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We study, via multiscale analysis, a defect-of-compactness phenomenon which
occurs in bosonic and fermionic quantum mean-field problems. The approach
relies on a combination of mean-field asymptotics and second microlocalized
semiclassical measures. The phase space geometric description is illustrated by
various examples.
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1. Introduction

Motivations. Over the past three decades, microlocal and semiclassical analysis
has provided interesting mathematical techniques for the study of quantum field
theory and quantum many-body theory; see for instance [Ammari and Nier 2008;
Brunetti and Fredenhagen 2000; Fournais et al. 2015; Frohlich et al. 2007; Gérard
and Wrochna 2014; Ivrii and Sigal 1993; Lieb and Yau 1987; Amour et al. 2001].
In the present article we follow this fruitful stream of ideas and study the mathe-
matical problem of defect of compactness for density matrices in the bosonic or
fermionic Fock spaces. Previously, in a series of papers [Ammari and Nier 2008;
2009; 2011; 2015], the authors have introduced Wigner (or semiclassical) measures
of density matrices in the bosonic Fock space and showed that it is a very useful
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tool to study the mean-field approximation of Bose gases. Moreover, it was noticed
that a certain defect of compactness of density matrices is one of the difficulties that
occurs in this context. So towards a better understanding of these concentration
and defect-of-compactness phenomena we introduced here a multiscale analysis
inspired by second microlocalization. We believe that this approach will be of
interest to the study of the mean-field theory of Fermi and Bose gases; see, e.g.,
[Bach et al. 2016; Benedikter et al. 2014; Fournais et al. 2015]. We indeed provide
here some simple applications to the Bose and Fermi free gases and leave more
involved applications to further investigations.

Let us briefly describe the main question we consider here. As mentioned before,
in the analysis of general bosonic mean-field problems the following defect-of-
compactness problem arises. In fact, if o, are density matrices in the (fermionic or
bosonic) Fock space and )/bgp ) are its p-particle reduced density matrices, one may

have - -
lim Tr[y?b] = Tr[y$"b] (1)
e—0

for any p-particle compact observable b, while it is not true for a general bounded b;

e.g.,
i lim Tr[y?] > Tr[y(p)].
e—0 & 0

This reflects the difference between the weak™® convergence of trace-class opera-
tors and convergence with respect to the trace norm. In the fermionic case, it
is even worse, because mean-field asymptotics cannot be described in terms of
finitely many quantum states and the right-hand side of (1) is usually 0, while
limg— o Tr[yép )] > 0 (see Proposition 4.6). From the analysis of finite-dimensional
partial differential equations, it is known that such a defect of compactness can
be localized geometrically with accurate quantitative information by introducing
scales and small parameters within semiclassical techniques; see, e.g., [Gérard
1991; Gérard et al. 1997; Tartar 1990]. We are thus led to introduce two small
parameters ¢ > 0 for the mean-field asymptotics and /4 > 0 for the semiclassical
quantization of finite-dimensional p-particle phase space. The small parameter &
stands for %, where n — oo is the typical number of particles, while /% is the rescaled
Planck constant measuring the proximity of quantum mechanics to classical me-
chanics. Such scaling appears already in the mathematical physics literature with
a specific relation between / and ¢ depending on the considered problem; see, e.g.,
[Fournais et al. 2015; Narnhofer and Sewell 1981; Lieb and Yau 1987]. The com-
bined analysis of this article is concerned with the general situation when & = (k)
with limy,_, (h) = 0. In order to keep track of the information at the quantum
level, especially in the bosonic case, we also introduce finite-dimensional multi-
scale observables in the spirit of [Bony 1986; Fermanian-Kammerer and Gérard
2002; Fermanian Kammerer 2005; Nier 1996].
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Framework. The 1-particle space # is a separable complex Hilbert space endowed
with the scalar product { , ) (antilinear in the left-hand side). For a Hilbert space b
the set of bounded operators is denoted by £(h), while the Schatten classes are
denoted by £?(h), 1 < p < 00, the case p = oo corresponding to the space of
compact operators. Let 'y (Z) be the bosonic (+) or fermionic (—) Fock space
built on the separable Hilbert space 2:

1
Ty(2) = sz,

nenN

where tensor products and direct sums are Hilbert completed. The operator S%} is
the orthogonal projection given by

1
Si(fl®"‘®fn)=’? D 510) fo) @ ® fom: (2)

" oeG,
where sy (o) equals 1, while s_(0) denotes the signature of the permutation o and
G, is the n-symmetric group.
The dense set of many-body state vectors with a finite number of particles is

1 ,alg
rinz) = @ stz®",
neN

where the L, alg superscript stands for the algebraic orthogonal direct sum. We
shall also use the notation [A4, B]+ = [A4, B] = ad4q B = AB — BA for the commu-
tator of two operators and the notation [4, B]— = AB + BA for the anticommutator.

One way to investigate the mean-field asymptotics relies on parameter-dependent
canonical (anti-)commutation relations (CCR or CAR). The small parameter € > 0
has to be thought of as the inverse of the typical number of particles and the CCR
(resp. CAR) relations are given by

la+(g).ax(N]x =lal(g).al(N]+ =0, lax(g).al(f)l+=¢elg. f).

Let (0:)e>0 be a family of normal states (i.e., nonnegative and normalized trace-
class operators) on the Fock space '+ (2), depending on ¢ > 0; we want to in-
vestigate the asymptotic behavior of reduced density matrices, defined below, as
& — 0, by possibly introducing another scale # > 0 on the p-particle phase space,
with ¢ = e(h) and limy_,¢ &(h) = 0.

Outline. In Section 2, we recall how Wick observables are used to define the re-
duced density matrices )/g(p ) Note that it is much more convenient here, in the
general grand canonical framework, to work with nonnormalized reduced density
matrices. Some symmetrization formulas are also recalled in this section. In
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Section 3, we present the geometry of the classical p-particle phase space and
introduce the formalism of double scale semiclassical measures, after [Fermanian
Kammerer 2005; Fermanian-Kammerer and Gérard 2002]. In Section 4, we com-
bine the mean-field asymptotics with semiclassical analysis, the two parameters &
and £ being related through ¢ = e(h) with limy,_,¢ £(h) = 0. Instead of studying
the collection of nonnormalized reduced density matrices ()/S(f;l))) peN, it 1s more
convenient to associate generating functions

2 +> Tilgaqny 7 9T+@%™),

and to use holomorphy arguments presented there. In Section 5, some classical ex-
amples with various asymptotics illustrate the general framework: coherent states
in the bosonic setting; simple Gibbs states in the fermionic case; more involved
Gibbs states in the bosonic case, which make explicit the separation of condensate
and noncondensate phases for rather general noninteracting steady Bose gases. The
appendices collect or revisit known things about multiscale semiclassical measures,
the (PI)-condition of bosonic mean-field problems, Wick composition formulas,
and traces of non-self-adjoint second quantized contractions.

2. Wick observables and reduced density matrices
2A. Wick observables.

Notation. For n € N, the operator S’ given in (2) is an orthogonal projection in
Z®" 5o that (S})* = S’} However, we consider S’} as a bounded operator from
Z®" onto Sz ®”and its adjoint, denoted by Si’* S 7 ®n _, ®" s nothing
but the natural embedding.

Let b € £(S] 2®P; S 2®7). The Wick quantization of b is the operator on
I (%) defined by

pWick| !’TH\/(”+P)!("+CI)!
S

— n+q o n+p,*
i+pg;®(,1+p) =£¢& n' S:I: (b ®Id3f®n)8:t .

In the bosonic case, an element b €L (S Jpr F®r, Si #®4) is determined by a related
“symbol” & 3 z > b(z) = (z®9, bz®P) which is a homogeneous polynomial. So
b admits Gateaux differentials

, _ _
I bw)ur, .. U, V1, V] = By - By By -+ Dy (W),
where 5u, dy are the complex directional derivatives relative to u, v € 2 at the
point w € Z. In particular, we have the relation
1

- .
b= 0z,



QUANTUM MEAN-FIELD ASYMPTOTICS AND MULTISCALE ANALYSIS 225

Observe that b(w) admits higher Gateaux derivatives with the natural identification
of BIZ‘/b(w) as a continuous form on Siﬁ’f@k and Blgb(w) as a vector in Sﬁ p®k,
With the above form-vector identification we define, for any symbols by, b2,

by (w) - 85by(w) = 35 (w)[95b(w)] € C.
We shall also use the notation hWick = pWick,

Examples.

(a) The annihilation operator a1 (f), f € %, is the Wick quantization of b=
(fl: 2% =259 (f ¢) e 2% =C.

(b) The creation operator a’ (f), f € 2, is the Wick quantization of b= | f):
80 =CsA>Af e 2% = 7.

(c) Forb e L(Z) its Wick quantization hWick jg nothing but

dri(5)|sw®n =@y @ @Idy ++++1dy @ - ®1d» R b].

A particular case is h=1d o associated with the scaled number operator (N4 ¢=1
stands for the usual e-independent number operator):

PVik = dT1(Idy) = Ni = N4 o).
When b is self-adjoint one has
AT (b) = i9;e " T2 ®)) o = 9, T (7)o,
while for a contraction C € L(Z; &),
I+ (O)lsn yon =C®---®C.

From the definition of the Wick quantization one easily checks the following prop-
erties; see [Ammari 2004].

Proposition 2.1. For b € L(S} 2®P; 8L #®4):
. [EWick]* — [5*]Wick.
e The operator (1 + N i)_% pWick 1+ Ni)_mT extends to a bounded operator
onTL(Z)if m+m' > p+q with
—m ~wick _”i =
”(1 + Nj:) 2 b ¢ (1 + N:I:) 2 HE(Fi(SZ’)) S Cm,m/”b”L(Sij'Z‘;S?th’)’ (3)

with Cpy ' independent of b and of € € (0,¢g9).
o (1; >0) <— (I;WiCk > 0), while this makes sense only for g = p.
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Wick quantized operators are generally unbounded operators on I'y (Z) (e.g., N+)
but they are well-defined on the dense set Fi“(ff ), which is preserved by their
action. Hence bYViCk o b;v ik makes sense at least on Fi“(f‘f ) and the following
composition law holds true.

Proposition 2.2 (composition of Wick operators). Let b; € L(SY 2®Pi; ST ®4)),
j=1,2. Then

. . min{p1,g2} ko
b}Vlck o b;’Vlck — Z (il)(pl—k)(p2+q2) F (blnkbz)ka’ )
= !
where 0
- ! ! - -
bifthy = L 12 _ qtitaxkj, grq®ar—k)1q®P1—k gh,) 01 P2k

(P1=K)! (g2—F)!

For the reader’s convenience, the proof of Proposition 2.2 is provided in Appen-
dix C.

In the bosonic case the symbols b(z) = (z®4, bz®» ) are convenient for writing
the composition of Wick quantized operators. If b1 f{"i*b, denotes the symbol of
E}Wk o B;Vick, the composition law is summarized below; see [Ammari and Nier
2008, Proposition 2.7].

Proposition 2.3 (composition of Wick symbols in the bosonic case). We have

min{p1,92} g
i (2) = e P2 b ()b () nimrme = D 5 9201(2) - 95D2(2).
k=0 '
The commutator of Wick operators in the bosonic case is given by
max{min{p1,g2},min{p2,91}} Wick
[pick pYick] — ( %{bl,bz}(k)) ’
k=1 '

where the k-th order Poisson bracket is given by
(b1, b2} ® (w) = 05 by (w) - 05 bo (w) — b (w) - 05y (w).

Proposition 2.4. Let p, m, m’ € N such thaf m +m’ > 2p —2. Then, there exist
coefficients Cj, ... j > 0 such that, for any b € L(Z; Z),

dT 1 (b)P — (h®P)Wick

p—1
=Y Y G SE @bk SkxyWiek (5
k=1 0=/j1=-<jk

Jitetjk=p
and the estimate

[(1+ N2)™2 @T2B)? =GN A+ N2) ™% | 1 (29 < By 10117

holds in both the bosonic and fermionic cases, with By, the p-th Bell number.
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Remark 2.5. The p-th Bell number B, can be defined as the number of partitions
of a set with p elements and satisfies B, < (0.792p/In(p + 1))?, see [Berend and
Tassa 2010], and hence it grows much slower than p!.

Proof. We first prove formula (5) by induction on p € N*

For p = 1, formula (5) holds because d '+ (5) = (B)WiCk.

We then set 7 (l;) =dly (Z;)p — (Z;®1’ yWick " Assuming the result holds for some
p € N¥ one can compute

dl"i(g)pﬂ — ([;®p)Wick([;)Wick + rp(l;)Wick(l;)Wick
using the composition formula (4) for
(5®p)w1ck(5)Wick _ ([;®p+1)Wick + pe (Si p®P—1 & )2 Si,*)Wick
and for
gp—k(S:llc: ];jl ®m®5jk Si,*)Wick(];)Wick
— 5p+1_(k+1)(5:kt+1 b ®5j1 Q- ® bk S:kt+1,*)Wick

N f o1k (S:]f:(z;j' R ® l;jk)S:kt,* S:]f: (5 ® Id?il +...+jk—1)8:kt,*)Wick

which yields the expected form for r, 11 (Z;), and achieves the induction.
We then remark that the sum of coefficients of order k,

Sap. k)= Y Cirjer
0<jr=-=<jk
Jittjk=p

satisfies the recurrence relation Sa(p, k) =kS>(p—1,k) + Sa2(p— 1,k — 1), with
Sa(p,1) =1 = Sp(1,k) for all p,k € N* where the S>(p, k) are the Stirling
numbers of the second kind. Observe that, for % >k, and for any ¢ € E(SiZ ®k ),

R _M ~
We thus get,

[(14+ N2)"2@TLB)? = GZ)Y A+ N) ™7 | 4, (2))

p—1
= Z Sp_kSZ(PJC) ||b||£(g)

k=1
and the estimate then follows from Zg;i ePkS,(p.k)<e Z}le S2(p.k)=¢Bp,
with B, the p-th Bell number. O

2B. Reduced density matrices. Reduced density matrices emerge naturally in the
study of correlation functions of quantum gases [Spohn 1980]. In particular, in
quantum mean-field theory they are the main quantities to be analyzed; see, e.g.,
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[Bardos et al. 2000; Knowles and Pickl 2010; Lewin et al. 2016]. However, we shall
work with nonnormalized reduced density matrices, which are easier to handle.
Going back to the more natural reduced density matrices with trace equal to 1
requires attention when normalizing and taking the limits.

Definition 2.6. Let o, € £1(I'+(2)) (¢ > 0 is fixed here) be such that g, > 0,
Tros] = 1 and Tr(ggzeV+) < oo for some ¢ > 0. The nonnormalized reduced den-
sity matrix of order p € N, ys(p Vel (Si 2®P), is defined by duality according to,

for all b € £(S§ 2®7:8{ 7). Trly{Pb] = Trlgeh™ ).
The definition makes sense owing to the number estimate (3) and to

(14 Np)ke N+ € L(T4(2)).
When Tr[ya(p )] # 0, the normalized density matrix )78(1) ) is defined by )76(17 ) =
y,g(p)/Tr[ys(p)]; that is, for all b € E(Sif‘f‘g’p),

Tr[); (p)g] _ TI'[Q55WiCk] _ TI'[QSEWiCk]
: Trfo. (Idsp 20p) VK] Trlog N+ (Nt —g)--- (Nx —e(p—1))]

These normalized reduced density matrices )7517 ) are commonly used, especially

when o, € £1(S12®"), with ne ~ 1, for the following reason: when o, €
Ll SLz ®”) Jies in the n-particle sector in the mean-field regime ne — 1, one has

Tr[yPb] = Tr{os (b®Id youi-»)] and  lim Tr[pPb] = lim Tr[yP)b], (6)
i) "o

since for n > p,

n!

EWick ., e
|Si (n—p)!

on = St ®1dyen—m)Sy
and e n(n—1)---(n—p+1) — 1 when ne — 1.

Moreover, one often works with kernels of (normalized) reduced density ma-
trices )78(17 ) when 2 = L?(M; dv) with the following relation deduced from the

left-hand side of (6):

?ép)(xl,...,xp;x/l,...,xl’p):/ Qg(xl,...,xp,x;x/l,...,xfp,x)dv@("_p)(x).
Mn—>p

But, if the states o, are not localized on the n-particles then )/E(p ) and )78(17 ) do
not coincide even asymptotically in the mean-field regime (i.e., the right-hand
side of (6) may not hold true). As well there is no simple relation between the
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nonnormalized density matrices yg(p D and )/g(p ), Actually, we have

1,7 1%\ Wi
(3i+ (b®1dff)5i+ *)WICk|Si+p+lg®(n+P+l)

n+p+1)! ~
- gp“(np—')sj‘j”“(b R 1d ygnr1) ST

_ 7 Wick
=e(m+1)b |Si+l’+lf‘f®(n+p+l)’
from which we deduce

Tr[)/éfpﬂ)(l; ®1dy)] = Tr[oe(N+ — gp)l;Wick]’

while
Tely{Pb] = Trloeb ™™,
where we have again identified ys(p 1 a5 an element of £! (Z ®( +1)). We thus

conclude with the following important remark.

Remark 2.7. Assume 0¢ = 0¢1[y—5(e),v+8(5)] (V) With v >0 and lim, .o §(¢) = 0.
Then the following simple asymptotic relations between yg(p ) and ys(p ) (or the
normalized versions )78@ ) and )78(p /)) hold true for any p’ > p and any b e
L(SE z®P, SE x®r),

lim Tr[ys(p/) b® Id,e0-n)] = v?' =P lim TrlyPb),
e—0 e—0

lim Tr[777 (b ® 1d y (- )] = lim Tr[7Pb).

e—0 e—0

We shall use recurrently with variations the following lemma, with the notation

1

51@"'@517:_' Z 50(1)®"'®50(p)
‘o€,

forlsl,...,gp € L(Z).

We also abbreviate (§i(];1 OXERXO) 517)85;’*)\“‘3]‘ by (51 Q-0 ];p)Wick and
(‘Si (b®p)8i’*)WiCk by (b®p)Wick.

Lemma 2.8 (quantum symmetrization lemma). In the bosonic and fermionic cases
for any p € N, the equality

SPb1®-+®bp)SL™ =82 (h1 @+ O by(y)SL™ (7)

holds in £(SE 2®P; S #®P) forall by, ..., b, € L(Z; Z).

As a consequence, under the assumptions of Definition 2.6, the nonnormalized
(resp. normalized if possible) reduced density matrix )/ép ) (resp. ]78(17 )), peN,is
completely determined by the set of quantities {Tr[o, (l;®p yWick], be B} when B is
any dense subset of L(Z; Z).
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Remark 2.9. While computing Tr[)/gp )] or studying )/(p ) one can simply add to
B the element Id» owing to Sild?p Si’ =Ids» 4op. For &€ > 0 fixed it is not
necessary because compact observables are sufficient to determine the total trace
owing to
TyPl=  sup  Trly{PBl.
BeL>o(S) 2®r)
0<B<Id

However, while considering weak*-limits as ¢ — 0, adding the identity operator
Id s #®r 10 the set of compact observables, or possibly replacing B by the Calkin
algebra CId(2) & L%°(Z), is useful in order to control the asymptotic total mass.

Proof. For bi...., Ep € L(Z), we decompose
SP(h1 @ ®@bp)SL*SE (Y1 ® - @ Yp)
as

| i i
s? [? D 510 1Yo ®-+ ® (bp%/(p))}

" 0/€G,

= i [Z > 54(0)5:(0") (bo (1) Vooor (1) ® @ (bo(p) Voo (p))]

€S, 0'EG),

Settmg o/ =00 0 with 54 (0”) = s(0)sx(0”) yields (7), after noting that
hiO--Oby, = p, Zaeep o) @ ® bg(p) commutes with S:l: in both the
bosonic and fermionic cases.

Now the nonnormalized reduced density matrix is determined by

Ti[y P B] = Tr[o. BV

for B € £L2(S} 2®P) as L!(S§ 2®P) is the dual of L®(S]2®7). But B e
L£°(Sh 2®P) means B SiB Si * with B’ € £2°(2°®P), while the algebraic ten-
sor product £2°(Z)®"? is dense in £L®(Z®P),
With the estimate
‘Tr[QEB'WiCkH — ‘Tr[e%Ngge%Ne—%NEWicke—%N]‘
=C Tr[QseCN] ||§||,c(31’ ¥®r;5% ¥8r)>

it suffices to consider B = SYB /Sp’ with B’ € £°°(5'f)®algp By linearity and
density, ya( P) s determined by the quantities Tr[o, B™i¥] with B’ = hi® - ®b,,
b; € B. We conclude with

SEb1 @ ®by)SY™ =8V (b1 ©---© byp)SE™,
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and the polarization identity

~ ~ 1 P \®r
bi®---Ob :2Pp! Z 81---81,(28,‘[?[) . O

gi==*1 i=1
Remark 2.10. In the bosonic case, the nonnormalized reduced density matrices yg(p )
are also characterized by the values of Tr[ygp )B] for B in

B={{y®P)y®|:y € 2} U{ldZ7).

This does not hold in the fermionic case.

The rest of the article is devoted to the asymptotic analysis of )/8(” ) as ¢ — 0.

In particular we shall study their concentration at the quantum level while testing
with fixed observable b (with b compact) and their semiclassical behavior after
taking semiclassically quantized observables, e.g., a(x, h D) with some relation
& = ¢(h) between ¢ and /.

3. Classical phase-space and k-quantizations

When 2 = L?>(M!,dx), with M' = M a smooth manifold with volume mea-
sure dx, the classical 1-particle phase space is X! = X = T*M! and we will focus
on the h-dependent quantization which associates with a symbol a(x, §) = a(X),
X € X! an operator a2 = a(x, hD,) with the standard semiclassical quantiza-
tion or when M! = R, 2" = gW-h = ¢W (h'x, h'~* D,), by using the Weyl
quantization, ¢ € R being fixed.

Note that in later sections the parameters ¢ and /& will be linked through & = ¢(h)
with limy_,q &(h) = 0. In relation with the symmetrization result, Lemma 2.8,
we introduce the adapted p-particle phase space which was also considered in
[Derezinski 1998], and the corresponding semiclassical observables.

3A. Classical p-particle phase space. A fundamental principle of quantum me-
chanics is that identical particles are indistinguishable. The classical description is
thus concerned with indistinguishable classical particles. If one classical particle
is characterized by its position-momentum (x,£) € X! = T*M !, x € M being
the position coordinate and ¢ the momentum coordinates, p indistinguishable par-
ticles will be described by their position-momentum coordinates (X1,..., Xp) =
(x1,81.....%p.,6p) € XP /S, =(T*"M)? /S, =T*(MP)/S,, where the quotient
by &, simply implements the identification,

fOl‘allGEGp, (Xa(l),...,XU(p))E(Xl,...,Xp).

The grand canonical description of a classical particles system then takes place in
the disjoint union

| |x?/6, = | |[(T*M)? /8,

pPeEN PEN
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A p-particle classical observable will be a function on X? /&, and, when the
number of particles is not fixed, a collection of functions (a(p ))peN, each a(®
being a function on X” /&,,. The situation is presented in this way in [Derezinski
1998]. A p-particle observable is a function a?) on X7/ S, and a p-particle
classical state is a probability measure (and when the normalization is forgotten, a
nonnegative measure) on X7 /G,.

However while quantizing a classical observable, it is better to work in X7,
which equals T*(MP), a function a(?) on X?/& p being nothing but a function
on X? which satisfies,

forallo € S,, o*a® =aP,

where,

forall (Xi1,...,Xp) € XP, o*aP(X1,....Xp) =aP (X1, -+, Xo(p))s

1
(p) — * (D)
a _p! E o a‘?’,

geS),

and

In the same way, we define for a Borel measure v on X7 and o € &, the measure
oxv by [1p0*a® dv = [,,a?) d(oxv) for all al?) € CO(XP), or alternatively
oxV(E) = v(6~1(E)) for all Borel subsets E of X”. A nonnegative measure on
X? /8, is identified with a nonnegative measure v on X'” such that,

1 ~
for all o € Gp, 0*v=v=ﬁ Z OxV. (8)
0EG),
Lemma 3.1 (classical symmetrization lemma). Any Borel measure 1P) on XP / Sy
is characterized by the quantities { Ser a®?du? gec } where the tensor power
a®? means a®? (X1, ..., Xp) = nf):l a(X;) and C is any dense set in CO_(X') =

{f €O : limy o0 f(X) = 0},
Proof. By the Stone—Weierstrass theorem the subalgebra generated by the algebraic
tensor product C ®"p i5 dense in Cgo (XP). Hence it suffices to consider
1
a10---0a, = — Z dg(1) @+ Qdg(p), ai €C.
T 0€G,

We conclude again with the polarization identity

1 D ®p
a1©---®ap=2pp' Z 81---ep(28ia,-) . ]

gi==*1 i=1
We will work essentially with M = R and X = T*R? and therefore on
XP = T*RI% ~ R29P and recall the invariance properties, if possible, by a change
of variable in order to extend it to the general case. Remember that on RéP,
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the standard and Weyl semiclassical quantization are asymptotically equivalent:
a(x,hDy)—a" (x,hDy) = O(h) when a € S(1,dX?) (SUpy c7+dr |0%a(X)] <
oo for all @ € N24). Moreover on R%, a" (x,hDy) is unitary equivalent to
a (h'x,h'"*Dy) for any fixed ¢ € R so that result can be adapted to different
scalings.

3B. Semiclassical and multiscale measures. We recall the notions of semiclassi-
cal (or Wigner) measures and multiscale measures in the finite-dimensional case.
We start with the results on M = RP (think of D = dp) and review the invariance
properties for applications to some more general manifolds M.

3B1. In the Euclidean space. On RP the semiclassical Weyl quantization of a
symbol a € 8'(R2P) will be written a"* = a¥ (W' x, h' 7' D), with ¢ > 0 fixed,
while ¢% (x, Dy) is given by its kernel:

6 (e x+y d§
[CW(X’DX)](x’y):[I;deE( y)c( ! ’5)(271)01'

Definition 3.2. Let (y3)nee With 0 € £, £ C (0, +-00), be a family of trace-class
nonnegative operators on L2(RP) such that limy,_, o Tr[y,] < 4+00. The semiclassi-
cal quantization a — a"+%* = a"W (k' x, h'~ D) is said to be adapted to the family
(Yn)hee if
lim limsupRe Tr[(1 — x(§ -)W’h)yh] =0
§—>0%  pes
h—0
for some y € Cg° (T*RP) such that y = 1 in a neighborhood of 0.
The set of Wigner measures M(yp, h € £) is the set of nonnegative measures v
on T*RP such that there exists & C &, 0 € &, such that,

for all a € CO(T*RP),  lim Tr[y,a™""] =/ a(X)dv(X).
=

The following well-known statement, see [Colin de Verdiere 1985; Helffer et al.
1987; Gérard 1991; Gérard et al. 1997; Lions and Paul 1993; Shnirel’man 1974],
results from the asymptotic positivity of the semiclassical quantization and it is ac-
tually the finite-dimensional version of bosonic mean-field Wigner measures (with
the change of parameter ¢ = 2/); see [Ammari and Nier 2008, Section 3.1].

Proposition 3.3. Let (yp)pes with 0 € £, £ C (0, +00), such that y, > 0 and
limy_, o Tr[y] < 4+00. The set of semiclassical measures M(yy, h € £) is nonempty.
The semiclassical quantization a:h s adapted to the family (y,)nee if and only if
any v € M(yp, h € €) satisfies v(R*P) = limj,_,¢ Tr[ys].

Remark 3.4. (1) The manifold version, with 2" = a(x, hD,) instead of a"-"
results from the semiclassical Egorov theorem.
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(2) By reducing £ to some subset £’ (think of subsequence extraction), one can
always assume that there is a unique semiclassical measure.

(3) While considering a time evolution problem, or adding another uncountable
parameter, (¥ j)heg rer. finding simultaneously the subset &£’ for all € R
requires some compactness argument with respect to the parameter ¢t € R,
usually obtained by equicontinuity properties.

We now review the multiscale measures introduced in [Fermanian-Kammerer
and Gérard 2002; Fermanian Kammerer 2005]. For the reader’s convenience, de-
tails are given in Appendix A, concerning the relationship between Proposition 3.5
below and the more general statement of [Fermanian Kammerer 2005].

The class of symbols S (@) is defined as the set of a € C®°(R2P x R2P) such that

e there exists C > 0 such that for all ¥ € R2?, a(-,Y) e Ceo(B(0,C));

¢ there exists a function ao € CSO([RZD « gZD—l) such that (X, Rw) —
doo(X,w), as R — oo, in C®(R2P x §2P-1y,

Those symbols are quantized according to

1
2

X
a@h = aZV’h, ap(X) = a(X, —)

A geometrical interpretation of those double scale symbols can be given by match-
ing the compactified quantum phase space with the blow-up at r = 0 of the macro-
scopic phase space; see Figure 1.

macro macro o
0
quantum 0o 00
! \ 0 ! quanftum

i

=

Figure 1. On the left-hand side, the macroscopic phase space with
its sphere at infinity. On the right-hand side, the matched quantum
and macroscopic phase spaces for which the quantum sphere at
infinity and the r = 0 macroscopic sphere coincide.
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Proposition 3.5. Let (yp)nee be a bounded family of nonnegative trace-class op-
erators on L2(RP) with limy,_,¢ Tr[y,] < +o00. There exist &' C €, 0 € £, nonneg-
ative measures v and vy on R2P and S*P~1, and a yo € LY (L?*(RP)) such that
Myp.h €& ={v}and, foralla e S@,

X
lim Tr[yha(z)’h] = / oo (X, —) dv(X)
hee’ R2D\ {0} | X|
h—0

41[2D1aaxaandvuﬂw)+1Twﬂlx,thml
e

Definition 3.6. M@ (y,.h € £) denotes the set of all triples (v, V(1)» Yo) Which
can be obtained in Proposition 3.5 for suitable choices of £’ C £, 0 € £

Remark 3.7. Actually when a" = o (Vhx, v/hDy), this trace class operator
o is nothing but the weak™-limit of y;,. Take simply a(X,Y) = y(X)a(Y) with
X o €Cy° (R?P), y =1 in a neighborhood of 0 for which

lim |a®" — oW (x, D =0.
hl_)ﬂ})Ha a” (X, Dx)ll zcL2y

The above results says limy,_,o Tr[ypa” (x, Dx)] = Tr[yoa™ (x, Dy)] for all « €
CP(R?P) ¢ L?(R?P,dX), and by the density of the embeddings C°(R?P) C
L%*(R?P dx) ~ £L2(L*(RP)) c £>®(L?*(RP)), the test observable o' (x, D)
can be replaced by any compact operator K € £®(L?(RP, dx)). Moreover the
relationship between v and the triple (1(o,+o0) (| X )V, V(7). Y0) can be completed
in this case by

v0) = [ dvy(@)+ Tyl ©

and v(7) = 0 is equivalent to v({0}) = Tr[yo].

Because products of spheres are not spheres, handling the part v(;y in the p-
particle space, D = dp, is not straightforward within a tensorization procedure;
see Figure 2.

Actually we expect in the applications that a well chosen quantization will lead
to v(y) = 0. This leads to the following definition.

Definition 3.8. Assume that the quantization """ = a% (v/hx, VhDy) is adapted
to the family (y4)nee, vn = 0, Tr[y,] = 1. We say that the quantization ¢+ =
aW(\/Zx, VhD x) 18 separating for the family ()¢ if one of the three following
(equivalent) conditions is satisfied:

(1) For any triple (v, vy, y0) € M@ (yj. h € £), we have v() = 0.

M(yn, h € &) ={v},
@) wriim y, =yo in LY (L2®RP)) ( = Vv(0} = Trlyo].
he&’ ,h—0

(3) For any triple (v, v(r), Yo) € M@ (yy, b € £), we have v({0}) = Tr[yo].
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X2

quantum scale

r in Xp

quarjtum scale in X

X1 quantum scale in X»

Figure 2. Tensor product of two blow-ups. The product of the two
matching spheres is not a sphere: the corners of the gray square
correspond to the case when the quantum variables | X | and | X»|
go to infinity without any proportionality rule.

Remark 3.9. This terminology expresses the fact that the mass localized at any
intermediate scale vanishes asymptotically when v(;y = 0. Accordingly, the micro-
scopic quantum scale and the macroscopic scale are well-identified and separated.

Hence we can get all the information by computing the weak*-limit of yy
and the semiclassical measure v and then by checking a posteriori the equality
v({0}) = Tr[yo].

This will suffice when the quantum part corresponds, within a macroscopic scale,
to a point in the phase space. When M = R4, we have enough flexibility by
choosing the small parameter # > 0 and using some dilation in R? in order to
reduce many problems to such a case. On a manifold M if we can first localize
the analysis around a point xo € M, the problem can be transferred to R? and then
analyzed with the suitable scaling.

3B2. Onacompact manifold. We now consider another interesting case of a smooth
compact manifold M with the semiclassical calculus a2* = a(x,hD,). This
case is not completely treated in [Fermanian Kammerer 2005] because the geo-
metric invariance properties do not follow only from the microlocal equivariance
of semiclassical calculus. We assume 2 = L?(M, dx) to be defined globally on
the compact manifold M (e.g., by introducing a metric, dx being the associated
volume measure).

Remark 3.10. When M is a general manifold, replace a”>” in Definition 3.2
by a2" = a(x,hDy), and x(8-) with § — 0 by some increasing sequence of
compactly supported cut-off functions ()n)nen such that |, < x5 ({1}) = T* M.

To adapt Proposition 3.5 to the case of a compact manifold, we consider another
notion instead of the symbols S ). For the observables we shall consider the pair
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(K.a), where K € L®(L?*(M,dx)) and a € C$°(S*M u (T*M \ M)), with
S*M U (T*M \ M) being described in local coordinates through the identification
(x,w)e S*M ifr =0,
(x,E=rw)eT*M \ M otherwise.
We have identified the 0-section of the cotangent bundle 7*M with M. After
introducing an additional parameter § > 0, § > h, and a C* partition of unity
(1-=x)+x=1lonT*M with 1 — y € C3°(T*M), 1 — y =1 in a neighborhood
of M, we can quantize a as

a@ @5k = [y(x, E)a(x, h6'£)]20.

MX[O,OO)XSD_IB(X,}’,Q))I—)

Note that K and the quantization of a are geometrically defined modulo O(3)
when /1 < § in £(L?(M, dx)): use local charts for the semiclassical calculus with
parameter 8, while £°(L2(M, dx)) is globally defined like all natural spaces asso-
ciated with L?(M, dx). Actually in local coordinates the seminorms of the symbol
x(x,&)a(x,h871€) in S(1,dx? + d£?) are uniformly bounded with respect to
h € (0, 8] by seminorms of a in Cg°((T*M \ M) U S*M). Moreover, when the
symbol a is nonnegative one has

|(xa(-,h87"-)2% —Re[(xa (-, h§™"))29]| < C,8, (10)
lall o 4 Cad > Re[(xa(-, h8™1-))23] > —C,8, (11)
uniformly with respect to & € (0, §].

Proposition 3.11. Let (Yy)pee be a family of nonnegative trace class operators on
L*(M, dx) such that limj,_,o Tr[yy] < +00. Then there exist &' C E, 0 € E', with
M(yn. h € £') = {v}, a nonnegative measure v(yy on S*M and a nonnegative

Yo € LY(L?(M, dx)) such that, for any K € L2 (L*(M, dx)),
lim Tr[y, K] = Tr[yo K],
heg’
h—0
and, for any a € C3°(S*M L(T* M\ M)), and any partition of unity (1— )+ y =1
with 1 — xy € C3°(T*M), 1 — y = 1 in a neighborhood of M,
lim lim Tr[y, a® 2:84] = / a(X)dv(X) +/ a(X) dv(py(X).
§—0 heg’ T*M\M S*M
h—0
Additionally (v(ry, yo) is related to v by
v(E) = v(py(m " (E)) + vo(E)

for any Borel set E C M identified with E x {0}, when 7 : S* M — M is the natural
projection and vy is defined by [y, ¢(x) dvo(x) = Tr[yo], where ¢ € C*°(M) is
identified with the multiplication operator by the function .
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Proof. When yy, is bounded in £!(L?(M,dx)), after extraction of a sequence
hy, — 0 from &, we have M((yp,)nen) = {v}, and the weak™-limit yo of (y3, ),
and the associated measure vg are well-defined objects on the manifold M.

Let us construct a measure ¥ on

(T*M\M)US*M ={(x,ro):xeM, € S, r €0, 00)}

and a subset & C &, 0 € £, such that

lim lim Tr[y,(xa(-, h8~' )29 =

[ adv (12)
50 heg! (T*M\M)US*M

holds for all a € C°((T*M \ M) U S*M).

Fix first the partition of unity (1— )+ =1, 1-xeC(T*M), 1—x=1in
a neighborhood of M, and § = §p > 0. For a givena € C°(T*M \ M) LU S*M),
the inequalities (10) and (11) imply that one can find a subsequence (A, y.5,.a)ken
of (hn)nen such that

lim Tr[yp, 500 (X@C Mk g 0080 N EP] = Lyspa €. (13)
k—o0

For a different partition of unity (1 — ) 4+ y = 1 the symbol [y — yla(x, héy 1£) is

-1
supported in CX,)?,&) < |&] = Cy,3,8, and equals

[x— Flax. h83'8) = [ — z]ao(x, é—l) iy g son (5.6,

where ag = als+p and with r, 5 5, uniformly bounded in S(I, dx? + d&?). For
8o > 0 fixed, the operator [(y — f)ao]2% is a compact operator and we obtain

Jim Trlyy (xa (- b8y ) @51 =Trlyp(Fa(-. hdy" ) &%) =Trlyo((r—7)ao) &™),

Therefore the subsequence extraction, which ensures the convergence (13), can
be done independently of the choice of y and by taking y(x,&) = x(x,86, 1g)
independently of § > 0. For & = (hg 4)ken such a sequence of parameters, the
limits can be compared by

C8.a—Lys0.a = lim Trlyy(Fa(-, h8™1 )0 —Te[yy (xa(-, héy ' -)) 2]
Zesa
—0

= Te[((7(885 1) — 1)ao) 2% yo). (14)

By choosing y = y above, the inequality 0 < (y — )((8861))00 < yao forag >0
and § < d¢, and the §o-Garding inequality implies

I Te[((7(885 1) — x)a0) 2% yo] | < Tr[(xa0) 2% yo] + O(So)
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uniformly with respect to § < 8o. Thus the quantity £, 5 , satisfies the Cauchy crite-
rion as § — 0 because s-limg,_,¢ (xao)2:% =0 and yy is fixed in £} (L2(M, dx)).
Hence the limit
. . . -1 8
Cxa = lim €y 5.0 = lim lim Ty, (ra(-, h6~" )27

a

h—0

exists for any fixed a € C°((T*M \ M) U S*M). Using (14) with § = o, but a
general pair (x, ¥), and taking the limit as § — 0 shows {35 , = £y 4 = {4. The
inequalities (10) and (11) give 0 < £, < ||a||Lc. By the usual diagonal extraction
process according to a countable set N' C Cg°((T*M \ M) LU S*M) dense in the
set of continuous functions with limit 0 at infinity, we have found a subset &' C &,
0eé& and a nonnegative measure v such that (12) holds. Note that we have also
proved

/ adv = lim lim Tr[y,(xa(-,hé! '))Q"g]
(T*M\M)US*M §—0 heg’
h—0
= lim lim Tr[(ys — yo)(ya(-, h8~! '))Q’S]v
§—0 heg’
h—0

where neither limit depends on the partition of unity (1—y) + y =1 with 1 — y €
CSC(T*M) equal to 1 in a neighborhood of M.

We still have to compare ¥ and v. For this take a € C5°(T* M) and set ag(x, w) =
¢(x) = a(x,0). The symbol identity

a(x,h87'E) =a(x, hs71e)(1— y) +a(x, h6 &)y
=o(x)(1—x) +a(x,h8 &) x +hra y.s.n

with r, 5,5 uniformly bounded in S(1, dx? + d§?) with respect to /, leads after
8-quantization to

/ adv = lim Tr[yhaQ’h]
T*M he&’

h—0

= lim Trlyy(@(x)(1 — 1) 2*] + lim Tr[y,(xa(-.hs~" )2,
heg he&
h—0 h—0

For 6 > 0 fixed, (¢(x)(1— )())Q’8 is a fixed compact operator so that the first limit is
lim Trly (0 (1) (1 = 0)2) = Telpo(p () (1= 1) 2],
h—0

while the second one is exactly the quantity occurring in the definition of U. Taking
the limit as § — 0 with s-limg_,o(@(x)(1 — 1))2% = @(x), yields Ve MM =
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V|7 p\ - Finally setting v(yy = V| g+ yields, for any a € C§°(T*M),

/ adv=/ adv—l—/ aodv(1)+/ @ dvy,
T*M T*M\M S*M M

which implies the relation for the measures. O

Definition 3.12. M@ (y;,, h € £) denotes the set of all triples (v, V(1), Yo) which
can be obtained in Proposition 3.11 for suitable choices of &' C &, 0 € £'.

We note that the equality v(M) = Tr[yo] implies vy = 0 and this leads, as in
the previous case, to the following definition.

Definition 3.13. On a compact manifold M, assume that the quantization a2~ =
a(x,hDy) is adapted to the family (y)pes, with y, € L1(L?(M)), y;, > 0 and
limy_, ¢ Tr[y] < co. We say that the quantization is separating if for any &' C &,
0eé,
M(yp.h € &) ={v},
whlim y, =y in £1(L2(M)) ( = V{E=0}) =Trlyo].
he&’ ,h—0
While doing the double scale analysis of the nonnormalized reduced density

matrices )7}(11) ), especially with the help of tensorization arguments, we will simply
study their weak*-limit in £! and their semiclassical measures. The equality of
Definition 3.8 or 3.13 will be checked a posteriori in order to ensure vy = 0.

4. Mean-field asymptotics with /#-dependent observables

We now combine the mean-field asymptotics with semiclassically quantized observ-
ables. This means that the parameter ¢ appearing in CCR (resp. CAR) relations
in Section 2 is bound to the semiclassical parameter / of Section 3 parametrizing
observables a %" (or aQ’h):

e=¢(h)>0 with lim e(h) =0.
h—0

So, from now on we consider families of density matrices on the fermionic or
bosonic Fock space '+ (Z) labeled as (0gn))nee With their reduced density ma-
trices denoted by (ys(fh))heg. Firstly, we give a sufficient condition in terms of
semiclassical 1-particle observables and of the family (0g(4))res so that a quan-
tization a">" defined on the p-particle phase space X'? is adapted to the nonnor-
malized reduced density matrix ys(f;l)) for all p € N. After this, the quantum and
classical symmetrization results, Lemmas 2.8 and 3.1, then provide simple ways
to identify the weak™-limits yép ) or the semiclassical measures associated with the
family ()/8(51)));165 for all p € N. According to the discussion in Section 2 about
Definitions 3.8 and 3.13, a simple mass argument allows one to check that all the
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multiscale information has been classified. Recall that if
. »q_ 5 Py _ 7(p)
hhf}) Trlygom] = }}gr}) TrloeyNy1 =T

then the semiclassical measures v(?) € /\/l(ys(f;l)), h € &) (or multiscale asymptotic
triples (v(?), v((f)) , )/(gp ))) have a total mass equal to 7' (7).
Remember that the nonnormalized reduced density matrices Ve(f)h)) are defined

for i > 0 by,

forall b € ﬁ(Si ff@l’)’ Tr[yé(Ph))E] — Tl”[Qs(h)EWiCk].

They are well-defined and uniformly bounded trace-class operators with respect
to h € £, as soon as Tr[ogp) NV ﬁ] is bounded uniformly with respect to & € £ for
every p € N. Actually, it is more convenient in many cases, and not so restrictive,
to work with exponential weights in terms of the number operator V..

Hypothesis 4.1. The family (0¢n))neg in LY (T1(2)) satisfies:

(i) Forall h € £, we have gg(py > 0 and Tr[ogp)] = 1.
(ii) There exist ¢, C > 0 such that Tr[gg(h)eCNi] <C forallh e&.

When the 1-particle phase space is X1 = T*R% we use the Weyl quantization
on X? = T*RP, q@h =gW-h = gW (h'x,h'~'D,), x € R, and when M1 is
a compact manifold, X? = T*M P, we use a®h = a(x,hDy), x e MP.

Proposition 4.2. Assume Hypothesis 4.1. Let y € C3°(T*M Y satisfy 0 < y < 1
and x = 1 in a neighborhood of 0 (resp. in a neighborhood of the null section
{(x,§) e T*M : £ =0} = M) when M = Re (resp. M is a compact manifold)
and let ys(X) = y(6X) (resp. xs(x,&) = x(x,8€)). For ¢’ < ¢, where c is given
by Hypothesis 4.1(ii), if

’ ’ O.h
Sct,x(8) = lim sup Re Tr{og(n) (e Ni _ pc'dTa (s ))] -0 asé—0, (15
h—0

then for all p € N, the quantization ah s adapted to the family Vz-,ffh))'

Lemma4.3. Let A€ L(Z) and a > ||A||. For z in the open disc D(0,a /| A|) CC,
the operator ¢?4T+(M) =Ny — pdTy(zA—aldz) i 4 contraction in T+ (%) and
the function z > 4T+ EA=ML) is holomorphic in D(0, a/ || A|) with

1 1
—dT 1 (A)Pe Nt = ¢7@Nx __gT, (A)P
p! p!

1 edri(ZA—OlIdfg) dz (16)

207 Jiz|=r zp+1’

which holds true in L(T'+(%)) forall p e Nand all r € (0,a/| Al)).
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Assume moreover that A, B € L(Z), and a > a9 = max{||A|, | B|}. Then:
(1) Forall z € D(0,a/ag),

B — Al s
2dTo(B) _ ,zdT4(A)\,—aNy L £(%)
||(e e )e ||£(I‘i(f)) < —Ot()(ot _ao)e .

(2) Forall peNandr € (0,a/ayp),

ap! || B — Al z(z)

dT4(B)? —dT4(A)P)e * N+ ) < .
[(dT+(B) +(A)P)e ey < do(c —cg)er?

Proof of Lemma 4.3. After setting A’ = zA with |z| < «/| A|| so that | A’ < «,
notice that ||e®4'~®) || < ¢fl4'le=¢® < 1. Hence, the operators Iy (e (4" ~®)) =
e Nt odT1(A) — (dT4(4) =Ny yre contractions on 'y (2). The holomorphy
and the Cauchy formula are then standard.

For the second statement, set B* = zB and A" = zA, |z| < a/ag, and use
Duhamel’s formula:

¢—dT+(@—B") _ ,~dT1(a—4")

1
=/ ¢~(=0dTL@0=4) 4T, (B’ — 4)e=(@—a0)Ns ,~1dT(@0=B) g
0

Since e~(170dT+(@0—4") gy 14T+ (@0—4") yre contractions, the inequality

|dT+(B' — A )e_(a 00) Ny | < < ||B Al sup ene —(a—ap)en < o|| B — A
neN oo —ag)e
yields part (1).
Part (2) follows from (16) and part (1). 0

Proof of Proposition 4.2. Fix p € N. We want to find y € C§°(T*M”?), 0< y <1,

and ¥ = 1 in a neighborhood of {X € R29P : X = 0} (resp. {(x.£) € T*M?P :

§=0}=MP)when M? = R4 (resp. when M is a compact manifold), such that
lim limsup 7(8,h) =0,

§=0 po
with

~0.h
T(8,h) = Re Tr[)/a(&)) (Idsigg®p - XgQ )]

~0.h
= ReTr[Qs(h)(Idsifg@p Q )ka]

We know that y®? €C(T*MP), with 0 < ¥®P < 1. Take j such that y®? < 7 <1.
For a constant kg > 0 to be fixed, the inequalities of symbols

0<x5? <¥s <1,
0<ys+ksh<1+4+«ksh
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and the semiclassical calculus imply

(1= 75)2" —Re[(1 — 75) 2|l 90y < Csh,
h h
122" —Re[x 2|l < Csh,

0 <Re[(1—x27)2M 4 Cjh =1 - Re[y2")®? + C}h
< (1+2ksh)? — (Re[(x5 +xsh)2")®P + C{h in L(2®P)

for some constants Cs, Cg, C5' > 0, chosen according to p € N, § > 0 and k5 > 0.
Moreover for § > 0 fixed, the constant kg can be chosen so that

0 <Re[(xs + ksh)2"] <1+ 2«sh.
With )
I+ Na)Pe TN ory (2)) < Cpers
the number estimate (3) and the positivity property (b=> 0) = (bWick > 0), writing
ey = € 2 VEe 2N (02 NEeTINE
leads to
~0.h ]
T(8,h) := ReTrloea (dsp yop — 15V
~0,h\Wi
= Trloeq (1dgp yor —Rel7g "DV + 05 (h)
< Trloeqm (14 2icsh)? — Rel(xs + ks © N EPYYH] + O5(h).
We now use Proposition 2.4 for

T(8, h) <Tr[oeny (AT (142c5h)? —d T (Re[ (x5 +x51) 2 ?) |+ 05 (h+e(h)).
The two operators A = dT+ (1 + 2«sh) and B = dT+(Re[(x5 + ksh)2-"]) are

commuting self-adjoint operators such that 0 < B < A, so that 0 < A? — BP <

Cp,er [e€'A — e¢'B]. We deduce

T(8, h) < Cp o Tr[Qg(h)eCNie_CNi (edri(c/(l-‘rZth)) _edri(C/Re[()(s-i-th)Q‘h]))]
+0s(h+e(h)).

We apply Lemma 4.3 withz =1, A =c¢'(142kgh) and B =c’,or A =c'Re[(ys +
Ksh)Q,h] and B = c/)(aQ’h, and finally

c+c h
> ¢ max{1+2¢sh. || (xs +rsh) 2| 22"} for h<hs e e

a=c>ap=
and we get

T(8. h) < ReTr[opn (¢ V% — o€ IT+0E "] 4 Og(h + e(h)).
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We thus obtain

limsup 7(8, h) < s¢r,5(5)
h—0

and our assumption limg_,¢ s¢’,,(6) = 0 gives the desired conclusion. O

Notation. For any open set 2 C C the Hardy space H °°(£2) is the space of bounded
holomorphic functions on €.

Proposition 4.4. Assume Hypothesis 4.1. Then:

(i) The set &€ can be reduced to £’ so thatM()/(f’h)), he&)={®P)forall peN,
where v(P) is a nonnegative measure on T*MP/Sp, i.e.,ameasure on (T*M)?

with the invariance (8).

(i) When (15) is satisfied, this implies

lim Tr[yé(l;?))] = / dv®(X) forall p eN.
heg T*MP

h—0
(iii) For any a € C§° (RZd) there exists rq > 0 such that the function ®, p, : s
Tr[og (h)eSdFi (‘1 )] is uniformly bounded in H®°(D(0, ry)) and, locally uni-
formly in s,

X .p
lim ®, 5(s) = ®g0(s) := § :S—/ a®?(X) dv?(X). (17)
he&’ ’ — p' T*MP
h—0 p=0

Conversely, if we know that ®, j, converges, pointwise on the lnterval (=ra,7a)
orinD'((—rq,ra)), to some function ®4 9 ash — 0, h € E, then M()/ (h)’ hef)=
(WPN forall p € N and ®, 0 is equal to (17) with &’ = €.

Proof. The uniform bound
Tely 5] < Trloeqay (N+)?] < Cp.e Trlosmye ]

and Hypothesis 4.1 ensure for each p € N the existence of £ () c el cg,
0 £, such that M(y(&), he&@)={vP (see Proposition 3.3 and Remark 3.4).
A diagonal extraction with respect to p determines & C &£, 0 € &£, such that
M(yéf’h)), he&)={®)}forall peN.

The second statement (ii) is a straightforward application of Proposition 4.2 and
Proposition 3.3.

In the statement (iii), the holomorphy of the function ®, j on the domain
D(0, c/||a"-"|) follows by Lemma 4.3. Hypothesis 4.1 now combined with

lemeNeezd T @™ D) = peeCe™ =) <1 and [a™") = C,
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provides the uniform boundedness with respect to & € £ of ®, 5, in H*°(D(0,r4))
with 74 = ¢/Cq. Moreover, Lemma 4.3(2) shows that ®, ; is given by the entire
function

o0
Sp
®4(5) = ) = TrlosdT+(@™")?],
p=0 7"
which is absolutely convergent on s € D(0, ) uniformly in / € £ since the estimate
_ p!
ld T (@™"")Pe™Ne | or (2 < g (18)
a

holds true uniformly for all p € N and & € £. According to (i) and Proposition 2.4,

. . W.,h .
lim Trlogyd T (@*")P] = 1im Tro,zy (@ )®P)VieK]
heg’ heg’

h—0 h—0

— lim Ty @ = [ .
T*MP»P
h—>0

Hence, by dominated convergence, ®, j, converges locally uniformly in D(0, )
to @40 given by (17) and consequently @, o belongs to H>°(D(0,r,)) as well.
Moreover, assume for any a € C§° ([F\RZd) the convergence of @, ; to @, o in
a weak topology on the interval (—rq,74) as h € €&, h — 0. Let vg p) vép)
M()/hp h € &), for p € N. Then according to (i) and the first part of (iii), one has,

for any s € (—rq, g),
o 57 ®) o 57 )
Do)=Y = / a®?(X)ydv” ()= — / a®?(X)dv,? (X).
=l Jremr =l Jremr

The uniform estimate (18) shows that ®, o admits a holomorphic extension on
D(0, ry) and consequently

/ a®(X) dv'? (X) = / a®(X) dv{P (X)
T*MP T*MP

for all p € N. Thanks to Lemma 3.1, the measures v, ) and v(p ) are determined by
integrating with all the test functions a®?, a € C§° (T M). So v(p ) = vép ), which
ends the proof. O

(p

Replacing the semiclassical symmetrization Lemma 3.1 by the quantum ones,
Lemma 2.8 in the above proof leads to the following similar result for the quantum
part.

Proposition 4.5. Assume Hypothesis 4.1. For all K € L%°(Z) there exists rg > 0
such that the set {Wk p,h € E} of functions Wk p(s) 1= Tr[Qg(h)eSdFi(K)] is
bounded in H*°(D(0, rg)).
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The pointwise or D' ((—rk , r))-convergence limpee p—o Vi 5 = Wk 0 is equiv-
alent to W*-limpee p—o yhp = yop (remember L' = (L2)*) with

o0
sP
W o(s) = Y Trlys” K®P)=.
p=0 P

Let us consider a specific feature of the fermionic case:

Proposition 4.6. Let (0:)sce be a family of nonnegative, trace-1 operators in
LY(T_(2)). Let yg(p ) denote the corresponding nonnormalized reduced density
matrices of order p. If yép ) ¢ L£1(S? 2®P) is such that,

forall K € £2(S22%7),  lim Trly{” K] = Trlys” K1
S

e—>0

then )/ép ) =0,
As a consequence, the weak™ -limits yép ) always vanish in the fermionic case.

Proof. First consider K a nonnegative finite-rank operator. Then

lim Tr[o, K™K = Tr[y(gp) K].
cEE

e—>0

For fermions, KVt < ¢? Tr[K], and hence Tr[o, KVi°K] < ¢(h)? — 0 as ¢ — 0.
Since any finite-rank operator is of the form K = K1 — K, 4+ i (K3 — K4) for some
nonnegative finite-rank operators K;, j € {1,2, 3, 4}, the limit Tr[o, KVi°¢] - 0 =
Tr[y(gp K] holds for any finite-rank operator K. Hence, by density of the finite-rank
operators in the compact operators for the operator norm, Tr[y(gp VK ] = 0 for any
K € L2(SP2®P), e, yiP) =0. O

5. Examples

5A. h-dependent coherent states in the bosonic case. We first recall our nor-
malization for a coherent state. If we use the identification Sg:Z = C, then the
vacuum-state vector is defined as Q = (1,0,0,...) € ['1.(Z). We then introduce
the usual field operators ®(f) = (1/+/2)(a*(f) +a(f)), with f € Z, and the
Weyl operators are W( f) = exp((i/~/2)®(f)). A coherent state is a pure state
E, = W(~/2z/(i€)), with z € 2. One then can also speak of a coherent state
for the corresponding density matrix |E;)(E;|. One of the useful properties of
coherent states is that

b(z) = (E(2), bV E(2)). (19)

See, e.g., [Ammari and Nier 2008, Proposition 2.10]. The case of coherent states
is simple:
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Proposition 5.1. Let (z¢)gec(0,1] be a bounded family of %, choose the semiclassi-
cal quantization a — aW:h = aW(\/Ex, x/}_le), and fix a function e = e(h) — 0 as
h — 0. Up to an extraction, zyy — zo € Z weakly, and M(|zgn)) (Zemy|, h €E) =
{v}. Assume that the semiclassical quantization a™ " = a" (vhx, VhDy) is
adapted to (|Ze(h)) (Ze(h)|)h and separating for (|Ze(h)) (Zg(h)|)h. Then the family
(0eh) = | Ezoy ) (Ezoy D hee has

(p) _ |.®p ®p
Yetny = |Zeny) Zeanyl

as (nonnormalized) reduced density matrices of order p, for which the quantiza-
tion is adapted and separating, and

MO P heg)={we.0.|z87)(z$])}.

Proof. Formula (19) yields, for B € £L(S} 2%7),

® ® . .
(Zs(lf)’ st(g)) = <Eze(h) |BW1Ck|EZg(h)) = Tr[Qe(h)BWle] = Tr[yé(ph))B],

which implies the result. O

The case of coherent states, although simple, can already exhibit interesting
behaviors for some families (z¢)q¢(0,17- Indeed,

Remark 5.2. Let (z; ¢(n))ne(0,1]- J € t1,2}, be families of Z such that
* Zyeh) —> Z1,0 € Z2as h — 0, and

* (22,6(h))he(0,1] converges weakly to 0,
lim limsup |[(1 — )((R_1 -))W’hzz eyl =0
R—00 p50 ’

for some y € C§° (de ), x = 1 around 0 (no mass escaping at infinity in the
phase space), and M (|22 ¢n))(Z2,e(m) |, B € ) = {v2}, with v2({0}) = 0.

Then (|z1,¢n) + 22,6m)) (Z1,6(h) + Z2,6(h) | he(0,1] satisfies the assumptions of
Proposition 5.1, and zg = z1,0, Vv = ||Zl,0||250 + vs.

5B. Gibbs states. For a given nonnegative self-adjoint hamiltonian H defined in .2°
with domain D(H ), the Gibbs state at positive temperature % and with the chemical
potential u < 0 is given by

Tr[T (e PH =) 4]

) = B )

= Trloe A].

In general o, € £L1(I'+(2")) as soon as e PH=1) ¢ £1(%) (in the bosonic case
H >0and p <0 imply ||e#H—1) | z¢z) <1, see Lemma D.1). Moreover the quasi-
free state formula, see [Bratteli and Robinson 1981], with e-dependent quantization
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gives
TrloeN+] = 8Tr[e_ﬂ(H_“)(1 T e—ﬁ(H—M))—l]

and additionally, in the case of bosons,
TrloeW( /)] = exp[—e(f. (1 + e PHT) (1 e PHZTL )],

SB1. The fermionic case. This case is simpler than the bosonic case for two rea-
sons: first because the quantum part vanishes (see Proposition 4.6), and second
because there is no singularity to handle. To fix the ideas we consider the sim-
ple case when H is the harmonic oscillator. Actually one can treat more general
pseudodifferential operators, and we do that below in the more interesting case of
bosons and Bose—Einstein condensation.

Proposition 5.3. Let B > 0, H = 3|X|2"W'", ji(e) be such that u(e) > Ce for
some constant C > 0, and assume that ¢ = e(h) = h®. Let

[_ (e PH—n(e))
Tr[l_'_ (e_lg (H_N»(E)))]

and )/;51)) be its nonnormalized reduced density matrix of order p > 1. Then

OQe(h) =

M) ke ©.1]) = {.0.0)},

dv® ( em2IXP gy )®p
Vv = .
1+ e 51x17 2m)d

where

Proof. From Remark 3.7 and Proposition 4.6, any
WP Py e MO8 1 e ©,1])
satisfies yép ) =0.
Since we are considering a Gibbs state, the Wick formula yields

(r) _ p . (D®p op.*
Vey = P'Sx Yeqny = St -

Moreover, in the fermionic case,

M _ .1 C f _ r-(C)
Ve = Wi e foreem = oy
that is to say, with e(h) = h<,

) _d
Yoy =" 1+ e PH—)
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in our case. The semiclassical calculus combined with the Helffer—Sjostrand func-
tional calculus formula yields

e PGIXPY"—p) ( e 5IXP

|2W'h_M) =

W,h
+O(h) in L(Z).
1+ BGIX 1+e—‘§|X|2) " 2
For details we refer the reader to, e.g., [Dimassi and Sjostrand 1999; Helffer and
Nier 2005] or to the proof of Proposition 5.6. Again by the semiclassical calculus
we know h9a"'" is uniformly bounded in £!(L2(R%)) for a € Cg° (R24). This

leads to

Tr[(@™")®2y P = Tr[a ™1y D17 + O(h)

e(h) Ve(n)
e 5IX12 \W.h p
— Tr[(—ﬂ) hdanh] + O(h).
1+e 21XP
We finally use
dX
he Te[aW o Woh) = a(X)b(X)——,
d

R2d (2m)

which implies

By 2
—21X dx \?

lim Tr[(a""")®? y(I;l)] = / ¢ 7 a(X) .

h—0 e(h) R2d | 4 o= 5IXI ()4

Hence

B 2
-51X]| dXx ®p
e ) 0

2@ (x :(
V) 1 +e 51X 2n)d

5B2. Parameter-dependent Gibbs states and Bose—Einstein condensation in the
bosonic case. The Bose—Einstein condensation phenomenon occurs when H has
a ground state ker H = Cvo and the chemical potential is scaled according to

—Bu = £ for some fixed vc > 0.
Ve

An especially interesting case is when H is a semiclassically quantized symbol
with semiclassical parameter 4 related to &, or ¢ = ¢(h) according to our previous
notations. The quantum and semiclassical parts arise simultaneously when ¢ = he.
Two cases will be considered: the first one concerns 2 = L2(R?) with a nondegen-
erate bottom-well hamiltonian; the second one 2 = L?(M) with the semiclassical
Laplace—Beltrami operator on the compact Riemannian manifold M.

In the first case, let S((X)™,dX?/(X)?) denote the Hormander class of sym-
bols satisfying |a§a(X)| <Cp(X)™ P, andleta € S((X)2,dX?/(X)?) be elliptic
in this class with a unique nondegenerate minimum at X = 0 (e.g., the symbol of
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the harmonic oscillator hamiltonian). We can even consider small perturbations of
this situation after setting

H =aW’h+Bh—/\0(aW’h+Bh), oV:h =a(x/ﬁx,\/EDx), 8=hd,
where
B"=B"* c L(L>(R?)), |B"|=0(h). Ao(@"™"+B") =info(@""+ B").

It is convenient in this case to introduce the linear symplectlc transformation

T € Sp,;(R) such that * X' T~ Hessa(0)T 1 X = Zj_l B X7 and to introduce

some unitary quantization Ur of T, i.e., a unitary operator on LZ(Rd) such that
UbWUr =b(T~1)W.

Proposition 5.4. Under the above assumptions with dimension d > 2, for any

p €N, we have M(Z)(y((l;l)), he&) ={wv®,o, )/ép))} (see Definition 3.12), where

2

X

(Sl

. e
y$P = pBIUEPYWEP| with Yo(x) = a
T 4
and
d 1 k o®k ®p—k
0ES), k=0
with

e PaX)  gx
1 —e BaX) (27)d’

dv(p, X) =

The proof is given in Section 5B4 and needs some preliminaries, which are given
in Proposition 5.6 and Lemma 5.7.

Another even simpler case, related to the example M = T presented in [Am-
mari and Nier 2008], is 2 = L2(M, dvg(x)) when (M, g) is a compact Riemann-
ian manifold with volume dvg (x) and

H = —h>Ag + By, — ho(—h*Ag + By),
where Ay is the Laplace Beltrami operator on (M, g) and Bj, = B;l“ e L(L*(M)),
IBpll = o(h?).

Proposition 5.5. Under the above assumptions with d > 3, for any p € N, we
have /\/l(z)()/gh)), he&) ={v®P,o, yép))}, where
1
® ®
7" = Pee YWl Yo = ——.
vg(M)2

P 1

1 ok _

gEG),
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with X
—BlElzy gy d
av(p.x) = X
l_e_,B|E|g(x) (27'[)
and
|$|g(x) Z gl](x)élsj when g = Z glj(x)dx dxj (gz]) ! (gij)-
i,j<d i,j<d

We shall focus on the first case, which requires a more careful analysis, while
o(=h?*Ag) = h?0(—Ag) reduces the problem even more easily to the integrabil-
ity of e ’3|E|gm/(l — e_ﬂlglgm) valid when d > 3. The proof of Proposition 5.5
is left as an exercise, which requires the adaptation of the following arguments in
the case of Proposition 3.11 with the associated Definitions 3.13 and 3.12.

5B3. Semiclassical asymptotics with a singularity at X = 0. We give here a gen-
eral semiclassical result in 7*R?, which involves traces and symbols with a singu-
larity at X = 0.

Proposition 5.6. Consider the hamiltonian H = o""" + Bj, — Ao(a™'" + B"),
with aW'h = a(Vhx, VhDy), « € S(X)2,dX2/(X)?) elliptic and real such that
«(0) = 0 is the unique nondegenerate minimum, B, = B}’ € L(L2(RY)), || Byl =
o(h), and Ao(@™" + By) = info (™" + B},). Assume that f€C®((0, +00):R)
is decreasing and satisfies

0< f(u)<Cu e, lim uf(u)=foeR, 0<ky<d<Kkeoo.
u—0+
s
For ¢ > 0, the operator f(H + ch*o) is trace class with
d
limsup h?|| f(H + ch*0) | 1 (12 (gayy < +00.

h—0t

Moreover the convergence

hmwﬁuw+dmwwﬂ—ﬁ ®+/ ﬂﬂmmwkzw

holds for all a € S(1,dX?). Finally, all the above estimates and convergences hold
uniformly with respect to ¢ € (1/A, A) for any fixed A > 1.

The following lemma gives, in a simple way, useful inequalities for our purpose,
which are deduced with elementary arguments, and in a robust way with respect to
the perturbation By, from more accurate and sophisticated results on the spectrum
of a"-"; see [Charles and Vii Ngoc 2008; Dimassi and Sjostrand 1999].

Lemma 5.7. Let o € S((X)2,dX?/(X)?) be real-valued, elliptic, which means
1 +a(X) > C7Y(X)2, with a unique nondegenerate minimum at X = 0 and set
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@o(X) = LX|% Let B, = B} € L(L*>(R?)) be such that ||Bh|| = o(h). The
ordered eigenvalues are denoted by Aj @"" + By) and \; (ao )for jeN:

e For j =0, we have Ao(a""" + By,) = Tr[Hess «(0)]h + o(h) and the associated
spectral projection satisfies

. —d — 2 .
Tim 1@y gy @+ By) = (04T TXY (e Dy in £1(L2RD)).

where T € Sp, 4 (R) is such that ' X' T~ Hessa ()T ™' X = Y7, B; X2,
e There exist hg > 0 and C' > 1 such that, forall j > 0 and h € (0, hy),
10 hd < C" A (" my
<A@ + By —20@ "+ By) <C'2j@) ). (20)

Remark 5.8. Of course o(och’h) = {h (2 + |n|) : n € N?} and the bounds (20)
are actually written in order to use this later. But for an easy use of the min-max
principle it is better to write the eigenvalues A ((x(I;V ’h) in increasing order, with
repetition according to their multiplicity.

Proof of Lemma 5.7. We start by noting that 1 + o € S((X)?,dX?/(X)?) is fully
elliptic in the sense that (1 +«)~! € S((X)™2,dX?/(X)?). Therefore

1 1
14+a)t""—— =14+ 1n2Re(h), ——t"" "1 +a)=14+h>R_(h)
14+« 14+«
with R (h) uniformly bounded in S({X)™2,dX?/(X)?). The semiclassical cal-
culus with the metric dX2/(X)? then says

2

1+"H =1 +a) " +0kh? inS ((X)_Z, %) 1)
The same of course also holds for tag(X) = %‘L’lX |2 with T € (0, +00) fixed.
Therefore aWh 4 Bh and a(l)/V " are self-adjoint with the same domain D (a"> h) =
D(a ) D(a ) and they have a compact resolvent. We shall collect all the
necessary information by comparing the eigenvalues of o"> hy By, and ong " in
the intervals (—oo, 2|8|k], [0, 2] and [1, +o0[, with |B| = Z]—l Bj. For the first
part, we refer to the ready-made simple statement of [Charles and Vi Ngoc 2008,
Theorem 4.5] and complete the other parts with simple pseudodifferential calculus
and the min-max principle.

Interval (—oo, 2|8|h]: By Theorem 4.5 of [Charles and Vi Ngoc 2008], there exist
a family of real numbers (o) h>0.nend and, for any # > 0, a constant C; > 0 such
that

o (@) (0o, th] = {wl,n e Ny N [L|8]h, th]
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and

ol —Zhﬁ] +n)| < Cih3,

As || By|| = o(h), the min-max principle with «"># and «"-" + B}, then gives,
o (@ + By) N (oo, 1h] = {0 + o(h), n e N} N[0, th].

By choosing ¢ =2|B|, the operator « > + By, is nonnegative with Ao (¢ + By,) =

%|,8 | + o(h) and the spectral gap is bounded from below by, for all j € N\ {0},
2@ 4 B) = Ao(@™" + By) = X1 (@™ + By) — 20 (@™ + By) )
> Bmh + 0(h) = 3 Bmh,

with B, = m1n{,31, .o Bat
Let T € Sp,,(R?) be such that * X!T~ ! Hessa(0)T ™' X = 21—1 ,B]X2 let

Ur bg: a umtlary operator such that U*bWUT = b(T 1)V and set goT(x) =
2
()" 4 Ure 2*". We compute

(o, @™ + By)or) = Ti[UF o " Ur|pia) (o1l + o(h)
X
=f a(WVIT X)e ¥ ES o).
de s

But since (T~ X) = Y%, 18;1X;|? + P3(X) + O(|X|*), with P3 a homoge-
neous polynomial of degree 3, we obtain

(o, @7+ Bp)or) = Lh|B| +o(h) = Ao(a”*" + By) + o(h).

With the spectral gap (22) this implies that the ground state 1//(})’ of ™" + By,
satisfies limy_, ||1ﬁ(})Z — 7|2 =0 and

. _ —|TX 2
l}l—rﬂ) ”1{/10(aW=h+Bh)}(aW’h + Bp)—m d(e I7XI )W’lnﬁ1 =0.
Interval [0, 2]: Our assumptions on & provide a constant C» > 1 such that C; Tag <
a < Caag and therefore
-1
Cz &0 < o < Crap ’
1+C2_1(X0 14+« 1+ Chay

ﬁ is increasing on R*. Since all those symbols belong to S(1,dX?),

the semiclassical Fefferman—Phong inequality for the constant metric dX?2, see
[Hérmander 1985, Lemma 18.6.1], says

C21 W.h O{W’h C2 (I)}V,h

<« b h2 <
l—i-ClWh ( )—1+aW,h

as X —

+0h?),

1+Cath
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after using

W.,h W,h
(07 o
: =— +O0Hh>.
(1+a.) 1+o4W,hJr )

With || (14+a”-") ™1 —(1+a™" 4 B,) 1| = O(|| B |l) = 0(h) and 15 = 1— 1.
we deduce
—1._W,h h W.,h
G o —o(h) < o + By < G20,
1+ C " T 1+aWh 4 By T 14 ool

+o(h).

For r = 2(1 4+ C3) and & > 0 small enough, the above operators have a discrete

spectrum in [O, J?] with eigenvalues in this interval, while the function x ﬁ

increases on [0, +00). Hence the min-max principle implies that there exists C; > 1
such that

[A; @™ + By) <2]

= [ ()" o) <A@+ By) < Ciai ey M) o)) (23)
holds for all j € N. With the spectral gap (22) and Ao(a"""* + B}, = %|,3 |h+o(h)
we conclude that (20) holds when A (« W.h 4 By) <2.
Interval [1, +00): Our assumptions on « provide a constant C; > 1 such that

2
+a

With (21), the semiclassical Garding inequality then gives for /¢ small enough
W,h Sy — , W,h\—
max{[|(1+eag )+ D70+ A +ag" )7} <26

Owing to || By || = o(h), this is also true when a"# is replaced by o™>" + B;,. We
obtain for all i € D(agv’l),

QC) 2y (Iag " y) < (. (144 B)y) < 20Dy (14ag ") y),
and the min-max principle gives, for all j € N,
2C)7h (1 +ag ")) < (1 + ™" + B)?) < 2C1°A;((1 +ag ™))
By taking the square roots, for all j € N,
QCH T 1+ A (g ™) < 1+ 2@ + By) <2011+ 45 (g ™)),
which yields (20) for A, @'+ By) > 1. O

Proof of Proposition 5.6. With H = ™" + B, — Ao(«""" + B},), Lemma 5.7
provides a constant C’ > 0 such that,

forall j e N\{0}, C''A;(ay™) <A;(H)<C'xj@@)™),
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while A9 (H) = 0 and the ground state of H is the same as the one of «"# + By,.
When the function f is nonnegative and decaying, we deduce

TrLf(H +ch®o)] = f(ch*) + 3 fO(H) +ch¥o)
j=1

< f(eh)+ 3 O, (H))

j=1

< feh)+ 3 £ hin), (24)

neNd

n#0
with C4 = C3(1 + 4|8|/Bm), and for R > 0,

Tf(H +ch0) g poy (D = 3 FOG(H) +ch)
Aj(H)>R

< Y S(C hin)).
neNd
hin|=5&;

Apply (24) first, with f = s %0 (5) ~*eot¥o.

WETHS (H 4+ eh6)] < 0 1+ ChT Y (hlnl) ™0 (hln]) 50,

neNd
n#0
After splitting the sum into D 1, <; and Y > and with #{n € NY : |n| =m} =
C}Z_T_}l_l = O(m?~1), it becomes
d d.
h® Tr[f(H 4+ ch*o)]
Th—1] 00
< C—K() + C/hd Z h—Komd—l—Ko + C/hd Z h_Koomd_l_Koo‘
m=1 m=|h~1]

< ¢ ko + Cl/hd—xo |'h—1-|d—lc0 + C//hd—lcoo Lh—le—Koo < ¢~k + CW,
owing to koo > d and kg € (0, d). With a function f(s) =s70y(s/§) with0 <y <1

compactly supported and decaying on [0, +00) we get similarly
d_
lim lim sup h¢ Tr[f(H + ch*0)] —c¢ ™% =0,
§—>0F p—o0

d.
while with f(s) = (s)7*°, the truncated trace Tr[f(H + ch*0)l5-1 | o0)(H)]
satisfies

d.
lim limsuphd Tr[f(H + ch*0)15-1 100 (H)] = 0.
§—0t o ’
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The comparison of A;(H) with A; (agV ’h), j €N, stated in Lemma 5.7 does not
depend on the parameter c. Neither do the constants C3, C4, C, C’, C” and C"”
(f is nonnegative and decaying) depend on c. Therefore the previous asymptotic
trace estimates are uniform with respect to ¢ € (% A) for any fixed 4 > 1.

Thus if y € C3°(R) is a cut-off function such that 0 < y <1, y = lin (-1, 1)
and if a general f € C°°((0, 4+00)) fulfills all the assumptions of Proposition 5.6,
then

811r(r)1 hmsuphdH f(H+Ch"0)1(0 too) (H)[x (8™ 1H)+(1_X(5H))]”L1 =0.
g h—0+
(25)

For g € C§°(R), with an almost analytic extension g € C§°(C), the Helffer-Sjostrand
formula

1 N _
g(ocW’h) = i /@ 8gg(z)(z—on’h) dznNdz,

combined with the semiclassical Beals criterion [Dimassi and Sjostrand 1999; Helf-
fer and Nier 2005; Nataf and Nier 1998] with the constant metric d X2 implies

g@"h —g@)Wh = hrn)"h,

with 7 (%) uniformly bounded (with respect to /) in S(1,dX?). Since (1 +«) €
S({X)2,dX?/(X)?) is an invertible elliptic symbol,

(1 +aW,h)—N - [(1 +a)—N]W,h — hzi"/(h)W’h,

with /(h) uniformly bounded in S((X)™2V =2 dX2/(X)?) C S(X)7?N,dX?).

For a function f5 € C3°((0, +00)), we take g(s) = (1 + $)N £5(s) and write
f3@Vh) = g@" M1 4N

so that

S (@) — fs (@)™ "
= [g@"") —g@)" "1 + "N L g@)" (1 M)V — fi ()
— hr//(h)W,h,

with 7 (h) uniformly bounded in S({X )2V, dX?2). In particular, h%r" ()" is
uniformly bounded in £'(L?(R?)) if we choose N > d.

Similarly, the Helffer-Sjostrand formula can be used to prove g(H +ch "0) —
2@y = o(h) in L(L2(R?)). With h%[(1 + H + chKO) —(1+a"h)=N =
o(h) in £1(L2(R?)) due to

z d
(I+ H +cho)™" = [1+ (1 + o™ By + cho) 7 (1 + o7,
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the same trick as above transforms the £(L2(R?)) estimate into
d.
W[ fs(H +ch o) = fs@WM] = o(h) in£'(L2®RY) (26)

Note again that this holds uniformly with respect to ¢ € ( e A) for any fixed 4 > 1.
Now take f5(s)=(1—x(8725))x(8%5) f(s) for which we note that the inequality,

foralls >0, 1—(1—x(8725))x(8%s) < (87 1s) + (1 — x(8s))
as soon as § < §, implies,
forall s >0, 0< f(s)— fs(s) < f&)x@E ') + (1= x@s)]. @27

d d
In the expression h? Tr[f(H + ch*oa™:"], we decompose f(H + ch*o) into
(I)+ (II) + (III), where

(I) = f3(H + ch?),
(I1) = (f(H +ch?0) = f(H 4 ch*0) (g 00 (H).
(I1) = 110 (H) f(ch*0).

We now conclude with the following steps:

¢ The estimate (26) yields

d_
Jim he T f5(H + ch*0)a"""] = Jim he T f5 (o)W " a" "
—0
a(X))a(X ,
/ f@(0a(0 5
which provides the contribution of (/).
e The upper bound (27) combined with (25) leads to
d
lim lim sup}hd Tr[[f(H + chd/%0) — fs(H + ch*o )]1(0’+Oo)(H)aW’h]| =0,
§—0t p50
which says that (/1) has a null contribution in the limit § — 0.
¢ The contribution of (/11) is simply computed as

fo

BT f (H + cho) gy (H)a™ ) = 22 gt aWhyly,

d /
where wé’ is the ground state of H 4+ ch*o with ||I//h e Pa i || > 0ash—0.
This implies limy_, o (¥, a™ "y ) = a(0).

o Finally, the assumptions on f ensure f(«) € L'(R2¢) and

Jim /R  frla(X)a(x)dx = [R  f@X)ax)dx. 0
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5B4. Semiclassical analysis of the reduced density matrices in the bosonic case.

Proof of Proposition 5.4. This will be made in two parts: we first compute the
semiclassical measures v(?) and then identify the weak*-limit yép )

For the first part Proposition 4.4 says that it suffices to find the limit ®4 o(s) of
&, 4 (s) foraeCe(T* R?), real-valued, and s € (—rg, r4). Actually Proposition 5.6
allows to consider more generally a € S(1,dX?). For a € S(1,dX?), real-valued,
take s € R, |s| <rq = 1/(vcCy), 4]a™"| < C, and set

DT, n(s) = log Tr[oeI'(e***)] = — Trflog(1 — CBs)] + Trlog(1 — C)],
Pgi(5) = Trlos D" )] = exp DT, (s), e =he,

with C = e_B(HJFﬁ) and B = essa™ !

Assume s € (—rq, 74) and compute

. ~
CisB
DTah(S):/ Tr[ts—tf,ssaw’h] dt
’ 0 l_CtSBtS

= /1 Tr|:gsf (H + %(v(_;l —tsa(O)))aW’hi| dt
0

1
+ / Tr[z-:s[—(l - Cts)_l +(1— Ctths)_l]aW’h] dt,
0
with
e~ Pu

Cs = e—ﬂ(H-I—%(vEl—tsa(O)))’ B, = ests(a—a(O))W.h, Fu) = P

Note that for ¢ € [0, 1] the parameter %(VE 1 _¢s5a(0)) remains in a compact subset
of (0, +00). Proposition 5.6 implies for all ¢ € [0, 1]

i}i—% Tr[ssf (H + %(UEI —tsa(O)))aW’h}

vesa(0) / e~BaX) x) dx
=_ ¢ a .
1 —tvesa(0) r2d 1 —e—Ba(X) Qm)d

With the uniform control with respect to %(VEI —tsa(0))=ce [%, A] in Proposition
5.6, we obtain for the first term

1

lim Tr[ss f (H + %(\)EI —tsa(O)))aW’hi| dt

h—0 Jo
—Ba(X) dx
e
= —log(1— 0 X '
og(1—svca( ))+S/de l_e—ﬂa(X)a( )(2n)d




QUANTUM MEAN-FIELD ASYMPTOTICS AND MULTISCALE ANALYSIS 259

x2
For the remainder term, define Hg = |wé’) (1//{} |, where wél =Ur (n_% e~ 2)+o0(h°)
is the ground state of H, and write

(1_CtsEts)
Cis
l_CtS

= 1_Cts_Cts(El‘s_l) = (l_Cts)|:1+ (l_gts)]

C ~ C ~
:=(1—c,s)[1+1 o TG(=Bs)+—2 u—nbu—Bmﬂ
s T vts

:(1—Cts)[1+f(%(Val—tsa(O)))Hg(l—Ets)+ C’CS (1—n{;)(1—§m)].
ts

1—
I 11
We know
o O - - - -
ex 1 (502 - rsa) T 0O = O
We write

1
1= Byl == [ e @O 15 —ao) Wy du
0

2
where 1//6‘ = n_%UTe_T +0(h°), and a(X) —a(0) < C min{1, | X|} for some
C > 0 implies limy,_ ||(a — a(O))W’hwg | 22(ray = 0. Therefore the term / in the
above brackets satisfies

I= f(%(vgl —tsa(O))) 21— Bys) = o(h®) in £Y(L2(RY)).

Note that we have also proved

(1—B; )T} —TA(1— Bis) =0(e)  in L(LZ(RY)).

-o(})

By using
Cis

1-112

M—Em=0@,’

and

pm e S e = fm s (1 g -0
Ve e PeX)  gx
::17?73232265'*S/£m11-—e—ﬂa<X>(2n)d’
the term /7 in the above brackets satisfies
I =00), || =0(h™") =o(h?),
Cis
1—Cys

(1-TH(1 - By -1k =oh°).

Ll

2
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Again all these estimates are uniform with respect to ¢ € [0, 1], owing to the uni-
formity of the estimates in Proposition 5.6 with respect to ¢ = %(vgl —tsa(0)).
By expanding the Neumann series (1 + 1 + 11)~! = Zzozo(—l)k(l + I1)* we
deduce

C ~ 71! C ~
1+ —2 (1-By)| =1-—"E-1-1(1-Bs)A-TIE) + Ry,
l_Cts l_CtS

with || Ry, || -1 = o(h?). With ||e(1 — Cy5) ™| = O(1) we finally obtain
es[(1— Crs) ™" = (1= Crs Bis) ™'

seCqg

=1-C,, (1—T5A = Bs)(1 = TBYA = Crs) '+ R, IR} Il 1 = 0(R°),

while [[¢Crs(1—Crs) ™! 21 = O(1), [[1= B/ = O(e) and [|(1-TIg)(1—Crs) "} || =
o).

With 4[la">"|| < C,, the remainder term tends to 0 as & — 0 and we have proved,
forall s € (—rq,1q),

1 e PaX) dX
lim @, j,(s) = ®g0(5) = ————exp s/ ———a(X)—— |
h—>0 ’ 1 —svca(0) rea 1 —e Pa(X) (2m)4

By expanding the generating function according to Proposition 4.4, we obtain

p
. 1
lim T W, h\®pyWicky _ ! Ok/ ®(r—k) 7, (8)®P—
Jim Troe((a"")®7)™] ];)(p_k)!vca() et v(p)
with
e P gx

dv(B) = e Pa® (2n)d"
The possibility to take a € S(1, dX?) means that our quantization is adapted to all
the )/}(lp ),

Now in order to identify the weak™-limits of the y}(lp ) we compute the Wigner
measure associated with o). Remember, see (28) and (29),

—B(H+555)
TrlosW(V2r /)] =exp[—8”2<f, tte "’ f>]

2 l_e_lg(H-i_B\fC)

By using the orthonormal basis of eigenvectors (wjl.’) jen of H with associated
eigenvalues Ai.’, )Lg =0, )Lj.’ > ch for j > 0, we obtain

log(Trloeny W (V21 f)]) = —m2ve [( £, )12 + O(eh™).
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x2
With ||1/fé’ —Yollz2 =o0(h), Yo(x) = ] Ure™ 2, we obtain, after decomposing

f = fovodt 1.
/ 2R3 dpu(z) = lim Trloggy W (V27 f)] = e el fo,
L2 h—0

We deduce, as in [Ammari and Nier 2008, Section 7.5; 2011, Section 4.4],

_lz0?
e \)C

-M@@ﬁ€&=“: um@®%@% (z = zovo &L 2,

b1V,
and

P = pl &Py (y&P| forall p e N.
The fact that vg’)) = 0 for all p € N, now comes from

Telys?”] = pl vl =P ({0}). D

Appendix A. Multiscale measures

We now recall facts about multiscale measures, introduced in [Fermanian-Kammerer
and Gérard 2002; Fermanian Kammerer 2005]. For this we need a new class of
symbols. Let D', D”, D" € N be such that D’ + D” + D" = D and set

F = {X:(x/’x//’x///’ i__/’ i‘_”, g///) c RZD :x/=0, x”:é”:()}_
The class of symbols 1(72 ) is defined as the set of
(X,Y)—=>a(X,Y)e COO(RZD o RD’+2D”)

(note that RD'+2D" ~ F L hence the notation S 1(,2)) such that

e there exists C > 0 such that for all ¥ € RP"t2D” we have a(-,Y)eCi(B(0,C));
e there exists a function aeo € C(‘)’O(IRZD x §P'+2D"=1y gych that a(X, Rw) —
doo(X,w) as R — 0o in C®(R2D x §D'+2D"—1y,

Those symbols are quantized according to

/ X//
a@®h — aZV,h’ ap(X) = a(X, %’ _1) X =, x" X" EEE.
2 h2
Theorem 0.1 in [Fermanian Kammerer 2005], which also considers the case when

(x’/h%, X”/h%) is replaced by (x"/h*, X" /h®), s < %, says the following.

Proposition A.1. Let (Yp)pes be a bounded family of nonnegative trace-class op-
erators on L?(R?P) with limy,_,¢ Tr[y,] < 4+o00. There exist &' C €, 0 € £, with
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'+2D"—1

M(yn.h € &) = {v}, a nonnegative measure vy on F x sP and a

LY(L?(R?P "Y)-measure m on F x R such that the convergence
/’ X//
lim Tr[y,a®" = / doo(X, u) dv(X)
;1168(; R2D\F |(x”, X7)]
—

+/ aoo(X, @) dv(1)(X, )
FxSD/+2D"—1

+Tr[/ a(X,x',z,D;) dm(X,x/)]
FxRD’

2
holds for alla € Sg”.

Remark A.2. With this scaling and when a-"=a% (x,hD)=a(x,h D)+ O(h),
t = 0, Fermanian Kammerer [2005] checked the equivariance by the semiclassical
Egorov theorem. Hence, this construction is naturally extended to the case when
T*RP is replaced by T*M and F is replaced by a submanifold of T*R? on
which the symplectic form has constant rank.

In Proposition 3.5 we use the simple case of the above result when D’ = D" =0
and D” = D. Note that in this case F x RP" = {0} and the trace-class-valued
measure is nothing but a trace-class operator ).

Appendix B. Wigner measures in the bosonic case and condition (PI)

Bosonic mean-field analysis is like semiclassical analysis in infinite dimension.
Let 2 be a separable complex Hilbert space and 'y (2°) be the associated bosonic
Fock space. With the scaled CCR relations

[a+(g)7aj-(f)] = 8<g7 f)’ [a+(g)7a+(f)] = [ai(g)’aj-(f)] =0
and after setting

ay(f)+ai(f)
NG )
mean-field Wigner measures were introduced in [Ammari and Nier 2008]. Actually
the parameter £ ~! represents the typical number of particles. Let (0g)ses, 0 € €, be
a family of normal states (normalized nonnegative trace-class operators) in ' (Z).
Under the sole uniform estimate Tr[og(1 + N)®] < Cs for some § > 0, Wigner
measures are defined as Borel probability measures on & and characterized by

their characteristic function as follows: u € M(gs, € € £) if and only if there exists
&' c &, 0ef& such that,

(f) = W(f)=e M, (28)

forall f € %, lim TrlosW (V27 f)] =/ 2TRALD) qiu(z). (29)
geg’ 3

e—0



QUANTUM MEAN-FIELD ASYMPTOTICS AND MULTISCALE ANALYSIS 263

Assuming TI'[QEN_]f_] < Ck for all k € N (or as in Hypothesis 4.1, Tr[pse¢N+] < C),
M(ge, € € ) = {0} implies

lim Trfoe5 "] = / (@7, hz®P) dyu(2) (30)
E—> 3

holds for all compact be L™ (S _Ii 2®P)_ In particular with the definition of non-
normalized reduced density matrices we obtain,

forall p e N, hm y(p) = y / |28P)(z®P| du(z).

This w*-limit can be transformed to a || || -1 if and only if the restriction to compact
b in (30) can be refnoved. It actually suffices to check that (30) holds for b €
L (8_1; Z®P)and b = IdSi »®p, as shows the following result.

Proposition B.1. For a family (0¢)sce in L1 (H), 0€&, such that 0z >0, Tr[os] =1,
Mo, € € E) = {u}, the conditions (P1) and (P) are equivalent:

|:(PI) . foralla €N, lirr%) Trloe N*] = f 1212* du(z) < oo:|
e— P

= [(P): forall b € Pug(%),  lim Tr[oeh™iK] = / bdu],
e—> o
where
Ppa(Z)=1{b:Z 52> b(z) = (%9, bz®P) e C: b € £L(ST #®P; 81 #®9)},

We give below the proof, which rectifies a minor mistake in [Ammari and Nier
2011].

Proof. For a € N*, we have (|z]2*)Vik = N(N —¢)--- (N — (o — 1)¢). Hence the
condition (PI) is equivalent to

(Pl) : foralla € N, lim Tr[o(|z|*?*)VK] = / |212% du(z) < oo.
e—>0 ¥

Hence the condition (PI) is a particular case of (P) and it is sufficient to prove
(PI)’ = (P). From now, assume (PI)’.

We want to prove (P) for a general b € Py (2) = EB;lgq en Pp,g(Z). Let us first
consider the “diagonal” case b € Pp, »(Z), p € N* Using the decomposition b=
bR +—bR +lb1 +—1b1 _ with all the b, > 0 we can assume b > 0. For such a b,
there exists a nondecreasing sequence (bn )n>0 of nonnegative compact operators

in L2(S f_ 2)®P such that lim,, s, b, = b in the weak operator topology. Recall
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from [Ammari and Nier 2011, Proposition 2.9] that the convergence in the (P)
condition always holds when the kernel b is compact; thus,

foralln e N, / by dpe = lim Tr[o, b,\,ViCk] < lim inf Trfos b™K].
z e—>0 e—0

Using by (z) = (z®7, l;nz®1’) — (z®P, Z;Z®p) =b(z) as n — oo and Fatou’s lemma
yield

b dp < liminf Tr[ogb V). (31)
¥ e—>0

The same arguments with b replaced by b|p, ,1d b x®r —b>0 provide
lim inf Trloe (1B] 57 2227 — b(2)) V] = / (1bls? z@n)21?? = b(2)) dpu(2).
e—>0 + +
With (PI)’ condition, the |z|?? terms can be removed on both sides and thus

lim sup Trfosb"'K] < / bdu. (32)

e—>0

The inequalities (31) and (32) show that the convergence in the (P) condition holds
for all b € Py, (%) such that b > 0, and hence for all b € P, ,(Z).

We now consider the general case b € P, ,(Z). There exists a sequence of
compact operators by € L°(S _1; F®r, Si 2®4) such that,

forallneN, |balp, , = |5n|c(sj’ry®",siy®4) = |5|L(5J’;;f®",sif®q) =1blp, 4
and,
forallze 2, lim by(z) = lim (z®, b,z®P) = (z®9, hz®P) = b(z2).
n—00 n—>0o0

For any fixed n € N,

Trloeb ™) /f b(2) dp(2)

lim sup
e—0

bWick _ br\;\’ick)] ‘

o} [ bndu'+ [ 1ba=blau. 63

<lim sup|Tr[Qe(
e—0
+ lim sup

e—>0

where the second term of the right-hand side vanishes because by is a fixed compact
operator. Using the Cauchy—Schwarz inequality with Tr[o.] = 1 gives

‘TI‘[QS (bWiCk _ b,\,lViCk)] | < Tr[QS (bWiCk _ b’\;ViCk) (bWiCk,* _ b’\;ViCk,*)] % )

From the proved result when p = g, we deduce
1

. . 2
imsupftr, 0"~y <[ [ 1o-.Pan] o
0 z

E—>
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With [, |z|"PF9 dju(z) < oo and,
foralln e N, forallze 2, |b(z)—buy(z)|" < (2|b|pp,q)'|z|’(1’+‘1),

Lebesgue’s convergence theorem yields

lim / b —bu|" dp =0 (35)
<

n—00

for r € {1,2}. Combining (33), (34) and (35) proves (P) for any b € Pp 4(2). O

Appendix C. The composition formula of Wick quantized operators

We give an algebraic proof for the composition formula (4) of two Wick quantized
operators on a finite- or infinite-dimensional separable complex Hilbert space % .
This proof holds in both the bosonic and fermionic cases. It uses only the definition
of the Wick quantization, and it involves neither creation and annihilation operators,
nor the canonical commutation or anticommutation relations.

We define [[m,n] := {m,...,n} for m <n € N. The action of the symmetric
group Sy ) on product vectors in ZO 5 (21 Q®2y) =Zo; -+ ® Zg,,
z; € Z, is extended to 2 ®” by linearity and density. With this notation,

1
Si=; Z st(o)o -.
" S1.n1

We begin with a preliminary lemma on a special set of permutations.

Lemma C.1. Let k, p,q, K € N such that k € [max{0, p + ¢ — K}, min{p, ¢}],
and

S(k) :={o € Sk ‘ card(o([p—k + 1, p—k +q) N[L. p]l) = k}.
(1) The cardinal of S(k) is

card S (k) = (Z)(i)k!((g__é]):_(f:lf)))!!.

(2) Any permutation o € S(k) can be factorized as 60 = ocWe@eB @ ywhere

oWedp,p 0¥ €Skt pkra

0 € Sppi1ky. W € SN —k+1.p-k+aT.
Note that:
e There is no uniqueness of such a decomposition.

e For A C B an element of &4 is identified with the corresponding element of
Gp which is the identity on B \ A.

¢ The permutations o and 6@ commute, and so do 6@ and .
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Proof. (1) We count the number of permutations in & (k). We first choose k in-
tegers out of [p —k + 1, p —k + ¢] and k integers out of [[1, p]]. There are
(#)(2) such possible choices and k! possible permutations for each of these choices.
Then the remaining ¢ — k 1ntegers of [p —k + 1, p—k + ¢q] have to be sent in
[p + 1, K]. There are (¢ — k)'( ) possibilities for that. In the same way we

have (p — k)'(llf q) possibilities for the remaining integers of [1, p] that come
from [I, K[\ [p—k +1,p—k + ¢q]. Finally the K —k — (¢ — k) — (p — k)
remaining integers on both sides can be permuted in (K —¢q — p + k)! different
ways, so that

card S(k) = (Z)(i)k! (g —k)! (I;__,f)(p—k)! (f:g)(K—q —p+k)!
and this gives the result.

) Let A=0~Y([1, pD)N[p—k +1, p—k +q]. There exists 0P e Sy k11, p—k+4]
such that 63 (4) = [p —k + 1, p]. Then

oo [p—k+1, p) = o(4) [, p].

Hence there exists (1) e &1, pp such that oW (H)=00®"1(j)on[[p—k+1, p].
Similarly, there exists o® ¢ S(p+1,k7 such that 0(2)(j) = 00(3)_1(j) on
[p+ 1, p —k +q]. Note that oD and 0® commute. Finally, we set 0¥ =
o @~15M=15503)=1 By construction, 0¥ (j) = j for j € [p—k +1, p—k +4],
hence 0¥ € S1,KN\[p—k+1,p—k+q] and 0 = ocWg@ 5B s® (a5 6@ and 6@
commute). O

Notation 1. On £(2®?; 2®4), the equivalence relation = is defined by
Ax=B < SiAsy" =581 BsSh"
Lemma C.2. Let by € £L(SY 2®Pi;SY #®4/) and n; such that ny + p1 = n» +
q2 =: K. Then
(b1 @ 1d®")SE*5K (b, ® 1d%2)

I’lz n1
= ) ()P0 S (b hy) @ 108K,
k

where k € [max{0, p1 + g2 — K}, min{p1,¢2}],and K' = K —q> — p1 + k.
Proof. Using the partition &y g = | | é(k) into subsets

S(k) := {0 € S k] | card(a([1. g2I) N [1. p1]l) = k}
for k € [max{0, p1 +¢>» — K}, min{p1 g2 }] yields

(b1@1d®"1) 5K+ sK (52®1d®”2)— Z > (51®1d®™")5£(6)5- (b ®1d®™2).
k 5eB(k)
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We fix k and 6 € (‘~5(k). A cyclic permutation 7, := (123 --- r) acting on Z®”
defines the shift operator 7, - = (123 ---r)- and then 0 :=G rllé_p‘ is in S(k)
(with p = p; and ¢ = ¢2) and

~ ~\ ~ —k k k
G118 )5 @) 5 o T (o™ P e
~ (51®Id®n1)s:}:(0‘)0‘-(:l:l)K(k_pl)(Id®p1_k®b2®ld®K )(:I:l)(p2+”2)(k_p1)

o (+1)EHP2+m) =P (), @1d®" )54 (0)0- (1d®7 % @b, R1A®K")
holds for operators in £(2®91171; g®P2112) We ysed
~ k— - _
54(0) = 52 (6)52 (g P1) = s4(5) (£ )KE=PD
and
(<21 —k 2) Osiz-i-nz = (:}:1)(172+n2)(p1—k)8i2+n2.

P2+n2

Owing to the factorization o = ocWe@ G e of Lemma C.1 with 0 Do +D =
o0+ De® for i e {1,3}, we get

(b1®1d®" )51 (0)o- (1d®7' ¥ b, ®1d®K")
~ (51 ®Id®nl)szt (0)(0(1)0(2)0—(3)0—(4)), (Id®P1_k ®52®Id®K/)
~ 54(0)((by oM. )®Id®”‘ o®@. ) o@. (Id®p‘_k®(a(3)- 52)®Id®K/)

= 51(0)(b154£(0 M) @5+ (6P)1d®" )54 (6W) 148?71 * @54 (6P) b, R1d®K")

Il

(bl ®Id®n1) (Id®1)1 —k ®b2®ld®K )

lle

[(b1 ®1d®92~%)(1d®P1 % © )| @1d®K

| | —1 B _ ,
((pf)i}c)! (qji}c)!) (b11*b2) @1d®K".

We conclude with the first statement of Lemma C.1 which counts the terms in
Z&eé(k) because card(S(k)) = card(S(k)). O

[

Proof of Proposition 2.2. For ny,n, such that ny + p; = ny 4+ g» =: K, using
Lemma C.2,

_prita1+protar
2

e leckbéVlck }

"2+”2g®n2+ﬂ2

_ VK!(n1+q1)! V(n2+ p2)! K!
I’ll! l/lz!

X Sil +n (51 ® Id®n1)5i' +n1,*8i2+612 (52 ® Id®n2)$i2+nz,*
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_Z(il)(Pz-H]z)(k Pl)\/(n1+‘]1)'(”2+P2)!K! natng!
nilny! K''K!'k!

. Sil +ny ((51 Hkgz) ® Id®K’)Si2+n2,*

= Z(il)(l’2+q2)(k—1)l) V@ +q1—k+K') (p2+ p1 —k + K')!
B K'"k!

841+”1 ((blttkbz) ® Id®K )Sp2+n23 :

k

where K’ := K —q> — p1 + k.
With py +n2 = po + p1 —k + K’ and g1 +n1 = g2 + q1 —k + K’, we thus
obtain the equality of operators

leckawk Z(:I:l)(p2+q2)(k ) & (blnk )chk
k

restricted to 8;1:2_"1’ 2 p®natp2, 0

Appendix D. A general formula for Tr[I'1(C)]

The following result about traces of the second quantized operator '+ (C) is often
presented for self-adjoint trace-class operators, although it is valid without self-
adjointness. We recall here the general version for the sake of completeness. It
relies on a simple holomorphy argument and can be compared with Lidskii’s theo-
rem, which says that for any trace-class operator 7', we have Tr[7] = > _; ey A-

Lemma D.1. For any trace-class operator C € L1(%) (which is assumed to be a
strict contraction in the bosonic case, £ = +), its second quantized version 'y (C)
is trace-class in 'L (%) and

Tr[['+(C)] = exp(F Tr[log(1 F C))).

Proof. When C = C* € £1(%) using an orthonormal basis of eigenvectors (e,)nen
in 2 with the corresponding eigenvalues (1,),en, and

T4(2) = Q) T+(Cen),
neN

(the infinite tensor product of Hilbert spaces with a stabilizing sequence u, = 2,
with Q, € I'1 (Cey) the vacuum vector), we obtain

e in the bosonic case with |C| < 1,

T (€)= [T 1 Guae)) = [ =5 = exp = X tog1 = 2)

neN neN nenN

= exp(— Tr[log(1 - C)]),
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¢ in the fermionic case,

Tl (C)] = [ [ TeT-(Anlde)] = [ [ (1 + An) = exp (+ > log(1+ )L,,))

nenN nenN nenN

= exp(Tr[log(1 + C))).

The functoriality of I'y for the polar decomposition C = U |C|is given by 'L (C) =
I+ (U)T'+(|CY), while |C| <1 < |||C]||| <1 in the bosonic case. Hence '+ (C)
is trace-class when C € £1(2) (and ||C|| < 1 in the bosonic case).

Set C = £1(2) in the fermionic case and C = L1(2)N{C € L(Z):|C|| < 1} in
the bosonic case. In both cases C is an open convex set on which the two sides of
the equality are holomorphic functions. Actually the holomorphy of the left-hand
side comes from series expansion

Tr[+(C)] = Y TrSLC® S},

n=0

which converges uniformly in
B(Co.8¢,) ={C € LYZ) : |IC = Collz1(») < 8o}

for §¢, > 0 small enough, for any Co € £!(Z) (satisfying additionally ||Co| < 1 in
the bosonic case). Actually the estimate ||C||z1(4) < 4 (and ||C| < o with o <1
in the bosonic case) implies |[[C ||| z1(#) < A4 (and |[|C||| < ¢ in the bosonic case).
Now the inequality

| Te[S CE" S| < Te[SEIC|®" ST,

and the formula in the self-adjoint case with

o0
Z Tr[S" |C|®"S™*] < exp(A) (fermions)
n=0
or

> A
Z Te[S|C|®" ST < exp(l—) (bosons),
-0

n=0

ensures the uniform convergence of the series.

For any C € C, we know C and Re C = %(C + C*) belong to C so that C(s) =
Re C + isImC belongs to C when s € wg = (—§,8) + i(—6,8) and when s €
w1 =(1-6,1438)+i(=6,6) for § > 0 small enough. By the convexity of C, we
have C(s) e C forall s e w = (=6, 1 +8) +i(=6,8). When s € i(—6,8), C(s) is
self-adjoint and the equality holds. The holomorphy of both sides with respect to
s € w implies that the equality holds true for all s € w, in particular when s = 1. [
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