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On the irreducibility of some induced representations
of real reductive Lie groups

Wee Teck Gan and Atsushi Ichino

We prove the irreducibility of some standard modules of the metaplectic group
Mp,,, (R) and some nonstandard modules of the split odd special orthogonal
group SOy, 11(R).

1. Introduction

This article is a supplement to [Gan and Ichino 2017], in which we establish the
Shimura—Waldspurger correspondence for the metaplectic group Mp,, of higher
rank. Namely, we describe the tempered part of the automorphic discrete spectrum
of Mp,,, in terms of that of SOy, via theta lifts. In the course of the proof, we
use the inductive property of local L- and A-packets and need to show that some
induced representations are irreducible. The purpose of this article is to prove this
irreducibility in the real case.

We now describe our results. Let Wg be the Weil group of R. We say that an
irreducible representation ¢ of Wg is almost tempered if the image of ¢|- |7 is
bounded for some s € R with |s| < % We consider two cases and give the details
in turn.

In Section 2, we consider some standard modules of the metaplectic group
Mp,,, (R) (which is a nonlinear two-fold cover of the symplectic group Sp,, (R)
of rank n). Let ¥ : Wg — Sp,, (C) be an L-parameter, which we may regard as a
2n-dimensional symplectic representation of Wi. We assume

Y=¢D¢" ® o,
where

¢ is a k-dimensional representation of Wi whose irreducible summands are all
nonsymplectic and almost tempered;

* Yy is a 2np-dimensional representation of Wi whose irreducible summands are
all symplectic;

e k+ny=n.
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Let P~be a parabolic subgroup of Sp,, (R) with Levi component GL (R) x Sp,,,, (R)
and P the preimage of P in Mp,,(R). Let v be the irreducible representation
of GL;(R) associated to ¢ and T = 7 Q x its twist by a fixed genuine quartic
character y of the two-fold cover of GL;(R), as in [Gan and Ichino 2014, §2.5
and §2.6]. Then the L-packet ITy, (Mp,,(R)) consists of the unique irreducible
quotients of

Indl\;‘[pzn(R)(f®n0)

for all g € Iy, (Mp,,,(R)), and as stated in [Gan and Ichino 2017, Lemma 5.2], the
irreducibility of this induced representation is required. We should mention that the
irreducibility of standard modules of real reductive linear Lie groups was studied
in [Speh and Vogan 1980] and their result was extended to the nonlinear case in
[Milici¢ 1991] (via the Beilinson—Bernstein localization theorem). Nevertheless,
for the convenience of the reader, we give a more direct proof of this irreducibility,
following the argument in [Speh and Vogan 1980] but using the machinery of
cohomological induction [Knapp and Vogan 1995].

In Section 3, we consider some nonstandard modules of the split odd special
orthogonal group SO»,4+1(R) of rank n. Let

Y : Wr x SLy(C) — Sp,,(C)

be an A-parameter, which we may regard as a 2n-dimensional symplectic repre-
sentation of Wi x SL,(C). We assume

Y=¢D¢" ® o,
where

* ¢ is a k-dimensional representation of Wr whose irreducible summands are all
nonsymplectic and almost tempered;

* Y is a 2ny-dimensional representation of W x SL,(C) whose irreducible sum-
mands are all symplectic;

e k+ny=n.

Let QO be a parabolic subgroup of SO,,11(R) with Levi component GL;(R) x

SO2,,+1(R). Let 7 be the irreducible representation of GL(R) associated to ¢.
Then the A-packet Iy, (SO2,41(R)) consists of the semisimplifications of

IndSQOZ)1+1 (R) (T ® O,O)

for all o € Iy, (SO2,,+1(R)), and as stated in [Gan and Ichino 2017, Lemma 5.5],
the irreducibility of this induced representation is required. To prove this irre-
ducibility, we reduce it to the irreducibility of a standard module

SO R) xS0y, R
IndQ,2k+1( ) XSO +1( )(T®OO)
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of an endoscopic group of SO;,.1(R), where Q' is a parabolic subgroup of
SO2k+1(R) x SO24i+1(R) with Levi component GLx (R) x SO2,,+1(R). This reduc-
tion relies on the Kazhdan—Lusztig algorithm and is essentially due to Matumoto
[2004, §4], but we include it here for the sake of completeness. We also include a
more direct proof of this irreducibility given to us by the referee, using normalized
intertwining operators and the irreducibility result of [Speh and Vogan 1980].

2. Irreducibility of some standard modules of Mp,, (R)

In this section, we show that some standard modules of Mp,, (R) are irreducible
(see Proposition 2.3 below), which finishes the proof of [Gan and Ichino 2017,
Lemma 5.2] in the real case.

2A. Notation. Let G = Mp,, (R) be the metaplectic two-fold cover of Sp,, (R),
which we realize as

1 1
Span(®) = {g € GLa® [ 2y, )6 = (L4, )}
n n
We define a maximal compact subgroup K of G as the preimage in G of

{g€Sp,,R) |'g™' =g}

Let 6 be the Cartan involution of G corresponding to K. Let go = Lie G be the Lie
algebra of G and g = go ®r C its complexification; analogous notation is used for
other groups.

For any nonnegative integers k, [, m such that k+2/+m = n, we define a 6-stable

Cartan subalgebra f)](‘)’l’m of go as follows. Fora = (ay, ..., ax) € RK, put

1W*00(q) = (a —a) € spy (R),

where a = diag(ay, ..., a;). For z = (z1, ..., z;) € C' with z; = x; + ~/—1y;, put
x oy
0.1,0 x -y
A _ R
R (2) _y i | €8P ®),
y —x

where x =diag(xy,...,x;) and y =diag(yy, ..., y). For & =9y, ..., ¥,) € R", put
¥
00 @) = (_y V) € span(®,

where # = diag(¢y, ..., V). Let h&bm(a, z, 9) be the image of
(h*"%(@), h*"0(2), R*O" (9))
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under the natural embedding

5P (R) @ 5pg; (R) @ 59y, (R) = 5py, (R).
Then we set

o' = (W a, 7, 9) |a e RE, z €T, 9 € R™).

These hg’l’m with k + 2/ +m = n form a set of representatives for the G-conjugacy

classes of Cartan subalgebras of go.

Fix such k, [, m and write hy = bg’l’m. We define a basis ey, ..., e, of h* by

ei(h) = a; (I1=<i=<k),
exraim1(h) =x;i ++/—1y; (1<i<l),
eeroi(h) =x; — /=1y, (1<i <),
ersarvi(h) = /—10; (I <i<m)
for h = L™ (a, z, ). Note that

O(ei) = —ei (I1<i<h),

O(ekt2i—1) = —exy2i (1 =i <1),

O(ek+a1+i) = ek+u+i (1 <i <m).

Using the above basis, we identify h* with C". Let (-,-) : h* x h* — C be the
standard bilinear form:

forA=1, ..., ), w= (U1, ..., 1uy) € h* =C". We denote by A the set of roots
of hin g:
A={teitej|1<i<j=<njU{x2e; |1 =<i=<n}.
For any subspace § of g stable under the adjoint action of b, we denote by A(J) the
set of roots of f in § and put
1
p(f) = ) Z o.

aeA(f)

2B. Discrete series. As in [Adams and Barbasch 1998, §3], genuine (limits of)
0,0,n

discrete series representations of G are classified as follows. Suppose ho = b,
Let A, be the set of compact roots and take the positive system
A:.r:{e,-—ej |1 <i<j<n}.

Then a genuine discrete series representation of G is parametrized by its Harish-
Chandra parameter A € +/—1h; of the form

)\‘:(a17"-9ar9_blv””_b3)9
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where

«ai,bjeZ+1%;
cea;>--->a>0and0< by <--- < by;
e a; #bjforalli, j.

More generally, a genuine limit of discrete series representation of G is parametrized
by a pair (A, ¥) consisting of A € +/—1b; of the form

A=(@@i,...,a1,...,Gp,...,CQp, —Qpy ..., —Qp, ..., —Al,...,—0d]),
—_—————

where

a €7+ 3;

e q;>--->a >0;

mi,nj > 0;

m; +n; >0and |m; —n;| <1 foralli,
and a positive system W of A such that

« AT C VY,

e (@, A) >0 forall ¢ € V,;

e if o is a simple root in ¥ such that {(«, A) = 0, then « is noncompact; see the
condition (F-1) in [Vogan 1984].

Note that, given such A, there are precisely 2’ positive systems W satisfying the
above conditions, where ¢ is the number of indices i such that m; = n; > 0.

Remark 2.1. The L-parameter of the representation associated to (A, W) is
r
@(mi +n;)Dy;,
i=1

where for a € %Z, we denote by D, the 2-dimensional representation of W induced
from the character z — (z/z)¢ of Wg = C*. Note that

e D_y=Dy;
e D, is irreducible if and only if a # 0O;
» D, is symplectic if and only if a € Z + %

In particular, any irreducible summand of the above L-parameter is symplectic and
the associated L-packet consists of 2" representations.
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2C. Standard modules. We will use Vogan’s version [1984] of the Langlands clas-
sification for real reductive Lie groups in Harish-Chandra’s class. Suppose again
that hy = h](‘)’l’m is arbitrary. Let H be the centralizer of hy in G. Then H is the
preimage in G of a Cartan subgroup of Sp,,,(R) isomorphic to

(Rx)k X (([:X)l X (Sl)m

Let tg and ag be the +1 and —1 eigenspaces of 6 in b, respectively. Put 7 = HNK
and A = exp(ap), so that
H=TxA.

Let M be the centralizer of ap in G. Then M is the preimage in G of a Levi
subgroup of Sp,, (R) isomorphic to

GL{ (R)* x GLy(R)! x Sp,,, (R).

For the inducing data of a standard module, we take an irreducible representation
of M as follows. Let E}\I/Jd(R) be the two-fold cover of GL;(R) given in [Gan and
Ichino 2014, §2.5]. Let xy be the genuine quartic character of GL, (R) given in
§2.6 of the same paper, relative to a fixed nontrivial additive character ¢ of R. For
1 <i <k, let x; be a character of E}II(R) of the form

"

Xi =sgn’ ® xy ® |-

for some §; € {0, 1} and some v; € C. For 1 <i <, let 7; be an irreducible
representation of GL;(R) of the form

7 = Dy, ® (xy o det) ® |det|"

for some «; € %Z and some v, € C, where D,, is the relative (limit of) discrete
series representation of GL;(R) of weight 2|«;| + 1 with central character trivial
on R} and det is the natural lift of the determinant map given in [Gan and Ichino
2014, §2.6]:

GL,(R) —%45 GL,(R)

| !

GL,(R) —*'s GL,(R)

Note that 7; does not depend on the choice of ¥ since Dy, ® (sgnodet) = D,,. Let
7’ be a genuine (limit of) discrete series representation of Mp,,, (R) associated to
(M, ') as in Section 2B. Then

T=1Q® QT - u"

descends to an irreducible representation of M.
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Put
y=0uv)eh =t ®a*, (2-1)
where
A=0(0,...,0,k1, =K1, ..oy Kiy =Ky Ay ooy M),
k
V= (V1 ..o, Uk, V[, V], a5V, 0,0, .00, 0).
—_——
m

Assume that the condition (F-2) in [Vogan 1984], which is explicated in [Adams
and Barbasch 1998, Lemma 4.3], holds:

G Ifv; = :|:Uj, then §; = 5].
(i) If v/ =0, then k; € Z.

Choose a parabolic subgroup P = M N of G with Levi component M and unipotent
radical N such that
Re (o, v) =0

for all roots o of a in n. Then, by [Vogan 1984, Proposition 2.6], the normalized

parabolic induction
Ind% ()

has a unique irreducible quotient J g (7). Note that J g(n) is tempered if and only
if Rev; = Re va =0 for all i, j, in which case Indg () is irreducible. Moreover,
every irreducible genuine representation of G arises in this way; see [Vogan 1984,
Theorem 2.9].

Remark 2.2. The L-parameter of J }C,; () 1s
PSP’ D9,

where ¢ is given by
k !
o= (Do) o (Dr.11Y)
i=1 j=1

and ¢’ is the L-parameter of 7’ (see Remark 2.1). Note that any irreducible sum-
mand of ¢ is nonsymplectic by the above conditions (i), (ii).

Finally, for any real root « € A, we consider the following “parity conditions”:
o Ifa ==+(e; —ej) with 1 <i < j <k, then either
{Si =3gjand v; —v; € 2Z+ 1; or
d; #9; and v; —v; € 2Z.
o Ifa ==+(e; +¢j) with 1 <i < j <k, then either
{(Si =§; and v; +v; €2Z+ 1; or
d; #96; and v; +v; € 2Z.
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o If o = +£2¢; with | <i <k, then v; € Z+ 1.
o If @ = F(epyoi—1 + exs2i) with 1 <i <[, then either
{Kl' € Z and v, eZ—F%;or
Ki eZ—F%andv;eZ.
With the above notation, we now state the main result of this section.
Proposition 2.3. Assume that there exists no root o« € A such that either
(1) « is complex and satisfies 2{a, y)/{a, ) € Z, {at, y) > 0, and (O, y) < O; or
(11) « is real and satisfies the parity condition.

Then Indg () is irreducible. In particular, if |Rev;|, |Re vl’.| < %for alli, j, then
Indg () is irreducible.

2D. Proof of Proposition 2.3. We first express the standard module Indg () as
cohomological induction from a principal series representation. By [Knapp and Vo-
gan 1995, §X1.8], combined with Lemma 11.202 of the same work, we may write

T = (URET,T{WQK)dimUﬂE(é- ® Xp(t))),

where

. (“Rz’ymk)i is the functor defined by [Knapp and Vogan 1995, (11.71d)];

e b=hPv is a f-stable Borel subalgebra of m with Levi component h and nilpotent
radical v such that
(@, 1) >0
for all @ € A(v);

e ¢ is the character of H given by

(=510 - @x®5Q QRN D+ &N,

where

— §&; is the character of C* x {1} given by &;(z,€) =€ - (z/2)"“ - (zZ)”i/;

— n; is the genuine character of the nonsplit two-fold cover of S' whose square

descends to the character z — z%* of §';

* Xp(v) is the character of H such that

— Xp(v) factors through the image of H in Sp,, (R);

— Xp(v) 18 trivial on (RX)K;

— the differential of x, ) is p(b) (which is analytically integral).
Let L be the centralizer of {y in G. Then L is the preimage in G of a Levi subgroup
of Sp,, (R) isomorphic to

Spy (R) x U(1, 1)) x U(l)™
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Choose a 0-stable parabolic subalgebra q = [ @ u of g with Levi component [ and
nilpotent radical u such that v C u and such that

(@, 4) =0
for all @ € A(u). Then, by [Knapp and Vogan 1995, Theorem 11.225], we have
Ind% () = Laimure(Indp, (€ ® X, 0))»
where
o L; is the functor defined by [Knapp and Vogan 1995, (5.3a)];

e PNL=H(NNL) is aBorel subgroup of L with Levi component H and unipotent
radical NN L;

* Xp( 1s the character of H such that

— Xp( factors through the image of H in Sp,, (R);
— Xp(u) 1s trivial on (R*)K;
— the differential of x,) is p(u) (which is analytically integral).

Assume for a moment that
IRe (e, v)| < (e, 1) (2-2)

for all @ € A(u). Then, by [Knapp and Vogan 1995, Corollary 11.227], Indg ()
is irreducible if Ind5; (¢ ® Xp_(t)) is irreducible. Hence, noting that

Ao =X ® QY RER® - QERN® @1y
where

« x/ is the trivial character of R*;

« £/ is a character of C* of the form &/(z) = (z/2)“ for some ¢; € Z;
« 1} is a character of S! of the form 7/(z) = z% for some b; € Z,

we are reduced to the following irreducibility:

 The principal series representation of Mp,, (R) induced from x| ® - - - ® xx is

irreducible. Indeed, as in [Vogan 1981, Theorem 4.2.25], this can be deduced

from the following:

— The principal series representation of GL;(R) induced from any unitary char-
acter is irreducible; see, e.g., [Moeglin 1997].

— The principal series representation of Mp,,;(R) induced from any genuine uni-
tary character is irreducible; see the proof of [Gan and Ichino 2017, Lemma 5.2].

— For €1, €, € {0, 1} and s1, 57 € C, the principal series representation of GL,(R)
induced from sgn®'| - |*! ® sgn®?| - |2 is irreducible if and only if either

€eg=¢eand sy —sp €27+ 1; or
€1 7562 ands1 —S2¢2Z\{0}.
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— For € € {0, 1} and s € C, the principal series representation of Mp, (R) induced
from sgn€ xy | - |° is irreducible if and only if s ¢ Z + %
e Fork € %Z and s € C, the principal series representation of U(1, 1) induced from
the character z — (z/2)* - (zz)* of C* is irreducible if and only if either

KEZands¢Z+%;or
ke€Z+3ands ¢ Z.

Thus, in view of condition (ii) in Proposition 2.3, we have shown that Indg () is
irreducible under the assumption (2-2).

We now consider the general case. We reduce it to the case where y as in (2-1)
satisfies the condition (2-2) by using the translation functor. Fix a positive system
AT (D) of A(l) such that

Re (o, y) >0

for all @ € AT (I). Then AT = AT () U A(u) is a positive system of A. We denote
by A(y) the set of integral roots defined by y:

(o, )

A(y) = {aeA’2<a’y> ez}.

Put A*T(y) = A(y) N A*. Then we have
(@, y)=0

for all « € A*(y). Indeed, if (@, y) < 0 for some & € A(y) N A(u), then since
(o, A) = 0, we have (a, v) < 0 and hence

Oa, y) = (o, A) — (&, v) > 0.

Namely, —« satisfies condition (i) in Proposition 2.3, which contradicts the as-
sumption. Let i € h* be an integral weight; i.e., u = (41, ..., u,) with u; € Z.
Then we have A(y + ) = A(y). Recall that the translation functor 1//;,/ 4y for G
is defined by

Yy (X) =Py (Pyyu(X)® F_p)

for any (g, K)-module X of finite length, where P, is the projection to the y -primary
component and F_, is the (nongenuine) finite-dimensional irreducible (g, K)-module
with extreme weight —u. The translation functor for M is defined similarly and is
also denoted by w;: 4,5 see [Knapp 1986, §XIV.12]. We now take u of the form
w = (tp(u), u') for some positive integer ¢ and some integral weight i’ € a* such
that

o (a0, ') >0forall o € AT(I);
o [Re (o, v+ )| < (o, A +1tp(w)) for all @ € A(u).
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Then we have:

e ¥y + 1 is regular;

e y + u satisfies (2-2);

« AT(Y) ={a e AW) | (e, y +u) >0}

Moreover, if 77 is the irreducible representation of M associated to

8; =6; +pn; mod 2, Vi =V + Wi,
Ri = ki + 5 (Wit — Mrr2i)s V) = V] + 5 (Mrr2im1 + Mk42i)s
A=A Mot V=

then we have shown that Indg () is irreducible. On the other hand, by [Knapp
and Vogan 1995, Theorem 7.237], we have

wJ)//ﬂA(ﬁ) =T

Hence it follows from the argument in the proof of [Knapp 1986, Theorem 14.67]
combined with [Vogan 1981, Lemma 7.2.18] that

Y, (Ind§ (7)) =IndF (), , (7)) = Ind§ ().

From this and [Knapp and Vogan 1995, Theorem 7.229] (which asserts that un-
der the integral dominance condition, the translation functor sends an irreducible
(g, K)-module to either an irreducible (g,K)-module or zero), we deduce that
Indg () is irreducible. This completes the proof.

3. Irreducibility of some nonstandard modules of SO, 1 (R)

In this section, we show that some nonstandard modules of SO;, 41 (R) are irre-
ducible (see Proposition 3.4 below), which finishes the proof of [Gan and Ichino
2017, Lemma 5.5] in the real case.

3A. Notation. Let G be a real reductive linear Lie group with abelian Cartan sub-
groups. Let go = Lie G be the Lie algebra of G and fix a Cartan involution 6 of go.
We denote by K the maximal compact subgroup of G associated to 6. Then we
have a Cartan decomposition gy = €y @ po, where €y = Lie K and pg are the 41 and
—1 eigenspaces of 6 in gg, respectively. Fix a nondegenerate invariant symmetric
bilinear form

(«,):g0xgo—> R (3-D
such that

e (-,-) is preserved by 0;

e (-, -) is negative definite on €y and positive definite on pg.
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Let g = go ®g C be the complexification of gy and Z(g) the center of the universal
enveloping algebra of g. Let Ad(g) be the identity component of the automorphism
group of g.

Let H be a 6-stable Cartan subgroup of G. Let hy = Lie H be the corresponding
Cartan subalgebra of gy (so that H is the centralizer of hy in G) and h = hy g C
the complexification of hy. Let (-, - ) : h* x h*™ — C be the bilinear form induced by
(3-1). We denote by A(g, b) the set of roots of h in g. Let W(g, h) = W(A(g, b))
be the associated Weyl group and put W(G,H) = N(G,H)/H, where N(G,H) is
the normalizer of H in G. Then we may regard W (G, H) as a subgroup of W (g, 0).
For any regular element y € h* we denote by A(y) the set of integral roots defined

by y:
Aly) = {a € Ag, ) ‘ ey Z}.
(@ @)

Then A(y) is a root system. Let W(y) = W(A(y)) be the associated Weyl group.
We may define a positive system AT (y) of A(y) by

AT () ={ae AW) | {a, y) > 0}

Let TI(y) be the set of simple roots in A*(y). We define a homomorphism
Xy : Z(g) — C as the composition of the Harish-Chandra isomorphism Z(g) =
S(h) W@ with evaluation at .

Fix a 6-stable maximally split Cartan subgroup H* of G and write A = A(g, b*).
Fix a regular element £ € (h*)*. For any y € h* such that x,, = xe, there exists an
isomorphism 7,, : (h*)* — bh* such that

s iy(§)=vy;
e i, is induced by some element g € Ad(g).

Since £ is regular, i, does not depend on the choice of g. We define an automor-
phism 6, of (h*)* by
0, =i, oboiy,,

which depends only on the K-conjugacy class of y. Fora € A(§) and w € W(§),
put
oy =iy (@) € A(y), (3-2)
wy, =i, (w) € W(y). (3-3)

Let A = A“ be the subgroup of H* (where H* is the group of continuous char-
acters of H*) consisting of weights of finite-dimensional representations of G. For
any A € A, we denote by A € (h*)* the differential of A. Then the homomorphism
A > A splits over the root lattice ZA canonically; see [Vogan 1981, Lemma 0.4.5].
For any & € (h*)* we denote by & 4+ A the set of formal symbols & 4+ A with A € A.
Note that W(£) acts on & + A; see [Vogan 1981, Definition 7.2.21].
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We denote by R(g, K) the Grothendieck group of the category of (g, K)-modules
of finite length. For any (g, K)-module X of finite length, we denote by [X] the
image of X in R(g,K).

3B. Regular characters. Following [Vogan 1984, Definition 2.2], we call a triple
y = (H, T, y) aregular character for G if

e H is a 6-stable Cartan subgroup of G;

e I" is a continuous character of H;

e y € b* is an element such that

- if o € A(g, b) is an imaginary root, then (o, y) is a nonzero real number;
— the differential of I" is

Y +o(¥) —2p.(V),
where W is the positive system of imaginary roots such that
(a,y7)>0

for all @ € W, p(W) is half the sum of the roots in ¥, and p.(¥) is half the
sum of the compact roots in W.

If further ¥ is regular, we define the length £(y) = £%(y) of y by
Uy) = 3lfe € AT (@) [6a ¢ AT ()} + 5 dimag € 37,

where ag is the —1 eigenspace of 6 in by.

To any regular character y = (H, I, y) for G such that y is regular, we may
associate a (g,K)-module X (y) = X G (y) of finite length with infinitesimal char-
acter y as follows; see [Vogan 1984, Definition 2.3]. Let M be the centralizer of
ap in G. Then there exists a unique relative discrete series (m, M N K)-module
XM (y) such that

o XM (y) has infinitesimal character ;
o XM (y) has a lowest (M N K)-type of highest weight I'| ;7.

Choose a parabolic subgroup P = MN of G with Levi component M and unipotent
radical N such that
Re (o, y) <0

for all roots « of a in n. Then X (y) is given by
X(y) =IndZ (X" (y)).
We recall some properties of X (y):

e [X(y)] depends only on the K-conjugacy class of y.
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e X (y) has a unique irreducible (g, K)-submodule X(y).
« X(y) depends only on the K -conjugacy class of y.

« For any irreducible (g, K)-module X with regular infinitesimal character, we have
X = X(y) for some y.

For any 6-stable Cartan subgroup H of G and any regular element & € (h*)*, we
denote by RO (H, &) the set of regular characters y = (H, I', y) for G such that

Xy = Xe. Put
REE) = RO (H. &),
H

where the union runs over 8-stable Cartan subgroups H of G. Later, we also need
the following notion.

Definition 3.1. We say that H is £-integral if RO (H, &) # @.
3C. Coherent families. In this subsection, we recall some properties of coherent
families.
Fix a regular element £ € (h*)*. Following [Vogan 1981, Definition 7.2.5], we
call a map
®: &£+ A—R(@gK)
a coherent family on & + A if
e ©(& 4 ) has infinitesimal character & + A;
» for any finite-dimensional representation F of G, we have
OGE+NRF = Y OFE+Ar+p),
HEA(F)
where A(F) is the multiset of weights of H* in F' (counted with multiplicity).
Then the following properties hold:

o For any coherent family ® on & + A and any A € A such that £ +  is dominant
for AT (&) (but possibly singular), we have

OF +1) =y (O®) (3-4)

by [Vogan 1981, Proposition 7.2.22], where wg ** is the translation functor; see
Definition 4.5.7 of the same work.

 For any (g,K)-module X of finite length with infinitesimal character &, there
exists a unique coherent family ®x on & 4+ A such that

Ox(§) =[X]
by [Vogan 1981, Theorem 7.2.7 and Corollary 7.2.27].
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We denote by C(§ + A) the free Z-module of coherent families on £ + A. Then
we may define a representation W () on C(§ + A) by

(WO)(E +21) =W (€ +1)

for w € W(§) and ® € C(§ + A), which we call the coherent continuation repre-
sentation; see [Vogan 1981, Definition 7.2.28].
For any y € RY(§), we define coherent families ©,, = OF and ©, = ©F on
&+ A by
0, =0xp), O, = ®)?(y)-
Put
Std(G,§) = {0, |y eRY(&)), Tm(G,§) ={B, |y e R°(®)).

Then both Std(G, &) and Irr(G, &) are bases of C(§ + A), so that we may define
a bijection ® > © from Std(G, &) to Irr(G, &) by ©, > O, for y € RY(&).
Moreover, we may write

@l

y= > M@©.8,)0 (3-5)
OeStd(G.£)
for some M(®, C:)),) eZ.
Let P be a parabolic subgroup of G with Levi component M such that H* C M.
In particular, M is f-stable and A® C AM. Also, the parabolic induction functor
Ind% induces a homomorphism

Ind$, : R(m, M N K) — R(g,K),

which depends only on M. For any coherent family ®* on & + AY, we may define
a coherent family Ind,?,, (®M) on £ + AC by

Ind$, (©M) (¢ + 1) = Ind$, (O™ (£ + 1))
for A € AY; see [Speh and Vogan 1980, Lemma 5.8]. Then we have
Indf; (©)) = OF
for y € RM (&), noting that RM (£) C RE (&).

3D. The Kazhdan-Lusztig algorithm. In this subsection, we recall the Kazhdan—
Lusztig algorithm for real reductive Lie groups, which determines the coefficients
M(®,®,) in (3-5).

Fix a regular element & € (h*)*. Recall the cross action of W (£) on RC (£):

w><)/=(H,w;1 xF,w];l)?)

forw e W(€) and y = (H, T, ) € R¢ (&), where wjy is as in (3-3) and w);l x T
is the cross product given in [Vogan 1981, Definition 8.3.1]. This descends to
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an action of W (&) on Std(G, &) such that w x ©, = O, for w € W(£) and
y € RE(&).

Leta € [1(£) and y = (H, T, 7) € RE(&). If the root ay as in (3-2) either is
noncompact imaginary, or is real and satisfies the parity condition [Vogan 1981,
Definition 8.3.11], then we have the Cayley transform of ®,, through o (which is
a subset of Std(G, &)). We recall some details in turn.

o Suppose first that «; is noncompact imaginary. Following [Vogan 1981, Defi-
nition 8.3.4], we say that «; is type I (resp. type II) if the reflection in W (g, )
with respect to «; does not belong to (resp. belongs to) W(G,H). Let ¢*(y) be
the Cayley transform of y through «; i.e., c®(y) is the subset of RY(£) given in
[Vogan 1981, Definition 8.3.6] of the form
= v =EHSTY YY)
if o is type I, and
)=y v, yi=HYTL v
if aj is type 1I, where H* is the 6-stable Cartan subgroup of G given in [Vogan
1981, Definition 8.3.4]. Then the subset
Ca(®y) = {®y/ | V/ € Ca(y)}
of Std(G, &) depends only on the K-conjugacy class of y.

 Suppose next that «; is real and satisfies the parity condition [Vogan 1981, Def-
inition 8.3.11]. Following Definition 8.3.8 of the same work, we say that o is
type I (resp. type II) if aj : H N K — {Z£1} is not surjective (resp. is surjective).
Let ¢, (y) be the Cayley transform of y through «; i.e., c4(y) is the subset of
RY (&) given in [Vogan 1981, Definitions 8.3.14 and 8.3.16] of the form

)= Ve Ve =Ha Ty, 72)
if o is type I, and
ca()/) = {Va}a Yo = (Hy, Ty, )711)

if aj is type II, where H, is the 0-stable Cartan subgroup of G given in [Vogan
1981, Definition 8.3.8]. Then the subset

ca(®y) = {®)/’ | )// € Ca()/)}

of Std(G, &) depends only on the K-conjugacy class of y.

Let H(W(&)) be the Hecke algebra of W (&) over Z[q], where g is an indetermi-
nate. Note that the specialization at ¢ = 1 gives a surjection H(W (§)) — Z[W (§)].
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Then, by [Vogan 1983b, Definition 5.2], see also [Vogan 1982, Definition 12.3 and
Proposition 12.5], there exists an action of H(W (§)) on

CE+A)g=CE+ N ®2z7Zlq]

determined by the cross action and the Cayley transforms. Moreover, by [Vogan
1982, Lemma 14.5], the specialization of C(§ + A), at ¢ = 1 is isomorphic to the
coherent continuation representation tensored with the sign representation of W (§).
More explicitly, this isomorphism is induced by the surjection

€:CE+N),;—>CE+N)
given by
€qd'®,) =(-1)""e, (3-6)

fori > 0 and y € RY(£), where the integral length £/ (y) of y is given by

e (y) = L(y) — co(G) (3-7)

for some choice of ¢y(G) € %Z such that El(y) e/ forall y € RO (£); see [Vogan
1982, Definition 12.1].
Finally, we recall the Kazhdan—Lusztig algorithm for real reductive Lie groups.

Theorem 3.2 [Vogan 1983a; Adams et al. 1992, Theorem 16.22]. Forany y, § €
RY(£), we have

M(©,, 85 = (—1)!'O=-®p (1),

where M(©®,,, ©s) is the integer defined by (3-5) and P, s(q) is the Kazhdan—
Lusztig—Vogan polynomial defined in terms of the H(W (§))-module C(§ + A),.
In particular, M(©,,, ®s) can be computed by an algorithm which depends only
on the H(W (§))-module structure on C(§ + A),.

3E. Comparison of Hecke algebra module structures. Let G| and G, be two real
reductive linear Lie groups with abelian Cartan subgroups. Fori =1, 2, fix a Cartan
involution 6; of (g;)¢o = Lie G; and let K; be the maximal compact subgroup of G;
associated to 6;. Fix a 6;-stable maximally split Cartan subgroup H; of G; and a
regular element &; € (h))*

We now assume that the following conditions hold:

(1) There exists an isomorphism
s~ )
H{ = H,.

(1) Let f: ﬁf — ﬁzs be the isomorphism induced by the isomorphism in (i). Then
we have
F(ASH) C AC2
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(ii)) Let f: (h})* — (h3)* be the isomorphism induced by the isomorphism in (i)
and put & = f(&;). Then &; is regular.

(iv) The isomorphism in (iii) induces an isomorphism

fAED) = A)

of root systems. This induces an isomorphism

fiWED) = W)

of the associated Weyl groups.

(v) There exists a bijection
¢ :Std(Gy, &) — Std(Ga, &).
(vi) Let y; € RYi (&) be such that ¢(®,,) = ©,,. Then we have

foby =6p0f.
This implies that
O (1) = L% (),

and that for any o € A(&), ay, is imaginary (resp. real, resp. complex) if and only
if f(a)y, 1s imaginary (resp. real, resp. complex).

(vii) Lety; € RYi (&) and o € A(&]) be such that ¢(®,,) =0O,, and such that «, is
imaginary (and hence so is f(a);,). Then ay, is noncompact if and only if f(a)y,
is noncompact, in which case «;j, is type I (resp. type II) if and only if f(a)y, is
type I (resp. type II).

(viii) Let y; € R (&) and « € A(&;) be such that ¢(®,,) = ©,, and such that a,
is real (and hence so is f(a)y,). Then ay, satisfies the parity condition if and only
if f(a)y, satisfies the parity condition, in which case ay, is type I (resp. type II) if
and only if f(a)y, is type I (resp. type II).

(ix) The bijection in (v) is compatible with the cross action: for w € W (&) and
y € RO1(%)), we have

p(w x 0,) = f(w) X 9(O,).

(x) The bijection in (v) is compatible with the Cayley transforms: for o € I1(&;)
and y € RO1(&)), we have

9(c®(0,)) = @ (p(®,))

if i is noncompact imaginary, and

P(ca(®y)) = cr@)(@(0y))

if o is real and satisfies the parity condition.
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The bijection in (v) induces isomorphisms
@ :CE + A7) = C(&+ A7),
g1 C(E + A7)y — Cl62 + A7),

of Z-modules and Z[g]-modules, respectively. By the definition of the H(W (&;))-
module structure on C(&; + A% )¢ the above conditions imply ¢, is equivariant un-
der the action of H(W (&1)) = H(W (&;)). From this and the commutative diagram

CE + A9, —2y C(&, + A%2),

| !

CE + M%) —X (& + A9)

induced by the specialization at ¢ = 1 defined by (3-6) (with a suitable choice of
¢o(G}) in the definition of the integral length; see (3-7)), we can deduce that ¢ is
an isomorphism of the coherent continuation representations of W (&) = W (&,).
Moreover, by Theorem 3.2, we have

M(9(©,), 9(05)) = M(©,, B5)
for all ¥, 8 € RC!(£;) and hence
9(©) =¢(®)
for all ® € Std(G1, &;). In particular, ¢ induces a bijection from Irr(G, &) to
Irr(G,, &).

Lemma 3.3. Fori=1,2,let B; €C(&+A%) and 1; € A% be such that p(E1) = E,
and f (A1) = Ay. Assume there exists an irreducible (g, K»)-module X, such that
Ea(52+22) = [X2].

Then there exists an irreducible (g1, K1)-module X such that
161 +2r1) =[X1].

Proof. The assertion was proved by Matumoto [2004, Lemma 4.1.3] when Cartan
subgroups of G; are all connected, but the argument works in the general case. We
include the proof for the convenience of the reader.

Choose w; € W (&) such that w(£; + A1) is dominant for At (&) and write

1= Z a@@

Oclr(G1.£1)

(1]

w1

for some ag € Z. Put wy = f(wy) € W(&2), so that ¢(w1 E1) = wE». Then

Y age®)(waEr + 1) = 9(wi B1) (w262 + A2))
Oelrr(G1,61) = (W2 E2) (w2 (2 + 42)) = Ea (&2 + 42) = [Xal.
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On the other hand, since w» (&, 4+ A,) is dominant for A1 (&), we deduce from (3-4)
and [Vogan 1983b, Theorem 7.6], see also [Speh and Vogan 1980, Theorem 6.18],
that for any Y € Irr(G, &), Y(w2(& + Ay)) is either [X] for some irreducible
(g2, K»)-module X or zero, and that there exists a unique Yo € Irr(G, &) such that

Yo(wa(& +22) = [Xo].
Hence, noting that <p(@) e Irr(Ga, &) for ® € Irr(Gy, &), we have
a@o =1

for ©g = ¢~ 1(Yy), and either ag=0or ©(©)(w2(524+12)) =0 for © # ©¢. More-
over, recalling the definition of t-invariants, see [Vogan 1983b, Definition 5.3], we
can also deduce from (3-4) and [Vogan 1983b, Theorem 7.6] that

9@ (w2(&2+12) =0 <= Owi(§+11)=0
for all ® € Irr(G1, &/). Thus, we obtain
E1(61+211) = (wiE)(wi(§1 + A1)

= Y ag®i+4)) = Go(wi i+ ) = [X1]
Ochr(G1.&1)

for some irreducible (g;, K1)-module X;. O

3F. Some nonstandard modules of SO3,+1(R). Let G = SOy,+1(R) be the split
odd special orthogonal group, which we realize as

tg(1n+l _1n>g: (1n+1 —ln)}'

We define a Cartan involution 6 of G by

0(g)="¢g"".

Let K be the maximal compact subgroup of G associated to 6. We define the
bilinear form

$02141(R) = | ¢ € SLawi1 (®)

(. ):g0xgo—> R
as in (3-1) by
(X,Y)=1uw(XY).

For any nonnegative integers k, [, m such that k+2/+m = n, we define a 6-stable
Cartan subalgebra h](‘)’l’m of g as follows. Fora = (ay, ..., a) € R, put

1W*90(q) = (a a) € 50 (R),
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where a = diag(ay, ..., ax). Forz = (z1, ..., z;) € C' with z; = x; + ~/—1y;, put
y x
ROL0(y = | ~Y . X o € soy(R),
X y
where x =diag(x1, ..., x;) and y =diag(yi, ..., y). For & = (¥, ..., 9,) € R", put

RO0m(9) = diag(#1, ..., Fony» 0, =Pyt - oo s =) € 50211 (R),

where
i = <—l9i ﬁi)

and m; =[(m+1)/2]. Let h&l™(a, z, 9) be the image of
(h*2%(@), h*"0(2), R*O" (9))
under the natural embedding

5024 (R) @ 504/ (R) B 50241 (R) = 502,41 (R).
Then we set

hp!" = (1" (@, 2, 9) |a e R, ze T 9 € R™).

These hg’[’m with k + 2/ +m = n form a set of representatives for the G-conjugacy
classes of Cartan subalgebras of go. Let H*"™ be the centralizer of h](‘)’l’m in G.
Then H*'™ is a 6-stable Cartan subgroup of G isomorphic to

Note that W (g, h*>™) = W(B,,) and
W(G,HM'™y = W (By) x (&) X (Z)2Z x Z/27)") x W(Byn,) X W(By,), (3-8)

where G is the symmetric group of degree d, W(By) = &4 x (Z/27Z)? is the Weyl
group of type By, m| = [(m + 1)/2], and my = [m/2]; see, e.g., [Vogan 1982,
Proposition 4.16].

Fix nonnegative integers k, [, m such that k 4+ 2/ +m = n and write hy = b](‘)’l o,
Let M be the centralizer of ag in G, where ag is the —1 eigenspace of 6 in hy. Then
M is a Levi subgroup of G isomorphic to

GL; (R) x GL2(R)' X SO211(R).
We consider an irreducible representation = of M of the form

T=1Q - Qu®®T® QT
where
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e x; is a character of GL(R) of the form
xi=sgn” @] |"

for some §; € {0, 1} and some v; € C;

« 7; is an irreducible representation of GL,(R) of the form
1, = D, ® |det|"

for some «; € %Z and some v/ € C, where D, is the relative (limit of) discrete series
representation of GL,(R) of weight 2|«;| + 1 with central character trivial on R ;

7/ is an irreducible representation of SOy, 1(R) with infinitesimal character
V=00 ) e (gm0 =

(with the identification given in Section 3G below).

Choose a parabolic subgroup P of G with Levi component M.
We now state the main result of this section.

Proposition 3.4. Assume that
o if v = :|:\)j, then §; = 5j;
o if v/ =0, thenk; € Z;
* Revi|, [Revi| < 3 foralli, j;
« M €Z+3 foralli.
Then the normalized parabolic induction Indg () is irreducible.
3G. Proof of Proposition 3.4. Put
G1=S02,4+1(R), G2 =S023-m)+1(R) X SO2,+1(R).
We define embeddings ¢ : SO2(y—m)+1(R) < G and (' : SOz, 41 (R) — G by

(a b

. (CZ b) _ 1, ae Mn—m,n—m (R), be Mn—m,n—m—&—l(R),
cd ¢ d 1 CcE Mn7m+1,n7m(R)a de Mn7m+1,n7m+1(R)a
m
(1n—m , ,
Y a b _ a b a eN[m-‘rl,m—b—l(R)» b EMm-H,m(R)»
C/ d/ - ln—m ’ C/ € Mm,m-H (R)’ d/ € Mm,m(R)-
ted d

For i = 1,2, let 6; be the Cartan involution of G; as in Section 3F and K; the
maximal compact subgroup of G; associated to 6;. We take a 6;-stable maximally
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split Cartan subgroup H;’ of G; given by
Hls — Hn,O,O’ H2s — Hn—m,O,O % Hm,O,O.
Then we have an isomorphism H; — H| given by
(h, K'Y = (W) (R). (3-9)

This induces an isomorphism f : H | = ﬁg
Lemma 3.5. We have f(A°') C A%

Proof. Let u € A%, so that u occurs in some finite-dimensional representation
F of G;. Then f(u) occurs in the representation *F ® (/')*F of G,. Hence
f) € A, O

Also, the isomorphism (3-9) induces an isomorphism
fD*— (h)" (3-10)
We define a basis ef, ..., €3 of (h})* = (h"*%)* by
el (W% a)) = a;.

Fix a regular element &) = (xq, ..., x,) € (h})* = C" (with the identification using
the above basis) such that

X ¢Z+y (1<i<n—m),
: (3-11)
xi€Z+5 (n—m<i=<n).

Put & = f(&)). Since f(A(g1, b)) D A(g2, b3), we know & is regular.

Lemma 3.6. The isomorphism (3-10) induces an isomorphism f : A(&)) = A(&)
of root systems.

Proof. Since
Alg, DD\ f(Ag2, b3)) = {Fef ) |1 <i<n—m < j<n},
it follows from (3-11) that

sl
forall @ € A(gy, b))\ 1 (A(gs, b5)). This implies the assertion. O
Recall that
gk (K +20' +m' =n),

HPUT x HP9T (p+2q+r=n—m, p'+2q¢'+r' =m)

form a set of representatives for the K;-conjugacy classes of 8;-stable Cartan sub-
groups of G; fori =1, 2, respectively.
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Lemma 3.7. (i) If the 0,-stable Cartan subgroup H*"'"™ of G| is & -integral,
then m’ < m.

(i1) If the 6,-stable Cartan subgroup HP 9" x HP 4T of Gy is &-integral, then
r=0.

Proof. We only prove (i); the proof of (ii) is similar. Put H) = H Klm' and h =
hr-I'm" We define a basis e, ..., e, of b by
ei(h) = a; (1<i<k),
evroici () =xi +v/=1y;  (1<i<l),
ews2i(h) = —xi +v/=1y; (1=i<l),
exar+i(h) = V/=10; (I<i<m)
for h = hk/’l,””/(a, z, ). Note that
O(ei) = —e; (1<i<k),
Olewtai-1) =epya  (1<i<l),
O(exsoryi) =ewvqoryi (1 <i<m').
Then there exists a unique isomorphism j : (h})* — b7 such that
o j(e}) =e; foralli;
 j is induced by some element in Ad(g;).

Lety =(H;, 1, y1) € RE1(£)). Then J is W(g1, b1)-conjugate to iy, . Under the
identification b} = C" using the above basis, we write

vi=@i,....up),  p(¥)=2p.(¥) = (vi,...,v),

where W is the positive system of imaginary roots as in Section 3B. Then we have
v, eZ+ % for all k¥’ < i <n. Since 71 + p(¥) — 2p.(¥) is the differential of a
character of H; = (R)* x (C*)!" x (S1)™, we must have

. ’
Up42i—1 + Vk42i—1 Fuky2i Fopq2i €Z (1 <i <),
. ’
Ui yor4i gy €4 (1 <i<m),
so that
Up42i—1 +Up 42 €2 (1<i<l),

1 .
upyori €245 (1<i<m).

Hence, noting that j (&) is W (g1, b1)-conjugate to iy, (§1) = y1, we deduce from
(3-11) that m’ < m. O
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We now define the map
¢’ Std(Ga, &) — Std(G1, &1)

as follows. Let y» = (H», 'y, o) € RO2(&,). Replacing y, by a K,-conjugate if
necessary, we may assume that

H, = HP9" x HI’/,q’,r’
with p+2g+r =n—m and p’+2q"+r' =m. By Lemma 3.7, we have r = 0. Put
Hl = {L(h)l./(h/) | he Hp’q’(), h, c HP/,(]/J/}.

Then H; is a 6;-stable Cartan subgroup of G| and is K-conjugate to HPtPat+ar
Moreover, we have an isomorphism H, — H; given by (k, h') > ¢(h)i'(h’). This
induces isomorphisms ¢ : ﬁl — ﬁz and ¢ : b} — b3, which in turn induces an
embedding

W (g2, b2) = W(g1, by).

We identify W (g,, h2) with its image in W (gy, b1).
Lemma 3.8. We have
W(G2, Hy) = W(g2, b2) N W(Gy, Hy).
Proof. The assertion follows from (3-8). O
Put y; = (Hy, 'y, y1), where
Fi=¢"'T), n=9¢"'().

Then we have y; € RE1(&)), and by Lemma 3.8, the K-conjugacy class of y; is
uniquely determined by the K>-conjugacy class of y,. Hence we may define ¢’ by

(p/(GVz) =0,,.
We also define the map
@ :Std(G1, &1) — Std(G2, &)

as follows. Let y; = (H;, ', y1) € RO1(&). Replacing y; by a K;-conjugate if
necessary, we may assume that

Hl — Hk’,l’,m/

with k' +20'+m’ =n. Write ; = (uy, ..., u,) as in the proof of Lemma 3.7 and put
p = Hlfifk/|u,- €Z+%}|,

¢ =31<i<2l'|upyi eZ+3}

9

r={1<i<m |upioryi €Z+1}.
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Then it follows from the proof of Lemma 3.7 that
qg ez, r=m p+2¢d+r =m.
Put
Hy = HP 90 x gP-ar

where p =k’ — p’ and ¢ =1’ — ¢’. Then H, is a 6,-stable Cartan subgroup of G,.
Replacing y; by a K-conjugate again, we may now assume that

Hy = (W) (W) | h e HP9O B/ e HP ).

Let¢: H, — H> and ¢ : b — b3 be the isomorphisms induced by the isomorphism
H, — H, given by (h, h') > t(h)/ (h'). Put y» = (Hy, '3, 1), where

Lo=¢T1), v2=éO).

Replacing y; by a W(G1, Hy)-conjugate if necessary, we may further assume that
X7 = Xg- Then we have y, € RY2(&,), and by Lemma 3.8, the K»-conjugacy
class of y, is uniquely determined by the K{-conjugacy class of y;. Hence we may
define ¢ by

P(Oy,) = 0y,.
By construction, we have:

Lemma 3.9. The two maps ¢ and ¢’ are inverses of each other. Moreover, the
conditions (1)—(X) in Section 3E hold.

Finally, as in Section 3F, we define a Levi subgroup M; of G; with respect to
the 6;-stable Cartan subgroup

Hk,l,m’ Hk,l,O X HO,O,m
of G; fori =1, 2, respectively. Then we have H® C M; and
M; = GL(R)* x GLy(R)" x SOz 41(R).

Since My = M3 x SOy, 11 (R) for some Levi subgroup M3 = GL; (R)* x GL,(R)"
of SOz(y—m)+1(R), we may identify M, with M, via the isomorphism M, — M,
given by (i, h') — «(h)/ (k). Let P; be a parabolic subgroup of G; with Levi
component M;. Note that P, = P3 x SO»,,4+1(R) for some parabolic subgroup P;
of SO2¢,—m)+1(R) with Levi component M3. Recall the irreducible representation

T=X18® Qe - ®uen
of M, as in Section 3F. Put

E1 =1y Vi KL+ V] KL=V oo KV K — VA ) € (B ECT,
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so that Indg; (7) has infinitesimal character &/. Fix a positive system A% of
A(g1, b)) such that
Re (o, £) > 0

for all « € A" and let p(A™) be half the sum of the roots in A™T. Choose a
sufficiently large positive integer ¢ such that

£l =& +2p(AT)

is regular. Then we have A1 (&) = A(&;) N AT, and by the assumption on 7,
& satisfies (3-11). By construction, we have

Gy _ G
(p(®yl) - ®y2

for all y € RM (&) = RM2(&). Since ©F' = Indj; (©M) and Indy; is additive,
we have
¢(Indj (©)) = Ind}2 (©)

for all ® € Irr(M,, &) = Irr(M>, &). On the other hand, by (3-4) and [Vogan
1983b, Theorem 7.6], there exists ® € Irr(M;, &) such that

¢+ 1) =[xl
where A; € A®' with A = —2tp(A™). Put §; = Indfjf (®) and A = f(A1), so that
E; (& + A1) = [Indg (7)].

Then, applying Lemma 3.3 to E; and A;, we can reduce the irreducibility of
Indg]l () to that of

Ind? (1) = Ind, P @ @ u@ne- - ®u) e

Since Indgz2 (7r) is a standard module (with a suitable choice of P,), its irreducibility
follows from [Speh and Vogan 1980, Theorem 6.19] (see also Section 3J below)
and the assumption on 7. This completes the proof.

3H. Normalized intertwining operators. In the rest of this section, we will give
another proof of Proposition 3.4 given to us by the referee, using normalized inter-
twining operators and the irreducibility result of [Speh and Vogan 1980].

We need to introduce more notation. Let G be a connected reductive linear
algebraic group over R. We confuse G with the group of R-rational points of G.
Let P = MN be a parabolic subgroup of G with Levi component M and unipotent
radical N. We denote by P = MN the parabolic subgroup of G opposite to P. Let
Ay be the split component of the center of M and put

ay; =Rat(Ay) ®zR, ay =Homz(Rat(Ay), R),
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where Rat(Ajy) is the group of algebraic characters of Ay, defined over R. Let
ay ¢ = @) ®r C be the complexification of a},. Put

abt ={reaj | (A, &) >0forall @ € T(P)},
apt={reaj | (A, &) >0foralla € Z(P)},

where (-,-) : a}, x ayy — R is the natural pairing, X(P) C aj, is the set of
reduced roots of Ay, in P, and & € ay, is the coroot corresponding to . Noting
that Rat(M) ®z Q = Rat(Ay) ®7 Q C a},, we may define a homomorphism H)y :
M — ay by

(x, Hu(m)) =log|x (m)|

for x € Rat(M) and m € M. For any continuous character w of Ay, we define
Rew € aj, by

(Rew, Hy (a)) =log |w(a)]
forae Ay.

Let M be a Levi subgroup of G. Let m be an irreducible representation of
M with central character w, on Apy. Put 7, (m) = 7 (m)eH#ut) for ) € a},
and m € M. Let P and P’ be two parabolic subgroups of G with common Levi
component M. Then we define an intertwining operator

Jpp(my) : Indg(m) — Indg,(nk)

by
U2 F)(g) = / For'g)dn’

NOAN\N’

for f € Indg (7r;) and g € G, where N and N’ are the unipotent radicals of P and P’
respectively. Note that this integral converges absolutely if Re A lies in some cone
and admits a meromorphic continuation to aj, .. Moreover, by [Arthur 1989],
there exists a meromorphic function rp/p () on a*M’C such that the normalized
intertwining operator

Rpp(m2) = rpp(ma)~ Tpiyp (m))
satisfies the following properties:

o If 7r is tempered, then Rp/p(mr;) is holomorphic for Re A € a’'.
o If P, P/, and P” are three parabolic subgroups of G with common Levi compo-
nent M, then

Rprip(y) = Rprp (7)) Rpr p(7T3).

o Let L be a Levi subgroup of G containing M. Let Q and Q' be two parabolic
subgroups of G with common Levi component L. Let S and S’ be two parabolic
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subgroups of L with common Levi component M. Let Q(S), Q'(S), and Q(S’) be
the unique parabolic subgroups of G with common Levi component M such that
o) cQ, 0©)NL=S,
Q'(S)ycQ, Q0®NL=S,
oShco, oW8)H)NL=S,

respectively. Then we have

Ry (s)10(s) (M) = Rgrjo(Ind (m2)),

Ro(si0es) () = IndG (Rs (7).
31. Another proof of Proposition 3.4. We now return to the setting of Section 3F,
so that G = SOy,+1(R). Recall that P is a parabolic subgroup of G with Levi

component
M = GL{(R)* x GLy(R)! x SOy, 41(R),

where k + 2/ +m = n. Recall also that 7 is an irreducible representation of M of
the form

T=x1Q  Qx®T -- QT
where

o xi =sgn¥ ®|-|" for some §; € {0, 1} and some v; € C with |Re v;| < % such that
if v; = £, then §; =§;;

e ;=D ® |det|” for some «; € %Z and some v, € C with |[Rev]| < % such that
if v =0, then «; € Z;

o 7’ is an irreducible representation of SO, 1(R) with infinitesimal character
A= (],..., ) such that A, € Z+ 1 for all i.

We will show that Indg () is irreducible.
By the Langlands classification and the condition on 7/, there exist a parabolic
subgroup P’ of SOy,,11(R) with Levi component

M'" = GL(R)? x GLy(R)? x SO, 41(R),
where p 4+ 2q +r = m, and an irreducible representation 7 of M’ of the form
H=X® Q0O Q1,1
where
o X/ = sgn‘sr{ ®]|-|% for some §; € {0, 1} and some p; € Z—i—% such that if p; =% u;,
then §; = 8]’.;
« /=Dy ® |det|“ for some K/ € %Z and some u; € Z+ k! + % with ! 7 0;

o 7" is a (limit of) discrete series representation of SO, 1 1(R)
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such that 7’ is a unique irreducible quotient of Indi,(,)z’”“(m (m}). Then 7’ is the
image of R/, p(1(). Let So be a parabolic subgroup of M with Levi component M

such that
So = GL1(R)* x GL,(R)! x P,

Mo = GL; (R)¥ x GLy(R)! x M.
We define an irreducible representation g of Mg by
TH=X1Q - Qu®®u® Q1.

Then 7 is the image of R SolSo (9).
Let P; and P, be the unique parabolic subgroups of G with common Levi com-
ponent M such that
PrCP, PINM=LS,

P,CP, P,NM=S,
respectively. Then we have
Rpy p, (10) = Ind$ (Rg, 5, (70)).

so that Indg (7r) is the image of Rp,|p, (779). On the other hand, if we take a parabolic
subgroup Py of G with Levi component M such that

PoNM =S,

Re wr, € @,
then

Rp,p, (0) = Rp, 5, (0) R 5, p, (7T0) R py P, (700).

Lemma 3.10. The normalized intertwining operators Rp, p, (7o) and R Py| Py (0)

are isomorphisms.

Proof. We only prove the assertion for Rp p, (9); the proof for Rp p (7o) is
similar. Put Ry = P; and write

S(PHNE(Py) ={ai, ..., o).

For 1 <i <t, let R; be the parabolic subgroup of G with Levi component M, such
that
Y(Ri—1) NX(R) = {ai}.

Then we have R, = Py and hence

Rpy P (7m0) = RR,|R,_, (T0) - - - RRy|R, (770)-

Thus, it remains to show that Rg,|r,_, (7o) is an isomorphism for all 1 <i <t.
Let L; be the centralizer of A,, in G, where Ay, is the identity component of
the kernel of o; in Apg,. Put S; = R;_1 N L;. Then L; is a Levi subgroup of G
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containing My and S; is a maximal parabolic subgroup of L; with Levi compo-
nent M. Moreover, we have S; = R; N L; and hence

Rg,|k,_, (m0) =Ind§ (Rg, 5, (70)),

where Q; is the parabolic subgroup of G with Levi component L; such that
R;_; C Q;. Since «; is not a root in M, it follows from [Speh and Vogan 1980,
Theorem 6.19] (see also Section 3J below) and the condition on 7 that Indg" (o)
is irreducible. Hence Rﬁil s, (70) is an isomorphism, and so is Rg,r,_, (770). U

Hence, to prove the irreducibility of Indg (), it suffices to show that the image
of Rp, p, (70) 1s irreducible. There exists a unique parabolic subgroup Q of G with
Levi component L such that

PhyCQ, MyCL, Rewsecay.

Put S = PyN L, so that S is a parabolic subgroup of L with Levi component M.
Then we have Py = Q(S) and hence

R, p, (0) = R5(5)0(5)(70) = R5(5)0(5) (M) R g5 0s) (770) -

Since R 5 (7o) is an isomorphism, so is

G
Ry 5005 (0) = Ind g (Rg5(770)).
Also, we have
L
R5(5)10(5) (0) = Rg) o (Indg (0)).

By [Speh and Vogan 1980, Theorem 6.19] (see also Section 3J below) and the con-
dition on 7, Indlg‘ (o) is irreducible, so that Indg (Indg (mp)) is a standard module.
(We remark that the irreducibility of Indé (7rp) also follows from a result of Knapp
and Zuckerman [1982a; 1982b].) Hence the image of R 951068 (o) is irreducible,
and so is of R PolPo (). This completes the proof.

3J. Explicit form of the irreducibility results. Finally, for the convenience of
the reader, we explicate the irreducibility results which are used in the proof of
Proposition 3.4. For x € %Z, we have denoted by D, the relative (limit of) discrete
series representation of GL,(R) of weight 2|«| + 1 with central character trivial
on RZ.

We first recall the following irreducibility criterion due to Speh; see [Mceglin
1997, Theorem 10b]:

e For €1,¢€ € {0, 1} and s1, s, € C, the representation of GL;(R) parabolically
induced from

sgn|-|" ®sgn®|-|*
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is irreducible if and only if either
€eg=¢eand sy —sp €27+ 1; or
€1 75 € and S1— 82 ¢ 27 {0}

e Fore €{0,1}, x € %Z, and s, 57 € C, the representation of GL3(R) parabolically
induced from
sgn‘| - |*' ® D, |det]|™

is irreducible if and only if either
s1—582 ¢ 7 +k;or
s1—82 €7+« and |s; — 52| < |k|.

e Forky,kp € %Z and s1, sy € C, the representation of GL4(R) parabolically induced

from
Dy, |det]”! ® D, |det|*

is irreducible if and only if either

{Sl —s52 € 7+ K1 + K25 or
s1—82 € Z+ k1 + k2 and |51 — 52| <min(|ky + k2], [K1 — Kk2]).

We next recall the irreducibility result of [Speh and Vogan 1980] for G =
SO2,+1(R). We retain the notation of Section 3F, so that P is a parabolic subgroup
of G with Levi component

M = GL(R)* x GLy(R)! x SO2n+1(R),
where k + 21 +m = n. Put h = h5/™ We define a basis ey, ..., e, of h* by
ei(h) =a; (1<i<k),
epici(h) =xi ++/=1y; (1 <i<l),
erai(h) = —x; +~/—1ly; (1<i <),
erarri(h) = V=10; (1<i<m)

for h = h*!™(a, z, ). Using the above basis, we identify h* with C". We denote
by A = A(g, b) the set of roots of b in g:

A={teitej|1<i<j=<njU{xe;|1=<i=<n}

We also denote by A;, A,, and A, the sets of imaginary, real, and complex roots,
respectively:
Ai={aeA|Oa=ual,

Ar={xeA|ba=—a},
Aoy ={a € A|Oa # £a},
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where 6 is the Cartan involution of g. Let 7 be an irreducible representation of M
of the form

T=X1® - @uen® - uer,

where
o xi =sgn¥ ®|-|" for some §; € {0, 1} and some v; € C;
e ;=D ® |det|¥ for some k; € %Z and some v; € C;
o 7’ is a (limit of) discrete series representation of SO,,, 1 (R) with Harish-Chandra

parameter

=000 e P0mr e,
where A} € Z + % for all i.

Put
Y =W,y Vi K1+ V] KL=V, oo ki K=V A A €5FEC
Then, by [Speh and Vogan 1980, Theorem 6.19], Indg (7r) is irreducible if

(1) there exists no complex root o € A, satisfying 2{«, y)/{(a, @) € Z, (o, y) > 0,
and (fa, y) < 0; and

(i1) there exists no real root o € A, satisfying the parity condition [Vogan 1981,
Definition 8.3.11].

We now explicate the conditions (i) and (ii). We start with the following special
cases:

e Suppose that k =1, [ =0, and m = n — 1. In this case, we have
A ={xe;tej|2=<i<j=<n}U{xe |2=<i=<nj},
Ar ={xei},
Aoy ={Fe1 £ej |2 < j <n}.
Hence the conditions (i) and (ii) are equivalent to the following conditions, respec-
tively:
(i,){m ¢ Z+1; or
vy €Z+% and || < [A]| forall 1 <i <m;
(ii") vi ¢Z+3.
e Suppose that k =0, [ =1, and m = n — 2. In this case, we have
Ai={f(e1 +e)}U{Eei te;[3<i<j=nlU{Le [3=<i=<n}
Ay ={x(e1 —e2)},
Aoy ={%e; e |1<i<2<j=<n}U{xe |1=<i=<2}.
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Hence the conditions (i) and (ii) are equivalent to the following conditions, respec-
tively:

V| ¢ %Z; or
(i) y v] € Z+k; and |v| < |ki|; or

S Z-i-lq—i—%, [vil < lx1l, and |vi| <min(|x14+A], [k1—=A}]) for all 1 <i <m;
(") V] ¢ Z4k1+3.
Similarly, in the general case, we can show that the conditions (i) and (ii) hold if
and only if

eforl <i<j<k, 6 =06 andv; —v; ¢2Z+1,0rd; #8; and v; —v; ¢ 27;

eforl <i<j<k,d =06 andv;+v; ¢2Z+1,0rd; #; and v; +v; ¢ 2Z;

eforl<i<kandl1<j<I, v,~—v}¢Z+Kj,orv,-—vj/.eZ+/<j and|v,-—v]’.|§|/<j|;

eforl<i<kandl<j<lI, v,~+v]/.¢Z+/<j,orv,-+vJ’.eZ+Kj and|v,~+v]/.|§|/<j|;

eforl<i<j<lI, v{—v]f¢Z+/ci+Kj,orvlf—v;eZ—l—/q—l—/cj and|vlf—vj/.|§
min(|k; + &1, [ki — kj);

eforl<i<jc<lI, vlf-l—vj{¢Z+/<,-+Kj,orvlf+vj/.el+xi+/<j and|vlf+v]/.|§
min(|k; + 1, [ki — ;);

e for 1 <i <k, vi¢Z+%;

e for 1 <i<1l, v/ ¢3Z orv,€Z+k; and |v]] < |k;].

Acknowledgments

We would like to thank Hisayosi Matumoto and David Vogan for their help, and
David Renard for pointing out to us [Mili¢i¢ 1991]. Thanks are also due to the
referee for giving us a simpler proof of Proposition 3.4. Gan is partially supported
by an MOE Tier 1 grant R-146-000-228-114. Ichino is partially supported by JSPS
KAKENHI Grant No. 26287003.

References

[Adams and Barbasch 1998] J. Adams and D. Barbasch, “Genuine representations of the metaplectic
group”, Compositio Math. 113:1 (1998), 23-66. MR Zbl

[Adams et al. 1992] J. Adams, D. Barbasch, and D. A. Vogan, Jr., The Langlands classification and
irreducible characters for real reductive groups, Progress in Mathematics 104, Birkhduser, Boston,
1992. MR Zbl

[Arthur 1989] J. Arthur, “Intertwining operators and residues, I: Weighted characters”, J. Funct.
Anal. 84:1 (1989), 19-84. MR Zbl

[Gan and Ichino 2014] W. T. Gan and A. Ichino, “Formal degrees and local theta correspondence”,
Invent. Math. 195:3 (2014), 509-672. MR Zbl


http://dx.doi.org/10.1023/A:1000450504919
http://dx.doi.org/10.1023/A:1000450504919
http://msp.org/idx/mr/1638210
http://msp.org/idx/zbl/0913.11022
http://dx.doi.org/10.1007/978-1-4612-0383-4
http://dx.doi.org/10.1007/978-1-4612-0383-4
http://msp.org/idx/mr/1162533
http://msp.org/idx/zbl/0756.22004
http://dx.doi.org/10.1016/0022-1236(89)90110-9
http://msp.org/idx/mr/999488
http://msp.org/idx/zbl/0679.22011
http://dx.doi.org/10.1007/s00222-013-0460-5
http://msp.org/idx/mr/3166215
http://msp.org/idx/zbl/1297.22017

ON THE IRREDUCIBILITY OF INDUCED REPRESENTATIONS OF LIE GROUPS 107

[Gan and Ichino 2017] W. T. Gan and A. Ichino, “The Shimura—Waldspurger correspondence for
Mp,,,”, preprint, 2017. arXiv

[Knapp 1986] A. W. Knapp, Representation theory of semisimple groups: an overview based on
examples, Princeton Mathematical Series 36, Princeton University Press, 1986. MR Zbl

[Knapp and Vogan 1995] A. W. Knapp and D. A. Vogan, Jr., Cohomological induction and unitary
representations, Princeton Mathematical Series 45, Princeton University Press, 1995. MR Zbl

[Knapp and Zuckerman 1982a] A. W. Knapp and G. J. Zuckerman, “Classification of irreducible
tempered representations of semisimple groups”, Ann. of Math. (2) 116:2 (1982), 389-455. MR
Zbl

[Knapp and Zuckerman 1982b] A. W. Knapp and G. J. Zuckerman, “Classification of irreducible
tempered representations of semisimple groups, II”, Ann. of Math. (2) 116:3 (1982), 457-501. MR
Zbl

[Matumoto 2004] H. Matumoto, “On the representations of Sp(p, ¢) and SO*(2n) unitarily induced
from derived functor modules”, Compos. Math. 140:4 (2004), 1059-1096. MR Zbl

[Mili¢i¢ 1991] D. Milic¢i¢, “Intertwining functors and irreducibility of standard Harish-Chandra
sheaves”, pp. 209-222 in Harmonic analysis on reductive groups (Brunswick, ME, 1989), edited
by W. Barker and P. Sally, Progr. Math. 101, Birkhéduser, Boston, 1991. MR Zbl

[Meeglin 1997] C. Mceglin, “Representations of GL(n) over the real field”, pp. 157-166 in Represen-
tation theory and automorphic forms (Edinburgh, 1996), edited by T. N. Bailey and A. W. Knapp,
Proc. Sympos. Pure Math. 61, Amer. Math. Soc., Providence, RI, 1997. MR Zbl

[Speh and Vogan 1980] B. Speh and D. A. Vogan, Jr., “Reducibility of generalized principal series
representations”, Acta Math. 145:3-4 (1980), 227-299. MR Zbl

[Vogan 1981] D. A. Vogan, Jr., Representations of real reductive Lie groups, Progress in Mathemat-
ics 15, Birkhiuser, Boston, 1981. MR Zbl

[Vogan 1982] D. A. Vogan, Jr., “Irreducible characters of semisimple Lie groups, IV: Character-
multiplicity duality”, Duke Math. J. 49:4 (1982), 943-1073. MR Zbl

[Vogan 1983a] D. A. Vogan, Jr., “Irreducible characters of semisimple Lie groups, III: Proof of
Kazhdan—Lusztig conjecture in the integral case”, Invent. Math. 71:2 (1983), 381-417. MR Zbl

[Vogan 1983b] D. A. Vogan, Jr., “The Kazhdan-Lusztig conjecture for real reductive groups”, pp.
223-264 in Representation theory of reductive groups (Park City, UT, 1982), edited by P. C. Trombi,
Progr. Math. 40, Birkhduser, Boston, 1983. MR Zbl

[Vogan 1984] D. A. Vogan, Jr., “Unitarizability of certain series of representations”, Ann. of Math. (2)
120:1 (1984), 141-187. MR Zbl

Received 26 Jun 2017. Revised 6 Jan 2018.

WEE TECK GAN:

matgwt@nus.edu.sg
Department of Mathematics, National University of Singapore, Singapore

ATSUSHI ICHINO:

ichino@math.kyoto-u.ac.jp
Department of Mathematics, Kyoto University, Kyoto, Japan

:'msp


http://msp.org/idx/arx/1705.10106
http://dx.doi.org/10.1515/9781400883974
http://dx.doi.org/10.1515/9781400883974
http://msp.org/idx/mr/855239
http://msp.org/idx/zbl/0604.22001
http://dx.doi.org/10.1515/9781400883936
http://dx.doi.org/10.1515/9781400883936
http://msp.org/idx/mr/1330919
http://msp.org/idx/zbl/0863.22011
http://dx.doi.org/10.2307/2007066
http://dx.doi.org/10.2307/2007066
http://msp.org/idx/mr/672840
http://msp.org/idx/zbl/0516.22011
http://dx.doi.org/10.2307/2007019
http://dx.doi.org/10.2307/2007019
http://msp.org/idx/mr/678478
http://msp.org/idx/zbl/0516.22011
http://dx.doi.org/10.1112/S0010437X03000629
http://dx.doi.org/10.1112/S0010437X03000629
http://msp.org/idx/mr/2059231
http://msp.org/idx/zbl/1060.22012
http://dx.doi.org/10.1007/978-1-4612-0455-8_11
http://dx.doi.org/10.1007/978-1-4612-0455-8_11
http://msp.org/idx/mr/1168485
http://msp.org/idx/zbl/0760.22019
http://dx.doi.org/10.1090/pspum/061/1476497
http://msp.org/idx/mr/1476497
http://msp.org/idx/zbl/0884.22005
http://dx.doi.org/10.1007/BF02414191
http://dx.doi.org/10.1007/BF02414191
http://msp.org/idx/mr/590291
http://msp.org/idx/zbl/0457.22011
http://msp.org/idx/mr/632407
http://msp.org/idx/zbl/0469.22012
http://dx.doi.org/10.1215/S0012-7094-82-04946-8
http://dx.doi.org/10.1215/S0012-7094-82-04946-8
http://msp.org/idx/mr/683010
http://msp.org/idx/zbl/0536.22022
http://dx.doi.org/10.1007/BF01389104
http://dx.doi.org/10.1007/BF01389104
http://msp.org/idx/mr/689650
http://msp.org/idx/zbl/0505.22016
http://dx.doi.org/10.1007/978-1-4684-6730-7_15
http://msp.org/idx/mr/733817
http://msp.org/idx/zbl/0535.22014
http://dx.doi.org/10.2307/2007074
http://msp.org/idx/mr/750719
http://msp.org/idx/zbl/0561.22010
mailto:matgwt@nus.edu.sg
mailto:ichino@math.kyoto-u.ac.jp
http://msp.org




Tunisian Journal of Mathematics

msp.org/tunis
EDITORS-IN-CHIEF

Ahmed Abbes CNRS & THES, France
abbes@ihes.fr
Ali Baklouti  Faculté des Sciences de Sfax, Tunisia
ali.baklouti @fss.usf.tn
EDITORIAL BOARD

Hajer Bahouri CNRS & LAMA, Université Paris-Est Créteil, France
hajer.bahouri @u-pec.fr
Arnaud Beauville  Laboratoire J. A. Dieudonné, Université Cote d’ Azur, France
beauville@unice.fr
Bassam Fayad =~ CNRS & Institut de Mathématiques de Jussieu-Paris Rive Gauche, Paris, France
bassam.fayad @imj-prg.fr
Benoit Fresse ~ Université Lille 1, France
benoit.fresse @math.univ-lille1.fr
Dennis Gaitsgory ~ Harvard University, United States
gaitsgde @gmail.com
Emmanuel Hebey  Université de Cergy-Pontoise, France
emmanuel.hebey @math.u-cergy.fr
Mohamed Ali Jendoubi  Université de Carthage, Tunisia
ma.jendoubi @gmail.com
Sadok Kallel  Université de Lille 1, France & American University of Sharjah, UAE
sadok kallel @math.univ-lille1.fr
Minhyong Kim  Oxford University, UK & Korea Institute for Advanced Study, Seoul, Korea
minhyong.kim @maths.ox.ac.uk
Toshiyuki Kobayashi ~ The University of Tokyo & Kavlli IPMU, Japan
toshi @kurims.kyoto-u.ac.jp
Yanyan Li  Rutgers University, United States
yyli@math.rutgers.edu
Nader Masmoudi  Courant Institute, New York University, United States
masmoudi @cims.nyu.edu
Haynes R. Miller ~ Massachusetts Institute of Technology, Unites States
hrm @math.mit.edu
Nordine Mir ~ Texas A&M University at Qatar & Université de Rouen Normandie, France
nordine.mir @qatar.tamu.edu
Detlef Miiller ~ Christian-Albrechts-Universitit zu Kiel, Germany
mueller@math.uni-kiel.de
Mohamed Sifi ~ Université Tunis El Manar, Tunisia
mohamed.sifi@fst.utm.tn
Daniel Tataru  University of California, Berkeley, United States
tataru@math.berkeley.edu
Sundaram Thangavelu  Indian Institute of Science, Bangalore, India
veluma@math.iisc.ernet.in
Said Zarati  Université Tunis El Manar, Tunisia
said.zarati @fst.utm.tn
PRODUCTION
Silvio Levy  (Scientific Editor)
production@msp.org

The Tunisian Journal of Mathematics is an international publication organized by the Tunisian Mathematical
Society (http://www.tms.rnu.tn) and published in electronic and print formats by MSP in Berkeley.

See inside back cover or msp.org/tunis for submission instructions.

The subscription price for 2019 is US $TBA/year for the electronic version, and $7BA/year (+$TBA, if shipping
outside the US) for print and electronic. Subscriptions, requests for back issues and changes of subscriber address
should be sent to MSP.

Tunisian Journal of Mathematics (ISSN 2576-7666 electronic, 2576-7658 printed) at Mathematical Sciences Pub-
lishers, 798 Evans Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously
online. Periodical rate postage paid at Berkeley, CA 94704, and additional mailing offices.

TIM peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2019 Mathematical Sciences Publishers


http://msp.org/tunis/
abbes@ihes.fr
ali.baklouti@fss.usf.tn
hajer.bahouri@u-pec.fr
beauville@unice.fr
bassam.fayad@imj-prg.fr
benoit.fresse@math.univ-lille1.fr
gaitsgde@gmail.com
emmanuel.hebey@math.u-cergy.fr
ma.jendoubi@gmail.com
sadok.kallel@math.univ-lille1.fr
minhyong.kim@maths.ox.ac.uk
toshi@kurims.kyoto-u.ac.jp
yyli@math.rutgers.edu
masmoudi@cims.nyu.edu
hrm@math.mit.edu
nordine.mir@qatar.tamu.edu
mueller@math.uni-kiel.de
mohamed.sifi@fst.utm.tn
tataru@math.berkeley.edu
veluma@math.iisc.ernet.in
said.zarati@fst.utm.tn
production@msp.org
http://www.tms.rnu.tn
http://dx.doi.org/10.2140/tunis
http://msp.org/
http://msp.org/

Tunisian Journal of Mathematics
2019 vol. 1 no. 1

Welcome to the Tunisian Journal of Mathematics
Ahmed Abbes and Ali Baklouti

Partial resolution by toroidal blow-ups
Jénos Kollar

Construction of a stable blowup solution with a prescribed behavior for a
non-scaling-invariant semilinear heat equation
Giao Ky Duong, Van Tien Nguyen and Hatem Zaag

Troisieme groupe de cohomologie non ramifiée des hypersurfaces de Fano
Jean-Louis Colliot-Thélene

On the ultimate energy bound of solutions to some forced second-order evolution
equations with a general nonlinear damping operator
Alain Haraux

On the irreducibility of some induced representations of real reductive Lie groups
Wee Teck Gan and Atsushi Ichino

Truncated operads and simplicial spaces
Michael S. Weiss

From compressible to incompressible inhomogeneous flows in the case of large data

Raphaél Danchin and Piotr Bogustaw Mucha

13

47

59

73

109

127



	1. Introduction
	2. Irreducibility of some standard modules of Mp_{2n}(R)
	2A. Notation
	2B. Discrete series
	2C. Standard modules
	2D. Proof of Proposition 2.3

	3. Irreducibility of some nonstandard modules of SO_{2n+1}(R)
	3A. Notation
	3B. Regular characters
	3C. Coherent families
	3D. The Kazhdan–Lusztig algorithm
	3E. Comparison of Hecke algebra module structures
	3F. Some nonstandard modules of SO_{2n+1}(R)
	3G. Proof of Proposition 3.4
	3H. Normalized intertwining operators
	3I. Another proof of Proposition 3.4
	3J. Explicit form of the irreducibility results

	Acknowledgments
	References
	
	

