥1,A.

Write τac := τac(X, µ) for the topology generated by the restriction to G of the
compact-open (uniform convergence) topology on H(X), which we shall denote
henceforth simply as τco, and the topology induced by the pseudometric ρac above.

Fix a compatible metric d on X (necessarily complete).

Definition 1.3. Given δ > 0 we write

Vδ := {g ∈G | sup
x∈X

d(g(x), x)≤ δ}, V ′δ := {g ∈G | ∥g∥ac ≤ δ}, Wδ := Vδ ∩V ′δ,

so that a system of neighborhoods of Id in τac is given by {Wδ}δ>0.

The following observation is well-known (the first statement is a formal general-
ization of a result in [21]), but we include a proof for completeness.

Observation 1.4. For any h1, h2, g ∈G we have ρac(h1, h2)= ρac(h1 ◦ g, h2 ◦ g).
Therefore, the following equalities hold:

∥h1∥ac = ∥h−1
1 ∥ac, ∥h1 ◦ h2∥ac ≤ ∥h1∥ac+∥h2∥ac.
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Proof. The first equality is an easy consequence of Observations 1.1 and 1.2, while
the second equality follows by taking h2 = Id, g = h−1

1 . For the final inequality:

∥h1 ◦ h2∥ac = ρac(h1, h−1
2 )≤ ρac(h1, 1)+ ρac(h−1

2 , 1)= ∥h1∥ac+∥h2∥ac,

where the last step follows from the equality ∥h−1
2 ∥ac = ∥h2∥ac. □

Definition 1.5. Given f ∈ C0(X) we write

ω f : R>0→ R≥0, ω f (δ)= sup
{
| f (x)− f (y)| | d(x, y)≤ δ

}
.

The following fact will be used throughout the paper:

Observation 1.6. Let g∈G and A∈B(X). If φ∈C0(X) satisfies ∥φ−D(g)∥1,A≤ϵ
and ωφ(δ)≤ ϵ′ then for any h ∈ Vδ we have

∥D(g ◦ h)−φD(h)∥1,A ≤ ϵ+ ϵ′µ(h(A)).

If ωφ(2δ)≤ ϵ′ and ψ :=
∑m

i=1 λi 1Ai for some partition {Ai }
m
i=1 of X into Borel sets

of diameter at most δ and λi ∈ [infAi φ, supAi
φ], then the inequality above holds

with ψ in place of φ.

Proof. Using the composition rule and the triangular inequality for the first inequality
and Observation 1.1 in the equality after that we obtain

∥D(g◦h)−φD(h)∥1,A ≤ ∥((D(g)−φ)◦h)D(h)∥1,A+∥(φ◦h−φ)D(h)∥1,A
= ∥D(g)−φ∥1,A+∥(φ◦h−φ)D(h)∥1,A
≤ ϵ+∥φ◦h−φ∥∞∥D(h)∥1,A ≤ ϵ+ϵ′µ(h(A)).

The second claim follows similarly, since the assumption that ωφ(2δ) < ϵ′ implies
that ∥φ ◦ h−ψ∥∞ ≤ ϵ′. □

Lemma 1.7. For any g ∈G and ϵ > 0 there is δ = δ(ϵ, g) such that for any h ∈Wδ

we have ∥hg−1
∥ac = ρac(g, g ◦ h)≤ ϵ.

Proof. Choose some φ ∈ C0(X) such that ∥φ−D(g)∥1 < ϵ
4 and δ > 0 such that

δ ≤min
{
ωφ

(
ϵ

4

)
,

ϵ

4∥φ∥∞

}
.

Then

∥D(g)−(D(g)◦h)D(h)∥1 ≤ ∥φ−φD(h)∥1+∥φ−D(g)∥+∥((φ−D(g))◦h)D(h)∥1
≤ ∥φ−φD(h)∥1+ ϵ

4 +
(
ϵ
4 +

ϵ
4

)
≤ ∥φ∥∞∥D(h)− 1∥1+ 3

4ϵ ≤ ϵ,

where we used Observation 1.6 in the second inequality. □

Corollary 1.8. Under the assumptions on X and µ made at the beginning of the
section, τac is a group topology on G.
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Proof. Lemma 1.7, together with the fact that τco is a group topology, implies
that the unique left-invariant topology on G for which {Wδ}δ>0 is a system of
neighborhoods of the identity is in fact a group topology. It has to coincide with
τac by the same lemma. □

It remains to show that (G, τac) is Polish. Consider the metric ρ :G×G→R≥0

on G given by

ρ(g1, g2)

= sup
x∈X

d(g1(x), g2(x))+ sup
x∈X

d(g−1
1 (x), g−1

2 (x))+ ρac(g1, g2)+ ρac(g−1
1 , g−1

2 ).

This induces the topology τac on G by Observation 1.4, together with the fact
that the metric given by the sum of the first two terms above is a complete metric
for the compact-open topology.

Fact 1.9. Suppose we are given two finite measures µ, ν on a measurable space
(X,A) for which ν ≪ µ. Then for any ϵ > 0 there exists some δ > 0 such that
ν(A) < ϵ for all A ∈A with µ(A) < δ.

Given g ∈G and δ > 0 we write

�g(δ) := sup
{
µ(g(A)) | A ∈ B(X), µ(A)≤ δ

}
.

Lemma 1.10. Let g = (gn)n≥0 be a sequence in G that is Cauchy with respect to ρ.
Then the function �g = supn≥0�gn satisfies lim

ϵ→0
�g(ϵ)= 0.

Proof. For a fixed ϵ > 0, take n0 such that for all n≥ n0 we have ∥ρac(gn, gn0)∥≤
ϵ
2 .

Then supn≥0 µ(gn(A)) ≤ ϵ for any A ∈ B(X) such that �gk (µ(A)) ≤
ϵ
2 for all

0≤ k ≤ n0. □

Lemma 1.11. ρ is a complete metric on G.

Proof. Let g = (gn)n≥0 be a Cauchy sequence in G with respect to ρ. Then
(gn)n≥0 must converge in τco to some g∞ ∈ H(X), by the completeness of the
metric ρ∞(g, h)= supx∈X d(g1(x), g2(x))+ supx∈X d(g−1

1 (x), g−1
2 (x)) on H(X).

We claim that g∞ ∈Hbac(X, µ). Note that (D(gn))n≥0 must be Cauchy in L1(X, µ)
and thus must converge in L1(X, µ) to some function 9 ≥ 0, which implies that,
for any A ∈ B(X),

(2) µ(gn(A))=
∫

A
D(gn) dµ

n→∞
−−−→

∫
A
9 dµ.

Since gn→ g∞ in τco, we have

g∞(U )⊆
⋃

n≥0

⋂
k≥n

gk(U )

for any open set U ⊆ X . The continuity of µ then allows us to conclude that

(3) µ(g∞(U ))≤ lim
n→∞

µ(gn(U ))



GROUP TOPOLOGIES ON GROUPS OF HOMEOMORPHISMS 113

and so, in particular, µ(g∞(U ))≤�g(µ(U )) for any such U , which implies that
µ(g∞(A))= 0 for any A ∈B(X) with µ(A)= 0, by Lemma 1.10 and the regularity
of µ. A similar observation can be made for the inverse g−1

∞
and the (Cauchy)

sequence (g−1
n )n≥0 and so we conclude that g∞ ∈Hbac(X, µ).

Now if U ⊆ X is an open set with µ(Fr(U ))= 0 then µ(Fr(g∞(U )))= 0, and
thus by (3) we have

µ(X)= µ(g∞(U ))+µ(g∞(X \ Ū ))≤ lim
n→∞
[µ(gn(U ))+µ(gn(X \ Ū ))] = µ(X),

which implies
µ(g∞(U ))= lim

n→∞
µ(gn(U ))=

∫
U
9 dµ

for all such U . Any finite union of open sets with µ-null frontier also has µ-null
frontier, and open sets withµ-null frontier generate the topology of X by assumption.
This implies that every closed (i.e., compact) set F ⊆ X is the intersection of a
descending sequence of open sets U0 ⊃U1 ⊃ · · · with µ-null frontier, as follows:
for each n the set F is covered by finitely many open sets of diameter at most 1

n
with µ-null frontier, so we can take Un as their union (intersected with Un−1 to
ensure nestedness).

Using the dominated convergence theorem, we now have

µ(g∞(F))= lim
n
µ(g∞(Un))= lim

n

∫
Un

9 dµ=
∫

F
9 dµ.

The regularity of the measures g∗
∞
µ and A 7→

∫
A 9 dµ now easily shows that

µ(g∞(A)) =
∫

A 9 dµ for all A ∈ B(X) and thus that D(g∞) = 9 and D(gn)

converge to D(g∞) in L1. Arguing similarly for g−1
∞

and (g−1
n )n≥0, we conclude

that limn→∞ ρ(gn, g∞)= 0. □

To conclude the proof of Proposition A we note that the separability of X implies
that of Hbac(X, µ).

Observation 1.12. The topology τac is separable.

Proof. Every compact metric space is second countable. It follows that h(X) is
itself separable. Let {φn}n≥1 be some dense subset of L1(X, µ) and {hn}n≥1 a
countable dense subset of H(X) for the compact-open topology. For every pair of
integers n,m and N ≥ 1, let gn,m,N ∈ Hbac(X, µ) be either an element such that
∥D(gn,m,N )−φn∥1 ≤

1
N and supx∈X d(gn,m,N (x), hn(x))≤ 1

N in the case that such
an element exists and arbitrary otherwise. It is easy to check that {gn,m,N }n,m,N≥1

is dense in τac. □

2. Some properties of Hbac(X, µ) for an Oxtoby–Ulam pair (X, µ)

Fix an OU pair (X, µ). The goal of this section is to generalize some basic
properties of homeomorphism groups and the compact-open topology to our group
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G = Hbac(X, µ) of absolutely bicontinuous homeomorphisms with the restric-
tion topology. We introduce ball transitivity (Corollary 2.4), local fragmentation
(Lemma 2.13), and uniform perfectness of the group (Lemma 2.15). Of these, only
fragmentation will be required in the proof of the first statement of Theorem B,
whereas the rest will be used only to generalize some arguments from existing
automatic continuity proofs in Section 6.

For any subset A of a topological space we will use the notation Å, Fr(A),
Ā to refer to the interior, frontier and closure of A in X , so that Fr(A) = A ∩
X \ A. In the context of our topological manifold X we will use the notation
∂X to refer to the boundary of X . By a nicely embedded ball in X we mean
the homeomorphic image in Int(X) of the standard closed m-ball Bm(1), which
can be extended to a homeomorphic embedding of the open ball Bm(2). By a
boundary half-ball we mean the image of Bm(1)∩Rm−1

×R≥0 by a homeomorphic
embedding h : Bm(1)∩Rm−1

×R≥0, which extends to a homeomorphic embedding
h̃ : Bm(2)∩Rm−1

×R≥0→ X with the property that h̃−1(∂X)= Bm(2)∩{xm = 0}.
By a µ-adapted ball (resp. boundary half-ball) we mean a nicely embedded ball
(resp. boundary half-ball) whose frontier is µ-null.

We denote by H(X, ∂X) the group of homeomorphisms of X fixing ∂X pointwise.
Note that this is still a Polish group when endowed with the compact-open topology.

A useful tool will be the following classical result due to Oxtoby and Ulam.

Fact 2.1 [16, Theorem 2]. Let X be a compact manifold and µ,µ′ two Oxtoby–
Ulam measures on X with µ(X) = µ′(X). Then there exists some h ∈ H(X, ∂X)
such that h∗µ= µ′.

Given g ∈H(X), write supp(g) := {x ∈ X | g(x) ̸= x} and denote its closure by
supp(g). Given an open set U ⊆ X and h≤H(X) we write

hU := {g ∈ h | supp(g)⊆U }, hc
U := {g ∈ h | supp(g)⊆U }.

Given A ∈ B(X) we say that h ∈H(X) is measure-class preserving on A if for
all C ∈ B(X), C ⊆ A we have that µ(C) = 0 if and only if µ(h(C)) = 0. The
following is obvious from σ -additivity:

Observation 2.2. Let Fk ∈B(X), k≥0. Then g∈H(X) is measure-class preserving
on

⋃
k≥0 Fk if it is on Fk for all k ≥ 0.

Observation 2.3. Let h ∈ H(X) and assume that Y is a closed subspace of X
homeomorphic to a compact m-manifold such that µ(∂Y ) = 0. Then there exists
some g ∈ H(X) supported on Y such that hg is measure-class preserving on⋃

j∈F Y j . We may choose g so that

∥hg∥ac,Y =
∣∣µ(Y )−µ(h(Y ))∣∣.
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Proof. Apply Fact 2.1 to the two OU measures

ν1 :=
1

µ(h(Y ))
h∗(µ↾h(Y )) and ν2 :=

1
µ(Y )

µ↾Y

on the compact manifold Y . This yields an element γ ∈ H(Y, ∂Y ) such that
γ ∗(ν1)= ν2. We then have

(h ◦ γ )∗(µ↾h(Y ))= µ(h(Y ))γ ∗(ν1)= µ(h(Y ))ν2 =
µ(h(Y ))
µ(Y )

µ↾Y .

Therefore, if we extend γ by the identity outside Y to an element of H(X), then
hg is measure-class preserving on Y . Thus, D(hg) is well-defined on Y and equal
to the constant function µ(h(Y ))/µ(Y ), so that ∥hg∥ac,Y is also well-defined and
equal to

∣∣µ(Y )−µ(h(Y ))∣∣. □

The following is most likely known, but we have failed to find an appropriate
reference.

Corollary 2.4. Let {Bi }
r
i=1, {B ′i }

r
i=1 be two collections of disjoint µ-adapted balls

and boundary half-balls X with the property that Bi is a boundary half-ball if
and only if B ′i is, in which case they both intersect the same boundary component.
If m = 1, we assume that the two collections are ordered in the same way up to
orientation. If m = 2, then we also assume that the intervals in which Bi and B ′i
touch the boundary components of X are ordered identically for the two collections.
Then there exists h ∈G such that h(Bi )= B ′i for all 1≤ i ≤ r .

Proof. A standard application of the annulus theorem of Kirby [12] and Quinn [17]
shows the existence of h0 ∈H(X) with h0(Bi )= B ′i for all 1≤ i ≤ r . Note that for
this to work it is crucial that Bi and B ′i are nicely embedded, as there are exotically
embedded balls to which the theorem does not apply.

The result then follows by applying Observation 2.3 to each of the members
of the covering of X given by {Bi }

r
i=1 ∪ {X \

⋃r
i=1 Bi }. For each member A of

this covering, we thus obtain an element gA supported on A with the property
that h0 ◦ gA is measure-class preserving on A. The product of all the (pairwise
commuting) gA is an element g with the property that h := h0g ∈ G and acts on
the balls as needed.1 □

1The annulus theorem (originally an important conjecture) states that for any two m-balls B0, B1
with B1 nicely embedded in B0, the complement B0 \ B̊1 is homeomorphic to Sm−1

× [0,1]. For
the statement above in the boundaryless case one first finds disjoint nicely embedded balls {Ei }

r
i=1

such that Bi , B′i ⊆ E̊i . The annulus theorem provides homeomorphisms φi : Ei \ B̊i ∼= Ei \ B̊′i , which
can be pasted with suitable homeomorphisms ψi : Bi ∼= B′i and the identity outside of

⋃r
i=1 Ei to

yield the desired global homeomorphism h0. In the presence of boundary half-balls one can argue
in a similar way. All one needs to show is that given boundary half balls B0, B1 with B1 ⊆ B̊0 the
homeomorphism type of the pair (B0 \ B̊1, B0 \ B̊1 ∩ ∂M) does not depend on B0 and B1. Note
that the complement B2 := B0 \ B̊1 is homeomorphic to an m-ball by the generalized Schoenflies
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Fact 2.5 [14, Lemma 3.10]. Given a compact manifold X , there is some N =
N (X) > 0 such that for any ϵ > 0 we can write X =

⋃N
l=1 Vl with Vl =

∐
j∈Jl

F̊ j,l ,
where {F j,l}l∈Jl is a collection of disjoint balls and boundary balls of diameter less
than ϵ.

Lemma 2.6. In the conclusion of Fact 2.5 we may assume that all balls and
boundary half-balls F j,l involved are µ-adapted.

Proof. It is enough to show that given a finite collection {Di }i∈I of balls and
boundary half balls whose interiors cover our compact manifold X one can always
find µ-adapted (boundary half) balls D′i ⊆ Di , i ∈ I of the same type that are
µ-adapted and whose interiors cover X .

Claim 2.7. There is δ > 0 such that the union of the interiors of some collection
{D′i }i∈I as above (not necessarily µ-adapted) will cover X provided Di is contained
in D′i ∪Nδ(Fr(Di )).

In view of this, all we need to show is that for every Di there is another ball or
boundary half ball of the same type, D′i ⊆ Di , such that

(i) D′i is µ-adapted and

(ii) Di ⊆ Nδ(Fr(Di ))∪ D′i .

Such D′i can be found as follows. Consider the Borel measureµD̊i
on Di obtained by

removing all µ-mass from Fr(Di ), i.e., µD̊i
(C)=µ(C∩ D̊i ) for all C ∈B(Di ). It is

trivial to check that this is an Oxtoby–Ulam measure on Di . Thus Fact 2.1 applies,
and so for some θ > 0 we have that θµD̊i

is the push-forward of the Lebesgue
measure λ on the euclidean unit ball Bm by some homeomorphism φ : Bm

→ Di .
The rescaled balls αBm

⊆ Bm , α ∈ (0,1), have λ-null frontier, so that

µ(Fr(φ(αBm)))= µD̊i
(φ(Fr(αBm)))= θ−1λ(Fr(αBm))= 0,

that is, φ(αBm) satisfies (i). By continuity, it will satisfy (ii) for α sufficiently close
to 1, and so we are done.

As for the claim, the open cover {D̊i }i∈I must admit a positive Lebesgue number
δ > 0, meaning that for any point x ∈ X we have B(x, δ) ⊆ D̊i for some i ∈ I .
We show that we can take this to be the δ in the statement of the claim. For
the sake of contradiction, assume that there is x ∈ X \

⋃
i∈I D̊′i . If x ∈ D̊i , then

x ∈ D̊i \ D̊′i ⊆Nδ(Fr(Di )) so that it cannot be the case that B(x, δ)⊆ Di . It follows
that B(x, δ)⊈ D̊i for all i , contradicting the choice of δ. □

For δ > 0 write Ṽδ :=
{
g ∈H(X) | ∀x ∈ X d(x, g(x))≤ δ

}
, so that Vδ = Ṽδ ∩G.

theorem [15], so all that is left to show is that the homeomorphism type of the pair (∂B2, ∂B2 ∩ ∂M)
does not depend on B0 and B1, which is a consequence of the annulus theorem in dimension m− 1.
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Lemma 2.8. Let g ∈H(X) and let U be an open subset of X , F ⊆ U a compact
set, and ϵ > 0. Then there exists some h ∈H(X, ∂X) such that
• F ⊆ supp(h)⊆ supp(h)⊆U ,

• h ∈ Ṽϵ , and

• gh is measure-class preserving on supp(h).

Proof. Let N (X) be as in Fact 2.5. Using Lemma 2.6 construct N finite families
{Bl

i }i∈Jl of µ-adapted balls and boundary half balls such that diam(Bl
i ) < ϵ/N for

all 1≤ l ≤ N and i ∈ Jl and the union of the interiors of all the Bl
i covers X .

Let C1, . . .Cm be an enumeration of all sets of the form Bl
i that intersect F .

Clearly, F ⊆
⋃m

j=1 C̊ j and, by taking ϵ to be small enough, we may assume that⋃m
j=1 C j ⊂U .
Using Observation 2.3 we can find h1 ∈ H(X, ∂X) with supp(h1) ⊆ C1 such

that gh1 is measure-class preserving on C1. Applying 2.3 once more (to the
homeomorphism g′ = gh1) yields h2 ∈H(X, ∂X) such that gh1h2 is measure-class
preserving on C2. Since (gh1)↾C1\C2 = (gh1h2)↾C1\C2 , gh1h2 is also measure-class
preserving on C1 \C2. By Observation 2.2 gh1h2 is thus measure-class preserving
on C1 ∪C2. Continuing in this fashion, we obtain h1, . . . hm ∈H(X, ∂X) with h j

supported on C j and such that if h := h1h2 · · · hm , the composition gh is measure-
class preserving on

⋃m
j=1 C j , which is a neighborhood of F contained in U .

Since diam(C j ) < ϵ/N and one can still separate the family {C j }
m
j=1 into N

distinct families of disjoint sets, it is not hard to see that h ∈ Ṽϵ and so we are
done. □

Corollary 2.9. For any OU pair (X, µ) the group Hbac(X, µ) is dense in H(X)
with respect to τco.

Local fragmentation for the restriction of the compact-open topology. We write
Nϵ(A) for the metric neighborhood Nϵ(A) := {x ∈ X | d(x, A) < ϵ}.

Definition 2.10. We say that a subgroup h ≤H(X) satisfies the weak local frag-
mentation property for τco if for any finite collection U1, . . .Ur , V of open subsets
of X with V ⊆

⋃r
j=1 U j there is δ > 0 such that

hV ∩ Ṽδ ⊆ hc
U1
· · · hc

Ur
.

If in the situation above for any ϵ > 0 there is δ > 0 such that

hV ∩ Ṽδ ⊆ (hc
U1
∩ Ṽϵ) · · · (hc

Ur
∩ Ṽϵ),

then we say that h satisfies the local fragmentation property for τco.

Lemma 2.11. For any compact manifold X , if h≤ h(X) h satisfies the weak local
fragmentation property with respect to τco, then it satisfies the local fragmentation
property with respect to τco.
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Proof. Let V,U1, . . .Ur ⊆ X be open subsets with V ⊆
⋃r

i=1 Ui and ϵ > 0. Let
N =N (X) be as in Fact 2.5. Then V ⊆

⋃r
i=1

⋃N
j=1 Vi, j , where each Vi, j is the union

of the interiors of some disjoint collection of compact subsets of Vi of diameter at
most ϵ/N . The desired conclusion now follows from the weak local fragmentation
property applied to V and {Vi, j | 1 ≤ i ≤ r, 1 ≤ j ≤ N } and the observation that
hVi,1 · · · hVi,N ⊆ (Ṽϵ/N )

N
⊆ Ṽϵ . □

We recall the following fact, due to Edwards and Kirby [6].

Fact 2.12. Let M be a compact manifold. Then H(X) and H(X, ∂X) have the weak
local fragmentation property for τco.

Lemma 2.13. If (X, µ) is an OU pair, then G := Hbac(X, µ) satisfies the weak
local fragmentation property for τco.

Proof. Write h for H(X) and let U1, . . .Ur , V be open sets in X such that V ⊆⋃r
j=1 U j . We will show by induction on r the existence of some δ > 0 such that

(4) GV ∩Vδ ⊆Gc
U1
· · ·Gc

Ur
.

The weak local fragmentation property for τco will then follow. The base case r = 1
is trivial, so assume r ≥ 2. It is easy to find an open set U ′ such that U ′ ⊆

⋃
l ̸=r Ul

and V ⊆U ′ ∪Ur . By the induction hypothesis, there exists δ0 > 0 such that

(5) GU ′ ∩Vδ0 ⊆Gc
U1
· · ·Gc

Ur−1
.

Next, let ϵ := δ0/2. By the local fragmentation property for the ambient group h

there exists δ > 0 such that

(6) hV ∩ Ṽδ ⊆ (hc
U ′ ∩ Ṽϵ)(h

c
Ur
∩ Ṽϵ).

We claim that condition (4) holds for the δ given above. To see this, choose an
arbitrary g ∈ GV ∩ Vδ. By (6) we can write g = ĝ1ĝ2, where ĝ1 ∈ hc

U ′ ∩ Ṽϵ and
ĝ2 ∈ h

c
Ur
∩ Ṽϵ .

By applying Lemma 2.8 with F := supp(ĝ1)∩ supp(ĝ2) and U :=U ′∩Ur , there
exists some h ∈H(X, ∂X) such that

• F ⊆ supp(h)⊆ supp(h)⊆U ′ ∩Ur ,

• h ∈ Ṽϵ , and

• g̃ := ĝ1h is measure-class preserving on supp(h).

Observe that

supp(g̃)⊆ supp(ĝ1)∪ supp(h)⊆ supp(ĝ1)∪ supp(h)⊆U ′.

Clearly, g̃ agrees with ĝ1 on supp(g̃) \ supp(h). We also have

(7) supp(g̃) \ supp(h)⊆ supp(ĝ1) \ supp(h)⊆ supp(ĝ1) \ F.
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But ĝ1 agrees with g on the set supp(ĝ1) \ F . Since g is measure-class preserving
everywhere, this implies that g̃ is also measure-class preserving on X \ supp(h).
From Observation 2.2, we conclude that g̃ ∈ G. The choice of ϵ also guaranties
that g̃ ∈ V2ϵ ⊆ Vδ0 . Therefore, by (5) there are gi ∈ G

c
Ui

, 1 ≤ i ≤ r − 1 such that
g̃ = g1 · · · gr−1.

Finally, write gr := h−1ĝ2. Clearly g2 is in G, since g̃ and g are, while also

supp(g2)⊆ supp(ĝ2)∪ supp(h)⊆Ur . □

The next result follows from an approximation argument like that of [10, Lemma 5].

Corollary 2.14. Let X = [0,1] and suppose that U1, . . .Ur are open sets with
(0,1) =

⋃r
j=1 U j . Then there exists some continuous function ϵ : X → R≥0 with

ϵ−1(0)= {0,1} such that{
g ∈G | ∀x ∈ (0,1) d(g(x), x)≤ ϵ(x)

}
⊆Gc

U1
· · ·Gc

Ur
.

Uniform perfectness.

Lemma 2.15. Assume that D, D′ ⊆ X are either µ-adapted balls or boundary
half-balls in X satisfying D ⊆ D̊′. In case they are boundary half-balls, assume in
the latter case that dim(X) ≥ 2. Then there is h ∈ GD′ such that {hk(D)}k∈Z are
disjoint.

Proof. Assume without loss of generality that D and D′ are embedded balls and
pick some µ-adapted ball D0 with D⊆ D̊0⊆ D0⊆ D̊′ and some point p0 ∈ D̊′\D0.
Using Fact 2.1, one can easily see that D0 is the first entry of a sequence of
µ-adapted balls {Dk}k≥0 such that, for all k ≥ 0,

• Dl+1 ⊂ D̊l for all 0≤ l < k,

• there is some constant λ ∈ (0,1) such that µ(Dk+1)= λµ(Dk) for all k ≥ 0, and

• Dk converges to {p0} in the Hausdorff topology as k goes to infinity.

Using Observation 2.3 it is easy to construct a sequence of elements (hk)k≥0⊂H(X)
supported on D′ such that

• hk agrees with hk+1 on D′ \ D̊k , and

• hk maps Dl homeomorphically onto Dl+1 for 0≤ l ≤ k.

In view of the statement of 2.3, we may also assume

∥hk∥bac,D′\Dk

=
(
µ(D′ \ D1)−µ(D′ \ D0)

)
+

k−1∑
l=0

(
µ(Dl)−µ(Dl+1)− (µ(Dl+1)−µ(Dl+2))

)
≤ µ(D0 \ D1)+

k−1∑
l=0

(1− λ)2λlµ(D0)≤ µ(D0 \ D1)+ (1− λ)µ(D0).
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The sequence (hk)k≥0 is seen to converge in τac to some h∞ ∈G with the desired
property. □

The following follows easily from a standard argument due to Anderson [1] and
is likely known.

Corollary 2.16. Let D, D′⊆ X be two embedded (boundary) balls such that D⊆ D̊′.
Then for any g ∈GD̊ there exists h1, h2 ∈GD̊′ such that g = [h1, h2].

Proof. Take h2 as given by Lemma 2.15 and let

h1 ∈G⋃
k≥0 hk(D̊)

be the element that acts on hk(D̊) as gh−k
for all k ≥ 0 (using Observation 2.2). □

3. Some general preliminaries for Theorem B

Here we collect some material needed in the next two sections. Most of it applies
in the general setting of Proposition A. We first recall the very basic probability
theory needed in the proof, namely Chebyshev’s inequality, martingales, and the
behavior of their variance. The second subsection relates the behavior of D(g) to
the measure distortion of the element g ∈G. The third one introduces the technical
notion of filling blocks and good covering sequences, needed in the following two
subsections to precisely state and proof the existence of elements g such that D(g)
deviates from D(Id) in a evenly spread manner, and we prove existence in the case
of an OU pair.

Martingales and Chebyshev’s inequality.

Definition 3.1. Let (X,A, µ) be a probability space. We say that a sequence of
functions ψ1, . . . ψn : X→ R in L1(X, µ) is a sequence of martingale increments
if as random variables the expectation of ψk conditional on (ψl)l<k is 0. In other
words, if

∫
ψ1 dµ = 0 and for every 1 ≤ k ≤ n− 1 and every finite tuple of real

intervals J := (J1, . . . Jk) if we let AJ := {x |ψi (x) ∈ Ji for 1≤ i ≤ k} then we
have

∫
AJ
ψk+1 dµ= 0.2

For the following, see, for instance, [13], Example 10.2 and Theorem 10.4.

Fact 3.2. For any sequence of martingale increments ψ1, . . . ψn we have∥∥∥∥ n∑
l=1

ψl

∥∥∥∥2

2
=

n∑
l=0

∥ψl∥
2
2.

2Equivalently, if the sequence (
∑k

j=1 ψ j )
n
k=1 is a martingale that starts at zero.
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Fact 3.3 (Chebyshev’s inequality). For any probability space (X,A, µ), any f ∈
L2(X, µ) and any ϵ > 0 we have

µ
({

x ∈ X | | f (x)|> ϵ
})
≤
∥ f ∥22
ϵ2 .

The following is a standard fact and an immediate corollary of Facts 3.3 and 3.2.

Corollary 3.4. For any ϵ,C > 0 there exists some N = N (C, ϵ) ∈ N such that for
any n ≥ N and any sequence of martingale increments ψ0, ψ1, . . . with ∥ψl∥

2
2 ≤ C

for all 1≤ l ≤ n we have

µ
({

x
∣∣∣ ∣∣∣1

n

n∑
l=0
ψl(x)

∣∣∣> ϵ})
< ϵ.

Two observations on derivatives and integrals. Let X and µ be as in the assump-
tions of Proposition A and write G :=Hbac(X, µ). Without loss of generality, let µ
be a probability measure. Given a real function f on X , we write φ+ := φ1{φ≥0}.

Lemma 3.5. Let g ∈G and let A ∈ B(X). Then

∥g∥ac,A = 2
∫

A
(1−D(g))+ dµ+ (µ(g(A))−µ(A))≤ µ(A)+µ(g(A)).

Proof. Note that

µ(g(A))−µ(A)=
∫

A
(D(g)− 1) dµ=

∫
A
(D(g)− 1)+ dµ−

∫
A
(1−D(g))+ dµ.

Since f++ (− f )+ = | f | for all f ∈ L1(X, µ), it follows that

2
∫

A
(1−D(g))+ dµ+µ(g(A))−µ(A)=

∫
A
|1−D(g)| dµ= ∥g∥ac,A.

On the other hand, since D(g)> 0 almost everywhere, we have
∫

A(1−D(g))+ dµ≤
µ(A), from which the inequality in the statement follows. □

Corollary 3.6. Suppose that A ∈ B(X ) and g ∈G satisfy

(1) ∥g∥ac,A ≥ ϵµ(A) for some ϵ > 0, and

(2) µ(g(A))≤ (1+ δ)µ(A) for some δ > 0.

Then
µ(A0)≥

1
4((ϵ− δ)µ(A)),

where A0 :=
{

x ∈ A |D(g)(x)≤ 1− 1
4(ϵ− δ)

}
.

Proof. By Lemma 3.5 we have∫
A
(1−D(g))+ dµ= 1

2(∥g∥ac,A− (µ(g(A))−µ(A)))≥ 1
2(ϵ− δ)µ(A).
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On the other hand, we have∫
A
(1−D(g))+ dµ≤ µ(A0)+

1
4(ϵ− δ)µ(A \ A0)≤ µ(A0)+

1
4(ϵ− δ)µ(A),

since D(g) > 0 a.e. The result follows. □

Filling blocks and good covering sequences.
Definition 3.7. Given ϵ > 0, we say that A⊆ X is an ϵ-filling block if µ(Fr(A))= 0,
µ(A) > 0 and there exist n > 1 and a finite set {gl}

n
l=1 ⊆ G such that D(gl) is

constant almost everywhere in some neighborhood of A and if we let Al := gl(A)
we have
• µ(Al ∩ Al ′)= 0 for 1≤ l < l ′ ≤ n, and

• µ
(
X \

⋃n
l=1 Al

)
< ϵ.

The following result is due to Fathi [7], based on the work of Brown for the
unmeasured case; see also [3, Chapter 17].

Fact 3.8. For each OU pair (X, µ) there exists a continuous surjection

f : I n
→ X

such that the following hold:

(a) The restriction of f to I n
\ ∂ I n is an embedding onto an open dense subset of

X , so that in particular, f (I n
\ ∂ I n)⊆ X \ ∂X and thus ∂X ⊆ f (∂ I n).

(b) We have f (I n
\ ∂ I n)∩ f (∂ I n)=∅.

(c) The measure µ is the push-forward of Lebesgue measure on I n by f .

Here I n is only a particular description of the standard n-dimensional ball as a
topological manifold.

Definition 3.9. By a covering sequence (for (X, µ)) we mean a sequence

S = (Pm,Lm,L
′

m)m≥0,

where Pm = {P(m, l)}l∈Lm is a collection of finitely many measurable sets and
L ′m ⊆Lm is such that the following conditions are satisfied.

(1)
⋃

l∈Lm
P(m, l)= X .

(2) For distinct l, l ′∈Lm we have P(m, l)∩P(m, l ′)⊆Fr(P(m, l))∩Fr(P(m, l ′)).

(3) µ(Fr(P(m, l)))= 0 and µ(P(m, l)) > 0 for all m ≥ 0 and l ∈Lm .

(4) For any m ≥ 0 and l ∈Lm+1 there is l ′ ∈Lm with P(m+ 1, l)⊆ P(m, l ′).

(5) supl∈Lm
diam(P(m, l)) converges to 0 as m tends to infinity.

(6) For m′ > m ≥ 0 and every l ∈Lm we have

1
2µ(P(m, l))≤ µ(P(m, l)∩

⋃
l∈L ′m′

P(m′, l ′)).
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If, in addition, for some ϵ we have

(7) P(m, l) is an ϵ-filling block for all m ≥ 0, l ∈L ′m ,

then we say P is ϵ-filling.
We say that (X, µ) is well-covered if it admits an ϵ-filling good covering sequence

for all ϵ > 0.

Corollary 3.10. If (X, µ) is an OU pair, then any µ-adapted ball D ⊆ X is an
ϵ-filling block for all ϵ > 0 and (X, µ) is well-covered.

Proof. Fix a continuous surjection f : I n
→ X as given by Fact 3.8. By Corollary 2.4,

the property of being an ϵ-filling blocks holds for some ball D if and only if it
holds for any µ-adapted ball of the same measure. We can thus assume that D is
disjoint from f (∂ I n). The preimage f −1(D), which is disjoint from ∂ I n , is easily
shown to be an ϵ-filling block in I n for every ϵ > 0 with respect to the Lebesgue
measure, as witnessed by elements of Hbac(X, µ) which fix the boundary of I n

pointwise. The properties of f ensure that those elements push forward by f to
homeomorphisms of X which in turn witness the fact that D is an ϵ-filling block in
(X, µ) for all ϵ.

To construct a covering sequence S , for each m ≥ 0 it suffices to push onto X
the cover of I n by the collection of all cubes of the form

[
0, 1

2m

]m
+ ᾱ, where ᾱ is

an arbitrary n-tuple with values in 1
2m (N∩ [0, 2m

− 1]). The subset of indices L ′m
will correspond to the images of the small cubes that do not touch ∂ I n , which are
all ϵ-filling for any ϵ, by the previous paragraph. □

4. Density of elements with well-distributed norm around the identity

Throughout this section and the next, we assume that (X, µ) satisfies the hypotheses
of Proposition A, with µ(X)= 1, and d is a compatible metric on X .

The main goal of this section is to prove Corollary 4.7, whose content can be
rephrased as saying that for any group topology τ on G finer than τco but strictly
coarser than τac there is some constant ϵ such that for δ-small enough and any
finite collection {Ai }

r
i=1 of δ-filling blocks with pairwise µ-null intersection the

collection of g ∈G such that D(g) deviates at least ϵ0 on average from 1 on each
Ai (i.e., ∥g∥ac,Ai > µ(Ai ) for all i) accumulates at the identity with respect to τ .

For a group topology τ ⊇ τco, being strictly coarser than τac is equivalent to
the existence of ϵ0 > 0 such that the collection of elements g with ∥g∥ac > ϵ0

accumulates at the identity and the proof of Corollary 4.7 involves the following
two ingredients.

• Lemma 4.1, which shows, using an argument involving the continuity of conjuga-
tion of a flavor often seen in minimality proofs, that in the situation above for some
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fixed ϵ, ϵ′ > 0 and every ϵ-filling block A ∈ B(X) the collection of g ∈G such that
∥g∥ac,Ai > ϵ

′µ(A) accumulates on the identity with respect to τ .

• Continuity of multiplication with respect to τ now easily implies that given
{Ai }

r
i=1 as in the statement of Corollary 4.7 we can find in every neighborhood

of identity products of the form g1 ◦ · · · ◦ gr , where ∥gl∥ac,Al > ϵ
′µ(Al) for each

1≤ l ≤ r . To prevent composition from mostly canceling out the good properties of
the individual gl rather than aggregating them we use Lemma 4.4, which states that
the composition g0 ◦ g1 of two elements from G preserves enough of the maximum
of ∥g0∥ac,A and ∥g1∥ac,A on any Borel set A, provided g1 is chosen sufficiently
close to the identity in τco in terms of τco.

We start with some notation and facts that will be useful in the proof of Lemma 4.4,
and also later on.

Lemma 4.1. Suppose that τ is a group topology on G finer than τco and such
that there is ϵ0 > 0 with the property that for all V ∈ Nτ (Id) there is g ∈ V with
∥g∥ac > ϵ0.

Then for every V ∈Nτ (Id) any 1
4ϵ0-filling block A there is some g ∈ V such that

∥g∥ac,A >
1
4ϵ0µ(A).

Proof. Assume for the sake of contradiction the existence of some V ∈Nτ (Id) and
an 1

4ϵ0-filling block A such that for all g ∈ V we have ∥g∥ac,A ≤
1
4ϵ0µ(A).

According to Definition 3.7 there exists n > 1 and a finite set {gl}
n
l=1 ⊆G such

that D(gl) is constant on some neighborhood Ul of A and, if we let Al := gl(A),
we have

• µ(Al ∩ Al ′)= 0 for 1≤ l < l ′ ≤ n and

• µ
(
X \

⋃n
l=1 Al

)
< ϵ0.

If we let δl >0 be small enough that Nδl (Al)⊆ gl(U ), then for any element g∈Vδl

a simple application of the chain rules implies that for almost all x ∈ A we have
D(ggl )(x)= D(g)(gl(x)), from which the equality µ(Al)∥g∥ac,A = µ(A)∥g∥ac,Al

follows.
Let δ∗ = min1≤l≤n δl and consider V ′ := Vδ∗ ∩

⋂n
l=1 V

g−1
l ∈ Nτ (Id) (where we

use τco ⊆ τ ). By assumption, we can find g ∈ V ′ with the property that ∥g∥ac > ϵ0.
In particular ∥ggl∥ac,A ≤

1
4ϵ0µ(A) for all 1≤ l ≤ n. By the discussion just above,

∥g∥ac,Al ≤
1
4ϵ0µ(Al) for all 1≤ l≤n, and if we write C :=

⋃n
l=1 Al , then clearly also

∥g∥ac,C =
µ(C)
µ(A)

∥g∥ac,A ≤
1
4ϵ0µ(C)≤ 1

4ϵ0.

Therefore
µ(g(X \C))−µ(X \C)= µ(C)−µ(g(C))≤ 1

4ϵ0,



GROUP TOPOLOGIES ON GROUPS OF HOMEOMORPHISMS 125

and thus ∥g∥ac,X\C ≤ 2µ(X \ C) + 1
4ϵ0 ≤

3
4ϵ0 by Lemma 3.5. This leads to a

contradiction:
∥g∥ac = ∥g∥ac,C +∥g∥ac,X\C ≤

1
4ϵ0+

3
4ϵ0 = ϵ0. □

Definition 4.2. Given A ∈ B(X) with µ(Fr(A))= 0, µ(A) > 0 and ϵ > 0 we write

pA(ϵ)= sup{δ > 0 |µ(g(A)△A) < ϵµ(A) },

so that, in particular, |µ(A)−µ(g(A))|< ϵ if g ∈ Vδ for δ < pA(ϵ).

For example, if X = I , µ the Lebesgue measure, d the standard distance, and
A ⊆ I̊ an interval, then pA(ϵ)= ϵ/(2µ(A)) for ϵ small enough.

Observation 4.3. Given A as in 4.2, we have pA(ϵ) > 0 for every ϵ > 0.

Proof. It suffices to show that for any sequence (gn)n ∈ H(X) converging to Id
in τco the measure of µ(gn(A) \ A) and that of µ(A \ gn(A)) both converge to
0. As in the proof of Lemma 1.11, we must have Å ⊆

⋃
n∈N

⋂
m≥n gm(A) and

thus
⋂

n∈N

⋃
m≥n(A \ gm(A))⊆ Fr(A), which implies that limn A \µ(gn(A))= 0.

Arguing with X \ A instead of A one can likewise deduce limn µ(gn(A)\ A)= 0. □

We call to the reader’s attention that the proof of the following lemma contains a
nested chain of sublemmas, with 4.6 subordinate to 4.5, in turn subordinate to 4.4.
We use the width of the end-of-proof symbol to indicate their degree of nesting.

Lemma 4.4. Given any g0 ∈G, any compact A ⊆ X and any η > 0 there is some
δ(g0, η) > 0 such that for any g1 ∈ Vδ we have

∥g0 ◦ g1∥ac,A ≥max{∥g0∥ac,A,
1
8∥g1∥ac,A}− η.

Proof. We start by choosing φ ∈ C0(X,R>0) such that ∥D(g0)− φ∥ ≤
1
4η and

λ> 0 such that ωφ(2λ) < 1
8η, where ωφ is the function introduced in Definition 1.5.

Consider now some partition A=
∐n

i=1 Ai into finitely many Borel sets of diameter
less than λ and with a µ-null frontier. For 1 ≤ i ≤ n choose an arbitrary xi ∈ Ai .
Let I+ be the set of indices i such that φ(xi ) > 1 and I− := {1, . . . n}\I+. We will
now check that any δ with

(8) 0< δ <min
{
λ, pA(1), pAi (2), pAi

(
η

4nφ(xi )µ(Ai )

)}n

i=1

satisfies the conditions of the statement. Fix some arbitrary g1 ∈ Vδ and let ψ :=∑n
i=1 φ(xi )1Ai .

Lemma 4.5. ∥ψD(g1)−1∥1,A≥max
{
∥ψ−1∥1,A, 1

8∥g1∥ac,A
}
−

1
4η.

Proof. We will show that for any i ∈ {1, 2, . . . n} we have

(9)
∫

Ai

|φ(xi )D(g1)− 1| dµ≥max
{
|φ(xi )− 1|µ(Ai ),

1
8∥g1∥ac,Ai

}
−

η

4n
.
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Summing this over 1 ≤ i ≤ n yields the lemma. To prove (9), first take i ∈ I+.
Since g1 ∈ Vδ and δ < η/

(
4nφ(xi )µ(Ai )

)
we get

(10)
∫

Ai

|φ(xi )D(g1)− 1| dµ≥
∫

Ai

(φ(xi )D(g1)− 1) dµ

= φ(xi )
∫

Ai

D(g1) dµ−µ(Ai )

= φ(xi )µ(g1(Ai ))−µ(Ai )

≥ φ(xi )
(
µ(Ai )−

η

4nφ(xi )

)
−µ(Ai )

= |φ(xi )− 1|µ(Ai )−
η

4n
.

For i ∈ I− we can argue similarly:

(11)
∫

Ai

|φ(xi )D(g1)− 1| dµ≥
∫

Ai

(1−φ(xi )D(g1)) dµ

= µ(Ai )−φ(xi )µ(g1(Ai ))

≥ µ(Ai )−φ(xi )
(
µ(Ai )+

η

4nφ(xi )

)
= (1−φ(xi ))µ(Ai )−

η

4n
= |φ(xi )− 1|µ(Ai )−

η

4n
.

This establishes the first half of (9) for an arbitrary value i ∈ {1, . . . n}. It remains
to show that ∫

Ai

|φ(xi )D(g1)− 1| dµ≥ 1
8∥g1∥ac,Ai −

η

4n
.

and, clearly, we may assume

(12) |φ(xi )− 1|µ(Ai ) <
1
8∥g1∥ac,Ai ,

so that then

|φ(xi )− 1|< 1
8µ(Ai )

∥g1∥ac,Ai ≤
1

8µ(Ai )

(
µ(Ai )+µ(g1(Ai ))

)
≤

4µ(Ai )

8µ(Ai )
≤

1
2 ,

where we have used Lemma 3.5 in the second inequality and the fact that g1 ∈ Vδ
and δ < pAi (2) in the last one. It follows that φ(xi )≥

1
2 .

We will also need the following:

Lemma 4.6. Let A ∈ B(X) and θ ∈ L1(X, µ). Then for all β > 0 we have

∥βθ − 1∥1,A ≥ β∥θ − 1∥1,A− |β − 1|µ(A).
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Proof. Let A+ := {x ∈ A | θ(x)≥ 1} and A− := {x ∈ A | θ(x) < 1}. Then∫
A−
|βθ − 1| dµ≥

∫
A−
β(1− θ) dµ+

∫
A−
(1−β) dµ

= β∥θ − 1∥1,A− dµ+ (1−β)µ(A−).

Arguing analogously, one obtains∫
A+
|βθ − 1| dµ≥

∫
A+
β(θ − 1) dµ+

∫
A+
(β − 1) dµ

= β∥θ − 1∥ac,A+ + (β − 1)µ(A+).

Adding the inequalities in the last two displays yields the desired result, since

(1−β)(µ(A−)−µ(A+))≤ |1−β|µ(A). □

To conclude the proof of Lemma 4.5 we write

∥φ(xi )D(g1)− 1∥ac,Ai ≥ φ(xi )∥g1∥ac,Ai − |φ(xi )− 1|µ(Ai )

≥
1
2∥g1∥ac,Ai −

1
8∥g1∥ac,Ai ≥

1
8∥g1∥ac,Ai ,

where we first used Lemma 4.6 with β = φ(xi ), then applied the inequalities
φ(xi )≥

1
2 and (12). □

To conclude the proof of Lemma 4.4 we apply Observation 1.6. We use the fact
that ∥D(g0)−φ∥1,A ≤

1
4η, as well as δ < λ, g1 ∈ Vδ , and ωφ(2λ) < 1

8η. We obtain

(13) ∥g0◦g1∥ac,A≥∥ψD(g1)−1∥1,A− 1
4η−

1
8µ(g1(A))η≥∥ψD(g1)−1∥1,A− 3

8η.

But by the choice of λ and φ we have

∥ψ − 1∥1,A ≥ ∥φ− 1∥1,A− 1
8η ≥ ∥g0∥ac,A−

3
8η,

which together with Lemma 4.5 yields

∥ψD(g1)∥1,A−
3
8η ≥max

{
∥ψ − 1∥1,A, 1

8∥D(g1)∥ac,A
}
−

5
8η

≥max
{
∥g0∥ac,A,

1
8∥D(g1)∥ac,A

}
− η.

Combining this with (13), the conclusion of Lemma 4.4 follows. □

Corollary 4.7. For every ϵ > 0 there are ϵ′, ϵ′′ > 0 such that the following happens.
Let τ be a group topology finer than τco such that for all V ∈Nτ (Id) there is g ∈ V
with ∥g∥ac > ϵ. Let A1, . . . An be a finite collection of ϵ′-filling blocks in X whose
pairwise intersection is µ-null. Then for any V ∈ Nτ (Id) there is g ∈ V such that
∥g∥ac,Ai ≥ ϵ

′′µ(Ai ) for all 1≤ i ≤ n.
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Proof. We show that we can take ϵ′ := 1
4ϵ, and ϵ′′ := 1

64ϵ. Pick U ∈ Nτ (Id) such
that Un

⊆ V . We choose g1, . . . gn ∈G iteratively in the following manner, where
we write ḡ0 = Id and ḡi = g1g2 . . . gi for 1≤ i ≤ n. Having found g1, . . . gi−1, we
choose gi as follows:

(1) Let V1 stand for G if i = 1, and otherwise for Vδ , where δ = δ
(
ḡi−1, ϵ0/2n+7

)
is given by Lemma 4.4.

(2) Using the fact that τco ⊆ τ and Lemma 4.1 one can pick gi ∈ U ∩ V1 with
∥gi∥ac,Ai ≥

1
4ϵµ(Ai ).

An iterated application of Lemma 4.4 easily shows that g := ḡn ∈ V satisfies
∥g∥ac,Ai ≥

1
64ϵµ(Ai ) for all 1≤ i ≤ n. □

5. Covering sequences and the density of elements with very large norm

The goal of this section is to establish Proposition 5.3, which, given a sequence
(gi )i≥1 ⊆G that meets certain conditions, allows us to approximate the logarithm
of D(g1g2 · · · gk) by θk − ϵ

′k, where ϵ′ > 0 and (θi )i>1 is a sequence in L1(X, µ)
that as a sequence of random variables is a martingale process. This result is quite
technical, and its proof involves some structural subtleties, which we outline at the
outset. Its goal is to show Corollary 5.9, which states that under certain conditions
on a group topology τ on G every neighborhood of the identity must contain
elements that contract some Borel sets of measure arbitrarily close to µ(X)= 1 to
a set of measure arbitrarily close to 0.

The following trivial upper bound 3 on the logarithm will be useful. Suppose
given an approximation φ > 0 of D(gi ) for one of the gi . At some point, we
will need to bound ln(φ) from above by the sum of a negative constant and some
function of bounded variation. On any point x ∈ X at which φ(x) ≤ 1, we have
ln(φ(x))≤φ(x)−1 and the negative difference ln(φ(x))−φ(x)+1 can be offloaded
on either the constant or the inequality. Keeping track of how this “gain” aggregates
over different sets of points will be a key ingredient in the proof of Proposition 5.3.

Definition 5.1. Let 3 : (0,∞)→ R be the continuous function defined by

3(t) :=
{

ln(t) if t ≥ 1,
t − 1 if t < 1.

Observation 5.2. Let φ : X→ R>0 and ρ : X→ [−1, 1] be measurable functions,
A ∈ B(X). Then

∥3(φ)+ ρ∥22,A ≤ 2∥φ∥1,A+ 6µ(A).

Proof. Consider an arbitrary γ ∈ [−1, 1]. For y ≥ 1 and we have

(3(y)+γ )2= (ln(y)+γ )2≤ (ln(y)+1)2≤ 2
(
1+ ln(y)+ 1

2 ln(y)2
)
≤ 2eln(y)

= 2y,
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while for any 0≤ y ≤ 1 we have

(3(y)+ γ )2 = (y+ γ − 1)2 ≤ 4.

One can use this to conclude:
∥3(φ)+ ρ∥22,A ≤ 2∥(φ− 1)++ 1∥1,A+ 4µ({x ∈ X |φ(x)≤ 1})

≤ 2∥φ∥1+ 4µ(A). □

Proposition 5.3. For ϵ>0 small enough the following holds. Let (Pm,Lm,L
′
m)m≥0

be a good covering sequence as defined in Definition 3.9. For any η > 0, k ∈ N+

there are functions

δη,k :G
k−1
→ R>0 and mη,k :G

k
→ N

with the properties described below.3

For any sequence g1, . . . gn of elements of G, writing m0 = 0 and

δk := δη,k−1(g1, . . . , gk−1), mk := mη,k(g1, . . . gk)

for k ≥ 1, if

(I) gk ∈ Vδ̂k
and

(II) ∥gk∥ac,P(mk−1,l) > ϵµ(P(mk−1, l)) for all l ∈L ′mk
,

then there exist

• a sequence (ψk)
n
k=1 of martingale increments on (X, µ) such that ∥ψk∥

2
2 ≤ 8,

• ϵ′ := 1
64ϵ

(
−

1
32ϵ− ln

(
1− 1

32ϵ
))
> 0, and

• 2 ∈ L1(X, µ) with ∥2∥1 ≤ η,

such that the inequality

(14) D(g1 ◦ g2 · · · gn)≤2+ e−nϵ′+
∑n

k=1 ψl

holds almost everywhere.

Overview of the proof. We work with a fixed η> 0. The construction is by induction
on k. We assume that δ j,η and m j,η are already defined for 1≤ j < k and we are
given a tuple ḡk−1 := (g1, . . . gk−1) ∈ G

k−1, which satisfies the conditions of the
statement of Proposition 5.3. We also assume that the construction has provided us
with step functions ψ1, . . . ψk−1, together with some additional auxiliary data, to
be described in detail below.

We begin the k-th step of the construction using the previous information to find
δk := δη,k(ḡk−1), after which, given gk ∈G satisfying (I) and (II), we describe how
to find the aforementioned auxiliary data, consisting of
• a continuous θk : X→ R>0 which approximates D(g) sufficiently well in L1;

3In particular, m1,η, δ1,η are constants dependent on η.
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• a positive constant λk > 0 depending on the modulus of continuity of θk ;

• an integer mk := mη,k(ḡk−1, gk) > mk−1 large enough to ensure that the sets in
Pmk have uniformly small diameter in relation to λk ; and

• a step function φk : X→ R>0 defined in terms θk and the covering Pmk , which is
meant to approximate D(gk) still reasonably well by the choice of λk and mk .

We next need to find the next martingale increment ψk in the sequence. In
Lemma 5.4 we describe how to find a step function ψk that bounds ln(φk) in a
uniformly strict manner, integrates to zero on each of the sets in the previous
partition P(mk−1) (i.e., its expectation conditional to P(mk−1, l) is null) and has a
uniformly bounded L2-norm (variance). The proof is technical and contains the
two nested sublemmas 5.5 and 5.6.

To conclude, we need to show that for any tuple (g1, . . . gn) ∈ Gn as in the
hypothesis, with a resulting sequence of step functions ψ1, . . . ψn , the control of ψ j

over φ j for all 1≤ j ≤ n, as well D(g j ) being well-approximated by φ j , translates
into the existence of a suitable 2 such that inequality (14) is satisfied, which comes
down to combining together all the information coming from the previous steps in
a telescopic sum (which explains the powers of two in some of the definitions). □

Proof of Proposition 5.3. Recall that η > 0, which is given to us, is fixed and most
of the functions defined above are dependent on it (even if the dependence is hidden
from the notation from this point on).

Notation. Recall that m0 = 0.

• ϵ̂ :=
(
−

1
32ϵ− ln

(
1− 1

32ϵ
))

so that ϵ′ = 1
64ϵϵ̂,

• 1 j := e− jϵ′+
∑ j

l=1 ψl (in particular, 10 = 1),

• p j :=minl∈Lm j
pP(m j ,l) (see Definition 4.2),

• ν j,l := µ(P(m j , l)).

Choice of δk, mk and the auxiliary data. We adopt the convention λ0 := 1 and
initially set

(15) δk :=
1
2 min

{
λk−1, pk−1

( 1
2ϵ
′
)
, pk−1

( 1
4ϵ

)
, δk−1

}
.

Given gk ∈G satisfying conditions (I) and (II) we find mk and ψk through the
following sequence of choices:

(i) θk ∈ C0(X), θk > 0 such that

(a) ∥θk −D(gk)∥1 <
η

2k+2∥1k−1∥∞
and

(b) ∥θk −D(gk)∥1,P(mk−1,l) <min
{
ϵ′

2 ,
(
ϵ

32

)2}
νk−1,l for l ∈Lmk−1 ,

(ii) λk ∈ (0, δk) such that ωθk (2λk) <
η

2k+2∥1k−1∥∞
,
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(iii) and finally mk > mk−1 such that supl∈Lmk
diam(P(mk, l)) < λk .

Define φk as the step function

φk :=
∑

l∈Lmk

(
inf

x∈P(mk ,l)
θk(x)

)
1P(mk ,l).

We start the proof of the proposition with the following sublemma.

Lemma 5.4. There is some function ψk constant on P(mk, l) for every l ∈Lmk and
satisfying

(a) ln(φk)≤−ϵ
′
+ψk almost everywhere,

(b)
∫

P(mk−1,l)
ψk dµ= 0 for each l ∈Lmk−1 , and

(c) ∥ψk∥
2
2 ≤ 8.

Proof. Let l ∈Lmk−1 . By (15), the assumption gk ∈ Vδk , and (I) we have

(16) µ(gk(P(mk−1, l)))≤
(
1+min

{ 1
2ϵ
′, 1

4ϵ
})
νk−1,l .

On the other hand, since at least µ-half of P(mk−1, l) is covered by sets of the form
P(mk, l ′) with l ′ ∈L ′m (item (6) of 3.9), it follows from (II) in the choice of gk that

(17) ∥gk∥ac,P(mk−1,l) ≥
1
2ϵνk−1,l .

Together with (16), this allows us to apply Corollary 3.6 with 1
2ϵ in place of the ϵ

in the statement of the Corollary and 1
4ϵ in place of δ, and obtain the inequality

µ
({

x ∈ P(mk−1, l) |D(gk)(x)≤ 1− 1
16ϵ

})
≥

1
16ϵνk−1,l .

From the bound ∥D(gk)− θk∥1,P(mk−,l) ≤
1
2ϵ
′νk−1,l in (1b) it follows that

(18) µ
({

x ∈ P(mk−1, l)
∣∣ |D(gk)(x)− θk(x)| ≥ 1

32ϵ
})
≤

1
32ϵνk−1,l .

Write Al :=
{

x ∈ P(mk−1, l) |φk ≤ 1− 1
32ϵ

}
. This is a union of sets of the form

P(mk, l ′), u ∈Lmk , P(mk, l ′)⊆ P(mk−1, l). We can use inequalities (17) and (18)
to conclude that

(19) µ(Al)≥ µ
({

x ∈ P(mk−1, l) | θk ≤ 1− 1
32ϵ

})
≥

1
32ϵνk−1,l,

since clearly D(x) ≤ 1− 1
16ϵ and |D(gk)(x)− θ(x)| < 1

32ϵ imply θ(x) < 1
32ϵ for

x ∈ P(mk−1, l).
Set Kl :=

∫
P(mk−1,l)

3(φk) dµ.

Lemma 5.5. The inequalities −νk−1,l ≤ Kl ≤ ϵ
′νk−1,l hold.

Proof. We start by bounding from above a natural approximation of Kl using (16):

(20)
∫

P(mk−1,l)
3(D(gk)) dµ≤

∫
P(mk−1,l)

(D(gk)− 1) dµ= 1
2ϵ
′νk−1,l .
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Using the monotonicity of 3 for the first inequality below, the fact that 3 is 1-
Lipschitz for the third one, and (20) together with item (1b) for the last one we
obtain

(21) Kl ≤
∫

P(mk−1,l)
3(θk) dµ

≤

∫
P(mk−1,l)

3(D(gk)) dµ+∥3(D(gk))−3(θk)∥1,P(mk−1,l)

≤

∫
P(mk−1,l)

3(D(gk)) dµ+∥D(gk)− θk∥1,P(mk−1,l)

≤
1
2ϵ
′νk−1,l +

1
2ϵ
′νk−1,l = ϵ

′νk−1,l .

The bound Kl ≥−νk−1,l follows trivially since 3 ◦φ >−1 everywhere. □

Next, write

γl :=max
{

0, Kl+ϵ
′νk−1,l

µ(Al)

}
, σl :=

γlµ(Al)− Kl

νk−1,l
.

Lemma 5.6. For all l ∈Lmk−1 we have

σl ≥ ϵ
′ and {σl, σl − γl} ⊆ [−1, 1].

Proof. Let l ∈Lmk−1 . Then either

• γl =
Kl+ϵ

′νk−1,l

µ(Al)
> 0 and σl = ϵ

′, or

• γl = 0, the quantity Kl+ϵ
′νk−1,l

µ(Al)
is negative, and σl =−

Kl

νk−1,l
.

Using the upper bound in Lemma 5.5 in the first inequality below and inequality
(19) in the second we get

γl ≤
2ϵ′νk−1,l

µ(Al)
≤

64ϵ′

ϵ
= ϵ̂.

If γl > 0, then σl = ϵ
′ and the inclusion {σl, σl − γl} ⊆ [−1, 1] is clear (for ϵ small

enough). In the second case we have

ϵ′ ≤ σl = σl − γl =−
Kl

νk−1,l
≤ 1,

where the first inequality follows from −Kl + ϵ
′νk−1,l < 0 and the second from

Lemma 5.5. □

To conclude the proof of Lemma 5.4, define

ψk :=3(φk)+
∑

l∈Lmk−1

(σl1P(mk−1,l)− γl1Al ).

We proceed to check that ψk satisfies the properties in the conclusion of Lemma 5.4.
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(a) The inequality
ln(φk)≤−ϵ

′
+ψk

holds almost everywhere. Indeed, by definition, ϵ̂ = − ϵ
32 − ln(1 − 32

ϵ
), that is

ϵ̂ = 0(1− ϵ
32), where

0(y)= (y− 1)− ln(y).

It is not hard to see that 0 is strictly decreasing on (0,1]. For all for all x ∈ Al we
have φ(x)≤ θ(x)≤ 1− ϵ

32 and 3(φ(x))= x − 1. Therefore for all x ∈ Al outside
a set of measure zero we have

ln(φk(x))≤3(φ(x))− ϵ̂ ≤3(φ(x))− γl =−σl +ψ(x)≤−ϵ′+ψ(x).

The inequality between first and last terms can be proven for almost all x ∈
P(mk−1, l) \ Al in a similar way. Recall that ϵ′ ≤ σl is from Lemma 5.6.

(b) For all l ∈Lmk−1 the choice of σl implies that∫
P(mk−1,l)

ψk dµ= Kl + σlνk−1,l − γlµ(Al)= 0.

(c) Finally, the bound ∥ψk∥2 ≤ 8 holds, as a consequence of Observation 5.2,
which applies with ρ :=

∑
l∈Lmk−1 ,l

(σl1P(mk−1,l)− γl1Al ), using the conclusion of
Lemma 5.6 and the inequality ∥φk∥1,P ≤ 2. □

End of the proof of Proposition 5.3: L1-approximate bound of the derivative. We
are now in a position to finish the proof of Proposition 5.3. Assume that the process
has run for n steps, producing elements g1, . . . gn ∈G, together with all the other
data. Write ĝk := gk+1 ◦ . . . gn for all 0≤ k ≤ n. Set

2k :=1k−1(D(gk ◦ ĝk)−φkD(ĝk)) ∈ L1(X, µ), 1≤ k ≤ n,

4k :=1kD(ĝk), 0≤ k ≤ n.

For all 1≤ k ≤ n noting that gk ◦ ĝk = ĝk−1 we see that, almost everywhere,

(22) 4k−1−2k =1k−1φkD(ĝk)≤1k−1e−ϵ
′
+ψkD(ĝk)=1kD(ĝk)=4k,

where the first equality follows from simple algebraic manipulations, the inequality
follows from the conclusion of Lemma 5.4 and the final equality from the definition
1 j := e− jϵ′+

∑ j
l=1 ψl .

Adding inequality (22) for all values 1 ≤ k ≤ n we get the validity almost
everywhere of

D(g1 ◦ . . . gn)=40 ≤2+4n =2+ e−nϵ′+
∑n

k=1 ψl ,

where 2 :=
∑n

k=12k . To conclude the proof of Proposition 5.3 it suffices to show
that ∥2∥1 ≤ η, which boils down to the following:
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Lemma 5.7. The inequality ∥D(gk ◦ ĝk) − φkD(ĝk)∥1 ≤
η

2k∥1k−1∥∞
holds for

1≤ k ≤ n.

Proof. We will verify that we may apply Observation 1.6 with η/(2k+1
∥1k−1∥∞)

in place of the values of ϵ and ϵ′ in the statement of that observation. Recall that by
construction supl∈Lmk

diam(P(mk, l)) < λk , and φk agrees with infx∈P(mk ,l) θk(x)
on each of those sets.

The L1 bound in the assumptions of Observation 1.6 follows from (1a), combined
from the L∞ bound resulting from the choice of λk in (ii), as well as the properties
of φk mentioned above:

∥D(gk)−φk∥1≤∥D(gk)−θk∥1+∥θk−φk∥∞≤ 2
η

2k+2∥1k−1∥∞
=

η

2k+1∥1k−1∥∞
.

In order to verify the conditions pertaining to the ϵ′ in Observation 1.6, observe
first that for all 1≤ s ≤ n we have δs+1 ≤

1
2λs <

1
2δs , as well as gs ∈ Vδs . It follows

that ĝk ∈ V2δk+1 ⊆ Vλk . □

From Lemma 5.7 we get

∥2k∥1 ≤ ∥1k−1∥∞∥(D(gk) ◦ ĝk −φk)D(ĝk)∥1 ≤ ∥1k−1∥∞
2η

2k+1∥1k−1∥∞
=
η

2k ,

from which we easily get ∥2∥1 < η, concluding the proof of Proposition 5.3. □

Lemma 5.8. Assume that (X, µ) is well-covered and let τ be a group topology on
Hbac(X, µ) satisfying τco ⊊ τ and τac ⊈ τ . Then for any V ∈Nτ (Id) and any δ > 0
there exists some g ∈ V such that µ({x ∈ X |D(g)(x)≥ δ}) < δ.

Proof. Pick ϵ0 > 0 such that for every V ∈ Nτ (Id) there is some g ∈ V with
∥g∥ac > ϵ0 and write ϵ = 1

64ϵ0 and ϵ′ := 1
64ϵ

( 1
32ϵ − ln

(
1− 1

32ϵ
)
− 1

)
. Let also

(Pm,Lm,L
′
m)m≥0 be an 1

4ϵ0-filling good covering sequence for (X, µ). Let

ν :=min
{

2
ϵ′
,
δ

2

}
, N0 =max

{⌈
2 ln(2/δ)

ϵ′

⌉
, N (8, ν)

}
,

where N :R2
>0→N is the function given by Corollary 3.4. Pick U=U−1

∈Nτ (Id) with
UN0 ⊆ V . Using Corollary 4.7 and the assumption that τco ⊆ τ we can inductively
choose g1, . . . gN0 ∈U such that for some 0<η<

( 1
2δ

)2 and δk := δη,k(g1, . . . gk−1),
mk = mη,k(g1, . . . gk), where δη,k,mη,k are given by Proposition 5.3, then the
following conditions are satisfied:

• gk ∈ Vδk ,

• ∥gk∥ac,P(mk ,l) > ϵµ(P(mk, l)) for l ∈L ′mk
.

If we write g := g1 ◦ · · · gn , then 5.3 yields 2 ∈ L1(X.µ) with ∥2∥1 < (1
2δ)

2

and a sequence of martingale increments ψ1, . . . ψn such that ∥ψl∥
2
2 ≤ 8 and
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D(g)≤2+ e−N0ϵ
′
+

∑N0
l=1 ψl almost everywhere. Using one of the bounds on N0 in

each of the last two inequalities below, we get

µ
({

x ∈ X
∣∣ (D(g)−2)(x)≥ 1

2δ
})
≤ µ

({
x ∈ X

∣∣ e−N0ϵ
′
+

∑N0
l=1 ψl ≥

1
2δ

})
≤ µ

({
x ∈ X

∣∣∣−ϵ′+ 1
N0

N0∑
l=1
ψl(x)≥

ln(δ/2)
N0

})
≤ µ

({
x ∈ X

∣∣∣ ∣∣∣ 1
N0

N0∑
l=1
ψl(x)

∣∣∣≥ 1
2ϵ
′

})
≤

1
2δ.

On the other hand, ∥2∥1 <
( 1

2δ
)2 implies that µ

({
x ∈ X |2(x) > 1

2δ
})
≤

1
2δ and

thus

µ
({

x∈X |D(g)≥δ
})
≤µ

({
x∈X | (D(g)−2)(x)≥ 1

2δ
})
+µ

({
x∈X |2(x)≥ 1

2δ
})

≤ δ. □

Using the regularity of the measure µ together with Observation 1.1 one easily
concludes:

Corollary 5.9. Under the assumptions of Lemma 5.8 for any V ∈Nτ (Id) and any
δ > 0 there is some open set V ⊆ X and some g ∈ V such that µ(V ) ≥ 1− δ and
µ(g(V ))≤ δ.

6. Separable topologies on Hbac(X, µ) in the Oxtoby–Ulam case

Let X be a compact manifold and µ an OU measure on X , and set G :=Hbac(X, µ).
Without loss of generality, we assume that µ is a probability measure. In this
section we show Lemma 6.2 below, as well as a variation, Lemma 6.7, with a
weaker conclusion in the case X = [0,1]. Both lemmas can be interpreted as saying
that any separable group topology on G is reasonably close to being finer than τac,
in the sense that any neighborhood V of the identity in τ will contain any set of the
form GU for an open set U satisfying certain conditions, the most important being
that µ(U ) < κ for some κ > 0 depending on V . We do this by adapting, in a rather
straightforward manner, arguments from the literature on automatic continuity
of homeomorphism groups. Unfortunately, we fall short of proving automatic
continuity for (G, τac), as the final steps in those proofs fail in this context and we
do not know how to fill the gap.

Definition 6.1. Assume that X ̸= [0,1]. Given ϵ > 0 by an ϵ-fine collection we
intend a finite disjoint collection {Dl}l∈3 of embedded balls and boundary half-balls
such that

• diam(Dl)≤ ϵ for all l ∈3, and

• µ
(⋃

l∈3 Dl
)
≤ ϵ.
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By an ϵ-fine open subset of X we intend one of the form
⋃

l∈3 D̊l for some ϵ-fine
collection {Dl}l∈3.

Lemma 6.2. If X ̸= [0,1], then there is some number N such that for any separable
group topology τ on G :=Hbac(X, µ) and every V ∈Nτ (Id) there exists some ϵ > 0
such that for any ϵ-fine open subset V of X we have GV ⊆ V .

Proof. By continuity of multiplication, it suffices to show, after fixing ϵ, that for
any arbitrary U = U−1

∈ Nτ (Id) the result is true with V replaced by U14 in the
conclusion. Fix such U. For the following see Lemma 3.2 in [14], which uses only
the Baire property.

Lemma 6.3. The closure of U contains the standard neighborhood of the identity
Wδ of τac (Definition 1.3) for some δ > 0.

Take ϵ := 1
4δ for the above δ and fix an ϵ-fine collection {Dl}l∈3. The following

follows from Observations 2.2 by the same argument as in Lemma 3.8 in [14].

Lemma 6.4. Assume that for all l ∈3 we are given a countable disjoint collection
{Dl,k}k≥0 of sets of the same type as Dl . Then there is some choice function
ρ :3→ N such that for all l ∈3 and any choice of elements gl ∈GDl,ρ(l) there is
some g ∈G⋃

l∈3,k≥0 Dl,k ∩U2 such that g↾Dl,ρ(l) for all l.

Using Corollary 2.16 and Lemma 2.15 together with the argument in the proof of
Lemma 3.7 in [14] and the inclusion τco ⊆ τac we obtain the following refinement
of Lemma 6.3:

Lemma 6.5. Let Dl,k ⊆ X , λ ∈3, k ≥ 0 be as in Lemma 6.4 and ρ :3→ N the
choice function provided therein. Assume that for all l ∈ 3 a set D′l ⊆ D̊l,ρ(l) of
the same type as Dl is given. Then for any choice of elements gl ∈GD̊l,ρ(l)

there is
g ∈G⋃

l∈3 D′l ∩U12 such that g↾D′l,ρ(l) = gl for all 1≤ l ≤ r .

To conclude the proof of 6.2 let {D′l}l∈3 be as given by Lemma 6.5. We can use
Observation 1.6 to find h0 ∈Wδ such that h0(Dl)⊆ D̊′l for all l ∈3 (recall that 3
is finite) and by Lemma 6.3 (in fact, we only need τco-density) we may assume that
h0 ∈ U. It follows that G⋃

l∈3 Dl ⊆ Uh0 ⊆ U14. □

Definition 6.6. Let µ be the Lebesgue measure on X =[0,1], ϵ > 0 and ω : [0,1]→
R≥0 some continuous function with ω−1(0)= {0,1}. By an (ω, ϵ)-fine collection
we intend a countable disjoint collection {Dl}l∈3 of closed subintervals of (0,1)
such that

• diam(Dl)≤ supx∈Dl
ω(x) for all l ∈3, and

• µ
(⋃

l∈3 Dl
)
≤ ϵ.

An (ω, ϵ)-fine set is defined as a set
⋃

l∈3 D̊l for some collection {Dl}l∈3l as above.
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Lemma 6.7. Let X = [0,1] and µ be the Lebesgue measure. Then there is some
number N such that for any separable group topology τ on G :=Hbac(X, µ) and
every V ∈Nτ (Id) there are ω, ϵ as in Definition 6.6 such that for any (ω, ϵ)-fine set
V ⊆ X we have GV ⊆ V .

Proof. Let d̃ be some compatible proper metric on (0,1). One can define a modified
metric ρ̃ on Hbac(0,1) by

ρ̃(g, h) :=min
{
1, sup

x∈(0,1)
d̃(g(x), h(x))+ sup

x∈(0,1)
d̃(g−1(x), h−1(x))

+∥D(g)−D(h)∥1+∥D(g−1)−D(h−1)∥1
}
.

The same argument as in Proposition A shows that ρ̃ is complete and induces a
group topology. It is not separable, but the resulting topological space will have
the Baire property nevertheless, so that Lemma 6.3 will hold with the topology
induced by ρ̃ in place of τac. From this point on, the argument continues in the
same fashion as in Lemma 6.2. Alternatively, one may use the existence of generic
conjugacy classes [10] and the argument in the proof of automatic continuity for
Homeo+(R) found in [20]. □

7. Proof of Theorem B

We restate the result toward whose proof we have been working in the previous
three sections.

Theorem B. Let (X, µ) be either

(I) an OU pair,
(II) or the Cantor space C = X equipped with either µK for some dense subfield

K ⊆ R or a generalized Bernoulli measure.

Then there is no group topology τ on Hbac(X, µ) with τco ⊊ τ ⊊ τac. In fact, more
is true: for any separable group topology τ on Hbac(X, µ), if τco ⊊ τ , then τac ⊆ τ .

Given an open set V ⊆ X we let cdiam(V ) stand for the supremum of the
diameter of all connected components of V .

Proposition 7.1. Let (X, µ) be as in Proposition A and let G := Hbac(X, µ).
Assume also that

(a) (X, µ) is well-covered;

(b) G has the local fragmentation property for τco;

(c) we are given some collection C of open sets in X and N > 0 with the following
properties:
(i) For any U ∈ C and F ⊆ π0(U ) we have

⋃
F ∈ C .

(ii) For any ϵ > 0 there is a covering of X by sets V1, . . . VN ∈ C with
cdiam(V j )≤ ϵ.
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Then τco is the only group topology τ on G satisfying the following conditions:

(1) τac ⊈ τ , τco ⊆ τ .

(2) For any V ∈Nτ (Id) there is ϵ > 0 such that for any open V ∈ C with ¯µ(V )≤ ϵ
and cdiam(V )≤ ϵ we have GV ⊆ V .

In particular, there is no group topology τ on Hbac(X, µ) with τco ⊊ τ ⊊ τac.

Proof. Assume τac ⊈ τ and τco ⊆ τ and pick arbitrary V ∈Nτ (Id) and U= U−1
∈

Nτ (Id) with U2N+2
⊆ V . Let ϵ > 0 be the constant associated with U by (2). By

Corollary 5.9 there is some open set V ⊆ X and some g ∈U such that µ(V )≥ 1− 1
2ϵ

and µ(g(V )) ≤ 1
2ϵ. Using the regularity and continuity of the measure, one can

easily find open sets V ′, V ′′ with V̄ ′ ⊆ V , V ′ ∪ V ′′ = X , and µ(V̄ ′)≤ ϵ.
Now, fix some δ>0 such that δ≤ ϵ, ωg(δ)≤ ϵ, and δ is smaller than the Lebesgue

number of the open cover {V ′, V ′′}. Choose V1, . . . Vn ∈ C with X =
⋃N

j=1 and
cdiam(V j ) < δ. For each 1≤ j ≤ N define V ′j ∈ C as the union of the connected
components of V j contained in V ′ and define V ′′j ∈ C analogously. Our choice of δ
ensures that V j = V ′j ∪V ′′j and that cdiam(g(V ′j ))≤ ϵ. The choice of ϵ implies that
Gc

g(V ′j )
∪Gc

V ′′j
⊆ U.

The fragmentation property implies the existence of some η > 0 such that

Vη ⊆Gc
V ′′1
· · ·Gc

V ′′N
Gc

V ′1
· · ·Gc

V ′N
⊆ UN (Ug)N

⊂ U2N+2
⊆ V,

and so we are done. □

Proof of Theorem B. Assume first that (X, µ) is an OU pair with X ̸= [0,1],
G :=Hbac(X, µ). We will apply Proposition A. We need to check that conditions (a),
(b) of the proposition are satisfied by (X, µ) and that the separability hypothesis on
τ implies (c) on τ , where C is the collection of all finite unions of balls and boundary
half-balls. (Note that (c) is trivial when τ ⊆ τac, by Lemma 3.5.) This follows from
Corollary 3.10 (for filling partitions), Lemma 2.13 (for local fragmentation) and
Lemma 2.6 in combination with Lemma 6.2 (to ensure property (2)).

In case (II) (X = C) of the statement, conditions (a) and (b) of Proposition A are
trivial to check. For (c), note that there clopen sets can be made to play the role of
embedded balls, so that the relevant notion of an ϵ-fine collection is just that of a
finite collection {Cl}l∈3 of disjoint clopen sets with diam(Cl) < ϵ, µ

(⋃
Cl

)
< ϵ.

The analog of Fact 2.5 in this context is immediate, since any finite covering by
open sets is always refined by a covering by disjoint clopen sets. The analog of
Lemma 6.2 can be shown using an simplified version of the same argument, along
the lines of [20] (using the commutator trick instead of the existence of generic
conjugacy classes), establishing property (2).

The case X = [0,1] is somewhat more involved. We cannot apply Proposition A
directly, but we can argue along similar lines. For any ϵ > 0 and any continuous



GROUP TOPOLOGIES ON GROUPS OF HOMEOMORPHISMS 139

function ω : [0,1] → R≥0 with ω−1(0) = {0,1}, let Cω,ϵ be the collection of all
unions of the interior of an (ω, ϵ)-fine collections in the sense of Definition 6.6.
Fix a separable group topology τ on G satisfying τac ⊈ τ and τco ⊆ τ . We begin
by establishing an analog of property (2) in the statement of Proposition A, namely,
that for any such τ and any V ∈Nτ (Id) there are ϵ, ω as above such that GU ⊆ V
for any U ∈ Cω,ϵ . This is the content of Lemma 6.7.

We need to show the existence of some constant M > 0 such that for any
symmetric V ∈Nτ (Id) the set VM contains some neighborhood of the identity in τco.
Fix V from here on and let (ω, ϵ) the pair associated to V by the above discussion.

As in the proof of the proposition, we note that by Corollary 5.9 there is some
open set V ⊆ [0,1] and some g ∈ U such that µ(V ) ≥ 1− 1

2ϵ and µ(g(V )) ≤ 1
2ϵ.

Using the regularity and continuity of the measure one can easily find open sets
V0, V1, V2 such that V 0 ⊆ V ,

⋃
i Vi = (0,1) and all of g(V0), V1, and V2 are

(ω, ϵ)-fine open sets. Arguing as in the proof of Proposition A, we conclude
that GV0GV1GV2 ⊆ V5. This does not imply that V5

∈Nτ (1) right away, since the
applicable variant of fragmentation is Corollary 2.14, which has a weaker conclusion
than that of Lemma 2.13. Fortunately, this issue is not new and can be handled by
a straightforward adaptation of arguments in the literature.

For δ > 0 write Uδ := [0, δ)∪(1−δ, 1], and note that by Lemma 2.13 it suffices to
show that for some integer constant M ′ we have GUδ

⊆VM ′ for some δ > 0. We also
know that some neighborhood of the identity in τac, and thus GUδ

⊆ VM ′ for some δ
small enough, must be contained in the closure of V in τac and thus also contained in
the closure of V in τco. To find M ′ with the required properties, one can now apply
a set-theoretical argument originally due to Truss [22], as is done in [20]. We refer
the reader especially to the discussion starting in the last paragraph of p. 366. □

8. Roelcke precompactness: proofs of Theorems D and E

Theorem D. If (X, µ) is a 1-dimensional OU pair, then Hbac(X, µ) is not Roelcke
precompact: indeed, if (gn)n∈N ⊂Hbac(X, µ) is a sequence such that

• (gn)n∈N converges to the identity in τco, and

• (gn)n∈N does not converge to Id in τac,

then (gn)n∈N is not totally bounded for the Roelcke uniformity.

Proof. For simplicity, assume that µ is the Lebesgue measure and d the standard
distance.

Observation 8.1. Suppose given u, ũ, g, g′ ∈G with g = ũg′u and g′ ∈ Vδ, as well
as some finite collection of disjoint open intervals {Ji }1≤i≤k in X. Then

∥u∥ac+∥ũ∥ac ≥

k∑
i=1

|µ(Ji )−µ(g(Ji ))| − 2kδ.
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Proof. For 1≤ i ≤ k let 1i := |µ(Ji )−µ(u(Ji ))|. Let also J ′i := g′u(Ji ) and 1′i :=
|µ(J ′i )−µ(ũ(J

′

i ))|. Since g′ ∈Vδ , it is clear that |µ(Ji )−µ(g(Ji ))| ≤ 2δ+1i+1
′

i
for all i . But then

k∑
i=1

|µ(Ji )−µ(g(Ji ))| ≤ 2kδ+
k∑

i=1

1i +

k∑
i=1

1′i ≤ 2kδ+∥u∥ac+∥ũ∥ac,

as needed. □

Let (gn)n∈N⊆G be a sequence such that gn ∈Vδn for some sequence (δn)n ⊆R>0

converging to zero, but such that (gn)n does not converge to Id in τac. Up to passing
to a subsequence, we may assume ∥gn∥ ≥ ϵ for some ϵ > 0. If the conclusion
of the theorem does not hold, then up to replacing (gn)n by a subsequence we
may assume that for any n > 0 there are un, ũn ∈ Vϵ/8 such that gn = ung0ũn . An
approximation argument such as in Observation 1.6 yields the existence of some
finite disjoint collection of intervals J1, . . . Jk ⊆ X with disjoint interiors such that∑k

i=1 |µ(g0(Ji ))−µ(Ji )| ≥
1
2ϵ, which together with Observation 8.1 leads to a

contradiction:

1
4ϵ ≥ ∥un∥ac+∥ũn∥ac ≥

1
2ϵ− 2kδn

n→∞
−−−→

1
2ϵ. □

Key to making this proof work is that the condition g∈Vδ implies some uniformly
bounded distortion under the action of g for all intervals. The absence of a similar
property for the Cantor space with any reasonably homogeneous Borel probability
measure is what makes Theorem E possible. Before proving it, we state two simple
preliminary results. The first follows easily from the density of continuous functions
in L1(X, µ) for any finite Borel measure µ on a separable topological space X ;
see [5, p. 92].

Fact 8.2. Let µ be a Borel probability measure on the Cantor space C, M > 0 a
positive integer and φ ∈ L1(C, µ), φ > 0 such that ∥φ − φ1φ−1(0,1]∥1 ≤ 1/(2M).
Then there is a step function ψ :=

∑3M
j=1

k j
3M 1A j , where the A j are clopen and

∥φ−ψ∥1 ≤ 1/M.

Observation 8.3. Let K be a countable subfield of R and G=Hbac(C, µK ). For
any two partitions {Ai }

r
i=1 and {Bi }

r
i=1 of C into clopen sets, there exists some

g ∈ G such that g(Ai ) = Bi for all 1 ≤ i ≤ r and D(g)↾Ai is constantly equal to
µk(Bi )/µK (Ai ).

Proof. The assumption that K is a field, together with the uniqueness of Fraïssé
limits, implies that for any clopen set A ⊆ C there is a homeomorphism h : C ≃ A
such that h∗µK = µK (A)(µK )↾A, from which the result easily follows (compare
with Observation 2.3). □

Theorem E. Let K a countable subfield of R. Then (Hbac(C, µK ), τac) is Roelcke
precompact.
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Proof. Let B denote the boolean algebra of clopen subsets of C, G :=Hbac(C, µ). To
prove (G, τac) is Roelcke precompact, it suffices to show that for all W ∈Nτac(Id)
and any infinite sequence (gn)n≥0 ⊆G there is some infinite subsequence (gnk )k≥0

such that gnl ∈WgnkW for all k ̸= l. Without loss of generality there is some integer
constant N > 0 and some partition {A j }

r
j=1 of C into clopen sets such that writing

h for the subgroup consisting of all the elements of G preserving each A j setwise,
we have that W consists precisely of those elements g ∈ h satisfying ∥g∥ac ≤ 1/N .
For m ≥ 0, i, j ∈ {1, . . . r} let

Am
i, j := Ai ∩ g−1

m (A j ),

Am,+
i, j := {x ∈ Am

i, j |D(gm)(x)≥ 1},

Am,−
i, j := {x ∈ Am

i, j |D(gm)(x) < 1}.

Write K := 6Nr2. For m ≥ 0 and (i, j) ∈ {1, . . . r}2 we can choose a partition
{ Âm,+

i, j , Âm,−
i, j } ⊆B of Am

i, j such that if we write Dm,+
i, j := Am,+

i, j △ Â+i, j = Am,−
i, j △ Â−i, j ,

then

(23) ∥gm∥ac,Dm
i, j
≤

1
2K

, ∥g−1
m ∥ac,gm(Dm

i, j )
≤

1
2K

.

For convenience, we will use the abbreviations

B̂m,±
i, j := gm( Â

m,±
i, j ), Cm,−

i, j := Âm,−
i, j , Cm,+

i, j := B̂m,+
i, j ,

hm,−
i, j := (gm)↾ Âm,−

i, j
, hm,+

i, j := (gm)
−1
↾B̂m,+

i, j
.

For n ≥ 0 and (i, j) ∈ P we can find by Fact 8.2 and (23) a partition

{Cm,±
i, j (1), . . . ,Cm,±

i, j (3K )} ⊆ B

of Cm,±
i, j such that

(24) ∥D(hm,±
i, j )−

3∑
k=1

K
k

3K
1Cm,±

i, j (k)∥1,Cm,±
i, j
≤

1
K
.

Up to passing to a further subsequence we may assume that for all 1≤ k ≤ 3K we
have

(25)
∣∣µ( Âm,±

i, j (k))−µ( Â
n,±
i, j (k))

∣∣≤ 1
3K 2 ,

∣∣µ(B̂m,±
i, j (k))−µ(B̂

n,±
i, j (k))

∣∣≤ 1
3K 2 .

By Observation 8.3 we can find v,w ∈ h such that for all (i, j)∈P and 1≤ k ≤ 3K
the following properties are satisfied:

(i) v( Â0,±
i, j (k))= Â1,±

i, j (k).

(ii) D(v) has constant value
µ( Â1,±

i, j (k))

µ( Â0,±
i, j (k))

on Â0,±
i, j (k).

(iii) w(B̂1,±
i, j (k))= B̂0,±

i, j (k).

(iv) D(w) has constant value
µ(B̂0,±

i, j (k))

µ(B̂1,±
i, j (k))

on B̂0,±
i, j (k).
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Define A+, A− by A± :=
r⋃

i, j=1

3⋃
k=1

K Â0,±
i, j (k) and similarly for B±. From (25)

and (ii) we get

(26) ∥v∥ac, Â0,±
i, j
=

3∑
k=1

K
∣∣µ( Â0,±

i, j (k))−µ( Â
1,±
i, j (k))

∣∣≤ 1
K
, ∥v∥ac ≤

2r2

K
<

1
2N
.

Clearly, similar inequalities hold for w and B̂l,±
i, j in place of v and Âl,±

i, j .

Let g̃1 := wg1v and note that g̃1( Â
0,±
i, j (k)) = g0( Â

0,±
i, j (k)) = B̂0,±

i, j (k) for all
1≤ i, j ≤ r and 1≤ k ≤ 3K . It is easy to see that there are elements u, ũ ∈ h with

u↾A+ = IdA+, ũ↾B− = IdB−, g0 = ũ g̃1u,

and with u preserving each Â0,±
i, j (k) and ũ preserving each B̂0,±

i, j (k).

Lemma 8.4. The inequalities ∥u∥ac, ∥ũ∥ac <
1

2N
hold.

Proof. We get the estimate∥∥∥∥D(g̃1)−

3∑
k=1

K k
3K

1 Â0,−
i, j (k)

∥∥∥∥
1, Â0,−

i, j

=

∥∥∥∥D(wg1)−

3∑
k=1

K
kµ( Â0,−

i, j (k))

3Kµ( Â1,−
i, j (k))

1 Â1,−
i, j (k)

∥∥∥∥
1, Â1,−

i, j

≤

∥∥∥∥D(g1)−

3∑
k=1

K k
3K

1 Â1,−
i, j (k)

∥∥∥∥
1, Â1,−

i, j

+

3∑
k=1

K k
3K

∣∣µ( Â0,−
i, j (k))−µ( Â

1,−
i, j (k))

∣∣
+∥D(wg1)−D(g1)∥1, Â1,−

i, j

≤
1
K
+

1
K
+∥w∥ac,B̂1

i, j
≤

3
K
≤

1
2N
.

In this display the equality uses Observation 1.1 (after an application of the chain rule
to rewrite D(g̃1) as D(wg1◦v)D(v)), plus the identities (i) and (ii); while in the last
inequality we used (24) to bound the first term, Observation 1.4 once again and (25)
to bound the second term. Adding over all 1≤ i ≤ j ≤ r and combining the result
with (24) for m = 0 yields ∥D(g̃1)−D(g0)∥1,A− ≤ 4(|P+| + |P−|)/K = 1/(2N ).
Using Observation 1.4 again and then the inequality above we obtain

∥ũ∥ac = ∥ũ∥ac,B− = ∥D(ũ g̃1)−D(g̃1)∥1,B− = ∥D(g0)−D(g̃1)∥1,B− ≤
1

2N
.

By estimating ∥D(g̃−1
1 )−D(g−1

0 )∥1,B+ symmetrically we also get ∥u∥ac ≤
1

2N
. □

Now g0 = ũwg1vu with ũw, vu ∈ h. On the other hand,

∥ũw∥ac ≤ ∥ũ∥ac+∥w∥ac ≤
1
N

by Observation 1.4 and similarly ∥vu∥ ≤ 1
N , so ũw, vu ∈ W , contradicting the

choice of (gn)n≥0. This concludes the proof. □
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ADJUNCTION INEQUALITY FOR
SPATIALLY REFINED s-INVARIANTS

QIUYU REN

We note an adjunction inequality in the space kCP2 for the s-version of the
Sq1-refinement of Rasmussen’s s-invariant. This does not hold for general
spatial refinements of s-invariants.

Ren [7, Corollary 1.4] proved that for an oriented link cobordism 6 : L0→ L1

in some kCP2
\ (int(B4)⊔ int(B4)) between two oriented links L0, L1 ⊂ S3 with

π0(L1)→π0(6) surjective, we have an adjunction-type inequality for Rasmussen’s
s-invariant [2; 6] over any coefficient field F of the form

(1) s(L1)≤ s(L0)−χ(6)− [6]2− |[6]|.

However, Ciprian Manolescu informed us that the adjunction inequality (for
knots) may fail for spatially refined s-invariants defined by Lipshitz and Sarkar [5],
Sarkar, Scaduto and Stoffregen [8] and Schütz [10]. The counterexample he found is
the knot 942 which bounds a disk in the punctured CP2 with homology class [CP1

]

whose geometric intersection number with CP1 is 3 (see Figure 1), but for which
some versions of the odd Sq1-, Sq2- and even Sq2-refined s-invariants are equal
to 2, violating (1).

Let us see what goes wrong with the proof in [7] if it were applied to these
refined s-invariants. The proof relies on the following three facts about s-invariants:

(a) s is defined for all oriented links in S3. If 6 : L0→ L1 is an oriented cobordism
in S3

× I with π0(L0)→ π0(6) surjective, then s(L1)− s(L0)≥ χ(6).

(b) If T (n, n)p,q is the torus link T (n, n), equipped with an orientation where
p strands are oriented against the other q strands, p ≥ q, p + q = n, then
s(T (n, n)p,q)= (p− q)2

− 2p+ 1.

(c) s(L ⊔ T (n, n)p,q)= s(L)+ s(T (n, n)p,q)− 1 for any oriented link L .

Lipshitz and Sarkar’s refined s-invariants are only defined for knots, but it is not
hard to extend the definition to links and address item (a), which we will do in a
while. For this natural generalization, however, one can verify using KnotJob [9]
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+1

Figure 1. A diagram of the knot 942. Untwisting the twist region results
in the unknot.

that sSq2

+ (T (3, 3)2,1)= s(T (3, 3)2,1)+2, violating item (b). The same violation for
T (3, 3)2,1 appears for the odd Sq1-refinement and the s-version of one of Schütz’s
two odd Sq2-refinements (once appropriately defined). These contribute to the
failure of the corresponding refined s-invariants to satisfy (1) for the example of 942.

On the positive side, we show the following.

Theorem 1. The adjunction inequality (1) holds for sSq1

+ , the s-version of the even
Sq1-refinement of s (defined for knots in [5], and extended to all oriented links as in
Section 0.1).

For the proof of (1) in [7] to work, it suffices to justify (a)–(c). We address each
of them in the following three sections, respectively.

0.1. Spatially refined s-invariants for links. We recall the construction and some
properties of even spatial refinements of Rasmussen’s s-invariant from Lipshitz and
Sarkar’s work [5], with the relevant definitions extended from knots to oriented
links in the natural way. Compare with [5, Definitions 1.1–1.2, Theorem 1].

Let θ be a stable cohomology operation of degree m over a field F and let
L be a nonempty oriented link in the sphere S3 with orientation o. Also, let
W (L) = span{[so], [sō]} ⊂ Kh0

Lee(L; F) (use Bar-Natan homology KhBN [1; 11]
instead of Lee homology KhLee [4] if char(F)= 2, and do the same below) denote
the 2-dimensional subspace spanned by the canonical generators corresponding to
the orientation of L and its reverse. For an integer q ≡ #π0(L) (mod 2), consider
the maps

(2) Kh−m,q(L; F)
θ
−→ Kh0,q(L; F)

p
←− H 0(CKh≥q

Lee(L; F))
j
−→ Kh0

Lee(L; F),

where Kh is the Khovanov homology [3], CKhLee is the Lee chain complex, and
CKh≥q

Lee is its subcomplex consisting of elements with filtered degree at least q .
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With respect to the link L , the integer q is θ-half-full (resp. θ-full) if the
subspace V q(L) := j

(
p−1(im(θ))

)
∩ W (L) of W (L) is at least 1-dimensional

(resp. 2-dimensional); it is half-full (resp. full) if the subspace im( j)∩W (L) of
W (L) is at least 1-dimensional (resp. 2-dimensional). Hence

• if q is θ -half-full (resp. θ -full), then q is half-full (resp. full);

• if q is half-full (resp. full), then q − 2 is θ -half-full (resp. θ -full).

Note that in this language, the classical s-invariant of L over F is

sF(L)=max{q : q is half-full}− 1=max{q : q is full}+ 1.

Define the θ -refined s-invariants of L by

r θ
+
(L) :=max{q : q is θ -half-full}+ 1, sθ

+
(L) :=max{q : q is θ -full}+ 3.

Thus r θ
+
(L), sθ

+
(L) ∈ {sF(L), sF(L)+ 2}. If 0 denotes the zero stable cohomology

operation over F, then sF
= r0
+
= s0
+

.
For computational purposes, we note that sθ

+
(L)= sF(L)+ 2 if and only if there

exists an x ∈ H 0(CKh≥sF(L)−1
Lee (L; F)) with j (x)=[so] and p(x)∈ im(θ). Similarly,

r θ
+
(L)= sF(L)+ 2 if and only if there exists an x ∈ H 0(CKh≥sF(L)+1

Lee (L; F)) with
j (x)= [so] ± [sō] and p(x) ∈ im(θ) for some sign ±.

If 6 : L0 → L1 is an oriented link cobordism in S3
× I between nonempty

links with π0(L0)→ π1(6) surjective, then KhLee(6) maps W (L0) isomorphically
onto W (L1), which restricts to monomorphisms V q(L0) → V q+χ(6)(L1) (this
uses the naturality of stable cohomology operations on Kh; see [5, Theorem 4]).
It follows that

(3) r θ
+
(L1)− r θ

+
(L0)≥ χ(6), sθ

+
(L1)− sθ

+
(L0)≥ χ(6).

Finally, we define r θ
+
(∅)= sθ

+
(∅)= 1. It is straightforward to check that (3) still

holds when L0, L1 are allowed to be the empty link.
The minus versions of the spatial refinements of s are defined as r θ

−
(L) :=−r θ

+
(L),

sθ
−
(L) := −sθ

+
(L), where L denotes the mirror image of L . We will not use them.

0.2. Sq1-refined s-invariants for torus links.

Proposition 2. For p ≥ q , p+ q = n, we have

sSq1

+ (T (n, n)p,q)= sF2(T (n, n)p,q)= (p− q)2
− 2p+ 1.

The same holds for rSq1

+ when p = q.

Proof. Write T = T (n, n)p,q and s( · )= sF2( · ). By Theorems 1.1 and 2.1 of [7],
we know Kh0,s(T )−1(T ) = Z and Kh1,s(T )−1(T ) = 0. Since Sq1 is the Bockstein
homomorphism, it follows that Sq1

: Kh−1,s(T )−1(T ; F2)→ Kh0,s(T )−1(T ; F2) is
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the zero map. Hence sSq1

+ (T ) = s(T ). When p = q, the induction scheme in
[7, Section 5] implies that Kh−1,∗(T ) = 0 for all ∗. Hence rSq1

+ (T ) = s(T ). The
last equality is [7, Theorem 1.1]. □

0.3. sSq1

+ under disjoint union with nice links.

Proposition 3. Let T be an oriented link in S3 such that

Sq1
: Khi−1,sF2 (T )−1(T ; F2)→ Khi,sF2 (T )−1(T ; F2)

is zero for i = 0, 1. Then, for any oriented link L in S3, we have

sSq1

+ (L ⊔ T )= sSq1

+ (L)+ sSq1

+ (T )− 1.

By arguments in the proof of Proposition 2 above, we know all torus links
T = T (n, n)p,q satisfy the conditions in Proposition 3.

Proof. Write for short s( · )= sF2( · ). When L =∅ or T =∅, the statement is trivial.
Assume T , L are nonempty. Since Sq1

: Kh−1,s(T )−1(T ; F2)→ Kh0,s(T )−1(T ; F2)

is zero, we know sSq1

+ (T )= s(T ).
Since s(L⊔T )= s(L)+s(T )−1, it suffices to show that sSq1

+ (L⊔T )= s(L⊔T )+2
if and only if sSq1

+ (L)= s(L)+ 2. Although the “if” direction is simpler, we prove
the two directions together.

We first observe that any filtered cochain complex C∗ over a field F is filtered
isomorphic to a filtered complex of the form

C∗ ∼= H∗(C)⊕

(⊕
α

E∗α

)
⊕

(⊕
β

A∗β

)
,

where each Eα (resp. Aβ) is a 2-term filtered cochain complex F =
−→ F in some

homological degree, which is not (resp. is) filtration-preserving. Thus, C∗ is filtered
chain homotopy equivalent to H∗(C)⊕

(⊕
α E∗α

)
.

In particular, for each X ∈ {L , T }, we can choose such a filtered chain homotopy
equivalence (which we simply denote as =) CKh∗BN(X)= Kh∗BN(X)⊕

(⊕
α E∗X,α

)
.

Then

Kh∗,∗(X; F2)= gr∗(Kh∗BN(X))⊕

(⊕
α

gr∗(E∗X,α)

)
,

and pX ( j−1
X ([soX ]) ⊂ Kh0,s(X)−1(X; F2) (see (2) for notation; here q = s(X)− 1

and subscripts indicate dependence on the link) is the affine space over

VX := pX (ker( jX ))=
⊕

α

im(H 0(E∗,≥s(X)−1
X,α )→ grs(X)−1(E0

X,α))

containing xX := grs(X)−1([soX ]).
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For the disjoint union, we have

CKh∗BN(L ⊔ T )= Kh∗BN(L)⊗Kh∗BN(T )⊕

(⊕
α

E∗L ,α ⊗Kh∗BN(T )

)
⊕

(⊕
β

Kh∗BN(L)⊗ E∗T,β

)
⊕

(⊕
α,β

E∗L ,α ⊗ E∗T,β

)
,

and we will use the decomposition

Kh0,s(L⊔T )−1(L ⊔ T ; F2)=
⊕

h,q∈Z

(Khh,s(L)−1+q(L; F2)⊗Kh−h,s(T )−1−q(T ; F2))

= Kh0,s(L)−1(L; F2)⊗ grs(T )−1(Kh0
BN(T ))⊕ Hskew,

where

Hskew = Kh0,s(L)−1(L; F2)⊗

(⊕
β

grs(T )−1(E0
T,β)

)

⊕

( ⊕
(h,q) ̸=(0,0)

Khh,s(L)−1+q(L; F2)⊗Kh−h,s(T )−1−q(T ; F2)

)
.

We see that pL⊔T ( j−1
L⊔T ([soL ] ⊗ [soT ])) ⊂ Kh0,s(L⊔T )−1(L ⊔ T ; F2) is the space

containing xL ⊗ xT affine over

VL⊔T := pL⊔T (ker( jL⊔T ))= VL ⊗ grs(T )−1(Kh0
BN(T ))⊕W

for some subspace W ⊂ Hskew.
On the other hand, since

Sq1
L⊔T = Sq1

L ⊗1+ 1⊗Sq1
T ,

by our assumption on T , the image im(Sq1
L⊔T )⊂Kh0,s(L⊔T )−1(L⊔T ; F2) is equal to

im(Sq1
L : Kh−1,s(L)−1(L; F2)→ Kh0,s(L)−1(L; F2))⊗ grs(T )−1(Kh0

BN(T ))⊕W ′

for some subspace W ′ ⊂ Hskew. It follows that

sSq1

+ (L ⊔ T )= s(L ⊔ T )+ 2 ⇐⇒ xL ⊗ xT ∈ VL⊔T + im(Sq1
L⊔T )

⇐⇒ xL ∈ VL + im(Sq1
L)

⇐⇒ sSq1

+ (L)= s(L)+ 2. □
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ON THE INVARIANTS OF FINITE GROUPS ARISING IN A
TOPOLOGICAL QUANTUM FIELD THEORY

CHRISTOPHER A. SCHROEDER AND HUNG P. TONG-VIET

We investigate structural properties of finite groups that are detected by
certain group invariants arising from Dijkgraaf–Witten theory, a topological
quantum field theory, in one space and one time dimension. In this setting,
each finite group G determines a family of numerical invariants associated
with closed orientable surfaces, expressed in terms of the degrees of the
complex irreducible characters of G. These invariants can be viewed as
natural extensions of the commuting probability d(G), which measures
the probability that two randomly chosen elements of G commute and has
been extensively studied in the literature. By analyzing these higher-genus
analogues, we establish new quantitative criteria relating the values of these
invariants to key structural features of finite groups, such as commutativity,
nilpotency, supersolvability and solvability. Our results generalize several
classical theorems concerning the commuting probability, thereby linking
ideas from finite group theory and topological quantum field theory.

1. Introduction

There is a long history of using invariants to deduce structural properties of finite
groups. These invariants are often constructed by counting objects associated with
the group, such as elements, conjugacy classes or irreducible characters. In this
paper, we take a different approach. Given the remarkable compatibility between
mathematics and physics, it is reasonable to expect that group invariants arising
naturally in physics are useful for characterizing group structure. Here, we consider
Dijkgraaf–Witten theory, a topological quantum field theory (TQFT), in one space
dimension and one time dimension. In short, such a TQFT determines a commutative
Frobenius algebra that gives rise to invariants of surfaces. If we assume that this
algebra is the center Z(CG) of the complex group algebra of a finite group G, then
the invariant of a genus-h surface takes the form

Qh(G)=

∑
χ∈Irr(G)

(
|G|

χ(1)

)2h−2
,
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where Irr(G) is the collection of complex irreducible characters of G. Note that
Q0(G) = 1/|G| and Q1(G) = k(G), where k(G) is the number of conjugacy
classes of G (equivalently, the number |Irr(G)| of irreducible complex characters).
If we consider the invariants Qh(G) as arising from a sequence of increasingly
complicated experiments, we might imagine that we first measure Q0(G), then
Q1(G), and so on. With this in mind, it is natural to consider the following scaled
invariants, which, as we will show, are very well-behaved:

qh(G) :=
1

|G|

∑
χ∈Irr(G)

( 1
χ(1)

)2h−2
.

Now note that q0(G)= 1 and q1(G)= k(G)/|G|, where the latter is the so-called
commuting probability d(G), which was first considered by Joseph [20; 21], then
by Gustafson [15] and many others. Viewed in this way, the “quantum invariants”
qh(G) are generalizations of the commuting probability, for which the following
structure criteria are known:

(a) If d(G) > d(D8)=
5
8 , then G is abelian (Gustafson [15]).

(b) If d(G) > d(S3)=
1
2 , then G is nilpotent (Lescot [23]).

(c) If d(G) > d(A4)=
1
3 , then G is supersolvable (Barry, MacHale, Ní Shé [3]).

(d) If d(G) > d(A5)=
1
12 , then G is solvable (Dixon [10]).

In this paper, we investigate which structural properties of finite groups are
witnessed by the invariants qh(G). Our main results establish broad generalizations
of the classical structure criteria above to arbitrary genus h ≥ 1. The bounds in our
first theorem are clearly best possible.

Theorem 1.1. Let G be a finite group, and let h be a positive integer.

(a) If qh(G) > qh(D8), then G is abelian.

(b) If qh(G) > qh(S3), then G is nilpotent.

(c) If qh(G) > qh(A4), then G is supersolvable.

(d) If qh(G) > qh(A5), then G is solvable.

Guralnick and Robinson showed in [14, Lemma 2(x)] that if p is a prime and
d(G) > 1/p, then G has a normal Sylow p-subgroup. Our next result generalizes
this p-closed criterion to all genera.

Theorem 1.2. Let G be a finite group, let p be a prime, and let h be a positive
integer. If qh(G) > γ (h, p), where γ (h, p)= (1 + 1/p2h−1)/(p + 1), then G has a
normal Sylow p-subgroup.
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This criterion is the best possible. For example, if p =2 f
−1 is a Mersenne prime,

then the Frobenius group G = (C2)
f ⋊C p satisfies qh(G)= γ (h, p) and does not

have a normal Sylow p-subgroup. Although Theorem 1.2 implies Theorem 1.1(b)
and much of part (c), we will in fact use the latter to prove this p-closed criterion.

Given a prime p, it is also natural to consider a p-local version of the invariants
qh(G) by summing over irreducible p-Brauer characters instead of irreducible
complex characters. We define

qh,p′(G)=
1

|G|p′

∑
ϕ∈IBr(G)

1
ϕ(1)2h−2 .

Note that q1,p′(G) = kp′(G)/|G|p′ , where kp′(G) is the number of irreducible
p-Brauer characters (equivalently, the number of p-regular conjugacy classes).
This invariant is denoted by dp′(G) in the literature, and it was shown in [33,
Theorem 1.1] that if p is an odd prime and dp′(G) > 1/(p − 1), then G is p-
solvable. This result is best possible for p > 3 since dp′(PSL2(p))= 1/(p − 1).
Our next theorem extends this result to all values of the genus.

Theorem 1.3. Let G be a finite group, h a positive integer, and p an odd prime.
If qh,p′(G) > α(h, p)/(p−1), where α(h, p) = (22h−2

+
√

p−1)/(22h−2√p−1),
then G is p-solvable.

Note that α(h, p) < 1 when both h > 1 and p > 2. Theorem 1.3 is not best
possible for h = 1, in which case, again, the best bound is 1/(p − 1) from [33].
We suspect, but have not proved, that the result is also not best possible for h > 1.
Our proof relies on a lower bound for kp′(G) when G is not p-solvable. At the
time of writing, the best known bound is kp′(G) >

√
p − 1, which was proved by

Hung and Maróti in [30]. An improvement in this bound would lead directly to an
improvement in Theorem 1.3.

Finally, it is natural to consider an invariant q̃h(G) dual to qh(G) by summing
over the sizes of the conjugacy classes C ∈ Cl(G) of a finite group G, where Cl(G)
denotes the set of all conjugacy classes of G. We define the invariant

q̃h(G)=
1

|G|

∑
C∈Cl(G)

1
|C |h−1 .

Note that q̃0(G)= 1 and q̃1(G)= d(G). From the definition, q̃h(G)≥ q̃h+1(G) for
all integers h ≥ 0. We again prove generalizations of the structure criteria witnessed
by the commuting probability to all values of the genus h.

Theorem 1.4. Let G be a finite group, and let h be a positive integer.

(a) If q̃h(G) > q̃h(D8), then G is abelian.

(b) If q̃h(G) > q̃h(S3), then G is nilpotent.
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(c) If q̃h(G) > q̃h(A4), then G is supersolvable.

(d) If q̃h(G) > q̃h(A5), then G is solvable.

We also prove a dual criterion for the existence of a normal Sylow p-subgroup.

Theorem 1.5. Let G be a finite group, let p be a prime and let h be a positive integer.
If q̃h(G)> γ̃ (h, p), where γ̃ (h, p)= (1+1/ph−1

+(p−1)/(p+1)h−1)/(p(p+1)),
then G has a normal Sylow p-subgroup.

This criterion is best possible, as again the Frobenius group G = (C2)
f ⋊C p

with p = 2 f
− 1 a Mersenne prime satisfies q̃h(G)= γ̃ (h, p).

We conclude this Introduction with some remarks.

Remark 1.6. The content of Theorems 1.1(a)–(d) and 1.4(a)–(d) is that the group-
theoretic properties of commutativity, nilpotency, supersolvability and solvability
are witnessed by the value of qh(G) or q̃h(G) for a particular “minimal” group G
for all h ≥ 1. For example, Theorem 1.1(d) says that solvability is witnessed by A5

for all values of the genus h. Of course, our theorems would have trivial content
if the invariants preserved the ordering of finite groups for all h; that is, if for all
finite groups G and H it were true that qh(G) > qh(H) for some h > 1 implied that
d(G) > d(H), then all our theorems would follow trivially from the corresponding
result for d(G). But this is not the case. For example, if G = S6 and H = PGL2(9),
then qh(G) > qh(H) and q̃h(G) > q̃h(H) for all h > 1, but d(G)= d(H).

Our next example illustrates a general phenomenon: Notice that for a finite
group G, the invariant qh(G) approaches 1/|G ′

| as h approaches infinity, where G ′

denotes the derived subgroup of G. Therefore, if d(G) > d(H) for some finite
groups G and H , but 1/|G ′

|< 1/|H ′
|, then there must exist some positive integer N

such that qh(G) < qh(H) for all h > N . For example, let G = A5, and let H be
an extraspecial p-group of order p3 for the prime p = 59. Then d(G) =

1
12 and

1/|G ′
| =

1
60 , while d(H)= (p2

+ p−1)/p3 and 1/|H ′
| = 1/p. Then d(G)> d(H),

while 1/|G ′
|< 1/|H ′

|, and the preceding observation applies. In fact, a calculation
shows that qh(G) > qh(H) for h = 1, 2, 3, while qh(G) < qh(H) for h ≥ 4.

For the dual invariant, take G = A5 and let H be an extraspecial p-group of
order 113. Then d(G) < d(H) yet q̃h(G) > q̃h(H) for all integers h ≥ 2.

Remark 1.7. By examining our proofs, it is easy to see that our results hold not
only when the exponent in qh(G) is the negative of the Euler characteristic 2 − 2h
of a genus-h surface, but for any real number s ≥ 1. In this way, our results are
related to the so-called zeta function ζG(s)=

∑
χ∈Irr(G) χ(1)

−s of a finite group G,
which was used by Liebeck and Shalev to prove various results on Fuchsian groups,
coverings of Riemann surfaces, subgroup growth, random walks and representation
varieties [24; 25; 26]. We also note that the zeta function for conjugacy class
sizes was studied in [25] for finite groups of Lie type, with applications to base
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sizes of primitive permutation groups. Since our motivation stems from topological
quantum field theories, we have stated and proved our results in this special case.

Remark 1.8. It is known that d(G)≤d(N )d(G/N )when N ⊴G [14, Lemma 2(ii)].
Our proofs would be simplified if qh(G)≤ qh(N )qh(G/N ) for all h. We have not
been able to prove this statement, however. If it were true, then it must of course be
true for N = Z(G). But this already seems to be a hard question about projective
character degrees: letting Z = Z(G),

qh(G)=
1

|G/Z ||Z |

∑
λ∈Irr(Z)

∑
χ∈Irr(G|λ)

1
χ(1)2h−2 .

So to prove that qh(G)≤ qh(G/Z), it would suffice to show, for example, that∑
χ∈Irr(G|λ)

1
χ(1)2h−2 ≤

∑
χ∈Irr(G/Z)

1
χ(1)2h−2 ;

that is, we want to show the sum over projective character degrees of G/Z is less
than the sum over ordinary character degrees. We know that they are fewer in
number: |Irr(G|λ)| ≤ k(G/Z) as a consequence of Gallagher’s result on “θ -good”
conjugacy classes (see Theorem 1.19 and Corollary 1.23 in [19]).

Remark 1.9. The ratios |G|/χ(1) for χ ∈ Irr(G) are the character degree quotients
originally considered by Chillag and Herzog in [5]. In order to be compatible with
group quotients, many authors have considered instead the character codegrees
[G : ker(χ)]/χ(1). Note that if G is simple, then the character codegrees and
character degree quotients of nontrivial characters coincide.

Remark 1.10. Our “dual invariant” q̃h(G) also has a physical interpretation in the
context of lattice Hamiltonians for Yang–Mills gauge theories with finite gauge
group [27]. These theories are motivated by the potential for quantum simulation
of gauge theories.

Outline. Our paper is structured as follows. As our methods are purely group-
theoretic, we defer an introduction to Dijkgraaf–Witten theory to Section 6. In
Section 2, we make some remarks and collect some known facts that will be needed
in the rest of the paper. In Section 3, we prove Theorems 1.1(a)–(d) and Theorem 1.3.
In Section 4, we prove Theorem 1.2. In Section 5 we prove Theorems 1.4(a)–(d) and
Theorem 1.5. Only the proof of Theorem 1.3 requires us to cite results that depend
on the classification of finite simple groups. We do use Brauer’s k(GV )-theorem in
the proof of Theorem 1.1(c), but there the group G is solvable, and the proof in
that case does not rely on the classification. All groups considered in this paper are
assumed to be finite.
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Notation. Our notation is standard. We follow [18] for finite group theory and [17]
for the character theory of finite groups. Let n be a positive integer. We denote
by An and Sn the alternating and symmetric groups of degree n, respectively. The
dihedral group of order 2n is denoted by D2n , and a cyclic group of order n by Cn .
The special linear, projective general linear, and projective special linear groups
of degree n over the finite field of size q are denoted by SLn(q), PGLn(q), and
PSLn(q), respectively. For a finite group G and a subset X ⊆ G, we write CG(X)
and NG(X) for the centralizer and normalizer of X in G, respectively. The derived
subgroup of G is denoted by G ′, and Z(G) denotes the center of G. The set of
complex irreducible characters of G is denoted by Irr(G), and we let k(G) be the
number of conjugacy classes of G. We will repeatedly use that k(G) = |Irr(G)|.
We denote by Cl(G) the set of all conjugacy classes of G. If N ≤ G and λ∈ Irr(N ),
then Irr(G|λ) denotes the set of all irreducible characters of G lying above λ. If p
is a prime, the set of irreducible p-Brauer characters of G is denoted by IBr(G).
All other notation is standard.

2. Preliminaries

As noted in the introduction, the invariants qh(G) can be viewed as generalizations
of the commuting probability d(G)= k(G)/|G| first considered by Joseph [20; 21],
then by Gustafson [15]. Our proofs are based on the extensive literature on this
invariant. Our first lemma collects some of the facts that are already known.

Lemma 2.1. Let G be a finite group.

(a) We have q1(G)= d(G) and qh(G)≥ qh+1(G) for all h ≥ 0.

(b) If G is perfect and d(G) > 1
20 , then G ∼= A5 or G ∼= SL2(5).

(c) If p is a prime such that a Sylow p-subgroup of G is not normal, then d(G)≤

1/p.

(d) If G is a nonabelian p-group for some prime p, then d(G)≤ 1/p + 1/p2.

(e) If G is nilpotent with a nonabelian Sylow p-subgroup for some prime p, then
d(G) < 1/p or |G ′

| = p.

(f) Whenever N ⊴ G, we have d(G) ≤ d(G/N )d(N ). In particular, we always
have d(G)≤ d(G/N ).

Proof. Part (a) follows from the definition using |Irr(G)| = k(G) and χ(1)≥ 1
for all χ ∈ Irr(G). Part (b) is [6, Proposition 1.6]. Part (c) is [14, Lemma 2(x)].
Part (d) is [14, Lemma 2(viii)]. Part (e) is [14, Lemma 2(ix)] and part (f) is [14,
Lemma 2(ii)]. □

Our next lemma shows that qh(G) is monotone with respect to subgroups H ≤ G
for all h ≥ 1.
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Lemma 2.2. Let G be a finite group, and let h be any positive integer. If H ≤ G,
then qh(H)≥ qh(G).

Proof. We have

qh(G)=
1

|G|

∑
χ∈Irr(G)

1
χ(1)2h−2 ≤

1
|G|

∑
ψ∈Irr(H)

∑
χ∈Irr(G|ψ)

1
χ(1)2h−2

≤
1

|G|

∑
ψ∈Irr(H)

[G : H ]

ψ(1)2h−2 =
1

|H |

∑
ψ∈Irr(H)

1
ψ(1)2h−2 = qh(H).

The first inequality follows because we have enumerated all the χ ∈ Irr(G) (possibly
multiple times). The characters in Irr(G|ψ) are the constituents of ψG by Frobenius
reciprocity, and ψG(1)=[G : H ]ψ(1). The sum

∑
χ∈Irr(G|ψ) 1/χ(1)2h−2 is as large

as possible when all the degrees are as small as possible and |Irr(G|ψ)| is as large as
possible. Since ψ lies under χ , χ(1)≥ψ(1). If equality holds for all χ ∈ Irr(G|ψ),
then χ(1) is as small as possible and |Irr(G|ψ)| = [G : H ] is as large as possible,
which yields the second inequality. □

The next result slightly improves [14, Lemma 2(x)] for nonabelian simple groups.

Lemma 2.3. Let G be a finite nonabelian simple group, and let p be a prime
dividing |G|. Then d(G)≤ 1/(p + 1).

Proof. Suppose for a contradiction that d(G) > 1/(p + 1). Since G is a finite
nonabelian simple group, by [10] we know that d(G)≤

1
12 . Hence 1/(p + 1) < 1

12 ,
which implies that p ≥ 13 as p is a prime. Let P be a Sylow p-subgroup of G.
Suppose that [G : NG(P)] ≤ p. Since [G : NG(P)] is coprime to p, we deduce that
[G : NG(P)]≤ p−1. Since G is nonabelian simple, the core of NG(P) in G is trivial,
so G embeds into Sp−1, the symmetric group of degree p − 1. But then |G| is not
divisible by p, which is a contradiction. Thus [G : NG(P)] ≥ p +1. By Burnside’s
normal p-complement theorem [16, Theorem IV.2.6], we have NG(P) ̸= CG(P)
and hence |NG(P)| ≥ 2p. Combining these two inequalities, we obtain

|G| = [G : NG(P)] · |NG(P)| ≥ 2p(p + 1).

Let d be the minimal degree of a nontrivial complex irreducible character of G.
By [12, Theorem 1], we have d ≥ (p − 1)/2. By [14, Lemma 2(vi)], noting that
G ′

= G, we have

d(G) <
1
d2 +

(
1 −

1
d2

) 1
|G ′|

≤
4

(p − 1)2
+

1
2p(p + 1)

.

Since d(G) > 1/(p + 1), it follows that

1
p + 1

<
4

(p − 1)2
+

1
2p(p + 1)

.
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Simplifying this inequality gives 2p3
− 13p2

− 4p < 1, i.e., 2p3
− 13p2

− 4p ≤ 0.
This can be rewritten as (2p−13)p ≤ 4 which is impossible for p ≥ 13. Hence, the
assumption d(G) > 1/(p + 1) leads to a contradiction, and the lemma follows. □

We also need the following easy lemma due to Lescot [23], whose proof we
include for completeness.

Lemma 2.4. If d(G) > 1
4 , then

|G ′
| ≤

3
4d(G)− 1

.

Proof. Since |G| =
∑

χ∈Irr(G)
χ(1)2 and the number of linear characters is [G : G ′

], we
have

|G| − [G : G ′
] =

∑
χ(1)>1

χ(1)2 ≥ 4(k(G)− [G : G ′
]).

Dividing both sides by |G| and rearranging yields the claim. □

Remark 2.5. We will repeatedly use the fact that if the smallest degree of a nonlinear
irreducible character of G is n, then d(G) and qh(G) can be bounded in terms of n
and |G ′

|, with equality if all nonlinear characters have degree n:

qh(G)≤
1

|G|

(
[G : G ′

] +
k(G)− [G : G ′

]

n2h−2

)
=

1
|G ′|

(
1 −

1
n2h−2

)
+

d(G)
n2h−2 .

We will derive similar inequalities for q̃h(G) in the course of our proofs.

We now turn to the properties of a finite group G that are witnessed by the
dual invariant q̃h(G)= 1/|G|

∑
C∈Cl(G) 1/|C |

h−1, where Cl(G) is the collection of
conjugacy classes of G. Whereas we showed that qh(G) is monotone with respect
to subgroups in Lemma 2.2, we now prove, in a nicely dual result, that q̃h(G) is
monotone with respect to quotients.

Lemma 2.6. Let G be a finite group, let N ⊴ G, and let h be any positive integer.
Then q̃h(G)≤ q̃h(G/N ).

Proof. Let G = G/N and use the bar notation. Let π : G → G/N denote the
canonical homomorphism. Given a conjugacy class D ∈ Cl(G), the preimage
π−1(D)⊆ G is closed under conjugation, so it is a union of conjugacy classes Ci

of G, say
π−1(D)= C1 ∪ C2 ∪ · · · ∪ Ck .

Let S(D)= {C1, . . . ,Ck}. Choosing some xi ∈ Ci for i = 1, . . . , k, we have |Ci | =

[G : CG(xi )]. Similarly, |D| = [G : CG(x̄i )] for all i = 1, . . . , k since π(xi ) ∈ D.
Writing CG(x̄i )= H/N for some subgroup H ≤ G, we have |D| = [G : H ]. Note
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that CG(xi )≤ H . Therefore,

|Ci | = [G : CG(xi )] = [G : H ][H : CG(xi )] ≥ |D|.

Furthermore, |π−1(D)| = |D||N | since π is an |N |-to-1 map. Since |Ci | ≥ |D|, we
have

|N ||D| =

k∑
i=1

|Ci | ≥ k|D|,

and so k ≤ |N |.
Each conjugacy class of G lies in the preimage of exactly one conjugacy class

of G. Now we calculate

q̃h(G)=
1

|G|

∑
D∈Cl(G)

∑
C∈S(D)

1
|C |h−1 ≤

1
|G|

∑
D∈Cl(G)

|N |

|D|h−1 = q̃h(G),

which is what we wanted to show. □

The following easy lemma is our main tool for proving the structure criteria in
Theorem 1.4.

Lemma 2.7. Let G be a finite group, and let n be the smallest size of the noncentral
conjugacy classes of G. Let h ≥ 2 be an integer, and assume that G is not abelian.
Let N be an integer such that d(G)/q̃h(G)≤ N. Then either

(1) nh−1
≤ N , or

(2) [G : Z(G)] ≤
N

q̃h(G)(N + 1)− d(G)
≤

d(G)
q̃h(G)2

.

Proof. Since G is not abelian, q̃h(G) < d(G). If nh−1
≤ N , then part (1) is

satisfied. Assume that nh−1 > N . So nh−1 > N ≥ d(G)/q̃h(G). It follows that
q̃h(G)nh−1

− d(G) > 0 and

nh−1
≥ N + 1 ≥ d(G)/q̃h(G)+ 1.

We have

q̃h(G)≤
1

|G|

(
|Z(G)| +

k(G)− |Z(G)|
nh−1

)
.

Using that d(G)= k(G)/|G| and rearranging, we find that

[G : Z(G)] ≤
nh−1

− 1
q̃h(G)nh−1 − d(G)

.

Since the right-hand side is a decreasing function of nh−1, we have

[G : Z(G)] ≤
N

q̃h(G)(N + 1)− d(G)
≤

d(G)
q̃h(G)2

,

as claimed. □
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3. Commutativity, nilpotency, supersolvability and solvability criteria

In this section, we prove the four claims of Theorem 1.1.

Proof of the commutativity criterion, Theorem 1.1(a). Suppose for a contradiction
that G is a counterexample to the claim with minimal order. The degrees of the
complex irreducible characters of D8 are 1, 1, 1, 1 and 2. By a result due to
Gustafson [15], d(G)≤

5
8 since G is nonabelian. Altogether, we have

1
2 <

1
2(1 + 2−2h)= qh(D8) < qh(G)≤ d(G)≤

5
8 .

We first claim that G is nilpotent; that is, all Sylow subgroups of G are normal
in G. By Lemma 2.1(c), if a Sylow p-subgroup of G is not normal for some
prime p, then d(G)≤ 1/p. But then 1

2 <
1
p , which is impossible.

Next, we claim that all Sylow subgroups of odd order are abelian. Note that if
G = A × B, then qh(G)= qh(A)qh(B). Since G is nilpotent by the last paragraph,
this means that qh(G)=

∏
qh(P), where the product runs over the set of Sylow

subgroups of G. In particular, qh(P)> 1
2 for every Sylow subgroup P . However, by

Lemma 2.1(d), if P is nonabelian then d(P) < 1/p +1/p2. Thus, 1/p +1/p2 > 1
2 .

This inequality only holds if p = 2, so all Sylow subgroups of odd order are abelian.
We may now assume that G is a nonabelian 2-group such that qh(G) > qh(D8).

Now, by Lemma 2.1(e), either d(G) < 1
2 or |G ′

| = 2. We have d(G) > 1
2 by the

first paragraph, so |G ′
| = 2. Therefore,

qh(D8) < qh(G)≤
1
2(1 − 2−(2h−2))+ d(G) · 2−(2h−2),

where we used that nonlinear irreducible characters of G have degree at least 2 and
the observation in Remark 2.5. Thus,

d(G) > 1
2 + 22h−2(qh(D8)−

1
2

)
=

1
2 + 22h−2

· 2−(2h+1)
=

1
2 +

1
8 =

5
8 .

This contradicts the bound d(G)≤ 5
8 from the first paragraph, proving the result. □

Next, we prove Theorem 1.1(b). We will show that a minimal counterexample is
a minimal nonnilpotent group; that is, a nonnilpotent group whose proper subgroups
are nilpotent. The structure of such groups, which we summarize in the following
lemma, is well understood:

Lemma 3.1 [16, Theorem III.5.2]. Suppose G is a minimal nonnilpotent group.
Then G ∼= Q ⋊ P , where Q is a Sylow q-subgroup for some prime q , while P is a
cyclic Sylow p-subgroup for some prime p and 8(P)≤ Z(G).

Proof of the nilpotency criterion, Theorem 1.1(b). Suppose for a contradiction that
G is a counterexample to the claim with minimal order. The irreducible character
degrees of S3 are 1, 1 and 2. Since G is not nilpotent, it contains a nonnormal
Sylow p-subgroup for some prime p dividing |G|. This means d(G)≤ 1/p ≤

1
2 by
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Lemma 2.1(c). Altogether, we have

1
3 <

1
3(1 + 2−(2h−1))= qh(S3) < qh(G)≤ d(G)≤

1
p ≤

1
2 .

This means that the only nonnormal Sylow subgroup is the Sylow 2-subgroup.
Now, by the monotonicity of Lemma 2.2, every proper subgroup of G is nilpotent,

so G is a minimal nonnilpotent group by induction and has the structure described
in Lemma 3.1. We know that p = 2 by the last paragraph, and q ̸= 2 since G is not
nilpotent. As P is cyclic, [P :8(P)] = 2.

Consider the structure of G ′: As G is not nilpotent, of course G ′ > 1. As
d(G) > 1

3 , we have |G ′
|< 9 by Lemma 2.4. Since G/Q ∼= P is abelian, G ′

≤ Q.
So q = 3, 5 or 7 and G ′ is cyclic of prime order q. Since G ′ ⊴ Q, we have
G ′

∩ Z(Q) > 1, so G ′
≤ Z(Q) as G ′ has prime order. So Q centralizes G ′.

If G ′ < Q, then G ′ P < G is nilpotent by induction on the group order, so P
centralizes G ′, as well. But then G ′

≤ Z(G) and G is nilpotent, a contradiction. So
we have that G ′

= Q is cyclic of order 3, 5 or 7.
Since8(P)≤ Z(G), the product Q8(P) is abelian of index 2 in G. So every non-

linear irreducible character of G has degree 2 since it is a constituent of a character
induced from a (necessarily linear) character of Q8(P). As G has [G : G ′

] = |P|

linear characters, the remaining nonlinear characters must be 1
4(|Q| − 1)|P| in

number since the resulting sum of squared degrees is |P|+
1
4(|Q|−1)|P| ·22

= |G|.
Therefore,

qh(G)=
1

|G|

(
|P|+

(|Q| − 1)|P|

4
1

22h−2

)
=

1
q

(
1+

q−1
22h

)
>

1
3

(
1+

2
22h

)
=qh(S3).

But the inequality implies that q < 3. We have reached our final contradiction and
proved the claim. □

To prove the supersolvability criterion of Theorem 1.1(c), we will show that a
minimal counterexample is a minimal nonsupersolvable group; that is, a nonsuper-
solvable group whose proper subgroups are supersolvable. The structure of such
groups was determined by Doerk [11], and can be read off from [2, Theorem 12]
and [16, Chapter VI, Exercise 16]. We summarize the results we will initially need:

Lemma 3.2 [11]. Suppose G is a minimal nonsupersolvable group. Then G has
exactly one normal Sylow p-subgroup P and a complement Q such that |Q| is
divisible by at most two distinct primes. Furthermore, P/8(P) is a minimal normal
subgroup of G/8(P) and is not cyclic, and Q ∩ CG(P/8(P)) = Q ∩8(G) =

8(Q)∩8(G).

Proof of the supersolvability criterion, Theorem 1.1(c). Let G be a counterexample
to the theorem with minimal order. The irreducible character degrees of A4 are
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1, 1, 1 and 3. Since G is not supersolvable, d(G)≤
1
3 by [3]. Altogether, we have

1
4 <

1
4(1 + 3−(2h−1))= qh(A4) < qh(G)≤ d(G)≤

1
3 .

Then by Lemma 2.2, for every proper subgroup H of G, we have qh(H)≥ qh(G) >
qh(A4) and hence by the minimality of |G|, H is supersolvable. As G is not
supersolvable, G is a minimal nonsupersolvable group and has the structure de-
scribed in Lemma 3.2. Now we work in G = G/8(G), which is again minimal
nonsupersolvable, since if G is supersolvable then G is supersolvable by [16,
Theorem VI.8.5]. Recall that8(P)≤8(G) by [16, Lemma III.3.3]; since P/8(P)
is minimal normal in G/8(P) by Lemma 3.2, 8(P)= P ∩8(G). Therefore, P is
a minimal normal, elementary abelian, noncyclic subgroup of G, where G = P Q
and Q acts coprimely, faithfully and irreducibly on P . By Brauer’s k(GV )-theorem
[13, Theorem], we know that k(G)= k(P⋊Q)≤ |P|. Using this and Lemma 2.1(f),
we have

1
4
< d(G)≤ d(G)≤

1

|Q|
,

and so |Q| ≤ 3. Since Q has prime order and P is an irreducible Q-module, this
means CG(x̄) ≤ P for all nontrivial x̄ ∈ P , so G is a Frobenius group. Now, if
Q = ⟨t̄⟩ has order 2, then t̄ acts as inversion on P (see [17, Lemma 7.21] and its
proof). So every subgroup ⟨x̄⟩ ≤ P is fixed by Q, which means P = ⟨x̄⟩ is cyclic
as it is an irreducible Q-module. This contradiction implies that |Q| = 3.

Now we count the characters of the Frobenius group G: Since G ′
= P , there are

[G : G ′
] = |Q| linear characters, and each of the nonlinear irreducible characters of

G is induced from an irreducible character of P lying in one of the (|P| − 1)/|Q|

orbits under Q. So

1
4
< d(G)=

1

|P||Q|

(
|Q| +

|P| − 1

|Q|

)
.

Rearranging and using that |Q| = 3, we find that p2
≤ |P| < 32

5 < 7. Therefore,
|P| = 4 and so G ∼= A4. In particular, P is a 2-group.

Let r be a prime divisor of |G|, and let R be a Sylow r -subgroup of G. If R is
not normal in G, then d(G) ≤

1
r . Since d(G) ≥ qh(G) > qh(A4) >

1
4 we deduce

that 1
r >

1
4 which forces r < 4 and hence r ∈ {2, 3}. In particular, Q is a π-group,

where π ⊆ {2, 3}. Since we showed that the Sylow p-subgroup P is a 2-group, Q
must then be a 3-group. Now, since 8(Q)≥8(Q)∩8(G)= Q ∩ CG(P/8(P))
and Q ∼= Q/(8(Q)∩8(G)) is cyclic of order 3, we have 8(Q)=8(Q)∩8(G).
So Q is itself cyclic by Burnside’s basis theorem [16, Theorem III.3.15]. We
have shown that G = P Q, where P is a 2-group and Q is a cyclic 3-group, and
G = G/8(G)∼= A4.
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Now we turn to the more precise classification of minimal nonsupersolvable
groups in [2, Theorem 10]. Since Q is cyclic of 3-power order and p = 2, inspecting
the list of possibilities in [2, Theorem 9] shows that only Types 2 and 3 are possible.
We inspect each of these in turn and derive contradictions:

Type 2: Q = ⟨z⟩ is cyclic, P is an irreducible Q-module over the field of p elements
with kernel ⟨zq

⟩ in Q.
Since P ⊴ G is an irreducible Q-module, P has no Q-invariant nontrivial proper

subgroup. In particular, P ∩8(G) = 1 and so P ∼= P is elementary abelian of
order 4 by what we showed above. The kernel K = ⟨z3

⟩ is central in G and has
index 3 in Q, so |Q| = 3|K | and |G| = 12|K |. We have [G : G ′

] = [G : P] = |Q| =

3|K |, and the nonlinear irreducible characters of G are induced from characters
ψ1 ×ψ2 ∈ Irr(P × K ) with ψ1 ̸= 1, which split into |K | orbits under G. Thus, each
of these |K | nonlinear characters of G has degree 3. So

qh(G)=
1

12|K |

(
3|K | +

|K |

32h−2

)
=

1
4

(
1 +

1
32h−1

)
= qh(A4),

which is a contradiction. Note that if K = 1, then G ∼= A4.

Type 3: P is a nonabelian special p-group of rank 2m, the order of p modulo q
being 2m, Q = ⟨z⟩ is cyclic, z induces an automorphism on P such that P/8(P)
is a faithful and irreducible Q-module, and z centralizes 8(P). Furthermore,
|P/8(P)| = p2m and |P ′

| ≤ pm .
Since |P| = 4, we have m = 1. So |P ′

| ≤ 2, which means P is an extraspecial
2-group of order 23. Since P/8(P) is a faithful Q-module, Q is cyclic of order 3.
If P is an extraspecial 2-group of order 23, then P has 4 linear characters and
1 nonlinear irreducible character of degree 2. The nontrivial linear characters
form one Q-orbit and induce irreducibly to the same nonlinear character of G of
degree 3. The unique nonlinear character of P is necessarily G-invariant, and so
extends to G since [G : P] = 3 is prime (see [17, Corollary 6.19]). This gives
rise to |Irr(G/P)| = 3 distinct irreducible characters of G of degree 2 by [17,
Corollary 6.17]. There are [G : G ′

] = [G : P] = 3 linear characters. So

qh(G)=
1

24

(
3+

3
22h−2 +

1
32h−2

)
≤

1
24

(
6+

1
32h−2

)
=

1
4

(
1+

1
2 · 32h−1

)
<qh(A4),

again a contradiction. The result is proved. □

Proof of the solvability criterion, Theorem 1.1(d). If h = 1, then q1(G)= d(G) >
d(A5)=

1
12 , and G is already known to be solvable by a result of Dixon [10]. So,

now assume that h ≥ 2, and suppose that G is a counterexample to the claim with
minimal order. By Lemma 2.1(a), we have d(G)≥ qh(G) > qh(A5) > 1/|A5| =

1
60 .

We first note that qh(G ′) ≥ qh(G) by Lemma 2.2. So if G ′ < G, then G ′ is
solvable by induction on the order of the group. But then G is also solvable, a
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contradiction. So G = G ′ is perfect and nontrivial irreducible characters have degree
at least 2. Thus,

qh(G)≤
1

|G|

(
1 +

k(G)− 1
22h−2

)
=

1
|G|

(
k(G)+ 22h−2

− 1
22h−2

)
.

Next, we have the following inequalities when k(G)≥ 5:

k(G)+ 22h−2
− 1

22h−2 ≤
2k(G)

5
for h = 2,

k(G)+ 22h−2
− 1

22h−2 ≤
k(G)

3
for h > 2.

It is not difficult to see that if k(G) < 5, then |G| ≤ 12, and so G is solvable (see
[4, Note A] or [34, Table 1]). Since G is nonsolvable, we must have k(G) ≥ 5.
Therefore, we have

d(G)= k(G)/|G| ≥
5
2q2(G) > 5

2q2(A5)=
5
2

4769
216000 >

1
20 ,

d(G)= k(G)/|G| ≥ 3qh(G) > 3qh(A5) >
3

60 =
1
20 for h > 2.

Therefore, G is perfect with d(G) > 1
20 for all h ≥ 2. Then by Lemma 2.1(b),

G ∼= A5 or G ∼= SL2(5). But

qh(SL2(5))=
1

120

(
1 +

2
22h−2 +

2
32h−2 +

2
42h−2 +

1
52h−2 +

1
62h−2

)
<

1
120

(
2 +

4
32h−2 +

2
42h−2 +

2
52h−2

)
= qh(A5).

This is our final contradiction, and Theorem 1.1 is proved. □

Next, the proof of Theorem 1.3 runs along the lines of that of Theorem 1.1(d).
Although it may be true that qh,p′(G) is monotone with respect to subgroups,
the proof of Lemma 2.2 will not work when the prime p divides |G|, because
Frobenius reciprocity does not hold in this case. However, we can again show that
a minimal counterexample to the theorem must be perfect by using some basic
results from the theory of Brauer characters. Before we begin, recall that we defined
α(h, p)= (22h−2

+
√

p − 1)/(22h−2√p − 1).

Proof of Theorem 1.3. Suppose for a contradiction that G is a counterexample to the
claim with minimal order. We first show that if N ≤ G is a normal subgroup with
index equal to any prime r , then qh,p′(G)≤ qh,p′(N ). This will then imply that G
is perfect, since if not, then there exists such an N ⊴ G with α(h, p)/(p − 1) <
qh,p′(G)≤ qh,p′(N ), so N is p-solvable by induction on the order of the group. But
then G is also p-solvable since the quotient G/N is cyclic, which is a contradiction.

Now, each character ϕ ∈ IBr(G) lies above at least one character θ ∈ IBr(N ).
Denoting by IBr(G|θ) the collection of irreducible p-Brauer characters of G lying
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over θ ∈ IBr(N ), we have

qh,p′(G)≤
1

|G|p′

∑
θ∈IBr(N )

∑
ϕ∈IBr(G|θ)

1
ϕ(1)2h−2 .

Since N ⊴ G has prime index r , there are two possibilities for each θ ∈ IBr(N ):
(1) θ is G-invariant, in which case θ extends to an irreducible Brauer character

θ̂ of G by [29, Theorem 8.12] since G/N is cyclic. In addition, the characters βθ̂
for β ∈ IBr(G/N ) are all the irreducible constituents of θG by [29, Corollary 8.20].
Note that β(1)θ̂(1)= θ(1) since β is linear. Finally, since N ⊴ G, ϕ ∈ IBr(G) is
an irreducible constituent of θG if and only if θ is an irreducible constituent of ϕN

by [29, Corollary 8.7]. Therefore, |IBr(G|θ)| = |IBr(G/N )| = [G : N ]p′ .
(2) The stabilizer of θ in G is N , in which case the induced character ϕ = θG is

irreducible by Clifford’s theorem [29, Theorem 8.9]. So |IBr(G|θ)| = 1, again by
[29, Corollary 8.7], and ϕ(1) > θ(1).

Therefore, for each θ ∈ IBr(N ) we have∑
ϕ∈IBr(G|θ)

1
ϕ(1)2h−2 ≤

[G : N ]p′

θ(1)2h−2 ,

and so

qh,p′(G)≤
[G : N ]p′

|G|p′

∑
θ∈IBr(N )

1
θ(1)2h−2 = qh,p′(N ),

which is what we wanted to show.
Since we now know that the counterexample G is perfect, all nontrivial irreducible

Brauer characters are nonlinear, and we have

qh,p′(G)≤
1

|G|p′

(
1 +

kp′(G)− 1
22h−2

)
=

1
|G|p′

(
kp′(G)+ 22h−2

− 1
22h−2

)
,

where the inequality follows since ϕ(1)≥ 2 for all nonlinear ϕ ∈ IBr(G).
Now, since G is non-p-solvable, it is known that kp′(G) >

√
p − 1 by [30,

Theorem 1.2]. Note that the following inequality is satisfied for kp′(G) >
√

p − 1
and each h ≥ 1:

kp′(G)+ 22h−2
− 1

22h−2 < α(h, p)kp′(G).

To see this, multiply through by 22h−2, move all terms involving kp′(G) to the
right-hand side, and use that kp′(G) >

√
p − 1. This implies that

dp′(G)=
kp′(G)
|G|p′

>
1

α(h, p)
qh,p′(G) >

1
p − 1

.

But this contradicts [33, Theorem 1.1], and the theorem is proved. □
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4. Criterion for the existence of normal Sylow subgroups

In this section, we prove Theorem 1.2, which is a criterion for the existence of a
normal Sylow subgroup. Let p be a prime, and let h be a positive integer. Recall
that for a finite group G and a prime p, G is said to be p-closed if G has a normal
Sylow p-subgroup. Define

γ (h, p)=
1

p + 1

(
1 +

1
p2h−1

)
.

Note that γ (h, p) > 1/(p + 1). We now prove Theorem 1.2.

Proof of Theorem 1.2. Let G be a counterexample to the theorem with minimal
order. Then qh(G) > γ (h, p) but G does not have a normal Sylow p-subgroup. By
Lemma 2.1(c), we have d(G)≤ 1/p. Consequently,

1
p

≥ d(G)≥ qh(G) > γ (h, p) >
1

p + 1
.

By Lemma 2.2, for each proper subgroup H of G, we have qh(H) ≥ qh(G) >
γ (h, p) and thus by the minimality of |G|, H is p-closed. In particular, every
proper subgroup of G is p-closed. Also, if N is a normal subgroup of G, then every
proper subgroup of the quotient group G/N is p-closed.

Assume that p = 2. Then γ (h, p) = qh(S3) and since qh(G) > qh(S3), G
is nilpotent by Theorem 1.1(b). But then G has a normal Sylow 2-subgroup, a
contradiction. Therefore, we may assume that p ≥ 3.

Let P be a Sylow p-subgroup of G.

Claim 1: ⟨PG
⟩ = G. Hence, G has no proper normal subgroup of p′-index.

Let L = ⟨PG
⟩. Then P ≤ L ⊴ G. Suppose that L < G. By the minimality of

|G|, L has a normal Sylow p-subgroup, which implies that P ⊴ L . Since P is
characteristic in L , we deduce that P ⊴ G, which is a contradiction. Therefore,
G = L as desired.

Claim 2: G is not a nonabelian simple group.

Since d(G) > 1/(p + 1), this follows from Lemma 2.3.

Claim 3: Let N be a maximal normal subgroup of G. Then G = ⟨x⟩N with
[G : N ] = p, where N has a normal Sylow p-subgroup, which is Op(G), and x ∈ P
is a p-element and P = ⟨x⟩Op(G). In particular, G is p-solvable with a Hall
p′-subgroup R and G = P R with [P : Op(G)] = p.

Since G is not a simple group, G has a maximal normal subgroup, say N . It
follows that N has a normal Sylow p-subgroup, say P1. As P1 ⊴ N ⊴ G, we
deduce that P1 ⊴ G and thus P1 ≤ Op(G). Since G/N is a simple group and
d(G/N )≥ d(G) > 1/(p + 1) and p divides |G/N | by Claim 1, Lemma 2.3 yields
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that G/N is abelian. Hence, G/N is cyclic of order p. It follows that G = P N
and P ∩ N = P1 ⊴ G. As [G : N ] = [P : P1] = p and P is not normal in G, we
deduce that P1 = Op(G). Let x ∈ P \ P1. Then P = ⟨x⟩P1 = ⟨x⟩Op(G). Since
N/Op(G) is a p′-group and both Op(G) and G/N are p-groups, G is p-solvable.
So G has a Hall p′-subgroup R and thus N = ROp(G) and G = P N = P R with
[G : N ] = [P : Op(G)] = p.

Claim 4: R is a Sylow r-group of G for some prime r.

Let G = G/Op(G). Then P ∼= C p acts coprimely and nontrivially on N = R ∼= R.
Suppose for a contradiction that |R| = |R| is divisible by at least two distinct primes.
Let q be a prime divisor of |R|. By the coprime action theorem [18, Theorem 3.23],
P stabilizes a Sylow q-subgroup Q of R. But then P Q is a proper subgroup of G,
and hence it has a normal Sylow p-subgroup. Thus, P centralizes Q. It follows
that |G : CG(P)| is not divisible by q . Clearly, this index is also not divisible by p.
As this is true for all prime divisors of |R|, we must have G = CG(P), which
is a contradiction. Thus R is an r-group for some prime r , and so it is a Sylow
r -subgroup of G.

Claim 5: Let n be the smallest nontrivial character degree of G. Then n ≥ (p−1)/2.

Note that G is nonabelian and so such a minimal nontrivial degree n exists. Let
χ ∈ Irr(G) such that χ(1) = n and let K be the kernel of χ . Then K is a proper
normal subgroup of G. We consider the following cases.

Case 1: G/K has a normal Sylow p-subgroup. Then P K/K ⊴ G/K as P K/K
is a Sylow p-subgroup of G/K . By Claim 1, we have G = P K and thus G/K ∼=

P/P∩K , which is a p-group. Since χ ∈ Irr(G/K ) is nonlinear, G/K is a nonabelian
p-group and thus n = χ(1)≥ p > (p − 1)/2.

Case 2: G/K does not have a normal Sylow p-subgroup. It follows that G/K
has a faithful irreducible character of degree n and does not have a normal Sylow
p-subgroup. By [12, Theorem 1], p ≤ 2n + 1 or n ≥ (p − 1)/2.

Claim 6: G ′
= RU, where U = G ′

∩ Op(G)⊴G.

Note that G is a {p, r}-group by Claim 4, so it is solvable and G ′
≤ N ⊴ G.

Since ⟨PG
⟩ = G, we deduce that G/G ′ is an abelian p-group. Thus, G ′ contains

a Sylow r-group of G. It follows that R ≤ G ′. By Dedekind’s modular law,
G ′

= R(G ′
∩ Op(G)), where G ′

∩ Op(G) is a normal Sylow p-subgroup of G ′.

Claim 7: The quotient G/R′Op(G) is a Frobenius group with a cyclic complement
of order p and Frobenius kernel an abelian 2-group of order 2m for some m ≥ 2,
and p = 2m

− 1.

Note that N/Op(G)= ROp(G)/Op(G)⊴G/Op(G) and thus (N/Op(G))′ =
R′Op(G)/Op(G). Hence, R′Op(G)⊴G. Let G = G/R′Op(G). Then Op(G)= 1,
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R⊴G, G ′
= R and G = ⟨x̄⟩R with |x̄ | = p. Moreover, R is an abelian r -group and

|G ′
| = |R| = rm for some positive integer m. It follows that p is the only nontrivial

character degree of G. Hence,

d(G)=
1
p2 +

(
1 −

1
p2

)
1

|G ′|
,

by [14, Lemma 2(vi)]. Since d(G) > 1/(p + 1), we deduce that

rm <
(p + 1)(p2

− 1)
p2 − p − 1

.

Since p ≥ 3, we can check that

(p + 1)(p2
− 1)

p2 − p − 1
≤ 2p + 1.

Hence rm
≤ 2p. As r ̸= p, we have rm

≤ 2p − 1. Moreover, as

1

|G ′|
≤ d(G)≤

1
p
,

we deduce that rm
≥ p. Thus

(∗) p ≤ rm
≤ 2p − 1.

By Fitting’s theorem [18, Theorem 4.34], R = [R, P] × CR(P). If CR(P) is
nontrivial, then [R, P]P is a proper subgroup of G, which implies that it is p-
closed and hence P centralizes [R, P]. This is impossible as it would imply that P
centralizes R and thus G has a normal Sylow p-subgroup. Therefore, CR(P)= 1.
It follows that G is a Frobenius group with kernel R and a cyclic complement P .
This implies that rm

− 1 = kp for some positive integer k. Combining with (∗), we
get rm

− 1 = p. As p ≥ 3, p + 1 = rm must be even. Hence r = 2 and

2m
− 1 = p.

In particular, m ≥ 2 is a prime and p is a Mersenne prime.
For brevity, we define 0(p,m) := Cm

2 ⋊C p to be a Frobenius group with kernel
an elementary abelian 2-group of order 2m and cyclic complement of order p with
2m

− 1 = p.

Claim 8: We have R′
= 1, so G/Op(G) = G/R′Op(G) ∼= 0(p,m) with p =

2m
− 1 ≥ 7 and m ≥ 3 an odd prime.

Assume that m = 2. Then p = 3 and

γ (h, 3)=
1
4(1 + 3−(2h−1))= qh(A4).
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Hence, qh(G) > qh(A4) and so by Theorem 1.1(c), G is supersolvable. By [16,
Theorem VI.9.1(c)], as G is a {2, 3}-group, G has a normal Sylow 3-subgroup,
which is a contradiction. Therefore, we may assume from now on that m ≥ 3 and
p = 2m

− 1 ≥ 7.
Working in the quotient group G/Op(G), we may assume Op(G) = 1. By

Claim 6, G ′
= R and so G ′′

= R′ with [R : R′
] = 2m by Claim 7. Recall that n

is the smallest nontrivial character degree of G. Assume first that n ≥ p. By [14,
Lemma 2(vi)], we have

1
p + 1

< d(G)≤
1
n2 +

(
1 −

1
n2

)
1

|G ′|
≤

1
p2 +

(
1 −

1
p2

)
1

|G ′|
.

As above, we deduce that p ≤ |G ′
| ≤ 2p − 1. Write |G ′

| = |R| = 2m+c for some
integer c ≥ 0. Recall that 2m

= 1 + p so

p ≤ |G ′
| = (1 + p)2c

= 2c p + 2c
≤ 2p − 1.

This implies that 2c
= 1, and hence G ′

= R is abelian.
Now assume that n < p. As |G| = 2m+c p and n divides |G| and is coprime to p,

we deduce that n = 2a for some positive integer a ≥ 1, and hence that

1
2(p − 1)≤ 2a < p = 2m

− 1,

the first inequality coming from Claim 5. It follows that

1
2(2

m
− 2)≤ 2a

≤ p − 1 = 2m
− 2.

Therefore,
2m−1

− 1 =
1
2(2

m
− 2)≤ 2a

≤ 2m
− 2.

We deduce that n = 2a
= 2m−1. By [14, Lemma 2 (vi)], we have

1
p + 1

=
1

2m < d(G)≤
1

22(m−1) +

(
1 −

1
22(m−1)

)
1

|G ′|
.

Since m ≥ 3, simplifying the previous inequality, we obtain

|G ′
|< 2m

+
2m

− 1
2m−2 − 1

.

Now, the second summand on the right hand side of the inequality is at most 7 and
thus 2m+c

= |G ′
|< 2m

+ 7. However, this is impossible if c ≥ 1 as m ≥ 3.
We showed in both cases that G ′

= R is abelian. If R is not elementary abelian,
then the subgroup S generated by all elements of R of order 2 is a proper subgroup of
R stabilized by P , so S P <G has a normal Sylow p-subgroup. Then P ⊴ S P fixes
every element of order 2 in R, and so P acts trivially on R by [18, Corollary 4.35].
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But then P ⊴ G, a contradiction. Thus, R is elementary abelian and G ∼= 0(p,m),
as claimed.

Claim 9: The final contradiction.

Assume Op(G)= 1. Then G ∼=0(p,m), and so [G : G ′
] = p and p is the unique

nontrivial character degree of G. Hence, qh(G)= γ (h, p), which is a contradiction.
Assume that Op(G) > 1. Note that G ′

= RU and U = G ′
∩ Op(G) is a normal

Sylow p-subgroup of G ′.

(i) Assume that p ∤ |G ′
|. So G ′

= R is a normal Sylow r -subgroup of G. Now P =

⟨x⟩Op(G) is abelian. In this case, G ′
⟨x⟩⊴G. If G ′

⟨x⟩< G, then x centralizes G ′,
which is impossible. Thus G = G ′

⟨x⟩. In particular, P = ⟨x⟩ and y = x p centralizes
G ′

= R.
By Claim 8, G/Op(G)∼= 0(p,m) is a Frobenius group with G ′

= R an elemen-
tary abelian subgroup of order 2m

= p + 1. Thus F(G)= G ′
×⟨y⟩ = G ′

× Op(G)
is abelian and in fact Op(G) = ⟨y⟩ is central in G. It follows that p is the only
nontrivial character degree of G. Since [G : G ′

] = |P|, we have

qh(G)=
1

|G|

(
|P| +

k(G)− |P|

p2h−2

)
and |G| = [G : G ′

] + p2(k(G)− |P|).

Solving for k(G)− |P| from the second equation and plugging it in the former, we
get qh(G)= γ (h, p), a contradiction.

(ii) Assume p | |G ′
|. So |G ′

| = |R|pe for some positive integer e. Let n be the
minimal nontrivial degree of G. By [14, Lemma 2 (vi)], we have

1
p + 1

<
1
n2 +

(
1 −

1
n2

)
1

|G ′|
.

Assume first that n ≥ p. The preceding inequality then implies that

|G ′
|<

(p + 1)(p2
− 1)

p2 − p − 1
.

As in the proof of Claim 8, we deduce that |G ′
| ≤ 2p − 1. However, since |G ′

| =

|R|pe with e ≥ 1 and |R| = 2m
= 1 + p ≥ 8, we see that |G ′

|> 2p − 1, which is a
contradiction.

Assume that n < p. By Claim 5, we have n ≥ (p − 1)/2. Thus (p − 1)/2 ≤ n ≤

p−1. Let χ ∈ Irr(G)with χ(1)=n. Recall that 2m
= p+1 and G/Op(G)∼=0(p,m).

It follows that χ(1) divides |R| where |R| = 2m since p ∤ χ(1) and χ(1) | |G|. So
n = 2a for some positive integer a. Since (p − 1)/2 = (2m

− 2)/2 = 2m−1
− 1<

2a
≤ p − 1 = 2m

− 2, we deduce that n = 2m−1.
Employing the same argument as in the proof of Claim 8, we obtain a contradic-

tion as m ≥ 3.
The proof of the theorem is now complete. □
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5. The dual invariant

In this section, we prove Theorems 1.4 and 1.5.

Proof of the abelian criterion, Theorem 1.4(a). Assume for a contradiction that G
is a counterexample to the claim with minimal order. Note that the sizes of the
conjugacy classes of D8 are 1, 1, 2, 2, 2. Since q̃1(G)= d(G), we must have h ≥ 2.
As G is nonabelian, we have d(G)≤

5
8 by [15]. Every noncentral conjugacy class

of G has size at least 2, so we have

1
4

(
1 +

3
2h

)
= q̃h(D8) < q̃h(G)≤

1
|G|

(
|Z(G)| +

k(G)− |Z(G)|
2h−1

)
=

1
[G : Z(G)]

(
1 −

1
2h−1

)
+

d(G)
2h−1

≤
1

[G : Z(G)]

(
1 −

1
2h−1

)
+

1
4

·
5
2h .

We find immediately from these inequalities that [G : Z(G)]< 4. But then G/Z(G)
is cyclic and G is abelian, a contradiction. □

Proof of the nilpotency criterion, Theorem 1.4(b). Assume for a contradiction that
G is a counterexample to the claim with minimal order. Since q̃1(G)= d(G), we
must have h ≥ 2. We have

1
6
<

1
6

(
1 +

1
2h−1 +

1
3h−1

)
= q̃h(S3) < q̃h(G)≤ d(G)≤

1
2
.

As q̃h(G/Z(G)) ≥ q̃h(G) by Lemma 2.6, the quotient G/Z(G) is nilpotent
if Z(G) > 1 by the minimality of |G|. But then G is nilpotent, a contradiction.
Therefore, we may assume that |Z(G)| = 1.

Since d(G)/q̃h(G)≤ 1
2/

1
6 = 3, we may take N = 3 in Lemma 2.7. Letting n ≥ 2

be the minimal nontrivial class size, if nh−1
≤ N = 3, then we must have h = 2.

In this case,

11
36

= q̃2(S3) < q̃2(G)≤
1

|G|

(
1 +

k(G)−1
2

)
=

1
2|G|

+
d(G)

2
≤

1
2|G|

+
1
4
,

which means |G|< 9 and so G ∼= S3, a contradiction. Therefore, it only remains
to consider case (2) of Lemma 2.7; that is, |G| ≤ d(G)/q̃h(G)2 < 18. The only
nonnilpotent groups with trivial center of order less than 18 are dihedral groups
D2k for k = 3, 5, 7 and A4. Since

q̃h(D2k)=
1

2k

(
1 +

(k − 1)/2
2h−1 +

1
kh−1

)
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when k is odd, q̃h(D2k) is a decreasing function of k, and so q̃h(G)≤ q̃h(S3) for all
h in these cases. The class sizes of A4 are 1, 3, 4, 4, so

q̃h(A4)=
1

12

(
1 +

1
3h−1 +

2
4h−1

)
<

1
12

(
2 +

2
3h−1 +

2
4h−1

)
=

1
6

(
1 +

1
3h−1 +

1
4h−1

)
< q̃h(S3),

a contradiction. The result is proved. □

Proof of the supersolvability criterion, Theorem 1.4(c). Assume for a contradiction
that G is a counterexample to the claim with minimal order. Since q̃1(G)= d(G),
we must have h ≥ 2. We have

1
12
<

1
12

(
1 +

1
3h−1 +

2
4h−1

)
= q̃h(A4) < q̃h(G)≤ d(G)≤

1
3
.

Since d(G) > 1
12 , G is solvable by [10]. Since G is supersolvable if G/8(G) is

supersolvable by [16, Theorem VI.8.6(a)] and G is supersolvable if G/Z(G) is
supersolvable by the definition of supersolvability [16, Definition VI.8.5(b)], it
follows by Lemma 2.6 and induction that both the Frattini subgroup and the center
of G are trivial.

Suppose that G has two distinct minimal normal subgroups, say M1 and M2. By
Lemma 2.6 and the minimality of |G|, both G/M1 and G/M2 are supersolvable,
and so G is supersolvable as G embeds into a supersolvable group G/M1 × G/M2.
This is a contradiction. Therefore, G has a unique minimal normal subgroup, say M ,
and since G is solvable, M is an elementary abelian p-group of order pm for some
prime p and positive integer m ≥ 1. If m = 1, then G is supersolvable, so we may
assume that m > 1. As 8(G)= 1, we have F(G)= M by Gaschütz’ theorem [16,
Theorem III.4.5], and hence CG(M)= M by [16, Theorem III.4.2 b)].

First assume that n = 2, where n is the minimal size of a noncentral class
of G. Let x ∈ G be such that |xG

| = [G : CG(x)] = 2. Then CG(x)⊴ G, and so
M ≤ CG(x) as M is the unique minimal normal subgroup of G. Hence, x lies
in CG(M) = M . Since ⟨xG

⟩ is a normal subgroup of G and x ∈ M , we must
have ⟨xG

⟩ = M . As |xG
| = 2, M = ⟨x, x t

⟩ for some t ∈ G \ CG(x). In particular,
|M | = p2 as M is noncyclic elementary abelian and generated by two elements.
Now, M = CG(M) = CG(x)∩ CG(x t) = CG(x)∩ CG(x)t = CG(x) as CG(x) is
normal in G. Thus, [G : M] = [G : CG(x)] = 2, and so |G| = 2p2. If p = 2, then
G is a finite 2-group, so it is nilpotent and hence it is supersolvable. Therefore,
we may assume that p ≥ 3. Since |G| = 2p2, G has a cyclic Sylow 2-subgroup
Q = ⟨g⟩, where g is an involution, acting on the unique minimal normal subgroup
M ∼= C p×C p of G by conjugation. But this is impossible. To see this, let 1 ̸= a ∈ M .
We have (aag)g = aga = aag, so ⟨aag

⟩ is a normal subgroup of G. If aag
̸= 1,

then ⟨aag
⟩ is a nontrivial cyclic normal subgroup of G properly contained in the
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noncyclic group M , contradicting the fact that M is minimal normal. On the other
hand, if aag

= 1, then ag
= a−1 and ⟨a⟩ is again a nontrivial normal subgroup of G

properly contained in M .
Therefore, may assume that n ≥ 3. Since d(G)/q̃h(G) ≤

1
3/

1
12 = 4, we may

choose to set N = 8 in Lemma 2.7. Since 3h−1
≤ nh−1

≤ N = 8, we must have
h = 2. We have

11
72

= q̃2(A4) < q̃2(G)≤
1

|G|
+

d(G)
n

≤
1

|G|
+

1
9
.

Simplifying this inequality, we obtain |G|< 24. Since G is nonsupersolvable with
trivial center, the only possibility for G is A4. This is a contradiction.

There remains to consider case (2) of Lemma 2.7. Since Z(G)= 1 by the first
paragraph and we chose N = 8, we have

|G| ≤
8

1
12 · 9 −

1
3

=
96
5
< 20.

The only nonsupersolvable group of order less than 20 with trivial center is again A4.
This contradiction completes the proof of this item. □

Proof of the solvability criterion, Theorem 1.4(d). Assume for a contradiction that
G is a counterexample to the claim with minimal order. Since q̃1(G)= d(G), we
must have h ≥ 2. We have

1
60 < q̃h(A5) < q̃h(G)≤ d(G)≤

1
12 .

As q̃h(G/Sol(G)) ≥ q̃h(G) by Lemma 2.6, the quotient G/Sol(G) is solvable if
the solvable radical Sol(G) is nontrivial by the minimality of |G|. But then G is
solvable, a contradiction. Therefore, we may assume that |Sol(G)| = 1.

Let n be the minimal nontrivial class size of G. If n is a prime power, then
the subgroup generated by that class is a solvable normal subgroup of G by [22].
As G has no nontrivial solvable normal subgroups, we must have n ≥ 6. Since
d(G)/q̃h(G)≤ ( 1

12)/(
1

60)= 5, we may take N = 5 in Lemma 2.7. This means that
nh−1

≤ N never occurs, and we need only consider case (2) of Lemma 2.7; that is,

|G| ≤ d(G)/q̃h(G)2 < 300.

The only nonsolvable groups of order less than 300 with trivial solvable radical are
A5, S5, and PSL3(2). The conjugacy class sizes of A5 are 1, 12, 12, 15, 20; those
of S5 are 1, 10, 15, 20, 20, 24, 30; and those of PSL3(2) are 1, 21, 24, 24, 42, 56.
Then one can check by direct calculation that q̃h(PSL3(2)) < q̃h(S5) < q̃h(A5).
This means G is not isomorphic to A5, S5, or PSL3(2), and we are done. □
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We now prove Theorem 1.5. For a prime p and a positive integer h, define

γ̃ (h, p)=
1

p(p + 1)

(
1 +

1
ph−1 +

p − 1
(p + 1)h−1

)
.

Proof of Theorem 1.5. Since γ̃ (h, 2) = q̃h(S3), if p = 2, then G is nilpotent by
Theorem 1.4(b) and thus has a normal Sylow 2-subgroup. Therefore, we may
assume p ≥ 3. As q̃1(G) = d(G) and γ̃ (1, p) = 1/p, the theorem follows from
Lemma 2.1(c) when h =1. So we may assume that h ≥2. Let G be a counterexample
to the theorem with minimal order. Then

1
p

≥ d(G)≥ q̃h(G) > γ̃ (h, p) >
1

p(p + 1)

but G is not p-closed. Let P be a Sylow p-subgroup of G. We may assume that
Op(G)= 1 as otherwise, by Lemma 2.6 and the minimality of |G|, we deduce that
G/Op(G) has a normal Sylow p-subgroup and so does G, a contradiction. Next,
assume that Z(G) > 1. Then Z(G) is a p′-group, and G/Z(G) has a normal Sylow
p-subgroup P Z(G)/Z(G) again by Lemma 2.6. It follows that P ⊴ P Z(G)⊴G
which implies that P ⊴G, a contradiction. Therefore, Z(G)= 1.

Next, we claim that G has a unique minimal normal subgroup. Suppose that
G has two distinct minimal normal subgroups, say N1 and N2. By Lemma 2.6
and the minimality of |G|, both G/N1 and G/N2 are p-closed. Since G embeds
into G/N1 × G/N2, the group G is p-closed as subgroups and direct products
of p-closed groups are p-closed. It follows that G has a unique minimal normal
subgroup N , and N ∼= Sm for some simple group S and some integer m ≥ 1.

Let H = NG(P). Since P N ⊴G by Lemma 2.6 and the minimality of |G|, we
have G = H N by Frattini’s argument.

Claim 1: If C is a noncentral conjugacy class of G, then |C | ≥ p.

If C0 = xG is a noncentral conjugacy class of G having minimal size, we claim that
|C0| ≥ p. For if |C0| = [G : CG(x)]< p instead, and U =

⋂
g∈G CG(x)g is the core

of CG(x) in G, then U ⊴G and [G : U ] = |C0| · [CG(x) : U ]. As G/U embeds into
the symmetric group St , where t = |C0| = [G : CG(x)]< p, |G/U | is not divisible
by p. Since U ⊴ G and Sylow subgroups are conjugate by Sylow’s theorems,
P ≤ U . Hence U is nontrivial and thus N ≤ U ≤ CG(x). In particular, x ∈ CG(N ).

If N is nonabelian, then CG(N ) = 1, which leads to a contradiction. Now
assume that N is abelian. Then S ∼= Cr for some prime r and so N is an elementary
abelian r -group of order rm . Since G = H N and N is the unique minimal normal
subgroup of G, we must have 8(G) = 1 and that F(G) = Or (G) is a product
of minimal normal subgroups of G by Gaschütz’ theorem [16, Theorem III.4.5].
Thus F(G) = N and so CG(N ) = N by [16, Theorem III.4.2 b)]. It follows that
x ∈ N . Furthermore, since P ≤ CG(x), we have x ∈ CN (P). Observe that P
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acts coprimely and nontrivially on N . By Fitting’s Theorem [18, Theorem 4.34],
N =[N , P]×CN (P). Note that NN (P)= N ∩NG(P)= N ∩H . As N⊴G, we have
H ∩ N ⊴ H and since N is abelian, H ∩ N ⊴ N . It follows that H ∩ N ⊴G = N H ,
and by the minimality of N , we have N ∩ H = 1. Now CN (P) ≤ NN (P) = 1,
which implies that x ∈ CN (P)= 1, a contradiction.

Therefore, we have shown that |C0| ≥ p, and thus since Z(G) = 1, for each
nontrivial conjugacy class C of G, we have |C | ≥ p.

Claim 2: |G|< 2p(p + 1) and |P| = p. Let n p = [G : NG(P)]. Then n p = 1 + p
or 1 + 2p. In particular, H = P and G = P N.

Assume for a contradiction that |G| ≥ 2p(p + 1). The hypothesis yields

1
p(p + 1)

< q̃h(G)≤
1

|G|

(
1 +

∑
C∈Cl(G)

C ̸=1

1
|C |h−1

)
≤

1
|G|

(
1 +

k(G)− 1
ph−1

)

=
1

|G|

(
1 −

1
ph−1

)
+

d(G)
ph−1 .

Then
1

p(p + 1)
<

1
2p(p + 1)

+
d(G)
ph−1 .

Since d(G)≤ 1/p, we obtain ph < 2p(p + 1), which implies h = 2 as p ≥ 3.
For h = 2, the hypothesis yields (noting that d(G)≤ 1/p):

γ̃ (2, p)=
1

p(p+1)

(
1 +

1
p

+
p−1
p+1

)
< q̃h(G)≤

1
|G|

(
1 −

1
p

)
+

d(G)
p

≤
1

|G|

(
1 −

1
p

)
+

1
p2 .

Simplifying, we obtain |G|< (p + 1)2 < 2p(p + 1), a contradiction.
Assume that |P| ≥ p2. If N is nonabelian, then |N | is divisible by 4 and |G| ≥

4p2 > 2p(p + 1), a contradiction. Assume that N is abelian. Since CG(N )= N ,
P acts nontrivially and coprimely on N . Hence |N | > p as P has at least one
nontrivial orbit on N \ {1}. Then H ∩ N = 1 by the argument in Claim 1, and thus
|G| = |H ||N | ≥ p2

|N |> p3 > 2p(p +1). In both cases, we obtain a contradiction.
Thus, |P| = p as claimed.

By Sylow’s theorem, we know that n p ≡ 1 mod p, so that n p = 1 + kp for some
positive integer k. Since n p = [G : H ] ≤ [G : P]< 2(p+1), we have n p < 2(p+1)
and so n p ∈ {1 + p, 1 + 2p}.

Now since |G| = |H |n p ∈ {(1 + p)|H |, (1 + 2p)|H |} and |G|< 2p(p + 1), we
must have |H | < 2p, forcing |H | = p and thus H = CG(P) = P . In particular,
G = P N .

Claim 3: N is abelian.
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Suppose otherwise. Then N ∼= Sm for some nonabelian simple group S. By the
uniqueness of N , we deduce that G has a trivial solvable radical.

If |C | = p for some class C , then by [22], ⟨C⟩ is a normal solvable subgroup
of G, which is impossible. Thus |C | ≥ p + 1 for every nontrivial class C of G.

If p divides |S|, then p = |G|p ≥ (|S|p)
m means that m = 1 and G = P S = S is

simple. However, in this case, |G| ≥ 2p(p +1) by the proof of Lemma 2.3. Thus p
does not divide |S| and so N is a p′-group. So |G| = p|S|

m with m = 1 or m = p.
(If N is not simple, then m = p since P acts transitively on the simple factors of N
as N is a minimal normal subgroup of G.)

Now |N | = [G : H ] = n p ∈ {1 + p, 1 + 2p}, so we have |N | = |S|
m

= 1 + p or
1 + 2p. Since P has order p and CG(P) = P by the last step, the only point of
N fixed by P under conjugation is the identity and every other orbit has size p.
This implies that P has at most 3 orbits in its conjugation action on N , which
is impossible since |N | is divisible by at least 3 distinct primes by Burnside’s
paqb-theorem, so N must have at least 4 orbits under the action of P .

Claim 4: The final contradiction.

We now have that G = P N with |P|= p, and N is an elementary abelian r -group
of order rm for some prime r and rm

= |N | = 1 + p or 1 + 2p. Since Z(G) = 1,
we see that G is a Frobenius group with Frobenius kernel N and complement P .
Therefore, G has the following class structure: the rm

− 1 elements of order r split
into classes of size p, and the rm(p − 1) elements of order p split into classes of
size rm . Since rm

= 1 + kp for k = 1 or k = 2, we have

q̃h(G)=
1

|G|

(
1+

(rm
−1)/p
ph−1 +

p − 1
(rm)h−1

)
=

1
p(1+kp)

(
1+

k
ph−1 +

p − 1
(1+kp)h−1

)
.

If |N |=1+p, then substituting k =1 into the equation above yields q̃h(G)= γ̃ (h, p),
a contradiction. So rm

= |N | = 1 + 2p, and we can calculate q̃h(G) by substituting
k = 2 into the equation above.

Since
1

p(p + 1)
< q̃h(G)≤

1
|G|

+
d(G)
ph−1 ≤

1
p(1 + 2p)

+
1
ph ,

we deduce that ph < (1 + p)(1 + 2p), forcing h = 3 and p = 3, or h = 2. In the
former case, we calculate directly that γ̃ (3, 3) > q̃3(G), a contradiction. Similarly,
if h = 2, then we calculate directly that we must have

1
p(p + 1)

(
1 +

1
p

+
p − 1
p + 1

)
= γ̃ (2, p) < q̃2(G)=

1
p(1 + 2p)

(
1 +

2
p

+
p − 1

1 + 2p

)
.

This can be simplified to 5p4
+ 2p3

− 3p2
− 3p < 1, which is impossible since

p ≥ 3. The proof is now complete. □
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6. Introduction to Dijkgraaf–Witten theory

For mathematicians, a topological quantum field theory (TQFT) is a machine for
generating topological invariants of manifolds. For example, Witten [35] showed
that the Jones polynomial is a topological invariant of manifolds in a certain TQFT.
Atiyah [1] axiomatized topological quantum field theories in the language of cat-
egory theory as a functor from a particular category of bordisms to the category
of vector spaces. The invariants that we consider arise in the context of Dijkgraaf–
Witten theory [7; 9] in one space dimension and one time dimension. Such a
TQFT determines a commutative Frobenius algebra that gives rise to topological
invariants of surfaces. The new contribution of this paper is that, upon assuming
this Frobenius algebra is the center of a complex group algebra, we instead consider
these invariants as invariants of groups. It should be noted, however, that Dijkgraaf–
Witten theory has already been used to study finite groups; for example, row and
column sums in their character tables [28; 31; 32]. In this section, we derive
these topological invariants in an elementary, explicit way, without assuming any
previous knowledge of quantum field theory. For a similarly gentle introduction,
we recommend Dijkgraaf’s 2015 lecture at the Institute for Advanced Study [8].

Let X , Y be two closed (n − 1)-dimensional manifolds. A bordism from X
to Y is a quadruple (Z , p, fX , fY ) where Z is an n-manifold with boundary δZ ,
p : δZ →{0, 1} is a continuous map (partition of the boundary into two components),
fX : X → p−1(0), fY : Y → p−1(1) are diffeomorphisms. (The empty set is
considered an (n−1)-manifold for all n.) Two such bordisms Z , Z ′ from X to Y
are considered equivalent if there is a diffeomorphism from Z to Z ′ respecting
the maps p and f in the obvious way. Declaring Mor (X,Y) to be the set of all
equivalence classes of bordisms from X to Y , we get the structure of a category
B(n−1) on closed (n−1)-manifolds. The composition of two bordisms is obtained
by gluing them. This category B(m) is a symmetric monoidal category with disjoint
union as the monoidal product. Any covariant functor of symmetric monoidal
categories from B(m) to vector spaces Vectk over a field k, with tensor product as
the monoidal product, is an example of a topological quantum field theory.

When n = 2, closed 1-manifolds are just disjoint unions of a finite number of
circles S1. So a TQFT T of the above type on objects of B(1) is determined by
specifying T (S1)= V . The images of morphisms via T are linear maps between
appropriate tensor powers of V . For example, a cylinder is a bordism between two
circles, and it corresponds to the identity map id : V → V . Perhaps most importantly,
the “pair of pants” corresponds to a multiplication of quantum states V ⊗ V → V ,
which gives V the structure of an algebra. This multiplication is commutative,
which we can see from topological considerations: Interchanging the legs in a
pair of pants (which corresponds, on the vector space side, to switching the order
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bordism map V = Z(CG)

V ⊗ V → V eχ · eχ ′ = δχ,χ ′eχ

⟨ ⟩ : V ⊗ V → C ⟨eχ , eχ ′⟩ = δχ,χ ′

(
χ(1)
|G|

)2

C → V, 1 7→ e e =
∑

χ∈Irr(G)
eχ

V → C eχ 7→

(
|G|

χ(1)

)2

V → V ⊗ V eχ 7→

(
|G|

χ(1)

)2
eχ ⊗ eχ

Table 1. Bordisms giving rise to linear maps of vector spaces.

of the tensor product) is a diffeomorphism, so two such bordisms are equivalent.
The bordisms giving rise to a multiplicative identity e ∈ V , a comultiplication
V → V ⊗ V and a bilinear form ⟨ ⟩ : V ⊗ V → C are pictured in Table 1. By
considering appropriate bordisms, it is not difficult to show that the multiplication
is associative and the bilinear form satisfies the identity

⟨a, b · c⟩ = ⟨a · b, c⟩

of a Frobenius algebra. A genus-h surface can be decomposed into a composition
of the bordisms in Table 1, giving rise to a map C → C. Since the map is linear, it
is defined by the image of 1, and this complex number is a topological invariant of
the surface.



INVARIANTS OF FINITE GROUPS ARISING IN A TQFT 179

Now we assume that V = Z(CG) is the center of the complex group algebra of a
finite group G. We compute the maps in terms of a basis for Z(CG) that is indexed
by the irreducible complex characters χ ∈ Irr(G) of G; namely, the primitive central
idempotents

eχ =
χ(1)
|G|

∑
g∈G

χ(g)g.

In this basis, the multiplicative identity decomposes as e =
∑

χ∈Irr(G) eχ , and the
multiplication takes the form eχ · eχ ′ = δχ,χ ′eχ . We define the bilinear form to be

⟨eχ , eχ ′⟩ = δχ,χ ′

(
χ(1)
|G|

)2

,

which is the coefficient of the identity in the product eχ · eχ ′ times 1/|G|. This is
the so-called special Frobenius algebra structure on Z(CG).

To show that the “cup” in the third row of Table 1 gives rise to a multiplicative
identity of V , note that the bordism in Figure 1, top left, is homeomorphic to the
cylinder, which is the identity map. To show that the “cap” in the fourth row of
Table 1 sends eχ to (χ(1)/|G|)2, note that the cap is homeomorphic to adding a
cup to the bordism for the bilinear form, as in Figure 1, top middle. Finally, to show
that the comultiplication is eχ 7→ (|G|/χ(1))2eχ ⊗ eχ in the last row of Table 1,
note that capping off the comultiplication is homeomorphic to the cylinder, which
represents the identity map, as in Figure 1, top right.

Now, we compute the map C → C for a genus-h surface by composing the maps

· · ·

Figure 1. Bordisms for calculating (top row from the left) the cup, the
cap and the comultiplication. Decomposing the genus-h surface on the
bottom into bordisms calculated in Table 1 yields an invariant Qh(G) of
the surface.
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in Table 1:

1 7−→

∑
χ∈Irr(G)

eχ 7−→

∑
χ∈Irr(G)

(
|G|

χ(1)

)2

eχ ⊗ eχ 7−→

∑
χ∈Irr(G)

(
|G|

χ(1)

)2

eχ

7−→ · · · 7−→

∑
χ∈Irr(G)

(
|G|

χ(1)

)2h

eχ 7−→

∑
χ∈Irr(G)

(
|G|

χ(1)

)2h−2

= Qh(G).

The number Qh(G) is the topological invariant of a genus-h surface in this TQFT.
In this paper, we considered a more well-behaved invariant of groups by scaling
Qh(G) by an appropriate factor of |G|, namely

qh(G)=
1

|G|

∑
χ∈Irr(G)

(
1

χ(1)

)2h−2

.
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FROM BRICK MANIFOLDS
TO GRASSMANNIANS OF BIMODULES

EVGENY FEIGIN AND MARKUS REINEKE

We study a class of Grassmannians of subbimodules over the path algebras
of quivers. Our quiver Grassmannians include Escobar’s brick manifolds
as well as Labelle’s generalizations. We give an explicit construction of the
varieties in question, provide examples and clarify the connection with the
quiver representation spaces. We also prove smoothness of our Grassman-
nians, construct cellular decompositions and derive a realization as framed
moduli spaces. The framed moduli realization leads to a recursive formula
for the motives.

1. Introduction

The brick manifolds introduced in [Escobar 2016] are certain fibers of the Bott–
Samelson varieties which are not birationally isomorphic to the flag varieties. They
turn out to be useful in various situations; see, e.g., [Dotsenko et al. 2019; Casals
et al. 2021; Speyer 2023]. In the type-A case under certain conditions the brick
manifolds are smooth toric varieties admitting an explicit realization as collections
of subspaces in an ambient vector space satisfying a number of incidence conditions.

A generalization of the type-A brick manifolds was suggested in [Labelle 2025].
The generalized brick manifolds are no longer toric, but still smooth and admit an
explicit realization in terms of collections of subspaces. Conjecturally, their Poincaré
polynomials are equal to a specialization of Toda eigenfunctions [Braverman and
Finkelberg 2005; Givental and Lee 2003]. The conjecture is equivalent to a certain
fermionic-type recursion for the Poincaré polynomials [Braverman and Finkelberg
2014; Feigin et al. 2009; Labelle 2025].

All of these constructions have to do with the equioriented type-A quiver. More
precisely, the generalized brick varieties can be realized as Grassmannians of
bimodules of the corresponding path algebras. Our goal is to extend the setup to
the case of arbitrary quivers with no parallel paths and to study the varieties thus
obtained. Below we provide some details of the construction and formulate the
main results.
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Let Q be an acyclic quiver without parallel paths; let Q0 be the set of vertices
and Q1 be the set of edges. We fix a collection of vector spaces V∗ = (Vi )i∈Q0 and
for each pair (i, j) ∈ Q2

0 of vertices of Q we define the vector space

M(V∗)i, j =
⊕
ω,ω′

Vp such that j ω′

⇝ p ω
⇝ i

(i.e., ω is a path in Q from a vertex p to i and ω′ is a path in Q from j to p). The
collection M(V∗) = (M(V∗)i, j )i, j has a natural structure of a bimodule over the
path algebra A of the quiver Q; in other words, M(V∗) carries a natural structure
of a module over A⊗ Aop. Our main objects of study are the varieties

X (V∗)= Gr f (V∗)
A⊗Aop(M(V∗))

of subbimodules of M(V∗) of certain codimension f (V∗) = ( fi, j )i, j . The fi, j

vanish unless there exists a path from j to i in Q; if such a path does exist, then
fi, j = dim Vi . These varieties can be also realized as quiver Grassmannians for
certain quivers (see also [Cerulli Irelli et al. 2012; Caldero and Reineke 2008;
Cerulli Irelli 2020]).

One observes that if Q is an equioriented type-A quiver, then the Grassmannians
above are isomorphic to the generalized brick manifolds from [Labelle 2025]. We
prove the following theorem, where d = (dim Vi )i∈Q0 and Gd =

∏
i∈Q0

GLdi .

Theorem A. Assume that Q is acyclic and has no parallel paths. Then X (V∗) is a
smooth Gd-equivariant compactification of the representation space Rd(Q).

Our next task is to study the motives [X (V∗)] of the varieties X (V∗). More
precisely, we construct a cellular decomposition of our Grassmannians of bimodules
and derive a recursive formula for their motives [X (V∗)] which involves more
general Grassmannians. We note that our formula in the equioriented type-A case
is different from the one conjectured in [Labelle 2025].

Theorem B. Let Q be an acyclic quiver with no parallel paths. Then X (V∗) admits
a cellular decomposition with the cells labeled by the torus fixed points and the
motives [X (V∗)] satisfy the recursive formula from Theorem 7.4.

Our construction works for quivers with parallel paths as well. However, the
varieties thus constructed are more complicated; in particular, they are no longer
smooth in general. We provide the definitions and examples at the end of our paper.

The paper is organized as follows. In Section 2 we introduce basic notation on
quivers and bimodules over path algebras. In Section 3 we introduce our main
objects of study — certain quiver Grassmannians of subbimodules. In Section 4 we
provide several examples of the general construction. In Section 5 we show that our
Grassmannians compactify representation spaces and in Section 6 we give a proof



FROM BRICK MANIFOLDS TO GRASSMANNIANS OF BIMODULES 185

of smoothness. In Section 7 we provide a framed moduli realization and derive a
recursive formula for the motives of the framed moduli spaces. Finally, in Section 8
we generalize our construction to the case of quivers with parallel paths.

2. Quiver representations and bimodules

We start with introducing basic definitions from the theory of quivers (see, e.g.,
[Assem et al. 2006; Schiffler 2014]). Let k be an algebraically closed field, and
let Q be an acyclic quiver with set of vertices Q0 and arrows written as α : i→ j .
We denote by A = k Q the (finite-dimensional) path algebra of Q over k. The unit
of the path algebra decomposes into orthogonal idempotents 1=

∑
i∈Q0

ei . Then
ei Ae j is linearly spanned by the paths from j to i .

Left modules over A correspond to representations of Q over k; namely, to a
representation V = ((Vi )i , (Vα)α) we associate the module with underlying k-vector
space V =

⊕
i Vi , the generator ei of A acting as the projection to the Vi -component

of V , and the generator α acting via projecting from V to the Vi -component, mapping
with Vα to V j , and embedding V j into V . Conversely, given a left module V over A,
we define Vi = ei V for i ∈ Q0 and Vα as the action of α on V , which gives a
well-defined map from Vi to V j for all α : i→ j .

In particular, the indecomposable projective representation Pi corresponds to Aei

and the indecomposable injective representation Ii corresponds to A∗ei (where
A∗ = Homk(A, k) denotes the linear dual). Every left A-module V then admits a
standard projective resolution

0→
⊕

α:i→ j

Ae j ⊗k ei V
α
−→

⊕
i

Aei ⊗k ei V
β
−→ V → 0,

where the maps are given as follows: for a path ω in Q starting in i (which is an
element of Aei ) and an element v of ei V , we define β(ω⊗ v)= Vω(v). Here Vω is
defined as

Vαs ◦ · · · ◦ Vα1 if ω = αs · · ·α1.

For a path ω in Q starting in j and an element v of ei V , we define

α(ω⊗ v)= ωα⊗ v−ω⊗ Vα(v).

Now we consider A-A-bimodules. By definition, these are equivalent to left
A⊗ Aop-modules. We have (k Q)op

= k(Qop), where Qop denotes the opposite
quiver, with an arrow α∗ : j→ i for every arrow α : i→ j in Q. It is then easy to see

(2-1) A⊗ Aop
≃ k(Q× Qop)/I,

where Q × Qop is the quiver that has vertices (i, j) for i, j ∈ Q0 and arrows
(α, j) : (i, j) → (i ′, j) for all α : i → i ′ in Q and j ∈ Q0, as well as arrows
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(i, α∗) : (i, j ′)→ (i, j) for all i ∈ Q0 and α : j→ j ′ in Q. The ideal I is generated
by all commutativity relations, that is, by all

(α, j)(i, β∗)− (i ′, β∗)(α, j ′)

for α : i → i ′ and β : j → j ′ in Q. We can thus view A-A-bimodules M as
representations of Q× Qop, given by k-vector spaces Mi, j for i, j ∈ Q0 and linear
maps Mα, j : Mi, j→ Mi ′, j for all α : i→ i ′ in Q and j ∈ Q0, as well as linear maps
Mi,α∗ : Mi, j ′→ Mi, j for all i ∈ Q0 and α : j→ j ′ in Q, such that

Mα, j ◦Mi,β∗ = Mi ′,β∗ ◦Mα, j ′

for α : i→ i ′ and β : j→ j ′ in Q.
The A-A-bimodule A⊗k A∗ decomposes into indecomposable projective bimodules

Pi j = Aei ⊗ e j A for i, j ∈ Q0. We have

HomA⊗Aop(Pi j , Pql)≃ ei Aeq ⊗ el Ae j

for all i, j, q, l ∈ Q0.

3. A class of Grassmannians of subbimodules

From now on and till the last section we assume that Q is a tree, that is, there are
no parallel paths in Q. For every i ∈ Q0 we fix a k-vector space Vi , and consider
the bimodule Aei ⊗k Vi ⊗k ei A (which is isomorphic to (dim Vi )-many copies of
the indecomposable projective bimodule Pi i ). Finally, we define

(3-1) M(V∗)=
⊕
i∈Q0

Aei ⊗ Vi ⊗ ei A.

To describe this as a representation of Q×Qop fulfilling the commutativity relations,
we calculate

M(V∗)i, j = ei M(V∗)e j =
⊕

p

ei Aep⊗ Vp⊗ ep Ae j =
⊕
(ω,ω′)

Vp,

where the final direct sum ranges over all pairs of paths (ω, ω′) in Q such that

j ω′

⇝ p ω
⇝ i.

All maps are given by obvious inclusions; we only treat the case of the map M(V∗)α, j

for an arrow α : i → i ′ in Q: given a component Vp of M(V∗)i, j corresponding
to a pair of paths j ω′

⇝ p ω
⇝ i , we have a pair of paths j ω′

⇝ p αω
⇝ i ′, yielding a

corresponding component Vp in M(V∗)i ′, j .
Let Q0 ⊂ Q0 × Q0 be the set of pairs of vertices (i, j) such that there exists

a path from j to i in Q. Then the target of any arrow in Q × Qop whose source
belongs to Q0 is also in Q0. We denote by Q the full subquiver of Q× Qop with
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the set of vertices Q0. It follows from the definition that M(V∗) is completely
determined by its restriction to Q.

There is a natural structure of a poset on the set of vertices Q0. Namely, given
two pairs (i1, j1), (i2, j2) ∈ Q2

0 connected by paths j1
ω1⇝ i1 and j2

ω2⇝ i2 we write
(i1, j1)≤ (i2, j2) if ω1 is a subpath of ω2.

Recall that an upper ideal is a subset C such that c1 ∈ C implies that c2 ∈ C for
any c2 ≥ c1. We call an upper ideal indecomposable if it cannot be written as a
disjoint union of two upper ideals.

Lemma 3.1. There is one-to-one correspondence between the indecomposable
subrepresentations of M(V∗) and the indecomposable upper ideals of the poset Q0.

Proof. Let C⊂Q0 be an indecomposable upper ideal. We define the Q module M(C)

with dim M(C)c= 1 for c∈C and M(C)c= 0 for c /∈C in an obvious way, i.e., with
all arrows between nonzero spaces being isomorphisms. Then M(C) is obviously
an indecomposable subrepresentation of M(V∗).

Now assume we are given an indecomposable Q module M ⊂ M(V∗). Let
C ⊂ Q0 be the set of elements c ∈ Q0 such that Mc ̸= 0. We claim that C
is an indecomposable upper ideal and M ≃ M(C). First, C is an upper ideal
because all the maps in M(V∗) are injective. Second, it is indecomposable, since
a decomposition C = C1 ⊔ C2 into a disjoint union of two upper ideals would
lead to the decomposition of the module M . Finally, let us show that all the
nontrivial components of M are one-dimensional. We choose a minimal element c
of the poset Q0 such that Mc ̸= 0. Choosing a vector v ∈ Mc we construct a
subrepresentation N ⊂ M as follows. First, v ∈ N . Second, N contains N (v) —
a subrepresentation of M generated by v. Third, we add to N all vectors of M which
are mapped to N (v) by all possible compositions of arrows. Since all the maps
of M(V∗) are embeddings, all the nontrivial components of N are one-dimensional.
We are left to show that N is a direct summand of M . This follows from the
injectivity of the arrows and from the assumption that Q has no parallel paths. □

We define a dimension vector f = f (V∗) for Q×Qop (or, equivalently, for Q) by

fi, j =

{
dim Vi if there exists a path from j to i in Q,

0 otherwise.

Our central object of interest is the Grassmannian of quotient bimodules

X = Gr f (V∗)
A⊗Aop(M(V∗)).

Lemma 3.2. Let e= dim M(V∗)− f (V∗). Then the Grassmannian X is isomorphic
to the Grassmannian of A subbimodules (A⊗ Aop modules) Gre(M(V∗)).

Proof. The desired isomorphism sends an element of Gr f (V∗)
A⊗Aop(M(V∗)) to the

quotient representation. □
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4. Examples

4.1. Linearly oriented type-A. Let Q be the linearly oriented type-An quiver given
by 1→ 2→ · · · → n. Then

M(V∗)i j = V j ⊕ · · ·⊕ Vi for j ≤ i,

and zero otherwise. All maps in this representation are given by the natural
inclusions of direct summands. We have fi, j = dim Vi for j ≤ i , and zero otherwise.
We can interpret X = Gr f

A×Aop(M(V∗)) as the Grassmannian of subbimodules

GrA⊗Aop

e (M(V∗)),
where e is given by

ei, j = dim V j + · · ·+ dim Vi−1

for j < i , and zero otherwise (we note that e = dim N (V∗) for certain natural
projective bimodule; see (5-1)). We thus arrive at the variety X (d1, . . . , dn) defined
in [Labelle 2025], where di = dim Vi (if all di = 1, one gets the Escobar brick
manifolds [2016]).

Here is a picture for the representation M(V∗) for Q = A3:

V1⊕ V2⊕ V3

V1⊕ V2 V2⊕ V3

V1 V2 V3

The dimension vector e is given by

d1+ d2

d1 d2

0 0 0

4.2. Alternating orientation quivers. Let Q be a quiver with alternating orientation,
that is, every vertex is a source or a sink. We then find

M(V∗)i, j =


Vi if i = j,

Vi ⊕ V j if there is an arrow α : j→ i,
0 otherwise.

The only nonzero maps in M(V∗) are the inclusions of direct summands

M(V∗)α,i : Vi → Vi ⊕ V j , M(V∗) j,α∗ : V j → Vi ⊕ V j
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for all α : i→ j . In particular, there are no proper commutativity relations fulfilled
by this representations. In fact, we can view it as a representation of the quiver 0

with vertices i ∈ Q0 and vα for α an arrow in Q, and arrows i → vα← j for all
α : i→ j in Q. This is again a quiver with alternating orientation, and M(V∗) is
the projective representation ⊕

i∈Q0

Pi ⊗ Vi .

The nonzero components of the dimension vector e = e(V∗) are given by
ei, j = dim V j for all arrows j→ i in Q. Hence one gets

Gre(M(V∗))≃
∏

α∈Q1

Grdim Vs(α)
(Vs(α)⊕ Vt (α)).

4.3. Type D quiver. Let Q be the D4 quiver with vertices 1, 2, 3, 4 and arrows
1→ 2, 2→ 3 and 2→ 4. Then the quiver Q is of the form

31 33

32

11 21 22

42

41 44

The representation M(V∗) is given by

V1⊕ V2⊕ V3 V3

V2⊕ V3

V1 V1⊕ V2 V2

V2⊕ V4

V1⊕ V2⊕ V4 V4



190 EVGENY FEIGIN AND MARKUS REINEKE

and the dimension vector e is given by

d1+ d2 0

d2

0 d1 0

d2

d1+ d2 0

Hence the Grassmannian of subbimodules Gre(M(V∗)) is isomorphic to the quiver
Grassmannian for the alternating A5 quiver with representation

V2⊕ V3→ V1⊕ V2⊕ V3← V1⊕ V2→ V1⊕ V2⊕ V4← V2⊕ V4

and the dimension vector (d2, d1+ d2, d1, d1+ d2, d2).

5. Compactification of representation spaces

The goal of this section is to prove our Grassmannians of subbimodules equivariantly
compactify the representation spaces.

Let d = (dim Vi )i∈Q0 and let

Rd(Q)=
⊕

α:i→ j

Homk(Vi , V j )

be the representation space. The group Gd =
∏

i∈Q0
GL(Vi ) acts on Rd(Q) by

the base change; the orbits of this action correspond to isomorphism classes of
k-representations of Q of dimension vector d.

Recall the notation X = Gr f (V∗)
A⊗Aop(M(V∗)). The variety X admits a natural

Gd action induced by the obvious action on the spaces Vi .

Theorem 5.1. There is a Gd equivariant embedding Rd(Q) ⊂ X such that the
image is dense in X.

Proof. We consider the projective bimodule

(5-1) N (V∗)=
⊕

α:i→ j

Ae j ⊗ Vi ⊗ ei A
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and consider bimodule maps from N (V∗) to M(V∗) (inspired by the form of the
standard projective resolution above). We then have

HomA⊗Aop(N (V∗), M(V∗))

≃

⊕
α:i→ j

⊕
p∈Q0

HomA⊗Aop(Ae j ⊗ Vi ⊗ ei A, Aep⊗ Vp⊗ ep A)

≃

⊕
α:i→ j

⊕
p∈Q0

Homk(Vi , HomA⊗Aop(Ae j ⊗ ei A, Aep⊗ ep A)⊗ Vp)

≃

⊕
α:i→ j

Homk(Vi , Vi ⊕ V j ).

Here we use the fact that

HomA⊗Aop(Ae j ⊗ ei A, Aep⊗ ep A)≃ e j Aep⊗ ep Aei

is spanned by α⊗ ei and e j ⊗ α, making use of the assumption that there are no
parallel paths in Q.

Similarly, we can compute

EndA⊗Aop(M(V∗))≃
⊕
i∈Q0

Endk(Vi )

(even without the assumption on Q) and

EndA⊗Aop(N (V∗))≃
⊕

α:i→ j

Endk(Vi )

(again using the assumption on Q).
Moreover, let us note that

dim M(V∗)−dim N (V∗)= f .

Namely, we have already proved that

M(V∗)i, j =
⊕

j ω′
⇝p ω
⇝i

Vp,

and similarly, we find

N (V∗)i, j =
⊕

j ω′
⇝p

α
→q ω
⇝i

Vp.

The only summand of M(V∗)i, j not appearing as a summand of N (V∗)i, j is the
summand Vi corresponding to j ω′

⇝ i
ei⇝ i in case there exists a path ω′ from j to i

(again using the assumption of Q admitting no parallel paths). This proves the
identity of dimension vectors.
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Inside X = Gr f (V∗)
A⊗Aop(M(V∗)), we thus have the locally closed subset consisting

of quotients whose kernel is isomorphic to N (V∗). This subset is isomorphic to the
quotient of the set

Hominj
A⊗Aop(N (V∗), M(V∗))

of injective maps by the group

AutA⊗Aop(N (V∗)).

By the above calculation, this is nothing else than the quotient of

Z =
⊕

α:i→ j

Homk(Vi , Vi ⊕ V j )

by the action of
H =

∏
α:i→ j

GL(Vi ).

On the open subset Z0 of Z consisting of tuples(
Fα =

[
F1

α

F2
α

]
: Vi → Vi ⊕ V j

)
α:i→ j

,

where all F1
α are invertible, we can use the action of H to normalize all F1

α to
identity maps. This shows that

Z0/H ≃ Rd(Q).

The action of AutA⊗Aop(M(V∗))≃ Gd on X then restricts to the standard change
of base action of Gd on

Rd ≃ Z0/H ⊂ Z/H ⊂ X,

yielding the claimed equivariant embedding in to X , which is a projective variety. □

6. Smoothness

This section’s goal is to prove smoothness of the Grassmannians of subbimodules,
generalizing the corresponding results from [Labelle 2025]. As above, we assume
that the quiver Q has no parallel paths.

Theorem 6.1. The varieties Gr f (V∗)
A⊗Aop(M(V∗)) are smooth.

Proof. We use a slight generalization of [Cerulli Irelli et al. 2013, Proposition 7.1]
(see also [Cerulli Irelli et al. 2014]): if B is an algebra of global dimension at most
two and M is a representation of B such that Ext1B(M, M)= 0 and

Ext1(N , M/N )= 0= Ext2(N , M/N )
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for all B-subrepresentations N of M of dimension vector e, then GrB
e (M) is smooth

and irreducible of dimension ⟨e, dim M − e⟩. A direct inspection of the proof of
[Cerulli Irelli et al. 2013, Proposition 7.1] immediately shows that the proof carries
over to the present assumptions.

The algebra A⊗Aop is of global dimension at most two as it is the product of two
hereditary algebras. Alternatively, we can easily construct projective resolutions of
the simple representations Si ⊗ S j as

0→
⊕
i→p
q→ j

Pp⊗ Pq →
⊕
i→p

Pp⊗ Pj ⊕
⊕
q→ j

Pi ⊗ Pq → Pi ⊗ Pj → Si ⊗ S j → 0.

Obviously, Pi ⊗ Pj has vanishing Ext1 since it is a projective bimodule.
Now assume we have an exact sequence

0→ N → M =
⊕

i

Pi ⊗ Vi ⊗ Pi → M/N → 0.

Using the long exact sequence induced by HomB( · , M/N ) and the projectivity
of M , we find

0= Ext1B(M, M/N )→ Ext1B(N , M/N )→ Ext2B(M/N , M/N )

→ 0= Ext2B(M, M/N )→ Ext2B(N , M/N )→ Ext3B(M/N , M/N )= 0;

thus Ext2B(N , M/N )= 0 and

Ext1B(N , M/N )≃ Ext2B(M/N , M/N ).

The right-hand side is a factor of Ext2B(M/N , M); thus we are finished if we can
prove that the latter vanishes.

We can compute Ext2B(Si⊗S j , M) using the above projective resolution of Si⊗S j .
Namely, we have a right exact sequence⊕

i→p

Mpj ⊕
⊕
q→ j

Miq →
⊕
i→p
q→ j

Mpq → Ext2B(Si ⊗ S j , M)→ 0.

It is then easy to see that
Ext2B(Si ⊗ S j , Pl ⊗ Pl)= 0

for all vertices i , j , l of Q such that there exists a path j ⇝ i , again using the
assumption that there are no parallel paths. Now the proof can be finished as above:
we only have to prove that Ext2B(M/N , M) = 0. But M/N , being of dimension
vector f , has a composition series with subquotients Si ⊗ S j for j ⇝ i , whereas M
is a direct sum of the Pl ⊗ Pl . Thus this Ext-group indeed vanishes. □
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7. Framed moduli spaces and motivic generating series

7.1. Torus fixed points. In this section we describe cellular decompositions of the
varieties X . We start with the description of the labeling of the set of cells.

Let us fix bases of all Vi and denote by Di , i ∈ Q0, a set of cardinality di = dim Vi

labeling the basis elements of Vi (the sets Di do not intersect). Let T ⊂ Gd be a
torus of rank

∑
i di acting on M(V∗) (recall that all maps in this representation are

just inclusions of direct summands). Define

Di, j =
⋃

j ω′
⇝p ω
⇝i

Dp

for all i, j ∈ Q0. We have natural inclusions maps ια, j : Di, j ⊂ Di ′, j for all
α : i→ i ′ and j ∈ Q0, as well as ιi,α∗ : Di, j ⊂ Di, j ′ for all α : j ′→ j and i ∈ Q0.
Set e= dim N (V∗) as above. The next lemma follows from the above definitions.

Lemma 7.1. The T -fixed points in the Grassmannian X are labeled by tuples of
subsets (Ii, j ⊂ Di, j )i, j∈Q0 , |Ii, j | = ei, j (i, j ∈ Q0), which are compatible with all
the inclusion maps ια, j and ιi,α∗ .

Proof. Each collection Ii, j determines a torus fixed point in the Grassmann variety
Grei, j (M(V∗)i, j ). The product of these points belongs to the Grassmannian of
bimodules X if and only if the collections Ii, j satisfy all the conditions above.
In what follows for a collection I of the admissible sets Ii, j we denote the corre-
sponding point in X by p(I). □

Recall (see Theorem 6.1) that our Grassmannians of subbimodules are smooth.
Choosing a general enough one-dimensional subtorus one applies the Białynicki-
Birula theorem [1973; 1974] in order to derive an affine paving of X . The cells of
the paving are labeled by the collections I = (Ii, j )i, j from the above lemma. Recall
(see Section 3) the quiver Q whose set of vertices consists of pairs (i, j)∈ Q0×Q0

such that there is a path from j to i in Q. The vertices Q0 form a poset and for each
upper ideal C in Q0 which cannot be written as a disjoint union of two upper ideals,
one gets an indecomposable Q module M(C). In particular, all the components
of M(C) are at most one-dimensional and the nontrivial components are labeled by
the elements of C .

Lemma 7.2. The point p(I) as a Q module is isomorphic to the direct sum of
modules M(C) over all upper ideals C satisfying that there exists i = 1, . . . , n and
r ∈ Di such that

r ∈ Ia,b ⇐⇒ (a, b) ∈ C.

The representation M(C) further decomposes into a direct sum of M(Cu) such that
C =

⊔
u Cu and each Cu is an indecomposable upper ideal.

Proof. It is enough to note that the maps ια, j and ιi,α∗ are embeddings. □
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7.2. Framed moduli spaces. Using the methods of [Reineke 2008], one can prove
that X is isomorphic to a framed moduli space. Define vector spaces Mi, j as
Vi if there exists a path from j to i in Q, and as 0 otherwise. Consider the
variety Re(Q× Qop, I ) of representations of Q× Qop on the vector spaces Mi, j

which satisfy all commutativity relations (making them into a representation M of
k Q⊗ k Qop), on which the group

Ge =
∏
j⇝i

GL(Mi, j )

acts. We define the framed representation variety as

Rd−fr
e (Q× Qop, I )= Re(Q× Qop, I )×

⊕
i∈Q0

Homk(Vi , Mi,i ),

in which we consider the open subset Rd−fr
e (Q × Qop, I )st of pairs (M, F) such

that the direct sum of the images Fi (Vi ) ⊂ Mi,i generates M as a representation
of Q× Qop. The group Ge acts freely on the latter, and the quotient

M d−fr
e (Q× Qop, I )= Rd−fr

e (Q× Qop, I )st/Ge

exists as quasiprojective variety since it is a GIT quotient of a set of stable points.

Proposition 7.3. The framed moduli space M d−fr
e (Q × Qop, I ) is isomorphic to

the Grassmannian of subbimodules X.

Proof. It suffices to note that the images of the maps Fi generate M if and only if
the representation M is a quotient of the projective representation M(V∗). □

We stratify Rd−fr
e (Q × Qop, I ) by locally closed subsets Rd−fr

e (Q × Qop, I )g
consisting of all pairs (M, F) such that the images Fi (Vi ) generate a subbimodule
of dimension vector g ≤ e. In particular,

Rd−fr
e (Q× Qop, I )e = Rd−fr

e (Q× Qop, I )st

is the open stratum. We have

Rd−fr
e (Q× Qop, I )g ≃ Ge×

Pg,e−g Z g,e−g,

where Z g,e−g ⊂ Rd−fr
e (Q× Qop, I ) consists of pairs([

M ′ ∗
0 M ′′

]
,

[
f ′

0

])
,

where (M ′, f ′)∈ Rd−fr
g (Q×Qop, I )st and M ′′ ∈ R f−g(Q×Qop, I ). We claim that

the natural projection

p : Z g,e−g→ Rd−fr
g (Q× Qop, I )× Re−g(Q× Qop, I )
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is a Zariski-locally trivial vector bundle of rank ⟨e− g, g⟩B , where B = k Q⊗k Qop,
and the homological Euler form ⟨ · , · ⟩B can be computed using the projective
resolution of simple bimodules as

⟨x, y⟩ =
∑
i, j

xi j yi j −
∑
i→i ′

j

xi, j yi ′, j −
∑

i
j ′→ j

xi, j yi, j ′ +
∑
i→i ′
j ′→ j

xi j yi ′ j ′ .

Namely, constancy of the fiber dimensions of p is a consequence of the Ext2B-
vanishing property

Ext2B(Si ⊗ S j , Pl ⊗ Pl)= 0, whenever j ⇝ i.

The above stratification immediately allows us to formulate a recursive formula
for motives. We work in the localization K0(Vark)[L

−1, (1− Li )−1, i ≥ 1] of the
Grothendieck ring of k-varieties, for L= [A1

] the Lefschetz motive, [Z ] denoting
the class of a variety Z .

Theorem 7.4. One has

L
∑

i∈Q0
d2

i ·
[Re(Q× Qop, I )]

[Ge]

=

∑
g≤e
[M d−fr

g (Q× Qop, I )] ·
[Re−g(Q× Qop, I )]

[Ge−g]
· L⟨e−g,g⟩B .

Proof. The proof follows from the stratification described above. □

We note that thanks to the existence of cellular decomposition, the framed moduli
spaces are trivially motivated, that is, their motive is a polynomial in the Lefschetz
motive, and consequently,

[M d−fr
g (Q× Qop, I )] =

∑
i

dim H i (M d−fr
g (Q× Qop, I ), Q) · Li/2.

8. Quivers with parallel paths

In this section we drop the condition that Q has no parallel paths and develop a more
general construction. We show that in general the Grassmannians of subbimodules
are more complicated; in particular, we give a nonsmooth example.

Let Q be a quiver with no cycles (but parallel paths are allowed). Let Q be a new
quiver whose vertices are paths ω in Q and there are two types of arrows. Namely,
let ω be a path in Q with the source s(ω)∈ Q0 and target t (ω)∈ Q0. Let α, β ∈ Q1

be the arrows satisfying t (α)= s(ω), s(β)= t (ω). Then the arrows in Q are(
s(ω)

ω
⇝ t (ω)

) α̂(ω)
−−→

(
s(α)

α
−→ t (α)= s(ω)

ω
⇝ t (ω)

)
,(8-1) (

s(ω)
ω
⇝ t (ω)

) β̂(ω)
−−→

(
s(ω)

ω
⇝ t (ω)= s(β)

β
−→ t (β)

)
.(8-2)
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We define the ideal I in the path algebra of Q generated by the relations α̂(ω)β̂(ω)=

β̂(ω)α̂(ω) for all α, β ∈ Q1, ω ∈ Q0, satisfying the conditions as above.
Let us fix a collection of vector spaces Vi , i ∈ Q0, with dim Vi = di . We define

a k Q/I module M(V∗) as follows. For a path ω (a vertex of Q) the space M(V∗)ω
is defined as

M(V∗)ω =
⊕

Vp, ω passes through p,

where the maps M(V∗)α̂(ω) and M(V∗)β̂(ω) are the obvious embeddings. Also,
given a dimension vector dim(V∗) = (di )i∈Q0 we define the dimension vectors
f (dim V∗)= f = ( fω)ω∈Q0

, e(dim V∗)= e= (eω)ω∈Q0
by

fω = dt (ω), eω =

∑
p∈ω

p ̸=t (ω)

dp.

In particular, dim M(V∗) = f + e. We are interested in the Grassmannian of
submodules

(8-3) X = GrQ/I
e(dim V∗)(M(V∗)).

Given a Q module V we denote by V the k Q/I module (of dimension e(dim V ))
defined as follows. For a lazy (length zero) path ω in Q the space V ω is trivial
(zero). For a nonlazy path one defines

V ω =

⊕
Q1∋α∈ω

{x + Vα(x) : x ∈ s(α)} ⊂
⊕

Q0∋p∈ω

Vi

(here the sums are taken over the arrows of Q which show up in the path ω). The
maps V α̂(ω) and Vβ̂(ω) are the obvious embeddings.

Lemma 8.1. The kQ/I module V is a subrepresentation of M̂(V∗) of dimension
e(dim V ).

Proof. The sum
⊕

Q1∋α∈ω
{x + Vα(x) : x ∈ s(α)} is direct thanks to the acyclicity

of Q. □

This lemma allows to embed the representation variety Repd(kQ/I ) into the
Grassmannian X (8-3).

Conjecture 8.2. The closure of the image of the above embedding coincides with X .
In particular, X is irreducible.

Let us consider the example Q = 1⇒ 2→ 3. Then Q is of the form

1 2 3

(12)a (12)b 23

(123)a (123)b
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(here the subscripts a and b correspond to the two arrows between the vertices 1
and 2). The ideal I is generated by the two commutative squares in the picture.

Given a collection of vector spaces V1, V2, V3 of dimensions d1, d2, d3 the
module M̂(V∗) is given by

V1 V2 V3

V1⊕ V2 V1⊕ V2 V2⊕ V3

V1⊕ V2⊕ V3 V1⊕ V2⊕ V3

The dimension vector e(V ) is given by

0 0 0

d1 d1 d2

d1+ d2 d1+ d2

The corresponding Grassmannian is irreducible. To see this one notices that we
can forget the vertices of Q in the upper row (since the values of the dimension
vector e are anyway zero); the remaining quiver is of type A5:

(12)a→ (123)a← 23→ (123)b← (12)b.

The module M(V∗) takes the form

U⊕d1
1,2 ⊕U⊕d2

1,5 ⊕U⊕d3
2,4 ⊕U⊕d1

4,5 ,

where Ui, j are indecomposables supported between vertices i and j . The dimension
vector e reads as (d1, d1+ d2, d2, d1+ d2, d1). In particular,

e= dim U⊕d1
1,2 ⊕U⊕d2

2,4 ⊕U⊕d1
4,5 .

Now to prove the irreducibility it suffices to observe the Ext vanishing criterion
from [Cerulli Irelli et al. 2012].

Finally, let us consider the case dim V∗ = (1, 1, 1). Then one checks that the
Poincaré polynomial of the quiver Grassmannian X is equal to

1+ 5q + 6q2
+ q3,

and hence X is singular.
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ON MIXED CURVATURE FOR HERMITIAN MANIFOLDS

KAI TANG

We consider mixed curvature Cα,β for Hermitian manifolds, which is a convex
combination of the first Chern Ricci curvature and holomorphic sectional
curvature introduced by Chu, Lee and Tam (2022). We prove that if a compact
Hermitian surface has constant mixed curvature c, then the Hermitian metric
must be Kähler unless c= 0 and 2α+β = 0, which extends a previous result by
Apostolov, Davidov and Mushkarov (1996). For the higher-dimensional case,
we also partially classify compact locally conformal Kähler manifolds with
constant mixed curvature. Lastly, we prove that if β ≥ 0 and α(n+1)+2β > 0,
then a compact Hermitian manifold with semipositive but not identically zero
mixed curvature has Kodaira dimension −∞.

1. Introduction

1.1. Background. For a Hermitian manifold (Mn, g, J ), the Chern curvature R is
the curvature induced by the Chern connection ∇ which is defined as the connection
such that ∇g = ∇ J = 0 with no (1, 1)-components on the torsion. The first Chern
Ricci curvature Ric is defined by

Ric = −
√

−1∂∂̄ log det g,

which is a (1, 1)-form representing the first Chern class c1(M). The holomorphic
sectional curvature H is defined by

H(X) = R(X, X , X, X)/|X |
4

for a (1, 0)-tangent vector X ∈ T 1,0 M [45]. Given the perplexing relationship
between the holomorphic sectional curvature and the first Ricci curvature, one
can attempt to interpolate between these curvatures by considering the following
curvature constraint: In [11] (see also [5]), Chu, Lee and Tam introduced, for
α, β ∈ R, the mixed curvature

Cα,β(X) =
α

|X |2g
Ric(X, X) + β H(X).
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We always assume that α, β are both not 0, otherwise, the definition is trivial. C1,0 is
the Ricci curvature and C0,1 is the holomorphic sectional curvature. When the
metric g is Kähler, the mixed curvature encompasses many interesting curvature
conditions. C1,1 is the notion Ric+(X, X) introduced by Ni [23]. C1,−1 is the
orthogonal Ricci curvature Ric⊥(X, X) introduced by Ni and Zheng [26]. Ck−1,n−k is
closely related to the k-Ricci curvature Rick introduced by Ni [24].

Recently, there have been many important results on compact Kähler manifolds
with Cα,β ≥ 0 or Cα,β ≤ 0. It was proved by Yang [37] that a compact Kähler
manifold with C0,1 > 0 must be projective and rationally connected, confirming a
conjecture of Yau [41]. Ni [23] showed that it is also true if Rick > 0 for some
1 ≤ k ≤ n. Matsumura [21; 22] established the structure theorems for a projective
manifold with C0,1 ≥ 0. In [5; 11], it was shown that any compact Kähler manifold
with Cα,β > 0, whose constants satisfy α > 0 and 3α + 2β ≥ 0, must be projective
and simply connected. Zhang and Zhang [43] generalized Yang’s result to the
quasipositive case, confirming a conjecture of Yang affirmatively. Tang [32] showed
the projectivity of compact Kähler manifolds with quasipositive Cα,β . Very recently,
Chu, Lee and Zhu [12] established a structure theorem for compact Kähler manifolds
with Cα,β ≥ 0. For the nonpositive case, Wu and Yau [34] confirmed a conjecture
of Yau that a projective Kähler manifold with C0,1 < 0 must have ample canonical
line bundle. Tosatti and Yang [33] were able to drop the projectivity assumption
in Wu and Yau’s theorem. Chu, Lee and Tam [11] proved that a compact Kähler
manifold with Cα,β < 0 and α ≥ 0 and β ≥ 0 has an ample canonical bundle. For
more related works, we refer readers to [6; 13; 16; 18; 25; 27; 31; 35; 39; 42].

Previous results have primarily focused on the study of Kähler cases. In this
paper, we mainly investigate Hermitian manifolds.

1.2. Constant mixed curvature. The holomorphic sectional curvature plays a
fundamental role in Hermitian geometry. Complete Kähler manifolds with constant
holomorphic sectional curvature H are called complex space forms. They are
quotients of complex projective space CPn , the complex Euclidean space Cn , and
the complex hyperbolic space CHn , equipped with (scaling of) the standard metrics.
A long term folklore conjecture in non-Kähler geometry is the following:

Conjecture 1.1. Let (Mn, g) be a compact Hermitian manifold with n ≥ 2. Assume
that H = c where c is a constant. If c ̸= 0, then g is Kähler and if c = 0, then R = 0.

Note that compact Chern flat manifolds were classified by Boothby [4] in 1958 as
the set of all compact quotients of complex Lie groups (equipped with left-invariant
metrics compatible with the complex structure). The compactness assumption in the
above conjecture is necessary, as there are counterexamples in the noncompact case.

In complex dimension n = 2, the conjecture holds. In the c ≤ 0 case, it was
solved by Balas and Gauduchon [3] (see also [2]) in 1985 for Chern connection
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and by Sato and Sekigawa [29] in 1990 for Riemannian connection. The general
case for n = 2 (for both Chern connection and Levi-Civita connection) was solved
by Apostolov, Davidov and Mushkarov [1] in 1996, as a corollary of their beautiful
classification theorem for compact self-dual Hermitian surfaces.

Theorem 1.2 (Apostolov–Davidov–Mushkarov). Any compact Hermitian surface
with pointwise constant holomorphic sectional curvature with respect to the Levi-
Civita connection or the Chern connection must be Kähler.

For n ≥ 3, the conjecture is still largely open. Tang [30] confirmed the conjecture
under the additional assumption that g is Chern Kähler-like (namely R obeys all
Kähler symmetries). Chen, Chen and Nie [10] proved the conjecture under the
additional assumption that g is locally conformally Kähler and c ≤ 0. They also
pointed out the necessity of the compactness assumption in the conjecture by explicit
examples. Zhou and Zheng [46] proved that any compact Hermitian threefold with
vanishing real bisectional curvature must be Chern flat. Real bisectional curvature
is a curvature notion introduced by Yang and Zheng [40]. It is equivalent to holo-
morphic sectional curvature H in strength when the metric is Kähler, but is slightly
stronger than H when the metric is non-Kähler. Rao and Zheng [28] showed that the
conjecture holds if the metric is Bismut Kähler-like, meaning that the curvature of the
Bismut connection obeys all Kähler symmetries. Subsequently, Zhao and Zheng [44]
proved a very beautiful theorem, which states that all compact Strominger Kähler-
like manifolds are pluriclosed. Broder and Tang [7] proved that pluriclosed metrics
with vanishing holomorphic sectional curvature on compact Kähler manifolds are
Kähler. They also showed that Hermitian metrics with vanishing real bisectional
curvature on compact complex manifolds in the Fujiki class C are Kähler.

On the other hand, if Chern Ricci curvature is nonzero constant λ, namely
Ric = λg, then g is Kähler. For these reasons, we naturally consider constant mixed
curvature. We assume that α and β are arbitrary fixed real numbers, and β ̸= 0.
Mimicking the above folklore conjecture, we propose the following:

Conjecture 1.3. Let (Mn, g) be a compact Hermitian manifold with n ≥ 2. Assume
that the mixed curvature Cα,β equals c where c is a constant. If c ̸= 0, then g is
Kähler.

Note that if Cα,β = 0, we may not be able to conclude that R = 0. For example,
the isosceles Hopf manifold satisfies Cα,β = 0 with nα + β = 0, but it does not
imply R = 0 which we will see in Section 3.

Using similar techniques as in [1], we confirm Conjecture 1.3 in the surface case:

Theorem 1.4. If (M2, g) is a compact Hermitian surface with constant mixed
curvature Cα,β = c, then g must be Kähler, unless c = 0 and 2α + β = 0. If c = 0
and 2α + β = 0, the either M2 is a Kähler surface, or M2 is an isosceles Hopf
surface.
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In fact, we can prove a stronger result, assuming the mixed curvature Cα,β is
equal to a pointwise constant f where f is a real-valued function on M2.

Theorem 1.5. Assume (M2, g) is a compact Hermitian surface with pointwise
constant mixed curvature Cα,β = f . If 2α + β ̸= 0, then g is Kähler.

For higher-dimensional cases (n ≥ 3), we can also restrict ourselves to locally
conformally Kähler metrics or Chern Kähler-like metrics. The second main result
of this paper is the following theorem, which generalizes Chen, Chen and Nie’s
result [10] to the mixed curvature case.

Theorem 1.6. Let (Mn, g) be a compact locally conformal Kähler manifold with
constant mixed curvature Cα,β = c.

(1) If c = 0 and nα + β ̸= 0, then g is Kähler.

(2) If c < 0 and [(n + 2)α + 4β](nα + β)β > 0, then g is Kähler.

(3) If c > 0 and [(n + 2)α + 4β](nα + β)β < 0, then g is Kähler.

If the Hermitian metric is Chern Kähler-like, we can get similar conclusions
even without the compactness condition.

Theorem 1.7. Let (Mn, g) be a Kähler-like manifold with nonzero constant mixed
curvature Cα,β = c. If (n + 2)α + 4β ̸= 0, then g is Kähler.

For other connections, such as the Strominger connection and Gauduchon
connection, there has also been some new progress recently. Chen and Zheng [9]
proved that any compact Hermitian surface with (pointwise) constant Strominger
holomorphic sectional curvature must be either Kähler or an isosceles Hopf surface
with an admissible metric. Chen and Nie [8] showed that it is also true for any
Hermitian surface with pointwise constant holomorphic sectional curvature with
respect to a Gauduchon connection. Additionally, there are interesting discussions
regarding the almost Kähler case (see [19; 20] for details).

1.3. Semipositive mixed curvature. The relationships between the holomorphic
sectional curvature, the Ricci curvature, the algebraic positivity of the (anti)canonical
line bundles, and some birational invariants of the ambient manifolds are still
mysterious. Yang [36] proved that a compact Hermitian manifold with semipositive
but not identically zero holomorphic sectional curvature has Kodaira dimension −∞.
We extend Yang’s result to mixed curvature.

Theorem 1.8. Let (Mn, g) be a Hermitian manifold with semipositive but not
identically zero mixed curvature Cα,β . If β ≥ 0, α(n +1)+2β > 0, then the Kodaira
dimension κ(M) equals −∞.

This paper is organized as follows. In Section 2, we give some basic knowledge
which will be used in our proofs. In Section 3, we prove Theorems 1.4, 1.5, 1.6
and 1.7. In Section 4, we prove Theorem 1.8.
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2. Preliminaries

Let (M, g) be a Hermitian manifold of dimension n and denote by ω the Kähler
form associated with g. If ω is closed, that is, if dω = 0, we call g a Kähler metric.
We will directly use g to denote the Kähler form, which should not cause any
ambiguity. Denote by ∇ the Chern connection.

Fix any p ∈ M , let {e1, . . . , en} be a frame of (1,0)-tangent vector of M in a
neighborhood of p, with {ϕ1, . . . , ϕn} being its dual coframe of (1,0)-form. We will
also write e =

t(e1, . . . , en) and ϕ =
t(ϕ1, . . . , ϕn) as column vectors. Let ⟨ · , · ⟩

be the inner product given by Hermitian metric g, and extend it bilinearly over C.
Define | · |

2
= ⟨ · , · ⟩. Let θ , τ and 2 be respectively the connection matrix, torsion

column vector and curvature matrix under e for the Chern connection. Then the
structure equation and Bianchi identities are

dϕ =−
tθ∧ϕ+τ, dθ = θ∧θ+2, dτ =−

tθ∧τ+
t2∧ϕ, d2= θ∧2−2∧θ.

It is well known that the entries of the matrix 2 are all (1,1)-forms, while the entries
of the column vector τ are all (2, 0)-forms, under any frame e. Define

2kl = Ri j̄ kl̄ϕi ∧ ϕ j .

If we choose local holomorphic chart (z1, . . . , zn), we write

ω =
√

−1
n∑

i=1
j=1

gi j̄ dzi
∧ dz̄ j .

Then the curvature tensor R = {Ri j̄ kl̄} of the Chern connection is given by

Ri j̄ kl̄ = −
∂2gkl̄

∂zi∂ z̄ j + g pq̄ ∂gkq̄

∂zi

∂gpl̄

∂ z̄ j .

There are four distinct traces of the Chern curvature tensor and, therefore, four
distinct Chern Ricci curvatures. The first and second Chern Ricci curvatures
Ric(1)

i j̄
:= Ri j̄ = gkℓ̄ Ri j̄ kℓ̄ and Ric(2)

kℓ̄
:= gi j̄ Ri j̄ kℓ̄ trace to the same Chern scalar

curvature u. The third and fourth Chern Ricci curvatures Ric(3)

i ℓ̄
:= gk j̄ Ri j̄ kℓ̄ and

Ric(4)

k j̄
:= gi ℓ̄ Ri j̄ kℓ̄ trace to what we refer to as the altered Chern scalar curvature v,

i.e.,
u := gi j̄ Ric(1)

i j̄
= gkℓ̄ Ric(2)

kℓ̄
, v := gi ℓ̄ Ric(3)

i ℓ̄
= gk j̄ Ric(4)

k j̄
.

The first Chern Ricci curvature is a (1, 1)-form representing the first Chern class c1(M).
For convenience, we also denote the first, second, third, and fourth Ricci curvatures
as ρ(1), ρ(2), ρ(3) and ρ(4) respectively. The components of the Chern torsion T are
given by Tk

i j = gkℓ̄(∂i g j ℓ̄ − ∂ j gi ℓ̄). We write η =
∑

i ηi dzi
=

∑
i,k Tk

ik dzi for the
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torsion (1, 0)-form. It is well known that∫
M
(u − v)dν =

∫
M

|η|
2 dν.

Note that if the g is a Kähler metric, then R obeys all Kähler symmetries, the four
Chern Ricci curvatures are the same and T = 0.

By the conformal formula for Hermitian metric, the Hermitian g̃ = e2F g satisfies

R̃kl̄i j̄ = e2F (Rkl̄i j̄ − 2gi j̄ Fkl̄),(2-1)

where R̃ is the curvature tensor of g̃ and R is the curvature tensor of g.
For Hermitian surfaces (M2, g), we list a few formulas. By [17, p. 113, (4.2)],

we get

c2
1(M) =

1
8π2 [u2

− ⟨Ric(1), Ric(1)
⟩]g2.(2-2)

From [3] (also see [14]), we have

ρ(1)
+ρ(2)

−2Re(ρ(3))= (u−v)g,(2-3) ∫
M
⟨ρ(1),ρ(2)

⟩g2
=

∫
M
⟨ρ(1),Re(ρ(3))⟩g2

=

∫
M
⟨ρ(1),ρ(1)

⟩g2
−

∫
M

u(u−v)g2.(2-4)

We recall the formula of Weyl curvature tensor for a Hermitian surface (M2, g).
One has W = W +

+ W −, and g is said to be self-dual if W −
= 0. Let {e1, e2} be a

local unitary frame of M . Then{
e1 ∧ ē2, e2 ∧ ē1,

1
√

2
(e1 ∧ ē1 − e2 ∧ ē2)

}
forms a basis of the complexification of 32

−
, the space on which the Hodge star

operator is minus identity. We call this basis the standard basis associated with the
unitary frame e. In [1], it was proved that:

Lemma 2.1 [1]. Let (M2, g) be a Hermitian surface, and e a local unitary frame.
Then under the standard basis associated with e, the components of W −, the antiself
dual part of the Weyl tensor, are given by

W −

1 = R1212,

W −

2 =
1

√
2
(R1222 + R2212 − R1211 − R1112),

W −

3 =
1
6(R1111 + R2222 − R1122 − R2211 − R1221 − R2112).
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3. Constant mixed curvature

3.1. Hermitian surface. We will prove Theorem 1.4 in this section. As in [1], the
first step is to show that any Hermitian surface with constant mixed curvature must
be self-dual:

Proposition 3.1. Let (M2, g) be a Hermitian surface. Assume that the mixed
curvature Cα,β is pointwise constant, namely Cα,β = f where f is a real-valued
function on M2. Then W− = 0, namely, M is self-dual.

Proof. For any fixed p ∈ M , let X = e1 and Y = e2 be orthonormal (1, 0)-vectors,
and set Cα,β = f (p) = c. It follows from the average trick that

(3-1)
1

vol(S3)

∫
Z∈T 1,0

p M
|Z |=1

α Ric(Z , Z) + β H(Z) dθ(Z) = (3α + β)u + βv = 6c.

Hence

(3-2) (3α+2β)(R1111+R2222)+(3α+β)(R1122+R2211)+β(R1221+R2112)=6c.

By Cα,β(X) = Cα,β(Y ) = c, we have

(3-3) α(R1111 + R1122) + β R1111 = c, α(R2211 + R2222) + β R2222 = c.

From (3-2), (3-3) and β ̸= 0, we get

R1111 + R2222 − (R1122 + R2211 + R1221 + R2112) = 0.(3-4)

So W 3
−

= 0. Let a, b ∈ C and |a|
2
+ |b|

2
= 1. Then aX + bY is unit vector. Thus,

by carrying out the calculation, we obtain

c = α Ric(aX+bY, āX+b̄Y )+β R(aX+bY, āX+b̄Y ,aX+bY, āX+b̄Y )

= α{|a|
2 Ric(X, X)+ab̄ Ric(X,Y )+bā Ric(Y, X)+|b|

2 Ric(Y,Y )}

+β{|a|
4 R(X, X , X, X+|b|

4 R(Y,Y ,Y,Y ))

+|a|
2
|b|

2
[R(X, X ,Y,Y )+R(Y,Y , X, X)+R(X,Y ,Y, X)+R(Y, X , X,Y )]

+a2b̄2 R(X,Y , X,Y )+ā2b2 R(Y, X ,Y, X)

+a2āb̄[R(X, X , X,Y )+R(X,Y , X, X)]+ā2ab[R(Y, X , X, X)+R(X, X ,Y, X)]

+āb2b̄[R(Y,Y ,Y, X)+R(Y, X ,Y,Y )]+ab̄2b[R(Y,Y , X,Y )+R(X,Y ,Y,Y )]}.

In fact, by combining (3-4), Cα,β(X) = Cα,β(Y ) = c and |a|
2
+ |b|

2
= 1, the above

can be simplified to

(3-5) 0 = α[ab̄ Ric(X, Y ) + bā Ric(Y, X)]

+ β[a2b̄2 R(X, Y , X, Y ) + ā2b2 R(Y, X , Y, X)]

+ β[(a2āb̄)A + (ā2ab)B + (āb2b̄)C + (ab̄2b)D],
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where we assume that

(3-6)
A = R(X, X , X,Y )+R(X,Y , X, X); B = R(Y, X , X, X)+R(X, X ,Y, X);

C = R(Y,Y ,Y, X)+R(Y, X ,Y,Y ); D = R(Y,Y , X,Y )+R(X,Y ,Y,Y ).

Now we choose special a and b. Set a =
1

√
2
, b =

1
√

2
, and a =

−1
√

2
, b =

1
√

2
. Then

we get

R(X, Y , X, Y ) + R(Y, X , Y, X) = 0.(3-7)

Setting a =

√
2

2 , b =
1−i

2 , and a =
−

√
2

2 , b =
1−i

2 . We have

R(X, Y , X, Y ) − R(Y, X , Y, X) = 0.(3-8)

Hence R1212 = R(X, Y , X, Y ) = 0. So W 1
−

= 0. Now (3-5) is further simplified to

(3-9) 0 = α[ab̄ Ric(X, Y ) + bā Ric(Y, X)]

+ β[(a2āb̄)A + (ā2ab)B + (āb2b̄)C + (ab̄2b)D].

Setting a =

√
2

2 , b = −

√
2

2 i , and a =

√
3

2 , b =
1
2 i , yields

A + C = B + D.

Setting a = −

√
2

2 , b =

√
2

2 , and a =

√
3

2 , b =
1
2 , yields

A + B = C + D.

From these, we get

(3-10) R1222 + R2212 − R1211 − R1112 = D − A = 0,

namely, W 2
−

= 0. We conclude that W− = 0. □

Next, we consider the case under conformal changes. We first establish a lemma.

Lemma 3.2. Let (Mn, g) be a compact Hermitian manifold. Assume that the mixed
curvature Cα,β is pointwise constant, namely Cα,β = f where f is a real-valued
function on M. Then we have

[α(n + 2) + β] Ric(1)
+β Ric(2)

+2β Re(Ric(3)) = [2(n + 1) f − αu]g.(3-11)

Proof. For p ∈ M , let X = X i ∂
∂x i ∈ T (1,0)

p M . Since Cα,β(X) = f (p) = c at p,

(3-12) α Ric(X, X)|X |
2
+ β R(X, X , X, X) = c|X |

4.
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Specifically, we have

(3-13) αX i X j X k X l(Ri j̄ gkl̄ + Rk j̄ gi l̄ + Ri l̄ gk j̄ + Rkl̄ gi j̄ )

+ β X i X j X k X l(Ri j̄ kl̄ + Rk j̄ i l̄ + Ri l̄k j̄ + Rkl̄i j̄ )

= 2cX i X j X k X l(gi j̄ gkl̄ + gi l̄ gk j̄ ) .

Thus the above equality holds for any X = X i ∂
∂x i if and only if

(3-14) α(Ri j̄ gkl̄ + Rk j̄ gi l̄ + Ri l̄ gk j̄ + Rkl̄ gi j̄ ) + β(Ri j̄ kl̄ + Rk j̄ i l̄ + Ri l̄k j̄ + Rkl̄i j̄ )

= 2c(gi j̄ gkl̄ + gi l̄ gk j̄ ).

Taking the trace, we obtain (3-11). □

Proposition 3.3. Let (M2, g) be a compact Kähler surface of constant holomorphic
sectional curvature H = c. Let g̃ = e2F g is a conformal metric with pointwise
constant mixed curvature Cα,β = f , where F is a smooth real-valued function on M.

(1) If 2α + β ̸= 0, then F is constant, namely, g̃ is Kähler.

(2) If f is constant, then F is constant unless f ≡ 0 and 2α + β = 0.

Proof. We denote the first, second and third Ricci curvatures of g̃ as ρ̃(1), ρ̃(2), ρ̃(3)

respectively. Let u, v be the scalar and altered scalar curvatures of g, and ũ, ṽ are
the scalar and altered scalar curvatures of g̃.

By (2-3) and (3-11), we have

ρ̃(1)
+ ρ̃(2)

− 2 Re(ρ̃(3)) = (ũ − ṽ)g̃,(3-15)

[4α + β]ρ̃(1)
+ βρ̃(2)

+ 2β Re(ρ̃(3)) = [6 f − αũ]g̃,(3-16)

and since [3α + β]ũ + βṽ = 6 f , we obtain

2αρ̃(1)
+ 2β Re(ρ̃(3)) = (αũ + βṽ)g̃.(3-17)

By (2-4), ∫
M
⟨ρ̃(1), Re(ρ̃(3))⟩g̃2

=

∫
M
⟨ρ̃(1), ρ̃(1)

⟩g̃2
−

∫
M

ũ(ũ − ṽ)g̃2.(3-18)

Combining (3-17) and (3-18), we get

(α + 2β)

∫
M

ũ2g̃2
= 2(α + β)

∫
M
⟨ρ̃(1), ρ̃(1)

⟩g̃2
+ β

∫
M
(ũṽ)g̃2.(3-19)

Setting c2
1 =

∫
M c2

1(M), according to (2-2), we have

(3-20) c2
1 =

1
8π2

[ ∫
M

ũ2g̃2
−

∫
M
⟨ρ̃(1), ρ̃(1)

⟩g̃2
]
.
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Hence, we have

16π2(α + β)c2
1 = α

∫
M

ũ2g̃2
+ β

∫
M
(ũṽ)g̃2.(3-21)

On the other hand, for the Kähler metric g with H = c, we have u = v = 3c. So

c2
1 =

1
16π2

∫
M

u2g2.(3-22)

From (3-21) and (3-22), we have

(α + β)

∫
M

u2g2
= α

∫
M

ũ2g̃2
+ β

∫
M
(ũṽ)g̃2.(3-23)

Since g̃ = e2F g, by (2-1), we obtain

e2F ũ = u − 41F; e2F ṽ = v − 21F.(3-24)

From these, we get

(α + β)

∫
M

u2g2
= α

∫
M
(u − 41F)2g2

+ β

∫
M
(u − 41F)(u − 21F)g2.(3-25)

Then

(2α + β)

∫
M
(1F)2g2

= 0,(3-26)

where we use
∫

M 1Fg2
= 0 and u = 3c. This means that if 2α + β ̸= 0, then

1F = 0. So F is constant.
If f is constant, we assume that f = c̃. We only consider the case where

2α + β = 0. We have

α(ũ − 2ṽ) = 6c̃.(3-27)

From (3-24) and (3-27), we get

2c̃e2F
= −αc.(3-28)

If c̃ ̸= 0, then F is constant. □

Recall that Hopf manifolds are compact complex manifolds whose universal
cover is Cn

\ {0}. An isosceles Hopf manifold (see [9]) means Mn
φ = Cn

\ {0}/⟨φ⟩

where

φ : (z1, z2, . . . , zn) → (a1z1, a2z2, . . . , anzn)(3-29)

with 0 < |a1| = |a2| = · · · = |an| < 1. The standard Hopf metric g with Kähler form
ωg =

√
−1 ∂∂̄|z|2

|z|2 descends down to Mn
φ . Write h = |z|, ei = h ∂

∂zi
, ϕi =

1
h dzi . Then e
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becomes a unitary frame with ϕ the dual coframe. By the structure equations,

θi j =
1
h
(∂̄ − ∂)hδi j .(3-30)

Hence

2i j = −
2
h2 [∂h ∧ (∂̄h)]δi j +

2
h
(∂∂̄h)δi j .(3-31)

We get

Ri j̄ kl̄ = −
z̄i z j

|z|2
δkl + δi jδkl,(3-32)

where hi =
∂h
∂zi . From this, the first Ricci curvature is

Ri j̄ = −n
z̄i z j

|z|2
+ nδi j .(3-33)

So we get scalar curvature u = n2
− n and altered scalar curvature v = n − 1.

It implies

(3-34) (Ri j̄ gkl̄ + Rk j̄ gi l̄ + Ri l̄ gk j̄ + Rkl̄ gi j̄ )−n(Ri j̄ kl̄ + Rk j̄ i l̄ + Ri l̄k j̄ + Rkl̄i j̄ ) = 0.

So when nα +β = 0, the Hopf manifold has Cα,β = 0. Note that the Hopf manifold
is not Chern flat. We also obtain the following lemma.

Lemma 3.4. Let M2 be a Hopf surface with standard Hopf metric g. Let g̃ = e2F g
be a conformal metric with pointwise constant mixed curvature Cα,β = f , where
F is a smooth real-valued function on M. Then the metric g̃ does not exist, unless
f ≡ 0 and 2α + β = 0.

Proof. According to (3-21) and (3-33), it is easy to deduce that c2
1 = 0. From (3-21),

(3-24) and u = 2v, we have ũ = 2ṽ and

(3-35) 0 = 4α

∫
M
(v − 21F)2g2

+ 2β

∫
M
(v − 21F)2g2

= 2(2α + β)

∫
M
(v − 21F)2g2.

This means that if 2α +β ̸= 0, then 1F =
v
2 =

1
2 , namely, F is constant. This of

course will contradict with v ̸= 0.
On the other hand, it is easy to deduce that

(2α + β)ṽ = 2 f.(3-36)

When 2α + β = 0, f must be zero. □
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Let g̃ = e2F g be a conformal metric with pointwise constant mixed curvature
Cα,β = f on Mn . We denote curvatures of g as Ri j̄ kl̄ . Generally, from (2-1) and
(3-14), we can obtain

(3-37) α(Ri j̄ gkl̄ + Rk j̄ gi l̄ + Ri l̄ gk j̄ + Rkl̄ gi j̄ ) + β(Ri j̄ kl̄ + Rk j̄ i l̄ + Ri l̄k j̄ + Rkl̄i j̄ )

−2(nα+β)[gi j̄ Fkl̄ +gk j̄ Fi l̄ +gi l̄ Fk j̄ +gkl̄ Fi j̄ ]=2 f e2F (gi j̄ gkl̄ +gi l̄ gk j̄ ).

Now we are ready to prove the main result of this article, Theorem 1.4.

Proof of Theorem 1.4. Let (M2, g) be a compact Hermitian surface with constant
mixed curvature Cα,β = c. By Proposition 3.1, we know that M2 is self-dual. Hence,
by Theorem 1’ in [1], g is conformal to a metric h on M2, which is either

(1) a complex space form, or

(2) the nonflat, conformally flat Kähler metric, or

(3) an isosceles Hopf surface.

Write g = e2F h.
For case (1), by Proposition 3.3, if c ̸= 0 or 2α+β ̸= 0, we get that F is constant.

Hence g is Kähler.
For case (2), M2 is a holomorphic bundle over a curve C of genus at least 2, and

h is locally a product metric where the factors have constant holomorphic sectional
curvature −1 (for the base curve) or 1 (for the fiber). Following [1], let (z1, z2) be
holomorphic coordinates, and let ωh be the Kähler form

ωh = 2
√

−1
dz1

∧ dz̄1

(1 − |z1|2)2 + 2
√

−1
dz2

∧ dz̄2

(1 + |z2|2)2 = ω1 + ω2.(3-38)

Let e be a unitary frame, such that ei is parallel to ∂
∂zi

. Then under the frame e,

R1111 = −1; R2222 = 1;(3-39)

and the other curvatures are zero. So R11 = −1, R22 = 1, and the other Ricci
curvatures are zero. Define Ri j̄ = (−1)iδi j . Here, let’s assume that g has pointwise
constant mixed curvature Cα,β = f , where f is a real-valued function on M2.
According to (3-37), we can deduce that

(3-40)

−(α + β) − 2(2α + β)F11 = f e2F
;

(α + β) − 2(2α + β)F22 = f e2F
;

(2α + β)F12 = 0.

Suppose 2α + β ̸= 0, and set F11 = x , F22 = y. So y − x =
α+β

2α+β
, x2 = F112 = 0

and y1 = F221 = 0. Then we have

(3-41) 1x = x11 = y11 = 0; 1y = 0.



ON MIXED CURVATURE FOR HERMITIAN MANIFOLDS 213

This implies that 1F is constant. Hence F is constant and g is Kähler. Note that
in this case we can only have f ≡ 0 and α + β = 0. If 2α + β = 0, from (3-40),
f = 0 and α + β=0, which contradicts with 2α + β = 0.

For case (3), by Lemma 3.4, if c ̸= 0 or 2α +β ̸= 0, the Hermitian metric g does
not exist on isosceles Hopf surface. □

Proof of Theorem 1.5. From the above proof of Theorem 1.4, combining with
Proposition 3.3 and Lemma 3.4, we can easily draw the conclusion. □

3.2. High-dimensional Hermitian manifold. We first consider the case of compact
locally conformal Kähler manifolds with constant mixed curvature. We also follow
similar steps as in [10]. We first present the following lemma.

Lemma 3.5. Let (Mn, g) be a compact locally conformal Kähler manifold with
pointwise constant mixed curvature Cα,β = f .

(1) If f ≡ 0 and nα + β ̸= 0, then g is globally Kähler.

(2) if f ≤ 0 and [(n + 2)α + 4β](nα + β)β > 0, then g is globally Kähler.

(3) if f ≥ 0 and [(n + 2)α + 4β](nα + β)β < 0, then g is globally Kähler.

Proof. We denote the first, second and third Ricci curvatures of g as ρ(1), ρ(2), ρ(3)

respectively. Let u, v be the scalar and altered scalar curvature of g. Since g is
locally conformal Kähler, ∂∂∗g = ∂̄ ∂̄∗g and

ρ(1)
= ρ(3)

+ ∂∂∗g,(3-42)

where from (3.12) in [10]. So ρ(3) is a real closed (1,1)-form. According to
Proposition 3.2 in [10], we also have

ρ(1)
− ρ(2)

=
1

n − 1
[(v − u)g + n∂∂∗g].(3-43)

By Lemma 3.1, we get

[α(n + 2) + β]ρ(1)
+ βρ(2)

+ 2β Re(ρ(3)) = [2(n + 1) f − αu]g;(3-44)

[α(n + 1) + β]u + βv = n(n + 1) f.(3-45)

From these, we obtain

(3-46) [α(n + 2) + 4β]ρ(3)
=

1
n − 1

{[(3n − 2)(n + 1) f − 2(nα + β)u]g

+ [β(2 − n) − α(n + 2)(n − 1)]∂∂∗g}.

Hence, we differentiate (3-46) to obtain

(3-47) d{[(3n − 2)(n + 1) f − 2(nα + β)u]g} = 0.
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Let η = (3n − 2)(n + 1) f − 2(nα + β)u. Then we will prove that η is either
everywhere nonzero or η ≡ 0.

(1) If η is everywhere nonzero, then g is globally Kähler.

(2) If η = 0 at some point p on M , then η ≡ 0 on M (see [10]). Therefore, if η ≡ 0
we have the following cases:

(a) Suppose f ≡ 0 and nα + β ̸= 0. Then u = v = 0. This implies that g is
balanced. Since g is also locally conformal Kähler, we get g is Kähler.

(b) Suppose f ≤ 0 and [(n +2)α +4β](nα +β)β > 0. We only consider the case
where there is at least one point p such that f (p) < 0. We have

u =
(3n − 2)(n + 1) f

2(nα + β)
, v =

−(n + 1)[(n + 2)(n − 1)α + (n − 2)β] f
2β(nα + β)

.(3-48)

Hence, we get

v − u =
−(n + 1)(n − 1)[(n + 2)α + 4β] f

2(nα + β)β
.(3-49)

So
∫

M(v − u)gn > 0, which is contradiction with a well-known result that∫
M(v−u)gn

≤ 0. If f ≥ 0 and [(n +2)α+4β](nα+β)β < 0, this would also
lead to a contradiction.

In this way, we have completed the proof. □

Proof of Theorem 1.6. Let g be a compact locally conformal Kähler manifold with
constant mixed curvature Cα,β = c. Under the assumptions of Lemma 3.5, we know
that g is globally Kähler. We assume that h is Kähler metric where dh = 0, and
g = e2F h. Set

A = [(3n − 2)(n + 1)c − 2(nα + β)u]e2F .(3-50)

By (3-47), we get that d(Ah) = 0. So A is constant. Since h is Kähler, we get

e2F u = e2Fv + 2(1 − n)1h F.(3-51)

We also have that

(α(n + 1) + β)u + βv = n(n + 1)c.(3-52)

From (3-50), (3-51) and (3-52), we can easily deduce that

(3-53) ce2F (n + 1)(n − 1)[(n + 2)α + 4β]

= [α(n + 1) + 2β]A + 4β(1 − n)(nα + β)1h F.

(1) If c = 0 and nα +β ̸= 0, by integrating (3-53) with respect to the metric h, we
obtain that F is constant. This implies that g is Kähler.
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(2) If c < 0, [(n + 2)α + 4β](nα + β)β > 0, we will show that F is constant. Set

B = [α(n + 1) + 2β]A.(3-54)

By integrating (3-53) with respect to the metric h, we have

c(n + 1)(n − 1)[(n + 2)α + 4β]

∫
M

e2F hn
= B · Vol(M).(3-55)

On the other hand, we also have that

1h F = −
1
2 e2F (1he−2F ) + 2e2F

|∂ F |
2
g.(3-56)

Substituting (3-56) into (3-53), and then integrating it, we obtain

(3-57) B
∫

M
e−2F hn

= c(n + 1)(n − 1)[(n + 2)α + 4β] Vol(M)

+ 8β(n − 1)(nα + β)
∫

M
|∂ F |

2
ghn.

By (3-55), (3-56) and the Cauchy–Schwarz inequality, we have

(Vol(M))2
≤

∫
M

e2F hn
∫

M
e−2F hn

≤ (Vol(M))2.

The equality holds if and only if F is constant. Therefore g is Kähler.

(3) If c > 0 and [(n + 2)α + 4β](nα +β)β < 0, the proof is similar to case (2). □

Now we will prove the Kähler-like case.

Proof of Theorem 1.7. This proof is relatively simple. Let (Mn, g) be a Kähler-like
manifold with constant mixed curvature Cα,β = c. Then Ric(1)

= Ric(2)
= Ric(3),

u = v and by Lemma 3.2, we have

[(n + 2)α + 4β] Ric(1)
= [2(n + 1)c − αu]g,

[(n + 1)α + 2β]u = n(n + 1)c.

When (n + 2)α + 4β ̸= 0, we get that

[(n + 1)α + 2β] Ric(1)
= (n + 1)cg.

If c ̸= 0, then g is Kähler. □

4. Semipositive mixed curvature

In this section, we provide the proof of Theorem 1.8.

Proof of Theorem 1.8. Let gG = f 1/(n−1)

0 g be the Gauduchon metric (i.e., gG satisfies
∂∂̄ωn−1

G = 0) in the conformal class of g, where f0 ∈ C∞(X, R) is a strictly positive
function (such a metric always exists [15]). Let ωG( · , · ) := gG(J · , · ). Let SgG

and S̃gG be the scalar and altered scalar curvatures of gG , and let Sg and S̃g be the
scalar and altered scalar curvatures of g.
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Then∫
X

SgGωn
G = n

∫
X

Ric(1)
gG

∧ ωn−1
G

= n
∫

X
Ric(1)

g ∧ ωn−1
G = n

∫
X

f0 Ric(1)
g ∧ ωn−1

g =

∫
X

f0Sgω
n
g.

A similar computation (see, e.g., [36]) then gives
∫

X S̃gGωn
G =

∫
X f0 S̃gω

n
g . Let ηG

denote the torsion (1, 0)-form of gG. We then compute

(α(n + 1) + 2β)
∫

X
SgGωn

G

=

∫
X

(
(α(n + 1) + β)SgG + β S̃gG

)
ωn

G +

∫
X
β(SgG − S̃gG)ωn

G

=

∫
X

f0
(
(α(n + 1) + β)Sg + β S̃g

)
ωn

g + β
∫

X
|ηG|

2
gG

ωn
G.

It follows from the average trick that

1
vol(S2n−1)

∫
Z∈T 1,0

p M
|Z |=1

α Ricg(Z , Z) + β Hg(Z)dθ(Z) =
((n + 1)α + β)Sg + β S̃g

n(n + 1)
.

If g has semipositive but not identically zero mixed curvature Cα,β and β ≥ 0,
α(n + 1) + 2β > 0, then we have ∫

X
SgGωn

G > 0.

This means that the Gauduchon metric gG has positive total scalar curvature. By
Theorem 1.3 in [38], we know that M admits a Hermitian metric with positive
scalar curvature, which implies that the Kodaira dimension κ(M) equals −∞. □
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THE SIZE OF A SET FROM THE SIZE
OF ITS COUNTABLE POWER SET

WILLIAM CHAN

Let [ω1]
ω and [ω1]

<ω1 be the set of all increasing ω-length and countable-
length sequences of countable ordinals, respectively. Assume ω1 →∗ (ω1)

ω1
2 .

For any sequence ⟨Yn : n ∈ ω⟩, if |[ω1]
<ω1 | ≤

∣∣∏
n∈ω Yn

∣∣, then there exists an
n̄ ∈ ω such that |[ω1]

ω| ≤ |Yn̄|.
Assume Woodin’s extension AD+ of the axiom of determinacy. For

any set X , let P(X) be the set of subsets of X and let Pω1(X) be the set
of countable subsets of X . For any X which is a surjective image of R,
if |P(ω1)| ≤ |Pω1(X)|, then |[ω1]

ω| < |X|.

1. Introduction

We will show that assuming the partition relation ω1 →∗ (ω1)
ω1
2 holds, if [ω1]

<ω1

injects into an ω-length Cartesian product of the form
∏

n∈ω Yn , then there is an
n̄ < ω such that [ω1]

ω injects into Yn̄ . This is partial evidence towards a conjecture
that the ω-length Cartesian product operation

∏
n∈ω Yn cannot create an injective

copy of [ω1]
<ω1 unless one of the factors Yn̄ already had an injective copy of [ω1]

<ω1 .
The previous result will be used to show that under AD+, if X is a surjective image
of R and P(ω1) injects into Pω1(X), then [ω1]

ω injects into X . This provides
partial evidence towards a conjecture that the countable power set operation Pω1(X)
cannot created an injective copy of P(ω1) unless X already had an injective copy
of P(ω1).

A cardinality is an equivalence class of a set under the bijection equivalence
relation. If X is a set, then the cardinality of X , denoted by |X |, is the bijection
equivalence class of X . If X and Y are two sets, then one writes |X | ≤ |Y | if and
only if there is an injection of X into Y . One writes |X |< |Y | if and only if |X |≤ |Y |

but ¬(|Y | ≤ |X |). A cardinal is an ordinal which does not inject into any smaller
ordinal. If X is a well-orderable set, then |X | has a unique cardinal as a member.

The axiom of determinacy, AD, fully classifies the cardinalities below P(ω) or R.
Regularity properties for R (including the perfect set property, the property of Baire,
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and Lebesgue measurability) answer many questions concerning combinatorial
properties of the cardinality of R or P(ω).

A major goal of recent research under determinacy is to classify the cardinalities
below P(ω1) which means to identify all the cardinalities of subsets of P(ω1)

and determine their relationship under the injection comparison relation. A deep
understanding of some cardinalities strictly below P(ω1) has been obtained. For
example, Woodin [21] provided a complete classification of the cardinalities below
R × ω1, [ω1]

ω, and S1 = { f ∈ [ω1]
<ω1 : sup( f ) = ω

L[ f ]

1 } under ADR and DC.
However, Woodin [21] also showed that the collection of cardinalities below [ω1]

<ω1

is very large and exhibits complex behavior under the injection comparison relation.
Chan and Jackson [7] studied the structure of the cardinality below R × ω1 and
between [ω1]

<ω1 and P(ω1) under AD and V = L(R) (where ADR fails). The full
classification below P(ω1) and many basic combinatorial properties of P(ω1)

are very far from fully understood. Further development toward understanding
the cardinality of P(ω1) has been motivated by many conjectures concerning
inaccessibility of the cardinality of P(ω1).

One such inaccessibility feature concerns the regularity of P(ω1) and the search
for the cofinality of P(ω1). Chan, Jackson, and Trang [10] developed the basic
theory of regularity and cofinality in the choiceless determinacy context. The
conjecture is that P(ω1) has globally regular cardinality which means that for
all sets X which are images of R such that P(ω1) does not inject into X and all
functions 8 : P(ω1) → X , there is an x ∈ X such that |8−1

[{x}]| = |P(ω1)|.
Substantial evidence for the global regularity of P(ω1) is provided in [10].

We will focus on another inaccessibility conjecture for P(ω1) which was
investigated in [7] involving the countable power set operation. If X is a set,
then P(X) is the power set of X consisting of all subsets of X . If κ is a cardinal,
then Pκ(X)= {Y ⊆ X : |Y |< κ} (that is, the collection of all subsets Y of X such
that Y injects into κ but κ does not inject into Y ). A particularly interesting case is
Pω1(X) which is the collection of all countable subsets of X .

The countable power set conjecture states that for any set X , if P(ω1) injects
into Pω1(X), then P(ω1) already injected into X . The intuition is that the countable
power set operation applied to any set X cannot create a copy of P(ω1) in Pω1(X)
unless a copy of P(ω1) was already present in X .

The set P(ω1) contains many important smaller cardinalities which include
R, ω1, R ⊔ω1, R ×ω1, [ω1]

ω, and [ω1]
<ω1 . Evidence for the above conjecture can

be given by showing that for any set X , if |P(ω1)| ≤ |Pω1(X)|, then X must have
an injective copy of R, ω1, R ⊔ω1, R ×ω1, [ω1]

ω, or [ω1]
<ω1 .

An ∞-Borel code is a pair (S, ϕ) such that S is a set of ordinals and ϕ is a
formula in the language of set theory. A set A ⊆ R is ∞-Borel if and only if
there is an ∞-Borel code (S, ϕ) such that A = {x ∈ R : L[S, x] |H ϕ(S, x)}. An
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∞-Borel code for A is a highly absolute definition for A in the sense that to query
membership of x ∈ A, one only needs to determine the truth of ϕ(S, x) in L[S, x]

which is the minimal inner model of ZFC containing x and the code set S. The
statement that all subsets of R have ∞-Borel codes and DCR are part of Woodin’s
extension of determinacy known as AD+. Chan and Jackson [7, Theorem 6.10]
began the investigation of the countable power set conjecture by showing that
under AD+, for any set X which is an image of R, if |P(ω1)| ≤ |Pω1(X)|, then
|R ⊔ω1| < |X |. They also asked if X is an image of R and |P(ω1)| ≤ |Pω1(X)|,
then does |R ×ω1|< |X | hold. Moreover, since |R ×ω1|< |[ω1]

ω
|< |P(ω1)|, an

even stronger question would be under the same setting, does |[ω1]
ω
|< |X | hold.

The goal of the paper is to answer the latter question positively which will provide
evidence for the countable power set conjecture:

• (Theorem 3.6) Assume AD, DCR, and all subsets of R are ∞-Borel. For any set
Y which is a surjective image of R, if |P(ω1)| ≤ |Pω1(Y )|, then |[ω1]

ω
|< |Y |.

The main theorem requires a sufficiently deep understanding of the cardinalities
of the relevant sets to answer a class of related “finite-dimensional combinatorial
questions”. Vaguely, an n-dimensional combinatorial question on a set X requires
finding an X̃ ⊆ X with |X̃ | = |X | for which one has complete control over all
n-tuples from X̃ . An important one-dimensional combinatorial question concerns
regularity and cofinality. For example, for a particular set X and cardinal δ, X is
δ-regular if and only if for all functions 8 : X → δ, there exists a γ < δ such that
|8−1

[{γ }]| = |X |. One can ask for which ordinals δ is X δ-regular. There are
many important two-dimensional combinatorial questions including primeness and
basis for linear orderings. Important finite-dimensional questions (of arbitrary finite
dimension) include the Jónssonness property and optimal colorings for partitions
on n-tuples through a set X . Primeness is most relevant here. Chan, Jackson, and
Trang [9] defined the notion of primeness. A set X is a said to be prime (or 2-prime)
if and only if for all sets A and B, if |X |≤ |A×B|, then |X |≤ |A| or |X |≤ |B|. Chan,
Jackson, and Trang [9] showed that under ACR

ω and assuming all subsets of R have the
Baire property, R and R/E0 are prime. They also showed that if κ is an uncountable
cardinal satisfying κ→∗ (κ)

ω+ω
2 , then [κ]ω is prime. Moreover, they showed that for

all n<ω, [ωn]
ω is prime and even [ωω]

ω is prime (even though ωn does not possess
the partition property ωn →∗ (ωn)

ω+ω
2 since ωn is singular when 3 ≤ n ≤ ω). More

recently, Chan [3] has used a generalized Namba forcing (a form of Cox–Krueger
Namba forcing [11] or diagonal Prikry forcing) over HOD-type inner models under
AD+ to determine the exact extent of ordinal regularity for [κ]ω for all cardinals
κ <2. These Namba forcing methods can be adapted to establish the primeness of
[κ]ω for other κ <2. These recent developments have provided a deep combinatorial
understanding of the cardinality of ω-sequences of ordinals (which corresponds to
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the smallest non-well-orderable cardinal exponentiations). In particular, note that the
2-primeness of [ω1]

ω under the partition relation ω1 →∗ (ω1)
ω+ω
2 can be regarded

as an inaccessibility phenomenon for [ω1]
ω with respect to the two-fold Cartesian

product operator: For any sets A and B, A × B has an injective copy of [ω1]
ω if

and only if one of the factors A or B already possessed an injective copy of [ω1]
ω.

However, one is still missing such understanding for the cardinality of [ω1]
<ω1 .

If κ is an ordinal and X is a set, then we say that X is κ-prime if and only if
for any sequence ⟨Yα : α < κ⟩, if |X | ≤

∣∣∏
α<κ Yα

∣∣, then there exists an α < κ

such that |X | ≤ |Yα|. Cardinals of countable cofinality are not ω-prime. It is
shown in [9] that if κ is a cardinal and λ < κ , then κ is λ-prime if and only if
λ < cof(κ) and for all δ < κ , ¬(|κ| ≤ |

λδ|). Steel [19, Theorem 8.26] and Woodin
[20, Theorem 2.16] showed that under AD+, boldface GCH holds below 2 which
is the statement that for all κ < 2, κ+ does not inject into P(κ). Thus under
AD+, a cardinal κ is λ-prime if and only if λ < cof(κ). In particular, any cardinal
of uncountable cofinality is ω-prime under AD+. Note that [ω1]

ω is clearly not
ω-prime although it is 2-prime under the partition relation ω1 →∗ (ω1)

ω+ω
2 . In [9],

it is shown that under AD+, a set which is an image of R and is δ-prime for all
δ ∈ ON cannot be linearly orderable. If all subsets of R have the Baire property,
then R/E0 is not linearly orderable. In [9], it is also shown that R/E0 is δ-prime
for all δ ∈ ON under ACR

ω and all subsets of R have the Baire property. There are
currently no known examples of a linearly orderable non-well-orderable ω-prime
set but the natural candidate is [ω1]

<ω1 . However, it is not presently known if
[ω1]

<ω1 is even 2-prime. The ω-primeness conjecture for [ω1]
<ω1 is the statement

that the strong partition property ω1 →∗ (ω1)
ω1
2 (or the very strong partition property

ω1 →∗ (ω1)
ω1
<ω1

) implies [ω1]
<ω1 is ω-prime. Intuitively this conjecture states that

[ω1]
<ω1 is inaccessible to the countable Cartesian product operation in the sense

that for any sequence ⟨Yn : n ∈ ω⟩ of sets, [ω1]
<ω1 injects into

∏
n∈ω Yn if and only

if there is a factor Yn̄ which already has an injective copy of [ω1]
<ω1 . The key

combinatorial fact needed to prove Theorem 3.6 is the following evidence for the
ω-primeness conjecture for [ω1]

<ω1 :

• (Theorem 2.11) Assume ω1 →∗ (ω1)
ω1
2 . Let ⟨Yn : n ∈ ω⟩ be a sequence of sets.

If |[ω1]
<ω1 | ≤

∣∣∏
n<ω Yn

∣∣, then there is an n̄ ∈ ω such that |[ω1]
ω
|< |Yn̄|.

The last ingredient to prove the main result of the paper will involve some
consequences of Woodin’s analysis of nice models of AD+ by OD ∞-Borel code
forcings (a variation of Vopěnka forcing). This forcing will not be used directly
here but two consequences will be needed. The first states in nice AD+ models, if a
set A ⊆ R is ordinal definable via a formula ϕ, a suitable set z, and some ordinals,
then there is a uniform procedure which takes ϕ, z, and the ordinal parameters
to a ∞-Borel code (S, ψ) for A such that S is ordinal definable from z. (See
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Fact 3.2 for the precise statement.) Woodin’s perfect set dichotomy [1; 2] states
that if X is a surjective image of R, then either X is well-orderable or R injects
into X . The second necessary fact is a uniform version of Woodin’s perfect set
dichotomy which states that if X is a quotient of an equivalence relation E on R

with ∞-Borel code (S, ϕ) and X is well-orderable, then a well-ordering of X can be
found uniformly from the ∞-Borel code (S, ϕ). (The precise statement is provided
in Fact 3.3.)

If Y is a set, let I<ω1(Y ) be the set of all injective functions f : ϵ → Y where
ϵ < ω1. The following will be shown:

• (Theorem 3.5) Assume AD, DCR, and all subsets of R are ∞-Borel. If Y is a
surjective image of R and 8 : P(ω1)→ Pω1(Y ), then there exists a function
8̃ : P(ω1)→ I<ω1(Y ) such that 8̃(A) enumerates 8(A) for all A ∈ P(ω1).

What is remarkable about Theorem 3.5 is that there exists generally no map
0 : Pω1(Y )→ I<ω1(Y ) such that 0(B) is a well-ordered enumeration of B for all
B ∈ Pω1(Y ). In fact, there is generally no injection from Pω1(Y ) into I<ω1(Y ).
For example for Y = R, one can show that |I<ω1(R)|< |Pω1(R)|.

Given the main result of the paper that for any set X which is an image of R,
|P(ω1)|≤ |Pω1(X)| implies |[ω1]

ω
|< |X |, the next natural evidence one would like

for the countable power set conjecture would be to show that |P(ω1)| ≤ |Pω1(X)|
implies |[ω1]

<ω1 |< |X |. If the ω-primeness conjecture for [ω1]
<ω1 can be shown,

then the arguments of Section 3 will immediately show that |P(ω1)| ≤ |Pω1(X)|
implies |[ω1]

<ω1 |< |X |. One will need a deeper understanding of the cardinality of
[ω1]

<ω1 to handle ω-primeness and other finite-dimensional combinatorial questions
involving [ω1]

<ω1 .

2. Evidence for primeness

Definition 2.1. Assume ϵ ∈ ON and f : ϵ → ON.

• The function f is discontinuous everywhere if and only if for all β < ϵ,
sup( f ↾ β)= sup{ f (α) : α <β}< f (β) (and note that this implies f is strictly
increasing).

• The function f has uniform cofinality ω if and only if there is a function
F : ϵ×ω→ ON such that for all α < ϵ and n ∈ ω, F(α, n) < F(α, n +1) and
f (α)= sup{F(α, n) : n ∈ ω}. (A function F : ϵ×ω→ ON with this property

will be called a witness for the uniform cofinality ω of f .)

• The function f has the correct type if and only if f is both discontinuous
everywhere and has uniform cofinality ω.

If X ⊆ ON and ϵ ∈ ON, then [X ]
ϵ
∗

will denote the collection of f : ϵ → X of the
correct type.
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The following is the correct type club partition relation.

Definition 2.2. Let κ be a cardinal.

• Let ϵ≤ κ and γ <κ . The statement κ→∗ (κ)
ϵ
γ asserts that for all P : [κ]ϵ

∗
→ γ ,

there is a β < γ and a club C ⊆ κ such that for all f ∈ [C]
ϵ
∗
, P( f )= β.

• Let ϵ ≤ κ and γ ≤ κ . The statement κ →∗ (κ)
<ϵ
<γ asserts that for all ϵ′ < ϵ and

γ ′ < γ , κ →∗ (κ)
ϵ′

γ ′ .

• If κ satisfies κ →∗ (κ)
κ
2 , then κ is called a strong partition cardinal.

• If κ satisfies κ →∗ (κ)
κ
<κ , then κ is called a very strong partition cardinal.

• If κ satisfies κ →∗ (κ)
<κ
2 , then κ is called a weak partition cardinal.

See [2; 4; 17] for more information on the combinatorial aspects of partition
properties. The ordinary partition relation κ → (κ)ϵγ is the assertion that for all
P : [κ]ϵ → κ , there is a β < γ and an A ⊆ κ with |A| = κ such that for all f ∈ [A]

ϵ ,
P( f )= β. The correct type club partition and the ordinary partition relation are
closely related after a small shift in exponent: κ →∗ (κ)

ϵ
2 implies κ → (κ)ϵ2 and

κ → (κ)ω·ϵ
2 implies κ →∗ (κ)

ϵ
2. The correct type partition relation is much more

practical for combinatorial arguments and essentially all applications of partition
properties in the determinacy context directly or indirectly use the notion of a
correct type partition.

It can be shown that for any ϵ < κ , κ →∗ (κ)
ϵ+ϵ
2 implies that κ → (κ)ϵ<κ . Thus

if κ is a weak partition cardinal, then κ →∗ (κ)
<κ
<κ holds. It is not known if a strong

partition cardinal must always be a very strong partition cardinal. The most natural
universes to study partition properties are those satisfying AD. Moreover, the only
known method to establish the existence of a strong partition cardinal comes from
Martin’s argument which uses pointclass boundedness principles under determinacy
to create good coding systems for functions from certain ordinals to certain ordinals.
(See [2; 4; 14; 15] for more information concerning good coding systems.)

If 0 is a pointclass, then let 0̌ refer to the dual pointclass. Let δ(0) be the
supremum of the lengths of the pre-well-orderings in 0 ∩ 0̌. For each n ∈ ω, δ1

n is
defined to be δ(61

n). By using the Kunen–Martin theorem, Kunen and Martin
showed that δ1

2n+2 = (δ1
2n+1)

+ for all n ∈ ω. Jackson [12; 13; 14] computed the
values of all the projective ordinals δ1

n for 1 ≤ n < ω. In particular, δ1
1 = ω1, and

thus δ1
2 = ω2. Martin showed that δ1

3 = ωω+1, and thus δ1
4 = ωω+2. The ordinal δ2

1
is defined to be δ(62

1). Let A ∈ P(ω1). The ordinal δA is the least δ such that
Lδ(A,R) ≺1 L(A,R) (61-elementarity in the language of set theory augmented
with constant symbols for each real and the collection of all reals and the models
are given the intended interpretation). It can be shown that δ∅ = (δ2

1)
L(R). The

following are some important examples of partition cardinals under the axiom of
determinacy for which the results of this paper apply.
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Fact 2.3. Assume AD.

• (Martin [2, Corollary 4.27; 15, Theorem 12.2]) ω1 is a very strong partition
cardinal.

• (Martin–Paris [2, Theorem 5.19 and Corollary 6.17; 15, Corollary 13.5]) ω2 is
a weak partition cardinal but not a strong partition cardinal.

• (Jackson [12; 13]) δ1
2n+1 is a very strong partition cardinal.

• (Jackson [12; 13; 14]) δ1
2n+2 is a weak partition cardinal and not a strong

partition cardinal.

• (Kechris–Kleinberg–Moschovakis–Woodin [16; 18, Theorem 5.8]) For any
A ∈ P(κ), δA is a very strong partition cardinal.

• (Kechris–Kleinberg–Moschovakis–Woodin [16; 18, Theorem 5.5]) (DCR) δ2
1 is

a very strong partition cardinal.

First, one will define a combinatorially useful injection of [ω1]
ω into [ω1]

<ω1 .
The injection is defined in Definition 2.6 and will be used in Theorem 2.11. The
definition of the injection will use the linear ordering from Definition 2.4. The main
combinatorial properties of the injection is described in Fact 2.7.

Definition 2.4. Let κ be a cardinal and 1 : κ × ω → κ be a function. Define
d1 : κ → κ by d1(α)= sup{1(α, n) : n ∈ ω}. Say that 1 : κ ×ω→ κ is a witness
for uniform cofinality ω for some discontinuous function (namely d1) if and only
if the following hold:

(1) For all α < κ and n ∈ ω, 0<1(α, n) < 1(α, n + 1).

(2) d1 : κ → κ is discontinuous everywhere (in the sense of Definition 2.1 which
implies d1 is strictly increasing).

(Note that 1 witnesses that d1 is a function of uniform cofinality ω, and thus
d1 ∈ [κ]κ

∗
.)

If γ < κ and α < d1(γ ), then let nγα be the least n such that α < 1(γ, n).
Let L1 consist of all tuples (γ, α, β0, . . . , βnγα−1) with the following properties:

(1) γ < κ and α < d1(γ ).

(2) If nγα = 0, then the tuple takes the form (γ, α).

(3) If nγα > 0, then β0 < β1 < · · ·< βnγα−1 < γ .

Let ≺1 be the lexicographic ordering on L1. Let L1 be the linear ordering
(L1,≺1).

Fact 2.5. Let κ be a cardinal. Let1 :κ×ω→κ be a witness for uniform cofinality ω
for some increasing discontinuous function. L1 = (L1,≺1) is a well-ordering of
order type κ .
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Definition 2.6. Let κ , 1, and d1 be as in Definition 2.4. A pair (1,6) is suitable
if and only if the following holds:

(1) 6 : L1 → κ is an order-preserving function from L1 = (L1,≺1) into (κ,<).

(2) For all γ0 < κ and (γ0, α, β0, . . . , βn
γ0
α −1) ∈ L1,

d1(γ0) < 6(γ0, α, β0, . . . , βn
γ0
α −1) < d1(γ0 + 1).

(3) 6 has the correct type in the following natural sense:

(a) 6 is discontinuous: for all x ∈ L1,

sup(6 ↾ x)= sup{6(y) : y ≺1 x}<6(x).

(b) 6 has uniform cofinality ω: there is a 5 : L1 ×ω→ κ such that for all
x ∈ L1 and n ∈ ω,

5(x, n) < 5(x, n + 1) and 6(x)= sup{5(x, n) : n ∈ ω}.

For each f ∈ [κ]ω, define a function 3(1,6)( f ) : d1(sup( f ))→ κ by

3(1,6)( f )(α)=6(sup( f ), α, f (0), . . . , f (nsup( f )
α − 1))

for each α < d1(sup( f )). Thus 3(1,6) : [κ]ω →
<κκ .

Fact 2.7. Let κ ,1, d1, L1 = (L1,≺1), 6,3(1,6) be as in Definitions 2.4 and 2.6.
The following properties hold:

(1) For all f ∈ [κ]ω and α0 < α1 < d1(sup( f )),

3(1,6)( f )(α0) < 3(1,6)( f )(α1).

(2) For all f ∈ [κ]ω, 3(1,6)( f )(0) > d1(sup( f )) and 3(1,6)( f ) ∈ [κ]
d1(sup( f ))
∗ .

(3) For all f, g ∈ [κ]ω, if sup( f ) < sup(g), then

sup(3(1,6)( f )) < d1(sup(g)) < 3(1,6)(g)(0).

(4) Suppose f, g ∈ [κ]ω, sup( f )= sup(g), m ∈ ω is least such that f (m) ̸= g(m),
and f (m) < g(m). For all α < 1(sup( f ),m),

3(1,6)( f )(α)=3(1,6)(g)(α).

For all α such that 1(sup( f ),m)≤ α < d1(sup( f ))= d1(sup(g)),

3(1,6)( f )(α) < 3(1,6)(g)(α) < 3(1,6)( f )(α+ 1).

(5) 3(1,6) : [κ]ω → [κ]<κ
∗

is an injection. Let K = 6[L1] and J = d1[κ]. For
all ϵ ∈ J , cof(ϵ)= ω. Thus the range of 3(1,6) is

⋃
ϵ∈J [K \ (ϵ+ 1)]ϵ

∗
.



THE SIZE OF A SET FROM THE SIZE OF ITS COUNTABLE POWER SET 227

Proof. Each of above properties are straightforward observations by comparing the
relevant coordinate of a relevant tuple in L1 used in the definition of 3(1,6)( f )(α).
The following provides the details:

(1) Let f ∈ [κ]ω and α0 < α1 < d1(sup( f )). Observe

(sup( f ), α0, f (0), . . . , f (nsup( f )
α0

− 1))≺1 (sup( f ), α1, f (0), . . . , f (nsup( f )
α1

− 1))

by comparing the second coordinate. Thus 3(1,6)( f )(α0) < 3(1,6)( f )(α1) since
6 is order preserving.

(2) By the suitability of the pair (1,6),

3(1,6)( f )(0)=6(sup( f ), 0) > d(sup( f )).

Note that (1) shows that3(1,6)( f ) is an increasing function. For all α<d1(sup( f )),

sup(3(1,6)( f ) ↾ α)= sup
(
6 ↾ (sup( f ), α, f (0), . . . , f (nsup( f )

α − 1))
)

<6(sup( f ), α, f (0), . . . , f (nsup( f )
α − 1))

=3(1,6)( f )(α),

using the discontinuity of 6. Thus 3(1,6)( f ) is discontinuous everywhere. Fix a
function 5 : L1 ×ω→ κ which witnesses that 6 has uniform cofinality ω as in
Definition 2.6(3b). Define F : d1(sup( f ))×ω→ κ by

F(α, n)=5
(
(sup( f ), α, f (0), . . . , f (nsup( f )

α − 1)), n
)
.

F witnesses that 3(1,6)( f ) has uniform cofinality ω. Thus 3(1,6)( f ) has the
correct type, and hence 3(1,6)( f ) ∈ [κ]

d1(sup( f ))
∗ .

(3) Suppose f, g ∈ [κ]ω and sup( f ) < sup(g). For all α < d1(sup( f )),

(sup( f ), α, f (0), . . . , f (nsup( f )
α − 1))≺1 (sup( f )+ 1, 0)

by comparing the first coordinates. Thus

3(1,6)( f )(α) < 6(sup( f )+ 1, 0) < d1(sup(g)) < 3(1,6)(g)(0)

for all α < d1(sup( f )) by (2) established above and Definition 2.6(2). Hence
sup(3(1,6)( f )) < d1(sup(g)) < 3(1,6)(g)(0).

(4) Suppose f, g ∈ [κ]ω, sup( f )= sup(g), m is the least such that f (m) ̸= g(m),
and f (m) < g(m). Suppose α < 1(sup( f ),m)=6(sup(g),m). Then

nsup( f )
α = nsup(g)

α ≤ m.
Thus

3(1,6)( f )(α)=6(sup( f ), α, f (0), . . . , f (nsup( f )
α − 1))

=6(sup(g), α, g(0), . . . , g(nsup(g)
α − 1))

=3(1,6)(g)(α).
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Now suppose 1(sup( f ),m) = 1(sup(g),m) ≤ α. Then nsup( f )
α = nsup(g)

α > m.
Thus

(sup( f ), α, f (0), . . . , f (nsup( f )
α − 1))≺1 (sup(g), α, g(0), . . . , g(nsup(g)

α − 1))

≺1 (sup( f ), α+ 1, f (0), . . . , f (nsup( f )
α+1 ))

by comparing the (m+2)-nd entries for the first inequality and comparing the second
entry for the second inequality. Thus

3(1,6( f )(α) < 3(1,6)(g)(α) < 3(1,6)( f )(α+ 1).

(5) Suppose f, g ∈ [κ]ω and f ̸= g. If sup( f ) ̸= sup(g), then (3) above implies
3(1,6)( f ) ̸=3(1,6)(g). Suppose sup( f )= sup(g). There is a least m ∈ω such that
f (m) ̸= g(m). Then 3(1,6)( f ) ̸=3(1,6)(g) by (4). Thus 3(1,6) is an injection.
Let K = 6[L1] and J = d1[κ]. By definition of 6 and 3(1,6) and (2), for all
f ∈ [κ]ω, 3(1,6)( f ) ∈ [K ]

d1(sup( f ))
∗ . Since 3(1,6)( f )(0) > d1(sup( f )) by (2)

and d1(sup( f )) ∈ J , 3(1,6)( f ) ∈
⋃
ϵ∈J [K \ (ϵ + 1)]ϵ

∗
. Note that for all γ ∈ κ ,

cof(d1(γ ))= ω as witnessed by the cofinal sequence ⟨1(γ, n) : n ∈ ω⟩. Thus for
all ϵ ∈ J , cof(ϵ)= ω. □

Let X ⊆ κ with |X | = κ . Let enumX : κ → X be the increasing enumeration
of X . For α, β < κ , let nextαX (β)= enumX\(β+1)(α) which is the α-th-element of X
strictly greater than β.

Fact 2.8. Let κ be a cardinal and C ⊆ κ be a club subset of κ . Then there is
a suitable (1,6) such that 1 : κ × ω → [C]

1
∗

and 6 : L1 → C. (Note that
d1 : κ → [C]

1
∗

and 6 : L1 → [C]
1
∗

since 6 has the correct type by suitability.)

Proof. The function 1 : κ ×ω→ [C]
1
∗
, 6 : L1 → C , and 5 : L1×ω→ κ will be

defined by recursion by choosing the minimal element of C which maintains the
necessary properties. Let γ < κ . Suppose 1 ↾ γ ×ω has been defined. This implies
one can meaningfully define the objects d1 ↾ γ , nηα for all η < γ and α < d1(η),
and a linear ordering Aγ using the definition of L1 from Definition 2.4 with the
restriction that the first coordinate is less than γ . Suppose 6 ↾ Aγ and 5 ↾ Aγ ×ω

have been defined. Suppose the following properties have been shown:

(1) 6 ↾ Aγ is increasing.

(2) For all x ∈ Aγ with first coordinate η < γ , d1(η) < 6(x).

(3) For all γ0 < γ1 < γ and x ∈ Aγ with first coordinate γ0, 6(x) < d1(γ1).

(4) 5 ↾ Aγ ×ω : Aγ ×ω→ κ witnesses that 6 ↾ Aγ has uniform cofinality ω.

Let δγ =sup(6 ↾ Aγ ). Let1(γ, n)=nextn
[C]1

∗

(δγ ). Let d1(γ )=sup{1(γ, n) :n∈ω}.
Now one can meaningfully define Aγ+1 using the definition of L1 given in
Definition 2.4 restricted below γ + 1. Let Bγ = Aγ+1 \ Aγ which are the elements
of Aγ+1 with first coordinate γ . Note that ot(Aγ+1) < κ and ot(Bγ ) < κ by the
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argument from Fact 2.5. Let ζγ = ot(Bγ ) and πγ : Bγ → ζγ be the unique order-
preserving bijection. For x ∈ Bγ , let 6(x)= nextω·πγ (x)+ω

C (d1(γ )) and for n ∈ ω,
let 5(x, n)= nextω·πγ (x)+n

C (d1(γ )). One has defined 1 ↾ (γ + 1)×ω, 6 ↾ Aγ+1,
and 5 ↾ Aγ+1 ×ω. Using the induction hypothesis that 6 ↾ Aγ is order preserving,
6 ↾ Aγ+1 is order preserving by construction. Note that d1(γ ) < 6(x) for all
x ∈ Bγ by construction. Now suppose γ0 <γ and x ∈ Aγ+1 with first coordinate γ0.
6(x) ≤ sup(6 ↾ Aγ ) = δγ < 1(γ, 0) < d1(γ ). 5 ↾ Aγ+1 × ω witnesses that
6 ↾ Aγ+1 has uniform cofinality ω. Thus the four properties hold at γ + 1 for
1 ↾ (δ+ 1)×ω, 6 ↾ Aγ+1, and 5 ↾ Aγ+1 ×ω.

Suppose γ is a limit ordinal and for all γ̃ < γ ,1 ↾ γ̃×ω, 6 ↾ Aγ̃ , and5 ↾ Aγ̃ ×ω

have been defined with the above four properties. Note Aγ =
⋃
γ̃ <γ Aγ̃ . Then

1 ↾ γ ×ω, 6 ↾ Aγ , and 5 ↾ Aγ ×ω also have these four properties.
This completes the construction of 1 : κ × ω → [C]

1
∗

and 6 : L1 → C .
If α < β < κ , then d1(α) < sup(6 ↾ Aα+1) < d1(β) using properties (2) and (3)
at β + 1. Thus d1 is an increasing function. Suppose α < κ . Then we have
sup(d1 ↾ α) ≤ sup(6 ↾ Aα) = δα < 1(α, 0) < d1(α) by property (2) and (3)
at α+ 1. Thus d1 is discontinuous. The function 6 : L1 → κ is increasing by (1).
For all γ0 < γ1 < κ and x ∈ L1 with first coordinate γ0, d1(γ0) < 6(x) < d1(γ1)

follows by properties (2) and (3) at γ1 + 1. This verifies Definition 2.6(2). Suppose
x ∈ L1 with first coordinate γ , and hence x ∈ Bγ . If x is the least element of Bγ ,
then πγ (x)= 0 and

sup(6 ↾ x)= sup(6 ↾ Aγ )= δγ

<1(γ, 0) < d1(γ ) < nextωC(d1(γ ))

= nextω·πγ (x)+ω
C (d1(γ ))=6(x).

Now suppose x is not the minimal element of Bγ . Then

sup(6 ↾ x)= sup{6(y) : y ≺1 x} = sup{nextω·πγ (y)+ω
C (d1(γ )) : y ≺1 x}

= sup{nextω·ν+ω
C (d1(γ )) : ν < πγ (x)} ≤ nextω·πγ (x)

C (d1(γ ))

< nextω·πγ (x)+ω
C (d1(γ ))=6(x).

Thus 6 is discontinuous. 5 witnesses that 6 has uniform cofinality ω. 6 has the
correct type. Thus (1,6) is suitable with the desired properties. □

If δ < ϵ and f : ϵ → ON, then let drop( f, δ) : (ϵ − δ) → ON be defined by
drop( f, δ)(α) = f (δ + α). If κ is a cardinal, then we let clubκ denote the set of
all club subsets of κ . For any cardinal κ and ϵ ≤ κ , a relation R ⊆ [κ]ϵ

∗
× clubκ

is ⊆-downward closed in the clubκ -coordinate if and only if for all ℓ ∈ [κ]ϵ
∗

and
clubs C ⊆ D, if R(ℓ, D) holds, then R(ℓ,C) holds. Without the axiom of choice,
uniform choice of homogeneous sets for many partitions is a very subtle and
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challenging problem. “Club uniformization” results are often very important for
combinatorial questions involving partition spaces. The club uniformization of
Theorem 3.10 in [6] is more than sufficient for the proof of Theorem 2.11 (for just
the cardinal ω1); however, the proof is not purely combinatorial. The following
club uniformization results are proved from just the strong partition property and
will allow for the selection of clubs homogeneous for various desired properties in
the main construction of Theorem 2.11

Fact 2.9. Assume κ →∗ (κ)
κ
2 and ϵ < κ . Let R ⊆ [κ]ϵ

∗
× clubκ be ⊆-downward

closed in the clubκ -coordinate. Then there is a club C ⊆ κ such that for all
ℓ ∈ dom(R)∩ [C]

ϵ
∗
, R(ℓ,C \ (sup(ℓ)+ 1)).

Proof. Fix ϵ < κ . If g ∈ [κ]κ
∗
, then let Cg be the closure of g[κ] which is a club.

Define P : [κ]κ
∗
→2 by P( f )=0 if and only if f ↾ ϵ∈dom(R)⇒ R( f ↾ ϵ, Cdrop( f,ϵ)).

By κ→∗ (κ)
κ
2 , there is a club C ⊆κ and an i ∈ 2 such that for all f ∈ [C]

κ
∗
, P( f )= i .

Pick any ℓ ∈ [C]
ϵ
∗
. First, suppose ℓ /∈ dom(R). Pick any g ∈ [C \ (sup(ℓ)+ 1)]κ

∗

and let f = ℓ ⌢ g. Then f ∈ [C]
κ
∗

and P( f ) = 0. Now suppose ℓ ∈ dom(R).
There is some club D ⊆ κ such that R(ℓ, D). Let g ∈ [C ∩ D]

κ
∗

with g(0) > sup(ℓ)
and observe that Cg ⊆ D. Since R is ⊆-downward closed in the clubκ -coordinate,
R(ℓ, Cg). Let f = ℓ ⌢ g. Note that f ∈ [C]

κ
∗

and g = drop( f, ϵ). Thus P( f )= 0.
Since C was assumed to be homogeneous for P , this shows that i = 0. Fix an
h ∈ [C]

κ
∗
. Let E = Ch which is a club subset of κ . Suppose ℓ ∈ dom(R)∩ [E]

ϵ
∗
.

Let α < κ be least such that h(α) > sup(ℓ). Let f = ℓ ⌢ drop(h, α) and note that
f ∈ [C]

κ
∗
, f ↾ ϵ = ℓ, drop( f, ϵ) = drop(h, α), and E \ (sup(ℓ)+ 1) = Cdrop(h,α).

P( f ) = 0 implies that R( f ↾ ϵ, Cdrop( f,ϵ)). Thus R(ℓ, E \ (sup(ℓ)+ 1)). E is the
desired club. □

Fact 2.10. Assume κ →∗ (κ)
κ
2 . Let R ⊆ [κ]<κ

∗
× clubκ be ⊆-downward closed in

the clubκ -coordinate. There is a club C ⊆ κ such that R(ℓ,C \ (sup(ℓ)+ 1)) for all
ℓ ∈ dom(R)∩

⋃
ϵ∈[C]1

∗
[C \ (ϵ+ 1)]ϵ

∗
.

Proof. Fix ϵ < κ . Define Rϵ ⊆ [κ]ϵ
∗
× clubκ by Rϵ(ℓ,C) if and only if R(ℓ,C).

Rϵ is ⊆-downward closed in the clubκ -coordinate. By Fact 2.9, there is a club D
such that R(ℓ, D \ (sup(ℓ)+ 1)) for all ℓ ∈ dom(Rϵ)∩ [C]

ϵ
∗
. Define S ⊆ κ × clubκ

by S(ϵ,C) if and only if Rϵ(ℓ,C \(sup(ℓ)+1)) for all ℓ∈ dom(Rϵ)∩[C]
ϵ
∗
. By the

above discussion, dom(S)= κ . By Fact 2.9 applied with ϵ= 1, there is a club E ⊆ κ

such that S(ϵ, E \ (ϵ+1)) for all ϵ ∈ [E]
1
∗
. Let ℓ ∈ dom(R)∩

⋃
ϵ∈[E]1

∗
[E \ (ϵ+1)]ϵ

∗
.

Let ϵ = |ℓ| and note that ϵ ∈ [E]
1
∗

and ℓ ∈ [E \ (ϵ+ 1)]ϵ
∗
. S(ϵ, E \ (ϵ+ 1)) holds.

Since ℓ ∈ dom(Rϵ) ∩ [E \ (ϵ + 1)]ϵ
∗
, Rϵ(ℓ, (E \ (ϵ + 1)) \ (sup(ℓ)+ 1)). Since

(E \ (ϵ + 1)) \ (sup(ℓ)+ 1) = E \ (sup(ℓ)+ 1), Rϵ(ℓ, E \ (sup(ℓ)+ 1)). Thus
R(ℓ, E \ (sup(ℓ)+ 1)). E is the desired club. □

The following will provide evidence for the conjecture that [ω1]
<ω1 is ω-prime.

In the following argument, there will be a very large family of relevant partitions.
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Fact 2.10 will provide a club which is “simultaneously homogeneous” for all the
relevant partitions in the formal sense of Fact 2.10. Using this club, one will define
an injection of the form presented in Definition 2.6. A number of fine technical
details need to be verified to see that this injection interacts meaningfully with all
the relevant partitions.

Theorem 2.11. Assume κ is a cardinal satisfying κ →∗ (κ)
κ
2 . Let λ < κ and

⟨Yη : η < λ⟩ be a sequence of sets. If |[κ]<κ | ≤
∣∣∏

η<λ Yη
∣∣, then there is an η̄ < λ

such that |[κ]ω| ≤ |Yη̄|.

Proof. Since |[κ]<κ | ≤
∣∣∏

η∈λ Yη
∣∣, let 8 : [κ]<κ →

∏
η∈λ Yη be an injection.

If f, g ∈ [κ]<κ and f ̸= g, then let χ( f, g) be the least element η ∈ λ such
that 8( f )(η) ̸= 8(g)(η). Let Z ⊆ κ be the club of indecomposable ordinals
below κ and work within Z . Note that κ →∗ (κ)

κ
2 implies κ →∗ (κ)

<κ
2 , and hence

κ →∗ (κ)
<κ
<κ by the comments in the paragraphs following Definition 2.2.

For any ϵ ∈ Z and ι ∈ [Z ]
ϵ
∗
, let ι0, ι1 ∈ [Z ]

ϵ
∗

be defined by ιi (α)= ι(2 ·α+ i).

Claim 1. There is a club C0
1 ⊆ κ and η̄ < λ such that χ(ℓ ⌢ ι0, ℓ ⌢ ι1)= η̄ for all

(δ, ϵ) ∈ [C0
1 ]

2
∗
, all ℓ ∈ [C0

1 \ (ϵ+ 1)]δ
∗
, and all ι ∈ [C0

1 \ (sup(ℓ)+ 1)]ϵ
∗
.

Proof of Claim 1. For any (δ, ϵ) ∈ [Z ]
2
∗

(hence δ < ϵ) and ℓ ∈ [Z \ (ϵ+ 1)]δ
∗
, define

Pδ,ϵ,ℓ : [Z \ (sup(ℓ)+ 1)]ϵ
∗

→ λ by Pδ,ϵ,ℓ(ι) = χ(ℓ ⌢ ι0, ℓ ⌢ ι1). By κ →∗ (κ)
ϵ
λ,

there is an ηδ,ϵ,ℓ ∈ λ and a club C ⊆ Z such that Pδ,ϵ,ℓ(ι)= ηδ,ϵ,ℓ for all ι ∈ [C]
ϵ
∗
.

For (δ, ϵ)∈ [Z ]
2
∗
, define Pδ,ϵ : [Z \(ϵ+1)]δ

∗
→ λ by Pδ,ϵ(ℓ)= ηδ,ϵ,ℓ. By κ→∗ (κ)

δ
λ,

there is a club C ⊆ Z and an ηδ,ϵ ∈λ such that Pδ,ϵ(ℓ)= ηδ,ϵ,ℓ= ηδ,ϵ for all ℓ∈ [C]
δ
∗
.

Define P : [Z ]
2
∗
→ λ by P(δ, ϵ)= ηδ,ϵ . By κ →∗ (κ)

2
λ, fix a club C0

0 ⊆ Z and an
η̄∈λ such that P(δ, ϵ)=ηδ,ϵ = η̄ for all (δ, ϵ)∈[C0

0 ]
2
∗
. For (δ, ϵ)∈[C0

0 ]
2
∗
, let Rδ,ϵ ⊆

[C0
0 ]
δ
∗
×clubκ be defined by Rδ,ϵ(ℓ,C) if and only if Pδ,ϵ,ℓ(ι)= η̄ for all ι∈[C]

ϵ
∗
. Fix

(δ, ϵ)∈[C0
0 ]

2
∗
. By definition of C0

0 , ηδ,ϵ = η̄. By definition of ηδ,ϵ = η̄, there is a club
D ⊆ Z such that Pδ,ϵ(ℓ)=ηδ,ϵ,ℓ=ηδ,ϵ = η̄ for all ℓ∈ [D]

δ
∗
. Fix an element ℓ∈ [D]

δ
∗
.

By definition of ηδ,ϵ,ℓ= η̄, there is a club E ⊆ Z such that Pδ,ϵ,ℓ(ι)=ηδ,ϵ,ℓ=ηδ,ϵ = η̄
for all ι ∈ [E]

ϵ
∗
. Therefore Rδ,ϵ(ℓ, E). So ℓ ∈ dom(Rδ,ϵ). Since ℓ ∈ [D]

δ
∗

was
arbitrary, [D]

δ
∗
⊆ dom(Rδ,ϵ). Rδ,ϵ is ⊆-downward closed in the clubκ -coordinate.

By Fact 2.9, there is a club F ⊆ D such that Rδ,ϵ(ℓ, F \ (sup(ℓ) + 1)) for all
ℓ ∈ dom(Rδ,ϵ)∩ [F]

δ
∗
= [F]

δ
∗

(since [D]
δ
∗
⊆ dom(Rδ,ϵ)). Since (δ, ϵ) ∈ [C0

0 ]
2
∗

was
arbitrary, it has been shown that for all (δ, ϵ) ∈ [C0

0 ]
2
∗
, there is a club C with the

property that Rδ,ϵ(ℓ,C \ (sup(ℓ)+ 1)) for all ℓ ∈ [C]
δ
∗
. Define R ⊆ [C0

0 ]
2
∗
× clubκ

by R((δ, ϵ),C) if and only if Rδ,ϵ(ℓ,C \ (sup(ℓ)+ 1)) for all ℓ ∈ [C]
δ
∗
. Note that

dom(R) = [C0
0 ]

2
∗

by the above discussion. R is ⊆-downward closed in the clubκ -
coordinate. By Fact 2.9, there is a club C0

1 ⊆ C0
0 such that R((δ, ϵ),C0

1 \ (ϵ+ 1))
for all (δ, ϵ) ∈ dom(R)∩ [C0

1 ]
2
∗
= [C0

1 ]
2
∗
. □

Claim 2. There is a club C ⊆ C0
1 such that 8(ℓ)(η̄) ̸=8(ι)(η̄) for all δ ∈ [C]

1
∗
, for

all ℓ ∈ [C \ (δ+ 1)]δ
∗
, for all ϵ ∈ [C \ (sup(ℓ)+ 1)]1

∗
, and for all ι ∈ [C \ (ϵ+ 1)]ϵ

∗
.
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Proof of Claim 2. For (δ, ϵ)∈ [Z ]
2
∗

and ℓ∈ [Z ]
δ
∗
, let Qδ,ℓ,ϵ : [Z ]

ϵ
∗
→ 2 be defined by

Qδ,ℓ,ϵ(ι)= 0 if and only if 8(ℓ)(η̄) ̸=8(ι)(η̄). By κ →∗ (κ)
ϵ
2, there is a jδ,ℓ,ϵ ∈ 2

and a club C ⊆ Z such that Qδ,ℓ,ϵ(ι)= jδ,ℓ,ϵ for all ι ∈ [C]
ϵ
∗
. For all δ ∈ [Z ]

1
∗

and
ℓ∈[Z ]

δ
∗
, define Qδ,ℓ : [Z ]

1
∗
→2 by Qδ,ℓ(ϵ)= jδ,ℓ,ϵ . By κ→∗ (κ)

1
2, there is a jδ,ℓ ∈2

and a club C ⊆ Z such that Qδ,ℓ(ϵ) = jδ,ℓ for all ϵ ∈ [C]
1
∗
. For all δ ∈ [Z ]

1
∗
, let

Qδ : [Z ]
δ
∗
→ 2 be defined by Qδ(ℓ)= jδ,ℓ. By κ →∗ (κ)

δ
2, there is jδ ∈ 2 and a club

C ⊆ Z such that Qδ(ℓ)= jδ,ℓ= jδ for all ℓ∈[C]
δ
∗
. Define Q : [Z ]

1
∗
→2 by Q(δ)= jδ .

By κ →∗ (κ)
1
2, there is a j̄ ∈ 2 and a fixed club C1

0 ⊆ Z such that Q(δ)= jδ = j̄
for all δ ∈ [C1

0 ]
1
∗
. Let S ⊆ [Z ]

1
∗
× clubκ be defined by S(δ,C) if and only if jδ,ℓ = j̄

for all ℓ ∈ [C]
δ
∗
. S is ⊆-downward closed in the clubκ -coordinate. By Fact 2.9,

there is a club C1
1 ⊆ C1

0 such that S(δ,C1
1 \ (δ + 1)) for all δ ∈ dom(S) ∩ [C1

1 ]
1
∗
.

Suppose δ ∈ [C1
0 ]

1
∗
. By definition of C1

0 , jδ = j̄ . By definition of jδ = j̄ , there
is some club C ⊆ Z such that jδ,ℓ = jδ = j̄ for all ℓ ∈ [C]

δ
∗
, and hence S(δ,C).

So δ ∈ dom(S). Since δ ∈ [C1
0 ]

1
∗

was arbitrary, this shows that [C1
0 ]

1
∗

⊆ dom(S),
and hence [C1

1 ]
1
∗
⊆ [C1

0 ]
1
∗
⊆ dom(S). Therefore S(δ,C1

1 \ (δ+ 1)) for all δ ∈ [C1
1 ]

1
∗
.

Define T ⊆ [Z ]
<κ
∗

× clubκ by T (ℓ,C) if and only if Q|ℓ|,ℓ,ϵ(ι)= j̄ for all ϵ ∈ [C]
1
∗

and for all ι ∈ [C \ (ϵ+ 1)]ϵ
∗
. T is ⊆-downward closed in the clubκ -coordinate and

therefore by Fact 2.10, there is a club C1
2 ⊆ C1

1 such that T (ℓ,C1
2 \ (sup(ℓ)+ 1))

for all ℓ ∈ dom(T )∩
⋃
δ∈[C1

2 ]1
∗
[C1

2 \ (δ+1)]δ
∗
. Fix ℓ ∈

⋃
δ∈[C1

1 ]1
∗
[C1

1 \ (δ+1)]δ
∗
. Thus

|ℓ| ∈ [C1
1 ]

1
∗
. Define Uℓ ⊆ Z × clubκ by Uℓ(ϵ,C) if and only if Q|ℓ|,ℓ,ϵ(ι) = j̄ for

all ι ∈ [C]
ϵ
∗
. Since |ℓ| ∈ [C1

1 ]
1
∗
, ℓ ∈ [C1

1 \ (|ℓ| + 1)]|ℓ|∗ , and S(|ℓ|,C1
1 \ (|ℓ| + 1)),

one has that j|ℓ|,ℓ = j̄ . By definition of j|ℓ|,ℓ = j̄ , there is a club D ⊆ Z such that
j|ℓ|,ℓ,ϵ = j|ℓ|,ℓ = j̄ for all ϵ ∈ [D]

1
∗
. Fix ϵ ∈ [D]

1
∗
. By definition of j|ℓ|,ℓ,ϵ = j̄ , there

is a club E ⊆ Z such that Q|ℓ|,ℓ,ϵ(ι)= j|ℓ|,ℓ,ϵ = j̄ for all ι∈ [E]
ϵ
∗
, and thus Uℓ(ϵ, E).

So ϵ ∈ dom(Uℓ). Since ϵ ∈ [D]
1
∗

was arbitrary, this shows that [D]
1
∗

⊆ dom(Uℓ).
Uℓ is ⊆-downward closed in the clubκ -coordinate. Thus by Fact 2.9, there is a
club F ⊆ D such that Uℓ(ϵ, F \ (ϵ+ 1)) for all ϵ ∈ dom(Uℓ)∩ [F]

1
∗
= [F]

1
∗
. Thus

Q|ℓ|,ℓ,ϵ(ι)= j̄ for all ϵ ∈[F]
1
∗

and for all ι∈[F\(ϵ+1)]ϵ
∗
. Thus T (ℓ, F). This shows

that ℓ is an element of dom(T ). Since the element ℓ ∈
⋃
δ∈[C1

1 ]
1
∗
[C1

1 \ (δ+ 1)]δ
∗

was
arbitrary, it has been shown that

⋃
δ∈[C1

1 ]
1
∗
[C1

1 \ (δ+ 1)]δ
∗
⊆ dom(T ), and therefore⋃

δ∈[C1
2 ]

1
∗
[C1

2 \ (δ + 1)]δ
∗

⊆
⋃
δ∈[C1

1 ]
1
∗
[C1

1 \ (δ + 1)]δ
∗

⊆ dom(T ). Thus we have
T (ℓ,C1

2 \(sup(ℓ)+1)) for all ℓ∈
⋃
δ∈[C1

2 ]1
∗
[C1

2 \(δ+1)]δ
∗
. In summary, Qδ,ℓ,ϵ(ι)= j̄

for all δ ∈ [C1
2 ]

1
∗
, for all ℓ ∈ [C1

2 \ (δ+ 1)]δ
∗
, for all ϵ ∈ [C1

2 \ (sup(ℓ)+ 1)]1
∗
, and

all ι ∈ [C1
2 \ (ϵ+ 1)]ϵ

∗
.

Let C = C0
1 ∩ C1

2 . Let δ ∈ [C]
1
∗
, ℓ0 ∈ [C \ (δ + 1)]δ

∗
, ϵ ∈ [C \ (sup(ℓ0)+ 1)]1

∗
,

ℓ1 ∈ [C \(ϵ+1)]δ
∗
, and ι∈ [C \(sup(ℓ1)+1)]ϵ

∗
. For i ∈ 2, let ιi ∈ [C \(sup(ℓ1)+1)]ϵ

∗

be defined by ιi (α)= ι(2·α+i) and let σ i
∈ [C \(ϵ+1)]ϵ

∗
be defined by σ i

= ℓ1⌢ιi

(and note that |σ i
| = δ+ ϵ = ϵ since ϵ ∈ Z is indecomposable). Since (δ, ϵ) ∈ [C]

2
∗
,

ℓ1 ∈[C\(ϵ+1)]δ
∗
, and ι∈[C\(sup(ℓ1)+1)]ϵ

∗
, one has, by Claim 1 and since C ⊆C0

1 ,
that χ(σ 0, σ 1) = χ(ℓ1 ⌢ ι0, ℓ1 ⌢ ι1) = η̄. Thus 8(σ 0)(η̄) ̸= 8(σ 1)(η̄). Hence
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there must be some î ∈ 2 such that 8(σ î )(η̄) ̸= 8(ℓ0)(η̄). Thus Qδ,ℓ0,ϵ(σ
î ) = 0.

Since δ ∈ [C]
1
∗
, ℓ0 ∈ [C \ (δ+1)]δ

∗
, ϵ ∈ [C \ (sup(ℓ0)+1)]1

∗
, and σ î

∈ [C \ (ϵ+1)]ϵ
∗
,

Qδ,ℓ0,ϵ(σ
î ) = j̄ . It has been shown that j̄ = 0. Since C ⊆ C1

2 , the conclusion of
the previous paragraph completes the argument for Claim 2. □

By Fact 2.8, let (1,6) be a suitable pair such that 1 : κ × ω → [C]
1
∗

and
6 : L1→[C]

1
∗
. Note that d1 : κ→[C]

1
∗
. Let3(1,6) : [κ]ω →

⋃
ϵ∈[C]1

∗
[C \(ϵ+1)]ϵ

∗

be the injection as defined in Definition 2.6 possessing the properties stated in
Fact 2.7. Let 0 : [κ]ω → Yη̄ be defined by 0( f )=8(3(1,6)( f ))(η̄).

Claim 3. The function 0 is an injection and therefore |[κ]ω| ≤ |Yη̄|.

Proof of Claim 3. Suppose f, g ∈ [κ]ω and f ̸= g. First, suppose sup( f ) ̸= sup(g)
and without loss of generality, sup( f ) < sup(g). Note that d1(sup( f )) ∈ [C]

1
∗
. By

Fact 2.7(2) and (5), we obtain that 3(1,6)( f ) ∈ [C \ (d1(sup( f ))+ 1)]d1(sup( f ))
∗

and 3(1,6)(g) ∈ [C \ (d1(sup(g)) + 1)]d1(sup(g))
∗ . It follows from Fact 2.7(3)

that d1(sup(g)) ∈ [C \ (sup(3(1,6)( f )) + 1)]1
∗
. We use Claim 2 to conclude

that 0( f ) = 8(3(1,6)( f ))(η̄) ̸= 8(3(1,6)(g))(η̄) = 0(g). Secondly, suppose
sup( f )=sup(g), m∈ω is least such that f (m) ̸=g(m), and without loss of gener-
ality, suppose f (m) < g(m). Let δ =1(sup( f ),m)=1(sup(g),m) and note that
δ∈[C]

1
∗

by definition of1. Let ϵ=d1(sup( f ))=d1(sup(g)) and note that ϵ∈[C]
1
∗
,

δ < ϵ, and hence (δ, ϵ) ∈ [C]
2
∗
. By Fact 2.7(4), 3(1,6)( f ) ↾ δ =3(1,6)(g) ↾ δ. Let

ℓ = 3(1,6)( f ) ↾ δ = 3(1,6)(g) ↾ δ. Note that ϵ < ℓ(0) by Fact 2.7(2). The set
A = {3(1,6)( f )(α),3(1,6)(g)(α) : δ =1(sup( f ),m)=1(sup(g),m) < α < ϵ}
has order type ϵ (since ϵ ∈C ⊆ Z is indecomposable). Let ι : ϵ→ A be the increasing
enumeration of A. Since 3(1,6)( f ) and 3(1,6)(g) have the correct type, ι has the
correct type, and thus ι∈[C\(sup(ℓ)+1)]ϵ

∗
. By Fact 2.7(4), ι0 =drop(3(1,6)( f ), δ)

and ι1 = drop(3(1,6)(g), δ). Hence, ℓ⌢ ι0 =3(1,6)( f ) and ℓ⌢ ι1 =3(1,6)(g).
Thus (δ, ϵ) ∈ [C]

1
∗
, ℓ ∈ [C \ (ϵ+1)]δ

∗
, and ι ∈ [C \ (sup(ℓ)+1)]ϵ

∗
. By Claim 1 (and

since C0
1 ⊇ C), η̄ = χ(ℓ ⌢ ι0, ℓ ⌢ ι1)= χ(3(1,6)( f ),3(1,6)(g)). By definition

of χ , 0( f )=8(3(6,1)( f ))(η̄) ̸=8(3(1,6)(g))(η̄)= 0(g). □

Fact 2.12 [8]. Suppose κ is a cardinal such that κ →∗ (κ)
<κ
2 . For all χ < κ , there

is no injection of [κ]<κ into χON, the class of χ length sequence of ordinals.

Under AD+, Fact 2.12 can be extended to all uncountable cardinals κ < 2. Let
PB(κ)= {A ∈ P(κ) : sup(A) < κ}. Note that |PB(κ)| ≤ |[κ]<κ |. If κ is regular,
then |PB(κ)| = |[κ]<κ |. It was shown in [3] that under AD+, if κ < 2 is singular,
then |PB(κ)| < |[κ]<κ |. The main result of [3] shows that under AD+, for all
ω < κ <2 and χ < κ , PB(κ) does not inject into χON, and hence [κ]<κ does not
inject into χON.

Corollary 2.13. Suppose κ is a cardinal satisfying κ →∗ (κ)
κ
2 , λ < κ , and Y is a

set. If |[κ]<κ | ≤ |
λY |, then |[κ]ω|< |Y |.
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Proof. Let 8 : [κ]<κ →
λY be an injection. For η < λ, let Yη = Y . By applying

Theorem 2.11 to ⟨Yη : η <λ⟩, |[κ]ω| ≤ |Y |. Suppose |Y | = |[κ]ω|. Let 6 : Y → [κ]ω

be an injection. Define 5 :
λY →

ω·λκ by 5( f )(ω · δ+ n) = 6( f (δ))(n) for all
δ < λ and n ∈ ω. The function 5 is an injection. Then 5 ◦8 : [κ]<κ →

ω·λκ is an
injection which violates Fact 2.12. This shows that |[κ]ω|< |Y |. □

Remark 2.14. In light of the strict cardinality inequality of Corollary 2.13, one
would expect a strict inequality in statement of Theorem 2.11: that is, there is
an η̄ such that |[κ]ω|< |Yη̄|, in the notation for Theorem 2.11. Unfortunately, the
argument for Corollary 2.13 would require the existence of a sequence ⟨6η : η < λ⟩

such that 6η : Yη → [κ]ω is an injection for each η < λ. When λ > ω, there is
insufficient choice even under determinacy to find such a sequence. Of course, the
ideal strategy to produce the strict inequality in Theorem 2.11 would be to answer the
question of whether [κ]<κ is λ-prime for all λ<κ when κ satisfies suitable partition
properties: if |[κ]<κ | ≤

∣∣∏
η<λ Yη

∣∣, then there is an η̄ < λ such that |[κ]<κ | ≤ |Yη̄|.

The next fact says that if κ is a strong partition cardinal, then P(κ) is ON-regular.

Fact 2.15 [4]. Suppose κ is a cardinal satisfying κ →∗ (κ)
κ
2 . For all functions

9 : P(κ)→ ON, there is an α ∈ ON such that |9−1
[{α}]| = |P(κ)|.

Proof. Since |P(κ)| = |
κ2| = |[κ]κ

∗
|, one will interchangeably use the various

presentations of this cardinality. Assume the result fails. By replacement, for every
function 9 : [κ]κ

∗
→ ON, there is a δ ∈ ON such that 9 : [κ]κ

∗
→ δ. Let δ be the least

ordinal such that there is a function 9 : [κ]κ
∗
→ δ with the property that for all α < δ,

|9−1
[{α}]| < |[κ]κ

∗
|. By minimality, δ must be a cardinal. If f ∈ [κ]κ

∗
, then let

f 0, f 1
∈ [κ]κ

∗
be defined by f i (α)= f (2 ·α+ i) for both i ∈ 2. Define P : [κ]κ

∗
→ 2

by P( f )= 0 if and only if 9( f 0)≤9( f 1). By κ →∗ (κ)
κ
2 , there is a club C0 ⊆ κ

which is homogeneous for P . Suppose C0 is homogeneous P taking value 1. Fix
g ∈[C0]

κ
∗
. For each n ∈ω, let gn ∈[C0]

κ
∗

be defined by gn(α)= g(ω·α+n). For each
n ∈ ω, there is an fn ∈ [C0]

κ
∗

such that f 0
= gn and g1

= gn+1. For all n ∈ ω, since
P( fn) = 1, one has 9(gn+1) = 9( f 1) < 9( f 0) = 9(gn). Thus ⟨9(gn) : n ∈ ω⟩

is an infinite descending sequence of ordinals which is a contradiction. Thus C0

is homogeneous for P taking value 0. Let h ∈ [C0]
κ
∗
. Let g ∈ [C0]

κ
∗

be defined by
g(α)= g(3 ·α+ 2). Let 8 :

κ2 → [C0]
κ
∗

be defined by 8(p)(α)= h(3 ·α+ p(α))
where p ∈

κ2 implies p takes the form of a function from κ into 2. 8 :
κ2 →[C0]

κ
∗

is
an injection. For each p ∈

κ2, there is a unique f p ∈ [C0]
κ
∗

such that f 0
p =8(p) and

f 1
p = g. The statement P( f p)= 0 implies that9(8(p))=9( f 0

p )≤9( f 1
p )=9(g).

Let η =9(g) and note that η+ 1< δ since δ is a cardinal. Define 6 :
κ2 → η+ 1

by 6(p) = 9(8(p)). For all α < η+ 1, |6−1
[{α}]| ≤ |9−1

[{α}]| < |P(κ)| by
the assumption on 9 and the fact that 8 : 6−1

[{α}] → 9−1
[{α}] is an injection.

Thus 6 witnesses that η+1 violates the minimality of δ. This contradiction implies
that P has no homogeneous club. This contradicts κ →∗ (κ)

κ
2 . □
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Fact 2.16. If κ is a cardinal satisfying κ →∗ (κ)
κ
2 , then |[κ]<κ |< |P(κ)|.

Proof. For the sake of a contradiction, suppose 8 : P(κ)→ [κ]<κ is an injection.
Let 9 : P(κ)→ κ be defined by 9(X)= dom(8( f )). By Fact 2.15, there is an
ϵ < κ such that |9−1

[{ϵ}]| = |P(κ)|. Let 6 : P(κ)→ 9−1
[{ϵ}] be an injection.

Then 8 ◦6 : P(κ)→ [κ]ϵ is an injection. Since |[κ]<κ | ≤ |P(κ)|, this implies
there is an injection 3 : [κ]<κ → [κ]ϵ which contradicts Fact 2.12. □

Theorem 2.17. Suppose κ is a cardinal satisfying κ →∗ (κ)
κ
2 . Let ⟨Yα : α < κ⟩

be a sequence of sets. If |P(κ)| ≤
∣∣⋃

λ<κ

∏
α<λ Yα

∣∣, then there is λ̄ < κ such that
|[κ]ω| ≤ |Yλ̄|.

Proof. Let 0 : P(κ)→
⋃
λ<κ

∏
α<λ Yα be an injection. The idea is to consider the

assignment of A ∈ P(κ) to the domain of 0(A) which is an ordinal less than κ . By
Fact 2.15, there is a λ < κ such that a subset of cardinality P(κ) is assigned to λ.
This will induce a function from [κ]<κ into

∏
α<λ Yα. Then the result will follow

by applying Theorem 2.11. The details follow.
Define9 :P(κ)→κ by9(A)=dom(0(A)). (Note that 0(A)∈

⋃
λ<κ

∏
α<λ Yα

implies that0(A) is a function on some λ<κ , and thus9(A) is this λ.) By Fact 2.15,
there is a λ < κ such that |9−1

[{λ}]| = |P(κ)|. Let 6 : P(κ) → 9−1
[{λ}] be

an injection. Since |[κ]<κ |< |P(κ)|, let 5 : [κ]<κ → P(κ) be an injection. Let
8 : [κ]<κ →

∏
α<λ Yα be defined by 8= 0 ◦6 ◦5. Since 8 is an injection, there

is some λ̄ < κ such that |[κ]ω| ≤ |Yλ̄| by Theorem 2.11. □

Corollary 2.18. Let κ be a cardinal satisfying κ →∗ (κ)
κ
2 and let Y be a set.

If |P(κ)| ≤ |
<κY |, then |[κ]ω|< |Y |.

Proof. Let 8 : P(κ) →
<κY be an injection. For each α < κ , let Yα = Y . By

applying Theorem 2.17 to ⟨Yα : α < κ⟩, |[κ]ω| ≤ |Y |. Now suppose |[κ]ω| = |Y |.
(The key observation is that |

<κ([κ]ω)| = |
<κκ|.) Let 6 : Y → [κ]ω be an injection.

Define 5 :
<κY →

<κκ as follows: if f ∈
λY for some λ < κ , then 5( f ) ∈

ω·λκ is
defined by 5( f )(ω · δ+ n)=6( f (δ))(n) for all δ < κ and n ∈ ω. The function 5
is an injection. Then 5 ◦8 : P(κ)→

<κκ is an injection which violates Fact 2.16.
This shows that |[κ]ω|< |Y |. □

3. The well-ordered power set operation

To study the well-ordered power set operation, some results concerning determinacy
in the presence of ∞-Borel codes will be necessary. Below the two relevant facts
will be summarized. See [2; 18] for more information about ∞-Borel codes.

Definition 3.1. A pair (S, ϕ) is an ∞-Borel code if and only if S is a set of ordinals
and ϕ is a formula of set theory. A set A ⊆ R is ∞-Borel if and only if there is an
∞-Borel code (S, ϕ) such that A = {x ∈ R : L[S, x] |H ϕ(S, x)}.
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The following result states that if AD and DCR hold and J is a set of ordinals,
then there is a uniform procedure which translate an ODL(J,R)

{J,z} definition for a set of
reals to an ODL(J,R)

{J,z} ∞-Borel code for that set of reals. This is done using Woodin’s
result that any model of the form L(J,R) |H AD+DC is a “symmetric extension”
of HODL(J,R)

{J }
when J is a set of ordinals. In particular, truth in L(J,R) can be

captured by a suitable remainder forcing of the ω-direct limit of the OD{J } ∞-Borel
code forcing on the various Rn . See [2; 3] for the details concerning this forcing
and these results in the model L(R).

Fact 3.2 (Woodin). Assume AD and DCR. Then there is a function 4 such that
4(φ, J, z, α⃗) is an ∞-Borel code for the set A = {x ∈ R : L(J,R) |H φ(x, J, z, α⃗)}
for all formula φ of set theory, sets of ordinals J , z ∈ R, and finite sequences of
ordinals α⃗. (Moreover, the definition of 4(φ, J, z, α⃗) is absolute into L(J,R), and
thus 4(φ, J, z, α⃗) ∈ L(J,R).)

Proof. This is shown for L(R) in [2, Theorem 7.19]. The same argument works
for L(J,R) after suitable relativization. Moreover, the proof provides a uniform
manner of obtaining such ∞-Borel code from φ, J , z, and α⃗. Also [3] provides a
proof in full generality. □

Fact 3.3 (Woodin perfect set dichotomy; [2, Theorem 8.5]). Assume AD and DCR.
Let E be an equivalence relation with ∞-Borel code (S, ϕ). Then exactly one of
the following holds:

(1) R/E ⊆ ODL(S,R)
{S}

, and hence R/E has an ODL(S,R)
{S}

well-ordering (which is
obtained uniformly from (S, ϕ)).

(2) |R| ≤ |R/E | (there is an injection of R into R/E).

Proof. The definability of the well-ordering in the first case can be seen by the
inspecting the argument corresponding to the first case. See the proof of this result
as presented in [5, Theorem 3.2] which states this more explicitly. □

Definition 3.4. Let X be a set. Let PWO(X) be the collection of all sets A ⊆ X
such that A is well-orderable. If κ is a cardinal, let Pκ(X) be the collection of all
A ⊆ X such that |A| < κ (that is, A injects into κ but κ does not inject into A).
Note that for all cardinals κ , Pκ(X)⊆ PWO(X).

If δ ∈ ON, then let I<δ(X) be the set of all injective functions f : ϵ → X with
ϵ <δ. Let I<ON(X) be the set of all injective functions f : ϵ→ X for some ordinal ϵ.
(By the axiom of replacement, there is a cardinal κ such that I<κ(X)= I<ON(X).)
Let r : I<ON(X) → PWO(X) be defined by r( f ) = f [dom( f )]. The function
r : I<ON(X)→ PWO(X) is a surjection. For any cardinal κ , the restriction of r to
I<κ(X) is a surjection of the form r : I<κ(X)→ Pκ(X).

Theorem 3.5. Assume AD, DCR, and all sets of reals have an ∞-Borel code.
Let κ < 2 and Y be a surjective image of R. Let 8 : P(κ) → PWO(Y ). Let
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r : I<ON(Y )→ PWO(X) be defined by r( f )= f [dom( f )]. Then there is a function
8̃ : P(κ)→ I<ON(Y ) such that 8= r ◦ 8̃.

Proof. For each A ∈ P(κ), one will uniformly define an equivalence relation E A on
a subset RA ⊆ R along with the ∞-Borel code for E A so that 8(A) is in bijection
with RA/E A. Fact 3.3 will uniformly provide a well-ordering for RA/E A which
will be used to define 8̃(A). The precise details follow.

Since κ < 2, let φ : R → κ be a surjection. Define a pre-well-ordering ⪯

on R by x ⪯ y if and only if φ(x) ≤ φ(y). Let rk⪯(x) be the rank of x in the
pre-well-ordering ⪯ and note that rk⪯ = φ. Let 0 be any nonselfdual pointclass
closed under ∧, ∃

R, and containing ⪯ (for example, the pointclass61
1(⪯) frequently

used for the Moschovakis coding lemma). Let U ⊆ R × R × R be a set in 0 and
universal for subsets of R2 in 0 (which exists by an application of the Wadge
lemma). Let 0̄ ∈ R be the constant 0 function. For each e ∈ R, define the set
Ce = {α ∈ κ : (∃x)(rk⪯(x) = α ∧ U (e, x, 0̄))}. For each A ⊆ κ , let TA ⊆ R × R

be defined by TA(x, y) if and only if rk⪯(x) ∈ A ∧ y = 0̄. By the Moschovakis
coding lemma, there is a V ⊆ R2 with V ∈ 0 such that V ⊆ TA and for all α < κ ,
TA∩(rk−1

⪯
[{α}]×R) ̸=∅ if and only if V ∩(rk−1

⪯
[{α}]×R) ̸=∅. Since U is universal

for subsets of R2 in 0, there is an e ∈ R such that V = Ue = {(x, y) : U (e, x, y)}.
Then Ce = A. Thus the map e 7→ Ce is a surjection of R onto P(κ) via the explicit
coding procedure described above using ⪯ and the universal set U . Note that this
coding is absolute to any inner model M containing all the reals, ⪯, and U . This
implies that P(κ)= P(κ)∩ M .

Since Y is a surjective image of R, without of generality, assume Y = R/E for
some equivalence relation E on R. Define R ⊆ P(κ)×R by R(A, z) if and only if
[z]E ∈8(A). Note that for all A ∈ P(κ), RA = {z ∈ R : R(A, z)} =

⋃
8(A) and

RA/E =8(A). Define R̂ ⊆ R × R by R̂(e, z) if and only if R(Ce, z).
Since all sets of reals have ∞-Borel codes, let (S0, ϕ

′

0), (S1, ϕ
′

1), (S2, ϕ
′

2), and
(S3, ϕ

′

3) be ∞-Borel codes for ⪯, U , E , and R̂, respectively. For notational
simplicity, merge all four sets of ordinals S0, S1, S2, and S3 into a single set
of ordinals T in some simple manner. Then one can find four formulas ϕ0, ϕ1, ϕ2,
and ϕ3 so that (T, ϕ0), (T, ϕ1), (T, ϕ2), and (T, ϕ3) are ∞-Borel codes for ⪯, U ,
E , and R̂, respectively.

Thus ⪯,U, E, R̂ ∈ L(T,R). By the discussion above, P(κ)⊆ L(T,R). Thus
R ∈ L(T,R) since within L(T,R), one can define R(A, z) if and only if there
exists an e ∈ R such that R̂(e, z) and Ce = A. Moreover using the ∞-Borel codes
(T, ϕ0), (T, ϕ1), (T, ϕ2), and (T, ϕ3), the above shows that R is ODL(T,R)

{T }
. Let

A ∈ P(κ). Define E A ⊆ R×R by x E A y if and only if x E y ∧ R(A, x)∧ R(A, y)
which is an equivalence relation on RA = {x : R(A, x)}. Note that E A and RA

are ODL(T,R)
{T,A}

. Since T and A can be merged into a single set of ordinals and
the equivalence relation E A is ODL(T,R)

{T,A}
, Fact 3.2 implies there is ∞-Borel code
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for E A which is ODL(T,R)
{T,A}

. Let (SA, ϕA) be the least such ∞-Borel according to
the canonical ordering of ODL(T,R)

{T,A}
(or let it be the ∞-Borel code obtained by

the uniform procedure of Fact 3.2). Since RA/E A = RA/E = 8(A), RA/E A is
well-orderable. Therefore by Fact 3.3, RA/E A has an ODL(T,R)

{T,A}
well-ordering.

Let ⊏A be the ODL(T,R)
{T,A}

-least such well-ordering (or more explicitly, the well-
ordering uniformly defined from (SA, ϕA) as in the proof of Fact 3.3 found in [2]).
Let ψA : ot(⊏A) → RA/E A be the canonical order-preserving enumeration of
RA/E A = 8(A) via ⊏A. Let 8̃(A) = ψA. Thus 8̃ : P(κ) → I<ON(Y ). Since
8̃(A)= ψA enumerates 8(A)= RA/E A, r(8̃(A))=8(A). Thus r ◦ 8̃=8. □

In other words, Theorem 3.5 states that for all 8 : P(κ)→ PWO(Y ), there is
a function 8̃ : P(κ)→ I<ON(Y ) such that 8̃(A) is an well-ordered enumeration
of 8(A) for any A ∈ P(κ). Note that there is in general no map 0 : PWO(Y )→

I<ON(Y ) which sends a well-orderable B ⊆ Y to a well-ordered enumeration 0(B)
of B. In fact, there is in general no injection of PWO(Y ) into I<ON(Y ). For example,
let Y = R. Let E0 be the equivalence relation on ω2 defined by x E0 y if and only
if there exists an m ∈ ω such that for all n ≥ m, x(n) = y(n). If ACR

ω holds and
all subsets of R have the property of Baire, then R/E0 is not linearly orderable.
R/E0 injects into Pω1(R) by the inclusion map since E0 is an equivalence relation
with all countable classes. Thus Pω1(R) is not linearly orderable. However I<ω1(R)

is linearly orderable by the lexicographic ordering. (Also one can inject I<ω1(R)

into P(ω1) and use the lexicographic ordering on P(ω1).) This shows that Pω1(R)

does not inject into I<ω1(R). This discussion also shows |I<ω1(R)|< |Pω1(R)|.

Theorem 3.6. Assume AD, DCR, and every subset of R has an ∞-Borel code. Let
κ < 2 satisfy κ →∗ (κ)

κ
2 . Let Y be a surjective image of R. If |P(κ)| ≤ |Pκ(Y )|,

then |[κ]ω|< |Y |.

Proof. Let 8 : P(κ) → Pκ(Y ) be an injection. By Theorem 3.5, there is a
8̃ : P(κ)→ I<ON(Y ) such that 8= r◦ 8̃. Since 8 is injective, this implies that 8̃
must be injective. For all A ∈ P(κ), 8(A)= r(8̃(A))= 8̃[dom(8̃(A))] implies
that 8̃(A) is a well-ordered injective enumeration of 8(A). Since 8(A) ∈ Pκ(Y ),
8̃(A) ∈ I<κ(Y ), and thus 8̃ : P(κ) → I<κ(Y ). Since I<κ(Y ) ⊆

<κY , 8̃ may
be regarded as an injective function 8̃ : P(κ) →

<κY . Then |[κ]ω| < |Y | by
Corollary 2.18. □
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