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INTRODUCING PMP

We are very pleased to present the first issue of Probability and Mathematical Physics (PMP), a
new journal devoted to publishing the highest quality papers in all topics of mathematics relevant to
physics, with an emphasis on probability and analysis and a particular eye towards developments in their
intersection.

The interface between mathematical physics, probability and analysis is indeed an active and exciting
topic of current research. We are thinking, for example, of progress on statistical mechanics models
and renormalization methods, SPDEs related to mathematical physics, random matrix theory, integrable
probability, quantum gravity and SLEs, kinetic theory and the microscopic derivation of macroscopic laws,
many-body quantum mechanics, fluid mechanics and turbulence theory, general relativity, semiclassical
analysis, Anderson localization, and much else. The journal’s scope therefore encompasses the traditional
topics of mathematical physics as well as topics in probability and the analysis of PDEs that are most
relevant to physics.

In this first issue, we are proud to publish six excellent papers which serve as perfect examples — in
terms of quality, scope as well as breadth — of the kind of mathematics we intend to publish in PMP.

Our intention in founding PMP was to create a nonprofit journal published and controlled by the
mathematical community that would be at the highest level in its field. Thanks to MSP and the other
members of the editorial board, who immediately believed in our project, this vision has been quickly
realized.

In the first year since we began accepting submissions, the community has responded very positively
and submitted many papers, surpassing our expectations. We currently have a robust pipeline with many
promising articles, and we expect to continue to build momentum over the next several years by publishing
the most exciting and diverse mathematical research motivated by physics.
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Let Uh : R
d
→ Rd be a smooth vector field and consider the associated overdamped Langevin equation

d X t =−Uh(X t )dt +
√

2hd Bt

in the low temperature regime h → 0. In this work, we study the spectrum of the associated diffusion
L =−h1+Uh · ∇ under the assumptions that Uh =U0+ hν, where the vector fields

U0 : R
d
→ Rd and ν : Rd

→ Rd

are independent of h ∈ (0, 1], and that the dynamics admits e−
V
h dx as an invariant measure for some smooth

function V : Rd
→ R. Assuming additionally that V is a Morse function admitting n0 local minima, we

prove that there exists ε > 0 such that in the limit h → 0, L admits exactly n0 eigenvalues in the strip
{0 ≤ Re(z) < ε}, which have moreover exponentially small moduli. Under a generic assumption on the
potential barriers of the Morse function V , we also prove that the asymptotic behaviors of these small
eigenvalues are given by Eyring–Kramers type formulas.
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4 DORIAN LE PEUTREC AND LAURENT MICHEL

1. Introduction

1A. Setting and motivation. Let Uh : R
d
→ Rd , d ≥ 2, be a smooth vector field depending on a small

parameter h ∈ (0, 1], and consider the associated overdamped Langevin equation

d X t =−Uh(X t)dt +
√

2hd Bt , (1-1)

where X t ∈Rd and (Bt)t≥0 is a standard Brownian motion in Rd. The associated Kolmogorov (backward)
and Fokker–Planck equations are then the evolution equations

∂t u+ L(u)= 0 and ∂tρ+ L†(ρ)= 0. (1-2)

Here, the elliptic differential operator

L =−h1+Uh · ∇

is the infinitesimal generator of the process (1-1),

L†
=− div ◦(h∇ +Uh)

denotes the formal adjoint of L , and for x ∈ Rd and t ≥ 0, u(t, x)= Ex
[ f (X t)] is the expected value of

the observable f (X t) when X0 = x and ρ(t, ·) is the probability density (with respect to the Lebesgue
measure on Rd ) of the presence of (X t)t≥0. In this setting, the Fokker–Planck equation, that is, the second
equation of (1-2), is also known as the Kramers–Smoluchowski equation.

Throughout this paper, we assume that the vector field Uh decomposes as

Uh =U0+ hν

for some real smooth vector fields U0 and ν independent of h. Moreover, we consider the case where the
above overdamped Langevin dynamics admit a specific stationary distribution satisfying the following
assumption:

Assumption 1. There exists a smooth function V :Rd
→R such that L†(e−V/h)= 0 for every h ∈ (0, 1].

A straightforward computation shows that Assumption 1 is satisfied if and only if the vector field
Uh =U0+ hν satisfies the following relations, where we denote b :=U0−∇V:

b · ∇V = 0, div(ν)= 0, and div(b)= ν · ∇V . (1-3)

Using this decomposition, the generator L writes

LV,b,ν := L =−h1+∇V · ∇ + bh · ∇, (1-4)
where

bh := b+ hν =U0−∇V + hν =Uh −∇V . (1-5)

Note moreover that the two following particular cases enter in the framework of Assumption 1:

(1) The case where
b · ∇V = 0, div b = 0 and ν = 0, (1-6)

which is in particular satisfied when ν = 0 and b is the matrix product b = J∇V, where J is a
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smooth map from Rd into the set of real antisymmetric matrices of size d such that div(J∇V )= 0.
For instance, this latter condition holds if J (x)= J̃ ◦ V (x) for some antisymmetric matrices J̃ (y)
depending smoothly on y ∈ R.

(2) The case where

b = J∇V and ν =

( d∑
i=1

∂i Ji j

)
1≤ j≤d

, (1-7)

where J is a smooth map from Rd into the set of real antisymmetric matrices of size d .

In the case of (1-7), LV,b,ν has in particular the supersymmetric-type structure

LV,b,ν =−he
V
h div ◦(e−

V
h (Id − J )∇), (1-8)

and both cases coincide when bh has the form bh = b = J∇V for some constant antisymmetric matrix J.
In the case of (1-6), the structure (1-8) fails to be true in general and we refer to [Michel 2016] for more
details on these questions. Let us also point out that under Assumption 1, the vector field bh defined
in (1-5) is very close to the transverse vector field introduced in [Bouchet and Reygner 2016] and then
used in [Landim et al. 2019].

In this paper, we are interested in the spectral analysis of the operator LV,b,ν and in its connections with
the long-time behavior of the dynamics (1-1) when h→ 0. In this regime, the process (X t)t≥0 solution
to (1-1) is typically metastable, which is characterized by a very slow return to equilibrium. We refer
especially in this connection to the related works [Bouchet and Reygner 2016; Landim et al. 2019] dealing
with the mean transition times between the different wells of the potential V for the process (X t)t≥0.
Our setting is also motivated by the question of accelerating the convergence to equilibrium, which is
of interest for computational purposes. It is known that nongradient perturbations of the overdamped
gradient Langevin dynamics

d X t =−∇V (X t)dt +
√

2hd Bt (1-9)

which preserve the invariant measure e−V/hdx cannot converge slower to equilibrium than the associated
gradient dynamics (1-9). See [Lelièvre et al. 2013], where the authors considered linear drifts and
computed the optimal rate of return to equilibrium in this case.

1B. Preliminary analysis. In view of Assumption 1, we look at LV,b,ν acting in the natural weighted
Hilbert space L2(Rd ,mh), where

mh(dx) := Z−1
h e−

V (x)
h dx and Zh :=

∫
Rd

e−
V (x)

h dx . (1-10)

Note that we assume here that e−V/h
∈ L1(Rd) for every h ∈ (0, 1], which will be a simple consequence

of our further hypotheses. In this setting, a first important consequence of (1-3) is the following identity,
easily deduced from the relation div(bhe−V/h)= 0:

∀ u, v ∈ C∞c (R
d), 〈LV,b,νu, v〉L2(mh) = 〈u, LV,−b,−νv〉L2(mh).
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In particular, using (1-4),

Re〈LV,b,νu, u〉L2(mh) = 〈(−h1+∇V · ∇)u, u〉L2(mh) = h‖∇u‖2L2(mh)
≥ 0 (1-11)

for all u ∈ C∞c (Rd), and the operator LV,b,ν acting on C∞c (Rd) in L2(Rd ,mh) is hence accretive.
Let us now introduce the confining assumptions at infinity on the functions V, b, and ν that we will

consider in the rest of this work.

Assumption 2. There exist C > 0 and a compact set K ⊂ Rd such that

V ≥−C on Rd

and, for all x ∈ Rd
\ K,

|∇V (x)| ≥
1
C

and |Hess V (x)| ≤ C |∇V (x)|2. (1-12)

Moreover, there exists C > 0 such that the vector fields b=U0−∇V and ν satisfy the following estimate
for all x ∈ Rd :

|b(x)| + |ν(x)| ≤ C(1+ |∇V (x)|). (1-13)

One can show that when V is bounded from below and the first estimate of (1-12) is satisfied,
V (x) ≥ C |x | outside a compact set, for some C > 0 (see, for example, [Menz and Schlichting 2014,
Lemma 3.14]). In particular, when Assumption 2 is satisfied, then e−V/h

∈ L1(Rd) for all h ∈ (0, 1]
(which justifies the definition of Zh in (1-10)).

In order to study the operator LV,b,ν in L2(Rd ,mh), it is often useful to work with its counterpart in
the flat space L2(Rd , dx) by using the unitary transformation

U : L2(Rd , dx)→ L2(Rd ,mh), U(u)= m
−

1
2

h u = Z
1
2
h e

V
2h u.

Defining φ := V/2, we then have the unitary equivalence

U∗hLV,b,νU=−h21+ |∇φ|2− h1φ+ bh · dφ,h =1φ + bh · dφ, (1-14)

where
dφ := dφ,h := h∇ +∇φ = he−

φ
h∇e

φ
h (1-15)

and
1φ :=1φ,h := −h21+ |∇φ|2− h1φ =−h2e

φ
h div e−

φ
h dφ

denotes the usual semiclassical Witten Laplacian acting on functions. It is thus equivalent to study LV,b,ν

acting in the weighted space L2(Rd ,mh) or

Pφ := Pφ,b,ν :=1φ + bh · dφ (1-16)

acting in the flat space L2(Rd , dx).
The Witten Laplacian 1φ = Pφ,0,0, which is the counterpart of the weighted Laplacian

LV,0,0 =−h1+∇V · ∇ = h∇∗∇

(the adjoint is considered here with respect to mh) acting in the flat space L2(Rd , dx), is moreover
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essentially self-adjoint on C∞c (Rn) (see [Helffer 2013, Theorem 9.15]). We still denote by 1φ its unique
self-adjoint extension and by D(1φ) the domain of this extension. In addition, it is clear that for
every h ∈ (0, 1], 1φe−φ/h

= 0 in the distribution sense. Hence, under Assumption 2, since φ = V/2
satisfies the relation (1-12), e−φ/h

∈ L2(Rd) and the essential self-adjointness of 1φ then implies that
e−φ/h

∈ D(1φ) so that 0 ∈ Ker1φ . It follows moreover from (1-12) and from [Helffer et al. 2004,
Proposition 2.2] that there exists h0 > 0 and c0 > 0 such that for all h ∈ (0, h0],

σess(1φ)⊂ [c0,+∞[.

Coming back to the more general operator Pφ = Pφ,b,ν defined in (1-16), or equivalently to the operator
LV,b,ν according to the relation (1-14), the following proposition gathers some of its basic properties
which specify in particular the preceding properties of 1φ (and their equivalents concerning the weighted
Laplacian LV,0,0). It will be proven in Section 2A.

Proposition 1.1. Under Assumption 1, the operator Pφ with domain C∞c (Rd) is accretive. Moreover,
assuming in addition Assumption 2, there exists h0 ∈ (0, 1] such that the following hold true for every
h ∈ (0, h0]:

(i) The closure of (Pφ, C∞c (Rd)), that we still denote by Pφ , is maximal accretive, and hence its unique
maximal accretive extension.

(ii) The operator P∗φ is maximal accretive and C∞c (Rd) is a core for P∗φ . We have moreover the inclusions

D(1φ)⊂ D(Pφ)∩ D(P∗φ )⊂ D(Pφ)∪ D(P∗φ )⊂ {u ∈ L2(Rd), dφu ∈ L2(Rd)},

where, for any unbounded operator A, D(A) denotes the domain of A. In addition, for Pφ ∈{Pφ,P∗φ },
we have the equality

∀ u ∈ D(Pφ), Re〈Pφu, u〉 = ‖dφu‖2.

(iii) There exists 30 > 0 such that, defining

030 :=
{
Re(z)≥ 0 and |Im z| ≤30 max

(
Re(z),

√
Re(z)

)}
⊂ C,

the spectrum σ(Pφ) of Pφ is included in 030 and

∀ z ∈ 0c
30
∩ {Re(z) > 0}, ‖(Pφ − z)−1

‖L2→L2 ≤
1

Re(z)
.

(iv) There exists c1 > 0 such that the map z 7→ (Pφ − z)−1 is meromorphic in {Re(z) < c1} with finite
rank residues. In particular, the spectrum of Pφ in {Re(z) < c1} is made of isolated eigenvalues with
finite algebraic multiplicities.

(v) Ker Pφ=Ker P∗φ =Span{e−φ/h
} and 0 is an isolated eigenvalue of Pφ (and then of P∗φ ) with algebraic

multiplicity one.

From (1-14) and the last item of Proposition 1.1, note that Ker LV,b,ν = Span{1} and that 0 is an
isolated eigenvalue of LV,b,ν with algebraic multiplicity one. Moreover, according to Proposition 1.1 and
to the Hille–Yosida theorem, the operators LV,b,ν and its adjoint L∗V,b,ν (in L2(Rd ,mh)) generate, for
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every h > 0 small enough, contraction semigroups (e−t LV,b,ν )t≥0 and (e−t L∗V,b,ν )t≥0 on L2(Rd ,mh) which
permit us to solve (1-2).

1C. Generic Morse-type hypotheses and labeling procedure. In order to describe precisely, in particular
by stating Eyring–Kramers type formulas, the spectrum around 0 of LV,b,ν (or equivalently of Pφ) in the
regime h→ 0, we will assume from now on that V is a Morse function:

Assumption 3. The function V is a Morse function.

Under Assumption 3 and thanks to Assumption 2, the set U made of the critical points of V is finite.
In the following, the critical points of V with index 0 and with index 1, that is, its local minima and its
saddle points, will play a fundamental role, and we will respectively denote by U (0) and U (1) the sets
made of these points. Throughout the paper, we will moreover denote

n0 := card(U (0)).

From the pioneer work by Witten [1982], it is well-known that for every h ∈ (0, 1] small enough, there is
a correspondence between the small eigenvalues of 1φ and the local minima of φ = V/2. More precisely,
we have the following result (see [Helffer and Sjöstrand 1985; Helffer 1988; Helffer et al. 2004; Michel
and Zworski 2018]).

Proposition 1.2. Assume that (1-12) and Assumption 3 hold true. Then, there exist ε0 > 0 and h0 > 0
such that for every h ∈ (0, h0], 1φ has precisely n0 eigenvalues (counted with multiplicity) in the interval
[0, ε0h]. Moreover, these eigenvalues are actually exponentially small, that is, they live in an interval
[0,Che−2 S

h ] for some C, S > 0 independent of h ∈ (0, h0].

Since the operator Pφ =1φ + bh · dφ is not self-adjoint (when bh 6= 0), the analysis of its spectrum
is more complicated than that of the spectrum of 1φ . The following result states a counterpart of
Proposition 1.2 in this setting. In this statement and in the sequel, for any a ∈C and r > 0, we will denote
by D(a, r)⊂ C the open disk of center a and radius r .

Theorem 1.3. Assume that Assumptions 1–3 hold true, and let ε0 > 0 be given by Proposition 1.2. Then,
for every ε1 ∈ (0, ε0), there exists h0 > 0 such that for all h ∈ (0, h0], the set σ(Pφ)∩{Re z < ε1h} is finite
and consists of

n0 = card(σ (1φ)∩ {Re z < ε0h})

eigenvalues counted with algebraic multiplicity. Moreover, there exists C > 0 such that for all h ∈ (0, h0],

σ(Pφ)∩ {Re z < ε1h} ⊂ D(0,Ch
1
2 e−

S
h ),

where S is given by Proposition 1.2. In addition, for every ε ∈ (0, ε1), one has, uniformly with respect to
z,

∀ z ∈ {Re z < ε1h} ∩ {|z|> εh}, ‖(Pφ − z)−1
‖L2→L2 =O(h−1).

Lastly, all the above conclusions also hold for P∗φ .
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s1

s2

•

• •
m1 m2

p

Figure 1. Some level sets of a Morse function V such that V (x)→+∞when |x |→+∞
and admitting five critical points: two local minima m1 and m2, one local maximum p,
and two saddle points s1 and s2. The point s1 is nonseparating, whereas s2 is separating.

This theorem will be proved in Section 2B using Proposition 1.2 and a finite-dimensional reduction. In
order to give sharp asymptotics of the small eigenvalues of Pφ , that is, the ones in D(0,Ch1/2e−S/h),
we will introduce some additional, but generic, topological assumptions on the Morse function V (see
Assumption 4 below). To this end, we first recall the general labeling of [Hérau et al. 2011] (see, in
particular, Definition 4.1 there) generalizing the labeling of [Helffer et al. 2004] (and of [Bovier et al.
2004; 2005]). The main ingredient is the notion of separating saddle point, from Definition 1.5 (see also
an illustration in Figure 1), after the following observation. Here and in the sequel, we define, for a ∈ R,

{V < a} := V−1((−∞, a)) and {V ≤ a} := V−1((−∞, a]),

and {V > a} and {V ≥ a} in a similar way. The following lemma recalls the local structure of the sublevel
sets of a Morse function. A proof can be found in [Helffer et al. 2004].

Lemma 1.4. Let z ∈ Rd and V : Rd
→ R be a Morse function. For any r > 0, we denote by B(z, r)⊂ Rd

the open ball of center z and radius r . Then, for every r > 0 small enough, B(z, r)∩ {V < V (z)} has at
least two connected components if and only if z is a saddle point of V, i.e., if and only if z ∈ U (1). In this
case, B(z, r)∩ {V < V (z)} has precisely two connected components.

Definition 1.5. (i) We say that the saddle point s ∈ U (1) is a separating saddle point of V if, for every
r > 0 small enough, the two connected components of B(s, r)∩ {V < V (s)} (see Lemma 1.4) are
contained in different connected components of {V < V (s)}. We will denote by V(1) the set made of
these points.

(ii) We say that σ ∈ R is a separating saddle value of V if it has the form σ = V (s) for some s ∈ V(1).

(iii) Moreover, we say that E ⊂ Rd is a critical component of V if there exists σ ∈ V (V(1)) such that E
is a connected component of {V < σ } satisfying ∂E ∩V(1) 6=∅.

Let us now describe the general labeling procedure of [Hérau et al. 2011]. We will omit details when
associating local minima and separating saddle points below, but the following proposition (see [Di Gesù
et al. 2020, Proposition 18]) may be helpful to understand the construction.
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Proposition 1.6. Assume that V is a Morse function with a finite number of critical points and such that
V (x)→+∞ when |x | → +∞. Let λ ∈ R and let C be a connected component of {V < λ}. Then,

C ∩V(1) 6=∅⇐⇒ card(C ∩U (0))≥ 2.

Let us also define

σ := max
C∩V(1)

V

with the convention σ :=minC V when C ∩V(1) =∅. Then:

(i) For every µ ∈ (σ, λ], the set C ∩ {V < µ} is a connected component of {V < µ}.

(ii) If C ∩ V(1) 6= ∅, then C ∩ U (0) ⊂ {V < σ } and all the connected components of C ∩ {V < σ } are
critical.

Under the hypotheses of Proposition 1.6, V (V(1)) is finite. We moreover assume that n0 ≥ 2, so
that, under the hypotheses of Proposition 1.1 and of Theorem 1.3, 0 is not the only exponentially small
eigenvalue of Pφ (or equivalently of LV,b,ν) and V(1) 6=∅ by Proposition 1.6. We then denote the elements
of V (V(1)) by σ2 > σ3 > · · · > σN , where N ≥ 2. For convenience, we also introduce a fictive infinite
saddle value σ1 =+∞. Starting from σ1, we will recursively associate to each σi a finite family of local
minima (mi, j ) j and a finite family of critical components (Ei, j ) j (see Definition 1.5).

Let N1 := 1, m = m1,1 be a global minimum of V (arbitrarily chosen if there are more than one), and
E1,1 := Rd. We now proceed in the following way:

• Let us denote, for some N2 ≥ 1, by E2,1, . . . , E2,N2 the connected components of {V < σ2} which do
not contain m1,1. They are all critical by the preceding proposition and we associate to each E2, j , where
j ∈ {1, . . . , N2}, some global minimum m2, j of V |E2, j (arbitrarily chosen if there are more than one).

• Let us then consider, for some N3≥ 1, the connected components E3,1, . . . , E3,N3 of {V <σ3} which do
not contain the local minima of V previously labeled. These components are also critical and included in
the E2, j ∩{V <σ3}’s, j ∈ {1, . . . , N2}, such that E2, j ∩{V = σ3}∩V(1) 6=∅ (and σ3=maxE2, j∩V(1) V for
such a j). We then again associate to each E3, j , j ∈ {1, . . . , N3}, some global minimum m3, j of V |E3, j .

• We continue this process until having considered the connected components of {V < σN }, after which
all the local minima of V have been labeled.

Next, we define two mappings

E : U (0)→ P(Rd) and j : U (0)→ P(V(1) ∪ {s1}),

where, for any set A, P(A) denotes the power set of A, and s1 is a fictive saddle point such that
V (s1)= σ1 =+∞, as follows: for every i ∈ {1, . . . , N } and j ∈ {1, . . . , Ni },

E(mi, j ) := Ei, j (1-17)

and
j(m) := {s1} and, when i ≥ 2, j(mi, j ) := ∂Ei, j ∩V(1) 6=∅. (1-18)
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s3,2s3,1

s2

m1,1

m3,1 m3,2m2,1

E1,1 = R

E2,1

E3,2E3,1
S(m2,1)

S(m3,1)= S(m3,2)

S(m1,1)=+∞

Figure 2. A 1-D labeling example when V admits four local minima. In this example,
V (m1,1) < V (m2,1) = V (m3,1) = V (m3,2), j(m2,1) = {s2}, j(m3,1) = {s3,1, s3,2},
and j(m3,2)= {s3,2}. Note that other choices of construction of the maps j and E are
possible here since argminE2,1

V = {m2,1,m3,1,m3,2}.

In particular, E(m)= Rd and

∀ i ∈ {1, . . . , N }, ∀ j ∈ {1, . . . , Ni }, ∅ 6= j(mi, j )⊂ {V = σi }.

Lastly, we define the mappings

σ : U (0)→ V (V(1))∪ {σ1} and S : U (0)→ (0,+∞]

by
∀m ∈ U (0), σ (m) := V ( j(m)) and S(m) := σ (m)− V (m), (1-19)

where, with a slight abuse of notation, we have identified the set V ( j(m)) with its unique element. Note
that S(m)=+∞ if and only if m = m. An example of the preceding labeling is given in Figure 2.

Our generic topological assumption is the following one. Assume that V is a Morse function with a
finite number n0 ≥ 2 of critical points such that V (x)→+∞ when |x |→+∞, and let E : U (0)→P(Rd)

and j : U (0)→ P(V(1) ∪ {s1}) be the mappings defined in (1-17) and in (1-18).

Assumption 4. For every m ∈ U (0), the following hold true:

(i) The local minimum m is the unique global minimum of V |E(m),

(ii) For all m′ ∈ U (0) \ {m}, j(m)∩ j(m′)=∅.

In particular, V uniquely attains its global minimum, at m ∈ U (0).

Note that the example of Figure 2 does not satisfy Assumption 4 since neither item (i) nor (ii) holds
there. See also Figure 3 for a similar example satisfying Assumption 4.

Let us moreover underline that this assumption is a little more general than the one considered in the
generic case in [Helffer et al. 2004; Hérau et al. 2011] (see also [Bovier et al. 2004; 2005]) where, for
instance, each set j(m), m ∈ U (0) \ {m}, is assumed to only contain one element.
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s3,2s3,1

s2

m1,1

m2,1
m3,2m3,1

E1,1 = R

E2,1 Ê2

E3,2E3,1 Ê3
S(m2,1)

S(m3,1)= S(m3,2)

S(m1,1)=+∞

Figure 3. A 1-D example when V admits four local minima and satisfies Assumption 4.
Here, V (m1,1) < V (m2,1) < V (m3,1) = V (m3,2), j(m2,1) = {s2}, j(m3,1) = {s3,1},
and j(m3,2) = {s3,2}. Moreover, Ê2 and Ê3 denote respectively the sets Ê(m2,1) and
Ê(m3,1)= Ê(m3,2) introduced in Remark 1.7.

Remark 1.7. One can also show that Assumption 4 implies that for every m∈U (0) such that m 6=m, there
is precisely one connected component Ê(m) 6= E(m) of { f < σ (m)} such that Ê(m)∩ E(m) 6=∅. In
other words, there exists a connected component Ê(m) 6= E(m) of { f < σ (m)} such that j(m)⊂ ∂ Ê(m).
Moreover, the global minimum m′ of V |Ê(m) is unique and satisfies σ (m′) > σ (m) and V (m′) < V (m)
(see examples of such sets in Figure 3). We refer to [Michel 2019] or [Di Gesù et al. 2020] for more
details on the geometry of the sublevel sets of a Morse function.

1D. Main results and comments. In order to state our main results, we also need the following lemma
which is fundamental in our analysis.

Lemma 1.8. For x ∈Rd, let B(x) := Jacx b denote the Jacobian matrix of b=U0−∇V at x , and consider
a saddle point s ∈ U (1).

(i) The matrix Hess V (s)+ B∗(s) ∈Md(R) admits precisely one negative eigenvalue µ= µ(s), which
has moreover geometric multiplicity one.

(ii) Denote by ξ = ξ(s) one of the two (real) unitary eigenvectors of Hess V (s)+B∗(s) associated with µ.
The real symmetric matrix

MV := Hess V (s)+ 2|µ|ξξ∗

is then positive definite and its determinant satisfies

det MV =− det Hess V (s).

(iii) Lastly, denoting by λ1 = λ1(s) the negative eigenvalue of Hess V (s), |µ| ≥ |λ1|, with equality if and
only if B∗(s)ξ = 0, and

〈(Hess V (s))−1ξ, ξ〉 =
1
µ
< 0.

Note that the real matrix Hess V (s)+ B∗(s) of Lemma 1.8 is in general nonsymmetric. Let us also
point out that the statements of Lemma 1.8 already appeared in the related work [Landim et al. 2019] (see
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in particular the beginning of Section 8 there), and in [Landim and Seo 2018], where proofs are given
(see Section 4.1 there). We will nevertheless give a proof in Section 3 for the sake of completeness.

We can now state our main results.

Theorem 1.9. Suppose that Assumptions 1–4 hold true, and let ε0 > 0 be given by Proposition 1.2. Then,
for all ε1 ∈ (0, ε0), there exists h0 > 0 such that for all h ∈ (0, h0], one has, counting the eigenvalues with
algebraic multiplicity,

σ(LV,b,ν)∩ {Rez < ε1} = {λ(m, h), m ∈ U (0)},

where, denoting by m the unique absolute minimum of V, λ(m, h) = 0 and, for all m 6= m, λ(m, h)
satisfies the Eyring–Kramers type formula

λ(m, h)= ζ(m)e−
S(m)

h
(
1+O

(√
h
))
, (1-20)

where S : U (0)→ (0,+∞] is defined in (1-19) and, for every m ∈ U (0) \ {m},

ζ(m) :=
det Hess V (m)

1
2

2π

( ∑
s∈ j(m)

|µ(s)|

|det Hess V (s)|
1
2

)
, (1-21)

where j : U (0)→ P(V(1) ∪ {s1}) is defined in (1-18) and the µ(s)’s are defined in Lemma 1.8. In addition,

σ(LV,−b,−ν)∩ {Rez < ε1} = σ(L∗V,b,ν)∩ {Rez < ε1} = {λ(m, h), m ∈ U (0)}.

Remark 1.10. In the case where V has precisely two minima m and m such that V (m) = V (m), the
above result can be easily generalized. In this case, using the definitions of S and j given in (1-19)
and in (1-18) (note that the choice of m among the two minima of V is arbitrary in this case), we have,
counting the eigenvalues with algebraic multiplicity, for every h > 0 small enough,

σ(LV,b,ν)∩ {Rez < ε1} = {0, λ(m, h)},

where
λ(m, h)= ζ(m)e−

S(m)
h
(
1+O

(√
h
))

with

ζ(m)=
det Hess V (m)

1
2 + det Hess V (m)

1
2

2π

( ∑
s∈ j(m)

|µ(s)|

|det Hess V (s)|
1
2

)
.

Moreover, since σ(LV,b,ν)= σ(LV,b,ν), the eigenvalue λ(m, h) is real.

Let us make a few comments on Theorem 1.9.
First, observe that if we assume that Uh =∇V, that is, that bh = 0 (see (1-5)), we obtain the precise

asymptotics of the small eigenvalues of LV,0,0 (or equivalently of 1φ after multiplication by 1/h;
see (1-14)) and hence recover the results already proved in this reversible setting in [Bovier et al. 2005;
Helffer et al. 2004] (see also [Menz and Schlichting 2014] for an extension to logarithmic Sobolev
inequalities). In this case, for every saddle point s appearing in (1-21), the real number µ(s) is indeed the
negative eigenvalue of Hess V (s) according to the first item of Lemma 1.8. We also point out that under
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the hypotheses made in [Bovier et al. 2005; Helffer et al. 2004], the set j(m) actually contains one unique
element for every m ∈ U (0) \ {m}. Moreover, our analysis permits us in this case to recover that the error
term O(

√
h) is actually of order O(h), as proven in [Helffer et al. 2004]. However, it does not permit us

to prove that this O(h) actually admits a full asymptotic expansion in h as proven in [Helffer et al. 2004].
To the best of our knowledge, the above theorem is the first result giving sharp asymptotics of the

small eigenvalues of the generator LV,b,ν in the nonreversible case. Similar results were obtained by
Hérau, Hitrik and Sjöstrand for the Kramers–Fokker–Planck (KFP) equation in [Hérau et al. 2011]. They
deal with non-self-adjoint and nonelliptic operators, which makes the analysis more complicated than
in our framework. However, the KFP equation enjoys several symmetries which are crucial in their
analysis. First of all, the KFP operator has a supersymmetric structure (for a nonsymmetric skew-product
〈 · , · 〉KFP) which permits them to write the interaction matrix associated with the small eigenvalues as a
square M = A∗A, where the adjoint A∗ is taken with respect to 〈 · , · 〉KFP. Using this square structure, the
authors can then follow the strategy of [Helffer et al. 2004] to construct accurate approximations of the
matrices A and A∗. However, since 〈 · , · 〉KFP is not a scalar product, they cannot identify the squares of
the singular values of A with the eigenvalues of M. This difficulty is solved by using an extra symmetry
(the PT-symmetry), which permits the modification of the skew-product 〈 · , · 〉KFP into a new product
〈 · , · 〉KFPS, which is a scalar product when restricted to the “small spectral subspace”, and for which the
identity M = A∗A remains true with an adjoint taken with respect to 〈 · , · 〉KFPS. This permits a conclusion
as in [Helffer et al. 2004], using in particular the Fan inequalities to estimate the singular values of A.

In the present case, neither of these two symmetries are available in general (LV,b,ν , or equivalently Pφ ,
enjoys a supersymmetric structure when b and ν satisfy the relation (1-7) however; see (1-8) or Remark 3.2).
We developed an alternative approach based on the construction of very accurate quasimodes and partly
inspired by [Di Gesù and Le Peutrec 2017] (see also the related constructions made in [Bovier et al. 2004;
Landim et al. 2019; Le Peutrec and Nectoux 2019]). This permits the construction of the interaction
matrix M as above. However, since we cannot write M = A∗A and use the Fan inequalities as in [Helffer
et al. 2004; Hérau et al. 2011] (and, e.g., in [Helffer and Nier 2006; Le Peutrec 2010; Michel 2019;
Di Gesù et al. 2020; Le Peutrec and Nectoux 2019]), we have to compute directly the eigenvalues of M.
To this end, we use crucially the Schur complement method. This leads to Theorem A.4 in the Appendix,
which permits us to replace the use of the Fan inequalities to perform the final analysis in our setting. We
believe that these two arguments are quite general and may be used in other contexts.

Though it is generic, one may ask if Assumption 4 is necessary to get Eyring–Kramers type formulas
as in Theorem 1.9. In the reversible setting, the full general (Morse) case was recently treated in [Michel
2019], but applying the methods developed there to our nonreversible setting was not straightforward
and we decided to postpone this analysis to future works. In connection with this, let us point out that
in the general (Morse) case, some tunneling effect between the characteristic wells of V defined by the
mapping E (see (1-17)) mixes their corresponding prefactors; see Remark 1.10, or [Michel 2019] for
more intricate situations in the reversible setting.

Note that Theorem 1.9 does not state that the operator LV,b,ν is diagonalizable when restricted to the
spectral subspace associated with its small eigenvalues. Indeed, since LV,b,ν is not self-adjoint, we cannot
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exclude the existence of Jordan’s blocks. We cannot exclude the existence of nonreal eigenvalues either,
but the spectrum of LV,b,ν is obviously stable by complex conjugation since LV,b,ν is a partial differential
operator with real coefficients. However, in the case where for every m ∈ U (0) \ {m}, the prefactors ζ(m′)
defined in (1-21) are all distinct for m′ ∈ S−1(S(m)), the λ(m, h)’s, m ∈ U (0), are then real eigenvalues
of multiplicity one of LV,b,ν , and its restriction to its small spectral subspace is diagonalizable.

Coming back to the contraction semigroups (e−t LV,b,ν )t≥0 and (e−t L∗V,b,ν )t≥0 on L2(Rd ,mh) introduced
just after Proposition 1.1, Theorem 1.9 has the following consequences on the rate of convergence to
equilibrium for the process (1-1).

Theorem 1.11. Assume that the hypotheses of Theorem 1.9 hold and let m∗ ∈ U (0) \ {m} be such that

S(m∗)= max
m∈U (0)

S(m) and ζ(m∗)= min
m∈S−1(S(m∗))

ζ(m), (1-22)

where the prefactors ζ(m), m ∈ U (0) \ {m}, are defined in (1-21), and S : U (0)→ (0,+∞] is defined
in (1-19). Let us then define, for any h > 0,

λ(h) := ζ(m∗)e−
S(m∗)

h .

Then, there exist h0 > 0 and C > 0 such that for every h ∈ (0, h0],

∀ t ≥ 0, ‖e−t LV,b,ν −50‖L2(mh)→L2(mh) ≤ Ce−λ(h)(1−C
√

h)t , (1-23)

where 50 denotes the orthogonal projector on Ker LV,b,ν = Span{1}:

∀ u ∈ L2(mh), 50u = 〈u, 1〉L2(mh) =

∫
Rd

u dmh .

Assume moreover that (X t)t≥0 is a solution to (1-1) and that the probability distribution %0 of X0 admits a
density µ0 ∈ L2(Rd ,mh) with respect to the probability measure mh . Then, for every t ≥ 0, the probability
distribution %t of X t admits the density µt = e−t L∗V,b,νµ0 ∈ L2(Rd ,mh) with respect to mh , and for every
h ∈ (0, h0],

∀ t ≥ 0, ‖%t − νh‖T V ≤ C‖µ0− 1‖L2(mh)e
−λ(h)(1−C

√
h)t , (1-24)

where ‖·‖T V denotes the total variation distance.
Finally, when there exists one unique m∗ satisfying (1-22), the eigenvalue λ(m∗, h) associated with m∗

(see (1-20)) is real and simple, and the estimates (1-23) and (1-24) hold if one replaces λ(h)(1−C
√

h)
by λ(m∗, h) in the exponential terms.

Theorems 1.9 and 1.11 describe the metastable behavior of the dynamics (1-1) from a spectral
perspective.

Concerning the question of accelerating the convergence to equilibrium mentioned at the end of
Section 1A, the exponential rate of convergence to equilibrium appearing in the estimates (1-23) and (1-24)
is generically strictly larger than the optimal rate for the associated gradient dynamics (1-9). To be more
precise, let us assume, as in the last part of the statement of Theorem 1.11, that there exists one unique
m∗ satisfying (1-22). The exponential rate of return to equilibrium appearing in (1-23) and (1-24) is
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then given by the spectral gap λ(m∗, h) of LV,b,ν . Moreover, denoting by λ∇(m∗, h) the spectral gap
of the generator LV,0,0 of the associated gradient dynamics (1-9), that is, the optimal rate of return to
equilibrium in the gradient setting, it follows from Theorem 1.9 and item (iii) in Lemma 1.8 that, as soon
as B∗(s∗) 6= 0 for at least one s∗ ∈ j(m∗), the ratio of the rates λ(m∗, h)/λ∇(m∗, h) converges to some
constant c > 1 when h→ 0.

In addition, it is not difficult to see that playing with bh , one can make limh→0(λ(m∗, h)/λ∇(m∗, h))
arbitrarily big. Taking, for example, bh = b=a J∇V around s∗ for a ∈R and some constant antisymmetric
and invertible matrix J,

lim
a→∞

lim
h→0

λ(m∗, h)
λ∇(m∗, h)

=+∞.

Nevertheless, making this limit too big will deteriorate the constant C appearing in (1-23) and (1-24),
as well as the interval (0, h0] 3 h for which these estimates remain relevant. A more interesting problem
is the computation of the optimal rate when h0 is small but fixed, that is, when the preceding J has
a constant size (see [Lelièvre et al. 2013] in the case of linear drifts). We did not perform the whole
computation, but a partial one seems to indicate that the optimal (or at least a reasonable) choice for J is
given when it sends the unstable direction of Hess V (s∗) onto one of its stable directions corresponding
to a maximal eigenvalue.

A closely related point of view to ours is to study the mean transition times between the different wells
of the potential V for the process (X t)t≥0 solution to (1-1). In the nonreversible case, this question has
been studied recently, e.g., in [Bouchet and Reygner 2016; Landim et al. 2019], to which we also refer
for more details and references on this subject.

In [Bouchet and Reygner 2016], an Eyring–Kramers type formula (for the mean transition times) is
derived from formal computations relying on the study of the appropriate quasipotential. In the case of a
double-well potential V and under the assumption that Uh =∇V + b (that is, that ν = 0; see (1-5)) for
some vector field b only satisfying b · ∇V = 0 (that is, without assuming div b = 0 as we do when ν = 0;
see (1-3)), Bouchet and Reygner derived their formula (5.65), which, compared to a formula such as (the
inverse of) (1-20), contains some extra term in the prefactor which measures the non-Gibbsianness of
their situation.

In this general setting, the measure mh is indeed invariant for the dynamics if and only if div b= 0, and
this extra term involves the integral of the function F := div(b) along the so-called instanton trajectory.
Under the additional assumption that mh is invariant (that is, that F = 0), this extra term equals 1, which
leads to the formula (5.66) in [Bouchet and Reygner 2016], which is similar to (the inverse of) (1-20)
in Theorem 1.9 (see more precisely Corollary 1.12, which clarifies the relation between eigenvalues of
LV,b,ν and mean transition times). In the present paper, we restrict ourselves to the Gibbsian case, so
that our formulas do not contain any extra prefactor as discussed above. It would be of great interest to
study the general case of a drift of the form ∇V + b, where b · ∇V = 0 but without assuming div b = 0,
by mixing our approach and quasi-potential constructions.

In [Landim et al. 2019], the authors use a potential theoretic approach to prove an Eyring–Kramers
type formula similar to the formula (5.66) of [Bouchet and Reygner 2016] in the case of a double-well
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potential V, when b and ν satisfy the relation (1-7) in such a way that LV,b,ν has the form (1-8). Though
the mathematical objects considered in [Landim et al. 2019] and in the present paper are not the same,
these two works share some similarities. Nevertheless, we would like to emphasize that our approach
permits us to go beyond the supersymmetric assumption (1-7) and to treat the case of multiple-well
potentials.

To be more precise on the connections between the present paper and [Landim et al. 2019] (and also
[Bouchet and Reygner 2016]), we conclude this introduction with the corollary below, which combines
the results given by Theorem 1.9 when V is a double-well potential and [Landim et al. 2019, Theorem 5.2
and Remarks 5.3 and 5.6]. This result generalizes in particular, in this nonreversible double-well setting,
the results obtained in the reversible case in [Bovier et al. 2004; 2005] on the relations between the small
eigenvalues of LV,b,ν and the mean transition times of (1-1) when b = ν = 0.

Corollary 1.12. Assume that the hypotheses of Theorem 1.9 hold, with

lim
|x |→+∞

x
|x |
· ∇V (x)=+∞ and lim

|x |→+∞
|∇V (x)| − 21V (x)=+∞,

and that V admits precisely two local minima m and m such that V (m) < V (m) (hence V(1) = j(m)).
Assume in addition that b and ν satisfy the relation (1-7), and hence that b = J∇V for some smooth
map J from Rd into the set of real antisymmetric matrices of size d, and that J is uniformly bounded
on Rd. Let O(m) be a smooth open connected set containing m such that O(m)⊂ {V < σ (m)}. Let then
(X t)t≥0 be the solution to (1-1) such that X0 = m and let

τO(m) := inf{t ≥ 0, X t ∈O(m)}

be the first hitting time of O(m). The expectation of τO(m) and the nonzero small eigenvalue λ(m, h) of
LV,b,ν are then related by the following formula in the limit h→ 0:

E(τO(m))=
1

λ(m, h)

(
1+O

(√
h|ln h|3

))
.

Let us mention here that the hypotheses of Corollary 1.12 are simply the minimal hypotheses permitting
the simultaneous application of Theorem 1.9 and [Landim et al. 2019, Theorem 5.2] in its refinement
specified in [Landim et al. 2019, Remark 5.6].

2. General spectral estimates

2A. Proof of Proposition 1.1. The unbounded operator (Pφ, C∞c (Rd)) is accretive, since, according to
(1-11), one has

∀ u ∈ C∞c (R
d), Re〈Pφu, u〉 = 〈1φu, u〉 = ‖dφu‖2 ≥ 0. (2-1)

In order to prove that its closure is maximal accretive, it then suffices to show that Ran(Pφ+1) is dense in
L2(Rd) (see, for example, [Helffer 2013, Theorem 13.14]). The proof of this fact is rather standard but we
give it for the sake of completeness (see the proof of [Helffer and Nier 2005, Proposition 5.5] for a similar
proof). Suppose that f ∈ L2(Rd) is orthogonal to Ran(Pφ + 1). Then (P∗φ + 1) f = 0 in the distribution
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sense and, since Pφ is real, one can assume that f is real. In particular, since P∗φ =1φ−bh ·dφ is elliptic
with smooth coefficients, f belongs to C∞(Rd). Thus, for every ζ ∈ C∞c (Rd ,R), one has

h2
〈∇(ζ f ),∇(ζ f )〉+

∫
ζ 2(|∇φ|2−h1φ+1) f 2

=〈(P∗φ+1)ζ f,ζ f 〉= h2
∫
|∇ζ |2 f 2

−h
∫
(bh ·dζ )ζ f 2.

Take now ζ such that 0≤ ζ ≤ 1, ζ = 1 on B(0, 1) and supp ζ ⊂ B(0, 2), and define ζk := ζ
(
·

k

)
for k ∈N∗.

According to (1-13) and to the above relation, there exists C > 0 such that for every k ∈ N∗,∫
ζ 2

k (|∇φ|
2
− h1φ+ 1) f 2

≤ C
h2

k2 ‖ f ‖2+C
h
k
‖ f ‖‖(1+ |∇φ|)ζk f ‖

≤ C
(

1+ 1
2ε

)h2

k2 ‖ f ‖2+ ε
2

C‖(1+ |∇φ|)ζk f ‖2,

where ε > 0 is arbitrary. Choosing ε = 1/(2C) and using (1-12), it follows that for every h > 0 small
enough,

1
4‖ζk f ‖2 ≤

∫
ζ 2

k
( 1

2 |∇φ|
2
− h1φ+ 1

2

)
f 2
≤ C

(
1+ 1

2ε

)h2

k2 ‖ f ‖2,

which implies, taking the limit k→+∞, that f = 0. Hence, the closure of Pφ , that we still denote by Pφ ,
is maximal accretive. Note moreover, that (2-1) implies that D(Pφ)⊂ {u ∈ L2(Rd), dφu ∈ L2(Rd)} and
that Re〈Pφu, u〉 = ‖dφu‖2 for every u ∈ D(Pφ).

Let us now prove that D(1φ)⊂ D(Pφ), which amounts to showing that for every u ∈ D(1φ), there
exists a sequence (un)n∈N of C∞c (Rd) such that un→ u in L2(Rd) and (Pφun)n∈N is a Cauchy sequence.
Since (1φ, C∞c (Rd)) is essentially self-adjoint, for any such u, there exists a sequence (un)n∈N in C∞c (Rd)

such that un → u in L2(Rd) and (1φun)n∈N is a Cauchy sequence, and it thus suffices to show that
(bh · dφun)n∈N is also a Cauchy sequence. For this purpose, we introduce the exterior derivative d acting
from 0-forms into 1-forms and the twisted semiclassical derivative dφ = e−φ/h

◦ hd ◦ eφ/h. Note that the
notation dφ has actually already been defined in (1-15) with a different meaning; we are thus using here
a slight abuse of notation, by identifying the exterior derivative d acting on functions with ∇. Thanks to
(1-12) and (1-13), there exists C > 0 such that for every h> 0 small enough and every u ∈ C∞c (Rd), one has

‖bh · dφu‖2 ≤
∫
|bh|

2
|dφu|2 ≤ C〈|∇φ|2 dφu, dφu〉+C‖dφu‖2 ≤ 2C〈1(1)φ dφu, dφu〉+ 2C‖dφu‖2,

where 1(1)φ denotes the Witten Laplacian acting on 1-forms, that is,

1
(1)
φ =1

(0)
φ ⊗ Id+2h Hessφ = (−h21+ |∇φ|2− h1φ)⊗ Id+2h Hessφ.

Combined with the intertwining relation 1(1)φ dφ = dφ1
(0)
φ , we get

‖bh · dφu‖2 ≤ 2C(‖1(0)φ u‖2+‖dφu‖2)≤ 2C‖1(0)φ u‖(‖1(0)φ u‖+‖u‖) (2-2)

for every u ∈ C∞c (Rd). This implies that for any Cauchy sequence (un)n∈N in L2(Rd) such that (1φun)n∈N

is a Cauchy sequence, (bh · dφun)n∈N is also a Cauchy sequence, and thus that D(1φ)⊂ D(Pφ).
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The statement about P∗φ is then a straightforward consequence of the above analysis. Indeed, since
P∗φ =1φ − bh · dφ on C∞c (Rd), the above arguments imply that the closure of (P∗φ , C

∞
c (R

d)) is maximal
accretive and that its domain contains D(1φ). Moreover, P∗φ is maximal accretive since Pφ is, and hence
coincides with the closure of (P∗φ , C

∞
c (R

d)).
Let us now prove the statement on the spectrum of Pφ . Throughout, we will denote C+ = {Re(z)≥ 0}.

It follows from (1-12) and from (1-13) that for every u ∈ C∞c (Rd), it holds that, for some C > 0 and every
h > 0 small enough,

|〈bh · dφu, u〉| ≤ ‖dφu‖‖bhu‖ ≤ C(‖dφu‖2+‖u‖‖dφu‖). (2-3)

Set30=5C for some C≥1 satisfying (2-3), and let z∈C+ be such that |Im(z)|≥30 max(Re(z),
√

Re(z) ).
Suppose first that Re(z)‖u‖2 ≥ 1

2‖dφu‖2. Then, thanks to the estimate (2-3), we have

|〈(bh · dφ − i Im(z))u, u〉| ≥
(
|Im(z)| −C

(
2 Re(z)+

√
2 Re(z)

))
‖u‖2

≥ C max
(
Re(z),

√
Re(z)

)
‖u‖2 ≥ Re(z)‖u‖2.

Since |〈(bh · dφ − i Im(z))u, u〉| ≤ |〈(Pφ − z)u, u〉|, this implies that

|〈(Pφ − z)u, u〉| ≥ Re(z)‖u‖2. (2-4)

Suppose now that Re(z)‖u‖2 ≤ 1
2‖dφu‖2. One then directly obtains

|〈(Pφ − z)u, u〉| ≥ 〈(1φ −Re(z))u, u〉 ≥ Re(z)‖u‖2,

which, combined with (2-4), implies that

‖(Pφ − z)u‖ ≥ Re(z)‖u‖ (2-5)

for every z ∈C+ \030 and u ∈ C∞c (Rd). Since Pφ is closed, it follows that Pφ− z is injective with closed
range, and hence semi-Fredholm, for every z ∈ C+ \030 such that Re(z) 6= 0. Assume now for a while
that the fourth item in Proposition 1.1, which is proved independently just below, is satisfied, and let
λ ∈ R be such that iλ ∈ σ(Pφ). By assumption, iλ is then an eigenvalue of Pφ and there exists some
u ∈ D(Pφ) \ {0} such that Pφu = iλu. In particular,

0= Re〈Pφu, u〉 = ‖dφu‖2 = h2
‖e−

φ
h∇(e

φ
h u)‖2,

which implies u ∈ Span{e−φ/h
} and then λ = 0. This shows that σ(Pφ)∩ iR ⊂ {0} and thus, Pφ being

maximal accretive, that σ(Pφ)∩ {Re(z) ≤ 0} ⊂ {0}. It follows that Pφ − z is semi-Fredholm for every
z ∈ C \030 , and has index 0 on {Re z ≤ 0} \ {0}. But the open set C \030 being connected, the index of
Pφ − z is constant, and then equal to 0, on C \030 (see [Kato 1995, Theorem 5.17 in Chapter 4]). Hence,
Pφ − z being injective on C \030 , it is invertible from D(Pφ) onto L2(Rd) on C \030 and the resolvent
estimate stated in Proposition 1.1 becomes a direct consequence of (2-5).

Let us now prove the fourth item of Proposition 1.1. Thanks to (1-12), there exist c > 0 and R > 0
such that

∀ |x | ≥ R, |∇φ(x)|2 ≥ c.
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Take c1 ∈ (0, c) and let W be a nonnegative smooth function such that supp(W ) ⊂ B(0, R) and
W (x) + |∇φ(x)|2 ≥ 1

2(c + c1) for all x ∈ Rd. There exists consequently h0 > 0 such that for all
h ∈ (0, h0], one has

W̃ :=W + |∇φ|2− h1φ ≥ c1

on Rd. Introduce the operator

P̃φ = Pφ +W =−h21+ W̃ + bhdφ

with domain D(Pφ). Since Pφ is maximal accretive and W ∈ C∞c (Rd ,R+), P̃φ is also maximal accretive
(see, for example, [Helffer 2013, Theorem 13.25]). Moreover, for every u ∈ C∞c (Rd) and then for every
u ∈ D(Pφ), one has

Re〈P̃φu, u〉 = 〈(−h21+ W̃ )u, u〉 ≥ c1‖u‖2,

which implies as above that for every z in {Re(z) < c1}, P̃φ − z is invertible from D(Pφ) onto L2(Rd).
Hence, for every z in {Re(z) < c1}, we can write

Pφ − z = P̃φ − z−W = (Id−W (P̃φ − z)−1)(P̃φ − z).

Of course, z 7→ (P̃φ − z)−1 is holomorphic on {Re z < c1} and thanks to the analytic Fredholm theorem,
it then suffices to prove that

K (z) :=W (P̃φ − z)−1
: L2(Rd)→ L2(Rd)

is compact for every z in {Re(z)< c1}. This follows from the compactness of the embedding H 1
R ⊂ L2(Rd)

and from the fact that for every z ∈ {Re z < c1}, K (z) acts continuously from L2(Rd) into H 1
R , where

H 1
R := {u ∈ H 1(Rd), supp(u)⊂ B(0, R)}.

Indeed, for any z in {Re(z) < c1}, the operator dφ(P̃φ − z)−1
: L2(Rd)→ L2(Rd) is continuous thanks

to (2-1) and hence, since W is smooth and supported in B(0, R), K (z) : L2(Rd)→ H 1
R is also continuous.

To conclude, it remains to prove the last statement of Proposition 1.1. To this end, note first that
Pφe−φ/h

= 0 according to (1-16) and let us recall that, according to (1-12), e−φ/h
∈ D(1φ) ⊂ D(Pφ).

Thus, Span{e−φ/h
} ⊂ Ker Pφ and 0 is an eigenvalue of Pφ . It has moreover finite algebraic multiplicity

according to the preceding analysis. Conversely, the relation

∀ u ∈ D(Pφ), Re〈Pφu, u〉 = ‖dφu‖2 = h2
‖e−

φ
h∇(e

φ
h u)‖2

leads to Ker Pφ ⊂ Span{e−φ/h
} and the same arguments also show that Ker P∗φ = Span{e−φ/h

}. This
implies that 0 is an eigenvalue of Pφ with algebraic multiplicity one. Indeed, if this were not the case,
there would exist u ∈ D(Pφ) such that u /∈ Ker Pφ and Pφu = e−φ/h, and hence such that

0< 〈Pφu, e−
φ
h 〉 = 〈u, P∗φ e−

φ
h 〉 = 0.

2B. Spectral analysis near the origin. Let us denote by (eW
k )k≥1 the eigenfunctions of 1φ associated

with the nondecreasing sequence of eigenvalues (λW
k )k≥1. Let ε0 and h0 > 0 be given by Proposition 1.2.
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We recall that for every h ∈ (0, h0],

card(σ (1φ)∩ {Re z < ε0h})= n0,

where n0 is the number of local minima of φ. We define

R− : Cn0 → L2(Rd), (αk)7→

n0∑
k=1

αkeW
k

and R+ := R∗
−

, i.e.,
R+ : L2(Rd)→ Cn0, u 7→ (〈u, eW

k 〉)k=1,...,n0 .

Note in particular the relations

R+R− = IdCn0 and R−R+ =5, (2-6)

where 5 denotes the orthogonal projection onto Ran(R−)= Span(eW
k , k ∈ {1, . . . , n0}). We also define

the spectral projector
5̂ := 1−5.

For z ∈ C, let us then consider on the Hilbert space Ê := Ran(5̂) the following unbounded operator
which will be useful in the rest of this section:

P̂φ,z := 5̂(Pφ − z)5̂ with domain D(P̂φ,z) := 5̂(D(Pφ)). (2-7)

Hence D(P̂φ,z) is dense in Ê and, since Ran5 ⊂ D(1φ) ⊂ D(Pφ), it holds that 5̂(D(Pφ)) ⊂ D(Pφ)
and P̂φ,z is well and densely defined.

Lemma 2.1. Let ε0 and h0 > 0 be given by Proposition 1.2. Then, for every h ∈ (0, h0], the operator
P̂φ,z : D(P̂φ,z)→ Ê defined in (2-7) is invertible on {Re z < ε0h}. Moreover, for any ε1 ∈ (0, ε0),

∀ z ∈ {Re z < ε1h}, ‖P̂−1
φ,z‖Ê→Ê =O(h−1),

uniformly with respect to z.

Proof. We begin with the following observation: the unbounded operator

5̂(P∗φ − z)5̂ with domain 5̂(D(P∗φ ))⊂ D(P∗φ )

is well and densely defined on Ê , and satisfies

5̂(P∗φ − z)5̂= P̂∗φ,z.

Indeed, the relation 〈5̂(Pφ − z)5̂v,w〉 = 〈v, 5̂(P∗φ − z)5̂w〉, valid for every v ∈ D(Pφ) and w ∈ D(P∗φ ),
implies that 5̂(P∗φ − z)5̂⊂ P̂∗φ,z . Moreover, for every v ∈ D(Pφ) and w ∈ D(P̂∗φ,z), one has

〈(Pφ − z)v,w〉 = 〈(Pφ − z)5v,w〉+ 〈(Pφ − z)5̂v,w〉

= 〈(Pφ − z)5v,w〉+ 〈5̂v, P̂∗φ,zw〉.
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Since Pφ5 is continuous, 5 being continuous with finite rank, one has |〈Pφ5v,w〉| ≤ C‖v‖‖w‖ for
some C > 0 independent of (v,w), which implies that w ∈ D(P∗φ ). Hence D(P̂∗φ,z)⊂ D(P∗φ ) and since
Ran(5)⊂ D(1φ)⊂ D(P∗φ ), this implies 5̂(P∗φ − z)5̂= P̂∗φ,z .

Let us now consider z in {Re z < ε0h} and let us prove that P̂φ,z is invertible from D(P̂φ,z) onto Ê .
First, according to Proposition 1.2, we have for every u ∈ D(1φ),

Re〈(Pφ − z)5̂u, 5̂u〉 = 〈(1φ −Re(z))5̂u, 5̂u〉 ≥ (ε0h−Re z)‖5̂u‖2, (2-8)

and the inequality (2-8) is also true when u ∈ D(Pφ). Indeed, for any u ∈ D(Pφ), there exists a sequence
(un)n∈N in D(1φ) such that un→ u and Pφun→ Pφu in L2(Rd). Hence 5̂un→ 5̂u and, since Pφ5 is
continuous, it also holds that Pφ5̂un→ Pφ5̂u. In particular, it follows that P̂φ,z is injective. Note that a
similar analysis shows that P̂∗φ,z is also injective.

Second, let us show that P̂φ,z is closed, which will in particular imply that Ran(P̂φ,z) is closed
according to (2-8). For brevity, we denote P̂ = P̂φ,z and P = Pφ . Suppose that (un)n∈N is a sequence in
D(P̂)⊂ D(P) such that un→ u and P̂un→ v in Ê . Since Ran5⊂ D(1φ)⊂ D(P∗),

5Pun =

n0∑
k=1

〈Pun, eW
k 〉e

W
k =

n0∑
k=1

〈un, P∗eW
k 〉e

W
k n→+∞
−−−→

n0∑
k=1

〈u, P∗eW
k 〉e

W
k ,

so (P−z)un= P̂un+5(P−z)un converges. Since P is closed, this implies u∈D(P)∩Ran 5̂=5̂(D(P))
and that

(P − z)u = v+ g with g ∈ Ran5.

Multiplying this relation by 5̂, we get v = P̂u, which proves that P̂ is closed.
To prove that P̂ is invertible from D(P̂) onto Ê , it is thus enough to prove that Ran(P̂) is dense in

Ê . Let then v ∈ Ê be such that 〈P̂u, v〉 = 0 for all u ∈ D(P̂). Then v ∈ D(P̂∗) and P̂∗v = 0. Thus, by
injectivity of P̂∗, v = 0, which proves the invertibility of P̂ : D(P̂φ,z)→ Ê .

The relation (2-8) then implies that for all z ∈ {Re z ≤ ε1h}, one has

Re〈(Pφ − z)5̂u, 5̂u〉 ≥ δh‖5̂u‖2

with δ = ε0− ε1 > 0. Hence, for the operator norm on Ê ⊂ L2(Rd),

P̂−1
φ,z =O(h−1),

uniformly with respect to z ∈ {Re z < ε1h}. �

For z ∈ C, we now consider the Grushin operator Pφ(z) : D(Pφ)×Cn0 → L2(Rd)×Cn0 defined by

Pφ(z)=
(

Pφ − z R−
R+ 0

)
. (2-9)

Lemma 2.2. Let ε0 and h0 > 0 be given by Proposition 1.2. Then, the operator Pφ(z) is invertible on
{Re z<ε0h}. More precisely, for every z∈{Re z<ε0h}, (u, u−)∈D(Pφ)×Cn0 and ( f, y)∈ L2(Rd)×Cn0,

Pφ(z)(u, u−)= ( f, y)



SHARP ASYMPTOTICS FOR NONREVERSIBLE DIFFUSION PROCESSES 23

if and only if

(u, u−)= (R−y+ v, R+ f − R+(Pφ − z)R−y− R+Pφv),

where

v := P̂−1
φ,z5̂ f − P̂−1

φ,z5̂PφR−y ∈ 5̂(D(Pφ)).

Proof. Let ( f, y) ∈ L2(Rd)×Cn0 and assume that (u, u−) ∈ D(Pφ)×Cn0 satisfies{
(Pφ − z)u+ R−u− = f,

R+u = y.
(2-10)

Applying R+ to the first equation and R− to the second one, we get, according to (2-6):

u− = R+ f − R+(Pφ − z)u and u = R−y+ v,

with v ∈ Ran 5̂∩ D(Pφ)= 5̂(D(Pφ)) a solution to

(Pφ − z)R−y+ (Pφ − z)v+ R−u− = f.

Then, applying 5̂ to the latter equation, we get, using 5̂R− = 0,

5̂(Pφ − z)5̂v = 5̂ f − 5̂(Pφ − z)R−y− 5̂R−u− = 5̂ f − 5̂PφR−y. (2-11)

Conversely, note that if v ∈ Ran 5̂∩ D(Pφ) is a solution to (2-11), then according to (2-6),(
u = R−y+ v, u− = R+ f − R+(Pφ − z)(R−y+ v)

)
∈ D(Pφ)×Cn0

is a solution to (2-10).
Hence, the statement of Lemma 2.2 simply follows from Lemma 2.1 which implies that, for every

z ∈ {Re z < ε0h},
v = P̂−1

φ,z5̂ f − P̂−1
φ,z5̂PφR−y ∈ 5̂(D(Pφ))

is the unique solution to (2-11). �

Proof of Theorem 1.3. Let ε0 and h0 be as in Lemmata 2.1 and 2.2, and take ε1 ∈ (0, ε0). For z ∈
{Re z < ε0h}, let Eφ(z)= Pφ(z)−1. According to Lemma 2.2, it thus holds that

Eφ(z)=
(

E(z) E+(z)
E−(z) E−+(z)

)
,

where E, E−, E+, E−+ are holomorphic in {Re z < ε0h} and satisfy the formulas

E+(z)= R−− P̂−1
φ,z5̂PφR−, E−(z)= R+− R+Pφ P̂−1

φ,z5̂, (2-12)

E−+(z)=−R+(Pφ − z)R−+ R+Pφ P̂−1
φ,z5̂PφR− (2-13)

and
E(z)= P̂−1

φ,z5̂. (2-14)
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Moreover, Pφ − z is invertible if and only if E−+(z) is, in which case,

(Pφ − z)−1
= E(z)− E+(z)E−+(z)−1 E−(z). (2-15)

We refer to [Sjöstrand and Zworski 2007] for more details.
We now want to use these formulas to compute the number of poles of (Pφ − z)−1. Thanks to (2-2),

one has, for some C > 0 and all k ∈ {1, . . . , n0},

‖bh · dφeW
k ‖ ≤ C(‖1φeW

k ‖+‖dφeW
k ‖)≤ C

(
λW

k +
√
λW

k

)
.

Using the bound λW
k ≤ Che−2S/h given by Proposition 1.2, this yields the existence of some C > 0 such

that for every k ∈ {1, . . . , n0},

‖bh · dφeW
k ‖ ≤ C

√
he−

S
h and ‖PφeW

k ‖ ≤ C
√

he−
S
h . (2-16)

This shows that R+1φR− =O(he−2S/h) and R+b · dφR− =O(
√

he−S/h). Hence, for all z ∈ C,

R+(Pφ − z)R− = R+PφR−− z IdCn0 =−z IdCn0 +O(
√

he−
S
h ). (2-17)

On the other hand, we deduce from (2-16) and from the related relation

〈Pφu, eW
k 〉 = 〈u,1φeW

k 〉− 〈u, bh · dφeW
k 〉 =O(he−2 S

h +
√

he−
S
h )‖u‖,

valid for any u ∈ D(Pφ) and k ∈ {1, . . . , n0}, that

PφR− =O(h
1
2 e−

S
h ) and R+Pφ =O(h

1
2 e−

S
h ). (2-18)

Moreover, we know from Lemma 2.1 that P̂−1
φ,z = O(h−1) uniformly on {Re z < ε1h}. Therefore,

injecting this estimate and (2-17) and (2-18) into (2-13) and (2-12), respectively, we obtain uniformly on
{Re z < ε1h},

E−+(z)= z IdCn0 +O(h
1
2 e−

S
h ) (2-19)

and
E+(z)= R−+O(h−

1
2 e−

S
h ) and E−(z)= R++O(h−

1
2 e−

S
h ). (2-20)

According to (2-19), E−+(z) is then invertible when z ∈ {Re z<ε1h} satisfies |z| ≥Ch
1
2 e−S/h for C large

enough and the spectrum of Pφ in {Re z < ε1h} is then of order O(h
1
2 e−S/h). Moreover, for |z| = 1

2ε1h,

E−+(z)= z(IdCn0 +O(h−
1
2 e−

S
h )) (2-21)

and injecting (2-21) and (2-20) into (2-15) shows that

(Pφ − z)−1
= E(z)−

1
z
(5+O(h−

1
2 e−

S
h )).

Thus, the spectral projector on the open disk D
(
0, 1

2ε1h
)

satisfies

5D(0, ε12 h) := −
1

2π i

∫
∂D(0, ε12 h)

(Pφ − z)−1 dz =5+O(h−
1
2 e−

S
h ),

where we recall that 5 is a projector of rank n0. This implies that for every h > 0 small enough, the
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rank of 5D(0,ε1/2h), which is the number of eigenvalues of Pφ in D
(
0, 1

2ε1h
)

counted with algebraic
multiplicity, is precisely n0.

In order to achieve the proof of Theorem 1.3, it just remains to prove the resolvent estimate stated
there. On the one hand, it follows easily from (2-14), (2-20), and Lemma 2.1 that

E(z)=O(h−1), E−(z)=O(1), and E+(z)=O(1),

uniformly with respect to z ∈ {Re z < ε1h}. On the other hand, taking ε ∈ (0, ε1), it follows from (2-19)
that E−1

−+(z) = O(h−1), uniformly with respect to z ∈ {Re z < ε1h} ∩ {|z| > εh}. Plugging all these
estimates into (2-15), we obtain the announced result.

Finally, since σ(P∗φ )= σ(Pφ) and, for all z /∈ σ(Pφ), ‖(P∗φ − z)−1
‖ = ‖(Pφ − z)−1

‖, it follows easily
that the conclusions of Theorem 1.3 also hold true for P∗φ . �

3. Geometric preparation

Let us begin this section by observing that the identity b · ∇V = 0 arising from (1-3) implies that
U ⊂ {x ∈ Rd , b(x)= 0}, where we recall that U denotes the set of critical points of the Morse function V,
as can be easily proved using a Taylor expansion. Moreover, we have the following:

Lemma 3.1. Suppose that Assumptions 1 and 3 hold true and let u ∈ U be a critical point of V. Then,
there exists a smooth map Ju : R

d
→Md(R) such that Ju(u) is antisymmetric and b(x)= Ju(x)∇V (x)

for all x in some neighborhood of u. Moreover,

Ju(u)= B(u)Hess V (u)−1,

where B(u)= Jacub is the Jacobian matrix of b at u.

Proof. Let u ∈ U that we assume to be 0 to lighten the notation. Thanks to the Taylor formula, there
exists a smooth map G : Rd

→Md(R) such that b(x) = G(x)x for all x ∈ Rd and G(0) = Jac0b. The
same construction works for ∇V and denoting by Sd the set of symmetric matrices, there exists a smooth
map A : Rd

→ Sd such that ∇V (x) = A(x)x for all x ∈ Rd and A(0) = Hess V (0). The equation
〈b(x),∇V (x)〉 = 0 for all x ∈ Rd then yields 〈G(x)x, A(x)x〉 = 0 and hence, since A(x) is symmetric,
〈A(x)G(x)x, x〉 = 0 for all x ∈ Rd. Expanding A(x)G(x) in powers of x , this implies that

∀ x ∈ Rd , 〈A(0)G(0)x, x〉 = 0.

Hence, the matrix A(0)G(0) is antisymmetric. Since A(0) is symmetric and invertible (since V is a
Morse function), this implies that G(0)A(0)−1 is antisymmetric. Moreover, A(x) is then also invertible
in a neighborhood V of 0 and we can thus define J0(x)= G(x)A(x)−1 on V. One then has

J0(x)∇V (x)= G(x)A(x)−1 A(x)x = b(x)

for all x ∈ V and J0(0)= G(0)A(0)−1 is antisymmetric thanks to the above analysis. �

Remark 3.2. It is not clear from the above proof that the relation b · ∇V = 0 implies the existence of a
smooth map J :Rd

→Md(R) with antisymmetric matrix values such that b= J∇V. However, it follows
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from (1-3) that for such a map J, the vector fields of the form bh = J∇V + hν enter our framework as
soon as

div ν = 0 and
( d∑

i=1

∂i Ji j

)
j=1,...,d

· ∇V = ν · ∇V . (3-1)

This is for instance the case when

ν =

( d∑
i=1

∂i Ji j

)
j=1,...,d

,

which is in particular satisfied when J appears to be constant. Moreover, when ν =
(∑d

i=1 ∂i Ji j
)

j=1,...,d ,
LV,b,ν (or equivalently Pφ) admits a supersymmetric structure according (see (1-8)) to

LV,b,ν =−he
V
h div ◦(e−

V
h (Id − J )∇)= h∇∗(Id − J )∇,

where the adjoint is considered with respect to mh , or equivalently

Pφ =1φ + bh · dφ = d∗φ(Id − J )dφ,

where the adjoint is now considered with respect to the Lebesgue measure. Using this structure, we
may follow the general approach of [Hérau et al. 2011] to analyze the spectrum of Pφ . Nevertheless,
the operator Pφ still does not have any PT-symmetry and following this approach would again require
us to use Theorem A.4 instead of Fan inequalities in the final part of the analysis. We believe that this
approach may yield complete asymptotic expansions of the small eigenvalues of Pφ (or LV,b,ν) in this
setting.

However, when J has antisymmetric matrix values and (3-1) holds but ν 6=
(∑d

i=1 ∂i Ji j
)

j=1,...,d , the
operator Pφ is not supersymmetric anymore (see [Michel 2016] for related results).

We are now in position to prove Lemma 1.8. Throughout the rest of this section, we denote by

−µ1 < 0< µ2 ≤ · · · ≤ µd

the eigenvalues of Hess V (s) counted with multiplicity. For brevity, we will denote

B = B(s)= Jacsb and J = J (s)= B(s)(Hess V (s))−1.

We recall from Lemma 3.1 that J is antisymmetric.

Step 1: Let us first prove that det(Hess V (s)+ B∗) < 0. Since the matrix Hess V (s)+ B∗ is real, it thus
admits at least one negative eigenvalue.

Since Hess V (s) is real and symmetric, there exists P ∈Md(R) such that

P∗ = P−1 and Hess V (s)= P D P−1,

where D := Diag(−µ1, µ2, . . . , µd). Then:

Hess V (s)+ B∗ = Hess V (s)(Id − J )= P D(Id − P−1 J P)P−1. (3-2)
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Since (P−1 J P)∗ =−P−1 J P, there exist moreover p ∈
{
0, . . . ,

⌊d
2

⌋}
, η1, . . . , ηp > 0, and Q ∈Md(R)

satisfying Q∗ = Q−1 such that

Q−1 P−1 J P Q =


A1 (0)

. . .

(0) Ap

(0)

,
where, for every k ∈ {1, . . . , p},

Ak =

[
0 −ηk

ηk 0

]
.

Here, the rank of the matrix J is 2p and its nonzero eigenvalues are the ±iηk , k ∈ {1, . . . , p}. Therefore,

Q−1(Id − P−1 J P)Q =


B1 (0)

. . .

(0) Bp

Id−2p

, (3-3)

where, for every k ∈ {1, . . . , p},

Bk =

[
1 ηk

−ηk 1

]
.

We then deduce from (3-2) and (3-3) that

det(Hess V (s)+ B∗)=−(5d
k=1µk)(5

p
k=1(1+ η

2
k)) < 0,

which concludes this first step.

Step 2: Let us denote by µ a negative eigenvalue of Hess V (s)+ B∗ and let us show that µ is its only
negative eigenvalue and has geometric multiplicity one.

Assume first by contradiction that µ has geometric multiplicity two and denote by ξ1, ξ2 two associated
unitary eigenvectors such that 〈ξ1, ξ2〉 = 0. Let us also define ξ ′i := P−1ξi for i ∈ {1, 2} so that ξ ′1 and ξ ′2
are orthogonal and unitary. According to (3-2), for i ∈ {1, 2},

D(Id − P−1 J P)ξ ′i = µξ
′

i and hence, D−1ξ ′i =
1
µ
(Id − P−1 J P)ξ ′i .

In particular, since (P−1 J P)∗ =−P−1 J P, for every (a, b) ∈ R2 satisfying a2
+ b2
= 1,

〈D−1(aξ ′1+ bξ ′2), aξ ′1+ bξ ′2〉 =
1
µ
.

Applying the max-min principle to the symmetric matrix D−1, this shows that the second eigenvalue
µ2(D−1) of the matrix D−1 satisfies µ2(D−1)≤ 1/µ < 0, contradicting

D−1
= Diag

(
−

1
µ1
,

1
µ2
, . . . ,

1
µd

)
.
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Hence the negative eigenvalue µ has geometric multiplicity one and we have to show that it is the only
negative eigenvalue of Hess V (s)+ B∗. We reason again by contradiction, assuming that Hess V (s)+ B∗

admits another negative eigenvalue that we denote by η. Note in particular that it follows from the relation
(see (3-2))

Hess V (s)(Id + J )= Hess V (s)(Hess V (s)+ B∗)∗(Hess V (s))−1

that η is also an eigenvalue of Hess V (s)− B∗(s) = Hess V (s)(Id + J ). Denote now by ξ1 a unitary
eigenvector of Hess V (s)+ B∗ associated with µ and by ξ2 a unitary eigenvector of Hess V (s)− B∗

associated with η. Defining again ξ ′i := P−1ξi for i ∈ {1, 2}, we thus have

D−1ξ ′1 =
1
µ
(Id − P−1 J P)ξ ′1 and D−1ξ ′2 =

1
η
(Id + P−1 J P)ξ ′2.

It follows that

〈D−1ξ ′1, ξ
′

2〉 = 0, 〈D−1ξ ′1, ξ
′

1〉 =
1
µ

and 〈D−1ξ ′2, ξ
′

2〉 =
1
η
.

The vectors ξ ′1 and ξ ′2 are in particular linearly independent and it holds for some positive constant c and
every (a, b) ∈ R2

\ {(0, 0)},

〈D−1(aξ ′1+ bξ ′2), aξ ′1+ bξ ′2〉 =
a2

µ
+

b2

η
≤−c‖aξ ′1+ bξ ′2‖

2.

Applying again the max-min principle to the symmetric matrix D−1 leads to µ2(D−1) ≤ −c < 0 and
hence to a contradiction. This concludes the proof of the second step.

Step 3: Let us now prove the relation

det(Hess V (s)+ 2|µ|ξξ∗)=− det Hess V (s), (3-4)

which is equivalent to
det(Id + 2|µ|D−1ξ ′ξ ′∗)=−1, (3-5)

where ξ denotes a unitary eigenvector of Hess V (s)+ B∗ associated with µ and ξ ′ := P−1ξ . To this end,
note first that obviously

∀ x ∈ (ξ ′)⊥, (Id + 2|µ|D−1ξ ′ξ ′∗)x = x . (3-6)

Moreover, since D−1ξ ′ = 1/µ(Id − P−1 J P)ξ ′,

(Id + 2|µ|D−1ξ ′ξ ′∗)ξ ′ = ξ ′+ 2|µ|D−1ξ ′

=−ξ ′+ 2P−1 J Pξ ′. (3-7)

Since P−1 J Pξ ′ belongs to (ξ ′)⊥, we deduce (3-5) and then (3-4) from (3-6) and (3-7).

Step 4: To conclude the proof of the second item of Lemma 1.8, it only remains to show that the real
symmetric matrix MV :=Hess V (s)+2|µ|ξξ∗ is positive definite, where we recall that ξ denotes a unitary
eigenvector of Hess V (s)+ B∗ associated with µ. This is an easy consequence of the max-min principle
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and of the relation det MV =− det D > 0 obtained in the previous step. Defining again ξ ′ := P−1ξ , we
have

∀ x ∈ ((1, 0, . . . , 0)∗)⊥, 〈(D+ 2|µ|ξ ′ξ ′∗)x, x〉 = 〈Dx, x〉+ 2|µ|〈ξ, x〉2

≥ µ2‖x‖2,

which implies that the second eigenvalue of D + 2|µ|ξ ′ξ ′∗, that is, the second eigenvalue of MV , is
greater than or equal to µ2, and hence positive. The first eigenvalue of MV is then positive according to
det MV > 0. This concludes this step of the proof.

Step 5: We now prove the third item of Lemma 1.8. Since Hess V (s)(Id − J )ξ = µξ and J ∗ =−J, it
first holds that

(Hess V (s))−1ξ =
1
µ
(Id − J )ξ and then 〈(Hess V (s))−1ξ, ξ〉 =

1
µ
, (3-8)

which proves the second part of the third item of Lemma 1.8. Defining again ξ ′ := P−1ξ , this also means

−
1
µ1
+

d∑
k=2

(
1
µk
+

1
µ1
)ξ ′2k =−

1
µ1
ξ ′21 +

d∑
k=2

1
µk
ξ ′2k = 〈D

−1ξ ′, ξ ′〉 =
1
µ
.

This implies that 1/µ≥−1/λ1, i.e., that |µ| ≥ µ1, with equality if and only if ξ ′ =±(1, 0, . . . , 0)∗, that
is, if and only if ξ is a unitary eigenvector of (Hess V (s))−1 associated with −1/µ1, which is equivalent
to the relation Jξ = 0 by (3-8), and hence to B∗ξ = 0 since J =−(Hess V (s))−1 B∗.

4. Spectral analysis in the case of Morse functions

4A. Construction of accurate quasimodes. In the following, we assume that Assumption 4 is satisfied.
Let us then consider some arbitrary m ∈ U (0) \ {m}; that is, according to Assumption 4, a local minimum
of V which is not the global minimum m of V. According to the labeling procedure of Section 1C
leading to the definitions (1-17)–(1-19), it holds in particular that m = mi, j and σ (m) = σi for some
i ∈ {2, . . . , N } and j ∈ {1, . . . , Ni }. For every s ∈ j(m) and ρ, δ > 0, where we recall that the mapping
j : U (0)→ P(V(1) ∪ {s1}) has been defined in (1-18) and that V (s)= σ (m), we define the set

Bs,ρ,δ := {V ≤ σ (m)+ δ} ∩ {x ∈ Rd , |ξ(s) · (x − s)| ≤ ρ}

and the set Cs,ρ,δ by

Cs,ρ,δ is the connected component of Bs,ρ,δ containing s, (4-1)

where ξ(s) has been defined in Lemma 1.8. We recall that ξ(s) is an unitary eigenvector of the matrix
Hess V (s)+ B∗(s) associated with its only negative eigenvalue µ(s) which has geometric multiplicity
one. Let us also define

Em,ρ,δ := (E−(m)∩ {V < σ (m)+ δ}) \
⋃

s∈ j(m)

Cs,ρ,δ, (4-2)

where
E−(m) is the connected component of {V < σi−1} containing m. (4-3)
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According to Assumption 4 and Remark 1.7, we recall that there is precisely one connected component
Ê(m) 6= E(m) of {V < σ (m)} such that E(m) ∩ Ê(m) 6= ∅ (see examples in Figure 3). Moreover,
j(m)= ∂ Ê(m)∩∂E(m) and the global minimum m̂ of V |Ê(m) satisfies σ (m̂)> σ (m) and V (m̂)< V (m)

(see [Michel 2019], where the notation Ê(m) is introduced for an arbitrary Morse function).
According to the geometry of the Morse function V around ∂E(m) and to Lemma 1.8, we have:

Lemma 4.1. Assume that Assumption 4 is satisfied and let m ∈ U (0) \ {m}, s ∈ j(m), and ξ(s) be some
unitary eigenvector of the matrix Hess V (s)+ B∗(s) associated with its unique negative eigenvalue (see
Lemma 1.8). Then, there exists a neigborhood O of s such that

∀ x ∈O \ {s}, (x − s ∈ ξ(s)⊥⇒ V (x) > V (s)).

It follows that there exist ρ0, δ0 > 0 sufficiently small such that for all ρ ∈ (0, ρ0] and δ ∈ (0, δ0], the
set Em,3ρ,3δ defined in (4-2) has exactly two connected components, E+m,3ρ0,3δ0

and E−m,3ρ,3δ, containing
respectively m and m̂.

Proof. For brevity, we denote ξ = ξ(s). By a continuity argument, note that to prove the first
part of Lemma 4.1, it is sufficient to prove that the linear hyperplane ξ⊥ does not meet the cone
{X ∈ Rn

; 〈Hess V (s)X, X〉 ≤ 0} outside the origin. The second part of the lemma then simply follows
from the observation that the set Cs,ρ,δ defined in (4-1) is thus an arbitrarily small neighborhood of s
when ρ, δ > 0 tend to 0.

For d≥3, it is then enough to show that for any column vector X ∈Rd
\{0} such that 〈Hess V(s)X, X〉=0,

it holds that SpanX ⊕ ξ⊥ = Rd, i.e., 〈X, ξ〉 6= 0. Indeed, when d ≥ 3, any linear hyperplane meets
{X ∈Rn

: 〈Hess V (s)X, X〉>0} and then meets {X ∈Rd
\{0} : 〈Hess V (s)X, X〉=0} if and only if it meets

{X ∈ Rd
\ {0} : 〈Hess V (s)X, X〉 ≤ 0}. Let us then consider X ∈ Rd

\ {0} such that 〈Hess V (s)X, X〉 = 0
and let us prove that 〈X, ξ〉 6= 0. To show this, we work in orthonormal coordinates of Rd where Hess V (s)
is diagonal, i.e., where Hess V (s)= Diag(−µ1, µ2, . . . , µd). It then follows from 〈Hess V (s)X, X〉 = 0
and from the third item of Lemma 1.8 that

µ1 X2
1 =

d∑
k=2

µk X2
k and

1
µ1
ξ 2

1 >

d∑
k=2

1
µk
ξ 2

k ≥ 0.

In particular, X1 6= 0 and thus, by multiplying the two above relations,

|ξ1 X1|>

( d∑
k=2

1
µk
ξ 2

k

)1
2
( d∑

k=2

µk X2
k

)1
2

≥

∣∣∣∣ d∑
k=2

ξk Xk

∣∣∣∣,
the last inequality resulting from the Cauchy–Schwarz inequality. The relation 〈X, ξ〉 6= 0 follows.

When d = 2, the situation is slightly different because for any hyperplane H, either H \ {0} ⊂
{X ∈ R2

\ {0} : 〈Hess V (s)X, X〉 ≤ 0} or H \ {0} ⊂ {X ∈ R2
\ {0} : 〈Hess V (s)X, X〉 > 0}. Take again

orthonormal coordinates where Hess V (s)= Diag(−µ1, µ2). We have then only to prove that the vector
ξ ′ := (−ξ2, ξ1)

∗, which spans ξ⊥, satisfies

−µ1ξ
2
2 +µ2ξ

2
1 = 〈Hess V (s)ξ ′, ξ ′〉> 0.
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{V = V (s)}
s+ ξ1(s)⊥ s+ ξ(s)⊥

s

∂E(m)

∂E(m)

E(m)

∂ Ê(m)

∂ Ê(m)

Ê(m)

O

Figure 4. Representation of the Morse function V near s ∈ j(m). Here, ξ1(s) denotes
an eigenvector of Hess V (s) associated with its negative eigenvalue and B∗(s)ξ(s) 6= 0.
Note that according to the last item in Lemma 1.8, s+ ξ1(s)⊥ and s+ ξ(s)⊥ coincide if
and only if B∗(s)ξ(s)= 0.

This is obviously satisfied since it is equivalent to

0>
1
µ2
ξ 2

2 −
1
µ2
ξ 2

1 = 〈(Hess V (s))−1ξ, ξ〉,

which holds true thanks to (iii) of Lemma 1.8. This concludes the proof of Lemma 4.1. �

Let us now define, for every h ∈ (0, 1] and for every ρ0, δ0 > 0 small enough, the function κm,h on the
sublevel set E−(m)∩ {V < σ (m)+ 3δ0} (see (4-3)) as follows:

(1) On the disjoint open sets E+m,3ρ0,3δ0
and E−m,3ρ0,3δ0

introduced in Lemma 4.1,

κm,h(x) :=
{
+1 for x ∈ E+m,3ρ0,3δ0

,

−1 for x ∈ E−m,3ρ0,3δ0
.

(4-4)

(2) For every s ∈ j(m) and x ∈ Cs,3ρ0,3δ0 ∩ {V < σ (m)+ 3δ0} (see (4-1)),

κm,h(x) := C−1
s,h

∫ ξ(s)·(x−s)

0
χ(ρ−1

0 η)e−
|µ(s)|η2

2h dη, (4-5)

where the orientation of ξ(s) is chosen in such a way that there exists a neighborhood O of s such
that E(m)∩O is included in the half-space {ξ(s) · (x− s) > 0} (see Lemma 4.1 and Figures 4 and 5),
χ ∈ C∞(R; [0, 1]) is even and satisfies χ ≡ 1 on [−1, 1], χ(η)= 0 for |η| ≥ 2, and

Cs,h :=
1
2

∫
+∞

−∞

χ(ρ−1
0 η)e−

|µ(s)|η2
2h dη.

Note in particular that

there exists γ > 0 s.t. C−1
s,h =

√
2|µ(s)|
πh

(1+O(e−
γ
h )). (4-6)
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O(ρ0)

ξ(s)

s
κm,h =−1κm,h = 1

supp(θm)

{V = σ (m)}

Figure 5. The support of the function κm,h .

Note also that for every ρ0, δ0 > 0 small enough, thanks to the definitions (4-4) and (4-5), and since the
sets E+m,3ρ0,3δ0

, E−m,3ρ0,3δ0
, and Cs,3ρ0,3δ0 , s ∈ j(m), are two by two disjoint (see Lemma 4.1), κm,h is well

defined and is C∞ on E−(m)∩ {V < σ (m)+ 3δ0}.
Consider now a smooth function θm such that

θm(x) :=

{
1 for x ∈ {V ≤ σ (m)+ 3

2δ0} ∩ E−(m),
0 for x ∈ Rd

\ ({V < σ (m)+ 2δ0} ∩ E−(m)).
(4-7)

The function θmκm,h then belongs to C∞c (Rd
; [−1, 1]) and

supp θmκm,h ⊂ E−(m)∩ {V < σ (m)+ 2δ0}.

Definition 4.2. For any m ∈ U (0) let us define the function ψm,h by

ψm,h(x) := θm(x)(κm,h(x)+ 1)

when m 6=m and, when m=m, ψm,h(x) := 1. We then define, for any m ∈ U (0), the quasimode ϕm,h by

ϕm,h(x) :=
ψm,h(x)
‖ψm,h‖L2(mh)

.

Note that, for every h ∈ (0, 1], it holds that LV,b,νϕm,h = 0 and for every m∈U (0)\{m}, the quasimodes
ψm,h and ϕm,h belong to C∞c (Rd

;R+) with supports included in E−(m)∩ {V < σ (m)+ 2δ0}. We have
more precisely the following lemma resulting from the previous construction.

Lemma 4.3. Assume that Assumption 4 is satisfied. For every m ∈ U (0) and every small ε > 0 fixed, there
exist ρ0, δ0 > 0 small enough such that for every h ∈ (0, 1]:

(i) suppψm,h ⊂ E(m)+ B(0, ε).

(ii) When m 6= m, there exists a neighborhood Oρ0,δ0 of E(m) such that

Oρ0,δ0 \

⋃
s∈ j(m)

Cs,3ρ0,3δ0 ⊂ {θmκm,h = 1}.
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In particular,

argminsuppψm,h
V = argmin{θmκm,h=1}V = argminE(m)V = {m}.

(iii) When m 6= m,

∀ x ∈ supp∇ψm,h,

(
V (x) < σ (m)+ 3

2δ0⇒ x ∈
⋃

s∈ j(m)

Cs,3ρ0,3δ0

)
.

Let moreover m′ belong to U (0) with m 6= m′. The following then hold true for every ρ0, δ0 > 0 small
enough and every h ∈ (0, 1]:

(iv) If σ (m)= σ (m′), then supp(ψm,h)∩ supp(ψm′,h)=∅.

(v) If σ (m) > σ (m′), then

• either supp(ψm,h)∩ supp(ψm′,h)=∅,
• or ψm,h = 2 on supp(ψm′,h) and V (m′) > V (m).

Proof. The first part of Lemma 4.3 follows from Assumption 4 and from the construction of the quasimodes
ϕm,h defined in Definition 4.2 for m ∈ U (0); see (4-4), (4-5), and (4-7). We now then prove the second
part of Lemma 4.3.

When σ (m)= σ (m′) and m 6=m′, note first that m and m′ differ from m since σ (m)=+∞ if and only
if m = m. When moreover m′ /∈ E−(m), we have E−(m) 6= E−(m′) and hence E−(m)∩ E−(m′)=∅,
implying supp(ψm,h)∩ supp(ψm′,h) = ∅. In the case when m′ ∈ E−(m), the statement of Lemma 4.3
follows from (ii) of Assumption 4 and Remark 1.7, which imply that E(m)∩ E(m′)=∅ (see the first
item of Lemma 4.3).

When σ (m) > σ (m′) and m′ /∈ E(m), we have E(m)∩ E(m′)=∅, and again, according to the first
item of Lemma 4.3, supp(ψm,h) ∩ supp(ψm′,h) = ∅ for every ρ0, δ0 > 0 small enough. Lastly, when
σ (m) > σ (m′) and m′ ∈ E(m), we have E(m′) ⊂ E−(m′) ⊂ E(m) and then, according to the second
item of Lemma 4.3, ψm,h = 2 on supp(ψm′,h) for every ρ0, δ0 > 0 small enough. Besides, the relation
V (m′) > V (m) follows from m′ ∈ E(m) and from the first item of Assumption 4. �

4B. Quasimodal estimates. We write in the sequel a h b and a . b to mean, in the limit h → 0,
equality/inequality up to a multiplicative factor 1+O(h). Moreover, for brevity, we define, for any critical
point u of V ,

Du :=
√
|det Hess V (u)|> 0.

Proposition 4.4. Assume that Assumption 4 is satisfied and consider the families (ψm,h,m ∈ U (0)) and
(ϕm,h,m ∈ U (0)) of Definition 4.2. Then, for every m ∈ U (0) \ {m} and ρ0, δ0 > 0 small enough, in the
limit h→ 0,

‖ψm,h‖
2
L2(mh)

h 4
Dm

Dm
e−

V (m)−V (m)
h . (4-8)

Moreover, there exists C > 0 such that for every m,m′ ∈ U (0), in the limit h→ 0,

〈ϕm,h, ϕm′,h〉 = δm,m′ +O(e−
c
h ). (4-9)
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Proof. To prove the relation (4-8), write, according to Definition 4.2,

‖ψm,h‖
2
L2(mh)

= Z−1
h

∫
(θm(κm,h + 1))2e−

V (x)
h dx,

where Zh is the normalizing constant defined by (1-10). Hence, according to Lemma 4.3 and standard
tail estimates and Laplace asymptotics, we get, in the limit h→ 0,

Zh h (2πh)
d
2 D−1

m e−
V (m)

h

as well as ∫
(θm(κm,h + 1))2e−

V (x)
h dx h 4(2πh)

d
2 D−1

m e−
V (m)

h .

The estimate (4-8) then follows easily.
Let us now prove the relation (4-9). According to Definition 4.2, note first that 〈ϕm,h, ϕm,h〉 = 1

for every m ∈ U (0). Moreover, when m,m′ ∈ U (0) and m 6= m′, it follows from Lemma 4.3 that, up to
switching m and m′, we are in one of the two following cases:

• either supp(ϕm,h)∩ supp(ϕm′,h)=∅, and then

〈ϕm,h, ϕm′,h〉 = 0,

• or ψm,h = 2 on supp(ψm′,h) and V (m′) > V (m), and then, using the preceding estimates,

〈ϕm,h, ϕm′,h〉 =
2

‖ψm,h‖L2(mh)

∫
suppψm′,h

ψm′,h

‖ψm′,h‖L2(mh)

e−
V (x)

h

Zh
dx

=
1

‖ψm,h‖L2(mh)‖ψm′,h‖L2(mh)

O(e−
V (m′)−V (m)

h )=O(e−
C
h ),

where C = V (m′)−V (m)
2 > 0.

This leads to (4-9). �

Proposition 4.5. For every m ∈ U (0) and ρ0, δ0 > 0 small enough, in the limit h→ 0,

〈LV,b,νψm,h, ψm,h〉L2(mh) h
∑

s∈ j(m)

2|µ(s)|
π

Dm

Ds
e−

V (s)−V (m)
h (4-10)

and then

〈LV,b,νϕm,h, ϕm,h〉L2(mh) h
∑

s∈ j(m)

|µ(s)|
2π

Dm

Ds
e−

V (s)−V (m)
h . (4-11)

Proof. Note first that thanks to (1-3), one has div(bhmh)= 0 and hence,

∀ u ∈ C∞c (R
d
;R), 〈bh · ∇u, u〉L2(mh) =−

1
2

∫
u2 div(bhmh) dx = 0.
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Using this relation together with (1-4), (4-4)–(4-7), Definition 4.2, and Lemma 4.3, we get, in the limit
h→ 0,

〈LV,b,νψm,h, ψm,h〉L2(mh)

= 〈(−h1+∇V · ∇)ψm,h, ψm,h〉L2(mh) = Z−1
h h

∫
|∇(θm(κm,h + 1))|2e−

V
h dx

= Z−1
h h

∫
θ2

m|∇κm,h|
2e−

V
h dx + Z−1

h O(e−
σ (m)+δ0

h )

= Z−1
h O(e−

σ (m)+δ0
h )+ Z−1

h

∑
s∈ j(m)

C−2
s,hh

∫
Cs,3ρ0,3δ0

θ2
m(x)χ

2(ρ−1
0 ξ · (x − s))e−

|µ|(ξ ·(x−s))2
h e−

V
h dx, (4-12)

where for short we denote ξ = ξ(s) and µ= µ(s). From the second item in Lemma 1.8 and the Taylor
expansion of V + |µ|〈ξ, · − s〉2 around s ∈ j(m),

V (x)+ |µ|(ξ · (x − s))2 = V (s)+ 1
2〈Hess V (s)(x − s), x − s〉+ |µ|〈ξξ∗(x − s), x − s〉+O(|x − s|3),

so it is clear that for ρ0 and δ0 small enough, V + |µ|〈ξ, · − s〉2 uniquely attains its minimal value in
Cs,3ρ0,3δ0 at s since

∇(V + |µ|〈ξ, · − s〉2)(s)= 0 and Hess(V + |µ|〈ξ, · − s〉2)(s)= MV .

Moreover, using again the second item in Lemma 1.8 and a standard Laplace method, in the limit
h→ 0, for every s ∈ j(m),

C−2
s,h

∫
Cs,3ρ0,3δ0

θ2
mχ

2(ρ−1
0 〈ξ, · − s〉)e−

|µ|〈ξ,·−s〉2
h e−

V
h dx h

(2πh)
d
2

C2
s,h Ds

e−
V (s)

h h
2(2πh)

d
2 |µ|

πh Ds
e−

V (s)
h , (4-13)

where we used (4-6) for the last part. The statement of Proposition 4.5 then follows from (4-12) and (4-13),
using also Zh h (2πh)d/2 D−1

m e−V (m)/h . �

Proposition 4.6. Let m ∈ U (0). For ρ0 and δ0 sufficiently small, in the limit h→ 0,

‖LV,b,νψm,h‖
2
L2(mh)

= 〈LV,b,νψm,h, ψm,h〉L2(mh)O(h) (4-14)

and
‖L∗V,b,νψm,h‖

2
L2(mh)

= 〈LV,b,νψm,h, ψm,h〉L2(mh)O(1). (4-15)

Proof. Let s ∈ j(m) and denote for short ξ = ξ(s) and µ= µ(s). We first recall the Taylor expansion of
V + |µ|〈ξ, · − s〉2 around s,

V (x)+ |µ|(ξ · (x − s))2 = V (s)+ 1
2〈MV (x − s), x − s〉+O(|x − s|3),

which implies, according to the second item of Lemma 1.8, that for ρ0 and δ0 small enough,

• ∇(V + |µ|〈ξ, · − s〉2)(s)= 0,

• V + |µ|〈ξ, · − s〉2 uniquely attains its minimal value in Cs,3ρ0,3δ0 at s.
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Note now that according to (1-4),

LV,b,νψm,h = θm LV,hκm,h + (1+ κm,h)LV,hθm− 2h∇κm,h · ∇θm,

and on Cs,3ρ0,3δ0 , for every s ∈ j(m), according to (4-5),

LV,b,νκm,h =−h1κm,h +∇V · ∇κm,h + bh · ∇κm,h

= C−1
s,hχ(ρ

−1
0 〈ξ, · − s〉)e−

|µ|〈ξ,·−s〉2
2h (∇V · ξ + bh · ξ + |µ|〈ξ, · − s〉)

−hC−1
s,h div(χ(ρ−1

0 〈ξ, · − s〉)ξ)e−
|µ|〈ξ,·−s〉2

2h ,

where we recall that bh = b+ hν. It then follows from (4-4)–(4-7) that in the limit h→ 0,

‖LV,b,νψm,h‖
2
L2(mh)

=

∑
s∈ j(m)

‖1Cs,3ρ0,3δ0
LV,b,νψm,h‖

2
L2(mh)

+
O(e−

σ (m)+δ0
h )

Zh

=

∑
s∈ j(m)

C−2
s,h

Zh

∫
Cs,3ρ0,3δ0

χ2(ρ−1
0 ξ · (x − s))e−

V+|µ|(ξ ·(x−s))2
h

× (∇V · ξ + b · ξ + |µ|ξ · (x − s)+ hν · ξ)2 dx +
O(e−

σ (m)+c
h )

Zh

for some real constant c ∈ (0, δ0). Moreover, using b(s)= 0 and the first item of Lemma 1.8, the Taylor
expansion of ∇V + b around s satisfies

(∇V + b) · ξ + |µ|ξ · (x − s)= 〈(Hess V (s)+ B)(x − s), ξ〉+ |µ|ξ · (x − s)+O((x − s)2)

= µξ · (x − s)+ |µ|ξ · (x − s)+O((x − s)2)=O((x − s)2).

Then from Proposition 4.5, standard tail estimates, and Laplace asymptotics, in the limit h→ 0,

‖LV,b,νψm,h‖
2
L2(mh)

=

∑
s∈ j(m)

C−2
s,h

Zh

∫
Cs,3ρ0,3δ0

O((x − s)4+ h2)e−
V+|µ|(ξ ·(x−s))2

h dx +
O(e−

σ (m)+c
h )

Zh

= 〈LV,b,νψm,h, ψm,h〉L2(mh)O(h),

which proves (4-14).
To prove (4-15), we observe that since L∗V,b,ν = LV,−b,−ν , the same computation as above shows that

in the limit h→ 0,

‖L∗V,b,νψm,h‖
2
L2(mh)

=

∑
s∈ j(m)

C−2
s,h

Zh

∫
Cs,3ρ0,3δ0

χ2(ρ−1
0 ξ · (x − s))e−

V+|µ|(ξ ·(x−s))2
h

× (∇V · ξ − b · ξ + |µ|ξ · (x − s)− hν · ξ)2 dx +
O(e−

σ (m)+c
h )

Zh
.

However, contrary to the preceding case, one has here only

∇V · ξ − b · ξ + |µ|ξ · (x − s)=O(x − s),



SHARP ASYMPTOTICS FOR NONREVERSIBLE DIFFUSION PROCESSES 37

which implies, in the limit h→ 0,

‖L∗V,b,νψm,h‖
2
L2(mh)

=

∑
s∈ j(m)

C−2
s,h

Zh

∫
Cs,3ρ0,3δ0

O((x − s)2+ h2)e−
V+|µ|(ξ ·(x−s))2

h dx +
O(e−

V (s)+c
h )

Zh

= 〈LV,b,νψm,h, ψm,h〉L2(mh)O(1),

which is exactly (4-15). �

4C. Proof of Theorem 1.9. Throughout this section, for ease of notation, we denote

〈 · , · 〉 = 〈 · , · 〉L2(mh), ‖·‖ = ‖·‖L2(mh), LV,b,ν = LV ,

and we label the local minima m1, . . . ,mn0 of V in so that (S(m j )) j∈{1,...,n0} is nonincreasing (see (1-19)):

S(m1)=+∞ and, for all j ∈ {2, . . . , n0}, S(m j+1)≤ S(m j ) <+∞.

For all j ∈ {1, . . . , n0}, we will also denote, for ease of notation,

S j := S(m j ), ϕ j := ϕm j ,h, and λ̃ j (h) := 〈LVϕ j , ϕ j 〉.

From Proposition 4.5, one knows that for all j ∈ {2, . . . , n0}, one has

λ̃ j (h)=
∑

s∈ j(m j )

|µ(s)|
2π

Dm j

Ds
e−

S j
h (1+O(h)). (4-16)

Moreover, since (S j ) j∈{1,...,n0} is nonincreasing, we deduce from this estimate that there exist h0 > 0 and
C > 0 such that for all h ∈ (0, h0] and all i, j ∈ {1, . . . , n0}, one has

i ≤ j ⇒ λi (h)≤ Cλ j (h). (4-17)

The two following lemmata are straightforward consequences of the previous analysis.

Lemma 4.7. For every j, k ∈ {1, . . . , n0} and h ∈ (0, 1], one has

〈LVϕ j , ϕk〉 = δ jk λ̃ j (h).

Proof. When j = k, the statement is obvious. When j 6= k, it follows from Lemma 4.3 that we are in one
of the three following cases:

• supp(ϕ j )∩ supp(ϕk)=∅ and the conclusion is obvious,

• There exists ch > 0 such that ϕ j = ch on supp(ϕk) and

〈LVϕ j , ϕk〉 = 〈LV (ch), ϕk〉 = 0,

• There exists ch > 0 such that ϕk = ch on supp(ϕ j ) and

〈LVϕ j , ϕk〉 = 〈ϕ j , L∗Vϕk〉 = 〈ϕ j , L∗V (ch)〉 = 0. �
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Lemma 4.8. For ρ0, δ0 sufficiently small and every j ∈ {1, . . . , n0}, in the limit h→ 0,

‖LVϕ j‖ =O
(√

hλ̃ j (h)
)
. (4-18)

and
‖L∗Vϕ j‖ =O

(√
λ̃ j (h)

)
. (4-19)

Proof. This is a simple rewriting of Proposition 4.6, using the fact that for every m ∈ U (0) and h ∈ (0, 1],
ϕm,h = ψm,h/‖ψm,h‖. �

We now introduce, for every h > 0 small enough, the spectral projector 5h associated with the n0

smallest eigenvalues of LV as described in Theorem 1.3. Let ε0 be given by Theorem 1.3. According to
Theorem 1.3, for every h > 0 small enough, 5h satisfies

5h :=
1

2iπ

∫
z∈∂D(0, ε02 )

(z− LV )
−1 dz (4-20)

and in particular,
5h =O(1). (4-21)

Lemma 4.9. For all j ∈ {1, . . . , n0}, we have, in the limit h→ 0,

‖(1−5h)ϕ j‖ =O
(√

hλ̃ j (h)
)

(4-22)

and
‖(1−5∗h)ϕ j‖ =O

(√
λ̃ j (h)

)
(4-23)

Proof. Thanks to the resolvent identity, one has

(1−5h)ϕ j =
1

2iπ

∫
z∈∂D(0, ε02 )

(z−1
− (z− LV )

−1)ϕ j dz

=
−1
2iπ

∫
z∈∂D(0, ε02 )

z−1(z− LV )
−1LVϕ j dz.

Moreover, it follows from Theorem 1.3 and from (1-14) that for any z ∈ ∂D(0, ε0/2),

‖(z− LV )
−1
‖L2(mh)→L2(mh) =O(1).

Combined with (4-18), this proves (4-22). On the other hand, one has similarly

(1−5∗h)ϕ j =
−1
2iπ

∫
z∈∂D(0, ε02 )

z−1(z− L∗V )
−1L∗Vϕ j dz

and ‖(z− L∗V )
−1
‖L2(mh)→L2(mh) =O(1). Then, (4-23) follows immediately from (4-19). �

Proposition 4.10. For every j ∈ {1, . . . , n0} and h > 0 small enough, define v j := 5hϕ j . Then, there
exists c > 0 such that for all j, k ∈ {1, . . . , n0}, in the limit h→ 0,

〈v j , vk〉 = δ jk +O(e−
c
h ) (4-24)
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and

〈LV v j , vk〉 = δ jk λ̃ j (h)+O
(√

hλ̃ j (h)λ̃k(h)
)
. (4-25)

In particular, it follows from (4-24) that for every h > 0 small enough, the family (v1, . . . , vn0) is a basis
of Ran5h .

Proof. Since, for some c > 0, every j ∈ {1, . . . , n0}, and every h > 0 small enough, λ̃ j (h)=O(e−c/h),
the first identity follows directly from (4-9), (4-22), and from the relation

〈v j , vk〉 = 〈ϕ j , ϕk〉+ 〈ϕ j , vk −ϕk〉+ 〈v j −ϕ j , vk〉.

To prove the second estimate, observe that

〈LV v j , vk〉 = 〈LV5hϕ j ,5hϕk〉

= 〈LVϕ j , ϕk〉+ 〈LV (5h − 1)ϕ j , ϕk〉+ 〈5h LVϕ j , (5h − 1)ϕk〉

= 〈LVϕ j , ϕk〉+ 〈(5h − 1)ϕ j , L∗Vϕk〉+ 〈5h LVϕ j , (5h − 1)ϕk〉.

Moreover, thanks to Lemma 4.8, (4-21), and Lemma 4.9, one has

|〈(5h − 1)ϕ j , L∗Vϕk〉| ≤ ‖(5h − 1)ϕ j‖‖L∗Vϕk‖ =O
(√

hλ̃ j (h)λ̃k(h)
)

and
|〈5h LVϕ j , (5h − 1)ϕk〉| ≤ ‖5h‖‖LVϕ j‖‖(5h − 1)ϕk‖ =O

(√
h2λ̃ j (h)λ̃k(h)

)
.

Gathering these two estimates and using Lemma 4.7, we obtain (4-25). �

We now orthonormalize the basis (v1, . . . , vn0) of Ran5h by a Gram–Schmidt procedure: for all
j ∈ {1, . . . , n0}, let us define by induction

ẽ j = v j −

j−1∑
k=1

〈v j , ẽk〉

‖ẽk‖
2 ẽk and then e j =

ẽ j

‖ẽ j‖
. (4-26)

Lemma 4.11. There exists c > 0 such that for all j ∈ {1, . . . , n0}, in the limit h→ 0,

ẽ j = v j +

j−1∑
k=1

α j,kvk

with α jk =O(e−c/h). In particular,

∀ j ∈ {1, . . . , n0}, ‖ẽ j‖ = 1+O(e−
c
h ).

Proof. One proceeds by induction on j. For j = 1, one has ẽ1 = v1 = ϕ1 = 1 and there is nothing to prove.
Suppose now that the above formula is true for all ẽl with 1≤ l ≤ j < n0. Then ẽ j+1 = v j+1− r j+1 with

r j+1 =

j∑
k=1

〈v j+1, ẽk〉

‖ẽk‖
2 ẽk .
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Since by induction, ‖ẽk‖ = 1+O(e−c/h) for all k ∈ {1, . . . , j}, it follows that

r j+1 = (1+O(e−
c
h ))

j∑
k=1

〈v j+1, ẽk〉ẽk .

Moreover, for all k ∈ {1, . . . , j}, one also has by induction,

ẽk = vk +

k−1∑
l=1

αk,lvl =

k∑
l=1

βk,lvk

with βk,l =O(1) for any l ∈ {1, . . . , k} (and actually βk,l =O(e−c/h) when l < k), which implies

r j+1 = (1+O(e−
c
h ))

j∑
k=1

k∑
l,m=1

βk,lβk,m〈v j+1, vl〉vm .

Since, thanks to Proposition 4.10, 〈v j+1, vl〉 =O(e−c/h) for all l,m ≤ k < j + 1,

r j+1 =

j∑
m=1

γ j,mvm,

where γ j,m =O(e−c/h) for all m ∈ {1, . . . , j}. This proves the first part of the lemma. The second part is
obvious. �

Proposition 4.12. For all j, k ∈ {1, . . . , n0}, in the limit h→ 0,

〈LV e j , ek〉 = δ jk λ̃ j (h)+O
(√

hλ̃ j (h)λ̃k(h)
)
.

Proof. Thanks to Lemma 4.11, for all j, k ∈ {1, . . . , n0},

〈LV ẽ j , ẽk〉 = 〈LV v j , vk〉+

j−1∑
p=1

k−1∑
q=1

α′p,q〈LV vp, vq〉,

where α′p,q = α j,pαk,q =O(e−c/h), for all p, q . Combined with Proposition 4.10, this implies

〈LV ẽ j , ẽk〉 = δ jk λ̃ j (h)+O
(√

hλ̃ j (h)λ̃k(h)
)
+

j−1∑
p=1

k−1∑
q=1

α′p,q〈LV vp, vq〉. (4-27)

On the other hand, thanks to Proposition 4.10 and (4-17), one has in the limit h→ 0, for all 1≤ p < j
and 1≤ q < k,

〈LV vp, vq〉 = δpq λ̃p(h)+O
(√

hλ̃p(h)λ̃q(h)
)
=O

(√
λ̃p(h)λ̃q(h)

)
=O

(√
λ̃ j (h)λ̃k(h)

)
.

Combined with (4-27) and using the fact that α′p,q =O(e−c/h)=O(
√

h), this shows that

〈LV ẽ j , ẽk〉 = δ jk λ̃ j (h)+O
(√

hλ̃ j (h)λ̃k(h)
)
.
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Finally, since ek = (1+O(e−c/h))ẽk according to Lemma 4.11, we obtain

〈LV e j , ek〉 = (1+O(e−
c
h ))〈LV ẽ j , ẽk〉 = δ jk λ̃ j (h)+O

(√
hλ̃ j (h)λ̃k(h)

)
,

which completes the proof. �

We are now in position to prove Theorem 1.9. We recall that (e1, . . . , en0) is an orthonormal basis of
Ran5h and that LV |Ran5h : Ran5h → Ran5h has exactly n0 eigenvalues λ1, . . . , λn0 , with λ j = 0 if
and only if j = 1, counted with algebraic multiplicity. Let us denote ê j = en0+1− j and let M denote the
matrix of LV in the basis (ê1, . . . , ên0). Since this basis is orthonormal,

M= (〈LV êk, ê j 〉) j,k∈{1,...,n0}.

Moreover, since
LV (ên0)= LV (e1)= 0 and L∗V (ên0)= 0,

M has the form

M=
(
M′ 0
0 0

)
with M′

:= (〈LV êk, ê j 〉) j,k∈{1,...n0−1}.

On the other hand, denoting λ̂ j (h) := λ̃n0+1− j (h) for j ∈{1, . . . , n0−1}, one deduces from Proposition 4.12
that for every j, k ∈ {1, . . . n0− 1}, in the limit h→ 0,

〈LV êk, ê j 〉 = 〈LV en0−k, en0− j 〉 = δ jk λ̂ j (h)+O
(√

hλ̂ j (h)λ̂k(h)
)
;

that is,
〈LV êk, ê j 〉 =

√
λ̂ j (h)λ̂k(h)

(
δ jk +O

(√
h
))
. (4-28)

For all j ∈ {1, . . . , n0− 1}, let us now define

Ŝ j := Sn0+1− j and ν j := ζ(mn0+1− j )=
∑

s∈ j(mn0+1− j )

|µ(s)|
2π

Dmn0+1− j

Ds

= e
Ŝ j
h λ̂ j (h)(1+O(h)),

where ζ(m), m ∈ U (0) \ {m}, is defined in (1-21), and the last estimate follows from (4-16). Since the
sequence (S j ) j∈{2,...,n0} is nonincreasing, there exists a partition J1 t . . .t Jp of {1, . . . , n0− 1} such that
for all k ∈ {1, . . . , p}, there exists ι(k) ∈ {1, . . . , n0− 1} such that

∀ j ∈ Jk, Ŝ j = Ŝι(k) and ∀ 1≤ k < k ′ ≤ p, Ŝι(k) < Ŝι(k′). (4-29)

Hence, we deduce from (4-28) that
M′
= �̂

(
J +

(√
h
))
�̂

with
J = diag(ν j , j = 1, . . . , n0− 1)

and

�̂= diag(e−
Ŝ j
2h , j = 1, . . . , n0− 1)= diag(e−

Ŝι(k)
2h Irk , k = 1, . . . , p),
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where, for every k ∈ {1, . . . , p}, rk = card(Jk). Factorizing by e−Ŝι(1)/h , we get

M′
= e−

Ŝι(1)
h �

(
J +O

(√
h
))
�

with

�= diag(e
Ŝι(1)−Ŝι(k)

2h Irk , k = 1, . . . , p).

Denoting τ1 = 1 and, for k ∈ {2, . . . , p}, τk = e(Ŝι(k−1)−Ŝι(k))/(2h), we observe that, thanks to (4-29), τk is
exponentially small when h→ 0. Moreover, with this notation, one has

�= diag(τ1 Ir1, τ1τ2 Ir2, . . . , (5
p
j=1τ j )Irp).

This shows that e−Ŝι(1)/hM′ is a graded matrix in the sense of Definition A.1. Hence, we can apply
Theorem A.4 and we get that in the limit h→ 0,

σ(M′)⊂

p⊔
k=1

e−
Ŝι(1)

h ε2
k
(
σ(Mk)+O

(√
h
))
,

where for every k ∈ {1, . . . , p}, εk =
∏k

l=1 τl and Mk = diag(ν j , j ∈ Jk). Moreover, still according to
Theorem A.4, M′ admits in the limit h→ 0, for every k ∈ {1, . . . , p} and every eigenvalue λ of Mk with
multiplicity r ′k , exactly r ′k eigenvalues counted with multiplicity of order e−Ŝι(1)/hε2

k

(
λ+O

(√
h
))

.
Going back to the initial parameters, one has, for every k ∈ {1, . . . , p},

e−
Ŝι(1)

h ε2
k = e−

Ŝι(k)
h and σ(Mk)= {ν j , j ∈ Jk}.

Hence, the eigenvalues of M′ satisfy

∀ j ∈ {1, . . . , n0− 1}, λn0+1− j (h)= e−
Ŝ j
h
(
ν j +O

(√
h
))
,

which is exactly the announced result.

4D. Proof of Theorem 1.11. As in the preceding subsection, for brevity we denote

〈 · , · 〉 = 〈 · , · 〉L2(mh), ‖·‖ = ‖·‖L2(mh), LV,b,ν = LV ,

and we label the local minima m1, . . . ,mn0 of V so that (S(m j )) j∈{1,...,n0} is nonincreasing (see (1-19)):

S(m1)=+∞ and, for all j ∈ {2, . . . , n0}, S(m j+1)≤ S(m j ) <+∞.

Let moreover m∗ ∈ U (0) \ {m} be such that

S(m∗)= S(m2) and ζ(m∗)= min
m∈S−1(S(m2))

ζ(m), (4-30)

where the prefactors ζ(m), m ∈ U (0) \ {m}, are defined in (1-21), and let us define, for any h > 0,

λ(h) := ζ(m∗)e−
S(m∗)

h .

According to the unitary equivalence (see (1-14))

LV =
1
h
UPφU∗,
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and to the localization of the spectrum of Pφ stated in Proposition 1.1 and in Theorem 1.3, for every
h > 0 small enough, taking ε0 as in the statement of Theorem 1.3,

‖e−t LV −50‖ ≤ ‖e−t LV5h −50‖+‖e−t LV (Id−5h)‖, (4-31)

where, as in the preceding subsection,

5h :=
1

2iπ

∫
z∈∂D(0, ε02 )

(z− LV )
−1 dz.

Moreover, it follows from Proposition 1.1 that σ(Pφ)⊂ 030 ⊂ 0̃30 with

0̃30 = {z ∈ C, |Im(z)| ≤30(Re(z)+ 1)}.

Hence, for every t > 0, the operator e−t LV (I −5h) can be written as the complex integral

e−t LV (Id−5h)=−

∫
00∪0±

e−t z(z− LV )
−1 dz,

where

00 =

{
ε0

2
+ i30x, x ∈

[
−
ε0

2
−

1
h
,
ε0

2
+

1
h

]}
and

0± =

{
x ± i30

(
x +

1
h

)
, x ∈

[
ε0

2
,+∞

)}
.

From the resolvent estimates proven in Theorem 1.3, (z− LV )
−1
=O(1) uniformly on 00, and then, for

every t > 0, ∫
00

e−t z(z− LV )
−1 dz = e−t ε02 O

(
1
h

)
.

Using in addition the resolvent estimates proven in Proposition 1.1, ‖(z−LV )
−1
‖≤ 1/Re z ≤ 2/ε0 on 0±,

and then ∫
0±

e−t z(z− LV )
−1 dz =O(1)

∫
+∞

ε0
2

e−t x dx =
e−t ε02

t
O(1).

It follows that for every t > 0,

‖e−t LV (Id−5h)‖ = e−t ε02 O
(

1
t
+

1
h

)
.

Moreover, e−t LV (Id−5h)=O(1) since5h=O(1) (see (4-21)) and e−t LV =O(1) (by maximal accretivity
of LV ). Hence, there exists C > 0 such that for every t ≥ 0 and h > 0 small enough,

‖e−t LV (I −5h)‖ ≤ C min
{

1,
e−t ε02

h

}
≤ 2Ce−λ(h)t .

Thus, according to (4-31), it just remains to show that

there exists C > 0 such that ‖e−t LV5h −50‖ ≤ Ce−(λ(h)−C
√

h)t . (4-32)
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To this end, let us first recall from Proposition 1.1 that the spectral projector 5{0} associated with the
eigenvalue 0 of LV has rank 1 and is actually the orthogonal projector 50 on Span{1} according to the
relations

Span{1} = Im5{0} = Im5∗
{0} = (Ker5{0})⊥.

It follows that
e−t LV5h −50 = e−t LV (5h −5{0}).

Since moreover 5h −5{0} =O(1) (thanks to the resolvent estimate of Theorem 1.3), it suffices to show
that

there exists C > 0 such that ‖e−t LV (5h −5{0})|Ran(5h−5{0})‖ ≤ Ce−(λ(h)−C
√

h)t .

Using the notation of the preceding subsection, this means proving that the matrix M′ of LV in the
orthonormal basis (ê1, . . . , ên0−1) of Ran(5h −50) is such that

there exists C > 0 such that ‖e−tM′

‖ ≤ Ce−(λ(h)−C
√

h)t .

Let us now consider a subset V(0) (in general nonunique) of U (0) \ {0} such that

m ∈ V(0) 7→ (ζ(m), S(m)) ∈ {(ζ(m), S(m)),m ∈ U (0) \ {0}} is a bijection.

Then, for any K > 0 and for every h > 0 small enough, the closed disks of the complex plane

Dm,K := D(ζ(m)e−
S(m)

h , K
√

he−
S(m)

h ), m ∈ V(0),

are included in {Re z > 0} and two by two disjoint. Moreover, according to Theorem 1.9, K > 0 can be
chosen large enough so that when h > 0 is small enough, the n0− 1 nonzero small eigenvalues of LV are
included in ⋃

m∈V(0)
D
(
ζ(m)e−

S(m)
h ,

K
2

√
he−

S(m)
h

)
.

In particular, for every t ≥ 0 and for every h > 0 small enough,

e−tM′

=

∑
m∈V(0)

1
2iπ

∫
z∈∂Dm,K

e−t z(z−M′)−1 dz.

Using now the specific form of M′ exhibited in the preceding section and Theorem A.4, for every m∈V(0),
in the limit h→ 0,

1
2iπ

∫
z∈∂Dm,K

e−t z(z−M′)−1 dz =O(e−tζ(m)e−
S(m)

h (1−K
√

h)).

Indeed, the resolvent estimate of Theorem A.4 implies

∀ z ∈ ∂Dm,K , ‖(M′
− z)−1

‖ =O(dist(z, σ (M′))−1)=O
(

1
√

h
e

S(m)
h

)
. (4-33)

The relation (4-32) follows easily, which concludes the first part of Theorem 1.11.
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Finally, let us assume that the element m∗ satisfying (4-30) is unique. In this case, m∗ necessarily
belongs to V(0) and the associated eigenvalue λ(m∗, h) (see (1-20)) is then real and simple for every h > 0
small enough. In particular,

1
2iπ

∫
z∈∂Dm∗,K

e−t z(z−M′)−1 dz = e−tλ(m∗,h)5{λ(m∗,h)},

where 5{λ(m∗,h)} is the spectral projector (whose rank is one)

5{λ(m∗,h)} =
1

2iπ

∫
z∈∂Dm∗,K

(z−M′)−1 dz.

Further, the resolvent estimate (4-33) shows 5{λ(m∗,h)}=O(1). Since in addition, in this case (see (1-20)),

∀m ∈ V(0) \ {m∗}, λ(m∗, h)= ζ(m∗)e−
S(m∗)

h (1+O(
√

h))≥ ζ(m)e−
S(m)

h (1− K
√

h)

for every K > 0 and for every h > 0 small enough, we obtain that in the limit h→ 0,

e−tM′

=O(e−tλ(m∗,h)),

and thus the relation (4-32) remains valid if one replaces λ(h)−C
√

h there by λ(m∗, h). This concludes
the proof of Theorem 1.11.

Appendix: Some results in linear algebra

The aim of this appendix is to give some handy tools of linear algebra adapted to the setting of nonreversible
metastable problems considered in this paper. Let us start with some notation.

Given any matrix M ∈Md(C) and λ ∈ σ(M), we denote by m(λ) the multiplicity of λ, m(λ) =
dim Ker(M − λ)d. We recall that for every r > 0 small enough,

m(λ)= rank(5D(λ,r)(M))=: n(D(λ, r);M), (A-1)

where

5D(λ,r)(M)=
1

2iπ

∫
∂D(λ,r)

(z−M)−1 dz.

We denote by D0(E) the set of complex matrices on a vector space E which are diagonalizable and
invertible.

Given two subsets A, B⊂C, we say that A⊂ B+O(h) if there exists C>0 such that A⊂ B+B(0,Ch).

Definition A.1. Let E = (E j ) j=1,...,p be a sequence of finite-dimensional vector spaces E j of dimension
r j > 0, let E =⊕ j=1,...,p E j and let τ = (τ2, . . . , τp) ∈ (R

∗
+
)p−1. Suppose that (h, τ ) 7→Mh(τ ) is a map

from (0, 1]× (R∗
+
)p−1 into the set of complex matrices on E .

We say that Mh(τ ) is an (E , τ, h)-graded matrix if there exists M′
∈ D0(E) independent of (h, τ )

such that Mh(τ )=�(τ)(M′
+O(h))�(τ) with �(τ) and M′ such that

• M′
= diag(M j , j = 1, . . . , p) with M j ∈ D0(E j ),

• �(τ)= diag(ε j (τ )Ir j , j = 1, . . . , p) with ε1(τ )= 1 and ε j (τ )=
(∏ j

k=2 τk
)

for all j ≥ 2.
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Throughout, we denote by G (E , τ, h) the set of (E , τ, h)-graded matrices.

Lemma A.2. Suppose that Mh(τ ) is a family of (E , τ, h)-graded matrices and that p ≥ 2. Then, one has

Mh(τ )=

(
J (h) τ2 B+h (τ

′)∗

τ2 B−h (τ
′) τ 2

2 Nh(τ
′)

)
, (A-2)

where

• J (h)= M1+O(h) with M1 ∈ D0(E1),

• Nh(τ
′) ∈ G (E ′, τ ′, h) with τ ′ = (τ3, . . . , τp) and E ′ = (E j ) j=2,...,p,

• B±h (τ
′) ∈M (E1,⊕

p
j=2 E j ) satisfies

B±h (τ
′)∗ = (b±2 (h)

∗, τ3b±3 (h)
∗, τ3τ4b±4 (h)

∗, . . . , τ3 · · · τpb±p (h)
∗)

with b±j (h) : E1→ E j independent of τ and b j (h)=O(h).

Moreover, the matrix Nh(τ
′)− B−h (τ

′)J (h)−1 B+h (τ
′)∗ belongs to G (E ′, τ ′, h).

Proof. Assume that Mh(τ ) = �(τ)(M′
+O(h))�(τ) with �(τ) and M′ as in Definition A.1. First

observe that

�(τ)=

(
Ir1 0
0 τ2�

′(τ ′)

)
with

�′(τ ′)=


Ir2 0 . . . . . . 0
0 τ3 Ir3 0 . . . 0
... 0

. . .
. . .

...
...

. . .
. . .

. . . 0
0 . . . . . . 0 τ3τ4 . . . τp Irp

.

On the other hand, we can write

M′
+O(h)=

(
J (h) B ′+(h)∗

B ′−(h) N ′(h)

)
where J (h) = M1 +O(h) with M1 ∈ D0(E1), B ′±(h) = O(h), and N ′(h) = N ′0 +O(h) with N ′0 =
diag(M j , j = 2, . . . , p). Therefore,

�(τ)(M′
+O(h))�(τ)=

(
J (h) τ2 B ′+(h)∗�′(τ ′)

τ2�
′(τ ′)B ′−(h) τ 2

2�
′(τ ′)N ′(h)�′(τ ′)

)
has exactly the form (A-2) with B±h (τ

′)=�′(τ ′)B ′±(h) and Nh(τ
′)=�′(τ ′)N ′(h)�′(τ ′). By construction,

Nh(τ
′) belongs to G (E ′, τ ′, h) and B±h (τ

′) has the required form. �

Lemma A.3. Let M be a complex diagonalizable matrix. Then there exists C > 0 such that

∀ λ /∈ σ(M), ‖(M − λ)−1
‖ ≤ C dist(λ, σ (M))−1.
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Proof. Let P be an invertible matrix such that P M P−1
= D is diagonal. Then

‖(M − λ)−1
‖ = ‖P(D− λ)−1 P−1

‖ ≤ C‖(D− λ)−1
‖ = C dist(λ, σ (M))−1. �

The following theorem gives precise information on the spectrum of graded matrices as introduced
above. The proof is based on standard arguments, namely on the Schur complement method and complex
analysis. The use of these two tools permits us to work by induction and to decompose the base vector
space in order to isolate eigenspaces corresponding to eigenvalues of the same order and to see the
remainder of the matrix as a perturbation. Similar arguments were used in [Michel 2019] in a self-adjoint
framework. We believe that this result could be useful in other contexts where the computation of clouds
of eigenvalues cannot be carried out by standard self-adjoint arguments.

Theorem A.4. Suppose that Mh(τ ) is (E , τ, h)-graded. Then, there exists τ̃0, h0 > 0 such that for all
0< τ j ≤ τ̃0 and all h ∈ (0, h0], one has

σ(Mh(τ ))⊂

p⊔
j=1

ε j (τ )
2(σ (M j )+O(h)).

Moreover, for any eigenvalue λ of M j with multiplicity m j (λ), there exists K > 0 such that, denoting
D j := {z ∈ C, |z− ε j (τ )

2λ j |< K ε j (τ )
2h}, one has

n(D j ;Mh(τ ))= m j (λ), (A-3)

where n(D j ;Mh(τ )) is defined by (A-1). Moreover, there exists C > 0 such that

‖(Mh(τ )− z)−1
‖ ≤ C dist(z, σ (Mh(τ )))

−1

for all z ∈ C \
⋃p

j=1
⋃
λ∈σ(M j )

B(ε j (τ )
2λ, ε j (τ )

2K h).

Proof. We prove the theorem by induction on p. Throughout the proof the notation O(·) is uniform
with respect to the parameters h and τ . For p = 1, one has Mh(τ ) = M1 +O(h) with M1 ∈Mr1(R)

independent of h, diagonalizable and invertible. Let us denote λ1
j , j = 1, . . . , n1, its eigenvalues and

m j = m(λ1
j ) the corresponding multiplicities. The function z 7→ (Mh − z)−1 is meromorphic on C with

poles in σ(Mh). Moreover, Lemma A.3 and the identity

Mh − z = (M1− z)(Id+(M1− z)−1O(h)), ∀ z /∈ σ(M1)

show that for any C > 0 large enough, (Mh−z) is invertible on C\
⋃n1

j=1 D(λ1
j ,Ch) with ‖(M1−z)−1

‖=

O(1/(Ch)) and

(Mh − z)−1
= (Id+(M1− z)−1O(h))−1(M1− z)−1. (A-4)

Hence, for every C > 0 large enough, the associated spectral projector writes

5D(λ1
j ,Ch)(Mh)=

1
2iπ

∫
∂D(λ1

j ,Ch)

(
Id+O

(
1
C

))−1
(z−M1)

−1 dz.
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This implies that for C > 0 large enough,

rank(5D(λ1
j ,Ch)(Mh))= rank(5D(λ1

j ,Ch)(M1))= m j ,

which is exactly (A-3). As a consequence

n1∑
j=1

rank(5D(λ1
j ,Ch)(Mh))=

n1∑
j=1

m j = r1

is maximal and hence σ(Mh) ⊂
⋃n1

j=1 D(λ1
j ,Ch). Finally, (A-4) shows that one has, for any z ∈

C \
⋃n1

j=1 D(λ1
j ,Ch),

‖(Mh − z)−1
‖ ≤ C ′‖(M1− z)−1

‖

for some constant C ′ > 0. Using Lemma A.3 we get

‖(Mh − z)−1
‖ ≤ C ′ dist(z, σ (M1))

−1
≤ C ′′ dist(z, σ (Mh))

−1

for all z ∈ C \
⋃n1

j=1 D(λ1
j , 2Ch). This completes the initialization step.

Suppose now that p ≥ 2 and let Mh(τ ) ∈ G (E , τ, h). We have

Mh(τ )=

(
J (h) τ2 B+h (τ

′)∗

τ2 B−h (τ
′) τ 2

2 Nh(τ
′)

)
with J (h), B±h (τ

′) and Nh(τ
′) as in Lemma A.2. In order to lighten the notation, we will drop the

variables τ, τ ′ in the proof below. For λ ∈ C, let

P(λ) :=Mh(τ )− λ=

(
J (h)− λ τ2 B+,∗h
τ2 B−h τ 2

2 Nh − λ

)
. (A-5)

This is a holomorphic function, and since it is nontrivial, its inverse is well defined excepted for a finite
number of values of λ which are exactly the spectral values of Mh .

We first study the part of the spectrum of Mh which is of largest modulus. Let λ1
n , n = 1, . . . , n1,

denote the eigenvalues of the matrix M1. Since J (h)= M1+O(h) and M1 ∈ D0(E1), the initialization
step shows that there exist C > 0 such that σ(J (h))⊂

⋃n1
n=1 D(λ1

n,Ch). Moreover, since M1 is invertible,
there exists c1, d1>0 and h0>0 such that for all n=1, . . . , n1, one has λ1

n ∈ K (c1, d1)where K (c1, d1)=

{z ∈ C, c1 ≤ |z| ≤ d1}. Let n ∈ {1, . . . , n1} be fixed and consider Dn = Dn(h)= {z ∈ C, |z−λ1
n| ≤ Mh}

for some M > C > 0 and D̃n = {z ∈ C, |z−λ1
n| ≤ 2Mh}. Observe that for h > 0 small enough, the disks

D̃n are disjoint. By definition, one has Nh(τ
′) = O(1) and since |λ| ≥ c1−O(h) ≥ c1/2, this implies

that for τ2 > 0 small enough with respect to c1 and λ ∈ D̃n , the matrix τ 2
2 Nh(τ

′)− λ is invertible, and
(τ 2

2 Nh(τ
′)−λ)−1

=O(1). Moreover, it follows from the initialization step that for λ∈ D̃n \Dn , J (h)−λ
is invertible and

‖(J (h)− λ)−1
‖ =O(dist(λ, σ (J (h))−1)=O(h−1).
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Combined with the fact that B±h = O(h), this implies that for h > 0 small enough and λ ∈ D̃n \ Dn ,
J (h)− λ− τ 2

2 B+,∗h (τ 2
2 Nh − λ)

−1 B−h is invertible with(
J (h)− λ− τ 2

2 B+,∗h (τ 2
2 Nh − λ)

−1 B−h
)−1

= (J (h)− λ)−1(I − τ 2
2 B+,∗h (τ 2

2 Nh − λ)
−1 B−h (J (h)− λ)

−1)−1

= (J (h)− λ)−1(I +O(h)). (A-6)

Hence, the standard Schur complement procedure shows that for λ ∈ D̃n \ Dn , P(λ) is invertible with
inverse E(λ) given by

E(λ)=
(

E(λ) −τ2 E(λ)B+,∗h (τ 2
2 Nh − λ)

−1

−τ2(τ
2
2 Nh − λ)

−1 B−h E(λ) E0(λ)

)
(A-7)

with

E(λ)=
(
J (h)− λ− τ 2

2 B+,∗h (τ 2
2 Nh − λ)

−1 B−h
)−1

and

E0(λ)= (τ
2
2 Nh − λ)

−1
+ τ 2

2 (τ
2
2 Nh − λ)

−1 B−h E(λ)B+,∗h (τ 2
2 Nh − λ)

−1.

Let us now consider the spectral projector 5Dn (Mh). Then,

rank(5Dn (Mh))≥ rank(5̃n),

where we defined

5̃n =

(
Id 0
0 0

)
5Dn (Mh)

(
Id 0
0 0

)
.

On the other hand, an elementary computation shows that

5̃n =
1

2iπ

∫
∂Dn

(
E(λ) 0

0 0

)
dλ=

(
En 0
0 0

)
with

En =
1

2iπ

∫
∂Dn

(
J (h)− λ− τ 2

2 B+,∗h (τ 2
2 Nh − λ)

−1 B−h
)−1 dλ

=
1

2iπ

∫
∂Dn

(J (h)− λ)−1(I +O(h)) dλ,

where the last equality follows from (A-6). It follows that for h > 0 small enough, the rank of En is
bounded from below by the multiplicity m(λ1

n) of λ1
n and hence

rank(5Dn (Mh))≥ m(λ1
n) (A-8)

for all n = 1, . . . , n1.
Let us now study the part of the spectrum of order smaller than τ 2

2 . Thanks to the last part of Lemma A.2,
the matrix Zh(τ

′) :=Nh−B−h J (h)−1 B+,∗h is classical (E ′, τ ′)-graded. Hence, it follows from the induction
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hypothesis that uniformly with respect to h, one has

σ(Zh(τ
′))⊂

p⊔
j=2

ε̃2
j (σ (M j )+O(h)) (A-9)

with ε̃ j = τ
−1
2 ε j =

∏ j
l=3 τl for j ≥ 3 and ε̃2 = 1. One also knows that for all j = 2, . . . , p and all

λ ∈ σ(M j ),
rank5D j (Zh)= m j (λ)

where D j = D(λε̃2
j , K hε̃2

j ) for some K > 0. Moreover, for all z /∈
⋃p

j=2
⋃
λ∈σ(M j )

D(λε̃2
j , K hε̃2

j ), one
has the resolvent estimate

(Zh(τ
′)− z)−1

=O(dist(z, σ (Zh(τ
′))−1). (A-10)

For j = 2, . . . , p, let λ j
1, . . . , λ

j
n j denote the eigenvalues of the matrix M j ∈ D0. As above, there

exist c j , d j > 0 such that λ j
n ∈ K (c j , d j ) for all n = 1, . . . , n j . Suppose now that j ∈ {2, . . . , p} and

n ∈ {1, . . . , n j } are fixed and consider, for M > K,

D′j,n = {z ∈ C, |z− ε2
jλ

j
n| ≤ Mhε2

j } = τ
−2
2 {z

′
∈ C, |z′− ε̃2

jλ
j
n| ≤ Mhε̃2

j }.

Since M1 is invertible, J (h)− λ is invertible and (J (h)− λ)−1
= O(1) for λ in D′j,n and h, τ2 small

enough. Moreover, for any λ ∈ ∂D′j,n , noting λ′ = τ−2
2 λ,

τ 2
2 Nh − λ− τ

2
2 B−h (J (h)− λ)

−1 B+,∗h = τ 2
2 (Nh − λ

′
− B−h (J (h)− λ)

−1 B+,∗h )

= τ 2
2 (Zh − λ

′
− B−h ((J (h)− λ)

−1
− J (h)−1)B+,∗h )

= τ 2
2 (Zh − λ

′)(I +O(h2
|λ|‖(Zh − λ

′)−1)‖).

Hence, according to the relations (A-9), (A-10), and to ε j = τ2ε̃ j ,

τ 2
2 Nh − λ− τ

2
2 B−h (J (h)− λ)

−1 B+,∗h = τ 2
2 (Zh − λ

′)(I +O(h2ε2
j‖(Zh − λ

′)−1)‖)

= τ 2
2 (Zh − λ

′)

(
I +O

(
h
ε2

j

ε̃2
j

))
= τ 2

2 (Zh − λ
′)(I +O(hτ 2

2 )). (A-11)

The latter operator is then invertible around ∂D′j,n for h, τ2 small enough, and the Schur complement
formula then permits us to write the inverse of P(λ) as

E(λ)=
(

E0(λ) −τ2(J (h)− λ)−1 B+,∗h E(λ)
−τ2 E(λ)B−h (J (h)− λ)

−1 E(λ)

)
(A-12)

with
E(λ)=

(
τ 2

2 Nh − λ− τ
2
2 B−h (J (h)− λ)

−1 B+,∗h

)−1

and
E0(λ)= (J (h)− λ)−1

+ τ 2
2 (J (h)− λ)

−1 B+,∗h E(λ)B−h (J (h)− λ)
−1.
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As above, let us consider the corresponding projector 5D′j,n (Mh). From λ= τ 2
2 λ
′, we get

5D′j,n (Mh)=
τ 2

2

2iπ

∫
∂ D̂′j,n

E(τ 2
2 λ
′) dλ′

with D̂′j,n = {z
′
∈ C, |z′− ε̃2

jλ
j
n| ≤ Mhε̃2

j }. It follows moreover from (A-11) that for every λ′ ∈ ∂ D̂′j,n
and h, τ2 small enough,

E(τ 2
2 λ
′)= τ−2

2 (Zh − λ
′)−1(I +O(h)), (A-13)

and the same argument as above shows that rank(5D′j,n (Mh))≥ rank(E ′n) with

E ′n =
τ 2

2

2iπ

∫
∂ D̂′j,n

E(τ 2
2 z) dz =

1
2iπ

∫
∂ D̂′j,n

(Zh − z)−1(I +O(h))−1 dz.

By the induction hypothesis, this shows that for h small enough, the rank of E ′n is exactly the multiplicity
of λ j

n and hence

rank(5D′j,n (Mh))≥ m(λ j
n)

for all j = 2, . . . , p and n = 1, . . . , n j . Combined with (A-8), this shows that for all j = 1, . . . , p and
n = 1, . . . , n j ,

rank(5D j,n (Mh))≥ m(λ j
n)

with D j,n = ε
2
j D(λ j

n,Mh). Since
∑

j,n m(λ j
n) is equal to the total dimension of the space, this implies

rank(5D j,n (Mh))= m(λ j
n) (A-14)

which proves the localization of the spectrum and (A-3).
It remains to prove the resolvent estimate. Suppose that λ ∈ C is such that

λ /∈

p⋃
j=1

⋃
µ∈σ(M j )

D(ε2
j (τ )µ, ε

2
j (τ )K h).

We suppose first that |λ| ≥ c0 for c0 > 0 such that |λ1
n| ≥ 2c0 for all n = 1, . . . , n1. Then P(λ) =

Mh(τ )− λ is invertible with inverse E(λ) given by (A-7). Using (A-6) it is clear that E(λ)=O(h−1)=

O(dist(λ, σ (Mh(τ ))
−1). On the other hand, since (τ 2

2 Nh − λ)
−1
=O(1) and B±h =O(h) we have also

E0(λ)=O(1) and then E(λ)=O(dist(λ, σ (Mh(τ )))
−1).

Suppose now that |λ| ≤ c0. Then P(λ)=Mh(τ )− λ is invertible with inverse E(λ) given by (A-12).
Setting λ′ = τ−2

2 λ one deduces from (A-13) and from (A-9) and (A-10) that

E(λ)=O(τ−2
2 dist(λ′, σ (Zh))

−1)=O(dist(λ, σ (Mh(τ ))
−1).

This completes the proof. �
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JOINT DISTRIBUTION OF BUSEMANN FUNCTIONS IN THE EXACTLY
SOLVABLE CORNER GROWTH MODEL
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The 1+1-dimensional corner growth model with exponential weights is a centrally important exactly
solvable model in the Kardar–Parisi–Zhang class of statistical mechanical models. While significant
progress has been made on the fluctuations of the growing random shape, understanding of the optimal
paths, or geodesics, is less developed. The Busemann function is a useful analytical tool for studying
geodesics. We describe the joint distribution of the Busemann functions, simultaneously in all directions
of growth. As applications of this description we derive a marked point process representation for the
Busemann function across a single lattice edge and calculate some marginal distributions of Busemann
functions and semi-infinite geodesics.
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1. Introduction

The corner growth model in the Kardar–Parisi–Zhang class. The planar corner growth model (CGM)
is a directed last-passage percolation (LPP) model on the planar integer lattice Z2 whose paths are allowed
to take nearest-neighbor steps e1 and e2. In the exactly solvable case the random weights attached to the
vertices of Z2 are i.i.d. exponentially or geometrically distributed random variables.

The exact solvability of the exponential and geometric CGM has been fundamental to the 20-year
progress in the study of the 1+1-dimensional Kardar–Parisi–Zhang (KPZ) universality class. After the
initial breakthrough by Baik, Deift and Johansson [Baik et al. 1999] on planar LPP on Poisson points,
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the Tracy–Widom limit of the geometric and exponential CGM followed in [Johansson 2000]. This
work relied on techniques that today would be called integrable probability, a subject that applies ideas
from representation theory and integrable systems to study stochastic models. A large literature has
followed. Recent reviews appear in [Corwin 2018; 2016; 2012]. A different line of work was initiated
in [Balázs et al. 2006] that gave a probabilistic proof of the KPZ exponents of the exponential CGM,
following the seminal work [Cator and Groeneboom 2006] on the planar Poisson LPP. The proof utilized
the tractable stationary version of the CGM and developed estimates by coupling perturbed versions
of the CGM process. This opening led to the first proofs of KPZ exponents for the asymmetric simple
exclusion process (ASEP) [Balázs and Seppäläinen 2010] and the KPZ equation [Balázs et al. 2011], to
the discovery of the first exactly solvable positive-temperature lattice polymer model [Seppäläinen 2012],
to a proof of KPZ exponents for a class of zero-range processes outside known exactly solvable models
[Balázs et al. 2012], and most recently to Doob transforms and martingales in random walks in random
environments (RWRE) that manifest KPZ behavior [Balázs et al. 2019b]. The estimates from [Balázs
et al. 2006] have also been applied to coalescence times of geodesics [Pimentel 2016] and to the local
behavior of Airy processes [Pimentel 2018].

Joint distribution of Busemann functions. The present article places the stationary CGM into a larger
context by describing the natural coupling of all the stationary CGMs. This coupling arises from the joint
distribution of the Busemann functions in all directions of growth.

Let Gx,y denote the last-passage value between points x and y on the lattice Z2 (the precise definition
follows in (2-1) in Section 2). The Busemann function Bρx,y is the limit of increments Gvn,y −Gvn,x as
vn is taken to infinity in the direction parametrized by ρ. In a given direction this limit exists almost
surely. These limits are extended to a process B• by taking limits in the parameter ρ. Finite-dimensional
distributions of B• are identified as the unique invariant distributions of multiclass LPP processes. These
distributions are conveniently described in terms of mappings that represent FIFO (first-in-first-out)
queues. Key points of the development are (i) an intertwining between two types of multiclass processes,
called the multiline process and the coupled process, and (ii) a triangular array representation of the
intertwining mapping.

The results of this paper will have various applications in the study of the CGM, and they can be
extended to other 1+1-dimensional growth and polymer models that have a tractable stationary version.
A forthcoming work of the authors develops the joint distribution of Busemann functions for the positive-
temperature log-gamma polymer model.

Two applications have been completed recently. Properties of the joint Busemann process B• discovered
here are applied in [Janjigian et al. 2019] to describe (i) the overall structure of the geodesics of the
exponential corner growth model and (ii) the statistics of a new object termed the “instability graph”
that captures the geometry of the jumps of the Busemann functions on the lattice. The joint Busemann
distribution is necessary for a full picture of the geodesics because in a fixed direction semi-infinite
geodesics are almost surely unique and coalesce (these facts are reviewed in Section 2B below) but there are
random directions of nonuniqueness. The joint distribution captures the jumps of the Busemann function
as the direction varies. These correspond to jumps in coalescence points and nonuniqueness of geodesics.
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The article [Balázs et al. 2019a] gives a proof of the nonexistence of bi-infinite geodesics in the
exponential CGM, based on couplings with the stationary version of the LPP process. The joint distribution
described here is a critical ingredient of the proof.

An analogue of the Busemann function on the Airy sheet. An interesting similarity appears between
our paper and recent work on the universal objects that arise from LPP. Basu, Ganguly and Hammond
[Basu et al. 2019] study an analogue of the Busemann function in the Brownian last-passage model.
Instead of the lattice scale and all spatial directions, they look at a difference of last-passage values
on the scale n2/3 into a fixed macroscopic direction, where universal objects such as Airy processes
arise. Translated to the CGM, their object of interest is the weak limit Z(z) of the scaled difference
n−1/3

[G(n2/3,0),(n+zn2/3,n) − G(−n2/3,0),(n+zn2/3,n) + 4n2/3
] that they call the difference weight profile. In

terms of the Airy sheet {W (x, y) : x, y ∈ R} constructed recently by Dauvergne, Ortmann and Virág
[Dauvergne et al. 2018], the limit Z(z)=W (1, z)−W (−1, z).

The limit Z(·) is a continuous process, while the Busemann process we construct is a jump process.
But like the Busemann process, the limit Z(·) is constant in a neighborhood of each point, except for a
small set of exceptional points. In both settings this constancy reflects the same underlying phenomenon,
namely the coalescence of geodesics. In our lattice setting, Theorem 3.4 gives a precise description of
these exceptional directions in terms of an inhomogeneous Poisson process.

Past work. We mention related past work on queues, particle systems, and the CGM.

Queueing fixed points. We formulate a queueing operator as a mapping of bi-infinite sequences of
interarrival times and service times into a bi-infinite sequence of interdeparture times (details in Section 2C).
When the service times are i.i.d. exponential (memoryless, or ·/M/1 queue), it is classical that i.i.d.
exponential times are preserved by the mapping from the interarrival process to the interdeparture
process, subject to the stability condition that the mean interarrival time exceed the mean service time.
Anantharam [1993] proved the uniqueness of this fixed point and Chang [1994] gave a shorter argument.
(An unpublished manuscript of Liggett and Shiga is also cited in [Mountford and Prabhakar 1995].)
Convergence to the fixed point was proved in [Mountford and Prabhakar 1995]. These results were
partially extended to general ·/G/1 queues in [Mairesse and Prabhakar 2003; Prabhakar 2003].

We look at LPP processes with multiple classes of input, but this is not the same as a multiclass queue
that serves customers in different priority classes. In queueing terms, the present paper describes the
unique invariant distribution in a situation where a single memoryless queueing operator transforms
a vector of interarrival processes into a vector of interdeparture processes. It is fairly evident a priori
that this operation cannot preserve an independent collection of interarrival processes because they are
correlated after passing through the same queueing operator. (For example, this operation preserves
monotonicity.) It turns out that the queueing mappings themselves provide a way to describe the structure
of the invariant distribution.

Multiclass measures for particle systems. In a series of remarkable papers, P. A. Ferrari and J. B. Martin
[2006; 2007; 2009] developed queueing descriptions of the stationary distributions of the multiclass
totally asymmetric simple exclusion process (TASEP) and the Aldous–Diaconis–Hammersley process.
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The intertwining that establishes our Theorem 5.5 became possible after the discovery of a way to apply
the ideas of Ferrari and Martin to the CGM. We use the terms multiline process and coupled process to
highlight the analogy with their work.

Busemann functions and semi-infinite geodesics. Existence and properties of Busemann functions and
semi-infinite geodesics are reviewed in Sections 2A and 2B. Two strategies exist for proving the existence
of Busemann functions for the exponential CGM.

(i) Proofs by Ferrari and Pimentel [2005] and Coupier [2011] relied on C. Newman’s approach to
geodesics [Howard and Newman 2001; Licea and Newman 1996; Newman 1995]. This strategy is
feasible because the exact solvability shows that the shape function (2-4) satisfies the required curvature
hypotheses.

(ii) A direct argument from the stationary growth model to the Busemann limit was introduced in
[Georgiou et al. 2015] for the log-gamma polymer, and applied to the exponential CGM in the lecture
notes [Seppäläinen 2018]. An application of this strategy to the CGM with general i.i.d. weights appears
in [Georgiou et al. 2017a; 2017b], where the role of the regularity of the shape function becomes explicit.

A sampling of other significant work on Busemann functions and geodesics can be found in [Cator
and Pimentel 2012; 2013; Ferrari et al. 2009; Bakhtin et al. 2014; Hoffman 2005; 2008].

Organization of the paper. Section 2 collects preliminaries on the CGM and queues. The main results
for Busemann functions and semi-infinite geodesics are stated in Section 3. Section 4 proves a key
lemma for the queueing operator. Section 5 introduces the multiline process, the coupled process, and
the multiclass LPP process, and then states and proves results on their invariant distributions. The key
intertwining between the multiline process and the coupled process appears in (5-8) in the proof of
Theorem 5.5 in Section 5D. Section 6 proves the results of Section 3. For the proof of Theorem 3.4,
Section 6B introduces a triangular array representation for the intertwining mapping. Auxiliary matters
on queues and exponential distributions are relegated to Appendices A and B.

Notation and conventions. Points x = (x1, x2), y = (y1, y2) ∈ R2 are ordered coordinatewise: x ≤ y if
and only if x1 ≤ y1 and x2 ≤ y2. The `1 norm is |x |1 = |x1| + |x2|. Subscripts indicate restricted subsets
of the reals and integers: for example Z>0 = {1, 2, 3, . . . }. Boldface notation for vectors: e1 = (1, 0),
e2 = (0, 1), and members of the simplex [e2, e1] = {te1+ (1− t)e2 : 0≤ t ≤ 1} are denoted by u.

For n ∈Z>0, [n] = {1, 2, . . . , n}, with the convention that [n] =∅ for n ∈Z≤0. A finite integer interval
is denoted by Jm, nK= {m,m+ 1, . . . , n}, and Jm,∞J= {m,m+ 1,m+ 2, . . .}.

For 0< α <∞, X ∼ Exp(α) means that random variable X has exponential distribution with rate α;
in other words P(X > t)= e−αt for t > 0 and E(X)= α−1. In the discussion we parametrize exponential
variables with their mean. For 0 < ρ < ∞, νρ is the probability distribution on the space RZ

≥0 of
bi-infinite sequences under which the coordinates are i.i.d. exponential variables with common mean ρ.
Higher-dimensional product measures are denoted by ν(ρ1,ρ2,...,ρn) = νρ1 ⊗ νρ2 ⊗ · · ·⊗ νρn.

For 0≤ p≤ 1, X ∼ Ber(p) means that random variable X has Bernoulli distribution with parameter p;
in other words P(X = 1)= p = 1− P(X = 0).

In general, Eµ represents expectation under a measure µ.
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2. Preliminaries

Section 2A introduces the main objects of discussion: the planar corner growth model (CGM), which
is a special case of last-passage percolation (LPP), and Busemann functions. Section 2B explains
the significance of Busemann functions in the description of directed semi-infinite geodesics and the
asymptotic direction of the competition interface. The somewhat technical Section 2C defines FIFO
(first-in-first-out) queueing mappings that are used in Section 3 to describe the joint distribution of the
Busemann functions. To be sure, the distribution of the Busemann functions could be described by plain
mathematical formulas without their queueing content. But the queueing context gives the mathematics
meaning that can help comprehend the results.

2A. Busemann functions in the corner growth model. The setting for the exponential CGM is the
following: (�,S,P) is a probability space with generic sample point ω. A group of measure-preserving
measurable bijections {θx}x∈Z2 acts on (�,S,P). Measure preservation means that P(θx A)= P(A) for
all sets A ∈ S and x ∈ Z2. Y = (Yx)x∈Z2 is a random field of independent and identically distributed
Exp(1) random weights defined on � that satisfies Yx(θyω)= Yx+y(ω) for x, y ∈ Z2 and ω ∈�.

The canonical choice for the sample space is the product space �= RZ2

≥0 with its Borel σ -algebra S,
generic sample point ω = (ωx)x∈Z2 , translations (θxω)y = ωx+y , and coordinate random variables
Yx(ω)=ωx . Then P is the i.i.d. product measure on � under which each Yx is an Exp(1) random variable.

For u ≤ v on Z2 (coordinatewise ordering) let 5u,v denote the set of up-right paths x• = (xi )
|v−u|1
i=0

from x0 = u to x|v−u|1 = v with steps xi − xi−1 ∈ {e1, e2}. (The left diagram of Figure 1 illustrates this.)
Define the last-passage percolation (LPP) process

Gu,v = max
x•∈5u,v

|v−u|1∑
i=0

Yxi for u ≤ v on Z2. (2-1)

For v ∈ u+Z2
>0 we have the inductive equation

Gu,v = Gu,v−e1 ∨Gu,v−e2 + Yv. (2-2)

0−1−2−3−4−5−6
0

−1

−2

−3

−4

−e1

−e2

u(ρ)

ρ = 1

ρ =∞

Figure 1. Left: The thickset line segments define an element of 5(−6,−4),(0,0). Right:
As the parameter ρ increases from 1 to∞, vector u(ρ) of (2-5) sweeps the directions
from −e1 to −e2 in the third quadrant.
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The convention of this paper is that growth proceeds in the south-west direction (into the third quadrant
of the plane). Thus the well-known shape theorem (Theorem 5.1 in [Martin 2004], Theorem 3.5 in
[Seppäläinen 2018]) of the CGM takes the following form. With probability one,

lim
r→∞

sup
x∈(Z≤0)2: |x |1≥r

|Gx,0− g(x)|
|x |1

= 0 (2-3)

with the concave, continuous and one-homogeneous shape function (known since [Rost 1981])

g(x)=
(√
|x1| +

√
|x2|

)2 for x = (x1, x2) ∈ R2
≤0. (2-4)

Busemann functions are limits of differences Gv,x −Gv,y of last-passage values from two fixed points
x and y to a common point v that is taken to infinity in a particular direction. These limits are described
by relating the direction u that v takes to a real parameter ρ that specifies the distribution of the limits: a
bijective mapping between directions u = (u1, u2) ∈ ]− e1,−e2[ in the open third quadrant of the plane
and parameters ρ ∈ (1,∞) is defined by the equations

u = u(ρ)=−
(

1
1+ (ρ− 1)2

,
(ρ− 1)2

1+ (ρ− 1)2

)
⇐⇒ ρ = ρ(u)=

√
−u1+

√
−u2

√
−u1

. (2-5)

(See the right diagram of Figure 1 for an illustration.)
The existence and properties of Busemann functions are summarized in the following theorem. By

definition, a down-right lattice path {yk} satisfies yk − yk−1 ∈ {e1,−e2} for all k.

Theorem 2.1. On the probability space (�,S,P) there exists a cadlag process Bρ = (Bρx,y)x,y∈Z2 with
state space RZ2

×Z2
, indexed by ρ ∈ (1,∞), with the following properties.

(i) Path properties. There is a single event �0 such that P(�0)= 1 and the following properties hold for
all ω ∈�0, for all λ, ρ ∈ (1,∞) and x, y, z ∈ Z2:

If λ < ρ then Bλx,x+e1
≤ Bρx,x+e1

and Bλx,x+e2
≥ Bρx,x+e2

. (2-6)

Bρx,y + Bρy,z = Bρx,z. (2-7)

Yx = Bρx−e1,x ∧ Bρx−e2,x . (2-8)

Cadlag property: the path ρ 7→ Bρx,y is right continuous and has left limits.

(ii) Distributional properties. Each process Bρ is stationary under lattice shifts. The marginal distributions
of nearest-neighbor increments are

Bρx−e1,x ∼ Exp(ρ−1) and Bρx−e2,x ∼ Exp(1− ρ−1). (2-9)

Along any down-right path {yk}k∈Z on Z2, for fixed ρ ∈ (1,∞) the increments {Bρyk ,yk+1}k∈Z are indepen-
dent.

(iii) Limits. Fix ρ ∈ (1,∞) and let u = u(ρ) be the vector determined by (2-5). Then there exists an
event�(ρ)0 such that P(�

(ρ)

0 )=1 and the following holds: for any sequence {un} in Z2 such that |un|1→∞
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and un/n→ u and for any ω ∈�(ρ)0 ,

Bρx,y = lim
n→∞
[Gun,y −Gun,x ]. (2-10)

Continuity from the left at a fixed ρ ∈ (1,∞) holds with probability one: limλ↗ρ Bλx,y = Bρx,y almost
surely.

The theorem above is proved as Theorem 4.2 in lecture notes [Seppäläinen 2018]. The central point of
the theorem is the limit (2-10), on account of which we call Bρ the Busemann function in direction u.
We record some observations.

Additivity (2-7) implies that Bρx,x = 0 and Bρx,y =−Bρy,x . The weights recovery property (2-8) can be
seen from (2-2) and limits (2-10):

Bρx−e1,x ∧ Bρx−e2,x = lim
n→∞
[Gun,x −Gun,x−e1] ∧ [Gun,x −Gun,x−e2]

= lim
n→∞
[Gun,x −Gun,x−e1 ∨Gun,x−e2] = Yx .

Lemma 2.2. With probability one, for all x ∈ Z2 there exists a random parameter ρ∗(x) ∈ (1,∞) such
that

Bρx−e1,x = Yx < Bρx−e2,x for ρ ∈ (1, ρ∗(x)),

Bρx−e2,x = Yx < Bρx−e1,x for ρ ∈ (ρ∗(x),∞).
(2-11)

The distribution function of ρ∗(x) is P{ρ∗(x)≤ λ} = 1− λ−1 for 1≤ λ <∞.

Proof. Monotonicity (2-6) and the exponential rates (2-9) force Bρx−e2,x ↗∞ almost surely as ρ ↘ 1
and Bρx−e1,x ↗∞ almost surely as ρ↗∞. Edges {x − e1, x} and {x − e2, x} are part of a down-right
path, and hence Bρx−e1,x and Bρx−e2,x are independent exponential random variables for each fixed ρ.
Consequently, with probability one, they are distinct for each rational ρ > 1. By monotonicity again there
is a unique real ρ∗(x) ∈ (1,∞) such that for rational λ ∈ (1,∞),

λ < ρ∗(x) implies Bλx−e1,x < Bλx−e2,x ,

λ > ρ∗(x) implies Bλx−e1,x > Bλx−e2,x .
(2-12)

By monotonicity the same holds for real λ. Conditions (2-11) follow from weights recovery (2-8). The
distribution function comes from (2-11), independence of Bρx−e1,x and Bρx−e2,x , and (2-9). �

In particular, for a fixed x , the processes {Bρx−e1,x}1<ρ<∞ and {Bρx−e2,x}1<ρ<∞ are not independent of
each other, even though for a fixed ρ, the random variables Bρx−e1,x and Bρx−e2,x are independent. Vector
u(ρ∗(x)) is the asymptotic direction of the competition interface emanating from x (see Remark 2.5).

The process B = {Bρx,y} is a Borel function of the weight configuration Y. Limits (2-10) define Bρ

as a function of Y for a countable dense set of ρ in (1,∞). The remaining ρ-values Bρx,y can then be
defined as right limits. Shifts θu act on the weights by (θuY )x = Yx+u . The limits (2-10) give stationarity
and ergodicity of B as stated in this lemma.

Lemma 2.3. Fix ρ1, . . . , ρn ∈ (1,∞) and y1, . . . , yn ∈ Z2. Let Ax = (B
ρ1
x,x+y1

, . . . , Bρn
x,x+yn

) and let
0 6= u ∈ Z2. Then the Rn-valued process A = {Ax}x∈Z2 is stationary and ergodic under the shift θu .
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Proof. Since the i.i.d. process Y is stationary and ergodic under every shift, it suffices to show that
Ax = A0 ◦ θx as functions of Y. Let ui

∈ ] − e1,−e2[ be associated to ρi via (2-5) and fix sequences
{u1

m}, . . . , {u
n
m} in Z2 such that, as m→∞, |ui

m |1→∞ and ui
m/m→ ui for each i ∈ [n]. Then almost

surely,
Ax = (B

ρ1
x,x+y1

, . . . , Bρn
x,x+yn

)= lim
m→∞

(
[Gu1

m ,x+y1 −Gu1
m ,x ], . . . , [Gun

m ,x+yn −Gun
m ,x ]

)
= lim

m→∞

(
[Gu1

m−x,y1 −Gu1
m−x,0], . . . , [Gun

m−x,yn −Gun
m−x,0]

)
◦ θx

= (Bρ1
0,y1
, . . . , Bρn

0,yn
) ◦ θx = A0 ◦ θx . �

2B. Semi-infinite geodesics in the corner growth model. Let x• = {xk} be a finite or infinite south-west
directed nearest-neighbor path on Z2 (xk+1 ∈ {xk − e1, xk − e2}). Then x• is a geodesic if it gives a
maximizing path between any two of its points: for any k < ` in the index set of x•,

Gx`,xk =

∑̀
i=k

Yxi .

Given ρ ∈ (1,∞), define from each x ∈Z2 the semi-infinite, south-west directed path bρ,x ={bρ,xk }k∈Z≥0

that starts at x = bρ,x0 and chooses a step from {−e1,−e2} by following the minimal increment of Bρ :
for k ≥ 0,

bρ,xk+1 =

bρ,xk − e1, if Bρbρ,xk −e1, bρ,xk
< Bρbρ,xk −e2, bρ,xk

,

bρ,xk − e2, if Bρbρ,xk −e2, bρ,xk
≤ Bρbρ,xk −e1, bρ,xk

.
(2-13)

The tie-breaking rule in favor of −e2 is chosen simply to make bρ,x a cadlag function of ρ. For a given ρ,
equality on the right-hand side happens with probability zero. Pictorially, to each point z attach the arrow
that points from z to bρ,z1 . For each x the path bρ,x is constructed by starting at x and following the
arrows.

The additivity (2-7) and weights recovery (2-8) imply that bρ,x is a (semi-infinite) geodesic: let
` > k ≥ 0 and suppose {yi }

`
i=k is a south-west directed path from yk = bρ,xk to y` = bρ,x` . Then

∑̀
i=k

Yyi ≤

`−1∑
i=k

Bρyi+1,yi
+ Yy` = Bρy`,yk

+ Yy` = Bρbρ,x` ,bρ,xk
+ Ybρ,x`

=

`−1∑
i=k

Bρbρ,xi+1,b
ρ,x
i
+ Ybρ,x`

=

∑̀
i=k

Ybρ,xi
.

Thus,

Gbρ,x` ,bρ,xk
=

∑̀
i=k

Ybρ,xi
= Bρbρ,x` ,bρ,xk

+ Ybρ,x`
. (2-14)

We call bρ,x a Busemann geodesic.
We state the key properties of semi-infinite geodesics in the next theorem.

Theorem 2.4. Fix ρ ∈ (1,∞) and let u = u(ρ) be the direction associated to ρ by (2-5). The following
properties hold with probability one.

(i) Directedness. For all x ∈ Z2, limk→∞ bρ,xk /k = u.
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(ii) Uniqueness. Let x• = {xk}k∈Z≥0 be any semi-infinite geodesic that satisfies xk/k→ u as k→∞. Then
x• = bρ,x0 .

(iii) Coalescence. For all x, y ∈ Z2, the paths bρ,x and bρ,y coalesce: there exists z = zρ(x, y) ∈ Z2 such
that bρ,x ∩ bρ,y = bρ,z .

It is clear from the construction (2-13) that once bρ,x and bρ,y come together, they stay together. We
call zρ(u)(x, y) the coalescence point of the unique u-directed semi-infinite geodesics from x and y. The
Busemann function satisfies

Bρx,y = Gzρ(x,y),y −Gzρ(x,y),x a.s. (2-15)

It is important to note that parts (ii) and (iii) of Theorem 2.4 are true with probability one only for a
given u and not simultaneously for all directions.

Theorem 2.4(i) follows from an ergodic theorem for Busemann functions and the shape equation
(2-3) (see for example Theorem 4.3 in [Georgiou et al. 2017a]). Theorem 2.4(ii)–(iii) were established
for the exponential CGM in [Coupier 2011; Ferrari and Pimentel 2005]. The article [Seppäläinen
2020] gives an alternative derivation of Theorem 2.4 based on the properties of the stationary expo-
nential CGM. Versions of Theorem 2.4 for the CGM with general weights appear in [Georgiou et al.
2017a].

Remark 2.5 (competition interface). The geodesic tree emanating from x consists of all the geodesics
between x and points y ∈ x +Z2

≤0 south and west of x . The semi-infinite geodesics bρ,x are infinite rays
in this tree. Every geodesic to x comes through either x − e1 or x − e2. This dichotomy splits the tree
into two subtrees. Between the two subtrees lies a unique path {ϕx

n }n∈Z≥0 on the dual lattice
( 1

2 ,
1
2

)
+Z2

that starts at ϕx
0 = x −

( 1
2 ,

1
2

)
. ϕx

n is a.s. uniquely defined as the point in x −
( 1

2 ,
1
2

)
+Z2
≤0 that satisfies

|x −ϕx
n |1 = n+ 1 and

Gϕx
n+(−

1
2 ,

1
2 ), x−e1

−Gϕx
n+(−

1
2 ,

1
2 ), x−e2

> 0> Gϕx
n+(

1
2 ,−

1
2 ), x−e1

−Gϕx
n+(

1
2 ,−

1
2 ), x−e2

.

(Use the convention Gx,y = −∞ if x ≤ y fails.) The competition interface has a random asymptotic
direction,

lim
n→∞

ϕx
n

n
= u(ρ∗(x)) almost surely, (2-16)

where the limit is described in (2-5) and Lemma 2.2. This was first proved in [Ferrari and Pimentel 2005].
The limit came from the study of geodesics with Newman’s approach. Identification of the limit came
via a mapping of ϕx to a second class particle in the rarefaction fan of TASEP whose limit had been
identified in [Ferrari and Kipnis 1995]. An alternative proof that relies on the stationary LPP processes
was given in [Georgiou et al. 2017a].

2C. Queues. We begin with a standard formulation of a queue that obeys FIFO (first-in-first-out) disci-
pline. This treatment goes back to classic works of Lindley [1952] and Loynes [1962]. Modern references
that connect queues with LPP include [Glynn and Whitt 1991; Baccelli et al. 2000; Draief et al. 2005].



64 WAI-TONG LOUIS FAN AND TIMO SEPPÄLÄINEN

The inputs are two bi-infinite sequences: the arrival process I = (Ik)k∈Z and the service process
ω = (ω j ) j∈Z in RZ

≥0. They are assumed to satisfy

lim
m→−∞

0∑
i=m

(ωi − Ii+1)=−∞. (2-17)

The interpretation is that I j is the time between the arrivals of customers j−1 and j and ω j is the service
time of customer j. From these inputs three outputs Ĩ = ( Ĩk)k∈Z, J = (Jk)k∈Z and ω̃ = (ω̃k)k∈Z, also
elements of RZ

≥0, are constructed as follows.
Let G = (Gk)k∈Z be any function on Z that satisfies Ik =Gk−Gk−1. Define the sequence G̃ = (G̃`)`∈Z

by

G̃` = sup
k: k≤`

{
Gk +

∑̀
i=k

ωi

}
, ` ∈ Z. (2-18)

Under assumption (2-17) the supremum in (2-18) is assumed at some finite k. The interdeparture time
between customers `− 1 and ` is defined by

Ĩ` = G̃`− G̃`−1 (2-19)

and the sequence Ĩ = ( Ĩk)k∈Z is the departure process. The sojourn time Jk of customer k is defined by

Jk = G̃k −Gk, k ∈ Z. (2-20)

The third output,
ω̃k = Ik ∧ Jk−1, k ∈ Z, (2-21)

is the amount of time customer k− 1 spends as the last customer in the queue.
Ĩ, J and ω̃ are well-defined nonnegative real sequences, and they do not depend on the choice of the

function G as long as G has increments Ik = Gk −Gk−1. The three mappings are denoted by

Ĩ = D(I, ω), J = S(I, ω), and ω̃ = R(I, ω). (2-22)

The queueing story is good for imbuing the mathematics with meaning, but is not necessary for the sequel.
From

G̃k = ωk +Gk ∨ G̃k−1, (2-23)

follow the useful iterative equations

Ĩk = ωk + (Ik − Jk−1)
+ and Jk = ωk + (Jk−1− Ik)

+. (2-24)

The difference of the two equations above gives a “conservation law”,

Ik + Jk = Jk−1+ Ĩk . (2-25)

We extend the queueing operator D to mappings

D(n)
: (RZ
≥0)

n
→ RZ

≥0

of multiple sequences into a single sequence. Let ζ, ζ 1, ζ 2, . . . denote elements of RZ
≥0. Then, as long as
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the actions below are well-defined, let

D(1)(ζ )= D(ζ, 0)= ζ,

D(2)(ζ 1, ζ 2)= D
(
D(1)(ζ 1), ζ 2)

= D(ζ 1, ζ 2),

D(3)(ζ 1, ζ 2, ζ 3)= D
(
D(2)(ζ 1, ζ 2), ζ 3)

= D
(
D(ζ 1, ζ 2), ζ 3),

and, in general, D(n)(ζ 1, ζ 2, . . . , ζ n)= D
(
D(n−1)(ζ 1, . . . , ζ n−1), ζ n) for n ≥ 2.

(2-26)

In queueing terms, D(n)(ζ 1, ζ 2, . . . , ζ n) is the departure process that results from feeding arrival
process ζ 1 through a series of n− 1 service stations labeled i = 2, 3, . . . , n. For i = 2, 3, . . . , n, ζ i is
the service process at station i . Departures from station i − 1 are the arrivals at station i . The final output
is the departure process from the last station whose service process is ζ n.

We record some inequalities which are to be understood coordinatewise: for example, I ′ ≥ I means
that I ′k ≥ Ik for all k ∈ Z.

Lemma 2.6. Assuming that the mappings below are well-defined, we have the following inequalities:

D(I, ω)≥ ω. (2-27)

If I ′ ≥ I then D(I ′, ω)≥ D(I, ω). (2-28)

For n ≥ 2, D(n)(ζ 1, ζ 2, ζ 3, . . . , ζ n)≥ D(n−1)(ζ 2, ζ 3, . . . , ζ n). (2-29)

Proof. The first part of (2-24) implies (2-27). For (2-28) observe that

Jk = sup
j : j≤k

{
G j −Gk +

k∑
i= j

ωi

}
≥ sup

j : j≤k

{
G ′j −G ′k +

k∑
i= j

ωi

}
= J ′k .

Now (2-24) gives Ĩ ′k ≥ Ĩk .
Inequality (2-29) comes by induction on n. The case n = 2 is (2-27). Then, by induction and (2-28),

D(n)(ζ 1, . . . , ζ n)= D
(
D(n−1)(ζ 1, . . . , ζ n−1), ζ n)

≥ D
(
D(n−2)(ζ 2, . . . , ζ n−1), ζ n)

= D(n−1)(ζ 2, . . . , ζ n). �

We record the most basic fact about M/M/1 queues. The following notation will be used in the sequel.
Let

λ= (λ1, . . . , λn) ∈ (0,∞)n

be an n-tuple of positive reals. Let ζ = (ζ 1, . . . , ζ n) ∈ (RZ
≥0)

n with ζ i
= (ζ i

k )k∈Z denote an n-tuple of
nonnegative bi-infinite random sequences. Then ζ has distribution νλ if all the coordinates ζ i

k are mutually
independent with marginal distributions ζ i

k ∼ Exp(λ−1
i ). In other words, ζ i is a sequence of i.i.d. mean λi

exponential variables, and the sequences are independent.

Lemma 2.7. Let n ≥ 2 and let λ = (λ1, . . . , λn) satisfy λ1 > · · · > λn > 0. Let ζ have distribution νλ.
Then D(n)(ζ 1, . . . , ζ n) has distribution νλ1, in other words, D(n)(ζ 1, . . . , ζ n) is a sequence of i.i.d. mean
λ1 exponential random variables.

Proof. The case n = 2 is in Lemma B.2. The general case follows by induction on n. �
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3. Joint distribution of the Busemann functions

This section contains the main results on the joint distribution of the Busemann process

B• = {Bρ : 1< ρ <∞}

defined in Theorem 2.1. Proofs are in Section 6. The distribution of the n-tuple

{(Bρ1
x−e1,x , . . . , Bρn

x−e1,x)}x ·e2=t

on a given lattice level t ∈ Z comes through a mapping of a product of exponential distributions. This
mapping is developed next.

3A. Coupled exponential distributions. Fix n ∈Z>0 for the moment and define the following two spaces
of n-tuples of nonnegative real sequences. The sequences themselves are denoted by I i

= (I i
k)k∈Z and

ηi
= (ηi

k)k∈Z for i ∈ [n]:

Yn=

{
I =(I 1, I 2, . . . , I n)∈(RZ

≥0)
n
: ∀ i ∈ J2, nK, lim

m→−∞

1
|m|

0∑
k=−m

I i
k > lim

m→−∞

1
|m|

0∑
k=−m

I i−1
k >0

}
. (3-1)

Xn=

{
η = (η1, η2, . . . , ηn)∈ (RZ

≥0)
n
: ηi
≥ ηi−1

∀ i ∈ J2, nK and lim
m→−∞

1
|m|

0∑
k=−m

η1
k > 0

}
. (3-2)

The existence of the Cesàro limits as m→−∞ is part of the definitions. Yn and Xn are Borel subsets of
(RZ
≥0)

n and thereby separable metric spaces in the product topology. We endow them with their Borel
σ -algebras.

Define a mapping D(n) : Yn→ Xn in terms of the multiqueue mappings D(k) of (2-26) as follows: for
I = (I 1, I 2, . . . , I n) ∈ Yn , the image η = (η1, η2, . . . , ηn)= D(n)(I ) is defined by

ηi
= D(i)(I i , I i−1, . . . , I 1) for i = 1, . . . , n. (3-3)

In particular, the first sequence is just copied over: η1
= I 1. Then η2

= D(I 2, I 1), η3
= D(3)(I 3, I 2, I 1)=

D(D(I 3, I 2), I 1), and so on. Iterated application of Lemma A.3 from Appendix A together with the
assumption I ∈Yn ensures that the mappings D(i)(I i , I i−1, . . . , I 1) are well-defined. Furthermore, η∈Xn

follows from inequalities (2-27) and (2-29). Lemma A.3 implies also that D(n) maps Yn into itself. We
do not need this feature in the sequel, which is why we did not define Xn as a subspace of Yn .

Recall:

For ρ = (ρ1, . . . , ρn) ∈ (0,∞)n, I = (I 1, I 2, . . . , I n) has distribution νρ if

all coordinates I i
k are independent and I i

k ∼ Exp(ρ−1
i ) for each k ∈ Z and i ∈ [n]. (3-4)

If ρ satisfies 0 < ρ1 < ρ2 < · · · < ρn then νρ is supported on Yn . For these ρ define the probability
measure µρ on Xn as the image of νρ under D(n):

µρ = νρ ◦ (D(n))−1 for ρ = (ρ1, ρ2, . . . , ρn) such that 0< ρ1 < ρ2 < · · ·< ρn. (3-5)
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By Lemma 2.7, if η has distribution µρ with 0< ρ1 < ρ2 < · · ·< ρn , then for each i ∈ [n], ηi
= (ηi

k)k∈Z

is a sequence of i.i.d. mean ρi exponential variables. The mapping D(n) couples the variables ηi
k together

so that ηi−1
k ≤ ηi

k for all i ∈ J2, nK and k ∈ Z.
Translations {θ`}`∈Z act on n-tuples of sequences by (θ`η)ik = η

i
k+` for i ∈ [n] and k, ` ∈ Z. A

translation-ergodic probability measure Q on Xn is invariant under {θ`} and satisfies Q(A) ∈ {0, 1} for
any Borel set A ⊂ Xn that is invariant under {θ`} (and similarly for any other sequence space).

Theorem 3.1. The probability measures µρ are translation-ergodic and have the following properties:

(i) Continuity. The probability measure µρ is weakly continuous as a function of ρ on the set of vectors
that satisfy 0< ρ1 < ρ2 < · · ·< ρn .

(ii) Consistency. If (η1, . . . , ηn) ∼ µ(ρ1,...,ρn), then (η1, . . . , η j−1, η j+1, . . . , ηn) ∼ µ(ρ1,...,ρ j−1,ρ j+1,...,ρn)

for all j ∈ [n].

Continuity of ρ 7→ µρ is proved in Section 6. Translation-covariance of the queueing mappings
(D(θ` I, θ`ω)= θ`D(I, ω)) implies that µρ inherits the translation-ergodicity of νρ. We omit the proof of
consistency. Consistency will be an indirect consequence of the uniqueness of µρ as the translation-ergodic
invariant distribution of the so-called coupled process (Theorem 5.3).

3B. Distribution of Busemann functions. Return to the Busemann functions B• defined in Theorem 2.1.
For each level t ∈ Z define the level-t sequence of weights Y t = (Y(k,t))k∈Z and for a given ρ ∈ (1,∞),
sequences of e1 and e2 Busemann variables at level t :

Bρ,e1
t = (Bρ(k−1,t),(k,t))k∈Z and Bρ,e2

t = (Bρ(k,t−1),(k,t))k∈Z.

The next main result characterizes uniquely the distribution of the joint process (Y, B•) of weights and
Busemann functions.

Theorem 3.2. Let Y = (Yx)x∈Z2 be i.i.d. Exp(1) variables as in Section 2A. Let 1< ρ1 < · · ·< ρn . Then
at each level t ∈ Z, the (n+1)-tuple of sequences (Y t , Bρ1,e1

t , . . . , Bρn,e1
t ) has distribution µ(1,ρ1,...,ρn).

Once the process {Bρ,e1
t−1 }1<ρ<∞ on a single level t − 1 is given, the variables Bρx−ei ,x at higher levels

t, t+1, t+2, . . . can be deduced by drawing independent weights Y t , Y t+1, . . . and by applying queueing
mappings. By stationarity, the full distribution will then have been determined. The next lemma describes
the single step of computing the e1 and e2 Busemann increments on level t from the process {Bρ,e1

t−1 }1<ρ<∞

and independent level-t weights Y t . The mappings D and S were specified in (2-22).

Lemma 3.3. There exists an event of full probability on which

Bρ,e1
t = D(Bρ,e1

t−1 , Y t) and Bρ,e2
t = S(Bρ,e1

t−1 , Y t) for all ρ ∈ (1,∞) and t ∈ Z.

The remainder of this section describes some distributional properties of B• restricted to horizontal
edges and lines on Z2. The corresponding statements for vertical edges and lines are obtained by replacing
ρ with ρ/(ρ − 1). This is due to the distributional equality {Bρx−e2,x}x∈Z2

d
= {Bρ/(ρ−1)

Rx−e1,Rx}x∈Z2 where
R(x1, x2) = (x2, x1). This follows from (2-5) and the limits (2-10), by reflecting the lattice across the
diagonal.
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1
ρ

Bρx−e1,x

Yx

Yx +Zλ

λ

Figure 2. A sample path of the pure jump process {Bρx−e1,x}ρ ∈ [1,∞), with initial value
B1

x−e1,x = Yx . The jump times are a Poisson point process on (1,∞) with intensity s−1ds.
Given that there is a jump at λ, the jump size is an independent Exp(λ−1) variable Zλ.

3C. Marginal distribution on a single edge. Lemma 2.2 implies that for a fixed horizontal edge (x−e1, x)
we can extend {Bρx−e1,x : 1< ρ <∞} to a cadlag process

B•x−e1,x = {B
ρ
x−e1,x : 1≤ ρ <∞}

by setting B1
x−e1,x = Yx . We describe the distribution of this process in terms of a marked point process.

Figure 2 illustrates a sample path of this process.
Let N be the simple point process on the interval {s : 1 ≤ s <∞} that has a point at s = 1 with

probability one, and on the open interval (1,∞) N is a Poisson point process with parameter measure
s−1 ds. (We use N to denote both the random discrete set of locations and the resulting random point
measure.) Let N be the ground process of the marked point process

∑
t∈N δ(t, Z t ) where the mark Z t at

location t ∈ N is Exp(t−1)-distributed and independent of the other marks. Define the nondecreasing
cadlag process X (·)= {X (ρ) : ρ ∈ [1,∞)} as

X (ρ)=
∑

t ∈ N∩[1,ρ]

Z t ; (3-6)

namely, X (ρ) is the total weight of the marks in [1, ρ]. The Laplace transform of X (ρ) is given in (6-12).

Theorem 3.4. Fix x ∈ Z2. The nondecreasing cadlag processes B•x−e1,x and X (•) indexed by [1,∞) are
equal in distribution.

A qualitative consequence of Theorem 3.4 is that for any given λ∈ (1,∞)\N, ρ 7→ Bρx−e1,x is constant
in an interval around λ. From identity (2-15), it is evident that this is due to the fact that the coalescence
point function ρ 7→ zρ(x − e1, x) is constant in an interval. This is an analogue of the local constancy of
the difference weight profile in Theorem 1.1 of [Basu et al. 2019]. The implications of Theorem 3.4 for
the coalescence structure of the geodesics of the CGM are explored in [Janjigian et al. 2019].

Theorem 3.4 is proved by establishing that B•x−e1,x has independent increments and by deducing the
distribution of an increment. Independent increments means that for 1= ρ0 < ρ1 < · · ·< ρn , the random
variables Yx = Bρ0

x−e1,x , Bρ1
x−e1,x − Bρ0

x−e1,x , . . . , Bρn
x−e1,x − Bρn−1

x−e1,x are independent. For 1≤ λ < ρ <∞,
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the distribution of the increment is

P{Bρx−e1,x − Bλx−e1,x = 0} = P{N (λ, ρ] = 0} = λ
ρ
,

P{Bρx−e1,x − Bλx−e1,x > s} =
(

1− λ
ρ

)
e−s/ρ for s > 0.

(3-7)

For the process B•x−e2,x on a vertical edge, the result of Theorem 3.4 is that

{Bρx−e2,x : 1< ρ <∞}
d
=

{
X
((

ρ

ρ−1

)
+

)
: 1< ρ <∞

}
. (3-8)

3D. Marginal distribution on a level of the lattice. A striking and useful property of the Busemann
process {Bρ(k−1,t),(k,t)}k∈Z along a horizontal line in Z2 for a fixed value ρ ∈ (1,∞) is that the variables
{Bρ(k−1,t),(k,t)}k∈Z are i.i.d. (part (ii) of Theorem 2.1). For example, [Balázs et al. 2006] used this feature
heavily to deduce the KPZ fluctuation exponents of the corner growth model. The next theorem shows that
this property breaks down totally already for the joint process {(Bλ(k−1,t),(k,t), Bρ(k−1,t),(k,t))}k∈Z for two
parameter values λ<ρ. Namely, this pair process is not even a Markov chain and not reversible. However,
if we restrict attention to the differences Bρ(k−1,t),(k,t)− Bλ(k−1,t),(k,t), we can recover the reversibility. The
differences are of interest because they indicate a jump in the coalescence point z•((k− 1, t), (k, t)) in
(2-15) as a function of the direction.

For the statement of the theorem below, the negative part of a real number is x− = (−x)∨ 0. The
Markov chain Xk in part (a) below has a queueing interpretation as the difference between the sojourn
time of customer k− 1 and the waiting time till the arrival of customer k. The details are in the proof in
Lemma 6.5.

Theorem 3.5. Let 1≤ λ < ρ <∞.

(a) The sequence of differences {Bρ(k−1,t),(k,t)− Bλ(k−1,t),(k,t)}k∈Z is not a Markov chain, but there exists a
stationary reversible Markov chain {Xk}k∈Z such that this distributional equality of processes holds:

{Bρ(k−1,t),(k,t)− Bλ(k−1,t),(k,t)}k∈Z
d
= {X−k }k∈Z.

In particular, the process of differences is reversible:

{Bρ(k−1,t),(k,t)− Bλ(k−1,t),(k,t)}k∈Z
d
= {Bρ(−k−1,t),(−k,t)− Bλ(−k−1,t),(−k,t)}k∈Z.

(b) The sequence of pairs {(Bλ(k−1,t),(k,t), Bρ(k−1,t),(k,t))}k∈Z is not a Markov chain. The joint distribution of
two successive pairs (

(Bλ(k−1,t),(k,t), Bρ(k−1,t),(k,t)), (B
λ
(k,t),(k+1,t), Bρ(k,t),(k+1,t))

)
is not the same as the joint distribution of its transpose(

(Bλ(k,t),(k+1,t), Bρ(k,t),(k+1,t)), (B
λ
(k−1,t),(k,t), Bρ(k−1,t),(k,t))

)
.

In particular, the process of pairs {(Bλ(k−1,t),(k,t), Bρ(k−1,t),(k,t))}k∈Z is not reversible.
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3E. The initial segment of the Busemann geodesic. As the last application of Theorem 3.2 we calculate
the probability distribution of the length of the initial horizontal run of a semi-infinite geodesic.

Let aρx = bρ,x1 −x be the first step of the Bρ Busemann geodesic (2-13) started at x . {aρx }x∈Z2 is a random
configuration with values in {−e1,−e2}. By weight recovery (2-8), aρx =−e1 if and only if Bρx−e1,x−Yx=0.
Hence by Theorem 3.5(a) with λ= 1, reversibility holds along a line: {aρkei

}k∈Z
d
= {aρ

−kei
}k∈Z.

The first part of the theorem below gives a queueing characterization for the process {aρke1
}k∈Z. To that

end, for the queueing mapping Ĩ = D(I, ω) of (2-22) define the indicator variables

ηk = 1 Ĩk=ωk
= 1{customer k has to wait before entering service}. (3-9)

Let
ξx = inf{k ∈ Z≥0 : a

ρ
x−ke1

=−e2}

denote the number of consecutive −e1 steps that bρ,x takes from a deterministic starting point x . Part (b)
of the theorem gives the distribution of ξx . The Catalan triangle {C(n, k) : 0≤ k ≤ n} is given by

C(n, k)=
(n+ k)!(n− k+ 1)

k!(n+ 1)!
. (3-10)

Information about C(n, k) is given above Lemma B.3 in Appendix B.

Theorem 3.6. Let 1< ρ <∞.

(a) Let the service and arrival processes satisfy (ω, I )∼ ν(1,ρ) and define ηk by (3-9). Then we have the
distributional equality

{1{aρke1
=−e1}}k∈Z

d
= {ηk}k∈Z.

(b) Let x ∈ Z2. Then P{ξx = 0} = 1− ρ−1 and for n ∈ Z>0,

P{ξx = n} = (1− ρ−1)

n−1∑
k=0

C(n− 1, k)
ρk

(ρ+ 1)n+k . (3-11)

The distribution in (3-11) is proper; that is,
∑

n∈Z≥0
P{ξx = n} = 1. This follows for example from

Theorem 2.4(i) according to which the Busemann geodesic has direction strictly off the axes.

Remark 3.7. If we take (ω, I )∼ ν(λ,ρ) for 1<λ<ρ in Theorem 3.6 and define ηk again by (3-9), we get
the distributional equality {1{Bρ(k−1,t),(k,t) = Bλ(k−1,t),(k,t)}}k∈Z

d
= {ηk}k∈Z. The calculation that produced

part (b) gives the distribution P{ξ
λ,ρ
x = 0} = (ρ− λ)/ρ and

P{ξλ,ρx = n} =
ρ− λ

ρ

n−1∑
k=0

C(n− 1, k)
ρkλn

(λ+ ρ)n+k for n ∈ Z>0,

for the random variable

ξλ,ρx = inf{k ∈ Z≥0 : B
ρ

x−(k+1)e1,x−ke1
> Bλx−(k+1)e1,x−ke1

}.

Note that Bρx−e1,x = Bλx−e1,x tells us that bρ,x1 = bλ,x1 but not which step is chosen.
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4. Properties of queueing mappings

This section proves a property of the queueing mapping D (Lemma 4.4) on which the intertwining
property that comes in Section 5D rests. To prove Lemma 4.4 we develop a duality in the queueing setting
of Section 2C: namely, an LPP process defined in terms of weights (I, ω) can be equivalently described
in terms of weights ( Ĩ , ω̃) defined by (2-22). Routine facts about the queueing mappings are collected in
Appendix A.

Fix an origin m ∈ Z. Assume given nonnegative real weights

Jm, (Ii )i≥m+1, and (ωi )i≥m+1. (4-1)

From these define iteratively for k = m+ 1,m+ 2, . . .

Ĩk = ωk + (Ik − Jk−1)
+, Jk = ωk + (Jk−1− Ik)

+, and ω̃k = Ik ∧ Jk−1. (4-2)

There is a duality or reversibility of sorts here. For a fixed k, equations (4-2) are equivalent to

Ik = ω̃k + ( Ĩk − Jk)
+, Jk−1 = ω̃k + (Jk − Ĩk)

+, and ωk = Ĩk ∧ Jk . (4-3)

We turn this reversibility into a lemma as follows. Restrict the given J, I and ω weights in (4-1) to
the interval Jm, nK. Then on the interval J−n,−mK define the given weights J ′

−n , (I ′i )−n+1≤i≤−m and
(ω′i )−n+1≤i≤−m as

I ′i = Ĩ−i+1, J ′
−n = Jn, and ω′i = ω̃−i+1. (4-4)

Now apply (4-2) to these given weights to compute ( Ĩ ′k, J ′k, ω̃
′

k) for k ∈ J−n+ 1,−mK. First assume by
induction that J ′k−1 = J−k+1. The base case k− 1=−n is covered by the definition in (4-4). Then

J ′k = ω
′

k + (J
′

k−1− I ′k)
+
= ω̃−k+1+ (J−k+1− Ĩ−k+1)

+

= I−k+1 ∧ J−k + (J−k − I−k+1)
+
= J−k .

The third equality above used the definition of ω̃ in (4-2) and the conservation law

Ik + Jk = Jk−1+ Ĩk (4-5)

that follows from (4-2). Thus J ′k = J−k for all k ∈ J−n,−mK. Next

Ĩ ′k = ω
′

k + (I
′

k − J ′k−1)
+
= ω̃−k+1+ ( Ĩ−k+1− J−k+1)

+

= I−k+1 ∧ J−k + (I−k+1− J−k)
+
= I−k+1.

Finally,
ω̃′k = I ′k ∧ J ′k−1 = Ĩ−k+1 ∧ J−k+1 = ω−k+1

as follows again from (4-2). We summarize this finding as follows.

Lemma 4.1. Fix m < n. Assume given Jm , (Ii )m+1≤i≤n and (ωi )m+1≤i≤n . Compute ( Ĩk, Jk, ω̃k)m+1≤k≤n

from (4-2). Then define J ′
−n , (I ′i )−n+1≤i≤−m and (ω′i )−n+1≤i≤−m by (4-4) and apply (4-2) to compute

( Ĩ ′k, J ′k, ω̃
′

k)−n+1≤k≤−m . The conclusion is that ( Ĩ ′k, J ′k, ω̃
′

k)= (I−k+1, J−k, ω−k+1) for k ∈ J−n+ 1,−mK.
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(m, 0)

(m, 1)

(n, 0)

(n, 1)

(i-1, 0) (i, 0)

ωi

Ii
Jm

(m, 0)

(m, 1)

(n, 0)

(n, 1)(i-1, 1) (i, 1)

ω̃i

Ĩi

Jn

Figure 3. Illustration of the weights (I, J, ω) on the left and weights ( Ĩ , J, ω̃) on the
right. Pairs (k, a) ∈ Jm, nK × J0, 1K mark vertices of the two-level strip.

Next we use the weights given in (4-1) to construct a last-passage process on the two-level strip
Jm,∞J×J0, 1K in Z2. In this construction, Ii serves as a weight on the horizontal edge ((i −1, 0), (i, 0))
on the lower 0-level, Jm is a weight on the vertical edge ((m, 0), (m, 1)), and ωi is a weight at vertex (i, 1)
on the upper 1-level. (The left diagram of Figure 3 illustrates this.) The last-passage values H(m,0),(n,a)
are defined for (n, a) ∈ Jm,∞J×J0, 1K as follows:

H(m,0),(m,0) = 0 and H(m,0),(n,0) =
n∑

i=m+1

Ii for n > m,

H(m,0),(m,1) = Jm ,

H(m,0),(n,1) =
{

Jm +

n∑
i=m+1

ωi

}
∨ max

m+1≤ j≤n

{ j∑
i=m+1

Ii +

n∑
i= j

ωi

}
, n > m.

(4-6)

If the given weights (4-1) come from the queueing setting of Section 2C, then H(m,0),(n,1) = G̃n −Gm .
But this connection is not needed for the present.

The next lemma gives alternative formulas for H in terms of the weights calculated in (4-2). Pictorially,
imagine Ĩi as a weight on the edge ((i−1, 1), (i, 1)) and ω̃i as a weight on the vertex (i−1, 0). (The right
diagram of Figure 3 illustrates this.) In (4-7), a sum expression of the form a j + · · ·+ a j−1 is interpreted
as zero. The equation (4-8) makes sense also for `= n in which case the right-hand side simplifies to Jn .

Lemma 4.2. Let m ≤ n. Then

H(m,0),(n,1) = Im+1+ · · ·+ Ik + Jk + Ĩk+1+ · · ·+ Ĩn for each k ∈ Jm, nK. (4-7)

For each ` ∈ Jm, n− 1K,

H(m,0),(n,1)− H(m,0),(`,0) = max
`+1≤ j≤n

{ j∑
i=`+1

ω̃i +

n∑
i= j

Ĩi

}
∨

{ n∑
i=`+1

ω̃i + Jn

}
. (4-8)

We make some observations before the proof. By the two top lines of (4-6), equivalent to (4-7) are the
increment formulas (for all n > m)

Ĩn = H(m,0),(n,1)− H(m,0),(n−1,1) and Jn = H(m,0),(n,1)− H(m,0),(n,0). (4-9)

Taking `= m in (4-8) gives this dual representation for H :

H(m,0),(n,1) = max
m+1≤ j≤n

{ j∑
i=m+1

ω̃i +

n∑
i= j

Ĩi

}
∨

{ n∑
i=m+1

ω̃i + Jn

}
. (4-10)
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Proof of Lemma 4.2. Let m < n and develop the definition (4-6). As in (2-2),

H(m,0),(n,1) =
{

Jm +

n−1∑
i=m+1

ωi

}
∨ max

m+1≤ j≤n−1

{ j∑
i=m+1

Ii +

n−1∑
i= j

ωi

}
∨

{ n∑
i=m+1

Ii

}
+ωn

= H(m,0),(n−1,1) ∨ H(m,0),(n,0)+ωn.

(4-11)

Set temporarily

An = H(m,0),(n,1)− H(m,0),(n−1,1) and Bn = H(m,0),(n,1)− H(m,0),(n,0).

Then (4-11) gives the iterative equations

An = ωn + (In − Bn−1)
+ and Bn = ωn + (Bn−1− In)

+.

Definition (4-6) gives Bm = Jm . This starts an induction. Apply the equations above together with (4-2)
to obtain An = Ĩn and Bn = Jn for all n ≥ m+ 1. This establishes (4-9), and (4-7) follows.

We prove (4-8) by induction as ` decreases. The base case `= n comes from the just proved Bn = Jn .
Assume (4-8) for `+ 1. Then for ` the right-hand side of (4-8) equals

ω̃`+1+

{ n∑
i=`+1

Ĩi

}
∨ max
`+2≤ j≤n

{ j∑
i=`+2

ω̃i+

n∑
i= j

Ĩi

}
∨

{ n∑
i=`+2

ω̃i+Jn

}
= H(m,0),(`+1,0)∧H(m,0),(`,1)−H(m,0),(`,0)+

{
H(m,0),(n,1)−H(m,0),(`,1)

}
∨
{

H(m,0),(n,1)−H(m,0),(`+1,0)
}

= H(m,0),(n,1)−H(m,0),(`,0).

In the first equality we used ω̃`+1 = I`+1 ∧ J`, (4-9) and the induction assumption. �

The last line of (4-6) and formula (4-10) give dual representations of the quantity H(m,0),(n,1). The
next lemma shows that equality persists if we drop the terms that involve J from both formulas. This
statement is the crucial ingredient of Lemma 4.4 below.

Lemma 4.3. Let m ≤ n in Z. Assume given nonnegative weights Jm−1, (Ii )m≤i≤n and (ωi )m≤i≤n .
Compute ( Ĩk, Jk, ω̃k)m≤k≤n from (4-2). Define

Tm,n = max
m≤ j≤n

{ j∑
i=m

Ii +

n∑
i= j

ωi

}
and T̃m,n = max

m≤ j≤n

{ j∑
i=m

ω̃i +

n∑
i= j

Ĩi

}
. (4-12)

Then Tm,n = T̃m,n .

Proof. The case m = n is the identity In +ωn = ω̃n + Ĩn that follows from (4-2).
Let n ≥ m+ 1 and assume by induction that T̃m,n−1 ≤ Tm,n−1. Develop the definitions.

Tm,n = max
m≤ j≤n−1

{ j∑
i=m

Ii +

n−1∑
i= j

ωi

}
∨

{ n∑
i=m

Ii

}
+ωn = Tm,n−1 ∨

{ n∑
i=m

Ii

}
+ωn. (4-13)
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Similarly,

T̃m,n = T̃m,n−1 ∨

{ n∑
i=m

ω̃i

}
+ Ĩn = T̃m,n−1 ∨

{ n∑
i=m

(Ii ∧ Ji−1)

}
+ωn + (In − Jn−1)

+

≤ Tm,n−1 ∨

{ n∑
i=m

Ii

}
+ωn + (In − Jn−1)

+.

(4-14)

The induction assumption was used in the last step.

Case 1: In ≤ Jn−1. This assumption kills the last term of (4-14) and gives

T̃m,n ≤ Tm,n−1 ∨

{ n∑
i=m

Ii

}
+ωn = Tm,n.

Case 2: In > Jn−1. For this case induction is not needed. We use the last-passage process H(m−1,0),( • , • ).
Conservation law (4-5) and (4-9) imply

In > Jn−1 ⇐⇒ Ĩn > Jn ⇐⇒ H(m−1,0),(n−1,1) < H(m−1,0),(n,0).

Then by (4-11),

H(m−1,0),(n,1) = H(m−1,0),(n,0)+ωn =

n∑
i=m

Ii +ωn ≤ Tm,n.

On the other hand, by definition (4-6),

H(m−1,0),(n,1) =

{
Jm−1+

n∑
i=m

ωi

}
∨ Tm,n.

Hence H(m−1,0),(n,1) = Tm,n . By the dual formula (4-10),

H(m−1,0),(n,1) = T̃m,n ∨

{ n∑
i=m

ω̃i + Jn

}
≥ T̃m,n.

We conclude that in Case 2, T̃m,n ≤ Tm,n .

We have shown that T̃m,n ≤ Tm,n . This suffices for the proof by the duality in Lemma 4.1 because the
roles of Tm,n and T̃m,n can be switched around. �

The next lemma is the key property of the queueing mapping D that underlies our results. Its proof
relies on Lemma 4.3. Lemma 4.3 applies to the queueing setting described in Section 2C because
equations (2-21) and (2-24) ensure that the assumptions of Lemma 4.3 are satisfied.

Lemma 4.4. Assume given three sequences I 2, I 1, ω1
∈ RZ
≥0 such that the queueing operations below

are well-defined. Let ω2
= R(I 1, ω1) as defined in (2-21). Then we have the identity

D
(
D(I 2, ω2), D(I 1, ω1)

)
= D

(
D(I 2, I 1), ω1). (4-15)
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Proof. Choose G1 and G2 so that I t
k = G t

k −G t
k−1 for t = 1, 2. Let

H j = sup
`: `≤ j

{
G2
` +

j∑
i=`

I 1
i

}
and then

H̃k = sup
j : j≤k

{
H j +

k∑
i= j

ω1
i

}
= sup
`: `≤k

{
G2
` + max

j :`≤ j≤k

[ j∑
i=`

I 1
i +

k∑
i= j

ω1
i

]}
. (4-16)

The sequence (H̃k − H̃k−1)k∈Z is the output D(D(I 2, I 1), ω1).
For the left-hand side of (4-15) define first for D(I t , ωt) the sequence

G̃ t
j = sup

`: `≤ j

{
G t
`+

j∑
i=`

ωt
i

}
, t ∈ {1, 2}.

Set Ĩ 1
k = G̃1

k − G̃1
k−1. The output D(D(I 2, ω2), D(I 1, ω1)) is given by the increments of the sequence

Ĥk = sup
j : j≤k

{
G̃2

j +

k∑
i= j

Ĩ 1
i

}
= sup
`: `≤k

{
G2
` + max

j :`≤ j≤k

[ j∑
i=`

ω2
i +

k∑
i= j

Ĩ 1
i

]}
. (4-17)

The rightmost members of lines (4-16) and (4-17) are equal because the innermost maxima over the
quantities in square brackets [· · · ] agree, by Lemma 4.3. We have shown that H̃ = Ĥ and thereby proved
the lemma. �

We extend Lemma 4.4 inductively.

Lemma 4.5. Let n ≥ 2 and assume given n + 1 sequences I 1, I 2, . . . , I n, ω1
∈ RZ
≥0 such that all the

queueing operations below are well-defined. Define iteratively

ω j
= R(I j−1, ω j−1) for j = 2, . . . , n. (4-18)

Then we have these identities for 1≤ k ≤ n− 1:

D(n+1)(I n, I n−1, . . . , I 1, ω1)=

D(k+1)(D(n−k+1)
[I n, . . . , I k+1, ωk+1

], D(I k, ωk), . . . , D(I 1, ω1)
)
. (4-19)

Proof. The case n = 2 is Lemma 4.4.
Let n ≥ 3 and assume that the claim of the lemma holds when n is replaced by n−1, for 1≤ k ≤ n−2.

We prove the claim for n.
First the case k = 1, beginning with the right-hand side of (4-19):

D(2)(D(n)(I n, . . . , I 2, ω2), D(I 1, ω1)
)
= D

(
D
[
D(n−1)(I n, . . . , I 2), ω2], D(I 1, ω1)

)
= D

(
D
[
D(n−1)(I n, . . . , I 2), I 1], ω1)

= D
(
D(n)(I n, . . . , I 1), ω1)

= D(n+1)(I n, . . . , I 1, ω1).
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The first and last two equalities above are from definition (2-26) of D(n), and the middle equality is
Lemma 4.4.

Now let 2≤ k ≤ n− 1. The first equality below is definition (2-26) for D(k+1). The second equality is
the induction assumption:

D(k+1)(D(n−k+1)(I n, . . . , I k+1, ωk+1), D(I k, ωk), . . . , D(I 1, ω1)
)

= D
(
D(k)[D(n−k+1)(I n, . . . , I k+1, ωk+1), D(I k, ωk), . . . , D(I 2, ω2)

]
, D(I 1, ω1)

)
= D

(
D(n)
[I n, . . . , I 2, ω2

], D(I 1, ω1)
)
.

The last line above is the same as the left-hand side of the previous display. The calculation is completed
as was done there. �

In particular, for k = n− 1, (4-19) gives

D(n+1)(I n, . . . , I 1, ω1)= D(n)(D(I n, ωn), . . . , D(I 1, ω1)
)

(4-20)

and for k = 1,
D(n+1)(I n, . . . , I 1, ω1)= D

(
D(n)[I n, . . . , I 2, ω2], D(I 1, ω1)

)
. (4-21)

5. Multiclass processes

The distribution µ(1,ρ1,...,ρn) of the (n+1)-tuple (Yt , Bρ1,e1
t , . . . , Bρn,e1

t ) given in Theorem 3.2 is deduced
through studying two multiclass LPP processes. Fix a positive integer n, the number of levels or classes.
We define two discrete-time Markov processes on n-tuples of sequences, the multiline process and the
coupled process. Their state space is

An =

{
I = (I 1, I 2, . . . , I n) ∈ (RZ

≥0)
n
: ∀ i ∈ [n], lim

m→−∞

1
|m|

0∑
k=−m

I i
k > 1

}
. (5-1)

At each step their evolution is driven by an independent sequence of i.i.d. exponential weights, so assume
that

ω = (ωk)k∈Z is a sequence of i.i.d. variables ωk ∼ Exp(1). (5-2)

5A. Multiline process. At time t ∈ Z≥0, the state of the multiline process is denoted by

I (t)= (I 1(t), . . . , I n(t)) ∈An.

The one-step evolution from time t to t + 1 is defined as follows in terms of the mappings (2-22). Given
the time t configuration I (t)= I = (I 1, I 2, . . . , I n) in the space An and independent driving weights ω,
define the time t + 1 configuration I (t + 1)= Ī = ( Ī 1, Ī 2, . . . , Ī n) iteratively as follows:

set ω1
= ω and Ī 1

= D(I 1, ω1);

for i = 2, 3, . . . , n:

set ωi
= R(I i−1, ωi−1) and Ī i

= D(I i , ωi ). (5-3)
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Thus the driving sequence ω acts on the first line I 1 directly, and is then transformed at each stage before
it is passed to the next line. Lemma A.3 guarantees that, for almost every ω from (5-2), the Cesàro limit
limm→−∞|m|−1∑0

k=m ω
i
k = 1 holds for each i ∈ [n] and the new state Ī lies in An .

Theorem 5.1. Assume (5-2). Then for each ρ = (ρ1, . . . , ρn) ∈ (1,∞)n, the product measure νρ defined
in (3-4) is invariant for the multiline process (I (t))t∈Z≥0 .

Theorem 5.1 follows from Lemma B.2 in Appendix B: induction on k shows that Ī 1, . . . , Ī k , ωk+1,
I k+1, . . . , I n are independent with Ī i

∼νρi, ωk+1
∼ν1, I j

∼νρ j. We do not have proof that νρ is the unique
translation-ergodic stationary distribution with mean vector ρ, but have no reason to doubt this either.

5B. Coupled process. At time t ∈ Z≥0, the state of the coupled process is denoted by

η(t)= (η1(t), . . . , ηn(t)) ∈An

where again ηi (t)= (ηi
k(t))k∈Z. The evolution is simple: the queueing operator D acts on each sequence

ηi with service times ω:

η(t + 1)=
(
D(η1(t), ω), D(η2(t), ω), . . . , D(ηn(t), ω)

)
. (5-4)

We call η(t) the coupled process because it lives also on the smaller state space Xn ∩An (recall (3-2))
where the sequences ηi are coupled so that ηi−1

≤ ηi. This is the case relevant for the Busemann processes
because the latter are monotone (recall (2-6)). Inequality (2-28) and Lemma A.1 ensure that the Markovian
evolution η(·) is well-defined on Xn ∩An . However, since the mapping (5-4) is well-defined for more
general states, we consider it on the larger state space An of (5-1).

To state an invariance and uniqueness theorem for all parameter vectors ρ ∈ (1,∞)n we extend µρ

of (3-5), by ordering ρ and by requiring that ηi
= ηi+1 if ρi = ρi+1. This is necessary because the

mapping D(n) in (3-5) cannot be applied if some ρi = ρi+1. For if I and ω are both i.i.d. Exp(ρ−1)

sequences, then G̃ in (2-18) is identically infinite because it equals a random constant plus the supremum
of a symmetric random walk.

Definition 5.2. Let ρ = (ρ1, ρ2, . . . , ρn) ∈ (0,∞)n. The probability measure µρ on the space (RZ
≥0)

n is
defined as follows.

(i) If 0< ρ1 < ρ2 < · · ·< ρn then apply (3-5).

(ii) If 0<ρ1 ≤ ρ2 ≤ · · · ≤ ρn , there exist m ∈ [n], a vector σ = (σ1, . . . , σm) such that 0<σ1 < · · ·<σm ,
and indices 1= i1 < i2 < · · ·< im < im+1= n+1 such that ρi` = · · · = ρi`+1−1= σ` for `= 1, . . . ,m. Let
I ∼ νσ, ζ =D(m)(I ), and then define η= (η1, . . . , ηn)∈Xn by ηi` = · · · = ηi`+1−1

= ζ ` for `= 1, . . . ,m.
Define µρ to be the distribution of η.

(iii) For general ρ = (ρ1, . . . , ρn) ∈ (0,∞)n, choose a permutation π such that πρ = (ρπ(1), . . . , ρπ(n))
satisfies ρπ(1) ≤ ρπ(2) ≤ · · · ≤ ρπ(n). Let π act on weight configurations η = (η1, . . . , ηn) by πη =
(ηπ(1), . . . , ηπ(n)). Define µρ = µπρ ◦π−1, or more explicitly

Eµ
ρ

[ f ] = Eµ
πρ

[ f (πη)] = Eµ
πρ
◦π−1
[ f ]

for bounded Borel functions f on (RZ
≥0)

n , where the measure µπρ is the one defined in step (ii).
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If there is more than one ordering permutation in step (iii), there are identical sequences whose ordering
among themselves is immaterial. If ρ ∈ (1,∞)n then µρ is supported on the space An of (5-1). The next
existence and uniqueness theorem is proved in Section 5D.

Theorem 5.3. Assume (5-2).

(i) Invariance. Let ρ = (ρ1, ρ2, . . . , ρn) ∈ (1,∞)n. Then the probability measure µρ of Definition 5.2 is
invariant for the Markov chain (η(t))t∈Z≥0 defined by (5-4).

(ii) Uniqueness. Let µ̃ be a translation-ergodic probability measure on An under which coordinates ηi
k

have finite means ρi = E µ̃[ηi
k] > 1. If µ̃ is invariant for the process η(t), then µ̃ = µρ for ρ =

(ρ1, . . . , ρn) ∈ (1,∞)n.

5C. Stationary multiclass LPP on the upper half-plane. We reformulate the coupled process as a
multiclass CGM on the upper half-plane. Fix the number n of classes. Assume given i.i.d. Exp(1)
random weights {ωx}x∈Z×Z>0 , and an initial configuration η(0)= (η1(0), . . . , ηn(0)) ∈An independent
of ω. Define a vector of LPP processes Gx = (G1

x , . . . ,Gn
x) for x ∈ Z×Z≥0 as follows. First choose

initial functions {Gi
(k,0)}k∈Z with the property ηi

k(0)=Gi
(k,0)−Gi

(k−1,0). Then for (k, t) ∈Z×Z>0 define

Gi
(k,t) = sup

j : j≤k
{Gi

( j,0)+G( j,1),(k,t)}, (5-5)

where Gx,y is the usual LPP process of (2-1) with weights Yx(ω)= ωx . Then lastly define the process
η(t)= (η1(t), . . . , ηn(t)) for t ∈ Z>0 as the increments

ηi
k(t)= Gi

(k,t)−Gi
(k−1,t) for i ∈ [n] and k ∈ Z. (5-6)

Theorem 5.4. Let ρ = (ρ1, ρ2, . . . , ρn) ∈ (1,∞)n. Then µρ of Definition 5.2 is an invariant measure
of the increment process η(·) defined above by (5-6) in the multiclass exponential corner growth model.
Measure µρ is the unique invariant measure for η(·) among translation-ergodic probability measures on
An with means given by ρ.

This follows from Theorem 5.3 simply by noting that (5-6) can be reformulated inductively as

η(t)=
(
D(η1(t − 1), ωt), D(η2(t − 1), ωt), . . . , D(ηn(t − 1), ωt)

)
, t ∈ Z>0, (5-7)

where ωt = {ω(k,t)}k∈Z is the sequence of weights on level t .

5D. Invariant distribution for the coupled process. This section proves Theorem 5.3. We separate the
invariance of µρ and the uniqueness in Theorems 5.5 and 5.6 below. Their combination establishes
Theorem 5.3. The proof of the next theorem shows how the invariance of µρ for η(t) follows from the
invariance of νρ for I (t) and the fact that the mapping D(n) intertwines the evolutions of I (t) and η(t).

Theorem 5.5. Let ρ = (ρ1, ρ2, . . . , ρn) ∈ (1,∞)n. Then µρ of Definition 5.2 is an invariant distribution
for the (RZ

≥0)
n-valued Markov chain η(t) defined by (5-4).

Proof. The general claim follows from the case 1< ρ1 < ρ2 < · · ·< ρn because permuting the {ηi
} or

setting ηi
= η j produces the exact same change in the image of the mapping in (5-4).
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So assume 1<ρ1 <ρ2 < · · ·<ρn . Given a driving sequence ω, denote by Sω and T ω the mappings on
the state spaces that encode a single temporal evolution step of the processes I (·) and η(·). In other words,
the mapping from time t to t+1 defined by (5-3) for the multiline process is encoded as I (t+1)=Sω(I (t)).
For the coupled process the step in (5-4) is encoded as η(t + 1) = T ω(η(t)). Let D = D(n) denote the
mapping (3-3) that constructs the coupled configuration from the multiline configuration. Let Dk , Sωk
and T ωk denote the k-th RZ

≥0-valued coordinates of the images of these mappings.
Let I ∼ νρ be a multiline configuration with product exponential distribution νρ. We need to show

that if η has the distribution µρ of D(I ), then so does T ω(η) when ω is an independent sequence of i.i.d.
Exp(1) weights. For the argument we can assume that η = D(I ). As before let ω1

= ω and iteratively
ω j
= R(I j−1, ω j−1) for j = 2, 3, . . . , n. The fourth equality below is (4-20). The other equalities are

consequences of definitions:

T ωk (η) = D(ηk, ω)= D
(
D(k)(I k, . . . , I 1), ω1)

= D(k+1)(I k, . . . , I 1, ω1)

(4-20)
= D(k)(D(I k, ωk), D(I k−1, ωk−1), . . . , D(I 1, ω1)

)
= D(k)(Sωk (I ),Sωk−1(I ), . . . ,S

ω
1 (I )

)
= Dk(Sω(I )).

Since the above works for all coordinates k ∈ [n], we have T ω(η)=D(Sω(I )). Since η=D(I ), we have
verified the intertwining

T ω(D(I ))= D(Sω(I )). (5-8)

By Theorem 5.1, Sω(I ) d
= I ∼ νρ. Consequently T ω(η) d

= D(I )∼ µρ. �

Theorem 5.6. Assume (5-2). Let µ̃ be a translation-ergodic probability measure on Xn under which each
coordinate ηi

k has a finite mean. If µ̃ is invariant for the coupled process η(t), then µ̃= µρ for the mean
vector ρ of µ̃.

We prove Theorem 5.6 following [Chang 1994], by showing that the evolution contracts the ρ distance
between stationary and ergodic sequences. Let η= (ηk)k∈Z and ξ = (ξk)k∈Z be stationary processes taking
values in Rn

≥0. Their ρ distance is defined by

ρ(η, ξ)= inf
(X,Y )∈M

E[ |X0− Y0|1], (5-9)

where M is the set of jointly defined stationary sequences (X, Y ) = (Xk, Yk)k∈Z such that X d
= η and

Y d
= ξ , E is the expectation on the probability space on which the coupling (X, Y ) is defined, and |·|1 is

the `1 distance on Rn
≥0.

From [Gray 2009, Theorem 9.2], we know that (i) ρ induces a metric on the space of translation-
invariant distributions and (ii) if η and ξ are both ergodic, there exists a jointly stationary and ergodic pair
(X, Y ) at which the infimum in (5-9) is attained.

The following is a straightforward generalization of Theorem 2.4 of [Chang 1994] to Rn
≥0-valued sta-

tionary and ergodic sequences η= (η1, . . . , ηn) and ξ = (ξ 1, . . . , ξ n) where ηi
= (ηi

k)k∈Z and ξ i
= (ξ i

k)k∈Z
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are random elements of RZ
≥0. Let

η̃ = (̃η1, . . . , η̃ n)=
(
D(η1, ω), . . . , D(ηn, ω)

)
and similarly ξ̃ = (̃ξ 1, . . . , ξ̃ n) denote the outcome of applying the queueing map D(·, ω) to each
sequence-valued coordinate.

Proposition 5.7. Let ω satisfy (5-2). Let the Rn
≥0-valued stationary and ergodic processes η and ξ be

independent of ω and have finite means that satisfy E[ηi
k] = E[ξ i

k ] = λi > 1 for i ∈ [n] and k ∈ Z. Then

ρ(̃η, ξ̃ )≤ ρ(η, ξ). (5-10)

If η and ξ have different distributions the inequality in (5-10) is strict.

Before the proof we complete the proof of Theorem 5.6. Let ρ = E µ̃[η0] be the mean vector of µ̃. Let
η ∼ µρ and ξ ∼ µ̃. By the known invariance of µρ and the assumed invariance of µ̃, η̃ d

= η and ξ̃ d
= ξ .

Hence ρ(̃η, ξ̃ )= ρ(η, ξ). The last statement of Proposition 5.7 forces µ̃= µρ.

Proof of Proposition 5.7. Let (X, Y )= ((X1, . . . , Xn), (Y 1, . . . , Y n)) be an arbitrary R2n
≥0-valued jointly

stationary and ergodic process with marginals X d
= η and Y d

= ξ , independent of the weights ω, with
(X, Y, ω) coupled together under a probability measure P with expectation E. As above, write X̃ i

=

(X̃ i
k)k∈Z = D(X i , ω) and Ỹ i

= (Ỹ i
k )k∈Z = D(Y i , ω) for the action of the queueing operator on the

individual sequences X i
= (X i

k)k∈Z and Y i
= (Y i

k )k∈Z. Inequality (5-10) follows from showing

E[|X̃0− Ỹ0|1] ≤ E[|X0− Y0|1]. (5-11)

Define the process Z by Z i
k = X i

k ∨ Y i
k . Then

|X0− Y0|1 =

n∑
i=1

|X i
0− Y i

0 | =

n∑
i=1

(2Z i
0− X i

0− Y i
0). (5-12)

Let Z̃ i
= D(Z i , ω). Then Z̃ i

≥ X̃ i
∨ Ỹ i by monotonicity (2-28). Hence

|X̃0− Ỹ0|1 =

n∑
i=1

|X̃ i
0− Ỹ i

0 | =

n∑
i=1

(
2(X̃ i

0 ∨ Ỹ i
0)− X̃ i

0− Ỹ i
0
)
≤

n∑
i=1

(2Z̃ i
0− X̃ i

0− Ỹ i
0). (5-13)

The triple (X, Y, ω) is jointly stationary and ergodic because ω is an i.i.d. process independent of
the ergodic process (X, Y ). Consequently, as translation-respecting mappings of ergodic processes,
both (X, Y, Z , ω) and (X̃ , Ỹ , Z̃) are jointly stationary and ergodic. The queueing stability condition
E(X i

0) > E(ω0) implies E(X̃ i
0)= E(X i

0), and by the same token E(Ỹ i
0)= E(Y i

0) and E(Z̃ i
0)= E(Z i

0).
This goes back to Loynes [1962] and follows also from Lemma A.3 in Appendix A. Taking expectations
on both sides of (5-12) and (5-13) gives (5-11).

For the strict inequality assume that η and ζ are not equal in distribution and let (X, Y ) be a jointly
ergodic pair that gives the minimum in (5-9). To deduce the strict inequality

n∑
i=1

E[X̃ i
0 ∨ Ỹ i

0]<

n∑
i=1

E(Z̃ i
0). (5-14)
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we can tap directly into the proof of part (ii) of Theorem 2.4 in [Chang 1994], once we show that X i

and Y i must cross for some i ∈ [n]. X i and Y i cross if with probability one there exist k, ` ∈ Z such that
X i

k > Y i
k and X i

` < Y i
` .

Suppose X i and Y i do not cross. Then P({X i
≥ Y i
} ∪ {X i

≤ Y i
}) = 1. We show that this implies

X i
= Y i a.s. This gives us the contradiction needed, since X i

= Y i for all i ∈ [n] implies that η d
= ξ .

To show X i
= Y i a.s., write {X i

= Y i
}

c
= A+ ∪ A− a.s. for

A+ = {X i
≥ Y i and X i

k > Y i
k for some k ∈ Z},

A− = {X i
≤ Y i and X i

k < Y i
k for some k ∈ Z}.

A+ is a shift-invariant event. By the joint ergodicity of (X, Y ) and E(X i
0− Y i

0)= 0,

0= 1A+ · lim
n→∞

1
2n+ 1

∑
−n≤k≤n

(X i
k − Y i

k )

= lim
n→∞

1
2n+ 1

∑
−n≤k≤n

(X i
k − Y i

k ) · 1θ−k A+ = E[(X i
0− Y i

0) · 1A+] a.s.

Thus X i
0 = Y i

0 a.s. on A+. By the shift-invariance of A+, X i
k = Y i

k a.s. on A+ for all k ∈ Z. But then it
must be that P(A+)= 0. Similarly P(A−)= 0.

To summarize, we have shown that some X i and Y i must cross. Following the proof on page 1131–1132
of [Chang 1994] gives the strict inequality (5-14). The connection between the notation of [Chang 1994]
and ours is Sk = ωk , (T 1

1,k−1, T 1
2,k−1)= (X

i
k, X̃ i

k) and (T 2
1,k−1, T 2

2,k−1)= (Y
i
k , Ỹ i

k ). �

6. Proofs of the results for Busemann functions

We prove the theorems of Section 3 in the order in which they were stated.

6A. Continuity of µρ and distribution of the Busemann process.

Proof of the continuity claim of Theorem 3.1. Fix ρ = (ρ1, . . . , ρn) such that 0 < ρ1 < · · · < ρn . Let
{ρh
}h∈Z>0 be a sequence of parameter vectors such that ρh

= (ρh
1 , . . . , ρ

h
n )→ (ρ1, . . . , ρn) as h→∞.

We construct variables ηh
∼ µρ

h
and η ∼ µρ such that ηh

→ η coordinatewise almost surely.
Let I = (I 1, . . . , I n)∼ νρ and define I h,i

k = (ρ
h
i /ρi )I i

k . Then I h
= (I h,1, . . . , I h,n)∼ νρ

h
and we have

the pointwise limits I h,i
k → I i

k for all i ∈ [n] and k ∈ Z as h→∞. Furthermore, the assumption in (A-2)
holds:

lim
m→−∞

h→∞

∣∣∣∣ 1
|m|

0∑
j=m

I h,i
j − ρi

∣∣∣∣= 0 almost surely for all i ∈ [n]. (6-1)

Let ηh
=D(n)(I h) and η=D(n)(I ). Apply Lemma A.2 repeatedly to show that ηh

→ η coordinatewise
almost surely:

(1) ηh,1
= I h,1

→ I 1
= η1 needs no proof.
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(2) Lemma A.2 gives the limit ηh,2
= D(I h,2, I h,1)→ D(I 2, I 1)= η2 and that D(I h,2, I h,1) satisfies the

hypotheses of the lemma.

(3) For ηh,3
= D(3)(I h,3, I h,2, I h,1) = D(D(I h,3, I h,2), I h,1), by case (2), D(I h,3, I h,2) satisfies the

hypotheses of Lemma A.2. Then Lemma A.2 gives D(D(I h,3, I h,2), I h,1)→ D(D(I 3, I 2), I 1) and that
D(3)(I h,3, I h,2, I h,1) satisfies the hypotheses of Lemma A.2.

(4) Proceed by induction. From the case of i − 1 sequences, D(i−1)(I h,i , I h,i−1, . . . , I h,2) satisfies the
hypotheses of Lemma A.2. Apply the Lemma to conclude that the mapping for i sequences obeys the
limit

ηh,i
= D(i)(I h,i , . . . , I h,2, I h,1)= D(D(i−1)(I h,i , I h,i−1, . . . , I h,2), I h,1)→ ηi

and also satisfies the assumptions of Lemma A.2. This is then passed on to be used for the case of i + 1
sequences.

This completes the proof of ηh
→ η. �

Proof of Theorem 3.2. Introduce an (n+1)-st parameter value ρ0∈ (1, ρ1). By Lemma 2.3, the Rn+1
≥0 -valued

Z-indexed process

Bρ0,...,ρn,e1
t = {(Bρ0

(k−1,t),(k,t), Bρ1
(k−1,t),(k,t), . . . , Bρn

(k−1,t),(k,t))}k∈Z (6-2)

is stationary and ergodic under translation of the k-index and furthermore Bρ0,...,ρn,e1
t has the same

distribution as the sequence Bρ0,...,ρn,e1
t−1 on the previous level t − 1. Lemma 3.3 gives Bρ0,...,ρn,e1

t =

D(Bρ0,...,ρn,e1
t−1 , Y t). By the uniqueness given in Theorem 5.3, the distribution of Bρ0,...,ρn,e1

t must be the
invariant distribution µ(ρ0,...,ρn).

Let ρ0↘ 1. By Lemma 2.2, almost surely,

lim
ρ0↘1

Bρ0,ρ1,...,ρn,e1
t = {(Y(k,t), Bρ1

(k−1,t),(k,t), . . . , Bρn
(k−1,t),(k,t))}k∈Z,

while Theorem 3.1 gives the weak convergence µ(ρ0,ρ1,...,ρn)→ µ(1,ρ1,...,ρn) as ρ0↘ 1. �

The proof of Lemma 3.3 below relies on the iterative equations (2-24). Since these equations can
have solutions other than the one coming from the queuing mapping, additional conditions are needed as
specified in Lemma A.4 in Appendix A.

Proof of Lemma 3.3. We show that there is an event �0 of full probability on which the assumptions
of Lemma A.4 hold for the sequences ( Ĩ , J, I, ω) = (Bρ,e1

t , Bρ,e2
t , Bρ,e1

t−1 , Y t) simultaneously for all
uncountably many ρ ∈ (1,∞) and t ∈ Z.

Assumption (A-14) requires

lim
m→−∞

0∑
k=m

(Y(k,t)− Bρ(k,t−1),(k+1,t−1))=−∞ for all t ∈ Z.

This holds almost surely simultaneously for all ρ in a dense countable subset of (1,∞). By the mono-
tonicity (2-6) this extends to all ρ ∈ (1,∞) on a single event of full probability.
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Utilizing the recovery property (2-8) and additivity (2-7),

Y(k,t)+ (B
ρ

(k−1,t−1),(k,t−1)− Bρ(k−1,t−1),(k−1,t))
+

= Bρ(k−1,t),(k,t) ∧ Bρ(k,t−1),(k,t)+ (B
ρ

(k−1,t),(k,t)− Bρ(k,t−1),(k,t))
+

= Bρ(k−1,t),(k,t)

and

Y(k,t)+ (B
ρ

(k−1,t−1),(k−1,t)− Bρ(k−1,t−1),(k,t−1))
+

= Bρ(k−1,t),(k,t) ∧ Bρ(k,t−1),(k,t)+ (B
ρ

(k,t−1),(k,t)− Bρ(k−1,t),(k,t))
+

= Bρ(k,t−1),(k,t).

These equations are valid for all ρ and all (k, t) on a single event of full probability because this is true
of properties (2-8) and (2-7). Assumption (A-15) has been verified.

Lemma A.5 implies that with probability one, for all ρ in a dense countable subset of (1,∞), Y(k,t) =
Bρ(k,t−1),(k,t) for infinitely many k < 0. Monotonicity (2-6) and recovery (2-8) extend this property to all
ρ ∈ (1,∞) on the same event. �

6B. Triangular arrays and independent increments. To extract further properties of the distribution µρ,
we develop an alternative representation for η = D(n)(I ) of (3-3). Assume given I = (I 1, . . . , I n) ∈ Yn .
Define arrays {ηi, j

: 1 ≤ j ≤ i ≤ n} and {ξ i, j
: 1 ≤ j ≤ i ≤ n} of elements of RZ

≥0 as follows. The ξ
variables are passed from one i level to the next.

(i) For i = 1, set η1,1
= I 1
= ξ 1,1.

(ii) For i = 2, 3, . . . , n,

ηi,1
= I i ,

ηi, j
= D(ηi, j−1, ξ i−1, j−1) for j = 2, 3, . . . , i,

ξ i, j−1
= R(ηi, j−1, ξ i−1, j−1) for j = 2, 3, . . . , i,

ξ i,i
= ηi,i .

(6-3)

Step i takes inputs from two sources: from the outside it takes I i, and from step i − 1 it takes the
configuration ξ i−1,•

= (ξ i−1,1, ξ i−1,2, . . . , ξ i−1,i−2, ξ i−1,i−1
= ηi−1,i−1).

Lemma A.3 ensures that the arrays are well-defined for I ∈ Yn . The inputs I 1, . . . , I n enter the
algorithm one by one in order. If the process is stopped after the step i =m is completed for some m < n,
it produces the arrays for (I 1, . . . , I m) ∈ Ym .

The arrays are illustrated in Figure 4. The following properties of the arrays come from Lemmas 6.1
and 6.2 and their proofs.

(i) The input of the D(n)-mapping lies on the left edge of the η-array: (η1,1, . . . , ηn,1)= (I 1, . . . , I n).
The output of the D(n)-mapping lies on the right-hand diagonal edges of both arrays:

(η1,1, η2,2, . . . , ηn,n)= (ξ 1,1, ξ 2,2, . . . , ξ n,n)= D(n)(I 1, . . . , I n) ∼ µ(ρ1, ρ2,..., ρn).
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η1,1

η2,1 η2,2

η3,1 η3,2 η3,3

...
...

...
. . .

ηn,1 ηn,2 ηn,3
· · · ηn,n

ξ 1,1

ξ 2,1 ξ 2,2

ξ 3,1 ξ 3,2 ξ 3,3

...
...

...
. . .

ξ n,1 ξ n,2 ξ n,3
· · · ξ n,n

Figure 4. Arrays {ηi, j
: 1≤ j ≤ i ≤ n} and {ξ i, j

: 1≤ j ≤ i ≤ n}.

(ii) The j-th column (η j, j , η j+1, j , . . . , ηn, j ) of the η-array has the product distribution ν(ρ j , ρ j+1,..., ρn).
It is obtained from the ( j−1)-st column (η j, j−1, η j+1, j−1, . . . , ηn, j−1) by the mapping (5-3) with
η j−1, j−1

= ξ j−1, j−1 as the external driving weights.

(iii) Row (ξ i,1, ξ i,2, . . . , ξ i,i ) of the ξ -array has the product distribution ν(ρ1, ρ2,..., ρi ).

Lemma 6.1. Let I = (I 1, . . . , I n) ∈ Yn . Let (̃η 1, . . . , η̃ n) = D(n)(I 1, . . . , I n) be given by the map-
ping (3-3). Let {ηi, j

} be the array defined above. Then η̃ i
= ηi,i for i = 1, . . . , n.

Proof. It suffices to prove η̃n
= ηn,n because the same proof applies to all i . The construction of

the array can be reimagined as follows. Start with (η1,1, η2,1, . . . , ηn,1) = (I 1, I 2, . . . , I n). Then for
`= 2, 3, . . . , n− 1 iterate the following step that maps the (n− `+ 2)-vector

(ηn,`−1, ηn−1,`−1, . . . , η`,`−1, η`−1,`−1)

to the (n− `+ 1)-vector

(ηn,`, ηn−1,`, . . . , η`+1,`, η`,`)

=
(
D(ηn,`−1, ξ n−1,`−1), D(ηn−1,`−1, ξ n−2,`−1), . . . , D(η`+1,`−1, ξ `,`−1), D(η`,`−1, η`−1,`−1)

)
.

The ξ -variables above satisfy

ξ `,`−1
= R(η`,`−1, ξ `−1,`−1)= R(η`,`−1, η`−1,`−1)

ξ `+1,`−1
= R(η`+1,`−1, ξ `,`−1)
...

ξ n−1,`−1
= R(ηn−1,`−1, ξ n−2,`−1).

Thus (4-20) implies that

D(n−`+2)(ηn,`−1, ηn−1,`−1, . . . , η`,`−1, η`−1,`−1)= D(n−`+1)(ηn,`, ηn−1,`, . . . , η`+1,`, η`,`). (6-4)

In the derivation below, use the first line of (6-3) to replace each I i with ηi,1. Then iterate (6-4) from
`= 2 to `= n− 1 to obtain

η̃ n
= D(n)(I n, I n−1, . . . , I 3, I 2, I 1)= D(n)(ηn,1, ηn−1,1, . . . , η3,1, η2,1, η1,1)

= D(n−1)(ηn,2, ηn−1,2, . . . , η3,2, η2,2)
= · · · = D(3)(ηn,n−2, ηn−1,n−2, ηn−2,n−2)= D(ηn,n−1, ηn−1,n−1)= ηn,n. �
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The next two lemmas describe the distributions of the arrays.

Lemma 6.2. Fix 0< ρ1 < · · ·< ρn and let the multiline configuration I = (I 1, . . . , I n) have distribution
ν(ρ1,...,ρn). Let {ηi, j

}1≤ j≤i≤n and {ξ i, j
}1≤ j≤i≤n be the arrays defined above. Then for each 1≤ i, j ≤ n, con-

figuration (η j, j , η j+1, j , . . . , ηn, j ) has distribution ν(ρ j , ρ j+1,..., ρn) and configuration (ξ i,1, ξ i,2, . . . , ξ i,i )

has distribution ν(ρ1, ρ2,..., ρi ). In particular, each ηi, j has distribution νρi and each ξ i, j has distribution νρ j.

Proof. First we prove the claim for (η j, j , η j+1, j , . . . , ηn, j ). Recall that by definition ξ j, j
= η j, j .

For j = 1, the definitions give (ξ 1,1
= η1,1, η2,1, . . . , ηn,1)= (I 1, I 2, . . . , I n)∼ ν(ρ1, ρ2,..., ρn).

Let j ∈ J2, nK. Assume inductively that

(ξ j−1, j−1
= η j−1, j−1, η j, j−1, . . . , ηn, j−1) ∼ ν(ρ j−1, ρ j ,..., ρn).

The mapping from (η j, j−1, . . . , ηn, j−1) to (η j, j , . . . , ηn, j ) is the mapping (5-3) of the multiline process,
with ξ j−1, j−1 as the external driving weights ω. Namely, this mapping is carried out by iterating

η j+k, j
= D(η j+k, j−1, ξ j+k−1, j−1), ξ j+k, j−1

= R(η j+k, j−1, ξ j+k−1, j−1)

for k = 0, 1, . . . , n − j. Then (η j, j , η j+1, j , . . . , ηn, j ) ∼ ν(ρ j , ρ j+1,..., ρn) follows from the invariance in
Theorem 5.1.

Next the proof for (ξ i,1, ξ i,2, . . . , ξ i,i ). The claim is immediate for i = 1 because there is just one
sequence η1,1

= I 1
= ξ 1,1

∼ νρ1. Let i ∈ J2, nK and assume inductively that (ξ i−1,1, ξ i−1,2, . . . , ξ i−1,i−1)∼

ν(ρ1, ρ2,..., ρi−1). By construction, ηi,1
= I i
∼ νρi is independent of ξ i−1,•, and hence

(ηi,1, ξ i−1,1, ξ i−1,2, . . . , ξ i−1,i−1)∼ ν(ρi , ρ1, ρ2,..., ρi−1).

Now we transform the sequence above by repeated application of the mapping (ηi,`, ξ i−1,`) 7→ (ξ i,`, ηi,`+1)

defined by (6-3):
ηi,`+1

= D(ηi,`, ξ i−1,`),

ξ i,`
= R(ηi,`, ξ i−1,`)

for `= 1, . . . , i − 1. The pair to be transformed next slides successively to the right. The succession of
sequences produced by this process is displayed below, beginning with the first one from above. The pair
to which the mapping is applied next is enclosed in the box. The distribution follows from Lemma B.2:

( ηi,1, ξ i−1,1 , ξ i−1,2, ξ i−1,3, . . . , ξ i−1,i−1) ∼ ν(ρi , ρ1, ρ2, ρ3,..., ρi−1)

( ξ i,1, ηi,2, ξ i−1,2 , ξ i−1,3, . . . , ξ i−1,i−1) ∼ ν(ρ1, ρi , ρ2, ρ3,..., ρi−1)

. . .

( ξ i,1, . . . , ξ i,`−1, ηi,`, ξ i−1,` , ξ i−1,`+1, . . . , ξ i−1,i−1) ∼ ν(ρ1,...,ρ`−1, ρi , ρ`, ρ`+1..., ρi−1)

. . .

( ξ i,1, . . . , ξ i,i−1, ηi,i ) ∼ ν(ρ1,..., ρi−1, ρi ).

To complete the induction from i − 1 to i , set ξ i,i
= ηi,i. �
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Remark 6.3 (notation). To keep track of the inputs when processes are constructed by queueing mappings
(2-22), superscripts indicate the arrival and service processes used in the construction. This works as
follows when the arrival process is I and the service process is ω:

• G I denotes a function that satisfies Ik = G I
k −G I

k−1.

• G̃ I, ω is the process defined by (2-18) whose increments are the output Ĩ I, ω
k = G̃ I, ω

k − G̃ I, ω
k−1, and so

Ĩ I, ω
= D(I, ω).

• J I, ω
= S(I, ω) is the process defined by (2-20) as J I, ω

k = G̃ I, ω
k −G I

k .

• ω̃I, ω
= R(I, ω).

Lemma 6.4. Fix 0< ρ1 < · · ·< ρn and let the multiline configuration I = (I 1, . . . , I n) have distribution
ν(ρ1,...,ρn). Let η = (η1, . . . , ηn)= D(n)(I ) and let {ηi, j

} and {ξ i, j
} be the arrays constructed above. Then

for each m ∈ J2, nK and k ∈ Z, the following random variables are independent:

{ξ
m,1
i }i≤k, {ξ

m,2
i }i≤k, . . . , {ξ

m,m−1
i }i≤k, {η

m
i }i≤k−1, η

m
k − η

m−1
k , ηm−1

k − ηm−2
k , . . . , η2

k − η
1
k , η

1
k .

Proof. Index k is fixed throughout the proof. We begin with the case m = 2.

By the definitions, η1
= I 1,

ξ 2,1
= R(η2,1, ξ 1,1)= R(I 2, I 1)= ω̃I 2,I 1

and η2
= D(I 2, I 1)= Ĩ I 2,I 1

.

Hence ξ 2,1
i = I 2

i ∧ J I 2,I 1

i−1 and η2
k − η

1
k = (I 2

k − J I 2,I 1

k−1 )
+. By Lemma B.2(a), { Ĩ I 2,I 1

i }i≤k−1, J I 2,I 1

k−1 ,
{ω̃

I 2,I 1

i }i≤k−1, I 2
k , I 1

k are independent. To be precise, Lemma B.2(a) gives the independence of
{ω̃

I 2,I 1

i }i≤k−1, { Ĩ I 2,I 1

i }i≤k−1, and J I 2,I 1

k−1 . These are functions of {I 2
i , I 1

i }i≤k−1, and thereby independent
of I 2

k , I 1
k . Properties of independent exponentials (Lemma B.1(i)) imply that

ξ
2,1
k = I 2

k ∧ J I 2,I 1

k−1 and η2
k − η

1
k = (I

2
k − J I 2,I 1

k−1 )
+ are mutually independent. (6-5)

Altogether we have that {ξ 2,1
i }i≤k , {η2

i }i≤k−1, η2
k − η

1
k , η1

k are independent.

Let m ≥ 3 and make an induction assumption:

{ξ
m−1,1
i }i≤k, . . . , {ξ

m−1,m−2
i }i≤k, {η

m−1
i }i≤k−1, η

m−1
k − ηm−2

k , . . . , η2
k − η

1
k , η

1
k are independent. (6-6)

The previous paragraph verified this assumption for m = 3.
Since ηm,1

= I m is independent of all the variables in (6-6), apply Lemma B.2(a) to the pair ξm,1
=

R(ηm,1, ξm−1,1), ηm,2
= D(ηm,1, ξm−1,1) to conclude the independence of

{ξ
m,1
i }i≤k, {η

m,2
i }i≤k, {ξ

m−1,2
i }i≤k, . . . , {ξ

m−1,m−2
i }i≤k,

{ηm−1
i }i≤k−1, η

m−1
k − ηm−2

k , . . . , η2
k − η

1
k , η

1
k .

(6-7)

This starts an induction on j = 2, 3, . . . ,m− 1, whose induction assumption is the independence of

{ξ
m,1
i }i≤k, . . . , {ξ

m, j−1
i }i≤k, {η

m, j
i }i≤k, {ξ

m−1, j
i }i≤k, . . . , {ξ

m−1,m−2
i }i≤k,

{ηm−1
i }i≤k−1, η

m−1
k − ηm−2

k , . . . , η2
k − η

1
k , η

1
k .

(6-8)
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The induction step is the application of Lemma B.2(a) to the pair ξm, j
= R(ηm, j , ξm−1, j ), ηm, j+1

=

D(ηm, j , ξm−1, j ) to conclude the independence of

{ξ
m,1
i }i≤k, . . . , {ξ

m, j−1
i }i≤k, {ξ

m, j
i }i≤k, {η

m, j+1
i }i≤k,

{ξ
m−1, j+1
i }i≤k, . . . , {ξ

m−1,m−1
i }i≤k, {η

m−1
i }i≤k−1, η

m−1
k − ηm−2

k , . . . , η2
k − η

1
k , η

1
k .

(6-9)

Thus the induction assumption (6-8) for j has been advanced to j + 1 in (6-9).
At the end of the j-induction we have the independence of

{ξ
m,1
i }i≤k, . . . , {ξ

m,m−2
i }i≤k, {η

m,m−1
i }i≤k,

{ηm−1
i }i≤k−1, η

m−1
k − ηm−2

k , . . . , η2
k − η

1
k , η

1
k .

(6-10)

Split {ηm,m−1
i }i≤k into the independent pieces {ηm,m−1

i }i≤k−1 and ηm,m−1
k . Combine the former with

{ηm−1
i }i≤k−1, Lemma B.2(a), and the transformations ξm,m−1

= R(ηm,m−1, ηm−1), ηm
=D(ηm,m−1, ηm−1)

to form the independent variables {ξm,m−1
i }i≤k−1, {ηm

i }i≤k−1 and J η
m,m−1,ηm−1

k−1 . Transform the inde-
pendent pair (ηm,m−1

k , J η
m,m−1,ηm−1

k−1 ) into the independent pair of ξm,m−1
k = η

m,m−1
k ∧ J η

m,m−1,ηm−1

k−1 and
ηm

k −η
m−1
k = (η

m,m−1
k − J η

m,m−1,ηm−1

k−1 )+. Attach ξm,m−1
k to the sequence {ξm,m−1

i }i≤k−1. After these steps,
we have the independence of

{ξ
m,1
i }i≤k, . . . , {ξ

m,m−2
i }i≤k, {ξ

m,m−1
i }i≤k,

{ηm
i }i≤k−1, η

m
k − η

m−1
k , ηm−1

k − ηm−2
k , . . . , η2

k − η
1
k , η

1
k .

(6-11)

Thus the induction assumption (6-6) has been advanced from m− 1 to m. �

Proof of Theorem 3.4. Fix 1 < ρ1 < · · · < ρn and let the multiline configuration I = (I 0, . . . , I n)

have distribution ν(1,ρ1,...,ρn). Let η = (η0, . . . , ηn) = D(n+1)(I ). By Theorem 3.2 proved above,
(Y t , Bρ1,e1

t , . . . , Bρn,e1
t )

d
= η ∼ µ(1,ρ1,...,ρn). Lemma 6.4 gives the independence of the components of

the vector

(η1
k , η

2
k − η

1
k , . . . , η

n
k − η

n−1
k )

d
= (Yx , Bρ1

x−e1,x − Yx , Bρ2
x−e1,x − Bρ1

x−e1,x , . . . , Bρn
x−e1,x − Bρn−1

x−e1,x).

(Above k ∈ Z and x ∈ Z2 are arbitrary.)
The distribution of an increment ηm

k − η
m−1
k can be computed from the 2-component mapping

(ηm−1, ηm)= D(2)(I m−1, I m)= (I m−1, D(I m, I m−1)) where (I m−1, I m)∼ νρm−1,ρm. The first equation
of (2-24) gives

ηm
k − η

m−1
k = ηm

k − I m−1
k = (I m

k − J I m ,I m−1

k−1 )+.

The right-hand side has the distribution in (3-7) with (λ, ρ)= (ρm−1, ρm) because, by the structure of the
queueing mapping, I m

k and J I m ,I m−1

k−1 are independent exponentials with parameters ρ−1
m and ρ−1

m−1− ρ
−1
m .

A computation of the Laplace transform of the increment X (ρ)− X (λ) of the process defined by (3-6)
gives, for ρ > λ≥ 1 and α > 0,

E[e−α(X (ρ)−X (λ))
] =

1+ λα
1+ ρα

. (6-12)
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This is the Laplace transform of the distribution in (3-7). Thus ηm
k − η

m−1
k has the same distribution as

X (ρm)− X (ρm−1).
To summarize, the nondecreasing cadlag processes B•x−e1,x and X (•) have identically distributed initial

values (both B1
x−e1,x = Yx and X (1) are Exp(1)-distributed) and identically distributed independent

increments. Hence the processes are equal in distribution. �

6C. Bivariate Busemann process on a line. The remainder of this section proves statements for the
sequence {(Bλ(k−1,t),(k,t), Bρ(k−1,t),(k,t))}k∈Z that has distribution µ(λ,ρ). We use the following notation: Let
ρ > λ > 0, (I 1, I 2)∼ ν(λ,ρ) and (η1, η2)= D(2)(I 1, I 2)= (I 1, D(I 2, I 1)). Then (η1, η2)∼ µ(λ,ρ). Let
J = J I 2,I 1

= S(I 2, I 1).

Proof of Theorem 3.5. The next auxiliary lemma identifies a reversible Markov chain.

Lemma 6.5. Let X i = Ji−1 − I 2
i . Then {X i }i∈Z and {X+i }i∈Z are stationary reversible Markov chains.

{X−i }i∈Z is not a Markov chain.

Proof. From the second equation of (2-24),

X i+1 = Ji − I 2
i+1 = I 1

i + (Ji−1− I 2
i )
+
− I 2

i+1 = X+i + I 1
i − I 2

i+1.

Since Ji−1 is a function of (I 1
k , I 2

k )k≤i−1, X i is independent of (I 1
i , I 2

i+1). Schematically, we can express
the transition probability as X i+1 = X+i +Exp(λ−1)−Exp(ρ−1), where the three terms on the right-hand
side are independent.

Similarly, using conservation (2-25) and the dual equations (4-3),

X i = Ji−1− I 2
i = Ji − η

2
i = ω̃i+1+ (Ji+1− η

2
i+1)

+
− η2

i = X+i+1+ ω̃i+1− η
2
i . (6-13)

Ji and η2
i are independent by Lemma B.2(a), and hence the triple (Ji , η

2
i , I 2

i+1) is independent. Conse-
quently so is the triple

(X i+1, ω̃i+1, η
2
i )= (Ji − I 2

i+1, Ji ∧ I 2
i+1, η

2
i )

and we can express (6-13) as X i = X+i+1 + Exp(λ−1)− Exp(ρ−1) where again the three terms on the
right-hand side are independent. The transitions from X i to X i+1 and back are the same.

From the equations above we obtain equations that show X+i as a reversible Markov chain.
Writing temporarily Ui = I 1

i−1− I 2
i , we get these equations for X−i+1:

X−i+1 = (X
+

i +Ui+1)
−
=
(
(X+i−1+Ui )

+
+Ui+1

)−
.

Conditioned on X i ≥ 0, X i ∼ Exp(λ−1
− ρ−1). Thus

P(X−i+1 = 0 | X−i = 0)= P(X+i +Ui+1 ≥ 0 | X i ≥ 0)

= P{Exp(λ−1
− ρ−1)+Ui+1 ≥ 0}.

(6-14)
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For the next calculation, note that X i−1 < 0 implies X i = X+i−1+Ui =Ui and then X i+1 =U+i +Ui+1.

P(X−i+1 = 0 | X−i = 0, X−i−1 > 0)=
P(X−i+1 = 0, X−i = 0, X−i−1 > 0)

P(X−i = 0, X−i−1 > 0)

=
P(Ui +Ui+1 ≥ 0,Ui ≥ 0, X i−1 < 0)

P(Ui ≥ 0, X i−1 < 0)

= P(Ui +Ui+1 ≥ 0 |Ui ≥ 0)

= P{Exp(λ−1)+Ui+1 ≥ 0}.

(6-15)

We used above the independence of X i−1 from (Ui ,Ui+1) and then the conditional distribution Ui ∼

Exp(λ−1), given that Ui ≥ 0. The conditional distributions in (6-14) and (6-15) do not agree, and
consequently X−i is not a Markov chain. �

Since η2
k −η

1
k = η

2
k − I 1

k = (I
2
k − Jk−1)

+
= X−k , we conclude that η2

k −η
1
k is not a Markov chain, but it

is a function of a reversible Markov chain. Part (a) of Theorem 3.5 has been proved.

We give here two more auxiliary lemmas.

Lemma 6.6. The process (η1
k , η

2
k)k∈Z is not a Markov chain.

Proof. The construction gives η2
k+1 = I 1

k+1+ (I
2
k+1− Jk)

+. On the right, the variables I 1
k+1 and I 2

k+1 are
independent and independent of Jk and (η1

j , η
2
j ) j≤k . The conclusion of the lemma follows from showing

that conditioning on η1
k = η

2
k gives Jk an unbounded distribution, while conditioning on η1

k−1 < η
2
k−1 and

η1
k = η

2
k implies Jk ≤ η

1
k−1+ η

1
k . Thus conditioning on (η1

k , η
2
k) does not completely decouple η2

k+1 from
the earlier past.

From the three independent variables (Jk−1, I 1
k , I 2

k ) the queueing formulas define

η1
k = I 1

k , η2
k = I 1

k + (I
2
k − Jk−1)

+ and Jk = I 1
k + (Jk−1− I 2

k )
+. (6-16)

The condition η1
k = η

2
k is equivalent to Jk−1 ≥ I 2

k , and conditioning on this implies

Jk−1− I 2
k ∼ Exp(λ−1

− ρ−1).

Thus Jk is unbounded.
For the second scenario consider the five independent variables (Jk−2, I 1

k−1, I 2
k−1, I 1

k , I 2
k ) and augment

(6-16) with the equations of the prior step:

η1
k−1 = I 1

k−1, η2
k−1 = I 1

k−1+ (I
2
k−1− Jk−2)

+ and Jk−1 = I 1
k−1+ (Jk−2− I 2

k−1)
+. (6-17)

Now η1
k−1 < η

2
k−1 implies Jk−1 = I 1

k−1 and then η1
k = η

2
k implies Jk = I 1

k + Jk−1− I 2
k = I 1

k + I 1
k−1− I 2

k .
Hence Jk ≤ I 1

k + I 1
k−1 = η

1
k + η

1
k−1. The lemma is proved.

With service process I 1
= η1, arrival process I 2 and departure process η2, the queueing explanation of

the proof is that η1
k = η

2
k implies that customer k had to wait before entering service, and hence delays

from the past can influence the next interdeparture time η2
k+1. �

Lemma 6.7. The pair ((η1
k , η

2
k), (η

1
k+1, η

2
k+1)) and its transpose ((η1

k+1, η
2
k+1), (η

1
k , η

2
k)) are not equal in

distribution.
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Proof. By the queueing construction, η1
k+1 = I 1

k+1 is independent of (η1
k , η

2
k) because the latter pair is a

function of (I 1
i , I 2

i )i≤k . To see that η1
k = I 1

k is not independent of (η1
k+1, η

2
k+1), write

η2
k+1− η

1
k+1 = (I

2
k+1− Jk)

+
= (I 2

k+1− I 1
k − [Jk−1− I 2

k ]
+ )+

where all four variables in the last expression are independent. �

Part (b) of Theorem 3.5 follows from the two lemmas above. �

Proof of Theorem 3.6 and Remark 3.7. Part (a) comes from translating the condition Bρ(k−1)e1,ke1
= Yke1

into a statement about the queueing mapping Ĩ = D(I, ω).
By (2-13),

P{ξx = 0} = P{Bρx−e2,x < Bρx−e1,x} = 1− ρ−1

from the independence and exponential distributions in Theorem 2.1(ii). From (3-7),

P{ξλ,ρx = 0} = P{Bρx−e1,x > Bλx−e1,x} =
ρ− λ

ρ
.

To calculate P{ξ
λ,ρ
x = n} for n ≥ 1 we put x on the x-axis and use the distribution (Bλ,e1

0 , Bρ,e1
0 )

d
=

(η1, η2)∼ µ(λ,ρ) given by Theorem 3.2, with the notation from the start of Section 6C. By setting λ= 1
the same calculation gives P{ξx = n} because Y 0 = B1,e1

0 .

P{ξλ,ρne1
=n}=P{Bρ

−e1,0> Bλ
−e1,0, Bρ0,e1

= Bλ0,e1
, Bρe1,2e1

= Bλe1,2e1
, . . . , Bρ(n−1)e1,ne1

= Bλ(n−1)e1,ne1
}

= P{η2
0 > I 1

0 , η
2
1= I 1

1 , η
2
2= I 1

2 , . . . ,η
2
n = I 1

n }

= P{I 2
0 > J−1, I 2

1 ≤ J0, I 2
2 ≤ J1, . . . , I 2

n ≤ Jn−1} (6-18)

The last equality used η2
i = I 1

i + (I
2
i − Ji−1)

+ repeatedly: η2
i > I 1

i is equivalent to I 2
i > Ji−1.

Next apply repeatedly the equation Ji = I 1
i +(Ji−1− I 2

i )
+ inside the last probability in (6-18). I 2

0 > J−1

implies J0 = I 1
0 . Then I 2

1 ≤ J0 implies J1 = I 1
1 + J0− I 2

1 = I 1
1 + I 1

0 − I 2
1 . Assume inductively that

Ji = I 1
i + · · ·+ I 1

0 − I 2
1 − · · ·− I 2

i . (6-19)

Then I 2
i+1 ≤ Ji implies

Ji+1 = I 1
i+1+ Ji − I 2

i+1 = I 1
i+1+ (I

1
i + · · ·+ I 1

0 − I 2
1 − · · ·− I 2

i )− I 2
i+1

and the induction goes from i to i + 1. Substitute (6-19) for J0, . . . , Jn−1 in the last probability in (6-18).
Use the independence of the variables J−1, {I 1

i , I 2
i }i≥0. Let Sαm denote the sum of m i.i.d. Exp(α) random

variables, with S and S̃ denoting independent sums.

P{ξλ,ρne1
= n}= P{I 2

0 > J−1, I 2
1 ≤ I 1

0 , I 2
2+I 2

1 ≤ I 1
1+I 1

0 , . . . , I 2
n+·· ·+I 2

1 ≤ I 1
n−1+·· ·+I 1

0 }

= P{I 2
0 > J−1} P{Sρ

−1

m ≤ S̃λ
−1

m ∀m ∈ [n]}=
ρ−λ

ρ

n−1∑
k=0

C(n−1,k)
ρkλn

(λ+ρ)n+k . (6-20)

The last line comes from the independence of I 2
0 and J−1, their distributions I 2

0 ∼ Exp(ρ−1) and J−1 ∼

Exp(λ−1
− ρ−1), and Lemma B.3. �
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Appendix A. Queues

We prove elementary lemmas about the queueing mappings. Unless otherwise stated, the weights are real
numbers without any probability distributions.

Lemma A.1. Fix 0≤ a < b. Let I = (Ik)k∈Z and ω = (ω j ) j∈Z in RZ
≥0 satisfy

lim
m→−∞

1
|m|

0∑
i=m

Ii ≥ b and lim
m→−∞

1
|m|

0∑
i=m

ωi = a. (A-1)

Then Ĩ = D(I, ω) is well-defined and satisfies limm→−∞ |m|
−1∑0

i=m Ĩi ≥ b.

Proof. Assumption (2-17) is obviously satisfied. Without loss of generality assume G0 = 0. Let
0< ε < (b− a)/3. Then for large enough n,

G̃−n = sup
k: k≤−n

{
Gk +

−n∑
i=k

ωi

}
= sup

k: k≤−n

{
−

0∑
i=k+1

Ii +

0∑
i=k

ωi

}
−

0∑
i=−n+1

ωi

≤ sup
k: k≤−n

{
−|k|(b− ε)+ |k|(a+ ε)

}
− n(a− ε)= n(−b+ 3ε).

Since
∑0

i=m+1 Ĩi = G̃0− G̃m , this proves limm→−∞ |m|
−1∑0

i=m Ĩi ≥ b. �

Lemma A.2. Fix 0 ≤ a < b. Assume given nonnegative real sequences I = (Ii )i∈Z, ω = (ωi )i∈Z,
I (h) = (I (h)i )i∈Z and ω(h) = (ω(h)i )i∈Z where h ∈ Z>0 is an index. Assume I (h)i → Ii and ω(h)i → ωi as
h→∞ for all i ∈ Z, and furthermore,

lim
m→−∞

h→∞

∣∣∣∣ 1
|m|

0∑
i=m

I (h)i − b
∣∣∣∣= 0 and lim

m→−∞
h→∞

∣∣∣∣ 1
|m|

0∑
i=m

ω
(h)
i − a

∣∣∣∣= 0. (A-2)

Then Ĩ = D(I, ω) and ω̃= R(I, ω) are well-defined, as are Ĩ (h) = D(I (h), ω(h)) and ω̃(h) = R(I (h), ω(h))
for large enough h. We have the limits

lim
h→∞

Ĩ (h)i = Ĩi and lim
h→∞

ω̃
(h)
i = ω̃i for all i ∈ Z (A-3)

and

lim
m→−∞

h→∞

∣∣∣∣ 1
|m|

0∑
i=m

Ĩ (h)i − b
∣∣∣∣= 0 and lim

m→−∞
h→∞

∣∣∣∣ 1
|m|

0∑
i=m

ω̃
(h)
i − a

∣∣∣∣= 0. (A-4)

Proof. Assumption (2-17) is satisfied to make Ĩ (h) = D(I (h), ω(h)) well-defined for large enough h.
We can assume G(h)

0 = 0. Compute Ĩ (h) = D(I (h), ω(h)) as the increments of the function

G̃(h)
` = sup

k≤`

{
G(h)

k +
∑̀
i=k

ω
(h)
i

}
. (A-5)



92 WAI-TONG LOUIS FAN AND TIMO SEPPÄLÄINEN

Let k0 be a maximizer in (2-18) for G̃`. Then

lim
h→∞

G̃(h)
` ≥ lim

h→∞

{
G(h)

k0
+

∑̀
i=k0

ω
(h)
i

}
= Gk0 +

∑̀
i=k0

ωi = G̃`. (A-6)

Let k(h) be a maximizer in (A-5). If limh→∞ G̃(h)
` ≤ G̃` fails then it must be that k(h)→−∞ along

a subsequence. But we can write

G̃(h)
` = G(h)

k(h)+
∑̀

i=k(h)

ω
(h)
i

=−

0∑
i=k(h)+1

I (h)i +

0∑
i=k(h)

ω
(h)
i +

(
1`>0

∑̀
i=1

ω
(h)
i − 1`<0

0∑
i=`+1

ω
(h)
i

)
(A-7)

which converges to −∞ as k(h)→−∞ by the assumptions and thereby contradicts (A-6). We have now
proved that

lim
h→∞

G̃(h)
` = G̃` for all ` ∈ Z (A-8)

and thereby verified (A-3) for Ĩ (h).
Let 0<ε< (b−a)/3. By assumption (A-2) there exist finite n1(ε) and h1(ε) such that, when n≥ n1(ε)

and h ≥ h1(ε),

G̃(h)
−n = sup

k: k≤−n

{
G(h)

k +

−n∑
i=k

ω
(h)
i

}
= sup

k: k≤−n

{
−

0∑
i=k+1

I (h)i +

0∑
i=k

ω
(h)
i

}
−

0∑
i=−n+1

ω
(h)
i

≤ sup
k: k≤−n

{
−|k|(b− ε)+ |k|(a+ ε)

}
− n(a− ε)= n(−b+ 3ε).

From this,

lim
m→−∞

sup
h≥h1(ε)

G̃(h)
m

|m|
≤ −b+ 3ε. (A-9)

Since
∑0

i=m Ĩ (h)i = G̃(h)
0 − G̃(h)

m−1 and G̃(h)
0 ≥ ω

(h)
0 ≥ 0, this proves

lim
m→−∞

inf
h≥h1(ε)

1
|m|

0∑
i=m

Ĩ (h)i ≥ b− 3ε. (A-10)

For the complementary upper bound, get a lower bound for G̃(h)
m−1 by taking k = ` in (A-5).

0∑
i=m

Ĩ (h)i = G̃(h)
0 − G̃(h)

m−1 ≤ G̃(h)
0 −G(h)

m−1 = G̃(h)
0 +

0∑
i=m

I (h)i .

Apply limit (A-8) and assumption (A-2). Limit (A-4) has been proved for Ĩ (h).
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The limits for ω̃(h) follow from the other limits and the generally valid identity

ωk + Ik = ω̃k + Ĩk (A-11)

that comes from equations (2-21) and (2-24). �

For reference elsewhere in the paper we state the simple consequence of Lemma A.2 where the
sequences are constant functions of h.

Lemma A.3. Fix 0≤ a < b. Let I = (Ik)k∈Z and ω = (ω j ) j∈Z in RZ
≥0 satisfy

lim
m→−∞

1
|m|

0∑
i=m

Ii = b and lim
m→−∞

1
|m|

0∑
i=m

ωi = a. (A-12)

Then Ĩ = D(I, ω) and ω̃ = R(I, ω) are well-defined and satisfy

lim
m→−∞

1
|m|

0∑
i=m

Ĩi = b and lim
m→−∞

1
|m|

0∑
i=m

ω̃i = a. (A-13)

For the purpose of verifying that Busemann functions obey the queueing operation Ĩ = D(I, ω), it
is convenient to have a lemma that deduces this from assuming the iterative equations (2-24). The first
lemma below makes a statement without randomness.

Lemma A.4. Let { Ĩk, Jk, Ik, ωk}k∈Z be nonnegative real numbers that satisfy the three assumptions below:

lim
m→−∞

0∑
i=m

(ωi − Ii+1)=−∞. (A-14)

Ĩk = ωk + (Ik − Jk−1)
+ and Jk = ωk + (Jk−1− Ik)

+ for all k ∈ Z. (A-15)

Jk = ωk for infinitely many k < 0. (A-16)

Then Ĩ = D(I, ω) and J = S(I, ω).

Proof. Rewrite the second equation of (A-15) as follows. Let Wk = Jk −ωk and Uk = ωk − Ik+1. Then

Wk = (Wk−1+Uk−1)
+. (A-17)

This is Lindley’s recursion from queueing theory and Wk is the waiting time of customer k. Equation
(A-17) iterates inductively to give

Wk =

{(
W`+

k−1∑
i=`

Ui

)∨(
max

m: `+1≤m≤k−1

k−1∑
i=m

Ui

)}+
for all ` < k. (A-18)

We claim that

Wk =

(
sup

m:m≤k−1

k−1∑
i=m

Ui

)+
for all k ∈ Z. (A-19)
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Dropping the first term on the right in (A-18) and letting `→−∞ gives ≥ in (A-19). By assumption
(A-16) W` = 0 for some ` < k. Then (A-18) gives also ≤ in (A-19).

The proof is completed by making explicit the content of (A-19). Let G and G̃ be as defined in the
definition of the mappings D and S. Then from (A-19) and (2-23) deduce

Jk = ωk +

(
sup

m:m≤k−1

k−1∑
i=m

(ωi − Ii+1)

)+
= ωk +

(
sup

m:m≤k−1

{
Gm −Gk +

k−1∑
i=m

ωi

})+
= ωk + (G̃k−1−Gk)

+
= ωk + G̃k−1 ∨Gk −Gk = G̃k −Gk .

Thus J = S(I, ω). Finally, from the first equation of (A-15) and Ik = Gk −Gk−1,

Ĩk = ωk + (Ik − Jk−1)
+
= Ik − Jk−1+ωk + (Jk−1− Ik)

+
= Ik + Jk − Jk−1

= Ik + (G̃k −Gk)− (G̃k−1−Gk−1)= G̃k − G̃k−1. �

Here is a version for a random sequence.

Lemma A.5. Let { Ĩk, Jk, Ik, ωk}k∈Z be finite nonnegative random variables that satisfy assumptions
(i)–(iii) below:

(i) limm→−∞
∑0

i=m(ωi − Ii+1)=−∞ almost surely.

(ii) {Jk, ωk}k∈Z is a stationary process.

(iii) Equations
Ĩk = ωk + (Ik − Jk−1)

+ and Jk = ωk + (Jk−1− Ik)
+ (A-20)

are valid for all k ∈ Z, almost surely.

Then Jk = ωk for infinitely many k < 0 with probability one, and Ĩ = D(I, ω) and J = S(I, ω) almost
surely.

Proof. Lemma A.4 gives the conclusion once we verify that assumption (A-16) holds almost surely. Using
the waiting time notation W from the previous proof, it suffices to show that

P{W` = 0 for infinitely many ` < 0} = 1 (A-21)

The complementary event is B={there exists m<0 such that Wk >0 for all k≤m}. B is a shift-invariant
event. On the event B, the right-hand side of (A-17) is strictly positive for all k ≤ m (for a random m).
This implies, for all k < m,

0< Wm =Wm−1+Um−1 =Wm−2+Um−2+Um−1 = · · · =Wk +

m−1∑
i=k

Ui =Wk +

m−1∑
i=k

(ωi − Ii+1).

By assumption (i) of the lemma, Wk → ∞ a.s. on the event B as k → −∞. Let c < ∞. By the
shift-invariance of B and the stationarity of the process {Wk = Jk −ωk}k∈Z,

P(W0 ≥ c, B)= P(Wk ≥ c, B)→ P(B) as k→−∞.

We conclude that W0 =∞ a.s. on the event B, and hence P(B)= 0. Claim (A-21) has been verified. �
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Remark A.6 (nonstationary solution to Lindley’s recursion). Some result such as Lemma A.5 is needed,
for there can be another solution to Lindley’s recursion that blows up as n→−∞. Suppose {Uk} is
ergodic and EUk < 0. Pick any random N such that

∑N
k=m Uk < 0 for all m ≤ N. Set

Wn =−

N∑
k=n

Uk for n ≤ N ,

WN+1 = 0,

Wn = (Wn−1+Un−1)
+ for n ≥ N + 2.

One can check that Wn = (Wn−1+Un−1)
+ holds for all n ∈ Z.

Appendix B. Exponential distributions

The next lemma is elementary. The mapping (I, J,W ) 7→ (I ′, J ′,W ′) in the lemma is an involution, that
is, its own inverse.

Lemma B.1. Let α, β > 0. Assume given independent variables W ∼ Exp(α + β), I ∼ Exp(α), and
J ∼ Exp(β). Define

I ′ =W + (I − J )+,

J ′ =W + (I − J )−,

W ′ = I ∧ J.

(B-1)

(i) I − J and I ∧ J are independent.

(ii) (I − J )+ ∼ Ber(β/(α + β)) · Exp(α), that is, the product of a Bernoulli with success probability
β/(α+β) and an independent rate α exponential.

(iii) The triple (I ′, J ′,W ′) has the same distribution as (I, J,W ).

We use the previous lemma to establish some facts about the queueing operators. To be consistent
with the queueing discussion we parametrize exponentials with their means τ and ρ.

Lemma B.2. Let 0 < τ < ρ. Let (Ik)k∈Z and (ω j ) j∈Z be mutually independent random variables such
that Ik ∼ Exp(ρ−1) and ω j ∼ Exp(τ−1). Let Ĩ = D(I, ω) as defined by (2-18) and (2-19), ω̃ = R(I, ω)
as defined by (2-21), and Jk = G̃k −Gk as in (2-20). Let 3k = ({ Ĩ j } j≤k, Jk, {ω̃ j } j≤k).

(a) {3k}k∈Z is a stationary, ergodic process. For each k ∈ Z, the random variables { Ĩ j } j≤k, Jk, {ω̃ j } j≤k

are mutually independent with marginal distributions

Ĩ j ∼ Exp(ρ−1), ω̃ j ∼ Exp(τ−1) and Jk ∼ Exp(τ−1
− ρ−1).

(b) Ĩ and ω̃ are independent sequences of i.i.d. variables.

Proof. Part (b) follows from part (a) by dropping the Jk coordinate and letting k→∞. Stationarity and
ergodicity of {3k} follow from its construction as a mapping applied to the independent i.i.d. sequences
I and ω.
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The distributional claims in part (a) are proved by coupling ( Ĩk, Jk−1, ω̃k)k∈Z with another sequence
whose distribution we know. Construct a process ( Îk, Ĵk−1, ω̂k)k≥1 as follows. First let Ĵ0 be an
Exp(τ−1

− ρ−1) variable that is independent of (I, ω). Then for k = 1, 2, 3, . . ., iterate the steps

Îk = ωk + (Ik − Ĵk−1)
+,

Ĵk = ωk + ( Ĵk−1− Ik)
+,

ω̂k = Ik ∧ Ĵk−1.

(B-2)

We prove the following claim by induction for each m ≥ 1:

The variables Î1, . . . , Îm, Ĵm, ω̂1, . . . , ω̂m are mutually independent,
with marginal distributions Îk ∼ Exp(ρ−1), Ĵm ∼ Exp(τ−1

− ρ−1) and ω̂ j ∼ Exp(τ−1). (B-3)

By construction, the variables (I1, Ĵ0, ω1) are independent with distributions

(Exp(ρ−1), Exp(τ−1
− ρ−1), Exp(τ−1)).

The base case m = 1 of (B-3) comes by applying Lemma B.1 to the mapping (B-2) with k = 1. Now
assume (B-3) holds for m. Then (Im+1, Ĵm, ωm+1) are independent with distributions

(Exp(ρ−1), Exp(τ−1
− ρ−1), Exp(τ−1))

because, by construction, Ĵm is a function of (I1, . . . , Im, Ĵ0, ω1, . . . , ωm) and thereby independent
of (Im+1, ωm+1). By Lemma B.1, mapping (B-2) turns the triple (Im+1, Ĵm, ωm+1) into the triple
( Îm+1, Ĵm+1, ω̂m+1) of independent variables, which is also independent of Î1, . . . , Îm, ω̂1, . . . , ω̂m .
Statement (B-3) has been extended to m+ 1.

Our next claim is as follows:

There exists (almost surely a random index) m0 ≥ 0 such that Jm0 = Ĵm0 . (B-4)

Suppose first that J0 ≥ Ĵ0. Then (2-24) and (B-2) imply that Jk ≥ Ĵk for all k ≥ 0. If (B-4) fails then
Jk > Ĵk for all k ≥ 0. But then for all k > 0,

Jk = Jk−1+ωk − Ik = · · · = J0+

k∑
j=1

(ω j − I j )→−∞ almost surely, as k→∞,

which contradicts the fact that Jk ≥ 0 for all k. Thus in this case (B-4) happens. The case J0 ≤ Ĵ0 is
symmetric.

Through equations (2-24) and (B-2), (B-4) implies that Ĩk = Îk , Jk = Ĵk , and ω̃k = ω̂k for all k > m0.
Part (a) follows from (B-3), because for any `, ( Ĩ`−n, . . . , Ĩ`, J`, ω̃`−n, . . . , ω̃`) has the same distribution
as ( Ĩk−n, . . . , Ĩk, Jk, ω̃k−n, . . . , ω̃k) which agrees with ( Îk−n, . . . , Îk, Ĵk, ω̂k−n, . . . , ω̂k) with probability
tending to one as k→∞. �

Next we compute a competition probability for two independent homogeneous Poisson processes on
[0,∞) with rates α and β. Let {σi }i≥1 be the jump times of the rate α Poisson process and {τi }i≥1 the
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jump times of the rate β Poisson process. For n ≥ 1 define the events

An = {σi < τi for all i ∈ [n]},

Bn = {σi < τi for all i ∈ [n− 1], σn > τn}.

The Catalan numbers {Cn : n ≥ 0} are defined by

Cn =
1

n+ 1

(
2n
n

)
. (B-5)

The following properties of the Catalan triangle {C(n, k) : 0≤ k ≤ n} given in (3-10) can be deduced with
elementary arguments. C(n, 0)=1, C(n, k)=

(n+k
k

)
−
(n+k

k−1

)
for k>0, C(n, k)=C(n, k−1)+C(n−1, k),

i∑
k=0

C(n, k)= C(n+ 1, i) for 0≤ i ≤ n, (B-6)

and n∑
k=0

C(n, k)= C(n+ 1, n)= C(n+ 1, n+ 1)= Cn+1. (B-7)

Lemma B.3. For n ≥ 1,

P(An)=

n−1∑
k=0

C(n− 1, k)
αnβk

(α+β)n+k , (B-8)

P(Bn)= Cn−1
αn−1βn

(α+β)2n−1 . (B-9)

Remark B.4. The generating function of the Catalan numbers is

f (x)=
∑
n≥0

Cnxn
=

1−
√

1− 4x
2x

for |x | ≤ 1
4 .

Hence from (B-9),
∞∑

n=1

P(Bn)=
β

α+β
f
(

αβ

(α+β)2

)
=

{
1 if β ≥ α,
β

α
if β < α.

In other words, the rate α process stays forever ahead of the rate β process with probability (1−β/α)+.

Proof. We compute P(Bn) first and then obtain P(An) by inclusion-exclusion.
Since C0 = 1, (B-9) holds for n = 1. For n ≥ 2 condition on (σn, τn):

P(Bn)=

∫
a>b>0

P(a,b)
{
Ui ≤ Vi for i ∈ [n− 1]

}
P((σn, τn) ∈ d(a, b)), (B-10)

where under P(a,b), 0<U1 < · · ·<Un−1 are the order statistics of n− 1 i.i.d. uniform random variables
on [0, a] and 0 < V1 < · · · < Vn−1 are the same on [0, b], independent of the {Ui }. We calculate the
probability inside the integral.
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Below, first use the equal probability of the permutations of {xi } among themselves and {y j } among
themselves. Note that a> b and the conditions xi < yi force all {xi , y j } to lie in [0, b]. Then use the equal
probability of all permutations of {xi , y j } together. The Catalan number Ck is the number of permutations
of {x1, . . . , xk, y1, . . . , yk} such that x1< · · ·< xk , y1< · · ·< yk and xi < yi for all i (see Corollary 6.2.3
and item dd on page 223 of [Stanley 1999]).

P(a,b)(Ui ≤ Vi for i ∈ [n− 1])=
((n− 1)!)2

(ab)n−1

∫
x1<···<xn−1<a
y1<···<yn−1<b

1xi<yi ∀i∈[n−1] dx d y

= Cn−1
((n− 1)!)2

(ab)n−1

∫
x1<···<xn−1<y1<···<yn−1<b

dx d y = Cn−1
((n− 1)!)2

(ab)n−1 ·
b2(n−1)

(2n− 2)!
.

Substitute this back into (B-10). Use the gamma densities of σn and τn .

P(Bn)= Cn−1
((n− 1)!)2

(2n− 2)!

∫
0<b<a<∞

bn−1

an−1 ·
(αa)n−1

0(n)
αe−αa

·
(βb)n−1

0(n)
βe−βb da db

= Cn−1
αnβn

(2n− 2)!

∫
0<b<a<∞

b2n−2 e−αa−βb da db = Cn−1
αn−1 βn

(β +α)2n−1 .

We prove (B-8). The case n = 1 is elementary. Let n ≥ 2 and assume (B-8) for n− 1. Abbreviate
p = β/(α+β) and q = α/(α+β). Use (B-6) and (B-7) below.

P(An)= P(An−1)− P(Bn)= qn−1
n−2∑
k=0

C(n− 2, k) pk
−Cn−1qn−1 pn

= qn−1
n−2∑
k=0

C(n− 2, k) (pk
− pn)= qn

n−2∑
k=0

n−1∑
j=k

C(n− 2, k) p j

= qn
n−1∑
j=0

j∧(n−2)∑
k=0

C(n− 2, k) pi
= qn

n−1∑
j=0

C(n− 1, j ∧ (n− 2))p j
= qn

n−1∑
j=0

C(n− 1, j)p j . �
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OPTIMAL LOWER BOUND ON THE LEAST SINGULAR VALUE OF
THE SHIFTED GINIBRE ENSEMBLE

GIORGIO CIPOLLONI, LÁSZLÓ ERDŐS AND DOMINIK SCHRÖDER

We consider the least singular value of a large random matrix with real or complex i.i.d. Gaussian entries
shifted by a constant z 2 C. We prove an optimal lower tail estimate on this singular value in the critical
regime where z is around the spectral edge, thus improving the classical bound of Sankar, Spielman and
Teng (SIAM J. Matrix Anal. Appl. 28:2 (2006), 446–476) for the particular shift-perturbation in the edge
regime. Lacking Brézin–Hikami formulas in the real case, we rely on the superbosonization formula
(Comm. Math. Phys. 283:2 (2008), 343–395).

1. Introduction

The effective numerical solvability of a large system of linear equations Ax D b is determined by the
condition number of the matrix A. In many practical applications the norm of A is bounded and thus
the condition number critically depends on the smallest singular value �1.A/ of A. When the matrix
elements of A come from noisy measured data, then the lower tail probability of �1.A/ tends to exhibit
a universal scaling behavior, depending on the variance of the noise. In the simplest case A can be
decomposed as

AD A0CX; (1)

where A0 is a deterministic square matrix and X is drawn from the Ginibre ensemble, i.e., X has
i.i.d. centered Gaussian matrix elements with variance Ejxij j2 DN�1, where N is the dimension.

The randomness in X smoothens out possible singular behavior of A�1. In particular Sankar, Spielman
and Teng [Sankar et al. 2006] showed that the smallest singular value �1.A/ lives on a scale not smaller
than N�1, equivalently, the smallest eigenvalue �1.AA�/ of AA� lives on a scale �N�2, i.e.,

P
�
�1.AA

�/D Œ�1.A/�
2
� xN�2

�
.
p
x; for any x > 0; (2)

up to logarithmic corrections, uniformly in A0. If X is a complex Ginibre matrix, then the
p
x bound

improves to x.
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The special case A0 D 0 shows that the bound (2) is essentially optimal. Indeed, the tail probability of
�1.XX

�/ of real and complex Ginibre ensembles has been explicitly computed by Edelman [1988] as

lim
N!1

P.�1.XX
�/� xN�2/D

(
1� e�x=2�

p
x D
p
xCO.x/ in the real case;

1� e�x D xCO.x2/ in the complex case.
(3)

The complex Ginibre ensemble has a stronger smoothing effect in (3) due to the additional degrees of
freedom. This observation is analogous to the different strength of the level repulsion in real symmetric
and complex Hermitian random matrices.

The support of the spectrum of such information plus noise matrices AA� becomes deterministic as
N !1 and it can be computed from the solution of a certain self-consistent equation [Dozier and
Silverstein 2007]. Almost surely no eigenvalues lie outside the support of the limiting measure [Bai and
Silverstein 2012]. Thus �1.AA�/ has a simple N -independent positive lower bound if 0 is away from
this support. However, when 0 is well inside the limiting spectrum, the smoothing mechanism becomes
important yielding that �1.AA�/ is of order N�2 with a lower tail given in (2). The regime where 0 is
near the edge of this support is yet unexplored.

The goal of this paper is to study this transitional regime for ADX � z, i.e., for the important special
case where A0 D �z1 is a constant multiple of the identity matrix, as the spectral parameter z 2 C is
varied. The limiting density of states of Y z WD .X � z/.X � z/� is supported in the interval Œ0; eC� for
jzj � 1 and the interval Œe�; eC� with e� > 0 for jzj > 1, where e˙ are explicit functions of jzj given
in (18a). As noted above, the problem is relatively simple if jzj � 1C � with some N -independent � as in
this case [Bai and Silverstein 2012] implies that almost surely �1.Y z/� C.�/ > 0 is bounded away from
zero. In the opposite regime, when jzj � 1� �, then typically �1.Y z/�N�2, and in fact (2) provides
the correct corresponding upper bound (modulo logs).

Our main result on the tail probability of �1.Y z/ is that for jzj � 1CCN�1=2

P
�
�1.Y

z/� x � c.N; z/
�
.

(
xC
p
xe�

1
2
N.=z/2 in the real case,

x in the complex case,
(4a)

where

c.N; z/ WDmin
�

1

N 3=2
;

1

N 2j1� jzj2j

�
: (5)

Our bound is sharp up to logarithmic corrections; see Corollary 2.4 for the precise statement. Notice the
transition between the x and

p
x behavior in the real case of (4a): near the real axis, j=zj �N�1=2, the

result is analogous to the real case (3) at z D 0, otherwise the complex behavior (3) dominates at the
edges even for real X ; see Figure 1. These results reveal how the robust bound (2) improves near the
spectral edge in the transition regime �CN�1=2 � 1� jzj � 1 in both symmetry classes. The transition
to the Tracy–Widom scaling in the regime well outside of the spectrum jzj � 1�N�1=2 is deferred to
our future work.

One motivation for studying X � z is the classical ODE model du= d t D .X � z/u on the stability of
large biological networks by May [1972]. For example, the matrix elements xij may express random
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Figure 1. Plots of the cumulative histograms of the smallest eigenvalue �z
R;C of the

matrix .X � z/.X � z/�, where R;C indicates whether X is distributed according to the
real or complex Ginibre ensemble. The data was generated by sampling 5000 matrices
of size 200� 200. The first plot confirms the difference between the x- and

p
x-scaling

close to 0; see (3). The second plot shows that this difference is also observable for
shifted Ginibre matrices at the edge jzj D 1, but only for real spectral parameters zD˙1.
When the complex parameter z is away from the real axis, then the real case behaves
similarly to the complex case.

connectivity rates between neurons and z is the overall decay rate of neuron activation [Sompolinsky et al.
1988]. As <z crosses 1, there is a fine phase transition in the large time behavior of u that depends on
whether X is real or complex Ginibre matrix; see [Chalker and Mehlig 1998] and [Erdős et al. 2018] for
the recent mathematical results, as well as for further references. Another important motivation is that an
effective lower tail bound on the least singular value of X � z is essential for the proof of the circular law
via Girko’s formula; see [Bordenave and Chafaï 2012] for a detailed survey. In fact, this is the most delicate
ingredient in any proof concerning eigenvalue distribution of large non-Hermitian matrices. In particular,
relying on the main result of the current paper, we proved [Cipolloni et al. 2019b] that the local eigenvalue
statistics for random matrices with centered i.i.d. entries near the spectral edge asymptotically coincide
with those for the corresponding Ginibre ensemble as N !1. This is the non-Hermitian analogue of
the celebrated Tracy–Widom edge universality for Wigner matrices [Soshnikov 1999; Bourgade et al.
2014]. Similarly, the singular value bound from the present paper is also an important ingredient for the
recent CLTs for complex and real i.i.d. matrices [Cipolloni et al. 2019a; 2020].

We now give a brief history of related results. In the z D 0 case, tail estimates for �1.XX�/ beyond
the Gaussian distribution have been the subject of intensive research [Rudelson 2008; Tao and Vu 2009]
eventually obtaining (3) with an additive O.e�cN / error term for anyX with i.i.d. entries with subgaussian
tails in [Rudelson and Vershynin 2008]. The precise distribution of �1.XX�/ was shown in [Tao and
Vu 2010a] to coincide with the Gaussian case (3) under a bounded high moment condition and with an
O.N�c/ error term; see also [Che and Lopatto 2019a; 2019b] for more general ensembles. In the case of
general A0, lower bounds on �1.AA�/ in the non-Gaussian setting have been obtained in [Tao and Vu
2007; 2010b], albeit not uniformly in A0; see also [Cook 2018; Tikhomirov 2020] beyond the i.i.d. case.
We are not aware of any previous results improving (2) in the transitional regime (4a).

Since we consider Ginibre (i.e., purely Gaussian) ensembles, one might think that everything is
explicitly computable from the well understood spectrum of X . The eigenvalue density of X converges to
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the uniform distribution on the unit disk and the spectral radius of X converges to 1 (these results have also
been established for the general non-Gaussian case; cf. Girko’s circular law [Girko 1984; Bai 1997; Tao
and Vu 2008; Geman 1986; Bai and Yin 1986; Bordenave et al. 2018]). Also the joint probability density
function of all Ginibre eigenvalues, as well as their local correlation functions are explicitly known; see
[Ginibre 1965] and [Mehta 1967] for the relatively simple complex case, and [Lehmann and Sommers
1991; Edelman 1997; Borodin and Sinclair 2009; Forrester and Nagao 2007] for the more involved real
case, where the appearance of �N 1=2 real eigenvalues causes a singularity in the local density. However,
eigenvalues of X give no direct information on the singular values of X � z and the extensive literature
on the Ginibre spectrum is not applicable. Notice that any intuition based upon the eigenvalues of X
is misleading: the nearest eigenvalue to z is at a distance of order N�1=2 for any jzj � 1. However,
k.X � z/k�1 �maxfN 3=4; N j1� jzj2j1=2g for jzj � 1CCN�1=2, as a consequence of our result (4a).
This is an indication that typically X is highly nonnormal (another indication is that the largest singular
value of X is 2, while its spectral radius is only 1).

Regarding our strategy, in this paper we use supersymmetric methods to express the resolvent of Y z .
In particular, we use a multiple Grassmann integral formula for

%zN .E/ WD
1

N�
=ETr

1

Y z �EC i0
; (6)

the averaged density of states (or one-point function) of Y z at energy E 2 R. For jEj . c.N; z/ a
sizeable contribution to (6) comes from the lowest eigenvalue �1.Y z/, hence a good upper estimate on (6)
translates into a lower tail bound on �1.Y z/.

With the help of the superbosonization formula by Littelmann, Sommers and Zirnbauer [Littelmann
et al. 2008], we can drastically reduce the number of integration variables: instead of N bosonic and N
fermionic variables we will have an explicit expression for (6) involving merely two contour integration
variables in complex case and three in the real case. The remaining integrals are still highly oscillatory,
but contour deformation allows us to estimate them optimally. In fact, saddle point analysis identifies the
leading term as long as jEj � c.N; z/. However, in the critical regime, jEj. c.N; z/, the saddle point
analysis breaks down. The leading term is extracted as a specific rescaling of a universal function given
by a double integral. We work out the precise answer for (6) in the complex case and we provide optimal
bounds in the real case, deferring the precise asymptotics to further work.

Lower tail estimates require delicate knowledge about individual eigenvalues, i.e., about the density of
states below the scale of eigenvalue spacing, and it is crucial to exploit the Gaussianity of X via explicit
formulas. There are essentially three methods: (i) orthogonal polynomials, (ii) Brézin–Hikami contour
integration formula [1998] and (iii) supersymmetric formalism. We are not aware of any orthogonal
polynomial approach to analyze Y z D .X � z/.X � z/� in the real case (see [Desrosiers and Forrester
2006] in the complex case and [Mo 2012] for rank-1 perturbation of real X). In the complex case,
the ensemble Y z has also been extensively investigated by the Brézin–Hikami formula in [Ben Arous
and Péché 2005], where even the determinantal correlation kernel was computed as a double integral
involving the Bessel kernel; see also [Guhr and Wettig 1996; Jackson et al. 1996] for a derivation via the
supersymmetric version of the Itzykson–Zuber formula. Although the paper [Ben Arous and Péché 2005]
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did not analyze the resulting one point function, well known asymptotics for the Bessel function may be
used to rederive our bounds and asymptotics on (6), as well as (4a), from [Ben Arous and Péché 2005,
Theorem 7.1]; see Appendix C for more details. For the real case, however, there is no analogue of the
Brézin–Hikami formula.

Therefore, in this paper we explore the last option, the supersymmetric approach, that is available for
both symmetry classes, although the real case is considerably more involved. Our main tool is the powerful
superbosonization formula [Littelmann et al. 2008] followed by a delicate multivariable contour integral
analysis. We remark that, alternatively, one may also use the Hubbard–Stratonovich transformation;
see, e.g., [Afanasiev 2019, Proposition 1] where correlation functions, i.e., expectations of products of
characteristic polynomials of X were computed in this way. Note, however, that the density of states (6)
requires one to analyze ratios of determinants, a technically much more demanding task. While explicit
formulas can be obtained with both methods (see [Recher et al. 2012] and especially [Kieburg et al. 2009]
for an explicit comparison), the subsequent analysis seems to be more feasible with the formula obtained
from the superbosonization approach, as our work demonstrates.

Supersymmetry is a compelling method originated in physics [Efetov 1997; Guhr 2011; Verbaarschot
et al. 1985] to produce surprising identities related to random matrices, whose potential has not yet been
fully exploited in mathematics. It has been especially successful in deriving rigorous results on Gaussian
random band matrices [Bao and Erdős 2017; Disertori et al. 2002; 2017; 2018; Shcherbina 2014; 2020;
Shcherbina and Shcherbina 2016; 2017; 2019], sometimes even beyond the Gaussian case [Shcherbina
2011; 2013; Spencer 2011], as well as on overlaps of non-Hermitian Ginibre eigenvectors [Fyodorov
2018]. We also mention the recent results in [Fyodorov 2018] and [Fyodorov et al. 2018] as examples of
a remarkable interplay between supersymmetric and orthogonal polynomial techniques in the theory of
Ginibre and related matrices.

The main object of our work, the Hermitian block random matrix

H DH z
WD

�
0 X � z

X�� Nz 0

�
(7)

arose in the physics literature as a chiral random matrix model for massless Dirac operator, introduced by
Stephanov [1996]. Typically, instead of z and Nz, both shift parameters are chosen equal to z (interpreted
as i times the chemical potential) so that the corresponding H is not self-adjoint; this model has been
extensively investigated by both supersymmetric and orthogonal polynomial techniques; see, e.g., [Ver-
baarschot and Zahed 1993; Akemann et al. 2005; Wilke et al. 1998; Guhr and Wettig 1997; Osborn et al.
1999]. However, in the special case when z is real, our H z as given in (7) coincides with Stephanov’s
model where z can be interpreted as temperature (or Matsubara frequency); see [Verbaarschot and Wettig
2000, Section 6.1].

2. Model and main results

We consider the model Y D Y z D .X � z/.X� � z/ with a fixed complex parameter z 2 C and with a
random matrixX 2CN�N having independent real or complex Gaussian entries xab �N .0;N�1/, where
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in the complex case we additionally assume E x2
ab
D 0. Note that Y is related to the block matrix (7)

through its resolvent via

Tr.H �
p
w/�1

2
p
w

D Tr.Y �w/�1; <w > 0; =w > 0; (8)

where the branch of
p
w is chosen such that =

p
w > 0. It is well known that in the large N limit the

normalized trace of the resolvent of many random matrix ensembles becomes deterministic and it satisfies
an algebraic equation, the matrix Dyson equation (MDE) [Ajanki et al. 2019]. In the current case of
i.i.d. entries, the MDE reduces to a simple cubic scalar equation

1

mHz

C .wCmHz /�
jzj2

wCmHz

D 0; =mHz .w/ > 0; =w > 0; (9)

that has a unique solution, denoted by mHz . The local law from [Alt et al. 2019] asserts that

1

2N
Tr.H z

�w/�1 DmHz .w/CO�..N=w/�1/; (10)

where O� denotes a suitable concept of high-probability error term. Together with (8) it follows that the
normalized trace of the resolvent .Y z �w/�1 of Y z is well approximated as

1

N
Tr.Y z �w/�1 �mz.w/

by the unique solution mDmz DmY z to the equation

1

mz
Cw.1Cmz/�

jzj2

1Cmz
D 0; =mz.w/ > 0; <w > 0; =w > 0; (11)

which is given by mz.w/ D mHz .
p
w/=
p
w. Since m approximates the trace of the resolvent, the

density of states is obtained as the imaginary part of the continuous extension of m to the real line, i.e.,
%#.E/D �

�1 lim�!0C =m#.EC i�/ for both choices #DH z; Y z . For ı WD 1� jzj2 � 0 the Stieltjes
transform mHz and its density of states exhibit a cusp formation at w D 0 as ı crosses the value 0. This
cusp formation in H z implies an analogous transition for mz; the corresponding density of states are
depicted in Figure 2.

Complex case. The main result of this paper in the complex case is an asymptotic double-integral formula
for ETr.Y �w/�1 at w D E C i0, E � 0. In the transitional regime it is convenient to introduce the
rescaled variables

� WDE=c.N /; Qı WDN 1=2ı; where ı WD 1� jzj2; (12)

recalling that c.N /D c.N; z/ was defined in (5). For r � 0, let ‰ D‰.r/ be the unique solution to the
cubic equation 1C r‰C‰3 D 0 with <‰;=‰ > 0. It is easy to see that ‰.r/ satisfies ‰.0/D ei�=3

and ‰.r/� i
p
r for r � 1. We also introduce the notation a^ b WDminfa; bg and a_ b WDmaxfa; bg

for real numbers a; b.
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Figure 2. Density of states of Y z and H z around the cusp formation. The top and
bottom figures show a plot of the boundary value of =mz equal to =mY z and =mHz ,
respectively, on the real line.

Theorem 2.1 (asymptotic 1-point function in the complex case). Uniformly in Qı � �C and 0� �� C
for some fixed large constant C > 0, we have

ETr.Y �� � c.N; Qı/� i0/�1

D
1

2� i
N 3=2

Qz�

Z
dx
I

dy eh.y/�h.x/ QH.x; y/CO.N.1_ Qı/.1Cjlog�j//; (13a)

where

QH.x; y/WD
1

x3
C

1

x2y
C

1

xy2
C

Qı Qz�

xy
C

Qı Qz�

x2
;

h.x/WD �.1^ Qı�1/� Qz�xC
Qı

x Qz�
C

1

2x2 Qz2�
;

Qz�WD �
�1=3.1_ Qı1=3/j‰. Qı��1=3.1_ Qı1=3//j;

c.N; Qı/ DN�3=2 � .1^ Qı�1/;

(13b)

and where the x-integration is over any contour from 0 to e3i�=41, going out from 0 in the direction of
the positive real axis, and the y-integration is over any contour around 0 in a counterclockwise direction.
Moreover, in the regime �� 1, we have the boundˇ̌̌̌

1^ Qı�1

Qz�

Z
dx
I

dy eh.y/�h.x/ QH.x; y/
ˇ̌̌̌
.

(
jlog�j; �� Qı3;

j log� Qıj; � < Qı3:
(13c)

In (13c), the eigenvalue scaling, i.e., for �� 1, the analogue of Theorem 2.1 reduces essentially to the
local law asymptotics (10), albeit with a better error term due to the presence of the expectation.
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Proposition 2.2. Let Y z D .X � z/.X � z/� where X is a complex Ginibre ensemble. Then, uniformly in
ı WD 1� jzj2 and E 2 R, we have the asymptotic expansion in E˙ WDE � e˙,

ETr.Y z �E � i0/�1

DNmz.EC i0/�
�
1CO

�
1

N jECj3=2
C

1

NE2=3
^

�
1ı�0

NE1=2ı1=2
C

1ı<0
N jE�j3=2jıj5=2

���
; (14)

where the edges e˙ of =mz are explicit functions of ı given in (18a).

Real case. In the real case our main result is the following optimal bound on ETr.Y CE/�1 for E > 0.
Recall the notation ı WD 1� jzj2.

Theorem 2.3 (optimal bound on the resolvent trace in the real case). Let � > 0 be any small constant.
Then uniformly in E � 0 and ı � �CN�1=2 for some fixed large constant C > 0 we have that

jETr.Y CE/�1j.
e�

1
2
N.=z/2 ŒN 3=4 _N

p
jıj�

p
E

C .N 3=2
_N 2

jıj/
�
1Cj log.NE2=3/j

�
(15)

Finally, we present our bound on the tail asymptotics for both real and complex cases; for most
applications, this can be viewed as the main result of this paper. Since a sizeable contribution to
=Tr.Y �EC i0/�1 and =Tr.Y CE/�1 comes from the smallest eigenvalue �1.Y z/, by a straightforward
Markov inequality we immediately obtain the following corollary on the tail asymptotics of �1.Y z/ as an
easy consequence of Theorems 2.1 and 2.3.

Corollary 2.4 (tail asymptotics of �1.Y z/). For any C > 0, uniformly in x 2 .0; C � and 1 � jzj2 >
�CN�1=2, we have the bound

P
�
�1.Y

z/� c.N; z/x
�
. .1Cj log xj/x (16)

in the complex case, and

P
�
�1.Y

z/� c.N; z/x
�
. e�

1
2
N.=z/2

p
xC .1Cj log xj/x (17)

in the real case, where we recall the definition of the scaling factor c.N; z/ from (5).

Properties of the asymptotic Stieltjes transformmz. We now record some information on the determin-
istic Stieltjes transform mz which will be useful later. The endpoints of the support of the density of states
��1=mz are the zeros of the discriminant of the cubic equation (11) since passing through these points
with the real parameter E D<w creates solutions with nonzero imaginary part. Elementary calculations
show that the support of =mY z is Œ0; eC� if 0� ı � 1 and it is Œe�; eC� if ı < 0, where

e˙ WD
8ı2˙ .9� 8ı/3=2� 36ıC 27

8.1� ı/
; (18a)

and e� is only considered if ı < 0. Note that while eC � 1, the edge e� may be close to 0; more precisely
0 < e� D �4ı

3=27.1CO.jıj//. The slope coefficient of the square-root density at the edge in e˙ is
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given by

=m.e˙��/D

(

˙
p
�.1CO.

p
�//; �� 0;

0; �� 0;

˙ WD

2
p
2.
p
9� 8ı˙ 1/3=2

.
p
9� 8ı˙ 3/5=2

4
p
9� 8ı

: (18b)

Note that while the square-root edge at eC is nonsingular in the sense 
C � 1, the square-root edge in e�
becomes singular for small jıj as


� D
9

4jıj5=2
.1CO.jıj//:

3. Supersymmetric method

Let �1; �1; : : : ; �N ; �N denote Grassmannian variables satisfying the commutation rules

�i�j D��j�i ; �i�j D��j�i ; �i�j D��j�i ;

from which it follows that �2i D �i
2
D 0. As a convention we set �i WD ��i . The power series of any

function of Grassmannian variables is multilinear and it suffices to define the integral in the sense of
Berezin [1987] over Grassmannian variables as the derivatives

@�k�k D @�k�k D 1; @�k1D @�k1D 0; @� WD @�1@�1 � � � @�N @�N

and extend them multilinearly to all finite combinations of monomials in Grassmannians. We denote
the column vectors with entries �1; : : : ; �N and �1; : : : ; �N by � and �, respectively. The conjugate
transposes of those vectors, i.e., the row vectors with entries �1; : : : ; �N and ��1; : : : ;��N will be
denoted by �� and ��, respectively. Note that .��/�D��, Œ����D��. We now define the inner product
of Grassmannian vectors �; � by

h�; �i WD
X
i

�i�i ;

so that the quadratic form
P
i;j �iAij�j can be written as

h�;A�i D
X
i;j

�iAij�j ;

where the matrix-vector product is understood in its usual sense. Similarly, s and s denote the column
vectors with complex entries s1; : : : ; sN and their complex conjugates s1; : : : ; sN , respectively, and for
the conjugate transpose we have .s�/� D s as usual. We have

hs; �i WD
X
i

si�i ; h�; si WD
X
i

�isi ;

and similarly for quadratic forms. The commutation rules naturally also apply to linear functions of
the Grassmannians, and therefore also, for example, hs; �i2 D h�; si2 D 0 for any vector s of complex
numbers. The complex numbers si and often called bosonic variables, while Grassmannians are called
fermions, motivated by the basic (anti)commutativity of the bosonic/fermionic field operators in physics.
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3A. Determinant identities. The backbone of the supersymmetric method are the determinant identities

1

iN
sgn.=w/N

det.H �w/
D

Z
CN

exp
�
�i sgn.=w/hs; .H �w/si

�
ds; ds WD

d<s1 d=s1
�

� � �
d<sN d=sN

�
;

iN det.H �w/D @� exp.ih�; .H �w/�i/; @� WD @�1@�1 � � � @�N @�N ;

where the exponential is defined by its (terminating) Taylor series. Consequently we can conveniently
express the generating function as

Z.w;w1/ WDE
det.H �w1/
det.H �w/

DE

Z
CN

ds @� exp.ih�; .H �w1/�i � ihs; .H �w/si/;

for w 2 H and w1 2 C, where choice of w with =w > 0 guarantees the convergence of the integral. By
taking the w1 derivative and setting w D w1 it follows that

Tr.H �w/�1 D�
@

@w1

det.H �w1/
det.H �w/

ˇ̌̌̌
w1Dw

D i
Z
h�; �ie�i Tr.H�w/Œss�C����;Z

WD

Z
CN

ds @�:
(19)

3B. Superbosonization identity. After taking expectations, i.e., performing the Gaussian integration
for the entries of Y D Y z D .X � z/.X � z/�, the resolvent identity (19) will depend on the complex
vector s and the Grassmannian vector � only via certain inner products. More specifically, after defining
the N � 2 and N � 4 matrices ˆ WD .s; �/ and ‰ WD .s; s; �; �/, the expectation of the resolvent can
be expressed as an integral over the 2 � 2 or 4 � 4 supermatrices ˆ�ˆ or ‰�‰ in the complex and
real case, respectively. Supermatrices are 2� 2 block matrices whose diagonal blocks are commonly
referred to as the boson-boson and the fermion-fermion block, while the off-diagonal blocks are the
boson-fermion and fermion-boson block. For supermatrices Q the supertrace and superdeterminant, the
natural generalizations of trace and determinant, are given by

STr
�
x �

� y

�
WD Tr.x/�Tr.y/; SDet

�
x �

� y

�
WD

det.x/
det.y � �x�1�/

; (20)

and the inverse of a supermatrix is�
x �

� y

��1
D

�
.x� �y�1�/�1 �x�1�.y � �x�1�/

�y�1�.x� �y�1�/�1 .y � �x�1�/�1

�
: (21)

The integral over the remaining degrees of freedom in ˆ;‰ other than the inner products in ˆ�ˆ;‰�‰
can conveniently be performed using the well known superbosonization formula which we now recall.
It basically identifies the integration volume of the irrelevant degrees of freedom with the high power
of the superdeterminant of the supermatrix containing the relevant inner products (collected in a 2� 2
supermatrix Q in the complex case and a 4� 4 supermatrix Q in the real case).
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3B1. Complex superbosonization. For any analytic function F with sufficiently fast decay at C1 in the
boson-boson sector (in the variable x) the complex superbosonization identity from [Littelmann et al.
2008, Eq. (1.10)] impliesZ

F.ˆ�ˆ/D

Z
Q

SDetN .Q/F.Q/;
Z
Q

WD
1

2� i

Z
dx
I

dy @�@� ; Q WD

�
x �

� y

�
; (22)

where
R

dx denotes the Lebesgue integral on Œ0;1/,
H

dy denotes the counterclockwise complex line
integral on fz 2 C j jzj D 1g and �; � denote independent scalar Grassmannian variables. The key
point is that while the integral on the left-hand side is performed over N complex numbers and 2N
Grassmannians, the integral on the right is simply over a 2� 2 supermatrix, i.e., two complex variables
and two Grassmannians. Note that the identity in [Littelmann et al. 2008] is more general than (22) in the
sense that it allows for bosonic and fermionic sectors of unequal sizes. For the case of equal sizes, which
concerns us, the formula gets simplified, the measure DQ in [Littelmann et al. 2008, Eq. (1.8)] becomes
the flat Lebesgue measure since two determinants cancel each other as

det.1� x�1�y�1�/ det.1�y�1�x�1�/D eTr.log.1�x�1�y�1�/Clog.1�y�1�x�1�//

D e�
P
k�1

1
k

Tr..x�1�y�1�/kC.y�1�x�1�/k/
D 1; (23)

where the sum is finite and the last equality followed using the commutation rules.

3B2. Real superbosonization. In the real case we similarly have the real superbosonization identity from
[Littelmann et al. 2008, Eq. (1.13)]:Z

F.‰�‰/ D

Z
Q

SDetN=2.Q/F.Q/;Z
Q

WD
1

.2�/2i

Z
dx
I

dy @�

�
det.y/
det.x/

�1=2
det
�
1�

x�1

y
��

��1=2
:

(24)

The supermatrix Q has 2� 2 blocks: x is nonnegative Hermitian, y is a scalar multiple of the identity
matrix. The off-diagonal blocks �; � are related by

� WD �ta�
t t�1s ; ts WD

�
0 1

1 0

�
; ta WD

�
0 �1

1 0

�
:

Here the
R

dx integral is the Lebesgue measure on nonnegative Hermitian 2� 2 matrices x satisfying
x11 D x22, i.e., Z

dx WD
Z 1
0

dx11

Z
jx12j�x11

d<x12 d=x12;

and the fermionic integral is defined as @� WD @�11@�22@�21@�12 . Furthermore, under the slight abuse
of notation of identifying the 2� 2 matrix y, which is a scalar multiple of the identity matrix, with the
corresponding scalar,

H
dy is the complex line integral over jyj D 1 in a counterclockwise direction.

Unlike in the complex case, the matrix elements of the 4�4 supermatrix Q are not independent; there are
only 4 (real) bosonic and 4 fermionic degrees of freedom. These identities among the elements of Q stem
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from natural relations between the scalar product of the column vectors of ‰. For example the identity
hs; si D hs; si from the first two diagonal elements of .‰�‰/ corresponds to x11D x22, while h�; �i D 0
is responsible for y12 D 0. The relation

� D

�
�22 �12
��21 ��11

�
encoded in the last line of (24) corresponds to relations between scalar products of bosonic and fermionic
vectors and their complex conjugates; for example �21 D ��21 comes from the identity .‰�‰/41 D
h� N�; si D �hNs; �i D �.‰�‰/23, etc.

3C. Application to Y z in the complex case. Our goal is to evaluate ETr.H �w/�1 asymptotically on
the scale where E is comparable with the eigenvalue spacing. We now use the identity

Tr.Y �w/�1 D i
Z
h�; �ie�i TrŒ.X�z/.X��z/�w�.ss�C���/

D i
Z
h�; �ieiwhs;si�iwh�;�i�i Tr.X�z/.X��z/ˆˆ�

(25)

for w DEC i� with jEj � � > 0. We now compute the ensemble average as

E e�i Tr.X�z/.X��z/ˆˆ�

D

�
N

�

�N 2 Z
exp

�
�N TrX�

�
1C i

ˆˆ�

N

�
X C iz Trˆˆ�X C iz TrX�ˆˆ�� ijzj2 Trˆˆ�

�
D SDet

�
1C i

ˆ�ˆ

N

��N
exp

�
�ijzj2

�
Trˆˆ��

i
N

Trˆˆ�
�
1C i

ˆˆ�

N

��1
ˆˆ�

��
;

D SDet
�
1C i

ˆ�ˆ

N

��N
exp

�
�ijzj2 Trˆ

�
1C

i
N
ˆ�ˆ

��1
ˆ�
�
;

D SDet
�
1C i

ˆ�ˆ

N

��N
exp

�
�N jzj2 STr

�
1C

i
N
ˆ�ˆ

��1 i
N
ˆ�ˆ

�
: (26)

To perform the
R
D
R

CN
ds @� integration in (25) we use the superbosonization formula (22) for the

function

F.ˆ�ˆ/ WD h�;�iSDet
�
1Ci

ˆ�ˆ

N

��N
exp

�
�N jzj2STr

�
1C

i
N
ˆ�ˆ

��1 i
N
ˆ�ˆCiwSTrˆ�

�̂
: (27)

We view F as a function of the four independent variables collected in the entries of the 2� 2 matrix
ˆ�ˆ. Strictly speaking the function F is only meromorphic but not entire in these four variables, but
since the integration regimes on both sides of the superbosonization formula are well separated away from
the poles of F , a simple approximation argument outlined in Appendix A justifies its usage. Together
with the change of variables i

N
Q 7!Q it now implies that

ETr.Y �w/�1 DN
Z
Q0
yeNw STr.Q/CN log SDet.Q/�N log SDet.1CQ/�N jzj2 STr.1CQ/�1Q;

where
R
Q0 indicates the changed integration regime due to the change of variables, more specifically,
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underQ0 the x-integration is over Œ0; i1/ and the y-integration is over a small circle fu 2 C j juj DN�1g.
Note that the change of variables through scaling does not contribute an additional factor, since superde-
terminants are scale invariant. It remains to perform the Berezinian integral. To do so we split

QD qC�; q D

�
x 0

0 y

�
; �D

�
0 �

� 0

�
and compute

exp.�N log SDet.1CQ//D exp.�N STr log.1C qC�//

D exp
�
�N STr log.1C q/C

N

2
STr.1C q/�1�.1C q/�1�

�
D exp.�N log.1C x/CN log.1Cy//

�
1CN

��

.1C x/.1Cy/

�
;

exp.N log SDet.Q//D exp.N log.x/�N log.y//
�
1�N

��

xy

�
and

exp.�N jzj2 STr.1CQ/�1Q/

D exp
�
�N jzj2 STr

�
.1C q/�1q� .1C q/�1�.1C q/�1�.1C q/�1

��
D exp

�
�N jzj2

x

1C x
CN jzj2

y

1Cy

��
1CN jzj2

��

.1C x/.1Cy/

�
1

1C x
C

1

1Cy

��
:

By combining these identities we arrive at the final result:1

ETr.Y �w/�1 D
N 2

2� i

Z 1
0

dx
I

dye�Nf.x/CNf.y/y �G.x; y/;

G.x; y/ WD
1

xy
�

1

.1C x/.1Cy/

�
1C

jzj2

1C x
C
jzj2

1Cy

�
;

f .x/ WD log
1C x

x
�
jzj2

1C x
�wx;

(28)

where the x-integration is over .0; i1/ and the y-integration is over a circle of radius N�1 around the
origin.

3D. Application to Y z in the real case. We now consider the real case and introduce the N � 4 matrix
‰ WD .s; s; �; �/, the 2� 2 matrix Z WD

�
z
0
0
z

�
and the 4� 4 matrix Z2 WD

�
Z
0
0
Z

�
, and use that

iz Trˆˆ�X C iz TrX tˆˆ� D
i
2

Tr‰Z�2‰
�X C

i
2

TrX t‰Z2‰�; .‰Z2‰
�/t D‰Z�2‰

�;

1Essentially the same formula, obtained by direct computations, was presented by M. Shcherbina in her seminar talk on
Jan 11, 2016 in Bonn. Our derivation of the same formula via superbosonization is merely a pedagogical preparation to the much
more involved real case in Section 3D.
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to compute

Ee�iTr.X�z/.X t�z/ˆˆ�

DE

�
N

2�

�N2
2
Z

exp
�
�
N

2
TrX t

�
1C

2i
N
ˆˆ�

�
XCizTrˆˆ�XCizTrX tˆˆ��ijzj2Trˆˆ�

�

DE

�
N

2�

�N2
2
Z

exp
�
�
N

2
TrX t

�
1C

i
N
‰‰�

�
XC

i
2

Tr‰Z�2‰
�XC

i
2

TrX t‰Z2‰��
ijzj2

2
Tr‰‰�

�
DSDet

�
1C

i
N
‰�‰

��N=2
exp

�
�

i
2

Tr‰Z�2

�
1�

i
N
‰�
�
1C

i
N
‰‰�

��1
‰

�
Z2‰

�

�
DSDet

�
1C

i
N
‰�‰

��N=2
exp

�
�

i
2

Tr‰Z�2

�
1C

i
N
‰�‰

��1
Z2‰

�

�
DSDet

�
1C

i
N
‰�‰

��N=2
exp

�
�
N

2
STr

�
1C

i
N
‰�‰

��1
Z2

i
N
‰�‰Z�2

�
; (29)

where we used that X is real and ‰‰� is symmetric. The superbosonization formula thus implies

ETr.H �w/�1 D
N

2.2�/2i

Z
Tr.y/ det.y/1=2

det.x/1=2
exp

�
�
1
2

log det.1� x�1�y�1�/
�

� exp
�
N

2

�
STr.wQ/�log SDet.1CQ/Clog SDet.Q/�STr.1CQ/�1Z2QZ�2

��
D

N

2.2�/2

Z
Tr.y/ det.y/1=2

det.x/1=2
exp

�
�
1
2

Tr log.1� x�1�y�1�/
�

� exp
�
N

2

�
STr.wQ/�STr log.1CQ/CSTr log.Q/�STr.1CQ/�1Z2QZ�2

��
;

where

QD

�
x �

� y

�
�

i
N
‰�‰; � D

�
0 1

�1 0

�
� t
�
0 1

1 0

�
:

In order to expand the exponential terms to fourth order in � we introduce the shorthand notation

QD qC�; q D

�
x 0

0 y

�
; �D

�
0 �

� 0

�
: (30)

We compute

STr.1CQ/�1Z2QZ�2 D STr.1C q/�1Z2qZ�2
�STr.1C q/�1�.1C q/�1.Z2�Z�2 ��.1C q/

�1Z2qZ
�
2 /

� ..1C q/�1/3.1C q/�1.Z2�Z
�
2 ��.1C q/

�1Z2qZ
�
2 /;

D Tr.1C x/�1ZxZ�� jzj2 Tr
y

1Cy
�Tr.�Z�Z�ACZ�Z��A/

CTr ��AC 0�Tr ��A.�Z�Z�ACZ�Z��A/CTr ��A��AC 0;
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where we introduced matrices A;C 0 as in

A WD
.1C x/�1

1Cy
;

B WD
x�1

y
;

C 0 WDZxZ�.1C x/�1Cjzj2
y

1Cy
;

as well as B , which will be used in the sequel. In deriving these formulas we used that q and Z2 have
zero off-diagonal blocks and � has zero diagonal blocks, to eliminate terms with odd powers of � after
taking the supertrace, and that y is a scalar multiple of the identity. Similarly we find for the logarithmic
terms

STr.log.qC�/�log.1CqC�//

DSTr log.q.1Cq/�1/�1
2

STr.q�1�/2�1
4

STr.q�1�/4C1
2

STr..1Cq/�1�/2C1
4

STr..1Cq/�1�/4

D log
det.x/

det.1Cx/
�log

det.y/
det.1Cy/

CTr��.A�B/C1
2

Tr.��A/2�1
2

Tr.��B/2

and

�
1
2

Tr log.1� x�1�y�1�/D 1
2

Tr ��BC 1
4

Tr.��B/2:

Hence

ETr.H�w/�1 D
N

2.2�/2i

Z
dx
I

dy
Tr.y/det.y/1=2

det.x/1=2
exp

�
�
N

2
f .x/C

N

2
f .y/

�
G.x;y;z/;

f .x/ WD�wTrxClog
det.1Cx/

det.x/
CTrZxZ�.1Cx/�1�2jzj2;

G.x;y;z/ WD @� exp
�
N

2
.Tr��

�
A.1�C 0/�

�
1�

1

N

�
B
�
CTr.�Z�Z�ACZ�Z��A/

CTr��A.��A
�
1
2
�C 0

�
C�Z�Z�ACZ�Z��A/�1

2

�
1�

1

N

�
Tr.��B/2/

�
; (31)

where
R

dx D
R

dx11 d<x12 d=x12 is the integral over matrices of the form

x D

�
ix11 ix12
ix12 ix11

�
with x11 2 Œ0;1/ and x12 2 C with jx12j � x11. The integral

H
dy D

H
dy11 is the integral over scalar

matrices y D y11I with dy11 being the complex line integral over jy11j DN�1 in a counterclockwise
direction.

To integrate out the Grassmannians we expand the exponential to second order, use the relation (30)
between � and � , and use that for 2 � 2 matrices X and Y which are constant on the diagonal
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(x11 D x22, y11 D y22) we have the identities

N 2

8
@� Tr2.�Z�Z�X CZ�Z��X/D�4N 2

jzj2.<z/2 det.X/CN 2
jzj2.=z/2 Tr2.X/;

N 2

8
@� Tr2.��X/D�N 2 det.X/;

N 2

4
@� Tr.��X/Tr.�Z�Z�Y CZ�Z��Y /D 2N 2.<z/2

�
Tr.XY /�Tr.X/Tr.Y /

�
C 2iN 2.=z/.<z/

�
X12Y21�X21Y12

�
;

N

2
@� Tr.��X��Y /DN.Tr.X/Tr.Y /�Tr.XY //;

N

2
@� Tr ��X.�Z�Z�X CZ�Z��X/D 4N.<z/2 det.X/:

Hence we finally have the expression

G D�N 2

�
det.A.1�C 0/�

�
1�

1

N

�
B/C

�
4jzj2.<z/2C 2.<z/2.2�TrC 0/

�
detA

�jzj2.=z/2 Tr2A� 2.<z/2
�
1�

1

n

�
.TrATrB �TrAB/

�2.<z/2.=z/2 detA2 det.1Cy/.4 det.x/�Tr2 x/
�

CN

�
det.A/.1C 4.<z/2�TrC 0/�

�
1�

1

N

�
det.B/

�
: (32)

We now rewrite (31) by using the parametrizations

x D

�
a a

p
1� �ei'

a
p
1� �e�i' a

�
; y D

�
� 0

0 �

�
; (33)

with a 2 iRC, � 2 Œ0; 1�, ' 2 Œ0; 2�� and j�j DN�1. Since the integral over ' 2 Œ0; 2�� is equal to 2�
as a consequence of the fact that the functions f; g;GN defined below do not depend on ', we have that

ETrŒY �w��1 D
N

4� i

I
d�
Z i1

0

da
Z 1

0

d�
�2a

�1=2
eNŒf .�/�g.a;�;�/�GN .a; �; �; z/; (34)

where, using the notation � WD =z, the functions f and g are defined by

f .�/ WD �w�C log.1C �/� log � �
jzj2

1C �
; (35)

g.a; �; �/ WD �waC 1
2

logŒ1C 2aC a2��� log a� 1
2

log � �
jzj2.1C a/� 2�2a2.1� �/

1C 2aC a2�
: (36)

Note that g.a; 1; �/D f .a/; in particular, we remark that g.a; 1; �/ is independent of � for any a 2 C.
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Furthermore, using the parametrizations in (33) the function GN WDG1;N CG2;N is given by

G1;N D

�
N 2 p2;0;0

a2�2.�C1/2�
�N

p1;0;0

a2�2.�C1/�
CıN 2 p2;0;1

a�.�C1/2�
�Nı

p1;0;1

a�.�C1/�
CN 2ı2

p2;0;2

.�C1/2

�
�..a2�C2aC1/2.�C1/2/�1;

G2;N D

�
N 2�2

p2;2;0

a�.�C1/3�
�N�2

p1;2;0

a��
CN 2�2ı

p2;2;1

.�C1/

�
�..a2�C2aC1/2.�C1/2/�1;

(37)

where pi;j;k D pi;j;k.a; �; �/ are explicit polynomials in a; �; � which we defer to Appendix B, � WD =z
and ı WD 1�jzj2. The indices i; j; k in the definition of pi;j;k denote the N , � and ı power, respectively.
We split GN as the sum of G1;N and G2;N since G1;N depends only on jzj, whilst G2;N depends
explicitly by �D=Œz�, hence G2;N D 0 if z 2 R.

4. Asymptotic analysis in the complex case for the saddle point regime

For the density of states %Y z on the positive semiaxis E > 0 we expect a singular behavior for E � 0 and
a square-root edge for E � eC. The singularity at E D 0 exhibits a phase transition in ı at 0; for ı > 0 the
transition is between an E�1=3-singularity for ı D 0 and a ı1=2E�1=2-singularity for 0 < ı � 1, while
for ı < 0 the transition is between the E�1=3-singularity for ı D 0 and square-root edge in e� � jıj

3 of
slope jıj�5=2. We now analyze the location of the critical point(s) x�, i.e., the solutions to f 0.x�/D 0,
as well as the asymptotics of the phase function f around them precisely in all of the above regimes. For
the saddlepoint approximation the second derivative f 00.x�/ is of particular importance and we find that
it can only vanish in the vicinity of E � eC and E � e� _ 0, and otherwise satisfies jf 00.x�/j& 1.

The saddle point equation f 0.x�/D 0 leads to the simple cubic equation

wx3�C 2wx
2
�Cwx�C ıx�C 1D 0;

which is precisely the MDE equation from (11), whose explicit solution via Cardano’s formula reveals
that for E 2 .e�; eC/ there are two relevant critical points x�; x� with <f .x�/ D <f .x�/, while for
E � eC or 0�E � e� there is one relevant critical point x�, where x� is given by

x� D

8̂̂̂<̂
ˆ̂:
e�2i�=3 3

q
qC

p
q2Cp3C e2i�=3 3

q
q�

p
q2Cp3� 2

3
; E � e�;

e2i�=3 3
q
qC

p
q2Cp3C e�2i�=3 3

q
q�

p
q2Cp3� 2

3
; e� �E � eC;

3

q
qC

p
q2Cp3C

3

q
q�

p
q2Cp3� 2

3
; E � eC;

q WD
ı

3E
C
1

27
�
1

2E
; p WD

ı

3E
�
1

9
;

(38)

where q2Cp3 > 0 as long as E 2 .e�; eC/ and q2Cp3 < 0 for E > eC or E < e�. Here we chose the
branch of the cubic root such that 3

p
RD R and that 3

p
z for z 2 C nR is the cubic root with the maximal

real part. Note that the choice of the cubic root implies =x� � 0 and x� D x�.E/Dmz.EC i0/, where
mz has been defined in (11).
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(a) EC < 0 (b) jECj D 0 (c) EC > 0

Figure 3. Contour plot of <f .x/ in the regime E � eC. The solid white lines represent
the level set <f .x/ D <f .x�/, while the solid and dashed black lines represent the
chosen contours for the x- and y-integrations, respectively.

Before concluding this section with the proof of Proposition 2.2, we collect certain asymptotics of the
critical point x� and the phase function f in its vicinity, which will also be used in the main estimates of
the present paper in Sections 5–6. In the edges e˙ the critical points have the simple expressions

x�.e˙/D�
2

3˙
p
9� 8ı

and satisfy x�.eC/��1 and x�.e�/D�3=.2ı/Œ1CO.jıj/�. Elementary expansions of (38) for E near
the edges reveal the following asymptotics of x� in the various regimes.

Regime E � eC. Close to the spectral edge E � eC we have the asymptotic expansion

x� D x�.eC/C 
C
p
EC.1CO.jE1=2

C
j// (39a)

in EC WDE � eC, where 
C was defined in (18b). The location of saddle point(s) in the regime E � eC
is depicted in Figure 3. The second derivative of f is asymptotically given by

f 00.x�/D
2
p
EC


C
.1CO.jE1=2

C
j//: (39b)

Regime E � 0 in the case ı � 0. For E � 0 we have the asymptotic expansions

x� DE
�1=3‰

�
ı

E1=3

�
Œ1CO.ıCE1=3/�; (40a)

where ‰.�/ is the unique solution to the cubic equation

1C�‰.�/C‰.�/3 D 0; <‰.�/ > 0; =‰.�/ > 0; �� 0:

The explicit function ‰.�/ has the asymptotics

lim
�&0

‰.�/D‰.0/D ei�=3; lim
�!1

‰.�/
p
�
D i:
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(a) 0 < ı�E1=3� 1 (b) 0 < E1=3� ı

Figure 4. Contour plot of <f .x/ for ı > 0 in the regime E � 0. The solid white lines
represent the level set <f .x/D<f .x�/, while the solid and dashed black lines represent
the chosen contours for the x- and y-integrations, respectively.

Thus it follows that

x� D

�
i

r
ı

E
� 1C

1

2ı

��
1CO

�
E

ı3

��
D

�
ei�=3

E1=3
�
2

3

��
1CO

�
E2=3C

ı

E1=3

��
;

(40b)

where the first expansion is informative in the E� ı3, and the second one in the E� ı3 regime. The
location of saddle point(s) in the regime E � 0 is depicted in Figure 4. For the second derivative we have
the expansions

f 00.x�/D 3e
2i�=3E4=3

�
1CO

�
EC

ı

E1=3

��
D 2i

E3=2

ı1=2

�
1CO

�
E

ı3

�� (40c)

and similarly for higher derivatives, jf .k/.x�/j �E.2Ck/=3 ^E.kC1/=2ı�.k�1/=2 for k � 3.

Regime E � e� in the case ı < 0. Around the spectral edge e� the critical point admits the asymptotic
expansion

x� D x�.e�/C 
�

�
1CO

�
jEj1=2

ı3=2

��(
i
p
jE�j; E� � 0;

�
p
jE�j; E� � 0;

D
1

E1=3

�
ei�=3

C
i
3
ei�=3 ı

E1=3
.1CO.jEj1=3//CO

�
jıj2

E2=3

��
; (41a)

where E� WDE�e�, and these separate expansions are relevant in the jEj� jıj3 and jEj� jıj3 regimes,
respectively. The location of saddle point(s) in the regime E � e� is depicted in Figure 5. The second
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(d) E� � jıj3 (e) E� ��jıj3

Figure 5. Contour plot of <f .x/ in the regime E � e�. The solid white lines represent
the level set <f .x/ D <f .x�/, while the solid and dashed black lines represent the
chosen contours for the x- and y-integrations, respectively.

derivative around x� is given by

f 00.x�/D
2


�
.1CO.jE�j1=2jıj�3=2//�

(p
jE�j; E� � 0;

�i
p
jE�j; E� � 0;

D 3e2i�=3E4=3
�
1CO

�
EC

jıj

E1=3

��
; (41b)

with 
� � jıj�5=2.

Proof of Proposition 2.2. As the functions f and G in (28) are meromorphic we are free to deform
the contours for the x- and y-integrals as long as we are not crossing 0 or �1 and the x-contour goes
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out from 0 in the “right” direction (in the region <Œx� < 0;=Œx� > 0 in Figure 3, and in the region
<Œx� > j=Œx�j in Figures 4–5). It is easy to see that the contours can always be deformed in such a way
that <f .x/ > <f .x�/D <f .x�/ and <f .y/ < <f .x�/ for all x; y ¤ x�; x�; see Figures 3–5 for an
illustration of the chosen contours.

We now compute the integral (28) in the large N limit when E is near the edges. In certain regimes of
the parameters N , E and ı a saddle point analysis is applicable after a suitable contour deformation. In
most cases, the result is a point evaluation of the integrand at the saddle points. In some transition regimes
of the parameters the saddle point analysis only allows us to explicitly scale out some combination of the
parameters and leaving an integral depending only on a reduced set of rescaled parameters.

We recall the classical quadratic saddle point approximation for holomorphic functions f .z/; g.z/
such that f .z/ has a unique critical point in some z�, and that 
 can be deformed to go through z� in such
a way that <f .z/ <<f .z�/ for all 
 3 z ¤ z�. Then for large �� 1 the saddle point approximation is
given by Z




g.z/e�f.z/ dz D˙g.z�/e�f.z�/
s

2�

�jf 00.z�/j
ie�

i
2

argf 00.z�/
�
1CO

�
1

�

��
; (42)

where ˙ is determined by the direction of 
 through z� with C corresponding to the direction parallel to
i exp

�
�

i
2

argf 00.z�/
�
. This formula is applicable, i.e., we can use point evaluation in the saddle point

regime, whenever the lengthscale f̀ � .N jf
00.x�/j/

�1=2 of the exponential decay from the quadratic
approximation of the phase function is much smaller than the scale `g � jg.x�/j=jrg.x�/j on which g
is essentially unchanged. For our integral (28) we thus need to check the condition

1p
N jf 00.x�/j

�

ˇ̌̌̌
r.yG.x; y//

yG.x; y/

ˇ̌̌̌
.x;y/D.x�;x�/

ˇ̌̌̌�1
(43)

in all regimes separately.
In the regime E � eC, using the asymptotics for x� from (39a) and (39b), the quadratic saddle point

approximation is valid if
1p

N jECj1=2
� jECj

1=2;

i.e., if jECj � N�2=3. Here the length-scale jECj1=2 represents the length-scale on which .x; y/ 7!
yG.x; y/ is essentially constant which can be obtained by explicitly computing the log-derivativeˇ̌̌̌

r.yG.x; y//

yG.x; y/

ˇ̌̌̌
.x;y/D.x�;x�/

ˇ̌̌̌
� jECj

�1=2:

Similar calculations yield that for E � 0 and ı � 0 the quadratic saddle point approximation is valid if

1q
N
�
E4=3 ^E3=2ı�1=2

� �E�1=3 _ ı1=2E�1=2; i.e., E�N�3=2 ^N�2ı�1;
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while for E � e� and ı < 0 the condition (43) reads

1q
N
�
E4=3 _ jE�j1=2jıj5=2

� �E�1=3 ^ jE�j
1=2
jıj�5=2; i.e., jE�j �N�2=3jıj5=3;

recalling that E DE�C e� and e� � ı
3 from (18b).

In these regimes we can thus apply (42) to (28) and using that

G.x�; x�/D f
00.x�/; G.x�; x�/D 0;

as follows from explicit computations, we thus finally conclude (14). Here the error terms in (14) follow
from (42) by choosing �� .`g= f̀ /2 according to asymptotics of the second derivatives and log-derivatives
above. More precisely, for example in the second case E � 0 and E1=3� ı > 0, the phase function f is
approximately given by

f .x/�E2=3
�

1

2.E1=3x/
�E1=3x

�
;

while G can asymptotically be written as

yG.x; y/� x�G.x�; x�/C 3E
4=3e2i�=3.2.x� x�/C .y � x�//CO.E5=3.jx� x�j2Cjy � x�j2//:

Thus we make the change of variables x D x�CE�1=3x0, y D x�CE�1=3y0 to find

N 2

2� i
E�2=3

Z
dx0

Z
dy0e�NE

�2=3f 00.x�/.x
02

2
�
y02

2
/�NE�1f 000.x�/.x

02

6
�
y02

6
/CO.NE2=3.jx0j4Cjy0j4//

�.x�G.x�; x�/C 3Ee
2i�=3.y0C 2x0/CO.E.jx0j2Cjy0j2///

D x�

�
1CO

�
1

NE2=3

��
;

where we used that G.x�; x�/�E4=3. The other cases in (14) can be checked similarly. �

5. Derivation of the 1-point function in the critical regime for the complex case

In this section we prove Theorem 2.1, i.e., we study ETrŒY �w��1, with wDEC i�, 1� jEj � � > 0,
for E so close to 0 such that jEj is smaller or comparable with the eigenvalues scaling around 0. We will
first consider the case ı� 0 and afterwards explain the necessary changes in the regime �CN�1=2� ı <0.

5A. Case 0� ı � 1. In the following of this section we assume that E > 0, since we are interested in
the computations of (28) for E D<Œw� inside the spectrum of Y . In order to study the transition between
the local law regime, that is considered in Section 4, and the regime when the main contribution to (28)
comes from the smallest eigenvalue of Y , we define the parameter

c.N /D c.N; ı/ WD
1

N 3=2
^

1

ıN 2
: (44)

In particular, in the regime E� c.N / the double integral in (28) is computed by saddle point analysis
in (14), i.e., the main contribution comes from the regime around the stationary point x� of f , with x�
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defined in (40b), whilst for E . c.N / the main contribution to (28) comes from a larger regime around
the stationary point x�. From now on we assume that E . c.N /. In the following we denote the leading
order of the stationary point x� by

z� D z�.E; ı/ WDE
�1=3‰.ıE�1=3/; (45)

where ‰.�/ was defined in (40a) and has the asymptotics ‰.0/D ei�=3 and ‰.�/=
p
�! i as �!1.

Note that jz�j � 1 for any E� 1, 0� ı � 1. For this reason, we expect that the main contribution to
the double integral in (28) comes from the regime when jxj and jyj are both large, say jxj; jyj �N �, for
some small fixed 0 < � < 1=2. Later on in this section, see Lemma 5.4, we prove that the contribution
to (28) in the regime when either jxj or jyj are smaller than N � is exponentially small. In order to get the
asymptotics in (13a), is not affordable to estimate the error terms in the Taylor expansion by absolute
value. In particular, it is not affordable to estimate the integral of eNf.y/ over � by absolute value, hence
the improved bound in (54) is needed. To make our writing easier, for any R 2 N, R � 2, we introduce
the notation

O#.x�R/ WD fg 2 PRg; O#..x; y/�R/ WD fg 2QRg; (46)

where PR and QR are defined as Laurent series of order at least R around infinity, i.e.,

PR WD
�
gWC! C

ˇ̌̌̌
g.x/D

X
˛�R

Qc˛

x˛
; with j Qc˛j � C ˛; if jxj � 2C

�
;

QR WD
�
QgWC�C! C

ˇ̌̌̌
Qg.x; y/D

X
˛;ˇ�1;˛Cˇ�R

c˛;ˇ

x˛yˇ
; with jc˛;ˇ j � C

˛Cˇ ; if jxj; jyj � 2C
�
;

for some constant C > 0 that is implicit in the O# notation. Here ˛; ˇ are integer exponents. Note that

O#.jxj�R/DO.jxj�R/

for any x 2 C. Then, we expand the phase function f for large argument as follows

f .x/D g.x/CO#.x�3C ıx�2/; g.x/ WD �.EC i�/xC
ı

x
C

1

2x2
: (47a)

and for large x and y we expand G as

G.x; y/DH.x; y/CO#..x; y/�5Cı.x; y/�4/; H.x; y/ WD
1

x3y
C

1

x2y2
C

1

xy3
C

ı

xy2
C

ı

x2y
: (47b)

In order to compute the integral in (28) we deform the contours ƒ and � through z�, with z� defined
in (45). In particular, we are allowed to deform the contours as long as the x-contour goes out from zero
in region <Œx� > j=Œx�j, it ends in the region <Œx� < 0;=Œx� > 0, and it does not cross 0 and �1 along
the deformation; the y-contour, instead, can be freely deformed as long as it does not cross 0 and �1.
Hence, we can deform the y-contour as � D �z� WD �1;z� [�2;z� , where

�1;z� WD

�
�
2
3
C it W 0� jt j �

q
jz�j2�

4
9

�
; �2;z� WD fjz

�
jei 
W  2 Œ� z� ;  z� �g; (48a)
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(a) 0 < ı�E1=3� 1 (e) 0 < E1=3� ı

Figure 6. Illustration of the contours (48a)–(48b) together with the phase diagram of
<f , where the white line represents the level set<f .x/D<f .z�/. Note that the precise
choice of the contours is only important close to 0 and for very large jxj as otherwise the
phase function is small.

with  z� D arccosŒ�2=.3jz�j/�, and the x-contour as ƒDƒz� WDƒ1;z� [ƒ2;z� , with

ƒ1;z� WD Œ0; jz�j/; ƒ2;z� WD fjz�j � qsC i s W s 2 Œ0;C1/g; (48b)

where
q D qz� WD =Œz��

�1.jz�j �<Œz��/: (48c)

Note that q � 1 uniformly in N , E and ı, since <Œz�� . =Œz�� for any E� 1, 0 � ı � 1. We assume
the convention that the orientation of � is counter clockwise. See Figure 6 for an illustration of � and ƒ.

Before proceeding with the computation of the leading term of (28), in the following lemma we state
some properties of the function f on the contours � , ƒ. Using that ��E, the proof of the lemma below
follows by easy computations.

Lemma 5.1. Let f be the phase function defined in (28), then the following properties hold true:

(i) For any y D�2=3C it 2 �1;z� , we have that

<Œf .�2=3C it /�D
2E

3
C �t �

1

2t2
CO.jt j�3C ıjt j�2/; (49)

and

=Œf .�2=3C it /�D
2�

3
�Et �

ı

t
CO.jt j�3/: (50)

(ii) For � D 0, the function t 7! <Œf .�2=3C it /� on �1;z� is strictly increasing if t > 0 and strictly
decreasing if t < 0.

(iii) The function x 7! <Œf .x/� is strictly decreasing on ƒ1;z� .
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(iv) Let x 2ƒ2;z� be parametrized as x D jz�j � qsC is, for s 2 Œ0;C1/, with q defined in (48c), then

<Œf .x/�D�E.jz�j�qs/C�sC
ı.jz�j�qs/

s2C.qs�jz�j/2
C
.1�2ı/Œ.jz�j�qs/

2�s2�

.s2C.qs�jz�j/2/2
CO.Œs2Cjz�j2��3=2/: (51)

Despite the fact that saddle point analysis is not useful anymore in this regime, we expect that the
main contribution to (28) comes from the regime in the double integral when both x and y are large, i.e.,
jxj; jyj �N �. For this purpose we define

Qƒ WD fx 2ƒ1;z� W jxj �N
�
g; Q� WD fy 2 �1;z� W jyj �N

�
g: (52)

In the following part of this section we will first prove that the contribution to (28) in the regime when
either x 2 Qƒ or y 2 Q� is exponentially small and then we explicitly compute the leading term of (28) in
the regime

.x; y/ 2 .ƒ n Qƒ/� .� n Q�/:

For this purpose, we first prove a bound for the double integral in the regime y 2 � n Q� or x 2 ƒ n Qƒ
in Lemma 5.2 and Lemma 5.3, respectively, and then we conclude the estimate for x 2 Qƒ or y 2 Q� in
Lemma 5.4. Finally, in Theorem 2.1 we consider the regime .x; y/ 2 .ƒ n Qƒ/� .� n Q�/ and compute the
leading term of (28).

Lemma 5.2. Let c.N / be defined in (44), E . c.N /, b 2 N, and let f be defined in (28), then

ˇ̌̌̌Z
�n Q�

eNf.y/

yb
dy
ˇ̌̌̌
. jz�j1�bC

8̂̂̂̂
<̂
ˆ̂̂:
jz�j; b D 0;

1Cjlog.N jz�j�2/j; b D 1; ı < jz�j
�1;

1Cjlog.Nıjz�j�1/j; b D 1; ı � jz�j
�1;

N
1�b
2 ^ .Nı/1�b; b � 2;

(53)

where � , Q� are defined in (48a) and (52), respectively. Furthermore, we have thatZ
�n Q�

eNf.y/ dy DO.N 1=2
_ .Nı//;

Z
�n Q�

eNf.y/

y
dy DO.1/: (54)

Proof. First, we notice that if y 2 � n Q� then jyj �N �, hence we expand f as in (47a), i.e.,

f .y/D�.EC i�/yC
ı

y
C

1

2y2
CO.jyj�3C ıjyj�2/: (55)

Moreover, by (45) it follows that jz�j �E�1=3 _
p
ıE�1, and so that

jNf .y/j.NE2=3CN
p
ıE (56)

for any jyj � jz�j, E . c.N /. Note that � n Q� D .�1;z� n Q�/[�2;z� , with �1;z� , �2;z� defined in (48a).
By (56) it easily follows that jNf .y/j. 1 for any y 2 �2;z� , which clearly implies thatZ

�2;z�

ˇ̌̌̌
eNf.y/

yb

ˇ̌̌̌
jdyj. jz�j1�b: (57)
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To conclude the proof of (53) we bound the integral on �1;z� n Q� . Let w DEC i�, then in this regime,
by (49)–(50), we haveZ
�1;z�n

Q�

eNf.y/

yb
dy

D�i
Z pjz�j2�4=9
N�

e�NŒ1=.2t
2/CO.jt j�3Cıjt j�2/�

�

�
e�N ŒiwtCi ı

t �

.�2=3Cit /b
C
eN ŒiwtCi ı

t �

.�2=3�it /b

�
.1CO.NE//dt: (58)

For any b 2 N, we estimate the integral above as follows

ˇ̌̌̌Z
�1;z�n

Q�

eNf.y/

yb
dy
ˇ̌̌̌
.
ˇ̌̌̌Z jz�j
N�

e
� N

2t2
C iıN

t

tb
d t
ˇ̌̌̌
.

8̂̂̂̂
<̂
ˆ̂̂:
jz�j; b D 0;

1Cjlog.N jz�j�2/j; b D 1; ı < jz�j
�1;

1Cjlog.Nıjz�j�1/j; b D 1; ı � jz�j
�1;

N
1�b
2 ^ .Nı/1�b; b � 2:

(59)

Note that in (59) for b D 0; 1 we get the bound in the r.h.s. bringing the absolute value inside the integral,
whilst this is not affordable to get the bound for b � 2, since the term eiıN=t has to be used. Indeed,
we would get a bound N .1�b/=2 for b � 2 if we estimate the integral in (59) moving the absolute value
inside. In the following part of the proof we compute the integral (58) for b D 0; 1 without estimating it
by absolute value.

In particular, for b D 1, we prove that the leading term of the r.h.s. of (58) is O.1/, instead of the
overestimate 1Cjlog.N jz�j�2/j in (59), as a consequence of the symmetry of �1;z� with respect to 0.
For this computation we have to distinguish the cases ı� N�1=2 and ı . N�1=2. If E � c.N / and
ı . N�1=2, then N jz�j�2 � 1, hence the bound in (54) directly follows by (57) and (59). We are left
with the cases E � c.N / and E � c.N /, ı� N�1=2. For ı� N�1=2, we have jz�j �

p
ı=E and

using jNwt j �NEjz�j � 1, if E� c.N /, and jNwt j � 1, if E � c.N /, we conclude

Z pjz�j2�4=9
N�

e�N Œ1=.2t
2/˙i ı

t
˙itw�

�2=3C it
d t D

Z jz�j
N�

e�N=.2t
2/˙i ı

t

t
d t CO.1/D jlog.Nıjz�j�1/jCO.1/:

Similarly we prove that the integral in the l.h.s. of the above equalities is equal to jlog.N jz�j�2/jCO.1/
if ı� N�1=2. Similar calculation holds if the denominator is

�
�
2
3
� it

�
instead of

�
�
2
3
C it

�
, just an

overall sign changes. Thus the leading terms from the two parts of the integral in (58) cancel each other.
We thus conclude the second bound in (54) combining the above computations with (57) and (58).

Next, we compute the integral of eNf.y/ on �n Q� , i.e., we prove the first bound in (54). We consider only
the regime E� c.N /, since in the regime E � c.N / the bound in (54) follows directly by (57), (59), and
the definition of c.N / in (44), since jz�j �N 1=2_Nı. On �2;z� , using the parametrization y D jz�jei ,
and that by (56) we have jNf .y/j � 1 for E� c.N /, we Taylor expand eNf.y/ and conclude thatZ

�2;z�

eNf.y/ dy D 2jz�ji �
�
1CO.NEjz�jC ıN j�j�1CN jz�j�2/

�
: (60)
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Furthermore, by (58) for b D 0, using that E� c.N / and so that jNwt j � 1 on �1;z� , we haveZ
�1;z�n

Q�

eNf.y/ dy D�2ijz�jCO.N 1=2
_Nı/:

The minus sign is due to the counter clockwise orientation of � , i.e., the vertical line �1;z� is parametrized
from the top to the bottom. Combining this computation with (60) and using that

NEjz�j
2
CNıCN jz�j

�1
�N 1=2

CNı;

since jz�j �E�1=3C
p
ıE�1 by (45), we conclude the proof of this lemma. �

Lemma 5.3. Let c.N / be defined in (44), E . c.N / and let f be defined in (28) and a 2 R, then the
following bound holds true:

Z
ƒn Qƒ

ˇ̌̌̌
e�Nf.x/

xa

ˇ̌̌̌
jdxj.

8̂̂̂̂
<̂
ˆ̂̂:
jz�j

1�aC .NE/a�1; a < 1;

1Cjlog.N jz�j�2/j; aD 1; ı < jz�j
�1;

1Cjlog.Nıjz�j�1/j; aD 1; ı � jz�j
�1;

N
1�a
2 ^ .Nı/1�a; a > 1;

(61)

where ƒ, Qƒ are defined in (48b) and (52).

Proof. We split the computation of the integral of eNf.x/x�a as the sum of the integral over ƒ1;z� n Qƒ
andƒ2;z� . Using the parametrization xD jz�j�qsC is, with s 2 Œ0;C1/ and q defined in (48c), by (51),
we estimate the integral over ƒ2;z� as follows:

Z
ƒ2;z�

ˇ̌̌̌
e�Nf.x/

xa

ˇ̌̌̌
jdxj.

Z C1
0

e
�N

h
�E.jz�j�qs/C

ı.jz�j�qs/

.jz�j�qs/2Cs2
C

.jz�j�qs/
2�s2

2Œ.jz�j�qs/2Cs2�2

i
Œ.jz�j � qs/2C s2�a=2

ds: (62)

We split the computation of the integral in the r.h.s. of (62) into two parts:

jsj 2 Œ0; jz�j/ and s 2 Œjz�j;C1/:

Since q � 1 and NEjz�j. 1, in the regime jsj 2 Œ0; jz�j/ we estimate the integral in the r.h.s. of (62) as

eNE jz�j
Z jz�j
0

e
� Nı
jz�j
� N

jz�j2

jz�ja
ds . jz�j1�a: (63)

In the regime s 2 Œjz�j;C1/, instead, we have

eNE jz�j
Z C1
jz�j

e�NEqs

sa
ds .

8̂<̂
:
.NE/a�1; a < 1;

1Cjlog.NEjz�j/j; aD 1;

jz�j
1�a; a > 1:

(64)
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We are left with the estimate of the integral over ƒ1;z� n Qƒ. As for the bound in (59), using that
ƒ1;z� n

QƒD ŒN �; jz�j/ and that NEjz�j. 1, we have that

Z
ƒ1;z�n

Qƒ

ˇ̌̌̌
e�Nf.x/

xa

ˇ̌̌̌
jdxj.

Z jz�j
N�

e
�Nı
s
� N

2s2

sa
ds .

8̂̂̂̂
<̂
ˆ̂̂:
jz�j

1�a; a < 1;

1Cjlog.N jz�j�2/j; aD 1; ı < jz�j
�1;

1Cjlog.Nıjz�j�1/j; aD 1; ı � jz�j
�1;

N
1�a
2 ^ .Nı/1�a; a > 1:

(65)

Combining (62)–(65) we conclude the proof of (61). �

Using Lemmas 5.2 and 5.3 in the following lemma we prove that the contribution to (28) in the regime
where either x 2 Qƒ or y 2 Q� is exponentially small.

Lemma 5.4. Let c.N / be defined in (44), and let f , G be defined in (28), then, as � ! 0C, for any
E . c.N / we have thatˇ̌̌̌�Z

ƒ

dx
Z
�

dy �
Z
ƒn Qƒ

dx
Z
�n Q�

dy
�
ŒeNŒf .y/�f .x/�yG.x; y/�

ˇ̌̌̌
.N �.N 1=2

CNıCjlog.NE2=3/j/e�
1
2
N 1�2� : (66)

Proof. We split the estimate of the integral over .ƒ � �/ n Œ.ƒ n Qƒ/ � .� n Q�/� into three regimes:
.x; y/ 2 Qƒ� Q� , .x; y/ 2 Qƒ� .� n Q�/, .x; y/ 2 .ƒ n Qƒ/� Q� . By (ii), (iii) of Lemma 5.1, in the regimes
y 2 Q� and x 2 Qƒ, respectively, it follows that the function f attains its maximum at y D�2=3˙ iN � on
Q� and f attains its minimum at x DN � on Qƒ. Hence, by the expansion in (47a) it follows that

sup
y2 Q�

jeNf.y/jC sup
x2 Q�

je�Nf.x/j. e�Nf.N
�/; (67)

with

f .N �/D
ı

N �
C

1

2N 2�
CO.N�3�C ıN�2�/: (68)

Then, by (67) and (68), it follows that the integral over .x; y/ 2 Qƒ� Q� is bounded by N 2�e�N
1�2�

. Note
that in the regimes .x; y/ 2 Qƒ� .� n Q�/ and .x; y/ 2 .ƒ n Qƒ/� Q� one among jxj and jyj is bigger than
N �. Hence, expanding (28) for large x or y argument, using Lemmas 5.2 and 5.3 to estimate the regimes
x 2 Qƒ and y 2 Q� , respectively, by (67)–(68), we conclude that the integral over .x; y/ 2 Qƒ� .� n Q�/
is bounded by N �.N 1=2C .Nı//e�N

1�2�=2, and that the one over .x; y/ 2 .ƒ n Qƒ/� Q� is bounded by
N �.1Cjlog.NE2=3/j/e�N

1�2�=2. �

Next, we compute the leading term of (28). We define Qz� as

Qz�.�; Qı/ WDN
�1=2
jz�.�c.N /;N

�1=2 Qı/j; �D
E

c.N /
; Qı DN 1=2ı; (69)

where we also recalled the rescaled parameters � and Qı from (12). Note that Qz�.�; Qı/ is N -independent,
indeed all N factors scale out by using the definition of z�.E; ı/ from (45). Since E� 1 and ı 2 Œ0; 1�,
by (69) it follows that the range of the new parameters is Qı �N 1=2 and �� c.N /�1.
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We are now ready to prove our main result on the leading term of (28), denoted by qQı.�/, in the complex
case, Theorem 2.1. Then, the one point function of Y is asymptotically given by pQı.�/ WD =ŒqQı.�/�. The
main inputs for the proof are the bounds in (53) and (61) that will be used to estimate the error terms in
the expansions for large arguments of f and G in (47a) and (47b).

Proof of Theorem 2.1 in the case ı � 0. By (28) and Lemma 5.4 it follows that

ETrŒY �w��1 D
N 2

2� i

Z
ƒn Qƒ

dx
Z
�n Q�

dye�Nf.x/CNf.y/y �G.x; y/

CO
�
N �.N 1=2

CNıCjlog.NE2=3/j/e�
1
2
N 1�2�

�
: (70)

Note that jxj; jyj � N � for any .x; y/ 2 .ƒ n Qƒ/� .� n Q�/. In order to prove (13a) we first estimate
the error terms in the expansions of f and G in (47a)–(47b) and then in order to get an N -independent
double integral we rescale the phase function by jz�j. By Lemma 5.2 and Lemma 5.3, using that
jlog.N jz�j�2/jC jlog.Nıjz�j�1/j. jlog.NE2=3/j by the definition of z� in (45), it follows that

ˇ̌̌̌Z
ƒn Qƒ

dx
Z
�n Q�

dy
e�Nf.x/CNf.y/

xayb

ˇ̌̌̌
.

8̂<̂
:
N
2�d
2 .1^ Qı1�d /.1_ Qı/; b D 0;

N
1�b
2 .1^ Qı1�b/.1Cjlog.NE2=3/j/; aD 1; b � 1;

N
2�d
2 .1^ Qı2�d /; a > 1; b � 1;

(71)

for any a � 1, b 2 N, where d WD aC b. In order to get the bound in the r.h.s. of (71) we estimated
the terms with b D 0 and b D 1 using the improved bound in (54), all the other terms are estimated by
absolute value. Note that for �� 1 the bound in (71) and the definition of � in (69) imply that

lim
�!0C

jETrŒY � .EC i�/��1j.N 3=2.1_ Qı/

(
jlog�j; �� Qı3;

jlog� Qıj; � < Qı3;

if �� 1, since the leading term in the expansion of yG.x; y/ in (47b) consists of monomials of the form
x�ay�b , with aC b D 3, and ıx�ay�b , with aC b D 2. This concludes the proof of (13c).

Now we prove the more precise asymptotics (13a). We will replace the functions f and G in (70)
by their leading order approximations, denoted by g and H from (47a) and (47b). The error of this
replacement in the phase function f is estimated by the Taylor expanding the exponent eO

#.x�3Cıx�2/,
with O#.x�3C ıx�2/ defined in (46). Hence, by (47a) and (47b) and the bound in (71), as �! 0C, we
conclude that

ETrŒY �w��1

D
N 2

2� i

Z
ƒn Qƒ

dx
Z
�n Q�

dye�Ng.x/CNg.y/H.x; y/CO
�
.N CN 3=2ı/Œ1Cjlog.NE2=3/j�

�
: (72)

The error estimates in (72) come from terms with d � 4 or terms with d � 3 multiplied by ı in (71).
We recall that �DEc.N /�1, QıD ıN 1=2, and that jz�j DN 1=2 Qz�.�; Qı/. Then, defining the contours

b� WD jz�j�1�; bƒ WD jz�j�1ƒ; (73)
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and using the change of variables x! xjz�j, y! yjz�j in the leading term of (72) we conclude that

ETrŒY �w��1 D

N 3=2 Qz�.�; Qı/
�1

2� i

Z
O�

dy
Z
Oƒ

dxeh�; Qı.y/�h�; Qı.x/ QH
�;Qı
.x; y/CO.N.1_ Qı/Œ1Cjlog�j�/ (74)

with h
�;Qı
.x/ and QH

�;Qı
.x; y/ defined in (13b). Note that in order to get (74) we used that the integral in

the regime when either

x 2 Œ0; N �
jz�j
�1� or y 2

�
�2jz�j

�1=3;�2jz�j
�1=3C iN �

jz�j
�1
�

is exponentially small. Moreover, since by holomorphicity we can deform the contour bƒ to any contour,
which does not cross �1, from 0 to e3i�=41 and we can deform the contour b� as long as it does not
cross 0, (74) concludes the proof of Theorem 2.1. �

5B. Case ı < 0, jıj.N�1=2. We now explain the necessary changes in the case ı < 0. Throughout this
section we assume that E .N�3=2. Let x� be the stationary point of f defined in (41a); that is, the point
around where the main contribution to (28) comes from in the saddle point regime for ı < 0. Then, at
leading order, x� is given by 3jıj�1=2 if E� jıj3, by e� i=3E�1=3 if E� jıj3, and by �.c/e� i=3E�1=3

if E D cjıj3, for some function �.c/ > 0 for any fixed constant c > 0 independent of N;E and ı.
This regime can be treated similarly to the regime 0� ı � 1, since for jıj.N�1=2 the term ıx�1 in

the expansion of f , for jxj � 1, does not play any role in the bounds of Lemma 5.2, Lemma 5.3. Indeed,
instead of the deforming the contours � and ƒ through the leading term of the stationary point x�, we
deform � and ƒ through z� WD e� i=3E�1=3 as

� D �z� WD �1;z� [�2;z� and ƒDƒz� WDƒ1;z� [ƒ2;z� ;

where �1;z� ; �2;z� and ƒ1;z� ; ƒ2;z� are defined in (48a) and (48b), respectively. We could have made
the same choice in the case 0� ı .N�1=2, but not for the regime N�1=2� ı � 1, hence, to treat both
the regimes in the same way, in Section 5A we deformed the contours trough (45). Note that z� defined
here is not the analogue of (45), since in all cases

z� D e
� i=3E�1=3 :

The fact that E � 1 implies that jz�j � 1, hence, like in the case 0 � ı � 1, we expect that the main
contribution to (28) comes from the regime when jxj; jyj �N �, for some small 0 < � < 1=2. Hence, in
order to compute the leading term of (28) we expand f and G for large arguments as in (47a) and (47b).

The phase function f defined in (28) satisfies the properties (i), (ii) and (iv) of Lemma 5.1, but (iii)
does not hold true for ı < 0 if E� jıj3. Instead, it is easy to see that the following lemma holds true.

Lemma 5.5. Let f be the phase function defined in (28), then, as �! 0C, the function x 7! <Œf .x/� has
a unique global minimum on ƒ1;z� at x D 3jıj�1=2 if E� jıj3.

Note that, since jıj . N�1=2, by Lemma 5.5 it follows that the function x 7! <Œf .x/� is strictly
decreasing for 0� x�N�1=2.
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Proof of Theorem 2.1 for �CN�1=2 � ı < 0. Let Q� , Qƒ be defined in (52), then using that

e
�N
�
ı
s
C 1

2s2

�
. e�

N

4s2 ;

for s 2 ŒN �; jz�j� and jıj . N�1=2, Lemma 5.3 and the improved bounds in (54) of Lemma 5.2, for
b D 0; 1, we conclude the bound in the following lemma exactly as in (71) without the improvement
involving Qı.

Lemma 5.6. Let E .N�3=2, and let f be defined in (28).Then, the bound

ˇ̌̌̌Z
ƒn Qƒ

dx
Z
�n Q�

dy
e�Nf.x/CNf.y/

xayb

ˇ̌̌̌
.

8̂<̂
:
N
2�d
2 ; b D 0;

N
1�b
2 .1Cjlog.NE2=3/j/; aD 1; b � 1;

N
2�d
2 ; a > 1; b � 1;

holds for any a � 1 and b 2 N, where d WD aC b.

Then, much as in the case 0 � ı � 1, by Lemma 5.6 we conclude that the contribution to (28) of
the regime when either x 2 Qƒ or y 2 Q� is exponentially small, i.e., Lemma 5.4 holds true. Hence,
by (28), Lemma 5.6 and the expansion of G in (47b), we easily conclude Theorem 2.1 also in the regime
�CN�1=2 � ı < 0. �

6. The real case below the saddle point regime

In this section we prove Theorem 2.3. Throughout this section we always assume that <w < 0, hence
to make our notation easier we define w D�EC i� with some E > 0 and � > 0. Moreover, we always
assume that E . c.N /, with c.N / defined in (44). We are interested in estimating (34) in the transitional
regime of jzj around one. For this purpose we introduce the parameter ı D ız WD 1� jzj2. In order to
have an optimal estimate of the leading order term of (34) it is not affordable to estimate the error terms in
the expansions, for large a and � , of f , g. � ; 1; �/ and G1;N ; G2;N by absolute value. For this reason, to
compute the error terms in the expansions of f , g. � ; 0; �/; G1;N ; G2;N we use a notation O#.�/ similar
to the one introduced in (46). In order to keep track of the power of � in the expansion of G1;N and
G2;N , we define the set of functions

O#..a;�;�/�1/ WD(
h WC�Œ0;1��C!C W h.a;�;�/ D

X
˛Cˇ�1;
0�
�˛

c˛;ˇ;


a˛�
�ˇ
with jc˛;ˇ;
 j �C

˛Cˇ if jaj; ja� j; j�j � 2C

)
;

for some constant C > 0 implicit in the O#.�/ notation. The exponents ˛; ˇ are nonnegative integers.
We expand the functions f; g. � ; 1; �/; G1;N ; G2;N for large a and � arguments as

f .�/D .E � i�/�C
ı

�
C

1

2�2
CO#.��3C ı��2/;

g.a; 1; �/D .E � i�/aC
ı

a
C

1

2a2
CO.a�3C ıa�2/;

(75)
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with O#.�/ defined as in (46), and

G1;N .a; �; �; jzj/D

" X
a;ˇ�2; ˛CˇD8;

Dminf˛�1;3g

c˛;ˇ;
N
2

a˛�
�ˇ
C

X
˛;ˇ�2; ˛CˇD7;

Dminf˛�1;3g

c˛;ˇ;
N
2ı

a˛�
�ˇ

C

X
a;ˇ�2; ˛CˇD6;

Dminf˛�1;2g

c˛;ˇ;
N

a˛�
�ˇ
C

X
˛;ˇ�2;˛CˇD6

Dminf˛�1;2g

c˛;ˇ;
N
2ı2

a˛�
�ˇ

#

�
�
1CO#..a; �; �/�1/

�
; (76)

G2;N .a; �; �; z/D

" X
˛;ˇ�2; ˛CˇD6;

Dmaxf˛�1;2g

c˛;ˇ;
N
2�2

a˛�
�ˇ

C

X
˛;ˇ�2;˛CˇD5;

Dmaxf˛�1;2g

c˛;ˇ;
N
2�2ı

a˛�
�ˇ
C

X
˛;ˇD2;3; ˛CˇD5

Dmaxf˛�1;2g

c˛;ˇ;
N�
2

a˛�
�ˇ

#

�
�
1CO#..a; �; �/�1/

�
; (77)

where c˛;ˇ;
 2 R is a constant that may change term by term. To make our notation easier in (76)–(77)
we used the convention to write a common multiplicative error for all the terms, even if in principle the
constants in the series expansion of the error terms differ term by term.

In the following we deform the integration contours in (34) with the following constraints: the �
contour can be freely deformed as long as it does not cross 0 and �1, the a-contour can be deformed as
long as it goes out from zero in the region <Œa� > j=Œa�j, it ends in the region <Œa� > 0, and it does not
cross 0 and �1 along the deformation. The � -contour will not be deformed.

Specifically, we deform the a-contour in (34) to ƒD Œ0;C1/, and we can deform the �-contour to any
contour around 0 not encircling �1 (this contour is denoted by � in (78)). Moreover, since for a 2 RC

we have

je�N.E�i�/a
j D e�NEa

and since the factor e�NEa makes the integral convergent, we may pass to the limit �! 0C. Hence, for
any E > 0 we conclude that

ETrŒY CE��1 D
N

4� i

Z
�

d�
Z C1
0

da
Z 1

0

ds
�2a

�1=2
eNŒf .�/�g.a;�;�/�GN .a; �; �; z/: (78)

We split the computation of the leading order term of (78) into the cases �CN�1=2 � ı < 0 and ı � 0.

6A. Case 0 � ı � 1. In order to estimate the leading term of (78) we compute the �-integral and the
.a; �/-integral separately. In particular, we compute the .a; �/-integral first, performing the �-integral
for any fixed a, and then we compute the a-integral. Note that, since E 0 D�E is negative, the relevant
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stationary point of f .�/ is real and its leading order �� is given by

�� WD

8̂̂<̂
:̂
q

ı
E
; E� ı3;

�.c/E�1=3; E D cı3;

E�1=3; E� ı3;

(79)

for some �.c/ > 0 and any fixed constant c > 0 independent of N , E and ı. Note that ��� 1 for any
E . c.N /, 0 � ı � 1. We will show that in the regime a 2 ŒN �;C1/ the �-integral is concentrated
around 1 as long as je�NŒg.a;�;�/�g.a;1;�/�j is effective, i.e., as long as N jg.a; �; �/� g.a; 1; �/j � 1,
and that it is concentrated around 0 if N jg.a; �; �/ � g.a; 1; �/j . 1. For this purpose, using that
g.a; 1; �/D f .a/ for any a 2 C, we rewrite (78) as

ETrŒY CE��1 D
N

4� i

Z
�

d�eNf.�/�2
Z C1
0

dae�Nf.a/a
Z 1

0

d�
e�NŒg.a;�;�/�g.a;1;�/�

�1=2
GN ; (80)

where we used that by holomorphicity, we can deform the contour � as � D ��� WD �1;�� [�2;�� , with
�1;�� ; �2;�� defined in (48a) replacing z� by ��. We will show that the contribution to (80) of the integrals
in the regime when either jaj � N � or j�j � N �, for some small fixed 0 < � < 1=2, is exponentially
small. Moreover, we will show that also the � -integral is exponentially small for � very close to 0 because
of the term log � in the phase function g.a; �; �/. Hence, we define Q� , Qƒ as in (52), and I � Œ0; 1� as
I D Ia WD Œ0; N

�=2a�1�, for any a 2 Œ0;C1/.
In order to compute the leading term of (80) we first bound the integral in the regime

.a; �; �/ 2 .ƒ n Qƒ/� .Œ0; 1� n I /� .� n Q�/;

with Qƒ and Q� defined in (52), that is the regime where we expect that the main contribution comes
from, and then we use these bounds to first prove that the integral in the regime when either j�j �N �

or jaj � N � is exponentially small for any � 2 Œ0; 1�, and then prove that also the �-integral on I is
exponentially small if jaj � N �. The bounds for the �-integral over � n Q� are exactly the same as in
Lemma 5.2, since the phase function f .�/ and the �-contour are exactly the same as the complex case.
In order to estimate the integral over .a; �/ 2 .ƒ n Qƒ/� .Œ0; 1� n I /, we start with the estimate of the
� -integral over Œ0; 1� n I in Lemma 6.2 and then we will conclude the computation of the a-integral over
ŒN �;C1/ in Lemma 6.3.

Before proceeding with the bounds for large jaj; j�j, in the following lemma we state some properties
of the functions f and g. The proof of this lemma follows by elementary computations. From now on,
for simplicity, we assume that �� 0; the case � < 0 is completely analogous since the functions g and
GN in (78) depend only on �2 and jzj2.

Lemma 6.1. Let f and g be the phase functions defined in (35) and (36), respectively, then the following
properties hold true:

(i) For any � D�2=3C it 2 �1;�� , we have that

<Œf .�2=3C it /�D
2E

3
C �t �

1

2t2
CO.jt j�3C ıjt j�2/; (81)
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and

=Œf .�2=3C it /�D
2�

3
�Et �

ı

t
CO.jt j�3/: (82)

(ii) For � D 0, the function t 7! <Œf .�2=3C it /� on �1;�� is strictly increasing if t > 0 and strictly
decreasing if t < 0.

(iii) For any a 2 Œ0;C1/, we have that g.a; �; �/� g.a; �; 0/ and the function � 7! g.a; �; 0/ is strictly
decreasing on Œ0; 1�.

(iv) The function a 7! g.a; 1; �/ is strictly decreasing on Œ0; ��=2�.

Lemma 6.2. Let � > 0 be sufficiently small, I D Ia D Œ0; N �=2a�1�, 
 2 N, 
 � 1, c.N / be defined
in (44), E . c.N /, 0� ı � 1, and let g be defined as in (36). Then, for any a 2 ŒN �;C1/, we haveZ
Œ0;1�nIa

je�NŒg.a;�;�/�g.a;1;�/�j

�
C1=2
d�

. F.a/ WD

8̂<̂
:
a2N�1 ^ 1; N � � a � ı�1 ^ ��1;

a.Nı/�1 ^ 1; ı�1 _N � � a � ı��2;

.N�2/�1 ^ 1; a � .ı��1 _ 1/��1;

Ce�
1
2
N�2
�

8̂̂<̂
:̂
e�

N.ı_N�1=2/
a ; N � � a �N.ı_N�1=2/;

.a.Nı_
p
N/�1/
�1=2; N.ı_N�1=2/� a � .ı_N�1=2/��2;

.N�2/1=2�
 ; a � .ı_N�1=2/��2;

(83)

where some regimes in (83) might be empty for certain values of ı and �.

Proof. In order to estimate the integral in the l.h.s. of (83) we first compute the expansion

g.a; �; �/�g.a; 1; �/D
.1� 2ı/.1� �/� .1� �/2

a2�2
C
2�2.1� �/

�
C
.1� �/ı

a�

CO
�
1� �

a2�
C
.1� �/.ıC a�1/

a2�2
C
�2.1� �/

a�2

�
; (84)

which holds true for any � 2 Œ0; 1� n I D ŒN �=2a�1; 1�. Note that by (84) it follows that for any
.a; �/ 2 ŒN �;C1/� ŒN �=2a�1; 1�,

g.a; �; �/�g.a; 1; �/�
1� �

2

�
1

a2�2
C

ı

a�
C
�2

�

�
:

Then, by (84) it follows thatZ
Œ0;1�nI

je�NŒg.a;�;�/�g.a;1;�/�j

�
C1=2
d� .

Z 1

N�=2a�1

e
�.1��/N

2

�
1

a2�2
C ı
a�
C
�2

�

�
�
C1=2

d�: (85)

In order to bound the r.h.s. of (85) we split the computations into two cases: ı �N�1=2 and ı > N�1=2.
We first consider the case ı > N�1=2. In order to prove the bound in the r.h.s. of (83) we further split the
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computation of the � -integral into the regimes � 2 ŒN �=2a�1; 1=2� and � 2 Œ1=2; 1�. We start estimating
the integral over Œ1=2; 1� as follows:

Z 1

1=2

e
�.1��/N

2

�
1

a2�2
C ı
a�
C
�2

�

�
�
C1=2

d� .
Z 1

1=2

e
�.1��/N

2

�
1

a2
C ı
a
C�2

�
d�

.

8̂<̂
:
a2N�1 ^ 1; N � � a � ı�1 ^ ��1;

a.Nı/�1 ^ 1; N � _ ı�1 � a � ı��2;

.N�2/�1 ^ 1; a � ı��2 _ ��1:

(86)

For the integral over � 2 ŒN �=2a�1; 1=2�, instead, we bound the r.h.s. of (85) as

Z 1=2

N�=2a�1

e�
N
2

�
ı
a�
C
�2

�

�
�
C1=2

d� . e�
1
2
N�2
�

(
e�

1
2
Nıa�1.a.Nı/�1/
�1=2; N � � a � ı��2;

.N�2/1=2�
 ; a � ı��2:
(87)

Then, combining (86)–(87) we conclude the bound in (83) for ı > N�1=2. Using similar computations
for ı �N�1=2, we conclude the bound in (83). �

In the following lemma we conclude the bound for the double integral (80) in the regime .a; �/ 2
.ŒN �;C1/� .Œ0; 1� n I / using the bound in (83) as an input.

Lemma 6.3. Let � > 0 be sufficiently small, I D Œ0; N �=2a�1�, 0 � ı � 1, let c.N / be defined in (44),
E . c.N /, and let g be defined in (36). Then, for any integers ˛ � 2, 1� 
 � ˛, we haveZ
ƒn Qƒ

Z 1

Œ0;1�nI

ˇ̌̌̌
e�Ng.a;�;�/

a˛�1�
C1=2

ˇ̌̌̌
d� da.C1Ce�

1
2
N�2.N�2/1=2�
C2Ce

� 1
2
N�2.Nı_

p
N/1=2�
C3; (88)

where

C1 WD

8̂̂̂̂
<̂̂
ˆ̂̂̂:

1CjlogŒN.ı_N�1=2/��1� �j; ˛ D 2; Œı��1 _ 1���1 > ��;

..N�2/�1 ^ 1/
�
1CjlogŒN.ı_N�1=2/��1� �j

�
; ˛ D 2; Œı��1 _ 1���1 � ��;

ŒN.ı_N�1=2/�2�˛; ˛ � 3; Œı��1 _ 1���1 > ��

..N�2/�1 ^ 1/ŒN.ı_N�1=2/�2�˛; ˛ � 3; Œı��1 _ 1���1 � ��

C2 WD

8̂̂<̂
:̂
�
1CjlogŒN.ı_N�1=2/��1� �j

�
e
�NE
2�2

.ı_N�1=2/
; ˛ D 2;

Œ.ı�1 ^
p
N/�2�˛�2e

�NE
2�2

.ı_N�1=2/
; ˛ � 3; .ı�1 ^

p
N/�2 �NE;

Œ.ı�1 ^
p
N/�2�˛�2; ˛ � 3; .ı�1 ^

p
N/�2 �NE;

C3 WD

8̂<̂
:
.NE/˛�
�3=2; 
 D ˛; ˛� 1; .ı�1 ^

p
N/�2 �NE;

Œ.ı�1 ^N 1=2/�2�˛�
�3=2; 
 D ˛; ˛� 1; .ı�1 ^
p
N/�2 �NE;

.Nı_
p
N/3=2C
�˛; 
 � ˛� 2:



136 GIORGIO CIPOLLONI, LÁSZLÓ ERDŐS AND DOMINIK SCHRÖDER

Proof. First, we add and subtractNg.a; 1; �/DNf .a/ to the phase function in the exponent and conclude,
by Lemma 6.2, thatZ C1

N�

Z 1

Œ0;1�nI

ˇ̌̌̌
e�Ng.a;�;�/

a˛�1�
C1=2

ˇ̌̌̌
d� da .

Z C1
N�

je�Ng.a;1;�/j �F.a/

a˛�1
da; (89)

with F.a/ defined in (83). In the rest of the proof we often use that NE�� . 1 by the definition of ��
in (79), which implies eNE�� . 1. We split the computation of the integral in the r.h.s. of (89) as the sum
of the integrals over ŒN �; ��� and Œ��;C1/. From now on we consider only the case ı > N�1=2, since
the case ı �N�1=2 is completely analogous. In the regime ı > N�1=2 we have

E . c.N /D ı�1N�2 . ı3;

therefore
�� �

p

ıE�1

from (79).
Then, using the expansion for large a-argument of g.a; 1; �/D f .a/ in (75), we start estimating the

integral over ŒN �;C1/ as follows:

eNE��
Z ��

N�

e
�N
�
ı
a
C 1

2a2

�
F.a/

a˛�1
da

.�.ı��2� ��/e�
1
2
N�2.N�2/1=2�
 �

(
1Cjlog.Nı��1� /j; ˛D 2;

.ı�1�2/˛�2; ˛� 3;

Ce�
1
2
N�2
�

8̂<̂
:
N 1=2�
ı2�˛�2˛�2
�3; 
 D˛;˛�1;ı��2� ��;

.Nı/1=2�
�
3=2C
�˛
� ; 
 D˛;˛�1;ı��2� ��;

.Nı/2�˛; 
 �˛�2;

C

8̂̂̂̂
<̂
ˆ̂̂:
1Cjlog.Nı��1� /j; ˛D 2; Œı��1_1���1>��;

..N�2/�1^1/.1Cjlog.Nı��1� /j/; ˛D 2; Œı��1_1���1� ��;

.Nı/2�˛; ˛� 3Œı��1_1���1>��;

..N�2/�1^1/.Nı/2�˛ ˛� 3Œı��1_1���1� ��:

(90)

To conclude the proof we are left with the estimate of the a-integral on Œ��;C1/. In this regime we
bound the r.h.s. of (89) as follows:

eNE��
Z C1
��

e�NEaF.a/

a˛�1
da

. e�
1
2
N�2.N�2/1=2�
 �

8̂̂̂̂
<̂
ˆ̂̂:
.1Cjlog.NE��/j/ e�NEı�

�2=2; ˛ D 2;

e�NEı�
�2

.ı�1�2/˛�2; ˛ � 3; ı�1�2 �NE ^ ��1� ;

.ı�1�2/˛�2; ˛ � 3; NE � ı�1�2 � ��1� ;

�2�˛� ; ˛ � 3; ı�1�2 � ��1� ;
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C�.�� � ı�
�2/e�

1
2
N�2.Nı/1=2�
 �

8̂<̂
:
.NE/˛�
�3=2; 
 D ˛; ˛� 1; ı�1�2 �NE;

.ı�1�2/˛�
�3=2; 
 D ˛; ˛� 1; ı�1�2 �NE;

�
3=2C
�˛
� ; 
 � ˛� 2;

C

8̂̂̂̂
<̂
ˆ̂̂:
1Cjlog.Nı��1� /j; ˛ D 2; Œı��1 _ 1���1 > ��;

..N�2/�1 ^ 1/.1Cjlog.Nı��1� /j/; ˛ D 2; Œı��1 _ 1���1 � ��;

.��/
2�˛; ˛ � 3 Œı��1 _ 1���1 > ��;

..N�2/�1 ^ 1/.��/
2�˛; ˛ � 3 Œı��1 _ 1���1 > ��:

(91)

Finally, combining (90) and (91) we conclude the bound in (88). �

In order to conclude the estimate of the leading order term of (80), in the following lemma, using
the bounds in Lemma 5.2 for the �-integral and the ones in Lemma 6.3 for the .a; �/-integral, we prove
that the contribution to (80) in the regime when either a 2 Œ0; N �� or � 2 Q� and in the regime � 2 I is
exponentially small.

Lemma 6.4. Let c.N / be defined in (44), 0 � ı � 1, I D Ia D Œ0; N �=2a�1�, and let f , g and GN be
defined in (35)–(37), then, for any E . c.N /, we have thatˇ̌̌̌�Z

�

d�
Z
ƒ

da
Z 1

0

d��
Z
�n Q�

d�
Z
ƒn Qƒ

da
Z
Œ0;1�nI

d�
��
eNŒf .�/�g.a;�;�/�

a�2

�1=2
GN .a;�;�;z/

�ˇ̌̌̌
.
N 5=2C5�.N 1=2CNı/

E1=2
e�

1
2
N 1�2� : (92)

Proof. We split the proof into three parts, we first prove that the contribution to (80) in the regime
a 2 QƒD Œ0; N �� is exponentially small uniformly in � 2 Œ0; 1� and � 2 � , then we prove that for a �N �

the contribution to (80) in the regime � 2 I is exponentially small uniformly in � 2 � , and finally we
conclude that also the contribution for � 2 Q� is negligible.

Note that for any a 2 Œ0;C1/, � 2 Œ0; 1� we have that the map � 7! g.a; �; 0/ is strictly decreasing
by (iii) of Lemma 6.1, hence, using that g.a; �; �/� g.a; �; 0/ and (ii)–(iv) of Lemma 6.1, it follows that

sup
�2 Q�

jeNf.�/jC sup
a2 Qƒ

je�Ng.a;�;�/j � sup
�2 Q�

jeNf.�/jC sup
a2 Qƒ

je�Ng.a;1;0/j. e�Nf.N
�/; (93)

with

f .N �/D
ı

N �
C

1

2N 2�
CO.N�3�C ıN�2�/: (94)

In order to estimate the regime a 2 Qƒ, we split the computation into two cases: .a; �/ 2 Qƒ � Q� and
.a; �/2 Qƒ�.� n Q�/. Then, by (93)–(94) it follows that the integral in the regime .a; �; �/2 Qƒ�Œ0; 1�� Q� is
bounded byN 2�e�N

1�2�=2. Note that in the regime .a; �; �/2 Qƒ�Œ0; 1��.�n Q�/we have j�j�N �. Hence,
by the explicit form of G1;N ; G2;N in (37), using the bound in (93) for e�Ng.a;�;�/, that j�j �N � and so
Lemma 5.2 to bound the regime � n Q� , we conclude that the integral over .a; �; �/ 2 Qƒ� Œ0; 1�� .� n Q�/
is bounded by N 3C�.N 1=2C .Nı//e�N

1�2�=2.
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Next, we consider the integral over .a; �; �/ 2 .ƒ n Qƒ/� Œ0; N �=2a�1��� . Note that in this regime
a �N �. Since g.a; �; �/� g.a; �; 0/ and � 7! g.a; �; 0/ is strictly decreasing by (iii) of Lemma 6.1, we
have that

e�Ng.a;�;�/ � e�Ng.a;N
�=2a�1;0/; (95)

where

g.a;N �=2a�1; �/DEaC
ı

N �=2
C

1

N �
CO.N�3�=2C ıN��/: (96)

Additionally, using the explicit expression of GN in (37), the bound (93) on eNf.�/ for the regime � 2 Q� ,
and Lemma 5.2 for � 2 � n Q� , we getˇ̌̌̌Z

�

d�GN .a; �; �; z/�2eNf.�/
ˇ̌̌̌
. C.N; �; a; �/; (97)

where

C.a; �/D C.N; �; a; �/ WD .N 1=2
CNı/

�
N 2�2CN 2� C

N 2

a
C
N 2

a2�

�
:

Thus, using (97) and the explicit form of g.a; �; �/ in (36), for � 2 Œ0; N �=2a�1� we haveˇ̌̌̌
a

�1=2
e�Ng.a;�;�/

Z
�

d�GN .a; �; �; z/�2eNf.�/
ˇ̌̌̌
. C.a; �/e�.N�2/g.a;�;�/

a3�

�1=2.1C 2aC a2�/

. C.a; �/a2�1=2e�.N�2/g.a;�;0/e�
.N�2/�2a2

1C2aCa2�

. C.a; �/a2�1=2e�
1
2
N 1�2�e

�NEa� .N�2/�
2a2

1C2aCa2� : (98)

Hence, integrating (98) with respect to .a; �/, and using that in the regime � 2 Œ0; N �=2a�1�,

N��=2a .
a2

1C 2aC a2�
. a;

we conclude that the integral over .a; �; �/ 2 .ƒ n Qƒ/� Œ0; N �=2a�1��� is bounded by

N 5=2C5�.N 1=2
CNı/E�1=2e�N

1�2�

:

Finally, in order to conclude the bound in (92), we are left with the estimate of the integral over .a; �; �/2
.ƒn Qƒ/� ŒN �=2a�1; 1�� Q� . In this regime, using the bound in (93) on eNf.�/ for � 2 Q� , and Lemma 6.3
to estimate the integral over .a; �/2 .ƒn Qƒ/� ŒN �=2a�1; 1�, we get the bound N 5=2C�E�1=2e�N

1�2�=2.
This concludes the proof of (92). �

Proof of Theorem 2.3 in the case ı � 0. Using Lemma 6.4 we remove the regime a �N �, j�j �N � or
� 2 Œ0; N �=2a�1� in (80). Then, using the expansion for G1;N and G2;N in (76)–(77) in the remaining
regime of (80), combining Lemmas 5.2 and 6.3 we conclude Theorem 2.3. �
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6B. Case �CN�1=2 � ı < 0. Now we summarize the necessary changes for the case ı < 0. As in
the case 0 � ı � 1, throughout this section we assume that E 0 < 0 in (35)–(36), i.e., E 0 D �E with
0�E .N�3=2.

Let x� be the real stationary point of f , i.e., x� at leading order is given by

x� �

8̂<̂
:
3jıj�1=2 if E� jıj3;

�.c/E�1=3 if E D cjıj3;

E�1=3 if E� jıj3;

for some function �.c/ > 0 and any fixed constant c > 0 independent of N , E, and ı. As in the
complex case, we can treat the regime 0 < �ı . N�1=2 similarly to the regime 0 � ı . N�1=2, since
for jıj . N�1=2 the only ı-dependent terms, i.e., the term ıa�1 in the expansion of g.a; 1; �/D f .a/
in (75) and the term .1� �/ı.a�/�1 in the expansion of g.a; �; �/�g.a; 1; �/, do not play any role in the
estimates of the .a; �/ integral in the regime a�N �, � 2 ŒN �=2a�1; 1�. Note that this is also the case for
0� ı �N�1=2, when the estimates (83) and (88) were derived. For this reason, unlike the case 0� ı � 1,
in the present case, ı < 0, jıj . N�1=2 and E . c.N /, we do not deform the �-contour through the
leading order of the saddle x�, but we always deform it as � D ��� WD �1;�� [�2;�� , where �� WDE�1=3,
with �1;�� ; �2;�� defined in (48a) replacing z� by ��. Note that we could have done the same choice in the
case 0� ı .N�1=2, but not for the regime N�1=2� ı � 1, hence, in order to treat the regime 0� ı � 1
in the same way for any ı, in Section 6A we deformed the contour � through (79). For any E . c.N /
and 0 <�ı .N�1=2 we have ��� 1, hence we prove that the main contribution to (80) comes from the
regime when a; j�j �N �. Moreover, similarly to the case 0� ı � 1, the contribution to (80) in the regime
.a; �; �/ 2 .ƒ n Qƒ/� Œ0; N �=2a�1�� .� n Q�/ will be exponentially small. Hence, in order to estimate the
leading order of (80), we expand f , g. � ; 1; �/ and GN for large a and j�j arguments as in (75)–(77).

The phase functions f and g, defined in (35) and (36), respectively, satisfy the properties (i) and (ii) of
Lemma 6.1, but not the ones in (iii) and (iv). Instead, it is easy to see that the following lemma holds true.

Lemma 6.5. Let f and g be the phase functions defined in (35) and (36), respectively. Then, the following
properties hold true:

(iii’) For any a 2 Œ0;C1/, we have that g.a; �; �/� g.a; �; 0/ and that

e�Ng.a;�;0/ . e�Ng.a;�0;0/;

for any fixed �0 2 Œ0; 1� and any � 2 Œ0; �0�.

(iv’) The function a 7! g.a; 1; 0/ is strictly decreasing on Œ0; jıj�1=2�.

Since jıj.N�1=2, by (iv’) of Lemma 6.5 it clearly follows that the function a 7! g.a; 1; �/ is strictly
decreasing on Œ0; N ��. Note that for jıj.N�1=2 we have

e
�N.1��/

�
1

a2�2
C ı
a�

�
. e�

.1��/N

2a2�2 ; e
�N
�
ı
a
C 1

2a2

�
. e�

N

4a2 ; (99)

for any a 2 ŒN �;C1/ and � 2 ŒN �=2a�1; 1�. Using (99), inspecting the proofs of (83) and (88) in
Lemma 6.2 and Lemma 6.3, respectively, and noticing that in the regime 0� ı �N�1=2 the sign of ı did
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not play any role we conclude that the bounds (83), (88) hold true for the case ı < 0, jıj . N�1=2 as
well. Then, much as in the case 0� ı � 1, by (i)–(ii) of Lemma 6.1 and (iii’)–(iv’) of Lemma 6.5, using
the bound in (88) to estimate the .a; �/-integral in the regime .a; �/ 2 ŒN �;C1/� ŒN �=2a�1; 1� and the
ones in Lemma 5.2 to estimate the �-integral in the regime j�j �N � we conclude that the contribution
to (80) in the regime when either a 2 Œ0; N �� or j�j �N � and in the regime Œ0; N �=2a�1� is exponentially
small, i.e., Lemma 6.4 holds true once ı is replaced by jıj everywhere.

Proof of Theorem 2.3 in the case �CN�1=2 � ı < 0. By combining (88), Lemmas 5.2 and 6.4, using the
expansion ofGN in (76)–(77), we conclude the proof of Theorem 2.3 also in the case�CN�1=2�ı<0. �

Appendix A. Superbosonization formula for meromorphic functions

The superbosonization formulas [Littelmann et al. 2008, Eq. (1.10) and (1.13)] (see also [Alldridge and
Shaikh 2014, Corollary 2.6] for more precise conditions) are stated under the condition that

F.ˆ�ˆ/D F

�
hs; si hs; �i

h�; si h�; �i

�
;

viewed as a function of four independent variables, is holomorphic and decays faster than any inverse
power at realC1 in the hs; si variable (for definiteness, we discuss the complex case; the argument for the
real case is analogous). Our function F defined in (26) has a pole at hs; siD iN and h�; �iD iN using the
definitions (20)–(21) after expanding the inverse of the matrix 1C i

N
ˆ�ˆ in the Grassmannian variables

but this pole is far away from the integration domain on both sides of (22). We now outline a standard
approximation procedure to verify the superbosonization formula for such meromorphic functions; for
simplicity we consider only our concrete function from (26).

In the first step notice that the integration at infinity on the noncompact domain for the boson-boson
variable is absolutely convergent on both sides as guaranteed by the exp.iw STrˆ�ˆ/ regularization,
since =w > 0.

Second, in the l.h.s. of (22) using Taylor expansions, we expand F into a finite polynomial in the
Grassmannian variables with meromorphic coefficient functions in the variable hs; si. Algebraically, we
perform exactly the same expansion in the r.h.s. of (22). For the fermionic variables �; � these expansions
naturally terminate after finitely many terms. From (28) it is clear that only the geometric expansion

.1Cy/�1 D 1�yCy2� � � �

may result in an infinite power series instead of a finite polynomial. However, owing to the contour
integral in y and that the integrand has a pole of at most finite order (�N ) at zero, we may replace this
power series with its finite truncation without changing the value of the r.h.s. of (22). We choose the order
of truncation sufficiently large that the remaining formula contains all nonzero terms on both sides. We
denote this new truncated function by QF .

Now we are in the situation where on both sides of (22), with QF replacing F , we have the same finite
polynomial in the variables hs; �i; h�; si and h�; �i in the l.h.s. as in the variables �; �; y in the r.h.s.,
with coefficients that are meromorphic in hs; si, resp. in x. All coefficient functions hk.x/ are analytic in
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a neighborhood of the positive real axis (their possible pole is at �1) and they have an exponential decay
� exp .�.=w/hs; si/ in the l.h.s., resp. exp .�.=w/x/ in the r.h.s., at infinity from the regularization
observed in the first step.

Finally, in the third step, dropping the k index temporarily, we write each coefficient function as h.x/D
g.x/e�˛x with ˛ D 1

2
=w. For any given � > 0 we approximate g.x/ via classical (rescaled) Laguerre

polynomials pn.x/ of degree n with weight function e�˛x such that
R1
0 jg.x/�pn.x/j

2e�˛x dx� .�˛/2,
where n depends on � and =w. By completeness of the Laguerre polynomials in L2.RC; e�˛x dx/ and
by
R
jg.x/j2e�˛x dx D

R
jh.x/j2e˛x dx <1 such an approximating polynomial exists. Therefore, with

a Schwarz inequality, we haveZ 1
0

jh.x/�pn.x/e
�˛x
j dx D

Z 1
0

jg.x/�pn.x/je
�˛x dx � �:

Since there are only finitely many coefficient functions h.x/ D hk.x/ in QF , we can replace each of
them with an entire function (namely with a polynomial times e�˛x) with at most an � error in the r.h.s.
of (22). The same estimates hold on the r.h.s. But for these replacements the superbosonization formula
[Littelmann et al. 2008, Eq. (1.10)] is applicable since the new functions are entire. The error is at most �
on both sides, but this argument is valid for arbitrary � > 0. This proves the superbosonization formula
for the function (26).

Appendix B. Explicit formulas for the real symmetric integral representation

Here we collect the explicit formulas for the polynomials of a; �; � in the definition of GN in (34).

p2;0;0 WD a
4�2C 2a3�� C 4a3� � a2�2� C 4a2�2C 8a2�C 2a2�

C 4a2C 2a�3C 8a�2C 10a�C 4aC �4C 4�3C 6�2C 4�C 1;

p1;0;0 WD �a
4��2C a4�2� 2a3�2� � 2a3�� C 4a3� � a2�3� � 3a2�2�

� 2a2�� C 4a2�C 2a2� C 4a2C 2a�2C 6a�C 4aC �3C 3�2C 3�C 1;

p2;2;0 WD 4.aC 1/.a
2� C a�� C 2a� C �2C 2�C 1/;

p1;2;0 WD 4.aC 1/.a
2� C a�� C 2a� C �C 1/;

p2;0;1 WD 2.a
3�2C 2a2�� C 4a2� C 2a�2C 2a�� C 4a�C 3a� C 2aC �3C 4�2C 5�C 2/;

p1;0;1 WD 2.a
3�2C 2a2�� C 4a2� C a�2� C 3a�� C 2a�C 3a� C 2aC �2C 3�C 2/;

p2;2;1 WD 4.aC 1/.aC �C 2/;

p2;0;2 WD a
2� C 2a�C 4aC �2C 4�C 4:

Appendix C. Comparison with the contour-integral derivation

In [Ben Arous and Péché 2005] the correlation kernel of .X�z/.X�z/� for complex Ginibre matrices X
has been derived using contour-integral methods. Earlier, the joint eigenvalue density for the general
Laguerre ensemble had been obtained in the physics literature [Guhr and Wettig 1996; Jackson et al.
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Figure 7. Plot of the 1-point function K.�; �/D ��1=q0.�/ in the complex case with
jzjD1. The dotted and dashed lines show the large � and small � asymptotes, respectively.

1996] via supersymmetric methods; see also [Verbaarschot and Zahed 1993] with orthogonal polynomials.
Adapting [Ben Arous and Péché 2005] to our scaling, and choosing yi D˙1, it follows from [Ben Arous
and Péché 2005, Theorem 7.1] that for jzj D 1 the rescaled kernel KN .N�3=2�;N�3=2�/ is given by

N 3

i�

Z
�

dx
Z



dyKB.2N 1=4x
p
�; 2N 1=4y

p
�/eN.h.y/�h.x//.1�

1

1� x2
1

1�y2
/xy;

KB.x; y/ WD
xI1.x/I0.y/�yI0.x/I1.y/

x2�y2
; h.x/D x2C log.1� x2/D�

x4

2
CO.x5/;

(100)

where I0; I1 are the modified Bessel function of 0-th and 1-st kind. The contour � is any contour
encircling Œ�1; 1� in a counterclockwise direction (in contradiction to the contours depicted in [Ben Arous
and Péché 2005, Figure 8.1]) and the contour 
 is composed of two straight half-lines Œ0; i1/ and
Œ0;�i1/. The main contribution in (100) comes from the jxj . N�1=4 and jyj . N�1=4 regime
which motivates the change of variables x 7! N�1=4x; y 7! N�1=4y. Together with the expansion of
1� .1� x2/�1.1�y2/�1 D�x2�y2CO.x4Cy4/ it follows that

KN .N
�3=2�;N�3=2�/�N 3=2K.�;�/;

where
K.�;�/ WD

i
�

Z
� 0

dx
Z



dyKB.2x
p
�; 2y

p
�/ex

4=2�y4=2xy.x2Cy2/

and � 0 consists of four straight half-lines .ei�=41; 0�, Œ0; e3i�=41/, .e5i�=41; 0�, Œ0; e7i�=41/.
We now compare the limiting 1-point function K.�; �/ with the asymptotic expansion we derived in

Theorem 2.1, which in the case jzj D 1, i.e., ı D 0, simplifies to

q0.�/D
�1=3

2� i

Z
dx
I

dye�
2=3.�yC1=.2y2/Cx�1=.2x2//

�
1

x3
C

1

x2y
C

1

xy2

�
:

The resulting 1-point function, given by ��1=q0.�/, coincides precisely with K.�; �/ and is plotted in
Figure 7.
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NEW CRITICAL EXPONENT INEQUALITIES FOR PERCOLATION AND
THE RANDOM CLUSTER MODEL

TOM HUTCHCROFT

We apply a variation on the methods of Duminil-Copin, Raoufi, and Tassion (Ann. of Math. (2) 189:1
(2019), 75–99) to establish a new differential inequality applying to both Bernoulli percolation and the
Fortuin–Kasteleyn random cluster model. This differential inequality has a similar form to that derived for
Bernoulli percolation by Menshikov (Dokl. Akad. Nauk 288:6 (1986), 1308–1311) but with the important
difference that it describes the distribution of the volume of a cluster rather than of its radius. We apply
this differential inequality to prove the following:

(1) The critical exponent inequalities γ ≤ δ− 1 and 1 ≤ γ + 1 hold for percolation and the random
cluster model on any transitive graph. These inequalities are new even in the context of Bernoulli
percolation on Zd , and are saturated in mean-field for Bernoulli percolation and for the random
cluster model with q ∈ [1, 2).

(2) The volume of a cluster has an exponential tail in the entire subcritical phase of the random cluster
model on any transitive graph. This proof also applies to infinite-range models, where the result is
new even in the Euclidean setting.

1. Introduction

Differential inequalities play a central role in the rigorous study of percolation and other random media.
Indeed, one of the most important theorems in the theory of Bernoulli percolation is that the phase
transition is sharp, meaning (in one precise formulation) that the radius of the cluster of the origin has an
exponential tail throughout the entire subcritical phase. This theorem was first proven in independent
works of Menshikov [1986] and Aizenman and Barsky [1987]. While these two proofs were rather
different, they both relied crucially on differential inequalities: In Menshikov’s case this differential
inequality was

d
dp

log Pp(R ≥ n)≥
1
p

[
n∑n

m=0 Pp(R ≥ m)
− 1

]
for each n ≥ 1, (1-1)

where R denotes the radius of the cluster of the origin, while for Aizenman and Barsky the relevant
differential inequalities were

M ≤ h
∂M
∂h
+M2

+ pM
∂M
∂p

and
∂M
∂p
≤ d M

∂M
∂h

, (1-2)

where we write |K | for the volume of the cluster of the origin, write M = Mp,h for the magnetization
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M = Ep[1− e−h|K |
], and write d for the degree of the graph. An alternative, simpler proof of sharpness

for percolation, which also relies on differential inequalities, was subsequently found by Duminil-Copin
and Tassion [2016]. Aside from their use to establish sharpness, the differential inequalities (1-1) and (1-2)
also yield further quantitative information about percolation at and near criticality. In particular, both
inequalities can be used to derive bounds on critical exponents associated to percolation; this is discussed
further in Section 1A and reviewed in detail in [Grimmett 1999]. Similar methods have also yielded
similar results for the Ising model [Aizenman et al. 1987; Duminil-Copin and Tassion 2016].

Aside from percolation and the Ising model, the class of models that were rigorously proven to undergo
sharp phase transitions was, until recently, very limited. In particular, the derivations of both (1-1) and (1-2)
rely heavily on the van den Berg–Kesten (BK) inequality [1985], and are therefore rather specific to
Bernoulli percolation. This situation has now improved drastically following the breakthrough work of
Duminil-Copin, Raoufi, and Tassion [Duminil-Copin et al. 2019b], who showed that the theory of random-
ized algorithms can often be used to prove sharpness of the phase transition in models satisfying the FKG
lattice condition. They first applied this new methodology to prove that a differential inequality essentially
equivalent to that of Menshikov (1-1) holds for the Fortuin–Kasteleyn random-cluster model (with q ≥ 1),
from which they deduced sharpness of the phase transition for this model and the ferromagnetic Potts model.
Variations on their methods have subsequently been used to prove sharpness results for several other models,
including Voronoi percolation [Duminil-Copin et al. 2019a], Poisson-Boolean percolation [Duminil-Copin
et al. 2018], the Widom-Rowlinson model [Dereudre and Houdebert 2018], level sets of smooth planar
Gaussian fields [Muirhead and Vanneuville 2020], and the contact process [Beekenkamp 2018].

The main new technical tool introduced by [Duminil-Copin et al. 2019b] was a generalization of the
OSSS inequality from product measures to monotonic measures. This inequality, introduced by O’Donnell,
Saks, Schramm, and Servedio [O’Donnell et al. 2005], can be used to derive differential inequalities for
percolation in the following way: Let A be an increasing event depending on at most finitely many edges,
and suppose that we have an algorithm for computing whether or not A occurs. This algorithm decides
sequentially which edges to reveal the status of, with decisions depending on what it has previously seen
and possibly also some external randomness, stopping when it has determined whether or not A has
occurred. For each edge e, let δe be the revealment of e, defined to be the probability that the status of the
edge e is ever queried by the algorithm. Then the OSSS inequality implies that

d
dp

log Pp(A)≥
1− Pp(A)

p(1− p)maxe∈E δe
. (1-3)

In particular, if Pp(A) is not too large and there exists a randomized algorithm determining whether or
not A holds with low maximum revealment, then the logarithmic derivative of Pp(A) is large. This yields
an extremely flexible methodology for deriving differential inequalities for percolation. Even greater
flexibility is provided by the two-function version of the OSSS inequality, which implies in particular that
if A and B are events, where A is increasing and we have some randomized algorithm that determines
whether or not B occurs, then

d
dp

log Pp(A)≥
Pp(B | A)−Pp(B)
p(1− p)maxe∈E δe

. (1-4)
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The new differential inequality. In this article, we apply the OSSS inequality to establish a new differential
inequality for percolation and the random cluster model. Once we establish this inequality, we use it to
prove several other new results for these models which are detailed in the following subsections. Our
new inequality is similar to Menshikov’s inequality (1-1) but describes the distribution of the volume of a
cluster rather than of its radius. In the case of percolation on a transitive graph, we obtain in particular that

d
dp

log Pp(|K | ≥ n)≥
1

2p(1− p)

[
(1− e−λ)n

λ
∑dn/λe

m=1 Pp(|K | ≥ m)
− 1

]
(1-5)

for each n ≥ 0, λ > 0, and 0 ≤ p < 1, where K is the cluster of some vertex v and |K | is the number
of vertices it contains. We will typically apply this inequality with λ= 1, but the freedom to change λ
is sometimes useful for optimizing constants.

We derive (1-5) by introducing a ghost field as in [Aizenman and Barsky 1987], i.e., an independent
Bernoulli process G on the vertices of G such that G(v)= 1 with probability 1− e−λ/n for each vertex v
of G. We call vertices with G(v)= 1 green. We then apply the two-function OSSS inequality where A
is the event that |K | ≥ n and B is the event that K includes a green vertex, and our algorithm simply
examines the ghost field at every site and then explores the cluster of each green vertex it discovers. In
particular, this algorithm has the property that the revealment of an edge is equal to the magnetization up
to a factor of 2; see (3-2).

In the remainder of the introduction we describe consequences of the differential inequality (1-5) and
of its generalization to the random cluster model.

1A. Critical exponent inequalities for percolation. In this section we discuss the applications of our
differential inequality (1-5) to rigorously establish inequalities between critical exponents in percolation.
We first recall the definition of Bernoulli bond percolation, referring the reader to, e.g., [Grimmett 1999] for
further background. Let G = (V, E) be a connected, locally finite, transitive graph, such as the hypercubic
lattice Zd. Here, locally finite means that every vertex has finite degree, and transitive means that for any
two vertices x and y of G, there is an automorphism of G mapping x to y. In Bernoulli bond percolation,
each edge of G is either deleted (closed) or retained (open) independently at random with retention
probability p ∈ [0, 1] to obtain a random subgraph ωp of G. The connected components of ωp are referred
to as clusters. We write Pp and Ep for probabilities and expectations taken with respect to the law of ωp.

It is expected that the behaviour of various quantities describing percolation at and near the critical
parameter

pc = inf{p ∈ [0, 1] : ωp has an infinite cluster a.s.}

are described by critical exponents. For example, it is predicted that for each d ≥ 2 there exist exponents
β, γ, δ, and 1 such that percolation on Zd satisfies

Pp(|K | =∞)≈ (p− pc)
β as p ↓ pc, Ep[|K |] ≈ (pc− p)−γ as p ↑ pc,

Ppc(|K | ≥ n)≈ n−1/δ as n ↑∞, Ep[|K |k] ≈ (pc− p)−(k−1)1+γ as p ↑ pc,

where K is the cluster of the origin and ≈ means that the ratio of the logarithms of the two sides tends to 1
in the appropriate limit. Proving the existence of and computing these critical exponents is considered to
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be a central problem in mathematical physics. While important progress has been made in two dimensions
[Kesten 1987; Smirnov and Werner 2001; Smirnov 2001; Lawler et al. 2002], in high dimensions [Hara
and Slade 1990; Aizenman and Newman 1984; Barsky and Aizenman 1991; Nguyen 1987; Fitzner and
van der Hofstad 2017], and in various classes of infinite-dimensional graphs [Schonmann 2001; 2002;
Hutchcroft 2017; 2019], the entire picture remains completely open in dimensions 3≤ d ≤ 6.

A further central prediction of the nonrigorous theory is that, if they exist, these exponents should
satisfy the scaling relations

γ = β(δ− 1) and βδ =1 (1-6)

in every dimension. (There are also two further scaling relations involving the exponents α, ν, and η,
which we have not introduced.) See [Grimmett 1999] for a heuristic derivation of these exponents for
mathematicians and, e.g., [Cardy 1996] for more physical derivations. The heuristic derivations of (1-6)
do not rely on any special features of percolation, and the scaling relations (1-6) are expected to hold for
any natural model of random media undergoing a continuous phase transition.

A rigorous proof of (1-6) remains elusive. Special cases in which progress has been made include
the two-dimensional case, where the scaling relations (1-6) were proven by Kesten [1987], and the
high-dimensional case, where it has been proven rigorously [Aizenman and Newman 1984; Hara and
Slade 1990; Nguyen 1987; Fitzner and van der Hofstad 2017] that the exponents take their mean-field
values of β = 1, γ = 1, δ = 2, and 1= 2, from which it follows that (1-6) holds. (See, e.g., [Fitzner
and van der Hofstad 2017; Slade 2006] for a detailed overview of what is known in high-dimensional
percolation.) See also [Vanneuville 2019] for related results on two-dimensional Voronoi percolation.
Aside from this, progress on the rigorous understanding of (1-6) has been limited to proving inequalities
between critical exponents. In particular, it is known that

1≤ β(δ− 1), βδ ≥ 2,
γ δ

δ− 1
≥ 2,

γ δ

δ− 1
≤1, and 2γ ≥1, (1-7)

whenever these exponents are well-defined: The first of these inequalities is due to Aizenman and Barsky
[1987], the second, third, and fourth are due to Newman [1986; 1987a; 1987b], and the fifth is due to
Aizenman and Newman [1984]. All of these inequalities are saturated when the exponents take their
mean-field values, and the fourth is expected to be an equality in every dimension. These inequalities are
complemented by the mean-field bounds

β ≤ 1, γ ≥ 1, δ ≥ 2, and 1≥ 2, (1-8)

which were first proven to hold in [Chayes and Chayes 1987], [Aizenman and Newman 1984], [Aizenman
and Barsky 1987], and [Durrett and Nguyen 1985], respectively. See [Grimmett 1999, Chapters 9 and 10]
for further details, and [Menshikov 1986; Newman 1986; 1987a; Duminil-Copin and Tassion 2016;
Duminil-Copin et al. 2019b] for alternative proofs of some of these inequalities.

Our first application of the differential inequality (1-5) is to rigorously prove two new critical exponent
inequalities, namely that

γ ≤ δ− 1 and 1≤ γ + 1. (1-9)
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Note that the inequalities of (1-9) are consistent with the conjectural scaling relations (1-6) due to the
mean-field bound β ≤ 1, and are saturated when the relevant exponents take their mean-field values. The
first of these inequalities is particularly interesting as it points in a different direction to the previously
known inequalities given in (1-7).

We will deduce (1-9) as a corollary of the following two theorems, which are derived from (1-5) and
which give more precise quantitative versions of these critical exponent inequalities. The first of these
theorems relates the distribution of the volume of a critical cluster to the distribution of the volume of
a subcritical cluster. It implies the critical exponent inequalities γ ≤ δ− 1 and 1 ≤ δ. Recall that we
write K for the cluster of some arbitrarily chosen vertex.

Theorem 1.1. Let G be an infinite, connected, locally finite transitive graph, and suppose that there exist
constants C > 0 and δ > 1 such that

Ppc(|K | ≥ n)≤ Cn−1/δ

for every n ≥ 1. Then the following hold:

(1) There exist positive constants c and C ′ such that

Pp(|K | ≥ n)≤ C ′n−1/δ exp[−c(pc− p)δn]

for every 0≤ p < pc and n ≥ 1.

(2) There exists a constant C ′′ such that

Ep[|K |k] ≤ k!
[

C ′′

pc− p

](δ−1)+(k−1)δ

for every 0≤ p < pc and k ≥ 1.

The next theorem bounds the growth of the k-th moment of the cluster volume as p ↑ pc in terms of
the growth of the first moment as p ↑ pc. It implies the critical exponent inequality 1≤ γ + 1.

Theorem 1.2. Let G be an infinite, connected, locally finite transitive graph, and suppose that there exist
constants C > 0 and γ ≥ 0 such that

Ep[|K |] ≤ C(pc− p)−γ

for every n ≥ 1 and 0≤ p < pc. Then there exists a constant C ′ such that

Ep[|K |k] ≤ k!
[

C ′

pc− p

]γ+(k−1)(γ+1)

for every 0≤ p < pc and k ≥ 1.

In light of the results of [Hutchcroft 2020], Theorem 1.1 also has the following consequence for
percolation on unimodular transitive graphs of exponential growth. Here, the growth of a transitive
graph G is defined to be gr(G)= limn→∞ |B(v, n)|1/n where v is a vertex of G and |B(v, n)| is the ball
of radius n around v. See [Hutchcroft 2019; 2020] for more on what is known concerning percolation on
such transitive graphs.
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Corollary 1.3. For every g > 1 and M <∞ there exist constants C = C(g,M) and A = A(g,M) such
that for every unimodular transitive graph G with degree at most M and gr(G)≥ g, the bound

Ep[|K |k] ≤ C(pc− p)−Ak (1-10)

holds for every 0≤ p < pc and k ≥ 1.

1B. The random cluster model. In this section we discuss generalizations and applications of (1-5) to
the random cluster model (a.k.a. FK-percolation). Since its introduction by Fortuin and Kasteleyn [1972],
the random cluster model has become recognized as the archetypal example of a dependent percolation
model, and is closely connected to the Ising and Potts models. We refer the reader to [Grimmett 2006]
for further background on the model. We expect that the results in this section will also generalize to
other models for which sharpness has been proven via the methods of [Duminil-Copin et al. 2019b].

We begin by defining the random cluster model, which we do at the natural generality of weighted
graphs. We will take a slightly unconventional approach to allow for a unified treatment of short- and
long-range models. In this paper, a weighted graph G = (G, J ) is defined to be a countable graph
G = (V, E) together with an assignment of positive coupling constants {Je : e ∈ E} such that for each
vertex of G, the sum of the coupling constants Je over all e adjacent to v is finite. A graph automorphism
of G is a weighted graph automorphism of (G, J ) if it preserves the coupling constants, and a weighted
graph is said to be transitive if for every x, y ∈ V there is an automorphism sending x to y. Note that our
weighted graphs are not required to be locally finite.

Let (G = (V, E), J ) be a weighted graph with V finite, so that
∑

e∈E Je <∞. (Since we did not
assume that G is simple, it is possible for the edge set to be infinite.) For each q > 0 and β ≥ 0, we let
the random cluster measure φG,β,q be the purely atomic probability measure on {0, 1}E defined by

φG,β,q({ω})=
1

ZG,β,q
q#clusters(ω)

∏
e∈E

(eβ Je − 1)ω(e),

where ZG,β,q is a normalizing constant. In particular, φG,β,q is supported on configurations containing at
most finitely many edges. It is easily verified that this measure is well-defined under the above hypotheses,
that is, that ZG,β,q <∞. If q = 1 and Je ≡ 1, the measure φG,β,q is simply the law of Bernoulli bond
percolation with retention probability β =− log(1− p). Similarly, if q = 1 and the coupling constants
are nonconstant then the measure φG,β,q is the law of inhomogeneous Bernoulli bond percolation.

Now suppose that G is an infinite weighted graph. For each q ≥ 1, we define the free and wired random
cluster measures φf

β,q and φw
β,q on G by taking limits along finite subgraphs of G with either free or wired

boundary conditions. Let (Vn)n≥1 be an increasing sequence of finite subsets of V with
⋃

n≥1 Vn = V.
For each n ≥ 1, we define Gn to be the subgraph of G induced by Vn and let G∗n be the graph obtained by
identifying all vertices in V \ Vn and deleting all self-loops that are created. Both Gn and G∗n inherit the
coupling constants of G in the natural way. It is shown in [Grimmett 2006, Chapter 4] that if q ≥ 1 and
β ≥ 0 then the weak limits

φf
G,β,q := w-lim

n→∞
φGn,β,q and φw

G,β,q := w-lim
n→∞

φG∗n,β,q

are well-defined and do not depend on the choice of exhaustion (Vn)n≥1 for every q ≥ 1 and n ≥ 1. (It is
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not known whether these infinite volume limits are well-defined when q < 1.) From now on we will drop
the G from our notation and write simply φf

β,q and φw
β,q . Note that φw

β,q stochastically dominates φf
β,q

for each fixed β ≥ 0 and q ≥ 1, and that for each q ≥ 1, # ∈ {w, f}, and 0≤ β1 ≤ β2, the measure φ#
β2,q

stochastically dominates φ#
β1,q .

The generalization of the differential inequality (1-5) to the random cluster model may be stated as
follows. Here

( d
dβ

)
+

denotes the lower-right Dini derivative, which we introduce properly in Section 2B.

Proposition 1.4. Let (G, J ) be an infinite transitive weighted graph, and let q ≥ 1 and # ∈ {f,w}. Then

max
e∈E

[
eβ Je − 1

Je

](
d

dβ

)
+

logφ#
β,q(|K | ≥ n)≥

1
2

[
(1− e−λ)n

λ
∑dn/λe

m=1 φ
#
β,q(|K | ≥ m)

− 1
]

(1-11)

for every β ≥ 0, λ > 0, and n ≥ 1.

Our main application of Proposition 1.4 is to establish the following sharpness result for the random
cluster model. For each # ∈ {f,w} the critical parameter β#

c is defined to be

β#
c = β

#
c (G, q)= inf

{
β ≥ 0 : φ#

G,β,q(|Kv| =∞) > 0 for some v ∈ V
}
.

We always have that βw
c ≤ β

f
c by stochastic domination. It is known that βw

c = β
f
c for the random cluster

model on Zd and other transitive amenable graphs, while it is believed that strict inequality should hold
for q > 2 in the nonamenable case [Grimmett 2006, Chapter 10]. It was shown in [Duminil-Copin et al.
2019b] that the following holds for every connected, locally finite, transitive graph, every q ≥ 1, and
every # ∈ {f,w}:

(1) If β < β#
c then there exist positive constants Cβ, cβ such that

φ#
β,q(R ≥ n)≤ Cβe−cβn

for every n ≥ 1, where R is the radius of the cluster of some fixed vertex v as measured by the graph
metric on G.

(2) There exists a constant c such that

φ#
β,q(|K | =∞)≥ c(β −β#

c )

for every β > β#
c with β −β#

c sufficiently small.

The following theorem improves this result by establishing an exponential tail for the volume rather than
the radius and also by applying to long-range models, which were not treated by [Duminil-Copin et al.
2019b]. (Note that in the case of finite-range models on Zd, the results of [Duminil-Copin et al. 2019b]
were known to imply an exponential tail on the volume by earlier conditional results [Grimmett 2006,
Section 5.6].)

Theorem 1.5. Let (G, J ) be an infinite transitive weighted graph. Let q ≥ 1 and # ∈ {f,w}. Then the
following hold.
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(1) For every 0≤ β < β#
c there exist positive constants Cβ and cβ such that

φ#
β,q(|K | ≥ n)≤ Cβe−cβn

for every n ≥ 1.

(2) The inequality

φ#
β,q(|K | =∞)≥

β −β#
c

2 maxe∈E

[
eβ Je−1

Je

]
+β −β#

c

holds for every β > β#
c .

An immediate corollary of Theorem 1.5 is that φ#
β,q [|K |] < ∞ for every β < β#

c under the same
hypotheses, which did not follow from the results of [Duminil-Copin et al. 2019b] in the case that the
graph G has exponential volume growth. This allows us to apply the method of [Hutchcroft 2016] and
the fact that φf

β,q is weakly left-continuous in β for each q ≥ 1 [Grimmett 2006, Proposition 4.28c] to
deduce the following corollary for the random cluster model on transitive graphs of exponential growth.
This adaptation has already been carried out in the case q = 2 (the FK-Ising model) by Raoufi [2018].

Corollary 1.6. Let G be a connected, locally finite, transitive graph of exponential growth and let q ≥ 1.
Then φf

βf
c,q
(|K | =∞)= 0.

Finally, we generalize Theorems 1.1 and 1.2 to the random cluster model.

Theorem 1.7. Let (G, J ) be an infinite transitive weighted graph. Let β0 > 0, q ≥ 1, and # ∈ {f,w}, and
suppose that there exist constants C > 0 and δ > 1 such that

φ#
β0,q(|K | ≥ n)≤ Cn−1/δ

for every n ≥ 1. Then the following hold:

(1) There exist positive constants c1 and C1 such that

φ#
β,q(|K | ≥ n)≤ C1n−1/δ exp[−c1(β0−β)

δn]

for every n ≥ 1 and 0≤ β < β0.

(2) There exists a positive constant c2 such that

φ#
β,q [|K |

k
] ≤ k![c2(β0−β)]

−δk+1

for every k ≥ 1 and 0≤ β < β0.

Theorem 1.8. Let (G, J ) be an infinite transitive weighted graph. Let β0 > 0, q ≥ 1, and # ∈ {f,w}, and
suppose that there exist constants C > 0 and γ ≥ 0 such that

φ#
β,q [|K |] ≤ C(β0−β)

−γ

for every n ≥ 1. Then there exists a positive constant c such that

φ#
β,q [|K |

k
] ≤ k![c(β0−β)]

−(k−1)(γ+1)−γ

for every n, k ≥ 1 and 0≤ β < β0.
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It follows from these theorems that the critical exponent inequalities γ ≤ δ−1 and 1≤ γ +1 hold for
the random cluster model whenever these exponents are well-defined, δ > 1 and q ≥ 1.

We remark that the previous literature on critical exponents for the random cluster model with q /∈ {1, 2}
seems rather limited, although the sharpness results of [Duminil-Copin et al. 2019b] imply the mean-field
bound β ≤ 1. It is also known that the exponent inequalities we derive here are sharp in mean-field for
q ∈ [1, 2), where the exponents are the same as for percolation [Bollobás et al. 1996]. Note that it is
expected that when q is large the random cluster model undergoes a discontinuous (first-order) phase
transition; see [Bollobás et al. 1996; Laanait et al. 1991; Duminil-Copin et al. 2016; Ray and Spinka
2019].

Remark 1.9. Note that our methods still yield useful bounds in the case δ ≤ 1, but the exact forms of
the inequalities will be different. For example, in Theorem 1.7 if δ = 1 one would obtain that there exist
constants C ′ and c such that

φ#
β,q(|K | ≥ n)≤ C ′n−1 exp

[
−

c(β0−β)n
− log(β0−β)

]
,

while if δ < 1 then one would simply obtain that there exist constants C ′ and c such that

φ#
β,q(|K | ≥ n)≤ C ′n−1/δ exp[−c(β0−β)n].

Such inequalities are not relevant for percolation due to the mean-field lower bound δ ≥ 2, but may be
useful for the random-cluster model. Our method also applies unproblematically to more complicated
bounds, so that one could convert, say, a critical bound of the form φ#

βc,q(|K | ≥ n)≤ Cn−1/δ logα(n+ 1)
with δ > 1 and α ∈ R into a subcritical bound of the form

φ#
β,q(|K | ≥ n)≤ C ′n−1/δ logα(n+ 1) exp

[
−

c(βc−β)
δn

(− log(βc−β))αδ

]
.

2. Background

2A. Monotonic measures. Let A be a countable set. A probability measure µ on {0, 1}A is said to be
positively associated if

µ( f (ω)g(ω))≥ µ( f (ω))µ(g(ω))

for every pair of increasing functions f, g : {0, 1}A→ R, and is said to be monotonic if

µ(ω(e)= 1 | ω|F = ξ)≥ µ(ω(e)= 1 | ω|F = ζ )

whenever F ⊂ A, e∈ A, and ξ, ζ ∈ {0, 1}F are such that ξ ≥ ζ . It follows immediately from this definition
that if µ is a monotonic measure on {0, 1}A and ν is a monotonic measure on {0, 1}B, then the product
measure µ⊗ ν is monotonic on {0, 1}AqB.

Monotonic measures are positively associated, but positively associated measures need not be mono-
tonic; see [Grimmett 2006, Chapter 2]. Indeed, it is proven in [Grimmett 2006, Theorem 2.24] that if
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A is finite and µ gives positive mass to every element of {0, 1}A then it is monotonic if and only if it
satisfies the FKG lattice condition, which states that

µ(ω1 ∨ω2)µ(ω1 ∧ω2)≥ µ(ω1)µ(ω2)

for every ω1, ω2 ∈ {0, 1}A. In particular, it follows readily from this that the random cluster measures
with q ≥ 1 on any (finite or countably infinite) weighted graph (G, J ) are monotonic.

2B. Derivative formulae. Let G = (G, J ) be a finite weighted graph. Then for every function F :
{0, 1}E → R, we have the derivative formula [Grimmett 2006, Theorem 3.12]

d
dβ
φβ,q [F(ω)] =

∑
e∈E

Je

eβ Je − 1
Covφβ,q [F(ω), ω(e)], (2-1)

where we write Covµ[X, Y ] = µ(XY )−µ(X)µ(Y ) for the covariance of two random variables X and Y
under the measure µ.

To discuss the generalization of this derivative formula to the infinite volume case, we must first
introduce Dini derivatives, referring the reader to [Kannan and Krueger 1996] for further background.
The lower-right Dini derivative of a function f : [a, b] → R is defined to be(

d
dx

)
+

f (x)= lim inf
ε↓0

f (x + ε)− f (x)
ε

for each x ∈ [a, b). Note that if f : [a, b] → R is increasing then we have that

f (b)− f (a)≥
∫ b

a

(
d

dx

)
+

f (x) dx,

so that we may use differential inequalities involving Dini derivatives in essentially the same way
that we use standard differential inequalities. (It is a theorem of Banach [Kannan and Krueger 1996,
Theorem 3.6.5] that measurable functions have measurable Dini derivatives, so that the above integral is
well-defined.) We also have the validity of the usual logarithmic derivative formula(

d
dx

)
+

log f (x)=
1

f (x)

(
d

dx

)
+

f (x).

The following proposition yields a version of (2-1) valid in the infinite-volume setting.

Proposition 2.1. Let G = (G, J ) be a weighted graph and let F : {0, 1}E → R be an increasing function,
and let # ∈ {f,w}. Then (

d
dβ

)
+

φ#
β,q [F(ω)] ≥

∑
e∈E

Je

eβ Je − 1
Covφ#

β,q
[F(ω), ω(e)] (2-2)

for every β ≥ 0.

Proof. We prove the claim in the case #= f, the case #=w being similar. Fix β0 ≥ 0 and let A be a finite
set of edges. Let (Vn)n≥1 be an exhaustion of V, let Gn be the subgraph of G induced by Vn and let En
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be the edge set of Gn . For each n ≥ 1, β ≥ 0 and q ≥ 1 we define φGn,β,β0,q,A({ω}) by

φGn,β,β0,q,A({ω})=
1
Z

q#clusters(ω)
∏

e∈A∩En

(eβ Je − 1)ω(e)
∏

e∈En\A

(eβ0 Je − 1)ω(e)

for an appropriate normalizing constant Z = Z(n, β, q, A). The usual proof of the existence of the infinite
volume random cluster measures yields that the measures φGn,β,β0,q,A converge weakly to a limiting
measure φf

β,β0,q,A as n→∞. Using the assumption that A is finite, it is straightforward to adapt the usual
proof of (2-1) to show that φf

β,β0,q,A[F(ω)] is differentiable and that

d
dβ
φf
β,β0,q,A[F(ω)] =

∑
e∈A

Je

eβ Je − 1
Covφf

β,β0,q,A
[F(ω), ω(e)]

for every function F(ω)→ R with φf
β0,q [F(ω)]<∞. On the other hand, the FKG property implies that

φf
β,q stochastically dominates φf

β,β0,q,A for every β ≥ β0, and we deduce that if F is increasing then

lim inf
β↓β0

φf
β,q [F(ω)] −φ

f
β0,q [F(ω)]

β −β0
≥ lim inf

β↓β0
sup

A

1
β −β0

[
φf
β,β0,q,A[F(ω)] −φ

f
β0,β0,q,A[F(ω)]

]
≥ sup

A
lim inf
β↓β0

1
β −β0

[
φf
β,β0,q,A[F(ω)] −φ

f
β0,β0,q,A[F(ω)]

]
= sup

A

∑
e∈A

Je

eβ Je − 1
Covφf

β0,β0,q,A
[F(ω), ω(e)]

=

∑
e∈E

Je

eβ0 Je − 1
Covφf

β0,q
[F(ω), ω(e)],

where the final equality follows by positive association. The claim follows since β0 ≥ 0 was arbitrary. �

2C. Decision trees and the OSSS inequality. Let N={1, 2, . . .}, and let E be a countable set. A decision
tree is a function T : {0, 1}E → EN from subsets of E to infinite E-valued sequences with the property
that T1(ω)= e1 for some fixed e1 ∈ E , and for each n ≥ 2 there exists a function Sn : (E×{0, 1})n−1

→ E
such that

Tn(ω)= Sn[(Ti , ω(Ti ))
n−1
i=1 ].

In other words, T is a deterministic procedure for querying the values of ω ∈ {0, 1}E, that starts by
querying the value of ω(e1) and chooses which values to query at each subsequent step as a function of
the values it has already observed.

Now let µ be a probability measure on {0, 1}E and let ω be a random variable with law µ. Given a
decision tree T and n ≥ 1 we let Fn(T ) be the σ -algebra generated by the random variables {Ti (ω) :

1≤ i ≤ n} and let F(T )=
⋃

Fn(T ). For each measurable function f : {0, 1}E → [−1, 1], we say that
T computes f if f (ω) is measurable with respect to the µ-completion of F(T ). By the martingale
convergence theorem, if f is µ-integrable this is equivalent to the statement that

µ[ f (ω) | Fn(T )] n→∞−−−→ f (ω) µ-a.s.
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For each e ∈ E , we define the revealment probability

δe(T, µ)= µ(there exists n ≥ 1 such that Tn(ω)= e).

Finally, following [O’Donnell et al. 2005], we define for each probability measure µ on {0, 1}E and each
pair of measurable functions f, g : {0, 1}E → R the quantity

CoVrµ[ f, g] = µ⊗µ[| f (ω1)− g(ω2)|] −µ[| f (ω1)− g(ω1)|],

where ω1, ω2 are drawn independently from the measure µ, so that if f and g are {0, 1}-valued then

CoVrµ[ f, g] = 2 Covµ[ f, g] = 2µ
(

f (ω)= g(ω)= 1
)
− 2µ

(
f (ω)= 1

)
µ
(
g(ω)= 1

)
. (2-3)

We are now ready to state Duminil-Copin, Raoufi, and Tassion’s generalization of the OSSS inequality to
monotonic measures [Duminil-Copin et al. 2019b].

Theorem 2.2. Let E be a finite or countably infinite set and let µ be a monotonic measure on {0, 1}E.
Then for every pair of measurable, µ-integrable functions f, g : {0, 1}E → R with f increasing and every
decision tree T computing g we have that

1
2 |CoVrµ[ f, g]| ≤

∑
e∈E

δe(T, µ)Covµ[ f, ω(e)].

Remark 2.3. In [Duminil-Copin et al. 2019b], only the special case of Theorem 2.2 in which E is finite and
f = g is stated. The version with E finite but f not necessarily equal to g follows by an easy modification
of their proof, identical to that carried out in [O’Donnell et al. 2005, Section 3.3] — note in particular
that when running this modified proof only f is required to be increasing. The restriction that E is finite
can be removed via a straightforward Martingale argument [Duminil-Copin et al. 2019b, Remark 2.4].

The statement above will be somewhat inconvenient in our analysis as the algorithm we use is naturally
described as a parallel algorithm rather than a serial algorithm. To allow for such parallelization, we
define a decision forest to be a collection of decision trees F = {T i

: i ∈ I } indexed by a countable set I.
Given a decision forest F = {T i

: i ∈ I } we let F(F) be the smallest σ -algebra containing all of the
σ -algebras F(T i ). Given a measure µ on {0, 1}E, a function f : {0, 1}E → R and a decision forest F, we
say that F computes f if f is measurable with respect to the µ-completion of the σ -algebra F(F). We
also define the revealment probability δe(F, µ) to be the probability under µ that there exist i ∈ I and
n ≥ 1 such that T i

n (ω)= e.

Corollary 2.4. Let E be a finite or countably infinite set and let µ be a monotonic measure on {0, 1}E.
Then for every pair of measurable, µ-integrable functions f, g : {0, 1}E → R with f increasing and every
decision forest F computing g we have that

1
2 |CoVrµ[ f, g]| ≤

∑
e∈E

δe(F, µ)Covµ[ f, ω(e)].

Proof. We may assume that I = {1, 2, . . .}. The claim may be deduced from Theorem 2.2 by “serializing”
the decision forest F into a decision tree T. This can be done, for example, by executing the j-th step of
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the decision tree T i at the time p j
i where pi is the i-th prime, and re-querying the first input queried by

T 1 at all times that are not prime powers. This decision tree T clearly computes the same functions as the
decision forest F and has δe(T, µ)= δe(F, µ) for every e ∈ E , so the claim follows from Theorem 2.2. �

3. Derivation of the differential inequality

Given a graph G = (V, E), a vertex v and a configuration ω ∈ {0, 1}E, we write Kv = Kv(ω) for the
cluster of v in ω.

Proposition 3.1. Let G = (V, E) be a countable graph and µ be a monotonic measure on {0, 1}E. Then

∑
e∈E

Covµ[1(|Kv| ≥ n), ω(e)] ≥

[
(1− e−λ)−µ

[
1− e−λ|Kv |/n

]
2 supu∈V µ

[
1− e−λ|Ku |/n

] ]
µ(|Kv| ≥ n) (3-1)

for every v ∈ V, n ≥ 1 and λ > 0.

Proof. Let ω ∈ {0, 1}E be a random variable with law µ. Independently of ω, let η ∈ {0, 1}V be a
random subset of V where vertices are included independently at random with inclusion probability
h = 1− e−λ/n

≤ λ/n. We refer to η as the ghost field and call vertices with η(v)= 1 green. Let P and E

denote probabilities and expectations taken with respect to the joint law of ω and η, which is monotonic.
Fix a vertex v, and let f, g : {0, 1}E∪V

→ {0, 1} be the increasing functions defined by

f (ω, η)= 1(|Kv(ω)| ≥ n) and g(ω, η)= 1(η(u)= 1 for some u ∈ Kv(ω)).

For each u ∈ V, we define T u to be a decision tree that first queries the status of η(u), halts if it
discovers that η(u)= 0, and otherwise explores the cluster of u in ω. We now define this decision tree
more formally; if the reader is satisfied with the informal description they may safely skip the rest of
this paragraph. Fix an enumeration of E and a vertex u ∈ V. Set T u

1 (ω, η)= u. If η(u)= 0, set T u
n = u

for every n ≥ 2 (i.e., halt). If η(u) = 1, we define T u
n (ω, η) for n ≥ 2 as follows. At each step of the

decision tree, we will have a set of vertices U u
n , a set of revealed open edges Ou

n , and a set of revealed
closed edges Cu

n . We initialize by setting U u
1 = u and Ou

n = Cu
n = ∅. Suppose that n ≥ 1 and that we

have computed (U u
k , Ou

k ,Cu
k , T u

k ) for k ≤ n. If every edge with at least one endpoint in U u
n is either in Ou

n

or Cu
n then we set (U u

n+1, Ou
n+1,Cu

n+1, T u
n+1)= (U

u
n , Ou

n ,Cu
n , T u

n ) (i.e., we halt). Otherwise, we set T u
n+1

to be the element of the set of edges that touch U u
n but are not in Ou

n or Cu
n that is minimal with respect

to the fixed enumeration of E . If ω(T u
n+1) = 1 we set U u

n+1 to be the union of U u
n with the endpoints

of T u
n+1, set Ou

n+1 = Ou
n ∪ {T

u
n+1} and set Cu

n+1 = Cu
n . Otherwise, ω(T u

n+1) = 0 and we set U u
n+1 = U u

n ,
set Ou

n+1 = Ou
n and set Cu

n+1 = Cu
n ∪ {T

u
n+1}.

It is easily verified that this decision tree T u satisfies

{x ∈ V ∪ E : T u
n (ω, η)= x for some n ≥ 1} =

{
{u} η(u)= 0,
{u} ∪ E(Ku(ω)) η(u)= 1,

where E(Ku(ω)) is the set of edges with at least one endpoint in Ku(ω). In particular, we clearly have
that the decision forest F = {T u

: u ∈ V } computes g.
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Since f and g are increasing and {0, 1}-valued, we may apply Corollary 2.4 and (2-3) to deduce that

CovP[ f, g] ≤
∑
e∈E

δe(F, µ)CovP[ f, ω(e)] +
∑
u∈V

δu(F, µ)CovP[ f, η(v)] =
∑
e∈E

δe(F, µ)Covµ[ f, ω(e)],

where the equality on the right follows since f (ω, η) = 1(|Kv(ω)| ≥ n) is independent of η. Now, an
edge e is revealed by F(ω, η) if and only if the cluster of at least one endpoint of e contains a green
vertex, and, writing η(A)=

∑
u∈A η(u) for each set A ⊆ V, it follows that

δe(F, µ)≤ 2 sup
u∈V

P(η(Ku)≥ 1)= 2 sup
u∈V

µ[1− e−λ|Ku |/n
] (3-2)

for every e ∈ E and hence that

CovP[ f, g] ≤ 2 sup
u∈V

µ[1− e−λ|Ku |/n
]

∑
e∈E

Covµ[ f, ω(e)]. (3-3)

To conclude, simply note that

CovP[ f, g] = P(|Kv| ≥ n, η(Kv)≥ 1)−P(η(Kv)≥ 1)µ(|Kv| ≥ n)

= µ
[
(1− e−λ|Kv |/n)1(|Kv| ≥ n)

]
−µ[1− e−λ|Kv |/n

]µ(|Kv| ≥ n)

≥ (1− e−λ)µ(|Kv| ≥ n)−µ[1− e−λ|Kv |/n
]µ(|Kv| ≥ n). (3-4)

Combining (3-3) and (3-4) and rearranging yields the desired inequality. �

Proof of Proposition 1.4. This is immediate from Propositions 2.1 and 3.1 together with the inequality
1− e−λ|Kv |/n

≤ 1∧ λ|Kv|/n, which yields the bound

φ#
β,q [1− e−λ|Kv |/n

] ≤
λ

n
φ#
β,q

[
n
λ
∧ |Kv|

]
≤
λ

n

dn/λe∑
m=1

φ#
β,q(|Kv| ≥ m). �

Taking the limit as λ ↓ 0 in Proposition 1.4 yields the following corollary.

Corollary 3.2. Let (G, J ) be an infinite transitive weighted graph, and let q ≥ 1 and # ∈ {f,w}. Then

max
e∈E

[
eβ Je − 1

Je

](
d

dβ

)
+

logφ#
β,q(|K | ≥ n)≥

1
2

[
n

φ#
β,q [|K |]

− 1
]

(3-5)

for every n ≥ 1 and β ≥ 0.

Since φ#
β,q(|K | ≥ n) is increasing in β, the following inequalities may be obtained by integrating the

differential inequalities of Proposition 1.4 and Corollary 3.2: Letting C(β)=maxe∈E [(eβ Je − 1)/Je] for
each β ≥ 0, and noting that C(β) is an increasing function of β, we have that

φ#
β,q(|K | ≥ n)≤ φ#

β0,q(|K | ≥ n) exp
[
−

(1− e−1)(β0−β)n
2C(β0)

∑n
m=1 φ

#
β0,q(|K | ≥ m)

+
β0−β

2C(β0)

]
(3-6)

and

φ#
β,q(|K | ≥ n)≤ φ#

β0,q(|K | ≥ n) exp
[
−

(β0−β)n
2C(β0)φ

#
β0,q [|K |]

+
β0−β

2C(β0)

]
(3-7)

for every n ≥ 1, 0≤ β ≤ β0, and q ≥ 1.
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4. Analysis of the differential inequality

4A. Critical exponent inequalities. In this section we apply Proposition 1.4 to prove Theorems 1.1, 1.2,
1.7 and 1.8.

Proof of Theorems 1.1 and 1.7. It suffices to prove Theorem 1.7, of which Theorem 1.1 is a special case.
Fix β0 > 0, and suppose that there exist constants C > 0 and δ > 1 such that φ#

β0,q(|K | ≥ n)≤Cn−1/δ for
every n ≥ 1. In this proof, we use � and � to denote inequalities that hold up to positive multiplicative
constants depending only on (G, J ), δ, C , and β0. Since δ > 1 we have

n∑
m=1

φ#
β0,q(|K | ≥ m)� n1−1/δ

for every n ≥ 1 and hence by (3-6) that

φ#
β1,q(|K | ≥ n)� n−1/δ exp[−c1(β0−β1)n1/δ

]

for every 0≤ β1 < β0 and n ≥ 1. This inequality may be summed over n to obtain that

φ#
β1,q [|K |] =

∑
n≥1

φ#
β1,q(|K | ≥ n)�

∑
n≥1

n−1/δ exp[−c1(β0−β1)n1/δ
] � (β0−β1)

−δ+1 (4-1)

for every 0≤ β1 < β0 and n ≥ 1. Thus, we have by (3-7) that

φ#
β,q(|K | ≥ n)� n−1/δ exp

[
−c2

(β1−β)n
(β0−β1)−δ+1

]
for every 0≤ β < β1 < β0 and n ≥ 1. Item (1) of the theorem follows by taking β1 = (β0+β)/2.

Item (2) of the theorem is a simple analytic consequence of item (1) since we have that

φ#
β,q(|K | ≥ x)= φ#

β,q(|K | ≥ dxe)� x−1/δ exp[−c2(β0−β)
δx]

for every x > 0, and consequently, letting ε = c2(β0−β)
δ and α = k− 1− 1/δ, we have that

φ#
β,q [|K |

k
] = k

∫
∞

0
xk−1φ#

β,q(|K | ≥ x) dx � k
∫
∞

x=0
xαe−εx dx

= kε−α−1
∫
∞

y=0
yαe−y dy

= k0(α+ 1)ε−α−1
≤ k!ε−α−1

= k![c2(β0−β)]
−δ(k−1)−(δ−1) (4-2)

for every k ≥ 1 and 0≤ β < β0, where we used the change of variables y = εx in the final equality on
the first line. �

Proof of Theorems 1.2 and 1.8. This proof is similar to that of Theorem 1.7. Fix β0 > 0, and suppose
that there exist constants C > 0 and γ ≥ 0 such that φ#

β,q(|K | ≥ n)≤ C(β0−β)
−γ for every 0≤ β < β0.

In this proof, we use � and � to denote inequalities that hold up to positive multiplicative constants
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depending only on (G, J ), γ , C , and β0. By (3-7) and Markov’s inequality there exist positive constants
c1 and c2 such that

φ#
β,q(|K | ≥ n)�

φ#
β1,q [|K |]

n
exp

[
−c1

n(β1−β0)

φ#
β1,q [|K |]

n
]
�

1
(β0−β)γ n

exp[−c2(β1−β0)
γ+1n]

for every 0 ≤ β < β1 < β0 and n ≥ 1. The proof may be concluded by taking β1 = (β0 + β)/2 and
performing essentially the same calculation as in (4-2). �

4B. Sharpness of the phase transition. We next apply Proposition 1.4 to prove Theorem 1.5. The proof
is very similar to that given in [Duminil-Copin et al. 2019b]. (Note that the analysis presented there
substantially simplified the original analysis of Menshikov [1986].) We include it for completeness since
our differential inequality is slightly different, and so that we can optimize the constants appearing in
item (2) of Theorem 1.5.

Proof of Theorem 1.5. We begin by defining

β̃#
c = sup

{
β ≥ 0 : there exist c,C > 0 such that φ#

β,q(|K | ≥ n)≤ Cn−c for every n ≥ 1
}

= inf
{
β ≥ 0 : lim sup

n→∞

logφ#
β,q(|K | ≥ n)

log n
≥ 0

}
.

We trivially have that β̃#
c ≤ β

#
c . Moreover, it is an immediate consequence of Theorem 1.7 that for every

0≤ β < β̃#
c there exist Cβ, cβ > 0 such that

φ#
β,q(|K | ≥ n)≤ Cβe−cβn for every n ≥ 1. (4-3)

We next claim that φ#
β,q(|K | =∞) > 0 for every β > β̃#

c . To this end, write Pn(β)= φ
#
β,q(|K | ≥ n)

and 6n(β)=
∑n−1

m=0 Pm(β) and let

Tk(β)=
1

log k

k∑
n=1

1
n
φ#
β,q(|K | ≥ n)

for each β ≥ 0 and k ≥ 2, so that limk→∞ Tk(β)= φ
#
β,q(|K | =∞) for each β ≥ 0. Let

C(β)=max
e∈E
[(eβ Je − 1)/Je]

as above. Applying Proposition 1.4 with λ= 1, we obtain that(
d

dβ

)
+

Tk(β)≥
1

2C(β) log k

k∑
n=1

[
(1− e−1)Pn(β)

6n(β)
−

Pn(β)

n

]
for every β ≥ 0 and k ≥ 2. Using the inequality

Pn

6n
≥

∫ 6n+1

6n

1
x

dx = log6n+1− log6n,
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we deduce that (
d

dβ

)
+

Tk(β)≥
(1− e−1) log6k+1(β)

2C(β) log k
−

Tk(β)

2C(β)

for every β ≥ 0 and k ≥ 1. Fixing β̃#
c < β1 < β2 and using that C(β) is increasing in β, we deduce that(

d
dβ

)
+

Tk(β)≥
(1− e−1) log6k+1(β1)

2C(β2) log k
−

Tk(β2)

2C(β1)

for every β1 ≤ β ≤ β2 and hence by definition of β̃#
c that

lim sup
k→∞

inf
β1≤β≤β2

(
d

dβ

)
+

Tk(β)≥
(1− e−1)

2C(β2)
−
φ#
β2,q(|K | =∞)

2C(β1)
.

Integrating this inequality yields that

φ#
β2,q(|K | =∞)≥ lim sup

k→∞

∫ β2

β1

(
d

dβ

)
+

Tk(β) dβ ≥
(1− e−1)(β2−β1)

2C(β2)
−
(β2−β1)

2C(β1)
φ#
β2,q(|K | =∞)

which rearranges to give that

φ#
β2,q(|K | =∞)≥

(
C(β1)

C(β2)

)
(1− e−1)(β2−β1)

2C(β1)+β2−β1
> 0. (4-4)

The claim now follows since β̃#
c < β1 < β2 were arbitrary. We deduce that β̃#

c ≥ β
#
c and hence that

β̃#
c = β

#
c , so that in particular item (1) of the theorem follows from (4-3).

It remains only to prove item (2), which amounts to improving the constants in (4-4). We apply
Proposition 1.4 again to obtain that(

d
dβ

)
+

Tk(β)≥
1

2C(β) log k

k∑
n=1

[
(1− e−λ)Pn(β)

λ6bn/λc(β)
−

Pn(β)

n

]
for each k ≥ 2, β ≥ 0, and λ > 0. Arguing in a similar way to before, we obtain that

lim sup
k→∞

inf
β1≤β≤β2

(
d

dβ

)
+

Tk(β)≥
1− e−λ

2C(β2)
−
φ#
β2,q(|K | =∞)

2C(β1)

for every β#
c < β1 ≤ β2. Sending λ→∞, it follows by elementary analysis that

φ#
β ′,q(|K | =∞)≥

∫ β ′

β#
c

1−φ#
β,q(|K | =∞)

2C(β)
dβ ≥

(β ′−β#
c )(1−φ

#
β ′,q(|K | =∞))

2C(β ′)

for every β ′ ≥ β#
c , which rearranges to give the claim. �
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MEAN-FIELD TRICRITICAL POLYMERS

ROLAND BAUERSCHMIDT AND GORDON SLADE

We provide an introductory account of a tricritical phase diagram, in the setting of a mean-field random
walk model of a polymer density transition, and clarify the nature of the density transition in this context.
We consider a continuous-time random walk model on the complete graph, in the limit as the number of
vertices N in the graph grows to infinity. The walk has a repulsive self-interaction, as well as a competing
attractive self-interaction whose strength is controlled by a parameter g. A chemical potential ν controls
the walk length. We determine the phase diagram in the (g, ν) plane, as a model of a density transition for
a single linear polymer chain. A dilute phase (walk of bounded length) is separated from a dense phase
(walk of length of order N ) by a phase boundary curve. The phase boundary is divided into two parts,
corresponding to first-order and second-order phase transitions, with the division occurring at a tricritical
point. The proof uses a supersymmetric representation for the random walk model, followed by a single
block-spin renormalisation group step to reduce the problem to a 1-dimensional integral, followed by
application of the Laplace method for an integral with a large parameter.

1. The model and results

1.1. Introduction. Models of critical phenomena such as the Ising model and percolation continue to be
of central interest in the probability literature. In such models, a single parameter (temperature for the
Ising model or occupation density for percolation) is tuned to a critical value in order to observe universal
critical behaviour. In tricritical models, it is instead necessary to tune two parameters simultaneously to
observe tricritical behaviour. Despite their importance for physical applications, tricritical phenomena
have received much less attention in the mathematical literature than critical phenomena. Our purpose in
this paper is to provide an introductory account of a tricritical phase diagram, in the setting of a mean-field
random walk model of a polymer density transition, and to clarify the nature of the density transition in
this context.

The self-avoiding walk is a starting point for the mathematical modelling of the chemical physics of
a single linear polymer chain in a solvent [de Gennes 1979]. The theory of the self-avoiding walk has
primarily been developed in the setting of an infinite lattice, often Zd. So far, this theory has failed to
provide theorems capturing the critical behaviour in dimensions d = 2, 3, such as a precise description of
the typical end-to-end distance, and such problems are rightly considered to be both highly important
and notoriously difficult. On Zd, basic quantities such as the susceptibility — the generating function∑
∞

n=0 cnzn for the number of n-step self-avoiding walks started from the origin — can be used to model
a polymer chain in the dilute phase. The susceptibility is undefined when |z| exceeds the reciprocal of

MSC2010: primary 82B27, 82B41; secondary 60K35.
Keywords: polymer model, complete graph, mean field, phase transition, tricritical point, theta point.
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ν

g

Figure 1. A typical tricritical phase diagram. The second-order curve (dashed line) and
the first-order curve (solid line) meet at the tricritical point. The shaded region is the
dilute phase (bounded susceptibility) and the unshaded region is the dense phase.

the connective constant µ= limn→∞ c1/n
n . It is however large values of z that are required to model the

dense phase, as in [Bousquet-Mélou et al. 2005; Duminil-Copin et al. 2014; Madras 1995], and some
finite-volume approximation is needed for this. Much remains to be learned about the phase transition
from the dilute to the dense phase, including its tricritical nature.

We study a mean-field model based on a continuous-time random walk on the complete graph on N
vertices, in the limit N→∞. The walk has a repulsive self-interaction which models the excluded-volume
effect of a linear polymer, as well as a competing attractive self-interaction which models the tendency
of the polymer to avoid contact with the solvent. The strength of the self-attraction is controlled by a
parameter g, with attraction increasing as g becomes more negative. A chemical potential ν controls the
walk length. We investigate the phase diagram in the (g, ν) plane R2 (positive and negative values), as a
model of a density transition for a single linear polymer chain.

In the physics literature, the nature of the phase diagram is well understood. The dilute and dense phases
are separated by a phase boundary curve ν= νc(g) as in Figure 1. The phase boundary itself is divided into
two parts: a second-order part for g > gc across which the average polymer density varies continuously,
and a first-order part for g < gc across which the density has a jump discontinuity. The two pieces of
the phase boundary are separated by the tricritical point (gc, νc(gc)), known as the theta point. Tricritical
behaviour differs from critical behaviour in the number of parameters that must be tuned. For critical
behaviour, an experimentalist needs to tune a single variable to its critical value (given g, tune to νc(g)).
For tricritical behaviour, two variables must be tuned (tune to (gc, νc(gc))). A mathematically rigorous
theory of the mean-field tricritical polymer density transition has been lacking, and our purpose here is to
provide such a theory. Our analysis could be extended to study the tricritical behaviour of n-component
spins or higher-order multicritical points. Surprisingly, the mean-field theory of the density transition
for the strictly self-avoiding walk has only very recently been developed [Deng et al. 2019; Slade 2020].

The upper critical dimension for the tricritical behaviour is predicted to be d = 3, and mean-field
tricritical behaviour is predicted for the model on Zd in dimensions d > 3. On the other hand, for the
critical behaviour associated with the second-order part of the phase boundary, the upper critical dimension
is instead d = 4.
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Nonrigorous methods were used in the physics literature to study the density transition in dimensions
2 and 3, and in particular its tricritical behaviour, in the 1980s [Duplantier 1986; 1987; Duplantier and
Saleur 1987a; 1987b]. In recent work with Lohmann, we applied a rigorous renormalisation group method
to study the 3-dimensional tricritical point [Bauerschmidt et al. 2020], and proved that the tricritical
two-point function has Gaussian |x |−1 decay for the model on Z3. In [Golowich and Imbrie 1995], the
transition across the second-order phase boundary was studied on a 4-dimensional hierarchical lattice,
where a logarithmic correction to the mean-field behaviour of the density was proved. These references
make use of an interpretation of the polymer model as the n = 0 version of an n-component spin model.
We also implement this strategy, using an exact representation of the random walk model based on
supersymmetry. After a transformation which can be regarded as a single block-spin renormalisation
group step, this representation takes on a form which permits application of the Laplace method for
integrals involving a large parameter.

In the mathematical literature, it has been more common to model the polymer collapse transition in
terms of the interacting self-avoiding walk in which a walk with a self-repulsion receives an energetic
reward for nearest-neighbour contacts. A review of the literature on this model can be found in [den
Hollander 2009, Chapter 6]; more recent papers include [Bauerschmidt et al. 2017; Hammond and
Helmuth 2019; Pétrélis and Torri 2018]. In our mean-field model set on the complete graph, there is no
geometry, and the notion of collapse (a highly localised walk) is less meaningful. We therefore concentrate
on the density transition and its tricritical behaviour.

1.2. The model.

1.2.1. Definitions. Let 3 be a finite set with N vertices; ultimately we are interested in the limit N→∞.
Let X = (X (t))t∈[0,∞) be the continuous-time simple random walk on the complete graph with vertex
set 3. This is the walk with generator 1 defined, for f :3→ R, by

(1 f )x =
1
N

∑
y∈3

( fy − fx) (x ∈3). (1-1)

Equivalently, when the walk is at x ∈ 3, it steps to a uniformly chosen vertex in 3 \ {x} after an
exponentially distributed holding time with rate 1− 1

N . The steps and holding times are all independent.
We denote expectation for X with initial point X (0)= x by Ex .

The local time of X at x up to time T is the random variable

LT,x =

∫ T

0
1X (t)=x dt (x ∈3), (1-2)

which measures the amount of time spent by the walk at x up to time T. Let LT denote the vector of all
local times. Given a function p : [0,∞)→ [0,∞) with p(0) = 1, we write pN (LT ) =

∏
x∈3 p(LT,x).

Let x, y ∈3. Assuming the integrals exist, the two-point function is

Gxy =

∫
∞

0
Ex(pN (LT )1X (T )=y) dT, (1-3)
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and the susceptibility is

χ =
∑
y∈3

Gxy =

∫
∞

0
Ex(pN (LT )) dT . (1-4)

The right-hand side is independent of x ∈3.
We define the random variable L , the length of X, by its probability density function

fL(T )=
1
χ

Ex(pN (LT )) (T ≥ 0), (1-5)

which is also independent of x ∈3. The expected value of the length is

EL =
1
χ

∫
∞

0
T Ex(pN (LT )) dT . (1-6)

The expected length can be written more compactly using a dot to represent differentiation with respect
to ε at ε = 0, when p(s) is replaced by p(s)e−εs . With this notation, since T =

∑
x∈3 LT,x ,

EL =−
1
χ
χ̇. (1-7)

Assuming the limit exists, the density of the walk is defined by

ρ = lim
N→∞

1
N

EL . (1-8)

1.2.2. Example. Although our results will be presented more generally, we are motivated by the example

p(t)= e−t3
−gt2
−νt (t ≥ 0), (1-9)

where g, ν ∈ R (we have set the coefficient of t3 to equal 1; its specific value is unimportant). For p
defined by (1-9), the two-point function becomes

Gxy(g, ν)=
∫
∞

0
Ex(e−

∑
x∈3(L

3
T,x+gL2

t,x )1X (T )=y)e−νT dT . (1-10)

The above integral is finite for all g, ν ∈ R, since by Hölder’s inequality

T =
∑
x∈3

LT,x ≤

(∑
x∈3

L3
T,x

)1/3

|3|2/3, (1-11)

and also ∑
x∈3

L2
T,x ≤ (sup

x
LT,x)

∑
x

LT,x ≤ T 2, (1-12)

so
Gxy(g, ν)≤

∫
∞

0
e−T 3

|3|−2
+|g|T 2

+|ν|T dt <∞. (1-13)
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By definition, ∑
x∈3

L2
T,x =

∫ T

0

∫ T

0
1X (s)=X (t) ds dt, (1-14)

∑
x∈3

L3
T,x =

∫ T

0

∫ T

0

∫ T

0
1X (s)=X (t)=X (u) ds dt du. (1-15)

Our interest lies in the case g < 0. In this case, walks X for which the local time has large `3-norm
are penalised by the factor e−

∑
x∈3 L3

T,x (three-body repulsion), whereas those with large `2-norm are
rewarded by the factor e+

∑
x∈3|g|L

2
T,x (two-body attraction). This is a model of a linear polymer in a

solvent. The parameter ν is a chemical potential which controls the length of the polymer. The three-body
repulsion models the excluded volume effect, and the two-body attraction models the effect of temperature
or solvent quality. The competition between attraction and repulsion, together with the variable length
mediated by the chemical potential, leads to a rich phase diagram.

1.2.3. Effective potential. The mean-field Ising model, known as the Curie–Weiss model, can be anal-
ysed in terms of the effective potential VIsing(ϕ) =

β

2ϕ
2
− log cosh(βϕ). In [Bauerschmidt et al. 2019,

Section 1.4], this effective potential was derived as the result of a single block-spin renormalisation group
step. Our approach is based on this idea.

For the mean-field polymer model with interaction p, we define the effective potential V : [0,∞)→R by

V (t)= t − log(1+ v(t)), v(t)=
∫
∞

0
p(s)e−s

√
t
s

I1(2
√

st) ds, (1-16)

with I1 the modified Bessel function of the first kind. We show in Proposition 1.1 that the integral v(t)
is finite if p is integrable. By definition, V (0)= 0.

The variable t corresponds to 1
2ϕ

2 for the Ising effective potential. It is common in tricritical theory to
encounter a triple-well potential; a double well for V (t) in our setting corresponds to a triple well as a
function of ϕ.

The effective potential occurs in integral representations of the two-point function, the susceptibility,
and the expected length. In contrast to the analysis of the mean-field Ising model in [Bauerschmidt et al.
2019, Section 1.4], the integral representations involve the notions of fermions and supersymmetry as
presented in [Bauerschmidt et al. 2019, Chapter 11]. Nevertheless, the integral representation reduces to
a 1-dimensional Lebesgue integral. For example, as noted below (3-17), the two-point function at distinct
points labelled 0, 1 has the integral representation

G01 =

∫
∞

0
e−N V (t)(N V ′(t)(1− V ′(t))+ 2V ′′(t))(1− V ′(t))t dt. (1-17)

Similarly G00, χ , and EL are represented by integrals of the form
∫
∞

0 e−N V (t)K (t) dt for suitable
kernels K. The asymptotic behaviour of such integrals, as N →∞, can be computed using the Laplace
method. This requires knowledge of the minimum structure of the effective potential V. The use of the
minimum structure to predict the phase diagram is referred to as the Landau theory (see, e.g., [Arovas
2019, Section 7.6.4] where our variable t corresponds to m2).
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We assume throughout the paper that p : [0,∞)→[0,∞) is such that eεs p(s) is a Schwartz function for
some ε > 0; this assumption is a convenience that permits direct application of the integral representation
given in Theorem 2.2. In particular, p is integrable. We also assume that p(0)= 1.

The following elementary proposition collects some basic facts about the effective potential. Weaker
assumptions on p and a stronger analyticity conclusion for V are possible, but the proposition is sufficient
for our needs as it is stated. The proposition shows that V is analytic on (0,∞) under our assumption
that p is integrable. It also shows that the derivatives of the effective potential at t = 0 can be expressed
in terms of the moments of p(s)e−s defined by

Mk =

∫
∞

0
p(s)e−sskds (k = 0, 1, . . .). (1-18)

Such derivatives appear in Definition 1.2 and Theorems 1.3–1.4 below.

Proposition 1.1. (i) If
∫
∞

0 p(s) ds <∞ then V is well-defined and analytic in t ∈ (0,∞). Moreover, if
p(s)≤ O(e−εs) for some ε > 0 then there exists δ > 0 such that V (t)≥ δt + O(1) as t→∞.

(ii) Derivatives of V at t = 0 (with the dot notation as indicated above (1-7)) are given by

V ′(0)=1−M0, V ′′(0)=M2
0−M1, V ′′′(0)=−1

2 M2+3M1 M0−2M3
0 , V̇ (0)=0, V̇ ′(0)=M1. (1-19)

Proof. (i) The modified Bessel function I1 is the entire function

I1(z)=
∞∑

k=0

1
k!(k+ 1)!

(
z
2

)2k+1

. (1-20)

Its asymptotic behaviour is I1(z)∼ z
2 as z ↓ 0 and I1(z)∼ 1/

√
2π z ez as z→∞. Thus the integral v(t)

converges when p is integrable, and V (t) is well-defined.
To prove that V is analytic on (0,∞), since t 7→

√
t is analytic, it suffices to prove that the function

w(z)= v(z2) is entire. By definition, for z ∈ C,

w(z)= z
∫
∞

0
p(s)e−ss−1/2 I1(2s1/2z) ds. (1-21)

The modified Bessel functions obey

|In(z)| ≤ In(|z|)∼
1

√
2π |z|

e|z| (1-22)

as |z| →∞ and the same asymptotics hold for their derivatives. This permits differentiation under the
integral and guarantees existence of the derivative w′(z).

For the lower bound on V, we apply the assumption p(s) ≤ O(e−εs), the bounds I1(z) ≤ O(ez) for
z≥ 1 and I1(z)≤ O(z) for z≤ 1, and the inequality 2

√
st ≤ (1+ε/2)s+(1−δ)t with 1−δ= (1+ε/2)−1.

Together, these lead to

v(t)≤ C +C
∫
∞

1
e−s−εse2

√
st ds ≤ Ce(1−δ)t

∫
∞

0
e−εs/2 ds ≤ O(e(1−δ)t), (1-23)

and hence V (t)= t − log(1+ v(t))≥ δt + O(1).
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(ii) The Taylor expansion of v(t) at t = 0 is

v(t)=
∫
∞

0
p(s)e−s

( ∞∑
k=0

1
k!(k+ 1)!

tk+1sk
)

ds =
∞∑

k=0

1
k!(k+ 1)!

Mk tk+1. (1-24)

In particular,

v(0)= 0, v′(0)= M0, v′′(0)= M1, v(k)(0)=
Mk−1

(k− 1)!
(k ≥ 1). (1-25)

Computation gives

V ′(t)= 1−
v′(t)

1+ v(t)
, V ′′(t)=−

v′′(t)
1+ v(t)

+

(
v′(t)

1+ v(t)

)2

, (1-26)

and the third derivative can be computed similarly. This leads to the statements for the derivatives of V
with respect to t .

Finally, V̇ (0) = 0 since V (0) = 0 holds also when p(s) is replaced by p(s)e−εs, and V̇ ′(0) = M1

follows from V ′(0)= 1−M0 and Ṁ0 =−M1. �

1.3. General results. In the following definition, we have in mind the situation where the effective
potential V is defined by a function p which is parametrised by two real parameters (g, ν) as in (1-9).
Different choices of parameters can correspond to different cases in the definition. For the specific example
of (1-9), plots of the phase diagram and effective potential are given in Figures 2–3. However, our results
and their proofs depend only on the qualitative features of the effective potential listed in the definition.

We say that the effective potential V has a unique global minimum V (t0) if V (t) > V (t0) for all t 6= t0,
and inft∈[0,∞):|t−t0|≥ε(V (t)− V (t0)) > 0 for all ε > 0. We say that V has global minima V (t0)= V (t1)
with t0 6= t1 if V (t) > V (t0)= V (t1) for all t 6= t0, t1, and inft∈[0,∞):|t−t0|≥ε, |t−t1|≥ε(V (t)−V (t0)) > 0 for
all ε > 0.

Definition 1.2. We define two phases, two phase boundaries, and the tricritical point, in terms of the
effective potential V as follows:

dilute phase: V ′(0) > 0, unique global minimum V (0)= 0.

second-order curve: V ′(0)= 0, V ′′(0) > 0, unique global minimum V (0)= 0.

tricritical point: V ′(0)= V ′′(0)= 0, V ′′′(0) > 0, unique global minimum V (0)= 0.

first-order curve: V ′(0) > 0, global minima V (0)= V (t0)= 0 with t0 > 0, V ′′(t0) > 0.

dense phase: unique global minimum V (t0) < 0 with t0 > 0, V ′′(t0) > 0.

In principle, there are further possibilities such as n-th-order critical points. These do not occur in our
example (1-9), so we do not consider them, but they could be handled in an analogous way.

The following two theorems give the asymptotic behaviour of the two-point function, the susceptibility,
and the expected length, in the different regions of the phase diagram. The result for the susceptibility is
a consequence of the result for the two-point function, together with the identity χ = G00+ (N − 1)G01.
As usual, the Gamma function is 0(x) =

∫
∞

0 t x−1e−t dt for x > 0. The notation f (N ) ∼ g(N ) means
limN→∞ f (N )/g(N )= 1.
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Theorem 1.3. The two-point function has the following asymptotic behaviour:

G00 ∼



1− V ′(0) (dilute phase and first-order curve),

1 (second-order curve),

1 (tricritical point),

eN |V (t0)| 1
N 1/2

√
2π

V ′′(t0)1/2
(1− V ′′(t0)) (dense phase),

(1-27)

G01 ∼



(1−V ′(0))2

V ′(0)N
(dilute phase),

1( 1
2!V
′′(0)N

)1/20(3/2) (second-order curve),

1( 1
3!V
′′′(0)N

)1/30(4/3) (tricritical point),

eN |V (t0)| 1
N 1/2

√
2π

V ′′(t0)1/2
(dense phase and first-order curve).

(1-28)

The statement of the next theorem uses the notation V̇ (t0) and V̇ ′(0). The dot notation is as discussed
above (1-7). Explicitly,

V̇ (t)=−
v̇(t)

1+ v(t)
, v̇(t)=−

∫
∞

0
p(s)e−s√st I1(2

√
st) ds, (1-29)

and, as usual, a prime denotes differentiation with respect to t .

Theorem 1.4. The susceptibility χ and expected length EL have the following asymptotic behaviour:

χ ∼



1−V ′(0)
V ′(0)

(dilute phase),

N 1/2 0(3/2)( 1
2!V
′′(0)

)1/2 (second-order curve),

N 2/3 0(4/3)( 1
3!V
′′′(0)

)1/3 (tricritical point),

eN |V (t0)|N 1/2
√

2π
V ′′(t0)1/2

(dense phase and first-order curve),

(1-30)

EL ∼



V̇ ′(0)
V ′(0)(1−V ′(0))

(dilute phase),

N 1/2 1
0(1/2)

V̇ ′(0)( 1
2!V
′′(0)

)1/2 (second-order curve),

N 2/30(2/3)
0(1/3)

1( 1
3!V
′′′(0)

)1/3 (tricritical point),

N V̇ (t0) (dense phase and first-order curve).

(1-31)

By Theorem 1.3, the two-point function remains bounded in the dilute phase, on the first- and second-
order curves, and at the tricritical point. Also, G00 is asymptotically constant in the dilute phase, on
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the second-order curve, and at the tricritical point, whereas G01 decays at different rates in the different
regions. In the dense phase, both G00 and G01 grow exponentially in N. Proposition 1.1(ii) shows that
in all cases 1− V ′(0) > 0, as is implied in particular in the dilute phase by the first asymptotic formula
for G00. The formula for G00 in the dense phase implies that V ′′(t0) < 1; we do not have an independent
general proof of that (though if t0 is smooth in (g, ν) then it is true in the vicinity of the tricritical point
where t0 = 0 and V ′′(0)= 0).

Theorem 1.4 indicates that the susceptibility χ and expected length EL each have finite infinite-volume
limits in the dilute phase. In the dense phase, χ grows exponentially with N. In the dense phase and on
the first-order curve, EL is asymptotically linear in N. On the second-order curve, χ and EL are each
of order N 1/2 (as in [Deng et al. 2019; Slade 2020] for the self-avoiding walk on the complete graph),
whereas each is of order N 2/3 at the tricritical point. The density ρ = limN→∞ N−1EL is zero except on
the first-order curve and in the dense phase, where it is equal to V̇ (t0) > 0.

The proofs of Theorems 1.3–1.4 are given in two steps. In Section 2, integral representations based on
supersymmetry are derived; these involve the effective potential. In Section 3, the Laplace method is
used to evaluate the asymptotic behaviour of the integrals.

1.4. Phase diagram for the example. For further interpretation of the phase diagram, we restrict attention
in this section to the particular example

p(t)= e−t3
−gt2
−νt , (1-32)

for which we carry out numerical calculations to determine the structure of the effective potential. The
numerical input we need is collected in Section 4.1, and we mention some of it here.

Two curves which provide bearings in the (g, ν) plane are determined by the equations V ′(0) = 0
(i.e., M0 = 1) and V ′′(0)= 0 (i.e., M1 = M2

0 ). The curves, which are plotted in Figure 2, intersect at the
tricritical point (i.e., M0 = M1 = 1), which is

gc =−3.2103..., νc = 2.0772... . (1-33)

At the tricritical point, numerical integration gives M2 = 1.4478... and V ′′′(0) = 0.2762... > 0. The
first-order curve is the solid curve in Figure 2. The second-order curve is the portion of the dashed
curve below the tricritical point. The dilute phase lies above the first- and second-order curves, and
the dense phase comprises the other side of those curves. The phase boundary is the union of the first-
and second-order curves together with the tricritical point; we regard this curve as a function νc(g)
parametrised by g.

By Theorem 1.4, there is a transition as the phase boundary g 7→ (g, νc(g)) is traversed in the direction
of decreasing g:

• On the second-order curve, χ and EL are of order N 1/2 and ρ = 0.

• At the tricritical point, χ and EL are of order N 2/3 and ρ = 0.

• On the first-order curve, χ is of order N 1/2, EL is of order N, and ρ = V̇ (t0) > 0.
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Figure 2. Phase diagram for p(t) = e−t3
−gt2
−νt. The five marked points with their

effective potentials are those shown in Figure 3.

This is a density transition, from zero to positive density. Note that, by definition, V̇ = dV/dν when p is
given by (1-32).

First-order curve. The density ρ is discontinuous when crossing the first-order curve, since its value
on the first-order curve is V̇ (t0) > 0 whereas its value in the dilute phase is zero. However, the density
is continuous at the first-order curve for the one-sided approach from the dense phase. This can be
understood from the behaviour of the effective potential: as the first-order curve is approached from the
dense phase, t0 remains bounded away from zero and V̇ (t0) does not vanish (Figure 3 (a) and (b)). The
density discontinuity on the first-order curve is in contrast to the continuous behaviour on the second-order
curve. As the second-order curve (or tricritical point) is approached from the dense phase, t0 decreases
continuously to zero and V̇ (t0) ↓ 0 (Figure 3 (d) and (e)).

In the limit N →∞, the susceptibility has finite limit (1− V ′(0))/V ′(0) as the first-order curve is
approached from the dilute phase, whereas it is divergent on the first-order curve. This is typical of a
first-order transition.

Second-order curve and tricritical point. The detailed asymptotic behaviour of the divergence of the
susceptibility and the vanishing of the density, at the second-order curve and tricritical point, are as
described in the following theorem. The theorem also describes the phase boundary at the tricritical point.
Its proof is given in Section 4.

Theorem 1.5 relies on numerical analysis of the effective potential for p given by (1-32), as discussed
above. The precise conclusions from this numerical analysis are stated in Section 4.1. We emphasise
that the effective potential is a function of a single real variable, and thus we believe that with effort this
numerical input could be replaced by rigorous analysis (perhaps with computer assistance), but we do not
pursue this.
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Figure 3. Effective potential V vs. t for several values of (g, ν): (a) dense phase near first-
order curve (−4.4, 4.21), (b) dilute phase near first-order curve (−4.4, 4.26), (c) tricritical
point, (d) dense phase near second-order curve (−2.7, 1.2), (e) dilute phase near second-
order curve (−2.7, 1.5)

.
In the theorem, we consider a line segment

(g(s), ν(s))= (g(0)+ sm1, ν(0)+ sm2) (s ∈ [0, 1]) (1-34)

that approaches a base point (g(0), ν(0)) as s ↓ 0. We write m = (m1,m2) for its direction. The base
point may be either the tricritical point or a point on the second-order curve.

Theorem 1.5. Let p be given by (1-32).

(i) The phase boundary νc(g) is differentiable with respect to g at the tricritical point, with slope −M2.
However, its left and right second derivatives differ at the tricritical point.

(ii) The vector n = (M2,M1) is normal along the second-order curve. Along a line segment (1-34)
approaching a point on the second-order curve, or the tricritical point, from the dilute phase with
direction satisfying m · n 6= 0 (nontangential at the given point), the infinite-volume susceptibility
χ = (1− V ′(0))/V ′(0) diverges as

χ =
1− V ′(0)

V ′(0)
∼

1
|m · n|s

. (1-35)

(iii) Along a line segment (1-34) approaching a point on the second-order curve from the dense phase
with direction satisfying m · n 6= 0 (nontangential at the given point), the density ρ vanishes as

ρ ∼
M1

1−M1
|m · n|s (here 1−M1 > 0). (1-36)
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There exists an arc of the second-order curve adjacent to the tricritical point, such that under
tangential approach to a point on that arc, ρ ∼ Bs2 with B > 0.
There are positive constants B0, B1, B2, B3 such that as the tricritical point is approached,

ρ ∼


B0(|m · n|s)1/2 (nontangentially from dense phase),

B1s (tangentially from second-order side),

B2s (tangentially from first-order side),

B3s (along first-order curve).

(1-37)

(For the first-order curve, the parametrisation is (g(s), ν(s))= (gc− s, νc(g− s)).)

It is possible in general that the susceptibility could have different asymptotic behaviour for the
approaches to the second-order curve and the tricritical point, but for the mean-field model there is no
difference. However, for the density there is a difference.

2. Integral representation

In this section, we prove integral representations for the two-point function and expected length, in
Propositions 2.7–2.8, via the supersymmetric version of the BFS–Dynkin isomorphism theorem [Bauer-
schmidt et al. 2019, Corollary 11.3.7]. These integral representations are in terms of the effective potential
and provide the basis for the proofs of Theorems 1.3–1.4. We begin with brief background concerning
Grassmann integration. Further background and history for the isomorphism theorem can be found in
[Bauerschmidt et al. 2019, Chapter 11].

2.1. Grassmann algebra and the integral representation.

2.1.1. Grassmann algebra. We define a Grassmann algebra N1 with two generators ψ, ψ̄ (the bar is only
notational and is not a complex conjugate) to consist of linear combinations

K = a0+ a1ψ̄ + a2ψ + a3ψ̄ψ, (2-1)

where each ai is a smooth function ai : R
2
→ R written (u, v) 7→ ai (u, v), and where multiplication of

the generators is anticommutative, i.e.,

ψ̄ψ =−ψψ̄, ψψ = 0, ψ̄ψ̄ = 0. (2-2)

To make the notation more symmetric, we combine (u, v) ∈ R2 into a complex variable φ by

φ = u+ iv, φ̄ = u− iv. (2-3)

We call (φ, φ̄) a bosonic variable, (ψ, ψ̄) a fermionic variable, and 8= (φ, φ̄, ψ, ψ̄) a supervariable.
Elements of the Grassmann algebra N1 are called forms. A form with a1 = a2 = 0 is called even. An
important even form is

82
= φφ̄+ψψ̄. (2-4)
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The above discussion concerns a single boson pair and a single fermion pair. We also have need of the
Grassmann algebra NN with 2N anticommuting generators (ψx , ψ̄x)x∈3, now with coefficients which are
smooth functions from R2N to R. The even subalgebra consists of elements of NN which only involve
terms containing products of an even number of generators. We refer to (φx , φ̄x)x∈3 and (ψx , ψ̄x)x∈3 as
the boson field and the fermion field, respectively. The combination 8= (φx , φ̄x , ψx , ψ̄x)x∈3 is called a
superfield, and we write

82
= (82

x)x∈3 = (φx φ̄x +ψx ψ̄x)x∈3. (2-5)

Two useful even forms in NN are

(8,8)=
∑
x∈3

82
x =

∑
x∈3

(φx φ̄x +ψx ψ̄x), (2-6)

(8,−18)=
∑
x∈3

(φx(−1φ̄)x +ψx(−1ψ̄)x), (2-7)

where −1 is still defined by (1-1) when applied to the generators ψ and ψ̄ .
For p ∈N, consider a C∞ function F : Rp

→ R. Let K = (K j ) j≤p be a collection of even forms, and
assume that the degree-zero part K 0

j of each K j (obtained by setting all fermionic variables to zero) is
real. We define a form denoted F(K ) by Taylor series about the degree-zero part of K, i.e.,

F(K )=
∑
α

1
α!

F (α)(K 0)(K − K 0)α. (2-8)

Here α = (α j ) j≤p is a multi-index, with α! =
∏p

j=1 α j ! and (K − K 0)α =
∏p

j=1(K j − K 0
j )
α j. The order

of the product is immaterial since each K j − K 0
j is even by assumption. Also, the summation terminates

after finitely many terms since each K j − K 0
j is nilpotent.

For example, for 82
∈N1 given by (2-4), for smooth F : R→ R, the previous definition with p = 1

gives

F(82)= F(φφ̄)+ F ′(φφ̄)ψψ̄ = F(φφ̄)− F ′(φφ̄)ψ̄ψ. (2-9)

2.1.2. Grassmann integration and the integral representation. Given a form K ∈NN , we write K2N for
its coefficient of ψ̄1ψ1 · · · ψ̄NψN . This K2N is a function of (u, v), i.e., a function on R2N. For example,
for the form K = F(82) of (2-9), we have N = 1 and K2(u, v)=−F ′(φφ̄)=−F ′(u2

+ v2). In general,
the superintegral of K is defined by∫

R2N
D8 K =

1
π N

∫
R2N

K2N (u, v) du dv, (2-10)

assuming that K2N decays sufficiently rapidly that the Lebesgue integral on the right-hand side exists. The
notation D8 signifies that K is a form for the superfield 8= (φx , φ̄x , ψx , ψ̄x)x∈3. This will be useful to
distinguish superfields when more than one are in play. The factor π−N in the definition simplifies the
conclusions of the next example and theorem.
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Example 2.1. If F : R→ R decays sufficiently rapidly then∫
R2

D8 F(82)= F(0). (2-11)

In fact, after conversion to polar coordinates, using 1
π

du dv = dr2 1
2π dθ , the definition gives∫

R2
D8 F(82)=−

∫
R2

F ′(r2)
1
π

du dv =−
∫
∞

0
F ′(t)dt = F(0), (2-12)

as claimed.

The supersymmetric version of the BFS–Dynkin isomorphism theorem (see, for example, [Bauerschmidt
et al. 2019, Corollary 11.3.7]) relates random walks and superfields via an exact equality, as follows.

Theorem 2.2. Let F : RN
→ R be such that eε

∑
z∈3 tz F(t) is a Schwartz function for some ε > 0. Then∫

∞

0
Ex
(
F(LT )1X (T )=y

)
dT =

∫
R2N

D8 e−(8,−18)F(82) φ̄xφy, (2-13)

where 1 is the generator (defined in (1-1)) of the random walk X = (X (t))t≥0 with expectation Ex , and
LT is the local time.

By definition, the two-point function (1-3) and expected length (1-6) are given by expressions like the
left-hand side of (2-13), which therefore can be rewritten as the right-hand side.

2.1.3. Block-spin renormalisation. The next lemma gives a way to rewrite the exponential factor on
the right-hand side of (2-13) as an integral over a single constant block-spin superfield Z= (ζ, ζ̄ , ξ, ξ̄ ).
The application of this lemma can be regarded as a single block-spin renormalisation group step, as in
[Bauerschmidt et al. 2019, Section 1.4]. For the statement of the lemma, we use the notation

(Z−8,Z−8)=
∑
x∈3

(Z−8x)
2
=

∑
x∈3

(
(ζ −φx)(ζ̄ − φ̄x)+ (ξ −ψx)(ξ̄ − ψ̄x)

)
. (2-14)

Lemma 2.3. For a superfield 8= (φ, φ̄, ψ, ψ̄)= (φx , φ̄x , ψx , ψ̄x)x∈3,

e−(8,−18) =
∫

R2
DZ e−(Z−8,Z−8). (2-15)

Proof. Let Aφ = N−1∑
x∈3 φx . Since cross terms vanish,∑

x∈3

(ζ −φx)(ζ̄ − φ̄x)=
∑
x∈3

((ζ − Aφ)+ (Aφ−φx))((ζ̄ − Aφ̄)+ (Aφ̄− φ̄x))

= N (ζ − Aφ)(ζ̄ − Aφ̄)+
∑
x∈3

(Aφ−φx)(Aφ̄− φ̄x). (2-16)

By definition of 1, and since
∑

x∈3(1 f )x = 0, the last term on the right-hand side is∑
x∈3

(Aφ−φx)(Aφ̄− φ̄x)=
∑
x∈3

(Aφ−φx)(1φ̄)x =−
∑
x∈3

φx(1φ̄)x . (2-17)
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The fermionic part is completely analogous. Therefore, with A8= (Aφ, Aφ̄, Aψ, Aψ̄),

(Z−8,Z−8)= N (Z− A8)2+ (8,−18), (2-18)

and hence ∫
R2

DZ e−(Z−8,Z−8) = e−(8,−18)
∫

R2
DZ e−N (Z−A8)2 . (2-19)

In the integral on the right-hand side, we make the change of variables ζ 7→ ζ + Aφ, ξ 7→ ξ + Aψ , and
similarly for ζ̄ , ξ̄ . The bosonic change of variables is the usual one for Lebesgue integration, and the
fermionic change of variables maintains the same ξ̄ ξ term in e−N (Z−A8)2. Thus the integral is unchanged
and hence is equal to

∫
R2 DZ e−NZ2

, which is 1 by (2-11). This completes the proof. �

2.2. Effective potential.

Definition 2.4. Given a (smooth) function p : [0,∞)→ [0,∞) such that the following integral exists,
the effective potential V : [0,∞)→ R is defined by

e−V (Z2)
=

∫
R2

D8 e−(Z−8)
2
p(82). (2-20)

That the right-hand side truly is a function of the form Z2 is proved in Lemma 2.10, which we defer to
Section 2.4. The consistency of this definition of V with the formula given in (1-16) is established in
Proposition 2.5.

The proof of the next proposition appeals to Lemma 2.10. Recall that I1 is a modified Bessel function
of the first kind.

Proposition 2.5. Fix Z= (ζ, ζ̄ , ξ, ξ̄ ). For any bounded smooth function p : [0,∞)→ [0,∞) such that
the integrals exist,∫

R2
D8 e−(Z−8)

2
p(82)= e−Z2

(
p(0)+

∫
∞

0
p(s)e−s

√
Z2

s I1(2
√

Z2s)ds
)
, (2-21)

and hence

V (t)= t − log(p(0)+ v(t)), v(t)=
∫
∞

0
p(s)e−s

√
t
s I1(2

√
ts)ds. (2-22)

Proof. We denote the left-hand side of (2-21) by F = F(ζ, ζ̄ , ξ, ξ̄ ). By Lemma 2.10, F is a function
of Z2 so it suffices to prove that

F(ζ, ζ̄ , 0, 0)= e−|ζ |
2
(

p(0)+
∫
∞

0
p(s)e−s

|ζ |
1
√

s
I1(2|ζ |

√
s)ds

)
. (2-23)

Let p̃(s)= p(s)e−s. With ξ = ξ̄ = 0, the integrand of the left-hand side of (2-21) becomes

e−|ζ |
2
eζ φ̄+ζ̄ φ p̃(82)= e−|ζ |

2
eζ φ̄+ζφ

(
p̃(|φ|2)+ p̃′(|φ|2)ψψ̄

)
. (2-24)
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Therefore, by the definition (2-10) of the integral, and with I0(z)= 1
2π

∫ 2π
0 ez cos θdθ the modified Bessel

function of the first kind,

F(ζ, ζ̄ , 0, 0)=−e−|ζ |
2
∫

R2
eζre−iθ

+ζ̄reiθ
p̃′(r2)

dr2 dθ
2π

=−e−|ζ |
2
∫
∞

0
ds p̃′(s)

∫ 2π

0
eζ
√

se−iθ
+ζ̄
√

seiθ dθ
2π

=−e−|ζ |
2
∫
∞

0
ds p̃′(s)

∫ 2π

0
e2|ζ |

√
s cos θ dθ

2π

=−e−|ζ |
2
∫
∞

0
p̃′(s)I0(2|ζ |

√
s) ds

= e−|ζ |
2
(

p̃(0)+
∫
∞

0
p̃(s)I ′0(2|ζ |

√
s)|ζ |

1
√

s
ds
)
, (2-25)

where we used integration by parts for the last equality, together with our assumption that p is bounded
at infinity (this can certainly be weakened). Since I ′0 = I1, the proof is complete. �

Next, for later use, we state and prove a lemma that shows how the effective potential arises in various
integrals. As usual, we write V ′ = dV/dt and V̇ = dV/dε|ε=0 (with the ε-dependence as in (1-7);
see (1-29)). We also write Q′ = 1− V ′. We define forms k∗ = k∗(Z2, ζ, ζ̄ ) by

k0 = ζQ′(Z2), k̄0 = ζ̄Q′(Z2), k00 = Q′(Z2)+ Q′(Z2)2|ζ |2− V ′′(Z2)|ζ |2,

k0+ = ζ(Q′(Z2)V̇ (Z2)+ V̇ ′(Z2)), k̄0+ = ζ̄ (Q′(Z2)V̇ (Z2)+ V̇ ′(Z2)),

k+ = V̇ (Z2), k00+ = k00V̇ (Z2)+
(
1+ 2Q′(Z2)|ζ |2

)
V̇ ′(Z2)+ V̇ ′′(Z2)|ζ |2.

(2-26)

Lemma 2.6. The following integral formulas hold:∫
R2

D8φp(82)e−(Z−8)
2
= k0e−V (Z2),

∫
R2

D8 φ̄ p(82)e−(Z−8)
2
= k̄0e−V (Z2),∫

R2
D8 φ̄φp(82)e−(Z−8)

2
= k00e−V (Z2),

∫
R2

D882 p(82)e−(Z−8)
2
= k+e−V (Z2),∫

R2
D8φ82 p(82)e−(Z−8)

2
= k0+e−V (Z2),

∫
R2

D8 φ̄82 p(82)e−(Z−8)
2
= k̄0+e−V (Z2),∫

R2
D8 φ̄φ82 p(82)e−(Z−8)

2
= k00+e−V (Z2).

(2-27)

Proof. Given h :3→C, let (Z+h)2= (ζ+h)(ζ̄+ h̄)+ξ ξ̄ . There is no fermionic partner for h in (Z+h)2.
Completion of the square and the definition of V give∫

R2
D8 e−(Z−8)

2
p(82)ehφ̄+h̄φ

= ehh̄ehζ̄+h̄ζ
∫

R2
D8 e−(Z−8+h)2 p(82)= ehh̄ehζ̄+h̄ζ e−V ((Z+h)2). (2-28)
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Therefore, using dh̄/dh = 0, we obtain∫
R2

D8 φ̄ p(82)e−(Z−8)
2
=
∂

∂h

∣∣∣∣
h=0

∫
R2

D8 e−(Z−8)
2
p(82)ehφ̄+h̄φ

=
∂

∂h

∣∣∣∣
h=0

ehh̄ehζ̄+h̄ζ e−V ((Z+h)2)
= ζ̄ (1− V ′(Z2))e−V (Z2). (2-29)

The first and third equalities in (2-27) follow similarly. For the fourth, with V (ε) the effective potential
for p(s)e−εs, we use∫

R2
D882 p(82)e−(Z−8)

2
=−

∂

∂ε

∣∣∣∣
ε=0

∫
R2

D8 p(82)e−ε8
2
e−(Z−8)

2

=−
∂

∂ε

∣∣∣∣
ε=0

e−V (ε)(Z2)
= V̇ (Z2)e−V (Z2). (2-30)

The remaining three identities follow, e.g., from∫
R2

D8 φ̄82 p(82)e−(Z−8)
2
=−

∂

∂ε

∣∣∣∣
ε=0

∫
R2

D8 φ̄ p(82)e−ε8
2
e−(Z−8)

2
, (2-31)

together with differentiation of the right-hand sides of the first three identities with respect to ε. �

2.3. Two-point function and expected length. We now have what is needed to prove integral represen-
tations for the two-point function and expected length, in the next two propositions.

Proposition 2.7. The two-point function is given by

G01 =

∫
R2

DZ e−N V (Z2)(1− V ′(Z2))2|ζ |2, (2-32)

G00 = (1− V ′(0))+G01−

∫
R2

DZ e−N V (Z2)V ′′(Z2)|ζ |2. (2-33)

Proof. By the definition of the two-point function in (1-3), followed by the supersymmetric BFS–Dynkin
isomorphism (2-13) and the block-spin transformation of Lemma 2.3,

Gxy =

∫
∞

0
Ex(pN (LT )1X (T )=y) dT

=

∫
R2N

D8 e−(8,−18)φ̄xφy pN (8
2)

=

∫
R2

DZ
∫

R2N
D8 φ̄xφy pN (8

2)e−(Z−8)
2
. (2-34)

The integral over R2N on the right-hand side of (2-34) factorises into a product of N integrals over R2

(each an integral with respect to 8x at a single point x). With the definition of the effective potential in
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Definition 2.4, and with the first line of (2-27), this leads to

G01 =

∫
R2

DZ e−(N−2)V (Z2)

(∫
R2

D80 φ̄0 p(82
0)e
−(Z−80)

2
)(∫

R2
D81 φ1 p(82

1)e
−(Z−81)

2
)

=

∫
R2

DZ e−N V (Z2)(1− V ′(Z2))2|ζ |2. (2-35)

Similarly, by the third equality of (2-27),

G00 =

∫
R2

DZ e−(N−1)V (Z2)

∫
R2

D80 φ̄0φ0 p(82
0)e
−(Z−80)

2

=

∫
R2

DZ e−N V (Z2)
(
(1− V ′(Z2))+ (1− V ′(Z2))2|ζ |2− V ′′(Z2)|ζ |2

)
= (1− V ′(0))+G01−

∫
R2

DZ e−N V (Z2)V ′′(Z2)|ζ |2, (2-36)

where in the last line we used (2-11) for the first term and (2-35) for the second. This completes the
proof. �

For the expected length, the general procedure is the same. With k∗ defined by (2-26), let

K0xy =


k̄0k0k+ (x = 1, y = 2),

k00k+ (x = 0, y = 1),

k̄0k0+ (x = y = 1),

k00+ (x = y = 0).

(2-37)

Proposition 2.8. The expected length is given by

EL =
1
χ

(
(N − 1)(N − 2)

∫
R2

DZ e−N V (Z2)K012

+ (N − 1)
∫

R2
DZ e−N V (Z2)(K001+ 2K011)+

∫
R2

DZ e−N V (Z2)K000

)
. (2-38)

Proof. By (1-6) and T =
∑

x∈3 LT,x ,

EL =
1
χ

∑
x,y∈3

∫
∞

0
E0(LT,y pN (LT )1X (T )=x)dT . (2-39)

By the supersymmetric BFS–Dynkin isomorphism (2-13) followed by the block-spin transformation of
Lemma 2.3,

EL =
1
χ

∑
x,y∈3

∫
R2N

D8 φ̄0φx8
2
y pN (8

2)e−(8,−18)

=
1
χ

∑
x,y∈3

∫
R2

DZ
∫

R2N
D8 φ̄0φx8

2
y pN (8

2)e−(Z−8)
2
. (2-40)
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By symmetry, it suffices to show that∫
R2N

D8 φ̄0φx8
2
y p(82)e−(Z−8)

2
= e−N V (Z2)K0xy . (2-41)

For the case of 0, x, y distinct, since the N − 3 integrals for the factors with z 6= 0, x, y are the same,∫
R2N

D8φ̄0φx8
2
y p(82)e−(Z−8)

2

= e−(N−3)V (Z2)

(∫
R2

D80 φ̄0 p(82
0)e
−(Z−80)

2
)

×

(∫
R2

D8x φx p(82
x)e
−(Z−8x )

2
)(∫

R2
D8y8

2
y p(82

y)e
−(Z−8y)

2
)
, (2-42)

and (2-41) follows from the definitions of k0, k̄0, k+. The other cases are similar. �

2.4. Supersymmetry. In this section, we prove Lemma 2.10, which was used in the proof of Proposition 2.5.
It is possible to give a more direct proof of Proposition 2.5 without using the notion of supersymmetry.
However, the proof using Lemma 2.10 is particularly elegant.

The supersymmetry generator is the antiderivation defined by

Q = ψ
∂

∂φ
+ ψ̄

∂

∂φ̄
−φ

∂

∂ψ
+ φ̄

∂

∂ψ̄
. (2-43)

We say that F = F(φ, φ̄, ψ, ψ̄) is supersymmetric if QF = 0. The next lemma is [Brydges and Imbrie
2003, Lemma A.4].

Lemma 2.9. If F is even and supersymmetric then F = f (82) for some function f .

Proof. We write F = G+ Hψψ̄ , and use subscripts to denote partial derivatives. It suffices to show that
there is a function f such that G(φ, φ̄)= f (|φ|2) and H(φ, φ̄)= f ′(|φ|2). Since

0= QF = Gφψ +G φ̄ψ̄ −φH ψ̄ − φ̄Hψ, (2-44)

we see that Gφ = φ̄H and G φ̄ = φH. Therefore,

d
dθ

G(φeiθ , φ̄e−iθ )= Gφ(φeiθ , φ̄e−iθ )φieiθ
+G φ̄(φeiθ , φ̄e−iθ )φ̄(−i)e−iθ

= φ̄e−iθ H(φeiθ , φ̄e−iθ )φieiθ
+φeiθ H(φeiθ , φ̄e−iθ )φ̄(−i)e−iθ

= 0. (2-45)

This implies that there is a function f as required. �

Lemma 2.10. The integral
∫

R2 D8 e−(Z−8)
2
p(82) is an even supersymmetric form, and hence is a

function of Z2.

Proof. Let F = F(ζ, ζ̄ , ξ, ξ̄ ) =
∫

R2 D8 e−(Z−8)
2
p(82). Since p(82) is even, only even contributions

in ψ, ψ̄ from
e−(Z−8)

2
= e−|ζ−φ|

2
(1− (ξ −ψ)(ξ̄ − ψ̄)) (2-46)
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can contribute to the integral. Thus, within the integral, the above right-hand side can be replaced by
e−|ζ−φ|

2
(1− ξ ξ̄ −ψψ̄), and we see that F is even in ξ, ξ̄ .

To see that F is supersymmetric, let QZ act on Z = (ζ, ζ̄ , ξ, ξ̄ ) and Q8 on 8 = (φ, φ̄, ψ, ψ̄). By
definition,

e−(Z−8)
2
= e−8

2
e−Z2

eK with K = ζ φ̄+φζ̄ + ξψ̄ +ψξ̄. (2-47)

Let p̃(82) = p(82)e−8
2
. Since QZ is an anti-derivation, since QZe−Z2

= 0 and Q8 p̃(82) = 0 (by
[Bauerschmidt et al. 2019, Example 11.4.4]), and since QZeK

=−Q8eK,

QZ F = e−Z2
QZ

(∫
R2

D8 eK p̃(82)

)
= e−Z2

∫
R2

D8(QZeK ) p̃(82)

= e−Z2
∫

R2
D8(−Q8eK ) p̃(82)=−e−Z2

∫
R2

D8 Q8(eK p̃(82)). (2-48)

The last integrand is in the image of Q8, so the integral is zero (see [Bauerschmidt et al. 2019, Sec-
tion 11.4.1]), and hence F is supersymmetric. By Lemma 2.9, F is therefore a function of Z2. �

3. Proof of general results: Theorems 1.3–1.4

The proofs of Theorems 1.3–1.4 amount to application of the Laplace method to the integrals of Proposi-
tions 2.7–2.8. The application of the Laplace method depends on whether: (i) the global minimum of the
effective potential is attained at zero and only at zero, or (ii) it is attained at a point t0 > 0 with V (t0) < 0
or V (t0)= 0. Case (i) concerns the dilute phase, the second-order curve, and the tricritical point, while
case (ii) concerns the dense phase and first-order curve.

3.1. Laplace method.

3.1.1. Laplace method: minimum at endpoint. For the dilute phase, the second-order curve, and the
tricritical point, we use the following theorem, which can be found, e.g., in [Olver 1997, p.81]. The
theorem can be extended to an asymptotic expansion to all orders, (see [Olver 1997, p.86] or [Olver
1970, p.233]), but we do not need the extension. In a corollary to the theorem, we adapt its statement to
integrals of the form appearing in Propositions 2.7–2.8.

Theorem 3.1. Suppose that V, q : [a, b)→ R (b =∞ is allowed) are such that

(i) V has a unique global minimum V (a) (as defined at the beginning of Section 1.3),

(ii) V ′ and q are continuous in a neighbourhood of a, except possibly at a,

(iii) as t→ a+, V (t)∼ V (a)+v0(t−a)µ, V ′(t)∼µv0(t−a)µ−1, q(t)∼ q0(t−a)λ−1, with v0, µ, λ> 0
and q0 6= 0,

(iv) e−N V (t)q(t) is integrable for large N.

Then ∫ b

a
e−N V (t)q(t)dt ∼ e−N V (a) q0

µ(v0 N )λ/µ
0

(
λ

µ

)
. (3-1)
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Corollary 3.2. Suppose that the hypotheses on V of Theorem 3.1 hold with a = 0 and b =∞. Suppose
that F : [0,∞)2→ R is such that q(t)= V ′(t)F(t, t) and q(t)= ∂1 F(t, t) obey hypotheses (ii) and (iv)
of Theorem 3.1, and that, as t ↓ 0,

F(t, t)∼ q0tλ0, ∂1 F(t, t)∼ λ1r0tλ1−1. (3-2)

If λ1 > λ0 ≥ 0 then ∫
R2

DZ e−N V (Z2)F(Z2, |ζ |2)∼ e−N V (0) q0

(v0 N )λ0/µ
0

(
µ+ λ0

µ

)
. (3-3)

If λ1 = λ0 > 0 then ∫
R2

DZ e−N V (Z2)F(Z2, |ζ |2)∼ e−N V (0) q0− r0

(v0 N )λ0/µ
0

(
µ+ λ0

µ

)
, (3-4)

where the right-hand side is interpreted as e−N V (0)o(N−λ0/µ) if q0 = r0. For any λ1 > 0 and λ0 ≥ 0, the
integral is at most e−N V (0)O(N−λ0/µ+ N−λ1/µ).

Proof. By definition of the integral, and since ξ̄ ξ = 1
π

dxdy = 1
2π dr2dθ (as in (2-11)),∫

R2
DZ e−N V (Z2)F(Z2, |ζ |2)

=

∫
R2

DZ e−N V (|ζ |2)(1− N V ′(|ζ |2)ξ ξ̄ )
(
F(|ζ |2, |ζ |2)+ ∂1 F(|ζ |2, |ζ |2)ξ ξ̄

)
=

∫
R2

DZ e−N V (|ζ |2)(N V ′(|ζ |2)F(|ζ |2, |ζ |2)− ∂1 F(|ζ |2, |ζ |2)
)
ξ̄ ξ

=

∫
∞

0
e−N V (t)(N V ′(t)F(t, t)− ∂1 F(t, t)) dt. (3-5)

Now we apply Theorem 3.1. Since V ′(t)F(t, t)∼ µv0tµ−1q0tλ0, the power of N arising for this term is
N N−(µ+λ0)/µ = N−λ0/µ. If λ1 > λ0 ≥ 0 then this dominates the power N−λ1/µ from the ∂1 F(t, t) term
and yields (3-3). If λ1 = λ0 > 0 then both terms contribute the same power of N, and (3-4) follows from
0((µ+λ1)/µ)= (λ1/µ)0(λ1/µ). Finally, the general upper bound follows immediately from the above
considerations. �

3.1.2. Laplace method: minimum at interior point. The following theorem from [Olver 1997, p.127]
more than covers our needs for the case where V attains its unique global minimum in an open interval.
Its analyticity assumption could be weakened, but the analyticity does hold in our setting.

Theorem 3.3. Let a ∈ [−∞,∞) and b∈ (−∞,∞]. Suppose that V, q : (a, b)→R are analytic, and that
V has a unique global minimum at t0 ∈ (a, b) (as defined at the beginning of Section 1.3) with V ′(t0)= 0
and V ′′(t0) > 0. Then, assuming that the integral is finite for some N,∫ b

a
e−N V (t)q(t)dt ∼ 2e−N V (t0)

∞∑
s=0

0(s+ 1/2)
bs

N s+1/2 , (3-6)
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with (all functions evaluated at t0)

b0 =
q

(2V ′′)1/2
, (3-7)

b1 =

(
2q ′′−

2V ′′′q ′

V ′′
+

[
5V ′′′2

6V ′′2
−

V ′′′′

2V ′′

]
q
)

1
(2V ′′)3/2

, (3-8)

and with bs as given in [Olver 1997] for s ≥ 2.

Corollary 3.4. Suppose that V : (0,∞)→R is analytic and has a unique global minimum at t0 ∈ (0,∞)
(as defined at the beginning of Section 1.3) with V ′(t0) = 0 and V ′′(t0) > 0. Given F : (0,∞)2→ R,
suppose that the functions C(t) = V ′(t)F(t, t) and D(t) = ∂1 F(t, t) are analytic on (a, b) and that∫
∞

0 e−N V (t)q(t) dt is finite for q = C and q = D. Then∫
R2

DZ e−N V (Z2)F(Z2, |ζ |2)∼ 2e−N V (t0)
∞∑

s=0

1
N s+1/2 (cs+10(s+ 3/2)− ds0(s+ 1/2)), (3-9)

where the coefficients cs and ds are the coefficients bs computed when the function q in Theorem 3.3 is
replaced by C and D, respectively. Assuming that ∂2 F(t0, t0) 6= 0, we have in particular∫

R2
DZ e−N V (Z2)F(Z2, |ζ |2)∼ e−N V (t0) 1

N 1/2

√
2π

V ′′(t0)1/2
∂2 F(t0, t0). (3-10)

Proof. The full expansion follows from Theorem 3.3 and (3-5). Let A =
√

2/V ′′(t0)1/2∂2 F(t0, t0).
For (3-10), since 0(1/2) =

√
π , it suffices to show that c1 − 2d0 = A. Let F ′ = d/dt F(t, t) =

∂1 F(t, t)+ ∂2 F(t, t). Then

C ′ = V ′′F + V ′F ′, C ′′ = V ′′′F + 2V ′′F ′+ V ′F ′′. (3-11)

Since V ′(t0)= 0 we find from (3-7)–(3-8) that

c1− 2d0 =
1

(2V ′′)3/2

(
2C ′′−

2V ′′′C ′

V ′′

)
− 2

∂1 F
(2V ′′)1/2

=
1

(2V ′′)3/2

(
2(V ′′′F + 2V ′′F ′)−

2V ′′′V ′′F
V ′′

)
− 2

∂1 F
(2V ′′)1/2

, (3-12)

and after simplification the right-hand side is equal to A. �

On the first-order curve, V has global minima V (0) = V (t0) with V ′(0) > 0 and V ′′(t0) > 0 (by
smoothness of V, also V ′(t0)= 0). The following corollary covers the cases we need.

Corollary 3.5. Suppose that V : (0,∞)→ R is analytic and has global minima V (0) = V (t0) = 0 for
t0 ∈ (0,∞) (as defined at the beginning of Section 1.3) with V ′(0) > 0, V ′(t0)= 0, and V ′′(t0) > 0. With
the notation of Corollary 3.2, assume that λ1 ≥ λ0 ≥ 1, and with the notation of Corollary 3.4, assume
that ∂2 F(t0, t0) 6= 0. Then, for F obeying the assumptions of Corollaries 3.2 and 3.4,∫

R2
DZ e−N V (Z2)F(Z2, |ζ |2)∼

1
N 1/2

√
2π

V ′′(t0)1/2
∂2 F(t0, t0). (3-13)
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If instead λ1 > λ0 = 0, then the right-hand side of (3-13) is at most O(1).

Proof. By (3-5),∫
R2

DZ e−N V (Z2)F(Z2, |ζ |2)=

∫
∞

0
e−N V (t)(N V ′(t)F(t, t)− ∂1 F(t, t)) dt. (3-14)

We divide the integral on the right-hand side into integrals over
(
0, 1

2 t0
)

and
( 1

2 t0,∞
)
. Exactly as in the

proof of Corollary 3.2 with µ= 1 (only changing the integration interval), if λ1 ≥ λ0 ≥ 1 then the former
integral is at most O(N−1). Exactly as in the proof of Corollary 3.4, the latter integral is asymptotic to
the right-hand side of (3-13), which dominates O(N−1). If instead λ0 = 0 then by Corollary 3.2 there
can be a contribution from t = 0 which is O(1). �

3.2. Two-point function and susceptibility. We now prove Theorem 1.3 and the part of Theorem 1.4
that concerns the susceptibility. For convenience, we restate Theorem 1.3 as the following proposition.

Proposition 3.6. The two-point function has the asymptotic behaviour:

G01 ∼



(1−V ′(0))2

V ′(0)N
0(2/1) (dilute phase),

1( 1
2!V
′′(0)N

)1/20(3/2) (second-order curve),

1( 1
3!V
′′′(0)N

)1/30(4/3) (tricritical point),

e−N V (t0)

N 1/2

√
2π

V ′′(t0)1/2
(dense phase and first-order curve),

(3-15)

G00 ∼



1− V ′(0) (dilute phase and first-order curve),

1 (second-order curve),

1 (tricritical point),
e−N V (t0)

N 1/2

√
2π

V ′′(t0)1/2
(1− V ′′(t0)) (dense phase).

(3-16)

Proof. By Proposition 2.7,

G01 =

∫
R2

DZ e−N V (Z2)(1− V ′(Z2))2|ζ |2. (3-17)

(Note that (1-17) then follows via (3-5).) The integrability of (3-17) follows from the lower bound on V
of Proposition 1.1(i). For the first three cases of (3-15), we apply Corollary 3.2 with

µ= 1, v0 = V ′(0) (dilute phase), (3-18)

µ= 2, v0 =
1
2!V
′′(0) (second-order curve), (3-19)

µ= 3, v0 =
1
3!V
′′′(0) (tricritical point). (3-20)
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The integrand of (3-17) involves

F01(Z2, |ζ |2)= (1− V ′(Z2))2|ζ |2, (3-21)

for which
F01(t, t)= (1− V ′(t))2t,

∂1 F01(t, t)= 2(1− V ′(t))(−V ′′(t))t.
(3-22)

From this, we see that

λ0 = 1, λ1 ≥ 2, q0 = (1− V ′(0))2 (dilute phase and second-order curve), (3-23)

λ0 = 1, λ1 = 3, q0 = 1 (tricritical point). (3-24)

In all three cases λ1 > λ0, so Corollary 3.2 gives, as desired,

G01 ∼
q0

(v0 N )λ0/µ
0

(
µ+ λ0

µ

)
(3-25)

(recall that V ′(0)= 0 on the second-order curve).
For the first three cases of (3-16), by Proposition 2.7,

G00 = (1− V ′(0))+G01−

∫
R2

DZ e−N V (Z2)V ′′(Z2)|ζ |2. (3-26)

The integral has
F00(Z2, |ζ |2)= V ′′(Z2)|ζ |2, (3-27)

so
F00(t, t)= V ′′(t)t, ∂1 F00(t, t)= V ′′′(t)t. (3-28)

The dilute, second-order, and tricritical cases have, respectively,

λ0 ≥ 1, λ1 ≥ 2; λ0 = 1, λ1 ≥ 2; λ0 = λ1 = 2.

In all cases, the integral decays as a power of N, and since we have proved above that G01 also decays,
we conclude that G00→ 1− V ′(0) (with V ′(0)= 0 on the second-order curve and at the tricritical point
by definition).

For the dense phase, we have

∂2 F01(t, t)= (1− V ′(t))2 and ∂2 F00(t, t)= V ′′(t), (3-29)

and the result follows immediately from Corollary 3.4.
By definition, on the first-order curve V has global minima V (0) = V (t0) = 0, with t0 6= 0. The

hypotheses of Corollary 3.5 hold for G01, with µ= 1 by the assumption that V ′(0) > 0 on the first-order
curve, and with λ0 = 1 and λ1 = 2 by (3-22). The desired asymptotic formula for G01 then follows
from (3-13). Similarly, for the integral in (3-26), we have µ= 1, λ0 = 1, λ1 ≥ 2, so by Corollary 3.5 the
integral is asymptotic to a multiple of N−1/2. It is therefore the constant term 1− V ′(0) in (3-26) that
dominates for G00. �
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Proof of Theorem 1.4: susceptibility. It follows from Proposition 2.7 and χ = G00+ (N − 1)G01 that the
susceptibility obeys

χ ∼



1−V ′(0)
V ′(0)

0(2/1) (dilute phase),

N 1/2 1( 1
2!V
′′(0)

)1/20(3/2) (second-order curve),

N 2/3 1( 1
3!V
′′′(0)

)1/30(4/3) (tricritical point),

e−N V (t0)N 1/2
√

2π
V ′′(t0)1/2

(dense phase and first-order curve),

(3-30)

as stated in Theorem 1.4. �

We remark that there is a mismatch for G01 and for the susceptibility as the dense phase approaches
the second-order curve. For the susceptibility, the limiting value from the dense phase (as t0 ↓ 0) is

χ→ N 1/2
√

2π(V ′′(0))−1/2, (3-31)

which is twice as big as the value

N 1/20(3/2)
( 1

2 V ′′(0)
)−1/2

= N 1/2 1
2

√
π
(1

2 V ′′(0)
)−1/2 (3-32)

on the second-order curve. The reason for this is clear from the proof: in the dense phase the susceptibility
receives a contribution from both sides of the minimum of V at t0, whereas on the second-order curve
it only receives a contribution from the right-hand side of the minimum at 0 (cf. the two insets at the
second-order curve in Figure 2).

3.3. Expected length. Given the asymptotic behaviour for χ in (3-30), the asymptotic formulas for the
expected length stated in Theorem 1.4 will follow once we prove that

χEL ∼



V̇ ′(0)
(V ′(0))2

(dilute phase),

N V̇ ′(0)
V ′′(0)

(second-order curve),

N 4/30(2/3)
3

1( 1
3!V
′′′(0)

)2/3 (tricritical point),

N 3/2e−N V (t0)
√

2π
V ′′(t0)1/2

V̇ (t0) (dense phase including first-order curve).

(3-33)

The proof of (3-33) is based on the following lemma. Recall that Q′ = 1− V ′.

Lemma 3.7. In the dilute phase, on the second-order curve, at the tricritical point, and on the first-
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order curve (the latter for the minimum of V at t = 0), the forms K0xy defined in (2-37) have parame-
ters q0, r0, λ0, λ1 as in Corollary 3.2 given by:

For K012: q0 = Q′(0)2V̇ ′(0), r0 =
1
2 Q′(0)2V̇ ′(0), λ0 = λ1 = 2. (3-34)

For K001: q0 = Q′(0)V̇ ′(0), r0 = Q′(0)V̇ ′(0), λ0 = λ1 = 1. (3-35)

For K011: q0 = Q′(0)V̇ ′(0), λ0 = 1, λ1 = 2. (3-36)

For K000: q0 = V̇ ′(0), λ0 = 0, λ1 = 1. (3-37)

Proof. The desired results can be read off from the following.
By (2-37), K012(Z2, |ζ |2)= Q′(Z2)2|ζ |2V̇ (Z2), so

K012(t, t)∼ Q′(0)2V̇ ′(0)t2, ∂1K012(t, t)∼ Q′(0)2V̇ ′(0)t. (3-38)

Similarly, K001(Z2, |ζ |2)=
(
Q′(Z2)+ Q′(Z2)2|ζ |2− V ′′(Z2)|ζ |2

)
V̇ (Z2) obeys

K001(t, t)∼ Q′(0)V̇ ′(0)t, ∂1K001(t, t)∼ Q′(0)V̇ ′(0). (3-39)

Next, K011(Z2, |ζ |2)= |ζ |2 Q′(Z2)
(
Q′(Z2)V̇ (Z2)+ V̇ ′(Z2)

)
obeys

K011(t, t)∼ Q′(0)V̇ ′(0)t, ∂1K011(t, t)∼
(
Q′′(0)V̇ ′(0)+ Q′(0)2V̇ ′(0)+ Q′(0)V̇ ′′(0)

)
t. (3-40)

For the last case,

K000(Z2, |ζ |2)

=
(
Q′(Z2)+ Q′(Z2)2|ζ |2− V ′′(Z2)|ζ |2

)
V̇ (Z2)+ (1+ 2Q′(Z2)|ζ |2)V̇ ′(Z2)+ V̇ ′′(Z2)|ζ |2 (3-41)

obeys

K000(t, t)∼ V̇ ′(0), ∂1K000(t, t)∼ Q′(0)V̇ ′(0)+ V̇ ′′(0). (3-42)

This completes the proof. �

Proof of Theorem 1.4: expected length. It suffices to prove (3-33). By Proposition 2.8,

χEL = (N − 1)(N − 2)
∫

R2
DZ e−N V (Z2)K012

+(N − 1)
∫

R2
DZ e−N V (Z2)(K001+ 2K011)+

∫
R2

DZ e−N V (Z2)K000. (3-43)

It will turn out that all three terms on the right-hand side contribute in the dilute phase, but in all other
cases only the first term contributes to the leading behaviour. The integrability of (3-43) follows from the
lower bound on V of Proposition 1.1(i).
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Consider first the dilute phase. We apply Lemma 3.7 and Corollary 3.2 with µ= 1, v0 = V ′(0) and
immediately obtain ∫

R2
DZ e−N V (Z2)K012 ∼

(1− V ′(0))2V̇ ′(0)
(V ′(0)N )2

, (3-44)∫
R2

DZ e−N V (Z2)K001 = o(N−1), (3-45)∫
R2

DZ e−N V (Z2)K011 ∼
(1− V ′(0))V̇ ′(0)

V ′(0)N
, (3-46)∫

R2
DZ e−N V (Z2)K000 ∼ V̇ ′(0). (3-47)

Therefore, in the dilute phase, as stated in (3-33),

χEL ∼ V̇ ′(0)
(
(1− V ′(0))2

(V ′(0))2
+ 2

1− V ′(0)
V ′(0)

+ 1
)
=

V̇ ′(0)
(V ′(0))2

. (3-48)

Consider next the second-order curve (µ = 2, v0 =
1
2!V
′′(0)) and the tricritical point (µ = 3,

v0 =
1
3!V
′′′(0)). For these cases, Lemma 3.7 and Corollary 3.2 give∫

R2
DZ e−N V (Z2)K012(Z2, |ζ |2)∼

(1− V ′(0))2V̇ ′(0)
µ(v0 N )2/µ

0(2/µ). (3-49)

By definition, on the second-order curve V ′(0)=0, and at the tricritical point V ′(0)=0 and V̇ ′(0)=M1=1
(recall Proposition 1.1(ii)). By Lemma 3.7 and Corollary 3.2, the integrals involving K001 and K011 are at
most O(N−1/µ), and the one involving K000 is at most O(1). Since the latter are multiplied by N and 1
respectively, these terms contribute order N 1−1/µ and N 0, and this is less than the K012 term which is
multiplied by N 2 and hence is order N 2−2/µ. This proves the second-order and tricritical cases of (3-33).

Next, we consider the dense phase. Let t0 > 0 be the location of the global minimum of V. We have
V (t0) < 0, V ′(t0) = 0, and V ′′(t0) > 0. By Corollary 3.4 (note that V and the various K∗ satisfy the
analyticity hypotheses by definition),∫

R2
DZ e−N V (Z2)K0xy ∼ e−N V (t0) A0xy

N 1/2 , A0xy =

√
2π

V ′′(t0)1/2
∂2K0xy(t0, t0). (3-50)

There are order N 2 terms with 0, x, y distinct, order N terms where only two are distinct, and a single
term where 0= x = y. Since each term has the same N−1/2e−N V (t0) behaviour, only the case with 0, x, y
distinct can contribute to χEL . Since K012 = (1− V ′(Z2))2V̇ (Z2)|ζ |2 obeys

∂2K012(t0, t0)= (1− V ′(t0))2V̇ (t0)= V̇ (t0), (3-51)

Corollary 3.4 gives

χEL ∼ N 2e−N V (t0) 1
N 1/2

√
2π

V ′′(t0)1/2
V̇ (t0), (3-52)

as stated in (3-33).
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Finally, we consider the first-order curve, with global minima V (0)=V (t0)=0. We apply Corollary 3.5
to each of the integrals in (3-43), using µ= 1 and the values of λi stated in Lemma 3.7. After taking into
account the N -dependent factors in the terms of (3-43), we conclude from Corollary 3.5 that χEL has the
same asymptotic behaviour on the first-order curve as it does in the dense phase, now with V (t0)= 0,
namely,

χEL ∼ N 3/2

√
2π

V ′′(t0)1/2
V̇ (t0). (3-53)

This completes the proof. �

4. Phase diagram for the example: proof of Theorem 1.5

In this section we prove Theorem 1.5, which concerns the differentiability of the phase boundary νc(g) at
the tricritical point gc, and the asymptotic behaviour of the susceptibility and density, for the specific
example p(t)= e−t3

−gt2
−νt. According to (1-16), the effective potential is the function V : [0,∞)→ R

defined by

V (t)= t − log(1+ v(t)), v(t)=
∫
∞

0
e−t3

−gt2
−(ν+1)t

√
t
s I1(2

√
ts)ds. (4-1)

We emphasise that V is a function of a single real variable, so in principle complete information could be
extracted with sufficient effort.

4.1. Numerical input. As discussed before its statement, our proof of Theorem 1.5 relies on a numerical
analysis of the effective potential (4-1), whose conclusions are summarised in Figure 2 which for
convenience we repeat here in abridged form as Figure 4.

The dashed and dotted curves in Figure 4 are respectively the curves defined implicitly by V ′(0)=
1−M0 = 0 and V ′′(0)= M2

0 −M1 = 0. Above the dashed curve V ′(0) > 0 and below the dashed curve
V ′(0) < 0. Above the dotted curve V ′′(0) < 0 and below the curve V ′′(0) > 0. Below the curve V ′(0)= 0
there is a unique solution to V ′(t0)= 0. The two curves V ′(0)= 0 and V ′′(0)= 0 intersect at the tricritical
point, which is

gc =−3.2103..., νc = 2.0772... . (4-2)

The solid curve (for g ≤ gc) is the first-order curve and the dashed curve (for g ≥ gc) is the second-order
curve. These two curves satisfy the conditions of Definition 1.2. Together the first- and second-order
curves define the phase boundary νc(g). Points below the phase boundary are in the dense phase in
the sense of Definition 1.2, and points above the phase boundary are in the dilute phase in the sense of
Definition 1.2. The first few moments at the tricritical point are

Mc
0 = Mc

1 = 1, Mc
2 = 1.4478..., Mc

3 = 2.4062..., Mc
4 = 4.3315.... (4-3)

To distinguish moments at the tricritical point (gc, νc) from moments computed at other points (g, ν), we
write the former as Mc

i and the latter simply as Mi .
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Figure 4. Phase diagram for p(t)= e−t3
−gt2
−νt.

4.2. First derivative of phase boundary. We prove Theorem 1.5(i) in two lemmas. Together, the lemmas
show that the phase boundary is differentiable but not twice differentiable at the tricritical point, with
derivative −Mc

2 . In this section, we prove the differentiability. The proof of the inequality of the left and
right second derivatives at the tricritical point is deferred to Lemma 4.6. Here and throughout Section 4,
we use the following elementary facts about derivatives of moments, for i ≥ 0:

Mi,g =−Mi+2, Mi,ν =−Mi+1, Mi,gg = Mi+4, Mi,gν = Mi+3, Mi,νν = Mi+2. (4-4)

Lemma 4.1. (i) The tangent to the curve M0 = 1 (the entire dashed curve in Figure 4, including the
second-order curve and the tricritical point) has slope νg =−M2/M1.

(ii) The tangent to the first-order curve at the tricritical point also has slope νc,g =−Mc
2/Mc

1 =−Mc
2 .

Proof. (i) We write the curve M0 = 1 as ν = ν(g). Implicit differentiation of M0(g, ν(g)) = 1 with
respect to g, together with (4-4), gives 0= M0,g +M0,ννg =−M2−M1νg, so νg =−M2/M1.

(ii) On the first-order curve ν = νc(g) (for g ≤ gc), by Definition 1.2 there are two solutions to V (t0)= 0:
t0 = 0 and a positive t0 > 0, which by definition characterises the first-order curve. At the positive root,
V ′(t0)= 0. At the tricritical point, t0 = 0 and V (0)= V ′(0)= V ′′(0)= 0. By continuity, as g ↑ gc we
have t0→ 0. Total derivatives with respect to g are denoted f̊ = d f/dg.

We differentiate V (t0(g, νc(g)), g, νc(g))= 0 with respect to g and obtain

V ′ t̊0+ Vg + Vννc,g = 0. (4-5)

For every g ≤ gc, V ′(t0(g, νc(g)), g, νc(g)) = 0, so the first term is constant in g and is equal to zero.
Also, Vν is nonzero on the first-order curve, so νc,g =−Vg/Vν . We parametrise the first order curve as
(g(s), ν(s))= (gc− s, νc(gc− s)) for s ≥ 0. By definition, the slope of the tangent to the first-order curve
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is lims↓0 νc,g. Also, by definition, by (1-24), and by (4-4), as s ↓ 0 we have

Vg

Vν
=
vg

vν
∼

M0,gt0
M0,ν t0

=
M2

M1
∼ Mc

2 , (4-6)

where we also used Mc
1 = 1 and the fact that t0(g(s), ν(s))→ 0 as s ↓ 0. Therefore, at the tricritical point,

νc,g =−Mc
2 . �

4.3. Susceptibility. We now prove Theorem 1.5(ii). Given a point (g(0), ν(0)) on the second-order curve,
or the tricritical point, we fix a vector m = (m1,m2) with base at (g(0), ν(0)), which is nontangential to
the second-order curve and pointing into the dilute phase. By Lemma 4.1, n= (M2,M1) is normal to the
curve and pointing into the dilute phase, so m · n> 0 (moments are evaluated at (g(0), ν(0))). We define
a line segment in the dilute phase that starts at our fixed point by

(g(s), ν(s))= (g(0)+ sm1, ν(0)+ sm2) (s ∈ [0, 1]), (4-7)

and set χ(s)= χ(g(s), ν(s)). We set M0(s)= M0(g(s), ν(s)) and define other functions similarly.
By (1-30), the infinite-volume susceptibility in the dilute phase is given by

χ =
1− V ′(0)

V ′(0)
=

M0(s)
1−M0(s)

. (4-8)

By (4-4) and the chain rule, M0(s)∼ 1− (M2(0)m1+M1(0)m2)s = 1− (m · n)s as s ↓ 0. This gives

χ ∼
1

(m · n)s
, (4-9)

which proves that χ diverges as stated in (1-35).

4.4. Density. The effective potential V is smooth in (g, ν), has a uniquely attained global minimum at
t = 0 on the second-order curve (with V (0)= 0), has a uniquely attained global minimum at t0 > 0 in the
dense phase (with V (t0) < 0), and attains its global minimum at both 0 and t0 on the first-order curve
(with V (0)= V (t0)= 0). By smoothness of V, t0→ 0 as the second-order curve or tricritical point is
approached. In the dense phase, the density is given by ρ = V̇ (t0), so as t0→ 0, V̇ (t0)∼ V̇ ′(0)t0 = M1t0,
and at the tricritical point Mc

1 = 1.
To prove Theorem 1.5(iii), it therefore suffices to prove the following Propositions 4.2, 4.3 and 4.5 for

the asymptotic behaviour of t0. The values of the constants A, Bi in the propositions are specified in their
proofs. The fact that the phase boundary is not twice differentiable at the tricritical point is proved in
Lemma 4.6, to complete the proof of Theorem 1.5(i).

Let (g(0), ν(0)) be a given point on the second-order curve, or the tricritical point. We again use the
normal n= (M2,M1) which points into the dilute phase. As in (4-7) we fix a vector m = (m1,m2), but
now with m · n< 0 so that m points into the dense phase, and we define a line segment that starts at our
given point by

(g(s), ν(s))= (g(0)+ sm1, ν(0)+ sm2) (s ∈ [0, 1]). (4-10)
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We consider the asymptotic behaviour of the density ρ along this segment, as s ↓ 0. Let Mi (s) =
Mi (g(s), ν(s)) for i = 0, 1, 2, . . .. An ingredient in the proofs is the asymptotic formula, as s ↓ 0,

Mi (s)= Mi − (m1 Mi+2+m2 Mi+1)s+ 1
2(m

2
1 Mi+4+ 2m1m2 Mi+3+m2

2 Mi+2)s2
+ O(s3), (4-11)

with all moments on the right-hand side evaluated at s = 0. This follows from Taylor’s theorem and (4-4).

4.4.1. Approach to second-order curve from dense phase.

Proposition 4.2. As the second-order curve is approached,

t0 ∼


|m·n|
1−M1

s (nontangentially from dense phase),

As2 (tangentially from dense phase).
(4-12)

The constant A is strictly positive at least along some arc of the second-order curve adjacent to the
tricritical point.

Proof. We parametrise the approach to a point (g(0), ν(0)) on the second order curve as (g(s), ν(s))
with s ↓ 0, as in (4-10), and we write Vs(t) = V (g(s), ν(s); t). On the second order curve, V ′0(0) = 0,
V ′′0 (0) > 0 and 0 is a global minimum of V0. On the other hand, for s > 0 there is a unique solution
t0 = t0(s) > 0 to V ′s (t0(s))= 0. The condition V ′(t0)= 0 is equivalent to 1+ v(t0)= v′(t0), so

1+ v(0)+ v′(0)t0 = v′(0)+ v′′(0)t0+ O(t2
0 ). (4-13)

By (1-24), this gives

1+M0t0 = M0+M1t0+ O(t2
0 ). (4-14)

Therefore, since t0 = os(1), 1−M1(0) > 0, and M0(s)− 1= os(1),

t0 =
M0− 1

M0−M1
(1+ O(t0))∼

M0− 1
1−M1(0)

. (4-15)

Second-order curve nontangentially from dense phase. By (4-15) and (4-11),

t0 ∼
|m · n|

1−M1(0)
s. (4-16)

This proves the result for the nontangential approach, for which m · n< 0.

Second-order curve tangentially from dense phase. For the tangential approach, we choose m=(M1,−M2)

so that m · n= 0. By (4-11) we have M0(s)∼ 1+ as2 with a = 1
2(M

2
1 M4− 2M1 M2 M3+M3

2 ), so now

t0 ∼
a

1−M1(0)
s2 (4-17)

(all moments are evaluated at s = 0 here). At the tricritical point, ac
=Mc

4−2Mc
2 Mc

3+(M
c
2)

3 > 0 by (4-3)
(cf. Lemma 4.6). By continuity, a remains positive at least along some arc of the second-order curve
adjacent to the tricritical point. The constant A is A = (1−M1)

−1a. �
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Figure 5. Effective potential V vs. t on tangent line (first-order side), at (g, ν) =
(−3.700, 2.786). The point t0 is the location of the minimum.

4.4.2. Approach to tricritical point from dense phase. We parametrise the approach to the tricritical point
(gc, νc) as (g(s), ν(s)) with s ↓ 0, as in (4-10), and we write Vs(t)= V (g(s), ν(s); t). For both tangential
and nontangential approaches to the tricritical point from the dense phase, the approach is from below the
curve V ′(0)= 1−M0 = 0 and there is one solution t0 = t0(s) > 0 to V ′s (t0)= 0. An example is depicted
in Figure 5. For this approach, V ′s (0)= 1−M0 < 0, and V ′′s (0)= M2

0 −M1 can have either sign or equal
zero (the dotted curve in Figure 4 is the curve V ′′(0)= 0).

Proposition 4.3. As the tricritical point is approached,

t0 ∼


B0(|m · n|s)1/2 (nontangentially from dense phase),

B1s (tangentially from second-order side),

B2s (tangentially from first-order side).

(4-18)

The constants B0, B1, B2 are all strictly positive.

The proof of Proposition 4.3 uses the following elementary lemma, which gives an estimate for how
fast t0→ 0.

Lemma 4.4. For s ∈ [0, 1], let fs : [0,∞)→R be smooth functions, with fs and its derivatives uniformly
continuous (and hence uniformly bounded) in small s, t . Suppose that f0(0) = f ′0(0) = 0, f ′′0 (0) > 0,
and that fs(0) < 0 for s > 0. Then for small s > 0 there is a unique root t0 = t0(s) of fs(t0(s))= 0 and
as s ↓ 0,

t0(s)= O(| fs(0)|1/2+ | f ′s (0)|). (4-19)

Proof. By the assumptions that f ′′0 (0) > 0 and that f ′′s (t) is uniformly continuous in small s, t , there are
δ, c> 0 such that f ′′s (t)≥ 2c for s, t ≤ δ, and hence fs(t)≥ fs(0)+ f ′s (0)t+ct2

=−| fs(0)|+ f ′s (0)t+ct2

for s, t ≤ δ. Since the positive root to −a+ bt + ct2
= 0 with a, c > 0 is

t = 1
2c
(−b+

√
b2+ 4ac)≤ 1

2c
(2 max{−b, 0}+ 2

√
ac)=

max{−b, 0}
c

+

√
a
c , (4-20)

we see that fs(t) > 0 if t >
√
| fs(0)|/c + max{− f ′s (0), 0}/c. In particular, for s small enough that

√
| fs(0)|/c+| f ′s (0)|/c ≤ δ, it follows by continuity and fs(0) < 0 that fs has a root t0 = t0(s) ∈ [0, δ] to

fs(t0)= 0 satisfying t0 = O(
√
| fs(0)| + | f ′s (0)|). Since fs is convex on [0, δ], this root is unique. �
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Proof of Proposition 4.3. We apply Lemma 4.4 to fs(t)= V ′s (t). The hypotheses are satisfied: fs(0)=
1−M0(s) < 0, f ′0(0)= 0, and by (1-19) and (4-3),

α = f ′′0 (0)= V ′′′0 (0)=−
1
2 Mc

2 + 1> 0. (4-21)

Taylor expansion of V ′(t0)= 0 gives

V ′(0)+ V ′′(0)t0+ 1
2 V ′′′(0)t2

0 + O(t3
0 )= 0. (4-22)

It follows from Lemma 4.4 that

t0 =
−V ′′(0)±

√
V ′′(0)2− 2V ′′′(0)(V ′(0)+ O(|V ′(0)|3/2+ |V ′′(0)|3)

V ′′′(0)
(4-23)

Tricritical point nontangentially from dense phase. By (4-11), in this case we have

V ′s (0)= 1−M0(s)∼−|m · n|s, V ′′s (0)∼ 1−M1(s)= O(s). (4-24)

Therefore the error term in (4-23) is O(s3/2) and hence

t0 ∼ α−1(2α|m · n|s)1/2. (4-25)

The constant B0 is B0 = (2α−1)1/2 = 2(2−Mc
2)
−1/2.

Tricritical point tangentially from second-order side. The slope of the tangent line at the tricritical
point is −Mc

2 , so the tangential approach is parametrised by (4-10) with m = (1,−Mc
2). On this

tangent line, M0 > 1 and M2
0 − M1 > 0 (see Figure 4). As above (4-17), M0(s) ∼ 1 + acs2 with

ac
=

1
2((M

c
1)

2 Mc
4 − 2Mc

1 Mc
2 Mc

3 + (M
c
2)

3) > 0, and by (4-11), M1(s)∼ 1−bs with b= Mc
3 − (M

c
2)

2 > 0
by (4-3). Therefore,

V ′s (0)= 1−M0(s)∼−acs2, V ′′s (0)= M0(s)2−M1(s)∼ bs. (4-26)

As in the previous case, we apply Lemma 4.4 and (4-23) but this time with an error term which is O(s3).
This leads to

t0 ∼ α−1(−bs+
√

b2s2+ 2αas2)= α−1(−b+
√

b2+ 2αa)s. (4-27)

The constant B1 is B1 = α
−1(−b+

√
b2+ 2αa) > 0.

Tricritical point tangentially from first-order side. Now we parametrise the tangential approach as in (4-10)
with m = (−1,Mc

2). Now M0 > 1 and M2
0 −M1 < 0 (see Figure 4). The formula (4-23) again applies

with error term O(s3). Again M0(s)∼ 1+ as2, but now

M1(s)∼ 1+ bs (4-28)

due to the replacement of m by −m. Therefore,

t0 ∼ α−1(bs+
√

b2s2+ 2αas2)= α−1(b+
√

b2+ 2αa)s. (4-29)

The constant B2 is B2 = α
−1(b+

√
b2+ 2αa) > 0. �
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Figure 6. Effective potential V vs. t on first-order curve, at (g, ν)= (−3.700, 2.864).
The point t0 is the unique positive solution to V (t0)= 0.

4.4.3. Approach to tricritical point along first-order curve. We now complete the proof of Theorem 1.5,
by proving the last case of Theorem 1.5(iii) in Proposition 4.5 and the remaining part of Theorem 1.5(i)
(namely the failure of the phase boundary to be twice differentiable) in Lemma 4.6. The focus is on the
location t0 of the nonzero minimum of the effective potential on the first-order curve. Figure 6 shows a
typical V.

Proposition 4.5. As the tricritical point is approached along the first-order curve parametrised by
(g(s), ν(s))= (gc− s, νc(gc− s)),

t0 ∼ B3s (along first-order curve). (4-30)

The constant B3 is strictly positive.

Proof. On the first-order curve, V ′s (0) > 0 and V ′′s (0) < 0 (see Figure 4), and there is a unique t0 > 0 such
that Vs(t0)= 0. At this minimum, V ′s (t0)= 0 and V ′′s (t0) > 0. Under Taylor expansion, together with the
fact that Vs(0)= 0, the equations Vs(t0)= 0 and V ′s (t0)= 0 become

0= t0
(
V ′s (0)+

1
2!V
′′

s (0)t0+
1
3!V
′′′

s (0)t
2
0 + O(t3

0 )
)

(4-31)

0= V ′s (0)+ V ′′s (0)t0+
1
2!V
′′

s (0)t
2
0 + O(t3

0 ). (4-32)

By the chain rule, d
ds νc(g(s))=−νc,g(g(s)), and by Lemma 4.1,−νc,g(g(s))→Mc

2 as s ↓0. Therefore,
as in (4-28),

M1(s)∼ 1+ bs, (4-33)

with b = Mc
3 − (M

c
2)

2 > 0. Also, since

d
ds

M0(s)=−M0,g(s)−M0,ν(s)ν ′c(gc− s)→ Mc
2 −Mc

1(−Mc
2/Mc

1)= 0 (s→ 0), (4-34)

it follows that
V ′′s (0)= M0(s)2−M1(s)∼−bs. (4-35)

We substitute this into (4-31)–(4-32) and use

V ′′′(0)= α = 1− 1
2 Mc

2 > 0, (4-36)
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to find that

V ′(0)− bs
2

t0+
α

6
t2
0 = O(t0(t0+ s)2), (4-37)

V ′(0)− bst0+
α

2
t2
0 = O(t0(t0+ s)2), (4-38)

and hence
V ′(0)− bs

4
t0 = O(t0(t0+ s)2). (4-39)

We substitute (4-39) into either of (4-31)–(4-32), and after cancellation of a factor t0, we obtain

−
bs
4
+
α

6
t0 = O(t0+ s)2. (4-40)

Since t0 = os(1), this gives

t0 ∼
3b
2α

s = B3s, (4-41)

so B3 = 3b/(2α)= 3(Mc
3 − (M

c
2)

2)/(2−Mc
2) > 0 and the proof is complete. �

Note that the conclusion (4-30) agrees with the naive argument (ignoring the error term) that the
quadratic in (4-31) will have a unique root precisely when the discriminant vanishes, i.e., when

V ′s (0)=
3
8

V ′′s (0)
2

V ′′′s (0)
, (4-42)

and in this case the root is t0 = 3
2 |V
′′
s (0)|/V ′′′s (0)∼

3
2 bs/α.

Finally, we prove the remaining part of Theorem 1.5(iii), concerning the behaviour of the density as
the tricritical point is approached along the first-order curve.

Lemma 4.6. (i) At the tricritical point, the second derivative of the second-order curve is given by

νgg = Mc
4 − 2Mc

3 Mc
2 + (M

c
2)

3 > 0. (4-43)

(ii) At the tricritical point, the second derivative of the first-order curve is instead

νc,gg = Mc
4 − 2Mc

3 Mc
2 + (M

c
2)

3
+ 3b2/(4α), (4-44)

with b = Mc
3 − (M

c
2)

2 > 0 and with α = 1− 1
2 Mc

2 > 0.

Proof. (i) The second-order curve ν = ν(g) is given by V ′(0) = 0. Since V ′(0) = 1 − M0, a first
differentiation with respect to g gives 0= M0,g +M0,ννg, and a second differentiation gives

0= M0,gg + 2M0,νgνg +M0,ννν
2
g +M0,ννgg. (4-45)

We use νg =−M2/M1 from Lemma 4.1(i), (4-4), and Mc
1 = 1 to see that, at the tricritical point,

νc,gg = Mc
4 − 2Mc

3 Mc
2 + (M

c
2)

3. (4-46)

By (4-3), νc,gg > 0.
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(ii) By (4-5), on the first-order curve we have Vg + Vννc,g = 0. Total derivatives with respect to g are
denoted f̊ = d f/dg. Differentiation with respect to g gives

V̊g + V̊ννc,g + Vννc,gg = 0, (4-47)

so, since Vν ∼ Mc
1 t0 = t0 by (1-24),

νc,gg =−
1
Vν
(V̊g + V̊ννc,g)∼−

1
t0
(V̊g + V̊ννc,g). (4-48)

We need to compute the coefficient of t0 in V̊g + V̊ννc,g. Since

V̊g = V ′g t̊0+ Vgg + Vgννc,g, (4-49)

V̊ν = V ′ν t̊0+ Vνg + Vνννc,g, (4-50)

we obtain

νc,gg ∼−
1
t0

(
(V ′g + V ′ννc,g)t̊0+ Vgg + Vνgνc,g + (Vgν + Vνννc,g)νc,g

)
. (4-51)

From (1-24),

Vgg =−
vgg

1+ v
+

v2
g

(1+ v)2
∼−vgg + O(t2

0 )∼−M0,ggt0 ∼−Mc
4 t0. (4-52)

Similarly,

Vgν ∼−Mc
3 t0 and Vνν ∼−Mc

2 t0. (4-53)

Therefore, since νc,g∼−Mc
2 by Lemma 4.1(ii), and since−t̊0→ B3=3b/(2α) as g↑gc by Proposition 4.5,

νc,gg ∼ (Mc
4 − 2Mc

2 Mc
3 + (M

c
2)

3)+ B3
1
t0
(V ′g + V ′ννc,g). (4-54)

Let f (g) = V ′g + V ′ννc,g. Since f (gc) = Mc
2 + Mc

1(−Mc
2) = 0, we need the next order term. Direct

computation gives

V ′g + V ′ννc,g =
1

(1+ v)2

(
−v′g(1+ v)+ v

′vg − (−v
′

ν(1+ v)+ v
′vν)

vg

vν

)
. (4-55)

By (1-24) and (4-4), together with Mc
0 = Mc

1 = 1

v = M0t + 1
2 M1t2

+ · · · ∼ t + 1
2 t2
+ · · · , (4-56)

v′ = M0+M1t + · · · ∼ 1+ t + · · · , (4-57)

vg = M0,gt + 1
2 M1,gt2

+ · · · ∼ −Mc
2 t − 1

2 Mc
3 t2
+ · · · , (4-58)

vν = M0,ν t + 1
2 M1,ν t2

+ · · · ∼ −t − 1
2 Mc

2 t2
+ · · · , (4-59)

v′g ∼−Mc
2 −Mc

3 t, (4-60)

v′ν ∼−1−Mc
2 t. (4-61)
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Therefore,

V ′g + V ′ννc,g ∼ (Mc
2 +Mc

3 t)(1+ t)−M2t − ((1+Mc
2 t)(1+ t)− t)

Mc
2 +

1
2 Mc

3 t

1+ 1
2 Mc

2 t

∼ Mc
2 +Mc

3 t − (1+M2t)
(
Mc

2 +
1
2 Mc

3 t
)(

1− 1
2 Mc

2 t
)

∼
1
2(M

c
3 − (M

c
2)

2)t = b
2

t, (4-62)

and the proof is complete. �
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In the context of the coloured stochastic vertex model in a quadrant, we identify a family of observables
whose averages are given by explicit contour integrals. The observables are certain linear combinations
of q-moments of the coloured height functions of the model. In a polymer limit, this yields integral
representations for moments of partition functions of strict-weak, semidiscrete Brownian, and continuum
Brownian polymers with varying beginning and ending points of the polymers.

1. Introduction 205
2. Preliminaries 212
3. Extensions 224
4. Cauchy identities 231
5. Integral representations for fµ 236
6. Observables of stochastic lattice models 244
7. Limit to polymers 253
Acknowledgments 263
References 263

1. Introduction

At least since the work of Kardar [1987], moments of polymer partition functions and related quantities
have been an indispensable tool in analyzing models from the so-called Kardar–Parisi–Zhang (KPZ)
universality class in (1+1) dimensions [Kardar et al. 1986], such as various (integrable) models of directed
polymers in a random environment, exclusion and zero-range processes, and random growth models.
An advanced (although nonrigorous) replica analysis of moments allowed Calabrese, Le Doussal and
Rosso [2010] and Dotsenko [2010] to derive the long-time asymptotics of the so-called narrow wedge
solution to the KPZ equation. An alternative approach to the asymptotics of this solution based on the
pioneering work of Tracy and Widom [2008a; 2008b; 2009] was developed rigorously by Amir, Corwin
and Quastel [2011] and in the physics literature by Sasamoto and Spohn [2010]. (These two approaches
were mostly reconciled by Borodin, Corwin and Sasamoto [2014].) The moment method became
rigorous with the appearance of explicit integral representations for q-moments of suitable q-deformed
models together with the asymptotic analysis of their generating functions in [Borodin and Corwin
2014]. (A simpler approach to the asymptotics through moments was later suggested in [Borodin 2018]
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and [Borodin and Olshanski 2017].) Many papers with analysis of q-moments of various integrable
probabilistic systems have been written since then. The stochastic six vertex model, first introduced by Gwa
and Spohn [1992], was also found to be accessible via such a route in work of Borodin, Corwin and Gorin
[2016b]; see also works by Borodin, Corwin, Petrov and Sasamoto [2015a; 2015b], Corwin and Petrov
[2016] and Borodin and Petrov [2017; 2018a] for various approaches to the q-moments of this model.

Kuniba, Mangazeev, Maruyama and Okado [2016] introduced Yang–Baxter integrable coloured
stochastic vertex models; see also works by Bosnjak and Mangazeev [2016] and Aggarwal, Borodin
and Bufetov [2019]. Colours correspond to the simple roots in the underlying quantum affine algebra
Uq(ŝln+1), with n = 1 corresponding to the colourless or rank-1 case considered previously.

Our recent paper [Borodin and Wheeler 2018] offered an extensive algebraic analysis of these coloured
models and uncovered certain distributional correspondences between coloured and (much more studied)
colourless ones. Such correspondences were further extended by Borodin and Bufetov [2019] and Borodin,
Gorin and Wheeler [2019], and they gave access to various unknown marginals of the coloured models.
However, so far no explicit formulas for observables of the coloured models have been found, apart from
those that arise through matching with colourless models. The primary goal of this paper is to remedy
this fact.

We obtain explicit integral representations for certain linear combinations of q-moments of coloured
height functions for the coloured stochastic vertex model in a quadrant. Further, following a path worked
out in [Borodin et al. 2019], we degenerate the (fully fused) coloured vertex model to directed polymers,
thus obtaining formulas for joint moments of polymer partition functions with different starting points in
the same noise field. The limiting objects include the KPZ equation (equivalently, the continuum Brownian
polymer), the O’Connell–Yor semi-discrete Brownian polymer [2001], the strict-weak or Gamma polymer
of Corwin, Seppäläinen and Shen [2015] and O’Connell and Ortmann [2015], and the Beta polymer of
Barraquand and Corwin [2017].

Let us describe our results in more detail.
The coloured stochastic vertex model in a quadrant can be viewed as a Markovian recipe of constructing

random coloured up-right paths in Z≥1×Z≥1 with the colours labelled by natural numbers. Let us also
initially assume that no horizontal edge of the lattice can be occupied by more than a single path; this
restriction will eventually be removed. The model depends on a quantization parameter q ∈ C, a spin
parameter s ∈ C, and row rapidities denoted by x1, x2, . . . ∈ C.

Along the boundary of the quadrant, we demand that no paths enter the quadrant from the bottom. On
the other hand, a single coloured path enters the quadrant from the left in each row. We assume that the
colours of the paths entering on the left are weakly increasing in the upward direction, and denote by λ1≥0
the number of paths of colour 1, by λ2 ≥ 0 the number of paths of colour 2, etc. Let us also denote by

`k = λ1+ · · ·+ λk, k ≥ 1, (1-1)

the partial sums of this sequence and also set `0 = 0.
Once the paths are specified along the boundary, they progress in the up-right direction within the

quadrant using certain interaction probabilities, also known as vertex weights. For each vertex of the
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Table 1. The vertex weights.

lattice, once we know the colours of the entering paths along the bottom and left adjacent edges, we
decide on the colours of the exiting paths along the top and right edges according to those probabilities.1

They are given by Table 1, where it is assumed that x is the rapidity of the row to which the vertex
belongs, 1 ≤ i < j , I = (I1, I2, . . . ) denotes a vector whose coordinates Ik are equal to the number
of paths of colour k that enter the vertex from the bottom, and Ii

±
= I ± ei with ei being the standard

basis vector with 1 as its i-th coordinate and all other coordinates equal to 0. We also use the notation
I+−ab = I + ea− eb and I≥a = Ia+ Ia+1+· · · . The weight of any vertex that does not fall into one of the
six categories in Table 1 is set to zero. See Section 2 for the origin of these weights.

The stochasticity of the weights encodes the fact that these weights add up to 1 when summed over all
possible states of the outgoing edges with the states of incoming edges being fixed. When the parameters
of the model are such that all the weights are nonnegative, we obtain bona fide transition probabilities.
However, if we agree to deal with complex-valued discrete distributions, we will not actually need the
positivity assumption for our main algebraic result.

Let us now fix n ≥ 1 and focus on the state of the model between row n and row n+ 1. That is, let us
record the locations where the paths of colours 1, 2, . . . exit the n-th row upwards as an n-dimensional
coloured vector (equivalently, a coloured composition) ν with coordinates in Z≥1. By colour conservation
that our weights observe, the counts of different colours in such a vector are provided by a (finite) sequence
λ= (λ1, λ2, . . . ) corresponding to the colours that enter via the left edges of the first n rows; we call λ
the labelling composition.2 We will write the coordinates of ν as

ν = (ν1 ≥ · · · ≥ ν`1 | ν`1+1 ≥ · · · ≥ ν`2 | ν`2+1 ≥ · · · ≥ ν`3 | · · · ), (1-2)

where the groups separated by vertical bars list the coordinates of the paths between rows n and n+ 1 of
colour 1, colour 2, etc. See Figure 1 for an example.

1Such decisions at different vertices are independent.
2For convenience of notation, we assume that the left-incoming colours in rows n and n+ 1 are different, so that we do not

need to split the last coordinate in this sequence.
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Figure 1. A possible configuration of the coloured vertex model.

Our observables on random ν’s are also indexed by coloured compositions. Let us fix a composition
κ = (κ1, κ2, . . . ) satisfying κ ≤ λ coordinate-wise (otherwise the observable vanishes identically), and a
coloured composition µ with coordinates in Z≥1 whose colour counts are given by κ . It is also convenient
to parametrize µ differently by writing µ= 1m(1)

2m(2)
· · · , where the vectors m( j)

= (m( j)
1 ,m( j)

2 , . . . ) are
such that their coordinates m( j)

i count the number of parts of µ of colour i equal to j ; see Figure 1.
Yet another way to describe coloured compositions is through their coloured height functions defined

as follows; see Figure 1:

Hρ
i (x)= #{ j : colour(ρ j )= i, ρ j ≥ x};

Hρ
>i (x)=

∑
k>i

Hρ
k (x), Hρ

≥i (x)=
∑
k≥i

Hρ
k (x); H ν/µ

∗
≡ H ν

∗
− Hµ

∗
.

Here colour(ρ j ) refers to the number of the block in the splitting of the form (1-2) for the coloured
composition ρ that ρ j belongs to.

For κ-coloured µ as above, let us now define an observable Oµ, whose values on λ-coloured ν’s are
given by

Oµ(ν)=
∏

i, j≥1

qm( j)
i H ν/µ

>i ( j+1)
(H ν/µ

i ( j+1)

m( j)
i

)
q

=

∏
i, j≥1

(q H ν/µ

>i ( j+1)
−q H ν/µ

≥i ( j+1))(q H ν/µ

>i ( j+1)
−q H ν/µ

≥i ( j+1)−1) · · ·(q H ν/µ

>i ( j+1)
−q H ν/µ

≥i ( j+1)−m( j)
i +1)

(q;q)m( j)
i

.

In the rainbow case λ= (1, 1, . . . , 1) of all colours being different, Oµ simplifies to

Orainbow
µ (ν)=

∏
i, j :m( j)

i =1

1H ν/µ

i ( j+1)=1 q H ν/µ

>i ( j+1)
=

∏
i, j :m( j)

i =1

q H ν/µ

>i+1( j+1)
− q H ν/µ

>i ( j+1)

q − 1
,
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and in the colour-blind case λ= (n) it is given by

Ocolour-blind
µ (ν)=

(1− q H ν(µ1+1))(1− q H ν(µ2+1)−1) · · · (1− q H ν(µm+1)−m+1)∏
j≥1(q; q)mult j (µ)

,

where H ν
= H ν

≥1 is the colour-blind height function, mult j (µ) = #{i : µi = j}, and m = `(µ) is the
number of parts in µ.

In order to write down an integral representation for the average of Oµ, we need to introduce certain
rational functions fµ(κ; z1, . . . , zm) with the number of variables m = `(µ) equal to the number of parts
of µ. In the rainbow case of pairwise distinct colours, coloured compositions are the same as uncoloured
ones, and for anti-dominant compositions δ = (δ1 ≤ δ2 ≤ . . . ≤ δm) these functions are completely
factorized:

fδ(z1, . . . , zm)=

∏
j≥0(s

2
; q)mult j (δ)∏m

i=1(1− szi )

m∏
i=1

(
zi − s

1− szi

)δi

.

Note that we dropped κ from the notation for fδ as it plays no role in the rainbow situation. For non-anti-
dominant µ’s, one way to define fµ is by the following recursion that allows us to move step by step
from anti-dominant compositions toward the dominant ones: If µi < µi+1 for some 1≤ i ≤ m− 1, then

Ti · fµ(z1, . . . , zm)= f(µ1,...,µi+1,µi ,...,µm)(z1, . . . , zm),

where
Ti ≡ q −

zi − qzi+1

zi − zi+1
(1− si ), 1≤ i ≤ m− 1,

with elementary transpositions si acting by

si · h(z1, . . . , zm) := h(z1, . . . , zi+1, zi , . . . , zm),

are the Demazure–Lusztig operators of the polynomial representation of the Hecke algebra of type Am−1.
The rainbow functions fµ were thoroughly studied in [Borodin and Wheeler 2018] under the name of
spin nonsymmetric Hall-Littlewood functions; they also play a central role in the present work.

For generic, not necessarily rainbow κ and κ-coloured µ, fµ is defined as a suitable sum of rainbow
functions. Concretely, let θ : {1, . . . ,m}→{1, 2, . . . } be the unique monotone map such that |θ−1( j)|=κ j

for all j ≥ 1. Then for any composition ~ with m parts, we can define a κ-coloured composition θ∗(~)
by colouring the coordinate ~i by colour j if and only if θ(i)= j , for all i = 1, . . . ,m. With this, we set

fµ(κ, z1, . . . , zm)=
∑

~ : θ∗(~)=µ

f~(z1, . . . , zm).

Finally, denote by c1 < · · ·< cα the colours of parts of µ, and denote by m1, . . . ,mα ≥ 1 the number
of parts of µ of colours c1, . . . , cα , respectively (m j ’s are simply renumbered nonzero coordinates of κ).
Set m[a, b] =ma +ma+1+ · · ·+mb and recall that

`k = λ1+ · · ·+ λk for k ≥ 1, `0 = 0.

We can now state the main result of this paper.
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Theorem 1.1. With the above notation, we have

EOµ =
q
∑

u≥1
∑

i> j m(u)
i m(u)

j∏
j≥1(s2; q)|m( j)|

(−s)µ1+µ2+...

(2π
√
−1)m

∮
· · ·

∮
around{x−1

j }

∏
1≤i< j≤m

y j − yi

y j − qyi

×

α∏
k=1

( mk∑
j=0

(−1) j q(
mk− j

2 )

(q; q) j (q; q)mk− j

j+m[1,k−1]∏
p>m[1,k−1]

n∏
a>`ck−1

1− qxa yp

1− xa yp

m[1,k]∏
r> j+m[1,k−1]

n∏
b>`ck

1− qxb yr

1− xb yr

)

× fµ(κ; y−1
1 , . . . , y−1

m )

m∏
i=1

(yi − s)dyi

y2
i

, (1-3)

where (positively oriented) integration contours are chosen to encircle all points {x−1
j }

n
j=1 and no

other singularities of the integrand, or as q-nested closed simple curves with yi -contour containing
q−1
· (y j -contour) for all i < j , and all of the contours encircling {x−1

j }
n
j=1. The contours can also be

chosen to either encircle or not encircle the point 0.

Our proof of Theorem 1.1 is deeply rooted in the formalism of spin nonsymmetric Hall-Littlewood
functions fµ developed in [Borodin and Wheeler 2018]. The key new ingredient is the idea to treat
skew-Cauchy identities for these functions as averages of certain observables over the measure given by
terms of the nonskew Cauchy identity. The latter can then be identified, under a certain specialization,
with the sum over states of the stochastic vertex model along a horizontal line. Accessing observables via
deformed Cauchy identities was previously used in [Borodin and Petrov 2017; 2018a] in the colour-blind
case, but the mechanism of deformation was different, and the path to integral representations was more
complex. It should be noted, however, that [Borodin and Petrov 2018a] was able to reach an integral
representation for fully inhomogeneous vertex models (which was later exploited analytically in [Borodin
and Petrov 2018b]). So far we have not been able to reach the same level of inhomogeneity in the coloured
case, although some inhomogeneity can be added, and it is actually necessary for the limit to polymers.

Let us briefly mention some algebraic corollaries of Theorem 1.1.
First, in the colour-blind case λ= (n), (1-3) readily leads to a formula for q-moments of the height

function with a completely factorized integrand that could be viewed as a source of all the major asymptotic
advances in the area. This colour-blind reduction is discussed in Section 6B.

Next, as the dependence on the values of the coordinates of µ is concentrated in the fµ-factor and fµ’s
are eigenfunctions of a transfer-matrix of our vertex model, the expectations Oµ satisfy certain difference
equations. Those can be seen as evidence that Oµ(ν) is actually a duality functional for our model; see
Section 6C for details. Duality has served as a major tool for analyzing (q-)moments since [Kardar 1987].
It would be very interesting to see if our prospective duality functionals can be related to those obtained
by Kuan [2018].

In the rainbow case λ = (1, 1, . . . , 1), together with simplification of observables Oµ to Orainbow
µ

mentioned above, the integrand also simplifies due to the lack of j-summations. This case carries
additional colour-position symmetry both in the left-hand side of (1-3) and in the right-hand side; see
Section 6D. When applied to Oµ, this yields another set of potential duality functionals. Let us also note
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that for anti-dominant µ, when fµ completely factorizes, the result can alternatively be obtained from the
colour-blind case by applying a (highly nontrivial) shift-invariance property of [Borodin et al. 2019].

Finally, Theorem 1.1 allows for stochastic fusion: A cluster of neighbouring rows with same left-
entering colours and rapidities forming a geometric progression can be collapsed to a single “fat” row
whose edges are allowed to carry multiple paths. One can further analytically continue in the parameters
qnumber of rows in a cluster, obtaining a corresponding result in the fully fused model.3 Details of this procedure
can be found in [Borodin and Wheeler 2018; Borodin et al. 2019], and the resulting version of Theorem 1.1
is Corollary 6.9 in Section 6E.

The source of analytic corollaries of Theorem 1.1 is the fact that the coloured stochastic vertex model
and its fully fused version degenerate, in various limits, to a variety of other probabilistic systems; see
[Borodin and Wheeler 2018, Chapter 12] and [Borodin et al. 2019] for some of those degenerations, and
the chart in the introduction to [Borodin et al. 2019] for a “big picture”. In this text we only consider, in
Section 7, the limit into directed random polymers that was worked out in [Borodin et al. 2019]. We obtain
versions of Theorem 1.1 for random Beta-polymers (first considered in [Barraquand and Corwin 2017]),
strict-weak or Gamma-polymers (first considered in [Corwin et al. 2015; O’Connell and Ortmann 2015]),
O’Connell–Yor semidiscrete Brownian polymers [O’Connell and Yor 2001], and fully continuous (also
known as continuum) Brownian polymers (equivalently, the stochastic heat equation with multiplicative
noise or the KPZ equation).

Two simplifications happen in these limits. First, the presence of colours in our vertex models translates
into varying starting points of the polymers, while the general definitions of the polymer models remain
the same as in the colourless situation. Second, the observables simplify to pure moments of partition
functions (no linear combinations necessary) in three of the four polymer models we consider. Let us
illustrate what happens on the example of the continuum Brownian polymer; see Section 7E.

Let Z(y)(t, x) be the unique solution of the following stochastic partial differential equation with the
initial condition

Z(y)
t =

1
2Z

(y)
xx + η(t, x)Z(y), t > 0, x ∈ R; Z(y)(0, x)= δ(x − y),

where η= η(t, x) is the two-dimensional white noise. See, e.g., [Quastel 2012] and references therein for
an extensive literature on this equation and its close relation to continuum Brownian path integrals and
the Kardar–Parisi–Zhang equation.

We are interested in evaluating the average of the product of several Z(y)(t, x) with varying x’s and y’s.
We will use the notation ~ j for different values of x , and we will group those according to which of them
correspond to the same value of y. In order to do that, we will talk about a coloured real-valued vector
~ = (~1, . . . , ~m), with coordinates of the same colour corresponding to the same y’s. Further, we will
simply use the term “colour” for those y’s and denote them as s1 < · · ·< sα; they are also real-valued.
Denote

m(x)
i = #{ j : ~ j = x and has colour si }, mi =

∑
x

m(x)
i , 1≤ i ≤ α, x ∈ R.

3Our original setup can be viewed as a partially fused model because vertical edges are allowed to carry multiple paths; it
could have been obtained from the fundamental model with no more than one path on any edge by clustering columns.
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Then the limiting version of the fused version of Theorem 1.1 reads (see Proposition 7.9)

E

[ ∏
(i,x) :m(x)

i >0

(Z(si )(t, x))m
(x)
i

m(x)
i !

]

=
1

(2π
√
−1)m

∫
· · ·

∫ ∏
1≤i< j≤m

w j −wi

w j −wi − 1

×

α∏
k=1

exp
(
−sk ·

∑m[1,k]
r>m[1,k−1]wr

)
mk !

· e~(w1, . . . , wm)

m∏
i=1

etw2
i /2dwi , (1-4)

where the integration is over upwardly oriented lines wi = ai +
√
−1 ·R with <a j > <ai + 1 for j > i .

The functions e~ in the integrand are the limiting versions of the functions fµ in (1-3), and they are
defined as follows. In the rainbow case, in the dominant sector κ1 ≥ κ2 ≥ . . .≥ κm one has

e~(w1, . . . , wm)= exp(~1w1+ · · ·+ ~mwm),

and for ~i > ~i+1 for some 1≤ i ≤ m− 1 one uses the exchange relations

Ti · e~ = e(~1,...,~i+1,~i ,...,~m), Ti ≡ 1−
wi −wi+1+ 1
wi −wi+1

(1− si ), 1≤ i ≤ m− 1,

to extend the definition to all rainbow vectors ~. For a more general colouring, we use the (unique) colour-
identifying monotone map θ from {1, . . . ,m} to the set of colours {si }, and define e~=

∑
rainbow~ ′ :θ∗(~ ′)=~ e~ ′ .

The moment formula (1-4) has a certain shift-invariance, see Remark 7.10 below, that is partially
explained by the KPZ-level degeneration of the results of [Borodin et al. 2019]. This shift-invariance is,
furthermore, a corollary of the conjecture in the introduction to [Borodin et al. 2019]. It does not imply
that conjecture though, because the moments are well-known to not determine the distributions of Z’s
uniquely.4

2. Preliminaries

The goal of this section is to summarize previously proved results that we will need later on. The notation
and exposition largely follow [Borodin and Wheeler 2018].

2A. The weights. The vertex models that we consider assign weights to finite collections of finite paths
drawn on a square grid. Each vertex for which there exists a path that enters and exits it produces a
weight that depends on the configuration of all the paths that go through this vertex. The total weight for
a collection of paths is the product of weights of the vertices that the paths traverse. We tacitly assume
the normalization in which the weight of an empty vertex is always equal to 1.

Our paths are going to be coloured, i.e., each path carries a colour that will typically be a (positive)
natural number, with colour 0 reserved for the absence of a path. Our vertex weights will actually depend
on the ordering of the (nonzero) paths’ colours, rather than on their exact values. The paths will always

4That conjecture was very recently proved, by two different methods, in [Dauvergne 2020] and [Galashin 2020].
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travel upward in the vertical direction, and in the horizontal direction a path can travel rightward or
leftward, depending on the region of the grid it is in; this choice will always be explicitly specified.

A basic family of vertex weights that we will use is denoted as

B D

A

C

(x, L)→

↑
(y,M)

=WL,M

(
x
y
; q; B D

A

C
)
≡WL,M(x/y; q; A, B,C, D), (2-1)

where x, y are inhomogeneity parameters (or rapidities) associated to the row and column, horizontal
edges carry no more than L paths, vertical edges carry no more than M paths, all paths are of colours
1, . . . , n for some n ≥ 1, and the specific sets of colours on the edges are encoded by compositions (or,
equivalently, vectors with nonnegative entries) A= (A1, . . . , An), B= (B1, . . . , Bn), C = (C1, . . . ,Cn),
D = (D1, . . . , Dn) subject to the constraints

|A|, |C| ≤M, |B|, |D| ≤ L, (2-2)

where we use the notation | · | to denote the sum of all parts of a composition.
These remarkable weights come from a family of stochastic R-matrices constructed in [Kuniba et al.

2016] via symmetric tensor representations of the quantized affine algebra Uq(ŝln+1); see also [Kuan
2018; Bosnjak and Mangazeev 2016; Aggarwal et al. 2019; Borodin and Wheeler 2018]. Let us list some
of their properties.

The Yang–Baxter equation for these weights can be written graphically as

∑
C1,C2,C3

A1

C1
B1

A2

C2
B2

A3

C3

B3

(x, L)→

(y,M)→

↑

(z,N)

=

∑
C1,C2,C3

A1
C1

B1
A2

C2

B2

A3

C3

B3

(x, L)→

(y,M)→

↑

(z,N)

(2-3)

See also [Borodin and Wheeler 2018, (C.1.2)] for the corresponding formula.
These weights enjoy a transpositional symmetry

WL,M

(
x; q; B D

A

C
)
=WM,L

(
qM−L

x
;

1
q
; A C

B

D
)
. (2-4)

They are stochastic in the following sense:∑
C,D

WL,M

(
x; q; B D

A

C
)
= 1, (2-5)

where the sum is over all compositions C = (C1, . . . ,Cn) and D= (D1, . . . , Dn) with |C| ≤M, |D| ≤ L.
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They can also be given by the following explicit formula originating from [Bosnjak and Mangazeev
2016]; see also [Borodin and Wheeler 2018, Theorem C.1.1]:

WL,M

(
x; q; B D

A

C
)
= (1A+B=C+D)x |D|−|B|q |A|L−|D|M

×

∑
P

8(C − P,C + D− P; qL−Mx, q−Mx)8(P, B; q−L/x, q−L), (2-6)

where the sum is over compositions P = (P1, . . . , Pn) such that 0≤ Pi ≤min(Bi ,Ci ) for all 1≤ i ≤ n;
and for any two compositions λ,µ ∈ Nn such that λi ≤ µi for all 1≤ i ≤ n, we used the notation

8(λ,µ; x, y) :=
(x; q)|λ|(y/x; q)|µ−λ|

(y; q)|µ|
(y/x)|λ| q

∑
i< j (µi−λi )λ j

n∏
i=1

(
µi

λi

)
q
.

The substitution of L=M= 1 into WL,M returns the (stochastic version of) the fundamental R-matrix for
Uq(ŝln+1):

W1,1

(
x
y
; q; B D

A

C
)
=

{
Ry/x(A∗, B∗;C∗, D∗), |A|, |B|, |C|, |D| ≤ 1,

0, otherwise,
(2-7)

where we have defined

I∗ =

{
0, I = 0,
i, I = ei (i-th standard basis vector),

for any composition I = (I1, . . . , In) such that |I | ≤ 1, and where Ry/x denotes the fundamental R-matrix
depicted as (with z = y/x)

Rz(i, j; k, `)= j `

i

k

, i, j, k, ` ∈ {0, 1, . . . , n}, (2-8)

and with matrix elements summarized in Table 2, in which we assume that 0≤ i < j ≤ n. Observe that
these weights are manifestly stochastic.

The general weights WL,M can be reconstructed from the fundamental ones in Table 2 via the procedure
of stochastic fusion. To state how it works we need a bit of notation.

Let N≥ 1, and consider a vector of nonnegative integers (i1, . . . , iN) ∈ {0, 1, . . . , n}M . From this we
define another vector,

C(i1, . . . , iN) := (I1, . . . , In), Ia = #{k : ik = a}, 1≤ a ≤ n, (2-9)

which keeps track of the multiplicity of each colour 1≤ a ≤ n within (i1, . . . , iN). Set

inv(i1, . . . , iN)= #{1≤ a < b ≤ N : ia > ib}, ĩnv(i1, . . . , iN)= #{1≤ a < b ≤ N : ia < ib},
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i i

i

i

i i

j

j

i j

j

i

1 q(1−z)
1−qz

1−q
1−qz

j j

i

i

j i

i

j

1−z
1−qz

(1−q)z
1−qz

Table 2. The matrix elements of the fundamental R-matrix.

and, denoting I0 := N−
∑n

a=1 Ia ,

Zq(N; I)=
∑

C(i1,...,iN)=I

q inv(i1,...,iN) =
∑

C( j1,..., jN)=I

q ĩnv( j1,..., jN) =
(q; q)N

(q; q)I0(q; q)I1 . . . (q; q)In

.

Then (see [Borodin et al. 2019, Appendix]),

WL,M

(
x
y
; q; B D

A

C
)

=
1

Zq(M; A)Zq(L; B)
∑

C( j1,..., jL)=B
C(`1,...,`L)=D

q ĩnv( j1,..., jL)
∑

C(i1,...,iM)=A
C(k1,...,kM)=C

q inv(i1,...,iM)

kM· · ·k1

x j1

...

qL−1x jL

y
iM· · ·

qM−1 y
i1

`1

...

`L

(2-10)

where the figure on the right denotes the corresponding partition function with R-weights given by (2-8)
and Table 2 (thus, summation over all possible states of interior edges is assumed), and the colours on the
boundary edges, as well as row and column rapidities, are explicitly indicated.5

A key feature of the fused R-vertices that allows stacking them together is their q-exchangeability:
In equation (2-10), the sum over (k1, . . . , kM) can be omitted at the expense of adding the factor of
q−inv(k1,...,kM)Zq(M;C) to the summands, and, independently, the sum over (`1, . . . , `L) can be removed
at the expense of adding the factor of q−ĩnv(`1,...,`L)Zq(L; D); see [Borodin and Wheeler 2018, Proposi-
tion B.2.2] for a proof.

5As in (2-8), the spectral parameter of an R-vertex is assumed to be equal to the ratio of the column rapidity and the row
rapidity.



216 ALEXEI BORODIN AND MICHAEL WHEELER

In what follows we will also need partially fused weights defined as (see (2-4))

Lstoch
x (A, b;C, d) :=W1,M

(
x
s
; q; eb ed

A

C
)∣∣∣∣∣

qM→s−2

, (2-11)

M stoch
x (A, b;C, d) :=W1,M

(
s
x
;

1
q
; eb ed

A

C
)∣∣∣∣∣

qM→s−2

, (2-12)

where the substitution of a generic complex parameter s2 for q−M is based on the fact that the right-hand
sides are rational in qM. The weights Lstoch

x are tabulated in Table 1.
In addition, we will use gauge transformed (nonstochastic) versions

(−s)−1`≥1 Lstoch
x (I, j; K , `)=: L x(I, j; K , `)= x→ j `

I

K

, (2-13)

(−s)1 j≥1 M stoch
x (I, j; K , `)=: Mx(I, j; K , `)= y← ` j

I

K

, (2-14)

that, as a consequence of (2-3), satisfy the following version of the Yang–Baxter equation; see [Borodin
and Wheeler 2018, (2.3.5)]:

∑
0≤k1,k3≤n

∑
K∈Nn

j3
k3

i3
i1

k1

j1

I

K

J

y←

x→
=

∑
0≤k1,k3≤n

∑
K∈Nn

j3

k3
i3

i1

k1
j1

I

K

J

y←

x→
(2-15)

with the spectral parameter of the R-vertex equal to (qxy)−1.
The explicit values of the weights (2-13) are summarized in Table 3 where we assume that 1≤ i < j ≤ n,

and the notation I[k,n] stands for
∑n

a=k Ia . For n = 1, these weights correspond to the image of the
universal R-matrix for the quantum affine group Uq(ŝl2) in the tensor product of its vector representation
(horizontal edges) and a Verma module (vertical edges), with parameter s encoding its highest weight;
we call s the spin parameter.

2B. The q-Hahn specialization and a limit relation. The complicated expression (2-6) can simplify at
special values of parameters; we have already seen this in the case of Lstoch and M stoch. Another such spe-
cialization that allows L and M to remain generic is the following (see [Kuniba et al. 2016, Proposition 7]
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0 0

I

I

i i

I

I

0 i

I

I−i

1−sxq I[1,n]

1−sx
(x−sq Ii )q I[i+1,n]

1−sx
x(1−q Ii )q I[i+1,n]

1−sx

i 0

I

I+i

i j

I

I+−i j

j i

I

I+−j i

1−s2q I[1,n]

1−sx
x(1−q I j )q I[ j+1,n]

1−sx
s(1−q Ii )q I[i+1,n]

1−sx

Table 3. The explicit values of the weights (2-13).

and also [Bosnjak and Mangazeev 2016, (7.13)]): Assuming that L≤M, we have

WL,M

(
1;q; B D

A

C
)
= q(L−M)|D|

(qL−M
;q)|A|−|D|(q−L;q)|D|
(q−M;q)|A|

q
∑

i< j Di (A j−D j )

n∏
i=1

(
Ai

Ai−Di

)
q

=8(D, A;q−L,q−M). (2-16)

The proof follows from the fact that setting x = 1 restricts the sum in (2-6) to a single term with
P = B. This specialization is often referred to as the q-Hahn point because for n = 1 it reproduces the
orthogonality weights for the classical q-Hahn orthogonal polynomials.

Note that replacing q−M by a generic complex parameter s2 as was done for W1,M in (2-11) can also
be performed for WL,M for L> 1 either in (2-6) or in (2-16), because those are weights are still manifestly
rational in qM. Alternatively, the result of such a replacement could be seen as a stochastic fusion of the
weights Lstoch in the spirit of (2-10), where only the outer sum over j∗’s and `∗’s is present.

We will also need the following limiting relation for the weights (2-6); see [Borodin et al. 2019,
Lemma 6.8]:

Assume that B = (0, . . . , 0, L). Then

lim
q−M=s2→0

WL,M

(
zqM
;q; B D

A

C
)
=


(zqL
;q)∞

(z;q)∞
(q−L;q)d
(q;q)d

(zqL)d if D= (0, . . . ,0,d), d ≥ 0,

0 otherwise.
(2-17)

2C. Row operators and rational functions. Let V be an infinite-dimensional vector space obtained by
taking the linear span of all n-tuples of nonnegative integers:

V = Span{|I〉} = Span{|i1, . . . , in〉}i1,...,in∈N. (2-18)
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It is convenient to consider an infinite tensor product of such spaces,

V= V0⊗ V1⊗ V2⊗ · · · ,

where each Vi denotes a copy of V . Let
⊗
∞

k=0 |Ik〉k be a finite state in V, i.e., assume that there exists
N ∈ N such that Ik = 0 for all k > N ; in what follows only such states are considered. We define two
families of linear operators acting on the finite states:

Ci (x) :
∞⊗

k=0

|Ik〉k 7→
∑

J0,J1,...∈Nn

 x→ i 0

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

J2

I2

J1

I1

J0

I0


∞⊗

k=0

|Jk〉k, 0≤ i ≤ n, (2-19)

Bi (x) :
∞⊗

k=0

|Ik〉k 7→
∑

J0,J1,...∈Nn

 x← i 0

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

J2

I2

J1

I1

J0

I0


∞⊗

k=0

|Jk〉k, 0≤ i ≤ n, (2-20)

where the vertex weights are those from (2-13) and (2-14), respectively. Note that the sums above are
always finite due to path conservation, and the infinite number of empty vertices far to the right all have
weight 1.

A direct corollary of the Yang–Baxter equation (2-15) is the fact that the row operators Bi and Ci

satisfy certain explicit quadratic commutation relations; see [Borodin and Wheeler 2018, Section 3.2].
The simplest ones state that for a fixed i , 0≤ i ≤ n, the operators Bi (x) commute between themselves
for different values of x , and, similarly, Ci (x) also commute for different values of x . Slightly more
complicated are the following relations between B- and C-operators; see [Borodin and Wheeler 2018,
Theorem 3.2.3]:

Fix two nonnegative integers i, j such that 0≤ i, j ≤ n, and complex parameters x, y such that∣∣∣∣ x − s
1− sx

·
y− s

1− sy

∣∣∣∣< 1. (2-21)

Then the row operators (2-19) and (2-20) obey the following commutation relations (0≤ i, j ≤ n):

Ci (x)B j (y)=
1− qxy
1− xy

B j (y)Ci (x), i < j, q Ci (x)B j (y)=
1− qxy
1− xy

B j (y)Ci (x), i > j,

Ci (x)Bi (y)=
1− q−1

1− xy

∑
k<i

Bk(y)Ck(x)+Bi (y)Ci (x)−
(1− q)xy

1− xy

∑
k>i

Bk(y)Ck(x).
(2-22)

Note that matrix elements of the left-hand sides in (2-22) are given by infinite sums, and (2-21)
ensures that those sums converge. It is thanks to the infinite range of the lattice in (2-19) and (2-20) that
relations (2-22) are simpler than the usual commutation relations in the Yang–Baxter algebra.

We are now in position to introduce certain rational functions that will play a central role in what
follows; they were called nonsymmetric spin Hall–Littlewood functions in [Borodin and Wheeler 2018].
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For a composition µ and n complex parameters x1, . . . , xn , define a rational function fµ(x1, . . . , xn)

as a partition function depicted below (vertex weights (2-13) are being used):

fµ(x1, . . . , xn)=

x1→

x2→

.

.

.

.

.

.

xn→

· · ·· · ·· · ·000

· · ·· · ·· · ·A(2)A(1)A(0)

0

0

.

.

.

.

.

.

0

1

2

.

.

.

.

.

.

n

(2-23)

with A(k)=
∑n

j=1 1µ j=k e j . These are certain matrix elements of the operator C1(x1) · · · Cn(xn) that can
be symbolically written in the form 〈∅|C1(x1) · · · Cn(xn)|µ〉. A more general definition of the fµ’s, as
described in [Borodin and Wheeler 2018, Section 3.4], involves some of the operators Ci being repeated
with different arguments (equivalently, some of the paths entering the partition function (2-23) from the
left being of the same colour); we will meet such functions in Section 2H.

Similarly to the fµ’s, one defines dual functions

gµ(x1, . . . , xn)=

x1←

x2←

.

.

.

.

.

.

xn←

· · ·· · ·· · ·000

· · ·· · ·· · ·A(2)A(1)A(0)

0

0

.

.

.

.

.

.

0

1

2

.

.

.

.

.

.

n

(2-24)

as matrix elements 〈µ|B1(x1) · · ·Bn(xn)|∅〉 of B1(x1) · · ·Bn(xn). One proves (see [Borodin and Wheeler
2018, Proposition 5.6.1]) that these two families of functions are closely related:

gµ̃(x−1
n , . . . , x−1

1 ; q
−1, s−1)= cµ(q, s)

n∏
i=1

xi · fµ(x1, . . . , xn; q, s), µ̃= (µn, . . . , µ1), (2-25)

where the multiplicative constant cµ(q, s) is given by

cµ(q, s)=
sn(q − 1)nq#{i< j :µi≤µ j }∏

j≥0(s2; q)m j (µ)

, m j (µ) := #{1≤ k ≤ n : µk = j}, j ≥ 0. (2-26)

It will be convenient for us to use a slightly different normalization of the dual functions:

g∗µ(x1, . . . , xn) := qn(n+1)/2(q − 1)−n
· gµ(x1, . . . , xn).
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Finally, let us introduce a third family of symmetric rational functions parametrized by a pair of
compositions µ, ν, or rather by a skew composition µ/ν, by

Gµ/ν(x1, . . . , x p)=

x1←

x2←

.

.

.

.

.

.

x p←

· · ·· · ·· · ·B(2)B(1)B(0)

· · ·· · ·· · ·A(2)A(1)A(0)

0

0

.

.

.

.

.

.

0

0

0

.

.

.

.

.

.

0

(2-27)

(where p = 1, 2, . . . is arbitrary) with A(k) =
∑n

j=1 1µ j=k e j , B(k) =
∑n

j=1 1ν j=k e j , for all k ∈ Z≥0.
These are matrix elements 〈µ|B0(x1) · · ·B0(x p)|ν〉 of the operator B0(x1) · · ·B0(x p), and their symmetry
with respect to the xi ’s is a direct consequence of the commutativity of B0(xi )’s noted after (2-20).

2D. Colour-blindness. For any integer k ∈ {0, 1, . . . , n} define its colour-blind projection

θ(k) := 1k≥1 =

{
0, k = 0,
1, k ≥ 1.

Also, denote the set of compositions of a fixed length (number of entries) with a given weight (sum of
entries) k as

W(k) := {K ∈ Zn
≥0 : |K | = k}.

Then one proves (see [Borodin and Wheeler 2018, Proposition 2.4.2]) that∑
K∈W(k)

L x(I, j; K , 0)= L(1)x (|I |, θ( j); k, 0),
∑

K∈W(k)

∑
1≤`≤n

L x(I, j; K , `)= L(1)x (|I |, θ( j); k, 1),

(2-28)
where L(1) refers to the weights (2-13) with n = 1. Similarly, one has∑

K∈W(k)

Mx(I, j; K , 0)= M (1)
x (|I |, θ( j); k, 0),

∑
K∈W(k)

∑
1≤`≤n

Mx(I, j; K , `)= M (1)
x (|I |, θ( j); k, 1).

This has been observed in a number of earlier publications [Foda and Wheeler 2013; Garbali et al.
2017; Kuan 2018], and used to different effects within those works. This property allows certain linear
combinations of higher-rank partition functions to be computable as rank-1, or colour-blind partition
functions.

As an example, one derives the symmetrization identities (see [Borodin and Wheeler 2018, Proposi-
tions 3.4.4 and 4.4.3])∑
µ:µ+=ν

fµ(x1, . . . , xn)= Fcν(x1, . . . , xn),
∑

µ:µ+=κ

Gν/µ(x1, . . . , x p)= q−npGν+/κ(x1, . . . , x p), (2-29)

with the sums taken over all compositions with a given dominant reordering denoted by the superscript “+”,
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and where the symmetric rational functions Fc and G are colour-blind objects that were considered at
length in [Borodin 2017; Borodin and Petrov 2017; 2018a].

2E. Recursive relations. While explicit formulas representing the functions fµ as sums of monomials
are rather involved (see Chapters 6 and 7 of [Borodin and Wheeler 2018] for two different versions) there
exist concise recursive relations for them.

First, for anti-dominant compositions δ = (δ1 ≤ · · · ≤ δn), the functions fδ are completely factorized
(see [Borodin and Wheeler 2018, Proposition 5.1.1]):

fδ(x1, . . . , xn)=

∏
j≥0(s

2
; q)m j (δ)∏n

i=1(1− sxi )

n∏
i=1

(
xi − s

1− sxi

)δi

, m j (δ)= #{1≤ k ≤ n : δk = j}, j ≥ 0. (2-30)

This happens because the partition function (2-23) has only one configuration of paths that contributes
nontrivially.

Second, the following recursion allows one to move step by step from antidominant compositions to
the dominant ones; see [Borodin and Wheeler 2018, Theorem 5.3.1]:

Let µ= (µ1, . . . , µn) be a composition with µi < µi+1 for some 1≤ i ≤ n− 1. Then

Ti · fµ(x1, . . . , xn)= f(µ1,...,µi+1,µi ,...,µn)(x1, . . . , xn), (2-31)

where
Ti ≡ q −

xi − qxi+1

xi − xi+1
(1− si ), 1≤ i ≤ n− 1, (2-32)

with elementary transpositions si ·h(x1, . . . , xn) :=h(x1, . . . , xi+1, xi , . . . , xn), are the Demazure–Lusztig
operators of the polynomial representation of the Hecke algebra of type An−1.

2F. Summation identities. The functions fµ, gµ, and Gµ/ν satisfy several summation identities that can
be found in [Borodin and Wheeler 2018, Section 4]; in what follows we will need a couple of them.
The first one bears a certain similarity to a summation identity proved by Sahi [1996] and Mimachi and
Noumi [1998] for nonsymmetric Macdonald polynomials [Mimachi and Noumi 1998]; it was proved as
[Borodin and Wheeler 2018, Theorem 4.3.1].

Let (x1, . . . , xn) and (y1, . . . , yn) be two sets of complex parameters such that (see (2-21))∣∣∣∣ xi − s
1− sxi

·
y j − s

1− sy j

∣∣∣∣< 1 for all 1≤ i, j ≤ n. (2-33)

Then ∑
µ

fµ(x1, . . . , xn)g∗µ(y1, . . . , yn)=

n∏
i=1

1
1− xi yi

∏
n≥i> j≥1

1− qxi y j

1− xi y j
, (2-34)

where the summation is over all compositions µ (with nonnegative coordinates).
This identity is proved by evaluating the matrix element 〈∅|C1(x1) · · · Cn(xn)B1(y1) · · ·Bn(yn)|∅〉 in

two different ways, by inserting the partition of unity
∑

µ |µ〉〈µ| between the groups of B- and C-operators,
and by using the commutation relations (2-22).
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• • •

•
s sq

· · ·
sqn−1

Figure 2. Admissible contours {C1, . . . ,Cn} with respect to (q, s).

A similar argument applied to the matrix element 〈∅|C1(x1) . . . Cn(xn)B0(y1) . . .B0(yp)|ν〉 leads to
the following summation identity that is reminiscent of the skew-Cauchy identities known in the theory
of symmetric functions (see [Borodin and Wheeler 2018, Proposition 4.5.1] for a detailed proof):

Let (x1, . . . , xn) and (y1, . . . , yp) be two sets of complex parameters satisfying the constraints (2-33),
and fix a composition ν = (ν1, . . . , νn). Then one has the identity∑

µ

fµ(x1, . . . , xn)Gµ/ν(y1, . . . , yp)=

n∏
i=1

p∏
j=1

1− qxi y j

q(1− xi y j )
· fν(x1, . . . , xn), (2-35)

where the summation is taken over all length-n compositions µ= (µ1, . . . , µn).

2G. Orthogonality and integral representations. Let {C1, . . . ,Cn} be a collection of contours in the
complex plane. We say that the set {C1, . . . ,Cn} is admissible with respect to a pair of complex parameters
(q, s) if the following conditions are met:

• The contours {C1, . . . ,Cn} are closed, positively oriented and pairwise nonintersecting.

• The contours Ci and q ·Ci are both contained within contour Ci+1 for all 1≤ i ≤ n−1, where q ·Ci

denotes the image of Ci under multiplication by q .

• All contours surround the point s.

An illustration of such admissible contours is given in Figure 2.
Often when we integrate rational functions over {C1, . . . ,Cn}, the integrals can also be computed

as sums of residues of the integrand inside the contours. Such sums also make sense for values of
parameters that prevent admissible contours from existing, and thus the integrals could also be defined
via the residue sums. Therefore, we will tacitly assume that we perform such a replacement should the
admissible contours not exist, and we will also use a similar convention for other contour integrals below;
see Remark 5.3.

Let µ= (µ1, . . . , µn) and ν= (ν1, . . . , νn) be two compositions. We have the following orthonormality
of nonsymmetric spin Hall–Littlewood functions (see [Borodin and Wheeler 2018, Theorem 8.2.1]):

1

(2π
√
−1)n

∮
C1

dx1

x1
· · ·

∮
Cn

dxn

xn

∏
1≤i< j≤n

x j − xi

x j − qxi
fµ(x−1

1 , . . . , x−1
n )g∗ν (x1, . . . , xn)= 1µ=ν . (2-36)
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Coupled with (2-34) (which is easily shown to converge uniformly provided that the left-hand sides
of (2-33) are bounded by a uniform constant < 1), this leads to the integral formula

fµ(x1, . . . , xn)=
1

(2π
√
−1)n

∮
C1

dy1

y1
· · ·

∮
Cn

dyn

yn

∏
1≤i< j≤n

y j − yi

y j − qyi
fµ(y−1

1 , . . . , y−1
n )

×

n∏
i=1

1
1− xi yi

∏
n≥i> j≥1

1− qxi y j

1− xi y j
. (2-37)

A similar integral representation for Gµ/ν originating from (2-35) can be found in [Borodin and
Wheeler 2018, Section 9.5].

2H. Coloured compositions. This section closely follows [Borodin and Wheeler 2018, Sections 3.3–3.4],
where a more detailed exposition can be found.

Let λ = (λ1, . . . , λn) be a composition of length n and weight m: |λ| =
∑n

i=1 λi = m. Denote the
partial sums of λ by

∑k
i=1 λi = `k . We introduce the set Sλ of λ-coloured compositions as follows:

Sλ =
{
µ= (µ1 ≥ · · · ≥ µ`1 |µ`1+1 ≥ · · · ≥ µ`2 | · · · |µ`n−1+1 ≥ · · · ≥ µ`n )

}
. (2-38)

That is, the elements of Sλ are length-m compositions µ, which have been subdivided into blocks of
length λk , 1≤ k ≤ n. These blocks demarcate the colouring of µ. Within any given block, the parts of µ
have the same colouring and are weakly decreasing.

Two special cases of λ-coloured compositions play special roles. The first is when λ= (n, 0, . . . , 0),
when compositions µ ∈ Sλ consist of a single block whose parts are weakly decreasing; i.e., one simply
recovers partitions. As was noted in (2-29), reducing to this case recovers the symmetric rational functions
F∗, G∗ from [Borodin 2017; Borodin and Petrov 2017; Borodin and Petrov 2018a].

The second one is when λ= (1, 1, . . . , 1)= (1n). Then compositions µ ∈ Sλ consist of n blocks, each
of a different colour. Thus, the parts of µ are not bound by any inequalities; accordingly, one recovers the
set of all length-n compositions. We will refer to these as rainbow compositions, or as composition in the
rainbow sector. The functions fµ, gµ and Gµ/ν introduced above were all defined under the assumption
that the participating compositions were in the rainbow sector.

Let µ∈ Sλ be a λ-coloured composition, with `k denoting the partial sums of λ, as above. We associate
to each such µ a vector |µ〉λ ∈ V, defined as

|µ〉λ :=

∞⊗
k=0

|A(k)〉k, A(k)=
n∑

j=1

A j (k)e j , A j (k)= #{i : µi = k, ` j−1+ 1≤ i ≤ ` j }, (2-39)

where by agreement `0 = 0. In other words, the component A j (k) enumerates the number of parts in the
j -th block of µ (these are the parts of colour j ) which are equal to k. Further, we define vector subspaces
V(λ) of V which provide a natural grading of V:

V=

∞⊕
m=0

⊕
|λ|=m

V(λ), V(λ) := SpanC{|µ〉λ}µ∈Sλ . (2-40)

The grading (2-40) splits V into subspaces with fixed particle content: V(λ) is the linear span of all states
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consisting of λi particles of colour i , for all i ≥ 1. We refer to these subspaces as sectors of V, thus
generalizing the “rainbow sector” terminology.

The definitions of the rational functions fµ, gν , and Gµ/ν naturally lift to coloured composition labels.
Concretely, let λ= (λ1, . . . , λn) be a composition of weight m with partial sums `k as above, and fix a
λ-coloured composition µ= (µ1, . . . , µm) ∈ Sλ. In analogy with (2-23), set

fµ(λ; x1, . . . , xm) := 〈∅|
( `1∏

i=1

C1(xi )

)( `2∏
i=`1+1

C2(xi )

)
· · ·

( `n∏
i=`n−1+1

Cn(xi )

)
|µ〉λ, (2-41)

where |µ〉λ ∈ V(λ) is given by (2-39), and 〈∅| ∈ V∗ denotes the (dual) vacuum state 〈∅| =
⊗
∞

k=0〈0|k ,
which is completely devoid of particles, and Ci ’s are the row-operators (2-19). Graphically, this is the
partition function of the form (2-23), with the incoming paths in the bottom `1 rows having colour 1,
having colour 2 in the `2 rows right above those, etc.

One similarly defines, in analogy with (2-24) and using the row operators (2-20),

gµ(λ; x1, . . . , xm) := 〈µ|λ

( `1∏
i=1

B1(xi )

)( `2∏
i=`1+1

B2(xi )

)
· · ·

( `n∏
i=`n−1+1

Bn(xi )

)
|∅〉, (2-42)

where 〈µ|λ ∈V∗(λ) is the dual of the vector (2-39), and |∅〉∈V denotes the vacuum state |∅〉=
⊗
∞

k=0 |0〉k .
Again, here the exiting paths in the bottom `1 rows have colour 1, in the next `2 rows they have colour 2, etc.

Finally, in analogy with (2-27), for µ, ν ∈ Sλ we define

Gµ/ν(λ; x1, . . . , x p)= 〈µ|λB0(x1) · · ·B0(x p)|ν〉λ, (2-43)

with

〈µ|λ :=

∞⊗
k=0

〈A(k)|k, A(k)=
n∑

j=1

A j (k)e j , |ν〉λ :=

∞⊗
k=0

〈B(k)|k, B(k)=
n∑

j=1

B j (k)e j ,

A j (k)= #{i : µi = k, ` j−1+ 1≤ i ≤ ` j }, B j (k)= #{i : νi = k, ` j−1+ 1≤ i ≤ ` j },

and the graphical depiction (2-27) does not require any modifications. Since the labelling composition λ
only participates in this definition as a record of the colours in the boundary states µ and ν, we will often
omit it from the notation of Gµ/ν .

3. Extensions

In this section we provide a few straightforward extensions of the results from Section 2, most of which
have very similar proofs.

3A. Column inhomogeneities. In (2-23) we defined the functions fµ by utilizing the weights L x of (2-13)
with x = xi and a fixed spin parameter s for all the vertices in the i-th row, 1≤ i ≤ n. It is meaningful,
however, to extend the definition when we take x = xiξ j and s = s j for the vertex in the i-th row and j -th
column, where 1≤ i ≤ n, 0≤ j <+∞, and {ξ j } j≥0 and {s j } j≥0 are two infinite sequences of complex
parameters. Correspondingly, in the definitions (2-24) and (2-27) of gµ and Gµ/ν one needs to use the
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weights Mx of (2-14) with x = xiξ
−1
j and s = s j for the vertex in the i-th row and j-th column, with the

same sequences {ξ j } j≥0 and {s j } j≥0.
Many of the results cited in Section 2 and their proofs extend to such an inhomogeneous setup almost

verbatim. In the colour-blind case of n = 1 this can be seen by comparing [Borodin and Petrov 2018a]
and [Borodin and Petrov 2017].

The basic reason for such an easy extension lies in the fact that the Yang–Baxter equation (2-15) has a
suitable extension. More exactly, the needed deformed equation has the form∑
0≤k1,k3≤n

∑
K∈Nn

L xξ (I, i1; K , k1)R(qxz)−1(i3, k1; k3, j1)Mzξ−1(K , k3; J, j3)

=

∑
0≤k1,k3≤n

∑
K∈Nn

Mzξ−1(I, i3; K , k3)R(qxz)−1(k3, i1; j3, k1)L xξ (K , k1; J, j1), (3-1)

where the important thing to notice is that the parameters of the R-weights in the middle remain independent
of ξ , and they are also independent of s by their definition (see Table 2).6

Let us quickly go through inhomogeneous analogues of the results from Section 2 that we will need.
The commutation relations (2-22) remain unchanged, as they are related to the R-matrix in (3-1), but

the convergence condition (2-21) needs to be modified to

lim
L→∞

L∏
j=0

∣∣∣∣ ξ j x − s j

1− s jξ j x
·

y− s jξ j

ξ j − s j y

∣∣∣∣= 0;

see [Borodin and Petrov 2018a, Proposition 4.8] for an explanation in the n = 1 case. In what follows, we
will only need the situation of finitely many (in fact, exactly one) ξ j ’s different from 1 and s j ’s different
from a certain fixed s, in which case, we can clearly continue using (2-21).

Correspondingly, the summation identities (2-34) and (2-35) also remain unchanged, modulo a similar
comment about the convergence condition (2-33).

The relation (2-25) between f ’s and g’s remains valid with the following modifications — the inversion
of s for the g in the left-hand side needs to be applied to all the s j ’s, and the multiplicative constant cµ
needs to be read as ∏

j≥0 s j · (q − 1)nq#{i< j :µi≤µ j }∏
j≥0(s

2
j ; q)m j (µ)

.

The proof remains the same.
The colour-blindness results (2-29) remain in place with identical proofs and inhomogeneous F and G

understood as in [Borodin and Petrov 2018a].
The factorization (2-30) for the antidominant compositions looks very similar (and the same argument

works):

fδ(x1, . . . , xn)=
∏
j≥0

(s2
j ; q)m j (δ) ·

n∏
i=1

(
1

1− sδi ξδi xi

δi−1∏
j=0

ξ j xi − s j

1− s jξ j xi

)
. (3-2)

6This version of the Yang–Baxter equation is also a consequence of the “master” Yang–Baxter equation (2-3).
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The recurrence relation (2-31) remains unchanged, with the action of Ti ’s given by the same Demazure–
Lusztig operators (2-32). Its proof was based on the commutation relations between Ci ’s given in [Borodin
and Wheeler 2018, Theorem 3.2.1] and on [Borodin and Wheeler 2018, Proposition 5.3.3], both of which
remain intact in the inhomogeneous setup.

Finally, the orthogonality relation (2-36) remains literally the same, with the contours surrounding
all the points {ξ j s j } j≥0 instead of just s in the homogeneous case. It is a bit more difficult to convince
oneself that this is so because this proof relies on many ingredients. In addition to the facts already
mentioned above, one needs monomial expansions of [Borodin and Wheeler 2018, Chapter 6] and a
certain explicit contour integral computation. The latter in the inhomogeneous setup is exactly [Borodin
and Petrov 2018a, Lemma 7.1], while the proof of the former carries over to the inhomogeneous case in
the same spirit as all the other above-mentioned facts.

The principal reason for our carrying the column inhomogeneity of the model throughout Sections 3-6
is to be able to perform a limit transition in column 1 in Section 6, which will then give us access to
averages of observables in the fused models and, as a consequence discussed in Section 7, in integrable
models of directed random polymers.

3B. A simplifying specialization of Gν/µ. Our next goal is to prove the following statement.

Proposition 3.1. Fix generic complex parameters q and s, a composition λ, and two λ-coloured composi-
tions µ, ν of length n ≥ 1. Then for L ∈N and generic ε ∈ C, Gν/µ(λ; ε, qε, . . . , qL−1ε), with G defined
as in (2-43), is a rational function in qL, and there exists a limit

Gν/µ := lim
ε→0

(qnL
·Gν/µ(λ; ε, qε, . . . , qL−1ε))|qL=(sε)−1, (3-3)

where in the right-hand side we substituted a particular value into a rational function. Explicitly, Gν/µ
has the form

(−s)|µ|

(−s)|ν|
Gν/µ =

s−2n ∏∞
x=0

(
(s2
; q)|m(x)|q

−
∑

i> j m(x)
i m(x)

j
∏n

i=1 qm(x)
i H ν/µ

>i (x+1)
(H ν/µ

i (x + 1)

m(x)
i

)
q

)
, if all νi 6= 0,

0, otherwise,

(3-4)

where we defined, for each x ≥ 0, an n-component vector m(x) whose i-th component m(x)
i , 1≤ i ≤ n, is

equal to the number of parts of µ of colour i that are equal to x (symbolically µ= 0m(0)
1m(1)

2m(2)
· · ·),

and also coloured height functions

H~
i (x)= #{ j : colour(~ j )= i, ~ j ≥ x}, H~

>i =
∑
k>i

H~
k (x), H ν/µ

∗
≡ H ν

∗
− Hµ

∗
. (3-5)

The same conclusion holds in the inhomogeneous setting of Section 3A under the condition that for each
column x ≥ 0 such that there exists a part of µ equal to x (i.e., |m(x)

|> 0), the column rapidity and spin



OBSERVABLES OF COLOURED STOCHASTIC VERTEX MODELS AND THEIR POLYMER LIMITS 227

parameter in that column are still equal to 1 and s, respectively, as in the homogeneous case, and the
factor (−s)|µ|−|ν| in the left-hand side of (3-4) is replaced by

∏n
i=1

∏νi−1
j=µi

(−s j )
−1.

Remark 3.2. We tacitly follow the convention that the q-binomial coefficients vanish unless their
arguments are nonnegative, and the top one is at least as large as the bottom one. Thus, the top line
of (3-4) can also produce a zero outcome.

Proof. Let us first switch from using the weights Mx of (2-14) in the partition function of the form (2-27)
to using the weights M stoch

x of (2-12) instead. The product of the correcting factors (−s)1 j≥1 in (2-14)
over all vertices gives (−s)|ν|−|µ| (the exponent counts the number of horizontal steps of all the paths,
which is exactly |ν| − |µ|). Note that this matches the inverse of (−s)|µ|−|ν| in the left-hand side of (3-4),
and in the inhomogeneous setup, the product of these correcting factors gives

n∏
i=1

νi−1∏
j=µi

(−s j )

instead.
With the weights M stoch

x , it is a bit more convenient to reflect the partition function with respect
to a vertical axis so that paths move to the right horizontally. Then, noticing that the left and right
boundary conditions of (2-27) consist of having no entering or exiting paths, we recognize that using
the geometric progression (ε, qε, . . . , qL−1ε) for horizontal rapidities is equivalent to performing the
stochastic fusion in the vertical direction (corresponding to the outer sum in (2-10)). Hence, we obtain
that (−s)|µ|−|ν|Gν/µ(λ; ε, qε, . . . , qL−1ε) is a one-row partition function with the incoming paths from
the bottom parametrizing ν, outgoing paths on the top parametrizing µ, no paths entering or exiting on
either side, and the vertex weights given by

WL,M

(
s
ε
;

1
q
; B D

A

C
)∣∣∣∣∣

qM→s−2

. (3-6)

Here s and ε need to be replaced by s j and ξ−1
j ε, if the vertex is in a column j that carries inhomo-

geneities (s j , ξ j ). Pictorially,

(−s)|µ|−|ν|Gν/µ(λ; ε, qε, . . . , qL−1ε)=

J(0)J(1)J(2)· · ·· · ·· · ·

I(0)I(1)I(2)· · ·· · ·· · ·

00 (3-7)

with I(k)=
∑n

i=1 1µi=k ei , J(k)=
∑n

j=1 1ν j=k e j , for all k ∈ Z≥0. This partition function is a rational
function in qL because every vertex weight (3-6) is; see (2-6).

Assume we are in the homogeneous setting first. Observe that if in the right-hand side of (2-6) we
have qL−Mx = 1, then the only nontrivially contributing term comes from P = C, for which the first
8-factor turns into 1. In terms of our weights (3-6) this corresponds to qM−Ls/ε = 1, which is realized
by setting qL

= (sε)−1 (recall that qM
= s−2).
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Writing out the term with P = C we obtain

1A+B=C+D ·
( s
ε

)|D|−|B|
(sε)|A|s−2|D|

×
(s−2
; q−1)|C|(sε−1

; q−1)|B|−|C|

((sε)−1; q−1)|B|

( s
ε

)|C|
q−

∑
i< j (Bi−Ci )C j

n∏
i=1

(
Bi

Ci

)
q−1
. (3-8)

There is an additional factor of qnL
= (sε)−n in (3-3). Since our compositions have n parts, there is a total

of n paths exiting (3-7) from the top, and we can distribute (sε)−n as (sε)−|C| over all vertices in (3-7)
(with C corresponding to the paths exiting the vertex at the top). Hence, we need to take the limit as
ε→ 0 of (3-8) multiplied by (sε)−|C|. This is a straightforward calculation which yields

1A+B=C+D · s−2|C|(s2
; q)|C| · q

∑
i> j (Bi−C j )C j

n∏
i=1

(
Bi

Ci

)
q
. (3-9)

For the inhomogeneous setting, our hypothesis implies that for any vertex in a column with inhomo-
geneity parameters (s̃, ξ) we must have C = 0. This turns the sum in (2-6) into a single term with P = 0,
which leads to the replacement of (3-8) by

1A+B=C+D ·
(
ξ−1 s

ε

)|D|−|B|
(sε)|A|s̃−2|D| ((sε)−1

; q−1)|D|

(ξ−1s̃−2sε−1; q−1)|D|

(ξ−1sε−1
; q−1)|B|

((sε)−1; q−1)|B|
. (3-10)

This expression has the exact same ε→ 0 asymptotics as (3-8) with C = 0, thus confirming (3-9) for the
inhomogeneous setup as well.

It remains to interpret B and C in (3-9) in terms of the height functions. Assume that our vertex is
located in the column with coordinate x ≥ 0 (which means, in particular, that A= J(x),C = I(x) in
the notation of (3-7)). Then Bi is the number of paths of colour i in (3-7) that enter from the bottom
at a location strictly to the left of x minus the number of paths of colour i that exit through the top at
a location strictly to the left of x , and this equals H ν/µ

i (x + 1) as defined in (3-5). Furthermore, Ci is
exactly m(x)

i . Hence, the part of (3-9) past the indicator function takes the form

s−2|m(x)
|(s2
; q)|m(x)| · q

∑
j≥1 m(x)

j H ν/µ

> j (x+1)−
∑

i> j m(x)
i m(x)

j

n∏
i=1

(H ν/µ

i (x + 1)

m(x)
i

)
q

, (3-11)

and the product of these expressions over x ≥ 0 gives the first line of the right-hand side of (3-4).
On the other hand, the role of the indicator function 1A+B=C+D in (3-9) is in providing a recipe for

uniquely assigning the paths along the horizontal edges of (3-7) inductively: D is assigned the value of
A+ B−C , starting from the far left where no paths are present. This works smoothly until column 0, in
which D must be equal to 0, enforcing A+ B = C . Since the q-binomial coefficients require Bi ≥ Ci for
a nonzero outcome, we conclude that A must be 0 in the 0-th column, giving us the second line of the
right-hand side of (3-4). �

An important special case of Gν/µ is when µ has only zero parts. A direct inspection of (3-4) leads to
the following:
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Corollary 3.3. For µ= 0n
= (0, 0, . . . , 0), with notation Gν := Gν/0n , the limit (3-3) takes the form

(−s)−|ν| Gν =

{
s−2n(s2

; q)n, if all νi 6= 0,

0, otherwise.
(3-12)

In the inhomogeneous setting, assuming that (s0, ξ0)= (s, 1), a similar formula holds, where one needs to
replace (−s)−|ν| in the left-hand side by

∏n
i=1

∏νi−1
j=0 (−s j )

−1.

The second symmetrization relation of (2-29) implies that Gν has to equal

lim
ε→0

Gν+(ε, qε, . . . , qL−1ε)|qL=(sε)−1

with ν+ denoting the dominant reordering of ν, and G as in [Borodin and Petrov 2018a]. This limit was
evaluated in [Borodin and Petrov 2018a, Proposition 6.7], and was shown to be equivalent to (3-12).7

Let us also record for the future what happens to (3-4) when µ and ν are rainbow compositions
(equivalently, λ= (1, 1, . . . , 1)).

Corollary 3.4. Under the assumption that µ and ν are rainbow compositions, (3-4) takes the form

(−s)|µ|

(−s)|ν|
Gν/µ=

s−2n ∏∞
x=0

(
(s2
; q)|m(x)|q−(

|m(x)|
2 )

∏
1≤i≤n;m(x)

i =1 1H ν/µ

i (x+1)=1 q H ν/µ

>i (x+1)
)
, if all νi 6= 0,

0, otherwise.
(3-13)

The same formula holds in the inhomogeneous setting of Section 3A under the condition that for each
column x ≥ 0 such that there exists a part of µ equal to x (i.e., |m(x)

|> 0), the column rapidity and spin
parameter in that column are still equal to 1 and s, respectively, and the factor (−s)|µ|−|ν| in the left-hand
side is replaced by

∏n
i=1

∏νi−1
j=µi

(−s j )
−1.

Proof. Direct inspection of (3-4). Note that in the rainbow sector, for any given i , 1 ≤ i ≤ n, the i-th
colour height function H∗i defined as in (3-5), can only take values 0 or 1. �

3C. Colour merging. Different versions of colour merging properties of vertex weights have been
previously observed and studied in several works including [Foda and Wheeler 2013; Garbali et al. 2017;
Kuan 2018; Borodin and Wheeler 2018; Borodin et al. 2019]. We use this section to formulate the
statements we need in suitable notation.

Let n1, n2 be two positive integers, and let θ : {1, . . . , n1} → {1, . . . , n2} be an arbitrary monotone
map. It induces a map θ∗ that turns a n1-dimensional vector into an n2-dimensional one as follows:

θ∗ : I = (I1, . . . , In1) 7→ J = (J1, . . . , Jn2) if J j =
∑

i∈θ−1( j)

Ii . (3-14)

In other words, we sum the coordinates of I that have the same θ-image and turn the result into a
coordinate of J whose index is that image. Empty sums are interpreted as having value 0.

7In fact, [Borodin and Petrov 2018a] provided two different evaluations for this limit, neither of which coincides with the
color-blind version of the proof of Proposition 3.1.
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Proposition 3.5. Denote the weights WL,M given by (2-6) with n-dimensional vector arguments as W (n)
L,M.

Then for any n1, n2 ≥ 1 and a map θ as above, we have the following colour merging relation: For any
A, B ∈ Z

n1
≥0 and C̃, D̃ ∈ Z

n2
≥0 with |A|, |C̃| ≤M, |B|, | D̃| ≤ L,

∑
C∈Z

n1
≥0 : θ∗(C)=C̃

D∈Z
n1
≥0 : θ∗(D)= D̃

W (n1)
L,M

(
x; q; B D

A

C
)
=W (n2)

L,M

(
x; q; θ∗(B) D̃

θ∗(A)

C̃
)
. (3-15)

Proof. For L =M = 1, when the W -weights turn into matrix elements of the R-matrix (see (2-7)) the
statement coincides with [Borodin et al. 2019, Proposition 4.3] (and it is also easy to check directly from
the formulas given in Table 2 for the weights). For general L,M ≥ 1, (3-15) readily follows from the
L=M= 1 case and the stochastic fusion (2-10). �

Corollary 3.6. Colour merging statements similar to Proposition 3.5 hold for the vertex weights L x , Mx ,
Lstoch

x , M stoch
x and q-Hahn weights (2-16), as well as for the vertex weights defined by (3-9).

Proof. This follows from the fact that all these weights are obtained from WL,M by specializations, analytic
continuation, multiplication by factors that give the same contribution to the two sides of the merging
relation (3-15), and a limit transition ε→ 0 in (3-6) in the case of (3-9). �

The colour-blindness statements of Section 2D correspond, in the notation of Proposition 3.5, to
n2 = 1. In particular, applying the colour-blindness relation to either the q-Hahn weights (2-16) or to the
weights (3-9) and removing common factors on the two sides, one obtains the q-identity (3-16).

Corollary 3.7. For any Q ∈ C, (α1, . . . , αn) ∈ Zn
≥0, and a fixed |β| ∈ Z≥0, |β| ≤ |α|, one has

∑
0≤βi≤αi , 1≤i≤n,
β1+···+βn=|β|

Q
∑

1≤i< j≤n βi (α j−β j )

n∏
i=1

(
αi

αi −βi

)
Q
=

(
|α|

|α| − |β|

)
Q
. (3-16)

Since compositions are vectors, the map θ∗ from (3-14) sends any composition of length n1 to a
composition of length n2. This can be naturally extended to coloured compositions as follows.

Let λ be a composition with `(λ)= n1, weight |λ|=m, and partial sums `k =
∑k

i=1 λi . Then ρ := θ∗(λ)
is a composition with `(ρ)= n2, same weight |ρ| = m, and partial sums that we denote as rk =

∑k
i=1 ρi .

Further, let µ be a λ-coloured composition of length m; see Section 2H for a definition. As in (2-39), we
can encode µ by a sequence of n1-dimensional vectors {A(k)}k≥0:

A(k)=
n1∑

j=1

A j (k)e j , A j (k)= #{i : µi = k, ` j−1+ 1≤ i ≤ ` j }.

It is not difficult to see that the sequence of n2-dimensional vectors B(k) := θ∗(A(k)), k ≥ 0, corre-
sponds, via

θ∗(A(k))= B(k)=
n2∑

j=1

B j (k)e j , B j (k)= #{i : νi = k, r j−1+ 1≤ i ≤ r j },
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to a ρ-coloured composition ν of length m that we will define to be the image of µ under θ∗:

θ∗(µ)= ν. (3-17)

In less formal terms, if we view a coloured composition µ as positions of finitely many paths coloured by
{1, . . . , n1}, then ν = θ∗(µ) represents positions of the same paths that have been recoloured according
to the map θ . Note that we required θ to be monotone, which means that the order of colours is being
preserved.

Proposition 3.8. Let λ be a composition with `(λ) = n1 of weight |λ| = m, ρ be a composition with
`(ρ) = n2 and same weight |ρ| = m such that θ∗(λ) = ρ, ν ′ by a λ-coloured composition, and ν ′′ be
a ρ-coloured composition (both of length m). Then for any p ≥ 1 and complex parameters x1, x2, . . . ,
we have ∑

µ:θ∗(µ)=ν′′

fµ(λ; x1, . . . , xm)= fν′′(ρ; x1, . . . , xm), (3-18)

∑
µ:θ∗(µ)=ν′′

Gν′/µ(λ; x1, . . . , x p)= Gθ∗(ν′)/ν′′(ρ; x1, . . . , x p). (3-19)

Remark 3.9. When λ= (1, 1, . . . , 1) and n2 = 1, one recovers the symmetrization formulas (2-29).

Proof. In complete analogy with proofs of (2-29) in [Borodin and Wheeler 2018, Propositions 3.4.4
and 4.4.3], the argument consists in multiple applications of Proposition 3.5, or rather its version for the
weights L x and Mx (Corollary 3.6) used in the definitions of f ’s and G’s. In the case of (3-18), one
starts with the top-right nontrivial vertex of the partition function (2-23) (with appropriate, not necessarily
rainbow colours of entering paths on the left), while in the case of (3-19) one starts with the top-left
nontrivial vertex of the partition function (2-27), and then moves step by step into the bulk of the partition
function. Once the colour-merging summation has been performed for all nontrivial vertices, one recovers
the right-hand sides of (3-18) and (3-19). �

4. Cauchy identities

The goal of this section is to show how the skew-Cauchy identity (2-35) leads to formulas for averages of
certain observables for stochastic vertex models.

For this section let us assume that we are either in the column-homogeneous situation, or, slightly
more generally, the number of columns in which inhomogeneity parameters (s j , ξ j ) of Section 3A are
different from (s, 1) is finite. We start by extending the skew-Cauchy identity (2-35) to limiting versions
of the G-functions from Section 3B.

Proposition 4.1. Let µ be a rainbow composition of length n ≥ 1, and x1, . . . , xn be complex parameters
satisfying ∣∣∣∣s(xi − s)

1− sxi

∣∣∣∣< 1, 1≤ i ≤ n. (4-1)
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Then we have ∑
ν

fν(x1, . . . , xn)Gν/µ =
n∏

i=1

(
1−

xi

s

)
· fµ(x1, . . . , xn), (4-2)

where Gν/µ is as in Corollary 3.4, and f∗’s are as in (2-23).

Proof. We start with the summation identity (2-35), multiply both sides by qnp, and substitute p = L,
(y1, . . . , yp) = (ε, qε, . . . , qL−1ε) with ε = s−1q−L to eventually match with (3-3). The identity takes
the form∑

ν

fν(x1, . . . , xn) · qnLGν/µ(ε, qε, . . . , qL−1ε)=

n∏
i=1

1− xi/s
1− xi/(sqL)

· fµ(x1, . . . , xn), (4-3)

where the convergence conditions (2-33) read∣∣∣∣ xi − s
1− sxi

·
y j − s

1− sy j

∣∣∣∣= ∣∣∣∣ xi − s
1− sxi

·
s−1q j−L−1

− s
1− q j−L−1

∣∣∣∣= ∣∣∣∣ xi − s
1− sxi

·
1− s2qL− j+1

s(qL− j+1− 1)

∣∣∣∣< 1

for 1≤ i ≤ n and 1≤ j ≤ L. They will hold for all L= 1, 2, . . . as long as the xi ’s range over a sufficiently
small neighbourhood of s (we assume |q|< 1).

As in the proof of Proposition 3.1, qnLGν/µ(ε, qε, . . . , qL−1ε) can be represented as a one-row
partition function of the form (3-7) with fused weights (3-6) multiplied by (sε)−|C|. Denoting l := qL, we
can rewrite those vertex weights as follows (see (3-8) and recalling that ε = (sl)−1),

1A+B=C+D ·
s−2|B|−|C|(s−2

; q−1)|C|(s2l; q−1)|B|−|C|

(l; q−1)|B|

(
s2l

)|C|
q−

∑
i< j (Bi−Ci )C j

n∏
i=1

(
Bi

Ci

)
q−1
. (4-4)

Using the fact that |B|, |C| ≤ n, one readily sees that this expression remains uniformly bounded as l
varies in the extended complex plane while staying uniformly bounded away from the potential poles at
{1, q, . . . , qn−1

}. Hence, we obtain an estimate of the form |qnLGν/µ(ε, qε, . . . , qL−1ε)| ≤ const|ν| for
such l. On the other hand, we also have

| fν(x1, . . . , xn)| ≤ const
n∏

i=1

∣∣∣∣ xi − s
1− sxi

∣∣∣∣|ν|, (4-5)

which follows from the fact that in the partition function (2-23) only vertices of the form

i i

0

0

have the number of appearances that is not a priori bounded, and the weight of such a vertex in the j-th
row, according to (2-13), is (x j−s)/(1−sx j ) (at least sufficiently far to the right, even if there are finitely
many column inhomogeneities). We conclude that for the xi ’s in a sufficiently small neighbourhood of s
and l staying away from {1, q, . . . , qn−1

}, the series in the left-hand side of (4-3) converges uniformly,
yielding an analytic function of l. Clearly, the right-hand side of (4-3) is also analytic in l, which implies
that (4-3) holds under the same conditions on the xi ’s and l. Substituting l =∞ (equivalently, ε = 0)
into (4-3) leads to (4-2).
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Once (4-2) is proved for xi ’s sufficiently close to s and |q|< 1, we can relax the assumptions by further
analytic continuation in these parameters (although we will not need |q| ≥ 1 below). In particular, since
the explicit formula (3-4) for Gν/µ shows const · |s||ν| behaviour of Gν/µ for large ν, using (4-5) we can
extend the equality to xi ’s satisfying (4-1). �

Taking µ= (0, 0, . . . , 0) in Proposition 4.1, we obtain the following:

Corollary 4.2. For x1, . . . , xn ∈ C satisfying (4-1), we have

n∏
i=1

1− sxi

s(s− xi )
·

∑
ν: all νi>0

(−s)|ν| fν(x1, . . . , xn)= 1, (4-6)

where the summation is over all compositions ν of length n with no zero parts. In the inhomogeneous
setting of Section 3A, assuming that (s0, ξ0)= (s, 1), a similar formula holds, where one needs to replace
(−s)|ν| in the left-hand side by

∏n
i=1

∏νi−1
j=0 (−s j ).

Proof. This is given by straightforward substitution of µ = (0, . . . , 0) and (3-12) into (4-2), with the
evaluation

f(0,...,0)(x1, . . . , xn)=

n∏
i=1

1− s2q i−1

1− sxi
, (4-7)

which follows from the fact that the corresponding partition function (2-23) is the product of L-
weights (2-13) for the unique path configuration that gives a nonzero contribution. �

It is not difficult to extend Proposition 4.1 and Corollary 4.2 to partially merged colours.

Proposition 4.3. Let λ be a composition with |λ| = n, µ be a λ-coloured composition, and x1, . . . , xn ∈C

satisfy (4-1). Then ∑
ν is λ-coloured

fν(λ; x1, . . . , xn)Gν/µ =
n∏

i=1

(
1−

xi

s

)
· fµ(λ; x1, . . . , xn), (4-8)

which in the case of µ having only zero parts, can be rewritten as

n∏
i=1

1− sxi

s(s− xi )
·

∑
ν is λ-coloured;

all νi>0

(−s)|ν| fν(λ; x1, . . . , xn)= 1. (4-9)

In the inhomogeneous setting of Section 3A, relation (4-9) also holds under assumption that (s0, ξ0)= (s, 1)
and with (−s)|ν| in the left-hand side replaced by

∏n
i=1

∏νi−1
j=0 (−s j ).

Proof. Let θ : {1, . . . , n} → {1, . . . , `(λ)} be the unique colour merging monotone map such that
θ∗((1, . . . , 1))= λ; see Section 3C. Then we can sum (4-2) over rainbow µ with a given image θ∗(µ).
The right-hand side is immediately computed via (3-18), and in the left-hand side we use (3-19) and
subsequently perform, using (3-18), a partial summation over ν’s with the same image θ∗(ν). The result
is (4-8), with θ∗(µ) and θ∗(ν) replaced back by µ and ν. The second relation (4-9) follows from (4-8) in
the same way as in the rainbow case of Corollary 4.2. �
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Definition 4.4. For any n ≥ 1, composition λ with |λ| = n, and q, s, x1, . . . , xn ∈ C satisfying (4-1), we
define a (generally speaking, complex valued) probability measure on the subset of Sλ (defined in (2-38))
consisting of λ-coloured compositions ν with no zero parts by

P({ν})=
n∏

i=1

1− sxi

s(s− xi )
· (−s)|ν| fν(λ; x1, . . . , xn). (4-10)

Graphically, the weight of this measure could be seen as partition functions of the form (2-23) with
incoming colours on the left partially identified according to λ, with vertex weights Lstoch given by (2-13),
and conditioned to have no exiting paths in the 0-th column (i.e., A(0)= 0 in terms of (2-23)).

In what follows we will also use the notation

f stoch
ν (λ; x1, . . . , xn)= (−s)|ν| fν(λ; x1, . . . , xn). (4-11)

In the inhomogeneous setting of Section 3A, we will assume that (s0, ξ0)= (s, 1), and in the right-hand
sides of (4-10) and (4-11) replace (−s)|ν| by

∏n
i=1

∏νi−1
j=0 (−s j ).

The graphical interpretation is based on the observation that the prefactor of the sums in (4-6) and (4-9)
is exactly the inverse of the product of Lstoch-weights of vertices

i i

0

0

in the 0-th column of a partition function of the form (2-23) with no turns in the 0-th column, and (4-11)
is the result of computing the partition function for fν with L-weights replaced by the Lstoch-weights.
Together with the stochasticity of the Lstoch-weights, this also implies (4-6) and (4-9).

Definition 4.5. In the context of Definition 4.4, for any λ-coloured composition µ= 0m(0)
1m(1)

2m(2)
· · · ,

introduce an observable Oµ, whose values on λ-coloured compositions ν with no zero parts are given by

Oµ(ν)=
∏
x≥1

∏
i≥1

qm(x)
i H ν/µ

>i (x+1)
(H ν/µ

i (x + 1)

m(x)
i

)
q

, (4-12)

where we use the coloured height functions (3-5). Note that only nonzero parts of µ play a role in this
definition.

For rainbow compositions, i.e., when λ = (1, . . . , 1), the observables take a simpler form; see
Corollary 3.4:

Orainbow
µ (ν)=

∏
x≥1, i≥1
m(x)

i =1

1H ν/µ

i (x+1)=1 q H ν/µ

>i (x+1)

=

∏
x≥1, i≥1
m(x)

i =1

q H ν/µ

>i+1(x+1)
− q H ν/µ

>i (x+1)

q − 1
. (4-13)
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Example 4.6. In the colour-blind case λ = (n), thinking of the coordinates of µ as being ordered:
µ1 ≥ µ2 ≥ . . .≥ µn , we can rewrite (4-12) as a shifted q-moment of the colourless height function:

Ocolour-blind
µ (ν)=

(1− q H ν(µ1+1))(1− q H ν(µ2+1)−1) · · · (1− q H ν(µk+1)−k+1)∏
j≥1(q; q)mult j (µ)

, (4-14)

where mult j (µ)= #{i : µi = j} and k =max{ j : µ j > 0}.

We are now in position to formulate the main result of this section.

Theorem 4.7. With notation of Definitions 4.4 and 4.5 above, we have

EOµ = Eν
[
Oµ(ν)

]
=

q
∑

x≥1
∑

i> j m(x)
i m(x)

j∏
x≥0(s2; q)|m(x)|

n∏
i=1

(1− sxi ) · f stoch
µ (λ; x1, . . . , xn), (4-15)

where the expectation is taken with respect to the weights (4-10), and the observables are given by (4-12)
in the general case, or by (4-13) in the rainbow case.

The formula (4-15) also holds in the inhomogeneous setting of Section 3A under the assumption that
(sx , ξx)= (s, 1) for any x such that |m(x)

|> 0, and for x = 0.

Proof. Let us take the ratio of two skew-Cauchy identities (4-8) with µ and with µ= (0, . . . , 0). This
yields ∑

ν fν(λ; x1, . . . , xn)Gν/µ∑
ν fν(λ; x1, . . . , xn)Gν

=
fµ(λ; x1, . . . , xn)

f(0,...,0)(λ; x1, . . . , xn)
,

which can be rewritten, via (4-11) and (4-7) (stated in the rainbow case, but also holding in the non-rainbow
one for the same reasons), as∑

ν fν(λ; x1, . . . , xn)Gν · (Gν/µ/Gν)∑
ν fν(λ; x1, . . . , xn)Gν

=

∏n
i=1(1− sxi )

(−s)|µ|(s2; q)n
f stoch
µ (λ; x1, . . . , xn). (4-16)

The summations are taken over λ-coloured compositions ν with no zero parts.
Observe that the left-hand side of (4-16) is exactly Eν(Gν/µ/Gν); see Definition 4.4. The expression (3-4)

for Gν/µ (which is also the source of our assumption in the inhomogeneous setting) implies

Gν/µ
Gν
=

(s2
; q)|m(0)|

(−s)|µ|(s2; q)n
q
∑n

i=1

(
m(0)

i
∑

n≥ j>i (H
ν/µ

j (1)−m(0)
j )
)∏

i≥1

(H ν/µ

i (1)

m(0)
i

)
q

×

∏
x≥1

(s2
; q)|m(x)|q

−
∑

i> j m(x)
i m(x)

j ·Oµ(ν).

The only ν-dependent part of this expression is Oµ(ν), and it stays under the expectation; the other
factors can be moved to the right-hand side of (4-16). It only remains to notice that for Gν/µ not to
vanish, we must have H ν/µ

i (1)= m(0)
i for all colours i ≥ 1. To see that, it might be easiest to return to

the expression (3-9) for the vertex weights in the one-row representation (3-7) of Gν/µ, and note that
in the 0-th column we have D = 0, which together with A+ B = C + D and B ≥ C (enforced by the
q-binomial coefficients) implies B = C , which is exactly the statement we are making, as Bi = H ν/µ

i (1)
and Ci = m(0)

i . Taking these equalities into account and cancelling out common factors gives (4-15). �
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5. Integral representations for fµ

The result of averaging the observable Oµ in Theorem 4.7 is the function fµ, up to simple prefactors. The
coloured composition µ here has the same dimension (i.e., number of parts) as the coloured compositions ν
over which we are averaging (see Definition 4.4), and thus does not offer much reduction in complexity.
The goal of this section is to show that fµ has an integral representation of the dimension equal to the
number of nonzero parts of µ. Hence, by choosing µ consisting of mostly zeros, we will be able to obtain
tangible formulas for averages over ν’s of a growing dimension.

Definition 5.1. For a coloured composition µ (defined as in Section 2H), we will denote by µ≥1 the
coloured composition obtained from µ by removing all of its zero parts. The colouring of µ≥1 will be the
one naturally inherited from µ, and we will denote it by λ≥1 if µ is λ-coloured, or by colour(µ≥1) if λ is
not explicit.

Our first goal is to prove the following integral representation of fµ for rainbow compositions.

Proposition 5.2. Let µ = 0m(0)
1m(1)

2m(2)
· · · be a rainbow composition of length n ≥ 1 not consisting

entirely of zeros, let µ≥1 be as in Definition 5.1 with m := n− |m(0)
| ≥ 1 being the length of µ≥1, and let

c1 < · · ·< cm be the colours of the (necessarily nonzero) parts of µ≥1. Then

fµ(x1, . . . , xn)=
(s2
; q)|m(0)|

(1− sx1) · · · (1− sxn)

(−1)m

(2π
√
−1)m

∮
· · ·

∮
around{x−1

j }

∏
1≤i< j≤m

y j − yi

y j − qyi

× fµ≥1(y−1
1 , . . . , y−1

m )

m∏
j=1

(
y j − s

y j

xc j

1− xc j y j

n∏
i>c j

1− qxi y j

1− xi y j
dy j

)
, (5-1)

where (positively oriented) integration contours are chosen to encircle all points {x−1
j }

n
j=1 and no

other singularities of the integrand, or as q-nested closed simple curves with yi -contour containing
q−1
· (y j -contour) for all i < j , and all of the contours encircling {x−1

j }
n
j=1.

The formula also holds in the column inhomogeneous setting under the assumption that in the 0-th
column (s0, ξ0)= (s, 1).

Remark 5.3. Contour integration around a specific set of singularities can be viewed formally as the
sum of residues at those singularities, and such a sum would make sense if the parameters are such that
required contours are not possible to construct. This gives a slightly different way of interpreting (5-1),
as well as all the other integral representations below.

Remark 5.4. According to Definition 5.1, µ≥1 is a coloured composition, and thus fµ≥1(y−1
1 , . . . , y−1

m )

should really be written as fµ≥1(λ; y−1
1 , . . . , y−1

m ), where λ is the colouring composition forµ≥1. However,
since all parts of µ≥1 have different colours, and our vertex weights always depend on the colours only
through their ordering, we could replace the colours c1 < · · · < cm represented in µ≥1 by 1, 2, . . . ,m,
and denoting the resulting rainbow composition by µ̃≥1, we would have fµ≥1(λ, y−1

1 , . . . , y−1
m ) =

fµ̃≥1(y−1
1 , . . . , y−1

m ). It is this function that we denoted as fµ≥1(y−1
1 , . . . , y−1

m ), thus slightly abusing the
notation.
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Remark 5.5. In the case s0 = 0, there exists a fairly straightforward argument leading to a formula
similar to (5-1). Namely, in that case vertices of the form j i with j > i have weight zero (in the
0-th column) due to vanishing of the bottom right entry in (2-13). This means that the paths of colours
c1, . . . , cm are not allowed make any vertical steps in column 0, as otherwise they would have no way
of exiting this column to the right (because of the ordering of entering colours along the left boundary).
This completely determines the configuration of paths in column 0, and the contribution of the remaining
columns can be encoded as the matrix element

〈∅|C0(x1) · · · C0(xc1−1)Cc1(xc1)C0(xc1+1) · · · C0(xcm−1)Ccm (xcm )C0(xcm+1) · · · C0(xn)|~〉,

with ~ = µ≥1
− 1m and C-row operators from Section 2C. The summation over ~ of such expressions

multiplied by g∗~(y1, . . . , ym) is evaluated as an explicit product similar to (2-34) via the commutation
relations (2-22), and then the coefficients of g∗~ are extracted by the orthogonality (2-36).

It is not clear, however, how to extend this argument to s0 6= 0, and we need to employ a different idea
in the proof below.

Proof of Proposition 5.2. Our argument consists of two steps: We will first prove the formula for
(c1, . . . , cm)= (n−m+1, . . . , n), and then show that the formula continues to hold when we reduce one
of the c j ’s by 1. Iterations of such reductions will cover all possible choices of 1≤ c1 < · · ·< cm ≤ n.

Both steps work identically in the column homogeneous and inhomogeneous settings, and we will
give the argument in the homogeneous case. The inhomogeneous analogs of several statements from
Section 2 used below can be found in Section 3A.

Assume that (c1, . . . , cm)= (n−m+1, . . . , n). This means that paths that enter the partition function
of the form (2-23) from the left in rows 1, . . . , n−m must immediately turn up and exit on top, while
paths that enter in rows n−m+ 1, . . . , n must move to the right across the 0-th column (recall that no
horizontal edge can carry more than one path). Hence, the configuration of paths in the 0-th column is
completely determined, and the product of the L-weights (2-13) in this column gives

(s2
; q)|m(0)|∏n−m

i=1 (1− sxi )

n∏
j=n−m+1

x j − s
1− sx j

.

On the other hand, the contribution of the remaining columns can be written as
n∏

j=n−m+1

1− sxi

xi − s
· fµ≥1(xn−m+1, . . . , xn),

where the prefactor is responsible for the fact that the partition function for fµ≥1(xn−m+1, . . . , xn) starts
with column 0, and we only had weights of vertices in columns ≥ 1 remaining. We now need to show that
the product of the last two expressions agrees with the right-hand side of (5-1). With our choice of ci ’s,
the integrand is independent of x1, . . . , xn−m , and its only poles are at yi = x−1

j with n−m+ 1≤ j ≤ n.
The number of integration variables thus coincides with the number of potential pole locations, and no two
variables can have nonvanishing residues at the same location because of

∏
i< j (yi − y j ) in the integrand.

Hence, the residue locations cover all points x−1
n−m+1, . . . , x−1

n exactly once, and
∏m

j=1(y j − s)xc j in the
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integrand necessarily evaluates to
∏n

j=n−m+1(1− sx j ) in every set of nontrivial residues taken. Moving
this factor out of the integral, we are led to the following desired equality:

fµ≥1(xn−m+1, . . . , xn)=
(−1)m

(2π
√
−1)m

∮
· · ·

∮
around {x−1

j }

∏
1≤i< j≤m

y j − yi

y j − qyi

× fµ≥1(y−1
1 , . . . , y−1

m )

n∏
j=n−m+1

(
1

1− x j y j

n∏
i> j

1− qxi y j

1− xi y j

dy j

y j

)
. (5-2)

Comparing to (2-37), we see that the difference is in (−1)m and the choice of contours, which both
come from the same origin. Namely, let us take the right-hand side of (2-37) (with n replaced by m
and (x1, . . . , xn) replaced by (xn−m+1, . . . , xn)), and deform the outermost ym-contour in the outside
direction, moving it through∞ and closing around {x−1

j }. The recursive construction of (rainbow) fµ’s
from Section 2E readily shows that (y1 · · · ym)

−1 fµ≥1(y−1
1 , . . . , y−1

m ) is a ratio of two polynomials in y’s
with the denominator consisting only of factors of the form (yi − s), and fµ≥1(y−1

1 , . . . , y−1
m ) viewed

as such a ratio has the numerator degree 1 less than the denominator degree in each of the variables yi ,
1 ≤ i ≤ m. Hence, our deformation of the ym collects no residues along the way and yields the factor
(−1) for changing the contour direction.

Next, we do the same deformation with the ym−1-contour. Following the same reasoning, there is
only one possible pole along the way: ym−1 = q−1 ym . If we leave this potential singularity inside the
ym−1-contour, and proceed similarly for subsequent deformations, then we end up with two q-nested
contours surrounding {x−1

j }. It turns out that the q-nestedness is not necessary. Indeed, a direct inspection
of the integrand shows that the only possible pole of ym inside its current contour is x−1

m , and then the
factor (1− qxm ym−1) makes the residue at ym−1 = q−1 ym vanish. Hence, we can close the ym−1-contour
around {x−1

j }, orient it positively, and acquire another (−1).
Continuing with this procedure for ym−2, ym−3, . . . , y1-contours (in this order), we turn (2-37) into (5-2),

thus completing the first step of the proof.
Let us now see why lowering of the c j ’s in (5-1) keeps the formula intact. From the point of view of

the (rainbow) composition µ, replacing c j 7→ c j − 1 (assuming there is no i 6= j such that ci = c j − 1)
is equivalent to swapping µc j−1 = 0 and µc j > 0. This can be done with the help of the exchange
relations (2-31) by acting on the right-hand side of (5-1) by

Tc j−1 = q −
xc j−1− qxc j

xc j−1− xc j

(1− sc j−1);

see (2-32). The only part of the right-hand side of (5-1) that is not symmetric in (xc j−1, xc j ) is the factor
xc j /(1− xc j y j ) (note that the contours are symmetric too), and applying Tc j−1 to it we read

qxc j

1− xc j y j
−

xc j−1− qxc j

xc j−1− xc j

(
xc j

1− xc j y j
−

xc j−1

1− xc j−1 y j

)
=

xc j−1

1− xc j−1 y j

1− qxc j y j

1− xc j y j
.

This recovers the integrand of (5-1) with c j 7→ c j − 1 and completes the proof. �
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Remark 5.6. While the integral representation (2-37) allowed for moving the contours through∞, this
is no longer true for (5-1), as the added factors (yi − s) create poles at∞.

The main result of this section is a generalization of Proposition 5.2 to coloured nonrainbow composi-
tions.

Theorem 5.7. Let λ be a composition of weight |λ| = n with partial sums
∑k

i=1 λi = `k , k ≥ 1; `0 := 0.
Further, let µ= 0m(0)

1m(1)
2m(2)
· · · be a λ-coloured composition of length `(µ)= |λ| = n not consisting

entirely of zeros, let µ≥1 be as in Definition 5.1 with inherited colouring λ≥1 and m := n − |m(0)
|

being the length of µ≥1, and let c1 < · · · < cα be the colours of the (necessarily nonzero) parts of µ≥1.
Finally, let m1, . . . ,mα ≥ 1 be the number of parts of µ≥1 of colours c1, . . . , cα , respectively, and denote
m[a, b] =ma +ma+1+ · · ·+mb. Then

fµ(λ; x1, . . . , xn)=

(s2
; q)|m(0)|

(1− sx1) · · · (1− sxn)

1

(2π
√
−1)m

×

∮
· · ·

∮
around{x−1

j }

∏
1≤i< j≤m

y j − yi

y j − qyi

×

α∏
k=1

( mk∑
j=0

(−1) j q(
mk− j

2 )

(q; q) j (q; q)mk− j

j+m[1,k−1]∏
p>m[1,k−1]

n∏
a>`ck−1

1− qxa yp

1− xa yp

m[1,k]∏
r> j+m[1,k−1]

n∏
b>`ck

1− qxb yr

1− xb yr

)

× fµ≥1(λ≥1
; y−1

1 , . . . , y−1
m )

m∏
i=1

(yi − s)dyi

y2
i

, (5-3)

where (positively oriented) integration contours are chosen to encircle all points {x−1
j }

n
j=1 and no

other singularities of the integrand, or as q-nested closed simple curves with yi -contour containing
q−1
· (y j -contour) for all i < j , and all of the contours encircling {x−1

j }
n
j=1. The contours can also be

chosen to either encircle or not encircle the point 0.
The formula also holds in the column inhomogeneous setting under the assumption that in the 0-th

column (s0, ξ0)= (s, 1).

Remark 5.8. For λ= (1, . . . , 1) and µ a rainbow composition, we have `k ≡ k, α=m, m1= · · ·mα = 1,
m[1, k] ≡ k, and the middle line of (5-3) evaluates to

(−1)
(

1
1− q

−
1

1− q
1− qxck yk

1− xck yk

) ∏
b>ck

1− qxb yk

1− xb yk
=

xck yk

1− xck yk

∏
b>ck

1− qxb yk

1− xb yk
,

thus reproducing (5-1).

Proof. The central role in the argument is played by the following:

Lemma 5.9. For any positive integers k, l and m which satisfy k+m < l, and any symmetric function
8(z1, . . . , zm) that is holomorphic in a neighbourhood of the domain encircled by the integration contours,
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one has

∑
l−1≥i1>···>im≥k

∮
· · ·

∮
around{x j }

∏
i< j

z j − zi

z j − qzi
8(z1, . . . , zm)

m∏
p=1

(
1

z p − xi p+1

i p∏
j=1

qz p − x j

z p − x j
dz p

)

=

∮
· · ·

∮
around{x j }

∏
i< j

z j − zi

z j − qzi
8(z1, . . . , zm)

×

( m∑
j=0

(−1) j q(
m− j

2 )

(q; q) j (q; q)m− j

j∏
p>0

l∏
a=1

qz p − xa

z p − xa

m∏
r> j

k∏
b=1

qzr − xb

zr − xb

) m∏
p=1

dz p

z p
, (5-4)

where (positively oriented) integration contours are chosen (independently in the two sides of (5-4)) to
encircle all points {x j }

l
j=1 ⊂ C and no other singularities of the integrand, or as q-nested closed simple

curves with zi -contour containing q−1
·(z j -contour) for all i< j , and all of the contours encircling {x j }

l
j=1.

The contours can also be chosen to either encircle or not encircle the point 0.

Let us postpone the proof of Lemma 5.9 and use it for the proof of Theorem 5.7 first.
Let θ : {1, . . . , n} → {1, . . . , `(λ)} be the unique monotone map such that

θ−1(k)= {`k−1+ 1, . . . , `k} for all 1≤ k ≤ `(λ). (5-5)

We can then use the colour merging relation (3-18) to obtain a formula for λ-coloured µ’s from the
formula (5-1) of Proposition 5.2 for the rainbow ones. This means that we need to sum the right-hand
sides of (5-1), written for a rainbow composition µ̃, over all µ̃ with θ∗(µ̃)= µ.

Such a summation can be performed in two steps. At the first step we choose, for each colour ck

represented in µ≥1, 1≤ k ≤ α, the mk colours in θ−1(ck) that are represented in µ̃≥1. At the second step
we choose, for each k, 1≤ k ≤ α, different assignments of the chosen mk colours in θ−1(ck) to the mk

parts of µ≥1 that have colour ck . The summation of the second step is exactly the colour merging applied
to fµ̃≥1 (no other factors of the integrand of (5-1) depend on the choices in the second step), and (3-18)
shows that the second step summation results in replacing fµ̃≥1 in the integrand by fµ≥1 .

Returning to the first step summation, we see that fµ≥1 in the integrand is now independent of the
choices involved, and we can focus on the rest of the integrand. For each colour ck , 1≤ k ≤ α, we are
choosing c(1)k < · · ·< c(mk)

k in θ−1(ck), or, according to (5-5), `ck−1 < c(1)k < · · ·< c(mk)
k ≤ `ck . Now the

sum over such mk-tuple of indices can be computed, for each 1≤ k ≤ α, using Lemma 5.9, where one
needs to make substitutions

m 7→mk, k 7→ (n− `ck ), l 7→ (n− `ck−1), (z1, . . . , zm) 7→ (ym[1,k−1]+1, . . . , ym[1,k]),

(x1, x2, . . . xl) 7→ (x−1
n , x−1

n−1, . . . , x−1
`ck−1+1), (x1, x2, . . . xk) 7→ (x−1

n , x−1
n−1, . . . , x−1

`ck+1),

(l> i1 > · · ·> im ≥ k) 7→ (n− `ck−1 > n− c(1)k > · · ·> n− c(mk)
k ≥ n− `ck ),

and collect the factors that do not correspond to the ones in the left-hand side of (5-4) into a8(z1, . . . , zm).
The holomorphicity of 8(z1, . . . , zm) in a neighbourhood of {x j }

l
j=1 is readily visible; and the fact that it
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is symmetric in z1, . . . , zm follows from the fact that fµ≥1(y−1
1 , . . . , y−1

m ), which enters 8(z1, . . . , zm)
as the only factor that is not manifestly symmetric, is symmetric in

(ym[1,k−1]+1, . . . , ym[1,k])

thanks to the commutativity of the Ci (x) operators (for a fixed i and varying x) in the definition (2-41) of
f -functions for coloured compositions.

Comparing the right-hand sides of (5-3) and (5-4), we see that this completes the proof of Theorem 5.7
modulo the proof of Lemma 5.9. �

Proof of Lemma 5.9. While a direct book-keeping of residues of the two sides of (5-4) might be possible,
we will use the theory of Hall–Littlewood processes as a shortcut, with the work [Borodin et al. 2016a,
Section 2] as our main reference; a more detailed description can be found in [Borodin and Corwin 2014,
Section 2]. See also Remark 5.10 on the origin of the argument given below.

Consider an ascending Hall–Littlewood process with weights on sequences of partitions λ(1), . . . , λ(n)

proportional to

Pλ(1)(x1)Pλ(2)/λ(1)(x2)Pλ(n)/λ(n−1)(xn)Qλ(n)(ρ), `(λ(k))≤ k, 1≤ k ≤ n, (5-6)

with, generally speaking, complex parameters {xi }
n
i=1, ρ being the specialization of the algebra of

symmetric functions into a sequence of variables (b1, b2, · · · ), and P∗ and Q∗ being the Hall–Littlewood
symmetric functions.

Our argument is based on [Borodin et al. 2016a, Proposition 2.2], see also [Borodin and Corwin 2014,
Proposition 2.2.14], which says that for any n≥ m1 ≥ . . .≥ mn ≥ 1, one has

EH L(qm1−`(λ(m1)) · · · qmn−`(λ(mn)))

=
q(

n
2)

(2π
√
−1)n

∮
· · ·

∮ ∏
i< j

z j − zi

z j − qzi

n∏
l=1

(∏
j≥1

1− zlb j

1− qzlb j

ml∏
i=1

qzl − xi

zl − xi

dzl

zl

)
, (5-7)

where (positively oriented) z j -contours are such that they surround {x j }
m1
j=1 and 0, and they are also

q-nested in the sense that zi -contour contains q · (z j -contour) for all i < j ; no other poles are taken into
account.

Let us fix 1≤ k< l≤ n, and consider the sum∑
k≤im<im−1<···<i1<l

m∏
p=1

q i p−`(λ(i p))− q i p+1−`(λ(i p+1))

1− q

= q(
m
2) · qm(k−`(λ(k)))

·

(
l− `(λ(l))− k+ `(λ(k))

m

)
q
. (5-8)

The equality between the two sides of (5-8) is a (nonobvious) special case of Corollary 3.7. More exactly,
choosing Q = q , αi ≡ 1, |β| =m, and reversing the order of indices of αi ’s and βi ’s, turns (3-16) into

q−(
m
2) ·

∑
β1,...,βn∈{0,1}
β1+···+βn=m

n∏
i=1

qβi ·(i−1)
=

(
n
m

)
q
. (5-9)
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Let 1≤ km < km−1 < · · ·< k1 ≤ n be the set of index values k for which βk = 1 in (5-9). Observe that

q j−`(λ( j))
− q j+1−`(λ( j+1))

1− q
=

{
q j−`(λ( j))

= qk−`(λ(k))
· q j−`(λ( j))−k+`(λ(k)), `(λ( j))= `(λ( j + 1)),

0, otherwise,

where “otherwise” refers to the only possible alternative `(λ( j))+ 1= `(λ( j + 1)).
Set n= l−`(λ(l))−k+`(λ(k)), and let k≤ j1< j2< · · ·< jn < l be all the values of j ∈ [k, l) such that

`(λ( j))= `(λ( j+1)); equivalently ( j+1−`(λ( j+1)))− ( j−`(λ( j)) equals 1 rather than 0. These are
all possible values that summation indices i1 > · · ·> im in the left-hand side of (5-8) can take to produce a
nonzero term; let jl1 > · · ·> jlm be the corresponding choices. Then matching (k1, . . . , km)≡ (l1, . . . , lm)
establishes the equivalence of (5-8) and (5-9), thus proving (5-8).

Our next step is to compute the averages, with respect to the ascending Hall–Littlewood process, of
both sides of (5-8) using (5-7).

The left-hand side of (5-8) is a simple linear combination of those from (5-7). Moving that linear
combination inside the integrand and observing that

1
1− q

( i p∏
i=1

qz p − xi

z p − xi
−

i p+1∏
i=1

qz p − xi

z p − xi

)
=

z p

z p − xi p+1

i p∏
i=1

qz p − xi

z p − xi
,

we obtain

EH L

( ∑
k≤im<im−1<···<i1<l

m∏
p=1

q i p−`(λ(i p))− q i p+1−`(λ(i p+1))

1− q

)

=

∑
k≤im<im−1<···<i1<l

q(
m
2)

(2π
√
−1)m

∮
· · ·

∮ ∏
i< j

z j − zi

z j − qzi

×

m∏
p=1

(∏
j≥1

1− z pb j

1− qz pb j

1
z p − xi p+1

i p∏
i=1

qz p − xi

z p − xi
dz p

)
, (5-10)

with the same integration contours as in (5-7).
Note that 0 is no longer a potential singularity of the integrand; thus, the contour may or may not

contain it. Let us also explain why the presence or absence of the potential poles at zi = q−1z j does not
affect the value of the integral. Generally speaking, the integral with q-nested contours is equal to the sum
of residues at z p = q−kpxlp , 1≤ p ≤m, for certain values of kp ≥ 0 and lp ≥ 1, that arises by sequential
evaluation of residues inside the zm, zm−1, . . . , z1-contours in that order. Let p∗ be the maximal index
such that kp∗ > 0. Since the zm-contour encircles only the poles at x j ’s, we must have p∗ ≤m− 1. Also,
since this pole must have come from a denominator factor z j∗−qz p∗ with j∗ > p∗, due to the maximality
of p∗, the pole must be at z p∗ = q−1xl∗ with 1≤ l∗ ≤ i j∗ . But the integrand contains the factor (qz p∗−x

∗

l ),
which will turn the residue into 0 (note that we need the fact that i p∗ ≥ i j∗ to guarantee the presence of
this factor). We conclude that the q-nestedness is irrelevant for the value of the integral.

Let us proceed to computing the Hall–Littlewood expectation of the right-hand side of (5-8).
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Using the q-binomial theorem∑
j≥0

(a; q) j

(q; q) j
z j
=
(az; q)∞
(z; q)∞

=

(
1−

z
q

)
· · ·

(
1−

z
qm

)
for a = q−m,

we obtain(
A
m

)
q
=
(1−q A)(1−q A−1) · · ·(1−q A−m+1)

(q;q)m
=

m∑
j=0

(q−m;q) j

(q;q) j (q;q)m
q(A+1) j

=

m∑
j=0

(−1) j q(A+1) j−m j+( j
2)

(q;q) j (q;q)m− j
.

Hence, the right-hand side of (5-8) can be written as

q(
m
2) · qm(k−`(λ(k)))

·

(
l− `(λ(l))− k+ `(λ(k))

m

)
q
=

m∑
j=0

q(
m− j

2 )

(q; q) j (q; q)m− j
q j (l−`(λ(l)))+(m− j)(k−`(k)),

where for powers of q we used
(m

2

)
−m j + j +

( j
2

)
=
(m− j

2

)
. Employing (5-7), we now obtain

EH L

(
q(

m
2) · qm(k−`(λ(k)))

·

(
l− `(λ(l))− k+ `(λ(k))

m

)
q

)

=

m∑
j=0

q(
m− j

2 )

(q; q) j (q; q)m− j

q(
m
2)

(2π
√
−1)m

∮
· · ·

∮ ∏
i< j

z j − zi

z j − qzi

×

j∏
p>0

l∏
a=1

qz p − xa

z p − xa

m∏
r> j

k∏
b=1

qzr − xb

zr − xb

m∏
p=1

∏
j≥1

1− z pb j

1− qz pb j

dz p

z p
, (5-11)

where the integration contours are as for (5-7).
Since the two of sides of (5-8) are equal, the right-hand sides of (5-10) and (5-11) are also equal. This

is literally the desired statement of Lemma 5.9, equation (5-4), with a specific choice of

8(z1, . . . , zm)= φ(z1) · · ·φ(zm), φ(z)= const
∏
j≥1

1− zb j

1− qzb j
, (5-12)

and a specific choice of contours for the right-hand side. The equality (of the right-hand sides of (5-10)
and (5-11)) has been thus proven for generic {xi } and {b j }, although certain inequalities on them are
needed to make sure that the weights (5-6) are summable (see [Borodin et al. 2016a, Section 2] for details).
However, the equality itself is an identity of finite sums (of residues), and the restrictions on {xi } and {b j }

can thus be removed by analytic continuation.
The two sides of (5-4) computed as (finite) sums of residues are linear combinations of values of the

function 8(z1, . . . , zm) at m-tuples of distinct (because of
∏

i< j (z j − zi ) in the integrand) points from
the list of possible singularities, consisting of {xi }, their q-multiples, and 0. Values of 8(z1, . . . , zm)
with permuted z j ’s are equal (due to the symmetry of 8) and can be grouped together; their coefficients
are certain explicit rational functions of {xi } and q. Fix an m-tuple of distinct possible poles. Using the
freedom in the choice of {b j } and the constant prefactor in (5-12), we can make φ(z) to be arbitrarily close
to 1 at the points of the chosen m-tuple, and arbitrarily close to 0 at all the other potential singularities (we
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are assuming that {xi } are generic, we only need to prove an identity between rational functions in them).8

This will lead to 8 being close to 1 at the chosen m-tuple and its permutations, and close to 0 at all
other possible m-tuples. Since we already proved the equality of the two sides of (5-4) for all 8’s of the
form (5-12), this implies the equality of the coefficients of 8 evaluated at the chosen m-tuple (together its
permutations) in residue expansions of the two sides of (5-4). This proves (5-4) for arbitrary 8, but still
with the particular choice of integration contours in the right-hand side, which are q-nested and include 0.

However, we already know that the declared freedom for the choice of contours is valid for the left-hand
side; see the argument after (5-10). This implies that the values of 8 at m-tuples that include either 0 or
a nontrivial q-multiple of a xi do not contribute to the left-hand side. Since we already know that such
coefficients are the same on both sides, these values must not contribute to the right-hand side either,
which means that we can use the same freedom of contours in the right-hand side without changing the
value of the integral. �

Remark 5.10. Let us comment on the origin of our proof of Lemma 5.9 that might have looked somewhat
cryptic. If, in the setting of Theorem 5.7, µ has no zero parts and only one colour, then fµ is colour-blind,
according to (2-29). Theorem 4.7 then implies that it is given by an average of a q-moment type observable
(4-14) over a colour-blind stochastic vertex model. The height function of the colour-blind stochastic
vertex models can be interpreted, along any down-right path in a quadrant (which includes horizontal
lines), as lengths of partitions distributed according to Hall–Littlewood processes; this was the main
result of [Borodin et al. 2016a]. Thus, we get an expression for fµ in the form of an average over a
Hall–Littlewood process.

On the other hand, the symmetrization of colours in (2-29) can also be taken after the computation
of the expectation, with respect to a rainbow coloured model, in the left-hand side of (4-15). As was
shown in [Borodin and Wheeler 2018, Chapter 10], the distribution of coloured height functions at a
single observation point can also be described via lengths of partitions in a Hall–Littlewood process, and
this is where the computation of that expectation can take place. Once the corresponding average over the
Hall–Littlewood process is computed, one can perform its colour symmetrization.

The two resulting expressions must be the same - the operations of averaging over our measure and
symmetrizing over colours commute. Understanding the reason for that in the language of the Hall–
Littlewood processes is not too difficult, this is essentially (5-8). Rewriting what it means in terms of
integral representations for averages of Hall–Littlewood observables results in a general identity for
symmetric functions, which is exactly our Lemma 5.9.

6. Observables of stochastic lattice models

The purpose of this section is to combine the results of Sections 4-5 in order to obtain integral repre-
sentations for averages of the observables introduced in Definition 4.5, as well as to explore corollaries
thereof.

8Indeed, φ(z)= const ·ψ(x)/ψ(qz) with ψ being an arbitrary polynomial that can be chosen to approximate any values at
any finite set of points; the constant in front is needed to control φ(0).
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6A. The main result. Recalling graphical interpretation of Definition 4.4, we consider a stochastic lattice
model in the quadrant Z≥1 × Z≥1, with vertex weights given by Lstoch

xi
in (2-11) (see also (2-13) and

Table 3) for the vertices in row i from the bottom. The boundary conditions are as follows: No paths
(equivalently, only paths of colour 0) enter the quadrant through its bottom boundary; and along the left
boundary we have a single path entering at every row, with the bottom λ1 paths having colour 1, next λ2

paths having colour 2, and so on. We focus on the state of the model between row n and row n+ 1; that
is, we record the locations where the paths of colour 1, 2, . . . exit the n-th row upwards as a λ-coloured
composition ν, where λ is the composition with parts λ1, λ2, . . . , and we truncate this sequence so that
|λ| = n.9 The partial sums of λ are denoted as

∑k
i=1 λi = `k , k ≥ 1; `0 := 0.

The model is also allowed to have column inhomogeneities {s j , ξ j } j≥1, which replace the (s, xi )

parameters in the Lstoch-weight of the vertex in row i and column j by (s j , ξ j xi ); see Section 3A. For
convenience, we assume that the number of column inhomogeneities is finite. (For our results this
assumption is not restrictive as the state of the model far enough to the right will not play any role, and
thus, due to stochasticity, the column inhomogeneities there can be chosen freely.)

Also recall the observables Oµ of Definition 4.5, defined for any λ-coloured composition µ =
0m(0)

1m(1)
2m(2)
· · ·, that take values

Oµ(ν)=
∏
x≥1

∏
i≥1

qm(x)
i H ν/µ

>i (x+1)
(H ν/µ

i (x+1)

m(x)
i

)
q

=

∏
x≥1

∏
i≥1

(q H ν/µ

>i (x+1)
−q H ν/µ

≥i (x+1))(q H ν/µ

>i (x+1)
−q H ν/µ

≥i (x+1)−1) · · ·(q H ν/µ

>i (x+1)
−q H ν/µ

≥i (x+1)−m(x)
i +1)

(q;q)m(x)
i

(6-1)

given in terms of the coloured height functions (3-5).
For any λ-coloured µ, we make a new coloured composition µ≥1 that consists of its nonzero parts

coloured in the same way with the labelling composition ofµ≥1 denoted by λ≥1; see Definition 5.1. Clearly,
given the colouring λ of µ, µ is uniquely reconstructed from µ≥1. We use the notation m := n− |m(0)

|

for the length of µ≥1, denote by c1 < · · ·< cα the colours of parts of µ≥1, and denote by m1, . . . ,mα ≥ 1
the number of parts of µ≥1 of colours c1, . . . , cα, respectively. Set m[a, b] =ma +ma+1+ · · ·+mb.

We can now state the main result of this paper.

Theorem 6.1. With the above notation, we have

EOµ =
q
∑

u≥1
∑

i> j m(u)
i m(u)

j∏
j≥1(s2; q)|m( j)|

1

(2π
√
−1)m

∮
· · ·

∮
around{x−1

j }

∏
1≤i< j≤m

y j − yi

y j − qyi

×

α∏
k=1

( mk∑
j=0

(−1) j q(
mk− j

2 )

(q; q) j (q; q)mk− j

j+m[1,k−1]∏
p>m[1,k−1]

n∏
a>`ck−1

1− qxa yp

1− xa yp

m[1,k]∏
r> j+m[1,k−1]

n∏
b>`ck

1− qxb yr

1− xb yr

)

× f stoch
µ≥1 (λ

≥1
; y−1

1 , . . . , y−1
m )

m∏
i=1

(yi − s)dyi

y2
i

, (6-2)

9Without loss of generality, for convenience of notation, we assume incoming paths in rows n and n+1 have different colours.
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where (positively oriented) integration contours are chosen to encircle all points {x−1
j }

n
j=1 and no

other singularities of the integrand, or as q-nested closed simple curves with yi -contour containing
q−1
· (y j -contour) for all i < j , and all of the contours encircling {x−1

j }
n
j=1. The contours can also be

chosen to either encircle or not encircle the point 0.
The formula also holds in the column inhomogeneous setting under the assumption that (sx , ξx)= (s, 1)

for any x ≥ 1 such that |m(x)
|> 0.

Proof. If the parameters satisfy the inequalities (4-1), then the statement is a substitution of Theorem 5.7
into Theorem 4.7. Observe that Oµ is independent of the state of the model to the right of the maximal
coordinate of µ. Thus, both sides of (6-2) are actually rational functions in xi ’s, and the extra assump-
tion (4-1) can thus be removed by analytic continuation. �

Remark 6.2. The factor
∏

j≥1(s
2
; q)−1
|m( j)|

in the right-hand side of (6-2) does not make the expression sin-
gular in the finite spin situation s2

= q−J , J = 1, 2, . . . , because the same factor appears in the numerator
when one writes f stoch

µ≥1 = (−s)|µ| fµ≥1 explicitly by taking the factorization (2-30), where this factor is
manifest, and acting on it by difference operators (2-31)–(2-32) and colour merging (3-18) as needed.

6B. The colour-blind case. Let us see how Theorem 6.1 works in the colour-blind situation. The
observables then simplify to (4-14), and we obtain:

Corollary 6.3. In the colour-blind case λ= (n), with ordered coordinates θ1 ≥ . . .≥ θm ≥ 1 of µ≥1 and
no column inhomogeneities, we have

E
[
(1− q H ν(θ1+1))(1− q H ν(θ2+1)−1) · · · (1− q H ν(θm+1)−m+1)

]
=
(−1)m(−s)|θ |

(2π
√
−1)m

∮
· · ·

∮
around{x−1

j }

∏
1≤i< j≤m

yi − y j

yi − qy j

m∏
p=1

(
1− syp

yp − s

)θi n∏
a=1

1− qxa yp

1− xa yp

dyp

yp
, (6-3)

where (positively oriented) integration contours are chosen to encircle all points {x−1
j }

n
j=1 and no other

singularities of the integrand, and H ν(x)= #{i ∈ {1, . . . , n} : νi ≥ x}.

Remark 6.4. Equation (6-3) is readily seen to coincide with [Borodin and Petrov 2017, Lemma 9.10],
which is essentially equivalent to the integral representation of the most general multipoint moments for
the colourless stochastic vertex model along a single line.

It is not hard to extend this result, with a very similar proof to the one given below, to the column
inhomogeneous case under the condition that (sx , ξx)= (s, 1) for any x ≥ 1 such that no parts of µ are
equal to x . However, [Borodin and Petrov 2018a, Lemma 9.11] gives such an extension to the fully
column inhomogeneous situation. It remains unclear how to achieve this level of generality in the coloured
case.

Remark 6.5. While the freedom in choosing the contours as q-nested is still there (it can be checked
directly as in the proof of Lemma 5.9 or carried over from Theorem 6.1), the contours cannot include
the point 0 anymore, and its inclusion (together with q-nestedness) would actually change the q-shifted
moments in the left-hand side into unshifted moments of [Borodin and Petrov 2017, Theorem 9.8]; see
[Borodin and Petrov 2017, Section 9] for a detailed explanation of that transition.
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Proof of Corollary 6.3. In the colour-blind case λ= (n), using (4-11), (2-29) and (4-14), we write (6-2) as

E

[
(1− q H ν(θ1+1))(1− q H ν(θ2+1)−1) · · · (1− q H ν(θm+1)−m+1)∏

j≥1(q; q)mult j (θ)

]

=
(−s)|θ |∏

j≥1(s2; q)mult j (θ)

1

(2π
√
−1)m

∮
· · ·

∮
around{x−1

j }

∏
1≤i< j≤m

y j − yi

y j − qyi

×

m∑
j=0

(
(−1) j q(

m− j
2 )

(q; q) j (q; q)m− j

j∏
p=1

n∏
a=1

1− qxa yp

1− xa yp

)
Fcθ (y

−1
1 , . . . , y−1

m )

m∏
i=1

(yi − s)dyi

y2
i

, (6-4)

with contours around {x−1
j } and no other singularities. Observe that if the summation index j in the

integrand above takes any value j <m, then the integrand, viewed as a function in ym , has no singularities
at {x−1

∗
}, and the integral vanishes. Hence, we can set j = m.10

Further we write ∏
i< j

y j − yi

y j − qyi
=

∏
i 6= j

y j − yi

y j − qyi
·

∏
i> j

y j − qyi

y j − yi
,

note that the first factor in the right-hand side is symmetric in yi ’s, and the same is true about all other
parts of the integrand. Hence, we can sum over the second factor over all permutations of the yi ’s, which
yields (q; q)m/(1− q)m in the integrand and multiplies the value of the integral by m!.

Finally, from [Borodin and Petrov 2017, Theorem 4.12] we read

Fcθ (y
−1
1 , . . . , y−1

m )=

∏
j≥1(s

2
; q)mult j (θ)∏

j≥1(q; q)mult j (θ)

(1− q)m∏m
i=1(1− sy−1

i )

∑
σ∈Sm

σ

(∏
i< j

y−1
i − qy−1

j

y−1
i − y−1

j

m∏
i=1

(
y−1

i − s

1− sy−1
i

)θi
)
,

where the sum is over all permutations σ in the symmetric group Sm on m symbols, and σ ’s permute the
variables y1, . . . , ym in the expression that they are applied to. Since the rest of the integrand is symmetric
in the yi ’s, we can remove the sum over permutation leaving only the term with σ = id, and divide the
integral by m!.

Implementing the above transformation and cancelling common factors yields (6-3). �

6C. Duality. One convenient feature of the integral representation (6-2) for EOµ is that the dependence
on values of coordinates of µ is concentrated in the factor fµ≥1(λ≥1

; y−1
1 , . . . , y−1

m ) of the integrand. This
allows us to easily derive certain difference equations that EOµ must satisfy. Let us see how this works.

The skew-Cauchy identity (2-35) was stated for the rainbow case but is readily extended to the colour-
merged case with the help of Proposition 3.8 (in fact, this colour merging argument was already used in
the proof of Proposition 4.3 for G∗’s replaced by their limits G∗’s). In particular, it implies∑
µ≥1 is λ≥1 coloured

fµ≥1(λ≥1
; y−1

1 , . . . , y−1
m )Gµ≥1/~((q X)−1)=

m∏
i=1

1− yi X
1− qyi X

· f~(λ≥1
; y−1

1 , . . . , y−1
m ),

10It is at this moment that we lose the freedom to have 0 inside the contours, as the terms that we remove may have nontrivial
residues at 0; see Remark 6.5.
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where ~ is an arbitrary λ≥1-coloured composition, X is a complex parameter. Multiplying both sides
by (−s)|~| = (−s)|~|−|µ|(−s)|µ|, we can also replace f by f stoch and G by Gstoch in this identity, where
Gstoch
µ≥1/~

= (−s)|~|−|µ|Gµ≥1/~ is a stochastic kernel with matrix elements built from stochastic M stoch-
weights (2-12).

Observe that the prefactor is of the form of the exact inverse of the factors in the integrand of (6-2) that
depend on xi ’s. Hence, if we compute the expectation En+1Oµ along the (n+1)-st row of the stochastic
vertex model, with left entering colour (n+ 1) and rapidity X used in that row, and subsequently sum
against the stochastic kernel Gstoch

µ≥1/~
((q X)−1), the result will coincide (subject to certain convergence

conditions that we are ignoring here) with the expectation of EnOµ computed along the n-th row:∑
µ≥1

En+1Oµ ·Gstoch
µ≥1/~

((q X)−1)= EnO~ . (6-5)

As the transition from row n to row n+ 1 is also realized by a stochastic kernel, we observe a duality
of the action of two stochastic operators on the duality functional Oµ.

Of course, the above arguments only verify the duality relation (6-5) for a specific class of distributions
on row n. However, this class is sufficiently general (n ≥ m and parameters x1, . . . , xn are arbitrary), and
it is quite plausible that the duality relation will hold for generic distributions on coloured compositions
µ≥1 on the n-th row, and also for the n-th row being the whole lattice Z, rather than Z≥1 with a path
entering from the left.

It would be very interesting to see an independent verification of (6-5), possibly by a reduction to
duality functional constructed in [Kuan 2018]. Given that spectral decomposition of stochastic kernels
Gstoch are known (see [Borodin and Wheeler 2018, Section 9.5]) this would likely lead to an alternative
proof of Theorem 6.1, apart from other possible applications.

For a colour-blind version of the above discussion see [Borodin and Petrov 2017, Section 8.5] and
[Borodin and Petrov 2018a, Section 8.5].

6D. The rainbow case. Let us now focus on the rainbow sector, with the labelling composition λ being
(1, 1, . . . , 1). The simplification of the observables Oµ in this case was given in (4-13), and this leads
us to:

Corollary 6.6. In the notation of Section 6A, assume that λ= (1, 1, . . . , 1). Then

E
∏

i, j≥1
m( j)

i =1

q H ν/µ

≥i ( j+1)
− q H ν/µ

>i ( j+1)

q − 1

=
q
∑

j≥1 (
|m( j)

|

2 )∏
j≥1(s2; q)|m( j)|

(−1)m

(2π
√
−1)m

∮
· · ·

∮
incl.{x−1

j }

∏
1≤i< j≤m

y j − yi

y j − qyi

× f stoch
µ≥1 (y−1

1 , . . . , y−1
m )

m∏
j=1

(
y j − s

y j

xc j

1− xc j y j

n∏
i>c j

1− qxi y j

1− xi y j
dy j

)
, (6-6)

where (positively oriented) integration contours are chosen to encircle all points {x−1
j }

n
j=1 and no
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other singularities of the integrand, or as q-nested closed simple curves with yi -contour containing
q−1
· (y j -contour) for all i < j , and all of the contours encircling {x−1

j }
n
j=1.

The formula also holds in the column inhomogeneous setting under the assumption that (sx , ξx)= (s, 1)
for any x ≥ 1 such that |m(x)

|> 0.

Proof. This can be obtained by either a direct substitution λ= (1, . . . , 1) into Theorem 6.1, or a substitution
of Proposition 5.2 into the rainbow case of Theorem 4.7. �

Remark 6.7. Denote the parts of µ≥1 by (θ1, . . . , θm), where θ1 carries the smallest colour c1 of those
represented in µ≥1, θ2 carries the next smallest colour c2, etc. Then in the antidominant case, when
θ1 ≤ θ2 ≤ . . .≤ θm , f stoch

µ (y−1
1 , . . . , y−1

m ) in the integrand of (6-6) completely factorizes — and hence so
does the whole integrand — as (in the column homogeneous case)

f stoch
µ≥1 (y−1

1 , . . . , y−1
m )=

∏
j≥1

(s2
; q)|m( j)|

n∏
i=1

yi

yi − s

n∏
i=1

(
1− syi

yi − s

)θi

; (6-7)

see (2-30), (3-2), and Remark 5.4. In this case there is also another path to (6-6). Namely, using the shift
invariance property established in [Borodin et al. 2019], one can rewrite the left-hand side of (6-6) in
terms of an average for a combination of q-moments of the height function for a colour-blind vertex on a
quadrant taken at points along a down-right path in the quadrant. In their turn, such moments possess
explicit integral representations, see [Borodin et al. 2016a] for details. See also Remark 7.10 below for a
related observation.

Remark 6.8. The identity (6-6) admits two colour-position symmetries, one for each side.
For the left-hand side, [Borodin and Bufetov 2019, Theorem 7.3] shows that the joint distributions

of the coloured height functions of the (rainbow) coloured stochastic vertex model along boundaries of
a certain class of down-right domains are symmetric with respect to rotations of the domains by 180
degrees that also swap the roles of colour and position of the entering/exiting paths. In our case, the
domain is the rectangle, and the application of this symmetry will swap colours and positions in the
observables, as well as the roles of rows and columns. This will give integral formulas for averages of the
new observables, as well as indicate that those observables are also likely to be duality functionals for the
same reasons as those in Section 6C.

For the right-hand side, if we represent f stoch
µ as a result of a sequence of applications of the difference

operators Ti given by (2-31)–(2-32) to a factorized expression of the type (6-7), then we can use self-
adjointness of the Ti ’s with respect to the integral scalar product with weight

∏
i< j (y j − yi )/(y j − qy j )

(see [Borodin and Wheeler 2018, Proposition 8.1.3]) to move the application of the Ti ’s to the fully
factorized part of the integrand. Treating that part as an analogue of (2-30), or rather of (3-2), at the
specific value of s = q−1/2, we will see a new f -like function appearing in the integrand, that will
utilize suitably permuted colours c1, . . . , cm for its coordinates, and horizontal rapidities x1, . . . , xn as its
inhomogeneities. Thus, we will see a similar formula with positions and colours, as well as rows and
columns, swapped.
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It would be interesting to see if applying both symmetries, at least in the case s = q−1/2, returns one to
the original formula, but we will not pursue that here.

6E. Fusion. The goal of this section is to fuse rows of the stochastic vertex model from Section 6A and
to see what Theorem 6.1 turns into in that situation.

First, one can fuse finitely many rows, which in terms of individual vertices corresponds to the outer
sum in (2-10) (one can think of the inner sum in that relation as already performed, with our spin
parameter s being q−M/2). This starts by replacing a single row of colour c with rapidity x by L≥ 1 rows
of the same colour c and rapidities forming a finite geometric progression x, . . . , qL−1x . Since our left
boundary condition in these L rows consists of all incoming edges occupied by paths of the same colour,
no summation along that boundary is necessary. Hence, the L rows of vertices with Lstoch-weights can be
collapsed into a single row with the weight of a vertex in that row and column j being

WL,M(s−1
j ξ j x; q; ∗)|q−M=s2

j
,

where (s j , ξ j ) are the column inhomogeneities as in Section 3A, and the appearance of s−1
j in front of

ξ j x j is due to the argument x/s in the expression (2-11) of Lstoch-weights in terms of W -weights.
The right-hand side of (6-2) also behaves well with respect to such fusion. More exactly, it leads to a

simple replacement of all factors of the form (1− qxyk)/(1− xyk), for various k and x = x∗ being the
rapidity of the fused row, by

1− qxyk

1− xyk
·

1− q2xyk

1− qxyk
· · ·

1− qLxyk

1− qL−1xyk
=

1− qLxyk

1− xyk
. (6-8)

Thus, the right-hand side can be immediately analytically continued in qL. It is not clear, however, what
that would mean on the side of the stochastic vertex model as the left boundary condition in the fused
row consists of L paths.

To remedy this situation, we will perform a special limit transition with vertical inhomogeneity in
column 1; this is parallel to what was done in [Borodin et al. 2019, Section 6]. More exactly, we will rely
on the limiting relation (2-17). According to the left-hand side of that relation, we will take ξ1 = ζ/s1

to turn the weight in the first column of the fused row into WL,M(s−2
1 ζ x; q; ∗)|q−M=s2

1
, and then take the

limit s1→ 0. Here z is an additional parameter that remains finite in the limit s1→ 0; it regulates the
strength of the left boundary. As we are about to make the rest of the model homogeneous, let us also set
ζ to s, as this value will make the first column “blend in” with the other ones. Thus, our limit results, by
virtue of (2-17), a random number of paths of colour c passing horizontally from column 1 to column 2
in the fused row, with the distribution of this random number given by

Prob{k} =
(sqLx; q)∞
(sx; q)∞

(q−L; q)k
(q; q)k

(sqLx)k, k ≥ 0.

Note that for L ∈ Z≥1, this distribution is supported by {0, 1, . . . , L}, as it should be, as an L-fused row
cannot carry more than L paths. But this distribution is also suitable for analytic continuation in qL, which
we will use momentarily.
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Let us now discuss vertices in the fused row and other columns. Their weights WL,M(s−1
j ξ j x; q; ∗)

are given by the right-hand side of (2-6), which is explicit but rather complicated. We will consider a
simpler situation instead, governed by the q-Hahn specialization of Section 2B. Hence, we will specialize
(x, s j , ξ j ) 7→ (s, s, 1) to turn the weights into more tangible expressions as in the right-hand side of (2-16).

Finally, rather than performing fusion for a particular row of colour c as we have done above (replacing
it by L columns first and then fusing them together), let us do it for every row of the stochastic vertex
model of Section 6A.

Gathering all the pieces together, we obtain a stochastic vertex model in the quadrant Z≥2 × Z≥1,
depending on three parameters q , s(= q−M/2), and z(= q−L/2) satisfying |q|, |s|, |z|, |s/z|< 1, defined
as follows:

• Along the boundary of the quadrant, no paths enter the quadrant through its bottom boundary; and
along the left boundary we have a random number of paths entering at every row, with the bottom
λ1 rows hosting entering paths of colour 1, next λ2 rows hosting paths of colour 2, and so on; the
sequence {λ j } j≥1 of nonnegative integers is given. As before, the partial sums of λ are denoted
as
∑k

i=1 λi = `k , k ≥ 1; `0 := 0. The distribution of the number of paths that enter in any row is
given by

Prob{k} =
(s2/z2

; q)∞
(s2; q)∞

(z2
; q)k

(q; q)k

(
s2

z2

)k

, k ≥ 0. (6-9)

• The vertex weights for the model are given by

weights,z

(
B D

A

C
)
=

(
s2

z2

)|D|
(s2/z2

; q)|A|−|D|(z2
; q)|D|

(s2; q)|A|
q
∑

i< j Di (A j−D j )
∏
i≥1

(
Ai

Ai − Di

)
q
. (6-10)

This model is more general than the one in Section 6A in the sense that it can carry any number of
paths along any edges, not just the vertical ones. However, it is less general in that there are no remaining
row and column inhomogeneities.11

As before, we focus on the paths that cross upwards from row n to row n + 1 for some n ≥ 1.12

Encoding colours and horizontal positions of these crossings by a coloured composition ν, we can define
observables Oµ on the set of possible ν’s by the same formula (6-1), where µ = 2m(2)

3m(3)
· · · is an

arbitrary coloured composition with no parts smaller than 2; this is what used to be µ≥1. Let us use
the familiar notation m = `(µ) for the length of µ, c1 < · · ·< cα for the colours represented in µ, and
m1, . . . ,mα ≥ 1 for the number of parts of µ of colours c1, . . . , cα, respectively. Finally, let colour(µ)
be the composition that encodes the colouring of µ, and let µ−1m denote the composition obtained from
µ by subtracting 1 from each part.

11In fact, we could have left s and z parameters column and row dependent, respectively, but chose not to do so for the sake
of simplicity. On the other hand, we could not have left row and column rapidities x∗ and ξ∗ generic and still had the same
factorized form of the weights.

12Since rows above n do not matter to us, we assume, as in Section 6A, that colours of left-entering arrows in rows n and
n+ 1 are different.
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Corollary 6.9. With the above notation for the fused stochastic vertex model, we have

EOµ =
q
∑

u≥2
∑

i> j m(u)
i m(u)

j∏
j≥2(s2; q)|m( j)|

(−s)m

(2π
√
−1)m

×

∮
· · ·

∮ ∏
1≤i< j≤m

y j − yi

y j − qyi

×

α∏
k=1

( mk∑
j=0

(−1) j q(
mk− j

2 )

(q; q) j (q; q)mk− j

j+m[1,k−1]∏
p>m[1,k−1]

(
1−z−2syp

1−syp

)n−`ck−1 m[1,k]∏
r> j+m[1,k−1]

(
1−z−2syr

1−syr

)n−`ck
)

× f stoch
µ−1m (colour(µ); y−1

1 , . . . , y−1
m )

m∏
i=1

dyi

y2
i
, (6-11)

where the integration contours are either positively oriented and q-nested around s−1 with yi -contour
containing q−1

· (y j -contour) for all i < j , or negatively oriented and q-nested around s, with y j -contour
containing q · (yi − contour) for all i < j . The point 0 can be either inside or outside the contours in
either case.

Proof. The starting point is Theorem 6.1 with µ from (6-11) being µ≥1 there.
The first step is to turn each row of the quadrant into L rows of the same colour, and fuse them as was

described above. This does not affect the integral representation much, except for the change described
around (6-8).

The next step is the limit transition in column 1 described above. To see how it affects the factor
f stoch
µ≥1 (y

−1
1 , · · · , y−1

m ), recall the partition function definition (2-23) (and its coloured modification (2-41))
of the f ’s. Since all parts of µ≥1 are assumed to be at least 2, the first column contains only vertices of
the form

i i

0

0

that have Lstoch-weights

(−s1)(ξ1 y−1
j − s1)

1− s1ξ1 y−1
j

=
(−s1)(ξ1− s1 y j )

y j − s1ξ1
=
(−s1)(s/s1− s1 y j )

y j − s
=

s2
1 y j − s
y j − s

, 1≤ j ≤ m,

where we used the value ξ1 = s/s1 as above. The limit s1→ 0 of this expression is −s/(y j − s), and the
product over all 1 ≤ j ≤ m gives (−s)m

∏m
j=1(y j − s)−1. Adding that to the integrand of (6-2) yields

the integrand of (6-11), together with the replacement µ≥1
7→ µ− 1m in the index of f stoch, where the

subtraction of 1m is responsible for removing a column from the partition function representation of f stoch

that we just performed.
Let us now look at the contours. For the application of Theorem 6.1 we could choose them to q-nest

around {xi , qxi , . . . , qL−1xi }
n
i=1 = {s, qs, . . . , qL−1s} and either contain 0 or not. (We could not choose

them to encircle {xi , qxi , . . . , qL−1xi }
n
i=1 and no other singularities as this choice of horizontal rapidities
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forces the inclusion of at least some singularities of
∏

i< j (y j − qyi )
−1 into the contours.) Since the

integrand is manifestly nonsingular at qs, . . . , qL−1s, we can remove the condition of encircling those
points. As the integrand is readily seen to not have poles at y∗ =∞, we can also move the contours
through∞ and have them q-nest around the only other singularity, which is at s (again, 0 can be either
inside or outside).

Thus, we have now proved (6-11) for L= 1, 2, . . . , and the final step consists in analytic continuation
in qL

= z−2 from the set of points {q, q2, q3, . . . } accumulating at 0. This, however, is straightforward:
The only dependence on z of the right-hand side is through factors (1 − z−2 y∗), and the left-hand
side is readily seen to be given by uniformly convergent series with rational terms at least as long as
|q|, |s|, |sz−1

|< const< 1. �

7. Limit to polymers

The goal of this section is to explore the consequences of Corollary 6.9 for a few models of directed
polymers in (1+1) dimensions. The exposition of the limit transitions from fused coloured stochastic
models to directed polymers follows [Borodin et al. 2019, Section 7].

7A. Continuum stochastic vertex model. Let us start by introducing a vertex model that will serve as a
limiting object for the fused vertex model of Section 6E described by weights (6-9)–(6-10).

As in the fused case, the vertices of the continuum model will be parametrized by points of a quadrant,
and to keep the notation parallel to that of Section 6E, we will use the quadrant Z≥2×Z≥1.

Each vertex will have a certain mass of each colour ≥ 1 entering from the bottom and from the left,
and exiting through the top and to the right. The mass is a real number in [0,∞), and for each vertex
the total number of colours that have nonzero mass entering the vertex will always be finite. The mass
of each colour passing through a vertex will always be preserved – the sum of incoming mass from the
bottom and from the left must be equal to the sum of exiting mass to the right and through the top.

Let us denote the masses of colours 1, 2, . . . entering through the bottom of a vertex by α= (α1, α2, . . . ),
entering from the left by β = (β1, β2, . . . ), exiting through the top by γ = (γ1, γ2, . . . ), and exiting to
the right by δ = (δ1, δ2, . . . ), respectively. The mass preservation means

|α| + |β| = |γ | + |δ|.

The notation is chosen to be in parallel with (A, B;C, D) notation for the vertex models, as in (2-1).
Recall that a random variable with values in (0, 1) is said to be Beta-distributed with parameters

a, b > 0 if it has a density, with respect to the Lebesgue measure, given by

0(a+ b)
0(a)0(b)

xa−1(1− x)b−1, 0< x < 1. (7-1)

Given the coloured masses α,β entering a vertex of our continuum vertex model, the coloured
masses γ , δ exiting the vertex are random and determined as follows. The procedure has two parameters
a, b> 0, as in the Beta-distribution (7-1). If all coordinates α are zero, i.e., α = 0, then we set γ = β and
δ = 0. If α 6= 0, let n ≥ 1 be the maximal natural number such that αn 6= 0, and let ζ be an (a, b)-Beta
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distributed random variable. Then we set δn+1, δn+2, . . . to 0 and define δn, δn−1, . . . , δ1 recursively via

δn =− log(e−αn + ζ(1− e−αn )),

δn−1+ δn =− log(e−αn−1−αn + ζ(1− e−αn−1−αn )),
...

δ1+ · · ·+ δn−1+ δn =− log(e−α1−···−αn−1−αn + ζ(1− e−α1−···−αn−1−αn )).

(7-2)

One can show that this implies 0< δ j <α j for 1≤ j ≤ n. Finally, we set γ = β+ (α−δ), thus enforcing
mass conservation.

In addition to defining what happens at the vertices of the quadrant, we need to specify boundary
conditions. As before, we will assume that no mass enters the quadrant from the bottom, i.e., α = 0 for
all vertices in the bottom row. On the other hand, along the left boundary we will assume that for the
left-most vertex in row i , the left-entering coloured mass β has all but one coordinates equal to 0, with
the exception of the i-th one, which is (a, b)-Beta distributed.

As usual, we think of the randomness as having no space dependency, which means that the Beta-
distributed random variables at different vertices, as well as those used to define the left boundary
condition, are independent.

The following statement was proved in [Borodin et al. 2019, Corollary 6.22].

Proposition 7.1. Consider the fused coloured vertex model defined around (6-9)-(6-10) and set

q = exp(−ε), s2
= qσ , z2

= qρ, (7-3)

for some σ > ρ > 0 and ε > 0. Then as ε→ 0, the fused coloured vertex models scaled by ε converges
to the continuum vertex model defined above with parameters (a, b)= (σ − ρ, ρ), in the sense that any
finite collection of numbers of paths of arbitrary fixed colours entering/exiting any fixed set of vertices in
fixed directions, when multiplied by ε, weakly converges to the collection of corresponding colour masses
entering/exiting the corresponding vertices of the continuum model.

This immediately implies the convergence of the averages of the observables from Corollary 6.9 as
well, but we will postpone the limiting statement until we reformulate the continuum vertex model as a
directed random polymer in the next section.

7B. Random Beta-polymer. The Beta-polymer was first introduced in [Barraquand and Corwin 2017].
In order to define it, let {ηt,m}t,m≥1 be a family of independent identically Beta-distributed random
variables with parameters a, b > 0; see (7-1). The partition function Zt,m of the Beta-polymer, with
(t,m) ∈ Z≥0×Z≥1 and t ≥ m− 1, is determined by the recurrence relation

Zt,m = ηt,mZt−1,m + (1− ηt,m)Zt−1,m−1

and boundary conditions
Zt,t+1 ≡ 1, Zt,1 = η1,1η2,1 · · · ηt,1.

Pictorially, Zt,m is a sum over all directed lattice paths with (0, 1) and (1, 1) steps that join (0, 1) and (t,m),
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of products of edge weights that all have the form η∗ or 1− η∗; see [Barraquand and Corwin 2017;
Borodin et al. 2019].

We also define delayed partition functions Z(k)t,m , k ≥ 1, t ≥m+k−1, by the same recurrence relation

Z(k)t,m = ηt,mZ
(k)
t−1,m + (1− ηt,m)Z

(k)
t−1,m−1,

where we are using the same family of random variable {ηt,m}t,m≥1 to evaluate the coefficients, and shifted
boundary conditions

Z(k)t,t−k+2 ≡ 1, Z(k)t,1 = ηk,1ηk+1,1 · · · ηt,1.

Clearly, Z(1)t,m ≡ Z(k)t,m , and for any k ≥ 1, Z(k)t,m can be interpreted graphically in a similar way to Zt,m , but
with paths joining (k− 1, 1) and (t,m).

As was shown in [Borodin et al. 2019, Section 7.1], there is a way to identify the continuum vertex
model of Section 7A and the family of Beta-polymer partition functions {Z(k)t,m}. In order to see the
equivalence, let us introduce the coloured height functions {h(≥k)(x, y) | x ≥ 2; y, k ≥ 1} that count the
total mass of colours ≥ k that exit vertices (x, 1), (x, 2), . . . , (x, y), either upward or rightward, in the
continuum model. Then one has the identification

− logZ(k)t,m = h(≥k)(m+ 1, t), t,m, k ≥ 1, t ≥ m+ k− 1. (7-4)

For t,m, k ≥ 1 that do not satisfy the inequality t ≥m+ k−1, the right-hand side of (7-4) is readily seen
to vanish, and we set Z(k)t,m to 1 for these values as well; then (7-4) holds for any t,m, k ≥ 1.

Together with Proposition 7.1, this allows us to obtain a limiting version of Corollary 6.9 for the
Beta-polymer. But in order to take the corresponding limit of the integral representation, we need to
introduce limiting versions of the rational functions fµ.

Lemma 7.2. Take q = exp(−ε), and s2
= qσ (as in (7-3)), and fix a λ-coloured composition µ =

0m(0)
1m(1)

2m(2)
· · · of length m ≥ 1, where λ is a composition of weight |λ| = m. Then there exists a limit

fµ(λ; u1, . . . , um)= lim
ε→0

εm
·

fµ(λ; 1+ εu1, . . . , 1+ εum)∏
j≥0(s2; q)|m( j)|

, (7-5)

where the convergence is uniform for complex u1, . . . , um varying in compact sets that do not include σ/2,
and the rational function fµ(λ; u1, . . . , um) can be characterized as follows.

(i) For a rainbow µ, i.e., for λ= (1, . . . , 1), in the antidominant sector µ1 ≤ µ2 ≤ . . . ≤ µm one has
(omitting λ from the notation)

fµ(u1, . . . , um)=

m∏
i=1

1
σ/2− ui

(
σ/2+ ui

σ/2− ui

)µi

, (7-6)

and in the case µi < µi+1 for some 1≤ i ≤ m− 1, one has

Ti · fµ(u1, . . . , um)= f(µ1,...,µi+1,µi ,...,µm)(u1, . . . , um),

Ti ≡ 1−
ui − ui+1+ 1

ui − ui+1
(1− si ), 1≤ i ≤ m− 1, (7-7)

with elementary transpositions si · h(u1, . . . , um) := h(u1, . . . , ui+1, ui , . . . , um); see (2-31)–(2-32).
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(ii) For a general labelling composition λ, let θ : {1, . . . ,m} → {1, . . . , n} be a monotone map (as in
Section 3C) with θ∗((1, . . . , 1))= λ. Then∑

rainbow ν : θ∗(ν)=µ

fν(u1, . . . , um)= fµ(λ; u1, . . . , um). (7-8)

Proof. This limit is an immediate consequence of the recursive definition (2-30)–(2-32) of Section 2E
and (3-18) of Proposition 3.8. �

We are now ready to take a q→ 1 limit in Corollary 6.9.

Proposition 7.3. Fix σ > ρ > 0, and consider the partition functions Z(k)t,m of the Beta-polymer as defined
above with the parameters of (7-1) given by (a, b) = (σ − ρ, ρ). Let µ = 2m(2)

3m(3)
· · · be a coloured

composition with no parts smaller than 2, m = `(µ) be the length of µ, c1 < · · · < cα be the colours
represented in µ, and m1, . . . ,mα ≥ 1 be the number of parts of µ of colours c1, . . . , cα, respectively.
Also, let colour(µ) be the composition that encodes the colouring of µ. Then for any t ≥max{i :m(x)

i > 0}
we have

E
∏
x≥1

∏
i≥1

(Z(i+1)
t,x −Z

(i)
t,x)

m(x)
i

m(x)
i !

=
(−1)|µ|

(2π
√
−1)m

∮
· · ·

∮ ∏
1≤i< j≤m

u j−ui

u j−ui+1

×

α∏
k=1

( mk∑
j=0

(−1) j

j !(mk− j)!

j+m[1,k−1]∏
p>m[1,k−1]

(
σ/2−u p−ρ

σ/2−u p

)t−ck+1 m[1,k]∏
r> j+m[1,k−1]

(
σ/2−ur−ρ

σ/2−ur

)t−ck
)

×fµ−1m (colour(µ);−u1, . . . ,−um)

m∏
i=1

dui , (7-9)

with the integration contours either positively oriented and nested around σ/2 with ui -contour containing
(u j -contour)+1 for all i < j , or negatively oriented and nested around−σ/2, with u j -contour containing
(ui -contour)− 1 for all i < j .

Proof. We start with (6-11) and (λ1, λ2, . . . ) = (1, 1, . . . ); equivalently, ` j = j . Let us make the
substitution (7-3) and look at the asymptotics of both sides.

On the left-hand side we have averages of the observables Oµ given by (6-1). The denominators are
deterministic and asymptotically give (q; q)−1

m(x)
i
∼ ε−m(x)

i m(x)
i ! as ε→ 0. For the numerators, according

to Proposition 7.1, we obtain, along row t = n, ε−1 H ν
≥i (x + 1)→ h(≥i)(x + 1, t), and, changing ν

to ν/µ with ε-independent µ, ε−1 H ν/µ

≥k (x + 1)→ h(≥k)(x + 1, t) weakly as ε → 0, where h denotes
the coloured height functions of the Beta-polymer. Using (7-4) and the fact that all the observables are
bounded, we see that EOµ is asymptotically equivalent to ε−m times the left-hand side of (7-9).

For the right-hand side of (6-11), we change the variables yi = 1+ εui , use Lemma 7.2, and also
(q; q)−1

j (q; q)
−1
mk− j ∼ ε

−mk j !−1(mk − j)!−1.
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The powers of ε from the q-symbols on both sides cancel out, the powers of ε from the changes of
variables and f → f limit also cancel out, and the prefactor (−s)m in the right-hand side of (6-11) together
with (−s)|µ|−m required to convert f stoch

µ−1m to fµ−1m give (−1)|µ| in the limit. This concludes the proof. �

7C. Strict-weak polymer. The strict-weak or gamma polymer was first introduced in [Corwin et al. 2015]
and [O’Connell and Ortmann 2015]. Its partition functions are determined by a very similar recurrence as
those for the Beta-polymer. Namely, let us define Z (k)t,m for (t,m, k)∈Z≥0×Z≥1×Z≥1, t ≥m+k−1, by

Z (k)t,m = ηt,m Z (k)t−1,m + Z (k)t−1,m−1

with boundary conditions

Z (k)t,t−k+2 ≡ 1, Z (k)t,1 = ηk,1ηk+1,1 · · · ηt,1,

where {ηt,m}t,m≥1 is a family of independent identically distributed random variables with a Gamma
distribution that has density

1
0(κ)

xκ−1 exp(−x), x > 0,

with respect to the Lebesgue measure. Here κ > 0 is a parameter.
The strict-weak polymer is a limiting instance of the Beta-polymer of Section 7B, because a Beta-

distributed random variable with density (7-1) and parameters (a, b)= (κ, ε−1), when multiplied by ε−1,
converges to a Gamma-distributed random variable with parameter κ as ε→ 0, both in distribution and
with all moments.

In order to argue the convergence of the partition functions and their moments, we will appeal to the
following:

Lemma 7.4. Let {Xn}n≥1 and {Yn}n≥1 be two sequences of nonnegative random variables such that
{(Xn, Yn)}n≥1 weakly converges to a two-dimensional random variable (X, Y ) with finite moments and a
continuous joint distribution function.13 Furthermore, assume that coordinate moments converge:

lim
n→∞

EX k
n = EX k, lim

n→∞
EY k

n = EY k, k ≥ 1.

Then the joint moments also converge:

lim
n→∞

E(X k
nY l

n)= E
(
X kY l), k, l ≥ 1.

Proof. Fix C > 0 and write

E(X k
nY l

n)= E(X k
nY l

n · 1{Xn < C, Yn < C})+ E(X k
nY l

n · 1{Xn ≥ C or Yn ≥ C}),

where we use 1{A} to denote the indicator function of an event A. In the first term, we have a bounded
functional under the expectation, which converges to E(X kY l

· 1{X < C, Y < C}) by the distributional
convergence of (Xn, Yn). (If the distribution of (X, Y ) were not continuous, we would have needed to
choose C as its continuity point.)

13This requirement of continuity can be easily removed by an extra step in the proof.
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Further, let us show that the second term converges to 0 as C→∞ uniformly in n. We have

E(X k
nY l

n · 1{Xn ≥ C or Yn ≥ C})≤ E(X k
nY l

n · (Xn/C + Yn/C))= C−1E(X k
nY l

n · (Xn + Yn))

≤ 2C−1(EX k+l+1
n + EY k+l+1

n ),

where we used the inequality xa yb
≤ xa+b

+ ya+b that holds for x, y, a, b> 0. Since the moments of Xn

and Yn are bounded (because they converge by the hypothesis), the final expression tends to 0 as C→∞
uniformly in n.

As limC→∞ E(X kY l
· 1{X < C, Y < C})= E(X kY l), the proof is complete.14 �

Lemma 7.4 implies, in particular, that by choosing (σ−ρ, ρ)= (κ, ε−1), we can ensure the convergence

lim
ε→0

εm+k−t−2
·Z(k)t,m = Z (k)t,m, t ≥ m+ k− 2,

together with all the joint moments. This will allow us to take such a limit in Proposition 7.3 momentarily,
after the following analogue of Lemma 7.2.

Lemma 7.5. Fix a λ-coloured composition µ= 0m(0)
1m(1)

2m(2)
· · · of length m ≥ 1, where λ is a composi-

tion of weight |λ| = m. Then there exists a limit

pµ(λ; v1, . . . , vm)= lim
σ→∞

(−1)|µ|+mσ−|µ| · fµ(λ; σ/2+ v1, . . . , σ/2+ vm) (7-10)

where the convergence is uniform for complex v1, . . . , vm varying in compact sets that do not include 0,
and the function pµ(λ; u1, . . . , um) is a polynomial in v−1

1 , . . . , v−1
m that can be characterized as follows.

(i) For a rainbow µ, in the antidominant sector µ1 ≤ µ2 ≤ . . . ≤ µm , one has (omitting λ from the
notation)

pµ(v1, . . . , vm)=

m∏
i=1

v
−µi−1
i , (7-11)

and in the case µi < µi+1 for some 1≤ i ≤ m− 1 one uses the exchange relations (7-7) with (p, v∗)
instead of (f, u∗).

(ii) For a general labelling composition λ, let θ : {1, . . . ,m} → {1, . . . , n} be a monotone map with
θ∗((1, . . . , 1))= λ. Then ∑

rainbow ν : θ∗(ν)=µ

pν(u1, . . . , um)= pµ(λ; u1, . . . , um). (7-12)

The proof of this lemma is straightforward.

Proposition 7.6. Fix κ > 0, and consider the partition functions Z (k)t,m of the strict-weak polymer as
defined above with κ being the parameter of the Gamma distribution. Let µ and the associated notation

14We are very grateful to Vadim Gorin for providing this argument.
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be as in Proposition 7.3. Then for any t ≥ m+max{i : m(x)
i > 0}− 1, we have

E
∏
x≥1

n∏
i=1

(Z (i+1)
t,x )m

(x)
i

m(x)
i !

=
1

(2π
√
−1)m

∮
· · ·

∮ ∏
1≤i< j≤m

v j − vi

v j − vi − 1

×

α∏
k=1

m[1,k]∏
r>m[1,k−1]

(κ + vr )
t−ck

mk !
· pµ−1m (colour(µ); v1, . . . , vm)

m∏
i=1

dvi , (7-13)

where the integration contours are positively oriented and nested around 0, with v j -contour containing
(vi -contour)+ 1 for all i < j .

Proof. We start with (7-9), set σ − ρ to κ , change the integration variables via ui = −vi − σ/2, and
take the limit. Since Z(i)t,x ∼ σ

x+i−t−2 Z (i)t,x and Z(i+1)
t,x ∼ σ x+i−t−1 Z (i)t,x , the second term dominates, and

employing Lemma 7.4, we obtain the convergence of the left-hand side of (7-9) to that of (7-13), with an
additional power of σ that has exponent∑

i,x≥1

m(x)
i (x + i − t − 1)= |µ| +

α∑
k=1

ckmk − (t + 1)m.

On the other hand, in the integrand we have factors of the form σ/2−u∗= σ +v∗∼ σ in the denominator,
that make the terms with j = 0 dominate and produce the power of σ with the exponent

α∑
k=1

mk(ck − t)=
α∑

k=1

ckmk − tm.

Finally, the limit relation (7-10) yields the power of σ with the exponent |µ| −m, thus matching the
powers of σ on both sides. All the signs cancel out, where we note that we used the second choice of the
contours in Proposition 7.3 and changed the negative orientation to the positive one for (7-13). �

7D. O’Connell–Yor semidiscrete Brownian polymer. This model was first introduced in [O’Connell
and Yor 2001]. It is defined using a family {Bn(t)}n≥1,t≥0 of independent standard Brownian motions.
For each n ≥ 1 and t ≥ s ≥ 0 we define its point-to-point partition function (with one of the points situated
on level 1) as

Z OY
(1,s)→(n,t) =

∫
s=τ0<τ2<···<τn=t

exp
( n∑

i=1

(Bi (τi )− Bi (τi−1))

)
dτ1 · · · dτn−1. (7-14)

The classical functional central limit theorem and the fact that a Gamma-distributed random variable
with large parameter L divided by L is approximately equal to 1 plus a standard normal variable divided
by
√

L , yield the convergence (see [Borodin et al. 2019, Section 7.3])

lim
L→∞

Z (Ls+1)
Lt,n (κ = L)

L L(t−s) = exp
( s−t

2

)
· Z OY

(1,s)→(n,t), t ≥ s ≥ 0, n ≥ 1, (7-15)

where on the left we take the strict-weak polymer partition functions from the previous section with the
parameter κ = L , and the convergence is in finite-dimensional distributions.
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Proposition 7.7. Let µ and the associate notation be as in Proposition 7.3, and fix 0 ≤ s1 < · · · < sα.
Then for any t ≥ sα we have

E
∏
x≥1

∏
i≥1

(
exp

( si−t
2

)
· Z OY

(1,si )→(x,t)

)m(x)
i

m(x)
i !

=
1

(2π
√
−1)m

∮
· · ·

∮ ∏
1≤i< j≤m

v j − vi

v j − vi − 1

×

α∏
k=1

exp
(
(t − sk) ·

∑m[1,k]
r>m[1,k−1] vr

)
mk !

· pµ−1m (colour(µ); v1, . . . , vm)

m∏
i=1

dvi , (7-16)

where the integration contours are positively oriented and nested around 0, with v j -contour containing
(vi -contour)+ 1 for all i < j .

Proof. Let us take the limit L →∞ of (7-13) with κ = L and the coloured composition µ replaced
by µ(L) that has exactly the same parts, but the colours of those parts are [s1L], . . . , [sαL] instead of
c1, . . . , cα, respectively.

Let us look at the left-hand side first. The weak joint convergence of the random variables

lim
L→∞

Z ([si L]+1)
Lt,x (κ = L)

L t L−[si L] = exp
( si−t

2

)
· Z OY

(1,si )→(n,t)

for various i and x follows from the central limit theorem, as was mentioned above, and the convergence
of moments of these random variables follows from the corresponding convergence of their integral
representations; see [Corwin et al. 2015, Theorem 5.3] for moments of the left-hand side, and [Borodin
and Corwin 2014, Proposition 5.2.8] for the moments of the right-hand side.15 Lemma 7.4 then shows
that the left-hand side of (7-13) divided by the power of L with exponent

∑
i,x≥1

m(x)
i (t L − [si L])=

α∑
k=1

mk(t L − [sk L])

converges to that of (7-16).
On the other hand, for the right-hand side the convergence of the L-dependent factors in the integrand

is elementary:

lim
L→∞

(L + vr )
t L−[sk L]

L t L−[sk L] = exp((t − sk)vr ),

uniformly for bounded vr ’s, which leads to the right-hand side of (7-16). �

7E. Continuum Brownian polymer. One way to define partition functions of the continuum Brown-
ian polymer in (1+1)-dimensions is through solving the stochastic heat equation with multiplicative

15That convergence is, in fact, a special case of the one we are about to observe for single-coloured µ.
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two-dimensional white noise. More exactly, let Z̃(y)(t, x) be the unique solution of the following stochastic
partial differential equation with the initial condition

Z(y)
t =

1
2Z

(y)
xx + η(t, x)Z(y), t > 0, x ∈ R; Z(y)(0, x)= δ(x − y),

where η=η(t, x) is the two-dimensional white noise. We refer to the survey [Quastel 2012] and references
therein for an extensive literature on this equation and its close relation to continuum Brownian path
integrals and the Kardar–Parisi–Zhang equation.

The solutions Z(y)(t, x) arise naturally as limits of the partition functions of the semidiscrete Brownian
polymer from the previous section:

lim
L→∞

exp
( y−t

√
L

2

)
· Z OY

(1,y)→(t L−x
√

L,t
√

L)

exp(t L) · L(x
√

L−t L)/2
= Z(y)(t, x). (7-17)

This was essentially verified on the level of convergence of integral representations for moments in
[Borodin and Corwin 2014], and a complete proof for convergence of finite-dimensional distributions
and moments with varying x was given in [Nica 2016] (in different scalings). It is very likely that the
methods of [Nica 2016] are sufficient to achieve the same result for varying y as well; we will not address
that here but rather focus on convergence of integral representations for joint moments instead. We need
to start with an appropriate analogue of Lemmas 7.2 and 7.5.

Lemma 7.8. Take a λ-coloured composition µ = 0m(0)
1m(1)

2m(2)
· · · of length m ≥ 1, where λ is a

composition of weight |λ| = m, and assume that

µi = t L − κi
√

L + o(
√

L) as L→∞, 1≤ i ≤ m,

for a fixed m-tuple of reals κ = (κ1, . . . , κm) and t > 0. Then there exists a limit

lim
L→∞

et
√

L(w1+···+wm) · pµ−1m (
√

L +w1, . . . ,
√

L +wm)

L−(µ1+···+µm)/2
= e

t
2 (w

2
1+···+w

2
m) · eκ(λ;w1, . . . , wm), (7-18)

uniformly for bounded wi ’s, where the function eκ(w1, . . . , wm) can be characterized as follows.

(i) For a rainbow µ, in the dominant sector κ1 ≥ κ2 ≥ . . .≥ κm one has (omitting λ from the notation)

eµ(w1, . . . , wm)= exp(κ1w1+ · · ·+ κmwm), (7-19)

and in the case κi > κi+1 for some 1≤ i ≤ m− 1 one uses the exchange relations (7-7) with (e, w∗)
instead of (f, u∗).

(ii) For a general labelling composition λ, let θ : {1, . . . ,m} → {1, . . . , n} be a monotone map with
θ∗((1, . . . , 1))= λ. Then ∑

rainbow κ ′ : θ∗(κ ′)=κ

eκ ′(w1, . . . , wm)= eκ(λ;w1, . . . , wm). (7-20)
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Proof. It suffices to check the convergence for rainbow antidominant µ’s, as the other cases follow from
that one by finite linear combinations (note that wi ’s are shifted but not scaled in the left-hand side
of (7-18)). Then we need to prove that

lim
L→∞

et
√

L(w1+···+wm)(
√

L +w1)
−µ1 · · · (

√
L +wm)

−µm

L−(µ1+···+µm)/2
= e

t
2 (w

2
1+···+w

2
m) · eκ1w1+···+κmwm .

As the relation splits into a product over wi ’s, it suffices to consider the case of a single variable. We have

−µ1 log(
√

L +w1)=−µ1

(
log
√

L +
(
w1
√

L
−
w2

1

2L
+ o(L−1)

))
=−

µ1 log (L)
2

− (t L − κ1
√

L + o(
√

L))
(
w1
√

L
−
w2

1

2L
+ o(L−1)

)
= log L−µ1/2− t

√
Lw1+ κ1w1+

tw2
1

2
+ o(1),

as required. �

We can now make a limiting statement for the moments of Z(y)(t, x).

Proposition 7.9. Let κ = (κ1, . . . , κm) be a coloured composition of length m with real coordinates, and
let the colours s1 < · · ·< sα of the parts of κ also take real values; denote

m(x)
i = #{ j : κ j = x and has colour si }, mi =

∑
x

m(x)
i , 1≤ i ≤ α, x ∈ R.

Then

E
∏

(i,x) :m(x)
i >0

(Z(si )(t, x))m
(x)
i

m(x)
i !

=
1

(2π
√
−1)m

∫
· · ·

∫ ∏
1≤i< j≤m

w j −wi

w j −wi − 1

×

α∏
k=1

exp
(
−sk ·

∑m[1,k]
r>m[1,k−1]wr

)
mk !

· eκ(colour(κ);w1, . . . , wm)

m∏
i=1

etw2
i /2dwi , (7-21)

where the integration is over upwardly oriented lines wi = ai +
√
−1 ·R with <a j > <ai + 1 for j > i .

Sketch of the proof. We obtain (7-21) as a limit of (7-16). The convergence of the left-hand sides was
discussed below (7-17). The convergence of the right-hand sides is a standard steepest descent argument
with the main contribution coming from a finite neighbourhood of the critical point v =

√
L; see the

proof of [Borodin and Corwin 2014, Proposition 5.4.2] for a similar situation. The change of variables
vi =
√

L +wi , 1≤ i ≤ m, together with Lemma 7.8, leads to the convergence of the integrands. �

Remark 7.10. Assume that the string κ = (κ1, . . . , κm) can be split into three sequential (possibly empty)
substrings κ = (κ ′, κ ′′, κ ′′′), with all the coordinates of κ ′′ being (weakly) smaller than those of κ ′ and
(weakly) larger than those of κ ′′′, and with all the colours si of the coordinates of κ ′′ being (strictly) larger
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than those of κ ′ and (strictly) smaller than those of κ ′′′. A special case of this situation is the dominant
sector κ1 ≥ . . .≥ κm with rainbow compositions served by (7-19).

It is not hard to show from the definition of the eκ -functions in Lemma 7.8, that under a simultaneous
shift of all the coordinates of κ ′′ by1 that does not change the ordering conditions above, eκ(w1, . . . , wm)

is multiplied by exp(1(wa + . . . , wb)), where κ ′′ = (κa, . . . , κb). Hence, if one simultaneously performs
the shift of all the colours of the parts of κ ′′ by the same amount 1, then the right-hand side of (7-21) is
not going to change. Since this means that the moments in the left-hand side do not change either, it is
natural to conjecture that the joint distribution of the participating Z’s also does not change (the moments
do not determine this distribution uniquely, though). When κ ′′ consists of one part, this conjecture was
verified in [Borodin et al. 2019], along with its versions for higher models, up to coloured stochastic
vertex models in general “down-right” domains. For general κ ′′ this conjecture was very recently proved
in [Dauvergne 2020] and [Galashin 2020] by two different methods.
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