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LOCAL SMOOTHING ESTIMATES
FOR BILINEAR FOURIER INTEGRAL OPERATORS

DUVAN CARDONA

We formulate a local smoothing conjecture for bilinear Fourier integral
operators in every dimension d > 2, derived from the celebrated linear case
due to Sogge, which we refer to as the bilinear smoothing conjecture. We
show that the linear local smoothing conjecture implies this bilinear version.
As a consequence of our approach and due to the recent progress on the
subject, we establish local smoothing estimates for bilinear Fourier integral
operators in dimension d = 2, that is, on Rﬁ x R¢. Also, partial progress is
presented for the high-dimensional case d > 3. In particular, our method
allows us to deduce that the bilinear local smoothing conjecture holds for all
odd dimensions d.

1. Introduction

We propose a conjecture on local smoothing estimates for bilinear Fourier integral
operators (FIOs) derived from the linear case observed by Sogge [1991]. Recent
progress in the field (see [Beltran et al. 2020; Gao et al. 2023]) allows our methods
to fully prove the conjecture for d = 2 and to advance the problem partially for
d > 3. In particular, we deduce that the bilinear local smoothing conjecture is true
when d is odd. We first recall the linear local smoothing conjecture [Sogge 1991]
and then introduce its bilinear form. Our main result is Theorem 2.6; our approach
investigates the smoothing properties of high and of low frequencies of a bilinear
Fourier integral operator. For the analysis of the high frequency portion, among
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other things, we make use of a boundedness theorem for maximal functions proved
by Bourgain [1985].

According to Hormander [1971], an FIO T of order m € R, with real phase
function ¢, is a continuous linear operator 7" : C5° (R4 )—>C (R4 xR) of the form

(1-1) T f(x.1) = / SO (x1,6) f(€) dE.
Rd

where f is the Fourier transform of f € C§*° (R9). The symbol a := a(x,1,§) is
of Kohn—Nirenberg order m € R, that is, a satisfies the symbol inequalities

(1-2) 080¢a(x.1.6)| < Cap(1+[EN™ 1 forall a, B € No.

The symbol a has compact support in (x, #). We assume that in an open neighbour-
hood V of w(supp(a)) := {(x.t) : (x,t,&) € supp(a)} (with V being a compact
set) the real-valued phase function ¢ is homogeneous of degree 1 in £ # 0, smooth
in (x,1,&) € V x (R?\ {0}), and satisfies the nondegeneracy condition

(1-3)  det((33 ¢p(x.1,m)), o ;g #0 forall (x,1,§) €V x (RE\ {0}).

The corresponding L?-theory for these operators can be summarised as follows;
see the works of Tao [2004] and Seeger, Sogge and Stein [Seeger et al. 1991].

Theorem 1.1. Let t € R be fixed in the support of the symbol a := a(x,t,§). Let
T=T (ﬁ_(';t_’)') be a Fourier integral operator of order m € R. Then:

(1) Ifm=—(d—1)/2and T is of weak (1, 1) type, then there is C; > 0 such that
(1-4) ITf I p1co@ey < Cell fllgay forall feL'R?).

2) Let 1 < p < o0. Let T be an FIO of order m = —(d — 1)}% —% . Then T
is bounded from LP(Rg) to LP(Rz). If p =1, then T is bounded from the
Hardy space H'! (R;‘f) to L! ([ng) As in (1-4), these operator norms depend
ont.

The case p = 2 in Theorem 1.1 was proved in [Duistermaat and Hormander
1972]; see also [Eskin 1970]. Other references related to the global boundedness of
Fourier integral operators are presented in Section 3. For now, we emphasise that, in
terms of the L?-regularity, Theorem 1.1 shows that Fourier integral operators lose
s=(d-1) ‘% - %| derivatives. In other words, on the scale of Sobolev spaces L?,
a Fourier integral operator 7' = T;’((tt)) of order m € R satisfies the time-dependent
estimate
(1-5) ITF Ny @y = ”f”Lsp-i-m-i-(d—l)l1/2—1/1’|(R¥)’ b<p=oo
It was first observed by Sogge [1991], in the context of the wave equation, that

averaging in time on the left-hand side of (1-5) allows one to improve the loss of



LOCAL SMOOTHING ESTIMATES FOR FOURIER INTEGRAL OPERATORS 243

regularity. This observation led to the formulation of the (linear) local smoothing
conjecture for the wave operator. If true, this conjecture would represent a remark-
able breakthrough, as it formally implies several other major open problems in
harmonic analysis, including the Bochner—Riesz, Fourier restriction, and Kakeya
conjectures; see [Tao 1999].

In the setting of Fourier integral operators, the main assumption on the phase to
formulate the linear local smoothing conjecture is the following cinematic curvature
condition.

Definition 1.2 (cinematic curvature condition). We say that
¢:1=(x.1.5) € CORY xRy x (RT\ {0}))

satisfies the cinematic curvature condition on a compact set K C R? x R; if the
following conditions are satisfied:

(1) The phase ¢ is nondegenerate, that is,

(1-6) rank(92 ¢ (x.t.m) =d, (x.t)eK, neR?\{0}.
(ii) Consider the Gauss mapping G : K x (R? \ {0}) — S¢, where
Go(x.1,1)
Gx,t.n) = —F——— d Go(x,t,n):= 0y, 0 J1,1).
(etom) = e rmmsy and Golx.t.n) N O, 0xa(x.1.1)

1<j=<d

The rank condition
(1-7) rank (97, (0x,c¢(x. 1. 7), G(2,70)) [n=no) =d — 1
holds for every (x,,10) € K x R4, ng # 0.

Adapted to Fourier integral operators, the linear smoothing conjecture can be
stated as follows. In order to formulate it we use, for its critical index, the notation

18) _ 2@rD) i g s odd,
- Pd =

% if d is even.
Conjecture 1.3 (linear smoothing conjecture for FIOs). Let d > 2. Let Ta¢ be a
Fourier integral operator of order m € R, and with nondegenerate phase function
satisfying the cinematic curvature condition; see Definition 1.2. For any p > pg,

1
and 0 < —,
P

1 1
19 T8 o < 1 g, s=m+@-n(3-- )0
1
Remark 1.4. Examples constructed by Bourgain [1991; 1995] can be used to
identify Fourier integral operators that satisfy the cinematic curvature condition

but for which local smoothing fails for all o < %, whenever p < pgy. Compared
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d‘234567891011121314151617181920

8 5 5 12 12 7 7 16 16 9 9 20 20 11
3 2 2

p_d‘4433 5 5 3 3 7 7 4 4 9 9 5

wloo

Table 1. Critical index p,; for dimensions d = 2 to 20.

with Theorem 1.1, Conjecture 1.3 claims a gain of regularity of order o < %. We
illustrate some values of the critical index p; in Table 1.

Let us introduce the required notation to formulate the bilinear counterpart to
Conjecture 1.3 by adopting the notion of bilinear Fourier integral operators as
studied, e.g., by Grafakos and Peloso [2010], and for the form of the operators
formulated here, see the work of Rodriguez-Lépez, Rule, and Staubach [Israelsson
et al. 2021].

Let a € C°°(IR§ x Ry x RY x Rg) be a bilinear symbol. We say that a has

3
order m € R if it satisfies the estimates

(1-10) [0 a(x. 1. 60D Sparan (14161 + )"l

The Kohn—Nirenberg bilinear class § {',’0 =S {'fo([Rng x R, x [Rg % [R‘; ) is the set
formed by those bilinear symbols of order m.
Let us consider the bilinear Fourier integral operator

TP = [ [ R, g f @20 dé dn

where the symbol a is compactly supported in (x,?) € R4 x R, and each phase
function ¢; (x,1,§) € C“(Rg x R; x (R4 \ {0})) is positively homogeneous of
order 1 in £ € R? \ {0}, and they satisfy the cinematic curvature condition; see
Definition 1.2.

Here, we will denote by Z = [a, b] an arbitrary nonempty finite interval and then
—00 <a < b < oo. To slightly reduce our analysis, since the symbol a :=a(x, t, &, n)
is assumed to be compactly supported in (x, ¢), and without loss of generality we
will choose a compact set K C R? such that

(1-11)  (x,t)—supp(a) :={(%,7) e R¢ xR: (%,7) € supp(a)} C K x T,
increasing the length of 7 if needed. It becomes clear that

(1-12) ||Tfl’¢2(f7 g)||LP(R§xR,) = ”be(ﬁz(f’ g)”LP(KxI)-

This fact will not be used in our formulation of the bilinear smoothing conjecture
but will be crucial in our further analysis. Based on the linear smoothing conjecture
for Fourier integral operators, it is natural to suppose that the following result holds
in any dimension d > 2.
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Conjecture 1.5 (bilinear smoothing conjecture for FIOs). Let d > 2. For any
P1. P2 > pa, let o < %, oy < %. Let 722 be a bilinear Fourier integral
operator, with nondegenerate phase functions satisfying the cinematic curvature
condition. Let a € ST'; be its symbol, having order m < 0, and being compactly

supported in (x,7) € R x R. Then

(1-13) ||Tfl’¢2(ﬁ g)”LP(Rj‘gx[R,) < ”f”Lfll ([R{‘l)”g”szz(Rd)’

where

1 1 1 1 1

—=—+—, si=mi+d-1| s——)—0i, m=mi+mz, m;=0,mz<0.
P P1op2 2 pi

Remark 1.6. In the above display one has that p > % Ppa- Note that there is no loss
of generality in assuming that m < 0 in Conjecture 1.3; see Remark 2.5. Moreover,
if a(x,t, &, n) has compact support in £, there is no restriction in assuming that
my < 0 has arbitrarily large absolute value. Conversely, if a(x, 7, &, ) has compact
support in 7, there is no restriction in assuming that m; < 0 has arbitrarily large
absolute value.

Analysing the relationship between the two conjectures above is our main goal.
Indeed, we prove the following result.

Theorem 1.7. The linear smoothing Conjecture 1.3 implies the bilinear smoothing
Conjecture 1.5.

The proof of Theorem 1.7 will be deduced from a more qualitative version
of it, see Theorem 2.6, which in particular will prove that any progress in the
linear smoothing conjecture for FIOs implies a counterpart for bilinear FIOs in any
dimension d > 2.

The local smoothing conjecture has been verified in dimension d = 2 by Guth,
Wang, and Zhang [Guth et al. 2020] for solutions of the wave equation. Moreover,
since the linear smoothing conjecture for FIOs has been proved in dimension d = 2
by Gao, Liu, Miao, and Xi [Gao et al. 2023], and for odd d by Beltran, Hickman,
and Sogge [Beltran et al. 2020], their results, combined with Theorem 1.7, imply:

Corollary 1.8. For d = 2 the bilinear local smoothing conjecture holds. In other
words, for any p1, p2 > 4, let 01 < %, oy < é. Leta € Sﬁ’o be a symbol of order
m < 0, being compactly supported in (x,t) € R? x R. Then

(1-14) ”Tc?l’qbz(f» g)HLP([R{%x[R,) < ”f”Lfll (R2)”g”L522([R22)’
where
1 1 1 1
(1-15) —=—+—, si=mj+-———0;, m=mi+mz, m13=0,my<0.

P D1 D2 2 pi
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On the other hand, if d is odd, the bilinear local smoothing conjecture holds. This
means that for any

_ 2(d +1
(1-16) P1, D2 > Pg = %

and for every 01 < % oy < pl an operator T‘ﬁl’q&2 having order m < 0, with

nondegenerate phase functions satisfying the cinematic curvature condition, satisfies

1,9
(1-17) 1T L Dty < 1 11 @y 181122y
where
1 1 1

—= —+i, S; :m,--l—(d—l)(l——)—cri, m=mi+my, my=<0,my<0.
P Prop2 2 pi

There is no sense of thinking about a calculus of bilinear FIOs, however,
each bilinear FIO has encoded its own calculus of linear FIOs when investi-
gating its inner structure [Rodriguez-Lépez et al. 2014]. We will adopt in our
further analysis the structural properties introduced by Rodriguez-Lépez, Rule,
and Staubach [Rodriguez-Lopez et al. 2014] for bilinear Fourier integral operators.
These structural properties serve as a substitute for the calculus of Fourier integral
operators due to Hormander [1971] in this setting. A natural question is to what
extent a bilinear FIO is approximately the composition (or the product) of two
linear FIOs. Indeed, unless the bilinear symbol of an operator has compact support
in one of the two frequency variables (£, 1), a bilinear FIO cannot be written as
the composition of two linear FIOs. Their method consists of making a careful
continuous decomposition of the high frequencies of a bilinear FIO Ta¢ 1,62 Roughly,
it expresses the high frequency portion of the operator as a sum of two operators of
the form (see (46) of [Rodriguez-Lopez et al. 2014, page 18])
(1-18) T2 (u(D) f. u(D)g)(x. 5)

[ /[T“Z‘uf(x s)T¢2ug(x )z(iTU72;]13 du dv ?,
where |U|? = |u|?> + |v|®. The operators T v and T ', are approximations
of linear Fourier integral operators. In partlcular Rodrlguez Lopez et al. [2014]
have used this representation to establish a bilinear extension of the celebrated
Seeger—Sogge—Stein theorem [Seeger et al. 1991].

In view of the linear smoothing property for FIOs proved in dimension d = 2
in [Gao et al. 2023], it is of interest for us to ask whether or not the methods in
[Rodriguez-Lépez et al. 2014] can be applied to smoothing estimates in the bilinear

context considering the heavy machinery used in their analysis from various parts of
harmonic analysis; see, e.g., the discussion in [Rodriguez-Lépez et al. 2014, page 3].
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One of the main differences of bilinear smoothing estimates compared with the
analysis for time-dependent boundedness theorems as in [Rodriguez-Lépez et al.
2014; Seeger et al. 1991] came from the fact that we cannot make use of endpoint
estimates at infinity involving the BMO space, or at p = 1, and then involving
the Hardy space H!. In our case for the range of values p1, p» > pg, we have to
deal entirely with the LY! x L?? — LP-estimate. Making use of square-maximal
functions as in [Rodriguez-Lopez et al. 2014] we deal with the complexity of
working with the direct Lfll X szz — LP-boundedness theorem by applying, in
a certain portion of the continuous decomposition of the operator, a well-known
theorem for estimations of maximal functions, due to Bourgain [1985; 1986]; see
Theorem 4.2. In comparison with the previous methods in the literature this is the
main novelty of this paper.

This paper is organised as follows. In Section 2 we present our main result (see
Theorem 2.6) about smoothing estimates for bilinear FIOs. Section 3 is dedicated
to providing preliminaries about the inner structure of these operators. Section 4 is
dedicated to the proof of Theorem 2.6.

2. Smoothing estimates for bilinear F1Os

We formulate our main result in Theorem 2.6 presented below. First, we introduce

two necessary definitions. Throughout, we denote by . (R?) the Schwartz class
d

on R%.

Definition 2.1. Let d > 2, and let 2 < p* < oco. Let Tf be a Fourier integral
operator of order m € R, and with nondegenerate phase function satisfying the
cinematic curvature condition; see Definition 1.2. If for a fixed Lebesgue index p,
with p > p*, there exists s = s(p, m, d) such that

(2-1) T2 flr@axn S IflLr@ay forall feCee®RY),

we say that the operator T satisfies the linear local smoothing property (LLSP)
with parameters (p*, p, s).

Remark 2.2. The local smoothing conjecture claims that any Fourier integral
operator of order m € R with phase satisfying the cinematic curvature condition
should satisfy the linear local smoothing property (LLSP) with parameters (py4, p, $),
where
1 1
s=m+d-1)[-——)—o,
2 pi

1
and o < —.
D

Definition 2.3. Let d > 2, and let 2 < p* < co. Let Tf 192 be a bilinear Fourier
integral operator of order m € R, and with nondegenerate phase functions ¢1, ¢,
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satisfying the cinematic curvature condition. If for a fixed pair (p1, p2), with
P1, p2 > p*, there exist s;1 = s(p1,m,d) and s = s(p2,m, d) such that

(2-2) ”Tfl’(pszLP(Rde) < ”f”Lfll (Rd)”g”szZ(Rd) forall f, g€ COOO(Rd)?

with + = % + é, we say that Tf 192 satisfies the bilinear local smoothing property
(BLSP) with parameters (p™*, p, p1, p2,51,52).

Remark 2.4. The bilinear local smoothing conjecture claims that any Fourier
integral operator of order m = m + m, < 0, my < 0, with phases satisfying the
cinematic curvature condition should satisfy the bilinear local smoothing property
with parameters (pg, p, p1, P2, 51, 52), Where

11
8i =mz~+(d—1)(§—;)—0i,

1

where o; is any number satisfying o; < #.
1

Remark 2.5. There is no restriction in assuming that m < 0 in Conjecture 1.3.
Indeed, if mg > 0 is the order of a Fourier integral operator Ta¢ , one can take sq
such that m = mo —s9 < 0, and to replace f by f5, = (1 — A)%0/2 to get for the
FIO T = T(1 — A)~50/2 the smoothing property

~ - 1 1
IT frollLo@axny S 1= BY2 ey, §=m+(d - 1)(5 - E) ~o.
The previous estimate is equivalent to
- 1 1
1T/ N Lrmaxz) < ||f||L§’+S0(Rd)’ §+s0=mo+(d — 1)(5 - Z) —o.

This fact and our evidence justify our choice of assuming that the order m is negative
in Conjecture 1.5. Moreover, according to our methodology, we decompose the
operator T21%2 as

TP 92(f, g) = T292(u(D) f, w(D)g)
+ T2 (u(D) £, (1— 1)(D)g) + T2 ((1— (D)) £, 8).

where (1 is supported outside of a ball centred at the origin. The second and the third
terms are the low-frequency portions of the operator. Curiously, for the analysis of
the low-frequencies we need the hypothesis m; < 0, while for the analysis of the
high frequencies we need to assume that m, < 0.

Theorem 2.6. Let d > 2, and let 2 < p* < oco. Consider the following hypothesis:

(H1) Assume that a pair of real numbers (m1, m) and a pair of Lebesgue indices
(p1, p2) are such that p; > p* and satisfy that any Fourier integral operator
of order m; satisfying the cinematic curvature condition also satisfies the
LLSP with parameters (p*, p;i, si) for some s; = s;i(pi,mi,d).
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Then, ifm:=my+my, m1 <0, and my <0, every bilinear Fourier integral operator
Tf 1,92 of order m with nondegenerate phase functions satisfying the cinematic
curvature condition satisfies (BLSP) with parameters (p*, p, p1, p2,51,52). In
other words,

(23) 1T F o @iz S 1 1z gy 18122 gy

1 _ 1, 1
wherep—p1+p2,1<p<oo.

Proof of Theorem 1.7. The theorem follows from Theorem 2.6 taking also into
account Remarks 2.2 and 2.4. O

Proof of Corollary 1.8. The proof follows from Theorem 2.6 and the solution of the
linear smoothing conjecture in dimension d = 2 due to [Gao et al. 2023]; also for
d odd, this conjecture has been verified in [Beltran et al. 2020]. For the numerical
details used here for this conjecture with d odd, see [Gao et al. 2023, page 1926].
This fact combined with Theorem 2.6 proves the statement in this case. O

3. Preliminaries

In this section, we present the structural properties of bilinear FIOs as introduced
in [Rodriguez-Lopez et al. 2014]. As mentioned before, these structural properties
replace the calculus of Fourier integral operators due to Hormander [1971] in
this setting in the sense that we want to understand bilinear operators as twisted
versions of compositions or products of linear FIOs. In other words, each bilinear
FIO induces its own calculus of linear FIOs when investigating its inner structure
[Rodriguez-Lépez et al. 2014].

Standard notation such as ¥ (D) and ¥ (¢ D) will be used later for the correspond-
ing multipliers with symbols ¥ := ¥ (n) and ¥ (¢ -) := ¥ (¢n), respectively.

3.1. Structural properties of bilinear FIOs. First, we will review the structure of
the bilinear operator 7.2"**? given by

G-1) TPP(f )(x,1)
:/Rd /I;dezm(qﬁl(x,t,§)+¢2(x,t,n))a(x’[’E’ 07 ©)8() dE dn.

The first step will make a reduction of our analysis in low frequencies and in high
frequencies. For this we follow the approach and notation in [Rodriguez-Lépez
et al. 2014, Sections 3—4]. Some remarks are in order.

Remark 3.1 (see [Rodriguez-Lopez et al. 2014, page 12]). We will use the structure
of the operator Tf 192 (o decompose it in a suitable continuous form. The phase
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functions ¢; are smooth, positively homogeneous of order one in the frequency
variable and they are nondegenerate. By the mean value theorem

(3-2) |Vxgj (x.1.§)| S I§| forall (x.1.§) €Kx(RI\{0}) = K xTx (R \{0}).
In addition, the phases are nondegenerate and then one has the lower bound

(3-3) 6] < |Vxgpj (x.2.6)] forall (x.1.6) €Xx(RI\{0}) = K xTx(R?\{0}).
Therefore, there exists A > 0 such that on K x Z x (R? \ {0}) one has the estimate

64 Mg = Vs (e, 8) < 5

We consider a smooth function u such that £ = 0 on {S eR?: g < ﬁ} and u =1
on {£ eRY: ] > 25}
Remark 3.2. We decompose the operator 72""?* as

(3-5) TPV (f.g) = TP (w(D) f. (D)g)
(3-6) +T292(u(D) £, (1-p)(D)g) + T2 (1- (D)) £. 8).

The second and the third term are the low-frequency portions of the operator. That
these parts satisfy the Lfll X szz — LP? estimate requires an analysis based on

understanding the low frequency portion of the operator as an almost composition
of linear FIOs; see Section 4.1.

Remark 3.3 (see [Rodriguez-Lépez et al. 2014, Section 4]). For the analysis of
the high-frequency portion Ta¢ 1,62 (u(D) f, u(D)g) one can introduce two smooth
cut-off functions v, y € C(?O(Rd x R?) such that y(¢£,7) = 1 for |&] + || < 1,
X(E ) = 0 for [§] + [n] = 2, v(E.n) = 0 for A%[¢| < 16]n], and v(§, ) = 1 for
64 |n| < A2|£|. Let us define

(3-7 ar:={(—=ywva, ar:=>0-y)(1—-v)a.
We have that a; and a; are bilinear symbols of order m, and

T2 (w(D) f. w(D)g) = TLV P2 (u(D) £, w(D)g) + TLH?2 (u(D) f. w(D)g).

We have the representation (see equation (43) in [Rodriguez-Lopez et al. 2014,
page 16])

(3-8) T2 (w(D) f. n(D)g)(x.s)

1
1 é> m(t,x,s,u,v) dt
= T f(x, )T, g(x, du dv —.
fo /i st e duan
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The operator qulu has the factorisation modulo an error term (see equation (54) in
[Rodriguez- Lopez et al. 2014, page 20])

(3-9) Tfi}u =T QYTY 41T E],

where:

e OV is a Fourier multiplier with symbol (see equation (54) in [Rodriguez-Lopez
et al. 2014, page 21])

(3-10) § > L™ (16)e™E € 7 (R").
The function ¢ € ./(R") is chosen to be smooth, whose Fourier transform is

supported on the annulus {£ € R : 1 <|&| <2} and such that

X~ Sdt
/ |y (28)] T=1 for all r > 0 and for all & # 0.
0

¢ The operator Tfnll is a Fourier integral operator of order m; with phase ¢; and
with symbol (see equation (55) in [Rodriguez-Lopez et al. 2014, page 21])

(B-11) (x5, €) > v, (x,§) = (E) X (X)| Va1 (x, 5, §)|"" € ST (RE xRy xRY).

The operator E; ! has the same phase ¢ of the operator T,?Zi and a symbol in the
class 7'~ (1/2 (R4 1

¢ xRy x [R{g), with seminorms bounded by the product of ¢4,
ee (0,4 ) with a polynomial expression in |u|.

On the other hand, Tjﬁv, modulo an error term, admits the factorisation (see
equation (56) in [Rodriguez-Lépez et al. 2014, page 21])

—m2T¢2 — P T¢2 + E2,
where:
(i) The symbol of P/ is given by

s (e’ e SP o (RY).

(ii) T;ff is an FIO of order m, < 0, with phase function ¢,, and with symbol
1

(x,8,m) > 1 (x,s,m) = () 1 ()01 (1 Vo (x, 5.~ € ST (RY x Ry xRy,

uniformly in ¢ € (0, 1]. Here, E? is a Fourier integral operator with phase ¢, and
a symbol in the class S m2 (i/2- ”(Rg X Ry X IR,‘;Z), with seminorms that behaves
polynomially in |v].
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3.2. Decomposition a la Coifman—Meyer. Some remarks are in order.

Remark 3.4. The core of the proof of the structural properties for bilinear FIOs
lies in the representation in (3-8) for Tf]' ¢2 ! that is (see [Rodriguez-Lépez et al.
2014, page 21]),

(3-12)  T2V%2(u(D) £, w(D)g)(x, 5)

! t,X,8,U,V) dt
= T¢]u , T¢2u , m( s Ay, U, d d al
S szt i g v

About the 4 1ntegral in (3-12), by writing m(¢, x, s) := m(t, x,s,u, v), one has

! dt
| T8 TR it x9) = 1+ Bt 1
0
with

1
h= [ QU Fe P  mir x5
I= / QUTE! 15, 9)EZg(x. smit,x.5)

I3 =/0 Etlf(x,s)t_m2T¢2Ug(x s)ym(t, x, s)—

Remark 3.5. For m < 0, and with m, < 0, we have the representation (see
[Rodriguez-Lopez et al. 2014, Case II on page 24, and page 26])

tdr

I = Z/K / X (rO(QY TS )PP S7,8)(x, $)m(t, x, )

where S,I’ ; = 1" P Qtr T,?5 2, with Tf % being a Fourier integral operator of
order mo with symbol

G-13) (s = 1ORMIVaga (x5, )™ € ST (R x Ry x RY),

and P ; is the Fourier multiplier with symbol 91 (tn). The operators S2,, S3., have

the form

r,t> ~Mr,t

§2,5(x.5) = 5™ Pl,t( / ARG R2 (s e dn) ),

Si,g(x,s) = sz([ei¢2(x’s’”)R}(x,s, m&mn) dn),

LA similar representation holds for T,gl 92 So, we will just analyse one of these two terms in the
proof of our main theorem.
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where R} (x,s,7), R} (x,s,7) € S;"’g_(l/z_s)([l%ﬁ xRy x RY). Also, these symbols
have seminorms that are bounded by ¢ and by (¢r)¢, with ¢ € (0, %) respectively.

Remark 3.6. The operators P/ and Q} are uniformly LP(Rf)-bounded with
operators norms growing polynomially in |u| and |v]|, respectively; see, e.g., [Stein
1993, page 161].

Having understood the calculus of Fourier integral operators inside a bilinear
FIO we will start the analysis of low frequencies in the next section.

4. Proof of Theorem 2.6

In this section we prove our main Theorem 2.6. We split our analysis in two parts.
First, we investigate the smoothing properties of the low frequencies of a bilinear
FIO. This portion of the operator is approximately the composition of two linear
Fourier integral operators. As for the portion of the operator formed by the high
frequencies, the idea is to express it in terms of paraproducts a la [Coifman and
Meyer 1978].

4.1. Analysis of the low frequencies. For the analysis of low frequencies it suffices
to prove that a Fourier integral operator

TP (fog)(x.1) = /R ) /R PTG R D (x 1, 6,1) £ (§)8(n) d§ dn.

with a symbol a := a(x,t, &, n) compactly supported in £ or in 7, satisfies the
estimate

@-1) ITE e nn S IF 1 e 18122 ey

Here

1 1 1 1 1

—=—+4—, si=mi+(d-1)| z—— |—0i, m=mi+mz, my=<0, my<O0.
p P D2 2 pi

Without loss of generality, let us assume that f, g € C5°(R"), and that the symbol a
is compactly supported in (x,7,£). The following remark will be useful in our
further analysis.

Remark 4.1. Assume that the parameters s; are of the form
(4-2) si =m; +5i(pi, d).

Let N be an arbitrary integer. Observe that if the symbol a(s, ¢, £, n) has compact
support in &, then there is no restriction in Theorem 2.6 in assuming that m, < 0
has arbitrarily large absolute value; in particular, we may assume that |m,| > N.

Similarly, if a(s, ¢, &, 1) has compact support in 7, there is no restriction in
assuming that m1 < 0 has arbitrarily large absolute value.
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To justify this claim, namely that it is enough to consider the conclusion of
Theorem 2.6 when |m;| is large, we consider the first case, where a(s, ¢, £, n) has
compact support in &.

The idea is to consider m, < 0 with small absolute value, and reduce the proof
to the case where m, < 0 has large absolute value.

Let m =mq1 +m2, my <0 be the order of a bilinear FIO Ta¢ 192 One can take S0
such that m), = my —s9 < —N, and can replace g by g5, = (1 — A)0/2g to get
for the bilinear FIO

(4-3) T2 = TP (1= A ™02 )
of order m —s = (my —sg) +mp =my +my =my + (my —s9) =mq —i—m’2 that
12192 £ 9)llLr(kxz) = ITL 2 (f gso) ILr(kxz) < “f”Lfl‘ (Rg)HgsOHLf;(ng
where

st =m1+51(p1,d), s5=ma—s0+352(p1,d).
Observe that
(4-4) 52 1= + 5o = ma +52(p1,d)

does not depend on s¢9. Note also that in the case of the linear smoothing conjecture
one has

I 1 1
S1(pi.d) = (d—l)(i—;)—m, 0P <

It is clear that
”f ||L§’11 (RY) ”gso ”LSZZ(R@ = ”f”Lfll (RY) ”g”Lf’;-HO(Ri) = ”f”Lfll (RY) ||g”L§722(R§)'

Observe that we have used that the order of the FIO T2'%2 (., (1 — Ay)™0/2 ) is
m—s =my — S+ mp since its symbol is given by

a(x.t.§. ()~ ~alx,t.£0)(E 1),

and is compactly supported in £. The previous analysis shows that, under the
condition of the symbol to be compactly supported in one of the two frequency
variables, if the bilinear smoothing estimate holds for m, with |m;| large enough,
then the same property holds with any m, < 0.

We return our attention to the analysis of the low frequencies. For the proof
of (4-1) let us combine the proof of the L2-boundedness of pseudodifferential
operators of order zero [Stein 1993, page 234] and the proof of Lemma 3.1 in
[Rodriguez-Loépez et al. 2014, page 12]. Let ¢ be a smooth cut-off function that



LOCAL SMOOTHING ESTIMATES FOR FOURIER INTEGRAL OPERATORS 255

is equal to 1 on the support of a in £. The support of the symbol a in & will be
denoted by &. Then

4-5) TP (f.g)(x.0) = / N, (x,1,8) f(§) dE =TI (f)(x. 1),

(x,1,§) e KXI xS,
where

(4-6) ag(x,1,§) = / P2y E)a(x, 1,8 MEM) AN = Ty o601

Observe that the support of ag(x,7,£) in (x,?) coincides with the support of a
in (x,7) and then it is contained in K x Z. Using the Fourier inversion formula,

T8 (N0 = [0, (1. 06 6 ds
_c, [ i1 (.0.6) / e (r. 1 ) ER dAL(E) £(8) dE
e / g (1.1, 1) / SO () T A)(E) dE d

—Cy /ag(x,t,A)Tfl (f(- =) (x,1)dA.

Note that ag(x,?,A) has the same compact support in x as ag(x,#,A). Let us
consider a function y € Cg° such that y = 1 on supp, (dg). Then,

T2/ (x. 1) = Cq /ag(x, LTS =), 1) dA

= C [t DT C =)0 di
Holder’s inequality implies that
IO o

< / g (oot D o e 1T (FC = IVl i ey A

< [N et Dt 17 =223 gy 42

Observe that, as remarked by the referee, since T;{ﬁ ; has a symbol of order —oo,

ITE =)Dl o gty SIS =Mz == 8021 =D) [

Indeed, the operator (1 — A,)%1/2 and the translation operator 7 : f > f(- —A)
commute. Since the Lebesgue norms are also invariant by the action of 7,

ITE G = ADCD o1 gy S 1 -



256 DUVAN CARDONA

In order to estimate the norm ||ag (x, 7, A)[|; », (®d observe that

xR;)?
Gg(x,1,A) = /emsag(x, t,A)dx = (A)72N /e"*f(l —Ae)Vag(x,1,8) dE.
Then
lag (. £, M)l o> g,y S (W)Y /6 I = Ap)Y ag (X, 1,6l Lo e e, 46>
where we have denoted the support of the symbol a in £ by G. We can compute
(I = AN ag(x,1,8) = (I = AN (WO T ¢ )80, 1) = TJ% g(x, 1).
Note that the symbol of Tfé) is given by

x() = (1= AV [y (E)a(-,- &),

and is a linear combination of symbols of order < m = m + my < m,, where we
have used that m1 < 0. Thus, x is a symbol of order m, and we have the smoothing
estimate

175 &(. Dl < gl 2.

By taking N > d /2,

178 (D Lty S f I (. £ M) s e | 121 gy 42
Summarising, we have proved that
17802 (f, ) lLr (k<o)

5[W—ZN[6”(1—Ag)Nag(x,t,é)lluz(@gxu@gd5||f||L§’11(Rs£)d)‘
_ —2N ¢

- / () /6 1T 8 Lo g L/ 1121 ey @A

< [()L)_zN dA ;lelg IITx(5)||%(L§’22,Lp2)|6|||g||L§’22(R§)”f”LfI' ®Y)

SKXIx& ”f”Lfl' (R§)||g||L§’22(R§)'
Thus, the previous estimate proves (4-1).

4.2. An estimate due to Bourgain. In our further analysis for high-frequencies we

will make a continuous decomposition of the operator Tf;‘ 92 and we will estimate
its norm using certain maximal functions. Of crucial interest for us will be the next

estimate due to Bourgain.
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Theorem 4.2 [Bourgain 1986]. Let K € LY(R?) be such that its Fourier trans-
form K is differentiable. Define
47 aj = sup [K(§)]. Bj= sup [(VK(§).§)I.

[E]~27 |E|~2/
where VK = (0x; K)1<j<q denotes the gradient of K, and (x,y) = Z?:l Xi Vi
denotes the inner product on RY. Then, we have the estimate, on the maximal
operator associated to K,

(4-8) I sup |/ * Kel| 2 gay < CTEf L2 ey
>
for every f € Z(R?), where
(4-9) F(K) =Y a}?(@+p)">
jez

There are several reasons Theorem 4.2 is interesting by itself. First, the constant
I'(K) in (4-9) is sharp in some sense; see [Bourgain 1986, page 1475]. On the other
hand, it has been useful in the analysis of the L2-theory of maximal functions, for
convex bodies and for the sphere S”~! C R”; see, e.g., the introduction of [Cardona
2024].

Remark 4.3 [Stein 1993, pages 27-29]. Recall that if ¥ € .(R%) is such that
its Fourier transform ¢ is supported in an annulus isolating the origin (and then
¥ (0) = [ () dx = 0), one has the L?-boundedness property

1/2
(4-10) H(/Rdwwt(x)lzdx)

This fact will be used later.

Sulpp@ey Vei=t"%9@").
L7 (RY)

4.3. Analysis of the high frequencies. The analysis of the high frequencies consists
in proving that

4-11) ||Tfl’¢2(//«(D)f7 M(D)g)”LP(RngZ) < ”f”Lfll (Rd)”g”szZ(Rd)a
where

1 1 1 1 1

—=—+—, Si=mi+(d—1)(———)—0i, m=mi+mz, m;<0.
P P P2 2 pi

This is the remaining main step in the proof of Theorem 2.6.

Proof of Theorem 2.6. Since the analysis of the low frequencies has been carried
out in Section 4.1, according to the notation above, we need to prove the estimate

I a2l o gy + 130 oty S 171221 ey 18122 0
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We recall that the first term /1 can be decomposed as (see Remark 3.5)

dt dr
tr

3 oo pl .
h=Y [ [ xenC0@iTg s (rrslg e sm.x.s)
j=1 K 0

The operators P/ and Q¥ are uniformly L” ([R{j‘g)—bounded with operators norms
growing polynomially in |u| and |v|, respectively (see Remark 3.6). Consequently,
the following L72(R%)-estimates are satisfied:

1P S28(x. ) 2y Sv 152:8(X. ) L p2 gy
« [1PPS2g(x.5) | oo may So 15708069l r2 ey
QYT F(x )L ey Su T L) Lo ey
As a consequence, the following L?2 ([F\Rz x Ry)-estimates hold:
e 1P S0 oy o 152800 ) o iy
o PYS2,8 .5 s iy S 1520806 8) 1
c NOQ¥TS! F o)l Lo ey Su 1T FES o1 dxr)-

Since the operators S,l, t S,ZJ and Sr3’t are Fourier integral operators with phase

function ¢, (x,s,n) and of order < m,, and the order of the Fourier integral
operator Tf;l equals m1, in view of the hypothesis (H1) of Theorem 2.6, we
have that

3
* ||Sr,tg(x’5)||LP2(R§st) < rmztsng”L;’;(R%)’
* ||Sr2,zg(x,s)||Lp2(R§xRS) < rm2+8[£”g”Lf§(R§)’
¢
* ||Tv”i1 f(xvs)||LP1(R§xRS) < ”f”L‘fl1 R%)-
Consequently, we have proved that, for ¢ € (O, %),
v Q3 mp €
o || P S,,,g(x,s)||Lp2(RgXRs) St ”g”Lﬁ;z(Rj‘g)’
 I1PPS2 g )o@y S 710G 22 e
. ||Q1;T1?n111 T Lo @gxry) S 1121 @e):
Below,

il = lmll e

denotes the L °°-norm of m as a function of (¢, x, s). So m is bounded polynomially
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as a function of U = 1 + |u| + |v|. Observe that

oo prl d d
f / X FOQLTE F)(x.s)(PLSE,g)(x it x.5)

tr

L?P(KXT)

l/r d d
/ / IQUTEL, (8PP S8 smltx.ocin o

1/r
/ / QU )(x.5) L (ke

dtdr
x|(PPS?,8)(x. )| Lr2 (ko llmll Lo =
o plr - dtdr
<[] S g g el gy
K 0
‘We have used that
yr cdtdr
4-12) f / — < 00,
since my < 0. Also, we have the estimations
dt dr
X(o DOQYTE ), $)(PSE8)(x, s)m(t, x,5)
Ir |lLr(KxT)
1/r dtdr
< [T e, nes s m. . 9l
1/r
/ / IQMTE: 1).9)lLm k)
dtdr

X (PP S7,8)(x, )l Lr2 (ke xpy llm | o

1/r dtdr
<[] S g g el 2

Now, since Srl,t =r"2P1; Q,rsz, in order to finish the estimate of /; we need
to deal with the norm

r m>

X(o nOQYTY f)(x.5)

dt dr
tr

X (P} [P1,: Qer TY?18) (x, $)m(1, x, 5)

LP(KxI)'

To estimate the previous norm let us take an arbitrary /s € Lp/(K x 7) assumed to
be supported in K x Z, when considering its extension by zero to R? x R. It suffices
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to prove that

|]| ’/ xI/h(x S)(Qt T¢1 f)(x’s)(ﬁtv[Rtsz]g)(x,s)m(l,x,s)#dxds

S Lo e f 21 ety 18122 gy

where

1/t ~
R = [ ™00 G0 T ana B i= PPy

Let us write

]Z[KXZ/OZ(X’S)(QITJ{’; f)(xss)(ﬁtv[Rtsz]g)(x,S)m(l,x,s)?dxds

=141,

where I and I will be defined later but the idea will be to transfer a little bit of
the information of the multipliers Q¥ and P;* to the product hm. First, we assume
without loss of generality that the x-support of % is contained in the x-support of
m(t, x,s). We write

5 2 2

Pl =P tv + Q;) ’
where the symbol of P,v’2 is given by éz(tS)ei 18 The support of §2 is chosen
small enough to assure that, by choosing a suitable radial function 15 supported in
an annulus, the identity

QYT )(x,9)(P{?[Re THg)(x, 5)
= 0:(QYTY )(x, ) (PP 2[R Tg) (x, )

holds. We have denoted by Q ¢ the multiplier with symbol fﬁ\(té ). In a similar way,
we can choose a radial function 63 supported in a ball such that

(QFTH! N(x.5)(Q7?[Re T]g) (x.5)
= Pi(QYTS! /), 5)(Q7 2[R TP?)g)(x. 5),

with P; denoting the multiplier with symbol 65 (z&). We have that

~ d
7] = / / M) QTE, )0 8) (PR TN (. s)mt x.) S dds

/ h(x.5)(QUTE! f)(x,sxP,”’z[RtTfZ]g)(x,sm(z,x,s)?dxds

KxT
' / / hCrs)(QUTE! £)(x.) (O [R TE1g) (x.5)
KXxT

dt
xm(t,x,s)deds




LOCAL SMOOTHING ESTIMATES FOR FOURIER INTEGRAL OPERATORS 261

‘/I;XI/ Qt(Qt T¢l f)(x’s)(Ptvsz[R[T;ﬁz]g)(x’s)
<hieym(r.x.5) 2 dxds

' | / BT £ ) (0L (R T{Ig)(x.5)
KXxT dt
xh(x,s)m(t,x,s) deds

‘ | / (QUTE (x5 (PP2IR T ]g) (x.5)
x0¢(h(-,s)m(t,-,5))(x) ?dxds

: ¢ v,2 &
+‘sz[) (Ql Tvm f)(X,S)(Qt [Rl‘Ty ]g)(x,s) )
Xﬁ’(h("s)m(fv'»s))(x)Ttdxds .

Let us define

=/ / (QUT! £)(.5) (PP (R T)g) (x.5)
x Q¢ (h(-,)m(z,-,5))(x) ? dx ds,

1
n=[ [t NP RIPI x5)
KxT JO0 _ dt
X Py(h(-,s)m(t,-,s))(x) - dxds.
Now, consider the multiplication operator
(4-13) MuG = ML*G :=m(t, x,5)G.
The idea will be to estimate 7 and /I by carrying out an analysis over the commutators
Starting with 7,
@iy 1= [ / QTS 1 P RTLI .2
KxT
x (Q¢h(- S))(X) = ax ds

/ f (QUT £)(x.5)(PP2R 1) (x. 5)
KxT

x ([Q¢, Mm]h(- S))(X) iy ds
=14+ Is,
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with
2
Is = [K / Q4TS F)(x. )PP R T (x.8)
XTI

d
[0, Mon](h( -, $))(x) TI dx ds.

Similarly,

H_/K /(QtT¢1 f)(x’S)(Q;)’Z[Rtsz]g)(x,s)m(z,x,s)

x (Pih(-,5))(x) ?dx ds

/ /(Qt ! f)(x,S)(Q?’z[Rszﬂg)(x,S)
KXxT

< P Ml ) () dxds
=1le+ 17,
with
1
n=[ [ N R TEI)
X [Py, Mp]h(-,5)(x) ?dx ds.

The terms involving the commutators, namely Is and 7, can be estimated due
to the L? -boundedness of [Pt, M) and of [Qt, m]. Indeed, they satisfy the
boundedness properties

1Pe. M- )l oty < EHRC ) 2

1O 1. Munlh (- ) gy < EIRC )| gty
In view of the hypothesis (H1) in Theorem 2.6,

2
@-15) |1 P2 (R T8l o2k xn) S COINTE2 g Lo raxmy S C)llglLz2@mg)-
and also
4-16) | 07*[R: sz]glly)z kx7) SCO)| T;?zg”LPz(Rd xr) ~ C(v) ||g||L§’22(Rg)-
Thus, the analysis above implies that
[Is| + 171 £ Cu. v, O fll 21 ey 1811 .22 ey 1M Lo e -

In order to finish our analysis of .# let us estimate the terms /4 and I¢. By the
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Cauchy—Schwarz inequality,

[ 4] = '/KX /(Q, T9 F)xes) (P2 [ReT]8) (x.5)

xm(t,x,8)(0rh(-,s5))(x) ?dx ds

[ (QUTE F)(x5) (PP (R T1g) (x.5)

xm(t,x,5)(0¢h(-,5))(x) ?dx ds

' dt 1/2
1 2
f(fI[K/O (QFTS, )P — dxds)
! — dt 1/2
v,2 %3 . 5
X(/I/K/O (P 2[R TP?12) (x.5)m(t,x,5)(Q1h(-.5))(x)] — dxds) ,

For the first term, Minkowski’s integral inequality and Remark 4.3 imply that

(/// iy, f)(x’s)lzﬂdxds)l/2
//(/ (o¥T) f)(x,s)|z?)1/2dxds
/(/ (/ QTS f)x.5) ?)pl/za’x)l/pl(/de)l/p/1 .
/H(/ (0TS, f)(x,s)|2?)l/2

< 178, fhuer s

1/pi 1/p]
< ([||T<f’1 £, ds) (/ds) ds.
A

For the second factor, observe that

ds
LP1(K)

! ~ d 1/2
(/I/K/O (PR TE=1R) (. 5)m (e, x.5)(Dih( 5N ds)

1 s d 1/2
<l ( [ [ [ 1errrgio @ @i e Saxds)

Let
= (PR TP2g)(x.5),  Br = (0¢h(-.5))(x).
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We can estimate the integral involving these two terms using repeatedly Holder’s
inequality after using Minkowski’s inequality. Indeed,

1 dt 1/2
(//f |A1Bt|2—dXdS)
zJKJo !
1 1/2
E// (/ |AtBt|2£) dXdS
zJKk \Jo 4
1 dt\'/?
<[] s |At|(/ |Bt|2—) dx ds
T JKO0<t<1 0 !
1/p 1 dt\P'1? 1/p’
5(]/ sup |At|1’dxa’s) (f[(/ |Bt|2—) dxds)
7 JK 0<t<1 zJk\Jo t
p/p2 1/(p2/p)'\1/p
5((// sup |At|pp2/pdxds) ( dxds) )
7 JKO0<t<1 KXxT
1 de\'/?
(/ |B;|? —)
0 t

X

Lr

1 di\/?
([ |B;|? —)
o t

Note that the use of Holder’s inequality before is justified by the fact that % >1,

1

since - = -+ - > - In view of the hypothesis (H1) in Theorem 2.6 and of

Remark 4.3,
1 de\"/?
(/ |Bt|2_)
0 t

Observe that we have used that the estimate

3 Hoggl [Ael || o o

| sup 14:l] 0,

0<r<l1

SC)l szg”LPz (R4 xR) A ||L1/(Rde)
L?

<C(v) ||g||L§’22 (R%) ||h ||Lﬁ/(R§xRS)'

(4-17) | sup 14el] 0y < COITL2g L0 @t xry
0<t<1
holds. Indeed, in order to prove this fact observe that
Ar = (PPP[RTY?19)(x.5) = Re(PP2[T1g) (x, 5).

Now, the action of the multiplier R; Ptv’2 on G =Gy = szg(- ,8) is given by

1/t

R{(P)2G)(x) = /

K

d
™20, PY2G(x) 2
S

1/t o ~ . - d
- / §m2 / e¥ET 5160 G e dE



LOCAL SMOOTHING ESTIMATES FOR FOURIER INTEGRAL OPERATORS 265

Since the supports of fﬂ\ and of 52 are contained in small annuli, on the support of

these functions,

1 1
5[ =< —=—,
ts Tt

which implies that s < 1, and the integral in s is supported on an interval around
s = 1 and on an annulus isolating s = 0. So

Ri(PP2G)(x)] < [ §m2

sx<1

S/
s=1

= / 1Y (tsD) PG (x)| ds.
sx1

=

/ e xﬁ(zsaéz(zs)e”é'”G(é)ds‘ &

ds

f ST (15602 (15)e VG (£)d

Let 6] be the kernel with Fourier transform 5; (), i.e., it is the symbol of Ptv’z,
that is,

03 (t6) := By (16)e™E.
Then

| _twsnpr6was
=1

= [ 166 )+ 606 @ ds

=

.[xl
/A:xl

<Gz / =
s=1

<t6l [_|fwe s @nona)as

(4-18) | sup [R:(PG)| e S NG lLoo.
Oo<r<1

ds

/ Glx—y)s ™t (s~ ) % (01 y))dy

ds

/ Gl — ) (s~ ) % (B ) dy

ds

/ W) % 021 y)) dy

As a consequence,

Now, let us prove the estimate

(4-19) | sup [R:(P2G)|;2 S 1G] L2
Oo<r<l1

For this we will use Bourgain’s lemma (see Theorem 4.2). We proceed with the
proof of (4-19) in the following remark.
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Remark 4.4. Note that
N ~ . —~ d
Ri(PP2G)(x) = / RE f e VE (156)02(16)e M EV G (6)dg L
s=1 S
— f smza(st)Pt“G(x)%
s=<1
d
= [ ) e )
d
— (6 [_ sy epat ) oo

We have that the kernel K; of R; Ptv’2 is given by

d
4200 Ki(x)= / T ) * 030 ) =

Let us write

d
K@= [ e @0
sx<1
Its Fourier transform is

~ d
@2 RO = [ s r w6 0306 -
and

> d
aj = sup |K(§)| s/ 17 (W (s™1 ) (62)) [ Loos™> ™ 22
|E|~27 sx1 S

_ o d
< [ e e S

This shows that sup; supjg|..; |I? (&)| is bounded. However, due to the properties
of the support of ¥ and 63 we can improve this bound as

~ ~ d .
) < sup./ V3 E)] S < sup min{le], g7y =27V,
|gl~2/ Js=1 5 lgl~2
On the other hand
i % ma—n -1 VYY) ds
VK@:([ S (s -)*(%))zxj)(s»—)
sx1 S J1<j<d

Therefore, we have the estimate

d
~ d
sup [(VR©.81 =Y [ 1w« @nim @l 1e] -
r=17v5%

|§~2/
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Observe that, using integration by parts,
F6 ) * O @) = [ W) x i & d
= o @ B0, dx
= [0 [ 67 ¢ B W, d
We have proved that

d
sup [(VK(©).€)| < Z / T e 06T ) @D @)

|E[~2/
ds
< Z/ 18, [0 )+ @)Wl 5 < ox.

We have included the previous computation to emphasise the cancellation of the
quantity |&,| < 2/ after using integration by parts which we found interesting.
Nevertheless, one can improve this bound. Indeed, due to the properties of the
support of ¥ and 62,

= (Y™ ) * (0)))ix, € #(RY),

and

B < sup Z f \F(Z) )| 16| ds

|§l~27 =1

)(

= sup_Z/ |73y, Z) ()| ds < sup min{l¢]. ||~} =27V,
[]~27 =1 /5= |€|~2/

As a consequence,
(4-22) N(K) =Y a}?(@; +p)"/? < oo,
jez
In view of Theorem 4.2 we have proved that
G+ S*G:= sup |R;(P'?G)|:L?— L?

0<t<l1
is bounded.

So, interpolating the L2 -estimates (4-18) and (4-19) for the sublinear operator S*,
defined via
S*G:= sup |R:(P>G)|,

o<r<l1
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in view of the Marcinkiewicz interpolation theorem we have proved that for any
2<k <00,

(4-23) | sup [R(P2G)|| e S CeW)IGliLx,
O<t<l1

with a polynomial constant C, (v) in v. With k = p» we have proved (4-17) once
we take the LP2-norm in the s-variable on both sides of (4-23). As a consequence,

el S 1l e 1 N ey 181 .22 ety

since & is assumed to be supported in K x I. Since the same analysis done before
for 14 also works for /g,

|I4| + |I6| < “h”LP’(KXI)”f”LfII (R;‘g)”g”szz(R%)'
We have completed the proof of the estimate

|j| < ”h”Lp’(sz)”f“Lfll (R§)||g||sz2(R§)'
It follows that

”11 ||L1’(K><I) Su,v ”f”Lfll (RY) ||g||L§722 Rd):
To estimate /5, note that the hypothesis (H1) in Theorem 2.6 implies that
”Qt T¢1 f(x’s)”L/’l(KxI) SM ”f”Lfll (Rg).

Then Holder’s inequality gives

dt
Vol ey < / 14T, f0r.9) E2g(esomlt.x.9)Lraenn -

dt
f 1QITE!, FCr ) 1EF g (eIt %, 5) i

dt
f 10472 £ o oo 1EZ8 ) ol
2 dt
</ ||E,g(x,s>||Lp2(KxI)||m||Loo7||f||L511(Rg)
1
= /0 (= mllzoo el £l 21 gy 181122 ey
The same analysis above applies for /3. Remember that ||m|| oo 1= ||m|| Lge denotes

the L°°-norm of m as a function of (¢, x, s) and then it is bounded polynomially
as a function of U = 1 4 |u| 4 |v|. As a consequence, taking N large enough, we
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have from (3-8) that

IT2V?2 (1 (D) f. 1(D)g)(x, )l Lr (K x7)

ImllLs
< | [ s e de gy ez

<N ||f||L§11 (Rg)”g“Lﬁ’;(R?)'

The proof of Theorem 2.6 is complete. O

Appendix: Bibliographic discussion

The study of the continuity properties for FIOs has attracted considerable attention
due to their applications to hyperbolic PDEs. Initial enquiries into global L?
boundedness results can be traced to the pioneering works [Asada and Fujiwara
1978; Peral 1980; Miyachi 1980]. Subsequent research has significantly expanded
these results to a wide classes of symbols [Ruzhansky and Sugimoto 2006; 2011;
Coriasco and Ruzhansky 2014; Coriasco et al. 2016]. A notable line of enquiry
involves establishing global criteria for FIOs within Hérmander symbol classes S ;"’8,
specifically by relaxing the traditional § < p condition in the setting of pseudo-
differential operators to allow broader parameter ranges 0 <§ < land 0 < p <1
[Dos Santos Ferreira and Staubach 2014; Kenig and Staubach 2007; Israelsson et al.
2021; 2023; Rodriguez-Lépez et al. 2014; 2015]. This development was partly
inspired by analogous results in the theory of pseudodifferential operators, which
demonstrated boundedness without the § < p restriction [Delgado 2006; Alvarez
and Hounie 1990]. For general pseudodifferential operators on graded Lie groups
we refer to the work of D. Cardona with M. Ruzhansky and J. Delgado [Cardona
et al. 2021]. The question of global parametrisation for Lagrangian distributions
has also been explored through alternative geometric and analytical approaches
[Laptev et al. 1994; Ruzhansky 2001]. Additionally, global definitions of FIOs have
been formulated in specialised settings, such as on compact Lie groups using the
representation theory of these groups [Cardona and Ruzhansky 2026].

The systematic theory of FIOs with complex-phase functions originated from
[Melin and Sjostrand 1974], motivated by constructing parametrices for partial
differential operators with complex principal symbols [Melin and Sjostrand 1976].
This framework has found significant application in several complex variables,
where the singular structure of the Bergman kernel can be described via asymptotic
expansions involving complex-phase FIOs [Boutet de Monvel and Sjostrand 1976].
The comprehensive analysis of the Bergman kernel itself represents another major
area of study [Fefferman 1974; 1976].

A distinct and highly active research direction concerns smoothing estimates for
FIOs, particularly following the resolution of the decoupling conjecture by Bourgain
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and Demeter [2015]. The conjecture regarding the inherent smoothing properties
of FIOs was formally posed by Sogge [1991]. While a complete survey of this
extensive field is beyond our scope, the literature includes influential early results
[Bourgain 1991] and numerous recent advances that explore various aspects of this
smoothing phenomenon, employing diverse methods from harmonic analysis; see
[Minicozzi and Sogge 1997; Guth et al. 2020; Beltran et al. 2020; Gao et al. 2023].
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SECOND-ORDER ESTIMATES
FOR x-SEMICONVEX SOLUTIONS
OF HESSIAN EQUATIONS ON HERMITIAN MANIFOLDS

XIAOJUAN CHEN, QIANG TU AND NI XIANG

We establish the modified concavity inequality for complex Hessian equations
under the semiconvexity assumption inspired by Lu (2023) and Zhang (2025)
for the real case. Then second-order estimates for admissible solutions of
complex Hessian equations on compact Hermitian manifolds with both sides
of equations depending on gradient terms are obtained by taking advantage
of this crucial inequality.

1. Introduction

Let (M, ®) be a compact complex manifold of complex dimension n > 2 without
boundary, and w be the Hermitian metric on M. For any u € C*°(M), we consider
a smooth real (1, 1)-form x'(z, u) satisfying the positivity condition x’ > ew for
some € > 0. Given any smooth (1, 0)-form a on M, we obtain a new real (1, 1)-form

(1-1) x(z o u)=x'(z,u) +—landu—~/—1a A du+~/—199u.
We study second-order estimates for the complex Hessian equation
(1-2) x A" " =y (z, Du, w)o"

for 1 < k < n since the a priori estimates are crucial in the use of the continuity
method, which is a natural approach to solve the equation (1-2). Here ¥ (z, v, u) €
C®(T"OM)H* xR) is a given positive function, and D is the Chern connection
with respect to the metric w.

The complex Hessian equation (1-2) without gradient term on both sides (i.e.,
x = x'++/—1080u, ¥ =¥ (z, u)) has been extensively studied due to its geometric
applications such as J-flow (see [Song and Weinkove 2008]) and quaternionic
geometry (see [Alesker and Verbitsky 2010]). Li [2004], and later Btocki [2005],
considered the Dirichlet problem for complex Hessian equations on domain in C”.
On compact Kihler manifolds, Hou [2009] proved the existence of a smooth
admissible solution of (1-2) when x’ = w, @ =0 and ¥ = ¥ (z) by assuming the
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nonnegativity of the holomorphic bisectional curvature of w. The curvature assump-
tion was subsequently removed by Hou, Ma and Wu [Hou et al. 2010] and Dinew and
Kotodziej [2014]. On compact Hermitian manifolds, the authors in [Cherrier 1987;
Hanani 1996; Guan and Li 2009; Zhang 2010; Tosatti and Weinkove 2010; Zhang
and Zhang 2011] studied complex Monge—Ampere equations. For complex Hessian
equations or more general fully nonlinear elliptic equations, the related results can be
found in [Sun 2017; Zhang 2017; Kotodziej and Nguyen 2016; Székelyhidi 2018].

Furthermore, complex Hessian equations with gradient terms on the left-hand side
arise from the Gauduchon conjecture, which was studied by Székelyhidi, Tosatti and
Weinkove [Székelyhidi et al. 2017], see also [Guan and Nie 2023] for related work.
Complex Monge—Ampere equations with gradient terms inside the determinant can
be found in the study of the Calabi—Yau equation on certain symplectic non-Kihler
4-manifolds, see Fino, Li, Salamon and Vezzoni’s work [Fino et al. 2013]. See
also [Tosatti and Weinkove 2021], where they solved complex Monge—Ampere
equations with gradient terms left open by Yuan [2018]. More results for complex
Hessian equations or general fully nonlinear elliptic equations with linear gradient
terms on the left-hand side can be found in the works of Zhang [2010], Feng, Ge
and Zheng [Feng et al. 2019] and Yuan [2018; 2020].

In the above works, the right-hand side function v is independent of Du. In fact,
(1-2) with ¥ = ¥ (z, Du, u) has been relatively less studied. An important case cor-
responding to k =n =2 (i.e., complex Monge—Ampere equations in two dimensions)
was solved in [Fu and Yau 2007; 2008] for a Strominger system on a toric fibration
over a K3 surface. For general dimension n, the corresponding results on compact
Kihler manifolds or Hermitian manifolds can be found in the works of Phong, Picard
and Zhang [Phong et al. 2016; 2017; 2019; 2021] and Chu, Huang and Zhu [Chu et al.
2019a; 2019b]. Further, complex Hessian equations with gradient terms on both
sides were studied in [Dong and Li 2021] on Hermitian manifolds, and second-order
estimates were obtained for y € I',(M). Subsequently, Dong [2021a; 2021b] proved
second-order estimates under a weaker convexity assumption x € I'yy(M) for
(1-2) and a class of general Hessian equations on Hermitian manifolds, respectively.

From an analysis point of view, a natural problem is whether we can weaken the
assumption y € ['y41 (M) in [Dong 2021b] to a more natural semiconvex assumption
inspired by Lu [2023] and Zhang [2025]. Now we define y-semiconvex function
on Hermitian manifolds, which generalizes the definition of semiconvex function
for the real case.

Definition 1.1. Let x € A" (M) be a smooth real (1, 1)-form defined by (1-1).
If there exists a constant A > O such that for the Hermitian metric w on M,

X+ Aw >0,

then y is semiconvex. We say the function u is x-semiconvex if x is semiconvex.
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Definition 1.2. A function u € C?(M) is called an admissible solution of (1-2) if
x € I'r(M). The Garding’s cone on M is defined by

Te(M)={x e A" (M):0:(x) >0forall 1 <i <k},

where A1 (M) denotes the space of real smooth (1, 1)-forms on a Hermitian
manifold (M, w).

The main theorem is as follows.

Theorem 1.3. Let (M, w) be a compact Hermitian manifold of complex dimension n.
Suppose x'(z,u) = ew and u € C*°(M) is an admissible, y -semiconvex solution
of (1-2). Then we have uniform second-order estimates

|DDu| < C,

where D is the Chern connection with respect to the metric w, | D Du| is the second-
order derivative of u with respect to the Chern connection of w and C is a uniform
constant depending on (M, w), n, k, &, x', ¥, a, A, sup,, |u| and sup,, | Du.

It is easy to see that ox41(x) > —A for some positive constant A implies the
x -semiconvex condition according to Lemma 2.2 in [Zhang 2025].

Corollary 1.4. Let (M, ) be a compact Hermitian manifold of complex dimen-
sion n. Suppose x'(z,u) > ew and u € C*°(M) is an admissible solution of (1-2)
with ox+1(x) > — A for some positive constant A. Then we have uniform second-
order estimates

|DDu| < C,

where C is a uniform constant depending on (M, w), n, k, e, x', ¥, a, A, sup,, |u|
and sup,, | Du|.

Due to the presence of Du in both sides of (1-2), the principal challenge in
establishing second-order estimates is managing terms such as |DDu|*, |DDu|?
and some bad third-order terms when differentiating the equation twice. However,
we cannot directly control bad terms as in the real case owing to complex conjugacy.
Furthermore, in comparison to calculations on Kdhler manifolds, a greater number
of undesirable third-order terms in the form of T x D3u are produced, here T is the
torsion of w on Hermitian manifolds. To surmount these obstacles, it is essential
to establish a concavity inequality. Lu [2023] established curvature estimates for
semiconvex solutions of real Hessian equations based on the concavity inequality

pp.9q (Z ”‘El /il 12 ksl
(1-3) = oM MEE + +0) Stz (-3t
P#q i>l
where £ = (&1, ..., &) is an arbitrary vector in R". Recently, Zhang [2025] improved

the concavity inequality (1-3) and derived the following lemma.



276 XIAOJUAN CHEN, QIANG TU AND NI XIANG

Lemma 1.5 [Zhang 2025]. Assume A= (A1, ..., Ap) e CR, A =l >-- >4,
and A, > — A for a constant A > Q. Then there exists some constant C > 0 depending
onn, k, o, A and small constant 8o > 0 depending on k such that if .| > C, then

iig)? i g2 ol
1) N grratg ¢ o iGN~ olE 51
(1-4) ;io—k Epkg + Y g(x1+A+1)—( +50) 2

for some sufficiently large K > 0 (depending on d8y), where &€ = (&1, ...,&,) isan
arbitrary vector in R".

By comparing (1-3) and (1-4), we see that each of these two inequalities has its
own advantages. Specifically, we find that the term &y ) . _, G,iifiz /A1 in (1-3) can be
easier to control than the term 2Y",_, 0{'€?/(A1 + A+ 1) in (1-4) since §) can be
chosen arbitrarily small. However, akéf / A% in (1-3) will lead to the bad term oy (A|1),
which is unmanageable term without the assumption x € I'y41 (M). It seems that the
term (1 —I—80)crk“$12 /A0y in (1-4) is a higher choice. For complex Hessian equations,
some good third-order terms will be lost due to complex conjugacy. Therefore,
we will fully absorb the processing techniques of the above two inequalities, and
optimize the coefficients in (1-4) from 2 to 1 — gy for some small &g > 0 while
retaining the good terms. Then we establish the modified concavity inequality.

Lemma 1.6. Let (M, ) be a compact Hermitian manifold of complex dimension n,
W = (w,g) be a Hermitian tensor and its eigenvalues \(W) = (A1, ..., A,) € [ (M)
satisfying A1 > - - - > A, > — A for a constant A > 0. Forany eg € (0, 1), if A1 = C(A)
sufficiently large, then for j =1, ..., n and some positive constant K depending
only on k,

oPPad,, .- Doy |2
15 =>4 U:”’ M KL (- o)Z

p#q k

zzlw”J

A10%

lTl

o |2
> (1—gg)—

11]
A10%

Remark 1.7. The selection of auxiliary functions is crucial in dealing with third-
order terms. Dong [2021b] employed all eigenvalues of the solution to obtain
additional good third-order terms to control bad terms. In our test function, we can
choose the largest eigenvalue as the primary term with the help of the concavity
inequality (1-5) and the techniques in [Chu 2021; Lu 2023].

The organization of the paper is as follows. In Section 2 we start with some
properties for k-th elementary symmetric function and some basic calculations for
complex Hessian equations on Hermitian manifolds. In Section 3 we prove the
crucial concavity inequality. In Section 4 we give the proof of Theorem 1.3.
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2. Preliminaries

For A = (A, ..., A,) € R", the k-th elementary symmetric function is defined by
or(h) = > Ni ki -+ M.
1<ii<ir<--<ix<n
We also set op = 1 and o = 0 for k > n or k < 0. The Garding’s cone is defined by
Ii={1eR":0;(1) >0forall 1 <i <k}.

Define oy (1]i) to be the k-th elementary function with A; = 0 and oy (A|ij) to be
the k-th elementary function with A; = A ; = 0. We list some properties of o3 which
will be used later.

Proposition 1. Let . = (A1, ..., Ay) € R* and 1 <k < n. Then we have

(1) Norao--->Iy;

(2) ok_1(Ali) >0forreTand1 <i <n;

(3) ok (A) = ok (A|i) + Ajor—1(AlD) for 1 <i <n;

@) S o[ 2] o = (&1 forh e Twand 0 <1 < k;

5) [%’]1/(1{_1) are concave in Ty for 0 <1 < k;

) If eTi, My = Ay >+ = Ay, then o1 (A|1) <031 (A|2) < - - - < op—1(A|n);
(1) i ok—1(Ai) = (n —k 4+ Dog_1(A);

(8) For . € Ty and Ay = -+ = hy, Mok (A1) = 2o ().

Proof. All the properties are well known. For example, see Chapter XV in [Lieber-
man 1996] or [Huisken and Sinestrari 1999] for (1), (2), (3), (6) and (7); see
Lemma 2.2.19 in [Gerhardt 2006] for (4); see [Caffarelli et al. 1985; Lieberman
1996] for (5); see Lemma 2 in [Dong 2021b] for (8). O

The generalized Newton—Maclaurin inequality is as follows.
Proposition 2. For L, el'yyandm >1>0,r >5s>0,m >r,l > s, we have
[omm/cr}”“"‘” - [m@)/c;]”("”
o1(h)/C} ~ La/C; '
Proof. See [Spruck 2005]. ([

To be more clear, we shall rewrite (1-2) in a local coordinate chart. Let A{q; il
be the eigenvalues of a Hermitian matrix {a; ]-}. Define oy (q; ]v) = o (Ma; Jf}). This
definition can be naturally extended to complex manifolds. Let A"! (M) be the space
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of real smooth (1, 1)-forms on Hermitian manifold (M, w). For any x € ALL(M),
we write, in a local coordinate chart (zl, .7,

x =~—1x;dZ ndZ,

and define i,
XA "
or(x) = kT
In particular, in a local normal coordinate system o, ; = §;; with the Hermitian

metric @ = {w; 7}, equation (1-2) can be rewritten by
2-1) ok (x) = o(X/; + u;j +aiuy+ajui) =¥ (z, Du, u),
where a; is the component of the smooth (1, 0)-form a on M.

Lemma 2.1. If F(A) = f(A1, ..., Ay) is a symmetric function of the eigenvalues of
a Hermitian matrix A = {bij}’ then at a diagonal matrix A with distinct eigenvalues,

we have
2-2) Fi = 8;fi.
ij,rs fp fq
(2-3) F Sljkgrsk Z fl] llkéjjk + Z |$P‘I |
p#q hp =

here FiJ — AF Fiirs — _02F o4 ] bit 1 :
where 9. 905 and &;= 7k s an arbitrary tensor.
Proof. See [Ball 1984; Dong 2021b]. ([

In local complex coordinates (zy, ..., z,), the subscripts of a function u always

denote the covariant derivatives of u# with respect to the Chern connection of w in
the directions of the local frame (d/ az',...,d /07"). Namely,

u; = D[l/t =Da/3ziu, I/lijz Da/asza/aZiu, ”iﬂf =D8/8ZZD6/8ZJD8/8zi”-
Next, we list some well-known results on Hermitian manifolds.
Lemma 2.2. We have

. k R - -p
upj =ujp+Tpu, Uisp=Ujp; —UpRy7:",
(2-4)

R T4 == — TP -
Uyim=1u =T, iupg,  Uige =tegi — Tyiltpg,

and

g
— T g — T T g,

) PP PP _
(2-5) ;50 = gmi; +up; Remi” — upin R; 5 T/ju it dmj

i%pmj

where Tpkj and R, are the components of the torsion tensor and curvature tensor,
respectively.

Proof. See [Tosatti and Weinkove 2019]. O
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Define

2
(2-6) ori = D% - ppars 70k

aszi 8quaXr§’

]:=Zakpp
p

We also use the notation, as in [Phong et al. 2019],

2-7) |DDu|l27 —kaqa)meumpuzq, |D5u|(27 —a,fqa)meupeumq,
and
(2-8) nl5 = o npng

for any 1-form n, where {w™"} is the inverse of the metric w.

The following basic calculations are carried out at a point z on the manifold M,
and we use coordinates such that at this point v = =1 Zk ’ Spedz*Adzt and { Xi ]}
is diagonal. Note that {okj } is diagonal when {x,7} is diagonal. Combining with
(2-4) and (2-5), we derive the following two inequalities which will be used later.

Lemma 2.3. Let A = (A, ..., A,) be the eigenvalues of{)(l.j} with the ordering
AM>=Ay>---> A, Then

2-9) o/ D Dpx;;

> o7 rSDerEDiqu + Z Vo, Dexi+ Z Vo, Dgxi;
¢ ¢

_O_k(I(Ta

pi aq]+Ta”paz) C(l+|DDM|2—|—|DBM|2+M]:+)L1)

P4 (.- . I _
+ o (a,uqu—l-aju,pq aplz;s aqupij)
Pac,. .- N
+Uk (atp”j(}+ajz}ulp apzuq]' a(;jupl)y

and
(2-10) o?|Dul>;
> 2Re{ > Wty + U plimp) Y, } +31DDul2,+3|DDul%,~C—-CF,
p.m
where a;), is the covariant derivative of a;.

Proof. See the proof of (19) and (23) in Section 2 of [Dong 2021b]. U

3. A concavity inequality

In this section, we provide a proof of the concavity inequality in the complex
case. Since it is similar to the real case in [Zhang 2025], we mainly highlight the
differences.
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Proof of Lemma 1.6. By (3.27) in [Zhang 2025], we have for K > (k + 1)?,

pP-99

Op  WppjWezi |Djox|?
G - - K

P#q

(k+2) |a)11] Z llj
T (k+1)(k+3)  aF 1/(" D Mffk

where C is a positive constant depending on n, k, oy, A. Recall that

(3-2) o = Mol + o (A[1).
We note that if

O
33 pY ) L S—
(3-3) R > — 5o

then (3-1) implies (1-5) by choosing A; > ( ¢ )k_l.

1—¢o
Define cg = and next we only need to consider the case

1
2(k4+2)2—1

(3-4) or(A|1) < —cooy.

Under this assumption, referring to the deduction of (3.73) in [Zhang 2025],

PP qq
Wppj | o |w;;

G i Doy

— E q49] + K J 2k + (1 _ 0) E ”]
O O'k )\,10k
P#q i>1

C 10 IT—O’k
>k+1=D|1—-gg——)1=-——)C 2— _ 2
> (k+ )( €0 M)( )( +a) )»Ok |C‘)11]|

1

(k+2)% o

(k+1)(k+3) A2

2a2|a)ﬁ.|2 Cr\ A aﬁ—o ll|

J 2 19% k 2 w17
4+ (1= )= " i@+ (1 - l1+a)?)———7L
)\,1 ( M) )\.1()[{ 3( ( 80)( ) ) M}\,]

2@+ A - e +a)oy G \holl—op
- )\1 (1 —80)M

A10%

(k +2)? |w1Tj|2 > 2 Ukﬁk‘)ﬁj
—C3@*+ (1 —gg)(1 +a)) X1
(k+D(k+3) 22 s+ =e)d+a))—r
> @ )(6124‘(1_80)(1+61)2)|wﬁj|2 Klo’kﬁ—o’k (k+2)2 |(1)11J
— &
e i o (k+DGk+3) 22

n (a2 + (1 —e0)(1 +a)2)|a)ﬁj|2 8_())\,10’kﬁ—0’k _ CéO'k”
)»1 2 )\10'/{ O'kM
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by assuming A; > M* and M large enough such that 1 — = SO)M >1— 2. Here
Cy, Cy, C3, Cg are positive constants depending on n, k, o, A.
Under the assumption
ok (A1) < —cook,
(3-2) implies that
"Lﬁzi_"k(m) _tl
O )»1 )\10'/{ )»1 '
Then by choosing M > %, we get
8_0)\10,31—61( B Céak1 _ ak“ s_O_C_g &0
2 A0k oM or \2 M 201
(e _G (co+1) >0
>— | =—=)(c - = .
aml\2 M) 2 =
Thus
PP.4q ll
Oy Wppj wqé]_' |D |a)llj
3-5) — +K
EONE P e 3 T
p#q
_ o )(a2+(1—eo)(1+a)2)|ng|2xlak —or (k+2)? ol
—&
= Py rmo e+ DKk+3) A2
11 2
oy log;l
= (2—e0)(@+(1—gp)(14+a)*)
A0k
2
(k+2)2 2 2>| 11]|
———— —2—¢p)la“+(1—¢e9)(14a _—
((k+1)(k+3) (2—ego)la”+(1—ep)(1+a)7] 32
If
(k+2)? 2 2
———— > R2—-¢gg)la”+ A —egp)(1+a)°],
G+ Dk ( o)l ( 0)( )]
(3-5) implies that
Pl’qu S - Doyl ll|a)
_Z ppJ qu+K| ]2k +(1_ O)Z ll]
O o )\,10k
p#q k i>1
1| 11]|2

1
> (2—g0) (@’ + (1 —eo)(1 +a)’ )—
A10%

]1|

o |2
> (1—gg)—

11/
A Oy
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In the last inequality, we use the fact that

2 _ 2 1 —eo 2_(1—80)2 1_80]
a+d-e)l+a)y =@ 80)[(“+1+eo) Q—e? | 2—a

(1-20)> _ 1—g

2—80 _2—80.

If
(k+2)2

(k+1)(k+3)
(3-5) implies that

< (2—eo)la*+ (1 —eo)(1+a)],

oPPadyy o D.orl? olllw: .|

_Z k ppJj qu+K| 12k| +(1_80)Z kk iij
p#q %k % i1 Mok

11 2 11 2

1 oy o] oy |yl

>(1+ ) O (1 gy XTI

(k+1)(k+3) )»10’]( K]Uk
Hence we obtain (1-5) and complete the proof. U

4. Proof of Theorem 1.3
In this section, we prove Theorem 1.3. Consider the auxiliary function
Q =logii +¢(IDul) + ¢ ).

where 1, is the largest eigenvalue of the matrix {; ;} with respect to w.
Define
p(s) =€, 0<s<S§—1,
and
o) =D T l<r<T -1
Here we set
S =sup |Du|2 +1, T =suplu|+1,
M M

and A, N > 1 are large constants to be determined later. Clearly, ¢, ¢ satisfy

N2 N2
¢/=N(p>0’ (p//:((p), ¢/=—A¢<O, ¢//=(¢)’
@ ¢
and
(QD/)Z (§0/)2 N 2N2€2NS
" i ” s
“-D ¢ —29 (¢/)2:¢ - TZNe Y_m>o’

when A > N > 1. Suppose Q attains its maximum at zg € M. Denote by
(A1, A2, ..., Ap) the eigenvalues of the matrix {y; ]T} with respect to w. Without
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loss of generality, assume A has multiplicity m, we choose the coordinate system
centered at z( such that w = v/— 18y dzFA d7! and { Xi ]-} is diagonal with

M=do=-=dy 2 g1 =+ 2 Ay

We now apply a perturbation argument (see [Székelyhidi 2018]). Let B be a diagonal
matrix such that B;;=0and 0 < B,5 < --- < By;; are small, satisfying Bui <2By3.
Define ¥ Xij=Xij— B and denote its elgenvalues by A= (Al, A2y, ):,,). It follows
that A; > A near 2o and, at zo,

I =Al, hi=r —B: fori>1.

12

Thus A; > )12 at zg, which implies 5»1 is smooth at zy. We consider the new function

0 =log A1 +¢(|Dul?) + ¢ (u).

It still achieves a local maximum at zy. Then at zg, we have

~

4-2) 0=0;= % +¢'Di(|1Dul*) + ¢'u;,
and
0> 0/ 0 = oj' (log J);7 + ¢" o' | Di (|1 Dul?)
(4-3) +¢'of 1Dul% +¢" o ui >+ ¢'of uz.

The following calculations are all at zg. For convenience, we will use a unified
notation C to denote a constant depending on (M, w), n, k, &, x', ¥, a, A, sup,, |u|
and sup,, |Du|.

First, we deal with the term cr (log )»1),, in (4-3). Thus

- GV ~ ~
Ai= WDiqu =381p819DixXpg = DixX;1 = Dix,;71 — DiB1,
rq
and
~ 35\,1 D D ~ + 82;.] D ~ D ~
ii — o~ LUViDiXpg T < < ViXpg Ui Xrs
1,ii 8qu i 14 8XptjaXr§ pPqg =i ATS
~ 31461, 31501 p0gr ~ ~
=51p51qD,_‘Diqu+|:(1 5lp)u (I—=41,) ~S 17~61 DiXptjD,_‘XrE
)\'1_ P )"]_)\'r
|D;i x 71> +1D; x151*
= D;Dixyr+ DiDiByp+ Y ——
A —A
p>1 p
M D ;—2Re Y. DixyiDiBij + Dix1pDiByy
a)?péaZrE B )»1 )\

p>1
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We can absorb the terms D; x pTD;Bl 5 by
B C
|Dix,iDiBipl < 7 1Dix,1l + E|Bnﬁ|2,

using that the derivative of B is controlled by B,j;. Here § is a positive constant to
be determined later.
Moreover, for p > 1 there is

1 1 2
— = — < s
M —)\,p Bz Buii

S]]

and so .
| Byi |’ 9%
kl—ip a)?péa%ri

D;Bp; D:B,s = O(Byi).

Then by choosing B small enough,

2 2
. B IDix,il”+1Dixi51”  C
A a>DiDixs+(1=5 E = - =
1,ii = *~i lel ( 2 )\'1 _)"p ,3

p>1

Using Cauchy—Schwarz inequality, we have
(4-4) |akpq (aipuj;+ajauip—apilg;—ag:upi)| < ;{|D5u|§w + }1 |DDul|?,+CF.

Without loss of generality, we assume A; > 1. Then combining with (2-9) and (4-4),
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Using (2-10) and (4-2), we get
1
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Since A; > —A forany i =1, ..., n, and if we further assume that A; > max{1, A}

large enough,
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Then by the Cauchy—Schwarz inequality, for any 8 € (0, 1),
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Using the critical equation (4-2), we obtain
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On the one hand, by Cauchy—Schwarz inequality, for any 8 € (0, 1),
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Bri+1 =P 1 Bri+(1 =B, T
> Y ' IDixal’ + Y 5L IDix,il
>0,
by choosing A; > (A + 1) large enough such that g1, + (1 — B)A; >0 for any i.

On the other hand by Lemma 1.6 and choosing &g = 38 and A; > = 2‘3 (A+1)
large enough, we derive
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Combining (4-1) and (4-12)—(4-14), we obtain
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by choosing €0 = 3= TGoAT 3(&0”“ = 16@ )2 (zo) and A| > large enough such
that 5 — AQ > ‘” . Then choosing N large enough such that C ¢'—C(K+1)>1and

A>>N such that —e¢) —C¢p'—Cp=eAp—CNp—C¢ > 0. Thus (4-15) implies
that
M <—C¢d'+C¢'+C.

The proof of Theorem 1.3 is completed.
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HIGHER-RANK INSTANTONS SHEAVES
ON FANO THREEFOLDS

GAIA COMASCHI AND DANIELE FAENZI

We define higher-rank instanton sheaves on smooth Fano threefolds X of
Picard rank one and show that their topological type depends on two integers,
namely the rank z (or half of it if the Fano index of X is odd) and the charge k.
With the possible exception of Fano threefolds of index one and genus at
most 3, or genus 4 contained in a singular quadric, we determine the minimal
charge k of slope-stable n-instanton bundles as an integer depending only
on H )3( and n, and we prove the existence of slope-stable n-instanton bundles
of charge k > k.

Next, we study several properties of a general element of an irreducible
component, which we call the main component, of the moduli space of
instanton sheaves. This component is defined inductively on the rank and
the charge, a natural procedure based on elementary transformations along
rational curves, starting with minimal instantons. The questions we address
include the generic splitting over certain rational curves contained in X, as
well as stable restriction to a K3 section S of X. We obtain applications to
Lagrangian subvarieties of moduli spaces of sheaves on S.

Finally, we study the acyclic extension associated with an instanton
sheaf on Fano threefolds with curvilinear Kuznetsov component and give a
monadic description in the case H 3(X,2)=0.
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1. Introduction

The notion of instanton bundle in higher-dimensional algebraic geometry appeared
in the context of Yang—Mills gauge theory. Indeed, via Penrose’s twistor transform,
anti-self-dual solutions (gauge instantons) of the Yang—Mills equation on the
4-dimensional sphere S* correspond, up to a reality condition, to certain complex al-
gebraic vector bundles on the complex projective space P?, which we will call instan-
ton bundles. This was originally carried out in [Atiyah et al. 1978], where special em-
phasis was put on the case of instantons of rank 2 and on the resulting interpretation
of the moduli space of instantons in terms of linear algebra data. The ADHM data
has been thoroughly investigated to study instantons as a higher-rank analogue of the
Hilbert scheme on smooth projective surfaces, where deep results have been obtained
on the topology of the moduli space of instantons in connection with Donaldson
invariants; see, for instance, [Gottsche et al. 2008; Nakajima and Yoshioka 2005].

In higher dimension, the situation is less clear. Several notions of instanton
sheaves have been explored in various settings. Some definitions have been given in
higher rank (see [Jardim 2006]) and over some other varieties besides the projective
space; see, for example, [Faenzi 2014; Brambilla and Faenzi 2011; Kuznetsov 2012;
Antonelli and Casnati 2023; Malaspina et al. 2020]. One may extend the definition
to include sheaves which are not locally free or even move to the derived category
and look at complexes of sheaves; see [Comaschi and Jardim 2024; Comaschi et al.
2024]. The definition of instanton, in all these generalisations, essentially consists
of three main ingredients: the choice of topological invariants, constraints on the
behaviour of the intermediate cohomology and a notion of stability.

However, in many cases the basic question of nonemptiness of instanton moduli
spaces remains unclear. Notably, is it not known whether there exist stable instanton
bundles for given choices of topological invariants, notably for Fano threefolds.

Once nonemptiness of the moduli space is proved for a given topological datum,
it is natural to ask what the main features of a sufficiently general element in one
component of the moduli space are. Among these questions, one could ask about
the splitting type of the bundle on rational curves on X. For instance, does the
bundle have generic splitting? Trivial splitting over a generic line is conjectured
[Kuznetsov 2012, Conjecture 3.16] for an instanton bundle of rank 2 when iy = 2.
Further natural questions are smoothness and irreducibility of the moduli space of
instanton bundles. A positive answer for P3 is provided in [Jardim and Verbitsky
2014] for instantons with trivial generic splitting. Irreducibility of the moduli
space of instanton bundles of rank 2 on P is proved in [Tikhomirov 2012; 2013].
These questions have been explored in some more specific situations, for example
symplectic bundles on P3, see [Bruzzo et al. 2012], or in special cases; e.g., see
[Andrade et al. 2024] for instantons of rank 3 and charge 2 on P3.
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We focus on instanton sheaves on Fano threefolds of Picard rank one and provide
partial answers to some of the questions above, mainly about nonemptiness of
the moduli space of slope-stable instanton bundles of given rank and charge. We
actually construct an irreducible component of this moduli space, whose general
element is unobstructed and well behaved with respect to restrictions to rational
curves and to anticanonical sections.

Let us start with our definition of instanton sheaf — we refer to Remark 2.3 for a
discussion of related notions.

Definition 1.1. Let X be a Fano threefold of Picard rank one and index iy equal to
2gx +rx, with ry € {0, 1}. An instanton sheaf is a torsion-free sheaf E on X such
that the following conditions hold.

(i) ch(E) = ch(RHom(E, Ox(—rx))).
(i) HY(E(—qx —1)) = H*(E(—gx +1)) =0 for t € {0, 1}.
(iii) E is slope-semistable.

The first observation is that the topological constraints on the Chern characters
imply that ch(E) depends on two integers, namely, the (half)rank and an invariant k
depending on the second Chern class, which we refer to as the charge of the
instanton. As it turns out, an instanton E can be of any rank when ix is even, while
E must be of even rank when iy is odd. With this in mind, we write rk(E) = n
when iy is even and rk(E) = 2n when iy is odd. Then one has

ey ch(E) = n ch(Fp) —kch(O;(gx — 1)),

where [ C X is a line and Fj is a slope-stable instanton bundle of the minimal
possible charge and rank. Let us mention that Fy = Ox when iy is even, while
when iy is odd, Fj is a rank-2 bundle playing an important role in the geometry
of X. Namely, when ix = 3, so that X is a quadric threefold, Fj is the spinor bundle
on X, while, for ix = 1, Fy is a Mukai bundle; see [Bayer et al. 2026] for the most
recent developments on this.

An instanton E satisfying (1) will be referred to as an (n, k)-instanton. We will
frequently write y (n, k) for the Chern character of an (n, k)-instanton. We will
write Mlx (n, k) for the moduli space of Gieseker-semistable (2, k)-instantons, seen
as an open piece of Maruyama’s moduli space My (y (n, k)) of semistable sheaves
on X with Chern character y (n, k). Here, an S-equivalence class is an instanton
if some representative of it is an instanton sheaf. We use a similar notation when
working over an anticanonical section S of X.

Studying nonemptiness of Ml (n, k) involves two main steps: The first is to
identify which are the vectors v € EB?:O HV (X, Z) ~ Z* for which instantons E
on X with ch(E) = v may exist. The second step involves the actual construction
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of the sheaves. Constructing strictly slope-semistable nonlocally free instantons
presents no serious difficulty. Indeed, to this aim it is sufficient to consider kernels
of surjections E" — T for T a purely one-dimensional sheaf with H'(T (—gx)) =0,
i =0, 1, and E a slope-stable rank-2 instanton bundle. Much greater difficulties arise
in showing the existence of locally free slope-stable instantons. Our main goal is to
show that these difficulties can be overcome. Indeed, we show the following result.

Main Theorem 1. Let X be a smooth Fano threefold with Pic(X) >~ (Hx) and
—Kyx =ixHx. When the index ix of X is one, put g for the genus of X. Let k;y be
the integer defined as

Q) kg =[5]ifix =4

(W) kg =[5]ifix=3;

() kg =nifix=2;

(®) k) =0, ky =1 for g odd and ki = n for g evenifn > 2, in the case ix = 1.

Assume that, ifix = 1, then g > 4 and, when g =4, X is not contained in a singular
quadric.

Then, for all n > 2 — rx and k > kj}, X supports unobstructed slope-stable
(n, k)-instanton bundles whose general splitting on lines is 0" when ix is even and
0", —=1"") when ix is odd.

Also, for all n > 2, there are no slope-stable (n, k)-instanton sheaves with k < kg.

Here, the splitting of a rank-» bundle E over a rational curve C is denoted by the
string of integers (dj, . . . , dy), to indicate that E|c ~ &5 Op1(d;). It should be noted
that, over manifolds of dimension 3 and higher, having a necessary and sufficient
condition on the topological invariants that guarantees nonemptiness of the moduli
space of stable vector bundles with such invariants is in general quite rare. Our
result shows that moduli of instanton bundles are nicely behaved in this respect.
Still, as mentioned, we don’t know much about many basic properties of such
moduli space — singularities, connectedness, number of irreducible components,
dimension of the components: all these points remain unclear. However, we do
construct a generically smooth component of the moduli space, whose general
element behaves nicely in terms of stability of restriction, and, to some extent,
splitting over rational curves and vanishing of cohomology.

The result is based on an inductive argument. Assume by induction that a slope-
stable (n, k)-instanton bundle E,’f on a Fano threefold X is available. Whenever
Ext'(E ,’j Fp)#0, we can produce a strictly slope-semistable (n+1, k)-instanton E fi T
This is actually always the case for values of k greater than k;. We will then prove
that such an Eﬁ 41 deforms to a slope-stable instanton.

When ix > 1 the results we obtain are somehow optimal, as we are able to
determine, for each rank, the minimal value k;; of the charge of an instanton bundle,
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and we construct slope-stable instanton bundles of charge > k. Also, the bundles
we construct this way admit global sections after a twist by Ox (1). The base case of
the induction is worth commenting. Indeed, it is given by rank-2 't Hooft bundles,
namely rank-2 instanton bundles E such that h%(E(1)) > 0. Rank-2 ’t Hooft
bundles of charge > ko on Fano threefolds of index > 2 can be obtained via the
Serre correspondence. This is well known for iy = 3, 4, where the bundles are
obtained from sets of disjoint lines. For Del Pezzo threefolds we will construct
families of elliptic curves that give rise to rank-2 ’t Hooft instantons.

The case ix = 1, treated in Section 4.2, turns out to be a bit more difficult, even
in rank 2. We will extend some known results on the existence of rank-2 instanton
bundles of arbitrary charge to all Fano threefolds of index one, provided that Hy is
very ample. For rank 2, the only point to address is the existence for arbitrary charge,
which was known under the additional assumption that X is ordinary, that is to say, X
carries an unobstructed line. We will then focus on the higher-rank range. For n > 2,
letting k; = 1 for g odd and k;; = n for g even, we will prove the existence of slope-
stable (n, k)-instanton bundles for all k > k;;. We are able to prove that k;; is indeed
the minimal value of k for slope-stable instantons when g > 4, as the cases with
g < 3 present some extra difficulty that we do not address here. Again we proceed
by induction, constructing slope-semistable instantons at first and then showing that
these always deform to slope-stable ones. One difference compared to the previous
cases essentially lies in the moduli space where such deformation takes place.

Next, we look at the restrictions E|g, where E is an instanton on X and S is a
K3 surface obtained as general anticanonical divisor. We show that for the slope-
stable instanton bundles E constructed via the techniques presented in the previous
sections, E|g is slope-stable as well. We show the following result.

Main Theorem 2. Let X be a smooth Fano threefold of Picard number one. Assume
that ifix = 1, g > 4 and X is not contained in a singular quadric for g = 4. Let
S be a general element in the linear system |Ox(—Kx)|. Then for all n, k with
n>2—rx, k> kg, the following holds.

(1) There exists an open nonempty subscheme Rs(n, k) C Ml (n, k) parametrising
(n, k)-instanton bundles E on X satisfying the statement of Main Theorem 1
and such that the restriction E|g is slope-stable.

(ii) The image of Rs(n, k) in the moduli space Mg(n, k) under the restriction map
E +— E|s is a Lagrangian subvariety for the standard symplectic structure
on Mg(n, k).

We conclude the article by describing some properties of instantons on certain
Fano threefolds X whose derived category has a distinctive structure. In Section 6,
we consider the case of Fano threefolds whose derived category contains a compo-
nent equivalent to the derived category of a curve I'. We say that X has a curvilinear
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Kuznetsov component. These are the Del Pezzo threefold Y, and the prime Fano
threefolds X, g € {7,9, 10}. We first show that slope-stable (n, k)-instantons E
on X correspond to certain vector bundles on I". Then we prove that for Y4 and X ¢
these bundles are simple. On X7, Xg the same holds for E belonging to a subscheme
of Mly (n, k) which is dense in the component we constructed. Finally, we describe
the canonical resolutions of the instanton itself in terms of the Fourier—Mukai
transform of these bundles.

The paper is organised as follows. In the next section, we provide some standard
material on Fano threefolds and instantons. In Section 3 we look at constructions
of instantons on Fano threefolds of even Fano index, first on P3 and then on
Del Pezzo threefolds, and prove Main Theorem 1 in this case. In Section 4 we
look at Fano threefolds of odd Fano index, construct instantons on them, and finish
the proof of Main Theorem 1. We first deal with a quadric threefold and then
with prime Fano threefolds. Next we study stability of restriction to K3 sections
in Section 5 and prove Main Theorem 2. Finally in Sections 6 and 7, we shift
our focus to Fano threefolds X whose derived category has a nice description,
either because D”(X) has a curvilinear Kuznetsov component (such category is
equivalent to D?(I"), with I a smooth projective curve) or because D?(X) has a
full exceptional collection. We prove that, on such varieties, instantons, just as in
the rank-2 case, admit a description given via acyclic extensions in terms of sheaves
on the curve I', or in terms of monads.

2. Generalities

2.1. Preliminaries. Let X be a smooth Fano threefold of Picard rank 1. We denote
by Hy the ample generator of Pic(X). We recall that the index of X is the integer i x
such that the canonical line bundle K x is isomorphic to Oy (—ix). It is well known
that iy € {1, 2, 3, 4}, essentially by Kobayashi and Ochiai’s theorem [1973]; see
also [Parshin and Shafarevich 1998]. Let us now denote by gx and rx the integers
such that ix = 2gx + rx, with rx € {0, 1}. Notice that gx € {0, 1, 2}. We will
often write the Chern classes of a coherent sheaf E on X as integers, omitting to
mention the generator of the corresponding cohomology group, which we fix to be
the class Hy of a hyperplane section Hy, the class [x of a line, or the class py of a
point, for H1(X), H>2(X), or H>3(X), respectively.

Given a coherent sheaf E on X, we recall that E is said to be Gieseker-stable
(resp. -semistable) if it is pure and, for any proper subsheaf F C E,

pr(t) < pe(t) (resp. < pe(r)).

Here, pg(t) denotes the reduced Hilbert polynomial of the sheaf E, namely its
Hilbert polynomial divided by its rank. See [Huybrechts and Lehn 2010, §1.1.2]
for more details on this notion. If E is torsion-free, we say that E is slope-stable
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(resp. slope-semistable) if for every proper saturated subsheaf F C E,

w(F):= c1(F) < c1(E) = u(E) (resp. < c1(E) = ,u(E)).

tk(F) 1k(E) ~ 1k(E)

According to the convention mentioned above, the first Chern class of a coherent
sheaf E is an integer, so that the slope w(E) is a rational number. Sometimes
we will only say “stable” or “semistable” to mean “Gieseker-stable” or “Gieseker-
semistable”.

We said that our notion of instanton sheaf is based on three conditions. The first
one is about the Chern character, the second one is a cohomological vanishing, and
the third one is a stability condition. From Definition 1.1(ii)—(iii) we deduce the
following result.

Lemma 2.1. Let E be an instanton sheaf. Then
(i) h'(E(—qx)) =0 for all integers i;
(i) ' (E(—gx —1)) = h*(E(—gx + 1)) = O for all integers t > 0.
Proof. The slope-semistability assumption ensures that hom(Ox (¢x), E) =0 and
hS(E(—qx)) =hom(E, Ox(—gx —rx)) = 0; hence we have
2) hi(E(—qx)) =0 for all integersi.

Consider now a general hyperplane section S := X N H for H € |Ox(1)| and the
short exact sequence

0— E(—1)—> E— E|s— 0.
The previous vanishing implies h°(E(—gy —t)) = h*(E(—qx + 1)) = 0 for all
t > 0; hence from Definition 1.1(i1) we deduce, inductively, that

hY(E(—gx —1)) = h*(E(—qx +1)) =0 for all integers ¢ > 0. O

Remark 2.2. Definition 1.1(i)—(ii) can be rephrased in categorical terms. Indeed
we consider the bounded derived category of coherent sheaves D?(X). If E is an
instanton sheaf on X, then (2) says that

E € Ox(qx)* := {F € D*(X) | Ext*(Ox(gx), F) = 0}.

Moreover, the functor ® : F — RHom(F, Ox(—rx)) induces an antiequivalence
of Ox(gx)*. Indeed, if F is an object of Ox(gx)*, then, for all integers i,

Ext' (Ox(gx), ®(F)) ~ Ext'(F, Ox (—qx — rx)) =~ Ext ™ (Ox(gx), F)* = 0.

Hence, Definition 1.1 tells us that an instanton sheaf E belongs to Oy (gx)* and
that ®(E) is an object in Oy (gx)* such that ch(E) = ch(®(E)).

Remark 2.3. Let us discuss briefly the conditions of Definition 1.1, also with
respect to similar notions in the literature.
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(1) Let E be a torsion-free sheaf satisfying Definition 1.1(1)—(iii). For all the
applications envisaged here, including Theorems 1 and 2, as well as Theorems 6.4
and 7.1, Definition 1.1(ii) can be replaced by the more economical condition

R (E(—qx)) =0 ifix € (3,4},
or, in the case ix € {1, 2}, by
h'(E(—qx)) =h"(E(—1—qx)) = h*(E(1 — gx)) = 0.

Indeed, x (E(—gx)) =0 follows from Definition 1.1(i) and slope-semistability easily
implies h°(E(—gx)) = h*(E(—qx)) = 0, so h*>(E(—qx)) = 0 follows. Also, by
slope-semistability, h(E( —qx)) =0if ix > 3, which gives back Definition 1.1(ii),
by the basic argument of Lemma 2.1.

(i) Let E be a torsion-free sheaf satisfying Definition 1.1(1). It follows that
Definition 1.1(ii)—(iii) are satisfied if 1! (E (—gx)) =0, and E|s is slope-stable, for
some hyperplane section S of X. Semistability on S is intended with respect to
the restriction of Hy to S. If E is slope-semistable of rank two and S is general
enough, by [Maruyama 1980], E|s is slope-semistable; see Remark 2.4.

(iii) A different definition of instanton sheaf was given in [Antonelli and Casnati
2023], encompassing previous work, e.g., [Faenzi 2014; Jardim and Miré-Roig
2008; Kuznetsov 2012]. A comparison between that notion and our definition
(at least for locally free instanton sheaves of rank 2) is given in [Antonelli and
Casnati 2023, §1]. The two notions are similar, but not identical in general.

In summary, if E is an instanton sheaf as in Definition 1.1, £ = E(2 — gx) is an
instanton in the sense of [Antonelli and Casnati 2023] if ix € {3, 4}. Forix € {1, 2},
this happens under the further condition hO(E(1 — gx)) = W3 (E(—1—- qx)) = 0.
Note that this is not satisfied for minimal instantons if iy € {1, 2}. Forix =1, we
see that actually instanton bundles E as defined here will not satisfy ho°(E(1) =0
if the charge is relatively small with respect to the rank.

Conversely, if £ is an ordinary instanton on X, in the sense of [Antonelli and
Casnati 2023], which is slope-semistable, then E = £(gx — 2) is an instanton sheaf
according to Definition 1.1. The two notions of charge, however, are typically off
by a constant that depends on the topological invariants of X.

(iv) Later on we will also use torsion instantons; see Definition 2.9. These have
been studied on Fano threefolds notably in [Comaschi and Jardim 2024].

2.2. Rank-2 instantons. Before dealing with the higher-rank range, which is our
main focus, we recall some basic facts about the rank-2 instantons. This case has
been largely investigated, notably on 3, starting with [Atiyah et al. 1978], where
special bundles, called 't Hooft instantons, are also introduced. In this subsection
we introduce a similar construction for Fano threefolds of Picard number one.
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Remark 2.4. In the rank-2 case, the cohomological conditions of Definition 1.1
can be reduced just to H' (E(—qx)) =0, i = 1, 2. This is because, since rk(E) = 2,
given a general hyperplane section S C X, the sheaf E|g is still slope-semistable,
according to [Maruyama 1980]. Therefore hO(E(=n)) = h*(E(—ix +n)) =0 for
all n > 0, which allows one to show, inductively

HY(E(—gx —n)) = H*(E(—qx +n)) =0 forall n > 0.

If moreover E is locally free it actually suffices to require H "(E(—gx)) = 0 since
by Serre duality, and as E* ~ E(ryx), we have H*(E(—qx)) ~ H' (E(—qx))*.

We recall an effective and widely applied technique to construct rank-2 bundles
on a threefold X, namely Serre’s correspondence. It establishes a correspondence
between pairs (E, s) for E a rank-2 vector bundle and s € H %E)a global section
with torsion-free cokernel and pairs (e, C) for C a locally complete intersection
curve (L.c.i. for short) and e € Ext! (Z¢ (c1(E)), Ox) a nonvanishing extension class
corresponding to

0— Ox =5 E—= Ic(c1(E)) = 0.

Under the cohomological vanishings used below, Serre duality and adjunction give
Ext! (IC (c1(E)), OX) ~ H%(O¢). Note that this can be generalised to torsion-free
sheaves; see [Comaschi and Jardim 2024].

In what follows we will need to construct rank-2 slope-stable and unobstructed
instantons E, namely Ext?>(E, E) = 0. This can be done via the Serre correspon-
dence starting from l.c.i. curves that are unobstructed as well, which in this context
means that 4! (N¢ /x) = 0. We recall that the unobstructedness of a curve C C X is
actually equivalent to the unobstructedness of its sheaf of ideals Z¢. This is due to
the following result.

Lemma 2.5. Let C be a locally complete intersection curve on a smooth projective
threefold X such that HP(Ox) = 0 for p > 0. Then H' (N¢) ~ Ext' T (Z¢, Z¢)
fori=0,1.

Proof. Consider the exact sequence
O—>Ic—>OX—>Oc—>O.

Applying Hom(Zc, -) to it and recalling the sheaf Z¢ has homological dimension 1,
we get the exact sequence of O¢ modules

3) 0> Ng— Ext'(Ze, Ie) — Ext' (Te, Ox) L5 Ext' (T, Oc) — 0.

We also get that Ext' (Ze, Ox) ~ Ext*(Oc, Ox) ~ wc(—Kx) is a line bundle on C
and the same holds for Ext' (Z¢, O¢) =~ Ext*(O¢, O¢). Therefore the surjection y
in (3) must actually be an isomorphism. As a consequence N¢ =~ Ext\(Ic, Io).
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Using Hom(Z¢c, Zc) ~ Ox and Ext' (Ic, Ie) =~ Ne, the local-to-global spectral
sequence
HP (Ext(Zc, Ic)) = Bxt? T (Z¢, Ic)

gives the exact sequence

H'(Ox) = Ext'(Z¢, Zc) — H'We) — H*(Ox)
— Ext®?(Z¢, Ic) — H'(Ng) — H?(Oy).

Since H?(Ox) =0 for p > 0, we obtain
Ext' (Z¢, Zc) ~ HOWe),  Ext®(Ze, Zc) ~ H' (NG). O

We use the Serre correspondence to construct rank-2 't Hooft bundles. These
are rank-2 instanton bundles with A2°(E (1)) > 1, which arise from locally complete
intersection curves C of arithmetic genus p,(C) =3—2(gx +rx),i.e., po(C) =—1
forix =3,4 and p,(C) =1 forix =1, 2. This is a generalisation of the classical
’t Hooft instantons of [Atiyah et al. 1978], which arise when C is the union of
disjoint lines in P3. Incidentally, we recall that classical ’t Hooft bundles have a
distinguished description in terms of the corresponding solutions of the Yang Mills
equations; see [Atiyah 1978] — we don’t know if anything similar could be said for
the bundles we construct here.

Lemma 2.6. Let X be a Fano threefold of Picard rank one of index ix € {3, 4}
(resp. ix € {1,2}), C C X an l.c.i. curve of arithmetic genus p,(C) =1 —deg(C)
(resp. a connected l.c.i. curve of p,(C) = 1), and E a rank-2 vector bundle arising
from a nonvanishing extension

e € Ext'(Zc (1 — ry), Ox(—1)) = H(O¢).
Then E is a rank-2 ’t Hooft bundle and the following hold.:

(1) If C is unobstructed then E is unobstructed.
(1) Ifix is odd, E is slope-stable.

(ii1) Ifiyx is even, E is Gieseker-semistable if and only if it is slope-stable if and
only if C is nondegenerate.

(iv) The general line | C X is not jumping for E, that is to say, h' (E|;(—1)) = 0.
Proof. Consider the short exact sequence, defined by the extension class e,
@) 0— Ox(—1) > E—>Zc(1—rx) = 0.

We have H'(E(—qx)) = H' (Z¢(1 — rx — gx)). Indeed, if ix € {3, 4}, then
rx +gx = 2; hence this term vanishes. If ix € {1, 2}, then rx +gx = 1 and we get
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H'(Z¢) = 0 since we are assuming that C is connected. We can thus conclude that
E is an instanton bundle.

If ix is odd, since c1(E) = —1, the slope-semistability of E is equivalent to
its slope-stability which is equivalent to H°(E) = 0. This always holds since
H°Zc) =0. If iy is even, E is slope-semistable (resp. slope-stable) if and only
if HY(E(=1)) =0 = H°(Z¢) (resp. HY(E) = 0 = H°(Z¢(1))). Since a direct
computation shows that po, > pr we conclude that E is Gieseker-semistable if
and only if it is slope-stable which holds if and only if C is not contained in any
hyperplane.

Let us now prove (i). From Lemma 2.5, the unobstructedness of C is equivalent
to Ext*(Z¢, Z¢) = 0. Then, we apply the functors Hom( -, E) and Hom(Z¢, -) to
the short exact sequence (4). Using Lemma 2.1, this gives the exact sequences

Ext' (Ox(=1), E) = Ext®(Zc¢(1 — rx), E) — Ext*(E, E) — 0,
Ext®(Zc(1 —rx), Ox(—1)) = Ext*(Zc (1 — rx), E) — Ext*(Zc, Zc) — 0.

Note that Ext?>(Z¢ (1 —rx), Ox(—=1)* ~ H (Zc(2—ix —rx)). Foriy € {3, 4} we
find H'(Z¢(—2)) = 0 whilst for iy € {1, 2} we have H!(Z¢) =0, as C is connected.
Therefore if we assume C unobstructed, ext®>(Z¢, Z¢) =0 by Lemma 2.5, so that
ext?(Zc(1 —rx), E) =0 and ext*(E, E) = 0 as well.

It remains to show that a general line is not jumping for £. When iy is odd,
take a line / C X disjoint from the curve C, which is an open condition on the
family of lines on X. Restricting (4) to [ we get that E|; is an extension of O; by
O;(—1) sothat E|; >~ O; & O;(—1). When iy is even, we choose a line / meeting C
transversely at one point p € C. This time, restricting (4) to [, we get

0= O(-1)—E;—- O, &0, 0.

Since E|; is locally free, the kernel of the induced surjection E|; — O; ® O, — O,
must be O; yielding E|; ~~ (’)12. By semicontinuity the same will hold for the general
line on X. ([

The Serre correspondence is particularly effective to construct instanton bundles
of low charges, in particular those having minimal charge (meaning the minimal one
allowed by the constraints in Definition 1.1), or having charge slightly greater than
the minimal one. In the upcoming sections we will describe in detail the behaviour
of the slope-stable rank-2 instantons having the lowest possible charge. We will
see that these bundles are actually 't Hooft instantons and for each value of ix we
will also describe the corresponding curves on X.

2.3. Instanton bundles of higher rank. We choose to focus now our attention on
instanton sheaves of higher rank.
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2.3.1. The Chern character of instantons. To begin with, let us look at their Chern
character. From now on we will denote by F{ a minimal slope-stable instanton on X,
in the sense that it has the minimal possible values of rank and charge admitted by
Definition 1.1. As already pointed out in the previous section, Fy >~ Oy for ix even
whilst Fj is a locally free rank-2 instanton for ix odd. Note that the main features
of these bundles in the odd index cases will be summarised in Sections 4.1 and 4.2.

Lemma 2.7. Let E be an instanton. Then there is a pair of integers (n, k) such that
%) ch(E) = nch(Fy) —kch(O;(gx — 1))
for Fy a minimal instanton.

Proof. Let us start with the case ix even. For an instanton E, the condition
ch(E) =ch(RHom(E, Ox)) implies that the odd Chern classes of E vanish. Hence
ch(E) has the form (n, 0, —k, 0) = n ch(Fp) —k ch(O;(gx — 1)) for n =rk(E) and
k=co(E).

Assume now that iy is odd and let ch; (E) be the j-th Chern character of a nonzero
instanton sheaf E for j €{0,...,3}. The condition ch(E) =ch(RHom(E, Ox(—1)))
imposes

(6) c1(E) = —31k(E)Hy, ch3(E)=—5c1(E)Hy — % chy(E).

Note that the first equation implies that the rank of E must be even; hence rk(£) =2n
for some positive integer n. Let now E™ be a rank-2 instanton of second Chern
class ¢, (E™) = m. From the conditions above c¢;(E™) = —Hx and ¢3(E™) = 0.
Then, going back to our arbitrary instanton sheaf E of rank 2n, we check directly
that, under the condition (6), we have

ch(E) —nch(E™) = —kmlx + 5kn px = —kn ch(O1(gx — 1)),

where k,, = nchy(E™) —chy(E) is an integer that depends on m. Setting E™ = Fj,
we obtain (5). O

Remark 2.8. The invariance of the Chern character of an instanton E with respect
to the functor E +— RHom(E, Ox(—rx)) also tells us that

X(E, Fo) = x (Fo, E).

From now on, an instanton E on X whose Chern character can be expressed
as in (5) will be referred to as an (n, k)-instanton. We denote the Chern character
ch(E) e B, H" (X, Z) of an (n, k)-instanton by y (n, k). The number k will be
referred to as the charge of the instanton. This will coincide with the second Chern
class of £ when iy is even whilst when iy is odd we have

k= ndx — n’dx —ney(Fo) +¢a(E),  where dx = Hj.
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2.3.2. Existence of slope-semistable instanton sheaves of higher rank. The main
existence issue we will deal with is the following: for which values of n and k
does X carry an (n, k)-instanton? If one just wants to look at slope-semistable,
not necessarily locally free (n, k)-instantons, it is actually quite easy to answer
this question. Sheaves F of this kind can indeed be obtained by taking kernels
of surjections E — T for E and T, respectively, a slope-semistable and a torsion
instanton, in which case we will say that F is the elementary transformation of E
along T'. We refer to [Comaschi and Jardim 2024] for a more detailed discussion
of the features of the instanton sheaves obtained using this technique.

Definition 2.9. Let X be a Fano threefold of Picard rank one. A torsion instanton
is a coherent sheaf T of pure dimension one and such that 4’ (T (—gx)) = 0 for
i =0, 1. The integer d = deg(Supp(7T)) is called the degree of T'.

Lemma 2.10. Let X be a Fano threefold. Then for alln > 2 and k > 0, X carries a
strictly slope-semistable (n, k)-instanton.

Proof. Instantons E satisfying Lemma 2.10 can be obtained via elementary
transformation Fj — T for T a torsion instanton of degree k. A torsion instanton 7'
of such a kind always exists: it will be enough to take T =~ 695';1 O,((gx — 1))
for disjoint lines [y, . .., [y on X, with the additional assumption that none of these
lines is jumping for Fy, i.e., k' (Fy|;,(—1)) =0, for iy odd. That a general line on
X indeed satisfies this condition is ensured by the fact that Fy is a 't Hooft bundle;
see Lemma 2.6. A more detailed description of the corresponding curves will be
presented later on.

A sheaf E obtained in this way is slope-semistable since this holds for its
double dual, as indeed we have E** >~ F. Since the kernel of the composition
Fy — Fy — T injects into E, E is strictly slope-semistable. It is immediate to
check that h!' (E(—gx — 1)) = H*(E(—qx +1)) =0 for ¢ € {0, 1}, so we conclude
that E is an (n, k)-instanton. ]

2.3.3. Minimal charge of slope-stable instanton bundle of higher rank. Things
become more intricate after strengthening our stability assumption. When we pass
to the higher-rank cases we can immediately observe that checking the stability
of sheaves becomes typically much more tricky. Here, we look for slope-stable
instanton bundles; slope-stability is among the strongest conditions that one can
impose. To accomplish this task we go through two main steps. First, for each n,
we need to determine the minimal value of k for which (n, k)-instantons might exist.
If we assume ix > 2, whenever 7 is fixed, it is easy to establish a first lower bound
for the value of k& that must hold if we hope for the existence of (n, k)-instantons
that are at least Gieseker-semistable.

Lemma 2.11. Let E’,ﬁ be an (n, k)-instanton on a smooth Fano threefold of Picard
number one and index ix > 2. Assume that E,]; is Gieseker-semistable if ix has
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even index and that E,’j is slope-semistable if ix = 3. Then k > |_in-| and k > 0,
respectively.

Proof. The inequality is obtained by imposing x (EX) < 0. Indeed, if x (E¥) > 0,
then EX admits a nonzero global section, because Lemma 2.1 gives h%(EX) = 0.
But this is impossible due to the semistability assumption on EX. U

Trying to establish a lower bound for kK when ix = 1 in a similar way is not
effective. Indeed, when iy = 1, any instanton sheaf E satisfies x (E) = 0.

We will see that in the even index cases, this lower bound is actually sharp;
whilst for the odd indices further constraints will be required.

The second main step consists in the actual construction of instantons for all
values of k greater than the minimal one.

Remark 2.12. The technique of the elementary transformation that we applied
in Lemma 2.10 is also used in [Faenzi 2014] to prove the existence of rank-2
instanton bundles of high charge on Del Pezzo threefolds. Performing the elementary
transformation of a slope-stable instanton bundle E along a line / C X which is not
a jumping line of E, we get

O0—-F—FE— QO —0.

Here, F is a slope-stable nonlocally free instanton sheaf of charge c2 (F) =c2(E)+1,
with F** ~ F.

It turns out the sheaf F' deforms flatly to a locally free instanton. This is proved by
showing the dimension of the nonlocally free deformations of F is strictly less than
the dimension of the Gieseker-moduli space at [ F']. We will recall the key ingredients
of this argument in Section 4.2, where we will adapt it to prove the existence of
rank-2 instanton bundles on Fano threefolds of index 1; see Proposition 4.9.

It is natural to ask if a similar approach can be exploited in the higher rank
cases, but unfortunately the answer is negative. The reasons for the effectiveness
of this technique in the rank-2 case are essentially two. First, the fact that for any
nonlocally free rank-2 instanton E, the sheaves E** and E**/E are, respectively, an
instanton bundle and a torsion instanton. This affords an estimate of the dimension
of the nonlocally free deformations of E. Second, for rank-2 instantons, local
freeness is equivalent to reflexivity. But both these properties no longer hold for
rank greater than 2; see [Comaschi and Jardim 2024] for details.

2.3.4. Slope-destabilising subsheaves and unobstructedness. Starting from a slope-
stable (n, k)-instanton E,’f on a Fano threefold X, we will construct a strictly
slope-semistable (n+1, k)-instanton EX_, arising from an extension Ext'(EX, Ox)
for ix even and from an extension Ext! (E,’;, Fy) for ix odd. The fact that Eﬁ 41 is
obtained in this way enables us to classify all its slope-destabilising subsheaves.
This is due to the following result.
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Lemma 2.13. Let X be an m-dimensional projective variety of Picard rank one
and let E be a sheaf arising from a nonzero extension e € Ext' (F, G), with F and
G slope-stable vector bundles with W (F) = u(G) = w(E) and G 2 F. Then E is
a strictly slope-semistable vector bundle and F is, up to isomorphism, the unique
torsion-free quotient of E having slope (E).

Proof. By construction E fits in the short exact sequence

0—-G—E—F—DO0.

So E cannot be slope-stable, since it contains G. If E were unstable, it would
admit a slope-semistable subsheaf L with rk(L) < rk(FE), w(L) > w(E). But the
slope-stability of F implies that Hom(L, F) = 0 so that L would inject into G,
which is clearly impossible as G is slope-stable as well. Therefore E is strictly
slope-semistable.

To prove the lemma we need to show that every subsheaf L — E of slope u(E)
such that E/L is torsion-free is equal to G. For such a subsheaf, which must be
slope-semistable, consider the composition L — F, denote by Q its image and by
K the kernel of L — Q.

Let us suppose that Q # 0. Since F is slope-stable, we must have the equalities
w(Q) = u(L) = u(K) = u(G) = u(L) = u(E). Now, if K # 0, we must have
G >~ K, for otherwise G/K would be a torsion subsheaf of E/L. So E/L >~ F/Q
which is torsion unless F' >~ Q, so E >~ L as well which is not possible since L is a
proper subsheaf of E.

Then we would have K =0, so L >~ Q and E/L would be an extension of
F/L by G. Note that F/L # 0, since otherwise E — G which would imply
that the sequence splits. Note that, since F is slope-stable and u(F) = u(L),
we must have rk(F) = rk(L) and c;(F) = c1(L), so codim(Supp(F/L)) > 2.
Hence Ext' (F/L, G) ~Ext" (G, F/LQ wx)* ~ H" (G*Q F/L ® wx)* =0
which again contradicts the torsion-freeness of E /L.

Then we must have Q = 0, which gives K ~ L; hence L — G. Again, since G
is slope-stable and n(L) = u(G), we get k(L) = 1k(G), whence G/L is torsion.
But G/L injects into E/L, which is torsion-free, so G = L. (|

The way we use the previous lemma is to characterise the strictly slope-semistable
deformations of E ],; e
slope-stable (n, k)-instanton as its unique torsion-free quotient having the same
slope. This allows one to determine the dimension of the family of strictly slope-
semistable deformations of E ,’j +1- Based on this, we will prove that E ,’j 4 deforms
to a slope-stable instanton.

In order to control the deformations of Ef 41> We must check its unobstructedness.

This will be proved inductively: starting from an unobstructed (n, k)-instanton EX on

in the sense that a general deformation will also admit a
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a Fano threefold of even index (resp. E',j such that Ext*(Fp, E',f) = Extz(E'n‘, Fy)=0
on a Fano threefold X of odd index) we get the unobstructedness of the extensions
of EF by Ox (resp. Fy).

Lemma 2.14. Let E and F be coherent sheaves on a scheme X. Suppose that E
and F are unobstructed and that Extz(E, F)=0= Eth(F, E). Lete e Ext! (F, E),
e # 0, be an extension class corresponding to the nonsplit exact sequence

0—>F—>E —>E—=Q.

Then E’ is unobstructed.

Proof. Since Ext?(F, F) = 0 = Ext*(E, F), we have that Ext>(E’, F) vanishes
as well. Therefore Ext’(E’, E') injects into Ext>(E’, E). But the vanishing of
Ext*(F, E) implies that Ext*(E, E) surjects onto Ext?(E’, E) so that the latter
must be zero as we are assuming E unobstructed. Thus, Ext’(E’, E') = 0. [l

If iy # 1, we will be able to prove the existence of slope-stable instanton bundles
that also admit global sections after a twist by Ox(1). We remark that for most
values of k, (n, k)-instantons E such that h°(E (1)) # 0 form proper closed subsets
of their moduli space.

3. Instantons on Fano threefolds of even index

We will begin by treating the case when iy is even. Recall that in this context
Fy >~ Ox and the Chern character y (n, k) of an (n, k)-instanton Eﬁ has the form

@) y(n, k) =nch(Ox) —kch(O;(gx — 1)) = (n, 0, =k, 0).

The integer n is just the rank of E while k is the second Chern class of E. We
saw that the instanton conditions impose k > (qix]; see Lemma 2.11 —recall that
gx =2 if X =P3 and gx = 1 if X is a Del Pezzo threefold.

We will show that this lower bound is sharp, constructing inductively slope-stable
(n, k)-instanton bundles for all k > fqix-| These will be obtained by deforming
strictly slope-semistable (n, k)-instantons arising as extensions of a slope-stable
(n—1, k)-instanton by Oy.

3.1. Instantons of high rank on 3. We first direct our attention towards the case
X = [P3, that is to say, iy = 4. The first thing that we need to do is to recall the
well-known construction of slope-stable unobstructed rank-2 instanton bundles of
charge k£ > 1 that will provide us the base of our inductive argument. We just pick
the construction from Lemma 2.6, through unobstructed curves of degree k + 1 and
arithmetic genus —k, for instance, the union of k41 disjoint lines, giving “classical”
’t Hooft bundles.
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Lemma 3.1. For k > 0, let Cy, be the union of k + 1 disjoint lines and let Elz‘ be a
't Hooft bundle arising from a nonzero extension class in Ext! (Zc, (1), Op3(—1)).
Then E’Z‘ is slope-stable and unobstructed and has trivial splitting on a sufficiently
general line.

Proof. This is Lemma 2.6. The only thing left to check is the unobstructedness of Cy;
but this is immediate since, if Cy is supported on ly, . . ., lx, then N¢, > @f:o (’)lzi (D),
and hence H' (N, p3) =0. O

The minimal charge for a Gieseker-semistable instanton is 1. Moreover, for a
rank-2 instanton E of charge 1, x (E(1)) > 0. We conclude that a minimal rank-2
instanton indeed is a 't Hooft instanton. For higher rank, we have the following
result.

Theorem 3.2. Let n, k be integers with n > 2 and k > (%1 Then there exists a
slope-stable unobstructed (n, k)-instanton bundle E on P satisfying the following:

(1) The cokernel sheaf F of a general morphism Op3(—1) > E is unobstructed,
slope-stable, torsion-free, of homological dimension at most 1, and satisfies

ext (F, Ops(—j) =0 fori#1, j=0,1;
W(F)=0 fori#1;
R(F(1)=0 fori=>2.

(i1) For all integers q with 1 < q <n — 1 we have Ho( N? E) =0.
(iii) For a general line | C P3, E has trivial splitting over [, namely E|; ~ O}.

Before passing to the actual proof of Theorem 3.2 let us summarise its main
steps. To begin with we review the base of the induction (Step 1), given by rank-2
’t Hooft instanton bundles satisfying Theorem 3.2.

We then pass to the inductive step (Step 2): from an (n, k)-instanton bundle E ,’j
satisfying Theorem 3.2, we construct a strictly slope-semistable, but Gieseker-
unstable (n+1, k)-instanton Eﬁ 4 from a nonsplit extension class in Ext! (Eﬁ, Op3).

Next, we lift a general s € HO(E,’i(l)) to HO(E§+1(1)) and we prove that the
cokernel F ,]f 41 of the corresponding morphism Ops(—1) — E 111‘ 41 1s unobstructed
and slope-stable (see Steps 3 and 4). By construction F}f 4 arises from a nonzero
element in Ext! (F,’f , Op3) for F,f := coker(s).

In Step 5 we show F,]l‘ 41 deforms, in the Gieseker-moduli space Mp3 (ch(Frf 1))
to a sheaf admitting no quotient of type F,’f.

Finally, via universal extensions, we will construct a projective bundle over
Mps (ch(F r’f 1)) that will play the role of the moduli space of extensions of sheaves
in Mps (ch(Frlf 1)) by Ops(—1) (see Step 6). Thanks to the conclusions drawn
in Step 5, we show that, in this moduli space, [E’]j +1] deforms to a slope-stable
(n+1, k)-instanton bundle.
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Proof. We prove the theorem by induction on the rank 7.

Step 1 (check the base of the induction). For n = 2, the theorem holds due to the
existence of the rank-2 ’t Hooft bundles. By Lemma 3.1, ’t Hooft E’z‘ of rank-2 is
unobstructed, slope-stable (which is equivalent to satisfying (ii)) and satisfies (iii).
A nonzero global section s of E’z‘(l) vanishes on a locally complete intersection
curve Cy of degree k + 1 and arithmetic genus —k. These are supported on < k + 1
disjoint lines and will consist of the union of k 4 1 disjoint lines, generically. We
checked that the curves Cy of this kind are unobstructed and Z, (1) satisfies (i).

Step 2 (construction of an instanton of higher rank). Let us now pass to the proof
of the induction step. Consider integers n > 2 and k > (%] By induction
there exists an instanton bundle EX of rank n, charge k and satisfying the theorem.
We have ext®(EX, Ops) = 0 by stability and ext>(EX, Ops) = 0 by (ii). Since
x (EX, Ops) = n — 2k < 0 we deduce that there exists the nonsplit extension

®) 0— Ops — EX, | — EX >0,

with Eﬁ 4 astrictly slope-semistable (and Gieseker-unstable) instanton bundle.

We claim that £ s 1 deforms to an instanton bundle satisfying the statement of the
theorem. To begin with, we observe that, due to Lemma 2.14, E,’j 41 1s unobstructed.
Note also that, since E ,’j satisfies (iii), the same holds for £ I’i to see this, it suffices
to restrict (8) to a general line [ C P3.

We take a general global section s’ € H O(E,’f(l)) and we lift it to a global section
s € HO(EX, (1)). Since s does not lie in the image of H%(Ops (1)) — HO(EX (1)),
coker(s) is a torsion-free sheaf Fr]f iRE

+1°

Step 3 (check the unobstructedness of F,f +1)- By construction, the sheaf F; ,’l‘ o fits
in the commutative diagram

Op3(—1) == Ops(—1)
L l
9 0 — Ops » EX | > EX > 0

| | |

0 —— Ops > FX > FX >0

Since s’ is general, we may assume that F,’f satisfies (i). From the diagram we
compute that F,f 41 has homological dimension < 1 and that F,’f 4 satisfies all
cohomological conditions of (i) except for hO(F,’lc 41)» as actually hO(Fr’f ) =1L
Notice that since F,’f satisfies (1), F,’l‘ 1 is unobstructed by Lemma 2.14.

Step 4 (show that F,f 1 is slope-stable). We use the last row of (9). Suppose,
by contradiction, that Fr’f 1 1s not slope-stable, and let L C F,f 4 be a saturated
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slope-semistable destabilising subsheaf. Since cl(Frf "\ 1) =1, we have ¢ (L) > 1.
Let I be the image of L in F¥. Since the kernel of L — I is contained in Ops, we

have c;(I) > 1. If 0 <rk(I) <n —1, then

contradicting the slope-stability of FX.

Assume therefore that tk(/) =n — 1. Thenrk(L) =n — 1, the map L — [ is
injective and ¢ (L) =c; (/) = 1. Since L is saturated, M := F,fH/L is a torsion-free
rank-one sheaf with c¢; (M) = 0. The inclusion Ops < F ,f 1 Induces an injection
Ops < M. As M** =~ Ops, this forces M >~ Ops. Thus the inclusion Ops < F¥_ |
admits a retraction, so the defining extension of F ,’f 41 SPlits, a contradiction.

Consequently / =0, so L is contained in Ops, contradicting c; (L) > 1.

Step 5 (deform F ,f 41 to a slope-stable sheaf having no quotient of type F,’,‘ ). Next,
we claim that F,f 1 deforms to a slope-stable sheaf having no global sections. A
general deformation F of F,f 41 18 an unobstructed slope-stable sheaf of homological
dimension < 1, satisfying ext' (F, Op3(—j)) =0fori # 1, ' (F(j)) =0fori >2
and j =0, 1. Let us check that 2°(F) = 0. Assuming the contrary, we get the exact
sequence

(10) 0— Ops —> F— F' — 0.

Here, F’ has ¢;(F’) = ¢;(F) = 1 and admits no quotients of degree < 0, due to
the slope-stability of F', hence it is slope-stable. From (10) we deduce that, for
all j € {0, 1}, one has ext' (F’, Ops(—j)) = 0 for i # 1 and h'(F'(j)) = 0 for
i > 2. We can readily prove that, as F is unobstructed, the same holds for F’. Thus
the sheaf F’ represents a smooth point in Mps3 (v), the moduli space of Gieseker-
semistable torsion-free sheaves having Chern character v = ch(F,f).

The assumption that a general deformation F has nonvanishing global sections
would then lead to ext! (F¥, |, F¥ ) <ext! (F¥, F¥)+ext! (F¥, Ops) — 1. However,
this is a contradiction, for a direct computation shows, by our choice of k

extl(F,]l‘H, F,fH) —ext! (FF, F*y —ext! (F¥, Ops) + 1
=—x(F 1. Fyo)+ X (Fy F) + x (Fy, Ops) + 1
= —x(Ops, FXy = —x (E" =2k —n > 0.

Step 6 (use the universal extension to construct a slope-stable deformation of E ’; 1)
Summarising the previous steps, we proved that Fr]f 4 deforms to a slope-stable
sheaf having no global sections, so we may consider a family of sheaves F over
U x P3, where U is an appropriate open subset U of Mps (ch(F,’f 1)) specialising
to F,f 41 and all sheaves F; corresponding to points 7 € U satisfy (i). Let us use it
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to construct a family E specialising Eﬁ +1 and whose general element satisfies the
theorem. Consider the relative Ext sheaf

& = Exty, (F, Oy ps(—1)).

Here, p; is the projection onto the first factor, Ext})l (-,-)=R! (p1,Hom(-,-))
and for a coherent sheaf 7 on U x P3 we define F(n) := F ® py*Ops(n). Since
Ext*(F;, Op3(—1)) = 0 for all ¢t in U, we get é‘xt?71 F, Oyyp3(—1)) = 0 and
5’“;71 (F, Oy «p3(—1)) commutes with base change (see [Lange 1983, Theorem 1.4;
Lgnsted and Kleiman 1979, Theorem A.5]).

Moreover, since for all r € U,

ext! (F;, Ops(—1)) = —x (F;, Ops(—1)),

Sxt;,] (F, Oy «p3(—1)) is locally free on U. Therefore pi,(Hom(F, Oy, p3(—1))
commutes with base change as well (due to [Lange 1983, Theorem 1.4]) and is, a
fortiori, the zero sheaf.

Applying now [Lange 1983, Corollary 4.5], we get the existence of a universal
extension, on P(€) x P3,

(11) 0— Opeyxps @ P1*Opey(—=1) = E— F — 0,

where the sheaf F on P(&) x P? is the pullback of F.

We obtain a family E of instanton bundles over P(£). In view of the unobstruct-
edness of E}’q‘ +1 and semicontinuity of Ext, up to shrinking U, we can assume that
this family consists of unobstructed instantons. By construction, a general element
of the family satisfies (i).

Finally let us show that, for x general in P(£) we have H°( A\ E,) = 0 for
g =1, ...,n— 1. Taking exterior powers of the exact sequence (8), we obtain the
exact sequences

q-1 q q
0— /\Eﬁ—)/\Eﬁ+1—>/\E£—>O
for 2 < g <n — 1. Due to the inductive hypothesis, we deduce the vanishing of
HO( /\q E,’Lr]) for 2 < g <n—1. Still from (8), we also check that

HO( A\ E,’§+1> ~ Hom(E%_ |, Ops) = 0.

Indeed, applying the functor Hom( -, Op3), we get that, by construction, the induced
morphism Hom(Ops, Ops) — Ext! (EX, Ops) is injective, for this is nothing but the
map sending the identity to the extension class defining (8).

Consider a general deformation E, of EX_,. By semicontinuity H°( A? Ey) =0

for 2 < g <n — 1. In addition to this, by construction, E, fits in

0— Ops(—1) > Ex > F — 0,
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with F =F (), where 7 : P(€) — U is the projection. Since we are assuming x
general, the sheaf F will have no nonzero global section. Therefore the same holds
for E,. So, finally, H 0( N’ Ex) =0 for 1 <g <n — 1. This implies slope-stability
of E, by Hoppe’s criterion; see, for instance, [Jardim et al. 2017, Theorem 3]. [

An immediate consequence of the theorem is that the moduli space Mlps (1, k)
of (n, k)-instanton bundles is nonempty and that it has an irreducible component
whose general point corresponds to a slope-stable and unobstructed bundle.

Corollary 3.3. Foralln > 2,k > (%] there is a generically smooth (1—n2+4nk)-
dimensional component of the moduli space Mlps (n, k) of (n, k)-instantons whose
general point is a slope-stable locally free instanton having general splitting 0".

Looking at the sheaves arising as cokernels of the (twisted) global sections of the
instanton bundles constructed in the previous theorem, we get the following result.

Corollary 3.4. Foralln > 2,k > [%-| , the moduli space
Mps (v (n, k) — ch(Ops (=1)))
of Gieseker-semistable torsion-free sheaves with Chern character
y (n, k) — ch(Ops (—1))

has a generically smooth component of dimension n(4 — n) + 4k(n — 1) whose
general point is a slope-stable sheaf.

3.2. Instanton bundles of high rank on Del Pezzo threefolds. Now, we focus on
Fano threefolds of index 2, called Del Pezzo threefolds, and Picard number 1. We
recall that there exist five families of deformation equivalent threefolds Y, of this
kind, distinguished by the degree d of the ample generator of the Picard group, with
d €{l1,2,3,4,5}. For the rest of the section, ¥ will denote any Fano threefold of
index 2 and d will denote its degree.

As we pointed out, on a Fano threefold Y,; of index 2, the Chern character y (n, k)
of an (n, k)-instanton Eﬁ has the same form as on P3, y(n, k)= (n,0,—k,0). We
will prove that, for all n > 2, Y carries slope-stable (n, k)-instanton bundles for all
k > n. This was the lower bound for k£ determined in Lemma 2.11. We adopt an
inductive method almost equivalent to the one used on the projective space. Also this
time the base of the induction will consist of the rank-2 bundles analogous to ’t Hooft
bundles, as shown in Lemma 2.6. They are obtained via Serre’s correspondence from
elliptic curves. More precisely a rank-2 ’t Hooft bundle of charge k corresponds
to an l.c.i. unobstructed and nondegenerate elliptic curve of degree d + k. Given
an integer d, we let Hilbg, (Y) be the Hilbert scheme of closed subschemes of Y
having Hilbert polynomial dt, so that curves (i.e., purely one-dimensional closed
subschemes of Y) of arithmetic genus 1 and degree d give points of this Hilbert
scheme. We will prove the following result:
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Proposition 3.5. For all k > 2, there is a generically smooth 2(d+k)-dimensional
component Hq1y of Hilbgyx):(Y) whose generic point is a smooth elliptic curve
which is nondegenerate and unobstructed.

We will prove the proposition by induction on k. From a smooth, unobstructed
elliptic curve C C Y of degree d¢, we construct a smooth, unobstructed elliptic
curve of degree dc + 1, by smoothing a nodal curve C’ consisting of the union
of C and of an ordinary line, i.e., such that N; >~ (9,2, meeting C quasitransversely
(meaning with distinct tangent vectors) at a point p.

Lemma 3.6. Let C C Y be a smooth, unobstructed elliptic curve on Y and letl C Y
be an ordinary line meeting C quasitransversely at a point. Then C Ul deforms to a
smooth and unobstructed curve.

Proof. We apply [Hartshorne and Hirschowitz 1985, Theorem 4.1] and we refer to
[loc. cit.] for further details. Denote by C’ := C Ul and by p the intersection point
p := C N1. The normal sheaf N¢' of C’ fits in the short exact sequence

(12) 0— N¢g = Nelle @Nerli = Nee ® O, — 0.
Let us consider the restriction M¢/|c. This is a rank-2 vector bundle on C fitting in
(13) 0—>Nc—)NC/|C—>Op—>O;

since by assumption C is unobstructed, H'(N¢/|c) = 0and H*N¢r|c) — H(O,)
is surjective. According to [Hartshorne and Hirschowitz 1985], the restriction Né |7
fits in the exact sequence of O; modules

(14) 0— Nc'li(=p) = Nerli = Ne ® 0, — 0;

since also N¢/|; arises from an extension class in Extl(Op,J\/}) and since [ is
ordinary, 2! (N¢|;(— p)) = 0 which implies that 2! (N¢|;) = 0 as well and the map
HOW¢)) = HOWe @ O p») 18 surjective. These results, together with (12), lead
us to conclude that H'(N¢) = 0 and HO(W¢) — H(O,) is surjective. Then,
applying [Hartshorne and Hirschowitz 1985, Proposition 1.1], we conclude that C’
is a smoothable and unobstructed elliptic curve. U

Proof of Proposition 3.5. We argue by induction on k. For k = 2 this can be found,
e.g., in [Faenzi 2014, Proof of Theorem D]. We sketch here the key steps leading
to the result. To begin with we consider a general hyperplane section S of Y, so
S is a smooth Del Pezzo surface of degree d. It is easy to construct a smooth
elliptic curve C of degree d + 2 on S that is unobstructed on Y. This is done by
realising S as the blow-up of P? along 9 — d points pi, ..., po_g, and pulling
back a general plane cubic passing through 7 — d among py, ..., pg_s. For such
a curve we have h°(N¢) = 2d +4 and h! (N¢) = 0. However, a dimension count
shows that the family of elliptic curves of degree d + 2 which are contained in a
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hyperplane section has dimension 2d + 3. Accordingly, C belongs to a generically
smooth (2d+4)-dimensional component H,» whose general element is a smooth,
unobstructed and nondegenerate curve.

Let us pass to the inductive step. For k > 2, consider a smooth and unobstructed
curve C of degree dc :=d +k, corresponding to a general point in H,.. Recall that
for a general point p € Y we have a finite number of lines passing through p. Since
C is general, we can find an ordinary line / meeting C transversely at a point p € C.
The union C" = C Ul is an elliptic curve of degree d¢ + 1. According to Lemma 3.6,
this curve is unobstructed. From the short exact sequences (12), (13) and (14),
RONe) =h"Nerle)+hOWNer ) —2=hO(Ne) +hO (V) =2(de+1) =2(d+k+1).
Then C’ defines a smooth point of a 2(d+k+1)-dimensional component Hy 4441
of Hilb(z4x+1):. Since, still according to Lemma 3.6, C’ deforms to a smooth
curve C, a general point of H ;41 corresponds to a smooth elliptic curve on Y.
Finally, since C’ is unobstructed and nondegenerate, assuming c general enough,
by semicontinuity, the same holds for C. ([

Lemma 3.7. For all k > 2 there exists an unobstructed slope-stable rank-2 instanton
bundle E’z‘ fitting in the short exact sequence

(15) 0— Oy(—-1)— E—>Zc() — 0,

with C a smooth, nondegenerate and unobstructed curve in H 1. Moreover such a
bundle E’z‘ has splitting (0, 0) on the general line.

Proof. Once again this is a consequence of Lemma 2.6. ([

Again, actually all minimal rank-2 instantons E (i.e., rank-2 instantons having
charge 2) are 't Hooft instantons, since y (E(1)) > 0. We can finally adapt the
argument of Theorem 3.2 to check the existence of slope-stable instanton bundles of
rank  for all » > 2. We omit the detailed proof since there is no major modification
with respect to Theorem 3.2.

Theorem 3.8. For all n > 2 and k > n there exists a slope-stable unobstructed
(n, k)-instanton bundle E on Y satisfying the following:

(i) The cokernel sheaf F of a general map Oy(—1) = E is an unobstructed
slope-stable torsion-free sheaf of homological dimension at most 1 such that

ext' (F, Oy(—j)) =0 forall i #1and j € {0, 1},
W(F)y=0 forall i#1.
(ii) For any integer q with 1 < g <n — 1, we have ho( /\q E) =0.
(iii) For a general linel C 'Y, we have E|; >~ O]

Proof. The steps of the proof are equivalent to the ones we used for Theorem 3.2. [J
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Corollary 3.9. Foralln > 2,k > n, there exists a generically smooth (2kn—n>+1)-
dimensional component of the moduli space Mly (n, k) of (n, k)-instanton bundles
whose general point is a slope-stable locally free instanton with general splitting 0".

Corollary 3.10. For alln > 2, k > n, the Gieseker moduli space
My (y (n, k) — ch(Oy (~1)))
of Gieseker-semistable torsion-free sheaves with Chern character
y(n, k) —ch(Oy(=1))

admits a generically smooth component of dimension n(d + 2 — n) + 2k(n — 1)
whose general point is a slope-stable sheaf.

4. Instantons on Fano threefolds of odd index

Now we deal with Fano threefolds of odd index. In these cases the invariance of the
Chern character with respect to RHom( -, Ox(—rx)) imposes several constraints.
Notably, the rank r of an instanton sheaf must be even, so we write r = 2n. To prove
the existence of slope-stable instanton bundles, we will need to modify nontrivially
the methods applied in the even-index cases. The central idea remains to construct
strictly slope-semistable sheaves that are not Gieseker-stable, more specifically
having Fj as their maximal destabilising subsheaf, and then to prove that these
deform to slope-stable ones. For ix odd the strictly slope-semistable sheaves that
we construct will arise from extensions of slope-stable instantons by a minimal
instanton Fy, which this time will no longer be decomposable. Note that this is
consistent with the requirement r = 2n.

4.1. Instantons of high rank on 3-dimensional quadrics. We start by treating the
case of the smooth quadric hypersurface Q C P*, the only smooth Fano threefold of
index 3. On the hypersurface Q, the minimal instanton is the spinor bundle S. This
is the only rank-2 slope-stable instanton bundle of charge 1. The Chern character
y(n, k) e @?:0 H"(Q,7Z) ~ 7" of an (n, k)-instanton Eﬁ on Q has the form

y(n, k) =nch(S) —kch(O)) = (2n, —n, —k, 3k — n).

We recall some well-known features of the spinor bundle that will be needed
later — for further details we refer, e.g., to [Arrondo and Sols 1989; Ottaviani 1988].
The bundle S is exceptional, namely it is simple and Ext? (S, S) =0 for p =1, 2, 3.
Via the Serre correspondence, S can be obtained from any line / C Q and a nonzero
extension e € Ext!(Z;, Og(—1)) ~ H'(0;(-2)) ~ C:

(16) 0— 0Op(-1)—>S—>1,— 0.
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The spinor bundle S is uniform, namely, given any line [ C Q, we have the
isomorphism N, x >~ S(1)|; 22 O; @ O;(1); hence S has splitting type (-1, 0) on [.
The Hilbert scheme of lines Hilb,1(Q) is identified with P(H 0(S8(1))) ~ P3. The
dual S* ~ S(1) is an Ulrich bundle, that is to say, it satisfies H'(S(—i)) = 0 for
i <3and H'(S*(—i)) =0 for i > 0. The bundle S* is globally generated and the
surjective evaluation map 0% ~ Op®H 0(8(1)) = S(1) induces an embedding
0 — (2, 4) whose image is a hyperplane section of (2, 4). In this way, S is
identified with the pullback of the tautological rank-2 vector bundle /. Pulling back
the tautological exact sequence on G(2, 4) one sees that S fits in

17) 0—>8— 0> 8*—0.
Next, we determine the minimal charge of Gieseker-stable (n, k)-instantons.

Lemma 4.1. Let Eﬁ be a Gieseker-stable (n, k)-instanton on Q, not isomorphic
to S. Then

k> {%n—|

Proof. Applying Riemann-Roch we compute x (S, EX) = x(E¥, S) =n — 3k and
X(E,’j) = —k. By definition H 2(E,’j) = 0. Also, stability of the involved sheaves
implies Ext}(S*, Eﬁ) =0.

Then, from (17) we compute Ext*(S, Efl‘) = 0. This means that whenever
X(S, E /,j) > () there exists a morphism S — E ,’j Looking at this morphism one sees
that, if k£ > 0, a necessary condition to have slope-semistability (see Lemma 2.11)
is ps > pgk with equality holding if and only if k = 0.

This proves, unless E ,’; ~ S, Gieseker-stability requires 3k > n; hence k > |_%-| .0

The short exact sequence (16) tells us that S might be thought of as a minimal
’t Hooft bundle on Q. From Lemma 3.1, applying the construction to curves
supported on disjoint lines, we get the following result. This is also studied in
[Faenzi 2014, §2.3].

Lemma 4.2. For all k > 0, the quadric threefold Q carries rank-2 't Hooft slope-
stable and unobstructed instanton bundles E of charge k. Also, a general bundle of
this kind satisfies H' (E|g,) = 0 for a general rational curve Ry of degree d = 1, 2.

Proof. Consider the union C of k41 disjoint lines l, . . ., [x lying on Q. Then C is
an l.c.i. curve of degree k + 1 and arithmetic genus —k. Note that unobstructedness
holds obviously on each line on Q and this implies unobstructedness of the curve C
as well. From Lemma 3.1, a vector bundle E arising from a nowhere vanishing
extension class [e] € Ext! (Z¢, Op(—1)) ~ CHlisa slope-stable ’t Hooft bundle
which is unobstructed. Finally let us check that a general line and a general conic
are not jumping for E.
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For aline / such that /N/; = @ foralli € {0, ..., k}, we have Zc ® O; >~ Oy;
hence
El;~ 0@ Oi(—1).

A general line [ C Q is disjoint from each line /;. Indeed, in the projective space
P3 of lines in Q, those meeting a fixed line /; are parametrised by a plane [P’zl_;
hence the aforementioned lines correspond to points in the dense open subscheme

P2\ UiZ P

Assuming now C general, we suppose that the points [/;] € P3, fori =0, ..., k,
are in general position — in particular no triples of points are aligned. Choose one
of these points, say [lo], and a general point [/'] € P3, distinct from [;],i =1, ..., k.

A smooth conic R; in {lp, ) N Q meets C in just one point p so that
Ice® ORz =~ (’)Rz(—p) ©® Op.

Accordingly E|g, =~ (’)Rz(—p)@2. Since the vanishing of Hl(E|R2) is an open
condition on the Hilbert scheme of conics on Q, we conclude that a general conic
on Q is not jumping for E. U

The existence of rank-2 't Hooft bundles suggests using them as the base of
an inductive argument inspired by Theorem 3.2, affording slope-stable instanton
bundles of any rank r > 2 that still admit a global section after a twist by Op(1).
The inductive step will be based on the fact that, whenever E’,ﬁ has charge k greater
than the minimum k;j, we have Ext! (Eﬁ, S) > 0. This allows us to construct strictly
slope-semistable bundles, which then deform to slope-stable instantons.

n

Theorem 4.3. Foralln > 1 and k > |'§—| there exists a slope-stable unobstructed
't Hooft (n, k)-instanton bundle E on Q satisfying the following:

(i) We have ext' (E,S) =0 fori # 1.

(ii) For s € H°(E(1)) general, the cokernel sheaf of Op(—1) > E is an
unobstructed slope-stable torsion-free sheaf F of homological dimension at
most 1 such that

ext’(F,8) =0, Hom(S, F) =0, Ext' (F, Op(=1) =0 fori#1l.
(iii) For a general rational curve R; C Q of degree d =1, 2, we have H! (E|r,)=0.

Proof. The proof is similar in spirit to those of Theorems 3.2 and 3.8. However,
there are several substantial differences, so we carry out the argument in detail.
We construct slope-semistable instanton bundles E ’rj 41 Vvia nonsplit extensions
in Ext!(EX, S) for EX an (n, k)-instanton satisfying the theorem. We will use
a different method to show that the cokernel F,f 1 of a global section of Eﬁ NP
obtained by lifting a general s € H O(E,’j(l)), flatly deforms to a sheaf that does

not admit S as a subsheaf. By construction F,f 1 will be an extension of F,f by S,
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where F¥ is the cokernel of s. This time we will not be able to rely on Hoppe’s
criterion, so we will need to slightly adjust our approach.

Let us briefly outline the main idea behind this step of the proof, as this type
of argument will be widely used throughout the rest of the paper. The locus of
points in Mo (ch(F, +1)) corresponding to sheaves admlttlng a quotient having
Chern character ch(F), k) is a closed subscheme Z C MQ(ch( +1))- To show the
existence of the aforementioned deformatlon of F¥ 241> We will prove that there is a
unique component of MQ(ch( 1)) passing through [F 1]. We show that this
component is smooth at [FK il and of dimension ext! ( AR +1) We then prove
that it cannot be entlrely contained in Z. For the latter, 1t is enough to show that, at

least locally around [F 411, one has dim(Z) < ext! (F¥ 1 fﬂ).

Step 1 (check the base of the induction). For n = 1 we proved that the "t Hooft
bundles constructed in Lemma 4.2 are unobstructed, slope-stable and have the
expected splitting on a general line. One checks that, given the union C,, of m
disjoint lines, the ideal sheaf Zc, satisfies (ii), so that for any "t Hooft bundle E
constructed from C,, we have Eth(E, S) = 0 and, moreover, a general section
s € HY(E(1)) satisfies (ii) as well. All these conditions are of course open.

For the inductive step, suppose that the theorem holds for a given integer n. Let
us take an integer k such that k > f%] and prove the result for (n+1, k)-instantons
of all such k.

Step 2 (construction of an instanton of higher rank). By the inductive assumption,
there exists an (n, k) ’t Hooft bundle E,’j satisfying the theorem and moreover such
a bundle satisfies

X(E, &) =n—3k<—1.

Therefore, there exists a nonzero element [e] € Ext! (EX
nonsplit short exact sequence

S) which defines the

n’

(18) 0—>S—Ef | > E>o.

Here, E,’j 41 is a strictly slope-semistable, Gieseker-unstable (n+1, k)-instanton.
Applying Lemmas 2.13 and 2.14, we deduce that Eﬁ 41 1s unobstructed and that E,’;
is its only torsion-free quotient having slope — % From the short exact sequence (18)
it is also immediate to check that, since Eﬁ satisfies (iii), the same holds for Eﬁ 41

Our final goal is to deform E* 141 t0 an unobstructed slope-stable ’t Hooft instanton.
We start by looking at the cokernel sheaf F* .41 Of a global section of E

Step 3 (check unobstructedness of Frlf | 1)- As for the even-index case, we start by
lifting a global section s € HY(EX(1)) satisfying (i) to s € H(EX_,(1)). Note
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that taking such a lift is possible due to the vanishing of H!(S(1)). This leads to
the commutative diagram

Og(=1) == Op(-1)
(19) 0 > S > EX.| > Ef > 0
0 > S > FX | > FY > 0

Note that the vanishing Extz(F,'f, Fnk) =0= Extz(F,'f, S) = 0 is ensured by the
inductive hypothesis. Also, we have Extz(S , F,’f) =0, since Ext2(8 , Eﬁ) =0; see
the proof of Lemma 4.1. Then, the sheaf Frf 41 1s unobstructed due to Lemma 2.14.

Step 4 (show that F 41 1s slope-stable). From the last row of diagram (19) we
readily check that F) +1 does not admit subsheaves of degree < 0. Therefore the
slope of any subsheaf L of Frf 1 having even rank 2m for m < n or odd rank 2m + 1
for m <n —1, and degree —d, d > 0, can be written, respectively, in the form
1 m-—d 2(m d)+1
M) =t S O M = S

Let us suppose now that L is a slope-semistable subsheaf of F 4 of rank < 2n.
If the composition L — F" is 0, L injects into S. Hence u(L) < —5 < u(F +]),
so this case is excluded. Then the induced map L — F¥ is nonzero. Let us denote
by G C FF the image of this map. If rk(G) < 2n — 1, by the stability assumption
on FX, we must have

1

22n—1)"

Now, if L has even rank 2m and degree —d, the last inequality leads to

X 1
w(L) <p(Fy)=—7+

<1,

m—d <

2n—1

sothatm —d <0 and u(L) < —5 < u(F, +1) so L would not destabilise F
Then L has odd rank 2m + 1, so the inequality yields

2m + 1
<1,

2(m —d 1
(m—d)+ R

so that (2(m —d) +1)/(2(2m + 1)) < 0 and consequently (L) < —5 < u(F, +1)’
which is excluded.

To finish the proof of the slope-stability, it remains to treat the case rk(G) =2n—1
and u(G) = M(F,f), which implies dim(Supp(F,f/G)) < 1. Denote by K the kernel
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of the surjection L — G. We have K # 0, since otherwise F,]l‘H/L ~S®FK/G,
as extl(F,’f/G, S) =h*(S® F,f/G(—2)) = 0. But in this case we would get the
existence of a surjection Fé‘ 41 — S which is impossible since the last row of (19)
does not split. Therefore rk(K) =1,

W(FE /L) = u(S/K) = 0> u(FL,)
so that L does not destabilise F* -

In the next step, we use our main intuition on the construction of slope-stable
deformations, essentially based on a parameter count.

Step 5 (deform F,f 41 to a slope-stable sheaf having no quotient of type F*). Letus
denote by v and v/, the Chern characters of F}f 4 and F,f, respectively. We show
that F ,f 41 deforms, in the Gieseker moduli space Mg (v) of semistable sheaves with
Chern character v, to a slope-stable sheaf that admits no torsion-free quotients with
Chern character v'.

The locus Z,, C Mg (v) parametrising sheaves admitting a torsion-free quotient
of Chern character v’ is closed in Mg (v) (see [Huybrechts and Lehn 2010, §2.3]).
Note that [F,/lc 1] 1s a smooth point of this moduli space, in particular it belongs to a
unique irreducible component ¥ of Mg (v). Hence, to prove our claim, it is enough
to show that dim(Z, NY) < ext! (F}fH, F}fﬂ), as this will ensure that Y ¢ Z,.

We observe that actually, for [F'] € Z,, the kernel L of a surjection F — T with
ch(T) = v/ must be exactly S. Indeed, one first observes that, if L was not slope-
stable, it would admit a rank-1 torsion-free subsheaf of degree > 0, which is clearly
impossible because of the semistability of F'. Then L must be slope-stable and the
claim follows, since S is the unique slope-stable torsion-free sheaf on Q with Chern
character ch(S), as we already recalled — see, e.g., [Arrondo and Sols 1989].

Suppose, by contradiction, that Y C Z,s and let [, be a deformation of F ,f L inY.
For ¢ general, |, would then be a slope-stable sheaf satisfying (ii) fitting in

(20) 0-S—F—F —=0

for F’ an unobstructed slope-stable sheaf in Mg (v'). But the family of sheaves
fitting in a short exact sequence of this form has dimension equal to at most
extl(F,'l‘, F,’f) + ext! (F,’f, S) — 1. So the assumption Y C Z,y implies

ext' (FX, 1, Fr ) <ext'(FY, F) +ext! (Ff, 8) — 1.
However, a direct computation shows that
ext'(F¥, |, FX ) —ext!(FF, FF) —ext'(FF, $) +1

=—X(Ff | FE D+ x(FE FOY+ x(FE,S) +1=3k—n>0,

by the assumptions on # and k. So this is a contradiction and our step is thus proved.
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Step 6 (use the universal extension to construct a slope-stable deformation of E s 1)

Applying the same arguments as in the proof of Theorem 3.2 we can now construct
a family of instantons specialising to £ ’; 41 Uusing universal extensions.

Substep 6.1 (define the universal extension). We consider a family defined by
a coherent sheaf F on Q x U, where U C My(v) is an open neighbourhood
of [F ,f 1l whose general element satisfies (ii) and does not lie in Z,,. Since
ext’ (F;, Og(—1)) =0 for all i # 1, we deduce that £ := Sxt}p] (F, Oyxo(—1))
commutes with base change and is locally free. Also, there is a universal extension,
on P(&) x Q,

@n 0= Op(e)xo ® piOpey(—1) > E—F - 0,

where F is the pullback of F to P(£) x Q — we refer to the proof of Theorem 3.2
and [Lange 1983; Lgnsted and Kleiman 1979; Jardim et al. 2017] for further details.

To conclude this step our goal is to show that, for x € P(€) general enough, E; is
slope-stable.

Substep 6.2 (make preliminary observations about slope-semistability and duality).
We first note that on P(€) there exists an open dense subset V of points x such
that E, is a slope-semistable vector bundle —recall that slope-semistability and
local freeness are open conditions. Since E ,’i 41 18 a slope-semistable vector bundle,
the point corresponding to it belongs to V. Up to replacing P(£) by V, we can
therefore suppose that E is a family of slope-semistable vector bundles.

We also note that the slope-stability of E, is equivalent to the slope-stability
of E. Indeed, consider the dual family E* := Hom(E, Op()xx). Since for all
x € P(&), E, is locally free we have that (E*), ~ EZ.

Substep 6.3 (consider the Hilbert polynomials of potentially destabilising quotients).
For any x € (&), the sheaf (E*), is strictly slope-semistable if and only if it admits
a torsion-free quotient having Hilbert polynomial R such that w(R) = % Then we
consider the set of polynomials

A= {R e Qt] | m(R) = %and there exists x € P(E)
such that E} admits a torsion-free quotient
with Hilbert polynomial R}.
The set A is finite; see [Huybrechts and Lehn 2010, Lemma 1.7.9, Proposition 2.3.1].

Incidentally, we warn the reader that in [loc. cit.] the slope is expressed in terms
of the coefficients of the Hilbert polynomial R = Z?:o @ti .On Q, if R = Pp,

@R 3

T as(R) 2

w(F)
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Hence fixing the slope in our convention is equivalent to fixing it in the convention
of [loc. cit.], and the statement still holds.

Thus the locus W** of points x € P(E) such that E, is strictly slope-semistable is
closed. To see this, note that the locus W** is the union of closed subschemes Wg,
R € A, where Wy is the image of the natural morphism Quot(E*, R) — P(£), the
closedness of Wy being ensured by the projectivity of this morphism.

Substep 6.4 (restrict the set of Hilbert polynomials of destabilising quotients to
a singleton). We claim that, up to shrinking U, we can suppose that actually A
consists of the single element { Ps+}. Let xg € P(€) be the point corresponding to
[Er§+1] and set Ay, :={R € A | xo € Wg}. The first assertion is that, without loss
of generality, we may consider only the polynomials R of A such that xg € Wkg.
Indeed, if xo does not lie in Wg, we may replace P(£) with [ Ré¢A, PE) \ Wkg.
Indeed, the latter is an open dense neighbourhood of the point xg.

The second assertion is that by Lemma 2.13 the polynomials in A, are necessarily
of the form Ps+ 41, where [ = at + b a polynomial of degree at most one such that
[>0,1i.e., eithera > 0, or a =0 and b > 0. Indeed, we note that these are the only
possible Hilbert polynomials of quotients of £, as their torsion-free part must be
S* and their torsion part can have at most dimension one, due to semistability. Then,
if R is not of this form we would have that xo ¢ Wg, against the first assertion.

The third assertion is that a rank-2 torsion-free sheaf with Hilbert polynomial
Ps+ 41 with [ as described above is slope-unstable. Indeed, there is no Gieseker-
semistable (hence slope-semistable) rank-2 torsion-free sheaf G on Q with ¢; =1
and Pg > Ps-. To see this, notice that if a > 0, we would have ¢, (G) < ¢2(S¥)
which would contradict the Bogomolov inequality. So we should have a = 0, which
implies G** >~ §* so that b = —length(S*/G) < 0.

Therefore, since we are assuming that each sheaf in P(&) is slope-semistable,
there is no x € P(€) such that ET admits a torsion-free quotient of Hilbert polynomial
Ps+ +1 > Pgs«. This ends the proof of our claim A = {Ps+}.

Since we know that Wp, is a proper closed subscheme of P(£) (as Z,y C U),
we can conclude that a general element of E is slope-stable.
Finally, by semicontinuity, as Eﬁ 4 has splitting (=171, 0+1) on the general
line, the same will hold for x € P(£) general. The statement about conics has the

same proof. O

Consider the moduli space Ml (n, k) of (n, k)-instanton bundles. Theorem 4.3
shows that Ml (n, k) is nonempty and that it contains points corresponding to
unobstructed and slope-stable bundles. We deduce the next result.

Corollary 4.4. There is a generically smooth (1—n*4-6nk)-dimensional component
of the moduli space Ml g (n, k) of (n, k)-instanton bundles whose general point is a
slope-stable locally free instanton having general splitting (0", —1").
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As we also constructed E € Mlg(n, k) admitting a global section Og(—1) — E
whose cokernel is unobstructed and slope-stable, we deduce the following result.

Corollary 4.5. Foralln > 2,k > (%—| , there exists a generically smooth component

of the Gieseker moduli space Mg (y (n, k) —ch(Op(— 1))), with dimension equal
ton(4 —n) 4+ k(6n — 1), whose general point is a slope-stable sheaf.

4.2. Instantons on Fano threefolds of index 1. We finally treat the case of the
Fano threefolds of index one (also referred to as prime Fano threefolds). We restrict
the framework to nonhyperelliptic prime Fano threefolds, which means that the
ample generator Hy of the Picard group is actually very ample. We recall that prime
Fano threefolds are classified, up to deformation equivalence, by their genus g: this
is the integer defined as the genus of a codimension 2 smooth linear section of X,
or equivalently by the equality H )3( = 2g — 2. The genus g of a nonhyperelliptic
smooth prime Fano threefold X takes values in {3, ..., 12} \ {11}. Also, when
g =3, X must be a quartic hypersurface in P*.

All through the current section, X, or X, denotes a prime Fano threefold with
very ample generator of Pic(X) and g denotes its genus. As we saw in Section 2,
given an instanton £ on X, there is a unique pair of integers (7, k) such that

y(n, k) :=ch(E) = n ch(Fp) — kch(O;(—1)),

where Fj is a minimal instanton bundle of rank 2. In particular rk(E) = 2n. When
g is even, the minimal instanton F{ is a Mukai bundle according to the terminology
used in [Bayer et al. 2026]. We recall a few basic properties of Fy. Put

mg = (%ﬂ + 1.

In the next lemma we recollect results from [Ciliberto et al. 2023; 2024; Bayer
et al. 2026] for the case where g is even. To state it, we recall that a vector bundle E
on a threefold X is said to be ACM if it has no intermediate cohomology, namely
H'(E(m)) = 0 for all integers m and fori = 1, 2.

Lemma 4.6. Let X be a smooth prime Fano threefold of genus g and such that
—Kx is very ample. Then the following hold:

(i) There are no slope-semistable rank-2 sheaves on X with ¢c; = —1, ¢ < my
and c3 = 0.

(i) Mx(y (1, 0)) is nonempty of dimension &, where § is the remainder of the
division of g by 2. Every point in Mx (y (1, 0)) corresponds to a slope-stable
locally free instanton bundle.

(iii) Mx (y (1, 0)) admits a reduced component whose general point is an unob-
structed bundle except for the case where g = 4 and X is contained in a
singular quadric.
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(iv) If g = 6, for any pair of points [ Fol, [Fy] in Mx(y (1, 0)), ext?(Fy, Fy) =0.
In particular Mx (y (1, 0)) is smooth.

) If g = 6, for all [Fy] € Mx (v (1,0)), Fo(1) is globally generated and ACM.

It may be useful to display the Chern character of an (n, k)-instanton on X. It has
the form

(22) y(n, k) =ch(EX)
=2n—nHx+(n(g—2—mg) —k)lx + (5k+mg) + (1 —g)) px.

4.2.1. Rank-2 instanton bundles. The first step towards constructing instantons of
high rank is the rank-2 case, since these are the base of our inductive argument.
Recall that for rank-2 vector bundles of degree —1, slope-stability and Gieseker-
stability coincide. Also, recall the terminology of an ordinary threefold. A line [
contained in a smooth Fano threefold of Picard rank one and index one has normal
bundle O; & O;(—1), so [ is ordinary, or O;(1) & O;(—2), in which case [ is
obstructed. In the latter case, [ is a singular point of the Hilbert scheme of lines
in X, which is of pure dimension 1. We say that X is ordinary if X contains an
ordinary line. By [Gruson et al. 2006; Prokhorov 1990], the threefold X is ordinary
if g > 9 and X is not the Mukai—Umemura threefold.
The existence of rank-2 instanton bundles is known in the following cases:

Theorem 4.7. Let X be a Fano threefold with Pic(X) = (—Kx) and let —Kx be
very ample.

o There exists a slope-stable unobstructed instanton bundle on X with c; = m for
m € {myg, ..., g+ 3} except for g =4, c; =myg and X contained in a singular
quadric.

o There exists a slope-stable ACM instanton bundle with co = m on X for
me{mg,...,g+3}

o If X is ordinary, there exists a slope-stable unobstructed rank-2 instanton
bundle of co =m for allm > my.

The existence result when X carries ordinary lines, presented in [Faenzi 2014]
and going back to [Brambilla and Faenzi 2011], is obtained inductively, performing
elementary transformations of rank-2 unobstructed slope-stable instanton bundles
along O;(—1) for / C X an ordinary line; see Remark 2.12.

The existence for charges ranging in {mg, ..., g + 3} can be found in [Ciliberto
et al. 2023; 2024] and is based on the proof of the existence of smooth, unobstructed
elliptic curves on X of degree d € {my, ..., g+ 3}. The instanton bundles are

obtained from these elliptic curves via the Serre construction.
Combining the results of [Ciliberto et al. 2023; 2024] and adopting the method
used in [Faenzi 2014], we can prove the existence of rank-2 instanton bundles of
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charge greater than the minimal one on the Fano threefolds of index one and genus
at least three. This can be done using the technique of the elementary transformation
used in [Faenzi 2014], with the only difference being that we will be performing
these along torsion instantons (see Definition 2.9) supported on unobstructed conics,
instead of lines. Note that X might indeed fail to carry unobstructed lines (so X
is exotic) but it will contain unobstructed smooth conics. The torsion instantons
supported on such a curve C are of the form O¢(—p) for a point p € C. Since
we are assuming Hy very ample, the torsion instantons supported on lines and
smooth conics are elements of the Gieseker moduli spaces Mx (O, 0,d, —%) of
purely one-dimensional sheaves with Hilbert polynomial d¢, with d < 2.

Lemma 4.8. Let d <2 be an integer and Q be a coherent sheaf of pure dimension
one having Hilbert polynomial dt and such that h' (Q) = 0 for i =0, 1. Then one
of the following holds:

i) Q0O (—1)foralinel C X, or
(1) Q ~ Oc¢(—p) for a smooth conic C C X and a point p € C, or
(iii) there are two possibly coincident lines 1, l' on X such that Q fits in

0— Oi(=1)— 0— Op(—=1)—0.

Proof. We start by recalling that, for a curve, being Cohen—Macaulay is equivalent
to having neither embedded nor isolated points. A one-dimensional sheaf R is
supported on a Cohen-Macaulay curve if 2°(R(t)) = 0 for some integer . Looking
at Q, since x(Q(1)) =d > 0, we have h1°(Q(1)) > 0, therefore there exists a
nonzero morphism Ox(—1) — Q whose image must be of the form Op(—1) for a
Cohen—Macaulay curve D C Supp(Q).

In particular deg(D) < 2. If deg(D) = 1, D must be a line /; hence Q fits in

0—>O0(-1)—> Q00— Q' —0.

Here, Q’ has Hilbert polynomial (d —1)¢. If d =1, then Q' =0and Q >~ O;(—1).
Ifd =2, since H(Q')=0fori =0, 1, we get that Q' is a sheaf of pure dimension
one and Py/(t) =1+ 1. Applying the same argument as above, we conclude that
Q' ~ O;(—1) for aline I'.

In the case deg(D) = 2, so that, necessarily d = 2, Q fits in

0—->0p(-H)—>0—->Z—0

for Z a zero-dimensional scheme of length 1+ p, (D). This implies p,(D) > —1.
If D is integral it is a smooth conic, therefore Z consists of a point p € D, as
otherwise Q >~ O, @ Op(—1) contradicting the fact that Q has pure dimension one.
Then Q is a degree-1 line bundle on D. Finally, we show that if D is not integral,
Q is always of the form (iii).
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If p.(D)=—1, Q =~ Op(—1) and this follows from the fact that, for a Cohen—
Macaulay degree-2 curve D of arithmetic genus —1, Op arises as a nonsplit
extension Ext! (O, O)) for two possibly coincident lines [, I'.

It remains to analyse the case when D is a singular plane conic and Z >~ O,, for
p € D. For a curve D of this kind, Op(—1) fits in

0— 0/(-2) = Op(-1) = Op(-=1) =0

for two possibly coincident lines /, I’. Then we have the commutative diagram

01(=2) == Oi(-2)
| |
(23) 0 —— Op(—1) > 0 > O, > 0
| Lo
0 —— Op(—1) > Q' > O)p > 0

If 0"~ Or(—1) @ O,, the sheaf Q surjects onto Oy (—1) and the kernel of this
surjection must necessarily be O;(—1). If Q' >~ Oy, we get Hom(O; (—1), Q) #0,
indeed hom(Oy (—1), O;(=2)) > ext!(Op(—1), ©;(=2)). This last inequality is
obvious if [ #£1’. For [ =1’ it holds since, for a line [ supporting a nonreduced conic,
we must have Z;|; >~ O;(—1)®O;(2) and Hom(Z;, O;(—1)) ~Ext' (O}, O;(—1)) ~C.
We refer also to [Brambilla and Faenzi 2011, Lemma 4.2] for this argument. Note
that this is consistent with the fact that there exists a unique structure of a conic
supported on /. A morphism Op(—1) — Q must be injective and again we find that
its cokernel must be O;(—1). [l

Using this result we can prove the existence of rank-2 instanton bundles having
charge strictly greater than the minimal one.

Proposition 4.9. Let X be a Fano threefold of index one and such that — K x is very
ample. Moreover, assume that X is not contained in a singular quadric for g = 4.
Then, for all k > 0, there exists a (1, k)-instanton bundle E satisfying the following:

(1) E is slope-stable and unobstructed.

(i1) For a sufficiently general smooth rational curve R; C X, of degree d € {1, 2},
we have Hl(E|Rd) =0.

If g =4 and X is contained in a singular quadric, the same statement holds for all
k> 1.

Proof. We prove the result by induction on k. We know from Theorem 4.7 the
existence of a (1, k)-instanton satisfying (i) for k € {0, 1} except for the case where
g =4 and X is contained in a singular quadric, in which case the result holds for
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k € {1,2}. A (1, k)-instanton as just described is always a 't Hooft instanton, as
x(E(1)) > 0 and h*>(E (1)) = 0. Thus, it fits in the short exact sequence

0— Ox(=1) > E—>Zc—0

for C an l.c.i. elliptic curve on X of degree m, + k.

From this short exact sequence one checks that a general line and a general conic
are not jumping for E. Indeed, for any line / C X disjoint from C, it is immediate to
compute E|; >~ O;(—1) & O;. To verify that the same holds for a general conic R,
we recall the following facts.

First, for a general point p € X, the family of l.c.i. elliptic curves passing
through p is parametrised by a smooth codimension 2 subscheme # , of the Hilbert
scheme Humg+k.1 of Lc.i. elliptic curves of degree mg, + k.

Second, for such a point p,

24) B°Wex(—=p) =h"Weyx) =2, h'Neyx(=p) =0
for all curves C in Hp,

so that for all (1, k)-instantons E,
REDNDRIT)=h"EN)-2, Hh(EN)®L,)=0 fori#0.

Note that this argument fails a priori for (1, 1)-instantons on a prime Fano
threefold X of genus g = 3 and for (1, 2)-instantons on X of genus 4 — we need to
look at this situation to treat the case when X is contained in a singular quadric.
Indeed, for a general bundle E of this kind we have hO(E (1)) = 2. Nevertheless we
do have that for p € X general, 7, is nonempty. Indeed, we argue as follows. Note
that for a bundle E of such a kind and a point p € X we get the short exact sequence

0—-7,->E1)®I,—>Ic(1)®I, — 0.

We deduce that for a general curve [C] € H34,1 (so that, in particular the curve
might be assumed to be normal, according to [Ciliberto et al. 2023; 2024)), if E
is a (1, k)-instanton bundle obtained from C by the Serre correspondence, given
a point p, one has h®(E(1) ® Z,) # 0 only if p belongs to the linear span (C)
of C. More precisely, one can identify the pencil [P’(H OE (1))) with a complete
linear system of elliptic curves on a hyperplane section Sg of X admitting an
elliptic fibration, and for Sg general, H "EQD® T,) corresponds to the unique
elliptic curve in this linear system passing through p. Thus a general element in
corresponds to a hyperplane section through p admitting an elliptic fibration. We
can then conclude that for p general H, is a smooth codimension 2 subscheme
of H34«,1 and that its general element satisfies (24).

Third, still assuming p general, we also have that a general point ¢ € X distinct
from p imposes two linear conditions on each vector space H O(E(1)) that are
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independent of H*(E(1) ® Z »). Therefore the degree m +k elliptic curves passing
through both p and ¢ are parametrised by a codimension-4 subscheme of H,, 1.1

As a consequence of these facts, for a general conic R, (which, without loss
of generality, we can assume to be unobstructed), and for a general point p € R,
a general element [C] € H,, satisfies CN Ry ={p} so that Zc @ Og, >~ O, (—p)BO),.
For an instanton E, obtained through the Serre correspondence from such a curve C,
E|g, is an extension of two degree —1 line bundles on R», so that E|g, ~ Og, (—p)2
or, equivalently, 4! (E|g,) = 0. To show that the proposition holds for higher values
of k it will be sufficient to prove the following claim:

Claim. Let E, Ry, ¢ be, respectively, a (1, k)-instanton bundle satisfying (1), (ii),
an unobstructed smooth conic Ry C X that is not jumping for E and an epimor-
phism ¢ : E — Og,(—p), p € Ry. Then F :=Xker(¢) deforms to a slope-stable and
unobstructed (1, k+2)-instanton bundle which satisfies (1), (ii).

Let us prove the claim (we follow essentially [Faenzi 2014]). By construction,
(25) 0— F— E — Og,(—p) — 0.

One checks that F' is slope-stable, since £ = F** and E is slope-stable by
assumption. Also, H'(F) =0 for i = 1, 2. Note that from (25), F satisfies (ii).
Indeed, there is a nonempty open subset of the Hilbert scheme of lines (or conics)
in X such that a curve R’ of such subset is disjoint from R;. For the curve R, we
have E|p >~ F|g.

Let us check unobstructedness of F. Applying Hom(-, F) and Hom(E, -)
to (25), by the assumptions on E, we have

Ext’(E, E) =0, Ext*(E, Og,(—p)) =~ H*(E*|g,(—p)) =0,
so that Extz(E , F) = 0. Restricting (25) to R, we check the vanishing of
Ext}(Og,(—p), F) ~ Hom(F, Og,(=3p))* = 0.

This shows Ext*(F, F) = 0.

Consider now the vector y (1, k +2) in @.; 4 H" (X); see (22). We have
that F corresponds to a smooth point in the Gﬂageker—Mamyama moduli space
Mx(y(1, k+2)). Since F is unobstructed, it can indeed be deformed as a smooth
point of this moduli space. So there exists a family F, i.e., a sheaf on X x T,
flat over a smooth curve 7 with a marked point 0 € T, whose central fibre Fy is
isomorphic to F' and whose general element F; satisfies the cohomological vanishing
of Definition 1.1 and (i), (ii). Indeed, all these conditions are open.

We show that for ¢ sufficiently general, F;, is locally free; hence it is an instanton
bundle. If F; is not locally free, by Theorem 24 of [Comaschi and Jardim 2024]
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it would fit in the short exact sequence
(26) 0—-F —-F*—> 0—0,

where the double dual F;* is a slope-stable (1, k4+-2—d)-instanton bundle and Q is
a torsion instanton of degree d.
By semicontinuity of cohomology, we find that, for n < 0,

R*(F,(n)) = h' (Q(n)) = —x(Q(n)) = —dn < —2n;

hence d <2. From Lemma 4.8, we know that Q can only belong to three families of
1-dimensional sheaves. We show that all the corresponding families of nonlocally
free instantons are divisorial in Ml (1, k + 2). This suffices to conclude that for
t € T general, F, is an instanton bundle.

Ifd =1, we have Q ~ O;(—1) for a line / C X. Sheaves of this kind belong to a
family of dimension one, therefore the general nonlocally free deformations of F
that are singular along a line are parametrised by a family of dimension at most
ext! (F*, F;*) + 1 for F/* a slope-stable unobstructed (1, k+1)-instanton bundle.
But by Riemann—Roch we compute that ext! (F,, F,) = ext! (F*, F) +2.

Ifd=2, c;(F;*)=m and Q is either a degree -1 line bundle on a smooth conic or it
arises from an extension class in Ext' (Oy (=1), O;(=1)). As ¢»(F,) = c2(F7*) + 2,
by Riemann-Roch we compute that ext!(F;, F;) = extl(F;‘*, F{*) + 4. But the
families of instantons that are singular along a degree-2 curve have dimension
ext! (F*, F*) + 3. Indeed, Q varies in a 2-dimensional family, and we have a
one-dimensional family of epimorphisms F;* — Q. We can thus conclude that a
general deformation of F is an instanton bundle that, by semicontinuity, satisfies (i)
and (i1). O

Remark 4.10. The hypothesis that — Ky is very ample is necessary for the argument
used in Proposition 4.9. Indeed, this assumption ensures that a curve of degree 2 in
X is rational, which implies that the dimension of the family of torsion instantons
on X supported on degree-2 curves is 2. This will no longer be true if —Ky is not
very ample. For example, if X is a degree-2 covering of a Fano threefold Y, we
have irrational curves of degree 2 obtained by pulling back lines on Y. The torsion
instantons supported on a curve of this kind are not all isomorphic; in fact, they
vary in a family of dimension one.

4.2.2. Instanton bundles of higher rank. Let us now pass to the higher-rank range.
The approach will be similar to what we did earlier, namely, we produce strictly
slope-semistable instanton bundles that can then be deformed into slope-stable
instantons.

However, this time we meet some additional difficulties. In the first place, with
our approach, we can no longer hope to prove the existence of instanton bundles E
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such that h°(E (1)) # 0: in the rank-2 cases this indeed only holds for values of ¢,
varying in {myg, ..., g + 3}. The second difficulty, actually the main one, is the
identification of the minimal charge: we are indeed able to determine its exact value
only when g > 4. This computation is a consequence of the following lemma.

Lemma 4.11. Let E be an (n, k)-instanton on X.
(a) If g > 6 then

(i) ext>(Fy, E) =0;

(ii) ext>(E, Fy) =0.

Items (1) and (ii) hold for g € {4, 5} as well if E is slope-stable and Gieseker-
semistable, respectively, and not a minimal instanton.

(b) If g = 6, then k > 0. The same holds for g € {4, 5} and E Gieseker-semistable.

(¢) If g = 6 and E is Gieseker-stable and not a minimal instanton, then k > 1 for g
odd and k > n for g even. The same holds for g € {4, 5} if E is slope-stable.

Proof of (a). Let us consider a minimal rank-2 instanton bundle Fy. Let & be the
remainder of the division of g by 2. It is well known (see, for instance, [Brambilla
and Faenzi 2011]) that the evaluation map H 0(Fg‘) ®QOx — F{ is surjective, in other
words, Fj = Fy(1) is globally generated. Also, the evaluation map has a locally
free kernel Ky, so that, in view of the equality m, +1—4§ = hO(Fy(1)) = x (Fo(1)),
we have the short exact sequence of vector bundles

27) 0> Ko— O 5 Fr >0

The vector bundle K| is slope-stable. We reproduce here a well-known argument
to show it, for the reader’s convenience. From (27) we can check that the bundle K
satisfies HO( /\i Ko) =0fori=1,...,1k(Kp). Indeed, from its very definition, first
of all we have h°(K() = 0. Then, all the other vanishing results follow recursively
from the inclusion

i i—1
N Ko 05 @ \ Ko,

valid for all integers i > 0. Such an inclusion, in turn, comes from tensoring (27)
with /\i*1 Ko and using the inclusion /\i Ko—= Ky ® /\"71 K. Therefore Ky is
slope-stable by Hoppe’s criterion; see [Jardim et al. 2017, Theorem 3]. Note that
the assumption g > 6 guarantees mg + 1 — 38 > 5 so rk(Ko) > 3; hence

<L
rk(Kp) — 3

Let us now take an instanton sheaf £ and apply Hom( -, E) to the dual of (27).
Doing so we get an isomorphism Ext>(Fy, E) ~ Ext*(K, E) ~ Hom(E (1), Kj)*.
Now, since E (1) is slope-semistable of slope %, by (28) we get Hom(E(1), K;) =0

(28) w(Ky) =
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and (a) is proved. Applying Hom(E, -) to (27) tensored by Ox(—1) we get that,
as Ext?(E, Ox(—1)) ~ HY(E)* = 0, Ext>(E, Fy) injects into the vector space
Ext*(E, Ko(—1)) ~ Hom(Ky, E)*. As c¢1(Ko) = —1 and rk(K{) > 3 for g > 6, the
slope-semistability of E ensures that hom(Ky, E) = 0.

Finally, let us prove item (a) for g € {4, 5}, in which case mg +1 -6 =4
and Ko >~ K;j(—1) is also a minimal instanton. If E is slope-stable and not a
minimal instanton, Hom(E (1), K;) = 0 which again allows us to conclude that
Ext’(Fy, E) =0. If Ext>(E, Fy) # 0, we would have Hom(K, E) # 0. Now, such
a morphism must necessarily be injective which cannot happen if k > 1 and E is
Gieseker-semistable. U

Remark 4.12. We cannot hope to get such a strong statement for the case g = 3,
namely for X C P* a smooth quartic hypersurface. For now, note that in this case
the cokernel of the coevaluation map Fy — (9?( is Z;(1), where [ C X is a line.
Indeed, already in rank 2, taking a rank-2 instanton E corresponding to an elliptic
curve C’ containing ! gives hom(E, Z;) = ext’(Z;(1), E) = ext’(Fy, E) #0.

End of the proof of Lemma 4.11. To prove points (b) and (c) we start by computing
x (E, Fo) = x (Fp, E). Setting again § to be the remainder of the division of g by 2,
this is done by applying Riemann—Roch, which leads to

X (E, Fo) = x (Fo, E) = (1 =8)n — k.

Let us prove item (b). We argue by induction on n. For n = 1 the statement holds
due to Lemma 4.6. Let us suppose now thatn > 1. If g > 6, extz(Fo, E) =0, so that
k < 0 implies hom(Fp, E) > 0. A nonzero morphism Fy — E must necessarily be
injective so that its cokernel should be a (n—1, k)-instanton, which is not possible
due to the inductive hypothesis. For the cases g € {4, 5} the same argument applies
if ext>(Fy, E) = 0, which in particular is true for E slope-stable. Then, we assume
ext?(Fy, E) # 0 so that, by (27) ext®* (K, E) =hom(E, K) # 0. But assuming E
Gieseker-semistable, a morphism E — K can exist only for £ > 0.

Finally, let us prove (c). Let E be an (n, k)-instanton satisfying the statement.
In particular, by item (a), ext?(Fy, E) = 0. The stability assumption on E and
the fact that £ is not a minimal instanton ensure that Hom(Fy, E) = 0 so that
x (Fo, E) < 0. This proves that, when g is even, we must have k > n. So (c) is
proved in this case. When g is odd, this gives k > 0.

To prove k > 1 we need a little extra work. We consider y =y (1, 0) =ch(Fp) and
we look at the moduli space M := My (y). Assume g is odd, hence x (E, Fy) = —k.
It is proved in [Brambilla and Faenzi 2011] that, when g is odd, M is a connected
projective curve, possibly singular and/or reducible, and that M is a fine moduli
space. Therefore, there exists a universal sheaf £ over X x M such that any closed
point y of M corresponds to a sheaf £, which is a minimal instanton Fy. Denoting
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by p and g the projections from X x M onto X and M, by Lemma 4.11, we have
(29) Rig.(p"(E)®E) =0 fori+#0,].

Also, ¢.(p*(E)®E*) =0, as H(E® S;f) =0 if y is a sufficiently general point
of each component of M. On the other hand, in view of (29), we may use base
change of cohomology, so that the sheaf R'q.(p*(E) ® £*) is supported at a point
y € M if and only if

exty(&y, E) =homy (&y, E) #0,

where the equality of the first two quantities follows from Riemann—Roch and
Lemma 4.11. Note that, if £ ~ £, for some point z € M, then

exty(&y, &) =homy (&), &) =1 < z=y,

otherwise, if z # y, we have ext% &y, &) =homy(&y, &) = 0. This implies that
R'q.(p*(&) ® &) ~ O,. Since ch(E) = nch(Fy) = nch(&;), we deduce, via
Grothendieck—Riemann—Roch, that

ch(R'q.(p*(E) ® £%)) = nch(O,).

Therefore, the support of R'q.(p*(E)®E™) is not empty; hence there is y € M such
that homy (£y, E) # 0. This is impossible if E is slope-stable and not isomorphic
to &y. This finishes the proof of (c). O

For all n > 2, we finally prove the existence of slope-stable (n, k)-instanton
bundles for any values of k > n for g even (hence for any values of k greater than or
equal to the minimal one), provided that for g =4, X is not contained in a singular
quadric, and for any k£ > 1 for g odd and greater than 3. Once again, we construct,
inductively, strictly slope-semistable bundles that can be deformed into slope-stable
ones. The primary difference with respect to the cases where the index is greater
than 1 lies in the moduli space where this deformation occurs. Indeed, since for
ix = 1, rank-2 ’t Hooft bundles do not necessarily exist for arbitrary values of the
charge, our inductive method cannot produce sheaves that admit global sections
only after a twist by Ox(1). For this reason the deformation will take place in a
moduli space of simple sheaves rather than in a moduli space of extensions.

Theorem 4.13. Let X be a Fano threefold with Pic(X) = (—Kx) and genus g > 4.
Assume that X is not contained in a singular quadric whenever g = 4. Then, for all
n>1andall k> n (resp. k > 1) if g even (resp. odd), there exists an (n, k)-instanton
bundle Eﬁ such that the following hold:

@) Eﬁ is slope-stable and unobstructed.

(i1) For a general rational curve Ry C X of degree d € {1, 2}, HI(E,’jIRd) =0.
(i11) Extz(Fo, Eﬁ) = EXtZ(E,]j, Fy) = 0 for all minimal instantons Fy.
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The main idea behind the proof is the same as the one used for indices {2, 3, 4},
i.e., to construct inductively some (n+1, k)-instantons, which would be unobstructed
and strictly slope-semistable, via nonsplit extensions in Extl(E,IT‘, Fy), where E,’j
is an (n, k)-instanton coming from the previous step of the induction, and then to
show that they deform into slope-stable instantons.

The key difference lies in the moduli space where this deformation takes place
and the main reason for this difference is that on X we do not have existence of
rank-2 ’t Hooft bundles for every value of the charge. This time, we will deform
Eﬁ 41 in a moduli space of simple sheaves Sply (y (n + 1, k)). To achieve this, we
will once again use a dimension counting argument to show that the only component
of Sply(y(n + 1, k)) through [E}’j +1] cannot be entirely contained in the closed
subscheme Z,, ) C Sply(y(n + 1, k)), which parametrises sheaves admitting
quotients with Chern character y (n, k).

Proof. The argument is by induction, namely, for given n, we take care of the
minimal value of k and work by induction on k; this allows us to settle the induction
step and move to higher n.

Step 1 (check the base of the induction). For n = 1, (i) and (ii) hold due to
Proposition 4.9 whilst (iii) is true by Lemma 4.11.

Step 2 (construction of an instanton of higher rank). Suppose now that the theorem
holds for n > 1 and let k be an integer > n+1 (resp. > 1) for g even (resp. odd). By
the inductive hypothesis there exists a slope-stable (n, k)-instanton E* satisfying
Theorem 4.13. Since X(E,’j, Fp) < 0 and Ext3(Eﬁ, Fp) = 0 by semistability, we
have ext! (E,’j, Fp) # 0; hence there exists a nonsplit extension

(30) 0— Fy— Ef | — EX>0.

The sheaf E ’rf 41 1s a (n+1, k)-instanton bundle and from Lemma 2.13 we know
that Efl 41 1s a strictly slope-semistable sheaf and that moreover E,’j is its only
torsion-free quotient having slope —%. The sheaf E ,’j 41 18 unobstructed, as it follows
from Lemma 2.14 and it satisfies (ii) since this holds for both F; and Eﬁ

Note that the sheaf E ﬁ 41 is not Gieseker-stable, as it is destabilised by Fy. Still,
we may consider it as a point in the moduli space Sply (y (n 4 1, k)) of simple
sheaves having Chern character y (n + 1, k). For an account on this moduli space
we refer to [Altman and Kleiman 1980; Kosarew and Okonek 1989].

The fact that £ ,/1‘ 41 1s simple can easily be proved by the short exact sequence (30).
Indeed, the slope-stability of Fy and E,’j implies Hom(E,’j, Fy) = 0=Hom(Fy, Eﬁ).
Accordingly, we get Hom(Efl‘ +1- Fo) = 0, as otherwise the short exact sequence
would split, and

Hom(E!, |, EX, ) ~Hom(E%, |, EX) ~ Hom(E%, EX) ~ C.
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Step 3 (deform E,’j 41 to a slope-stable instanton in the moduli space of simple
sheaves). The unobstructedness of E 5 1 ensures that the corresponding point [ £ lrf 1l
belongs to a unique component Y of Sply(y(n + 1, k)) which has dimension
ext! (E ,’j w1 E ’,j +1)- Applying the same argument in the proof of Theorem 4.3, the
strictly slope-semistable simple sheaves are parametrised by a closed subscheme
Z CSply(y(n+1, k)). Thus, in order to prove that [ E ,'f 1] deforms to a slope-stable
sheaf, it will be enough to prove that ¥ N Z is a strict closed subscheme of Y.

Next, notice the following fact. A torsion-free sheaf with Chern character
y(n+1, k) is strictly slope-semistable if and only if it admits a torsion-free quotient
with slope —%. We deduce that Z can be written as a finite union Z = (4 Zv
where each Z, is the closed subscheme parametrising sheaves admitting a torsion-
free quotient with Chern character v = (vy, ..., v3) with 5—(‘) = —%. Here, the
finiteness of A follows from [Huybrechts and Lehn 2010, Lemma 1.7.9].

Without loss of generality, we can assume that the set A is actually the singleton
{y(n, k)}. Since on X there are no slope-semistable rank-2 torsion-free sheaves
with ¢; = —1 and Hilbert polynomial P > Pp,, the same arguments presented in the
proof of Theorem 4.3, Steps 6.2—6.4, allow us to conclude what follows: a general
strictly slope-semistable deformation E’ of E ﬁ 41 18 alocally free sheaf such that the
only torsion-free quotients of slope % of the dual E’* have Hilbert polynomial Ppy.
But as every slope-semistable rank-2 torsion-free sheaf with Hilbert polynomial P
is the dual of a minimal instanton, this is equivalent to saying that all torsion-free
quotients of strictly slope-semistable deformations of E’rf 41 are (n, k)-instantons,
so that A = {y(n, k)}.

Thus, Y C Z if and only if Y C Z,,(, ). Suppose this is the case. Since all slope-
semistable torsion-free sheaves with Chern character y (1, 0) are actually slope-
stable instanton bundles (in view of [Brambilla and Faenzi 2011, Proposition 3.4]),
we deduce that all closed points of Z,(, «) correspond to sheaves arising from
extension classes in Ext' (F, Fy) for F an (n, k)-instanton. Let us consider now an
open neighbourhood U C Y of [E ,’; +1]- Up to shrinking U, we can suppose that the
latter is disjoint from Z, for every v € A, v # y(n, k). This implies that given a
sheaf E corresponding to a point in U, all torsion-free quotients of E having Chern
character y (n, k) must be slope-stable. Thus, all points [ E] in U admit a unique (up
to isomorphism) torsion-free slope-stable quotient F with Chern character y (n, k).
This will in particular ensure that F satisfies ext?(Fy, F) = ext’(F, Fy) = 0 (this
vanishing is obtained by applying Lemma 4.11). Summing up,

31 dim(Z, (u.6)) = dim(Mx (y (1, 0)) +ext' (F, F) +ext (F, Fp) — 1,
which from a direct computation would lead to

ext! (EX, |, EX, ) —dim(Zy 1) = k —nx(Fo, Fo) = —x(EL, Fy),
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which is strictly greater than zero by the assumptions on n and k. This contradicts
our assumption U C Z, (4 x). A general deformation of [E;c 11nSply(y(n+1, k))
is therefore a slope-stable instanton bundle. Since moreover Eﬁ 41 1s unobstructed
and satisfies (ii), as it can be checked immediately from the defining extension,
and (iii), the same will hold, by semicontinuity, for a general deformation. O

This ends the proof of the main theorem from the introduction. Also this time,
as a direct consequence of Theorem 4.13, we get the following.

Corollary 4.14. If g is even (resp. odd) for alln > 2, k > n (resp. k > 1) there
exists a generically smooth component of the moduli space Ml (n, k) of dimension
1 —n? 4+ 2nk (resp. (1 +2nk)) of (n, k)-instanton bundles whose general point is a
slope-stable locally free instanton having general splitting (0", —1").

The existence of ACM instantons on prime Fano threefolds is proved in [Ciliberto
et al. 2024] and [Brambilla and Faenzi 2011] (in the ordinary case), as we recollected
in Theorem 4.7. We deduce the following:

Corollary 4.15. Let X be a prime Fano threefold of genus g > 4 and assume that
X is not contained in a singular quadric for g = 4.

o If g is odd, there exists a slope-stable ACM (n, k)-instanton bundle for all
n>2andallk €{l,...,g+3—mg}.

o If g is even, there exists a slope-stable ACM (n, k)-instanton bundle for all
nef2,...,g+3—mylandallk €{n,...,g+3—m,}.

Proof. This is obtained by applying the construction of the proof of Theorem 4.13,
just noticing that an extension of ACM bundles is ACM and that being ACM is an
open condition. O

5. Stability of restriction to K3 surfaces

Let X be a Fano threefold of index ix and Picard number one and let S be an
element in the linear system |Ox(—Kyx)|. Then, if S is general enough, it is a
smooth K 3 surface of Picard rank one. Let now E be an (n, k)-instanton bundle.
We investigate the stability of the restriction E|s. We set k;; to be the integer defined
in Main Theorem 1. We move on to show Main Theorem 2.

Theorem 5.1. Let X be a Fano threefold of index ix. If ix = 1, assume that
g > 4 and that X is not contained in a singular quadric when g = 4. Let S be a
general element in the linear system |Ox(—Kx)|. Then for all integers n, k with
n>2—rx, k> kg, there exists an open nonempty subscheme Rs(n, k) C Ml (n, k)
parametrising slope-stable (n, k)-instanton E on X such that E|g is slope-stable.
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Proof. We prove the result by induction on 7 in several steps.

Step 1 (the base of the induction). Let § C X be a smooth anticanonical divisor
having Picard rank one — these conditions are satisfied for S general in |Ox (—Kx)]|.
Denote by Hy the restriction of Hx € |Ox(1)] to S, so that Pic(S) >~ Z Hg. For any
n=2—ryx and k > k[, we consider a slope-stable (n, k)-instanton E.

Without loss of generality, we may assume that E satisfies Theorems 3.2, 4.3,
3.8,4.13 forix =4, 3, 2, 1, respectively. Consider the short exact sequence

32) 0— E(—ix) > E— E|s— 0.

As Pic(S) ~ Z and E|g is a rank-2 vector bundle with ¢ (E|s) = —rx Hg, we
see that E|g is slope-stable. Indeed from (32), since H O(E) and H'(E(—ix)) both
vanish, H°(E|s) = 0, which is enough to prove slope-stability since Pic(S) >~ ZHj.

So Step 1 is proved and we can pass to the induction step.

Step 2 (constructing and restricting an instanton of rank n + 1). Forn > 2 —ry,
k> kg“ we take a slope-stable (n, k)-instanton bundle E,’; satisfying the statement
of Theorem 5.1. Let Fyp be a minimal instanton on X. Incidentally, recall that this
implies Fp >~ Ox when iy is even, while, when iy is odd, Fy is a minimal rank-2
instanton bundle.

Note that extl(Efj, Fo(—ix)) = ext?(Fp, Efl) = 0. This is clear for even index
since in that case Fy >~ Ox. For odd index this is shown in Lemmas 4.1 and 4.11.

Then, by the short exact sequence

0— F()(—ix) — F() — FOlS —> 0,
we see that the linear map
Ext'(Ey, Fo) — Ext'(E;,, Fols) = H'(E}” ®oy Fols) = Ext' (E}ls, Fols)
is injective.
So, given a nonzero element e in Ext! (E',ﬁ, Fp) and denoting by E the (n+1, k)-
instanton defined by e, we have that E|s fits in the nonsplit short exact sequence,

defined by e]s,
O—) F0|S—> E|S—> Eiﬂg—)O

Since by assumption EX| is slope-stable and Pic(S) ~ Z Hg, Lemma 2.13 implies
that E | is strictly slope-semistable and £ fl| s is its only torsion-free quotient having
slope — %rx.

We have thus constructed an (n+1, k)-instanton and checked its restriction to S.
The next goal is to show that, for a general deformation E’ of E, E’|s can be “slope-
destabilised” at most by Fy|s. The proof will essentially consist of a dimension
argument, which will involve explaining this last sentence rigorously.



338 GAIA COMASCHI AND DANIELE FAENZI

Step 3 (the case ix # 1). Let us suppose, at first, that ix > 1. From the proofs of
Theorems 3.2, 4.3, 3.8, we know that E is given by a point in a projective bundle
P(E) — U over an open subscheme U of My (v), the moduli space of torsion-free
Gieseker-semistable sheaves having Chern character

v:=y(n, k) —ch(Ox(—1)) + ch(Fp).

Moreover there exists an open neighbourhood V of [E] in P(£) admitting a family
E € Coh(V x X) such that, for all x € V, distinct from [ E], the bundle E, satisfies
Theorems 3.2, 4.3, 3.8 for ix = 4, 3, 2 respectively. Let us now denote by E|g
the pullback of E to V x S. The locus of points x € V such that (E|s), is not
slope-stable is closed in V. Indeed, let A be the set of degree-2 polynomials
P € Q[t] with 1(P) = —1ry and such that there exists x € V for which (E|s),
admits a pure 2-dimensional quotient F with Pr = P. The set A is finite. For
every P € A, the points x € V such that (E)|s, admits a pure 2-dimensional
quotient F with Pr = P define a closed subscheme Zp C V; we refer again to
[Huybrechts and Lehn 2010, §2.3].

Notice that for P # PE§| s» the closed subset Zp is strictly contained in V),
as [E] itself does not belong to Zp. Moreover the only Gieseker-stable sheaf
on § with ch(Fp|s) is Fols itself, see, for instance, [Huybrechts and Lehn 2010,
Theorem 6.1.6], as Fy|s is Gieseker-stable and x (Fyls, Fols) = 2. We deduce
that for a general x € V, letting E’ := [E,, (E’|s) is not slope-stable only if
Hom(Fols, E'|s) # 0.

Let us check that this is a contradiction. From (32), applying Hom(Fy, - ),

0 — Hom(Fy, E') — Hom(Fy, E'|s) — Ext' (Fy, E'(—ix)).

Then, it suffices to show that both the left- and right-side terms of this sequence
vanish. However, this is easy to check: First, Hom(Fy, E’) = 0 by slope-stability.
Second, Ext!(Fy, E'(—ix)) ~ Ext>(E’, Fy)*, and this vanishes by the instanton
cohomological vanishing when iy is even, while for iy = 3 this vanishing follows
by the assumption that E’ satisfies Theorem 4.3. This concludes Step 3 and proves
the theorem for iy # 1.

Step 4 (the case iy = 1). For the case ix = 1 the minimal instanton Fj|s may fail
to be isolated in its moduli space — actually this occurs when the genus is odd. So
the previous argument needs some further adjustment before we can get to the same
conclusion.

Let 7 — V C Spl(y(n + 1, k)) be an étale neighbourhood of [E] admitting a
family of sheaves £ over 7 x X specialising to E. Consider then the pullback of £
to 7 x S, which will be simply denoted by £|s. We claim that, up to shrinking V', we
can suppose that for all x € T, the sheaf £ |5 is slope-semistable and that moreover it
can at most be slope-destabilised by the restriction to S of a minimal instanton on X.
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Recall that, as we learned from the proof of Theorem 4.13, up to shrinking V, all
slope-semistable deformations of E belong to the closed subscheme Z, , 1) image
of Quot(&, y (n, k)). Since by semicontinuity we can assume that for every point
x €T, &ls is simple, we get a well-defined restriction map

p:T—Splg(ysn+1,k)), E— Els.

Up to replacing Splg(n 4 1, k) by an appropriate neighbourhood U of [E|s] we
suppose the existence of a Poincaré bundle E on /. This allows us to define a closed
subscheme W, 1), image of Quot(E, ys(n, k)) 25 U, that parametrises bundles
on § having quotients with Chern character ys(n, k). The same arguments used to
characterise the general slope-semistable deformations of E lead us to conclude that
a general deformation of E|g is not slope-stable if and only if it admits a quotient
having Chern character ys(n, k). Note that this relies on the fact that, on S as
well as on X, there are no semistable torsion-free rank-2 sheaves having Hilbert
polynomial strictly greater than Pr.

The deformations of E whose restriction to S admits a quotient having Chern char-
acter ys(n, k) := ch(E,’fl s) are parametrised by the closed subscheme Z,(, ) image
of Quot(€|s, ys(n, k)) = T. This closed subscheme is the preimage p! Wyson,i)-
The characterisation of W, (, «) presented above allows us to conclude that Z,, x)
parametrises sheaves whose restriction to S is strictly p-semistable.

By construction, we have Z,, (, x) C Zy(n,k). We prove that these schemes actually
coincide at the point [E]. From Z, (1) = ! (Wysnk)), we get

dim Ty 1 Zysn.ty < dim(diz1p ™ Tizi) Wys k) = dim(Tie ) Wy NExt (., E)).

To understand the right side of this equation we recall that, due to the vanishing of
Ext>(E, E), the space Ext!(E, E) injects via djgjp into Ext!(E|s, E|s), because
dig1p identifies with the linear map Ext!(E, E) — Ext!(E, Es) induced by E — Ej.
This last point was already observed in [Tyurin 2004].

Note also that the cokernel of this injection is Ext’(E, E(—1)) ~ Ext!(E, E)*
which tells us that Ext' (E, E) is a maximal isotropic subspace of Ext! (E|s, E|s)
with respect to the skew-symmetric form o defined by the Yoneda pairing. We
explicitly compute the dimension of Tz Wyg.k) NExt! (E, E). Denote by gs the
epimorphism E|s — EX|s. We recall that the tangent space to the Quot scheme
Quot(E, ys(n, k)) at the point g5 € 7Y (E|s) fits in the exact sequence (see, €.g.,
[Huybrechts and Lehn 2010], Proposition 2.2.7)

d
0— Hom(Fyls, EX|s) = T, Quot(E, ys(n, k)) <55 Tipi U — Ext! (Fols, EX|s).

As Tig U >~ Ext! (E|s, E|s) and Hom(Fy|s, E,’fls) =0 by the inductive hypothesis,
we deduce that Tjg| ) Wy(n k) identifies with the kernel of the linear map

os :Ext'(Els, Els) ~ Tg| U — Ext' (Fo|s, E}|s).
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Observe that o is nothing but the composition of the canonical linear maps
Ext!(E|s, E|s) — Ext'(E|s, E¥|s) and Ext' (E|s, EX|s) — Ext' (Fo|s, EX|s); see,
e.g., [Huybrechts and Lehn 2010, Section 2.2].

Therefore, the space Tjg )W,k N Ext!(E, E) is the kernel of the restriction
of o5 to Ext'(E, E). But the latter factors through Ext! (Fy, E), giving rise to the
commutative diagram

0 — Ext'(E, E) —— Ext'(E|s, E|s) —=— Ext'(E, E)* — 0

N
0 — Ext!(Fy, EF) — Ext! (Fols, EX|s) — Ext!(EX, Fo)* — 0

where the exactness of the rows is due to the vanishing of ext?(E, E), ext*(Fy, E ﬁ)
and extz(Eﬁ, Fp).

Let us now look at the first column. The morphism o is nothing but the
composition of the natural linear maps Ext!(E, E)—>Ext'(E, E ’n‘) and Ext' (Fy, E ,’j )
induced by E -L> EX — 0. Since ext?*(E, Fy) = ext*(EX, EX) =0, o is surjective.
As moreover

Hom(Fy, EX) =0 and Tz T ~Ext!'(E, E)
by [Huybrechts and Lehn 2010, Proposition 2.2.7], we get the short exact sequence
0 — Tig1Zy i) — Ext'(E, E) — Ext'(Fy, EX) — 0.

Now, from the diagram, we identify the linear space Tjz|s)Wys(u.0) NExt! (E, E) with
ker(o) ~ Tig1Zyn,k)- This vector space has dimension ext!(E, E) — ext' (Fy, E,’j).

But we know from (31) in the proof of Theorem 4.13 that the local dimension of
Z, o at [E] s at least ext' (E, E) —ext! (Fy, EX) = ext!(E, E) — x (Fy, E¥). We
conclude that Z,, , x) and Z,(, x) coincide at [ E], and so the same will hold in a
neighbourhood of this point. A general deformation of E is thus slope-stable and
the same will hold for its restriction to S. ([l

This proves Theorem 5.1. Finally, this argument applies to every E € Rg(n, k).
Indeed, from

0— E(Ky) > E—E|s—0
and Serre duality, using Ext>(E, E) = 0, we obtain an exact sequence
0 — Ext'(E, E) — Ext!(E|s, E|s) — Ext'(E, E)* — 0.

The image of Ext'(E, E) is isotropic for the symplectic form on Ext!(E|s, E|s)
defined by the Yoneda pairing, since Ext?(E, E) = 0; hence it is maximal isotropic.
Thus the image of the restriction map is Lagrangian. This proves Main Theorem 2.
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6. Fano threefolds with curvilinear Kuznetsov component

We briefly treat Fano threefolds X whose Kuznetsov component Ku(X) C D?(X)
is equivalent to the derived category D?(I") of a curve I'. In this case, we say that
X has a curvilinear Kuznetsov component. These are the Del Pezzo threefold Y4 of
degree 4 and the prime Fano threefolds X, of genus g € {7, 9, 10}.

6.1. Reminders about Fano threefolds with curvilinear Kuznetsov component.
We recall that the Kuznetsov component Ku(X) can be thought of as the “nontrivial”
component of Oy (gx)*, or equivalently of ~Ox(—gy). If X is a threefold of one
of the types mentioned at the beginning of this section, Ox (qX)L = (Ku(X), F)
where F is an exceptional bundle and Ku(X) is an indecomposable triangulated
category. This situation is quite different from the case when H?(X) = 0, where
Ku(X) is strongly generated by a full exceptional collection. We will treat this case
later on.

It turns out that the curve I' is identified with a certain fine moduli space of
vector bundles on X. This moduli space is fine and admits a universal bundle £
on X x I'. So, we will implicitly identify points of I" with vector bundles from
that moduli space without further mention. The equivalence D’(I') — Ku(X) is
induced by the Fourier—-Mukai functor

O(—) = Rp.(g*(—) ® &),

having & as its kernel. The functor & is fully faithful and admits a left and a right
adjoint ®*, ®' defined as

®': DV(X)— DP(I), @'(=):=Rgs(p* (=) QE* Qwr)[1];

(34) * b b * * *
©": D°(X) —> D7(I'), @7(—):=Rq«(p"(—) ®E" @wx)[3].

The equivalence & : D?(I') — Ku(X) lets us decompose D?(X) as
(35) D" (X) = (Ox(—qx). F*, ®(D"(I'))).

Recall that we are dealing with Fano threefolds which are either isomorphic to ¥4
or to X, for g € {7, 9, 10}. For each of these threefolds X, we will recall the main
features of the curve I, of the sheaf £ and of the derived category D?(X). We will
then study the objects ®'(E(ry)) for E an (n, k)-instanton on X. We will essentially
mimic what is done in the rank-2 cases, treated, e.g., in [Faenzi 2014; Brambilla
and Faenzi 2013; 2014; Kuznetsov 2006; Kuznetsov et al. 2018; Kapustka and
Ranestad 2013; Faenzi and Verra 2025]. We will adopt these as the main references
throughout the current section.

6.1.1. The Del Pezzo threefold of degree 4. A Del Pezzo threefold Yy is the complete
intersection of 2 quadrics in P°. In this case, the curve I" is a smooth genus 2 curve,
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a double cover of the line P! corresponding to the pencil of quadrics defining X,
ramified along 6 points given by the singular quadrics in the pencil. As it turns out,
the curve I' is isomorphic to the moduli space My, (v) of Gieseker-stable rank-2
sheaves having Chern character v € @H" (Y3), v =2+ Hy, — ; py,. The universal
bundle £ of this moduli space has the topological invariants

61(5)=Hy4+N, C2(5)=2ly4+HY4M+77,

where M and N are divisors on I' of respective degrees m and 2m — 1. Here m is
an arbitrary integer and 7 a class in H>(Y4) ® H'(T") such that n> = 4. In order
to simplify the upcoming computations, we set m = 2. In addition to this, for all
y €T, & is a slope-stable ACM and globally generated bundle. The evaluation
morphism gives rise to the short exact sequence

(36) 0— &(=1)— HY(E) ® Oy, — & — 0,

where ¥ is the conjugate point to y in the double cover I' — P!. The derived
category D”(Y4) of Y4 admits the semiorthogonal decomposition

D’ (Yy) = (Oy,(—1), Oy,, ®(D*(I))).

6.1.2. Prime Fano threefolds of genus 10. Let us consider a 7-dimensional complex
vector space V ~ C” and a general 3-form w € /\3 V*. The stabiliser of w in GL(V)
is the 14-dimensional group G, C SO(V). Let us consider the Grassmannian
Gr(2, V) and the tautological rank-2 bundle ¢/. The form w defines a G;-invariant
global section s,, of the rank-5 vector bundle ¢/ L(1). The zero locus of s,, is a smooth
G>-homogeneous 5-dimensional Fano manifold, namely the G, Grassmannian
G, Gr(2, V), which is the adjoint variety of type G,. The vector space /\2 Vv
decomposes as the direct sum of two irreducible G, representations /\2 VVeWw
with W isomorphic to the Lie algebra g,. The G, Grassmannian G, Gr(2, V) is
nondegenerate in P(W) and its projective dual G, Gr(2, V)V is a sextic hypersurface
in P(W¥).

Consider now a general line P(A) ~ P! ¢ P(W*). Note that the linear section
P(ALH) NG, Gr(2, V) is a smooth prime Fano threefold X o C P of genus 10.
In the pencil P(A) there exist six singular hyperplane sections given by the points
in P(A) NG, Gr(2, V). We consider the curve I" of genus 2 obtained as a double
cover ' — [P(A), ramified along these six points.

The curve I' identifies with the fine moduli space My, (v) of slope-stable sheaves
with Chern character v = 3 + 2Hy,, + 9/x,, + % Px,,- The universal sheaf £ on
X x I' has rank 3 and Chern classes

c1(&)=2Hx,+Kc, c2(E)=27lx,,+3Hx,,pc+n, ¢3(E)=Tpx,,+22lx,,pc,
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where 7 is a class in H>(X19) ® H'(T") such that n> =4. Forall y € T, &y 1s locally
free, slope-stable, globally generated and fits in the exact sequence

(37) 0= E(=1) = 0% > U = &, -0

for U the restriction to X o of the rank-2 tautological bundle on Gr(2, V); see
[Kapustka and Ranestad 2013; Faenzi and Verra 2025]. We recall that ¢| (/) = —1.
The derived category D”(X o) decomposes as

D’ (X10) = (Ox,y, U*, D(D"(I))).

6.1.3. Prime Fano threefolds of genus 9. Let us consider a 6-dimensional complex
vector space V endowed with a nondegenerate skew-symmetric form w. The
maximal w-isotropic linear subspaces of V are parametrised by the Lagrangian
Grassmannian LG(3, 6) C P!, a smooth 6-dimensional projective variety. For a
general P(A) C P13* P(A) ~ P2, the linear section LG(3, 6) NP(A~) is a smooth
prime Fano threefold Xo of genus 9, nondegenerate in P'°.

The projective dual LG(3, 6)" to LG(3, 6) is a quartic hypersurface in p13*
whose linear section LG(3, 6)¥ N[P(A) is a smooth (by generality of P(A)) plane
curve I' of degree 4, defined as the homological projective dual to Xo.

The curve I' identifies with the fine moduli space My, (v) >~ Mx,(y (1, 0))
of slope-stable sheaves with Chern character v = 2 4+ Hy, + 2lx, — % Px,- The
isomorphism My, (v) >~ My, (v (1, 0)) is given by &, — 5;" >~ &, (—1). We have the
invariants

c1(€) = Hy, + N, (&) =6Lx, + Hx,M +1.

Here, M and N are divisors on I" of degrees m and 2m —1 and n € H3(Xo)® H'(I")
satisfies 7> = 6. The integer m can be chosen arbitrarily; however, we fix m = 3,

which will make some computations easier. For each point y €I, £, is a slope-stable
ACM bundle on Xy fitting in

(38) 0—Oxy > U= E — Oc — 0,

where C C Xo is a conic and U/ is the restriction to X9 of the rank-3 tautological
bundle on LG(3, 6). We recall that I/ is a rank-3 vector bundle of first Chern class
c1(U) = —1. We decompose D?(Xo) as

D’(Xg) = (Ox,, U*, D(D(I))).

6.1.4. Prime Fano threefolds of genus 7. Consider the orthogonal Grassmannian
OG(5, 10) parametrising 4-dimensional linear subspaces contained in a smooth
8-dimensional quadric hypersurface Q in P°. The variety OG(5, 10) is smooth,
of dimension 10 and has 2 connected components ¥. Each component spans a
15-dimensional linear space (X4) ~P(Vy) >~ P15, We denote by U the restriction
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to X4 of the tautological rank-5 bundle on OG(S, 10). For a sufficiently general
linear subspace P(A) >~ P8 of P(V,), the resulting linear section P(A) N X, is a
smooth prime Fano threefold X7 of genus 7.

Let us consider the orthogonal P(A+) ~ P% ¢ P(V_). By the generality assump-
tion on A, P(AY) N X_ c P(V_) is a smooth curve I'. This curve has genus 7
and is referred to as the homological projective dual to X7. The curve I' is the
moduli space of Gieseker-stable bundles with Chern character v € @, H LE(X7),
v=2+4Hy,+lx, —%px7. SoI' @My, (v) @My, (y (1, 0)). Asin the case g =9, all
bundles in this moduli space are duals of minimal rank-2 instantons. The universal
bundle £ on X x I has Chern classes

ci(€) = Hx,+ Hr, ¢2(€) = {5 Hx, Hr +5lx, +1n
for n € H3(X7) ® H'(I') a class such that n> = 14. Moreover it fits in
39) 0=>&">U-—-U >E—0

for Uy the pullback of Uy to X x I' C ¥4 x X_. The restriction of U to X will
still be denoted by /. This is a rank-5 vector bundle on X having c;(Uy) = —2.
As already recalled in Section 4.2, for all y € ', £, is a locally free slope-stable
and globally generated bundle. The derived category D”(X7) decomposes as

D’ (X7) = (Ox,, U, d(D(I))).

6.2. The canonical resolution of instantons. For a slope-stable (n, k)-instanton E
on X, we look at the object ®'(E (rx)) in D?(T"). Let us denote by F the exceptional
object on X such that *Ox(—qgx) = (F*, ®(D?(IN))). We recall that F >~ Oy for
X =Y4, FUfor Xg, g €{9, 10} and F >~ U, for X7. In the following lemma,
X is of type Y4 or X, with g € {7, 9, 10}.

Lemma 6.1. Let E be a slope-stable (n, k)-instanton on X with k > 1.
(i) We have ext’ (&y, E(rx)) =0foralli #1andall y €.
(i) If X =Y, or X = X9, then hom(F*, E(rx)) =0.

Proof. The proof is essentially equivalent to the proofs of [Brambilla and Faenzi
2013, Lemmas 4.3—4.4; 2014, Lemmas 5.3-5.4]. For (i), let y € I" be an arbitrary
point. The vanishing of ext’ (&y, E(ry)) fori =0, 3 is an immediate consequence of
stability. The vanishing of extz(é‘y, E (1)) for X7 and X9 were shown in Lemma 4.11.
Let us prove that extz(Sy, E(ry))= hz(E(rX)®5;k) =0alsoon Y4 and X (. For Yy it
suffices to tensor (36) by E(—1). As 5; ~ &, (—1) we then use that H2*(E(-1))=0
and H3(E® Ey(=2)) =0, again by stability. For X let us consider the image G
of the morphism Ogm — U* appearing in the complex (37). As H*(E) = 0,
Ext’(€,(—1), E) injects into Ext*(G, E) ~Hom(E, G(—1))*. But Hom(E, G(—1))
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injects into Hom(E, U4*) ~ Hom(E, U*(—1)*) which vanishes by slope-stability,
since we are assuming k > 1.

Also (ii) is a direct consequence of the slope-stability assumption. Indeed, for
X =Y, or X = X9, F is a minimal instanton, in particular 7* and E(ry) are
slope-stable of the same slope, but E(rx) is not isomorphic to F* since k > 1. [J

For the cases X = X,, g € {7, 9}, we will show that the vanishing Hom(F*, E(1))
holds at least on an open nonempty subscheme V(n, k) C Mx(y (n, k)). To prove
this we need a preliminary lemma.

Lemma 6.2. Let E be a slope-stable (n, k)-instanton bundle on X4, g € {7, 9},
for n = 2. Then a nonzero morphism F* — E(1) is injective and its cokernel
is torsion-free. The same holds for any nonzero morphism F*|s — E(1)|g for
S €|10x(1)| general and E a general slope-stable instanton bundle belonging to
Rs(n, k) C Mlx(n, k).

Proof. We first prove that any nonzero morphism F* — E(1) is injective. Let us
look at X = Xg9. We have F* >~ U/* is slope-stable of rank 3 and ¢; = 1. Since we
are assuming that E is slope-stable and that rk(E) > 4, we see that for a nonzero
morphism f : U* — E(1), im(f) must have rank 3. Since U/* is torsion-free we
conclude that im( f) >~ U*.

Let us pass to the case g = 7. Recall that 7* >~ {7} is slope-stable with slope %
Consider a nonzero map f : F* — E(1). Suppose, by contradiction, that f is not
injective. By stability of F and E, we see that im( f) must have slope %, S0, since
n > 2 and E is slope-stable, we must have rk(im(f)) = 4. If n > 3, this contradicts
stability of E, so we look at the case n = 2. Note that ker( f) is reflexive of rank
one and slope 0, so ker(f) >~ Oy, so that ch(im(f)) = ch(F*) — 1. Therefore,
coker(f) is a torsion sheaf with c;(coker(f)) = 0 and c,(coker(f)) = (k — 2)I,
which is impossible if k > 3. For k =2, we get that coker( f) is a torsion sheaf with
ci(coker(f)) = cap(coker(f)) = 0 and c3(coker(f)) = —2p, where p is a point
of X, which is again impossible. This ends the proof of the injectivity of nonzero
morphisms 7* — E(1).

Given a morphism f : F* < E(1), we denote by Q its cokernel. Let us check that
Q is torsion-free. If not, then f factors through an injective morphism f": G — E(1)
whose cokernel is the torsion-free part of Q. This means that G is an extension of
T (Q), the torsion part of Q by F*. Due to the stability of £ (1), dim(7(Q)) <1. But
then we have ext' (T'(Q), F*) = ext*(F*, T(Q)(—1)) = B2 (F® T(Q)(—1)) = 0.
Therefore we would have that G has torsion which is impossible since it injects
into E(1).

Let us consider now a smooth hyperplane section S € |Ox (1)| such that Pic(S) ~Z
and assume that E € R;(n, k), so that E|s is slope-stable. Then the same arguments
presented for X allow us to deal with the cases S C X9 and S C X7, except when
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(n, k) = (2, 2). In this case, a noninjective morphism U7 |s — E(1)|s would lead
to the short exact sequence

0— Os— Ui|ls = E(1)|s— 0.

But by the generality assumption on E, we can assume that £ is ACM; see
Corollary 4.15. This implies that the graded module H!(E|s) := @ H'(Es(m)) is
zero, which would lead to U7 |s = Og @ E|s(1) which is impossible. The proof of
the torsion-freeness of the cokernel of a morphism F*|g — E|s(1) is carried out
analogously to the 3-dimensional case. ([

Proposition 6.3. Let X = X,, g € {7,9}. Then, for alln > 1, k > 2 there exists
an open nonempty subscheme V(n, k) C Mx (y (n, k)) parametrising slope-stable
(n, k)-instantons E on X such that Hom(F*, E(1)) =0 and for S € |Ox(1)| general,
Hom(F*|s, E(1)|s) =0.

Proof. We work by induction on n. For the rest of the proof S will be a smooth
hyperplane section of X with Picard rank one. For n =1, let E be a (1, k) slope-
stable instanton bundle with k > 2. Let us suppose at first that X = X9. Then
hom(U/*, E(1)) = 0 by [Brambilla and Faenzi 2013, Lemma 4.4]. An argument
similar to the one presented in [loc. cit.] also allows us to prove that, assuming E is
general, we can additionally suppose that hom(/*|g, E(1)|s) = 0. Indeed, by the
assumptions on S, E|s is slope-stable due to the vanishing of H OEls).

The kernel of a nonzero morphism f :U*|s — E(1)|s must be a rank-1 reflexive
sheaf, so that ker( f) >~ Os, as Pic(S) >~ ZHy. Therefore ch(im(f)) = (2, 1, 0) and
ch(coker(f)) = (0, 0,2 —k). Now, coker(f) is a torsion sheaf whose length equals
chy(coker(f)) so that k < 2. The case k = 2 can be excluded as well. Indeed, let
E be a (1, 2)-instanton bundle on X. Since we are assuming E general, we might
suppose that £ is ACM. Assume now, by contradiction, that £(1)|s fits in

0— Og— U*|s— E(1)|s— 0.
Since h%(U*|s) = h°(U|s) = 0 and h*(Os) = h°(Os) = 1, we would get
h'(E(D]s) #0.
Indeed, otherwise, since the sequence cannot split, we would have
ext' (E(D)|s, Os) = h' (E|s) #0,

which is impossible since if E is ACM, H}(E|s) := @ H'(E|s(m)) = 0.

For X = X7 the vanishing of Hom(l/, E(1)) for a (1, k)-instanton, for k > 2 is
shown in [Brambilla and Faenzi 2013, Lemma 5.3]. For an arbitrary point y € ",
we have the short exact sequence, of bundles on S,

(40) 0— Gyls —> Uils = Eyls — 0.
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The vector bundle L{i|s is slope-stable, see, e.g., [Mukai 1988, Theorem 3.3],
and the same holds for E|g, which is still ensured by H O(E|g)=0and Gyls. For the
stability of the latter it is enough to notice that Ho(gy |s(—1))— HO(Z/{_Tr |s(—=1))=0,
the vanishing being ensured by the slope-stability of ¢/} | s. This gives that G, cannot
be destabilised by rank-1 subsheaves, H O(Q;‘l s) = 0 since H O(L{+| s) = 0 (again
by stability) and H'(£}|s) = H'(E,(—1)) = 0 since £, is ACM. This, as recalled,
implies Hj (&yls) = 0. This means that G,|g cannot be destabilised by rank-2
subsheaves either. Hence G, |s is a slope-stable rank-3 bundle of degree 1 and the
same arguments used for &/* on Xo allow us to conclude that Hom(G, |5, E(1)]s) =0.
Indeed, again we would have that the kernel of a nonzero map G,|s — E(1)|s must
be Og and hence a cokernel with Chern character (0, 0, 2 — k), which cannot occur.
In conclusion, Hom(U7 |s, E(1)|s) vanishes as well.

Let us now pass to the inductive step. We consider n > 1, k > 2 and we take
a (n+1, k)-instanton E obtained as a nontrivial extension ¢ € Extl(Eﬁ , Fp) for a
slope-stable (n, k)-instanton bundle Eﬁ belonging to Rs(n, k) and satisfying the
proposition. By the assumptions on Eﬁ the restriction e|g does not split and E,]i s is
slope-stable. Accordingly, by Lemma 2.13, E| is strictly slope-semistable and Fy|s
is its only slope-semistable subbundle of slope —%. All subsheaves of E|s having
slope —% will indeed be elementary transformation of Fy|s along a zero-dimensional
scheme.

Let us consider now an étale neighbourhood 7 of [E] in Sply (y(n + 1, k))
admitting a universal bundle £ € Coh(7 x X). Denote by £|s the pullback of £
to7T xS.Let P:= Pg — PZ/{*(—I), Ps := PE|S — PM*(—l)Is and denote by Zps cT
(resp. Zp C T) the closed subscheme parametrising points x € 7 such that (£]y),
admits a pure 2-dimensional quotient with Hilbert polynomial Pg (resp. £, admits
a torsion-free quotient with Hilbert polynomial P). We claim that [E] ¢ Zp,.
Suppose, by contradiction, that E|g fits in the short exact sequence of Og-modules

0— K— E|s— Q00— 0,

with Q a torsion-free Og module with Hilbert polynomial Pg. Notice that the
torsion-freeness of Q ensures that K is locally free; see, e.g., [Hartshorne 1980,
Proposition 1.1].

We claim that K is slope-stable. Notice that, due to the slope-semistability of E|g,
the only possible destabilising subsheaves L of K must have slope —%, as for the odd
rank cases we must have (L) < —Zﬂ’lnﬁ with m =0 for X9 and m =0, 1 for X5. But
then L — E|g factors through Fy|s due to the slope-stability of both Fy|s and E ,’j |s
and Lemma 2.13. Sork(L)=2and T := Fy|s/L is zero-dimensional. Notice that the
latter is nothing but the torsion part of E|g/L — here the dimension count is due to
the slope-semistability of E|s. But this would mean that L** >~ Fj| ¢ and since K is a
vector bundle, this would imply that also the inclusion L < K factors through Fp|s.
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Thus, to prove that K is slope-stable, it suffices to check that there is no inclusion
Fyls — K. Note that such an inclusion would lead to the commutative diagram

0 —— Fyls s K s 1 5 0
1) l l l
0 —— Fyls s Elg s EX|g s 0

This would provide the short exact sequence
0—>I—>E5|S—> 0 —0.

Note that, since Q is torsion-free, I must be locally free.
Let us show that, when X >~ X7 or X >~ Xo, this cannot happen.

» We first treat the case Xo. We get that / must be a line bundle. But this is not
possible since ch(l) = (1, —1, 6).

e Now let us focus on the case X7. We have ch(/) = (3, —2,5), so that n > 2,
rk(E ,’j |s) > 4. We claim that we can assume that £ ,’j |s admits no injective morphisms
from vector bundles with Chern character ch(/) (which is the same as requiring
that E’,j |s has no torsion-free quotient with Chern character ch(E,lg |s/1)). This will
be enough to prove that also on S C X7 we have slope-stability of K.

We will prove the claim by induction on n. For n = 1 this is obvious. Supposing
now that the claim holds for a general slope-stable instanton bundle E ﬁ, k > 2, such
that EX|g is slope-stable, we show that it holds for any E arising from Ext! (EX, Fy).
Suppose, by contradiction, that E|s admits a subbundle / with ch(I) = (3, -2, 5).
Then using the same arguments previously presented, / must be slope-stable.

Indeed, if I is not slope-stable, it can only be destabilised by a rank-2 sheaf F
with ¢;(—1). But then we have an injection F < Fy|s and an isomorphism
F** ~ Fy|s, which gives an injection Fy|s < I. We obtain a rank-1 subsheaf L
of E,’jls with Chern character ch(L) = (1, —1,4). But since [ is locally free,
Els/I ~ E,’j 41ls/L is torsion-free so that L must be a line bundle, which is
impossible due to its Chern character. But if [ is a slope-stable bundle, admitting
no injective morphism into EX|g (which is true by the inductive hypothesis) is
equivalent to Hom(/, E ,’f +1ls) =0, as it can be shown with arguments equivalent
to the ones presented in Lemma 6.2. But then I < E|g should factor through Fy|s,
which is impossible. A general deformation E’ of E will satisfy that E'|g is
slope-stable and admits no injective morphisms from vector bundles with Chern
character ch(/).

Summing up, K is a slope-stable vector bundle. But as x (K, K) = 2, we
must have K ~ F*|g; see, e.g., [Mukai 1987]. By the inductive hypothesis
Hom(F*|s, E§|S) = 0 so that F*|g ~ K — E|s would factor through Fy|s. But
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this cannot happen. Therefore we can conclude that [E] ¢ Zp, hence [E] ¢ Zp. So,
for a general point x € 7 we have x ¢ Zp, and x ¢ Zp. Assuming that moreover
&, is slope-stable and that the same holds for its restriction to S, we conclude that,
from Lemma 6.2, Hom(F*, E") = Hom(F*|s, E'|s) = 0. O

Applying the above results we can construct canonical resolutions for instantons.
Theorem 6.4. Let E be a slope-stable (n, k)-instanton on X. Set F := D' (E(ry)).

(i) F is a vector bundle on I" of rank r and degree d, where (r, d) takes the values

X |r| d
Yo | k| O
42) X0 | k k
Xo k| n+k
X7 | k| Sk+n

(ii) The sheaf E(rx) fits in the short exact sequence
0 — ext' "X (E(rx), F)* ® F* — ®(F) — E(rx) — 0.

(iii) If X=Y40r X =X 9 and k> 1, F is simple. The same holds on X, g € {7, 9},
with the additional assumption that E € V(n, k), k > 2.

Proof. Item (i) is an immediate consequence of Lemma 6.1. Since we have
hi(E ®€;‘) =O0foralli#1andall yeT, F:=®'(E(ry)) is a sheaf. Moreover,
as h'(E(ry) ® 8;‘) = —x(&y, E(rx)), we conclude that F' is locally free of rank
—x(&y, E(rx)). The computations of the ranks and degrees appearing in the
table (42) are a direct application of Riemann—Roch and Grothendieck—Riemann—
Roch theorem.

Let us now prove (ii). We first deal with the case where X >~ Y, so that ix =2 and
rx =0. For an (n, k)-instanton on Y4, we consider the right mutation E:= Ro, (E),
defined as the kernel of the evaluation map E — P, Ext' (E, Ox) ® Oxli]. By
construction E € L(Ox(—1), Ox) ~ &(D"(T")) and as moreover Ext' (E, Oy) is
concentrated in degree 1, we get that Eisa sheaf, actually it is a (k, k)-instanton,
fitting in

(43) 008" 5 E—E—O0.

Let us now see how to obtain a similar complex when ix = 1, so that gx =0
and ry = 1. Given an (n, k)-instanton E on X, we consider the right mutation
E(l) = R0y, 7 (E(1)) of E(1) by the exceptional pair (Oy, F*). By definition
this is the kernel of the evaluation morphism

E(1) > @ Ext’ (E(1), 0x)* ® Ox[i1®Ext ™ (E(1), F)* @ F*[i — 1.
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We note that Ext'(E, F) = 0 except for i = 2. Indeed, ext' (E(1), F) = 0 for
i =0, 3 by stability of 7 and E and since k > 1. The stability assumption also
leads to ext! (E(1), F) = 0. To verify this recall that, for g =7, 9, 10, we have the
tautological exact sequence

0> F—->0x®V—>9—0,

where Q is the slope-stable exceptional bundle obtained by restricting to X the
quotient bundle on the Grassmannian containing X in view of the embedding
provided by F*. Also, Q@ >~ F* if g = 7,9. Then, we notice the equalities
ext'(E(1), Ox) = h*(E) = 0 and hom(E(1), Q) = 0 by stability. So applying
Hom(E(1), -) we get ext!' (E(1), F) = 0. Therefore we get that E(l) is a coherent
sheaf which, by construction, belongs to & (DY (M) = H{Ox, F*) and fits in

(44) 0 — F*®Ext*(E(1), F)* - E(1) > E(1) — 0.

So the sheaf E(rx) lies in ®(D”(T")). Accordingly, E(rx) ~ ®(G) for some
G € D’(I"). Thus, applying ®' to the sequences (43), (44) and using that ®'(F*) =0,

G~ d'(P(G)) ~ d'(E(ry)) = F.

This shows that the complexes (43) and (44) are of the form described in (ii).
For the proof of (iii), notice that whenever E is an (n, k)-instanton with k > 1 on
Y4 or Xy, or an (n, k)-instanton on X, g € {7, 9}, belonging to V(n, k), k > 2, we
have Hom(F*, E(ryx)) = 0.

By adjunction

Hom(F, F) >~ Hom(F, dJ!(E(rX))) ~Hom(®(F), E(rx)) =~ Hom(E, E).

Applying Hom( -, E(rx)) to (43) and (44) we see that this last vector space is
one-dimensional since E(rx) is simple and Hom(F*, E(rx)) = 0. U

7. Monadic description of instantons

In this final section we look at Fano threefolds X of Picard number one and
trivial intermediate Jacobian, i.e., H>(X,Z) = 0. For each value of the index
ix € {1,...,4} there exists a unique family of Fano threefolds satisfying the
condition H3(X, Z) = 0. These are:

(Q) Foriy =4, X ~ P3.
(&) Forixy =3, X >~ Q Cc P*.

(&) Forix =2, X = Y5 is the degree-5 Del Pezzo threefold. This is the projective
variety obtained as a general codimension-3 linear section of G(2, Us) C P°
where Us >~ C°.
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(®) Foriy =1, X = X5 is the prime Fano threefold of genus 12. The threefold X
identifies with a closed subvariety of the Hilbert scheme Hilbs,1(P(Us))
of twisted cubic curves in P(U,) >~ P3, where U, is a 4-dimensional vector
space. The subvariety X corresponds to twisted cubics whose defining ideal is
annihilated by a fixed 2-dimensional net of quadrics P2 ~ P(Us) C P(S?Uy).

The triviality of the intermediate Jacobian of X turns out to be equivalent to
the fact that the derived category D”(X) of X admits a full exceptional collection.
We use, in addition to Beilinson’s theorem for 3 and Kapranov’s theorem for the
quadric, the full exceptional collections described in [Orlov 1991; Kuznetsov 1996;
Faenzi 2005; Faenzi 2007]. In summary,

D (X) = (F_1, Fo. Fi, Ox(qx))
for vector bundles F;, i € {—1, 0, 1}, such that
(45) Ff=F_i(rx), (Fo1, Fo, Fi) = Ox(gx)™.

This structure of the triangulated category Oy (gx)* ensures that any object
F € Ox(gx)™ is quasi-isomorphic to the homology of a complex whose terms are
all of the form ]—"l.@ni"i, for some integers n; ;, withi € {—1,0, 1} and j € Z.

To compute these integers, we use the dual exceptional collection

(G_1, G0, G1) =T Ox(—qx)

with respect to (F_1, Fo, F1) = OX(qX)l. The objects G;, with i € {—1, 0, 1}, are
exceptional vector bundles satisfying, for i € {—1,0, 1},

(46) GZ;(—=qx) >~ Lo, (Gi(gx)[—1],

where L is the left mutation functor. The mutation functor is characterised by the
property that, for any pair of objects F and G, there is a distinguished triangle

Lr(@[-1]— Extx (F,§) ® F > G — Lz (9),

where the map Ext}, (F, G) ® F — @ is the natural evaluation.
Given a coherent sheaf F' on X, we write down the cohomology table of F with
respect to the collection mentioned above:

F_i1 Fo Fi
(F®G_1) | B(F®G) | P*(F®G)
47 hA(F®G_1) | i2(F®Go) | h2(F ®Gy)
W(F®G_1) | h"(F®Gy) | h'(F®G))
W(F®G_1) | '°(F®Go) | '°(F®G))
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The sheaf F is isomorphic to the homology of a complex Cy. € D" (X) whose
terms are

48) Ch= P HF®G)®F;.
i—j=l+1

We give below an explicit description of the collections F;, G; fori € {—1, 0, 1},
on each of the Fano threefolds X with H3(X, Z) = 0.

The projective 3-space. For X =3, we just use the classical exceptional collection:

F_1=0ps(—1), Fo=0ps, Fi1=0Ops3(l);
gfl = 753,3(—3), g() = Q[p3, gl == O[pﬂ(—l)

Of course, this agrees with Beilinson’s exceptional collection, appropriately twisted
for Qﬂz]>3 (1) = Tp3(—3). All these vector bundles are slope-stable, with u(G_;) = — %,

1(Go) = —3.

The quadric threefold. For a smooth quadric threefold Q3 inside P*, we use a
version of Kapranov’s exceptional collection:

]:,1:OQ(—1), Fo=S, f]ZOQ;
G_1=Tpslo(=2), Go=S, Gi=0g.

Here, as before, S is the spinor bundle, which is slope-stable of rank 2 and slope —%.
The vector bundle Tps4|o(—2) is slope-stable of slope —%.

The quintic Del Pezzo threefold. The smooth quintic Del Pezzo threefold ¥ = Y5
sits as a linear section in the Grassmannian G(2, Us), where Us is a 5-dimensional
vector space. The bundles Uy and Qy are obtained by restricting to Y the rank-2
tautological subbundle and the rank-3 tautological quotient bundle on G(2, Us). The
linear section Y is given by the choice of a 3-dimensional vector space Uz C /\2 Us.
We have a natural identification Us = H O(Z/I;j)*.

The next ingredient is a vector bundle Ry of rank 9, introduced in [Faenzi 2014,
§3.2.2]. Itis defined as the kernel of the natural evaluation morphism UZ ®@Uy — Oy,
so it fits into

(49) 0— Ry > U:®Uy - Oy — 0.

We have h°(Ry (1)) = 18 and the vector bundle Ry (1) is globally generated. The
isomorphism (46) is given by the evaluation map of global sections, which provides
the natural exact sequence

0— Ry (=1) > Uig® Oy - Ry(1) = 0.
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Here, U;s = H°(Ry (1)) is an 18-dimensional vector space. To see this sequence
explicitly, we note that U3 is naturally contained in U5 ® U< and, using [Faenzi 2014,
exact sequence (10)], we identify the quotient U1g = Us ® U5/ U3 with H Y(Ry(1))
and the kernel of the evaluation of global sections of Ry (1) with Ry (—1). In
summary, for ¥ = Ys, we have

F_1=Uy, Fo=0Oy, Fi=Uy,
G1=Qy(—=1), Go=Ry, Gi=Uy.

We know Uy and Qy(—1) are slope-stable [Faenzi 2005], with £ (Qy(—1)) = —%,
nUy) = —3.

Claim. The bundle Ry is slope-stable, with slope — g.

Proof. The statement about Uy is well known. The slope of the bundle Ry is
computed immediately from (49). To check stability, suppose by contradiction that
a subsheaf K destabilises Ry. We may assume that K is slope-stable, and, up to
passing to double dual, that K is reflexive. In view of (49), since Uy is stable of
slope —% and K injects into the polystable bundle ¢/ 5 we see that K must have
slope —% and that the reflexive hull of K is isomorphic to /y. Then K must split
off a copy of Uy from Ry, which cannot happen, since Ry is exceptional, hence
indecomposable. U

Prime Fano threefolds of genus 12. Consider X = X,, a smooth prime Fano
threefold of genus 12. We mentioned that X is a closed subvariety of the Hilbert
scheme of cubics in P(Us). More precisely, X parametrises twisted cubics whose
ideals are generated by quadrics lying in the kernel of S2U. 4 — Us. Writing Uy
for the 7-dimensional kernel of this map, we get that X embeds in G(3, U7). The
threefold X is cut out as a subvariety of (3, U7) as the vanishing locus of a net of
skew-symmetric 2-forms, according to Mukai’s famous description. Then we get
vector bundles Uy and Qy by restricting to X the tautological rank-3 subbundle,
and the tautological rank-4 quotient bundle on G(3, U7).

Also, X can be seen as a subscheme of the moduli space of twisted cubics
in P3 = P(U,), where Uy is a 4-dimensional vector space. Then the minimal
instanton Fy, which is denoted here by 7, is the rank-2 vector bundle whose fibre
over a twisted cubic curve [C] € X is the two-dimensional linear space generated
by the linear syzygies of the quadrics defining I¢.

Finally, we have a rank-10 vector bundle Rx, which is the dual of the right
mutation of 7 with respect to Uy, so that the dual of the fibre of R at [C] represents
the 10-dimensional space of cubics of P? that vanish on C. One has the exact
sequence

(50) 0—Rx —>U;®Uy — T — 0.
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The bundle Ry is introduced and studied in [Faenzi 2007], where it is denoted
by M in [loc. cit.] The mutation induced by global sections of Rx = Gy, see (46),
here takes the form

(51) 0— Ry — S*U; ®@Ox — Rx — 0,

where the map (9?(0 — Ry is the canonical evaluation of global sections. All this is
proved in [Faenzi 2007, Lemma 6.7]. In summary, we have, for X = X1,

Fa=Ux(=1), Fo=T, Fi=Uyx;
G_1=Ox, Go=TRx, Gi=Ux.

The bundles Uy and Qy are slope-stable (see [Faenzi 2007, Lemma 6.2]), with
1w(Qx) = g, wUy) = 1.

Claim. The bundle Ry is slope-stable, with slope %.

Proof. One computes the slopes of Ry from (51). A destabilising reflexive, stable
subsheaf K of R sits in the polystable bundle Z/I;?A' by (50). Since there is no
rational number £ with ¢ < 9 with —% < g < —%, we get that K splits off a
summand Uy from Ry, which is impossible, since R x is exceptional. O

Using the complex (48), one obtains a monadic representation of an instanton
bundle. We use arguments similar to those in [Faenzi 2014] to determine the
cohomology table (54) for nonlocally free and higher-rank instantons. This leads to
the next result.

Theorem 7.1. Let E be a Gieseker-semistable (n, k)-instanton on a Fano three-
fold X such that H3(X) = 0. Suppose that k > 2 for X =Ys and k > 1 for X = X1».
Then E is the homology of a monad of the form

(52) FO W F— FH,

where W is a complex vector space of dimension w := dim(W), with

ix w

4 | 2k+n
(33) 3| k+n

2 | dk+n

1 | 3k+n

Proof. To start with, we recall that, as observed at the beginning of the section,
a Gieseker-semistable (n, k)-instanton E lies in Oy (qx)L = (F_1, Fo, F1)-

We now adapt to the higher-rank case the arguments presented in [Faenzi 2014].
Doing so, we show the cohomology table of a Gieseker-semistable (#, k)-instanton



HIGHER-RANK INSTANTONS SHEAVES ON FANO THREEFOLDS 355

satisfying the hypotheses of the statement, with respect to the collection G_1, Go, G1,
has the form

FoulFo |k

0 0 0

(54) 0O [0] O
k w | k

0 010

The complex (48) reduces therefore to a monad of the form appearing in (52).

To exhibit the table (54), it is enough to prove the vanishing results appearing in
the table. Indeed, the dimension of the remaining cohomology group is computed
using Riemann—Roch, relying on the Chern character y (1, k), which is computed
by (1). To get the vanishing results appearing in the table, we only need that F is
slope-semistable and satisfies H! (E(—gx))=0.

We first check 7°(E ® G;) = 0, which implies the vanishing results summarised
in the bottom row of (54). By stability of the involved sheaves, this equation is
true if w(Gy) < —u(E) = %rx. However, we have u(G;) < 0 if rxy = 0, while
1(G)=0<1=—p(E) forix =3 and u(G)) =3 < 3 =—u(E) forix = 1.

Next, we check the top row of (54). Note that it is enough to show 13 (E®G_;) =0.
By slope-semistability of £ and G_, coupled with Serre duality, this follows once
we show —u(E) < u(G-1) +ix, which in turn is checked immediately.

Finally, we have to justify #2(E ®G;) =0 fori € {—1, 0, 1}. We use the mutation
formula (46) to write down the exact sequence

0— G*,(—2gx) = H’(Gi(gx)) ® Ox(—qx) = G: = 0 fori € {—1,0, 1}.

We tensor the above sequence with E and use the vanishing 4?7 (E(—gx)) = 0 for
p=23toget h*(EQG)=hE® G*,(—2qx)) fori € {—1,0, 1}. Again, this
vanishes in view of Serre duality, because of stability of £ and G_;, together with
the calculation

—(E) + 1(G-) +2qx —ix = w(G-1) = 5rx <0 forie{-1,0,1}. O
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ARTIN SHAPES

NIKITA KARPENKO AND GUANGZHAO ZHU

We introduce, and study examples of, a notion of the Artin shape for a
motive related to a projective homogeneous variety. We apply it to the
problem of finding the complete motivic decomposition of the variety. Our
examples cover unitary involution varieties as well as some varieties given
by a quadratic Weil transfer. Some of the decompositions obtained dispel
prior expectations on how motivic decompositions of projective homogeneous
varieties can look like.

1. The scope

We consider Grothendieck’s Chow motives (defined as in [Elman et al. 2008, §641])
over a field with coefficients in F := Z/pZ, where p is a prime number. Following
a tradition, we also write [ for the motive of the spectrum of the base field and call
a Tate motive its (Tate) shift [F{i} with any i € Z. Another important type of objects
are direct summands in the spectra of étale algebras, called Artin motives.

Let M be a direct summand in the motive of a projective homogeneous variety
under a reductive group G over a field F and let B be the variety of Borel subgroups
in G. By [Chernousov et al. 2005, Theorem 7.5], over the function field F(B),
M becomes a direct sum of (Tate) shifts of indecomposable Artin motives which
we call the Artin shape (or simply the shape) of M. As shown in [Chernousov and
Merkurjev 2006] (see also [Karpenko 2013, Corollary 2.6]), the decomposition we
use to define the Artin shape is unique. The motive M itself decomposes into a
finite direct sum of indecomposables and such a decomposition, called complete, is
also unique.

The shape of the entire motive M (X) of a projective G-homogeneous variety X,
which we also call the motivic shape of X, contains the Artin motive given by
the Tate motive [ := M (Spec(F)) with no shift (i.e., with the shift 0), whereas
all remaining Artin motives in the shape have positive shifts. It follows that the
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complete motivic decomposition of X contains precisely one summand U (X),
called the upper motive of X, whose shape satisfies the same property.

By [Karpenko 2013, Corollary 2.15], the upper motives of projective homo-
geneous varieties satisfy a very efficient isomorphism criterion: U (X) >~ U(X’)
if and only if each of the varieties X p(x7y and X }( x) Possesses a closed point of
prime-to-p degree.

A description of summands that can appear in the complete decomposition
of M (X), already previously available in a different situation (see [Karpenko 2010,
Theorem 1.1]), has been provided in [Clercq et al. 2025] for p’-inner p-consistent G,
where G is p’-inner if it acquires inner type over a finite Galois field extension E/F
of prime-to-p degree, and G is p-consistent if its higher Tits p-indexes, defined in
[De Clercq and Garibaldi 2017], are stable under the action of the Galois group
of E/F on the Dynkin diagram of G:

Theorem 1.1 [Clercq et al. 2025, Theorem 6.3 and Remark 5.14]. Every summand
in the complete motivic decomposition of a projective homogeneous variety X under
a p’-inner p-consistent group G is a shift of the tensor product U(Y) ® A, where Y
is a projective G-homogeneous variety with X (F (Y)) # & and A is an Artin motive
isomorphic to an indecomposable summand in the motive of the spectrum of the
F-algebra L given by an intermediate field L in E/F.

We work out several new applications for that result.

Assume that p is odd and fix a quadratic Galois field extension L/F. The
motive of the spectrum of the F-algebra L splits off the Tate motive [F; we write
A for the complementary summand. This A is an indecomposable Artin motive
nonisomorphic to F over F but becoming isomorphic to [ over L.

Let D be a degree-p central division L-algebra, write X for its Severi—Brauer
L-variety, and consider the F-variety R(X) given by the Weil transfer of X. The
variety R(X) is projective homogeneous under the reductive group G = R(Aut(D))
given by the Weil transfer of the automorphism group of D. This G acquires
inner type over L. Since p is odd, the degree of the field extension L/F is prime
to p. Therefore G is p’-inner. However, G is not necessarily p-consistent: it is
p-consistent if and only if the algebra D is balanced in the sense of [Karpenko and
Reichstein 2015, §4] meaning that the algebra D conjugate to D is Brauer-equivalent
to a tensor power of D. Note that if this is the 7-th tensor power, then > = 1 mod p
implying that » = =1 mod p. It follows that Dis isomorphic either to D or to its
opposite algebra. (And the two conditions are mutually exclusive.) Considering
the norm algebra of D, defined in [Knus et al. 1998, §3B], one translates the first
condition as D >~ D; for a degree-p central division F-algebra D’. The second
condition means that the norm algebra is Brauer-trivial and translates by [Knus
et al. 1998, Theorem 3.1(2)] as “D admits a unitary F-involution”.



ARTIN SHAPES 361

We are going to investigate the shape of the upper motive U (R(X)) as well as
the complete motivic decompositions of the variety R(X) and of another related
variety in these two cases. Our main results are Theorems 2.3, 4.5, and 4.3.

2. The first case

Assume that we are in the first case, i.e., D >~ D}, and let X’ be the Severi—Brauer
F-variety of D'. Since R(X); >~ X x X and the degree of L/F is coprime with p,
we have U(R(X)) ~ U (X’) by the isomorphism criterion mentioned in Section 1.
By [Karpenko 2013, Corollary 2.22] (see also [Karpenko 1995, Theorem 2.2.1]),
the motive M (X’) is indecomposable. Therefore U (X’) = M (X’). The variety X’
is projective homogeneous under the group G’ := Aut(D’). Over the function
field of the corresponding variety of Borel subgroups, X’ becomes isomorphic to a
(p—1)-dimensional projective space [P whose motivic shape is

FOF1}@-- - &F{p—1}.

So, this is also the shape of the upper motive U (R(X)) we started with. It can be
represented “graphically” as

0y {1} --- {p—-1

or simply

F F --- F FF.-- F.
The graphical shape of M (R(X)) is
F F F
A A A
F F F
(2.1) A A A
F F F

(with p variously shifted lines, each of length p), where A is the Artin motive defined
in Section 1. Indeed, this shape is given by the complete motivic decomposition of
the Weil transfer R (). The latter, as explained in [Karpenko 2000, Proposition 5.6],
is determined by the action of the Galois group of L/F on the Chow group of
the product R(P); = P x P, performing via exchange of the factors. The Chow
group of each of the two (isomorphic) motives F; and A is 1-dimensional, the
first one has the trivial Galois action whereas the second has the nontrivial one. The
standard basis of the codimension i Chow group of the product P x P is permuted
by the action; each invariant basis element corresponds to [F{i}, whereas each pair
of permuted basis elements corresponds to F{i} ® A{i}.

By Theorem 1.1, the complete decomposition of M (R(X)) consists of shifts
of U(R(X)) and of U(R(X)) ® A. It follows that the complete decomposition
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of M(R(X)) (over F) is

(2.2) M(R(X)~U(RX)®(URX)®A){1}
SURX)N{2}0(U(RX)®A){3}®---dU(RX){p—1}

(r=1)/2 (p—D/2
:( &y U(R(X)){zi})ea( & (U(R(X))@A){Zi—l}).

i=0 i=1

We put together the main result of this section dispelling some prior expectations
on how motivic decompositions of projective homogeneous varieties can look like.
Indeed, for the very first time a projective homogeneous variety is found whose
motive is not a direct sum of shifts of corestrictions (in the sense of [Clercq et al.
2025, §2]) of upper motives.

Theorem 2.3. For an odd prime p, let X' be the Severi—Brauer variety of a
degree-p central division algebra over a field F. For a quadratic Galois field
extension L/ F, formula (2.2) provides the complete motivic decomposition for the
Weil transfer R(X) of the L-variety X := X}. The decomposition holds in the
category of Chow motives with coefficients in 7/ pZ.

3. The second case

Now let us assume that D admits a unitary F-involution. First of all, let us note that
the shape of M (R(X)) is still given by (2.1): the proof remains unchanged. What
we want to figure out is the shape of U(R(X)) and the complete decomposition
of M(R(X)). Concerning the latter, by Theorem 1.1 once again we still know a
priori that M (R (X)) is a direct sum of shifts of U(R(X)) and of U(R(X)) ® A:
indeed, Y (L(X)) # & for any projective G-homogeneous variety Y (note that the
group G = R(Aut(D)) becomes Aut(D) x Aut(b) over L whereas D is now the
opposite algebra of D), so that the upper motive of Y is isomorphic to U (X) as
long as the condition X (F(Y)) # @ of Theorem 1.1 is satisfied.

By [Clercq et al. 2025, Lemma 5.10], the motive U (R (X)) is still indecomposable
over L so that U(R(X));, ~ U(R(X)r). Since U(R(X);) ~U(X) = M(X) has
the shape F [ - - - F, we conclude that the shape of U (R(X)) looks like

F % %---x%,

where each = is either F or A. We will be able to precisely determine the shape in
the next section based on the following preliminary result:

Lemma 3.1. The shape of the upper motive U (R(X)) is either F F---F (as in
Section 2) orF AFA---F AF (ie, (p+1)/2 exemplars of F alternated with
(p —1)/2 exemplars of A). The complete decomposition of M (R(X)) in the first
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case is (2.2); in the second case it is given by

(3.2) M(R(X) ~URX)SURXN{1}&---@URX){p—1}
p—1
=P VR
i=0
Proof. Note that, by (2.1), the shape of U := U(R(X)) takes the first (or second)
indicated value if and only if the complete decomposition of M := M (R (X)) does.
Let a be the number of A in the graphical shape of U and let b be the number of
shifts of U ® A in the complete decomposition of M. Then ab+ (p —a)(p — b) is
the number of [ in the graphical shape of M. Since this number is divisible by p
whereas both a and b are smaller than p, we conclude thata =0 or b = 0. ([

At this point, we do not know yet if decomposition (3.2) actually occurs, but, as
already mentioned, we will prove that it does in the next section. Let us illustrate
this result by noticing that decompositions (2.2) and (3.2) correspond to the two
different graphical representations

F F F
A A A
F F F
A A A
F F F
and
FATFA- F
FAF A ... F
FAF A --- F
F A F A - F

of the motivic shape of R(X).
Let us also note that the ratio

number of F
(3.3) _—
number of A
in the second possible graphical shape of U(R(X)) equals (p+1)/(p — 1) and
is the same as in the graphical shape of M (R(X)). Note that the similar ratio for
U(R(X))® A equals (p — 1)/(p + 1) which is lower. This gives another proof
of (3.2) in the second case of Lemma 3.1: we already know that M (R (X)) is a direct
sum of shifts of U (R(X)) and of U (R(X)) ® A, but due to the ratio considerations,

the tensor product with A cannot appear.
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4. The unitary involution variety

In the situation of Section 3, let us fix a unitary F-involution 7 on the L-algebra D.
The reductive F-group G := Auty (D, t) (the projective unitary group of (D, 1))
is p’-inner p-consistent; over L it acquires inner type becoming isomorphic to
the group Aut(D). Let us determine the complete motivic decomposition of the
corresponding involution variety Y — the variety of rank-1 (over L) right isotropic
ideals in D. We start with some information on its motivic shape:

Proposition 4.1. Given any i = 1,2,...,(p — 1)/2, the motivic shape of the
variety Y; of rank-i (over L) right isotropic ideals in the algebra D contains
(b; +a;) /2 shifts of the Tate motive F and of (b; — a;) /2 shifts of the Artin motive A,

where .
aizz,;((p—in/z) nd bi:(f)’(pi_l)'

Proof. Here is the meaning of the integers a; and b; appearing in the statement
of Proposition 4.1. The integer b; is the rank of M (Y;) defined as the number of
Tate motives in the complete decomposition of M (Y;) over an algebraic closure.
(Since the shape of M (Y;) consists of shifts of motives F and A which become Tate
motives over an algebraic closure, b; is just the number of motives in the shape.)
To get the formula for b;, note that over a separable closure of the base field, Y;
becomes the variety of flags in a p-dimensional vector space, where the flags are
given by an i-plane contained in a (p — i)-plane.

To explain the meaning of a;, we first note that over F'(B) the motive M (Y;) is
also a direct sum of shifts of the Tate motive F and of the motive of spectrum of
the F(B)-algebra L(B); the integer a; is the number of shifts of F. It follows from
[Karpenko 2012b, Lemma 7.1] for unitary grassmannians and the similar formula
[Karpenko 2012a, Formula 2.6] for orthogonal grassmannians that a; coincides with
the rank of the motive of an orthogonal grassmannian of totally isotropic i-planes in
a p-dimensional nondegenerate quadratic form, indicated, e.g., in [Buch et al. 2009,
Proof of Theorem 2.2] (see also [Buch et al. 2009, Proof of Theorem 1.2]). O

Corollary 4.2. The number of [ in the motivic shape of Y =Y1is (p+1)(p—1)/2
whereas the number of A is (p — 1)2/2. In particular, ratio (3.3) for the motivic
shape of Y =Y, isequalto (p+1)/(p—1). O

The involution variety Y is a subvariety of X. By the isomorphism criterion
mentioned in Section 1, U (Y) is isomorphic to the upper motive U (R (X)) because
the algebra D splits over the function field of the L-variety R(X). Therefore, the
two possible shapes of U (Y) are listed in Lemma 3.1.

Theorem 4.3. Let p be an odd prime, L/ F a quadratic Galois field extension, D a
degree-p central division L-algebra endowed with a unitary F-involution T, and Y
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the corresponding involution variety (over F). Then the shape of U (Y) is as in the
second case of Lemma 3.1 whereas the complete motivic decomposition of Y is

p—2
(4.4) MY)~EPU)i}).
i=0
In contrast to (3.2), i in (4.4) ranges up to p — 2 only.

Proof of Theorem 4.3. By Theorem 1.1, every summand in the complete motivic
decomposition of Y is a shift of U(Y) or of U(Y) ® A: since the algebra D splits
over the function field of the L-variety Y, every projective G-homogeneous variety
acquires a closed point of prime-to-p degree over F(Y). Therefore, if U (Y) has
the first shape of Lemma 3.1, the number of F in the shape of M (Y) is divisible
by p. On the other hand, it is not by Corollary 4.2. This contradiction proves the
statement of Theorem 4.3 on the shape of U (Y).

Now, by the same argument as in Section 3, the complete decomposition of M (Y)
consists of shifts of U(Y) only. Over L, the variety ¥ becomes a rank-(p—2)
projective bundle over the Severi—Brauer variety X, so the motive of ¥ decomposes
over L as in (4.4). It follows that the same decomposition holds already over F. [J

For illustrative purposes, we draw the shape of the motive of Y that reflects its
complete decomposition as
FATF

F A

F

o o
:(>'$1::>f

A - F
F A --- F

F A F A---F
where there are p — 1 variously shifted lines, each of length p.
With Theorem 4.3, we also proved our last main result:

Theorem 4.5. In the situation of Theorem 4.3, let X be the Severi—Brauer variety
of D and let R(X) be its Weil transfer to F. Then its upper motive U (R(X)) has
the second shape of Lemma 3.1 whereas its total motive M (R(X)) has the complete
decomposition (3.2). O

Decompositions of Theorem 4.5 and 4.3 put together yield
MRX)=MXY)dUX){p—1}.
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L-PACKETS AND THE GENERIC ARTHUR PACKET
CONJECTURES FOR EVEN UNITARY SIMILITUDE GROUPS

YEANSU KIM, MUTHU KRISHNAMURTHY AND FREYDOON SHAHIDI

We establish the generic local Langlands correspondence by showing the
equality of the Langlands—Shahidi L-functions and Artin L-functions in
the case of even unitary similitude groups. As an application, we prove
both weak and strong versions of the generic Arthur packet conjectures
in the cases of even unitary similitude groups and even unitary groups.
We further describe (not necessarily generic) L-packets for even unitary
similitude groups and establish their expected properties, including Shahidi’s
conjecture, the finiteness of L-packets, and other related results.

1. Introduction

Let G be a connected reductive group defined over a nonarchimedean local field F
of characteristic zero. The local Langlands conjecture predicts that each irreducible
admissible complex representation of the group G (F) is associated with a Langlands
parameter, such that each parameter corresponds to a finite set of equivalence classes
of irreducible admissible representations, called an L-packet. A central problem in
the Langlands program is to study the structure and properties of these L-packets.

The primary objective of this paper is to establish a strong version of the generic
Arthur packet conjecture for certain unitary groups. Namely, let G, := GU(n, n)
(resp. H, := U (n, n)) denote the quasisplit even unitary similitude group (resp.
even unitary group) defined with respect to a quadratic extension E/F of local
fields as in Section 2.1. Following the notation used throughout this paper, we let
G := G,(F) and H := H, (F) denote their respective groups of F-points. For an
Arthur parameter ¥ of G or H, let ¢, be the corresponding Langlands parameter
(see Section 2.4 for a review of these definitions). Let Ilp, denote the L-packet
associated with ¢, as defined in the generic case in Definition 3.4 and in the
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general case in Definition 4.2. We refer the reader to Section 2.4 and the references
therein for details regarding the relationship between an Arthur packet ITy and the
corresponding L-packet Iy, .

Theorem 1.1 (Theorems 3.10 and 3.11). If the L-packet 1y, for G (resp. H) has
a generic member, then Iy, is a tempered L-packet for G (resp. H).

Theorem 1.1 provides a strong version of the generic Arthur packet conjecture
and can be viewed as a local version of the generalized Ramanujan conjecture. To
further explain our result, we fix an additive character ¥ of F' and set /g =¥ oTrg/r.
We apologize for this conflict in notation, but the meaning of “i/” should be clear
from the context.

The proof of Theorem 1.1 proceeds in three steps. First, we relate the Langlands
parameters to the local stable base change lift of generic representations. Let
LG =G x Wy be the L-group of G. The base change lift from G to GLy,(E) x E*
is associated with a homomorphism of L-groups

BC: LG — L(Resg/r(GLy, x GLy)),

which, on the level of Langlands parameters, corresponds to the restriction ¢x |y, .
Similarly, for the unitary group H, the corresponding map of L-groups is denoted
by BCY : 'H — L(Resg/rGLy,). A stable base change lift 7 — BCY (r), mapping
representations of H to those of GL;, (E), was established in [Kim and Krishna-
murthy 2005] for the generic case and subsequently in full generality in [Mok
2015]. Furthermore, the L-parameter ¢, constructed in [Mok 2015] for tempered
representations satisfies PRV () = br |Wfs'

These results imply the existence of a lift w — BC(r) (see Section 4.2) mapping
irreducible admissible representations 7 of G to those of GL;, (E) x E* in a manner
compatible with the restriction of ¢, to Wy. This allows us to translate the study
of L-functions for G defined via the Langlands—Shahidi method into the theory of
Rankin—Selberg L-functions for general linear groups over E.

Theorem 1.2 (Theorem 3.1). Let w be an irreducible admissible generic repre-
sentation of G. Then, there exists a Langlands parameter ¢, such that for any
irreducible admissible generic representation p of GLy(E), k > 1, we have

L(s, px 1) =L(s. ¢, ®bxlw,) and y(s.pxm,¥)=y(s. b ®brlw,. Vi),

where ¢, is the Langlands parameter associated with p via the local Langlands
correspondence for general linear groups [Harris and Taylor 2001; Henniart 2000].

The second step is to prove a weak version of Theorem 1.1, namely, Theorem 1.3,
which follows from an application of [Shahidi 2011, Theorem 5.1] together with
the first step. Shahidi [2011] proved the weak version of the generic Arthur packet
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conjecture for any quasisplit group G, assuming the equality of the Langlands—
Shahidi and Artin L-functions. As a result, Theorem 1.2 implies the following for
the group G:

Theorem 1.3 (Theorem 3.7). If the L-packet Iy, (G) has a generic member, then
¢y is a tempered L-parameter.

The third step of the proof is to strengthen the result using the properties of
L-packets. First, we prove that temperedness is preserved under the local functorial
lift (Lemma 3.9). We emphasize that the “if”” part of this lemma — that if the local
functorial lift of an irreducible admissible representation 7 of G is tempered, then 7
is tempered — is essential to the proof. Second, we show that if a generic member of
an L-packet is tempered, then all members of that packet are tempered (Lemma 3.6).

In the descriptions of Theorems 1.2 and 1.3, we must specify the definition of the
L-packets. The second purpose of this paper is to describe the L-packets for G and
their corresponding local L-functions so that Theorem 1.1 becomes unconditional.
For unitary groups, Mok [2015, Theorem 2.5.1(b)] explicitly describes the Arthur
packets, including the definition of tempered L-packets. We define L-packets in
the general case for H following the Langlands classification (see [Arthur 1984]
or Section 4). We then utilize this to construct L-packets for G. More precisely,
we construct the stable base change lifts BC(;r) in Section 4.2 using the restriction
method, allowing us to define L-packets for G as follows.

Definition 1.4. Let g be an irreducible admissible representation of G. We define
the local L-packet containing g as the set of irreducible admissible representations
7 of G such that

(1) oy = wyg,, and
(2) BC(m) = BC(my).

Remark 1.5. This construction allows us to define Rankin product L-functions for
G x GL(E) in the nongeneric case as well (Definition 4.4).

A natural question is whether our definition of L-packets for G satisfies expected
properties, such as Shahidi’s conjecture [1990] regarding the existence of generic
members and compatibility with the Langlands classification. We conclude the
paper with the following result.

Proposition 1.6 (Proposition 4.5). The L-packets for G satisfy these properties:
(1) Each L-packet for G consists of finitely many members.
(2) Every tempered L-packet contains a generic representation.
(3) The L-functions are compatible with the Langlands classification.

(4) The L-functions defined in Definition 4.4 agree with the L-functions obtained
via the Langlands—Shahidi method in the generic case.
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2. Preliminaries

2.1. Unitary similitude groups. For any nonarchimedean local field £ of char-
acteristic zero, we write o¢ to denote its ring of integers and p¢ to denote the
unique maximal ideal in o¢. Let @y be a uniformizer in &, that is, Py = w0
and let g; := |og\p¢| be the residual characteristic of €. We fix the absolute value
I - |le that satisfies || |l¢ = q{l. Now fix F, a nonarchimedean local field of
characteristic zero. Let F be a (separable) algebraic closure of F and let I" denote
the Galois group of F/F. Let E C F be a quadratic extension of F and let 6
denote the corresponding nontrivial Galois automorphism. For x € E, we write x
to denote 0 (x). We may write E = F(B) for some 8 € E* satisfying f = —B. Let
Y : F — C be a nontrivial additive character of F of level 0, i.e., ker ¢ C o but
p;l ¢ ker . Then Y : E — C given by ¥g(x) := ¥ (Trg,r(x)) is a nontrivial
additive character of E which is trivial on og. For any algebraic F-group G, we
write G to denote G (F'), the corresponding group of F-points. In addition, given
any field K and an embedding 7 : F — K, we write G X r ; K to denote the base
change of G from F to K through 7. If K D F and v = is the inclusion map, then
we also write G/ to denote the group G x r, K obtained by extension of scalars.
We do not typeset matrix groups in “boldface.” For example, we write GL,,, n > 1,
to denote the general linear group, B, for the Borel subgroup of upper triangular
matrices in GL,, and U, for the unipotent radical of B,, and write their F-points
explicitly as GL,,(F), B, (F), and U, (F'), respectively. For n > 1, let J, be the nxn
matrix J, := (a; ;); ; with a; ; =1 whenever i + j =n + 1, and 0 otherwise. Put

J,
‘IZ/n = (_Jn n)'

Let G, := GU(n, n) be the quasisplit unitary similitude group in 2n variables
defined with respect to E/F and J;, [Rogawski 1992]. Here, fJ;, must be
viewed as the underlying Hermitian form. The group is the F-form of GL;, x GL;
determined by the 1-cocycle (¢4 )ser, Where

(g:m) ifolp=1,
()" (gD, m) ifolp=6.

The Galois action on G, (F) = GL,, (F) x GL(F) is the twisted Galois action
(g, 1) > ¢ (o(g,n)). For any F-algebra A,

s (g, m) = {

2-1) Gu(A) = {g € CLon(E ®F A) :'§J3,8 = n(8) 3, for some n(g) € A*},

where g — g denotes the action on E ®r A obtained from the action of 8 on E by
linear extension. This defines a homomorphism 7 : G, — G,, of F-groups called
the similitude character. The kernel of this homomorphism is the usual (quasisplit)
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unitary group H,, := U (n, n). We fix the F-Borel subgroup B of G, consisting
of upper triangular matrices and write B = TU, where T is a maximal F-torus
of G, and U is the unipotent radical of B consisting of upper triangular unipotent
matrices. Their F-points are given by

T ={r=diag(x1, ..., Xp, Y1, .., Y) | Xi, i €E™, xy_iy1yi=n€F*, 1 <i <n},

(here n =n(t)) and
(2-2) U:{n(u, v) = (“ ;) ‘ueUn(E), v € My (E), Jnu—‘vzfﬁfa—lj,,},

where, for any n xn matrix, we use g* to denote g* = J, "' (‘g7 1) J,. Let A be the
maximal F-split subtorus of 7. Then its F-points are given by

Ag={diag(xy, ..., Xu, Y1, -+, Yu) | Xi, yi € F* satisfying x,,_; 11y, =n, 1<i <n}.
The groups H,, C G, share the same derived group and there is an exact sequence
l1- H,—> G, > GL; - 1.
Let Z = Z,, denote the center of the group G := G, (F). It is given by
diag(z, ..., 2) € GLy,(E), n=7zz,

and its intersection Zy with H := H, (F) consists of all z € E™ satisfying zz = 1.
It follows that n induces the isomorphism

(2-3) G/ZH = F*/Ng,p(F*).

Let ¥ denote the set of (absolute) roots of G, with respect to T'. The choice
of B then determines a set of positive roots S+ and let A denote the corresponding
set of simple roots. Let £|4, = =, $*|4, = T and A|4, = A. Then ¥ is the
set of roots of G, relative to Ap and A is the corresponding set of simple roots.
The elements of X are called relative roots of G, (with respect to Ag). (See [Borel
1991, §21].) The group I' acts on ¥ and A with Gal(F /E) acting trivially. Thus
we get an action of Gal(E/F) on ¥ and A partitioning them into finitely many
Gal(E/ F)-orbits; these orbits are in one-to-one correspondence with elements
in ¥ and A, respectively. The root system determined by T is of type 2A»,_1 and
the root system determined by X is of type C,,.

For a field extension F’' O F, let us describe G, (F’) explicitly. Since E is
separable, E ® F' is either

(i) a field containing an isomorphic copy of E, or

(i1) a (direct) product of two fields each containing an isomorphic copy of E.
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In case (i), the group G, (F’) is given as in (2-1). In case (ii), EQp F' = F' x F’
with associated embeddings ¢y, t; from E — F’, where the i-th copy of F’ in this
product corresponds to ¢;, i = 1, 2. The nontrivial Galois action is then given by
swapping two factors, i.e., (x, y) — (y, x). Consequently

G.(F)=1{(g,.8)eGLy(F ®F):'¢J5, g =05, neF™}
= {(g, n) € GLy, (F") x GL(F")}.

Choosing a distinguished embedding ¢;, we see that G, x g, F' = GL,, x GL, via
projection onto the first factor. In particular, G,/ = GL;, x GL; determined by
the identity map ¢;. The maximal torus 7' /g C G, /g corresponds to the diagonal
torus (GL;)?* x GL; under this isomorphism. Thus

2-4) t — diag(xy, x2, ..., x2,) X n € GLy, x GL4

represents a generic element of the maximal torus 7 /g. For 1 < i < 2n, let
e; be the character of T that sends ¢ — x;. Let ¢y be the character that sends
t — n. The group X (T)g of E-rational characters of T is @1221 Ze; ® Zeg and the
nontrivial Galois action is given by eg — ey, €; — eg — e2p4+1-i, 1 <i <2n. Put
o =e —eiy1, 1 <i <2n—1, then A= {aq, &, ..., doy—1} Whose restriction
to Ag gives A, the corresponding set of simple relative roots.

The set of all standard parabolic F-subgroups is in bijection with the set of all
subsets A [Borel 1991, Proposition 21.12]. We write AM' c A <& P’ = M'N’ to
denote this bijection, where M’ D T is the corresponding standard F-Levi subgroup
and N’ C U is the unipotent radical of P’. Here, AM "is the analogue of A obtained
from replacing G, by M’ in the definitions. The standard Levi F-subgroups M’
are of the following shape: We use Rg,r to denote the functor of restriction of
scalars, and set Gy := GU(0, 0) = GL;. Then for AM' < A, there are integers
niy,...,n,>0andm >0sothatny+ny~+---+n,+m=n, and

M/ = RE/F GLn1 XRE/F Gan X X RE/F GLn, XGm.

By [loc. cit.] any parabolic F-subgroup of G, is conjugate to one and only one
standard P’ by an element of G,,.

2.2. The Langlands—Shahidi method and relevant L-functions. We consider the
case 2Ay,_1 — 4 in [Shahidi 1988] in the context of unitary similitude groups and
describe the resulting L-functions. (See [Kim and Krishnamurthy 2005] where this
case was studied for unitary groups.) Put § = A — {@;, @n4:}, 1 <i <n—1, and
let 8 C A be the corresponding subset of simple relative roots. Then A\6 = «;,
where «; is the restriction of @; to Ag. Let M = My be the standard maximal
Levi F-subgroup of G, associated to  under the above mentioned correspondence.
Then M = Rg/r GLy XG, k+m =n, withk <n—1. Let P D B be the maximal
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F-parabolic (standard) subgroup of G with Levi-component M and let N be the
corresponding unipotent radical. Then as a subgroup of G, (F),

Nh8
M= {m(g, h)= h g € GLi(E), h e Gy (F) ¢;
g*
and
Ll x|y
N= L Z | 'X(~D*Le+ JomZ =0, Y +' Y (= DXy = ' Z o Z
Iy

There is a unique Weyl group element wy (for Ag in G,) satisfying w() C A
while wy(a,) < 0 which may be represented by the element

I

Wy = IZm
(—DFIi

Observe that P is self-associate, meaning woMw,, =M.

Next, for a field extension F’ D F, let us write GLi(E ®f F') x G,,(F') as
a subgroup of G, (F’). As in Section 2.1, there are two possibilities, (i) and (ii),
for E®p F’. In case (i), the group G, (F’) is given as in (2-1) and

GLk(E ®F F') x Gu(F') 3 (g, h) > m(g, h) € G, (F").

In case (ii), E ® p F' = F’ x F’ with associated embeddings ¢1, ¢, from E — F’ and
G,/ = GLy, x GL; via t;. Then M (F’) as a subgroup of GL,,(F’) x GL;(F")
is given by

ngi
(2-5)  (g1.8.h. 0> h ., | € GLa,(F') x GLi(F"),

*

&
where g1, g2 € GLy(F’), h € GL,,(F'), and n € F'*.

2.2.1. L-groups and the adjoint action. For any connected reductive group G
defined over F, let “G = G x Wy be its L-group [Borel 1979] with G being
its connected component. Here, W is the Weil group of F which is a dense
subgroup of I'r. Its action on G is inherited from the action of I'y on G. Let
o, denote the nxn matrix (®,);; = (=1)' i+lg, n—j+1. Since G,/ = GL2n x GL;,
we have Gn = GL,,(C) x GL;4 (C) We identify the maximal torus T C G with
(C*)% x C* as in (2-4). Let B O T be the correspondmg Borel subgroup of
upper triangular matrices. We use the standard F-splitting {B T, {E;itr1}} with
root vectors {E; ;1 | 1 <i < 2n — 1} and define the L-group of G, as LG, =
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GL,,(C) x GL{(C) x I'r. The Galois action factors through Gal(E/F) and the
nontrivial Galois automorphism 6 sends (g, A) — (CIJZ_n1 te=1d,,, Adet(g)). The
embedding M = GL;(C) x GLi(C) x GLay,, (C) x GL{(C) < G, is given by (2-5).
For (g1, g2, h,n) € M, the nontrivial Galois action interchanges g; <> g», sends
h +— h* and n — ndet(h).

Suppose N is the L-group of N as defined in [Borel 1979], and let “n denote
the complex Lie algebra of “N. Then

0|X|Y
In=110[0[Z | | X e Mix2m(C), ¥ € Mg (C), Z € My i (C)
0|00

Let r denote the adjoint action of M x Wr on I'n—an element (g1, g2, h, 1) € M
acts by sending

X na1Xh™', Y ngiYey', Ze hZ(gy) ™l

and the Galois action is given according to its action on the roots. For s > 1, let
ps denote the standard representation of GL;(C) and 1; the trivial representation
of GL;(C). Then r = r{ @ ry, where

"l =Pk @1k @ pom @ p1 © 1k ® pr @ P2 ® 11,
ralip = Pk @ Pk & lom ® p1-
Let As denote the n2-dimensional representation of the L-group “(Rg sr GL,) =
GL,(C) x GL,(C) x I'r given by

x®y if y restricted to E is trivial,

As(x, y,y) = . . . iy
y®x if y restricted to E is not trivial.

Then as a representation of ' (Rg /F GL,) x GLy,, (C) x C*,
rn=As® 1y, ® p1.
Hence r; is referred to as the twisted Asai representation.

2.2.2. Local factors. We continue with the pair (G = G,,, P), P = M N, as above.
The character v defines a nondegenerate character ¢ of U via

n(u, v) — ll’((ul,Z +121,2) +--+ (un—l,n +ﬁn—l,n) + vn,l)’

where the matrix n(u, v) is as in (2-2). It is compatible with the Weyl group
representative wy in the sense that ¥ (wy 'uwg) = ¥°u),u € UNM. By a
generic representation of M (see [Shahidi 1988, Section 3]), we mean generic with
respect to the restriction of ¢ to UNM. Let ¢ be an irreducible admissible generic
representation of GL; (E) and let T be an irreducible admissible generic representa-
tion of G,,. Put m = o x t to denote the corresponding generic representation of M.
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The Langlands—Shahidi method [Shahidi 1990] applied to the triple (G, M, )
then gives rise to the local factors L(s, o x t,7;) and y(s,o0 X t,ri, ¥), i =1, 2.
We write L(s,o0 x t) and y(s, o X 1,¥) to denote the factors corresponding
to the representation r|. Similarly, we have the local factors LY (s, o x t’) and
yY(s, o x T/, ) associated with the triplet (H, M N H, o x ') for any irreducible
admissible generic representation t’ of H,,. (Here, H = H,,.)

2.2.3. The unramified calculation. Assume in this section that 7, o, and E/F
are all unramified. Write T = t (v, va, ..., Yy, Vo) as the spherical constituent of
a unramified principal series representation, where vy, vy, ..., v, are unramified
characters of E*, and v is an unramified character of F*. Its central character w,
is given by w; = vjvy - - v, (Vo o Ng,r). Similarly, write 0 = o (i1, o, . .., i),
where 1, U2, ..., g, are unramified characters of E*. Let x be the correspond-
ing unramified character of the maximal torus 7 C M so that 7 is the spherical
constituent of the unramified principal series representation of M induced from y.
Let o be half the sum of the absolute roots generatmg N, and let & be (~v 55 where
@; is one of the two simple roots outside 8. Let o’ denote the restriction of & to
the maximal split torus Ag. Then one has the general formula

Lismr)= T (1-x0V@mae™)" i=12,

yex E
(o y)=i
where (o, y) = (f;‘; with y any absolute root restricting to y and n,, is the

number of absolute roots restricting to . From this we obtain

k m

L(s,m,r) =[] 1—[ (S,@zMiV;I)LE(S,CT)r/LiVj),

i=1 ]:

>~

L(s,m,r) =[] Lr(s,vorilr<) [I LEe(s, oo Ng/p)piptj).
i=1 I<i<j<k
Here, for ¢ = E or £ = F and an unramified character n of €%, L¢(s, n) =
(I = n(@e)q, $)~1, and the character @, is the Galois conjugate of w, given by
w:(x) =w;(x),x € E*.

2.3. Base change lifts from even unitary similitude groups in the generic case.
We recall the notion of base change lifts (or transfers) from similitude unitary
groups to general linear groups. Let K /k be a quadratic extension of number fields
(or local fields). Consider the groups G = G, and H = H, defined with respect
to K /k as in Section 2.1. Put G = Resk /k(GL2, x GL;) and H= Resk /k(GLa,).
The identification G, ~k GL,, x GL identifies Resk /1 G, with G and similarly for
the group H. We introduced the dual group G in Section 2.2.1, the corresponding
group for the unitary group H = H,, is given by “H = GL,,, (C) x I'; with the same
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Galois action on GL,,(C). Suppose H C G denote the subgroups consisting of the
Ay-points (or k-points) of the algebraic groups H C G, respectively. The natural
projection map from

LG = TtH, (g, M) xy—>gxy,

corresponds to taking irreducible constituents of 7|y for an irreducible admissible
representation 7 of G. We note LG = GL,,,(C) x GL; (C) x GLy, (C) x GL{ (C) x T,
with the Galois action factoring through the Galois group Gal(K/k) and the
nontrivial Galois automorphism sends (g1, A1) X (g2, A2) > (g2, A2) X (g1, A1).
Similarly, LH = GL,,(C) x GLy,(C) x I'y with the nontrivial action given by
(81, 82) = (82, 81)- _ ~

The embedding G — G given by (g,1) — ((g,A),6(g,A)) extends to a
morphism of L-groups

BC:G -G

called the stable base change map (see [Kim and Krishnamurthy 2008, Section 2]).
There is a similarly defined map BCY : 'H — LH (see Section 3 in [Kim and
Krishnamurthy 2005] for more details).

2.3.1. Local lift in the generic case. We deduce the existence of local lifts for
generic representations of similitude unitary groups from the corresponding results
in [Kim and Krishnamurthy 2005]. Let E/F be a quadratic extension of p-adic
fields, as defined in Section 2.1. Define G :=G(F)and H := H(F). Recall ZH C G
is a subgroup of index 2 (see (2-3)). By [37, Section 6], the structural properties of
the restriction 77|y are governed by the relation between the groups G and H. Note
that both groups share the same derived group SU(n, n), which satisfies the key
prerequisite of [Xu 2016]. According to [Xu 2016, Corollary 6.7], the multiplicity m
of an irreducible constituent 77| C 7|y satisfies m? = | X (m)|/IG : G(y)], where
G (1) is the stabilizer of 7 in G, and X (i) is the group of characters w of G/ZH
such that 7 ® w = &. Since [G : ZH] = 2, the size of the character group | X ()|
is bounded by 2. Because m is a positive integer, m? cannot equal 2, forcing m = 1.
This proves that the restriction is always multiplicity-free.

Furthermore, this yields | X ()| = [G : G(ir1)], which naturally dictates the
splitting behavior based on whether 7 ~ 7 ® g, r (| X ()| =2) or not (| X ()| =1).
To be precise, we establish the following key points:

(1) For any € I1(G), the restriction |y is multiplicity-free.

(2) The restriction 7|y is irreducible unless m >~ m ® dg/F, in which case it
decomposes as
|y =m ®moAd(g),

where g =diag(al,, I,) € G witha ¢ Ng,r(E™).
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When 7 is {r-generic, we fix m; as the unique ¥-generic constituent of | y.

Definition 2.1. An irreducible admissible representation IT ® x of the group
G(F) = GLy,(E) x GL(E) is called the local base change lift of w if

® X:E)T{a

o the central character wyy of IT satisfies

wn(z) = 0wy (2/2),

« for all irreducible generic representations o of GL,,, (E),

2-6)  yY(s, (0 ®@@r) x 1, ¥) = A(E/F, )"y (s, (0 ® x) x I, ¥p),
(2-7) LY(s, (6 @) x 1) = L(s, (6 @ x) x I).

Here, A(E/F, 1) denotes Langlands’ A-function associated with the pair (E/F, ).

Remark 2.2. Suppose E/F, 7 and ¢ are all unramified. Let w=m (vq, v, ..., Up, Vo)
be the spherical constituent of a unramified principal series representation and let o =
o(i, 2, ..., LK), Where py, W, ..., ur are unramified characters of E*, as in
Section 2.2.3. Let IT be the unique unramified quotient IT(vy, ..., v,, vn_e, e, vn_g).
It follows from the unramified calculation in Section 2.2.3 that IT ® @, is the local
base change lift of 7.

For ramified representations, we deduce the existence of local lifts from the
corresponding results for unitary groups in [Kim and Krishnamurthy 2005].

Theorem 2.3. Assume E/F is a quadratic extension of p-adic fields. Let w be
a supercuspidal generic representation of G and let w, be its central character.
Then it has a local lift which is unique and of the form (p1 B - - - B py) ® @5, where
pi’s are supercuspidal representations of GL,,(E) foralli =1, ...,k satisfying
pi = p5, pi % pjfori # j,and L(s, pj,ra @ 8g/r) has a pole at s = 0. Here,
pf = pi denotes the conjugate dual of p;.

Proof. Let 7’ be an irreducible admissible generic constituent of 77| H and let IT be
its local lift as in [Kim and Krishnamurthy 2005, Theorem 8.4]; it is of the form
p1 B - - -H pr with p;’s as stated above. By construction, IT is a local component of
a global automorphic representation whose unramified components are local base
change lifts as in Remark 2.2 (see [loc. cit.]) The multiplicity one theorem for idele
class characters then implies that wy is given by wr(z) = w,(z/Z). We conclude
I1® @, is a local lift of . If IT" ® @, were another candidate lift (generic) of 7,
then it follows that

(s, (0 ®®z) x I, Yp) =y (s, (0 @@z) x I, Yp)

for all irreducible generic representations o of GL,, (E). We now appeal to the local
converse theorem for general linear groups [Henniart 1993] to conclude IT~I1". [
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2.3.2. Global lift in the generic case.

Definition 2.4. Let 7 = ), 7, be a globally generic irreducible cuspidal repre-
sentation of G(A;) with respect to an additive character = ), ¥, of Ax/k.
We say an automorphic representation I1 ® x = ,(IT, ® x,) of 5(Ak) =
GL,, (Ag) x GL{(Ag) is the strong base change lift of 7 if for every v, I1, ® x,
is a local base change lift of 7, in the above sense. It is said to be a weak base
change lift if [T, ® x, is a local lift of m, for almost all places v.

Theorem 2.5. Let w be a globally yr-generic cuspidal representation of G (Ay) with
central character wy. There exists a strong base change lift of w and is necessarily
of the form

(2-8) BC(m) = (01 B---Hop) @ @y,

where o;’s are unitary cuspidal representation of GL,, (Ag) such that o; % o for
i #jand L(s,0;, Ask/x ® 8k i) has a simple poleats =1,1 <i < k.

Proof. Let 7’ be the cuspidal constituent of 7 [y(a,) that is globally generic with
respect to 1. Let IT' = BCY (/) be the strong base change lift of 7’ as in [Kim
and Krishnamurthy 2005, Theorem 8.10]; it is of the form o7 H - - - H oy with al.’ s
satisfying the stated condition. Put [T = IT' ® &, . Then by construction IT, is a
local base change lift of , for every v. On the other hand, as shown in [Kim and
Krishnamurthy 2008, Lemma 5.4], any other strong base change lift I1; of 7 is
necessarily of the form I} ® @, with H/l’v ~ BCU(JT;) for almost all v. This means
IT| is a weak base change lift of 77’ (in the context of unitary groups). We can now
appeal to [Kim and Krishnamurthy 2005, Theorem 6.8] to conclude that IT] is a
full induced representation from unitary cuspidal representations of general linear
groups. Hence by multiplicity one theorem, I/ >~ l'I’LU for all v. U

Remark 2.6. If v is a place where the associated data are all unramified, the
calculation in Section 2.2.3 implies that

VU(S’ (oy ®C_Urtv) X 77,/)’ Yy) =y (s, 0y X Ty, Yy),
LY (s, (0, ® @g,) X 7)) = L(s, 0y X 7).

This also holds at a split place v (see [Kim and Krishnamurthy 2005, Remark 6.1]).
In this case, the representation m,, is identified with 7, ® &, as a representation of
GL, (Fy) x F,. Under this identification, BC(7r,) ~ (1, ® Ty) @ Wx,. If wy, wo, are
the places lying above v, it follows from [Kim and Krishnamurthy 2008, Section 2]
that the local component of w, at w; is w, &, and at w; is &,. For the remaining
finite places v, where 7, is ramified, one can establish the above equalities when
7T, is supercuspidal via the local-to-global principal as in [Shahidi 1990, Section 5].
The case of a general i, will then follow from the multiplicative property of these
local factors.
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2.4. Generic Arthur packet conjectures. We begin with a review of the concept of
L-packets and A-packets in representation theory of p-adic groups. For F as in
Section 2, let W{D be the group W7, = Wr x SL,(C), where as usual Wy is the Weil
group of F. Let Ir C W be the inertia subgroup of F' and let us fix a geometric
Frobenius element Fr € Wr which satisfies Fr(x?) = x for x in the residue field
of the maximal unramified extension of F. We write || - || : Wg — C* to denote
the unramified character of Wy that takes the value ¢!
reductive group G defined over F, let I1(G) denote the set of equivalence classes
of irreducible representations of G, where G := G(F). A Langlands parameter is a
homomorphism ¢ from W, — LG satisfying

(1) ¢ : SLy(C) — G is algebraic,

(2) ¢ is trivial on an open subgroup of I and ¢ (Fr) is semisimple,

on Fr. For a connected

(3) ¢ is compatible with the projection onto the Weil group W.

Two such parameters ¢, ¢’ are said to be equivalent if there is g € G such that
"=Ad(g)o¢. Let ®(G) be the set of equivalence classes of Langlands parameters.
The local Langlands conjecture asserts that to each ¢ in ®(G) corresponds a finite
set [14(G) of equivalence classes of irreducible admissible representations of the
group G called L-packets which partition the set [1(G). A Langlands parameter ¢
is said to be tempered if the image ¢ (Wr) of Wr is bounded in G. We write
Demp(G) C ®(G) to denote the subset of equivalence classes of all tempered
parameters. Let ITemp(G) denote the subset of IT(G) that consists of tempered
representations, in the sense that their characters are tempered distributions on G.
Let us now recall the notion of A-packets as introduced by Arthur. For a detailed

account, see [1989; 2013]. An Arthur parameter v is a continuous homomorphism
Y Wy x SLy(C) — LG

such that the restriction of i to Wl’p belongs t0 ®emp(G) and the restriction of ¥ to
the supplemental SL,(C) factor is algebraic. Let W(G) denote the set of all Arthur
parameters subject to the same equivalence as above. Arthur also introduced a larger
set denoted as W (G) whose elements are equivalence classes of parameters v but
without the requirement that ¢ be bounded upon restriction to W.. For each Arthur
parameter ¥/, there is an associated Langlands parameter ¢, given by the formula

1/2 0 ,
by (w) = w(w, (”“’(')' ”w”_l/z)), we W

where || - || on Wy, is the pullback of the above defined unramified character of Wp.

Arthur [2013] conjectured that for each ¥ in W (G), there exists an associated
finite set Iy, (G) of irreducible admissible representations of G, referred to as the
A-packet of i, satisfying several defining properties. Primarily, A-packets are
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constrained to comprise solely unitary representations and must encapsulate the
associated L-packet, meaning Iy, (G) C Iy (G). A pivotal aspect of the A-packet
of ¥ involves the presence of a pairing between a naturally affiliated finite group Ay,
and the set Iy, (G), thereby facilitating a parameterization of Iy (G) in terms of
irreducible characters of the group Ay,. Contrary to L-packets, A-packets are neither
disjoint nor do they partition the set of equivalence classes of irreducible unitary
representations of G.

When G is a quasisplit classical group — such as a symplectic, special orthogonal
or unitary group — Arthur’s conjecture and consequently the local Langlands con-
jecture have been proven. Arthur [2013] established these results for symplectic and
orthogonal groups, while Mok [2015] extended them to quasisplit unitary groups.

We now introduce the generic Arthur packet conjecture.

Conjecture 2.7. Let ¥ and ¢y be as above and let Il,, (G) be the L-packet
associated to ¢y. Assume Iy, (G) has a generic member with respect to some
Whittaker datum. Then ¢y, is tempered.

Remark 2.8. Assuming the Langlands—Shahidi and Artin L-functions are equal,
Shahidi [2011, Theorem 5.1] proved Conjecture 2.7 for any (quasisplit) G. For
additional progress on Conjecture 2.7 in the context of classical groups and GSpin
groups, see [Ban 2006; Jantzen and Liu 2014; Liu 2011; Heiermann and Kim 2017;
Kim 2021].

Definition 2.9. An L-packet I14(G) is said to be tempered if all its members are
tempered representations.

Here is another version of the above conjecture:

Conjecture 2.10. Let ¥, ¢y, and Iy, (G) be as in Conjecture 2.7. If Iy, (G)
has a generic member with respect to any Whittaker datum, then it is a tempered
L-packet.

This paper aims to unconditionally prove these conjectures for unitary and
similitude unitary groups of even rank.

3. The local conjectures for unitary similitude groups

For a quadratic extension E/F of nonarchimedean local fields, we set G = G, (F)
and H = H,,(F) as before. There is a natural relationship between L-parameters
of G and those of H, as explained in [Langlands and Ramakrishnan 1992].

Namely, recall the projection maps from the L-group “G into “H and into
L(Rg ,FGL1). On the connected component of LG these maps are given by

(A,y)—> A and (A, y)— ((detA)y,y),
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respectively. Any parameter ¢ : Wy — LG gives rise to a pair (¥, x) via these
projections:

v
/—/\( Ly
W ¢ LG \
L(Rg/FGLY)
X

Note that x is equivalent to a character of E* via class field theory; by abuse of
notation, we also write it as x. In the other direction, given parameters (Y, x), we
define the corresponding ¢ : Wy, — LG as follows: On Wy it is given by

x> (Y(x0), x(2),  x €W,

where x + z is given by the class field theory map. For a fixed representative
w, € Wg/Wg, suppose that ¥ (w.) = a x y and x(w.) = (x,y) X y. Then
¢(w.) = (a, z) X y where z is such that det(a)z?> = xy. In what follows, we will
consider Plw; asa homomorphism from W — GL,,(C). First, we identify Slw; as
a homomorphism from W — GL,,(C) x GL(C) (see [Borel 1979, Lemma 4.5]).
Then apply the representation (g, A) — Ag. A characteristic feature of the stable
base change map BC is that it corresponds to restriction to W on the dual side.

3.1. Construction of generic L-packets.

Theorem 3.1. Let w be an irreducible admissible generic representation of G. Then,
there exists a Langlands parameter ¢ : Wy — LG such that for any irreducible
admissible generic representation p of GLy(E), k > 1, we have

L(s, pxm)=L(s,¢p®(dxlwy)) and y (s, pxmw, ¥)=y(s,¢pQ(dxlwy), VE).

where ¢, is the Langlands parameter associated to p through the local Langlands
correspondence for general linear groups [Harris and Taylor 2001; Henniart 2000].

Proof. Let us first assume 7 is supercuspidal. In that case, if 77’ is the irreducible
admissible generic constituent of 7| H, it is also supercuspidal. Let 1" be the
local lift of 7’ to GL;,, (E) as in the proof of Theorem 2.3. Then, it is of the form
[T = p; @8- - -8 pg, where the p;’s are mutually nonisomorphic conjugate self-dual
supercuspidal representations of GL,, (E) and satisfying L(s, p;, 4 ® 6g/r) has a
pole at s =0, 1 <i < k. The Langlands parameter ¢y : W;E — GL,,,(C) associated
to IT" is given by ¢, @ - - - @ ¢, , Where ¢, is the Langlands parameter associated
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to p; through the local Langlands correspondence for GL,, (E). In the terminology
of [Mok 2015, §2.2], the parameter ¢y is conjugate self-dual with parity —1. Let
Gn : W{D — LH be the parameter associated to ¢ via [Mok 2015, Lemma 2.2.1].
If one takes the character x, in [loc. cit.] to be trivial, then the associated map &,_ .
from ®(H) to ®(GL,,(E)) as defined by Mok coincides with our base change
map BCV. In particular, the restriction of ¢ to W, recovers ¢r, i.e.,

ol = i

Now, let ¢ : Wy, — LG be the parameter associated with the pair (¢, w,) in the
sense described above. It follows from Theorem 2.3 and Remark 2.6 that

L(s, p x7) = LY(s, (0 @ @) x ') = L(s, $p ® ($xlw})),
y(s, 0 X7, 9p) =yY(s, (0@ D) X 7', Yr) = ¥(5,$p ® (P lwy), VE).

For nonsupercuspidal admissible representation, we follow the construction
of [Heiermann 2006a]. Namely, first consider the discrete series case m = mgs.
There exist a parabolic subgroup P = M N of G, an irreducible supercuspidal
representation s of M, and a point A in the real vector space ay, = X(M)r ® R
such that w44 is a subquotient of Indg (7mse ® x1). (Here, X (M) is the group of
rational characters of M and y; is the usual unramified quasicharacter associated
to the point A.) If ¢, is the Langlands parameter attached to s as above, then
the Langlands parameter ¢, is given by

Pra, (Vs 1) = G, (Vs D, 5. (h)  for y € Wp and h € SLy(C)

as explained in [Heiermann 2006a, Section 6.2]. The notation ¢ ; (h) is explained
in [loc. cit.].

To pass from discrete series to an irreducible admissible representation of G, we
use Langlands classification. In particular, there is a parabolic subgroup P; = M| N
of G, a tempered representation 7z; of M1 and a point A, in a;t,h in the positive Weyl
chamber of P; such that 7 is the Langlands quotient of the induced representation
Ind (n, ® Xou, ). Furthermore, there is a parabohc subgroup P, = M, N, of M
and a discrete series 745 such that 7, — Ind¥ sz M (m4s). Note that we constructed
the Langlands parameter ¢, that corresponds to m4s. Then in [Heiermann 2006a,
Section 6.2] the Langlands parameter ¥, : Wr x SLy(C) — LG is constructed as

7o) > sy oy (v, ),

where sy, is a semisimple element in C(EMy)° (the connected component of
the center of the group © M) that corresponds to A, through the local Langlands
correspondence for tori. Note that we have the equalities of local factors [Heiermann
2006b, Theorem 4.4]. O
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Suppose 7 is an irreducible admissible generic representation of G and ¢ = ¢, as
above. Recall we have the conjectural set 1 (G). The following result characterizes
all generic members in this set in terms of L-functions from the Langlands—Shahidi
method.

Theorem 3.2. Let w1 (resp. my) be an irreducible admissible generic represen-
tation of G and let ¢, (resp. ¢z,) be its Langlands parameter as constructed in
Theorem 3.1. Then, ¢, = ¢n, if and only if for each irreducible admissible generic
representation p of GL,(F) we have

L(s,pxm)=L(s,pxm) and y(s,pxm,¥)=y(s,pxX12,9).

Proof. Assume ¢, = ¢,. Theorem 3.1 directly tells us the equalities of local factors.
We now assume the equality of local factors. We have L (s, p x I11) = L(s, p x I1y)
for any irreducible admissible generic representation p of GL,(F), where IT;
(resp. I1,) is local functorial lift of 7| (resp. 72). Then, the local converse theorem for
general linear groups implies that I1; = I1, [Henniart 1993]. Note that construction
of the Langlands parameter in the proof of Theorem 3.1 only depends on its local
functorial lift. Therefore, ¢, = ¢r,. U

This points to a way of defining the generic L-packet I1(G) under the following
assumption.

Assumption 3.3. Assume there exists a theory of local factors that extends the
Langlands—Shahidi construction to nongeneric representations . Specifically, for
any irreducible admissible representation p of the group GL, (E), there exists local
factors L'(s, p x ) and y'(s, p X 7, ¥) that are compatible with the Langlands
classification.

Definition 3.4 (generic L-packets). For any fixed irreducible admissible generic rep-
resentation g of G with L-parameter ¢ = ¢, let I14(G) be the set of equivalence
classes of irreducible admissible representations 7 such that for each irreducible
admissible representation p of GL,(E) we have

L'(s,pxm)=L(s,pxm) and y'(s,px7, ¥)=y(s, pXmo, V).

Remark 3.5. One main purpose is to remove Assumption 3.3 so that applications of
our main theorems, i.e., Theorems 3.10 and 3.11, become completely unconditional.
We remove it in Section 4.

We prove the following property for generic L-packets in the case of even unitary
similitude groups:

Lemma 3.6. If an L-packet I14(G) contains a tempered representation that is also
generic, then all members in I14(G) are tempered as well (i.e., I14(G) is a tempered
L-packet).
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Proof. Let mp be an irreducible tempered generic representation in Il (G) and
suppose that there exists a nontempered representation 7w € I14(G). Since 7 and g
are in the same L-packet, we have L'(s, p x 7) = L(s, p X 7g) for any irreducible
admissible representation p of GL;(F), s > 1.

The Langlands classification implies that 7 can be considered to be the unique
quotient of the induced representation

Vit x - x v, Xy,

where 7; is a tempered representation of GL,, (F), n; > 1 foreachi =1,...,m
withr; >ry > - >r, >0, and 7; is a tempered representation of G, (n; and ng
are in the same parity). Since 7 is nontempered, m > 1.

Since L-functions follow the Langlands classification (Assumption 3.3), we have

L(s, pxmo) = L'(s, px 1)

m ~
=L'(s, pxm) l_[1 L(s+ri, p X (0r, ®T))L(s —1i, p X (0, ®T;))

i=
for any admissible representation p of GL;(F), s > 1. If we let p be a contragredient
representation of @y, ® %;, then L(s —rj, p X (Wr, ® %-)) has a pole at s =r; > 0.
This also implies that L(s, p x mg) = L'(s, p x ) has a pole at s =r; > 0 when p
is a contragredient representation of @, ® % This contradicts that L(s, p x mg) is
holomorphic for Re(s) > 0 since both p and ¢ are tempered and generic [Heiermann
and Opdam 2013]; therefore, m = 0. Thus all members in I14(G) are tempered. [J

3.1.1. A weak version of the generic Arthur packet conjectures for even unitary
similitude groups. Thanks to [Shahidi 2011, Theorem 5.1], Theorem 3.1 implies
Conjecture 2.7 in the case of even unitary similitude groups.

Theorem 3.7. Let \y be an Arthur parameter for G and ¢y, be the corresponding
Langlands parameter. Assume there exists an L-packet Iy, (G) corresponding
to the Langlands parameter ¢y,. If Ty, (G) has a generic member, then ¢y, is a
tempered Langlands parameter.

We now prove the strong version of the generic Arthur packet conjecture (namely,
Conjecture 2.10) for even unitary similitude groups. We first study L-packets
through the local Langlands correspondence. Then we prove several properties of
L-packets and Langlands parameters in the following subsections.

3.1.2. A strong version of the generic Arthur packet conjecture for even unitary
similitude groups. We first prove some embedding properties of discrete series of G.

Proposition 3.8. Let mq4s be an irreducible discrete series generic representation
of G. Then mys can be embedded into the induced representation

(3-1) TMds <> 81 X+ -+ X 8 X8} X -+ X 8 X Teusps
1 k p
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where 8; = 8([v¥% p;, v7i p;]), ai <0, a; +b; > 0, p; is an irreducible unitary super-
cuspidal representation of GL,,,(E),n; > 1fori=1,...,r, 8; :8([1)%} p}, vb('j)p}])
are as in [Kim and Mati¢ 2019, (4.5)] (that is, 8; are from the classification of
strongly positive representations), and Tysp is an irreducible supercuspidal generic

representation of Gp,, n. > 1. Furthermore, each ay s in {%, l}forj =1,...,k
g J

Proof. The proof is similar to [Kim 2015, Section 6] and we briefly explain the main
ideas of the proof instead of repeating similar arguments. In the case when mys is
strongly positive, the theorem follows with » = 0. Suppose that 7y is not strongly
positive. In the same way as in the proof of [Kim 2015, Theorem 5.3], we conclude
that there exist a sequence of segments Ay, ..., Ay satisfying e(A1) <--- <e(Ay)
and an irreducible supercuspidal representation 7weusp € R(Gy, ), ne > 1, such that
we have g5 <> §(Ay) X -+ X 8(Ag) X Teysp. Write A; := [V p;, v p;], where
pi € R(GL) is an irreducible unitary supercuspidal representation fori =1, ..., k.
Leta :=minf{a; | 1 <i <k} and let j be such that a; = a. Then minimality of a;
implies that there exists an irreducible representation 71 € R(Gp,), n1 > 1, such that
mgs <> 8(A ;) x . We show that 77y is a discrete series representation. Suppose
that 771 is not a discrete series representation. Then there exists an embedding of the
form 7, < 8([v* p, v?' p]) x 7/, where a’ + b’ < 0. Then, minimality of a again
implies that we have mgs — 8([1)“/,0, vb/,o]) x 8([vYpj, vbi p;1) x " which is a
contradiction since  is a discrete series representation. We conclude that  is also
a discrete series representation. If 7y is strongly positive, the theorem follows with
r = 1. If not, in the same way as above, 71| can be embedded into the representation
8([v“f"pj/, vr pjr]) X w2, where aj <0,aj +bj > 0 and 5 is a discrete series
representation. We repeat this argument until we get strongly positive. (]

Lemma 3.9. Let w be an irreducible admissible generic representation of G. Then,
7 is a tempered representation if and only if its local functorial lift T1 is a tempered
representation of GLy, (E).

Proof. Suppose that 77 is a nontempered admissible generic representation of G and
its local functorial lift IT is a tempered representation. Then, due to [Heiermann
and Mui¢ 2007], there exists r; > r, > - -+ > r,, > 0 such that 7r can be written as
the induced representation

Vit x - x VT, Xy,
where t; is a tempered representation of GL,,,(E), n; > 1 foreachi =1, ..., m,
and 7, is a tempered generic representation of G,, for some n; < n. Since 7 is
nontempered, m > 1.
Now we consider the L-function L(s, (w; ® r:j) x 7). Since the L-functions
from the Langlands—Shahidi method are defined by the Langlands classification,



386 YEANSU KIM, MUTHU KRISHNAMURTHY AND FREYDOON SHAHIDI

for any admissible representation p we have

L(s, pxm)=L(s, px 1) [ [LG 471, p x @2 @) L(s =11 p X (@7 @ T)).

i=1

As in the proof of Lemma 3.6, we conclude that L(s, p x I1) = L(s, p x ) has
a pole at s = r; > 0 when p is a contragredient representation of @, ® % This
contradicts that L(s, p x IT) is holomorphic for Re(s) > 0 since both p and I1
are tempered and generic [Heiermann and Opdam 2013]; therefore, 7 is also a
tempered representation.

For the sufficient condition we exactly follow the arguments given in [Kim and
Krishnamurthy 2005, Proposition 8.5] and we skip the proof and briefly mention
which tools that we need to apply those arguments. We use Theorem 2.3 and
Proposition 3.8 to show the local functorial lift of discrete series of G is tempered.
Then it is straightforward to show that the functorial lift of tempered representations
is also tempered. O

We are ready to prove a strong version of the generic Arthur packet conjecture
for even unitary similitude groups under Assumption 3.3. Let ¥, ¢y be as in
Conjecture 2.7. Let Iy, (G) denote the (generic) L-packet corresponding to ¢y,
(see Definition 3.4).

Theorem 3.10. The generic L-packet Ty, (G) is tempered.

Proof. Let m be a generic member in Iy w(g)' Theorem 3.7 implies that the
corresponding L-parameter ¢y, : W), — G = G x Wp is a tempered L-parameter;
therefore, its image ¢y (W) in G is bounded. It follows that BC oy =y lw, also
has a bounded image and thus a tempered L-parameter for GL;,(E) x GL{(E). By
the local Langlands correspondence for general linear groups [Harris and Taylor
2001; Henniart 2000], there exists an irreducible tempered representation IT of
GL,,(E) x GL{(E) corresponding to BC o ¢, satisfying

v (s, p XTI, ¥E) =y (s, 9p ® (ylwy). VE),
L(s, p x II) = L(s, ¢, @ (¢ylw,))

for any irreducible admissible representation p of GLy(E), s > 1, where ¢, is the
L-parameter corresponding to p. The local factors on the left side are Rankin—
Selberg local factors [Jacquet et al. 1983], while those on the right side are Artin
factors. Combined with Theorem 3.1, the equalities in (3-2) imply

(3-2)

y(s,pxm, ¥)=y(s, pxI,¥g), L(s,pxm)=L(s, pxI).

Consequently, IT is a local functorial lift of 7.
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Since IT is tempered, Lemma 3.9 implies that 7 is a tempered representation as
well. It remains to prove that all other members in IT1(¢y ) are tempered as well.
Since IT(¢y ) contains a tempered generic representation 77, Lemma 3.6 implies
that IT(¢y, ) is a tempered L-packet. U

We now briefly explain how we can adapt the above idea to prove the generic
Arthur packet conjecture in the case of even unitary groups.

Theorem 3.11. Let iy € W (H) be an Arthur parameter for the even unitary group
and let ¢y be its corresponding Langlands parameter. Suppose the L-packet
Iy, (H) has a generic member. Then 1y, (H) is a tempered L-packet.

Proof. The first step, i.e., equality of L-functions from the Langlands—Shahidi
method and Artin L-functions is proved in Proposition 8.7 of [Kim and Krishna-
murthy 2005]. Therefore, a weak version of the generic Arthur packet conjecture
for H is true due to [Shahidi 2011, Theorem 5.1]. It now remains to prove a
strong version of the conjecture. Let us point out three important steps of the proof.
First, the construction of Langlands parameter for H is already described in the
proof of Theorem 3.1. Second, we define L-packets exactly as in Definition 3.4
with the same Assumption 3.3. Third, Lemmas 3.6 and 3.9 can be generalized
to even unitary groups since it depends on the properties of L-functions from the
Langlands—Shahidi methods and classification of discrete series, which are available
for H. Therefore, we can apply the argument in the proof of Theorem 3.10 to the
case of even unitary groups. (]

4. Removing Assumption 3.3

We continue with the notation as in Section 3. The purpose of this section is to
make Theorems 3.10 and 3.11 unconditional. Namely, we define generic L-packets
so that we can remove Assumption 3.3 for the groups G and H, respectively.

4.1. L-packets for H. Recall the L-packets for the group H defined in [Mok
2015, Theorem 2.5.1(b)]. Briefly, for an Arthur parameter ¢ € W (H ), the Arthur
packet Iy, (H) is defined in [Mok 2015, Theorem 2.5.1(a)]. This includes definitions
of L-packets that correspond to tempered Langlands parameter since ¥ becomes
a tempered Langlands parameter when it is trivial on the second SL;(C)-factor.
Furthermore, L-packets, in general, are defined as follows: Recall in [Arthur 1984]
that a member ¢ of ®(H) determines a commuting pair ¢; € ®emp(H) and a
¢+ € ®(H) that satisfies

(4-1) P(w) = (W) (w) (w e Wp).

The centralizer of the image of ¢, in “ H is a Levi subgroup “ M ;. Note that ¢, will
be a map into “A 7, where A, is the split component of My, Also, the image of ¢,
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is in My since ¢, and ¢, commute. Let [Ty, =114, (M) be the tempered L-packet
corresponding to ¢, through [Mok 2015, Theorem 2.5.1(b)]. Let v: Ay — C* be a
character that corresponds to ¢. For 7; € Iy, let I (v, ;) = Indg (m; ®v). We
assume that this is a standard module after the conjugation of Weyl group elements.
Then, L-packets for H in general are defined as follows:

Definition 4.1. Let ¢, ¢;, ¢, Iy, and v be as above. The L-packet 1y (H) is
defined as
Hp(H) ={J(v, ) | 7, € Ty, },

where J (v, ;) is unique Langlands quotient of a standard module 7 (v, 7;).

4.2. Base change lifts and L-packets for G. Recall that we defined local lifts
of generic representations of G in Section 2.3.1 using the Langlands—Shahidi
method. In fact, we may define local lifts more generally using the endoscopic
classification established in [Mok 2015]. Namely, suppose that 7 is an irreducible
admissible tempered representation of G. As noted in Section 2.3.1, restriction 7 |y
is irreducible or decomposes as

7|l =m @®m;, where 7] =m o0Ad(g),

with g is as in Section 2.3.1. If the restriction to H is irreducible, let ¢ be
the Langlands parameter attached to 7|y. Otherwise, say ¢ is the Langlands
parameter attached to 7. Then ¢’ := Ad(g) o ¢ is the Langlands parameter attached
to ;. Since Ad(g) actually defines an inner E -automor;&i_sg of the unitary group
H xr E = GLy,/E, the corresponding dual morphism Ad(g) : H — H is also an
inner automorphism, given by conjugation by an element in H= GL;, (C) following
[Borel 1979]. In particular, when restricted to the Deligne-Weil group Wy, of E, the
parameters @[y and @' w;, are conjugate by an element in GL,, (C). Consequently,
as representations of GLy, (E),

BCY (7)) ~ BCY ().

Now, if the stable base change lift BC(r) from G exists, it must be of the
form IT® x, where x is a character of E*. Since the projection “ G —  H commutes
with base change, we can argue as in [Kim and Krishnamurthy 2008, Lemma 5.4]
(see [Rogawski 1992, Lemma 4.1.1]) to conclude IT >~ BCY () and X = wy. The
above argument confirms that the choice of the irreducible constituent 77 is irrelevant
for the definition of the local lift. We can pass from a tempered representation to
any irreducible admissible representation via the Langlands classification.

Definition 4.2. Let 7 be an irreducible admissible representation of G and w, be
its central character. Let 7’ be an irreducible constituent of 7 |g. Then the stable
base change lift BC(rr) of 7 is defined as BCU(JT/) R wy.
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This definition recovers Definition 2.1 in the generic case. We use these lifts to
formalize the notion of L-packets for the group G.

Definition 4.3. Let 7y be an irreducible admissible representation of G. We
define the local L-packet containing mg as the set of all irreducible admissible
representations 7 of G such that
(1) a)ﬂ = a)ﬂoa
(2) BC(r) = BC(mp).

Furthermore, we define local factors using the base change lift as follows.

Definition 4.4. Let 7 be an irreducible admissible representation of G. For any
irreducible admissible representation o of GL,, (E) we define the local factors as
y(s.0 X7, 9) =AE/F4)*""y (s, 0 x BC(m), ¥p),

L(s,0 xm)=L(s,c x BC(m)).
Here, the local factors on the right-hand side are Rankin—Selberg local factors

or, equivalently, those from the Langlands—Shahidi method [Jacquet et al. 1983;
Shahidi 1984].

We now prove several important properties of L-packets, including Shahidi’s
conjecture.

Proposition 4.5. The L-packets for G satisfy the following properties:
(1) An L-packet for G consists of a finite number of members.
(2) A tempered L-packet contains a generic representation.
(3) L-functions follow the Langlands classification.

(4) L-functions defined in Definition 4.4 agree with those from the Langlands—
Shahidi method in the generic case.

Proof. We first prove (1), i.e., finiteness of L-packets for G. Let 7 be an irreducible
admissible unitarizable representation of G and IT be an L-packet that contains 7.
Let 71 be another member in IT and let 7z’ (resp. n{) be an irreducible constituent
in 7|y (resp. 1 |g) as in Definition 4.2. Then, it follows from the definition of I1
that BCY(n") ® @, = BC(r) = BC()) = BCY(7]) ® &y, = BCY (1)) ® @y.
Therefore, for any irreducible admissible representation o of GL;(E) we have

y(s,0 x BCY(n})) ® @, Y) = y (5,0 x BCY () @ @, Yp),
L(s,0 x BCY (7)) ®@z) = L(s, 0 x BCY (1) ® @y).
This implies that 77| and 7" are in the same L-packet for H. Since L-packets for H

are finite and the restriction |y has only finitely many irreducible constituents
(at most two), it follows that the L-packet IT is also finite.
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We now prove (2), i.e., Shahidi’s conjecture for G. Suppose II is a tempered
L-packet for G. For 7, € I, take an irreducible component 7, C /|y in the
restriction. Let 1" be the corresponding tempered L-packet for H. Since Shahidi’s
conjecture for the group H is known to be true, we conclude I’ contains a generic
member ;. Both 77, and 7/ have the same central character given by the restriction
of wy, to the center Z N H of H. Thus the pair (J'r;,, wy,) defines a representation
of the subgroup ZH C G. Since this is a subgroup of finite index, it follows from a
standard argument using Frobenius reciprocity that there is an irreducible generic
representation , of G with central character w,, containing ng, upon restriction
to H. Since BCY (7r;) = BCY (1)), it follows that

BC(my) = BC(rré) ® On, = BC(7)) ® @y, = BC(m;).

We conclude 7, is a member of the L-packet IT.
We now prove (3). Let 7 be a nontempered representation of G and consider it
the Langlands quotient of the induced representation

Vit x - x v, Xy,
where 7; is an irreducible tempered representation of GL(E) foreachi =1, ..., m,
and 7, is an irreducible tempered representation of G,, for some n; < n.

The direct calculation implies that there is a nontempered representation 77" of H
that appears in 7 | H such that it is the Langlands quotient of v 7y X - - - X V"™ T, X 77/
for some irreducible tempered representation 7z, of H,, that appears in ;| H,, since
(Wt X e X VT, X)) is VT X oo X VT, X (|p, ). Then, due to
Definitions 4.2, 4.4 and the property that L-functions for H follow the Langlands
classification, we have

L(s,oxm)=L(s,0c xBC(mw))=L(s, 0 X BCU(n/)(X)cT)n)

m
= L(s, n{@@n X o) HL(s+r,~, T Qg XO)L(s—ri, T @y X 0).
i=1
It follows that L-functions for G as in Definition 4.4 also follow the Langlands
classification.

For (4), it follows from the proof of Theorem 3.1 and our construction of the
stable base change lift BC(;r). See also Remark 4.6 below. O

Remark 4.6. Definition 4.4 provides a new definition of L-functions for G in
full generality, including nongeneric representations. In the generic case, this
construction is compatible with Theorem 3.1. Furthermore, in the tempered
case, Proposition 4.5 implies that every tempered L-packet contains a generic
member; thus, we may extend the Langlands—Shahidi definition from the generic
case to the tempered case. Finally, invoking the Langlands classification, we can
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extend L-functions from the Langlands—Shahidi method in full generality. This is
compatible with Definition 4.4 by virtue of Proposition 4.5. We note that the above
definition admits a natural interpretation in terms of Langlands parameters: namely,
if ¢, denotes the parameter of m, then the base change lift BC(;r) corresponds to
the restriction ¢y |y, . In particular, the local factors defined above agree with the
Artin L-functions attached to ¢ |y, via the local Langlands correspondence for
general linear groups.

We conclude that the L-functions defined in this section follow the Langlands
classification.

Corollary 4.7. Assumption 3.3 holds.
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BOUNDEDNESS OF EISENSTEIN INTEGRALS
ON SPLIT RANK-ONE SEMISIMPLE SYMMETRIC SPACES

SANJOY PUSTI AND ISWARYA SITIRAJU

We characterize the bounded left K -invariant normalized Eisenstein integrals
on split rank-one semisimple symmetric spaces. As a consequence we prove
the Hausdorff-Young inequality on these spaces. We prove a similar result for
K -finite Eisenstein integrals on pseudo-Riemannian real hyperbolic spaces.

1. Introduction

Let G be a connected semisimple Lie group with finite center and K a maximal
compact subgroup of G. Let ¢, be the elementary spherical functions on the
Riemannian symmetric space G/K, with spectral parameter A in the complexified
dual space denoted by af. A celebrated theorem of Helgason and Johnson [1969]
states that there exists a tube domain S in the complexified dual space ag. such that
¢,. is bounded on G/K if and only if A belongs to S;. Moreover, |¢; (x)| < 1 for
A € 8 and for all x € G. In other words, the theorem characterizes the bounded
elementary spherical functions on G/K. As a consequence, it follows that for a left
K -invariant integrable function f on G/K, the spherical Fourier transform F f (1)
is holomorphic in the interior S} and continuous on S;. Also, for f € L'(K\G/K),

IFfMI=Iflli, *eSh.

This result was generalized to L” functions in [Eguchi and Kumahara 1982] for
1 <r < 2. A generalized Hausdorff—Young inequality and a generalized Riemann
Lebesgue lemma has been shown to hold in S} in [Eguchi and Kumahara 1982] and
a variant of the Hausdorff—Young inequality for spherical functions has been shown
in [Cowling et al. 1993]. Similarly, a Hausdorff—Young inequality was proved
for K-finite L? functions on G/K in the domain S, in [Eguchi et al. 1987]. An
analogue of this Helgason—Johnson theorem is proved for the Jacobi functions (p(_oif )
fora > 8 > —% by Flensted-Jensen and Koornwinder [1973].

Now, consider the triple (a, X, m), where a is a finite-dimensional real Euclidean
vector space, a root system X and a multiplicity function m on X. Let ¢, be the
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Heckmann—Opdam hypergeometric functions associated with the triple (a, X, m).
The Helgason—Johnson theorem has been extended to this case [Narayanan et al.
2014]. In this case, we have a tube §; in the complexified dual vector space ag
such that the function ¢, is bounded on a if and only if A € §;. Moreover, the
Fourier transform satisfies the generalized Riemann—-Lebesgue lemma on S; and
also a Hausdorff—Young inequality holds on a tube domain S, depending on r with
1 <r < 2. If the triple (a, X, m) is associated with the Riemannian symmetric
space G /K, then the function ¢;, coincides with the elementary spherical function
on G/K, and thus the domain in which they are bounded is the same. This result
was also proved for certain types of Heckman—Opdam hypergeometric functions
for the root system BC [Narayanan and Pasquale 2022].

Let G be a real connected semisimple linear Lie group and H be a connected
subgroup such that (G, H) is a symmetric pair. Let K be the maximal compact sub-
group of G. The Eisenstein integrals are defined as the matrix coefficients of K -finite
vectors with H-fixed vectors of parabolically induced representations. These func-
tions were first introduced in [van den Ban 1992] and also studied in [van den Ban
and Schlichtkrull 1997a; 1997b]. The left K -invariant Eisenstein integrals are the
generalizations of the elementary spherical functions on the Riemannian symmetric
spaces, that is, when H = K (see [Harish-Chandra 1958]) and the spherical functions
for the K. symmetric spaces introduced in [Oshima and Sekiguchi 1980].

Let (a,, X, m) be the root system associated with (G, H, K) and W be the Weyl
group corresponding to the root system (a,, X). Let W be a specific subgroup
of the Weyl group W. For a vector 1 in C" and the spectral parameter A € a;C,
the Eisenstein integrals are denoted by E(X, n)(-). For x € G/H, the function
A+ E(X, n)(x) can be meromorphic in the complexified dual space aj‘],c. Hence,
E is normalized using their asymptotic behavior such that there are no singularities
on iay and is denoted as E°. For the Riemannian case, the Eisenstein integral is the
elementary spherical function ¢, and the normalized Eisenstein integral is ¢, /c(}),
where c(1) is the Harish-Chandra c-functions. In this article, we will study the
normalized Eisenstein integrals on the split rank-one semisimple symmetric spaces.

Let xo = eH be the base point of G/H. For a fixed w € W and n € C", the
normalized Eisenstein integral

ES, (A, (1) == Ey (A, m)(a;w - xo)
is given by
Y —p+rtm+mT+1
() (————)

Peor (")

A p—A my Tl
szl(H p_h mytmyt ;—sinhzt).

(1-1)  ES O, (@) = 1,247

2 7 27 2



BOUNDEDNESS OF EISENSTEIN INTEGRALS ON SYMMETRIC SPACES 397

These normalized Eisenstein integrals E;, (A, n) are not entire functions. In fact,
for each R > 0, the function A — E} (A, n)(¢) has finitely many simple poles
in —a*(R), where

a*(R)={LeC|Rr <R}

Moreover, there is a polynomial pr (which is a finite product of linear polynomials)
such that the function A — pr(X)E; (A, n)(¢) is holomorphic on —a*(R). Then we
characterize all those A € —a*(R) for which the function t — pr(X)E; (A, n)(¢) is
bounded on (0, co) (see Theorem 4.1 in Section 4).

Using [Flensted-Jensen and Koornwinder 1973, Lemma 2.1] it follows that for
mf > m +2m, , the function

+ +
. 2F1<A+p’ —)»+,0; my +mj —i—l; —sinh2t>
2 2 2

is bounded on (0, co) if and only if |[RA| < p. Thus, this result and (1-1) give
characterizations of all A for which ¢ +— pr(X)E;, (A, n)(¢) is bounded on (0, 00),
only for the case when m| > m| +2m, . But for the case m| <m| +2m;, we
will not be able to use the result of Flensted-Jensen and Koornwinder [1973]. In this
case, we mainly adapt the methods of [Narayanan et al. 2014]. First we get a
series expansion of the normalized Eisenstein integrals at any A and using this we
characterize all the functions t — pgr(A)E; (A, n)(¢) that are bounded.

Then as an application of the theorem we prove the Hausdorff—Young inequality
(see Theorem 5.4) for this case. Also, we obtain similar (partial) results for the
left K-finite normalized Eisenstein integral (see Theorems 6.5 and 6.7) for the
(pseudo-Riemannian) real hyperbolic spaces SO, (p, q)/SO.(p — 1, g). We note
that W = {1} when ¢ > 1 and W = {1} when g = 1. Therefore, there is only one
orbit of o-minimal parabolic subgroup on the (pseudo-Riemannian) real hyperbolic
spaces for ¢ > 1 and two disjoint orbits of o-minimal parabolic subgroup for g = 1.
This makes the structure and analysis different for these two cases. We will provide
the required preliminaries of these cases separately in Section 6 and then unify
them to prove the results.

We organize the paper as follows: In Section 2, we give necessary preliminaries
for the general semisimple symmetric spaces G/H and then give preliminaries
for the split rank-one semisimple symmetric spaces. In Section 3 we deduce
an explicit formula of the Harish-Chandra c-function. In Section 4, we prove the
analogue of the Helgason—Johnson theorem on split rank-one semisimple symmetric
spaces. In Section 5, we prove the Hausdorff—Young inequality and the Riemann—
Lebesgue lemma. Finally, in Section 6, we prove similar results for fixed left
K -type normalized Eisenstein integrals on pseudo-Riemannian real hyperbolic

spaces SO.(p, q)/SO.(p — 1, q).
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2. Preliminaries

We shall use the standard notation N, Ny, Z, R, C for natural numbers, nonnegative
integers, integers, real numbers and complex numbers, respectively. Given two
nonnegative functions f and g on a domain D, we write f < g if there exists
positive constants C; and C; such that C1g(x) < f(x) < Crg(x) forall x € D.

In this section, we describe the necessary preliminaries regarding harmonic
analysis on semisimple symmetric spaces. These are standard and can be found, for
example, in [Andersen 2001; van den Ban and Schlichtkrull 1997a; 1997b; Heckman
and Schlichtkrull 1995; Rossmann 1979]. To make the article self-contained, we
shall gather only those results which will be used.

Let G be a connected semisimple linear Lie group, H a connected subgroup
of G and K be a maximal compact subgroup of G. Let 6 be the Cartan involution
and o be a involution such that H = G¢, where G? is the subgroup of fixed points
for o and GY is the identity component of G°. We assume that 06 = 60o. Let

g=bdgq
be the decomposition of g induced by o. Also let
g=top
be the Cartan decomposition. Let
gr=tNhdpNg and g_=tNqgdpnh.

Then g =g+ ®g— and G = Gge has Lie algebra g with maximal compact
subgroup K N H. Let a, be the maximal abelian subspace of pNqand A; =expay.
Let X(a,, g+) be the corresponding set of restricted roots and let Wxny be the
Weyl group associated with the root system X (a,, g4 ). Let a; be the corresponding
positive Weyl chamber and AzjL =exp a;. Let a be a maximal abelian subspace of p
containing d,. Then aNq = a,. We denote the real dual of a, by a7. For o € ay,
we define
ge={Y €egl|[H Y]=a(H)Y forall H € a,}.

Let ¥ =X (ay, g) be the setof o € aZ such that g, #{0}. Then X (a,, g+) € X(ay, 9).
Let g= =g, Ng+. Let

W = Wi(ay, 9) = Nk (ag)/Zxg (aq)
be the Weyl group of a, in g associated with the root system X (a,, g). Let
W = Nknu(ag)\Nk(ag)/Zk(ag) = W/ Wkng.
Let m, = dimg,, be the multiplicity of « and let mE = dim g=. Then

My =my +m
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and m is the multiplicity of « as a member of ¥ (a,, g+). Let

(2-1) Jay= [ @-a™@ +a"
acXt(a,,9)
fora € A;. We define
p = % Z myo € a;.
aeXt(ay,9)

Every element g € G has a decomposition as
(2-2) g=kah, keK,acA;, heH,
and a is unique up to Wgnp. Consider the set

Xy=|J kAjwH.
wew

When viewed as a subset of G/H, the set X is open and dense. Then there exists
a unique Haar measure on A, such that, for f € L'(X),

(2-3) fdx=")" / / fkawH)J (a) da dk,
G/H weyy ¥ KJAS

where dk is the normalized Haar measure on K (see [Anker and Orsted 2005,
Theorem 3.9, p.24]). We will denote the complexification of a, as a, ¢ and the
dual of ag,c as a c.

The o -minimal parabolic subgroup P is a parabolic subgroup satisfying o6 P = P
and is minimal among all other parabolic subgroups satisfying this identity. We
then have the following theorem [Rossmann 1979, Theorem 13]:

Theorem 2.1. Let P be a o-minimal parabolic subgroup of G and W be as defined
above.

(1) For each w € W, the orbit O, = PwH is open in G.
(2) The orbits O, are mutually disjoint.
(3) The disjoint union UweW O, is dense in G.

Let P=M AN be the Langlands decomposition. Let g ; = Indg (E®A®1) be the
parabolically induced representations on the space of continuous functions C(K; &).
The left K -invariant Eisenstein integrals, denoted by E (1), are linear combinations
of matrix coefficients for the induced representations 7y ; with £ =1 and A € C.
Let 1_; be the K-fixed vector as a constant function 1 on K. For n e C", A e C
such that A > p we define
a*="n, if x = manwh € O,

J G m)(x) :{

0 otherwise,
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where 1,, is the w-th coordinate of . Observe that j (i, n) € C~®(K; 1) is an
H -fixed distribution of m; ; for A € C such that :iX > p. It was proven in [van den
Ban 1988, Theorem 5.10, p. 83] that:

Theorem 2.2. The map X +— j (A, n) can be extended as a meromorphic function
on C for all n € C. Moreover, for almost all 1, j(x,-): CV — C~(K, D is
a bijection.

The proof of this theorem is given in [van den Ban 1988, Theorem 5.10, p. 83;
Olafsson 1987]. Thus, the Eisenstein integrals are defined as

EQ, m)x) = (1, m1(x0) j (ks M) L2(k)-

The function A — E (A, n)(x) may have singularities on i R. Thus, we consider a
normalization by their behavior at infinity which regularizes these functions on iR.
We denote these normalized Eisenstein integral as E°(A, -)(-).

For A € aZ’C, ne C", Eisenstein integrals E (A, n) and normalized Eisenstein
integrals E°(A, n) are left K -invariant and right H-invariant meromorphic functions
in A. These functions have the following properties:

(1) These Eisenstein integrals and normalized Eisenstein integrals are K -invariant
eigenfunctions for the invariant differential operators on G/H. More precisely,

(2-4) DE,n) =vyq(D:M)E(X, 1)

for all D €e D(G/H), » € aZ’C. Here y, is the algebra homomorphism between
D(G/H) and S(a,)".

(2) These are analytic functions on G/H.

(3) The functions A — E(A, n)(x), E°(X, n)(x) are meromorphic on aj‘l,@ for
fixed n and x.

(4) The FEisenstein integral is normalized in such way that E°( -, ) has no singu-
larities on iay.

(5) E°(=%, m)(x) = E°(—A, D (x).

Let a; be a maximal abelian subspace of q. The dimension of a; is called the rank
of the semisimple symmetric spaces G/H. The following are the only rank-one
connected non-Riemannian symmetric spaces up to covering (for case-by-case
treatment of the Plancherel theorem, see [van Dijk 1986; Molchanov 1986]):

(1) the real hyperbolic spaces SO.(p, q)/SO.(p —1,q9), p>1,q > 0;

(2) the complex hyperbolic spaces SU(p, q)/S(U(1)xU(p—1,q9)),p>1,9g>0;
(3) the quaternion hyperbolic spaces Sp(p, ¢)/(Sp(1) xSp(p—1,¢9)), p> 1,4 >0;
(4) the octonion hyperbolic space F4(—20)/Spin(1, 8);
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(5) SL(n, R)/GL(n —1,R), n > 1;
(6) Sp(n, R)/(Sp(1, R) x Sp(n — 1, R)), n > 1;
(7) Fa(4)/Spin(4, ).

The dimension of a, is called the split rank of the semisimple symmetric spaces G/ H.
For a complete list of split rank-one connected non-Riemannian symmetric spaces,
we refer to [Oshima and Sekiguchi 1984, Table II, p. 462].

Remark 2.3. In the case of Riemannian symmetric spaces, we have H = K, p =,
and hence g, = g, g— = 0. This implies a = a, and X(ay, g) = X(ay, g4+). So
Wgng = W, and hence W = {1}. Also the Eisenstein integrals and normalized
Eisenstein integrals becomes elementary spherical functions ¢, and c(1)™'¢;
respectively, where c¢()) is the Harish-Chandra c-function.

For R > 0, we define
af](R) ={\e a;,a: | M\, @) < R forall @ e E*(aq, 9}

Let S be the union of all the hyperplanes given by o, = {A € a;@ | 2A—u, u) =0}
for u € N(E+(aq, g)). For A ¢ §, there exists Harish-Chandra series

&, (a)=a*"" Z a "I, (%)
ueNo (=™ (ag,9))

on A;r with T';,(A) € C, Ty = 1 which solves (2-4). Then the set

Xg={neNE"(ag,9) | 0pNa;(R) # D)
is finite. Let gr(A) be the polynomial
ar®) = [ @r—p ).
HEXR

Then gg (1) ®; (a) is holomorphic as a function of A € a; (R). Moreover, for each
€ > 0, there exists M > 0 such that

lgr(L) D, (a)| <M1+ |)\’|)Ca|m)u|—p

for all a € A; with a(loga) > € for all @ € E+(aq, g) and all A € az(R). Also
[van den Ban and Schlichtkrull 1997a, Theorem 7.6] states that for each s € W,
there exists a unique endomorphism valued meromorphic function

A C°(s : 1) € End(C")

sk
ona, ¢ such that

(2-5) E°Ov:maw) =) (@) (C(s : )y
seW
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fora € A;r, w e W, n e C", as a meromorphic identity in A € aj‘l c» Where (), is
the w-th component in C"V. Also,

CO(s : A)*C°(s: —A) =1d
foralls € W and A € a;,q:' Moreover, we have C°(1, A) = Id and (see [Anker and
Orsted 2005, p. 121])
E°(sh,n) = E°(A, C%(sA, ), seW.

LetA e aZ’C with R4 strictly dominant (that is, (WA, o) >0 foralla € X (a,, g))
and let € W. Then, we have the asymptotics (see [Heckman and Schlichtkrull
1995, Part II, Proposition 7.7])

(2-6) a? " E°(k, n)(aw) — 1,

asa — oo in A; where 1, is the w-component of 1. For R > 0 there exists finitely
many roots {e;} and real constants {c;} such that for all n € C"” the singular set of
the function A — E°(A, 1) in —a;]“ (R) is contained in

k
Ut o) =)
i=l

Hence, the polynomial pg(X) = ]_[fle((k, o;) —¢;) is such that pr(L)E° (A, n) is
holomorphic on a neighborhood of —ay (R) for all n € C". The polynomial pg
cancels all the poles of E°(A, n) in —aj(R). Moreover, the following estimate
follows from [van den Ban 1992, Proposition 10.3 and Corollary 16.2] which says

2-7) IPROVE° (L n)(@)] < C(1 4 [A])N O HPMDogal)

for some constants C, N and s, for all A € —a;(R), neCVandae Ay.
For a K-invariant function f on G/H, the Fourier transform of f is defined as
[Anker and Orsted 2005, Theorem 3.9]

Frnm) = /Xf(x)E"(—k in)(x)dx
for n € C'V. This F f () is a linear form on C"V.

2.1. Split rank-one cases. We will prove our theorems in the split rank-one cases
only. In this case the dimension of a, is one. The root system X(a,, g) is {Za} or
{£a, 2a}. Let Hy € a, be the unique element such that a(Hp) = 1. Let

+ +
mp=my, mj=mg,

- - _ +_ .+ - -
mpy =my; my=myy, M, =mM,, My, ="n,,.

Then we have m; = m;r +m; and my = m; + m, . Also the following are true
(in split rank-one cases) [Sekiguchi 1990, p. 3]:
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(1) m{ +m; > 0.
(2) If my > 0thenm| =m;.
(3) m; =m, =0if and only if (g, ) is Riemannian.
(4) If m§ =m5 =0 then (g, ) is of & type.
Also p is identified with p(Hj) and
p = 3(my+2my) = J(mf +m| +2m3 +2m3).
Also W = {1} or W = {£1}. The Jacobian defined in (2-1) becomes
(2-8) J(t) = (sinh )™ (cosh £)™1 (sinh 2¢)™ (cosh 2¢)™: .
Let A € D(G/H) be the Laplace—Beltrami operator on X. The radial part of A
is given by [Sekiguchi 1990, pp. 8-9; Artemov and Molchanov 1990, Theorem 2.1]
2

3 3
L&) =—5+ (m} cotht +m tanht +2m; coth 2t + 2m; tanh 20

1 9 0
=———|J@®— ).
J(t) ot ot
Let xo=e H be the base point of G/ H. For a fixed w € W and n € C"”, the Eisenstein
integral E; (A, n)(¢) := E;, (A, n)(a;w - xp) satisfies the differential equation

(2-9) LAES (L, (1) = (p* = A ES (A, ) (1)

We now find an explicit formula for the Eisenstein integral E; (A, n)(t) (see
[Sekiguchi 1990, pp. 38-39]). If m, =0, by substituting s = —sinh? ¢, the above
differential equation can be transformed into a hypergeometric differential equation
and E; (A, n) satisfies

92 L+mT+mi\ 9 22— p?
(- 1 _ 1 2 _ ]
[ ( S)s_8s2+<S( to-————— )8s:|f T/

If m; > 0, then from [Sekiguchi 1990, item (C.2), p. 32] we have mT =m; . Thus
by substituting s = 27 and r = —sinh?® s the differential equation (2-9) transforms
into a hypergeometric differential equation and E7, (), n) satisfies

92 P l—i—m;r—i-mzr d A2 —p?
(=) — 1+ 2) T T ) 9 e .
[ ( r)rar2+<r< +2) 2 )Br:|f T

Since E,, is regular at t = 0, for all A we have

A op—ir mi+mi+1
prr P g 2 ;—sinhzt.

EO )\,’ t) = t. F ) )
w (A, m)(f) = const., 1( > 5 5
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Using the property [Erdélyi et al. 1953, equation 17, p. 63]

F'()a—b

(2-10) 2Fi(a,b;c;2) = %(—Z)_bﬂb, l—c+b;1—a+b;z7h
rrb-—a) ., B L -
—I"(b)F(c—a)( ) “F(a,1—c+a;1—b+a;z ),

and

2-11) lim e E° (A, n)(t) =Ny, RA>0,

11— 00
we obtain, for A > 0,

ﬂ)l‘ ( —p+}»+mfr+m§r+l )

I (
- ° - )\_p - :
(2-12)  Eg (A, m)(t) = 02 i tmt 11
rOOr (*-52)
rop—nr mi+mi+1
XZFl(p;L R ;_Smhzt)'

Let a*(R) = {} € C| %N\ < R}. We note that aj;(R) becomes a*(R) in this case.
We will continue to use this (a*(R)) notation instead of aZ(R).

From the expressions (2-12) of the normalized Eisenstein integrals we observe
that, for a fixed R > 0, there exists a polynomial pg such that pr(A)E} (A, n)(¢) is
holomorphic in —a*(R). In fact, pg is given by

@-13) pr)= [] +p+2k)

k]EN()
p+2ki <R

x I1 = p+mf +mF+1+2k).

k€N
—p+m{+mF+1+2k <R

Proposition 2.4. (1) There exists a unique absolutely convergent series for A ¢ %N,
fort >0,

(2-14) 0, (1) =e* PN e Tu(h),

m=0

with T',,(A) € C and Ty = 1 which satisfies the differential equation
L(A)®5(1) = (A% = p*) D, (1).

(2) Let Xp ={k € N:0 < k <2R}. Then there exists a polynomial

[2R]

(2-15) gr) =@ -0

k=1

such that g g ®;, is holomorphic in a*(R).
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We recall for a function f € C°(K\G/H), its Fourier transform is defined by
Fram = / FE°(=A, n)(x) dx
X

- Z /Oof(azw'el)EO(—)\,n)(azw'el)J(t) dt
0

wew
for all n € C" and J(¢) is the Jacobian given in (2-8). Therefore, pr(—A)F f (1)
is holomorphic on a*(R) and

F(=1 () = FM(C (=1, 1))
The following proposition is about the Fourier transform of compactly supported
K -invariant functions on X from [Heckman and Schlichtkrull 1995, Proposition 8.4].

Proposition 2.5. Let ¢ € C°(K\G/H) and n € Ny. Then there exists a constant
M > 0 such that

IPR(=V)FP M) (] < M(1+ 1)) e ReHp|

for all . € a*(R) and r depends on the size of the support of ¢.

From [Heckman and Schlichtkrull 1995, Theorems 7.1 and 7.4] we have the
following theorem:

Theorem 2.6. For f € L*(X),

12
@-16) ([ iFomra) <tz

where dA is the Lebesgue measure on i az.

3. Harish-Chandra series and C?-functions

Let G/H be a split rank-one semisimple symmetric spaces. In this section we will
study Harish-Chandra series and will find explicit expression of C°-functions.

We have the results below on Harish-Chandra series [Heckman and Schlichtkrull
1995, Proposition 7.5; van den Ban and Schlichtkrull 1997a, p. 66]: Let

(3-1) () =VIO®(1) = Y Tu(e ™.

m=0
The W, satisfies
W (1) +d ()W () = (A — p) W (1),
where

dy=J")NT=) " dne™,

m=0

and dy = p?.
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By substituting (3-1) into above we obtain the recursive formula

m
(02 = o) = (o= m)’ Ty = Y Ty,
i=0

That is,
m
m(2k —m)ly, = pzrm - Z Lidp—i,
i=0
which implies that
m—1
mQ@2r—m)T, = — Iid,—;.
i=0
Therefore, the poles of fm lie in the set {% 1,..., %m} We also have

Tw() =Y biTwi(h),

i=0
where
o0
)P =e" > bye™.
m=0
We thus obtain that the poles of I, lie in {%, 1,..., %m} Further we have the

following [van den Ban and Schlichtkrull 1997a, Theorem 7.4]:

Theorem 3.1. For R > 0, there exists a polynomial qg and constants M, x > 0
depending on R such that

|gROITm (W] < M1+ m)* (1 4[]y 4x
forallm > 0and ) € a*(R).
The polynomial gg, defined as in (2-15), is of the form

qr() =d(>—3)(h—1)--- (A — 3[2R]),
where d is a fixed constant. Therefore if Ay € {%, 1,..., %m}, then
(3-2) (A =20) ()| < M(1+m)*

for all X in a small neighborhood of X.
Next we give explicit expression of C°(—1, 1). Our method is based on the idea
of [Sekiguchi 1990].

Lemma 3.2. (1) If W = {1}, then C°(—1, 1) = c(}X) is a complex number given by

LR (p)T (2t
(3-3) C()»)=22AF( ) k)r(f 7}L+m+2+m++1 )
(272 M r (=)
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(2) If W = {£1}, then C°(—1, 1) is the 2x2 matrix given by CO(—1, 1) = c(L)]
where

ey = TN ()

2
[ (25%) T (T (22

’

and 1 is the 2x2 identity matrix.

Proof. Let W = {1}. Then in this case, C%(—1, ) = ¢(}) is a complex number.
Without loss of generality we assume that n = 1. For $iA < 0, using (2-10), (2-12),
(2-5) and

lim ePTIIES (0, 1)(1) = lim PP, (1) + D_; (H)e(W)] = (D)
—00 —00
we obtain
—p+r+mT4+mT+1
o D2 D ()

c(d) = Pk p—hdmi+mi+1y
L(55)rwr (-———-)

Let W = {£1}. With respect to the basis e¢; and e, let Co(=1,2) = [cij(M)].
Then for ¢t > 0,
ET(A, e)(t) = ®,(0)(1) + P (t)c11 (A),
E? (A, e)() = @;()(0) + Py ()21 (D),
ET(L, e2)(1) = ®;.(1)(0) + P, (1)c12(R),
E? (A, e)(1) = @, (1) (1) + D, (t)cn(M).
Thus, for A < 0 we obtain from the expansion (2-5) that

lim et E° (b, ) (1) = [CO(—1, M)l

—00

Identify that if w =1, then i =1 and if w = —1, then i = 2. Then the above says
: A o
cij :,lir?oew YES (A, e;)(t)

AP (AL (A=t
y (3%) 1( ) F(P—H»,P )»’1 inh? s )
INUOINEY 2 2 2

Immediately, we obtain that ¢;; =0 if i # j. Now, substituting (2-10) in the above
we obtain the entries

+A )‘_P+1+m++m+
1) = eny = 2 LEDTENT ()

G4 D(552)r G (L)
ci2(d) =21 (1) =
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Thus, C%(—1, 1) = c(*) Id where
+A r—p+14mT+mT
P (55T (=W (=)

P (252)ror (2t i)

c(n) =2% O

We observe that CO(—1, 1) is a diagonal matrix with same diagonal entries c(A).
Therefore, we can write (2-5) as

(3-5) E, (A, (1) = P (O)ny +c(M)ny Py (t).
Since EO (=1, n)(t) = ES (A, C°(—1, A)n), we obtain

(#)p(w)

F()\)F(m -i-m2 +1)

o —h
2 2 2

(3-6)  EX(n, m(t) = ny,2°

for A < 0. Thus, for N1 < O the singularities are contained in
{—p—2ki:k1 =0}U{p— m1 —m2 1—2ky:kp>0and p— m1 —m2 1—2k, < 0}.
From the previous results we have the following:

Lemma 3.3. (1) The singularities of T, are at most simple poles and contained in
1
{ I... m}
)

(2) The singularities of ®, (as a function of L) are at most simple poles and
contained in %N.

(3) The poles of c()\) are simple and equal to
{—p—2ki k1 €N}y U{p—1—m]| —m3 — 2k : ko € No} U {ks : k3 € N}.
(4) The poles of E; (-, n)(t) are simple and equal to

{=p =2k : k1 € No}
U{,o—1—mT—m;—Zkz:kgeNoandp—l—m;r—m;—2k27é0}.

(5) The set of zeros of c()) is equal to

{p+2ki ki €NoyU{—kp 1 ko e NYU{—p+ 1 +m| +mF +2k3 : k3 € No}.
(6) The set of zeros of pr(M) E;, (-, n)(t) is equal to {—k : k € Np}.
Remark 3.4. Suppose there exists k, € Ny such that

p—1—mf—m$—2k=0.
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Then, the numerator of

r(:2)r (%)

F(A)F(L’”ZH)

has a pole at A = 0. On the other hand, it follows that A = 0 is also a pole of the
denominator. Hence, the singularity at A = 0 is removable. Therefore, E;, (A, n)(t)
is holomorphic at A = 0, and consequently holomorphic on the line iR.

Ifp—1-— m1 — m2 2k # 0 for all k> € Ny, then from the expression of E7) i
is holomorphic on iR.

The Fourier inversion formula for the general rank cases is discussed in [van den
Ban and Schlichtkrull 1999, Theorem 7.1] and the explicit formula given below
for the split rank-one symmetric spaces is provided in [Anker and Orsted 2005,
equation 5-13, p. 128].

Theorem 3.5 (Fourier inversion). For f € CX°(K\G/H) the Fourier inversion
formula is given by

37 flaw-x9)= / E; (A, Ff(A)(@) dr+4mi Z Resj——, [F f(RD) P (H)]w
ureL
where L = {uy = —l—m;r—m2 2k 1 k € Ng and i > 0}.

4. The Helgason—-Johnson theorem

In this section we prove an analogue of the Helgason—Johnson theorem for split
rank-one semisimple symmetric spaces. Let

Si={reC:|RA| <p}.
Leta, B, e Cwitha #—1,—-2,...and p =« + 8+ 1. From [Koornwinder
1975, equation 2.3] the Jacobi functions with parameters o, 8 and A are defined as

A —A
(aﬂ)(t)— Fl(p—zi_ ,'02 ;a+1;—sinh2t>.

Then the normalized Eisenstein integral can also be written in the form of Jacobi
functions for KA > 0 with o = (m{ +m3 +1)/2—1, B=(m] +m3 +2m5 +1)/2—1
andp=a+p8+1as

_ o+
(#)F(W) oA ).

F(A)F(L’"ZH)

Thus, from [Koornwinder 1975, Lemma 2.3] and properties of the Gamma
function, we obtain the estimate, for each fixed R > 0,

4D IPROVES G, m)(O] < Il (14 A (1 + £)e =P

ES (b ) (1) = nyy2"
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for d = deg pg and A € —a*(R). Therefore, for each fixed n € C",

PROVE, (A, m)(+)

is bounded if A € —a™(R) and |NA| < p. It is also known that (see [Flensted-Jensen
and Koornwinder 1973, Lemma 2.1]) (p(_oif )(t) is bounded in ¢ if and only if A € S
fora > > —%. This gives characterization of all A for which # — pr (M) E; (A, n)(¢)
is bounded on (0, 00), only for the case when mf > m| +2m, . In this section we
prove a similar result for general m, m;.

Moreover, we observe that from the asymptotic behavior (2-11), if ®A > 0 and
A is not a pole of E; we have

lim [e®™"E° (A, n)(t) — nw| = 0.

t— 00
This implies that
|E, (L, m)(1)] < |1 | €T =P

Thus, for the case when m | +2m, < m;r+2, where there are no poles of E, (-, n)(¢)
for MA > 0, the characterization of boundedness (for iA > 0) also follows naturally
from this asymptotic behavior. In particular, E; is bounded if 0 < RA < p and
unbounded if ML > p. However, we have the main difficulties in the other cases.

Theorem 4.1. Fix R >0, w € Wandn e CW.

(1) Let g € (S1 N —a*(R)) U —Ny. Then the function t — pg(io)E;, (Ao, n)(t) is
bounded on (0, 00).

(2) For Ay € —a*(R) and for nonzero n,,, if the function t — pr(Xo)E; (Lo, n)(t)
is bounded on (0, 00), then Ao € S1 U —N.

Remark 4.2. From this theorem above, we conclude that for a fixed R > p,
a nonzero 1, and A9 € —a*(R), the function pr(Xo)E;, (1o, n)(-) is bounded on
(0, o00) if and only if Ag € S} U —Nj.

Proof of Theorem 4. 1. Throughout the proof we will assume that n,, # 0.
Case 1. %l = 0: For a fixed R > 0, let pg be the polynomial given in (2-13). Let

Fy(,m (1) = prR) E (A, m)(0).

This is holomorphic at Ag. Then using (2-14) and (3-5) we have

Fy (o, m(t) = O()»—)»O)Fw(/\, (1)

; ‘

dA =
d o0

= — (A=p)ty _

_d)“);)»on;nw[e A =20)prRM)T (M)

+ TP = 1) PRV (1) ]e™™.
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If Ag € %No, then the series expansion of ®,,, and (hence) the series expansion of
Fy (Lo, n)(?) is not valid. Thus, to get the series expansion we multiply by A — Aq
and take derivative at Ag. To make it uniform, we use the above expression for
all Ag. Let

am(A) = (A =Ao)'m(2) and  b(A) = (A — o) pr(A)c(R).

It follows from Lemma 3.3 that a,, and b are holomorphic at Ag. Then Fy, (1o, n)(¢)
can be written as

Fuy(o. m)(6) = po(t) + Y pu (D),

m=1
where
Po(t) = nwle® ™ pr(ng) +e TP b(hg) (—1) + TR TPB (1)
and

P (@) = 1[0 4, (o) Pl (R0) + " a), (o) pr(R0)
+ 0P g, (ho) pr (Mot — €T B(h) T (— o)t
+ TR () Ty (—2o) — e b (hg)T, (—ho) Je ™.

First we will find the estimates of a,,, a,,, b, b’, I';, and I'/,. From Theorem 3.1
we can choose an R’ > p and obtain

1+1|x degq g
(i) = M 2O e
lgr (—20)]
We note that ', has no pole on 9iA < 0. Since gg/(A) has no zeroes in HA < 0 and
(14 |A])%&9® /|gr(1)] is bounded uniformly in the region %A < 0, we have

T (=2o)| < M(1+m)*.
Therefore, for a fixed 7y > 0, we obtain
[T (—o)| < My,e™™.

Now, we shall calculate the estimate of a,. Since a, is holomorphic at X,
integrating over a circle y, centered at Ag with radius € < % and using (3-2) we get

A — 2ol [T (A)]

M
dy| < —(1 X
= ol ldy| = —d+m)

lam ()] < M f

€

Now, we have to estimate a,, (Ao). Since a,, (1) is holomorphic at A9, we obtain
from Cauchy’s integral formula that

Lo a
an0) =50 fgy =R "
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Since I}, (A) is holomorphic on the closed curve y,

(2 = 20) (M)

a ()| <
la,,(Ao)| < ol

Ia’ylfM(ler)Xf ldy| <M1 +m)*.
Ye

ve |2 — 2o

If X¢ is not a pole of c(A) then b(Xy) = 0. Suppose that A is a pole of c(1). Then
A =k =p—1—m{ —mj —2k > 0 for some k € Nyp. Using the property
['(z+1) =zI(z), we have

_ ot
F(—,O-i-)»—l-l—i-m;r-i-m;) | D(FEEE 4 g)
- -

_ +, .+
l_[f‘{:o( p+)»+1;—m1 +m, +l)

A—
:2k+1 F( 2’“‘ + 1) .
[Tico® — 1)
Thus, using 2!7% /7T (22) = ') (z+3) and T'(z + &)/ T'(z + B) ~ 2*7F
[Erdélyi et al. 1953, Section 1.18, equation (3)], we obtain that, for d = deg pg,
r (M)F(—)\)F (k—p—&-l-i-m?'-i-m;')

b)) < [ — w) pr(V2P —2 - =
F(”HF(A)F(%)
1

=
(A=) prRWT (A% 1) 22D (2E) P (=)
[T — 1) F(%)r(k)r(w)
PROOT (A% +1) QAR (22 P (=)
[T (=) 0 (252)r (o (Ze=itbmind
< M(1+[1])".

A

=

Thus,
1b(ro)| < M (1 + [ro))?,

and by Cauchy’s integral formula we have
' (o)l = M(1+ 120D

Now, we will estimate I'),(—A¢). Since I',, is holomorphic at —21¢, using
Theorem 3.1, we get

[T (=)

I’ (=) < @ ——~>

dy| < 3M(1+m)*,

1

where y is a circle centered at —A¢ with radius < 7.

Hence, for a fixed ¢y > 0,

T (=20,  Tp(=20), lanGol, la, ol [16Go)l, 16'(Ro)l
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all are dominated by €. Let deg pg = d. Then, we have
| Fu (o, m)(@)e ™" — 1 pr(io)|
< e M b (o)t ] 4 €2 Iy b (ho)|
4 ZM|77UJ|[(1 +m)x+d +1(1 +m)X+d +e—2.‘7i}\0tt(1 +m)x+d
_|_ 872})“L0t(1 + m)x+d]efmt

o0
< e P b (o)t ] + €2 Iy b (o) + Mt Y [nyle"

m=1

o0
< ¢ b+ ¢ 0 Gl + Mnlre 0 (3 o)

m=0
< e b (o)t] + €2 b (Ro) | + M|nw|re—<’—f°>ﬁ.
This implies that, for Rig > 0,

|Fu(h, m)(@)e ™0 —yy pr(ho)| — 0

as t — oo. Therefore, if Ag is not a zero of pg (or, equivalently if it is not a pole of
ES,(h. ) (1)) then

| Fu(ho, @] = | PRG0N0
as t — 00. Hence, if 9tA¢ > 0 and if Aq is not a pole of E;, (A, n)(¢) then
(4-2) |E5, (ho, m ()] < [, |0

as ¢t — oQ.

Subcase 1. %1y > p: We observe that E;, (A, n)(¢) has no pole for RA > p.
Therefore, it follows from (4-2) that for 5idg > p, the function E (1o, n)(-) is not
bounded.

Subcase 2. Ry = p: We also observe that E°(A, t) has no pole for R1 = p.
Therefore, it follows from (4-2) that for $iAg = p, the function E° (A, -) is bounded.

Subcase 3. 0 < ®A¢ < p: By using the estimates of |I',(—Ao)l, T, (=Xo)l,
lam (ko) |, lag, (1o)l, plb(1o)| and |b'(Ao)| we obtain that

| P ()] < M |1,y [P0~ P (1 +m)X (14 1) (1 + [Ao]) Te ™.

By using (1 4+m)* < (m + x)!/m!, we obtain

3 o (m + x)!
4-3) Z(l +m)le™™ < Z ' CeM — (1 —e_’)_X_l,
m!
m=0

m=0
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Using the above,
| Fu o, M@ < My | (14 [2o)? (14 1)ePHo=0),
Thus, in this case Fy, (Ao, )(¢) is a bounded function in ¢. Note that, when Rig =0,
E; has no singularities. Thus, for Ao =ix with x # 0, we have (from (4-2))
|Eg (ix, n)(1)] < |nwle™"".
Case 2. A9 € —Ny: From Lemma 3.3, Ao = —k is a zero of pgrE;,. Thus,
Pr(A)ES (Ao, n)(t) =0 forall t > 0.

Case 3. %idg < 0: In this case we assume that A( is not a negative integer and
—R < 9hg < 0. Then using (2-14) and (3-5),

(b Faom®= [ 3 [ G200 eI
e ) pR ()T (1) ]

Let

gn(A) = =20)prRMTmQ),  h(A)=prM)c), dn(d) = A —=20)m(=2).

We observe that all these are holomorphic at Ag.
Again we write Fy, (1o, n)(t) as

o0
Fy(ho, ))(@) = po(t) + 3 pm (),
m=1
with
po(t) = nuwe™ ™" pr(2o) + nuwe 0" h(ho)
and
P (6) = [P0 g7 (o) + € H0 7 18, (ho) + €Ty (Ro) ' (Ro)
+e TR (o) (ho) + TP (=) (Mo (o) -
Similar to case :iAg > 0, the functions g,, (1), ~(A) and d,,, (1) can be dominated
by €™ for some 7y > 0. Then calculating similarly as above we get that

| Fyy (ho, 1) ()™ — k(o) — 0

as t — oo. We have pr(M)E; (A, n)(t) = 0 if and only if A9 € —Njy as the
polynomial pg captures the poles of E° described in Lemma 3.3. It follows
that when Ag ¢ —Ny and Ay < 0 we have h(Ag) # O.

Subcase 1. —R < %Ag < —p and Ag ¢ —Ny: In this case, we first observe (from
the definition of /) that 2(Ag) # 0. We have

| Fyy Oho, 0 (£)] < |1y | e~ (PP

as t — oo. This implies F,,(Ag, n)(-) is unbounded.
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Subcase 2. kg = —p: Suppose p is not a natural number. Then / is nonzero at
RAro = —p and

| Fu (R0, M (D] < [1w].

Thus, Fy, (1o, n)(-) is bounded.
If p is a natural number and Riy = —p, Ao # —p, then also 4 (Ag) is nonzero.
Therefore, F,,(Ag, n)(-) is bounded in this case as well.

Subcase 3. —p < RAryp < 0and —R < Hky: It follows from (4-4) that
|Fu(ho, M(D)] < Clh(ho)|(1 4 1)e~ Mot
ast — oo. If —p <My <0, then NAg+ p > 0; hence Fy,(Ag, n)(¢) is bounded. [J

From the proof, we get the following improved estimate of normalized Eisenstein
integrals (see (2-7)):

Corollary 4.3. For R > 0 and a fixed n € C", there exists a constant M > 0 such
that for all .y € —a™(R) and t > 0,

@5 IpRGE (o, (D] < Ml (14 o)™ PR (1 +1)ePHl=or,
Moreover, for each fixed ,y:
(1) If Ao is a pole of E,, then
|PR()ES, (o, m(D)] < Ml (14 [Ao)*E 7% (1 4 1)e Mol =",
(2) If Ao is a nonpositive integer, then pg(io)E; (Ao, n)(t) = 0.
(3) If Ao is not a pole of E° and also not a nonpositive integer, then
|5, Goe (D] = Mgy |e P10,

The above estimate (4-5) has been obtained in [Andersen 2001] for R = le using
Jacobi functions for real hyperbolic spaces SO.(p, ¢)/SO.(p — 1, gq) with g > 1
and in the general case we had only a rough estimate (2-7).

Corollary 4.4. For R > 0 and a fixed n € C", there exists a constant M > 0 such
that for all . € —a*(R) and t > 0,

3\ )
‘(87) PROVES (O, (@) < M|l (14| %EPR(1 4 1)l eMH=0)1

The proof of this follows from (4-5) and Cauchy’s integral formula by integrating

over a circle with radius %H
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5. Hausdorff-Young inequality and Riemann-Lebesgue lemma

Our version of the Helgason-Johnson theorem says that pgr(A)E; (A, n)(t) is
bounded in ¢ for a fixed A € —a™(R) N ;. As a consequence of this theorem and
Corollary 4.3, we have that for f € L'(K\G/H) the Fourier transform F f extends
meromorphically to S;. Moreover, for a fixed R > 0, the function pgp(—A)F f(A)
is holomorphic on S? Na*(R) and continuous on S1 Na*(R). Now, we consider
the region

S, ={zeC: Nzl <2/r —1)p}

for 1 <r <?2. Observe that J(¢) < e>”’. Let r’ be such that 1/7' 4+ 1/r = 1. Define
C:(iay) to be the space of all complex valued smooth functions with compact
support on i ay.

Proposition 5.1. Let 1 <r <2. For A € Sy N—a*(R), w e Wand n € CW, the
functiont = pr(A)E; (A, n)(t) is in L’/((O, 00), J(t)dr), where 1/r +1/r' = 1.
Proof. Using the estimate of Corollary 4.3 we have

1/r

(/0 IpR(VES (X, n)(z)r’J(z)d;)
*© 1/r
§Mlln||(/ (14 DA + 1)ePrI=p)tyr g2t dz)
0

o] 1r
< Minl(1+ |A|)d( / (141)" e (=201 dt) :
0
For the integral to converge we must have that

r'(IRA| —p) +2p <.
That is,
IMA| < (A =2/r)p=@2/r—Dp,

which implies that if A € S then pr(A)E; (A, n)(t) is in L" for any n € C" and
wew. O
Proposition 5.2. For 1 <r <2and f € L"(K\G/H), the Fourier transform exists
on S, and extends meromorphically to the strip S,. Furthermore, for a fixed R > 0,

the function pr(—A)F f(A)n is holomorphic on S9 Na*(R) and has continuous
extension on S, Na*(R) for any n € C'V.

Proof. By Proposition 5.1 and Holder’s inequality, for A € S, Na*(R),
oo
lPR(=M)F f(Mn| = Z / | f(arw - x0) pr(=A) Ey, (=, m)(D)]J (1) dt
0

wew
< M| fllzrx\Gymlnl(1+AD%
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Thus, pr(—A)F f(X)n exists and is continuous on the strip S, Na*(R). Moreover,
using Corollary 4.4 we obtain

‘M—MPR( )»)]:f()»)ﬂ‘

< Zf ‘f(atw X0 R (=D (—h. (1)

— J(@)dt
wew oA

0o 1/r
<M flleraveym Il (1 + |A|)"( / (1 40yt D gr (kl=px2pt dr) :
0
which converges if and only if A € S? Na*(R). Thus, the function pr(—A)F f(A)n
is holomorphic in 59 Na*(R). O

Then we have the following lemma, whose proof follows from the proof of
Proposition 5.2.

Lemma 5.3. Let Ay € S;Na*(R) be a real number, w e W, n e C"V and d = deg pr.
Then, we have

PR(—=(o+iA)F f(ho+il)n 1
/S\lelg TSP <M| fllinll, feL (K\G/H),

for some M > 0 and for any n € C.
Now we prove an analogue of the Hausdorff—Young inequality.

Theorem 5.4. Let 1 <r <2 and Ay € S, Na*(R) be a real number. Then there
exists M > 0 such that

(/

for any n € CV, with d = deg pg.

PrR(=(ho+iM)FfOo+iMn]|"
(14 rg+ir)d

1/r
dk) <M\ fll-Inll, feL(K\G/H),

Proof. We will equip the space iR with Lebesgue measure dA. Let 1 <r <2 and
fix an arbitrary Ag € S, Na*(R) such that 1y € R. Write u = (2/r — 1)~ !'xg. For
every complex number z such that 0 <Nz <1and f € C°(K\G/H), A € iR, we
define a family of operators 7, f (1) by

A=) Ffh+
7. ) = PR R LSO,

Fix n € C"V. Let z = 1 +iy. Then using Lemma 5.3 we get that

e CW.

I T4y f )M Leir) < sup
reR

pRG4A—JyM—+OffGA+JyM+wUn‘
(I+ir+iyu+p)?
PR(—IA— ) F fir+pn)n

<Cs <M .
<Csup dtint ‘_ Izl

LeR
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Let z =iy. Then by (2-16) and using the fact that on iR there are no poles of F,

pr(=ih—iyW)FfGr+iywn|®

di
(I4+ir+iyp)d

7o £ Oy = [
R
<c / FFGh+ iyl i

R

<c / Ff Gl dx
R

< Cllf 1720 Il

Now, consider the function
¢(Z)=/RTzf(i)»)(n)sT)»)d?u feCX(K\G/H), geCXF(IR).

By definition of T, f, the function ¢ is holomorphic on 0 < #iz < 1 and continuous on
0 <Nz < 1. Using Lemma 5.3 we derive that |7, f (- )nllL~ur) < M fllL1c)lInll
and

log[¢(2)| = Mlog(llfllLrx) InlNlgl L1 iw))-

Hence, {T} is an admissible family of operators. Thus, by the complex interpolation
theorem we have, for 6, = (2/r — 1),

1o, £ COnll gy = MILfllroolinll forall f e LT (K\X).

That is, for Ag € R and Ay € a*(R),

(/

We finally obtain that for a real number Ao with 1o € S, Na*(R), w e W, n e C",
PR(—=(o +iA)F f(ho+ i)y

(/R (14 20+ 21)4

Remark 5.5. If —)1 € S, N—a*(R) is not a singularity of E°, thatis, pr(—2Xig) %0,
then pr(—Ag—iA)/(1+Ao+i 2)? < const. Therefore, we can rewrite the above
inequality as

PR(—=(Ro+ i) F f(ho+iA)(n)
(14+ 10+ 1)4

r’ 1/r
d)») <M| fll-lnll, [rol=@2/r—=1p.

r’ 1/r
dl) <M|fll-lnl- U

1/r
</R|]-"f()\o+ik)n|’d)») =Ml fli-linll.

Remark 5.6. Fix neC"W. Let1 <r <2, fe L' (K\G/H). Then pr(—=1)F f(AM)(n)
exists almost everywhere on the lines |iA| = (2/r — 1) p (see Proposition 5.1).

We now prove an analogue of the Riemann—Lebesgue lemma.
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Theorem 5.7. Let 1 <r <2 and Ao € S Na*(R) be a real number. Then for any
f € L"(K\G/H) and for each fixed n,

lim |Ff(ho+ir)n|=0.
reR
|A]— 00

Proof. As a consequence of the proof of Proposition 5.1, for Ao +iX € S¢ Na*(R),
|PR(=Ao — iDF f (o +iM)nl < Ml (14 o+ A EPX | £1],.

For € >0, choose a ¢ € C2°(K\G/H) such that || f —¢||, < €. From Proposition 2.5,
for large enough |i )|,

|p(=Ao —iM)Fpho+iM)n| < M+ o +id)"lnll <€
for some € > 0. Thus,

[PR(=Ao—iA)F f(Ao+il)n
<|pr(=A0—iM)(F f(ho+iMn—Fd(ho+ir)n)|+|pr(—=ro—i M) Fd(ro+it)n|
< Il (1 +|ro+ir))*EP e +e.

For large enough |A|, pr(—Ap — iX) has no zeroes, and thus

lim |Ff(ho+ir)n| =0. 0
[A]>0

|A]—o00

Remark 5.8. If r = 1, we can include the boundary point |Ag| = p in Theorem 5.7.

6. Fixed K-type

In this section we will study fixed left K-type normalized Eisenstein integrals on
pseudo-Riemannian real hyperbolic spaces SO, (p, ¢)/SO.(p —1, g). Our aim is to
characterize bounded fixed left K -type normalized Eisenstein integrals and then we
prove the Hausdorff—Young inequality in this case. To prove these results (among
many things) we first need the explicit formula of the c-function. Since we are unable
to obtain this in the general split rank-one/rank-one cases, we restrict ourselves to
the pseudo-Riemannian real hyperbolic spaces. First, we give required preliminaries
and then give an outline of the proof of the main theorems in this section.

6.1. Geometry and structure of pseudo-Riemannian real hyperbolic spaces. Here
we give the required preliminaries of the pseudo-Riemannian real hyperbolic spaces.
Lete; =(1,0,...,0) e RP™4. Then H =SO.(p—1, g) is identified as subgroup of
G which is the stabilizer group of e;. Let K =SO(p) xSO(gq), B=S5P"'x 59~ and

_ptqg—2
=—
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Let us consider spherical coordinates, on X,
x(t,b) =coshtu +sinhtv, b= (u,v)e B.

We have g = so(p — 1) x so(1,g). For 1 <i,j < p+ g, denote by E;; the
(p+q) X (p+¢g) matrix with 1 on the (i, j)-th entry and zero on all other entries. Let

Y= Ep+q,1 +El,p+q-

Then a, = RY =R. Let X(a,, g) = {+a}, where a(Y) = 1 and the Weyl group
is W= {£1}. When g > 1, (a4, g+) = X(ay, 9) and Wgny = {£1}. Therefore,
W ={l}forg > 1. Butif g =1, ¥(ay, g4) = & and Wy = {1}. Thus, if g =1
we have that W = {£1}.

The o-minimal parabolic subgroup P of G = SO,.(p, g) is the stabilizer of the
line R(1,0,...,0,1). Moreover, P = MAN where

coshr O sinht
A=exp(ay) =q{a; = 0O Id O teRyg,
sinht O cosht

L+v)? v =3 fv)?
N =exp(n) = [ v Id —v ‘v e RPHI2
Hl> o 1=3vl?
e 00
M=3{|0mO0]:e=+1,meSO(p—1,9g—1)
00 €

for ¢ > 1, and € =1 in the above description of M for g = 1. Thus, there is only
one open P-orbit on X when g > 1, which is

O={xeX:—x;+xp44 #0}

For g =1, there are two open P-orbits on X which are
O1:=P-e,={xeX:x;—x,41 >0},
Oy:=P-—e,={xe X :x1—x,41 <0}.

Also, we have m{ =mj =q—1,m =my = p—1,m3 =0and m; =0. Then

the Jacobian J (defined in (2-1)) associated with the decomposition (2-2) becomes

(6-1) J(t) = cosh?~ ! ¢sinh?~ ! .

Let A be the Laplace—Beltrami operator on X. Then the radial part of the Laplace—
Beltrami operator is given by

( )_J(t)dt< ()dt ’
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We will now consider the two cases when g > 1 and g = 1 separately, as their
structure and analysis are different.

Case when p > 1 and ¢ > 1: For n € C, we consider the function
. |x1—xp+q|)‘_pn if x € O,
A,nx) =
JOLm(x) { 0 ifx¢0.

Observe that we can write j(A, n)(x) = nj (A, 1)(x). The Eisenstein integral is
defined as

E()»,n)(X)szj(/\,n)(k“x)dk.

By [Heckman and Schlichtkrull 1995, Example 6.5 and p. 162], E(X, n)(a, - e1)
may have singularities at A € iay when p > g + 2. The normalized Eisenstein
integral E° becomes (from (2-12) and (3-6))

r()r()

()

6-2) E°O, n)(a,-er) :=n2""*

This does not have any singularities on iR. In this case, we have, from Lemma 3.2,

LT (A5 (—0r (254
D(52) Do) (Z44)

c(h) =22

Case when p > 1, ¢ = 1: In this case we consider the semisimple symmetric
space X = SO.(p, 1)/SO.(p —1,1) with p > 1. Let H = SO,.(p — 1, 1) and
K =S0(p) x SO(1) and

We have m{ =m} = 0and m| =my = p—1, m§ =0, m; =0. Then the

Jacobian J (defined in (2-1)) associated with the decomposition (2-2) becomes
J(t) = cosh”~ 1.
Let us define the function

Ixi —xp1 " Pm; ifx €0,

j()»,n)(x)={ 0 ifx¢OLuUO0,

for n € C2. The Eisenstein integral is then defined as

EOun)(x) = /Km, () di.
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The normalized Eisenstein integral E°(A, n)(x) is a regular function on X for

every n € C2. Lete, = (1,...,0,0) and consider the disjoint orbits
{a;-e; =coshte|+sinhte, 1 :1 >0}, {a,-—e; =—coshte;—sinhte, :1>0}.
We define

E, (A, n)(t) :=E°(A, n)(a,w - ey).

Thus, for w = 1, E{(A, n)(t) = E°(A,n)(a; - e1) and for w = —1, we have
E° (A, n)() = E°(X, n)(a;-—ey). The normalized Eisenstein integral £E° becomes
(from (2-12) and (3-6))

)\ pF()\.+p)F(
(6-3) E,(, @) =nu 1
2

rr(z)

A -2 1
szl(p;r ,—pz ;5;—sinh2t).

Also in this case, we have, from Lemma 3.2,
I(Z2)r(—ur(E=2tl)

2) = 2% .
) [(22)r oo (224

Remark 6.1. We omit the case when p = g = 1 because in this case the group
G =S0.(1, 1) is abelian, and hence the general theory is not valid for this group.

Let ¢ be an irreducible representation of SO(p) on the space of spherical
harmonics Hy of degree |k| . If p =1, then k = 0; if p =2, then k € Z; and if
p > 2, then k € Ny. Let §; be the irreducible representation of SO(g) and write
8k.1 = 0k ® §;. Then & ; is an irreducible representation of K = SO(p) x SO(q) on
Hi @ H;. Let xi; be the character of the representation 8 ;. We say that a function
feC(X) is of left (k, [)-type if

X1 xk f =1,
that is,

/ X ®) fk™ ) dk = f(x), x€G,
K
We denote the space of all left (k, [)-type smooth functions with compact support

and (k, [)-type integrable functions by C2°(X Yol and L1 (X)*!, respectively.
The (k, [)-th component of the Laplace—Beltrami operator on X is given by

(VI f(@0) — (\/ﬁ )f(t)]

1
Pkl p=2) o fO U+ g =D f (1),

kl
f@0 = J_[aﬂ
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We consider the differential equation
AN f =2 = p) f.

Then there exists a unique formal series (see [Andersen 2001, p. 78] for g > 1
and [van den Ban and Schlichtkrull 1997a, p. 66] for the general case) given by

oo
X (1) =P Y TR (e

m=0

for ¢ > 0, satisfying the above differential equation with F,’j;’ (M) eCand Fg’l(k) =1.
The normalized Eisenstein integral E}; is an eigenfunction of the differential
operator A% that satisfies

AMER 0o (0) = (W2 = pP)EZ (b, ) (@),
For w € W, we write
E¢ 1O, m (@) = E (A, n)(a;w - er).
We then have E7; , satisfies
(6-4) AMER O = 02 = 0 ER (s )
for any w € W and for almost all A > 0,

lim e ER, (0, ) () = .

—00

Further, there exists an endomorphism C*!(1) : C"Y — C" that is meromorphically
dependent on A such that

ER 1O m)(@0) = 5 () + @1 (OICH Ol 2 ¢ 3N

We also have
ER (=2, m) = ER, ,(h, C (V).

The above differential equation (6-4) can be transformed to a hypergeometric
differential equation by substituting z = —sinh?® . Thus, from the above asymptotics,

F(A+p+2!k|+|l| )F(k—p+q2—|kl+ll|)

T (£+11))
Aotk —A+p+]k|+]] g
X2 F > , 5 b5

EZ 1 »Om@) = Nw2' =P~ K= cosh*l £ sinh! ¢

+1{|; —sinh® t).

By similar steps as in the proof of Lemma 3.2 we get, for g > 1,

o2 T(3O 4 p+ 1kl +ID)T (30— p+q — |kl +ID)T (=1

o = 1 1 ,
T(3(=A=+p+ kIl + D) (3(=2—p+q — k| +I))T (%)
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and for ¢ = 1, CK/ (L) = [¢;;(1)] where

5 TGO+ o+ +1ID)T(EA—p+g — k| +11]))T(=1)
T(3(=2+p+ k| +ID)T(3(=2 = p+q — [kl +I))[ ()

Cl1 =Cxn =
Clp =C1 = 0.

Since C*! is a diagonal matrix for ¢ = 1, by combining the case ¢ > 1 and ¢ = 1
we can write

EQ ;WO (@) = DY (O + W), @5 (1),

_ % T'(3(+p+ kI +ID)T (53— p +q — [k +1ID)T(=1) ‘
T(3(=A+p+ k| + ID)T(3(=2 — p +q — [k + [[)) T (%)
The function E;l’w(}\,, n) is of (k, [)-type.

&)

Definition 6.2. For f € C°(X )%l we define the Fourier transform as
FEEO) () = / FOVER (=2, ) (x) dx
X

(o.¢]
= Z/ flaw.e) EY (=, n)(aw - e)J (1) dt,
wew 0
where A € a;c.

Fix an R > 0. Then there exists a polynomial pl;’l such that p];’l(A)E,‘{” )
is holomorphic in —a*(R). The polynomial pll‘e’l(k) is given by

pr = [ = O4p+Ikl+1+2k)
k|€N0
p+Ik|+|I+2ki <R
X ] (A —p+q — k| + 1] +2ky).
szNQ

—p+q—|k|+|[|[+2k2<R
Let
gr) = (A= 3)(A =1 (= 512R]).
Again from [van den Ban and Schlichtkrull 1997a, Theorem 7.4], we have
lgrOIT R O] < ML+ m)¥ (14 |a])teedn

for some x > 0, A € a*(R) and for all m € Nj.
Let

W) = VIO (1) = Y T (e

m=0
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Then W, satisfies that
W/ (1) + (k(k+p —2)ct) +1(1+q —2)s(t) —d @)V (1) = A* — p)W;.(1),
where

c(t) = cosh™?1 =

s(¢) =sinh™%¢ =

B J" B 00 o
d(t)_ﬁ_dee .
m=0

The constants are

do=p* du=g—1D(@—3)+=D"(p—1)(p—3)m,
=0, cap=4(-1"m, comt1=10,

S0 = 0, $2m = 4m, Som4+1= 0.
By substituting we obtain the recursion formula
02— pHTE = (= k)’ TR L k(k+p—2)
m m m
x Y Tiley i +1U0+q-2)Y THlsui =Y Tild, ;.
i=0 i=0 i=0

That is,
m(2h —m)T = P’ T +k(k +p—2)
m m m
)Y Tep i +1U0+q -2 THlspuy =Y T dus,
i=0 i=0 =0

which implies that

m—1 m—1 m—1
mQA—m) T =k(k+p=2) Y T ep_iH1U+q-2) Y TFlsui=> Tild, ;.
i=0 i=0 i=0
Therefore, the poles of F,’j{l lie in the set {% I..., %m} With

m
rkio) =Y "m0,
i=0

the poles of F',j;l lie in {%, 1,..., %m}
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. .. . . 1 1
Lemma 6.3. (1) The singularities of Ff{l are at most simple poles in {5, 1,..., Em}.
(2) The singularities of CI>];’I lie in %N.
(3) The poles ofck’l(k) are
{=p =kl = Il =2ky : ky € No} U{p — g + |k| — [[| = 2kz : ka € No} U {k3 € N}.
(4) The poles of El?,l,w( -, )(¢) are equal to

{—p — k| = Il| —2ky : k1 € No}
U{p—q+Ikl—|l| —2ky : ko € Ng and p — q + |k| — |I] — 2ks # O}.

(5) The zeros ofck’l(A) are
{o+ 1kl + | +2ki 1 k1 e No}U{—p+q — |k| + |I| + 2k : ko € No} U {—k3 € N}
(6) The zeros of pl' WER, (-, n)(t) are {—ky : ki € No}.

Remark 6.4. Suppose there exists k, € Ny such that p — g + |k| — |I| — 2k, = 0.
Then the numerator of

r (A+p+2\k|+|l\ )F (k—p+q2—\k|+|l\ )

T (%+11))

has a pole at A = 0. On the other hand, it follows that A = 0 is also a pole
of the denominator. Hence, the singularity at A = O is removable. Therefore,
ER (A, m)(7) is holomorphic at A = 0, and consequently holomorphic on the
line iR.

If p —q + |k| — |I| — 2k # O for any k; € Ny, then from the expression of E,‘(’,l’w
it is holomorphic on iR.

Then we have the following analogue of the Helgason—Johnson theorem for left
(k, I)-type normalized Eisenstein integrals.

Theorem 6.5 (Helgason—Johnson). Fix R > 0, w € W and n € C".
(1) Suppose p is not an integer.

(@) If Ao € (S N —a*(R)) U —No, then the function t — plg' WEZ, ,(h, n)(1) is
bounded on (0, 00).

(b) Conversely, for Ao € —a*(R) and for nonzero n,, if the function
1 Pl G ER 1, (o, M (0)
is bounded on (0, 00), then Ay € S1 U —N.

(2) Suppose p is an integer. Let A={, eZ:p <A =<p—q-+|l|—|m|} and let
Ao & A.
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(@) If Ao € (S N —a*(R)) U —No, then the function t — plg' WEZ, ,(h, n)(1) is
bounded on (0, 00).

(b) Conversely, for Ao € —a™(R) and for nonzero ny,, if the function

£ g (o) ER .4y (hos 1 (0)
is bounded on (0, 00), then Ao € S1 U —N.

Remark 6.6. The set A is nonempty if and only if ¢ < || — |m|. For the case when
Ao € A and p is an integer, the function E}, (&, 1) has a simple pole at Ao but
c®1(1) has a double pole at Aq. Thus, the earlier techniques do not work in this case.

Proof of Theorem 6.5. The proof of this theorem is similar to the K -invariant case.
Thus, we give only an outline. Fix an R > 0. Let p];gl(k) be the polynomial such
that the function FZZ’Z(}\., n) = p’;gl()\)E,f,l’w()\, n)(¢) is holomorphic in —aZ(R).
Then

d
i Gom@) = |
=ko

oo
nw Y [0 = o) pR' OT' )
m=0
e TP = ag) Pl )R G)TE! (=) ]e .

For Ay € —a*(R), by following similar steps and estimates as in the case of
K -invariant,

©5) |F5L (ho, me R0t — i, pil(Ro)|— 0, 9ao> 0,
|FEL (hg, me®t0" — ) ph (o) ek (o) = 0, 9Rirg< 0.

Moreover, we obtain the following estimate analogous to the case of K -invariant:
(6-6) 5! (o, M) < Ml (1 + 12)¢ (14 e oo,

Case 1. —p < il < p: Using the above estimates we get that F,’j;l(ko, n)(t) is
bounded in 7 > 0.

Case 2. |RAg| = p: From the asymptotics (6-5), we have
|F8 (o )| < My, P12t

Thus, if [RAg| = p, then Fzﬁ’l(ko, 1) is bounded for # > 0.

Case 3. |[RArg] > p: Let Ag ¢ A and [NXg| > p with Ly ¢ —Ny. Then, p(Ag) # 0
and pr(ro)CF (1) # 0. Thus,

| S oy m(0)] < (1 €20l =P
k,l Rrol—
|FE (o, ) (1)) < 1w P! (Ro) |20l =P,

implying that it is unbounded.
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Case 4: Ay € —N. In this case, from Lemma 6.3, pllg’l(ko)E;’l()\o, n) is identically
zero for t > 0 when Ay € —N. O

As a consequence of the Helgason—Johnson theorem and the estimate (6-6), the
Fourier transform A — F5! f(A)n of f € L' (X)®! extends meromorphically to S
and p R (A)]—'k ! f(A)n is holomorphic in the interior S7 Na*(R). It also follows
that if ¢ € C°(X )%!_ then there exists a constant M such that, for any n € Ny,

Ip(=DF o) < MA+ AD M), A ea*(R),

where r > 0 depends on the support of ¢. Furthermore, we have the following

theorems and consequences:

Theorem 6.7. Let Loy € S, Na™(R) be a real number. Then

( / PR(=(ho +iM)FE f (o +id)n |
R (1 +2x0+21)4

for some M, d > 0 and for any n € C".

Theorem 6.8. Let 1 <r <2,0 =2/r — 1 and Ao +iA € S Na*(R). Then, for any
feL Xk,

! 1/r
dx) <M\ fll-Inl, feL (X,

lim |75 f G+ ik =
[A]—00

The proof of the above theorems follows similarly as in the case of K-invariant
functions.
Remark 6.9. It is known that, for «, 8 > —5, the Jacobi function (p( «p )(t) is
bounded as a function of + whenever A € S;. Moreover when —% <a < B, this
condition is also necessary; that is, (p(a ) (t) is bounded in ¢ if and only if A € ;.
In the pseudo-Riemannian real hyperbolic case SO.(p, ¢)/SO.(p — 1, gq), the left

K -invariant Eisenstein integral is given by

s)r(=g)
E° (X — 2)\.—,0 ( 2 (a B)
w( vn)(t) 77w F()\,)F(%) —l)\ (t)
where q »

a=2-1, =21,

with p>1,g > 1,0r p>1, g > 1. By Theorem 6.5, the Eisenstein integrals are
unbounded in t whenever Re A > p. Since E;, (A, n) has no pole in this region, the
above formula implies that the Jacobi function (p(fif )(t) is also unbounded in ¢ for
A > p. Finally, since Jacobi functions are even in the spectral parameter A, the
same conclusion holds for i1 < —p. Consequently, fora >0, > —1 ora > —1,
B > 0, the Jacobi function %/ () is bounded in 7 if and only if

IRA| < p.
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This extends the known boundedness result of Flensted-Jensen and Koornwinder
[1973] for Jacobi functions to the above parameter range for integers and half
integers o and .
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HOMOTOPY-THEORETIC PROPERTIES OF GYRATIONS

STEPHEN THERIAULT

Let M be a simply connected n-dimensional manifold with the property that
the attaching map for the n-cell is inert, which means that the inclusion of the
(n—1)-skeleton has a right homotopy inverse after looping. We show that a
type of surgery on M x $*~! producing a manifold called a gyration preserves
the inertness property. The method generalises to Poincaré duality complexes
and also recovers by different means a known homotopy equivalence for the
based loops of the gyration. The underlying method is quite general and
should have applications elsewhere.

1. Introduction

The algebraic topology of manifolds is a subject of long-standing interest. Recently,
there has been a substantial amount of work using methods from homotopy theory
to identify the homotopy types of the suspensions and loop spaces of manifolds.
The methods apply more broadly to Poincaré duality complexes, which are CW-
complexes whose cohomology satisfies Poincaré duality. We study homotopy-
theoretic properties of manifolds called gyrations, which are obtained from a certain
surgery, and their generalisation to Poincaré duality complexes.

Let M be a simply connected n-dimensional Poincaré duality complex. Then M
has a CW-structure with a single n-cell. Fixing this, let M be the (n—1)-skeleton
of M, and consider the homotopy cofibration

LAy SN M,

where f attaches the n-cell to M and i is the skeletal inclusion. Describing the effect
of a cell attachment is a classical problem in homotopy theory. A special case is
when f is inert, meaning that Qi has a right homotopy inverse. Here, if X is a space
then its based loop space 2X = Map, (S', X) is the space of pointed continuous
maps from a circle to X and if X -5 Y is a map then Qg is the induced map of
based loop spaces. A key property is that taking based loops shifts homotopy groups
down by one: 7,1 (2X) = 7, (X). Thus the existence of a right homotopy inverse
for Qi implies that i induces an epimorphism on homotopy groups, which means
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that f annihilates some of the homotopy groups of M but does not introduce new
ones for M. The definition is inspired by an analogous property in rational homotopy
theory. Halperin and Lemaire [1987] showed that, rationally, f is always inert
provided that the rational cohomology ring of M is not generated by a single element.
There has been considerable work recently to identify those Poincaré duality
complexes with f being inert either integrally or after localising away from a small
number of primes [Chenery 2026; Huang 2024; 2025; Theriault 2024a; 2024b].
If M is a manifold then M can be regarded as M with the interior of an n-disk
removed and f as an embedding of the boundary of the disk. A surgery can then be
performed on M x S*~! for any k > 2 by cutting out the interior of D" x S*~! and
gluing in §”~!' x DK along the boundary §”~! x S¥~!. The manifold obtained after
surgery is called a gyration and is written GX(M). Gyrations in the case when k =2
play an important role in toric topology and the intersections of quadrics [Gitler and
Loépez de Medrano 2013] and the classification of 6-manifolds with regular circle
actions [Duan 2026]. This surgery can also be described by a pushout: G¥(M) is

the pushout

I1xj
Sn—l % Sk—l Sn—l % Dk

e ]

M x Sk — 5 Gk (M)

where j is the inclusion of the boundary. This pushout formulation works equally
well if M is a Poincaré duality complex, in which case GK(M) is also a Poincaré
duality complex. In either case, G¥(M) has dimension n +k — 1.

Our main result is to show that if the attaching map for the n-cell of M is inert
then so is the attaching map for the (n+k—1)-cell of GK(M). As a consequence of
the method, we also recover a homotopy equivalence for QG* (M) proved in [Huang
and Theriault 2023, Theorem 1.1].

Theorem 1.1. Let M be a simply connected n-dimensional Poincaré duality complex
and let S"~' ~Ls M be the attaching map for the n-cell of M. If f is inert, then for
any k > 2:
(a) The attaching map for the (n+k—1)-cell of GK(M) is inert.
(b) There is a homotopy equivalence QGK (M) ~ QM x Q(ZXF), where F is the
homotopy fibre of f.

Special cases of Theorem 1.1(a) were known, all of which assume that the
attaching map for the n-cell of M is inert. In [Huang 2024, Theorem 1.6] it was
shown that if £k =2 and n = 0 mod 4 with n > 4 then the attaching map for the
(n+k—1)-cell of GK¥(M) is inert, if k =2 and n = 0 mod 2 with n > 4 then that
attaching map is inert after localisation away from 2, and if k =4 and n = 0 mod 4
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with n > 8 then that attaching map is inert after localisation away from 2 and 3.
In [Stanton and Theriault 2026, Theorem 6.8] it was shown that if M is (m—1)-
connected and there is a map S — M with a left homotopy inverse then the
attaching map of the (n+k—1)-cell of G¥(M) is inert. Our result holds with no
extra conditions.

Both parts of Theorem 1.1 are special cases of a general result that is of interest
in its own right and should have applications elsewhere. To state it requires some
notation. If X and Y are spaces then their right half-smash is the quotient space

XxY=(XxY)/~,

where (%, y) ~ (*, %), that is, the copy of ¥ in X x Y is collapsed to the basepoint.
This construction is natural for maps X — X’ and Y — Y’. Let I = [0, 1] be the unit
interval with 0 as the basepoint. The (reduced) join of X and Y is the quotient space

X*xY=(XxIxY)/~,

where (x,0,y) ~ (x',0,y), (x,1,y) ~ (x,1,y) and (x,t, %) ~ (x,0, %) for
all x,x" € X, y,y € Y and t € I. There is a standard homotopy equivalence
XxY~EXAY.

Theorem 1.2. Let A, B and X be path-connected spaces. Suppose that there is
a homotopy fibration F 5> A L5 X where g is null homotopic and there is a
homotopy pushout

AxB -1y A

]

XXB——Y

Then there is a factorisation of X x B — Y as
XxB—>XxB-Y

for some map s, the map s has a right homotopy inverse and QY ~ QX x Q (F*B).

We go on to generalise Theorem 1.1 to the case of “twisted” gyrations, when the
map from S"~! x S¥=1 to M x S¥~! is twisted by the action of a map 7 representing
a homotopy class of mx_;(SO(n)) and we have localised away from primes dividing
the order of J(t), where J is the classical J-homomorphism. We also refine the
homotopy equivalence for QG*(M) by showing that if QM is homotopy equivalent
to a product of spheres and loops on spheres then QG* (M) is too, and we give an
application of Theorem 1.1 to toric topology by describing the homotopy type of
the loops on moment-angle manifolds associated to polytopes obtained by iterated
vertex cuts on a cube.
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2. A loop space decomposition

The purpose of this section is to prove Theorem 1.2. As in the statement of
the theorem, let A and X be path-connected spaces and suppose there is a map
f A — X. Define the space F and the map g by the homotopy fibration

F-24s 415 x.

Let B be another path-connected space and define the space Y by the homotopy
pushout
AxB -5 A

() lfxl l

XxB——Y

where 771 is the projection. Observe that the projection A x B - A factors through
the right half-smash, giving a map

w7:AXB— B.

Lemma 2.1. There is an iterated homotopy pushout diagram

e

AxB AxB A
lfxl lfxl l
X x B XxB—sY

for some map s.

Proof. The left square homotopy commutes by the naturality of the half-smash.
It is a homotopy pushout since the copy of B has been collapsed out of both A x B
and X x B. If Q is defined as the homotopy pushout of 7 and f x 1, then as the
juxtaposition of homotopy pushouts is a homotopy pushout, Q is also the homotopy
pushout of the outer rectangle, that is, Q is the homotopy pushout of 7| and f x 1.
But this homotopy pushout is the definition of Y, so Q >~ Y. U

Define r : Y —> X as the homotopy pushout map

AxB -2 A

]

) XxB——Y

Let R be the homotopy fibre of r.
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Lemma 2.2. The map r has a right homotopy inverse, implying that the homotopy
fibration R — Y — X splits after looping to give a homotopy equivalence
QY ~ QX x QR.

Proof. Let u be the composite u : X S XxB—> Y, where i is the inclusion of
the first factor. Then as 7 o i equals the identity map, u is a right inverse for . The
splitting for QY immediately follows. (]

Lemma 2.2 is a crude version of Theorem 1.2. To obtain the full version we
have to much work harder to identify the homotopy type of R and show that s has
a right homotopy inverse. To do so, we begin by stating a version of Mather’s cube
lemma [1976].

Lemma 2.3. Suppose that there is a homotopy pushout

A—— B

|l

C——D

andamap h: D — Z. For X one of A, B, C or D, let Fx be the homotopy fibre
of the composite X — D s 7. Then there is a homotopy commutative cube

FA—>FB

FC—>FD

\ \
C———D

where the four sides are homotopy pullbacks and the top face is a homotopy
pushout. U

Mather proved a more general result without the hypothesis that the vertical
maps are obtained by taking fibres over a common base space, for which he needed
a different definition of a “homotopy commutative cube”. In our case the stronger
hypothesis lets one use [Panov and Theriault 2019, Lemma 3.1], for example, to
establish Lemma 2.3.

Consider the inclusion AV B —> A x B of the wedge into the product. Collapsing
the copy of B to a point in both spaces gives a homotopy pushout

AVB— A

3 | |

AxXB——AXB
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where i is the inclusion of the first wedge summand. Let r4 be the composite
ra:Ax B xBTS X,

We will compose all four corners of (3) with r4, take homotopy fibres, and apply
the cube lemma. Before doing so it will help to identify some of the homotopy
fibres. Define the space G by the homotopy fibration

G—> AxB-4 X,

The naturality of 7 implies that 4 is homotopic to the composite Ax B —— A 1L, x.
Thus the composite A x B — A x B -2 X is homotopic to the composite
Ax B AL, X. Thus there is a homotopy fibration

FxBE2Y% AxB— X,

By definition of ry4, the composite A S AxB S Xis homotopic to f, so we
obtain the homotopy fibration
F-4> 4L x

Finally, composing the inclusion A vV B — A x B with ry4, define the space E by
the homotopy fibration
E—AvVB—X.

The cube lemma (Lemma 2.3) then implies there is a homotopy commutative cube

E—F

~ I\

FxB———G

4) rxl L

AVB— | 4
N

I
AXB—AXxB

where the top face is a homotopy pushout. We begin by analysing the map
FxB—G.

Lemma 2.4. The map F x B — G in (4) factors as the composite F x B> F — G.

Proof. The rear and left faces of the cube (4) will be considered simultaneously, using
the fact that the pinch map AV B — A factors as the composite AVB — Ax B =55 A.
This factorisation results in an iterated homotopy pullback diagram

E— sFxB-F

) l | lg

AVB— s AxB-— 1A
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Notice that the left square in (5) is the left face in the cube (4) and the outer rectangle
is the rear face in (4). Now assume in addition that g is null homotopic. Then if a
is the composite

a:FxB™ B2 AvB,

where i, is the inclusion of the second wedge summand, there is a homotopy
pullback map

(6)

AVB——AXB

In particular, b is a right homotopy inverse for E — A x B. Combining this section
with the upper row in (5) gives a homotopy commutative diagram

FxB-—LF
P

Thus in terms of the top face in the cube (4), there is a homotopy commutative
diagram

F
G
showing that F x B — G factors as the composite F x B > F — G. (]

Next, consider the iterated homotopy pushout

e

AxB AXB A
lfxl lfxl l
X x B X xB Y

in Lemma 2.1. We will map from each space in the diagram to ¥ and compose
with ¥ /> X, take homotopy fibres, and apply the cube lemma. Before doing so
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we identify homotopy fibres. Recall that R is defined by the homotopy fibration
R—>Y - X.

By the definition of 7 in (2), the composite X x B — Y —— X is homotopic to 7.
Define the space H by the homotopy fibration

H— XxB-Z1sX.

The composite X x B — X x B - X is homotopic to the projection to the first
factor, so there is a homotopy fibration

B2 X xBTS X,

where i, is the inclusion of the second factor. By the definition of r in (2), the
composite A — ¥ —— X is homotopic to f, giving the homotopy fibration

F-4s 415 x.

Recall from the setup for (4) that the composite A x B = A Ty xis homotopic
to r4, so there are homotopy fibrations

G—>AxBMs X and FxB-21 AxB—X.

Applying the cube lemma (Lemma 2.3) twice gives homotopy commutative cubes

FxB G F

\B ‘\H ‘\R
™) ! !
AXB—|——AXB——|— A

™~ ™~ \

XXB——XXB—Y

in which all the vertical faces are homotopy pullbacks and the two top faces are
homotopy pushouts.

The aim is to show that the map H — R has a right homotopy inverse. It is
worth noting that the homotopy type of H is known: in general, the homotopy fibre
of C x D = C is homotopy equivalent to QC * D, so in our case, H ~ QX * B.
However, this homotopy equivalence may not relate well to R, so we will produce
an alternative homotopy equivalence that is compatible with the other spaces in the
top two faces of (7).

To begin, we identify the homotopy class of the map F x B — B in the leftmost
face of (7).

Lemma 2.5. The map F x B — B in the leftmost face of (7) is homotopic to the
projection to the second factor.
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Proof. The map B — X x B in (7) is obtained from the homotopy fibration
B %> X x B ™ X. The leftmost face in (7) is then obtained by pulling back

AXBAXxBandBl—2>XxB,implyingthatthemaprB—> B is
canonically the projection 5. U

Recall the map F' — G from (4). Let G/ F be its homotopy cofibre.

Proposition 2.6. There is a homotopy equivalence H >~ (F x B) v (G/F) with
the property that the composite F x B — (Fx B)Vv (G/F) >~ H — R is also a
homotopy equivalence.

Proof. The homotopy pullback in the rear face of the left cube in (7) is the same
as that in the front face of (4). Thus, by Lemma 2.4, the map F x B — G factors
as the composite F x B > F — G. By Lemma 2.5, the map F x B — B is
homotopic to the projection to the second factor. Thus there is an iterated homotopy

pushout diagram
7

FxB F G
@®) lm l l
B FxB H

To be clear, it is well known that the homotopy pushout of 7| and 7, has the
homotopy type of F x B, with the maps F — F %« B and B — F * B both being
null homotopic. The outer rectangle in an iterated homotopy pushout is itself a
homotopy pushout, so this identifies the homotopy pushout in the right square as H.

On the other hand, the null homotopy for F — F * B implies that there is an
iterated homotopy pushout diagram

F——G

| ]

*—G/F

||

FxB——H

But the homotopy pushout in the bottom square is (F x B) V G/F, so we obtain
H>~(FxB)VG/F.

We now use this homotopy equivalence for H to produce one for R. First consider
the two rear faces in (7),

F xB G

IR

AXB—AXB——
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Both squares are homotopy pullbacks so the outer rectangle is as well. The bottom
row is the projection to the first factor, so the map F x B — F along the top row is
canonically the projection to the first factor. On the other hand, the map F x B — G
factors as the composite F x B => F — G, so the extended composite

FxBXZSF—>G—F

is homotopic to ;. This implies F — G — F is homotopic to the identity map.
Next, consider the two top faces in (7), with the left top face refined as an iterated
homotopy pushout by (8). We obtain an iterated homotopy pushout diagram

]

FxB F G F

Pl

B—F«B——H—R

Focus on the middle and right squares, the outer rectangle of which is a homotopy
pushout. Since the composite ' — G — F' is homotopic to the identity map, the
composite F'x B — H — R along the bottom must also be a homotopy equivalence.
Thus the map H — R has a right homotopy inverse, and moreover, the homotopy
equivalence H >~ (F * B) v G/ F above was such that the map F x B — H is the
inclusion of the left wedge summand, so Fx B <— (F*«B)V (G/F)~H — R is
a homotopy equivalence. ([

Summarising the results in this section so far gives the following.

Proposition 2.7. Let A, B and X be path-connected spaces. Suppose that there
is a homotopy fibration F 4> A L X where g is null homotopic and there is a
homotopy pushout

AxB—5 A

]

XXB——Y

Then X x B — Y factors as X x B — X x B = Y for some map s, there is a
map Y — X such that the composite X x B = Y — X is homotopic to the
projection, and there is a homotopy fibration diagram

H—R

where R >~ F % B and H — R has a right homotopy inverse. (]
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Proposition 2.7 is used to produce the loop space decomposition in Theorem 1.2.

Proof of Theorem 1.2. By Proposition 2.7 there is a homotopy fibration diagram

H— R

where £ and k are just names for maps, R >~ F * B and the map H — R has a right
homotopy inverse ¢ : R — H. The right homotopy inverse ¢ implies that k ~sohot,
in particular, k factors through s. Let j : X — X x B be the inclusion of the left
factor. Then r o s o j is homotopic to the identity map on X, implying that r has a
right homotopy inverse that factors through s. The existence of a right homotopy
inverse for r implies that the homotopy fibration R — ¥ —— X splits after looping;
precisely, the composite

Q(s0/)x %k
—_—

QX x QR QY x QY X5 QY

is a homotopy equivalence, where p is the standard loop multiplication. Both s o j
and k factor through s, so there is in fact a diagram

Qj x (QhoQt) ©
QX x QR /""", Q(X x B) x Q(X x B) —— Q(X x B)

\k\ lesz lﬂs
Q(s0j)xQ
m

QY x QY ———— QY

where the triangle homotopy commutes since k >~ s o h ot and the square homotopy
commutes since €2s is an H-map. The lower direction around the diagram is the
homotopy equivalence for Q2Y, so the upper direction around the diagram implies
that Q2s has a right homotopy inverse.

Finally, as R >~ F x B, the homotopy equivalence for the space Q2Y refines to
QY ~ QX x Q(F * B). ]

Remark 2.8. It is reasonable to ask whether Theorem 1.2 is natural. This would
require compatible choices of maps at three key points. First, in (2) the homotopy
pushout map ¥ —— X would need to be natural. This is not automatic since a
homotopy pushout map need not even be unique up to homotopy. Second, the
applications of the cube lemma in both (4) and (7) would need to be natural. Third,
the homotopy pullback map b in (6) would need to be natural, and this would
involve ensuring the null homotopy for F -8 A is also natural. Whether all this
can be done in practice is unclear, unless circumstances are constrained.
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3. Gyrations

This section applies Theorem 1.2 to certain Poincaré duality complexes. Let M
be a simply connected n-dimensional Poincaré duality complex. Since any simply
connected CW-complex can be given a cell-structure with one cell corresponding
to each Z-summand in homology, it may be assumed that M has a single n-cell.
Let M be the (n—1)-skeleton of M. There is a homotopy cofibration

ANy y ANy}
where [ attaches the n-cell to M and i is the inclusion of the (n—1)-skeleton.
Definition 3.1. For k > 2, define the k-gyration G¥(M) of M by the pushout

1xj
Sn—l % Sk—] Sn—l % Dk

) fo1 l

M x St —— gh(m)
where j is the inclusion of the boundary.

As noted in the introduction, if M is a smooth manifold then G¥(M) is the
output from a surgery on M x S*~!. This pushout formulation holds more generally
for M being a Poincaré duality complex, and the output is a Poincaré duality
complex Gk(M) of dimension n + k — 1.

There is a refinement of the pushout (9). As D* is contractible, collapsing it to a
point in (9) gives a homotopy pushout

sn—1 o Sk—l 1 sn—1

(10) lfxl l

M x K= ——— gk(m)

where 771 is the projection to the first factor. This is the type of homotopy pushout
that appears in Theorem 1.2. To apply the theorem we would need to know that if the
space F and the map g are defined by the homotopy fibration F -5 §"~! LM
then g is null homotopic. This is related to the notion of an inert attaching map, as

follows.

Definition 3.2. Suppose that there is a homotopy cofibration §"! Jox Ly

where X is a simply connected CW-complex, f attaches an n-cell to X for some
n > 2, and i is the inclusion into ¥ = X Uy €". The attaching map f is inert if Qi
has a right homotopy inverse.
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Observe that Q2i having a right homotopy inverse implies that i induces an
epimorphism on homotopy groups. Thus the cell attachment f annihilates some
homotopy groups of X but does not introduce new ones in Y. Inert attaching maps
were first studied in rational homotopy theory by Halperin and Lemaire [1987], but
it is worth noting that we are working in a context that does not require localisation.

The inert condition allows for the homotopy fibre of i to be identified.

Theorem 3.3 [Theriault 2024b]. Suppose that there is a homotopy cofibration
s Ly x Loy where f is inert. Then there is a homotopy fibration

slyQy 45 x sy,

where the restriction of ¢ to S"~ ' is f and the map Qi has a right homotopy inverse.
This right homotopy inverse implies that there is a homotopy equivalence

QX ~ QY x Q" xQM). O

One consequence of Theorem 3.3 that seems not to have been noticed before, or
at least is underutilised, is the following.

Corollary 3.4. Suppose that there is a homotopy cofibration §"~! Jox Ly

where the map f is inert. Then Qf has a left homotopy inverse. Consequently,
if F £ g1 Ly Xisa homotopy fibration, then g is null homotopic.

Proof. By Theorem 3.3, the homotopy fibration §”~! x QY 4> X Ly splits after
looping. Therefore Q¢ has a left homotopy inverse. As the restriction of ¢ to S"~!
is f, and S"~! retracts off §"~! x QM, it follows that Qf has a left homotopy
inverse. The consequence in the statement of the corollary follows immediately. [J

Using this in the context of gyrations results in a proof of our main result.

Proof of Theorem 1.1. Consider the homotopy fibration F £ §"~! s M. By
hypothesis, the map f is inert, so Corollary 3.4 implies that g is null homotopic.
Theorem 1.2 therefore applies to the homotopy pushout (10), and concludes that the
map M x S¥=1 5 G¥(M) has the property that Qs has a right homotopy inverse.
By [Basu and Ghosh 2024, Proposition 6.9] or [Chenery and Theriault 2025,
Lemma 3.2], there is a homotopy cofibration §"t¥=2 £ M x §k=1 5 Gk(M)
where g attaches the (n+k—1)-cell. Thus, by definition of inertness, the right
homotopy inverse for 2s implies that g is inert. ([

4. Twisted gyrations

There is a generalisation of a gyration in which the attaching map f is twisted
by an action of SO(n) on S"~!. Let 7 represent a class in m;_; (SO(n)). Define
¢r 2 ST x S §n s Sk by ¢, (x, y) = (z(y) - x, y). Note that if 7 is
homotopic to t’ then ¢, is homotopic to ¢
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Definition 4.1. For k > 2 and t representing a class in 7, (SO(n)), define the rwisted
k-gyration G¥(M) of M by the pushout

Ixj
Sn—l X Sk—l Sn—l % Dk

(11) l‘““""” l

M x S¥=1 —— gk(m)

As with ordinary gyrations, the pushout (11) refines to a homotopy pushout

sn—1 o Sk—l 1 sn—1

(12) l(.fﬂ)O(br l

M x S&=1 —— gk(m)

where 7 is the projection to the first factor.

Consider the map ¢, : $"~! x $¥=1 — §"=1 x §¥=1 If z is null homotopic
then ¢, is homotopic to the product of the identity map on S"~! and the identity
map on Sk=1 in which case Q’r‘ (M) >~ G*(M). If T is not null homotopic then the
Sk=1 factor is acting nontrivially on the $"~! factor, implying that the composite
(f x 1) o ¢, is likely not a product map, in which case Theorem 1.2 does not
apply. However, it is shown in [Huang and Theriault 2026, Proposition 3.7] that
if J: 7 (SO(n)) — mu4x—1(8") is the classical J-homomorphism and J(7) is
null homotopic then Q’,‘ is the homotopy pushout of f x 1 and 7y, implying that
g’; (M) ~ G¥(M). Moreover, if J(t) is nontrivial, then after localising away from
the primes diving the order of J (7)) the homotopy pushout of f x 1 and 7 is g’; (M),
implying that G¥(M) ~ G¥(M). Theorem 1.1 may now be applied to obtain the
following.

Theorem 4.2. Let M be a simply connected n-dimensional Poincaré duality complex
and let "' L5 M be the attaching map for the n-cell of M. If f is inert then for
any k > 2 and v € m,_1(SO(n)), after localisation away from the primes dividing
the order of J(7):
(a) The attaching map for the (n+k—1)-cell of Q]r‘ (M) is inert.
(b) There is a homotopy equivalence QQ’T‘(M) ~ QM x Q(F % S*=1), where F is
the homotopy fibre of f. O

The image of the J-homomorphism is known in the stable range by work of
Adams [1966] and Quillen [1971]. They show that when n > k41 the image of J is

0 if k=3,5,6,7 mod 8§,
(13) ImJ=17/2 ifk=1,2mod8,k #1,
Z/ds if k=4s,
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where d; is the denominator of By/4s and Bj is the s-th Bernoulli number. In
particular, if n >k +1 and k = 3,5,6,7 mod 8 then J(tr) = 0 so Theorem 4.2
holds without localisation, and if » > k+ 1 and k = 1,2 mod 8, k # 1 then
Theorem 4.2 holds after localising only away from 2.

5. A refinement and an application

A refined loop space decomposition. By Theorem 1.1, if the attaching map for the
n-cell of M is inert then there is a homotopy equivalence

QGK(M) ~ QM x Q(F x S5,

We consider a context in which this homotopy decomposition can be refined by
showing it decomposes further as a product of spheres and loops on spheres.

Definition 5.1. Let P be the class of path-connected finite-type spaces Y that are
homotopy equivalent to a product of spheres and loops on spheres. Let W be the
class of simply connected finite-type spaces Z that are homotopy equivalent to a
wedge of spheres.

As in [Stanton 2024], there are three properties of the classes P and W that will
be used:

o Property (a): if Y € P then XY e W.
 Property (b): if Z € W then QZ € P.
e Property (c): if Y € P and Y’ retracts off Y then Y’ € P.

Theorem 5.2. Let M be a simply connected n-dimensional Poincaré duality com-
plex. If the attaching map for the n-cell of M is inert and Q2M € P then the attaching
map for the (n+k—1)-cell of GX(M) is inert and QG* (M) € P.

Proof. Since the attaching map for the n-cell of M is inert, the attaching map for
the (n+k—1)-cell of Q’; (M) is inert by Theorem 1.1.

The inertness of the attaching map for the n-cell of M also implies by Theorem 3.3
that there is a homotopy equivalence

QM ~ QM x Q5" ! x QM).

In general, there is a homotopy equivalence XX XY =~ XX V(XX AY). In our
case, "1 x QM ~ §"1 v (S P AQM). As QM e P, Property (a) implies that
TQM € W, so we obtain S"~! A QM € W, and hence S"~! x QM € W. Thus
Property (b) implies that Q(S”~! x QM) € P. The homotopy equivalence for QM
therefore implies that QM € P.

Next consider the homotopy fibration F — §"~! LM , where f is the attaching
map for the n-cell of M. Since f is inert, by Corollary 3.4 the map F — §"~ ! is
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null homotopic. Therefore there is a homotopy equivalence QM ~ Q85" x F.
Now, as F is a retract of QM and QM € P, Property (c) implies that F € P. Thus
F % S¥=1 ~ 5k F € W by Property (a), and hence Q (F * S¥=!) € P by Property (b).
The homotopy equivalence QGK(M) ~ QM x Q (F +S*~!) in Theorem 1.1 therefore
implies that QG¥(M) e P. O

Note that Theorem 5.2 allows for iterations: the conclusions about GK(M) allow
the theorem to now be applied to it to show the same properties hold for a gyration
of a gyration.

Connected sums in toric topology. Suppose that M and N are n-dimensional
Poincaré duality complexes. Let M # N be their connected sum, obtained by
deleting the interior of an n-disk in each of M and N and then gluing together what
remains along the boundary of the n-disk. Collapsing the collar along which the
gluing occurs to a point gives a map M # N — M Vv N, and this may be composed
with the inclusion into the product to give a map

0. M#N — M x N.

In [Theriault 2025] it was shown that if M and N are simply connected, n > 3
and the attaching map of the n-cell for both M and N is inert, then Qo has a right
homotopy inverse and there is a homotopy equivalence

(14)  QM#N)~QM x QN x QS x (M x QN)V (ZQM A QN)).

We apply this in a case of interest to toric topology. Let P be a simple polytope
of dimension n with m facets. As in [Buchstaber and Panov 2015, Theorem 4.1.4],
there is a moment-angle manifold Zp associated to P, which is a central object
in toric topology. Suppose that P is obtained by cutting a vertex off a simple
polytope P’ of dimension n with m — 1 facets, that is, intersect P’ with a hyperplane
that contains no vertex of P’ and has a half-space containing only one vertex of P’,
then let P be the intersection of P’ and the other half-space. In [Gitler and Lépez de
Medrano 2013; Chen et al. 2020] it was shown that there is a diffeomorphism

m-—n
Zp QZ(ZP/)# # (SH—Z % Sm-i—n—i—l)#(m:”)’
i=1
where N* is the iterated connected sum of s copies of N. By [Theriault 2024b,
Examples 5.3 and 5.4], the attaching map for the top cell of Zp/ is inert, so
Theorem 1.1 implies the same is true of the attaching map for the top cell of G>(Zp/).
The Hilton-Milnor theorem implies that the attaching map for the top cell of $¢ x S”
is inert for any a, b > 2. Thus, iterating (14) implies there is a homotopy equivalence
m—n
QZp > QG%(2p) x [ (@82 x @sm == (") x 7,
i=1
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where N is the iterated product of s copies of N and Z is a complementary factor
which could, in principle, be explicitly identified.
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LOCALIZATION AND TOEPLITZ OPERATORS
ON DOUBLING FOCK SPACES

CHUNXU XU AND HONG ZOU

Let qu' be the weighted Fock space over the complex plane, where ¢ is
subharmonic and A¢ d A is a doubling measure. Firstly we introduce the
concept of weakly localized operators from F, qf' to F, ,,',I for 1 < p,q <oo. Then
we show that weakly localized operators form an algebra and characterize
the compactness of weakly localized operators from one doubling Fock space
to another. As applications, the boundedness and compactness of Toeplitz
operators with BMO® symbols from qu’ to F(,',’ for 1 < p <¢q < oo and
p = ¢ =1, and with IMO® symbols from F/ to F} for 1 <¢ < p < oo, are
considered.

1. Introduction

Let C be the complex plane, and let d A be the Lebesgue area measure on C. A Borel
measure v > 0 on C is called a doubling measure if there is a constant C > 0 such
that forzce Cand r > 0,

v(D(z,2r)) < Cu(D(z,1)),

where D(z,r) = {w € C: |z — w| < r} is the Euclidean disc with the center z
and radius r. Let ¢ be a nonzero real subharmonic function on C with Ap dA4
a doubling measure, where A is the laplacian operator. For z € C, there exists a
unique positive radius p(z) such that U(D(z, ,o(z))) = 1. The function p~2 can be
thought of as a regularized version corresponding to Ag; see [Marco et al. 2003;
Christ 1991] for details.

For 0 < p < oo, the space L(‘Z consists of all Lebesgue measurable functions f
on C such that

1/p
17z i={ [1r@ev@r dae ] <.
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Its norm || - || F? is inherited from LJ. Let H(C) denote the family of all analytic
functions on (D The doubling Fock space F(f,’ is defined to be

F? =LENH(C).

The doubling Fock space F° is the collection of all functions on H(C) such that

I/ rge = sup S ()le™ ) < 0.

ForO0< p <1, Fp isan F-spaceunderd(f,g)=|f— g||Fp For 1 < p <oo, Fp is
a Banach space. If p(z) = 2oz|z|2 (o > 0) then F(f is the class1ca1 Fock space For
some suitable number 4 > 0 and integer m > 0, if ¢(z) = —m In(4 + |z|?) + |z|?,
then Fj is the Fock—Sobolev space first studied in [Cho and Zhu 2012]. For
o(z)=|z|™, F(g is the generalized Fock space; see [Schneider and Schneider 2009;
2011]. Notice that when n = 1, the weights ¢ defined as in [Hu and Virtanen 2022b;
2023] satisfy 0 < ¢ < A¢ < C, which implies that A¢ dA is a doubling measure
and p ~ A+1> ~ 1.
It is well known that F q% is a Hilbert space under the inner product

(fg) = /@ Fw)gw)e 2™ dA(w).

Let P be the orthogonal projection from Lé onto F;. Then

P(g)(2) = [ e Ka)e ™ dA(w), gelL2 zeC,
C

where K,(w) := K(w, z) is the reproducing kernel on F¢27. From [Oliver and
Pascuas 2016, Corollary 3.7], we know that

N
={ZajK(-,2j):NeN+,aj eC, ZjECforlfij}
j=1

is dense in F(f (1 < p <00). Then the domain of P can be extended to Lg with
1 <p<oo. Let

S = {f is measurable on C: fgK, € L'(C,e 2dA) for g e ',z € C}.
Given s € R, we say that f belongs to the space BMO® if f € S and

I/ IBmos == SUP p(z)* MO(f)(2) < oo,
where

MO(f)(z) = /@ | f(w) = [ ()] [kz(w) e 2™ dA(w).
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Here k,(-) := Kz(-)/||KZ||F£ and the Berezin transform f of f is defined as

F@ = [ f@lk@)Pe ™ daw).
The space VMO?® consists of all /€ BMO® such that

lim p(z)*MO(f)(z) =0.

|z| =00

For short, we write BMO = BMO° and VMO = VMO?. It should be noted that
the BMO? in this paper is identical in spelling to the BMO? in [Hu and Virtanen
2022a, p. 106], but there is an important difference in definition. For f € S, the
Toeplitz operator T on I' can be defined by

Trg(z) = f@ Fw)gw)K(z, w)e 2@ dA(w), geT,zeC.

Then for f € S, T is densely defined on T'.

We are concerned with the localized operator from one doubling Fock space to
another. As an application, we also consider the boundedness and the compactness
of the Toeplitz operator Ty with BMO® and IMO?® (see Section 4.2 for more details)
from one doubling Fock space to another.

It is well known that the boundedness and compactness of Toeplitz operators with
some suitable symbols have received much attention in the academic community.
Axler and Zheng [1998] first characterized the compactness of Toeplitz operators
with bounded symbols on the Bergman space by using its Berezin transform. But
for the unbounded symbol, Zorboska [2003], using the Berezin transform technique,
characterized the boundedness and compactness of Toeplitz operators with BMO
symbols on the Bergman space A%(ID). Coburn, Isralowitz and Li [Coburn et al.
2011], using a different method than [Axler and Zheng 1998; Zorboska 2003],
proved an analogue of this compactness criterion for Toeplitz operators with BMO
symbols on the Segal-Bargmann space F2(C"). Wang [2020] characterized the
boundedness (or compactness) of the Toeplitz operators 7y with BMO symbols
from the Fock pace F? to F? for 0 < p < g < o0. Given f € IMO (the space of
integrable mean oscillation functions), they proved that 7 is bounded (or compact)
from F? to F? for 0 < ¢ < p < oo if and only if its Berezin transform satisfies the
some integral condition.

Recently, “sufficiently localized” operators and “weakly localized” operators
have been the subject of much research attention. Xia and Zheng [2013] first
introduced the concept of sufficiently localized operators on the Fock space F2,
and they showed that if every bounded operator T from the C* algebra generated
by a sufficiently localized operator satisfies the condition

lim (Tkz, k;)p2 =0,

|z|>o00
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then 7" is compact on F 2. After that, Isralowitz, Mitkovski and Wick [Isralowitz et al.
2015] gave the concept of weakly localized operators (weaker than the sufficiently
localized operators) and they extended the results of Xia and Zheng to the cases of
the Bergman space A” and the generalized Fock space F j (the weight function ¢
is subharmonic, real-valued and satisfies dd“¢ ~ dd€|z|?) for 1 < p < oo. For
0 < p <1, Hu, Lv and Wick [Hu et al. 2018] characterized the compact operators 7’
in the algebra generated by weakly localized operators on F (f . They also showed
that, for 0 < p < oo, an operator 7T in the algebra generated by bounded Toeplitz
operators with BMO symbols is compact on F' d]; if and only if its Berezin transform
vanishes at infinity. For more information about localized operators, please refer to
[Liu and Wang 2021; Sadeghi and Zorboska 2020; Zorboska 2022].

Theories of Toeplitz (or Hankel) operators on doubling Fock spaces have been
studied extensively. For example, Oliver and Pascuas [2016] proved the boundedness,
compactness and membership in the Schatten class of Toeplitz operators with
positive Radon measure. In [Hu and Lv 2017; Lv 2019], the authors characterized
the boundedness and compactness of Toeplitz operators with positive Borel measure
from F(f to Fg for 0 < p,q < oo. Recently, Lv and Wang [2024] studied the
boundedness and compactness of single Hankel operators from a doubling Fock
space Fg to a Lebesgue space Lg for 1 < p,q < oo, extending results of [Hu and
Virtanen 2023] for a special case p >~ 1. The doubling Fock spaces F(ff are different
from the spaces in [Hu and Virtanen 2022b; 2023; Hu and Wang 2018] in some

ways. For example, let ¢(z) = |z|*. Then A¢ dA is a doubling measure, but

(1-1) FP\Fi#@, FI\F!#@

for p # ¢; see [Constantin and Peldez 2016] for details. Hu and Virtanen [2022a]
characterized the Fredholm properties of Toeplitz operators on F(f for 0 < p < o0.
In the light of the above, a number of problems have naturally arisen:

(1) When are Toeplitz operators induced by bounded symbols, from one doubling
Fock space to another, compact?

(2) When are Toeplitz operators induced by BMO® or IMO® symbols, from one
doubling Fock space to another, bounded and compact?

(3) Doubling Fock spaces do not have the property of (1-1), so it makes sense to
define a weakly localized condition from F,f to Fg for 1 < p,q < oo and to
study the case when an operator is compact if it satisfies this condition.

We study problems (2) and (3). If (2) holds, (1) naturally holds. The reproducing
kernel of doubling Fock spaces does not have specific expressions, which makes
the study of the problem difficult and requires the development of new techniques
(a key Lemma 3.2). Unfortunately we only give partial solutions to (2) and (3);
see Theorems 3.7 and 4.7. As far as the other cases are concerned, we have not
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yet found a good way of dealing with them. In particular, we characterize the
boundedness and compactness of Toeplitz operators with BMO symbols on F(f
for 1 < p < oo; see Corollary 4.8. But for Toeplitz operators with IMO® symbols,
we only characterize the boundedness and compactness of Toeplitz operators with
IMO® symbols from Fj to Fj for 1 <g < p < oo; see Theorem 4.10.

The outline of this paper is as follows. In Section 2, we introduce some important
lemmas that will be used frequently. In Section 3, we give the concept of weakly
localized operators, obtain that weakly localized operators form an algebra and also
characterize the compactness of weakly localized operators from F(f to Fg (on F(},)
for 1 < p < ¢ < oo. In Section 4, we obtain the boundedness and compactness
of Toeplitz operators with BMO® and IMO® symbols from F(f to F(f for some
suitable exponents 1 < p, g < o00; see Sections 4.1 and 4.2, respectively.

For a, b > 0, the notation a < b indicates that there exists some positive constant C
independent of the functions being considered such that ¢ < Ch and a >~ b means
that both ¢ < b and b < a hold.

2. Preliminaries

In this section, we list some estimates and some integral inequalities related to the
reproducing kernel. These will be used frequently in what follows. We start with
function p. Let

D" (z) := D(z,rp(2))

for z € C and r > 0. Then by [Oliver and Pascuas 2016, Lemma 2.2], we have the
following lemma.

Lemma 2.1. For everyr > 0:
(1) There exists a positive constant C, such that
C ! p(w) < p(z2) < Crp(w)

for every z € Cand w € D" (z).

(2) There exists a constant B > 0 such that
D"(z)c DB (w), D" (w)c DB (2)
for every z € C and w € D" (z).

For any z, w € C, the distance dy(z, w) induced by the metric p2dz®dz is
defined by

e 0]
dy(z, w) = 1rr1f/0 20 dt,
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where the infimum is taken over all piecewise C! curves 7 :[0, 1] — C with 7(0) =z
and (1) = w. It is known that the Bergman metric

0%log K(z,z)

5205 dz®dz, zeC,

is comparable to the metric p~2 dz ® dZ; see [Constantin and Ortega-Cerda 2011,
page 355] for further details. Write (-, - ) for the Bergman distance on C. Therefore
there exist two constants C;, C, > 0 such that

(2-1) Cidy(z,w) < B(z,w) < Crdy(z,w), z,weC.

For more information about the Bergman distance and metric, please refer to [Krantz
2013]. ForzeCandr >0, let B(z,r) ={w:pB(z,w) <r}. By (2-1) and [Oliver and
Pascuas 2016, Lemma 2.5(1)], we obtain that there exist two positive numbers m
and M such that for every z € C,

D™(z) C B(z,r) € DM(z).

Therefore, we regard B(z,r) and D*(z) as equivalent for numbers r, x > 0.

Since § is more suitable for the analysis of operators on doubling Fock spaces,
we need the following estimates for the Bergman distance f instead of d,. These
estimates will be very useful in our analysis.

Theorem 2.2. For p > 0and k,l € R,

(2-2) / (B(z,8) + 1)/ |K(2,8)[Pe™P?E p(e)k dA(E) < p(z)2 1P Hhere()
C
for zeC

and

(2-3) sup p(z)2P~ D=k =pe(2)

zeC

x [z e O H VK P06t dd @) 0

as R — oo.

Proof. 1t is easy to see that these conclusions can be obtained by Lemma 2.2 and
Corollary 2.4 in [Hu and Virtanen 2022a], so we will omit its proof here. O

For the convenience of the following applications, we obtained from [Oliver and
Pascuas 2016, Proposition 2.9] the norm estimate for the reproducing kernel.

Lemma 2.3. Forany 1 < p < o0,

K-l p = e?Dp(2)?/P72, zeC.
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The following result comes from [Hu and Virtanen 2022a, Lemma 3.1], which
implies that the point evaluation functional at z € C is bounded.

Lemma 2.4. Let 0 < p < oo. Foranyr > 0,
D' (2) Z(w)
forzeCand f € H(C).

As an application of the above lemma, we have the following lemma. It helps to
study the Toeplitz operators with BMO symbols.

Lemma 2.5. Let i1 be a positive Borel measure on C and 0 < p < oo. Letr >0
and r € R. Then for all f € H(C),

/@ | f(DIPp(z)ke™P°@ dp(z) < /@ | f ()|Pe™ P p(w)k 1, (w) dA(w),

where

fr(w) := du.

),
p(w)? Jpr(w)

Proof. 1t is easy to show that

_ _ dA(w)
k (2) (w) %)
|/ ()P p(z) e P? E/Dr(z)lf(w)lpe e 2 ()

by Lemma 2.4. Then

dA
[irorseter@mos [ [ e S50

2 k( )
< / |f<w)|l’e—f"”<w>p(w>kw(w)dA<w). 0
C

=5 dn(z)

3. Weakly localized operator

In this section we will introduce the concept of weakly localized operators from
one doubling Fock space to another. We show that these operators form an algebra,
and characterize their boundedness and compactness. We now proceed to define
weakly localized operators. Let kp , be the normalized reproducing kernel of K,
with respect to the norm || - || F- that is,

K(w,z)

k =—.
22 = K

For a linear operator T and for f € I', we define

(3-1) Tf(z) = (Tf.K,), zeC.
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Definition 3.1. Let 1 < p,q < oco and r > 0. An operator 7" defined by satisfying
(3-1) is called a weakly localized operator from F(f,’ to Fg (we denote the set of
such operators simply by W(FZ, Fg ) if

(3-2) sup 1T kp.zo k) o) < o
(3-3) sup [Tk )] () <o
(3-4) Jim sup /D o [T k)l do ) = 0
(3-5) Jim sup /D’ (Z)CHT*kq’,kap,wHdo(w) = 0;

where do(w) := dA(w)/p(w)~2 and ¢’ the conjugate exponent of ¢ for I < ¢ < 0o
and ¢’ = +oo forg = 1.

Lemma 3.2. Let 1 < p,qg <ocoor p=q =1, and let Q, Q, be fixed subsets of C.
If a linear operator T satisfies (3-1), there is a positive constant C such that

| ( / )T Kz Ku)le —2<"(w>dA<w)) O dA()=CC I 1,

where
C1 = Ssup |< D, W>s q Z)|dO‘(Z)
wWEeR Q>
Cy = sup / (T*kg' 2, kpw)| do(w).
z€Q) Q

Proof. We first assume that 1 < p, g < oo. By Holder’s inequality, we obtain

(3-6) [Q S )T* Ky Ko™ dA(w)

/ | f)(Tkpw. kg )| Kl g2 | Kzl q/e_z"’(w)d/l(w)

q—p

— _4-Dp
= [ Tk VKl K gy o0

T kpaw. kg 2)| 7 1Kl *(” 07 o C1=G=EDe@) 1 4 ()
1

( [ | ST kpw. kg )| K || K. Iy “”‘ff—‘f)")‘w)dA(w))”

(f (Thpas ke o)1 Koo ||”pe—”<w>dA(w))

1
7
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Lemma 2.4 shows that for w € 1,
(3-7) | f(w)|97Peld=Ple(w) < p(w)—Z(q—p)/p”f”Eg

Notice that

| K| 5 pe =700 ~ p(w)~2
@

by Lemma 2.3; therefore, by (3-6), (3-7) and Lemma 2.3 again, we obtain
q
/ ( | fNT*Kz, Ky)le 2™ dA(w)) e™99@ JA(z)
Q> Q

//If(w)l”( poosk Kl f 1K

457

x (-4t ,,,l)w(w) a’A(w)e_q‘p(Z) dA(z)

4 ’ ll’
X sup (T kpw. kg )| KwllZpe P00 dA(w)
Q F‘p

z€2)p

! 4=k o a-p
<t [ @Il D daw)
1

qa

X _sup f (Thpou kg 21K, e 709 da ()

wte %)

! a—
=i [ Kl D daw)

_4—p
S g VL T
1

( P+q I=B)p(w) dA(w)

<acd| 1%, f | f (w)|Pe™P¢M) d A (w)

<11,

Next, we consider the case of p = ¢ = 1. Fubini’s theorem and Lemma 2.3 yield

f / | f(W(T* Kz, Ky)|e 2™ dA(w)e ™D dA(z)
Q,JQ;

S/Q /Q |f(w)| |(Tk1’w’k°°,z)|e_2(p(w)||Kw||F(})||Kz||Fg° dA(w)e_(p(Z) dA(z)
2 1

< / Tkt ko) do )] f ()™ dA(w)
Q1JQs

<Gl /gy
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Theorem 3.3. Let | < p,g <ocorp=gq=1. If T e W(F}, F}), then T is
bounded from F,f to Fg .

Proof. By the definition of the linear operator T, for f € T,

\Tf ()] = (TS, Kz)| = L ST K K)o 20 dA(w)

< / S )T* Ky K e 2™ dA(w).
C

It is easy to show that
1714y < CCE ) 114,

by the above inequality and Lemma 3.2, where
= sup [1{Thpuokyr o) and Co=sup [ (T ek} dow)
weC zeCJC

This shows that 7" is bounded from F(f to Fg . O

For 1 < p,q < oo, let B(FZ, Fg ) be the family of all bounded operators from
F,f,’ to Fg and let K(FZ, Fg, ) be the set of all compact operators from F(f to qu, .
We write EB(F(,I,’) =B(F7, F(f) and IC(F(f) = K(FF, F(f,’) for convenience.

Theorem 3.4. For 1 < p < oo, W(FZ, F(f,’) forms a subalgebra of %(Fql,’). In
particular, W(F2, F(z) is a x-subalgebra of %(qu,).

Proof. Suppose that T, S € W(FZ, F‘f). We show that 7S and ST belong to
W(FE, F(f). By Theorem 3.3, we have T'S, ST € %(pr). Next we prove that
T'S satisfies condition (3-2). By Fubini’s theorem and Lemma 2.3, for every z € C,

(3-8) [c (TS Ypz. Ky )] dor ()

< fc /C (Skpzs Kl (T Ky, Ka) ™22 d A ) dos (w)

- /@ f@ (Skpzs k)| (T s Kipo)|

< | Kull gz | Kull gy €20 dAGu) do (w)
- [C /@ (SKpzs Kyt sl (T Kt s )| dor () s (w)
< fC sup / (Skp.z Ky )] do )Tk Kipo)| dor(w)

zeCJC

S sup [ 17"kt i) do () < 6.

ueCJC

This shows that T°S satisfies condition (3-2).
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We next show that T'S satisfies condition (3-4). Notice that w € D" (u)¢ when
u € D"(z) and w € D" (z)¢. Similar to (3-8), we have

(3-9) / (TS Koy )| dor(aw)
D2r (2)¢

< / / Sk oz et sl (T Kt s epa)| dor(at) s ()
D?2r (Z)C C

D2 (z)¢ \ JD" (2)+ D" (2)¢

< [ (Skp.z.kp ) o) sup / Tk Kipa)| dor (w)
Dr(z) weD" (z) /D" (u)¢

4 / (Skp.zskp ) do(u)  sup / (T ke K| dor (w)
Dr(z)¢ ueD" (z)¢ J D" (u)¢

< / (Skp.z.kp ) o) sup / (T ko K| dor (w)
C weD" (z) /D" (u)¢

[ Sknedpadldo@ysp [ (T k)] dotw)
D"(Z)C D2r (u)c

ueC

This proves that 7'S satisfies condition (3-4), because 7', S € W(F, b F(f ). Similar
to the proof of (3-8) and (3-9), it is easy to prove that 7'S satisfies the conditions (3-3)
and (3-5). This shows that W(F, Fj)) forms a subalgebra of B(F}).
Itis easy to show W(F,, F) is a x-subalgebra of B(F), since T € W(F,, Fj)
if and only if T* € W(F,, F,). O
Given some sequence {a; };?‘;1 CCandr >0, we call {q; }]?’il a (p, r)-lattice if
(a) {D’(aj)}j?’oz1 covers C;
(b) the disks of {D"/°(a j)}})il are pairwise disjoints.
The existence of a (p, r)-lattice follows from a standard covering lemma; see [Marco

et al. 2003]. For a (p, r)-lattice and m > 0, there exists some integer N such that
z € C belongs to at most N disks of {Dm’(aj)};?‘;l. That is,

o0
(3-10) > Xpmr(a(2) < N.
j=1
Let Fj = D" (zj) \ Ui<j D" (z;). It follows that { F;j}; is also a covering of C and
FiNFr =@ (j # k). We write (Fj); = UXGF]_ D’ (x), and let
Gi=1{y:d(y Fj) = m4r,0(zj-), m=m(r)>1}.

There is some constant N such that

o0 [e.e]
(3-11) Z XF; (w) = Z X(Fj)jr(w) <N forany weC.
j=1 j=1
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Lemma3.5. Forl < p,g<ocorp=q=1,if T e W(FZ, Fg), then for every
€ > 0, there exists sufficiently large r > 0 such that for the covering { Fj} depending
onlyonr,

<Eé&.
FS—>F]

H T =) My, TPMyg,
=1

Here the multiplier operator My is defined by Myg = fg for g € I.

Proof. Let S, =T — ijl MXFj TPMXGj for some given r. For any fixed z € C,
we assume that z € Fjj, for some integer jo. For f € F 7 we have

(3-12) S, f(2) = T/(2) = ) My, TPMys, [ (2)
ji=1
=) My Tf(2) =) My, TPMyg, f(2)
j=1 j=1

=) My, ()T (PMy . )(2)
j=1 ’
= My, () (TPMy, . K2)

j=1 ’
= 3 My, 0) [ Mg 0)f () TR K™ dAw),

: I C i

j=1
Notice that D" (z) C Gj,, for z € Fj,. From (3-12), we have

S/ ) = 32 Mg, @) [ My )] (T K, Kl dAw)
j=1

- / @) (T K, Ku)le=29W dA(w)
G

< / )| (T Ko, K} [e=2) d A (),
D' (z)¢

Similarly to the proof of Lemma 3.2, if we combine the above inequality, we
immediately obtain

1Sr £15g < CiCE T O/ 1.

where
Cy = sup f (Tkpa-kg ) do(z). Ca(r)=sup / (T kg2 k) | dos (w).
weCJC zeCJ D" (z)¢

Since T € W(F?, Fg), we have (7 is finite and C»(r) — 0 as r — oco. Then for
any ¢ > 0, there exists a sufficiently large » > 0 such that

1511 g7 rg < e 0
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We use || T, F—F4 10 stand for the essential norm of a given linear operator T’
from Fj to Fy. We write ITle=T, FPFS for convenience.

Theorem 3.6. For 1 < p<qg<ooorp=q=1,if T e W(F}, F}), there exist
positive constants r and C = C(r) such that
ITlle < Climsup sup  |(Tkz,p. kg )|'/9.
|z|>00 weD’(z)
Proof. The case of p = ¢ = 1 comes from [Liu and Wang 2021, Theorem 25],
so we only need to prove that the case of 1 < p < ¢ < oc0. Itis easy to prove that

IT|le = ||TP|e, because P}}f = ]-"(f. We always assume that |7 P ||, > 0 because
ITP|le = 0 is trivial. Lemma 3.5 shows there is some r > 0 satisfying

o0
H TP — ( Y My, TPMyg, )

j=1

<3ITP|..
FE—>FE

Because ) i<m My F; TPM Xc; 1s @ compact operator where m € N,

m

j=1

o0

j=1

ITPle <

Fl—F]

1Tl s 2

Fl—F}
1
<3 IITPlle + ||Tm||F£—>F(Zv

where Tp, = > i>m My F TPM XG; - It remains to show that

(3-13) 1imsup | Tonll py g STimsup sup |(Thp.z.kgraw) "' + G ITPlle

|z| =00 weDr(z)
Let / € F} with ||f||F£ < 1. Notice that

FiNFr=0 (j#k).

Then
TS Wy = 3 My TPMyq, Sy = 3 1My, Thj ey [ My, S
j>m j>m
a/p
< (sup 1My, T ) Z( [ @ircreree dA(z))
j>m j>m
q/p
< (sup | My, U q)(Z f XF, ()] (2)|Pe @ dA(z))
j>m ]>m

S 1SN Ep (sup 1My g, Tl

]>m
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where /j := PMch f/||MXG]_ f||F£. It follows that

| Tonll s it < {nM Tl 1y = — e/ }
mll P2 I SUP sup xp A Gllpa il = 55— (-
R Y 1My, Il

Furthermore, we have

(3-14) limsup ||Tm||F£—>F3,

m—00 .
| PMyq, f
,Ehmsup sup ”MXFJTl]”F(Zl]:W .
J=oo Ifllpp=t xG; J I Fg
We can choose a sequence { f; } with || f; || F = 1 such that
3-15) 1 M. Tl .[.._M —_Lyrp
(3-15) umsup  sup I XF; J”F(f)7 T M 4” lle
j=o0 Iflgp =t Mxq, flrp
<limsup | My, Tl a.
j—o0 ! ¢
By Lemma 3.2, we deduce
(3-16) | My, Tgj g
: —2¢(w) q
S/ (/ | /i ()| |TKw(z)le dA(w)) e=993 4 A(z)
F\Jg; Ix6; fill gy
1 _ 7
s [ ([ 1@l @K Kl daw) ) e dac)
IxG; fillgy JE\Je;

o126, 1118 16, 1712

Ix6, 1i1%,
= ¢,

where
Ci = sup /F Tk kg 2| do(2),
J

weGq;

Co=sup [ [T ke 2 kp )] do(w) < oo.
ZEF]' Gj

For each j, there exists z; € Fj C Gj such that G; C Db’(Zj) forsome b =b(r)>0
by Lemma 2.1(2). We can choose that u;,#; € Db (zj) such that

|<Tkp,tj’kq’,uj)| = sup (Tkpw, kg z)|-

z,weDb7(z})
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There is k > 0 such that w € Dkb’(uj) for w € G;. It is easy to prove that

(3-17) Cy = sup |(Tkp,w,kq’,2)|d0(2)
weG; J Fj

A

sup (Tkpw, kg z)| do(z)
weGj Gj

< |(Tkp,tj s kq’,uj)l
<

Sup |(Tkp,w,kq/,uj)|.

weDkKbT (u;)
Since Fj is a covering, there is a subsequence {uy; } such that u,; — oo as

j — oo. Therefore, by (3-16) and (3-17), we immediately obtain
lim sup ||MXFj Tgj ”3’{2 Slimsup sup  |[(Thkpw. kq z)|

Jj—o0 |z]>00 weDkbr(z)
By the above inequality, (3-14) and (3-15), we have (3-13) holds. O

Theorem 3.7. For 1 < p<gq <ooorp=q=1,if T € W(F}, F}), then the
following statements are equivalent:

(1) T e K(F), F).

(2) limz o0 | Tkp,z || g2 = 0.

3) lim|z|—>oo SUPyec |(TkP,Z7 kq’,w)| =0.

(4) limz|— 00 SUPye pr(z) (T kp,z, kg, w)| = 0 for any r > 0.
Proof. Assume that (1) holds. Lv and Wang [2024, Lemma 2.1(4)] showed that if
kp,z — 0 uniformly on compact subsets of C as z — oo, then

1im|z|_,oo ”Tkl’sz”F(Z = 0.

This proves (1) = (2). Assume that (2) holds. If | < p < g < oo, by Lemmas 2.3
and 2.4, we obtain

. 1
_ 1
1Kl

< p(w)?e 9 (Tky -, Ky)|?
5/ (Tkp,z, Ku)|9e™99™ d A (u)
D" (w)

= Tkp.c|

|<Tkp,Z’ kq/,w>|q |<Tkp’z, Kw)|q

q
F}"
If p=¢ =1, itis easy to check that
(Tkiz Koow)| = I Tk1 .zl gy
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This shows that (2) = (3). It is trivial to show that (3) = (4). It remains to
show that (4) = (1). Assume that (4) holds. By Theorem 3.6, there exist positive
constants ¥ and C = C(r) such that

IT|le < Climsup sup [Tk p, kg w)'9.

|z|>00 weDr(z)

The condition (4) implies that || || = 0, or, equivalently, that T € K(Fj, F). O

4. Toeplitz operators with BMO® or IMO® symbols

In this section we give characterizations of Toeplitz operators with BMO® or IMO®
symbols. This section is divided into two parts: the first considers Toeplitz operators
with BMO?® symbols and the second considers those with IMO* symbols.

4.1. Toeplitz operators with BMO® symbols. As an application of the technique
of weakly localized operators, we characterize the boundedness and compactness
of Toeplitz operators with BMO® symbols from F(f,’ to Fg whenl < p <¢g<o0
or p = q = 1. In particular, we show that Toeplitz operators with BA symbols
form a subalgebra of %(F(f ) for 1 < p < 0o. We also give a characterization of
the compactness of operators in this subalgebra. In order to do this, we will start
with some notation and auxiliary function spaces.
Recall that for a given s € R, we say that f/ € BMO® if /' € S and

I/ lBmo* == sup p(2)* MO(f)(2) < oo,
zE
where

MO(/)(z) = [E |f(w) = £ ()] 1z (w)|2e™2¢™) dA(w).

For a continuous function f on C, we define the oscillation of f at z € C in the
Bergman metric by

wr (f)(z) = sup{| f(z) — f(w)| : w € D" (2)}.

We say that /'€ BOJ if the function p*w, (/) is bounded. We now define the mean
oscillation of fat z € C by

] A
MO,(]‘)(Z) - |Dr(2)| /;)r(z)lf(w) fr(z)|dA(w),
where

A 1
v (2) = —— (w)d ,
O = 551 /@AW

and | D" (z)| is the Euclidean area of D" (z). We say that /€ BMO; if f is alocally
Lebesgue integrable function and p(-)* MO, (/) is bounded on C. Let BA; denote
the space of locally Lebesgue integrable functions f* on C such that p(-)*| f|,
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is bounded. We know that BO} and BAS are independent of r when s < 0; see
[Lv and Wang 2024, Theorem 4.1]. We write BO* for BO;. and BA® for BAJ for
convenience. In particular, when s = 0, we write BO for BO? and BA for BA.

Lemma 4.1. Let r > 0, s < 0 and [ € I'. Then the following statements are
equivalent:

(1) f € BMO; for some (or any) r > 0.
() f = fi+ fo, where f{ e BO°N C?(C) and f>, € BA®.
3) f € BMO".

Moreover,

I/ lBmor = (I f1llBos + 1 /1llBa®) = II.f llBMOS -

Proof. The equivalence of (1) and (2) comes from [Lv and Wang 2024, Theorem 4.1].
We only need to show that (2) = (3) and (3) = (1). Assume that (2) holds. Assume
f € BA?, that is, p° |/f\| is bounded on C. Through appropriate modifications to
[Hu and Lv 2017, Lemma 2.5], it is easy to show that p° |/f\| is bounded if and only
if p* m is bounded. Therefore, for every z € C,

o2 ( [@ @) = F )| ks (w) 2e™20®) dA(w)) <20 (7)< o0.
This implies that /' € BMO® when f € BA®. We assume that f € BO’, that is, the
function p’w, ( f) is bounded. For any given z € C, similar to the proof of [Zhu
2007, Lemma 8.2], we have
4-1) P (S = FD) < 1/ Tsor (B w) + 1).

From this and (2-2), we obtain
p(z)S( /@ (@) = F ()| k. (w) 2e=200) dA(w))
< p(2)* ( /@ @) = £ kaz(w) Pe=22® dAw) + | /() — f<z>|)
<2 fc P Lf ) — £ as (w) 2620 d A (w)
< / (B w) + Dlka.z(w)Pe™2%®) dA(w)
C
<1

This shows that /€ BMO® when f € BO®. This proves that (2) = (3).
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We now suppose that (3) holds. For any fixed z € C,
p(z)" MO, (f)(z)
— e

_ Ar d
TG o @ A(w))

<o ([ 1= @Ko e 26 ddw))

<0 ([ = fro lawe @ daw))

<o ([ = 7@ las)Pe @ daw) +176) - 7))
< zp(z)S( fc |/ (w) = [ (2)] |kz,z(w) e~ dA(w)),

which implies that / € BMO3, when f € BMO?®. O

In order to characterize the boundedness and compactness of Toeplitz operators
with BMO® symbols from F(f,’ to Fg , we first prove that Toeplitz operators with
BMO?® symbols are well defined.

Lemma 4.2. Fors <0and f € SNBMO?, the Toeplitz operator Ty is well defined
on I'. Moreover,

Trg(w) = (Trg, Ky) = [Cf(z)g(z)K(w, 2)e 299 dA(z), geT, weC.

Proof. For f € S, we only need to prove that for every z, w € C, (Tr K, Ky)]| is
finite and Ty K (w) = (Ty K, Ky ). Notice that

4-2) (TyK;, Ky) = / Ty K (u) Ky ()e 29 dA(u)
C

- / / S K= Ka®e 2 dA®E) Ko @)e 2@ dA(w).
cJC

We now check that
(4-3) |(Tsz, Kw)|

< [ [ fE K (E) Ka ()o@ Koy (w)e™2%®| dA(u) dA(E) < oc.
CcJC

To this end, Lemma 2.3 and the definition of F g" show that

(4-4) / | Ky (€)e ™0 Koy ()| dAw) 5 | Kl pgoe?®.
C
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From Lemma 4.1 we have the decomposition BMO® = BA* + BO®. If /" € BA?,
then by Lemma 2.5, (4-4) and (2-2), we get

4-5) /C [3 @K Ka(©)e™2@ Ky (w)e™20@| dA(u) dA(E)
SIKwl Fee / | fE)K(E)e™?® | dA(E)
C
< | Kwll pge /@ |K=(£)e™® p) ™ p(&)°[ 1, (§) dAE)

< p(2) e’ Ky |l pee || f llpas < oo

If /€ BO®, then by (4-1), (4-4) and (2-2) again, we have

(4-6) /@ A | f(E) K2 (8) Ky (£)e ™22 Ky (u)e 2| dA(u) dA(E)
< | Kwllpge / | fE)K-(6)e *®dA)
C
< | Kl rge /@ (SO + 1/~ fEDIKE)e ™ dA(E)

SN Kl pe 1Kzl gy + 2 I Kull 321 f o
x [C B8 + DK ©)e 0 dAE)

SIS ONKwllrge Kzl gy + p(2) 1Kl £ge |/ Ipose?® < oo,

We immediately get (4-3) by combining the conditions (4-5) and (4-6).
Finally, by Fubini’s theorem and the property of the reproducing kernel in (4-2),
we have (Tr K, Ky) = Ty K (w). O
Letl < p,qg<ooandlets = é —% in this section.
Lemma43. Lertl < p<g<oocorp=q=1. For f €8, if f € BMO* with

sup p(2)**| £ (2)] < o0,

zeC
then Ty € W(F?, Fg).

Proof. First note that by Lemma 4.2, Ty is well defined on I'. It can easily be
shown that

[Fle =176 = [D(lf(w)l — 7 @Dlk2,z(w)Pe™2¢™) dA(w) =MO(/)(2)
since k3 , is a normalized reproducing kernel. Therefore, by our assumption,

sup p(2)**| f1(z) < o0.

zeC
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From this, Lemma 2.5 and |/\f|r(u) =< m,(u) for all u € C, r > 0, we deduce that
(Tykpz kg )| < /Clkp,z(un kg w ()] 1/ ()]e™2% dA(u)

- /C ep.00)| g o )] (71 00029 dA(u).

Therefore, by the above inequality, Lemma 2.3, Fubini’s theorem and (2-2), we have
J Tk 2 ) o ()
= [ [l o @] e d ) dito )
= [V 21 T2 dtw) [ kg a)] dedo ()
- [C ep2 )| (F10)e ™ p(u) =2/ d A (u)

< sup p(u)** [ f1(u) Cv«p,Z(u)|e—<”<")p<u)2/f’—2 d A(u)

ueC

< sup p(u)**| f1(u) < oo.
ueC

Therefore,

SUP/ (Trkp,z, kg w)| dAo (w) < oco.
c

zeC
This shows that T satisfies the condition (3-2).
To prove T satisfies the condition (3-4), we only need to replace (2-2) by (2-3).
The conditions (3-3) and (3-5) for the Toeplitz operator 7 can be shown to hold in
the same way. Hence, Ty € W(F}, F). O

We immediately get the following corollary, whose proof is similar to that in
[Hu et al. 2018, Theorem 3.2].

Corollary 4.4. For p > 1 and f € S, if f € BMO with sup,¢c |f(z)| < 00, then
Ty e W(F) . F)).

Corollary 4.5. Let 1 < p < co and let f € S. If sup,ec | f1(z) < oo, then
Ty € W(FY, Fé)). Furthermore,
{Tf : f €S and sup |7|(Z) < oo}
zeC

forms a subalgebra of %(F(f ).

Proof. As an application of [Hu and Lv 2017, Lemma 2.5], it is easy to show that
sup,ec | f1(z) < oo if and only if / € BA. Lemma 4.1 implies that BA C BMO and
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Lemma 4.2 shows that T is well defined on I'. It follows that Ty € W(F, L. F(f )
by Lemma 4.3 when sup, ¢ | f|(z) < o0.

Therefore,
{Tf:feSand sup|f|(z)<oo}
zeC
forms a subalgebra of %(F(f ) by Theorem 3.4. O

As an application of Corollary 4.5 and Theorem 3.7, we immediately obtain the
following corollary.

Corollary 4.6. Let 1 < p <ooand f€ S. If

T e{Tr: feSand supm(z)<w},

zeC

then the following conditions are equivalent:
(1) T € K(F)).
(2) limizj oo | Tkp || pp = 0.
3) lim|z|—>oo SUPyec |(Tkp,z’ kp’,w)| =0.
(4) limz|— 00 SUPye pr(z) (T kp,z, kp'w)| = 0 for any r > 0.

We are going to give the most important theorem of this section.
Theorem 4.7. Let | < p<g<ocorp=q=1,and f € S. If f € BMO?$, then:
(1) Ty € B(FL, Fg) if and only if

47 sup p(2)**| /(2)] < o0.

zeC
(2) Ty € K(F}. F}) if and only if for any r > 0,

(4-8) lim sup [(Tkp,z. kg, w)| =0.

|z|>00 e pr (z)

Proof. (1) Suppose that (4-7) holds. From Lemma 4.3 and Theorem 3.3, it follows
that Ty € B(F}, F§).
Conversely, assume that 7 € B(FL, F(Z). If 1 < p <q <00, then by Lemma 2.3,

49 p@)* f(2) = p()* (Tykaz. ka )
= b Il [ Sl daw)
~ p(2)* p() Kz 1Kz (T K. Kz)

~ <Tfkp,z, kq/,z).
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From this and Holder’s inequality, we have
p(z)2s|f(z)| ~ |<Tfkp,z,kq/,z>| = ”Tfkp,z”Fg ”kq’,z“Fg/ < Q.
If p =q =1, then by Lemma 2.3 again, we obtain
[ @) =(Trkz 2 ka.z2)
— ||KZ||;% /f(u)le(u)|2e—2(p(u) dA(u)
“Jc
= ”Kz”;:(}7 ”Kz”;‘};o (Tsz, Kz)
= (Tfkl,z,koo,z)-
It follows that
| F @) = (Tykiz ko)l < I Tyk 2l gy < oo

Hence, Tr € B(F, L. Fg ) implies that (4-7) holds.
(2) Suppose that Ty € K(FZ, Fg). By (4-7) and Lemma 4.3, we obtain
Ty € W(F(f,’, Fg).

Furthermore,
lim sup [(Tkp: kg w)=0

|z|—=00 yeDr (z)
by Theorem 3.7.
Assume that (4-8) holds. By Theorem 3.7, we have

lim sup (Tkp ., kg w)l =0.

|zl =00 weC
In particular,
lim [(Tkp: kg )| =0.

|z]| =00

From this and (4-9), we have p(z)** f (z) is bounded and by Lemma 4.3, we
have Ty € W(F, ’, Fg ). By Theorem 3.7 again and our assumption, we obtain
Tr € K(F} . FQ). O

Corollary 4.8. Let 1 < p < oo and f € BMONS. Then:
() Tre %(F,f ) if and only if the Berezin transform f~ is bounded.
(2) Ty € K(Fp) if and only if for any r > 0,

lim  sup [(Tkp. kg w)l=0.

|z|—00 yeDr (2)

Proof. 1t is easy to get this conclusion by using Theorem 4.7 and Corollary 4.4. [J
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4.2. Toeplitz operators with IMO® symbols. For s > 0, the space IMO® consists
of €T such that

1/s
1 o = ( /@ MO(/))[* dA(Z)) oo,

Let 1 < g < p < oo. We will characterize the boundedness and compactness
of Toeplitz operators Ty with IMO® from F(f to F(Z in this section. We need
to use Luecking’s approach [1993] based on Khinchine’s inequality. Recall that
Rademacher functions R, are defined by

1 ifo<r—[1]<4

2 R,(z"1), n=>1,
—-1 ifl<r—[1]<1; n(@). nz

Ro(t) = {

where [¢] denotes the largest integer not exceeding ¢.

Lemma 4.9 (Khinchine’s inequality). Let 0 < p < oo. There exists a positive
constant Cp such that

) n 5 p/2 1
c; (Dm ) <[
k=1 0

for all n € N and sequences {A;} in C.

p n p/2
i < cp(z |Ak|2)
k=1

> MR (1)
k=1

We will give the main result of this section.

Theorem 4.10. Let 1 < g < p < oo and let s = %. Then for [ € IMO®, the
following statements are equivalent:

(1) Ty is bounded from Fé) to Fg.
(2) Ty is compact from F(f to Fg .
(3) The Berezin transform fe L5(C,dA).

Proof. (2) = (1) is trivial. Suppose that (1) holds. Let r > 0 and {z; }j’il be a
sequence such that { D" (Zj)}j?’oz1 is a cover of C. Then for 1 < p < oo, by [Hu and
Lv 2017, Lemma 2.6], we get the function

g(2) =Y yiri(0kaz (2)p() TP = yiri (0Dkp 2 (2)

j=1 j=1
belongs to F(f and

lgell gz < Iy ller-
© J

Thus, by our assumption, we have

(4-10) 17580l pg < 140332 Do
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Fubini’s theorem and Khinchine’s inequality yield that
/2

o0 q
(4-11) /angtn dr 2, /@ (ijTfkp,zj(z)F) ™99 dA(2)
J=

2 Z[ . (Z lvi Trkp,z; (Z)|2) e~ dA(z)

i=1
o0

2>y [ | Trkp,z (2)|7e™99@ dA(z)

i=1 D' (z;)
oo
2 Y VI Tykp,z G)l%e™ 1P p(zi)?,
i=1
where the last inequality comes from Lemma 2.4. Using the property of reproducing
kernel and Lemma 2.3, we obtain

(4-12) | Trhkp,z; (z)le™®® = | f(z0) | p(z) =7
Combining with (4-10), (4-11) and (4-12), we have

ZV, |/ )1 p(zi)* 2q/"</ 1Ty g:l o dt S 1Y T2 10 = 18197 13721 lgarn

i=1
Since the duality of £2/4 is £P/(P~9)  we have

| f(z)|9p(zi)? 29/ P ¢ ¢P/ (P~
that is,
m ~
Z | f ) p(zi)? < o
i=1
Choose a point a; € D" (z;) so that the condition

|f(a)l= sup |f()

zeD" (z;)

is satisfied and there is a constant > 0 such that {D?” (a;)} is a (p, br)-lattice.
Similar to proving the above, we obtain

(4-13) Y17 @)l p(ai? < oo.
i=1
Therefore, by (4-13),

f S dA(z) < Z / S dAz) < Z | [ (@)l plai)* < oc.

i=1
This proves (1) = (3).
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We suppose that (3) holds. It is easy to show that
i) -17G)1 = /@ (/) = f@Dlk2.z(w)?e 72 dA(w) < MO(f)(2).

which implies that |7| € L*(C,dA). As an application of [Hu and Lv 2017,
Thoerem 3.4], T}y is compact from Fj to Fg if and only if | f| € L*(C,dA).
Hence, T is also compact from F(f to Fg. O
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CORRECTION TO THE ARTICLE
TOPOLOGICAL INVARIANCE OF
QUANTUM QUATERNION SPHERES

BIPUL SAURABH

Volume 288:2 (2017), 435-452

We previously explicitly described all homogeneous extensions ¢,,, m € Z,
of C(S;"*") by C(T) ® K (Pacific J. Math. 288:2 (2017), 435-452). However,
for m = 0, the given extension is not homogeneous. In this corrigendum,
we correct this mistake by constructing a trivial homogeneous extension
of C(Sg“'l) by C(T) ® IC. The Kj-groups of the middle C*-algebra turn out
to be the same as those mentioned in the original article. Consequently, the
proofs of all results in that paper remain valid.

1. Correction
For m € Z, define the x-homomorphisms ¢,, as

bm : C(S3TH = QKA (N®HD ® C(T))),
S¥R1I® -1~ S"Q1Q---®1,
p®S*®1®--~®l|—>p®S*®1®-~®1,

PROPR---ApRS* R~ pRIPR--- 5 RIRI,
POP®- Q> pRIPR---QpR(SH"® 1.
In [Saurabh 2017], it is claimed that the ¢,,’s are essential unital extensions.
Moreover, since the last component is 1, these extensions are also homogeneous.

For m # 0, the claim is indeed true. However, for m = 0, the claim does not hold.
To see this, note that

Po(p® 1) =p® @101 =do(p® 1).

This proves that ¢ is not injective; hence, it is not an essential extension and,
consequently, not a homogeneous extension.
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To rectify this, we need to construct a trivial homogeneous extension of C (S%”l)
by C(T)® K. First, recall from [Saurabh 2017], the construction of a homogeneous
extension 27 of X2A induced from a homogeneous extension 7 of A. Let
H = ¢£2(N). Let 7 be a unital homogeneous extension of A by C(Y) ® K(H).
Define 7: A — Q(C(Y) Q@ K(H) ® K(H)) by T(a) = [t, ® p], where [t,] = t(a).
By the universal property of quantum double suspension (see [Hong and Szymafiski
2008, Proposition 2.2]), we have a homomorphism

(1-1) 227274 — Q(C(Y) ® K(H) ® K(H))
such that
21@@p)=t@=[w®p] ad (1) =[1®16S]
One can show that X7 is a unital homogeneous extension. This induces a map
B : Extppy (Y, A) — Extppy (Y, £24), [t [Z%7]..

From Proposition 2.4 and Lemma 2.8 in [Saurabh 2017], one concludes that if
Y =T, then 8 is an isomorphism between Extppy (T, A) and Extppy (T, >2A).

Let Y := {q eC:0<|gql <1, 6= %arg (q) is irrational}. Fix ¢ € Y. From
Theorem 3.9 in [Guin and Saurabh 2022], it follows that the extension

£, 10— K(A(N) ® C(T) — C(U,(2)/4T) 2> C(T) > 0

is a trivial homogeneous extension of C(T) by C(T)® K. Therefore the equivalence
class [¢,] of the Busby invariant ¢, of &, is a zero element in Extppy (T, C(T)).
Then (2222 £2){¢, is a homogeneous extension of (£2X? .- £2)¢C(T) by
C(T) ® K. Hence its equivalence class [(=2x2... 22)%4] gives a zero element of
Extppy (T, C(Sg”l)). Further, note that the middle C*-algebra of (x2x2... Ez)egq
is (£2222..-2%)C(U,4(2)/4T). Using Theorem 3.4 of [Guin and Saurabh 2022]
and the short term exact sequence

0> A®K—> Z?A— C(T)—0
for any unital C*-algebra A, it is easy to verify that

Ko((222?- - 2HCWw,)/yTH =7 7.
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