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of the three dimensional Navier—-Stokes equations

Jean-Yves Chemin and Isabelle Gallagher

The purpose of this article is to establish bounds from below for the life span
of regular solutions to the incompressible Navier—Stokes system, which involve
norms not only of the initial data, but also of nonlinear functions of the initial
data. We provide examples showing that those bounds are significant improve-
ments to the one provided by the classical fixed point argument. One of the
important ingredients is the use of a scale-invariant energy estimate.

1. Introduction

In this article our aim is to give bounds from below for the life span of solutions
to the incompressible Navier—Stokes system in the whole space R3. We are not
interested here in the regularity of the initial data: we focus on obtaining bounds
from below for the life span associated with regular initial data. Here regular means
that the initial data belongs to the intersection of all Sobolev spaces of nonnegative
index. Thus all the solutions we consider are regular ones, as long as they exist.
Let us recall the incompressible Navier—Stokes system, together with some of
its basic features. The incompressible Navier—Stokes system is the following:
diu—Au+u-Vu =—-Vp,
(NS)
divu =0 and wuj=9=uo,
where u is a three dimensional, time-dependent vector field and p is the pressure,
determined by the incompressibility condition divu = 0:

—Ap =divu-Vu) = Y 0;0;u'u’).
1<i,j<3
This system has two fundamental properties related to its physical origin:
e scaling invariance,

e dissipation of kinetic energy.
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The scaling property is the fact that if a function u satisfies (NS) on a time
interval [0, T'] with the initial data u¢, then the function u ) defined by

uy (7, x) & Au(r?e, Ax)

satisfies (NS) on the time interval [0, A~2T] with the initial data Aug(A -). This
property is far from being a characteristic property of the system (NS). It is indeed
satisfied by all systems of the form

du—Au+ Qu,u)=0 with Q' (u,u)¥ Z A;.’k(D)(ujuk),

(GNS) <) h<3

Ujt=0 = U0,
where the A; (D) are smooth homogeneous Fourier multipliers of order 1. Indeed
denoting by P the projection onto divergence free vector fields
PEId—(3;0,A7")y;.
the Navier—Stokes system takes the form

oiu—Au+Pdiviu ®u) =0,

which is of the type (GNS). For this class of systems, the following result holds.
The definition of homogeneous Sobolev spaces H?* is recalled in the Appendix.

Proposition 1.1. Let uy be a regular three-dimensional vector field. A positive
time T exists such that a unique regular solution to (GNS) exists on [0, T]. Let

T*(ug) be the maximal time of existence of this regular solution. Then, for any y

in the interval ]O, %[, a constant ¢y exists such that

T* wo) = eylluoll 7, - (1)

W= NI

In the case when y = % for the particular case of (NS), this type of result goes
back to the seminal work of J. Leray [1934]. Let us point out that the same type
of result can be proved for the L3+67/(1=2¥) norm,

Proof. This result is obtained by a scaling argument. Let us define the following
function

T oy, (1) & inf{T* o) [ ol 110, =7

We assume that at least one smooth initial data u¢ develops singularities, which
means exactly that 7* (u¢) is finite. Let us mention that this lower bound is in fact
a minimum (see [Poulon 2015]). Actually the function —TH may be computed
using a scaling argument. Observe that

Loy

L L
ol 142y =7 = llr 2 uo(r 2|l 140, = 1.
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_1 _L 1 .
As we have T*(uo) = r v T*(r~27ug(r~2v-)), we infer that IH%HV(}’) =

r_?IH%Hy (1) and thus that

|—

with ¢, @IH%HV(]) .

. -
>
T (o) Z eyfuoll .y 1,

o=

The proposition is proved. O

Now let us investigate the optimality of such a result, in particular concerning the
norm appearing in the lower bound (1). Useful results and definitions concerning
Besov spaces are recalled in the Appendix; the Besov norms of particular interest
in this text are the Bc:ol,z norm which is given by

1

def A2 2
o = ! dt
||¢1||Bool,2 (/0 e’ a7 oo )

and the Besov norms B_’_ for o0 > 0, which are

def

. A
Il s, < suprE e 2allzoe.

t

It has been known since [Fujita and Kato 1964] that a smooth initial data in H 2
(corresponding of course to the limit case y = 0 in Proposition 1.1) generates a
smooth solution for some time 7" > 0. Let us point out that in dimension 3, the
following inequality holds

allz-1 Zlal . 1.

lall g1, < lall ;3
The norms Bo_o‘foo are the smallest norms invariant by translation and having a

given scaling. More precisely, we have the following result:

Proposition 1.2 [Meyer 1997, Lemma 9]. Let d > 1 and let (E, | -|g) be a
normed space continuously included in S’(Rd), the space of tempered distributions
on RY. Assume that E is stable by translation and by dilation, and that a constant
Co exists such that

Y(A,e) €]0, 00[ x [R{d, VaeE, l|laA-—e)|lg <CorA %alE .
Then a constant Cy exists such that

VYa € E, ”a”Bo_oofoo <Cilale.

Proof. Let us simply observe that, as E is continuously included in &’ (R), a
constant C exists such that for all ¢ in E,

—1.12
{a,e ") < CllallE .
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Then by invariance by translation and dilation of E, we infer immediately that
g
le*®allzoe < C1i7% |la k.
which proves the proposition. O

Now let us state a first improvement to Proposition 1.1 where the life span is
bounded from below in terms of the B;},;ZV norm of the initial data.

Theorem 1.3. With the notation of Proposition 1.1, for any vy in the interval ]0, %[
a constant c;, exists such that

-1
T™(uo) = Tep(1to) = ¢ Juoll 171, - @

This theorem is proved in Section 2; the proof relies on a fixed point theorem
in a space included in the space of L? in time functions, with values in L.

Let us also recall that if a scaling 0 norm of a regular initial data is small, then
the solution of (NS) associated with 1 is global. This a consequence of the Koch
and Tataru theorem [2001], which can be translated as follows in the context of
smooth solutions.

Theorem 1.4. A constant cq exists such that for any regular initial data ug satisfy-

ing
1 1 R? %
def ES
oot % sup 3 2o oe + ( sup L f e Bug ()2 dy dr)
1>0 xer? R° Jo JB(x.R)
R>0

= Co,
the associate solution of (GNS) is globally regular.

Let us remark that

ol st = Intollpygot < ol =t .

We shall explain in Section 2 how to deduce Theorem 1.4 from the Koch and
Tataru theorem [2001].

The previous results are valid for the whole class of systems (GNS). Now let
us present the second main feature of the incompressible Navier—Stokes system,
which is not shared by all systems under the form (GNS) as it relies on a spe-
cial structure of the nonlinear term (which must be skew-symmetric in L2): the
dissipation estimate for the kinetic energy. For regular solutions of (NS) it holds
that

|

||”(t)||i2 + ||Vu([)||12Jz =0,

| —
QU

t
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which gives by integration in time

t
vt >0, E(u(l))@%llu(t)llifr/o IVu(@)ll 2 di’ = 3lluolZ>-  (3)

T. Tao [2016] pointed out that the energy estimate is not enough to prevent possible
singularities from appearing. Our purpose here is to investigate if this energy esti-
mate can improve the lower bound (2) on the life span for regular initial data. We
recall indeed that for smooth initial data, all Leray solutions — meaning solutions
in the sense of distributions satisfying the energy inequality

E(u@)) < %lluol?> 4)

coincide with the smooth solution as long as the latter exists.
What we shall use here is a rescaled version of the energy dissipation inequality

in the spirit of [Chemin and Planchon 2012], on the fluctuation w def ) — ur, with

up(t) & ey,

Proposition 1.5. Let u be a regular solution of (NS) associated with some initial
data ug. Then the fluctuation w satisfies, for any positive t

w(z) ! w@)IZ,
e(“P)+ [T ar s ool

[% t'2

o0
with O & [ 14 [P Vi) 0] dr.
0

Our main result is then the following:

Theorem 1.6. There is a constant C > 0 such that the following holds. For any
regular initial data of (NS),

T*(uo) > Ti(uo), ©)
where
(¥ —_ _2
Ti(uo) & COD 2 (Idauoll”_; O+ VOLOL) ™ exp(—4lluoll§_ ).

with Q1 4 / T B3RP Vun) )| dr

The main two features of this result are that:

e the statement involves nonlinear quantities associated with the initial data,
namely norms of P(ur - Vur);

* one particular (arbitrary) direction plays a specific role.

This theorem is proved in Section 4.



278 JEAN-YVES CHEMIN AND ISABELLE GALLAGHER

The following theorem shows that the lower bound on 7*(u¢) in Theorem 1.6
is, for some classes of initial data, a significant improvement.

Theorem 1.7. Let (y, n) be in ]O, %[ x 10, 1[. There is a constant C and a family
(10,e)ee)0,1[ Of regular initial data such that, with the notation of Theorems 1.3
and 1.6,

Trp(uo,e) = C&?|log 8|_% and Ty (uoe) > Ce™ 21,

This theorem is proved in Section 5. The family (u0,¢)¢e0,1[ is closely related
to the family used in [Chemin and Gallagher 2009] to exhibit families of initial
data which do not obey the hypothesis of the Koch and Tataru theorem and which
nevertheless generate global smooth solutions. However it is too large to satisfy
the assumptions of Theorem 2 in [Chemin and Gallagher 2009] so it is not known
if the associated solution is global.

In the following we shall denote by C a constant which may change from line
to line, and we shall sometimes write A < B for A < CB.

2. Proof of Theorem 1.3

Let up be a smooth vector field and let us solve (GNS) by means of a fixed point
method. We define the bilinear operator B by

0¢ B(u,v) = AB(u,v) = —3(Q(,v) + Q(v.u)), and  B(u,v)|r=0 = 0. (6)
One can decompose the solution u to (GNS) into
u=uy+ B(u,u).

Resorting to the Littlewood—Paley decomposition defined in the Appendix, let us
define for any real number y and any time 7" > 0, the quantity

Ifllgy & sup 277U (A; f | oo qo,rixwy + 22 1A £ L1 o, 73100 2y -
J€
Using Lemma 2.1 of [Chemin 1999] it is easy to see that
il gz, S ol g2

so Theorem 1.3 will follow from the fact that B maps E ; X E % into £ %’1 with the
following estimate:

1B v) gy < Cy T lull gz l1v] 3. ™)

So let us prove (7). Using again Lemma 2.1 of [Chemin 1999] along with the fact
that the A;{ (D) are smooth homogeneous Fourier multipliers of order 1, we have

t 2j@—t"y _; ’ / / l l
||A,-B(u,v)(r)||mos/0 eI A () @ v (") +o(t ) u(t')) | oo d1.
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We then decompose (componentwise) the product u ® v following Bony’s para-
product algorithm: for all functions a and b the support of the Fourier transform
of Sjsy1aA ;b and S;bAja is included in a ball 27" B where B is a fixed ball
of R3, so one can write for some fixed constant ¢ > 0

ab = Z (Sj/.HaAj/b + Aj/aSj/b),
27 >¢c27
so thanks to Young’s inequality in time one can write
2772 (| A B(u, ) || oo qo.r1x?y + 2% 1A B, V)| L1 (0. 77200 @3)))
< B u.v) + BXu.v), (8)
with
Biuw ) E227 YISl Lo o, 71xm) | AVl L o, 71 oo )
2-//Zmax{02-i,T_%}

+2%Y Z 1Sj7+ 10l oo o, T1xR3) 187V | L1 ([0, 7 Loo (R3)) »

o )
€2/ <2/ <T™2

B (u,v) & 227 Z [1Sj7v oo q0,71xr3) | Aj |l L1 ([0, 77; Lo (R3Y)

. . 1
2/’ >max{c2/, T~ 2}

+2%7 N 1Sl qo,rixrn | Al qo, 7o @3y

. . 1
€2/ <2/ <T~2
. ./ _L .
In each of the sums over ¢2/ <2/ < T2 we write

I/ L1 qo,71:L00®3)) < T .f | Lo o, T7xR3)

and we can estimate the two terms B} (u,v) and sz (u,v) in the same way: for
£ € {1, 2} it holds that

B, v) < ul gy o g (22” ) D
2j/2max{62j,T_%}
+ T22j(1—)/) Z 22(j/—j)(1—2)/))

. . 1
c<2/'—i<(22/T)" 2

< ”””E% ”U”E% (TV + T722i(1=y) Z 220 —j)(l—ZV)).

Lo . ]
c<2//=/<(22/T)" 2
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Once it is noticed that
T722/(1=y) Z 220" =/))(1=2y) < 1{22/T5C}(T22j)y2_2jy <T7,
c<2/'—J <(227 T)fé

the estimate (7) is proved and Theorem 1.3 follows. O

3. Proof of Theorem 1.4

As the solutions given by the Fujita and Kato theorem [1964] and the Koch and
Tataru theorem [2001] are unique in their own class, they are unique in the intersec-
tion and thus coincide as long as the Fujita—Kato solution exists. Thus Theorem 1.4
is a question of propagation of regularity, which is provided by the following lemma
(which proves the theorem).

Lemma 3.1. A constant cg exists which satisfies the following. Let u be a regular
solution of (GNS) on [0, T'[ associated with a regular initial data uo such that
: 1
lellk & sup 22 u(t)l|zee < co.
telo,T[
Then T*(ug) > T.

Proof. The proof is based on a paralinearization argument (see [Chemin 1999]).
Observe that for any T less than 7*(ug), u is a solution on [0, T'[ of the linear
equation

d;v—Av+ Q(u,v) =0,
(PGNS)

with  Q(u,v) def Z O(Sj+1u, Ajv) + Z O(Ajv, Sju).
jez jez
In the same spirit as (6), let us define PB(u, v) by
d;PB(u,v) — APB(u,v) = —Q(u,v) and PB(u,v)|t=¢ =0. )
A solution of (PGNY) is a solution of
v =1ur +PB(u,v).

Let us introduce the space Fr of continuous functions with values in H %, which
are elements of L4([0, T]; H'), equipped with the norm

1

. 2
vl & (Z 2! ”AJ””iw([o,T{;m)) HlvlLaqoreay
JjE€Z
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Notice that the first part of the norm was introduced in [Chemin and Lerner 1995]

. .. -1 .
and is a larger norm than the supremum in time of the H2 norm. Moreover it
holds that

<
el < ol ;-
Let us temporarily assume the following inequality:

IPB(u, v)l|F7 < llullxllvliFy - (10)

Then it is obvious that if ||u||g is small enough for some time [0, T'[, the linear
equation (PGNS) has a unique solution in F7 (in the distribution sense) which
satisfies in particular, if cg is small enough,

lvllFr = Clluoll ;4 + vl Fp-
As u is a regular solution of (PGNS), it therefore satisfies
Vi <T, ||u||L4([O,t];H1) = 2C||u0”1_~1%1

which implies that 7* (ug) > T, so the lemma is proved provided we prove inequal-
ity (10).
Let us observe that for any j in Z,

0:AjPB(u,v) —AA;PB(u,v) = —A;Q(u,v). (11)
By definition of Q, we have

|A; Q. v)(®)] .2
<> Y (1A AL (DY(Sjrr1uBjv)llpz + (| A AL (D) (AjvSju)] p2).
J'€Z 1<i,k,£<3

As the AZ (D) are smooth homogeneous Fourier multipliers of order 1, we infer
that for some fixed nonnegative integer Ng

[4;Qu, v)(®)| L2
S22 3 (ISiu@ A @) L2 + 1A Sju(@)ll2)
J'=Jj—No
<22 Y (IS ru@llzeolA v @)llgz + 1A 0|2 [1Sju(@) ]| o)

J'=Jj—No

SV u@llizee Y 1A 0@ 2.

J'=j—No
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Using relation (11) and the definition of the norm on F7, we infer that

t .
18/PB 0Ol = [ 1A, Q0 v) )2 dr
0

t .
<2 / P (e S Al g2 de’
0

J'=Jj—No
. t
i _i —en2i ey 1
<Vlullklvle, Y ¢27 / —c22 t)ﬁd’/’
0

J'=j—No

where (cj);ez denotes a generic element of the sphere of £2(Z). Thus we have, for
all ¢ less than T,

. g t . . , 1
22| A;PBu.v) ()2 S lullkllvliey Y c,-fz—’zf/ 2 g2 =) ___ gy,

j'2j—=No 0 g
s . _i'=i
Thanks to Young’s inequality, we have Z cjr27 2 < cj and we deduce that
J'=Jj—No

. t
J i 2] (f—1t/ 1
22||AjPB<u,v)(z>||LzSc,-nunKnvnFT/ 27~ —_ar . (12)
0 \/t_

As we have

t . t
/ 2je—0221(l—l/)i d[/ </ #L dt/,
0 N 0o Nt—t' V1
we infer finally that
> 2 1APBG, )1 o o, 7722y S IRV, (13)
JE€Z
Moreover returning to inequality (12), we have

t 3j 2j n 1
276—C2 J(t—t )_ dt,
J 7

27| A;PB(u, v) L go.73:2) S 5 lullk vl :
LART)

The Hardy-Littlewood—Sobolev inequality implies that
t o3 2 1
276—62 -ty _~ d[/
) 7
Since thanks to the Minkowski inequality we have

IPBGL)IIZ 4 g0 iy < 2 27 I8 PB@. )1 ato 71:1.2):
jez

< 1.

~

LARY)

and together with inequality (13) this concludes the proof of inequality (10) and
thus the proof of Lemma 3.1. O
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4. Proof of Theorem 1.6

The plan of the proof of Theorem 1.6 is the following: as previously we look for
the solution of (NS) in the form

u=uy+w,

where we recall that uy (1) = e’ Auo. Moreover we recall that the solution u satisfies
the energy inequality (4). By construction, the fluctuation w satisfies

(NSF) d;w—Aw+ (ur +w)-Vw + w-Vuy = —up-Vur —Vp, divw =0.

Let us prove that the life span of w satisfies the lower bound (5). The first step
of the proof consists in proving Proposition 1.5, stated in the introduction. This
is achieved in Section 4A. The next step is the proof of a similar energy estimate
on d3w — that contrary to the scaled energy estimate of Proposition 1.5, the next
result is useful in general only locally in time. It is proved in Section 4B.

Proposition 4.1. With the notation of Proposition 1.5 and Theorem 1.6, the fluctu-
ation w satisfies the following estimate:
E(dzw)(1)
1
<02t s Iaswlf + ool ) +VOTOL ) expCluoll )
t'€(0,t Boo oo h

Combining both propositions, one can conclude the proof of Theorem 1.6. This
is performed in Section 4C.

4A. The rescaled energy estimate on the fluctuation: proof of Proposition 1.5.
An L2 energy estimate on (NSF) gives

1d
Y12+ ||Vw<r>||iz
Z / w’/ d; uka(Z,x) dx — (P(ur - Vup)|w) (1) .
1<j,k<3

From this, after an integration by parts and using the fact that the divergence of w
is zero, we infer that

1i(llw(t)lliz) N lw®)7- N IVw®)I7,
2dt

t2 213 12
< Ol @z Vw@llzz | [P - VML)(I)“LZ”w(t)HLZ‘

1
12 t 2
Let us observe that

P V) Ol 0Ol _ 4o g o,

1
12 Z4
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Using a convexity inequality, we infer that

d (Ilw(t)lliz) N lw(®)l7. N IVw®)lI7

dr

1 3 1
12 2t2 t2
w2 e @OF e 1
< L= + 12 [lup(t) - Vur (0|2
t

N

Thus we deduce that

d (w0l co
z(t—L exp(— | )1 ))

t 2. v 2
T R [ e

3
2t2 12

t
< exp(— / e ()2 dr/)ri IPGus.- V) (1)
0

from which we infer by the definition of the BO_OIJ norm and of QE that

vVt >0,

lwl7. (w7,  IVw®)l3,

e (PR T < o exp ol . 4
0 212 t'2 00.2

Proposition 1.5 follows. O

12

4B. Proof of Proposition 4.1. Now let us investigate the evolution of d3w in L2
Applying the partial differentiation d3 to (NSF), we get

0;03w — Adzw + (up + w) - Vozw + dzw - Vi,

=—d3uL-Vw—03w-Vw —w-Vasuy —dz(uL-Vur) — Vaisp. (15)
The difficult terms to estimate are those which do not contain explicitly d3w. So
let us define

(@) ¥ —(d3ur - Vw|dzw), .

() & (93 (ur - Vur)|93w) 5.

The third term is the easiest. By integration by parts and using the Cauchy—Schwarz
inequality along with (14) we have

(b) € —(w-Vdzur|dzw)2,

/Oo(c)(t) dt‘ = ‘/00/ O3 (P(ur - Vur)(t,x)) - w(t, x) dx dt
0 o Jr3

® 3 S0 w2, N\
5(/0 t2|}8§[l3>(uL-VuL)(z)Hizdt) (/0 TLdz)

= Vol ol exp(3lmoll}. ).
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Now let us estimate the contribution of (a) and (b). By integration by parts, we
get, thanks to the divergence free condition on up,

(a) = (I3uL @ w|Vzw),, and (b) = (w® d3ur|Vdzw)o.

The two terms can be estimated exactly in the same way since they are both of the
form

/w(t,x)83uL(t,x)V83w(t,x)dx.

R3

We have

'/ w(t, x)03up (¢, x)Vasw(t, x) dx
R3

< lw@) L2 [93uL(®) ||z [VIzw| L2
< 105/l VO3wl 7> + 100w ()17 193uL.() 7 oo

The first term will be absorbed by the Laplacian. The second term can be under-
stood as a source term. By time integration, we get indeed

T lw®)2,
tT“(z4||asuL(r)||Lm)2dr
2

T
/0 lw ()25 931 ()2 oo di < /0

o lw(®)|7-
=< ”33240”2_% /() t—ngt,
2

Boo,oo

so it follows, thanks to Proposition 1.5, that

T
[/ w(t, x)dsur(t,x)Vosw(t, x) dx dt
0 JR3

T
<1t [ 1903002 di + Cloanol s OFexp ol

BOO,OO

The contribution of the quadratic term in (15) is estimated as follows: Writing, for
any function a,

N =

falps ® ( [lates el dxidx)

we have by Holder’s inequality

/ dsw(t, x)-Vw(t, x)dsw(t, x)dx
R3

2
< 195012, s VWil oo 2

1 1
< [93w®)llL2[IVadzw @) || L2 [IVw Ol 1, V3w (@)l
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where we have used the inequalities

1 1 1 1
lallpoor2 S 03alif2llall;, and lall2ps < llaliz-lVealf, — (16)

with Vj, 4 (01, 02). The first inequality comes from
X3
lat i, =4 [ (@aaC2laC:2) 2
<1 [ 1saC Dl glat- Dl d=
R

< 193all2llal L2

.1
while the second simply comes from the embedding H,> C Lﬁ and an interpolation.
By Young’s inequality it follows that

'/ dsw(t, x)-Vw(t, x)dsw(t, x) dx
R3

< 156 IVaswl2, + CIVw(®) |12, 119:w ()12,

Vw2
ﬁnvazw(z)niﬁ( sup ||azw<t>||Lz) SALLlrEy

t’€[0,¢] t2

A

from which we infer by Proposition 1.5 that

'/ dsw(t, x)-Vw(t, x)dzw(t, x)dx
R3

< tho V0l + s s 152 )t QP exp ol
t’€[0,t

Finally, after an integration by parts we find

/83w(t,x)-VuL(t,x)83w(t,x)dx
R3

< 103wl L2lluc(®) |z [VIzw (@)l 2
< 105 /IVO3w @172 + ClIasw(@)|17 lur )17 oo,

so plugging all these estimates together we infer thanks to Gronwall’s inequality
that

T
sup [dsw() |25 + / IVasw(0)|2, di
t€[0,T] 0

1
s(ngﬁ sup [|dsw (), +1duoll” 5 OF + ¢QEQ&) exp (2ol )

t’€[0,z] Boooo

Proposition 4.1 is proved. O
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4C. End of the proof of Theorem 1.6.

4C1. Control of the fluctuation. To make notation lighter let us set

def
ML (0ol _3 O + V0101 ) exp(lluoll— ).
Proposition 4.1 provides the existence of a constant K such that the following a
priori estimate holds

T
sup 133w (0)]125 + f IVa3w()|2, di
t€[0,T] 0

1
<KTzZQ{ sup [|d3w(t)]}2explluol?_, )+ KM,.
t€[0,T] 00.2

Let T* be the maximal time of existence of u, hence of w, and recalling that
w(t =0) =0, set T} to be the maximal time 7 for which

sup (93w (0)|7, <2K M.
t€l0,T]

Then on [0, 7] it holds that
T 1
sup 33w (1)]72 +/ IVO3w()[|7 dt < 4K>T? QP M7 + KMy,
t€l[0,T] 0
1
< KMy (14+4K>T2 QP My).
This implies that

1 2
Ty > T, with T*déf(—) ,

8K20 My,
and on [0, T] it holds that
T
sup (|33 (0)]125 + / IVasw(n)|2, di < 3KMy. (17)
t€l0,T] 0

4C2. End of the proof of the theorem. Under the assumptions of Theorem 1.6 we
know that there exists a unique solution u to (NS) on some time interval [0, 7*],
which satisfies the energy estimate. Let us prove that this time interval contains
[0, T%]. Since the initial data 1o belongs to L2, we may assume that u is a global
Leray solution, meaning that

Vi>0, E(t)) < tluol?s. (18)

Moreover one clearly has

o0
sup | d3ur (1) [12 + / V3L (0)[125 di < |9310]12.
0

>0
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so together with (17) this implies that on [0, T%],

T
sup [dsw(o)]2, + / IVasu()|2, di < [0suolPs + My (19)
t€l[0,T] 0

Let us prove that these estimates provide a control on u in H! on [0, T]. After dif-
ferentiation of (NS) with respect to the horizontal variables and an energy estimate,
we get for any £ in {1, 2} and after an integration by parts

1d 2 2
g NI+ 190012 = = [ 00t ) -dgu (1) d
= ||u||L30LI‘1‘”V“(l)”LgLﬁ||a%”(t)||L2-

Similarly to (16) we have

X3
hull? oo < lull® ,15/ (@3u(- Du(-.2)) _ y dz < [93ull 2| Vol 2.
v h \(/X)th —00 Hh

so using (16) we infer that

'/ dg(u-Vu)-dpu(t,x)dx
R3

1 1 1 1
< Cll93u@I 2 IV ) [ 7o V(@) |25 1V Ve (0112, 11070 (1) | .2
< 1o IVVau(O)117 5 4+ C 193013 Va2 | Vu@)|[3 .
We obtain

d
EIIth(t)Iliz FIVV@)72 < 103ull7 I Vaul 2ol Vu @),

and Gronwall’s inequality implies that

t
19 ()25 + /0 19Vt 125 i’
t
< | Vhto |25 exp( /O ||a3u(z')||iz||Vu(z'>||12dr').

The fact that we control ||Vu||L%(L§) and ||83u||Ltoo(L%) thanks to (18) and (19)
implies that on [0, Tx] we have

T
1
S[llp | IVu(@)ll7 +/0 IV2u()]|7 > dt < |[Vuoll7 > exp(|luollz2 (K Myp)?).
tefo,T

This means that there is a unique, smooth solution at least on [0, Tx], completing
the proof of Theorem 1.6. O
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5. Comparison of both life spans: proof of Theorem 1.7

Let us introduce the notation
Je(x1,x2, x3) difCOS( ;)f(xl, j—é,x3),

where ¢ is a given number, assumed to be small, and « is a fixed parameter in the
open interval |0, 1[. We assume the initial data is given by the following expression

A
uO,s(x) = ?E(Ov Sa(_a3¢)87 (82¢)8)5 (20)
where ¢ is a smooth compactly supported function and the parameter Az > 1 will
be tuned later.
Let us recall that Lemma 3.1 of [Chemin and Gallagher 2009] claims in partic-
ular that

This implies that

-2
'0—01’2‘021’ S A{;‘g ]/’ ”uO’SHBo_ol,oo ~ |

|~ Ag,
2
(22)

D=

and ||03uoell ._3 < Ace2.

N

00,00

With the notation of Theorem 1.3 it therefore holds that

1
Trp(uoe) > Ce? A, 7.

tA

Let us now compute 71.(u¢,¢). Recalling that uy (t) = e’ “ug ¢, we can write

2
1q 1, .2a 1 A A g tA
uLaluL +uL82uL = (?8) e fset e,
2 ~
1a 2, 2a 2 A AZT tAx
up01ui +ujdouy = (?8) e'2 fre' 23,
where f, g, f , g are smooth compactly supported functions. Now let us estimate

® 1 tA tA |12
IZHe fee gEHdet.
0

for f and g given smooth compactly supported functions. We write

® dl‘
[ et et gl dr = [Tt fer b, 4

dz
[ (e full 0?3 e B ge )2,
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thanks to the Holder inequality. The Cauchy—Schwarz inequality and the definition
of Besov norms imply that

1 tA tA 2
/ e B fetB g2, di
0

1 1
® 3 adt\>( [%,,2 4dt?
5( fo (t511e™ felle) 7) ( /0 (c¥lle" 2 gells) 7)

2 2
<\ fell -3 | gell 3

Lo

By B,
It is easy to check that
3+a
Ifell 3 675,
Byi

so it follows (since P is a homogeneous Fourier multiplier of order 0) that
0P < A1 (23)

For the initial data (20), differentiations with respect to the vertical variable 93
have no real influence on the term uy (¢) - Vuy (¢). Indeed, we have

O3 (ur(t) - Vur(t)) = 03ur(t) - Vur(t) + 203ur(t) - 93 Vur () + ur(t) - 33 Vur(?),

and it is then obvious that 8% (ML(t) . VuL(t)) is a sum of term of the type

A 2
<?s) etAfgetAgg-

Then following the lines used to estimate the term Qg, we write

* 3 tA A 2
/ 3¢ fueB g2, di
0

1 1
® s dt\2( [*, s dr\2?
<([TeRrers not F) ([T ettt )

2 2
<1l _gllgel® s
By B, 4

It is easy to check that

54+«o

1fell 5 Se75°
B4

so it follows that
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Together with (22) and (23), we infer that

0L (Idsuoll” 3 QP+ VOLOL) exp@luolf_ )
< A% 1 (A8 + A2e®) exp(CoA2)
< A0g227 1 exp(CoA2)

because A, is larger than 1. Let us choose some « in ]0, [ and then

Adéf( Co );.
¢ —«loge

Then with the notation of Theorem 1.6 we have
TL — CA—2082(1—2(¥+K)
R .
Let us choose «’ in |k, n[. By definition of A, we get that
T, > C82(1_2a+x/).

Choosing @ = 1 — (7 —«”)/4 concludes the proof of Theorem 1.7. O

Appendix: A Littlewood—Paley toolbox

Let us recall some well-known results on Littlewood—Paley theory (see for instance
[Bahouri et al. 2011] for more details).

Definition A.1. Let ¢ € S(R?) be such that ¢(§) = 1 for || <1 and ¢(§) = 0
for |§| > 2. We define, for j € Z, the function ¢;(x) def 23 (27 x), and the
Littlewood-Paley operators

S; déf(bj * - and A; déij_H—Sj.

Homogeneous Sobolev spaces are defined by the norm

1

2
def 27 2
lall . & (Zz ”nA,-aan) .

JEZ

This norm is equivalent to

lallg~ [ 1617 ae)

where F is the Fourier transform. Finally let us recall the definition of Besov norms
of negative index.
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Definition A.2. Let o be a positive real number and (p, g) in [1, oo]?. Let us define
the homogeneous Besov norm || - || B5o by

lall g = 12 e allLe | o).

Let us mention that thanks to the properties of the heat flow, for p; < p, and
g1 < g2, we have the following inequality, valid for any regular function a
ol -ostt ) S lalggg, and ol < el
2.

An equivalent definition using the Littlewood—Paley decomposition is

1
lall g ~ (327 Ajald, )"
By J Lr

jez
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