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Nonlocal self-improving properties:
a functional analytic approach

Pascal Auscher, Simon Bortz, Moritz Egert and Olli Saari

A functional analytic approach to obtaining self-improving properties of solu-
tions to linear nonlocal elliptic equations is presented. It yields conceptually
simple and very short proofs of some previous results due to Kuusi—-Mingione—
Sire and Bass—Ren. Its flexibility is demonstrated by new applications to nonau-
tonomous parabolic equations with nonlocal elliptic part and questions related
to maximal regularity.

1. Introduction

Recently, there has been a particular interest in linear elliptic integrodifferential
equations of type

f/ Ax. y) ) —u@)-@x) —oG)) dy
YIXRH

|X _y|n+2a L
- Rnf(x)-qﬁ(x)dx (¢ € CF(R")),

where the kernel A is a measurable function on R” x R" with bounds
0<A<ReA(x,y)<|A(x,y)|<Ar7! (ae. (x,y) e R" xR (1-1)

and « is a number strictly between 0 and 1. See for example [Bass and Ren 2013;
Biccari et al. 2017a; 2017b; Kuusi et al. 2015; Leonori et al. 2015; Schikorra 2016].
Such fractional equations of order 2« exhibit new phenomena that do not have any
counterpart in the theory of second order elliptic equations in divergence form: In
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[Kuusi et al. 2015], building on earlier ideas in [Bass and Ren 2013], it has been
shown that under appropriate integrability assumptions on f, weak solutions u in
the corresponding fractional L2-Sobolev space W*2(R") self-improve in integra-
bility and in differentiability. Whereas the former is also known for second-order
equations under the name of “Meyers’ estimate” [Meyers 1963], the improvement
in regularity without any further smoothness assumptions on the coefficients is
a feature of nonlocal equations only [Kuusi et al. 2015, p. 59]. We mention that
[Kuusi et al. 2015] also treats semilinear variants of the equation above, but already
the linear case is of interest for further applications, for example to the stability of
stable-like processes [Bass and Ren 2013].

Up to now, most approaches are guided by the classical strategy for the second-
order case, that is, they employ fractional Caccioppoli inequalities to establish
nonlocal reverse Holder estimates and then prove a delicate self-improving property
for such inequalities in the spirit of Gehring’s lemma. The purpose of this note is to
present a functional analytic approach which we believe is of independent interest
for several other applications related to partial differential equations of fractional
order as it yields short and conceptually very simple proofs.

Let us outline our strategy that is concisely implemented in Section 3. Writing
the fractional equation in operator form

(Loau, @)= (f, ), (u, e W"(R"), (1-2)

the left-hand side is associated with a sesquilinear form on the Hilbert space W*2(R")
and thanks to ellipticity (1-1) the Lax—Milgram lemma applies and yields invertibil-
ity of 14 L, 4 onto the dual space. Now, the main difference compared with second
order elliptic equations is that we can transfer regularity requirements between
u and ¢ without interfering with the coefficients A: without making any further
assumption we may write

ulx)—u(y)  ¢(x)—¢(y)
<E01,Au9 d)) = [/HXRH A(x’ )’) |)C . y|n/2+a+8 ) |X _ y|”/2+a—8 dx dy,

which yields boundedness Ly, 4 : Wete2(R?) > W2—82(R")*. Then the ubiqui-
tous analytic perturbation lemma of Shneiberg [1974] allows one to extrapolate
invertibility to € > 0 small enough. We can also work in an L”-setting with hardly
any additional difficulties. In this way, we shall recover some of the results from
[Bass and Ren 2013; Kuusi et al. 2015] on global weak solutions in Section 4 and
discuss some new and sharpened local self-improvement properties in Section 5.

Finally, in Section 6 we demonstrate the simplicity and flexibility of our ap-
proach by proving that for each f € L?(0, T; L>(R")) the unique solution

u e H(0, T; W*2(R")*) NL%(0, T; W*2(R"))



NONLOCAL SELF-IMPROVING PROPERTIES: A FUNCTIONAL ANALYTIC APPROACH 153

of the nonautonomous Cauchy problem

u )+ Lo anu®) = f(), u)=

self-improves to the class H!' (0, 7; W*=#2(R")*)NL2(0, T; W¥+&2(R")) for some
e > 0. Here, each L4 a¢) is a fractional elliptic operator as in (1-2) with uni-
form upper and lower bounds in ¢ but again we do not assume any regularity on
A(t, x,y) := A(t)(x, y) besides measurability in all variables. We remark that
e =a and WO2(R") := L>(R") would mean maximal regularity, which in general
requires some smoothness of the coefficients in the ¢-variable. See [Arendt et al.
2017] for a recent survey and the recent paper [Grubb 2018] for related results on
regularity of solutions to such fractional heat equations with smooth coefficients. In
this regard, our results reveal a novel phenomenon in the realm of nonautonomous
maximal regularity. Let us remark that we have recently also explored related
techniques for second-order parabolic systems [Auscher et al. 2017].

2. Notation

Any Banach space X under consideration is taken over the complex numbers and
we shall denote by X* the antidual space of conjugate linear functionals X — C. In
particular, all function spaces are implicitly assumed to consist of complex valued
functions. Throughout, we assume the dimension of the underlying Euclidean
space to be n > 2.

Given s € (0, 1) and p € (1, 00), the fractional Sobolev space W* P (R") consists
of all u € L?(R") with finite seminorm

lu(x) —u(y)|?
[uls,p _(//"xw T dxdy) < 0.

It becomes a Banach space for the norm || - |5, , := (]| - ||§ +[- ]é”p)l/l’, where here
and throughout || - ||, denotes the norm on L?(R"). Moreover, W* 2(R™) is a Hilbert
space for the inner product

(u, v) :=/ M(X)'ITX)dx-i—// (M(x)—u(y))-(v(x)—v(y))d d
R~ n 5 R

|x — y[rt

=

Frequently it will be more convenient to view W*#(R") within the scale of Besov
spaces. More precisely, taking ¢ € S(R") with Fourier transform F¢ : R* — [0, 1]
such that F¢(§) =1 for |§] <1 and F¢(§) =0 for |§| > 2 and defining ¢y := ¢
and (Fo;)(§) :=Fp(277&) — Fp(2=/T1&) for € € R" and j > 1, the Besov space
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B; p([RR") is the collection of all u € L?(R") with finite norm

1
o0 -
. P

lullgs, @y = <E 27°P | *Mllﬁ) < o00. (2-1)

Jj=0

Different choices of ¢ yield equivalent norms on B;’ »(R"). Moreover, the Schwartz
class S(R"), and thus also the space of smooth compactly supported functions
Cgo (R™), is dense in any of these spaces, see [Triebel 1983, Section 2.3.3]. Finally,
WSP(R") = B;‘ p([R{”) up to equivalent norms [Triebel 1983, Section 2.5.12].

3. Analysis of the Dirichlet form

In this section, we carefully analyze the mapping properties of the Dirichlet form

E0 allts V) ::// i A(x,y)(u(X)—u(y))-(v(x)—v(y)) drdy.  (-1)

|x — y[rt2e

which we define here for u, v € W% 2(R"). Starting from now, « € (0, 1) is fixed
and A : R" x R" — C denotes a measurable kernel that satisfies the accretivity
condition (1-1). This entails boundedness

~1 ~1
Ig()l,A(ua v)| <A [u]a,Z[v]a,Z < ”””a,ZHUHa,Z
and quasicoercivity

Re & a(u, 1) = Aull 5 = Alull} , — llull3. (3-2)

a2 —

Together with the sesquilinear form &, 4 comes the associated operator Ly 4 :
W2(R") — W2 (R")* defined through

(‘CO(,AM7 v) = a,A(ua U),

where (-, -) denotes the sesquilinear duality between W2 (R") and its antidual,
extending the inner product on L?(R").
As an immediate consequence of the Lax—Milgram lemma we can record:

Lemma 3.1. The operator 1 + Ly 4 : W2(R"Y) — W%2(R")* is bounded and
invertible. Its norm and the norm of its inverse do not exceed >~ ".

The key step in our argument will be to obtain the analogous result on “nearby”
fractional Sobolev spaces W7 (R"). We begin with boundedness, which of course
is the easy part.

Lemma 3.2. Lets,s' € (0, 1) and p, p’ € (1, o0) satisfy
s+s' =2a and l—i—l/:l.
p p
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Then 1+ Ly, 4 extends from Ci° (R") by density to a bounded operator W*? (R") —
WP (R")* denoted also by 1+ Ly 4, and

[+ Lo, at, v)| < Nl pllvlly + 2" uls ]y,
forallu e WP (R") and all v € Ws,”’/([R{").

Proof. Given u, v € W%2(R") we splitn+2a =(n/p+s)+ (n/p’+s’) and apply
Holder’s inequality with exponents 1 = 1/c0+ 1/p+1/p’ to give

[(Lqy au, v)| = 'ff . A(x,y) (ulx) ~uy) - Wx) = v(y)) dxdy

|x — y[rt2e

=< )L_l [u]s,p[v]s/,p’ .

Again by Holder’s inequality |(u, v)| < |[ull,lv]l,, yielding the required estimate
for u, v e W*2(R"). Since Cy°(R™) is a common dense subspace of all fractional
Sobolev spaces under consideration here (see Section 2) this precisely means that
1+ L, 4 extends to a bounded operator from W*7”(R") into the antidual space of
WS (RY). O

Remark 3.3. It follows from Fatou’s lemma that for # and v as in Lemma 3.2 we
still have (L, au, v) = &y, 4(u, v) with the right-hand side given by (3-1).

We turn to the study of invertibility by means of a powerful analytic perturba-
tion argument going back to Shneiberg [1974]. In essence, the only supplementary
piece of information needed for this approach is that the function spaces for bound-
edness obtained above form a complex interpolation scale.

We denote by [Xg, X1]g, 0 < 8 < 1, the scale of complex interpolation spaces
between two Banach spaces X, X; that are both included in the tempered distri-
butions S’(R"). The reader may look up the Appendix for definitions and further
references, but for the understanding of this paper we do not require any further
knowledge on this theory except for the identity

[W507170(|R”)’ WSI-P1 (RH)]G =W>?(R") (3-3)

for pg, p1 € (1, 00), so, 51 € (0, 1), with p, s given by

L1200 (1 -0)so+0s.
p Do D1

and the analogous identity for the antidual spaces. Equality (3-3) is in the sense of
Banach spaces with equivalent norms and the equivalence constants are uniform
for s;, p;, @ within compact subsets of the respective parameter intervals. This
uniformity is implicit in most proofs and we provide references where they are
either stated or can be read off particularly easily: this is [Triebel 1983, Sec-
tion 2.5.12] to identify W*7(R") = Bj, ,(R") up to equivalent norms, [Bergh and
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Lofstrom 1976, Theorem 6.4.5(6)] for the interpolation and [Bergh and Lofstrom
1976, Corollary 4.5.2] for the (anti) dual spaces.

Proposition 3.4. Ler s, s’ € (0,1) and p, p’ € (1, 00) satisfy s +s' = 2a and

1/p+1/p = 1. There exists € > 0, such that if |%—%| <eand|s —a| <e,then

1+ Lot WOP(RT) — WP (R

is invertible and the inverse agrees with the one obtained for s = «, p = 2 on their
common domain of definition. Moreover, ¢ and the norms of the inverses depend
only on A, n, and «.

Proof. Consider the spaces W*?(R") and WP (R™)* as being arranged in the
(s, 1/p)-plane, where p € (1, co) but to make sense of our assumption we only
consider parameters s such that additionally s" =2« — s € (0, 1). By Lemma 3.2
we have boundedness

1+»C0[ : WS,[)(RI’!) — WS/’pl(Rn)*

at every such (s, 1/p) and Lemma 3.1 provides invertibility at (e, 1).

Now, consider any line in the (s, 1/p)-plane passing through (oe, %) and take
(so, 1/po), (s1, 1/p1) on opposite sides of (a, %) Then (3-3) precisely says that
the scale of complex interpolation spaces between W70 (R") and W*'-P1 (R") cor-
responds (up to uniformly controlled equivalence constants) to the connecting line
segment. The same applies to W#0-P0 (R")* and W51 (R")* on the segment con-
necting (sj, 1/pp) and (s}, 1/p}) through (e, 1).

According to the quantitative version of Shneiberg’s result, Theorem A.1 of the
Appendix, invertibility at the interior point (e, 1) of this segment implies invert-
ibility on an open surrounding interval. Its radius around (e, 5) depends on an
upper bound for the operator on nearby spaces, the lower bound at the center, and
the constants of norm equivalence. Moreover, the inverses are compatible with the
one computed at (a, %) In particular, since we can pick the same interval on every
line segment, this sums up to a two-dimensional e-neighborhood in the (s, 1/p)-
plane as required. U

4. Weak solutions to elliptic nonlocal problems

We are ready to use the abstract results obtained so far, to establish higher dif-
ferentiability and integrability results for weak solutions u € W%?2(R") to elliptic
nonlocal problems of the form

Loyau=Lppg+ [ (4-1)
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Here, Ly 4 is associated with the form &, 4 in (3-1). In the same way, Lg p is
associated with

(gx)—g() - (wkx)—v(y))
Ep.B(g, V) 3=ﬂnXRnB(x,y) A (gl'xy_ywtjr;; vy dx dy,

where starting from now, we fix 8 € (0, 1) and B € L®°(R"” x R"). Just like before,
this guarantees that £g p is a bounded sesquilinear form on W#2(R") and hence
that Lg p is bounded from WA:2(R") into its antidual. However, we carefully note
that we do neither assume a lower bound on B nor any relation between « and .
In particular, 8 > « is allowed.

In the most general setup that is needed here, weak solutions are defined as
follows.

Definition 4.1. Let f € L]IOC([R{”) and g € LIIOC(R”) such that £g p(g, ¢) converges
absolutely for every ¢ € C3°(R"). A function u € We2(R") is called weak solution

to (4-1) if
Ea,a(u, P) 25,3,3(81¢)+/Rn f-ddx (peCFPRM).

Suppose now that we are given a weak solution u € W%2(R"). In order to invoke
Proposition 3.4, we write (4-1) in the form

(14 Ly a)u =£,3,Bg+f+u.

Hence, we see that higher differentiability and integrability for u, that is u €
W*P(R") for some s > o and p > 2, follows at once provided we can show
Lgpg+f+uc WP (R")* with s’ < « and p’ < 2 as in Proposition 3.4. So, for
the moment, our task is to work out the compatibility conditions on u, f, and g to
run this argument.

4A. Compatibility conditions for the right-hand side. The standing assumptions
for all results in this section are s’ € (0, 1), pe (1,00) and 1/p+1/p' = 1.

We begin by recalling the fractional Sobolev inequality, which will already take
care of u and f.

Lemma 4.2 [Di Nezza et al. 2012, Theorem 6.5]. Suppose s'p’ < n and put
1/p*:=1/p' —s'/n. Then

ol r S [ly,y (0 e WP (RM).

In particular, WP (R") € L™ (R™) and LP*(R") € WP (R")* with continuous
inclusions, where 1/ p, :=1/p +s'/n.
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As for g, a dichotomy between the cases 28 > « and 28 < « occurs. This
reflects a dichotomy for the parameter s’, which typically is close to «. In the first
case, 28 > «, we shall rely on

Lemma 4.3. If 28 —s' € (0, 1) and g € W*=5"P(R"), then
(Lp.88, V)| < IIBlloolglaps. plvlyy (v € WP (RY)).

Proof. Write n +28 = (n/p+2B —s')+ (n/p’+s’) and note that

g§x)—g(y) || v(x)—v(y)
(£p.52, )] < /f S | B .
The claim follows from Holder’s inequality. ([

The second case, 28 < «, is slightly more complicated as we need the following
embedding related to the fractional Laplacian (—A)?, compare with [Di Nezza
et al. 2012, Section 3].

Lemma 4.4. Suppose s’ > 28, s'p' <n,andput 1/q' :==1/p' — (s" —28)/n. Then
1

) —vyl .\ O\ L
</"(/n md)’) dX) §[v]s/,p’ (UGW NZ (R ))

Proof. Let v e WP (R") and put 1/p™* :=1/p’ —s'/n as in Lemma 4.2, so that
1 2 s'—=2B 1 1 1
2 921

q/
Note that our assumptions guarantee p’*, r1, 2 € (1, 00). Denote by M the Hardy—

Littlewood maximal operator defined for f € LIIOC(R”) via

/

s'p’ s p* r m

1
Mf(x):zsup@/gwndy (x e R"),

B>x

where the supremum runs over all balls B C R" that contain x. We claim that it
suffices to prove

P —vOl
=y

/ 1
< (/ ) = v dy> My @e x eRY. (42)

~ o =y

Indeed, temporarily assuming (4-2), we can take L?-norms in the x-variable and
apply Holder’s inequality on the integral in x with exponents 1/¢’ =1/r; +1/r;

to deduce
, 1
lv(x) —v(y)l 1 q ' 1-p'/
(L ([ A2t e) a) <
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The claim follows since we have |[Mv]|,» S [[v]l,»+ S [v]y,,r by the maximal
theorem and Lemma 4.2.

Now, in order to establish (4-2) we split the integral at |[x — y| = h(x), with
h(x) to be chosen later. Since 28 — s’ < 0 by assumption, we can write n + 28 =
n/p'+s' +n/p+ (2B —s’) and apply Holder’s inequality to give

, 1

_ , _ p =

/ [v(x) U(;’)|dy§h(x)s_2ﬂ(/ [v(x) v(y/)l/ dy)p
—yl<h@) X —y["t2P weyl<h@) X = y[rHee

/ L
< h(x)S’—Zﬂ (/ M dy>p . (4-3)

b=y

The remaining integral is bounded by

/ lv(x) —v(y)| dy
—y|zh(x) X — Y|P

VX v
5/ e lz,s dy+/ | (ylzﬁ dy,
x—yl=h@x) [X — Yl —y|=h(x) [X — Yl

where the first term equals clv(x)|h(x)~?# for some dimensional constant c. Next,
on writing

|x — y[n+2B = PR

1 /°° n+2p dr
|

x—yl

and changing the order of integration, the second term above becomes

L dr
(n+28) ( / |v(y)|dy>
h) N7 Jh)<ix—yl<r P 128

and thus can be controlled by C,, g M v(x)h(x)~%#. Since |v| < Mv almost every-
where, we obtain in conclusion

/ PO =2 4 < b P Mue) (e x € RY). (4-4)
—ylzh X =yt

Finally, we pick /4 (x) such that the right-hand sides of (4-3) and (4-4) are equal
and obtain (4-2). O

As an easy consequence we obtain the required bounds for Lg p.

Corollary 4.5. Suppose s’ > 28, s'p’ <n,andput 1/q :=1/p+ (s’ —2B)/n. For
every g € L1(R") there holds

(Lp.88, V)| S IIBllsoligllyg[vly,,y (v e WP (RM).
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Proof. We crudely bound |g(x) — g(¥)| <|g(x)| + |g(»)]| in the integral represen-
tation for (Lg pg, v) and apply Tonelli’s theorem to give

|(Lp.88, V)| = /Rn Ig(X)I(/n oo = vo)l, (IBGx, »)I+ IB(y,X)I)dy) dx

|x — y|rt2h

’ 1
— q -7
<2lel, ([ ([ P 0] a)”

the second step being due to Holder’s inequality. Since the Holder conjugate of ¢
is the exponent ¢’ appearing in Lemma 4.4, the claimed inequality follows from
that very lemma. U

4B. Proof of a global higher differentiability and integrability result. Combin-
ing Proposition 3.4 with the mapping properties found in the previous section, we
can prove our main self-improvement property for weak solutions of (4-1) . As in
[Kuusi et al. 2015], we impose the additional restriction 28 — o < 1 in the case
that § > «.

Theorem 4.6. There exists ¢ > 0, depending only on A, n, o, B with the following
property. Suppose s € (a, 1) and p € [2,00) satisfy |s — |, |p —2| < e. If
u € WO2(R") is a weak solution to (4-1), then the following conditions guarantee
u e WP (R"):

oo 1_ 1 2a—s
fel'(RY), r—p+ -
and 1 1 2a=2
g e LIY(R"), 6—1=;+—“_n’3_s if 2B <,
or

g e W2t (RYy if0<2B—a < 1.
Moreover, there is an estimate

lulls,p < Nulle2 + 1171+ N8I

where the norms of f and g are taken with respect to the function spaces specified
above and the implicit constant depends on A, n, o, B, s, p and || B|| co-

Proof. As usual we write s +s' =2a and 1/p+1/p’ = 1. We let ¢ > 0 as given by
Proposition 3.4. If we can show Lg pg+ f +u € WP (R™)*, upon possibly forcing
further restrictions on ¢, then by density of C5°(R") in the fractional Sobolev spaces
we can write the equation for u in the form

(I +Loa)u=Lppg+ f+u
and Proposition 3.4 yields u € W*?(R") with bound

||”||s,p S ||£/3,Bg +f +”||ws/«p/([}qgn)*- (4-5)
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By assumption and Lemma 4.2 we have u € L?(R") for all p € [2, 2*] with

zl* = % — . Note that here we used our assumption n > 2. For p in this range we

write 1/p = (1—0)/2+6/2* with 6 € (0, 1) and get for any s’ € (0, 1) the bound
ot llysp rye < Nl p < Nally ™ e < Ntz (4-6)

where the second step follows from Holder’s inequality. Next, we have s'p’ < 2o <
2 <n (since s’ < and p’ < 2) and hence Lemma 4.2 yields || f llys.p’ oy S I -
Finally, we consider Lg pg.

Suppose first that 28 < «. Upon taking & smaller, we can assume 28 < s/, in
which case || £g, g llws.» Ry < lIgllg follows from Corollary 4.5. If, on the other
hand, 28 — « € [0, 1), then we can additionally assume 28 — s’ € (0, 1) and apply
Lemma 4.3 to give ||£,3,Bg||ws/,pr(w)* S 118 ll2p—2a+s, p- Inserting these estimates on
the right-hand side of (4-5) yields the desired bound for u. ]

4C. Comparison to earlier results. As a consequence of our method, the expo-
nents s and p for the higher differentiability and integrability of # in Theorem 4.6
are precisely related to the assumptions on f and g. As far as more qualitative
results are concerned, this is by no means necessary since the following fractional
Sobolev embedding allows for some play with the exponents.

Lemma 4.7 [Bergh and Lofstrom 1976, Theorems 6.2.4 and 6.5.1]. Let so, 51, 52 €
(0,1) and 1 < pg < p1 < oo satisfy so —n/po=s1 —n/p1 and s» < s1. Then

W30, Po (Rn) C WP (Rﬂ) C Ws2:P1 ([Rn)
with continuous inclusions.

As a particular example, we obtain a self-improving property more in the spirit
of [Kuusi et al. 2015, Theorem 1.1]. For this we define the following exponents
related to fractional Sobolev embeddings, see Lemma 4.2,

2n 2n
= s 2*,(1—2/3 = s
n+ 2 n—+2(a—2p8)

-7)

20"

where the second one will of course only be used when 28 < «.

Corollary 4.8. Let u € W*2(R") be a weak solution to (4-1). Suppose for some
8 > 0 one has f € L?>»«T3(R") N L%« (R") and

L2260 (R N L2 (R")  if 28 < a,
8 €\ w2p—atd.2 mpn j —
W (R") if0<2—a<1.
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Then u € WP (R") for some s > o, p > 2. Moreover, s and p depend only on
A, Lo, B

Proof of Corollary 4.8. Throughout, we will have s € («, 1) and p € [2, 00). We
consider the case 28 < « first. By the log-convexity of the Lebesgue space norms
we may lower the value § > 0 as we please and still have the respective assumptions
on f and g. On the other hand, the exponents in Theorem 4.6 satisfy r > 2, , and
q > 24.o—2p and in the limits s — « and p — 2 we get equality. Hence, we can
apply Theorem 4.6 with some choice of s > o and p > 2 and the claim follows.
It remains to deal with the assumption on g in the case 28 — « € [0, 1). But
according to Lemma 4.7 we can find s > « and p > 2 arbitrarily close to « and 2,
respectively, such that W2B—a+8.2(Rny ¢ W2P—2e+s.P(R™) holds with continuous
inclusion and again u € W* 7 (R") follows by Theorem 4.6. O

As another application we reproduce the main result in [Bass and Ren 2013]
concerning the nonlocal elliptic equation

»Ca,Au = f

with f € L*(R"). We note that this corresponds to taking g = 0 in the general
Equation (4-1). Hence, the entire Section 4A could be skipped except for the first
lemma, thereby making the argument up to this stage particularly simple.

Corollary 4.9. Let f € L2(R") and let u € W*2(R") be a weak solution to Lo au=f.
Then
1
(@ —uMP O\
run = (f, e o

ITull, < cClull2+11£12),

satisfies

for some p > 2 and a constant ¢ both depending only on A, n, a.

Proof. We use the notation introduced in Theorem 4.6 and write as usual s +s' = 2«,
1/p+1/p = 1. According to Lemma 4.2 we have L" (R") C W*"?' (R")* with
continuous inclusion and if s and p are sufficiently close to « and 2, respectively,
then we have r < 2. Obviously, we also have L?(R") C WS/’I’/([R{”)* and p > 2.
Hence, by virtue of the splitting

I=7FYyn<ir+ - Lyrzion € LP@®RY) +L(RY)

we obtain f € WP (R")* with bound IS s’ (e < || fll2. Here 1¢ denotes the
indicator function of the set E C R". Moreover, et gy’ (o < a2, see (4-6),
and thus we can follow the first part of the proof of Theorem 4.6 in order to find
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s > o, p > 2, and implicit constants depending only on the above mentioned
parameters, such that

lulls.p S NS ll2+ Nlulla.2

The pair (s, p) could be chosen anywhere in the (s, p)-plane close to (o, 2) but for

a reason that will become clear later on, we shall impose the relation
B s (4-8)
2. p
Quasicoercivity of the form associated with £, 4 along with the equation for u
yield

MulZ, < 8a,n(u, u>|—’/ frudx| < SAul3+1£13).

and thus it suffices to prove the estimate ||[T'ul|, < |lu/ls,, to conclude.
To this end, we split
Cu(x) =Tiu(x) + Mau(x)

according to whether or not |x — y| > 1 in the defining integral. Repeating the
argument to deduce (4-4), we obtain

_ 2 \12 1
|F1u(x>|=(/| | IM@) < M(JuP)(x)?
x—=y|>

|X _ y|n+2a

and as p > 2, we conclude ||T"jul|, < [lu]l, from the boundedness of the maximal
operator on LP/2(R"). As for the other piece, we use Holder’s inequality with
exponent p/2 on the integral in y, to give

1
lu(x) —u(y)l” p
||F2||pN<f </| | 1|x_ |np/2)—;i-pot dydx) E[M]s,p,
nJ|x—yl<

where in the final step we used that np/2 + pa = n 4 sp holds thanks to (4-8). [

5. Local results

In Theorem 4.6 and Corollary 4.8, we have obtained global improvements of reg-
ularity for solutions to (4-1) under global assumptions on the right-hand side. We
now discuss some local analogs of this phenomenon. In order to formulate our
main result in this direction, we define for balls B C R" a local version of the

fractional Sobolev norm by
— p
[/ lu@) —uI” dy
Bxp |l —yle

lullws.r () := (/ Iu(x)lpdx>
B

and write u € W¥”(B) provided this quantity is finite.

":z\'—
Sl
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Theorem 5.1. There exists € > 0, depending only on A, n, «a, B with the following
property. Suppose s € (o, 1) and p € [2,00) satisfy |s —af, |p —2| < &. Let
u € WO2(R") be a weak solution to (4-1) and let B C R" be a ball. Then the
following conditions guarantee u € W*”(B’) for every ball B’ € B:

f el (B) forsomer with 1 < 1 + 200—s
r p n
and
gELq(B)mLI(Rn) forsome q,twizh
Lo ljzes2pos 1 1 1, 20cs if28 <a,
q p n p t p n
or
g€ WZﬂ—ZoH—S,P(Rn) FO<2B—a<l.

Again, this gives a precise relation between the exponents, but we also state a
more quantitative version. It follows by the exact same reasoning as Corollary 4.8
was obtained from Theorem 4.6 in the previous section and we shall not provide
further details. We are using again the lower Sobolev conjugates defined in (4-7).

Corollary 5.2. Letu € W2(R") be a weak solution to (4-1) and let B C R" be a
ball. Suppose for some 8 > 0 it holds that f € L><*%(B) and

L2e-2T(BYNLI(R") forsomet € (244,2] if 28 <a,
8 W2,B—a+6,2(Rn) if0<2B8—a<1.

Then there exist s > a, p > 2, such that u € W*?(B’) for every ball B € B.
Moreover, s and p depend only on A, n, «, .

These statements are astonishingly local in that the assumption on f and part
of that for g are only on the ball where we want to improve the regularity of u. To
the best of our knowledge this has not been noted before. In particular, if f and g
satisfy the assumption for every ball B, then the conclusion for u holds for every
ball B’. This is the result in [Kuusi et al. 2015]. (Except that they suppose global
integrability of exponent # =2, ,_2g-+46 instead, which for large § is not comparable
with the condition in Corollary 5.2. It is possible to modify our argument to work
in the setting of [Kuusi et al. 2015] as well, but we leave this extension to interested
readers, see Remark 5.4.)

For the proof of Theorem 5.1 it is instructive to recall a simple connection be-
tween the condition xu € W*?(R") for some x € Ci°(B) and the fractional Sobolev
norm || - [lws.»¢g): On the one hand, denoting by d > 0 the distance between the
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support of x and °B we obtain from the mean value theorem,

1
|G @) — G )P ),,
dxd
(.. s ae
1
() — u(y)|? ),,
2 00 dxd
=2l (ffBB T TET
+4||x||oo</ |u<x>|f’(/ ;dy)dx)
B lx—y|=d 1X — y["tsP
1 b
+2||VX||oo</B |u(x)|p(/B|X_y|T_l)pdy)dx) , (5-1)

where by symmetry and the fact that the integrand is zero when x, y & supp(x), we
can assume x € supp(x) and then distinguish whether or not y € B. As s > 0 and
s — 1 < 0, the second and third terms are finite. Hence, we see that u € W*?(B)
implies xu € W*”(R"). On the other hand, if x = 1 on a smaller ball B’ € B, then

1
- p D
(/,m(x)wdx) (/f B '”I(;)_yf;i{f,' dxdy)"snxuns,p. (5-2)

Due to these observations and the fact that Lebesgue spaces on a ball are ordered
by inclusion, we see that Theorem 5.1 follows at once from:

=)=

Lemma 5.3. There exists € > 0, depending only on A, n, a, B with the following
property. Suppose s € (o, 1) and p € [2, 00) satisfy |s —al, |p —2| < &. Let
u € We2(R") be a weak solution to (4-1) and let x € C3°(R™). Assume

.1 1 20—s
L™ (R" —==
xf € L"(R") wzthr p+ p
and if 2B < a assume

1 1 2a—28-—s
xg eL/(R"), —=—+ :
8 q9 P n
geL@y, Ll oly2eos

p t p n

whereas if 0 <28 —a < 1 assume g € W?P=24F5:P(R"). Then yu € WP (R").

The strategy for the proof of this key lemma is as follows. We let u € W*2(R")
be a weak solution to (4-1) and seek to write down a related fractional equation
for yu in order to be able to apply Proposition 3.4. To this end, we note for three
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functions u, x, ¢ and x, y € R” the factorization

(Xxttx — Xyty) (Dx — By)
= (XxPx — XyPy) (ux —uy) +uy(Xx — Xy)Px +ux(Xy — Xx)Py
= (Xax — XyPy) (ux —uy) — (x — uy) (Xx — Xy) Py
tuy(Xx — Xy)(@x — @y),  (5-3)

where u, := u(x) and so on for the sake of readability. This identity plugged into
the definition of &, 4, see (3-1), yields

(Laa(xu), §) = (Laatt, xP) + (Raa i, §) (¢ € CF(RM),

where
Ra.axtt, #): //n Rn (M(X) - ”l()’)_)y|(3(+(;) — X(y))¢( )dxdy
n // AGr. yyu(yy EE ZXOD (¢§x) —00D)
xR |x — y|n+ o

provided all integrals are absolutely convergent. We shall check that in the proofs
below. Of course, a similar calculation applies to Lg p. Therefore xu € We2(R")
solves the nonlocal elliptic equation

(I+ Lo a)(xu) =Raayu —Rpp &+ xu+Lpp(xg) +xf (5-4)

Proof of Lemma 5.3. We start by taking ¢ > 0 as provided by Theorem 4.6 but
for some steps we possibly need to impose additional smallness conditions that
depend upon 7, «, B through fractional Sobolev embeddings. As usual, we write
s+s =2cand 1/p+1/p' =1.

The claim is yu € W*?(R") and according to Proposition 3.4 we only need to
make sure that the right-hand side in (5-4) belongs to WS"I’/([R{”)*. But from the
proof of Theorem 4.6 we know that this is the case for yu € WZ(R") and that the
conditions on x f and yg are designed to make it work for the last two terms.

We are left with the error terms. We start with R 4., which as we recall is
given for ¢ € C3°(R") by

(Ra.axu; $) // N (u(x) u|(y)_)y|(j(+(za)_X(y))¢( ey
+//n - Alx, y)u(y )(X( )_Xl()’)) |(n(]i(2i)_¢(y))

=141
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Now,
[x(x) —xI?
T 271112 IV x 1%
Sf &dwr/ IV
—y|>1 |X — y["TsP —y|<1 |Xx —y[rTe=br
<1 (5-5)

uniformly in y € R" since s < 1. Thus, applying Holder’s inequality first in x and
then in y, we obtain
1 , !
— p 7 — p
| < A‘I/ ()| / |x () = x I d / ) (x) ¢>(y/)|, ax)’ dy
R R |x — yrer nox—yrEer

S lullpl@ls,p-

=

Similarly, but reversing the roles of ¢ and u, we get

_ 2 \2 _ 2 \2
e ([ S ([ e )

S [ule2llllo.

By making & > 0 smaller, we can assume 3 —o/n < 1/p and 1/p' —s'/n < 1,
which pays for continuous inclusion

W2([RY c LP(R") and W*7' (R") c LA(R"),
see Lemma 4.2. Thus,

[(Raa,xtt, §)] S llullazli@llsp (¢ € CF(RY)

and by density R 4, ,u extends to a functional on WP (R") as required.

It remains to estimate R p yg. Incase 0 <28 —a <l and g € W2B=2ets.p (R,
we can repeat the argument for bounding I and II by replacing u# by g and changing
the indices of integrability and smoothness in Holder’s inequality accordingly. In
this manner,

(Rp.5,x8 O S Nglpldls, p +[8l2p—20+s,p &1
S g ll2p-2a+s,pl1@lls pr (¢ € C°(RM)).

In the complementary case 28 < «, there is no smoothness of g to be taken
advantage of. This, however, can be compensated by the fact 8 < /2 < % More
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precisely, we put B(x,y) := B(x, y) + B(y, x) and use the first part of the factor-
ization (5-3) to write the error term differently as

Ron st = [ B sl GG ardy

= /f N B(x, y)g(y )(X( )—x|(y)) |E1<ig)_¢(x))

//ﬂanB(x Mgl )T( &l l,f‘fjs)m ) dx dy

=1I41V,

where we changed x and y in the second step. Now, our assumption is g € L' (R")
with 1/p <1/t <1/p+s'/n. Welet 1/t + 1/t =1 and obtain from Lemmas 4.2
and 4.7 that the condition on # is precisely to guarantee the continuous inclusions
WP (R™) ¢ W' (R") LY (R") for at least some small 8 € (0, 1). This being
said, we use Holder’s inequality and (5-5) with (s, p) replaced by (28 — 4, 1) to
give

1

1
> K@= N ([ 6@ =M .\
'm'fifw 'g(”'(/@n o — y| Ao dx) (/ sy dx) @
< el 9l

Likewise, for the term IV, we use the bound (5-5) with (s, p) replaced by (28, 1)
to conclude that

[V SA;{ lgMIeWMIdy < ligllll S Ngllelplly,p- O

Remark 5.4. As we mentioned after stating Corollary 5.2, the assumption g €
L2«-2¢(B) NL!(R") for 28 < « can be replaced by one global assumption g €
L2268 (R") with § > 0 in accordance with the result in [Kuusi et al. 2015]. This
follows from a simple modification of the argument above to give the required
adaptation of Lemma 5.3. We sketch the main idea but leave the precise extensions
to the interested reader. The difference arises from the term Lg pg so it suffices
to see that x Lg pg and x f belong to the same W' (R™)* so that one can apply
Proposition 3.4.
If u is a weak solution to (4-1), then automatically

xLp.pg € W2 (R

by the assumption on f, the mapping properties of £, 4 and the error term consid-
erations for Ry, 4 ,u. By Corollary 4.5,

XLpg € WO T (R")*
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provided that 1/qg = 1/t + (¢’ —28)/n. One can check that there is an admissible
choice of 0’ < o and 7’ < 2 when ¢ = 2, 425 + §. By interpolation, we find a
line segment ¢ connecting (o’, 1/7’) to (a, %) so that xLg pg € WP (R™)* for all
(s', 1/p’) € £. Finally, since x f e L'(R") forall r € [1, 2, o+8] with § > 0, there is at
least one such ¢ for which we can find (s/, 1/p’) e £ with 1/t =1/p+ Qo —s)/n
so that Lemma 4.2 implies f € W**?' (R")* with (s', 1/p’) as close to (c, 1) as
desired.

6. An application to fractional parabolic equations

We demonstrate the flexibility of our approach by a new application to fractional
parabolic equations. We shall only treat a particularly interesting special case
with connection to nonautonomous maximal regularity, leaving open the estab-
lishment of a suitable (full) parabolic analog of Theorem 4.6 and its local version,
Theorem 5.1.

We are going to consider the Cauchy problem

du(t) + Lo anyu(t) = f(), u(0)=0, (6-1)

where f € L?(0, T; L*(R")), @ € (0, 1), and for each ¢ € [0, T] we let Lo a¢) :
We2(R") — W*2(R")* be a fractional elliptic operator as in Section 3 satisfy-
ing the ellipticity condition (1-1) uniformly in . We recall that the associated
sesquilinear forms &, 4(;) were defined in (3-1). As for the coefficients

At x,y) =A@ (x,y)

we assume no regularity besides joint measurability in all variables.

Note that we formulated our parabolic problem on [0, T') x R" from the point of
view of evolution equations using for, X, a Banach space, the space L2 0,T; X) of
X-valued square integrable functions on (0, 7) and the associated Sobolev space
H'(0, T; X) of all u € L?(0, T'; X) with distributional derivative d,u € L*(0, T'; X).

Definition 6.1. Let f € L>(0, T; L(R")). A function
u € HY(0, T; W*2(R")*) NL%(0, T; W*?(R"))
is called weak solution to (6-1) if #(0) =0 and

T
/0 —(u, 0,9)2 + Eu ) (u, @) dt ,
:/0 (fod)2dt (9 € CT((0,T) xRY)), (6-2)

where (-, - ), denotes the inner product on L2(R").



170 PASCAL AUSCHER, SIMON BORTZ, MORITZ EGERT AND OLLI SAARI

Remark 6.2. (i) Since W*2(R") is a Hilbert space, the solution space for u
above embeds into the continuous functions C([0, 7']; L?>(R")) and hence the
requirement #(0) = 0 makes sense [Showalter 1997, Proposition III.1.2].

(i) C3°((0, T) x R") is dense in L2(0, T; W*2(R")), by smooth truncation and
convolution. Thus, the integrated Equation (6-2) precisely means that u satis-
fies the parabolic equation in (6-1) almost everywhere on (0, T') as an equality
in W*2(R")*, which contains L?(R").

By a famous result of Lions, the Cauchy problem (6-1) has a unique weak so-
lution u for every f € L2(0, T; L?(R")). See [Dautray and Lions 1992, p. 513;
Dier and Zacher 2017, Theorem 6.1] for the case of function spaces over the com-
plex numbers. The following self-improvement property is the main result of this
section.

Theorem 6.3. Let f € L*(0, T; L>(R")). Then there exists € > 0 such that the
unique weak solution to (6-1) satisfies

u e H'(0, T; W 52(R")*) NL*(0, T; W*T2(R™)).
Moreover, for some s > o and p > 2 it holds that
w € W00, T; LP(R") NLP (0, T WP (R")),

that is,

g Tlu(r, x) —uls, x)|?
(/0 Rn|u(t,x)|”dxdt> (/// |t—s|1+31’/(2°‘) dsdtdx)
g u(t, x) —u(t, y)|”
+</0 // A e e dt)
T 3
<eT</ |f(t,x)|2dxdt). (6-3)
0 Jrn

The values of ¢, s, p and the implicit constant in (6-3) depend only on A, n, a.

==

Remark 6.4. (i) Since sp > 2«, the boundedness of the second integral in (6 3)
entails, in particular, u € C¥ ([0, T']; L? (R")) with Holder exponent y = — —1,
see fore example [Simon 1990, Cor. 26].

(i1) The largest possible value ¢ = o with WO2(R") := L?(R") would mean maxi-
mal regularity because all three functions in the parabolic equation were in the

same space L2(0, T; L2(R")). See [Arendt et al. 2017] for further background
and (counter-)examples.

For the proof, we shall apply the same scheme as in the stationary case, see
Sections 3 and 4.
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6A. Definition of the parabolic Dirichlet form. One of the immediate challenges
in moving from the elliptic operator to the parabolic operator is the lack of coer-
civity of the operator d; + L4 4«). However, we can rely on the hidden coercivity
introduced in this context in [Dier and Zacher 2017] (see also [Kaplan 1966]). This
requires us to study the fractional parabolic equation for ¢ € R first, that is,

ou(t) + Loy anyut) = f(1),

where weak solutions are in the sense of Definition 6.1, but by replacing (0, T')
with R and of course removing the initial condition. Note that we can simply
extend the coefficients by A(t, x, y) := 1 if ¢ ¢ [0, T'] since we are not assuming
any regularity.

For simplicity, put H := L>(R") and V := W%2(R"). Let F be the Fourier
transform in t on the vector-valued space L2(R; H) and define the half- order time
derivative Dz and the Hilbert transform H, through the Fourier symbols |T]| > and
—1 sgn(7), respectwely They are crafted to factorize d; = % H, D2 Next, we write
H: (R; H) for the Hilbert space of all u € L*(R; H) such that D2 ueL?*R; H) and
define the parabolic energy space

E:=H(R; H)NL2R; V)

=

equipped with the Hilbertian norm ||u||f := (||M||iz(R'V) + ”Dt%u”iz([R{'H)) . It al-

lows one to define 1+ 9; + Ly a() as a bounded operator E — E* via
1 1
(140 + Lo, a@)u, v) i= / (u,v)a+ (H,D2u, D2v)2 + Eq A (u, v) dt, (6-4)
R

where (-, - ) denotes the inner product on H = L2(R"). We state our substitute
for Lemma 3.1 in the parabolic case. It is an extension of Theorem 3.1 in [Dier
and Zacher 2017].

Lemma 6.5. The operator 1 + 0; + Ly aq) : E — E* is bounded and invertible.
Its norm and the norm of its inverse can be bounded only in terms of A. Moreover,
given f € L*2(R; H), u:= (1+8,+£0,,A(,))_1 fisaweak solution to d;u~+Ly Ayt =
f—uonR

Proof. The E — E* boundedness of 1+ 9; + L 4 is clear by definition. Next, for
the invertibility, the form

as(u, v)

- / (u, (1+8H,)v)2 + (H,Du, D (1 +8H,)v)2 + Eq a (t, (1 + 8H,)v) dt
R

for u, v € [, is bounded and satisfies an accretivity bound for § > O sufficiently
small, for example 8§ := A?/2. Indeed, from boundedness and ellipticity of £y ()
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uniformly in 7 (see Section 3) and the fact that the Hilbert transform is L?-isometric
and skew-adjoint,

1 _
Reas(u, u) > ||ullfsg. 1) +SID2ull + (1 — & ‘6)/[u(t, g, de > —||u||[E.
R

As
(140, + Lo aw)u, (1 +8H)V)=as(u,v), (u,veb),

and since (1 + 82)_%(1 -+ 8H,) is isometric on [ as is seen using its symbol
(148%)72(1 —i8sen 1),

it follows from the Lax—Milgram lemma that 1 4 0; 4+ L4, 4(s) is invertible from E
onto E*. Finally, given f € L*(R; H) C E we can define u := (1+ 9, -I—LO[,A(,))_lf
and have by definition

/(H,D}u,D}v)2+ga,A(,)(u,u)dz:/(f—u,v)zdz (v eb).
R R

Since for v € C3°(R x R") we can undo the factorization (H,Dt%u, Dl%v)z =
—(u, d;v), we see that u is a weak solution to d;u + Lo antt = f —u. U

Remark 6.6. Skew-adjointness of the Hilbert transform and ellipticity of each
sesquilinear form &y 4 yield Re((0; + Lo, ar))u, u) > 0 for every u € E and by the
previous lemma 1 + (9; + Lo, a¢)) : E — £ is invertible. By definition, this means
that ; + Lo, a(r) can be defined as a maximal accretive operator in L2(R!*") with
maximal domain D := {u € E: (3, + Ly a())u € L2(R!T)}.

In order to proceed, we need to link the parabolic energy space E and the
sesquilinear form on the right-hand side of (6-4) with a Dirichlet form on fractional
Sobolev spaces as in Section 3. To this end, note that for u, v € LZ(R; H) we obtain
from Plancherel’s theorem applied to the integral in s,

/‘/ (u(s +h) —u@s),v(s+h)—v(s))s
RxR

|h|2 ds dh

—1hr
// _ (]-'u(t), Fu(1))ydr dh =2nf<Diu(t), Dzv(1)), dt,
RxR |k |2 R !
where in the second step we evaluated the well-known integral in /4 to 27 |t|. This
calculation is understood in the sense that for # = v the left-hand side is finite if
and only if the right-hand side is defined and finite and if both u and v have this
property, then equality above holds true. Consequently, d; + Ly () is the operator
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associated with the parabolic Dirichlet form
Pe, Aty (U, v)

= / (H,D7u, D7 v)s + Eq ac(u, v) di
R

:L/// (H,u(t,x)—H,u(s,x))~(v(t,x)—v(s,x))dsdtdx
27 JgoJ Jrxw

|t —s]?

+/// At x. ) (u(t, x) —u(t, y) - (v(t, x) — v, y)) dx dy dr.
R xR

|x — y[rt2e

defined so far for u, v € E. Here, H,u( -, x) is understood as the Hilbert transform
of u(-,x) € L*(R) for almost every fixed x € R".

6B. Analysis of the parabolic Dirichlet form. The spaces “near” [ to examine are
determined by the definition of the parabolic Dirichlet form: For p € (1, co) and
s € (0, 1) N (0, 2a) we let W, ” (R'*") consist of all functions u € L?(R'*") with
finite seminorm

. lu(t, x) —u(s, x)|?
ful, = ( [ [ Do O gy,
1

lu(t, x) — u(t, y)|? ’
H ] s

and put || - lwer @ieny =11 lp +10- Ts, p- Again, smooth truncation and convolution
yields that Cg° (R'*) is dense in any of these spaces. Often we shall write more
suggestively

WP (R = W/ 0P (R; LP (R")) NLP (R; WP (R")),

where the vector-valued fractional Sobolev spaces are defined as their scalar-valued
counterpart upon replacing absolute values by norms. But as

WHEDP (R LY (R") = L (R"; W07 ()

in virtue of Tonelli’s theorem, all fractional Sobolev embeddings stated for the
scalar-valued space W* /(29).P(R) remain valid for W*/C®)-?(R; L?(R")). Note the
scaling in the spaces Wy, ” (R'*") adapted to the fractional parabolic equation: one
time derivative accounts for 2« spatial derivatives.

By what we have seen before, Wg"z(R”") = [ up to equivalent norms and
hence 14 9; + L4, a(r) s invertible from that space onto its antidual by Lemma 6.5.
The following mapping properties are then proved by Holder’s inequality exactly
as their elliptic counterpart, Lemma 3.2, on making the additional observation that
H, : WP (R) — W*P?(R) is bounded. Indeed, this is immediate from the equivalent



174 PASCAL AUSCHER, SIMON BORTZ, MORITZ EGERT AND OLLI SAARI

norm (2-1) on W*?(R) since the Hilbert transform commutes with convolutions
and is bounded on L? (R).

Lemma 6.7. Lets,s’ € (0, 1) and p, p’ € (1, 00) satisfy
s+s' =2a and l—i—i,zl.
p p
Then 1+ 8; + Ly aq) extends from C3°(R") by density to a bounded operator
W;;v[’(RlnLn)_)fo/,p’(RlJrn)*.
Remark 6.8. The extensions obtained above are also denoted by 1+ 9, + £, 4 and
a comment analogous to Remark 3.3 applies.

Hence, the only ingredient missing in our recipe for self-improvement is the com-
plex interpolation identity replacing (3-3). This can be obtained from [Dachkovski
2003] as follows. We define the vector of anisotropy v and the mean smoothness

y by

 (2a(d4n) 14n 1+n 1+n
D.—( n+2a ’n+2a""’n+2(x) R ’

y =55 (0,1) forse(0,1)N(0,2a).

Then, [Dachkovski 2003, Theorem 6.2] identifies Wy ” (R!*") up to equivalent
norms with the anisotropic Besov space B;:;(RH”). In turn, this space is de-
fined in [Dachkovski 2003] exactly as the ordinary Besov space B%, p(R1+”) in
Section 2, upon replacing the scalar multiplication 2/x = (2/x, ..., 2/x,) on
R!*" by the anisotropic multiplication 2%/ x := (2%/xo, ..., 2%/ x,), where j € R
and subscripts indicate coordinates of (n 4 1)-vectors, and the Euclidean norm |x|
by the anisotropic norm |x|, defined as the unique positive number o such that
PIFE: 2 /02”1 = 1. With these modifications, B}, (R'*") is the collection of all
ue LI’(RH") with finite norm

o0
luell gy s reny = (Z 2777 1¢; *u||5) < 00.
j=0

Note that this norm now reads exactly as the one in (2-1) on the anisotropic
space B, p([R{1+") because the anisotropy v is only present in the now anisotropic
dyadic decomposition 1 = Z?’;O F(¢;)(&). With this particular structure of the
norms, complex interpolation works by abstract results exactly as outlined before
in Section 3, see again [Bergh and Lofstrom 1976, Theorem 6.4.5(6) and Corro-
lary 4.5.2]. Thus, we have

Sl

[Wo-Po (™), WP (R ], = WP (R™)

for po, p1 € (1, 00), 50,51 € (0,1) N (0, 2c) and the analogous identity for the
antidual spaces both up to equivalent norms with p, s given as before by 1/p =
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(1—-6)/po+6/p1 and s = (1 —6)sp + 6s1. We do not insist on uniformity of the
equivalence constants as in Section 3 and leave the care of checking it to interested
readers.

This interpolation identity and Lemma 6.7 set the stage to apply Shneiberg’s
result as in the proof of Proposition 3.4 to deduce

Proposition 6.9. Fix any line £ passing through (a, %) in the (s, 1/ p)-plane. There
exists € > 0 depending on £, A, n, such that for (s, 1/p) e L with |s —«|, |[p—2| < ¢
and s', p’ satisfying s +s' =2a and 1/p + 1/ p’ = 1, the operator

148, + Lo ag : WEP(RIT™) — WP (RF)*

is invertible and the inverse agrees with the one obtained for s = o, p =2 on their
common domain of definition.

6C. Higher differentiability and integrability result. We still need a lemma mak-
ing Proposition 6.9 applicable in the L2-setting of our main result.

Lemma 6.10. Suppose s € («,2), p € [2,00) and let s +5' =2a, 1/p+1/p = 1.
If2/p>1—s'/n, then L*>(R; L>(R")) C Wg;’p/(RH”)* with continuous inclusion.

Proof. Since p's’ < 2o <2 < n by assumption, we can infer from Lemma 4.2 the
continuous embedding

50’ (mn 9 (R" 1 _ s 1 1
W RN CLIRY) (L-f<l<ly
Likewise, by the vector valued analog of Lemma 4.2 (see the beginning of Section 6B)
we have
Qe p (e P Ry L_ s 11
WP (R LY (RM) CL (R LPRY) (5 =23 <+ =<7)

Now, the additional condition 2/p > 1 —s’/n along with 2« < n precisely guaran-
tees that we can take ¢ = p = r and therefore

W ” (R
=W/ P Ry LP(R")NLPY (R; WP (R")) CLP (R; L” (R")NLY (R; LP (R")).

Taking into account the convex combinations % = % + % =10 % for 60 = %,

standard embeddings for mixed Lebesgue spaces imply that the right-hand space
is continuously included in L2(R; L2(R")), see for example [Bergh and Lofstrom
1976, Theorems 5.1 and 5.2]. The claim follows by duality with respect to the
inner product on L2(R; L2(R")). [l
Proof of Theorem 6.3. Let f € L?(0, T; L*(R")). Since uniqueness is known, only
existence of a weak solution to (6-1) with the stated properties is a concern. To

this end, we shall argue as in [Dier and Zacher 2017] by restriction from the real
line, where we know how to improve regularity.
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We extend A(t, x, y):=1and f(¢):=0fort ¢ [0, T]. Then, g(t) :=e~" f(t) €
L%(R; L?>(R")) and thus Lemma 6.5 furnishes

vi= (140 4 Lya) ' g € WIAR'™™),
which is a weak solution to
() + Lo anv®) =e ' fH)—v() (1 €R).

In particular, v is a continuous function on R with values in L% (R") (see Remark
6.2(1)). We claim v(0) = 0. Indeed, ¢ — ||v(t)||% is absolutely continuous with
derivative %Hv(r)”% = 2Re(d,v(t), v(r)), where (-, -) denotes the W®2(R")*—
We2Z(RY) duality [Showalter 1997, Proposition 1.2]. By (3-2),

0 0 0
x/ ||v||§’2dt§Re-/ <v+ca,A(,)u,v>dt=—Re/ (3v, v) dr = —Llv(0) |13,

—0o0 —00 —00

where we have used the equation for v along with f(¢) = 0 for r € (—o0, 0) in
the second step. Thus, ||v(0)||, = 0. The upshot is that the restriction of e’v(¢) to
[0, T'] is the unique weak solution u to the Cauchy problem (6-1) and it remains to
prove the additional regularity.

Lets > o, p > 2 sufficiently close to «, 2, so that we have both Lemma 6.10 and
Proposition 6.9 at our disposal. Defining s” and p’ as usual, the former guarantees
g € WP (R'+")* and thus the latter yields v € Wy” (R'*"). As we have u(t) =
e'v(r) for t € [0, T, restricting to [0, T'] readily yields that the left-hand side of
(6-3) is controlled by

T T T T
e’ (lvllp + vl Se gl (genys Sellgleeewy Sl fllizor ey

as claimed.

Repeating the same argument with s > o and p =2 reveals v € Wff(lR”") and in
particular u € L2(0, T; W*te2(R")), where £ := 5 — o > 0. By Holder’s inequality
this also implies u € L*(0, T; W*~52(R")*). Moreover, from the equation for u
since Lg, Aq) Wete2(R?) — W=82(R™)* is bounded by A1 uniformly in ¢ due
to Lemma 3.2, we deduce

T T
fo—w,aztﬁ)zdt 5/0 Lf Oll2llp Oll2 + 27 (@) lae 211 () la—e.2 d

for all ¢ € Ci°((0, T) x R"). By density, see Remark 6.2, this remains true for ¢ €
H! (0, T; W*=52(R")) and we conclude u € H'(0, T; W¥~%2(R")*) as required.
O
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Appendix: Shneiberg’s stability theorem

We provide a self-contained proof of a quantitative version of Shneiberg’s sta-
bility theorem. Quantitative bounds are often required in applications but up to
now have not appeared explicitly in the literature. In principle, both the original
proof [Shneiberg 1974] and the generalization to quasi-Banach spaces [Kalton and
Mitrea 1998] allow one to track parameters.

We need to recall some essentials on complex interpolation theory beforehand.
For general background we refer to [Bergh and Lofstrom 1976; Triebel 1983]. An
interpolation couple X = (X0, X1) consists of two complex Banach spaces Xy, X
that both are included in the same linear Hausdorff space. In this case their sum
Xo + X1 with norm

x| xo+x, = inf{|lxollx, + lIx11lx, : x = x0 + x1}

is a well-defined Banach space. Let now § = {z € C:0 < Re z < 1} be the open unit
strip in the complex plane. The space F(X(, X1) consists of all bounded continuous
functions f : S — X+ X that are holomorphic in S and whose restrictions to the
boundary lines iR and 1+ iR are continuous functions with values in Xg and X that
vanish at infinity, respectively. By the maximum principle, F(Xy, X|) becomes a
Banach space for the norm

Il flFcxo.x,) = max{sup el f () x,, suprerll f(1+it)[x, }.

Given 0 € (0, 1), the complex interpolation space X9 = [X¢, X1]p consists of those
x € Xo+ X that arise as x = f(0) for some f € F(Xp, X). It is complete for the
norm

£ llx, = nf{lL fllecxo,x,) @ f(0) = x}.

These spaces have the following interpolation property. Suppose X = (X, X;) and
Y = (Y, Y}) are interpolation couples and the same linear operator 7' is bounded
Xo— Yo and X| — Y| with norms My and M1, respectively. Then T can be viewed
as an operator Xo + X; — Yo+ Y] and it maps Xy boundedly into Yy with norm
at most Mé_e M f. We shall write 7 € £(X, Y) in this situation.

Theorem A.1 (quantitative Shneiberg theorem). Let X = (Xo, X1) and Y = (Yy, Y1)
be interpolation couples and T € L(X,Y). Suppose for some 6* € (0, 1) the lower
bound

ITxllyy = kllxllx, (x € Xo+)
holds for some k > 0. Then the following hold true:
(1) Given0 <¢ < %, the lower bound

ITxlly, = exllxlx, (x € Xp)
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holds provided
k(1 —4e) min{6*, 1 — 6%}
3k +6M

|6 —6%| <

’

where M = max j—o.1 [T | x;-v;-

(A1) If T : Xg+ — Yp+ is invertible, then the same is true for T : X9 — Y if 0 is as
in (1). The inverse mappings agree on X9 N X+ and their norms are bounded
by 1/(ex).

Remark A.2. Qualitatively speaking, (ii) means that the set of parameters 6 for
which T : X9 — Yp is an isomorphism is open in (0, 1).

Consistency of the inverse as stated in part (ii) is a general feature of complex
interpolation [Kalton et al. 2007, Theorem 8.1]. Here, we are only concerned with
the other assertions. Strictly speaking, the latter article is limited to couples whose
intersection is dense in both members but this becomes important only if one wishes
to consider quasi-Banach spaces. For example, [Kalton et al. 2007, Theorem 8.1]
needs that Xy N X is dense in all spaces [Xg, X1]p, 6 € (0, 1). In turn, this is holds
for Banach spaces X, X| as above [Bergh and Lofstrém 1976, Theorem 4.2.2].

Reversing the order of statements, we begin with proving stability of ontoness
with respect to the interpolation parameter 6.

Lemma A.3 (stability of ontoness). Let X = (Xo, X)) and Y = (Yy, Y1) be inter-
polation couples and let T € L(X,Y). Suppose that T : Xg« — Yy« is invertible
for some 0* € (0, 1) and let k > 0 be such that ||T_1||y0*_>x9* <1/k.If6 €(0,1)
satisfies

x« min{0*, 1 — 6*}

Kk +max;j=01 T lx;-v;

|6 —0%| < , (A-1)

then T : X9 — Yy is onto.
For the proof we need:

Lemma A4. Let T : X — Y be a bounded linear operator between Banach spaces
X and Y. If there are constants 0 < ¢ < 1 and C > 0 such that for every y in the unit
sphere of Y there exists x € X with ||x||x < C and ||y — Tx|ly <c, then T is onto.

Proof. Given y € Y, we apply the hypotheses inductively to construct a sequence
(x;,), such that for alln =0, 1, ... we have

n
-1
leullx < C"Miylly and Iy =) Txjlly <c"llylly.
j=1

00
n=1

By the first property x = > -, x, exists and by the second one T x = y as required.

O



NONLOCAL SELF-IMPROVING PROPERTIES: A FUNCTIONAL ANALYTIC APPROACH 179

Proof of Lemma A.3. Pick & > 0 such that (1 + £)?|0 — 6*| is still smaller than the
right-hand side of (A-1). Let us see how we can apply Lemma A4 to T : Xg — Yj.
We fix y in the unit sphere of Yy. By definition of complex interpolation we find
g € F(Yy, Y1) such that

8@0) =y, lglrw.ry =U+e). (A-2)

Likewise, since g(8*) € Yg+ and T~ 'g(6*) € X4+, there exists f € F(X, X1) such
that

TFO") =g0"), IflEcxxn <A+IT 0], (A-3)

We complete the proof by showing that x = f(8) € Xy fits the assumptions of
Lemma A 4.
To this end, we first use (A-2) and (A-3) to give

Ixlx, < 1f ke x) < (L+IT ™ (60l x,

1+¢ 1+¢)?
<—1g®")lly,. < (+e) ,
K K

(A-4)
independently of y. In order to estimate the norm of y — T'x, we use the auxiliary

function
g@)-Tf(z) for z 759*,

h(z) = 7—0*
g ") —Tf'(©O* for z=0%

defined on the closure of the unit strip S. As we have T f(6*) = g(0*), we can
conclude by Riemann’s removable singularity theorem that / is holomorphic in §
with values in Yy + Y;. We even have h € F(Yy, Y1) by the choices of f and g and
since T € £(X, Y). From y—Tx = (60 —06%)h(0) we obtain

16— 0%

~Txlly, <16 — 6%k <
|y x|y, < | Al vy < min{6*, 1 — 6*}

g = T fllryo,v)-
Abbreviating M :=max ;=01 | T | x;-v;, we have

I8 = Tfllrcvo, vy = lIgllery, i) + MILf Ilecxo, x))
<1+
K
where the second step is due to (A-2) and the comparison between the second and
the last term in (A-4). Combining the previous two estimates, we get a bound for
|ly — Tx||y, that is independent of y and strictly smaller than 1 precisely by the
definition of & at the beginning of the proof. U

Stability of the lower bound in part (i) of Theorem A.1 will follow from a variant
of the Schwarz lemma from complex analysis.
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Lemma A.5. Let (Xg, X1) be an interpolation couple and 6* € (0,1). Let r <
min{6*, 1 —6*}/2. If |0 —0*| <r, then

0—0*
17 @, = 51£ @, =55 Fllrer

foreach f € F(Xo, X1).

Proof. Without loss of generality we may assume 6 # 6*. We fix f € F(Xo, X).
By definition of complex interpolation we have f(6) € Xy. Let us consider any
other g € F(Xo, X) satisfying g(8) = f(0). As in the proof of Lemma A.3 the
function
f(@)—g[@) for z 7&9’
h(z):={ <7°
f'(0)—g'@®) forz=0,

turns out to belong to F(Xg, X). For z € iR we have |z —0| >0 > 6" —r >r by
assumption. The same bound holds for z € 1 4 iR. By the definition of the norm
on F(Xg, X1) we obtain

1
I llExo, x) < ;||f — &llrxo.x1)

1

1
< ;||f||F(X0,X1) + ;||g||F(X0,X1)-

The upshot is that the norm of f(6*) in Xy« can be estimated via & since we have
O*—0)h(0*) = f(6*) —g(0*). Due to |6 —0*| <r we get

I £E)x, < llg+ @ —Ohllrcx, x1)
6 —6]
r

< 2lglFcex + | 17 e xo-

This inequality has been established for every g € F(Xo, X) satisfying g(0) = f(6).
On passing to the infimum we can replace || g||rx,,x,) by Il f(0)] x, on the right-
hand side and the claim follows. U

Proof of Theorem A.1. Let 0 € (0, 1) and assume |6 — 6*| < r, where r > 0 will be
subject to several restrictions culminating in the one alluded in the theorem. For
brevity we put again M := max;—o1 |||l x;—y,- The argument is in two steps:
First we prove a lower bound for T on Yy and then we adjust parameters to prove
the two assertions.

Step 1: A lower bound for T. Let x € Xy and pick f € F(Xg, X) such that f(0) =x.
Then Tf € F(Yo, Y1) satisfies Tf(0) =Tx € Yy and || T f |y, v)) < M| fllRrxo. x))-
We require » < min{6*, 1 — 6*}/2 in order to bring into play Lemma A.5, which
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in turn provides the bound

M|6—06*
ITxly, = 1T @y, 2 31T @ . = L= fle .

As we have f(6*) € Xy+, the assumption on T implies
M|6—6*
ITxlly, > £||f(9*)||xg* - %”f”F(XO,XI)-
In order to get rid of f(0*), let us require r < min{0*, 1 — 6*}/3 because then we
have r <min{#, 1 —0}/2. In turn, this allows us to reapply Lemma A.5 with the
roles of 6 and 6* interchanged to the effect that

« 0—0* M|6—0*
||Tx||Y925(%||f(9)||x9 6 |||f||F(Xox.)> MO0} i o

Since we have obtained this estimate under the restriction » < min{6*, 1 —6*}/3
for every f € F(Xo, X1) satisfying f(68) = x, we can pass to the infimum and

conclude
2M
||Tx||yé,z(——|9 e )||X||x9-

Step 2: Adjusting parameters. 1f 0 < & < 7, then summa summarum Step 1 yields
the required lower bound provided

6— 6% <r < dminfo", 1-0%), £ |6 gt

> EK.

These conditions collapse to

k(1 —4¢)

1—4
|9—9*|§rw<mm{9* 1—9} £)
K

m
as claimed in (i). Finally, if T : X+ — Yp+ is an isomorphism, then
1T sy < =
K
Consequently, Lemma A.4 guarantees that T : Xy — Yy remains onto provided
. K
|0 — 0% < min{0*, 1 —0*}K+—M

and this is a larger interval than the one obtained for the lower bound. U
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Saturated morphisms of logarithmic schemes

Takeshi Tsuji

The notion of universally saturated morphisms between saturated log schemes
was introduced by Kazuya Kato. In this paper, we study universally saturated
morphisms systematically by introducing the notion of saturated morphisms be-
tween integral log schemes as a relative analogue of saturated log structures.
We eventually show that a morphism of saturated log schemes is universally
saturated if and only if it is saturated. We prove some fundamental properties
and characterizations of universally saturated morphisms via this interpretation.

Introduction

The notion of universally saturated morphisms between saturated log schemes was
introduced by Kazuya Kato. The purpose of this paper is to study universally
saturated morphisms systematically.

We define saturated morphisms not only for saturated log schemes but also for
integral log schemes (Definitions 1.3.5, 1.3.7, 1.3.12, 11.2.10). They are stable under
compositions and base changes (in the category of log schemes) (Proposition I1.2.11).
The first important property of saturated morphisms is the following (Propositions
1.3.9, 11.2.12):

For a saturated morphism of integral log schemes (X, Mx) — (Y, My),
if My is saturated, then My is also saturated.

This and the stability of saturated morphisms under base changes imply that
saturated morphisms of saturated log schemes are universally saturated. In fact,
we see that the converse is also true (Proposition I1.2.13).

Our main results concerning saturated morphisms are the following:

This paper was written in 1997, and has been circulated among some experts since then. The author
made very minor revisions to the original keeping the reference numbers of theorems, propositions,
etc., unchanged because the original had already been cited in some published papers.

Some of the results of this paper will be absorbed into the book on foundation of logarithmic algebraic
geometry which Arthur Ogus has been writing for years.

MSC2010: 06F05, 14A15.

Keywords: logarithmic structure, logarithmic scheme, saturated morphism.
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(1) For a prime p and a morphism f : (X, Mx) — (¥, My) of fine saturated log
schemes over [, f is of Cartier type if and only if f is saturated (Proposition I1.2.14,
Theorem I1.3.1). (This is an unpublished result of K. Kato.)

2) Let f: (X, Mx) — (Y, My) be an integral morphism of fine saturated log
schemes and assume that we are given a chart Qy — My with Q saturated. We
regard (Y, My) as a log scheme over (S, Ms) = (Spec(Z[Q]), can. log) by the
chart. If X is quasi-compact, then there exists a positive integer n such that the
base change f': (X', Mx) — (Y, My') of f in the category of fine saturated log
schemes by the morphism (S, Mg) — (S, M) induced by the multiplication by n
on Q, is saturated (Theorem I1.3.4).

(3) For a smooth integral morphism f : (X, Mx) — (Y, My) of fine saturated log
schemes, f is saturated if and only if every fiber of the underlying morphism of
schemes of f is reduced (Theorem I1.4.2).

This paper consists of two chapters. The first chapter is devoted to the study of
saturated morphisms of monoids. In the second chapter, we deduce some results
on saturated morphisms of log schemes from the results in the first chapter. We
use freely the terminology introduced in [Kato 1989].

I. Saturated morphisms of monoids

L.1. Prime ideals of monoids. Throughout this paper, a monoid means a commu-
tative monoid with a unit element, and its monoid law is written multiplicatively
except for the set of natural numbers N = {0, 1, 2, ...}, which is regarded as a
monoid by its additive law. A homomorphism of monoids always preserves the
unit elements. For a monoid P, PP denotes the group associated to P (cf. [Kato
1989, §1]), and P* denotes the group of invertible elements of P.

Definition I.1.1 [Kato 1994, (5.1) Definition]. A subset / of a monoid P is called
an ideal of P if PI C I. Anideal I of P is called a prime ideal if its complement
P\I is a submonoid of P. We denote by Spec(P) the set of all prime ideals of P.

A morphism of monoids 4 : P — Q induces a map
Spec(Q) — Spec(P),  q+> h™' ().

For a submonoid S of a monoid P, we define the monoid S™'P by S~!P =
(s a |aeP,s eSS}/ ~, where sflal ~ 52—102 if and only if there exists € S such
that fs1a, = tspa; [Kato 1994, (5.2) Definition]. If P is integral (see [Kato 1989,
(2.2)]), the last condition is equivalent to sja, = spa; and S -lpis canonically
isomorphic to the submonoid of P& consisting of elements of the forms s~ 'a

(seS,aeP).
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For a prime ideal p of P, we define P, to be (P\p)~'P. If P is generated by
ai,...,a, € P, then P\p is generated by a; contained in P\p, and therefore P, is
generated by 17 'ay, ..., 17 'a, and ai_ll (a; € P\p). The set Spec(P,) is identified
with the subset {q € Spec(P) | q C p} of Spec(P) by the map Spec(P,) — Spec(P)
induced by the morphism P — P,, a > 17'a. For e, v e Spec(Py), and the
corresponding prime ideals g, ' € Spec(P), we have v C t/ if and only if g C ¢'.

Definition I.1.2. (1) [Kato 1994, (5.4) Definition]. For a monoid P, we define
the dimension dim(P) of P to be the maximal length of a sequence of prime
ideals pg 2 p1 2 --- 2 p, of P. If the maximum does not exist, we define
dim(P) = oo.

(2) For a prime ideal p of a monoid P, we define the height ht(p) of p to be the
maximal length of a sequence of prime ideals p =po 2 p1 2 --- 2 p, of P. If
the maximum does not exist, we define ht(p) = oo.

By the above identification of Spec(P,) with a subset of Spec(P), we have
ht(p) = dim(Py).

Proposition 1.1.3 [Kato 1994, (5.5) Proposition]. Let P be a finitely generated
integral monoid. Then:

(1) Spec(P) is a finite set.
(2) dim(P) =rankz(P8P/P*).
(3) Forp € Spec(P), ht(p) + dim(P\p) = dim(P).

Proposition I.1.4. Let f : P — Q be a morphism of monoids and assume that
there exists a positive integer n such that, for any b € Q, b" € f(P) and, for any
ay,ay € P, f(a1) = f(ax) implies aj = ay. Then, the morphism Spec(Q) —
Spec(P), q+— f_l(q) is bijective and, for q1, q2 € Spec(Q), q1 C q2 if and only
if f~1@1) € f~(q). Especially dim(P) = dim(Q) and ht(q) = ht(f~"(q)) for
q € Spec(Q).

Proof. For an element b € Q, there exists a € P such that " = f(a) and a”
is independent of the choice of a. Hence, we can define a map g from Q to P
by associating a” to b. We see easily that the map g is a morphism of monoids
and go f =n? and f o g = n>. Now the claim follows from the fact that the
multiplication by 7% on P and on Q induces the identity maps on Spec(P) and on

Spec(Q). U

Let P be a finitely generated saturated monoid (see [Kato 1994, (1.1)]) and
let p be a prime ideal of P of height 1. Then, since dim(P,) = ht(p) = 1, we
have rankZ(ngp /Py) = 1. Since P is saturated by assumption, P, and P,/ P are
saturated. Hence P,/ P = N. By taking the associated abelian groups and using
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pr = P®P, we get an isomorphism P& /Py = Z. We define the valuation vy
associated to p to be the homomorphism P& — P& /PF=7.

Lemma I.1.5. Let P be a finitely generated saturated monoid and let p be a prime
ideal of P of height 1. Then, we have

Py = {x € P | uy(x) = 0).

Proof. By definition, it is trivial that v,(x) > 0 for x € P,. Conversely, if vy (x) >0
for x € P#P, then there exist y € P, and z € P, such that x = yz. Hence x € Pp. U

Proposition 1.1.6 [Kato 1994, (5.8) Proposition (1)]. Let P be a finitely generated
saturated monoid. Then, we have P = ﬂp Py, where p ranges over all prime ideals
of P of height 1.

Lemma 1.1.7. Let f : P — Q be a morphism of finitely generated saturated
monoids. Let q be a prime ideal of Q of height 1 such that the prime ideal
p = f~1(q) of P is of height 1. Then, there exists a positive integer n such that
vq o & = nv,. We call the integer n the ramification index of f at q.

Proof. Since f(P\p) C Q\q, the morphism f induces a morphism P, — Q4 and
hence a morphism P,/ Py — Qq/Qj. Furthermore, if f e (s~la) e Qj fors € P\p
and a € P, then f(a) € Q:. This implies f(a) € Q\q, that is, a € P\p. Hence
s~lae Py. Now we see the lemma easily. U

L.2. Integral morphisms.

Proposition 1.2.1 [Kato 1989, Proposition (4.1)(1)]. Let f: P — Q be a morphism
of integral monoids. Then in the following conditions, (1) and (iv) are equivalent,
and (ii), (iii), and (v) are equivalent.

(i) For any integral monoid P’ and for any morphism g : P — P’, the pushout of
Q < P — P’ in the category of monoids is integral.
(ii) The homomorphism Z| P] — Z[ Q] induced by f is flat.
(iii) For any field k, the homomorphism k| P] — k[ Q] induced by f is flat.

(v) Ifay,ay € P, by,by € Q and f(a1)b; = f(ax)b,, there exist az, a4 € P and
b € Q such that by = f(a3)b and ayaz = ayas (Which implies b, = f(a4)b).

(v) The condition (iv) is satisfied and f is injective.

Definition 1.2.2. We say a morphism f : P — Q of integral monoids is integral
if it satisfies the equivalent conditions (i) and (iv) in Proposition 1.2.1.

Using the condition (i), we can easily verify the following.

Proposition 1.2.3. (1) Let f : P — Q and g : Q — R be morphisms of integral
monoids. If f and g are integral, then g o f is integral.
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(2) Let f : P — Qand g : P — P’ be morphisms of integral monoids and let Q'
be the pushout of Q < P — P’ in the category of monoids. If f is integral,
then the canonical morphism P’ — Q' is integral.

Lemma 1.2.4. Let P be a monoid and let G be a subgroup of P. If P is integral,
then P/ G is integral.

Proof. Straightforward. (]

Proposition 1.2.5. Let f : P — Q be a morphism of integral monoids and let G and
H be subgroups of P and Q respectively suchthat f(G) CH. Letg: P/G— Q/H
be the morphism induced by f. Then, f is integral if and only if g is integral.

Proof. Note first that P/G, Q/H and Q/f(G) are integral by Lemma 1.2.4. If f
is integral, then the base change P/G — Q/f(G) is also integral. The morphism
Q/f(G)— Q/H=(Q/f(G))/(H/f(G)) is always integral by Lemma 1.2.4 and
the condition (i) of Proposition 1.2.1 for integral morphisms. Hence g is integral.
Conversely, suppose g is integral. Since P — P /G is always integral by the same
reason as above, the composite & of P Ls 0 with 9 — Q /H 1is integral. We
will prove that f satisfies the condition (iv) of Proposition 1.2.1. Let a;, a € P,
b1, by € Q such that f(a;)by = f(az)b,. Since h is integral, there exist az, as € P,
b € Q, and ¢ € H such that b; = f(a3)bc and ajas = aras. This completes the
proof. ([l

Lemma 1.2.6. Let P be a monoid and let S be a submonoid of P. If P is integral,
then S~ P is integral.

Proof. Straightforward. ([

Proposition 1.2.7. Let f : P — Q be a morphism of integral monoids and let S
and T be submonoids of P and Q respectively such that f(S) C T. If f is integral,
then the morphism S~'P — T~'Q induced by f is integral.

Proof. Note first that S7'P, T7'Q and f(S)"'Q are integral by Lemma 1.2.6.
If f is integral, the base change S™'P — f(S)~!Q is integral. The morphism
'O - T7H(f(S)"'Q)=T'Q is integral by Lemma 1.2.6 and the condition
(i) of Proposition 1.2.1 for integral morphisms. Hence the morphism S~!P —
T~'Q is integral. ([l

Proposition 1.2.8. Let f : P — Q be an integral morphism of integral monoids
such that f~1(Q*) = P*. Then f is exact (see Definition 1.3.1). Furthermore, if
P* = {1}, f® is injective.

Proof. Take ay, ap € P such that fgp((al)*laz) € Q. Then there exists b € Q such
that f(a;)b; = f(az) in Q. By the condition (iv) of Proposition 1.2.1 for integral
morphisms, there exist as, a4 € P and b € Q such that by = f(a3)b, 1 = f(as)b and
ajaz = aray. Since f~1(Q*) = P* a4 € P* and hence (a;) 'ar = (as)"'az € P.
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The exactness of f implies that Ker( f8P) C P* Hence, if P* ={1}, f*P isinjective.
O

Corollary 1.2.9. Let f : P — Q be an integral morphism of finitely generated
integral monoids. Let q be a prime ideal of Q and let p be the prime ideal f~'(q)
of P. Then ht(p) < ht(q).

Proof. The morphism g : P,/ Py — Qq/Qj induced by f is integral by Propositions
[.2.5 and 1.2.7. By Proposition 1.2.8, g# is injective. Hence ht(q) = dim(Q,) =
rankz(QFF / QF) > rankz(P;*/ PF) = dim(Py) = ht(p). O
Proposition 1.2.10. Let f : P — Q and g : Q — R be morphisms of integral
monoids. If g o f is integral and g is exact, then f is integral.

Proof. We will prove that f satisfies the condition (iv) of Proposition 1.2.1. Take
ai,ax € P and by, by € Q such that f(a;)b; = f(a2)by. Then (go f)(a)g(by) =
(g o f)(az)g(by) and, since g o f is integral, there exist az, as € P and ¢ € R such
that g(b1) = (g o f)(az)c and ajaz = aras. Since g is exact, b = b f(az)~" is
contained in Q. This completes the proof. O
Proposition 1.2.11. Let f : P — Q be a morphism of finitely generated integral
monoids. Then the following two conditions are equivalent:

() f is integral and f~'(Q*) = P*.
(ii) f is exact and, for any b € Q, there exists b’ € Q such that

FEPEBNQ = f(P.

Lemma 1.2.12. Let f : P — Q be an exact morphism of finitely generated integral
monoids. Let b € Q and define a subset I of P®P to be {a € P® | f&(a)b € Q}.
Then, there exists ¢ € P such that cI C P.

Proof. First we will prove the lemma assuming P and Q are saturated. For a
prime ideal q of Q of height 1, we define ¢4 € P as follows. If vq(f(P)) =0,
we define ¢q = 1. If vq(f(P)) # 0, we define ¢, to be an element of P such that
vq(f(cq)) = vg(b). Setc = ]_[q cq, where q ranges over all prime ideals of Q of
height 1. We assert ¢/ C P. Since f is exact, it suffices to prove f&P(cl) C Q.
Let a € P#P such that f2P(a)b € Q. Let q be a prime ideal of QO of height 1.
By Lemma I.1.5 and Proposition L.1.6, it is enough to prove vg(f#P(ac)) > 0. If
vq(f(P)) =0, then vy (/P (P#P)) =0 and hence vq(feP(ac)) =0. If vq(f(P)) #0,
then

Vg (f¥(ac)) = vq(f¥(a)) +vq(f(0)) = vg(f*(@)) + vq(f (cq))
> vg(f#P(a) + vq(b) = vg(f*(a)b) = 0.

Next we will reduce the general case to the case where P and Q are satu-
rated. Let P% and Q" be the saturated monoids associated to P and Q (see
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Definition I1.2.2), which are finitely generated by Proposition I1.2.4, and let %" :
Pt — Q%! be the morphism induced by f. Then the morphism f%* is exact.
Define a subset J of (P%)& = PP to be {a € (P*")&P | f&(a)b € Q*"'}. Then
we have proven that there exists ¢ € P% such that ¢J C P%*. By multiplying ¢ by
some element of P, we may assume ¢ € P. Letay, ..., a, € P be a system of
generators and choose a positive integer n such that @' € P for all 1 <i <r. Then

sat _ nj
P =Upzpzn—1 P Thazizr ™

Choose d € P such that da; € P forall 1 <i <r. Then d"®D P2t ¢ P. Hence
d'" Vel cd"®VeJ cd =D pstc P, a

Proof of Proposition 1.2.11. (i) = (ii). By Proposition 1.2.8, f is exact. Let
I be the set {a € PP | f8(a)b € Q}. We have PI C I. By Lemma [.2.12,
there exists ¢ € P such that ¢/ C P. By [Kato 1994, (5.6) Lemma], there exist
ai,...,ar€lsuchthat I =J,_;., Pa;. Setb; = f&(a;)b € fE(P)bN Q. Then
fEP(PEYLNQ = fE& ()b = U;<:<r f(P)b;. If r =1, we are done. Suppose r > 2.
Since b1b, le fEP(PEP) and bl,_bz_ € Q, by the condition (iv) of Proposition 1.2.1
for integral morphisms, there exist d;, d> € P, b/l € O suchthat by = f (dl)b/1 and
by = f(dy)b}. Then b} € fEP(P#)bN Q and we have

fEPENQ D f(PIb]U(Us<ic, f(PIB:) DUi<, F(P)bi = fE(PEYLNQ.

Hence f&(PE)bN Q = f(P)b} U (Ui, f(P)bi). Repeating this procedure,
we are reduced to the case r = 1.

(i) = (i). It is trivial that the exactness of f implies f~!(Q*) = P*. We will
prove that f satisfies the condition (iv) of Proposition 1.2.1. Take a;, a, € P and
b1, by € Q such that f(a;)b; = f(az)b,. Then, by assumption, there exists b €
QO such that fEP(Pe)b; N Q = fEP(PE)b, N Q = f(P)b. Choose az,aq € P
such that by = f(a3)b and by, = f(as)b. Then, by f(ai)b; = f(az)b,, we have
f(aia3) = f(aras). The element a := (a1a3) " aras belongs to Ker( f&P), which
is contained in P since f is exact. By replacing a3z by aasz, we obtain the desired
elements a;,az3 € P and b € Q. O

L.3. p-saturated monoids and p-saturated morphisms.

Definition 1.3.1 [Kato 1989, Definition (4.6)(1)]. We say a morphism of integral

monoids f : P — Q is exact if (f&)~1(Q) = P.

Proposition 1.3.2. (1) Let f: P — Q and g : Q — R be morphisms of integral
monoids. If f and g are exact, then g o f is exact. If g o f is exact, then f is

exact.

(2) Let f : P — Qand g : P — P’ be morphisms of integral monoids and define
a morphism of integral monoids ' : P' — Q' by the following cocartesian
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diagram in the category of integral monoids.

h
/ «— Q

0
A
P <*— P

If f is exact, then ' is exact.

Proof. The claim (1) is trivial. We prove (2). Let a be an element of (P’)& such
that (/)8 (a) € Q'. Since the diagram of abelian groups

(Q)eP ﬂ Qe

<f’>gﬁ fgﬁ

, ggp
(P £ pw

is cocartesian and Q' = ()& (P")h&(Q) in (Q')#P, there exist b € P/, ¢ € Q and
d € P® such thata = b - g8P(d) and ¢ = f®P(d). Since f is exact by assumption,
d e P and hence a € P’. O

Definition 1.3.3. Let p be a prime. We say an integral monoid P is p-saturated
if the multiplication by p on P is exact (or equivalently, for any a € PP, a? € P
implies a € P).

It is easy to see that an integral monoid P is saturated if and only if P is p-
saturated for every prime p.

Example 1.3.4. Let n be a positive integer and let P be the submonoid (N x N ¢)U
nN x {0} of N@®N, which is generated by (n, 0) and (m, 1) (meN,0<m <n-—1).
Then, for a prime p, P is p-saturated if and only if p {n.

Definition 1.3.5. Let p be a prime and let f : P — Q be a morphism of integral
monoids. Define Q’, f’ and g by the following cocartesian diagram in the category
of integral monoids:

0 -0

I

P<p—P

Let i be the unique morphism Q' — Q suchthat hog=p and ho f' = f. We
say the morphism f is p-quasi-saturated if h is exact.

Proposition 1.3.6. Let p be a prime.

(1) Let f: P — Q and g : Q — R be morphisms of integral monoids. If f and g
are p-quasi-saturated, then g o f is p-quasi-saturated.
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(2) Let f : P — Q and g : P — R be morphisms of integral monoids and define a
morphism of integral monoids h : R — S by the following cocartesian diagram
in the category of integral monoids:

S<i—Q

T

R <X _p

If f is p-quasi-saturated, then h is p-quasi-saturated.

Proof. (1) We have the following commutative diagram of integral monoids in
which the composite of each line is the multiplication by p, jog' =g, ho f' = f
and each square is cocartesian in the category of integral monoids:

J i

R R’ R” R
/] [
0 —— ¢ 0
|

p

p L p

If f and g are p-quasi-saturated, & and j are exact. By Proposition 1.3.2 (2), i is
exact. Hence j oi is exact and g o f is p-quasi-saturated.

(2) Define morphisms f': P — Q' and j: Q' — Q (resp. ' : R — S’ and k: ' — S)
using f : P — Q (resp. h : R — S) as in Definition 1.3.5. Let i’ : Q' — S’ be the
morphism induced by g: P — R and i : Q — S. Then, we have a commutative
diagram

S<i—Q

J

S/ i/ Q/

T
R <« P,

The outer big square and the lower square are cocartesian in the category of integral
monoids. (For the first one, note koh’ =h and jo f' = f.) Hence the upper square
is also cocartesian. Therefore, by Proposition 1.3.2 (2), if j is exact, then k is exact.

(]
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Definition 1.3.7. We say a morphism of integral monoids f : P — Q is quasi-
saturated if it is p-quasi-saturated for every prime p.

Proposition 1.3.8. Let n be an integer > 2. Let f : P — Q be a quasi-saturated
morphism of integral monoids and define an integral monoid Q' by the cocartesian
diagram in the category of integral monoids

/<g_Q

f’T fT

P <~ p.

Let h be the unique morphism Q' — Q suchthathog=nandho f' = f. Then h
is exact.

Proof. It suffices to prove that, if the proposition is true for integers n; > 2 and
ny > 2, then it is true also for n3 = nyn;. Consider the following cocartesian
diagrams in the category of integral monoids:

82 81

(o)) 0 0
sz flT fT
P <2 p P

Leth;: Q1 — Q (resp. hy: Q> — Q1) be the unique morphism such that o f; = f
and hjogy =ny (resp. hpo fo = f1 and hoogyr =ny). Then hy:=hjohy: Qr — QO
is the unique morphism such that i3 o f, = f and h3 o g 0 g1 = n1ny. Since
f is quasi-saturated, h; is exact by assumption. Since f] is quasi-saturated by
Proposition 1.3.6 (2), & is also exact by assumption. Hence A3 is exact. ([

Proposition 1.3.9. Let p be a prime and let f : P — Q be a morphism of integral
monoids. If P is p-saturated (resp. saturated) and f is p-quasi-saturated (resp.
quasi-saturated), then Q is p-saturated (resp. saturated).

Proof. Define an integral monoid Q' and morphisms of monoids f': P — Q’,
g:0— Q and h: Q" — Q as in Definition .3.5 using pand f: P - Q. If P
is p-saturated, g is exact by Proposition 1.3.2 (2). If f is p-quasi-saturated, 4 is
exact. Hence hog = p: QO — Q is exact, that is, Q is p-saturated. By considering
all p, we obtain the claim in the case when P is saturated. ([

Proposition 1.3.10. Let p be a prime and let f : P — Q be a morphism of p-
saturated monoids. Then, the following three conditions are equivalent:

(1) The morphism f is p-quasi-saturated.
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(2) For any p-saturated monoid P’ and any morphism g : P — P’, the pushout
of the diagram Q L P & Pinthe category of integral monoids, is p-
saturated.

(3) The pushout of the diagram Q L P2 pinthe category of integral monoids,
is p-saturated.

Proof. The implication (1) = (2) follows from Propositions 1.3.6 (2) and 1.3.9 and
(2) = (3) is trivial. We prove (3) = (1). Define an integral monoid Q" and a
morphism of integral monoids g: Q — Q" and h : Q" — Q as in Definition 1.3.5.
Then, we see that goh : Q' — Q' is the multiplication by p and hence it is exact
by assumption. By Proposition 1.3.2 (1), & is exact. ]

Corollary L.3.11. Let f : P — Q be a morphism of saturated monoids. Then, the
following three conditions are equivalent:

(1) The morphism f is quasi-saturated.

(2) For any saturated monoid P’ and any morphism g : P — P’, the pushout of
the diagram Q <L P 5 P in the category of integral monoids, is saturated.

(3) For every prime p, the pushout of the diagram Q <L P2 Pinthe category
of integral monoids, is saturated.

Definition 1.3.12. Let p be a prime. We say a morphism of integral monoids
f P — Q is p-saturated (resp. saturated) if f is integral and p-quasi-saturated
(resp. quasi-saturated).

Proposition 1.3.13. Let p be a prime and let f : P — Q be an integral morphism
of p-saturated monoids. Then, the following three conditions are equivalent:

(1) The morphism f is p-saturated.

(2) For any p-saturated monoid P’ and any morphism g : P — P’, the pushout
of the diagram Q <L P &5 Pinthe category of monoids, is p-saturated.
(3) The pushout of the diagram Q <L P 2 Pinthe category of monoids, is

p-saturated.

Proposition 1.3.14. Let f : P — Q be an integral morphism of saturated monoids.
Then, the following three conditions are equivalent:

(1) The morphism f is saturated.

(2) For any saturated monoid P’ and any morphism g : P — P’, the pushout of
the diagram Q <L P85 Plinthe category of monoids, is saturated.

(3) For every prime p, the pushout of the diagram Q <L P2 Pinthe category
of monoids, is saturated.

Lemma 1.3.15. Let P be an integral monoid and let G be a subgroup of P.
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(1) The monoid P is saturated if and only if P/ G is saturated.
(2) The morphism P — P /G is saturated.

Proof. (1) Straightforward.

(2) The morphism P — P /G is integral by Proposition 1.2.5. For any prime p,
the base change of P — P/G by p: P — P in the category of monoids is given
by the quotient P — P/G”. Hence P — P/G is p-quasi-saturated because the
projection map P/G? — P/G is exact. (]

Proposition 1.3.16. Let f : P — Q be a morphism of integral monoids and let
G and H be subgroups of P and Q respectively such that f(G) C H. Let g :
P/G — Q/H be the morphism induced by f. Let p be a prime. Then f is p-
saturated if and only if g is p-saturated. In particular, f is saturated if and only if
g is saturated.

Proof. By Proposition 1.2.5, we may assume that f and g are integral. If f is
p-saturated, the base change P/G — Q/f(G) of f by P — P/G in the category
of monoids is p-saturated by Propositions 1.2.3 (2) and 1.3.6 (2). The morphism

Q/f(G) = (Q/f(G))/(H/f(G)) = Q/H is p-saturated by Lemma 1.3.15 (2).
Hence P/G — Q/H is p-saturated by Propositions 1.2.3 (1) and 1.3.6 (1). Con-
versely, suppose that P/ G — Q/H is p-saturated. Since P — P /G is p-saturated,
P — Q/H is p-saturated. Put Q := Q/H. Define a monoid Q' (resp. Q') and
morphisms of monoids k : Q — Q" and h: Q' — Q (resp. k : Q@ — Q' and
h:Q — Q) as in Definition 1.3.5 using p and f: P — Q (resp. P N 0 — 0).
Then the natural map Q' — Q' is the quotient by k(H). Therefore the morphisms
Q' — Q' and Q — Q are exact. Since & is exact, we see that & is also exact by
using Proposition 1.3.2 (1). ([

Lemma 1.3.17. Let P be an integral monoid and let S be a submonoid of P.

(1) If P is saturated, then S~ P is saturated.

(2) The morphism P — S ~1 P is saturated.

Proof. (1) Straightforward.

(2) The morphism P — S~! P is integral by Proposition I.2.7. For a prime p, the
following diagram is cocartesian in the category of monoids:

s-lpl_s-1p

|,

p—T"_—p

Hence P — S~!' P is p-quasi-saturated. ]
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Proposition 1.3.18. Let f : P — Q be a morphism of integral monoids and let S
and T be submonoids of P and Q respectively such that f(S) C T. Let p be a
prime. If f is p-saturated (resp. saturated), then the morphism S™'P — T~1Q
induced by f is p-saturated (resp. saturated).

Proof. If f is p-saturated, then the base change S~!'P — f(S)~'Q of f by
P — S~'P in the category of monoids is p-saturated by Propositions 1.2.3 (2)
and 1.3.6 (2). The morphism f(S)~'Q — T=1(f(S)"'Q) = T~'Q is p-saturated
by Lemma 1.3.17 (2). Hence, the morphism S~!P — T~!Q is p-saturated by
Propositions 1.2.3 (1) and 1.3.6 (1). [l

Remark 1.3.19. For an integral monoid P and a submonoid S of P, the natural
morphism P — S~! P induces an isomorphism P/S => S~!P/SeP. Therefore,
Propositions 1.2.5, 1.2.7, 1.3.16, and 1.3.18 immediately imply the following claim:
Let f: P — Q be a morphism of integral monoids, and let S and T be submonoids
of P and Q respectively such that f(S) C T. Let p be a prime. If f is integral
(resp. p-saturated, resp. saturated), then so is the morphism P/S — Q/T induced

by f.

L.4. A criterion of p-saturated morphisms. In this section, we give a criterion
for an integral morphism of finitely generated integral monoids to be p-saturated
(Theorem 1.4.2). As corollaries, we prove that, under certain conditions, p-saturated
morphisms are always saturated (Corollaries 1.4.5 and 1.4.7).

Proposition L.4.1. Let p be a prime and let f : P — Q be a morphism of integral
monoids. We consider the following condition on f.

(%) Forany a € P and b € Q such that f(a)|b?, there exists c € P such that

alc? and f(c)|b.

(1) If P is p-saturated and f is p-quasi-saturated, then f satisfies (x).

(2) If Q is p-saturated and f satisfies (x), then f is p-quasi-saturated.
In particular, if P and Q are p-saturated, f is p-quasi-saturated if and only if f
satisfies (x).

Proof. Consider the following cocartesian diagram in the category of integral

monoids: e
Q' «—— 0

A

p L p

Let i : Q' — Q be the unique morphism such that hog = p and ho f' = f. Then
(Q")#P is canonically identified with

(P2 @® 0%) /{(a”, f®(a)"") | a € P}
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and Q' corresponds to the image of P & Q. For (a, b) € P& @ Q%, we denote by
(a, b) its image in (Q')%. We have h#((a, b)) = f&(a)bP.

(1) Suppose that P is p-saturated and that f is p-quasi-saturated, that is, / is exact.
Leta € P and b € Q such that f(a)|b?. Then h&((a~!, b)) = f(a)~'b? € Q.
Hence (a~!,b) € Q, that is, there exists ¢ € P& such that a~'¢? € P and
bfeP(c)~! € Q. Since P is p-saturated, a~'c? € P implies ¢ € P. Now we
have a | c¢? and f(c) | b.

(2) Suppose that Q is p-saturated and that f satisfies (x). Leta € P8 and b € Qgp
be elements satisfying he®((a, b)) = f(a)b? € Q. If a is of the form azal_

(a1,a; € P), then (a,b) = ((alal’ =1 bf(ay)). Hence we may assume that a is
of the form a2 (ar € P). Then since Q is p-saturated, f&P(a)b? € Q implies
be Q and f(ay) | bP. Hence, by (x), there exists ¢ € P such thata, | ¢” and f(c) | b,
which implies (a, b) = ((a2)~'c?, f(c)~'b) € Q'. a

Theorem 1.4.2. Let p be a prime. Let f : P — Q be an integral morphism of
finitely generated integral monoids such that f~'(Q*) = P* Then f is p-saturated
if and only if f satisfies the following two conditions:

(i) For b € Q®P, if there exists a € P such that f(a)b? € Q, then there exists
a’ € P such that f(a")b € Q.

(i) For b € Q, if there exists a € P\P* such that f(a)|b?, then there exists
a’ € P\ P* such that f(a’)|b.

Lemma 1.4.3. Let f: P — Q be an integral morphism of finitely generated integral
monoids such that f~1(Q*) = P* Then, forany b € Q and b’ € f(P®)bN Q,
fE(PYb N Q = f(P)b ifand only if f(a){b’ for all a € P\ P*

Proof. By Proposition 1.2.11, there exists b” € Q such that f&(P&)bN Q =
f(P)D". Take c € P such that b’ = f(c)b". If f(a){b’ foralla € P\ P* thenc € P*
and hence f8P(P&)bNQ = f(P)b'. Conversely, assume fE(PEP)bNQ = f(P)b'.
Then, for any a € P such that f(a) | b, there exists a’ € P such that f(a)~'b’ =
f(a')b' because f(a)~'b' € f(P®)bN Q = f(P)b'. Hence f(a) € Q* and
a e P* O

Proof of Theorem 1.4.2. We use the same notation as in the first paragraph of the
proof of Proposition 1.4.1.

First assume that f is p-saturated, that is, the morphism 4 : Q' — Q is exact.
Take b € Q% and a € P such that f(a)b? € Q. Then h&((a, b)) = f(a)b? € Q.
Since & is exact, (a, b) € Q’, that is, there exists ¢ € P& such that ac™? € P and
bfe(c) € Q. Hence f satisfies the condition (i). Take b € Q such that f(a)tb for
all a € P\ P*. To prove that f satisfies the condition (ii), it suffices to prove that
f(a)tb? for all a € P\P*. By Lemma 1.4.3, feP(P&)b N Q = f(P)b and it is
enough to prove feP(PEP)LPNQ = f(P)b’. Leta € PEP and suppose fEP(a)b? € Q.
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Then A% ((a, b)) = f(a)bP? € Q. Since h is exact, (a, b) € Q’, that is, there exists
¢ € P® such that ac™” € P and bfeP(c) € Q. By feP(Pe)bN Q = f(P)b, there
exists d € P such that f8(c)b = f(d)b, i.e., f(c) = f(d) (€ Q). Since f is
exact by Proposition 1.2.8, ¢ € P and hence a € ¢’ P C P.

Next assume that f satisfies the conditions (i) and (ii). It suffices to prove
that % is exact. Let a € P#P, b € Q%P and suppose h&((a, b)) = feP(a)b? € Q.
We will prove (a,b) € Q’. By the condition (i), there exists ¢ € P such that
f(c)b € Q, and we have (a, b) = (ac™?, f(c)b). Hence we may assume b € Q.
By Proposition 1.2.11, there exists b’ € Q such that f&(P&)bNQ = f(P)b’. Take
¢ € P such that b= f(c)b'. Since (a, b) = (ac?, b’), it is enough to prove ac” € P.
By the condition (ii) and Lemma 1.4.3, f&P(P&)(b")’ N Q = f(P)(b')P. Since
fE(ac?)(B')P = fEP(a)bP? € Q, we obtain f&(acP) € f(P) C Q. Since f is
exact by Proposition 1.2.8, ac” € P. ([

Remark 1.4.4. Let f : P — Q be an integral morphism of finitely generated
integral monoids such that f~!(Q*) = P*. Then, using Lemma I.4.3, we see easily
that the condition (i) (resp. (ii)) in Theorem 1.4.2 is equivalent to the condition (i)
(resp. (ii’)) below:

(i) The image of Q in Q8P /f8P(P&P) is p-saturated.
(ii") For b € Q, if f&(PEP)b N Q = f(P)b, then fEP(PE)HLP N Q = f(P)bP.

Corollary 1.4.5. Let p and q be two different primes and let f : P — Q be a
morphism of finitely generated integral monoids. If Q is q-saturated and f is p-
saturated, then f is q-saturated. (Thus, if Q is saturated and f is p-saturated,
then f is saturated.)

Proof. Let S be the submonoid f~'(Q*) of P, which is the complement of the
prime ideal f~'(Q\Q*) of P. Then the morphism f uniquely factors as P >
S~'P 5 0. The monoid S~! P is finitely generated and integral. The morphism
g is g-saturated by Lemma 1.3.17 (2). Since /& : S™!P — Q is the base change
of f:P— Qbyg:P— S'P, his p-saturated. Thus, we are reduced to the
case f~1(Q*) = P* By Theorem 1.4.2, it suffices to prove that f satisfies the
conditions (i) and (ii) in Theorem 1.4.2 for the prime ¢g. The condition (i) follows
from the fact that Q is g-saturated. Indeed, if f(a)b? € Q fora € P and b € Q%P
then (f(a)b)? € Q and hence f(a)b € Q. Let b € Q and suppose that there exists
a € P\ P* such that f(a) | b?. Choose a positive integer m such that g < p™. Then,
f(a)|b”" and, by Theorem 1.4.2, there exists a’ € P\ P* such that f(a’) |b. O

Definition 1.4.6. Let f : P — Q be a morphism of monoids. We say the mor-
phism f is vertical if, for any b € Q, there exists a € P such that b | f(a), that is,

f(a) €bQ.
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Corollary 1.4.7. Let p be a prime and let f : P — Q be a morphism of finitely
generated integral monoids. If f is vertical and p-saturated, then f is saturated.

Proof. Let g be any prime different from p. We prove that f is g-saturated. By the
same argument as in the proof of Corollary 1.4.5, we may assume f~!'(Q*) = P*.
Then, it suffices to prove that f satisfies the conditions (i) and (ii) in Theorem 1.4.2
for the prime ¢. The assumption that f is vertical implies that, for any b € Q%P,
there exists a € P such that f(a)b € Q. Hence f satisfies the condition (i). We
can prove that f satisfies the condition (ii) exactly in the same way as in the proof
of Corollary 1.4.5. ([

Remark 1.4.8. (1) If P and Q are not finitely generated, Corollaries 1.4.5 and
1.4.7 are not true. We have the following counterexample. Let p be a prime and
set P={np™ |n e N,m e N} C Q. Let n be an integer> 2 prime to p and let
f : P — P be the morphism defined by the multiplication by n. It is easy to see
that P is saturated and the morphism f is integral and vertical. However, for a
prime g, f is g-saturated if and only if g is prime to n. We prove it. If g is prime
to n, then the following diagram is cocartesian in the category of monoids:

PP

T

p <L _p

Indeed, it is easy to see that this becomes cocartesian after taking the associated
groups. On the other hand, we have f(P)P? = P because, for a sufficiently large
integer m, there exist positive integers r and s such that rn + sqg = p™. Hence, by
definition, f is g-saturated. If n is divisible by ¢, set

m=nq~', G=P®/(P®) (Z7/q7)
and define morphisms of monoids g, h : P8? — G @ P*#P by
g(a) = (a mod (P*)7,a™), h(a)=(0,a).

Then the following diagram is cocartesian:

G @ PP« pep

(| T o

pw .1 pep
The pushout of the diagram P Jpapis g(P)h(P). On the other hand, we see
easily that g(P)h(P)NG = {1} and G? = {1}. Hence g(P)h(P) is not g-saturated.
By Proposition 1.3.13, f is not g-saturated.
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(2) If f is not vertical, Corollary 1.4.7 is not true. Indeed, for two integral monoids
P and Q and a prime p, the morphism P — P& Q, a+> (a, 1) is integral and it is
p-saturated if and only if Q is p-saturated. By taking the monoid in Example 1.3.4
as O, we obtain a counterexample.

L5. A criterion of saturated morphisms, 1. The purpose of this section is to prove
Theorem 1.5.1 below. This is an unpublished result of K. Kato. As a corollary, we
will prove that every integral morphism of finitely generated saturated monoids is
“potentially” saturated (Corollary 1.5.4).

Theorem L.5.1. Let f : P — Q be an integral morphism of finitely generated
saturated monoids. Then, the morphism f is saturated if and only if, for every
prime ideal q of Q of height 1 such that the prime ideal f~'(q) of P is of height 1,
the ramification index of f at q (Lemma 1.1.7) is 1.

Lemma 1.5.2. Let n be a positive integer. Then the morphism n : N — N is satu-
rated if and only if n = 1.

Proof. Suppose n > 2. First note that the morphism 7 : N — N is integral. Let m be
an integer > 2 and set d = ged(n, m), mo=md~" and no =nd~'. Choose integers
r and s such that s - mg+r -ng = 1 and define morphisms f, g :N— N&Z/dZ
by f(1) = (ng, s) and g(1) = (mg, —r). Then, the diagram

N®Z/dZ +5—N

1

N+——N
is cocartesian in the category of saturated monoids. Indeed, we see easily that the
diagram becomes cocartesian in the category of abelian groups after taking the
associated groups and that N @ Z/dZ is the saturation of f(N)+ g(N). If ng >2
and mo > 2, N@Z/dZ 2 f(N)+ g(N) because (1,0) € f(N)+ g(N). Otherwise,
d>?2andagain N® Z/d7Z 2 f(N)+ g(N) because (0, 1 modd) ¢ f(N)+ g(N).
Hence the pushout of N <~ N 5> N in the category of monoids is not saturated
for integers n, m > 2. O

Proof of Theorem 1.5.1. First let us prove the necessity. Let q be a prime ideal of
height 1 of Q such that p = f~'(q) is a prime ideal of height 1 of P. Then, by
Propositions 1.3.16 and 1.3.18, the morphism N = P,/ P — Qq/Qg = N induced
by f is saturated. Hence, by Lemma 1.5.2, the ramification index of f at q is 1.
Next let us prove the sufficiency. First we prove it in the case dim(P) = 1
and f~1(Q*) = P* The set Spec(P) consists of two elements @ and P\ P*, and
we have P/P* = N. If we choose a lifting e € P of the generator of P/P¥, the
maximal ideal P\ P* is generated by e. Let p be a prime. We will prove that
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f satisfies the conditions (i) and (ii) in Theorem 1.4.2. The condition (i) follows
from the fact that Q is saturated. Let b € Q and suppose that there exists a € P\ P*
such that f(a) | b?, or equivalently, f(e) |bP. Then, for any prime ideal q of Q
of height 1, vq(b?) > vg(f(e)). By the assumption on f, vq(f(e)) = 1 or 0.
If vy(f(e)) = 1, then vy(b) > 1 and hence vq(bf(e)*l) > 0. If vg(f(e)) =0,
then vq(bf(e)*l) = vg(b) > 0. By Lemma 1.1.5 and Proposition 1.1.6, we see
bf(e)~' € Q, thatis, f(e)|b.

Now let us consider the general case. Let p be the prime ideal f~!(Q\Q*) of P.
Then the morphism f factors as P — P, — Q. The first morphism is saturated
and the second morphism is integral by Propositions 1.3.18 and 1.2.7. Hence we
may assume f “1(Q*) = P*. Let pbe a prime. Since Q is saturated, f satisfies
the condition (i) in Theorem [.4.2. It remains to prove that f satisfies the condition
(ii") in Remark 1.4.4. Let b € Q and assume f&P(P&)b N Q = f(P)b. We will
prove feP(PE&P)bP N Q = f(P)bP. By Proposition 1.2.11, there exists b’ € Q
such that feP(PE&)bP N Q = f(P)b'. Choose a € P such that b” = f(a)b’. By
Proposition L.1.6, it suffices to prove a € P for all prime ideals p of P of height 1.
Let p be a prime ideal of height 1 of P and define an integral morphism of finitely
generated saturated monoids f;, : P, — Qy by the following cocartesian diagram
in the category of monoids:

Qp «— 0

fJ fT

By Propositions 1.2.11 and 1.3.2(2), f, is exact, and therefore fp_l(Q;) = Pp*.
Using Qp = f (P\p)~'Q, we see that, for every prime ideal s of O, of height 1
such that the prime ideal fp_l(s) of P, is of height 1, the ramification index of f, at
s1is 1. So, as we have proven above, the morphism f, is p-saturated. On the other
hand, f8P(P&)bN Q = f(P)b implies (f,)eP((Py)¥)b N Qp = f,(Py)b. Hence,
by Theorem 1.4.2 and Remark 1.4.4, we have (f,)8((P,)8)b? N Qp = f,(Py)b?.
Choose ¢ € P, such that b’ = f,(c)b? (in (Qy)*P = Q*P). Then f,(c) f(a) =1 and
hence f(a) € Q¥, which implies a € Pp*. O
Proposition 1.5.3. Let f : P — Q be an integral morphism of finitely generated sat-

urated monoids. Let n be a positive integer and consider the following cocartesian
diagram in the category of saturated monoids:

0 £ — 0

f ’T fT

P <~ p

Then:
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(1) [’ is integral.

Let q' be a prime ideal of height 1 of Q' and let p (resp. q) be the prime ideal
(f)7'() (resp. 7' (@) of P (resp. Q). Then:

(2) ht(q) =L and f~'(q) = p.
Let ng be the ramification index of g at q'.

(3) If ht(p) =0, thenny = 1.

(4) Suppose ht(p) = 1. If we denote by my (resp. mq) the ramification index
of f' (resp. f) at q (resp. q), we have my = mq gcd(n,mq)_1 and ny =
n ged(n, mq)_l.

Proof. (1) There exists a unique morphism % : Q" — Q such that ho f' = f and
h o g = n. The morphism g o A is the multiplication by n on Q’, which is exact.
Hence 4 is exact, and the claim follows from Proposition 1.2.10.

(2) The second claim follows from the fact that the inverse image of p under » :
P — P isp. Forany b € Q', b" = g(h(b)) and, for any aj,a; € Q, g(a;) =
g(az) implies a} = h(g(a1)) = h(g(a2)) = a,. Hence, the first claim follows from
Proposition 1.1.4.

(3) The assumption ht(p) = 0 implies vy ((f)(P&)) =0. Since Q"*F is generated
by (f')&P(P€P) and g (Q*), we have
Z = vg((Q)) = vy ((f)EP(PEP)) + vy (g% (QP)) = nqvg(Q%) =ngZ.
Hence ny = 1.
(4) Since (Q")® = (f")EP(PeP)g®(Q*P), we have
Z = vg((QN%) = vy ((f)P(PE)) + vy (g% (0%))
=mq vy (P®) +ngvg(Q%F) =mgZ +nyZ.
Hence (my, ny) = 1. On the other hand, since the ramification index of n: P — P

at p is n, we have nymq = myn. The two equalities in (4) follow from these two
facts. [l

Corollary 1.54. Let f : P — Q, nand f': P — Q' be as in Proposition I.5.3.
Then f' is saturated if and only if n is divisible by the least common multiple
of the ramification indices of f at all prime ideals q of Q of height 1 such that

ht(f (@) = 1.
Proof. This follows from Proposition 1.5.3 and Theorem 1.5.1. (]
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L.6. A criterion of saturated morphisms, II. In this section, we give several char-
acterizations of saturated morphisms of finitely generated saturated monoids; see
Theorem 1.6.3.

Proposition 1.6.1. Let f : P — Q be a morphism of finitely generated saturated
monoids. If f is saturated, P* = {1}, Q* = {1}, f~'({1})) = {1} and dim(P) =
dim(Q), then f is an isomorphism.

Proof. By Proposition 1.2.8, the morphism f2P : P& — Q%P is injective. On the
other hand, rankz (P*®P) = dim(P) = dim(Q) = rankz(Q#?P) by assumption. Hence
Q%P / feP( PEP) is a finite group. Set G = Q%P /fEP(P¥EP) and define morphisms of
monoids g, h: Q - QO ® G by g(b) = (b,0) and h(b) = (b, b mod fEP(PEP)).
Then the diagram of saturated monoids

006G+ 0

L

Q+——P

is cocartesian in the category of saturated monoids. Indeed, we see easily that
the diagram becomes cocartesian after taking the associated abelian groups and
that Q & G is the saturated monoid associated to its submonoid 2(Q)g(Q) (see
Definition 11.2.2). Using Q* = {1}, we see h(Q)g(Q) N G = {1}. On the other
hand, since f is saturated, 2(Q)g(Q) = O ® G. Hence G = {1} and P& = Q*%P,
Since f is exact by Proposition 1.2.8, P = Q. U

Corollary 1.6.2. Let f : P — Q be a saturated morphism of finitely generated
saturated monoids. Let q be a prime ideal of Q and let p be the prime ideal f~'(q)
of P. If ht(q) = ht(p), then the morphism Py /P — Qq/Qz induced by f is an
isomorphism.

Proof. By Propositions 1.3.16 and 1.3.18, the morphism P,/ Py — Qq/Qj is satu-
rated. On the other hand, dim(Pp/Pp*) =ht(p) =ht(q) = dim(Qq/Q;‘). Hence the
claim follows from Proposition 1.6.1. U

Theorem 1.6.3. Let f : P — Q be an integral morphism of finitely generated

saturated monoids such that f~'(Q*) = P*. Set mp = P\ P*. Then the following

conditions are equivalent:

(1) f is saturated.

(2) There exists a prime p such that f is p-saturated.

(3) Forany b € Q, if there exist a positive integer n and a € mp such that f(a) | b",
then there exists a’ € mp such that f(a’) | b.

(4) For any q € Spec(Q) and p = f_l(q) € Spec(P) such that ht(q) = ht(p), the
morphism P,/ Pp* — Qq/ Qa" induced by f is an isomorphism.
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(5) Forany q € Spec(Q) and p = f! (q) € Spec(P) such that ht(q) = ht(p) =1,
the morphism P,/ P; — Qq4/ Q;‘ induced by f is an isomorphism.

(6) For any q € Spec(Q) such that ffl(q) =mp and ht(q) = ht(mp) (= dim(P)),
the morphism P/P* — Q,/ Q:l‘ induced by f is an isomorphism.

(7) For any q € Spec(Q) such that f_1 (q) =mp and ht(q) =ht(mp) (= dim(P)),
0(04/02) = f(mp)(Qg/ Q7).

(8) For any field k on which the order of the torsion part of Q®/f (P*) is invert-
ible, K[Q/f(P*)]/f(mp)k[Q/f(P*)] is reduced.

(9) There exists a field k such that k[ Q/f (P*)]/f (mp)k[Q/f (P*)] satisfies (Ry).

Theorem 1.6.4 [Hochster 1972]. For any finitely generated saturated monoid P
and any field k, the ring k[ P] is Cohen—Macaulay.

Proposition 1.6.5 (A part of [EGA IV, 1965, Corollaire (6.3.5)]). Let f: X — Y
be a flat morphism of locally noetherian schemes. Let x € X and y = f(x). If Ox x
is Cohen—Macaulay, then Ox x ®o,, k(y) and Oy,y are Cohen-Macaulay.

Corollary 1.6.6. Let f : P — Q be an integral morphism of finitely generated
saturated monoids such that f~'(Q*) = P* = {1}. Then, for any field k, the ring
k[Q1/f (P\{1})k[Q] is Cohen—Macaulay.

Proof. By Propositions 1.2.8 and 1.2.1, the homomorphism k[ P] — k[ Q] induced
by f is flat. Hence, the claim follows from Theorem 1.6.4 and Proposition 1.6.5. [

Lemma 1.6.7. Let P be a finitely generated saturated monoid. Then, the surjective
morphism P — P /P* has a section s : P/ P* — P, which induces an isomorphism
(s,v): P/P*® P*= P, where t is the inclusion P* — P.

Proof. Since P is saturated, P#P/P* is torsion-free and the surjective homomor-
phism P& — PE&P/P* has a section ¢ : Pe/P* — PP [t is easy to see that
t(P/P*) C P and the restriction of t on P/P* gives a desired morphism. O

Lemma 1.6.8. Let P be a finitely generated integral monoid. Then, for any field k,
the dimension of every irreducible component of Spec(k[ P]) is rankz (P#P).

Proof. Let ay,ay,...,a, be a set of generators of P. Then Spec(k[P®P]) =
Spec(k[Ply,...q,). Since P is integral, a; - - - a, is a nonzero divisor in k[ P]. Hence
the generic point of every irreducible component of Spec(k[P]) is contained in
Spec(k[ P#P]). Therefore we may assume P = P&, Then P = 7" & C with C
a finite group and k[ P] is isomorphic to k[Tlﬂ, e Tril] ®i k[C], where r =
rankz P&P. Hence Spec(k[P])req is a finite disjoint union of schemes of the form
Spec(K'[T{, ..., T*'1) with K’ finite extensions of k. O

Proposition 1.6.9. Let P be a finitely generated saturated monoid and let k be
a field. Set X = Spec(k[P]). Let x € X and let p be the inverse image of the
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maximal ideal of Ox , in P (which is a prime ideal of P). Then ht(p) < dim(Oyx ).
The equality holds if and only if x is of codimension 0 in the closed subscheme
Y = Spec(k[P]/pk[P]) of X. Furthermore, if the order of the torsion part of
P#P is invertible in k and ht(p) = dim(Ox ), then the maximal ideal of Ox , is
generated by the image of p.

Proof. Let U be the open subscheme Spec(k[P,]) of X. Then, the point x is con-
tained in the closed subscheme V = Spec(k[P,]/pk[P,]) of U. Note that the scheme
V' is an open subscheme of Y. By Lemma 1.6.7, P, = P,/ P @ P, and p P, corre-
sponds to {(a, b) € Pp/Pp*EBPp* |a#1}. Hence V= Spec(k[Pp*]). By Lemma 1.6.8,
dim(Ox ) > rankz(P#) — rankz (P;) = rankz (Py*/ P}) = dim(P,) = ht(p), and
the equality holds if and only if x is of codimension O in V, or, equivalently in Y.
Suppose that the order of the torsion part of PP is invertible in k. Then V is a
finite disjoint union of regular schemes. Hence, if x is of codimension O in V, the
maximal ideal of Oy , is generated by the image of p. ([l

Proof of Theorem 1.6.3. The implications (1) = (2), (4) = (5), (4) = (6), (6) = (7)
and (8) = (9) are trivial. It follows from Corollary 1.4.5 that (2) = (1). Since Q
is saturated, f satisfies the condition (i) in Theorem 1.4.2. Hence the equivalence
between (2) and (3) follows from Theorem 1.4.2. It follows from Corollary 1.6.2
that (1) = (4) and from Theorem 1.5.1 that (5) = (1). Now it suffices to prove
(7) = (8) and (9) = (3).

(7) = (8): Let k be a field satisfying the assumption in (8). The morphism g :
P/P* — Q/f(P*) induced by f is integral,

g (Q/f(P*)") =g 1 (Q*/f (P*) = {1} = (P/P*)*

and Q%P/f(P*) = (Q/f(P*))®P. Furthermore, if f satisfies (7), then g also
satisfies (7). Hence, we may assume P* = {1}. By Corollary 1.6.6, the ring
k[Q]/f (mp)k[Q] is Cohen—Macaulay, in particular, it satisfies (S7). Hence it suf-
fices to prove that the ring k[ Q]/f (mp)k[ Q] satisfies (Ry). Set Y = Spec(k[Q]),
X = Spec(k[P]), and Z = Spec(k[Q]/f (mp)k[Q]). By Propositions 1.2.8 and
1.2.1, the morphism ¥ — X induced by f is flat. Let y be a point of Z of
codimension O and let x be the image of y in X, which is the closed point de-
fined by the maximal ideal mpk[P] of k[P]. Since Y is flat over X and Z is
the fiber over x, we have dim(Oy ,) = dim(Oy,,). Let q be the inverse image of
the maximal ideal of Oy , in Q. Since the inverse image of the maximal ideal
of Oxx in P is mp, we have ffl(q) = mp. By Proposition 1.6.9, we have
ht(q) <dim(Oy,y) and ht(mp) =dim(Oy ). On the other hand, by Corollary 1.2.9,
we have ht(mp) < ht(q). Hence ht(mp) = ht(q) = dim(Ox ,) = dim(Oy,,). Since
the order of the torsion part of Q#P is invertible in k, the maximal ideal of Oy , is
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generated by the image of q by Proposition 1.6.9. Therefore, if f satisfies the con-
dition (7), then Q4 = f(mp) Q4 and hence the maximal ideal of Oy, is generated
by the image of f(mp), thatis, Z is regular at y.

(9) = (3): Let g be as in the proof of (7) = (8). By Proposition 1.3.16 and
(1) & (3), we may replace f by g and assume P* = {1}. Then, by Corollary 1.6.6,
k[Q]/f (mp)k[Q] is Cohen—Macaulay, so it satisfies (S1). Hence, if f satisfies (9),
then k[Q]/f (mp)k[Q] is reduced. Let b € Q, let n be a positive integer, and
suppose that there exists a € mp such that f(a)|b". Then b" € f(mp)k[Q]. If
k[Q]/f (mp)k[Q] is reduced, then b € f(mp)k[Q]. Hence, b € f(mp) Q. In other
words, there exists a’ € mp such that f(a’) | b. O

I1. Saturated morphisms of log schemes

I1.1. Preliminaries on log schemes. In this section, we prove some fundamental
properties on log schemes.

Lemma IL.1.1. Let f : My — M, and f>: My — My be morphisms of log struc-
tures on a scheme X and let M3 be the pushout of the diagram M Loy B M,
as sheaves of monoids.

(1) The sheaf of monoids M3 endowed with the morphism M3z — Oy induced by
the structure morphisms My, M1, My — Oy, is a log structure on X.

(2) The following diagram of sheaves of monoids is cocartesian:
M;/0% <~—— M/O%
My/O% <—— My/O%

Proof. Let «; denote the structure morphism M; — Oy fori =0, 1, 2, 3 and let g;
and g, denote the canonical morphisms M; — M3 and M, — M3 respectively.

(1) First note M3 = g1(M)g2(M,). Take a; € M, and a, € M, and assume
a3(g1(a1)82(az)) € Oy. Then

ar(ar) =az(gi(a)) € Oy and  ar(az) = az(g2(a2)) € O,

thatis, a; € al_l((Q}’}) and a; € az_l((’);). Let a be the unique section of ozo_l((’)})
such that «g(a) = ax(ay). Then, since f>(a) =ay, we have g1(f1(a)) =g2(f2(a)) =
2(a). Hence g1(a1)g2(a2) = gi(ai f1(a)) € g1(e; ' (O%)). Thus we obtain

a3 1 (0%) = g1(e; 1 (O)),

which implies that the morphism o5’ ! (0%) — O% induced by 3 is an isomorphism.
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(2) Consider the following two diagrams of sheaves of monoids:

82

M3/0O% M3 My  M;/O% «—— My/O% «—— M,

T ng sz T T sz
Ml/O}k( M, / My M]/O}k( D — MO/O}‘} «— My

The two squares of the first diagram are cocartesian. Hence the outer square of
the second diagram is cocartesian. Since the left square of the second diagram is
cocartesian, the right one is also cocartesian. (]

Proposition I1.1.2. Consider a cartesian diagram in the category of log schemes:

(Z, Mz) — (¥, My)

1| |
f
(X, Mx) ——> (S, My)
Take z € Z and let x, y and s be the images of z in X, Y and S respectively. Then,
the diagram of monoids

(Mz/0%); <~—— (My/Oy);

I I

(Mx/Oy)z «—— (Ms/O%);

induced by the above diagram of log schemes is cocartesian in the category of
monoids.

Proof. Let M be the pushout of the diagram
k*(Mx) < (fok)"(Ms) = (goh)*(Ms) — h*(My)

as sheaves of monoids. Then M endowed with the morphism M — Oz induced
by the structure morphisms k*(Myx) — Oz and h*(My) — Oy is a log structure
by Lemma II.1.1 (1). One can verify that (Z, M) satisfies the universal property
of fiber products. Hence Mz = M. Now the claim follows from Lemma II.1.1 (2)
and [Kato 1989, (1.4.1)]. O

Proposition I1.1.3 [Kato 1989, Example (2.5)(2)]. Let k be an algebraically closed
field. Let M be an integral log structure on s = Spec(k) and set P =T (s, M/O5).
Then, there exists a section a of the projection I' (s, M) — P. Furthermore, such a
section induces an isomorphism of log structures (Py)* = M.

Proof. Since I' (s, M®P)/k* = P& and k* is divisible and hence injective as a Z-
module, the projection I"(s, M8P) — P#P has a section «. One sees easily o (P) C
['(s, M). One can also verify that the morphism (1, «) : k*® P — I'(s, M) is an
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isomorphism and the image of o (P\{1}) under I'(s, M) — k is 0. These imply
that o induces an isomorphism (P;)? = M. [l

Proposition I1.1.4. Let (X, Mx) be a fine log scheme and let o : Px — Mx be a
chart of Mx. Let x € X and let p be the inverse image of the maximal ideal of Ox 3
under the morphism P %5 (Mx)z — Ox z, which is a prime ideal of P. Then:

(1) The morphism a induces an isomorphism P,/ Pp* = (Mx/O0%)x.
(2) Let U be the maximal open subscheme of X on which the image of every
element of P\p under P — I'(X, Mx) — I' (X, Ox) becomes invertible. (Note

that P\p is finitely generated.) Then, the chart a induces a chart (Py)y — My
of the restriction My of Mx on U.

Proof. (1) By the definition of associated log structures, the diagram of monoids

P\p —— P

al a;l

*
OX,)_C — MX,)E

is cocartesian. Hence az induces an isomorphism P/(P\p) = (Mx/O%)z. Since
the image of P\p in M ; is contained in O% ;, this isomorphism factors as

P/(P\p) = Py/ P} — (Mx/O%)s.

One sees easily that the first morphism is an isomorphism and hence the second
one is also an isomorphism.

(2) Since the image of P\p in I'(U, My) is contained in I'(U, Oy;), the morphism
« induces a morphism B : (Py)y — My. Let x € U and let q be the inverse image
of the maximal ideal of Oy ; in P, and set t = P N q. By (1) and the fact that
My is integral, it suffices to prove that the morphism (Pp)q/ (Pp):; — (My/O7)xz
induced by B is an isomorphism. This follows from P. = (P,)q and the fact that
induces an isomorphism P,/ P} = (Mx/O%)z by (1). O

I1.2. p-saturated log schemes and p-saturated morphisms.

Definition I1.2.1. Let p be a prime. Let Mx be a log structure on a scheme X. We
say the log structure My is p-saturated (resp. saturated) if I' (U, Mx) is p-saturated
(resp. saturated) for every étale X-scheme U. We call a scheme with a p-saturated
(resp. saturated) log structure a p-saturated (resp. saturated) log scheme.

Note that p-saturated (resp. saturated) log structures are integral. We see easily
that a log scheme (X, Mx) is p-saturated (resp. saturated) if and only if My ; is
p-saturated (resp. saturated) for every point x € X and that an integral log scheme
(X, Mx) is p-saturated (resp. saturated) if and only if (Mx/O%)z = MX,);/(’)}}’)E is
p-saturated (resp. saturated) for every point x € X.
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Definition I1.2.2. Let p be a prime and let P be an integral monoid. We define
PP the p-saturated monoid associated to P, and P, the saturated monoid
associated to P, by

PP — {4 € P® | there exists an integer m > 0 such that a”" € P},

P = {a € P% | there exists an integer n > 1 such that a”" € P}.

Proposition I1.2.3. Let p be a prime. The functor from the category of integral
monoids to the category of p-saturated monoids (resp. saturated monoids) associ-
ating PP (resp. PS) to P is a left adjoint of the forgetful functor.

Proof. Straightforward. U

Proposition 11.2.4. Let p be a prime and let P be a finitely generated integral
monoid. Then PP (resp. PS) is finitely generated.

Proof. It suffices to prove that Q[ PP5*] and Q[ P**'] are finitely generated Q[ P]-
modules. Let P and P’ be the image of P and P5* in P& /(PP),, where (P&P),
denotes the torsion part of P8P, Then, Q[ P] is a noetherian integral domain and
Q[P'] is contained in the integral closure of @[P], which is finite over Q[P].
Hence Q[P’] is a finitely generated @[ P]-module. Since P > (P&), this
implies that Q[ P**] is finitely generated over Q[ P] and its submodule Q[ PP5%]
is also finitely generated. (]

Proposition I1.2.5. Let p be a prime. Let Q be the pushout of a diagram of
monoids P <— S — G. Suppose P is integral (resp. p-saturated, resp. saturated)
and G is a group. Then, Q is integral (resp. p-saturated, resp. saturated). In
particular, if S is integral (resp. p-saturated, resp. saturated), then Q is also the
pushout in the category of integral (resp. p-saturated, resp. saturated) monoids.

Proof. Straightforward, using [Kato 1989, (1.3) Remark]. U

Corollary I1.2.6. Let p be a prime. Let f : X — Y be a morphism of schemes
and let My be a log structure on Y. If My is p-saturated (resp. saturated), then
[*(My) is p-saturated (resp. saturated).

Proposition I1.2.7. Let p be a prime and let (X, Mx) be a fine p-saturated (resp.
fine saturated) log scheme. Let o : Px — Myx be a chart of Mx. Then the morphism
B P)f'sat — Mx (resp. B : Py — My) induced by o is also a chart of My.

Proof. Let P’ be PP (resp. P*). Let @ and B“ be the morphisms of log
structures (Px)* — My and (Py)* — My induced by « and B, respectively. The
morphism «? is an isomorphism by assumption, and we want to prove that 8¢ is
an isomorphism. Let y be the composition of («*)~! : Mx => (Px)“ and the
morphism of log structures (Px)¢ — (P)’()“ induced by the canonical morphism
P — P'. Let § be the composition Py — Py — (Py)“. Then we have y o %08 =4
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and B% oy oa = «. By using the universality of associated log structures and
Proposition 11.2.3, we see that y o 8¢ and B¢ o y are the identity maps. U

Corollary 11.2.8. Let p be a prime and let (X, Mx) be a fine log scheme. Then
My is p-saturated (resp. saturated) if and only if , étale locally on X, there exists
a chart Px — My such that P is p-saturated (resp. saturated).

Proof. The necessity follows from Proposition I1.2.7. The sufficiency follows from
the definition of associated log structures and Proposition 11.2.5. U

Proposition 11.2.9. Ler (X, Mx) be a fine saturated log scheme. Then, for any
x € X, there exists a chart Py — Mx|y for an étale neighborhood U of x which
induces an isomorphism P = (Mx /O%)x.

Proof. Set P = (Mx/O%)z = Mx /O ;. Since P is a finitely generated saturated
monoid such that P* = {1}, P*P is a finitely generated free abelian group. Hence
there exists a section s : P — My ; of the projection My ; — P. We see easily
that the inverse image of My ; under the morphism s&P : P& — M )gfx is P. Hence,
by [Kato 1989, Lemma (2.10)], the section s is extended to a chart Py — Mx|y
for an étale neighborhood U of x. (]

Definition I1.2.10. Let p be a prime. We say a morphism of integral log schemes
f: (X, Mx) — (Y, My) is p-saturated (resp. saturated) if, for every x € X and
y = f(x) €Y, the morphism (My /O3 )5 — (Mx/O%)x induced by f is p-saturated
(resp. saturated).

Note that p-saturated morphisms and saturated morphisms are integral and that
a morphism of integral log schemes is saturated if and only if it is p-saturated for
every prime p.

Proposition I1.2.11. Let p be a prime.

(1) Let f:(X,Mx) —> (Y,My) and g : (Y, My) — (Z, Mz) be morphisms of
integral log schemes. If f and g are p-saturated (resp. saturated), then g o f
is also p-saturated (resp. saturated).

(2) Let f : (X,Mx) — (Y,My) and g : (Y', My)) — (Y, My) be morphisms
of integral log schemes. If f is p-saturated (resp. saturated), then the base
change ' : (X', Mx:) — (Y’', My') of f by g in the category of log schemes,
is also p-saturated (resp. saturated).

Proof. The claim (1) follows from Propositions 1.2.3 (1) and 1.3.6 (1), and (2) fol-
lows from Propositions 11.1.2, .2.3 (2) and 1.3.6 (2). O

Proposition I11.2.12. Let p be a prime. Let f : (X, Mx) — (Y, My) be a morphism
of integral log schemes. If f is p-saturated (resp. saturated) and My is p-saturated
(resp. saturated), then Mx is p-saturated (resp. saturated).
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Proof. Take x € X and y = f(x) € Y. If My is p-saturated (resp. saturated), then
(My/O%)5 is p-saturated (resp. saturated). Hence, by Proposition 1.3.9, if f is p-
saturated (resp. saturated), then (Mx/O%); is p-saturated (resp. saturated). Since
My is integral, this implies that (Mx); is p-saturated (resp. saturated). U

Proposition I1.2.13. Let p be a prime.

(1) Let f: (X, Mx) — (Y, My) be an integral morphism of p-saturated (resp.
saturated) log schemes. Then f is p-saturated (resp. saturated) if and only if,
for any p-saturated (resp. saturated) log scheme (Y', My') and any morphism
g:(Y', My) — (Y, My), the base change (X', Mx') of (X, Mx) by g in the
category of log schemes is p-saturated (resp. saturated).

(2) Let f: (X, Mx) — (Y, My) be an integral morphism of fine and p-saturated
(resp. saturated) log schemes. Then f is p-saturated (resp. saturated) if and
only if, for any fine and p-saturated (resp. saturated) log scheme (Y', My+)
and any morphism g : (Y', My)) — (Y, My), the base change (X', Mx') of
(X, Mx) by g in the category of log schemes is p-saturated (resp. saturated).

Proof. The necessity follows from Propositions I11.2.11 (2) and I1.2.12. Let us prove
the sufficiency. Let f : (X, Mx) — (Y, My) be an integral morphism of integral log
schemes. Take x € X and y = f(x) € Y. Let k be an algebraic closure of the residue
field of Y at y and set y := Spec(k). Let N be the inverse image of My under the
canonical morphism i : y — Y. Then, by Proposition II.1.3, there exists a section
a of the projection I'(y, N) — I'(y, N)/k* =: P, which induces an isomorphism
(P5)* = N. Let n be a positive integer and define a morphism g : (y, N) — (¥, N)
by the multiplication by n on P and the identity on k. Let (X', Mx/) be the base
change of (X, Mx) by the morphism ijog: (y, N) = (¥, My). Let x’ be a point
on X’ whose image in X is x. Then, by Proposition II.1.2, the following diagram
of monoids is cocartesian:

My | O3 )z +———— (Mx/O%)x

| T

P = N3/k* «—— P = N5/ k* = (My/O%)5
If My, My and My are p-saturated (resp. saturated), then the log structure N
is p-saturated (resp. saturated) and the monoids (Mx/O%)z, (My/O3%)5, P and
(Mx//O% )z are p-saturated (resp. saturated). Now the claim (1) follows from
Propositions 1.3.13 and 1.3.14. The claim (2) follows from the same propositions
and the fact that NV is fine if My is fine. |

Proposition I1.2.14. Let p be a prime and let f : (X, Mx) — (Y, My) be a mor-
phism of integral log schemes over [F,. Then f is p-saturated if and only if f is of
Cartier type.
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Proof. This follows from Proposition II.1.2 and the fact that, for x € X and
y = f(x) € Y, the absolute Frobenius of (X, Mx) (resp. (Y, My)) induces the
multiplication by p on (Mx/O%)x (resp. (My/O})5). ([l

I1.3. Some properties of saturated morphisms.

Theorem I1.3.1. Let p and q be two different primes. Let [ : (X, Mx) — (Y, My)
be a morphism of fine log schemes. If f is p-saturated and My is q-saturated, then
f is g-saturated.

Proof. This follows from Corollary 1.4.5. (]

By Proposition 11.2.14, this theorem implies that a morphism of fine saturated
log schemes over [, is of Cartier type if and only if it is saturated. This is an
unpublished result of K. Kato.

Definition I1.3.2. We say a morphism of log schemes f : (X, Mx) — (Y, My) is
vertical if, for every x € X and y = f(x) € Y, the morphism My 5 — My ; induced
by f is vertical (Definition 1.4.6), or equivalently, the morphism (My/O%); —
(Mx /O%)x induced by f is vertical.

Theorem 11.3.3. Let p be a prime and let f : (X, Mx) — (Y, My) be a morphism
of fine log schemes. If f is p-saturated and vertical, then f is saturated.

Proof. This follows from Corollary 1.4.7. U

Theorem I1.34. Let f : (X, Mx) — (Y, My) be an integral morphism of fine
saturated log schemes and assume that we are given a chart B : Qy — My of
My with Q saturated. If X is quasi-compact, then there exists a positive integer n
satisfying the following property: Define a fine saturated log scheme (Y', My') to
be

(Y, My) X (Spec(z[0)),can. log),g (Spec(Z[Q]), can. log),

where g : (Spec(Z[Q]), can. log) — (Spec(Z[Q]), can. log) denotes the morphism
induced by the multiplication by n on Q. Then, the base change ' : (X', Mx)) —
(Y’', My') of f by the projection (Y', My') — (Y, My) in the category of fine satu-
rated log schemes is saturated.

Proof. Note first that the question is étale local on Y and on X. So we may assume
that there exists a chart (« : Px — My, 8, h: Q — P) of the morphism f. Take x € X
and y = f(x) € Y. Let p (resp. q) be the inverse image of the maximal ideal of Oy 3
(resp. Oy,3) in P (resp. Q), which is a prime ideal. Since ((Q\q)")_1 0= Qq, we
may replace P, Q by P,, Q4 using Proposition II.1.4, and assume that « (resp. B)
induces an isomorphism P/P* = (Mx/O%)x (resp. Q/Q* = (My/O})5). Since
My is saturated and P is integral, P is saturated by Lemma 1.3.15. Furthermore,
since the morphism (My /O5); — (Mx/O%)x is integral by assumption, the mor-
phism /& : Q — P is integral by Proposition 1.2.5. Now we can apply Corollary 1.5.4
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to h: Q — P and find a positive integer n satisfying the following property: If
we denote by P’ the pushout of the diagram Q <~ Q 5 P in the category of
monoids, then the canonical morphism 4’ : Q — P’ — (P’)** is saturated. We
assert that this n is the desired integer. Let (X", My~) be the base change of (X, M)
by (Y', My)) — (Y, My) in the category of log schemes. Then, since the diagram

of log schemes

(Spec(Z[P']), can. log) —— (Spec(Z[P]), can. log)

l l

(Spec(Z[Q]), can. log) _& (Spec(Z[Q]), can. log)
is cartesian, the three strict morphisms
(X, Mx) — (Spec(Z[P]), can. log), (Y, My) — (Spec(Z[Q]), can. log),
(Y', My') — (Spec(Z[Q]), can. log)

induce a strict morphism (X", Mx») — (Spec(Z[P’]), can. log) and hence a strict
morphism (X', Mx/) — (Spec(Z[(P’)**], can. log)). (Recall that we say a mor-
phism of log schemes ¢ : (S, Mg) — (T, M) is strict if the morphism ¢*(M7) —
Mg is an isomorphism.) Thus, we obtain a chart

((PY*™xr > My, Qyr — My, h': Q — (P)™)
of f’ such that 4’ is saturated. Now the claim follows from Lemma I1.3.5 below. [J

Lemma I1.3.5. Let f : (X, Mx) — (Y, My) be a morphism of fine saturated log
schemes. Suppose that there exists a chart (o : Px — Mx, 8: Qy — My, h: Q — P)
of f such that P and Q are saturated and h is saturated. Then, the morphism f is
saturated.

Proof. Take x € X and y = f(x) € Y. Let p (resp. q) be the inverse image of
the maximal ideal of Ox ; (resp. Oy ;) in P (resp. Q), which is a prime ideal.
Then, by Proposition II.1.4 (1), the morphism « (resp. ) induces an isomorphism
Py/ Py = (Mx/O%)x (tesp. Qq/ Qg = (My/Oy)s5). Since the morphism Qq/ Q7 —
P,/ P; induced by h is saturated by Propositions 1.3.16 and 1.3.18, the morphism
(My/O%); — (Mx/O%)x induced by f is saturated. O

I1.4. Criteria of saturated morphisms.

Proposition I1.4.1. Let f : (X, Mx) — (Y, My) be a smooth integral morphism
of fine saturated log schemes. Then, every fiber of the underlying morphism of
schemes of f is Cohen—Macaulay.

Proof. First note that the question is étale local on X and on Y. Take x € X
and y = f(x) € Y. By Proposition I1.2.9, we may assume that we have a chart
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B : Oy — My which induces an isomorphism Q = (My/Oy)j5. By [Kato 1989,
Theorem (3.5)], we may assume that, there exists a chart of f,

(¢:Px —> Mx, B:Qy —> My, h: Q — P),

such that % is injective, the order of the torsion part of the cokernel of h®P :
Q%8 — P#P is invertible on X and the morphism X — Y Xgpec(z107) Spec(Z[ P])
induced by the chart is étale. Let p be the inverse image of the maximal ideal of
Oy ; in P. By Proposition II.1.4, we may replace P by P, and assume that o
induces an isomorphism P/P* = (My/O%)x. Since P is integral and P/P* =
(Mx/O%)x is saturated, P is saturated by Lemma 1.3.15. Since the morphism
(My/O})5 — (Mx/O%)x induced by f is integral by assumption, the morphism
h is integral by Proposition 1.2.5. Furthermore, we have h=(P*) = 0* = {1).
Hence, by Corollary 1.6.6, the ring k[ P]/h(Q\{1})k[P] is Cohen—Macaulay for
any field k. If we choose the residue field of Y at y as k, then we have an étale
morphism f~'(y) — Spec(k[P]/h(Q\{1})k[ P]) by the choice of the chart. Hence
f~(y) is Cohen—Macaulay. ([

Theorem 11.4.2. Let [ : (X, Mx) — (Y, My) be a smooth integral morphism of
fine saturated log schemes. Then the following conditions are equivalent:

(1) f is saturated.

(2) There exists a prime p such that f is p-saturated.

(3) Every fiber of the underlying morphism of schemes of f is reduced.
(4) Every fiber of the underlying morphism of schemes of f satisfies (Rg).

Proof. By Theorem 11.3.1, (1) and (2) are equivalent. By Proposition 11.4.1, (3)
and (4) are equivalent. We will prove that (1) and (3) are equivalent.

Take x € X and y = f(x) € Y. As in the proof of Proposition 11.4.1, we may

assume that there exists a chart (o : Py — Mx, B: Qy — My, h: Q — P) of the
morphism f such that #5P : Q8 — PEP ig injective, the order of the torsion part of
the cokernel of A#P is invertible on X, the morphism X — ¥ Xgpec(z107) Spec(Z[ P])
induced by the chart is étale, and the morphism « (resp. 8) induces an isomorphism
P/P* = (Mx/O%)x (resp. Q = (My/Oy)5). Furthermore, as in the proof of
Proposition I1.4.1, these properties imply that P and Q are saturated, the morphism
h is integral, and A~!(P*) = Q* = {1}. We also see that Q%P is torsion-free, and
the order of the torsion part of P#P is invertible on X.
(1) = (3): We will prove that f~!(y) is reduced. Since (My/O%); — (Mx/O%)x
is saturated, the morphism & : Q — P is saturated by Proposition 1.3.16. Let k be
the residue field of Y at y. Then the scheme Spec(k[P]/h(Q\{1})k[P]) is reduced,
by Theorem 1.6.3. Since f~!(y) is étale over the last scheme by the choice of the
chart, the scheme f~!(y) is also reduced.
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(3) = (1): We will prove that the morphism (My/O})5 — (Mx/O%)z induced
by f is saturated. Let k be the residue field of Y at y. Then, by the choice of the
chart, the morphism f~ '(y) — Spec(k[P]/h(Q\{1})k[P]) induced by the chart
is étale. Let P be the quotient P/P* and let i : Q — P be the morphism induced
by h: Q — P. Then, P* = {1}, h~'(P*) = Q*(= {1}), and the morphism £ is
integral (Proposition 1.2.5). By the choice of the chart of f, we have the following
commutative diagram whose horizontal arrows are isomorphisms:

~

(Mx/O0%)z <—

T i

~

(My/03)5 <—— Q

Hence, by Theorem 1.6.3, it suffices to prove that the scheme
Z := Spec(k[ P1/R(Q\{1)k[P])

satisfies (Rg). Choose a section s : P — P of the projection P — P. Such a
section exists and it induces an isomorphism (¢, s) : P*@® P => P by Lemma 1.6.7.
We have h(Q\{1}Dk[P]=so0 f_z(Q\{l})k[P] because, for any b € Q, there exists
a € P* such that h(b) = s o h(b)a. On the other hand, we see that the morphism
Spec(k[P]/s oh(Q\{l})k[P y—> Z = Spec(k[ P]/h(Q\{l})k 1) induced by s is
smooth as follows. Since the order of the torsion part of P*(C P®P) is invertible
on k, Spec(k[ P*]) is smooth over k and hence Spec(k[P]) = Spec(k[ P*] ®; k[ P])
1s smooth over Spec(k[l_)]). Now we have smooth morphisms

7' (y) —> Spec(k[P1/h(Q\{1})k[P1) = Spec(k[P1/s o h(Q\{1}))k[P])
—> Z = Spec(k[P1/h(Q\{1Dk[P]).

Since f~!(y) is reduced by assumption, Z is reduced on an open neighborhood of
the image x( of x. In fact, xq is the closed point defined by the ideal generated by
13\{1} because we have s(Is\{l}) C P\ P* and the image of P\ P* in Oy ; under
oz : P — Oy ; is contained in the maximal ideal. Hence, by Lemma 11.4.3 below,
the scheme Z satisfies (Rp). O

Lemma I1.4.3. Let P be a finitely generated integral monoid such that PP is
torsion-free, and let I be an ideal of P. Let k be a field. Then, for any point 7 of
codimension 0 of the scheme Z = Spec(k[P1/1k[P)), {z} contains the underlying
set of the closed subscheme Spec(k[P]/(P\P*)k[P]) of Z.

Proof. Let p be the inverse image of the maximal ideal of Oz, in P, which
obviously contains /. Then we have p C P\ P* and z is of codimension O in
the closed subscheme Spec(k[P]/pk[P]) of Z. Hence the claim follows from
Sublemma I1.4.4 below. ([l
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Sublemma I1.4.4. Let P be a finitely generated integral monoid such that P is
torsion-free. Then, for any prime ideal p of P and any field k, the ring k[ P]/pk[P]
is an integral domain.

Proof. The morphism of monoids P\p — P induces an isomorphism k[ P\p] =
k[P]/pk[P]. The ring k[ P\p] is a subring of k[(P\p)®P], and k[(P\p)®P] is an
integral domain because (P\p)*P is torsion-free by assumption. ([

Definition I1.4.5 (cf. [Kato 1994, (2.1) Definition]). Let (X, M) be a fine satu-
rated log scheme such that X is locally noetherian. We say (X, M) is regular at
x € X if Ox 3/1zOx 5 is regular and

dim(Oyx ;) = dim(Ox 5/ Iz Ox ;) + rankz (M5 /O%)z),

where Iz = My, X\O;x and I;Oy ; denotes the ideal of Oy ; generated by the
image of I;z. We say (X, My) is regular if (X, My) is regular at every point x € X.

Lemma I1.4.6. Let (X, Mx) be a fine saturated log scheme such that X is locally
noetherian, and assume that we are given a chart Px — Myx with P saturated.
Let M)Zflr be the log structure on the Zariski site [Kato 1994, §1] associated to
P —T'(X, Myx) — I'(X, Ox). Then, for any x € X, (X, My) is regular at x if and
only if (X, M )Z(ar) is regular [Kato 1994, (2.1) Definition] at x.

Proof. Let p be the inverse image of the maximal ideal of Oy z in P. Then p is also
the inverse image of the maximal ideal of Ox  because the morphism Ox  — Ox x
is local. Hence, by Proposition II.1.4 and the corresponding fact for log structures
in Zariski topology, the canonical morphisms Py — My on X4 and Px — M)Z(ar
on Xz, induce isomorphisms P,/ Pf = Mx 5/O% ; and P,/ Py =M )Z("fc /O% - In
particular rankz (M ip /O¥)z) = rankz(((M)Z(‘“)gp /O%)x). On the other hand, if
we set Iz = MX,;\O}’)E and I, = (M)Z(ar)x\O;x, we have I;O0x ; = pOx .z and
I,Ox » = pOx . Hence Ox z/1:Ox ; is the strict henselization of Ox /1, Ox .
So Ox 5/1z:Ox x is regular if and only if Ox /I, Ox  is regular. Now the lemma
is a direct consequence of the definition. ([

Theorem I1.4.7 (cf. [Kato 1994, (4.1) Theorem]). Let (X, Mx) be a fine saturated
log scheme. If (X, Mx) is regular, then X is Cohen—Macaulay and normal.

Proof. Since the question is étale local on X, the proposition follows from [Kato
1994, (4.1) Theorem], Lemma II1.4.6 and Corollary I1.2.8. O

Proposition I1.4.8 (cf. [Kato 1994, (8.2) Theorem]). Let f : (X, Mx) — (Y, My)
be a smooth morphism of fine saturated log schemes. If (Y, My) is regular, then
(X, Mx) is regular.
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Proof. Since the question is étale local on X and on Y, as in the proof of Proposition
I1.4.1, we may assume that there exists a chart

(¢:Px —> Mx, B:Qy > My, h: Q— P)

of the morphism f such that P and Q are saturated, / is injective, the order of the
torsion part of the cokernel of 48P : Q8 — PEP is invertible on X and the morphism
X — Y Xspeczio)) Spec(Z[ P]) induced by the chart is étale. Then the proposition
follows from Lemma I1.4.6 and [Kato 1994, (8.1) and (8.2) Theorem]. O

Lemma I1.4.9 (cf. [Kato 1994, (7.3) Corollary]). Let (X, Mx) be a regular fine
saturated log scheme. Let x € X and assume that we are given a chart o« : Px — My
with P saturated such that the inverse image of the maximal ideal of Oy z under
P %5 My s — Ox.z is P\P* Then, for any prime ideal p of P, there exists a
point y € X which satisfies the following conditions:

(1) x € {y}.
(2) The inverse image of the maximal ideal of Ox 5 in P is .
(3) The image of p in Ox ; generates the maximal ideal.
(4) dim(Oy,,) = ht(p).
Proof. Let M )Z(ar be the log structure on the Zariski site associated to

P —T(X, M) — I'(X, Oy).

By Lemma 11.4.6, (X, M}Z(ar) is regular. Since the homomorphism Ox , — Oy 3 is
local, the inverse image of the maximal ideal of Oy , in P is also P\ P*. Hence
the canonical morphism P/P* — M}Z(afc /O%_, is an isomorphism. Thus the map
Spec(M%%) — Spec(P) induced by P — M%™ is bijective. Let g be the prime
ideal of M )Z(a; corresponding to p under this bijection. Then, q is generated by the
image of p and ht(q) = ht(p). Hence, by [Kato 1994, (7.3) Corollary], the ideal
pOx (= qOx ) is a prime ideal of height ht(p)(=ht(q)). Let y € Spec(Ox ) C X
be the point corresponding to the prime ideal. We assert that y satisfies the required
conditions. The conditions (1), (3) and (4) are trivial. For (2), it suffices to prove
that the inverse image of the maximal ideal of Ox , in P is p. Let p’ be the
inverse image. By the analogue of Proposition I1.1.4 (1) for log structures in Zariski
topology, we have Py /P*, = Mzar/O )y. Since the image of p (C P) in Oy ,
generates the maximal 1deal and (X, M Zar) is regular, we have ht(p) =ht(pOx ) =
dim(QOx.,) = rankz((M%*/0%),) = rankz(Py '/ Py) = ht(p'). (The last equality
follows from Proposition 1.1.3 (2).) Since p C p/, thls implies p = p’. ([

Lemma I1.4.10. Let (X, Mx) be a regular fine saturated log scheme and assume
that we are given a chart Px — My with P saturated. Let x be a point of X of
codimension 1 such that Mx z # Oy ; and let p denote the inverse image of the
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maximal ideal of Ox 5 in P. Then, p is a prime ideal of height 1 and the composite
P — Oyx.; > Z coincides with the valuation vy associated to p, where v; denotes
the discrete valuation of Oy ;.

Proof. Note first that Oy z is a discrete valuation ring by Theorem 11.4.7. By
Proposition I1.1.4 (1), we have P,/P; = MX,;/O;X. Since (X, Mx) is regular
and Mx 3/OY ; # {1}, the group M Xf} /O% x has rank 1 and the maximal ideal
of Ox z is generated by the image of Iz := My z\OY ;. By Proposition 1.1.3 (2),
ht(p) = 1. On the other hand, we see easily that /; is generated by the image of
p and hence the maximal ideal of Oy ; is generated by the image of p. Since the
inverse image of (9},  under the morphism P, — Oy ; is Pp*, this implies that the
composite P — Ox z > Z coincides with v,. d

Theorem I1.4.11. Let f: (X, Mx) — (Y, My) be a smooth integral morphism of
fine saturated log schemes and assume that (Y, My) is regular. Then f is saturated
if and only if, for every point y of Y of codimension 1 such that My 5 # Oy, 5 the
fiber of the underlying morphism of schemes of f over y satisfies (Ryp).

Proof. The necessity follows from Theorem 11.4.2. We will prove the sufficiency.
By Proposition 11.4.8, (X, M) is regular. Take x € X and y = f(x) € Y. We will
prove that the morphism (My /05 ); — (Mx/O%)z induced by f is saturated. By
Proposition 11.1.4 (2), we may assume that we have a chart of f,

(¢:Px —> Mx, B:Qy — My, h: Q — P),

such that « (resp. B) induces an isomorphism P/P* = (Mx/O% )z (resp. Q/Q* =
(My/0O%)5). By Lemma 1.3.15, P and Q are saturated. By Proposition 1.2.5, h
is integral. Let p be a prime ideal of P of height 1 such that the prime ideal
q:=h""(p) of Q is also of height 1. By Theorem L.5.1, it suffices to prove that the
ramification index of 4 at p is 1. By Lemma I1.4.9, there exists a point x” € X of
codimension 1 such that the inverse image of the maximal ideal of Oy  in P is p
and the maximal ideal is generated by the image of p. Set y' = f(x’). Then, since
the homomorphism Oy 57 — Ox i is local, the inverse image of the maximal ideal
of Oy 5 in Q is q and hence B induces an isomorphism Qq/Qy = (My/Oy)y by
Proposition II.1.4 (1). Since (Qq)gp/QZ; is of rank 1 and (Y, My) is regular, we
have dim(Oy ;) > 1. On the other hand, the underlying morphism of schemes of
f is flat by [Kato 1989, Corollary (4.5)]. Hence

dim(Oy’y/) = dim(OXj/) =1

and the codimension of x’ in f~'(y’) is 0. Since M Y, # (’);}-,,, the maximal ideal
of Oy 3 is generated by the image of the maximal ideal of Oy 5 by the assumption
on f. By Lemma I1.4.10, it follows that the ramification index of Z at pis 1. [J
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Quantum mean-field asymptotics and multiscale analysis

Zied Ammari, Sébastien Breteaux and Francis Nier

We study, via multiscale analysis, a defect-of-compactness phenomenon which
occurs in bosonic and fermionic quantum mean-field problems. The approach
relies on a combination of mean-field asymptotics and second microlocalized
semiclassical measures. The phase space geometric description is illustrated by
various examples.
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1. Introduction

Motivations. Over the past three decades, microlocal and semiclassical analysis
has provided interesting mathematical techniques for the study of quantum field
theory and quantum many-body theory; see for instance [Ammari and Nier 2008;
Brunetti and Fredenhagen 2000; Fournais et al. 2015; Frohlich et al. 2007; Gérard
and Wrochna 2014; Ivrii and Sigal 1993; Lieb and Yau 1987; Amour et al. 2001].
In the present article we follow this fruitful stream of ideas and study the mathe-
matical problem of defect of compactness for density matrices in the bosonic or
fermionic Fock spaces. Previously, in a series of papers [Ammari and Nier 2008;
2009; 2011; 2015], the authors have introduced Wigner (or semiclassical) measures
of density matrices in the bosonic Fock space and showed that it is a very useful
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quantization, microlocal analysis.
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tool to study the mean-field approximation of Bose gases. Moreover, it was noticed
that a certain defect of compactness of density matrices is one of the difficulties that
occurs in this context. So towards a better understanding of these concentration
and defect-of-compactness phenomena we introduced here a multiscale analysis
inspired by second microlocalization. We believe that this approach will be of
interest to the study of the mean-field theory of Fermi and Bose gases; see, e.g.,
[Bach et al. 2016; Benedikter et al. 2014; Fournais et al. 2015]. We indeed provide
here some simple applications to the Bose and Fermi free gases and leave more
involved applications to further investigations.

Let us briefly describe the main question we consider here. As mentioned before,
in the analysis of general bosonic mean-field problems the following defect-of-
compactness problem arises. In fact, if o, are density matrices in the (fermionic or
bosonic) Fock space and yép ) are its p-particle reduced density matrices, one may

have - ~
lim Tr[y ] = Tr[y P b] (1)
e—>0

for any p-particle compact observable b, while it is not true for a general bounded b;

©E- ~ (p) ()
lim Tr[y ?’] > Trly,""].
e—>0

This reflects the difference between the weak™® convergence of trace-class opera-
tors and convergence with respect to the trace norm. In the fermionic case, it
is even worse, because mean-field asymptotics cannot be described in terms of
finitely many quantum states and the right-hand side of (1) is usually 0, while
limg_¢ Tr[)/g(p )] > 0 (see Proposition 4.6). From the analysis of finite-dimensional
partial differential equations, it is known that such a defect of compactness can
be localized geometrically with accurate quantitative information by introducing
scales and small parameters within semiclassical techniques; see, e.g., [Gérard
1991; Gérard et al. 1997; Tartar 1990]. We are thus led to introduce two small
parameters ¢ > 0 for the mean-field asymptotics and 4 > 0 for the semiclassical
quantization of finite-dimensional p-particle phase space. The small parameter &
stands for %, where n — oo is the typical number of particles, while / is the rescaled
Planck constant measuring the proximity of quantum mechanics to classical me-
chanics. Such scaling appears already in the mathematical physics literature with
a specific relation between / and ¢ depending on the considered problem; see, e.g.,
[Fournais et al. 2015; Narnhofer and Sewell 1981; Lieb and Yau 1987]. The com-
bined analysis of this article is concerned with the general situation when & = g(h)
with limy,_, ¢ e(h) = 0. In order to keep track of the information at the quantum
level, especially in the bosonic case, we also introduce finite-dimensional multi-
scale observables in the spirit of [Bony 1986; Fermanian-Kammerer and Gérard
2002; Fermanian Kammerer 2005; Nier 1996].
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Framework. The 1-particle space % is a separable complex Hilbert space endowed
with the scalar product { , ) (antilinear in the left-hand side). For a Hilbert space §
the set of bounded operators is denoted by £(h), while the Schatten classes are
denoted by £L?(h), 1 < p < o0, the case p = oo corresponding to the space of
compact operators. Let I' (Z°) be the bosonic (4) or fermionic (—) Fock space
built on the separable Hilbert space Z:

1
T(2) =P s z®",

nenN

where tensor products and direct sums are Hilbert completed. The operator S”; is
the orthogonal projection given by

1
5i(f1®~”®fn):; Z 5£(0) fo(1) ® -+ ® fon) 2
' oed,
where sy (o) equals 1, while s_(0) denotes the signature of the permutation o and
&, is the n-symmetric group.
The dense set of many-body state vectors with a finite number of particles is

1 ,alg
rinz) =@ st z®",
neN

where the L, alg superscript stands for the algebraic orthogonal direct sum. We
shall also use the notation [A4, B]+ = [A, B] =ad4q B = AB — BA for the commu-
tator of two operators and the notation [A, B]— = AB + BA for the anticommutator.

One way to investigate the mean-field asymptotics relies on parameter-dependent
canonical (anti-)commutation relations (CCR or CAR). The small parameter ¢ > 0
has to be thought of as the inverse of the typical number of particles and the CCR
(resp. CAR) relations are given by

la+(g).a+(N]+ =lal(g).al(N]+ =0. lax+(g).ai(f)l+=¢lg. f).

Let (0¢)e>0 be a family of normal states (i.e., nonnegative and normalized trace-
class operators) on the Fock space '+ (2°), depending on € > 0; we want to in-
vestigate the asymptotic behavior of reduced density matrices, defined below, as
& — 0, by possibly introducing another scale # > 0 on the p-particle phase space,
with ¢ = e¢(h) and limy,_,¢ £(h) = 0.

Outline. In Section 2, we recall how Wick observables are used to define the re-
duced density matrices yg(p ) Note that it is much more convenient here, in the
general grand canonical framework, to work with nonnormalized reduced density
matrices. Some symmetrization formulas are also recalled in this section. In
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Section 3, we present the geometry of the classical p-particle phase space and
introduce the formalism of double scale semiclassical measures, after [Fermanian
Kammerer 2005; Fermanian-Kammerer and Gérard 2002]. In Section 4, we com-
bine the mean-field asymptotics with semiclassical analysis, the two parameters &
and & being related through ¢ = g(h) with limy_,¢ £(h) = 0. Instead of studying
the collection of nonnormalized reduced density matrices (ya(gl)))peN, it is more
convenient to associate generating functions

2> Trfopny €2 4T @ ™),

and to use holomorphy arguments presented there. In Section 5, some classical ex-
amples with various asymptotics illustrate the general framework: coherent states
in the bosonic setting; simple Gibbs states in the fermionic case; more involved
Gibbs states in the bosonic case, which make explicit the separation of condensate
and noncondensate phases for rather general noninteracting steady Bose gases. The
appendices collect or revisit known things about multiscale semiclassical measures,
the (PI)-condition of bosonic mean-field problems, Wick composition formulas,
and traces of non-self-adjoint second quantized contractions.

2. Wick observables and reduced density matrices
2A. Wick observables.

Notation. For n € N, the operator S’} given in (2) is an orthogonal projection in
Z®" 5o that (S1)* = St However, we consider S’} as a bounded operator from
Z®" onto Sz ®”, and its adjoint, denoted by 8" e Sz ®n _ 2®" s nothing
but the natural embedding.

Let b € E(Si F®r, SZE 2®4). The Wick quantization of b is the operator on
I'i"(Z) defined by

~Wi + n I(n
leCk|$”+”ff®(n+p) = 8% \/( - p)|( o) n+q(b ®Idj®n)8n+p *
n!

In the bosonic case, an element b € E(Sp DALE Sq 2®4) is determined by a related
“symbol” % 3 z > b(z) = (z®9, bz®1’ ) which is a homogeneous polynomial. So
b admits Gateaux differentials

, _ _
K b(w)ur, .. ug, V1, O] = By e By Dy -+ Dy, (W),

where E_iu, dy are the complex directional derivatives relative to u, v € 2 at the

point w € Z. In particular, we have the relation

49p
= qp'aza b.
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Observe that b(w) admits higher Gateaux derivatives with the natural identification
of Blzclb(w) as a continuous form on S_]f_/ff®k and Blgb(w) as a vector in S_]fr y k.
With the above form-vector identification we define, for any symbols b1, b2,

3% by (w) - 95 by (w) = 38b(w) [0 b(w)] € C.
We shall also use the notation hWick = pWick,

Examples.

(a) The annihilation operator a4+ (f), f € %, is the Wick quantization of b=
(fl:2®' =250 (f ¢)e 2% =C.

(b) The creation operator a’ (f), f € £, is the Wick quantization of b= | f):
FO0 =CoAl>Af e 2® =7,

(c) Forb e L(Z) its Wick quantization pWick i nothing but

dri(5)|5i3;®n =¢ehRdy @ @ldy ++1dy ® - R1dy» ® b].

A particular case is h=1d 4 associated with the scaled number operator (N4 ¢—1
stands for the usual e-independent number operator):

pVik = 4T (Idy) = Ny = N o—1.
When b is self-adjoint one has
dTs(b) = id;e T+, = i3, T (e7P)],p,
while for a contraction C € L(Z; &),
F:l:(c)|$:lt:g‘®n =C®---®C.

From the definition of the Wick quantization one easily checks the following prop-
erties; see [Ammari 2004].

Proposition 2.1. For b € £L(S] 2®P; 8L #®4):
. [EWick]* _ [5*]Wick.

e The operator (1 + Ni)_% pWick a1+ Ni)_mT extends to a bounded operator
onTo(Z)if m+m' > p+ q with

[0+ No)™2 B A+ N ™ | iy oy = Cnam Wllosp st 2y B

with Cpy ' independent of b and of € € (0, ¢gp).
. (l; > () = (EWiCk > 0), while this makes sense only for g = p.
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Wick quantized operators are generally unbounded operators on '+ (%) (e.g., N+)
but they are well-defined on the dense set I'ﬁn(ﬁf ), which is preserved by their
action. Hence bWICk bW‘Ck makes sense at least on I‘ﬁ“(ff ) and the following
composition law holds true.

Proposition 2.2 (composition of Wick operators). Let 15 i €L(S ij ¥®pj. Sij F®4)),
j =1,2. Then

o o min{py,q2} ko
b}’ﬁck ° b;\’lck — Z (:l:l)(Pl—k)(Pz-HD) F (b1ﬁkb2)wwk, 4)
k=0 )
where
Elnkgz: pl' q Sq1+q2 k(b ®Id®q2 k)(1d®p1 k®b )SP1+P2 —k %

(p1=k)! (q2—k)!

For the reader’s convenience, the proof of Proposition 2.2 is provided in Appen-
dix C.

In the bosonic case the symbols b(z) = (z®9, bz®r ) are convenient for writing
the composition of Wick quantized operators. If b1 #V'°*h, denotes the symbol of
Z;}Vi‘"’k o Byi'zk, the composition law is summarized below; see [Ammari and Nier
2008, Proposition 2.7].

Proposition 2.3 (composition of Wick symbols in the bosonic case). We have

. min{py,q2} ok
bt by(2) = e b Gba ()= = Y 5B (2)-9EDa().
k=0

The commutator of Wick operators in the bosonic case is given by

max{min{p1,g2},min{p2,91}} ok Wick
[bka leck — ( Z F{bl,bz}(k)) ,
k=1 )

where the k-th order Poisson bracket is given by
{b1,52} 0 (w) = 851 (w) - b2 (w) — b2 (w) - 95y (w).

Proposition 2.4. Let p, m, m" € N such that m + m’ > 2p —2. Then, there exist
coefficients Cj, ... j, > 0 such that, for any b € L(Z; Z),

dT 4 (b)? — (h®P)Wiek

p—1
- Z eP” k Z Cj1 ..... Jk (S:i: bjl X - ®b]k Sk *)chk (5)
k=1 0<]1< <.]k
J1t+Jjk=p
and the estimate
1+ Ni)~2(dT4(B)? — (b®P)Viky(1 + Ny)~ “E(Fi(z)) <es, ”5”2)(2)

holds in both the bosonic and fermionic cases, with By, the p-th Bell number.
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Remark 2.5. The p-th Bell number B, can be defined as the number of partitions
of a set with p elements and satisfies B, < (0.792p/In(p 4 1))?, see [Berend and
Tassa 2010], and hence it grows much slower than p!.

Proof. We first prove formula (5) by induction on p €~N*.
For p = 1, formula (5) holds because dT'+ (b) = (b)Wick,
We then set 7 (b) := d T+ (b)? — (b®P yWick - Assuming the result holds for some
p € N* one can compute
dT4 (5)p+1 — (5®p)w1ck(5)Wick + rp(l;)Wick(l;)Wick
using the composition formula (4) for
(Z;@p)Wick(l;)Wick _ (5®p+1)Wick + pe (Si 5®p—1 ®52 Si,*)wick
and for
gp—k (S:IIC: 5]1 R ® Ejk Si,*)WiCk(];)Wick
— SPH_(k“)(Si“ 5 ®5j1 ® ,_,®gjk S:/E-H,*)Wick
+ kgp-i-l—k (Si(gjl R ® Bjk)Si’* S:IIC: (5 ® Id?“+"'+f’~'_1)3:kt’*)W‘Ck,

which yields the expected form for r, 41 (5), and achieves the induction.
We then remark that the sum of coefficients of order k,

S2pk)=" Y, Ci e
0<jr=-=<jk
Jit+etjk=p

satisfies the recurrence relation S>(p, k) = kS2(p—1,k) + Sa(p — 1,k — 1), with
S2(p, 1) =1 = Sa(1,k) for all p,k € N* where the S>(p, k) are the Stirling
numbers of the second kind. Observe that, for % >k, and for any ¢ € £(8:’|‘EZ ®k),
Wi M ~
1EVIK(1 + Ny)™2 iz = ||C||£(3ftz®k;$iz®k)'
We thus get,

[(1+ N2)™% @T2(B)? = BBV (1 + N2) ™ | i, (29

p—1
= Z 5p_kSZ(P, k) ”bHZ(Z)

k=1
and the estimate then follows from Z,’j;i ePkS,(p.k)<e Z,f=l Sa(p.k)=¢Bp,
with Bj, the p-th Bell number. O

2B. Reduced density matrices. Reduced density matrices emerge naturally in the
study of correlation functions of quantum gases [Spohn 1980]. In particular, in
quantum mean-field theory they are the main quantities to be analyzed; see, e.g.,
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[Bardos et al. 2000; Knowles and Pickl 2010; Lewin et al. 2016]. However, we shall
work with nonnormalized reduced density matrices, which are easier to handle.
Going back to the more natural reduced density matrices with trace equal to 1
requires attention when normalizing and taking the limits.

Definition 2.6. Let o, € £'(I'+(2)) (¢ > 0 is fixed here) be such that g, > 0,
Tr[oe] = 1 and Tr(g.eV+) < oo for some ¢ > 0. The nonnormalized reduced den-
sity matrix of order p € N, ya(p Vel (Si Z#®P)_ is defined by duality according to,

for all b € £(S? 2®P; 8P 7P, TelyPb] = TrlgehVeN].
The definition makes sense owing to the number estimate (3) and to

(1+ Np)ke Nt € £(T1(2)).

When Tr[)/e(p )] # 0, the normalized density matrix )78(1’ )

Y I Tely P)); that is, for all b € £(S2 2®P),

is defined by )78(17 ) =

TI‘[le;WiCk] B Tr[QEEWick]
Trloe(dsp yor )™  Tr[oeNa (Nt —) -+ (N —e(p—1)]’

These normalized reduced density matrices )78(17 ) are commonly used, especially

when o, € £1(S+2®"), with ne ~ 1, for the following reason: when g, €
£l Stz ®”) Jies in the n-particle sector in the mean-field regime ne — 1, one has

Te[y{P)b] =

Tr[fgp)lg] =Tr[oe (h®Id yg—»)] and  lim Tr[fg(p)l;] = lim Tr[ya(p)lg], (6)
() (o

since for n > p,

n!

I;Wick

5% (b ®1dyan-n)Sy™

S ff®” :gp
+ (n—p)!

and e? n(n—1)---(n—p+1) —> 1 when ne — 1.

Moreover, one often works with kernels of (normalized) reduced density ma-
trices )ng ) when % = L?(M ; dv) with the following relation deduced from the
left-hand side of (6):

Pép)(xl,...,xp;xll,...,x;):/M Qg(xl,...,xp,x;xll,...,x;,,x)dv@’(”_p)(x).
n—p
But, if the states o, are not localized on the n-particles then yg(p ) and )76(17 ) do

not coincide even asymptotically in the mean-field regime (i.e., the right-hand
side of (6) may not hold true). As well there is no simple relation between the
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(p+1)

nonnormalized density matrices y, and y(p ), Actually, we have

($p+1(b ® Idj)SP—H *)chk|sn+p+l F®n+p+1)

p+1(n+P+1) S

' n+p+1(b®Idg'®n+l)5i+p+l’*
n!

7 Wick
=e(n+1)b™ |Si+”+lgf®(n+p+l)’

from which we deduce

Tely PV (b ® 1d )] = Tr[oe (N+ — ep)b ™K,
while
Tr[y(I’)IS] - Tr[ngwmk]’

where we have again identified y(p 1 a5 an element of £! (z®@P+D) We thus
conclude with the following important remark.

Remark 2.7. Assume 0¢ = ¢ 1[y—5(¢),v+6(s)] (V+) With v >0 and 11m8_>0 8(8) 0.
Then the following simple asymptotlc relations between ys( P) and Ve P (or the
normalized versions )/(p ) and ysp )) hold true for any p’ > p and any b e
L(S 2%, S 7®r),

lim e[y (b ® 1d y0-)) = v 7 lim Tely V5],
gl_r)% Tr[);s(p )(b ® Idg’@(p’—p))] = gl_r)% Tr[);s(p)b]-
We shall use recurrently with variations the following lemma, with the notation

- . 1 . .
bl@"'@bp:F Z bo(l)@"'@)bo(p)

' 0€B),

forl51,.. 15 € L(Z).
We also abbreviate (S 1O 0O bp)Sp’ YWick by (b1 @ -+ @ by)™ik an
(SP (b®p)8p’ )chk by (b®p)chk

Lemma 2.8 (quantum symmetrization lemma). In the bosonic and fermionic cases
for any p € N, the equality

SP(b1 @+ @bp)SY™ =S (b1 © -+ O bo(p))SL™ (7

holds in L(SE #®P; S #®P) forall by, ... by, € L(Z; Z).

As a consequence, under the assumptions of Definition 2.6, the nonnormalized
(resp. normalized if possible) reduced density matrix )/g(p ) (resp. )76(17 )), peN,is
completely determined by the set of quantities {Tr[o (5‘8’1’ yWick], be B} when B is
any dense subset of L(Z; ).
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Remark 2.9. While computing Tr[y, (p )] or studying )/(p ) one can simply add to

B the element Id» owing to Sild?pSi Y= Idg» 4gp. For & > 0 fixed it is not
necessary because compact observables are sufficient to determine the total trace
owing to

TiyPl=  sup  Te[y{PB].
BeL>(S) 2®P)
0<B<Id

However, while considering weak*-limits as ¢ — 0, adding the identity operator
Idgr 4®pr to the set of compact observables, or possibly replacing 53 by the Calkin
algebra CId(2) & L*°(Z), is useful in order to control the asymptotic total mass.

Proof. For bi.,.... l;p € L(Z), we decompose
SP(hy®--®bp)SL*SE(Y1 ®---® Vp)
as

. ) N
st [? > 510 br1Yora) ®- ® (bp%’(P))}

O’/EGP

p Iy [ Z Z S:I:(U)S:I:(U )(ba(l)‘ﬂooa/(l)) R (bo(p)wooa/(p))]

0€S, 0'€E6),

Settmg o/ =00 a with 54 (0”) = si(a)si(a’) yields (7), after noting that
hhO--Ob, = p, Zoebp o) ® -+ ® ba(p) commutes with SjE in both the
bosonic and fermionic cases.

Now the nonnormalized reduced density matrix is determined by

Tr[y{?) B] = Tr[os BV'*"]

for B € £°°(SY2°®P) as L1(S§ 2®P) is the dual of L2(S] 2®7). But B €
L (Sp 2®P) means B = SiB Si * with B’ € £°(2°®P), while the algebraic ten-
sor product £°(%)®" %P is dense in £ (2®P).
With the estimate
‘Tr[QEEWiCkH — ‘Tr[e%NQEe%Ne—%NgWicke—%N]‘
< C Trloee || Bll o(sp yor:s7 200
it suffices to consider B = SiB/ Sp * with B’ € £°(% )®alg1’ By linearity and

density, ys( is determined by the quantities Tr[QgBW‘Ck] with B’ =b1 ® -+~ ® by,
b; € B. We conclude with

SLb ®---®bp)SL™ =S (b1 ©--- 0 bp)SL™,
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and the polarization identity

- ~ 1 P \®p
ho-0h =5 T 81...8,)(28,-19,-) | O
gi==+1 i=1
Remark 2.10. In the bosonic case, the nonnormalized reduced density matrices yg(p )
are also characterized by the values of Tr[)/ép ) B] for B in

B={ly®")(y®|:y € 2} U{1d3"}.

This does not hold in the fermionic case.

The rest of the article is devoted to the asymptotic analysis of y,s(p ) as e — 0.

In particular we shall study their concentration at the quantum level while testing
with fixed observable b (with b compact) and their semiclassical behavior after
taking semiclassically quantized observables, e.g., a(x, h D) with some relation
& = ¢(h) between ¢ and .

3. Classical phase-space and /&-quantizations

When 2 = L?2(M!,dx), with M' = M a smooth manifold with volume mea-
sure dx, the classical 1-particle phase space is X! = X = T*M ! and we will focus
on the i-dependent quantization which associates with a symbol a(x, §) = a(X),
X € X! an operator a2 = a(x, hD,) with the standard semiclassical quantiza-
tion or when M! = R?, a@h = gW:h = oW (h'x, h1 7" D), by using the Weyl
quantization, ¢ € R being fixed.

Note that in later sections the parameters & and /& will be linked through ¢ = &(h)
with limy,_,o e(h) = 0. In relation with the symmetrization result, Lemma 2.8,
we introduce the adapted p-particle phase space which was also considered in
[Derezifiski 1998], and the corresponding semiclassical observables.

3A. Classical p-particle phase space. A fundamental principle of quantum me-
chanics is that identical particles are indistinguishable. The classical description is
thus concerned with indistinguishable classical particles. If one classical particle
is characterized by its position-momentum (x, £) € X! = T*M!, x € M being
the position coordinate and ¢ the momentum coordinates, p indistinguishable par-
ticles will be described by their position-momentum coordinates (X1,..., Xp) =
(x1,81.....xp.6p) € XP /S, =(T*M)? /S, =T*(M?)/S,, where the quotient
by &, simply implements the identification,

f0ralla€6p, (Xo(l),...,Xg(p))E(Xl,‘..,Xp).

The grand canonical description of a classical particles system then takes place in
the disjoint union

| |x?/6, =] |a*m)?/e,.

peN PEN
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A p-particle classical observable will be a function on X” /&, and, when the
number of particles is not fixed, a collection of functions (a(p))peN, each a(?)
being a function on X”/&,,. The situation is presented in this way in [Derezinski
1998]. A p-particle observable is a function a?) on X7/ S, and a p-particle
classical state is a probability measure (and when the normalization is forgotten, a
nonnegative measure) on X7 /&,

However while quantizing a classical observable, it is better to work in X7,
which equals T*(M?), a function a® on X?/& p being nothing but a function
on X? which satisfies,

forall 0 € &), o*a? =qP,

where,

forall (X1,...,Xp) € XP, o*aP(X1,...,Xp) =a P Xo1),- - Xo(p)-

1
() — E * (D)
a = o a .

‘o€,

and

In the same way, we define for a Borel measure v on X'” and 0 € &, the measure
oxv by [1p0*a®P dv = [,,a® d(o.v) for all alP) € CO(XP), or alternatively
0«V(E) = v(o~1(E)) for all Borel subsets E of X”. A nonnegative measure on
XP /&, is identified with a nonnegative measure v on X such that,

1

for all 0 € G, OxV =V = — OxV. (8)

Lemma 3.1 (classical symmetrization lemma). Any Borel measure uP) on X? /& »
is characterized by the quantities { Ser a®? du®) . q e C} where the tensor power
a®? means a®? (X1, ..., Xp) = ]_[f;l a(X;) and C is any dense set in CO_(X') =
{f € CO(XI) limy 00 f(X) = 0}

Proof. By the Stone—Weierstrass theorem the subalgebra generated by the algebraic

alg . . . .
tensor product C®"*? is dense in C, (X?). Hence it suffices to consider
1

a1®...®ap=—' Zaa(1)®...®a0(p), al‘GC.

‘o€,

We conclude again with the polarization identity

1 p ®p
a1®---®ap=2p—p' Z 81---8p(28iai) . O

gi==%x1 i=1
We will work essentially with M = R? and X = T*R? and therefore on
XP = T*R% ~ R24P and recall the invariance properties, if possible, by a change
of variable in order to extend it to the general case. Remember that on RP,
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the standard and Weyl semiclassical quantization are asymptotically equivalent:
a(x,hDyx)—a" (x,hDy) = O(h) whena € S(1,dX?) (supy c7+par |0%a(X)| <
oo for all @ € N24). Moreover on R%, % (x,hDy) is unitary equivalent to
a (h'x,h' "' Dy) for any fixed ¢ € R so that result can be adapted to different
scalings.

3B. Semiclassical and multiscale measures. We recall the notions of semiclassi-
cal (or Wigner) measures and multiscale measures in the finite-dimensional case.
We start with the results on M = RP (think of D = dp) and review the invariance
properties for applications to some more general manifolds M.

3B1. In the Euclidean space. On RP the semiclassical Weyl quantization of a
symbol a € S'(R2P) will be written a-# = aW (h*x, h'~* D), with ¢ > 0 fixed,
while ¢% (x, Dy) is given by its kernel:

ey (XY d§
[CW(X’Dx)](x,y):/'%deE( y)c( B 7%_) (Zn)d

Definition 3.2. Let (y3)nec With 0 € £, £ C (0, +-00), be a family of trace-class
nonnegative operators on L2(RP) such that limj,_, o Tr[y,] < 4+00. The semiclassi-
cal quantization a — a"'% = a%W (k' x, h'~ D) is said to be adapted to the family
(Yn)hee if
lim limsupRe Tr[(1— y(§ -)W’h))/h] =0
§—>01t  jpes
h—0
for some y € CSO(T*[R{D) such that y = 1 in a neighborhood of 0.
The set of Wigner measures M(yy, h € £) is the set of nonnegative measures v
on T*RP such that there exists £’ C £, 0 € £, such that,

for all a € C°(T*RP),  lim Tr[ypa”"" :/ a(X)dv(X).
heg’ T*RD
h—0
The following well-known statement, see [Colin de Verdiere 1985; Helffer et al.

1987; Gérard 1991; Gérard et al. 1997; Lions and Paul 1993; Shnirel’man 1974],
results from the asymptotic positivity of the semiclassical quantization and it is ac-
tually the finite-dimensional version of bosonic mean-field Wigner measures (with
the change of parameter ¢ = 2h); see [Ammari and Nier 2008, Section 3.1].

Proposition 3.3. Let (yj)pes with 0 € £, £ C (0, +00), such that y, > 0 and
limy, o Tr[yn] < 4+00. The set of semiclassical measures M(yp, h € ) is nonempty.
The semiclassical quantization a:h s adapted to the family (y,)nee if and only if
any v € M(yp, h € €) satisfies v(R?P) = limy,_,¢ Tr[y].

Remark 3.4. (1) The manifold version, with ¢2-" = a(x,hDy) instead of aW-h
results from the semiclassical Egorov theorem.
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(2) By reducing £ to some subset &’ (think of subsequence extraction), one can
always assume that there is a unique semiclassical measure.

(3) While considering a time evolution problem, or adding another uncountable
parameter, (Y n)heg ter, finding simultaneously the subset £’ for all € R
requires some compactness argument with respect to the parameter ¢ € R,
usually obtained by equicontinuity properties.

We now review the multiscale measures introduced in [Fermanian-Kammerer
and Gérard 2002; Fermanian Kammerer 2005]. For the reader’s convenience, de-
tails are given in Appendix A, concerning the relationship between Proposition 3.5
below and the more general statement of [Fermanian Kammerer 2005].

The class of symbols S is defined as the set of a € C*°(R?P x R2P) such that

o there exists C > 0 such that for all ¥ € R??, a(-,Y) e Ceo(B(0,C));

e there exists a function deo € C(R?P x S?P~1) such that a(X, Rw) —
doo(X,w), as R — o0, in COO([RZD % SZD—I)‘

Those symbols are quantized according to

X
a@h = aZV’h, ap(X)=ua (X, —1)
hz
A geometrical interpretation of those double scale symbols can be given by match-
ing the compactified quantum phase space with the blow-up at r = 0 of the macro-

scopic phase space; see Figure 1.

macro macro o
0
quantum 00
\ 0 quanftum
1 1

o

=

Figure 1. On the left-hand side, the macroscopic phase space with
its sphere at infinity. On the right-hand side, the matched quantum
and macroscopic phase spaces for which the quantum sphere at
infinity and the r = 0 macroscopic sphere coincide.
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Proposition 3.5. Let (Y)nee be a bounded family of nonnegative trace-class op-
erators on L2(RP) with limy,_, Tr[yy] < +00. There exist & C £, 0 € E', nonneg-
ative measures v and v(yy on R2P and S?P~1, and a yo € LY (L*(RP)) such that
M(yp. he&)={}and, foralla e S@,

X
lim Tr[y;a®"] = / Ao (X, —) dv(X)
ket R2D\{0} X|
+ /§2D—1 oo(0. @) dv(l)(a)) + Tr[a(0, x, Dx)yol.

Definition 3.6. ./\/l(z)()/h, h € £) denotes the set of all triples (v, v(r), yo) which
can be obtained in Proposition 3.5 for suitable choices of &’ C £, 0 € £~

Remark 3.7. Actually when ah = aW (Vhx, VhDy), this trace class operator
Yo is nothing but the weak™-limit of yj,. Take simply a(X,Y) = y(X)a(Y) with
X, & € C(R?P), x =1 in a neighborhood of 0 for which

1 ~(2),h w =
Jim 1@ —a ™ (x, Da)ll o2y = 0.

The above results says limy,_,o Tr[yaa" (x, Dx)] = Tr[yoa™ (x, Dy)] for all a €
C0°°(R2D) C L2(R?P dX), and by the density of the embeddings CSO(RZD) C
L2(R?P dx) ~ £L2(L2(RP)) c £2°(L?(RP)), the test observable a" (x, Dy)
can be replaced by any compact operator K € £®(L?(RP, dx)). Moreover the
relationship between v and the triple (1(g,+o0)(| X |)V, V(7). Vo) can be completed
in this case by

o0 = [ dvaye)+ Tl ©

and v(7) = 0 is equivalent to v({0}) = Tr[yo].

Because products of spheres are not spheres, handling the part v(;y in the p-
particle space, D = dp, is not straightforward within a tensorization procedure;
see Figure 2.

Actually we expect in the applications that a well chosen quantization will lead
to v(y) = 0. This leads to the following definition.

Definition 3.8. Assume that the quantization " = a% (v/hx, v/hDy) is adapted
to the family (y4)nee, vn = 0, Tr[y,] = 1. We say that the quantization ¢+ =
a" (Vhx, vhDy) is separating for the family (y)peg if one of the three following
(equivalent) conditions is satisfied:

(1) For any triple (v, v(z), Yo) € M@ (. h € €), we have vy =0.

M(yp,he&)={v},
@) w*iim y, =yo in LY (L2®RP)) ( = v{O0}) = Trlyo].
hee’,h—0

(3) For any triple (v, vy, o) € M@ (. h € €), we have v({0}) = Tr[yo].
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X2

quantum scale

r in Xp

X1

quantum scale in X

quantum scale in X

Figure 2. Tensor product of two blow-ups. The product of the two
matching spheres is not a sphere: the corners of the gray square
correspond to the case when the quantum variables | X | and | X>|
go to infinity without any proportionality rule.

Remark 3.9. This terminology expresses the fact that the mass localized at any
intermediate scale vanishes asymptotically when v(;y = 0. Accordingly, the micro-
scopic quantum scale and the macroscopic scale are well-identified and separated.

Hence we can get all the information by computing the weak™*-limit of y,
and the semiclassical measure v and then by checking a posteriori the equality
v({0}) = Tr[yo].

This will suffice when the quantum part corresponds, within a macroscopic scale,
to a point in the phase space. When M = R?, we have enough flexibility by
choosing the small parameter # > 0 and using some dilation in R? in order to
reduce many problems to such a case. On a manifold M if we can first localize
the analysis around a point xo € M, the problem can be transferred to R and then
analyzed with the suitable scaling.

3B2. Onacompact manifold. We now consider another interesting case of a smooth
compact manifold M with the semiclassical calculus a2* = a(x,hD,). This
case is not completely treated in [Fermanian Kammerer 2005] because the geo-
metric invariance properties do not follow only from the microlocal equivariance
of semiclassical calculus. We assume 2 = L?(M, dx) to be defined globally on
the compact manifold M (e.g., by introducing a metric, dx being the associated
volume measure).

Remark 3.10. When M is a general manifold, replace a">" in Definition 3.2
by a2 = a(x,hDy), and x(§-) with § — 0 by some increasing sequence of
compactly supported cut-off functions ()n)nen such that |, ey x5 ({1}) = T* M.

To adapt Proposition 3.5 to the case of a compact manifold, we consider another
notion instead of the symbols S (). For the observables we shall consider the pair
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(K,a), where K € £L%(L*(M,dx)) and a € C{°(S*M U (T*M \ M)), with
S*M U (T*M \ M) being described in local coordinates through the identification
(x,w)e S*M if r =0,
(x,E=rw)e T*M \ M otherwise.
We have identified the 0O-section of the cotangent bundle 7*M with M. After

introducing an additional parameter § > 0, § > h, and a C* partition of unity
(I=x)+x=1lonT*M with 1 — y e C§°(T*M), 1— x =1 in a neighborhood
of M, we can quantize a as

a®23h = [y(x, £a(x. hs~1£)]2.

Mx[O,oo)xSD_1 >(x,r,w)

Note that K and the quantization of a are geometrically defined modulo O(§)
when h < § in £L(L?(M, dx)): use local charts for the semiclassical calculus with
parameter §, while £ (L?(M, dx)) is globally defined like all natural spaces asso-
ciated with L2(M, dx). Actually in local coordinates the seminorms of the symbol
x(x,E)a(x, h871€) in S(1,dx? 4+ dE?) are uniformly bounded with respect to
h € (0, 8] by seminorms of a in C§°((T*M \ M) U S*M). Moreover, when the
symbol a is nonnegative one has

|(xa(-,h8™"-)2% —Re[(xa(-.h§™"))29]| < C48, (10)
lallpoe 4 Cad > Re[(xa(-,h81-))23] > —C,8, (11)
uniformly with respect to / € (0, §].

Proposition 3.11. Let (yy,)pece be a family of nonnegative trace class operators on
L?(M, dx) such that limj,_, o Tr[y,] < +00. Then there exist &' C E, 0 € £, with
M(yn. h € &) = {v}, a nonnegative measure v(ry on S*M and a nonnegative
Yo € LY(L*(M,dx)) such that, for any K € L>®(L*(M, dx)),

lim Tr[y, K] = Tr[yo K],
heg’
h—0
and, for any a € C3°(S*M U(T* M\ M)), and any partition of unity (1— )+ = 1
with 1 — y € C°(T*M), 1 — x = 1 in a neighborhood of M,
lim lim Tr[yha(z)Q’s’h]zf a(X)dv(X)—i—/ a(X) dv(X).
§—0 hee’ T*M\M S*M
h—0
Additionally (v(ry, yo) is related to v by

V(E) = vy(m " (E)) + vo(E)

for any Borel set E C M identified with E x{0}, when 7 : S* M — M is the natural
projection and vg is defined by [, ¢(x) dvo(x) = Tr[yop], where ¢ € C*(M) is
identified with the multiplication operator by the function .
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Proof. When yy, is bounded in £!(L?(M,dx)), after extraction of a sequence
hy, — 0 from &, we have M((yp,)nen) = {v}, and the weak™-limit yo of (y3,, ),
and the associated measure vo are well-defined objects on the manifold M.

Let us construct a measure ¥ on

(T*M\M)US*M ={(x,ro):xe M, v € S, r €0, 00)}

and a subset & C &, 0 € &, such that

lim lim Trly,(ya(-, hs 1))@ :/ add (12)
§—0 heg’ (T*M\M)US*M

h—0

holds for all a € CS°((T*M \ M) LI S*M).

Fix first the partition of unity (1— )+ y =1, 1=y €C(T*M), 1—y=11in
a neighborhood of M, and § = 8o > 0. For a given a € C°((T*M \ M) U S*M),
the inequalities (10) and (11) imply that one can find a subsequence (/g y.50,a)keN
of (hy)nen such that

im Trlyn, o0 (aC kg soads NP = lspa€C.  (13)
k—o00

For a different partition of unity (1 — y) + ¥ = 1 the symbol [y — y]a(x, hd; 1£) is

P |
supported in Cx,)?,Bo < |&] = Cy,3,s, and equals

X — FlaCx. h8y ') = [x—i]ao(x, é—l) g son (. E).

where ag = a|s+p and with 7, 7 5, » uniformly bounded in S(I, dx? + d&?). For
8o > 0 fixed, the operator [(y — ¥)ao]2-% is a compact operator and we obtain

Jim Trlyy (xa (- b8y ) @21 =Trlyp(Fa(-. héy " ) @ %]=Trlyo((r—)ao) &%),

Therefore the subsequence extraction, which ensures the convergence (13), can
be done independently of the choice of 7 and by taking f(x,£) = y(x,8851€)
independently of § > 0. For £; = (hx 4)ken such a sequence of parameters, the
limits can be compared by

Cz5.a—Lxsoa = Jim Tely(Fa( h8 )2 0] =Tily(xa(-, hsg" ) @]
h—0

= Te[((7(885 ") — 1)ao) 2% yo). (14)

By choosing ¥ = y above, the inequality 0 < (y — )((5561))610 < yag forap >0
and § < &9, and the §o-Garding inequality implies

ITe[((7(885 1) — x)@0) 2% yo]| < Tr[(xa0) 2% yo] + O(S0)
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uniformly with respect to § < 8o. Thus the quantity £, 5 , satisfies the Cauchy crite-
rion as § — 0 because s-limg, ¢ (xao)2:% =0 and yy is fixed in £} (L2(M, dx)).
Hence the limit

. . . -1 ,0
bpa = Jim £y 5.0 = lim lim Trly, (xa(-.h5™" )]
h—0

exists for any fixed a € C5°((T*M \ M) LU S*M). Using (14) with § = 8o, but a
general pair (x, ¥), and taking the limit as § — 0 shows {3 , = {y,q = {4. The
inequalities (10) and (11) give 0 < ¥, < ||a||Lo. By the usual diagonal extraction
process according to a countable set N' C Cg°((T*M \ M) LU S*M) dense in the
set of continuous functions with limit O at infinity, we have found a subset £’ C &,
0 € £, and a nonnegative measure b such that (12) holds. Note that we have also
proved

/ adv = lim lim Tr[y,(xa(-, h8~'-))29]
(T*M\M)uS*M §—0 heg’
h—0
= lim lim Tr{(y, — y0)(xa(-, hs ")),
§—0 heg’
h—0

where neither limit depends on the partition of unity (1— )+ y =1 with 1 — y €
C§°(T*M) equal to 1 in a neighborhood of M.

We still have to compare v and v. For this take a € C3°(T*M ) and set ag(x, w) =
@(x) = a(x,0). The symbol identity

a(x,h871E) =a(x, hé 1e)(1— ) +a(x, k6™ &)y
= o)1= ) +a(x,h8~ E) x + hra v 5.1

with 74 s . 5 uniformly bounded in S(1, dx? + d£?) with respect to h, leads after
§-quantization to

/ adv = lim Tr[yhaQ’h]
T*M heg’

h—0
= lim Tr[ys(p(x)(1— 1)1+ lim Te[y(xa(-. k87" )27,
< <5

For § > 0 fixed, (¢(x)(1— y))2*® is a fixed compact operator so that the first limit is
lim Tely () (1 =) 2] = Telyo () (1= 1) 2],
h—0

while the second one is exactly the quantity occurring in the definition of v. Taking
the limit as § — 0 with s-limg_,¢(@(x)(1 — 1))2¥ = @(x), yields v|rem\m =
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V|7 p\ p - Finally setting v(7y = V| g+ p yields, for any a € C§°(T*M),

/ adv=/ adv—l—/ aodv([)+/ ¢ dvy,
T*M T*M\M * M M

which implies the relation for the measures. O

Definition 3.12. M@ (y,, h € £) denotes the set of all triples (v, V(1). Yo) which
can be obtained in Proposition 3.11 for suitable choices of &’ C &, 0 € &'.

We note that the equality v(M) = Tr[yo] implies v(;y = 0 and this leads, as in
the previous case, to the following definition.

Definition 3.13. On a compact manifold M, assume that the quantization ¢ 2" =
a(x,hDy) is adapted to the family (y)pes, with y, € LY(L?(M)), yp > 0 and
limy,_, ¢ Tr[y,] < co. We say that the quantization is separating if for any &' C &,
0eé&,
M(vh. her‘l)—{v}
wh-lim y, =yo in LY L2(M)) ( = v({€ = 0}) = Tr[yo].
he& ,h—0
While doing the double scale analysis of the nonnormalized reduced density

matrices )7}(11’ ), especially with the help of tensorization arguments, we will simply
study their weak*-limit in £! and their semiclassical measures. The equality of
Definition 3.8 or 3.13 will be checked a posteriori in order to ensure vy = 0.

4. Mean-field asymptotics with /-dependent observables

We now combine the mean-field asymptotics with semiclassically quantized observ-
ables. This means that the parameter ¢ appearing in CCR (resp. CAR) relations
in Section 2 is bound to the semiclassical parameter & of Section 3 parametrizing
observables a:" (ora Q’h):

e=¢(h)>0 with P}im e(h)=0.
—0

So, from now on we consider families of density matrices on the fermionic or
bosonic Fock space I'+(2) labeled as (0¢(n))nes With their reduced density ma-
trices denoted by (]/g(h)))heg Firstly, we give a sufficient condition in terms of
semiclassical 1-particle observables and of the family (0g(4))res SO that a quan-
tization a"*”* defined on the p-particle phase space X7 is adapted to the nonnor-
malized reduced density matrix Vs(fh)) for all p € N. After this, the quantum and
classical symmetrization results, Lemmas 2.8 and 3.1, then provide simple ways
to 1dent1fy the weak™*-limits yé P) or the semiclassical measures associated with the
family (y e(h) )heg for all p € N. According to the discussion in Section 2 about
Definitions 3.8 and 3.13, a simple mass argument allows one to check that all the



QUANTUM MEAN-FIELD ASYMPTOTICS AND MULTISCALE ANALYSIS 241

multiscale information has been classified. Recall that if

lim Tr[y((ph))] = hm Tr[Qg(h)Np] 7@

then the semiclassical measures v(?) € /\/l(y(f’ )) h € £) (or multiscale asymptotic
triples (v(?), v((f)) yop ))) have a total mass equal to TP

Remember that the nonnormalized reduced density matrices ys(f;l)) are defined
for h > 0 by,

forall b e £(S22®P),  Tely8) 5] = Trlooqn bV,

They are well-defined and uniformly bounded trace-class operators with respect
to h € &, as soon as Tr[o.n) N ﬁ] is bounded uniformly with respect to & € £ for
every p € N. Actually, it is more convenient in many cases, and not so restrictive,
to work with exponential weights in terms of the number operator V..

Hypothesis 4.1. The family (0¢(n))hes in LY (T1(2)) satisfies:

(i) Forall h € £, we have gg(py > 0 and Tr[ogn)] = 1.
(ii) There exist ¢, C > 0 such that Tr[Qg(h)eCNi] <C forallh €.

When the 1-particle phase space is X1 = T'* R4 we use the Weyl quantization
on X? = T*RP q2:h = gW-h — oW (n'x, h'~'D,), x € R%, and when M! is
a compact manifold, X7 = T*M?, we use a?h = a(x,hDy), x e MP,

Proposition 4.2. Assume Hypothesis 4.1. Let y € C°(T*M Y satisfy 0 < y < 1
and y = 1 in a neighborhood of 0 (resp. in a neighborhood of the null section
{((x,6) e T*M : £ =0} = M) when M = R? (resp. M is a compact manifold)
and let ys(X) = y(6X) (resp. xs(x,&) = x(x,8€)). For ¢’ < ¢, where c is given
by Hypothesis 4.1(ii), if

’ ’ N
Ser,(8) = lim sup Re Trlo,qay (e« V¢ — e“ 4T 06 ™) 0 ass—0, (15)
h—0

then for all p € N, the quantization ah s adapted to the family Vs(fh))'

Lemma4.3. Let A € L(Z) and a > || A||. For z in the open disc D(0,c /| A||) C C,
the operator e*4T+(M) =Ny — pdUy(zA=aldz) i 4 conraction in T+ (2) and
the function z > e4T+EA=d) io holomorphic in D(0, a/ || A|) with

1 1
—dTy (A)Pe™ Nt = gm0 Nz —dT+(4)”
p! p!

.1 dri(ZA alde) %= dz , (16)
207 Jiz|=r Zp+1

which holds true in L(T'1(2Z)) for all p e N and all v € (0,a/| A|).
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Assume moreover that A, B € L(Z), and o > a9 = max{| A|, || B||}. Then:
(1) Forall z € D(0,a/ap),

a||B— Al gz

||(ezdri(B) _ €ZdFi(A))€_ .
ao (o —ap)e

“Ne |l o2y =
(2) Forall peNandr € (0,a/ayp),

ap! || B — Al zz)

dT1(B)? —dT4(A)P)e N+ 7)) < :
[(dT+(B) +(A)")e ey = wo(a —ag)er?

Proof of Lemma 4.3. After setting A’ = zA with |z] < /|| A| so that ||4’| < «,
notice that [|ef4'~®)|| < ¢l 4’l=¢@ <« | Hence, the operators 'y (e 5(4'~®)) =
e~ @Nx pd T (4) = odT1(4) p=aNy gre contractions on 't (Z). The holomorphy
and the Cauchy formula are then standard.

For the second statement, set B’ = zB and A’ = zA, |z| < a/ag, and use
Duhamel’s formula:

o—dT+(@—B') _ ,~dT1(a—4")

1
:/ ¢~(1=0dT@=A) g, (B _ A')o=(@—a0)N ,~1dT(@0=B") 4,
0

Since e~ (104t (@0=4") ynq o~1dTx(@0—4") gre contractions, the inequality

B—A
||dFi(B’ A )e_(o‘ a0)N+ | < —||B A| sup ene —(a—ap)en of |
nenN O(()(Ol 0(0)6
yields part (1).
Part (2) follows from (16) and part (1). O

Proof of Proposition 4.2. Fix p € N. We want to find y € C3°(T*MP?), 0 < y <1,

and 7 = 1 in a neighborhood of {X € R2%P : X = 0} (resp. {(x,£) € T*MP :

£ =0} = MP)when MP = R (resp. when M is a compact manifold), such that
hm limsup 7(6,h) =0,

§=0 p0
with i
T(8.h):= ReTuly, () (dsp yap — 7))

~0.,h\Wi
= ReTrloegn (sr yor — 15"V,

We know that y®? €CP(T*MP), with0 < ¥®? < 1. Take j such that y®? < 7 <1.
For a constant k5 > 0 to be fixed, the inequalities of symbols

0<y5" <Fs <1,
0<ys+ksh<1+kgsh
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and the semiclassical calculus imply

(1= 75) 2" —Re[(1 — 75) 2"l o »@r) < Csh,
h h
1x2" —Re[x "Il < Csh,

0 <Re[(1 - x27)2M + Cjh = 1— Re[y2")®? + C}h
< (14 2csh)? — Re[(xs + ks S NEP + Cfh - in L(2®P)

for some constants Cg, C bf ,C é/ > 0, chosen according to p € N, § > 0 and x5 > 0.
Moreover for § > 0 fixed, the constant k5 can be chosen so that

0 <Re[(xs +K5h)Q’h] <1+ 2«sh.
With )

I(1+ N£)Pe™ 2V | ory (2)) < Cpoers

the number estimate (3) and the positivity property (l; >0) = (Z;WiCk > (), writing
Ny

’

ey = € 2N TN e 2N+ 75
leads to
~0.h :
T(8,h) := ReTrlocay (dsp yop — )]
~Q,h\Wi
= Troen) (1dgr yor — Re[)(gQ DY) + 05 (h)
< Trloea (1 + 25h)? — (Re[(xs + k5h) 2" EP)VN] + 05 (h).
We now use Proposition 2.4 for
T(8,h) <Tr[0equy (d T (14+2k5h)P —d T (Re[(x s +ksh) S M)P) |+ O (h+e(h)).

The two operators A = d T4 (1 + 2«gh) and B = d T+ (Re[(xs5 + ksh)2"]) are
commuting self-adjoint operators such that 0 < B < A, so that 0 < A? — B? <
Cp o[ —e'B]. We deduce

T((S, h) < Cp o Tr[Qs(h)ecNie—cNi (edri(c/(l-l—ZK,sh)) _edri(C/Re[()(,s-i—lc(gh)Q’h]))]
05 (h-+e(h)).

We apply Lemma 4.3 withz =1, A=c¢'(1+2kgh) and B =c',or A =c'Re[(ys+
ksh)2"] and B = c’)(sg’h, and finally

c+c’

a=c>up= > " max{1+2«sh, ||(xs +K5h)Q’h Il ||)(§2’h I} forh<hsc
and we get

T8, h) < Re Tr[opgny (¢ N+ — e T 0™ 4 Oy (h + e(h)).
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‘We thus obtain
limsup 7(8, h) < s¢r,5(5)
h—0

and our assumption limg_,¢ s¢7, () = 0 gives the desired conclusion. O

Notation. For any open set Q C C the Hardy space H °°(£2) is the space of bounded
holomorphic functions on £2.

Proposition 4.4. Assume Hypothesis 4.1. Then:

(i) The set & can be reduced to £’ so that M(yéf)h)), he&)= P forall peN,
where v(P) is a nonnegative measure on T*MP/Sp, i.e.,ameasure on (T*M)?

with the invariance (8).
(i) When (15) is satisfied, this implies
lim Trly5)] = / dv'P(X) forall peN.
T*MP

he&’
h—0

(iii) For any a € Cg° (R24) there exists ry > 0 such that the function Dypis>
Tr[Qa(h)es‘H‘ﬂE (aW"h)] is uniformly bounded in H®° (D(0, rg)) and, locally uni-

formly in s,
o0 Sp
lim @ 5(s) = Pa,o(s) = Y —/ a®?(X)dvP(X).  (17)
he&’ ’ — p' T*MP
h—0 p=0

Conversely, if we know that ®, j, converges, pointwise on the interval (—rq,7q)
orinD'((—=rq, ra)), to some function ®4,9 ash — 0, h €&, then M()/E(f;l)), hef)=
{v(p)}for all p e Nand @4 is equal to (17) with &' = £.

Proof. The uniform bound
e[y )] < Trlosny (N+)7] < Cp.e Trlosunye™*]

and Hypothesis 4.1 ensure for each p € N the existence of £(P) c £(P—D c g,
0€ &P, such that M (ys(&)), h e £P)) = (1P} (see Proposition 3.3 and Remark 3.4).
A diagonal extraction with respect to p determines & C &, 0 € £, such that
M(yéf’h)), he&)={P}forall peN.

The second statement (ii) is a straightforward application of Proposition 4.2 and
Proposition 3.3.

In the statement (iii), the holomorphy of the function ®, ; on the domain
D(0,¢/||a%-"|) follows by Lemma 4.3. Hypothesis 4.1 now combined with

“e—CNiezdF:t(aW'h)” —

I =) <1 and [a""| <C,
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provides the uniform boundedness with respect to & € £ of ®, 5, in H*°(D(0,r4))
with r, = ¢/C4. Moreover, Lemma 4.3(2) shows that ®, j, is given by the entire

function
o0

sP
Do p(s) =Y ol Tr{genyd T (a”")7],
p=0""

which is absolutely convergent on s € D(0, r,) uniformly in 4 € £ since the estimate

_ p!
ldTx @) Pe™Ne | o ry (2)) < . (18)
a

holds true uniformly for all p € N and & € £. According to (i) and Proposition 2.4,
lim Tr[opnyd '+ @”"")P] = lim Tr[Qs(h)((aW’h)(@p)Wick]
hee’ hee’

h—0 h—0

— T ®» Wrhepy _ ®p 7, (D)
_glerg/Tr[ys(h)(a ) ]—/T*Mpa dv'P’,

h—0
Hence, by dominated convergence, ®, j, converges locally uniformly in D(0, r4)
to @40 given by (17) and consequently ®, o belongs to H*>°(D(0,r,)) as well.
Moreover, assume for any a € C°°(R2d ) the convergence of ®, j, to O in
a weak topology on the interval (—rg,7;) as h € £, h — 0. Let vg p) (p ) e
M(yhp ) he &), for p € N. Then according to (i) and the first part of (iii), one has
for any s € (—rq, 1g),

o0 o0
sP sP
Do)=Y —'/ a®?(X)dviP(X)=> —'/ a®?(X)dviP (X).
p=0 p: *MP p=0 b’ *MP

The uniform estimate (18) shows that ®, ¢ admits a holomorphic extension on
D(0,r,) and consequently

/ a®(X) dvi? (X) = f a®?(X) dviP (X)
T*MP T*MP

for all p € N. Thanks to Lemma 3.1, the measures v(p ) and v(p ) are determined by
integrating with all the test functions a®?, a € C°°(T M). So v(p ) (p ) , which
ends the proof. O

Replacing the semiclassical symmetrization Lemma 3.1 by the quantum ones,
Lemma 2.8 in the above proof leads to the following similar result for the quantum
part.

Proposition 4.5. Assume Hypothesis 4.1. For all K € L°°(Z) there exists rg > 0
such that the set {Wk p,h € E} of functions Wk p(s) = Tr[Qg(h)eSdFi(K)] is
bounded in H*°(D(0, rg)).
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The pointwise or D' ((— rK, rg))-convergence limpeg p—0 Wk n = Wk o is equiv-
alent to W*-limpee p—0 )/h = )/Op (remember L' = (L2)*) with

Wk ols) = ZTr (”)K@P]
p=0

Let us consider a specific feature of the fermionic case:

Proposition 4.6. Let (0:):cc be a family of nonnegative, trace-1 operators in
LY(T-(2)). Let )/a(p ) denote the corresponding nonnormalized reduced density
matrices of order p. If y(gp Vel (SP Z®P) is such that,

for all K € £9(822%7),  lim Tily P K] = Trlyg” K],
g€

e—>0

then y(p) =0.

As a consequence, the weak™ -limits y(p )

always vanish in the fermionic case.

Proof. First consider K a nonnegative finite-rank operator. Then

lim Tr[o, KV = Tr[yép) K].
cEE

e—>0

For fermions, KVi°® < ¢? Tr[K], and hence Tr[o, KVi] < ¢(h)? — 0 as ¢ — 0.
Since any finite-rank operator is of the form K = Ky — K, +i(K3 — K4) for some
nonne ative finite-rank operators K;, j €{1,2, 3, 4}, the limit Tr[o; K Wick] 5 0 =
Tr[y,"’ K] holds for any finite-rank operator K. Hence, by densuy of the finite-rank
operators in the compact operators for the operator norm, Tr[yop 'K ] = 0 for any
K € £L®(SP2®P). ie., yiP = 0. O

5. Examples

5A. h-dependent coherent states in the bosonic case. We first recall our nor-
malization for a coherent state. If we use the identification SiZ = C, then the
vacuum-state vector is defined as Q = (1,0,0,...) € '+ (Z). We then introduce
the usual field operators ®(f) = (1/+/2)(a*(f) + a(f)), with f € Z, and the
Weyl operators are W( f) = exp((i/~/2)®(f)). A coherent state is a pure state
E, = W(\2z/(i€))Q, with z € 2. One then can also speak of a coherent state
for the corresponding density matrix |E;){E;|. One of the useful properties of
coherent states is that

b(z) = (E(z), bV E(2)). (19)

See, e.g., [Ammari and Nier 2008, Proposition 2.10]. The case of coherent states
is simple:
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Proposition 5.1. Let (z¢)ge(0,1] be a bounded family of %, choose the semiclassi-
cal quantization a — a"-" = a% (Vhx, VhDy), and fix a function ¢ = e(h) — 0 as
h — 0. Up to an extraction, zy(y — zZo € Z weakly, and M(|Zs(h)) (Zemyl, he&) =
{v}. Assume that the semiclassical quantization a"'" = aW (Vhx, hDy) is
adapted to (|1zgn))(Ze(n)|)n and separating for (|zgmy)(Zen)|)n- Then the family
(Qe(h) = |Ezey ) Ezo ) Dheg has

(»)
Ye(h) = |Zs(h)>< s(h)l

as (nonnormalized) reduced density matrices of order p, for which the quantiza-
tion is adapted and separating, and

® ®
MO heg)={v®.0,1z57) =57 ).
Proof. Formula (19) yields, for B € £L(S} 2%7),

® ® i
< s(lf)’ BZE(]/IZ)> <EZg(h) |BWICk|EZg(h)> Tr[Qs(h)BWICk] = Tr[)/;f(ph))B]’

which implies the result. O

The case of coherent states, although simple, can already exhibit interesting
behaviors for some families (z¢)g¢(o,1]- Indeed,

Remark 5.2. Let (z ¢(n))he(o,1]» J € {1,2}, be families of Z such that
* Z1eh) — Z1,0 € Zas h — 0, and

* (22,¢(h))he(0,1] converges weakly to 0,

hm limsup ||(1— y(R™! NWWhz, el =0

R—o00 ps9
for some y € Cg° (R24), x = 1 around O (no mass escaping at infinity in the

phase space), and M(|z3 ¢n)) (22,6(m)|» I € E) = {v2}, with v2({0}) =0

Then (|21 ¢y + 22,6(h)){Z1,6(h) T 22,6(h)|)he(0,1] Satisfies the assumptions of
Proposition 5.1, and zg = 21,0, V = ||21,0||280 + vsy.

5B. Gibbs states. For a given nonnegative self-adjoint hamiltonian H defined in &
with domain D(H ), the Gibbs state at positive temperature ﬂ and with the chemical
potential u < 0 is given by

T[Cs (e ) 4]
L (e PH=)]

we(A) = = Tr[o: A].

In general g, € £Y(T'+(2)) as soon as e BH=1) ¢ £1(%) (in the bosonic case
H >0and <0 imply || e BH 1) | z(z) <1, see Lemma D.1). Moreover the quasi-
free state formula, see [Bratteli and Robinson 1981], with e-dependent quantization
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gives
Trloe N+] = & Tr[e BH=I (1 F e PEH—)7T

and additionally, in the case of bosons,

Tr[oe W(f)] = exp[—1e(f, (1 + e PHTM) (1 — e PH=)=1 )],

5B1. The fermionic case. This case is simpler than the bosonic case for two rea-
sons: first because the quantum part vanishes (see Proposition 4.6), and second
because there is no singularity to handle. To fix the ideas we consider the sim-
ple case when H is the harmonic oscillator. Actually one can treat more general
pseudodifferential operators, and we do that below in the more interesting case of
bosons and Bose—FEinstein condensation.

Proposition 5.3. Let B > 0, H = 1|X|?W:", 1u(e) be such that p(e) > Ce for
some constant C > 0, and assume that ¢ = e(h) = h%. Let
[_ (e BH—n(e))
Tr[r_ (e_ls (H_M(s)))]
(»)

and y e(h) be its nonnormalized reduced density matrix of order p > 1. Then

Q¢e(h) =

MO B he 0,1]) = {0,0,0)},

e ( e BNP ax )®”
V = .
l+e -81x12 2m)d

Proof. From Remark 3.7 and Proposition 4.6, any

where

WP iy e MO ) h e 0, 1])

satisfies y(p ) = 0.

Since we are considering a Gibbs state, the Wick formula yields

(p) ()®p op,*
Ye(h) = P!Si)’s(h) Sy

Moreover, in the fermionic case,

T_(C)

N _ .
Ve = €MW1 e foreem = [ o)y

that is to say, with e(h) =

M) _,d
Yety = T B@E—m
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in our case. The semiclassical calculus combined with the Helffer—Sjostrand func-
tional calculus formula yields

e=BGIXPW" =) e~ BIXP \W.h ,
= +0 in L(Z).
1+e—ﬂ(%|X|2W’h_M) (1 +e~ 2|X|2) ( ) ( )

For details we refer the reader to, e.g., [Dimassi and Sjostrand 1999; Helffer and
Nier 2005] or to the proof of Proposition 5.6. Again by the semiclassical calculus
we know h%a"'" is uniformly bounded in £!(L2(R%)) for a € Cy° (R24). This
leads to

Tel(@"")®Py )| = Tefa™ "y (1P + O(h)

o BIXP2 \W.h p
:Tr[(—ﬂ) hdaW’h] + O(h).
14 e 21X

We finally use

dX
1 Tyl Woh p Wl :/ V(X
o = | a(Ob0 5
which implies
_E|X|2 dX )4
lim Tr[(a"")®? y(l;l)]: (/ ¢ (X) )
h—0 e(h) R2d | 4 o= 51X 12 2n)d

Hence

eBIXP gx )®p
|+ e 51X2 2m)d
5B2. Parameter-dependent Gibbs states and Bose—Einstein condensation in the

bosonic case. The Bose—Finstein condensation phenomenon occurs when H has
a ground state ker H = Cy¢ and the chemical potential is scaled according to

dv(p)(X) — (

€
—Bu = — for some fixed v¢ > 0.
Ve

An especially interesting case is when H is a semiclassically quantized symbol
with semiclassical parameter  related to &, or ¢ = ¢(h) according to our previous
notations. The quantum and semiclassical parts arise simultaneously when ¢ = he.
Two cases will be considered: the first one concerns 2 = L%(R%) with a nondegen-
erate bottom-well hamiltonian; the second one 2 = L?(M) with the semiclassical
Laplace—Beltrami operator on the compact Riemannian manifold M.

In the first case, let S((X)™,dX?/(X)?) denote the Hormander class of sym-
bols satisfying |8§a(X)| <Cg (X)"=B_ andleta € S((X)2,dX2/(X)?) be elliptic
in this class with a unique nondegenerate minimum at X = 0 (e.g., the symbol of
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the harmonic oscillator hamiltonian). We can even consider small perturbations of
this situation after setting

H=a"" 4+ B" 20"+ B", o""=ahx,VhDy), e=h?,
where
B"=B"* e L(L>RY)), ||B"|=0(h), ro(@""+B") =info(""+ B").

It is convenient in this case to introduce the linear symplectlc transformation
T € Spy;(R) such that X' T~ Hessa(0)T ™1 X = Z 1 ,BJX and to introduce
some unitary quantization Ur of T, i.e., a unitary operator on Lz(Rd) such that
UbWUr =b(T~1 )W

Proposition 5.4. Under the above assumptions with dimension d > 2, for any

p €N, we have /\/l(z)()/(&)), he&) ={wP,o, )/(gp))} (see Definition 3.12), where

1.2
. e 2"
y? = pEIUEPIUEP | with o(x) = Up—
T 4
and
P
1 _
v(?) = Z 0*[2( _k)|vé56®k®v(ﬂ’.)®l’ k],
UGGp k=0 p ’
ith
e e_ﬂa(X) dX
dv(B, X) =

1 —eBalX) (27)d’

The proof is given in Section 5B4 and needs some preliminaries, which are given
in Proposition 5.6 and Lemma 5.7.

Another even simpler case, related to the example M = T presented in [Am-
mari and Nier 2008], is 2 = L*(M, d vg(x)) when (M, g) is a compact Riemann-
ian manifold with volume dvg (x) and

H =—h*Ag + B, — Ao(—h*Ag + By).

where Ag is the Laplace Beltrami operator on (M, g) and B, = B}’ € L(L%(M)),
1Br]| = o(h?).

Proposition 5.5. Under the above assumptlons with d > 3, for any p € N, we

have M(z)(yéf)h)), he&) ={vP,o, Yo p))} where

1
v ép)

— plv Py 8P ®p, — ,
el X Wo L Yo vg(M)%
)4

1 1 Rk B

0eS, k=0
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with R
_.Blgl (x) d d
dv(p, x) = S dXdE
| — o PR 2)
and
£z = D 87 (& wheng= ) gij(x)dx"dx’. (gi))™" = (g").
i,j<d i,j<d

We shall focus on the first case, which requires a more careful analysis, while
o(—h?A g) = h%0(—A ¢) reduces the problem even more easily to the integrabil-
ity of e ﬂlslg(x)/(l ﬂlslg(x)) valid when d > 3. The proof of Proposition 5.5
is left as an exercise, which requires the adaptation of the following arguments in
the case of Proposition 3.11 with the associated Definitions 3.13 and 3.12.

5B3. Semiclassical asymptotics with a singularity at X = 0. We give here a gen-
eral semiclassical result in T*R?, which involves traces and symbols with a singu-
larity at X = 0.

Proposition 5.6. Consider the hamiltonian H = o™"" + Bj, — Ao(«™'" + B"),
with aW" = a(Vhx, VhDy), « € S(X)2, dX2/(X)?) elliptic and real such that
a(0) = 0 is the unique nondegenerate minimum, By, = B* € L(L2(RY)Y), |By| =
o(h), and Lo(@""" + By,) = info («"" + By,). Assume that feC®((0, 4+00);R)
is decreasing and satisfies

0< f(u)<Cu " >°, lim u f(u)= foeR, 0<kg<d <Keo.
u—>0+
d.
For ¢ > 0, the operator f(H + ch*o) is trace class with
d_
limsup h? || £(H +ch*0) | z1 (2 (ay) < +00.
h—0t
Moreover the convergence
lim 1 TeLf(H -+ cho)a") = f a0+ f f@XaX) =5 (2 )d

holds for all a € S(1,dX?). Finally, all the above estimates and convergences hold
uniformly with respect to ¢ € (1/A, A) for any fixed A > 1.

The following lemma gives, in a simple way, useful inequalities for our purpose,
which are deduced with elementary arguments, and in a robust way with respect to
the perturbation By, from more accurate and sophisticated results on the spectrum
of a™#; see [Charles and Vii Ngoc 2008; Dimassi and Sjostrand 1999].

Lemma 5.7. Let € S((X)2,dX?/(X)?) be real-valued, elliptic, which means
1 +a(X) > CY(X)2, with a unique nondegenerate minimum at X = 0 and set
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ao(X) = 2|X|2 Let B, = By € L(L2(R?)) be such that ||Bh|| = o(h). The
ordered eigenvalues are denoted by Aj (@""h 4+ By) and A ; (oz0 )for jeN:

o For j =0, we have Ao(a""" 4+ By,) = Tr[Hess «(0)]h 4 o(h) and the associated
spectral projection satisfies

_ _ 2 .
Tim 13, g gy @7 4 By) = e TV (1D in £1(L2RY)),
where T € Spy 4 (R) is such that ' X' T~ Hess /()T ™1 X = Y9_, p; X2,
e There exist hg > 0 and C' > 1 such that, for all j >0 and h € (0, hy),
_ — W.,h
3C 7 hd < C" Ay )
<A@ + By —20@™ "+ By) < C'Aj @)y, (20)

Remark 5.8. Of course O'(OlgV’h) = {h (% +nl):ne Nd} and the bounds (20)
are actually written in order to use this later. But for an easy use of the min-max
principle it is better to write the eigenvalues A; (ao ) in increasing order, with
repetition according to their multiplicity.

Proof of Lemma 5.7. We start by noting that 1 +« € S((X)2,dX?/(X)?) is fully
elliptic in the sense that (1 + )~ ! € S((X)™2,dX?/(X)?). Therefore

— "1 +a)=1+h2R_(h)

=1+h2Ri(h),
+ +(h) T

1 W.,h
R

with R4 (h) uniformly bounded in S((X)™2,dX?/(X)?). The semiclassical cal-
culus with the metric dX2/(X)? then says

2

1+a”MH T =[14+a)™Y"" +0(h?) in S((X)_z, (d;()z). (21)
The same of course also holds for tag(X) = %rlez with t € (0, +00) fixed.
Therefore aWh 4 Bh and a(l)/V " are self- adjoint with the same domain D(a": h) =
D(a ) = D(ozo ) and they have a compact resolvent. We shall collect all the
necessary information by comparing the eigenvalues of o"> h 4 By and ozo Y-l in
the intervals (—oo, 2|814], [0, 2] and [1, +o0[, with |B| = Z/_I,Bj For the first
part, we refer to the ready-made simple statement of [Charles and Vi Ngoc 2008,
Theorem 4.5] and complete the other parts with simple pseudodifferential calculus
and the min-max principle.

Interval (—oo, 2|B|h]: By Theorem 4.5 of [Charles and Vi Ngoc 2008], there exist
a family of real numbers (a),]}) h>0.nend and, for any £ > 0, a constant C; > 0 such
that

o (@) N (0o, th] = {wf ,n e Ny N [L|8]h, th]



QUANTUM MEAN-FIELD ASYMPTOTICS AND MULTISCALE ANALYSIS 253

and

<Cth2

w,, _Zhﬁf —I—nj

As || By, || = o(h), the min-max principle with &™># and «"* + By, then gives,
o (@ + By) N (—oc0,1h] = {" + o(h), n e N} N[0, 1h].

By choosing ¢ =2|B|, the operator o> + B, is nonnegative with Ao (¢ + By,) =
%|,B | + o(h) and the spectral gap is bounded from below by, for all j € N\ {0},
A (@ 4 By) — Ao(@™ " + Bp) > A1 (@™ + By) — Ao(a”" + By) o)

> Bmh +0(h) = 3 Bmh,

with 8,, = min{B1, ..., B4}.

Let T € szd(le) be such that ‘X' T~ Hessa(0)T~'X = Y _1/3,)(2 let
Ut be a unitary operator such that U*bWUT = b(T~' )" and set <pT(x) =
()~ ZUTe 3% We compute

(ot @"" + By)or) = Tr{UFa " Ur|pia) (pual] + o (h)

X
- a(\/ET_lX)e_mzal— + o(h).
RZd jtd

But since (7T 1X) = Z;Ll %,3]'|Xj|2 + P3(X) + O(]X|*), with P3 a homoge-
neous polynomial of degree 3, we obtain

(or, @7+ Bp)or) = 1h|B| +o(h) = Ao(@™"" + By) + o (h).

With the spectral gap (22) this implies that the ground state lﬂé’ of ™" + B,
satisfies limy,_,¢ ||1ﬂg —orl|l72 =0 and

. _ _ 2
Jim (1@ gy @ + Ba) =7 e TP =0,
Interval [0, 2]: Our assumptions on & provide a constant C, > 1 such that C; Loy <
o < Chaq and therefore

-1
Cylap v Czao’
1+ Cylag 7 14+a ™ 14+ Caag

as x — ﬁ is increasing on R* Since all those symbols belong to S(1,dX?),
the semiclassical Fefferman—Phong inequality for the constant metric dX?2, see
[Hormander 1985, Lemma 18.6.1], says

1, ,W:h W,h W,h
cy Caay

——(’)(hz) < =+ 0(h?),
+C5 la(I;V’h L+aWh ™4 ¢, “0
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after using

W.h W,h
o a’”
: = ——— 4 0(h?).
(1+a.) 1+ aW:h )

With [|[(1+a"-")"1—(1+a"" + B,) || = O(||By||) = o(h) and 2 =1— L

T+x T+x°
we deduce
Cz_l()th’h B < OtW’h + By, CzolgV’h b
—— wa o= W.h = w o)
1+Cy oy I+a™"+ By 1+ Gy

For r = 2(1 4+ C3) and ho > 0 small enough, the above operators have a discrete
spectrum in [O, lrw] with eigenvalues in this interval, while the function x %
increases on [0, +00). Hence the min-max principle implies that there exists C; > 1
such that

[A;(@™"" + By) <2]
=[G A "y —oh) <2, @ + By) < Cirj @ My +o)]  (23)

holds for all j € N. With the spectral gap (22) and Ao(a""" + B,) = %|,3 |h+o(h)
we conclude that (20) holds when A (« W.h L B,) <2.

Interval [1, +00): Our assumptions on « provide a constant C; > 1 such that

2
crt< (1+Olo) <c2.

1+«
With (21), the semiclassical Garding inequality then gives for /g small enough
W,h - W,h\—
max{[|(1+ag ") (1 +a" M) T 1+ (1 +ag") T} =261

Owing to || By || = o(h), this is also true when ™" is replaced by o™>" + B;,. We
obtain for all ¢ € D(cxgv’l),

QC) (W (e )Y < (. (1™ 4 By y) <€) (v, (14ag ")),
and the min-max principle gives, for all j € N,
QC) A (1 +ag ™) <4 (1 + o™ 4 B)?) = 2C)7A; (1 +ag ")),
By taking the square roots, for all j € N,
C)T' 1+ ") < 1424, @™ + By) <201 (1+ (e ™).
which yields (20) for A; (@"-" + By,) > 1. O

Proof of Proposition 5.6. With H = o™-" + Bj, — X9(«™"" + B},), Lemma 5.7
provides a constant C’ > 0 such that,

forall j e N\{0}, C'~'A;(@y™) <A;(H)<C'xj@@)™,
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while Ao(H) = 0 and the ground state of H is the same as the one of a"" + By.
When the function f is nonnegative and decaying, we deduce

Trlf(H +ch™)] = f(ch*)+ Y f((H) +ch*o)
j=1

< flch®)+ 3 F(h(H))
j=1

< feh*)+ 3 F(Ci hin)), (24)

neNd

n#0
with C4 = C3(1 + 4|B|/Bm), and for R > 0,

T/ (H + ch*0) g 4oy () = 3 fO(H) +ch¥)
A, (H)>R

< > f(Cithln)).

neNd

R
h|n|2ﬁ

Apply (24) first, with f = 570 (5) KeoFK0;

BT f(H + ch¥0)] < ™0+ Ch? Y (hlnl) ™ (hln]) <>+,

neN?
n#0
After splitting the sum into D 1, <; and } > and with #{n € NY : |n| =m} =
Crﬁlb—l = O(m?~1), it becomes
d d
h® Tr[f(H 4+ ch*o)]
Th—1 00
< ¢ o + Clhd Z h—Komd—l—Ko + Clhd Z h—Koomd—l—Koo‘
m=1 m=|h~1]

< ¢ ko +C//hd—xo |'h—1‘|d—l€o _|_C//hd—/coo Lh—ljd—xoo < ¢ ko +C///,

owing to koo > d and kg € (0, d). With a function f(s) =s7%0 y(s/§) with0< y <1
compactly supported and decaying on [0, +00) we get similarly
d_
lim limsup 2% Tr[ f(H + ch¥0)] — ¢ 70 =0,
§—0t p50

d
while with f(s) = (s)7*°, the truncated trace Tr[f(H + ch*0 )11 40\ (H)]
satisfies

d.
lim_ limsup h¢ Tr[ f(H + ch*0)1s—1 | o) (H)] = 0.
§—0T po0 ’
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The comparison of A; (H) with A; ((gi ’h), j €N, stated in Lemma 5.7 does not
depend on the parameter c. Neither do the constants C3, C4, C, C’, C” and C"”
(f is nonnegative and decaying) depend on c. Therefore the previous asymptotic
trace estimates are uniform with respect to ¢ € ( e A) for any fixed A > 1.
Thus if y € C3°(R) is a cut-off function such that 0 < y <1, y =1in (-1,1)
and if a general f € C%°((0, +00)) fulfills all the assumptions of Proposition 5.6,
then

S Jim, lzmSIiphdH f(H+Ch“0)1(o o) (DX (™ H) + (1= x(SH))]| ;1 = 0.
—> —0
(25)

For g € C3°(R), with an almost analytic extension g € C3°(C), the Helffer-Sjostrand
formula

1 N _
g(ocW’h) = i /q: ng(z)(z—on’h) dznNdz,

combined with the semiclassical Beals criterion [Dimassi and Sjostrand 1999; Helf-
fer and Nier 2005; Nataf and Nier 1998] with the constant metric d X2 implies

g@h) —g@" " =hriy"h,

with 7 (h) uniformly bounded (with respect to /) in S(1,dX?). Since (1 +a) €
S((X)2,dX?/(X)?) is an invertible elliptic symbol,

(1 +aW,h)—N _ [(1 +a)—N]W,h — thI(h)W,h’

with 7/(h) uniformly bounded in S((X)™2¥~2,dXx2/(X)?) c S((X)72N,dXx?).

For a function f5 € C3°((0, +00)), we take g(s) = (1 + s)N f5(s) and write
f@" ) = g@W M) (1 +a™h)7H,

so that

@M — fi(@)" "
=[g@"") —g@)"" (1 + " ")V 4 g(@)" (1 + )TN — fi ()
— hr”(h)W’h,

with (%) uniformly bounded in S((X)~2V, dX?2). In particular, h%r" (h)"" is
uniformly bounded in £'(L2(R?)) if we choose N > d.

Similarly, the Helffer—Sjostrand formula can be used to prove g(H +ch KO) —
2@y = o(h) in £(L2(R?)). With h2[(1 + H + chKO)‘ —(1+ah)=N|=
o(h) in £1(L*(R?)) due to

(14 H +ch#0)™ = [1+ (1 + %871 (By + chi0)] 7 (1 + ),
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the same trick as above transforms the £(L2(R?)) estimate into
d
W[ fs(H +ch*o) = fy@WM] = o) in£'(LARY) (26)

Note again that this holds uniformly with respect to ¢ € (%, A) for any fixed A > 1.
Now take f5(s) = (1—yx(872s))x(8%5) f(s) for which we note that the inequality,

foralls >0, 1—(1— y(8725))x(8%s) < x(871s) + (1 — x(8s))
as soon as & < &, implies,

foralls >0, 0= f(s) = fs(s) < f(HXGE ') + (1= x@sN]. @27
In the expression h¢ Tr[ f(H + ch’%aW’h], we decompose f(H + ch’%) into
(I)+ (II)+ (I1I), where

(1) = f3(H +cho),
(IT) = (f(H +ch¥) = f3(H + ch¥0) 10,100 (H),
(I1) = 1,0y (H) f (ch™).

We now conclude with the following steps:

e The estimate (26) yields

d.
Jim he Te| f5(H + ch*0)a™"" = Jim he T f5 (o)W1 a "
—0
a(X))a(X ,
/ fi(@(X))a( )(2 7
which provides the contribution of (/).
e The upper bound (27) combined with (25) leads to
lim lim sup}hd Tr[ f(H + chd/"‘)) fs(H + chKo N1, +Oo)(H)aW h]| =0,
§—>0F po
which says that (/7) has a null contribution in the limit § — 0.
e The contribution of (//1) is simply computed as

fo

1 Tel £ (H + ch?o )1 gy (H )a""] = 2o lvg.a™ ),

where wé‘ is the ground state of H + ch@ with ||1ﬂh e Tt | —0ash—0.
This implies limy_, o (¥", a2y ) = a(0).

o Finally, the assumptions on f ensure f(«) € L1(R2?) and

(Slim/ fg(oe(X))a(X)dX:/ fla(X)a(X)dX. d
-0 R2d RZd
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5B4. Semiclassical analysis of the reduced density matrices in the bosonic case.

Proof of Proposition 5.4. This will be made in two parts: we first compute the
semiclassical measures v‘?) and then identify the weak™-limit )/ép )

For the first part Proposition 4.4 says that it suffices to find the limit &, o(s) of
Dy p(s)forae Cgo(T*IRd), real-valued, and s € (—r4, ry). Actually Proposition 5.6
allows to consider more generally a € S(1,dX?). For a € S(1,dX?), real-valued,
take s € R, |s| <rq = 1/(vcCy), 4]la™ || < C, and set

DT, 4(s) = log TrlosT'(¢%%)] = — Trflog(1 — CBy)] + Trflog(1 — C)],
g i(5) = Trloe D¢ ") = exp DT, (s), e =he,
with € = ¢ PH+86) and By = oo™
Assume s € (—rq, rq) and compute

. ~
CisB
DT, p(s) =/ Tr[ts—tissaw’h] dt
0 l_Ctths

= /1 Tr|:ssf (H + %(UEI —tsa(O)))aW’h:| dt
0

1
+ f Trfes[—(1 — Crs) ™" + (1 = Crs Bry) " Ja™ ] d1.
0

with
£ (y= ~ —Bu
C,s = e—B(H-i—g(vCl—tsa(O)))’ B = eets(a—a(O))W.h, fu) = li —
Note that for ¢ € [0, 1] the parameter %(vg 1 _ts5a(0)) remains in a compact subset
of (0, +00). Proposition 5.6 implies for all ¢ € [0, 1]

lim Tr[esf (H + %(vEl —tsa(O)))aW’h:|

h—0
_ vcsa(0) s/ e~BaX) a(xX) dX
1 —tvcsa(0) r2d 1 —e—Ba(X) Qm)d’

With the uniform control with respect to %(vEl —tsa(0))=c €[4, A]in Proposition
5.6, we obtain for the first term

&

p
—Ba(X) dX
e
= —log(1 —svca(0)) +S/de 1 _e—ﬂa(X)a(X)(zn)d'

1
lim Tr[es f (H +

h—0 Jo

(vE1 —tsa(O)))aW’h} dt
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x2
For the remainder term, define H’g = |wé‘) (w(]} |, where wg =Ur (n_% e~ 2)+o(h°)
is the ground state of H, and write

(1=Crs o)
(1n)afE{

= 1_Cts_cts(gts_l) = (I_Cts)[l

Cts h ~ C
I1,(1—B
Cry Do (I=Brs) 9=

=(1- Cts)[1+1

=U—QQP+f(%@E—MM®9HKPﬁA%% (1-T18)(1- &o]

_ts

1 II
We know
1 1
sxf(ﬁ(vc —tsa(O))) —(O)+ O(e) = —(O) +o(h).
We write

1
s—wl—z%ow€=—1/ 8@ s (a —a () Py du,
0

x2
where w(’)‘ = n_%UTe_T +0(h%), and a(X) —a(0) < C min{1, | X|} for some
C > 0 implies limp_,¢ || (a —a(O))W’hw(’)’ | 22(a) = 0. Therefore the term / in the
above brackets satisfies

= f(%(vgl —tsa(O))) 4(1— Bis) = 0o(h°) in £ (L*(R?)).

Note that we have also proved

(1-Bis) I — TIE(1 = Bry) = 0(e) in L(L2(RY)).

By using
~ _ Cts h _ 1
m—&ﬂ—owm'l_aJLJR)—og)
and
lim |le Cis |;1 = lim Tr—ef H+ i(VE1 —tsa(0))
h—>0 " 1 —Cyg h—0 | p

Ve N / e BeX)  gx
= S ,
1 —tvcsa(0) red 1 —e~PaX) 27)d

the term 7/ in the above brackets satisfies
I =00), |1 =0(h™") =0,
Cts

a—n®a—3ma—nb = o(n").

I —
3
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Again all these estimates are uniform with respect to ¢ € [0, 1], owing to the uni-
formity of the estimates in Proposition 5.6 with respect to ¢ = %(vg 1 t5a(0)).
By expanding the Neumann series (141 + I7)"! = Zzio(—l)k(l + Ik we
deduce

Cig - Cg
1 1-B =1- 1-TI"(1 = B;)(1—T1 R
0B = 1- ea-m- Bo - T + R,

with || Ry, || ;1 = o(h?). With ||e(1 — Cy5) ™| = O(1) we finally obtain

es[(1—Crs) ™' = (1= CrsBrs) Y]

seC - B
= I_C’f (1 —TH(1 = Bi)(1 =TI (A= Ce) L+ R, IRl z1 = 0(h°),
S

while [|e Cs5 (1= Cr5) 7|1 = O(1), [[1=B| = O(e) and | (1-T1§) (1~ Cis) ™" | =
oh™).

With 4||a""|| < C,, the remainder term tends to 0 as i1 — 0 and we have proved,
forall s € (—rg,7q),

1 e~BaX) dx
lim ® =0 S —
70 a.h(s) a.0(5) 1 —svca(0) exp[s/de 1— e‘ﬂ"‘(X) a(X )(2 )di|

By expanding the generating function according to Proposition 4.4, we obtain

p

. 1
. W,h\® pyWicky _ k k ®(p—k) ®p—k
i e (@1 = 3 ko [ a0 av (@,
with
—Ba(X)  gx
e
av(p) =

1 —e—BaX) (27)d"

The possibility to take @ € S(1, dX?) means that our quantization is adapted to all
the (p)

Vi -
Now in order to identify the weak™-limits of the y,”” we compute the Wigner

measure associated with o). Remember, see (28) and (29),

em? 1+e_5(H+ﬁ)
oW (o) = exp| <1 )|

(p)

By using the orthonormal basis of eigenvectors (w )jen of H with associated
eigenvalues A, )Lg =0, )th >ch for j >0, we obtaln

log(Trloemy W(v 27 )]) = = v (£, ¥§) P + O(eh™).
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x2
With ||wé‘ —Yollz2 =o0(h), Yo(x) = ] Ure™ 2, we obtain, after decomposing

f=fovoot 1!
| . - 2
[, U d(@) = fim Trlown W2 )] = e AF

We deduce, as in [Ammari and Nier 2008, Section 7.5; 2011, Section 4.4],

IzoI2
< L(dzo)) ®50(Z')} (z = zoYo & 2),
TvC

M(@agiy. h € &) = { (e

and
® ®
y(gp) = p!vghﬂo p)(lﬂo p| forall p e N,

The fact that v((f)) = 0 for all p € N, now comes from

Tr[yép)] = p! vg = v(P)({O}). O

Appendix A. Multiscale measures

We now recall facts about multiscale measures, introduced in [Fermanian-Kammerer
and Gérard 2002; Fermanian Kammerer 2005]. For this we need a new class of
symbols. Let D', D”, D" € N be such that D’ + D” + D" = D and set

F = {X:(x/’xu,xm, %.l, 5”, EW) c RZD . X/ZO, X”:S”:O}.
The class of symbols S ;2) is defined as the set of
(X.Y) > a(X.Y) e C®(R*P x RPT2P")

(note that RP '+2D" ~ FL hence the notation Sl(,z)) such that
o there exists C > 0 such that forall Y € RP"t2D" we havea(-,Y) € C§o(B(0,C));
e there exists a function ao € CS"([RZD X SDUFZD”_I) such that a(X, Rw) —
doo(X, ) as R — 00 in C®(R2D x §P'+2D"~1,

Those symbols are quantized according to
a@" =alt ay(x) = a(X, x—l/ X—lﬁ) X =" x"x" ¢E§¢").

2 h2
Theor?m 0.1 in1 [Fermanian Kammerer 2005], which also considers the case when
(x'/h2,X"/h?2) is replaced by (x'/hS, X" /h®), s < % says the following.

Proposition A.1. Let (v,)nee be a bounded family of nonnegative trace-class op-
erators on L2(R?P) with limy_, ¢ Tr[yp] < +o00. There exist &' C €, 0 € £, with
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M(yn.h € &) = {v}, a nonnegative measure vy on F x SP'+2D"=1 4pd g
LY (L*(R2P ”))—measure m on F x RP such that the convergence

! X//)
lim Telvy g @ :/ y &LXT)
im Tra @)= [ s ) )

—{—/ oo (X, w) dvy (X, w)
FxSD/+2D"—1

+Tr[/ a(X,x’,Z,DZ)dm(X,x')]
F xRD’

holds for alla € SP.

Remark A.2. With this scaling and when a-" =a% (x,hD)=a(x,hD)+O(h),
t = 0, Fermanian Kammerer [2005] checked the equivariance by the semiclassical
Egorov theorem. Hence, this construction is naturally extended to the case when
T*RP is replaced by T*M and F is replaced by a submanifold of T*R? on
which the symplectic form has constant rank.

In Proposition 3.5 we use the simple case of the above result when D’ = D"’ =0
and D” = D. Note that in this case F x RP?" = {0} and the trace-class-valued
measure is nothing but a trace-class operator yg.

Appendix B. Wigner measures in the bosonic case and condition (PI)

Bosonic mean-field analysis is like semiclassical analysis in infinite dimension.
Let & be a separable complex Hilbert space and 'y (2°) be the associated bosonic
Fock space. With the scaled CCR relations

lat(g).a (Nl =¢elg. ). la+(g).a+(N]=1a}(g).at(f)]=0
and after setting

ay(f)+ai(f)
A ;
mean-field Wigner measures were introduced in [Ammari and Nier 2008]. Actually
the parameter ¢! represents the typical number of particles. Let (0¢)ses, 0 € E, be
a family of normal states (normalized nonnegative trace-class operators) in ' (Z).
Under the sole uniform estimate Tr[os(1 + N)®] < Cs for some § > 0, Wigner
measures are defined as Borel probability measures on 2 and characterized by

their characteristic function as follows: © € M(gg, € € £) if and only if there exists
&' C &, 0eé& such that,

(f) = W(f)=e*®, (28)

forall f €2, lim TrlosW (V27 f)] = / 2ITRASZ) (2). (29)
eeg! ¥

e—0
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Assuming Tr[gsNJ'i] < Ck forall k €N (or as in Hypothesis 4.1, Tr[ggeCNﬂ <QC),
M(0s, € € E) = {uu} implies

e—>0

lim Tr[oeb VK] = f (z®P, bz®P) du(z) (30)
P

holds for all compact beL® (S f; Z®P)_ In particular with the definition of non-
normalized reduced density matrices we obtain,

forall peN, w* hm yP) = )/ / 128P) (z®P| du(z).

This w*-limit can be transformed to a || || -1 if and only if the restriction to compact
b in (30) can be reznoved. It actually suffices to check that (30) holds for b €
L (Sfi Z®P)and b = IdS_T_fZ"@P’ as shows the following result.

Proposition B.1. Fora family (0¢)scg in L1 (H), 0€E, such that 0. >0, Tr[oe] =1,
M(ge, € € E) = {}, the conditions (P1) and (P) are equivalent:

|:(PI) . foralla €N, 1lim Tr[osN%] = / |22 du(z) < oo]
e—>0 K3

= [(P): forall b € Pug(%), lim Tr{o:b"'¥] = / bdu],
e—>0 ¥
where
Ppg(Z)=1{b: %32+ b(z) = (z®7, bz®P) e C: b € L(S? #®P; ST 7®7)},

and Pag(Z) = GB;],gquPP,q (2).

We give below the proof, which rectifies a minor mistake in [Ammari and Nier
2011].

Proof. For a € N*, we have (|z]2%)Vik = N(N —¢g)--- (N — (o — 1)g). Hence the
condition (PI) is equivalent to

(PI) : foralla e N, lim Tr[oc(|z|**)VikK] = / |22* du(z) < oo.
e—0 oz

Hence the condition (PI) is a particular case of (P) and it is sufficient to prove
(PI)’ = (P). From now, assume (PI)’.

We want to prove (P) for a general b € Py, (2) = @;lgqe,\, Pp,q(Z). Let us first
consider the “diagonal” case b € Pp,p(Z), p € N* Using the decomposition b=
bR +— bR +lb1 +—lb1 _ with all the b, > 0 we can assume b > 0. For such a b,
there exists a nondecreasing sequence (bn )n>0 of nonnegative compact operators

in £L2°(S P %)®P such that lim, o0 by = b in the weak operator topology. Recall
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from [Ammari and Nier 2011, Proposit~ion 2.9] that the convergence in the (P)
condition always holds when the kernel b is compact; thus,

foralln e N, [ bp dpn = lim Tr[og b’\iVick] < liminf Tr{os bWick]'
¥ e—0 £—>0
Using by (2) = (z®7, 5n2®p) — (z®P, 52@”) = b(z) as n — oo and Fatou’s lemma

yield
/ b dp < liminf Tr[ogb VK] (31)
3 e—0

The same arguments with b replaced by |b|p, ,1d b 7®p —b>0 provide
lim inf Tr{oe (1blsp zep 227 —b(2) "] = / (blsp ze0|21*? —b(2)) du(2).
With (PI) condition, the |z|?? terms can be removed on both sides and thus

lim sup Tr[oeb"'K] < / bdu. (32)
e—0 z
The inequalities (31) and (32) show that the convergence in the (P) condition holds
for all b € Py, () such that b > 0, and hence for all b € Py, p(Z).

We now consider the general case b € Py 4(2). There exists a sequence of
compact operators b, € £L2(SY 2®7, S 7®4) such that,

foralln eN, |balp,, = |l;n|£(si,@f®ﬂ,si,@’®q) = |5|£(3_{,@’®P,Si,@f’®4) =1blp,.4
and,
forall z € 2, nli)rréo bn(z) = nli)n;o(z‘g’q, bpz®P) = (z®1, bz®P) = b(z).

For any fixed n € N,

Tloab™™)~ [ b dc)

lim sup
e—>0

<lim SuP|Tr[QS (pVick _ pWicky] ‘

e—>0 )
-+ lim sup Tr[ggb,\lV‘Ck]—/ by du'—i—/ |bp —bldp, (33)

e—0

where the second term of the right-hand side vanishes because by is a fixed compact
operator. Using the Cauchy—Schwarz inequality with Tr[o.] = 1 gives

‘Tr[Qa (bWick _ br\l’\’ick)” < Tr[Qa (bWick _ br\lVick) (bWick,* _ b}\’lViCk,*)]%'
From the proved result when p = ¢, we deduce

1
2

lim sup| Tr[og bV — b)V9)]| < [ [ |b—by,|? d,lL(Z):| (34)
&—0 z
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With [, |z|"®*9) dyu(z) < oo and,
foralln e N, forallz e 2, |b(z)—by(z)|]" < (2|b|Pp.q)r|Z|r(p+q)’

Lebesgue’s convergence theorem yields
lim |b—by|"dpu=0 (35)
n—>00 ¥

for r € {1,2}. Combining (33), (34) and (35) proves (P) for any b € Pp 4(Z). O

Appendix C. The composition formula of Wick quantized operators

We give an algebraic proof for the composition formula (4) of two Wick quantized
operators on a finite- or infinite-dimensional separable complex Hilbert space Z.
This proof holds in both the bosonic and fermionic cases. It uses only the definition
of the Wick quantization, and it involves neither creation and annihilation operators,
nor the canonical commutation or anticommutation relations.

We define [[m,n] := {m,...,n} for m <n € N. The action of the symmetric
group &1, on product vectors in Z® 6 (21® - Q2zp) =Zg, R+ R Zg,,,
zj € Z, is extended to 2°®" by linearity and density. With this notation,

1
Si:; Z st(o)o -.

" S

We begin with a preliminary lemma on a special set of permutations.

Lemma C.1. Let k, p,q, K € N such that k € [max{0, p + ¢ — K}, min{p, q}],
and

S(k):={o € &1 k] ‘ card(o([p—k + 1. p—k +4¢l) N[L. p]l) = k}.
(1) The cardinal of (k) is

card (k) = (1) (7 ) ((é{—_(?ir(i:;f)))!g'

(2) Any permutation o € &S(k) can be factorized as 0 = cWo@ P a@ ywhere

oW e, 0% €Sttt piral-

0@ e&pr1k1. 0 € SpKINp—k+1,p—k-+al-
Note that:
e There is no uniqueness of such a decomposition.

e For A C B an element of G4 is identified with the corresponding element of
Gp which is the identity on B\ A.

e The permutations o and 6@ commute, and so do 6@ and .
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Proof. (1) We count the number of permutations in &(k). We first choose k in-
tegers out of [p —k + 1, p — k + ¢] and k integers out of [[1, p]. There are
(i) (f{’) such possible choices and k! possible permutations for each of these choices.
Then the remaining ¢ — k integers of [p —k + 1, p — k + g] have to be sent in
[p + 1, K]. There are (g — k)'(K P) possibilities for that. In the same way we
have (p — k)'(llf q) possibilities for the remaining integers of [[1, p]] that come
from [1, K|\ [p—k+1,p—k +¢]. Finally the K —k — (¢ —k) —(p — k)
remaining integers on both sides can be permuted in (K — g — p + k)! different
ways, so that

K— K—
card S (k) = (Z)(i)k!(q—k)! ( q_,f)(p—k)! (p_,f)(K—q—erk)!
and this gives the result.
(@) Let A=o~Y([1, pDN[p—k +1, p—k +¢]). There exists 0’(3)66[[p_k+1,p_k+q]]
such that 63 (4) = [p —k + 1, p]|. Then
o oD ([p—k+1.p) =0 (4) S [1. pI.

Hence there exists (1) e &1, py such that oW (H)=00®1(j)on[[p—k+1, p].
Similarly, there exists 0(® € S(p+1,k7 such that c@() =00®1(j) on
[p + 1, p—k +q]. Note that 0V and 63 commute. Finally, we set 0 =
o @~1M=1550G)=1 By construction, 0¥ (j) = j for j € [p—k+1, p—k +4],
hence 0™ € S1,KN\[p—k+1,p—k+q] and 0 = cWg@5B @ (35 6™ and 6
commute). O

Notation 1. On £(2®?; 2®9), the equivalence relation == is defined by
A=B < SLASY* =51 Bsh™.
Lemma C.2. Let 5j € E(Sij ¥®p;: Sij #®4)) and nj such that ny + p1 = na +
q2 =: K. Then
(b1 @ 1d®")SK*5K (b, ® 1d%"2)

— na!ny!
= ) ()Pl S (b o) @ 1d°K,

where k € [max{0, p1 + g2 — K}, min{p1,q2}], and K' = K —g> — p1 + k.
Proof. Using the partition Sjpy g = | i é(k) into subsets

S(k) := {0 € & k7 | card(o([1. g2I) N [1, p1]) = k}
for k € [max{0, p1 + g2 — K}, min{p1, g»}] yields

(b1 21d®"1)SK* 5K (b, ®1d®”2)—E§ Z(:k)(51®ld®”1)si(6)6-(152®Id®"2).
ce6
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We fix k and ¢ € é(k). A cyclic permutation 7, := (123 --- r) acting on Z%®"
defines the shift operator ¢, - = (123 --- r)- and then 0 :=¢& tllz_pl is in &(k)
(with p = p; and ¢ = ¢») and
k— —k k —k
(b1 @10 ) s5@) 5o T (b2 P el
~ (b1®Id®"')si(0)(7- (:EI)K(k_p‘)(Id®p‘_k®b2®ld®K )(il)(p2+n2)(k—p1)

= (&) KPP0 (@149 )54 (0)0- (PP~ @b @IAPK)
holds for operators in £(2®9117"1; 7®P2112) We used
~ k— o _
54(0) = 52(6)52 (g P1) = 54(5) (£ 1)KE=PD
and
(cP17k o8Ptz — (1) (P2t (p1—k) ghatn2

P2+n2

Owing to the factorization 0 = 6 M@ 5B 5® of Lemma C.1 with ¢+ =
o +tDe0 for i e {1,3}, we get

(b1 ®1d®" )54 (0)o- (1d®P' % @b, RId®K")
~ (b1 ®1d®" )54 (0) (0 PP Pe®). (1d®71~* b, 91d®K")
~ 54(0)((by 0(1)-)®Id®”10(2)-)0(4)- (Id®p1_k®(o(3)- 52)®Id®K/)
= 54(0) (b15+(0) @52 (0 )51 (0D) 1d®P1 * @54 (), ®1d®K)
~ (b1 ®1d®") (1d®7' k@b, ®1d®K")

~ [(b; ®1d®%> %) (1d®7 " b,)| @1d®K’

| | -1 _ 3 /
- ((pf)i}c)! (qzqi'k)!) (b11*b2) @1d®K".

We conclude with the first statement of Lemma C.1 which counts the terms in
Z&eé(k) because card(S(k)) = card(S(k)). 0

Proof of Proposition 2.2. For ny,n, such that ny + p; = ny + g» =: K, using
Lemma C.2,

_pri1tai1tprrtar ~Wick = Wick
£ 2 x by by } "2+p2J®n2+p2
_ VK!'(n1+q1)! /(n2+ p2)! K!
I’ll! n2!

A S;Itl +n (51 ® Id®n1)8il +n1,*8:1é2+¢12 (52 ® Id®n2)8:1é2+n2,*
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= Z(:l:l)(PZ"f‘QZ)(k—Pl) V(1 +q1)! (n2+ p2)! i nylng!
nilny! CK''K'k!

. Sil +ny ((Elﬁkl;z) ® Id®K/)Si2+n2’*

B K'"'k!

CSLF (b1 Do) @ 14BK)SP2 2,
where K' := K —q, — p1 + k.

With py +n, = po + p1 —k + K’ and g1 + n1 = g2 + q1 —k + K’, we thus
obtain the equality of operators

l;YViCkl;;NiCk — Z(:l:l)(p2+q2)(k p]) (blnkb )chk
k

restricted to S 772 @2+ p2, O

Appendix D. A general formula for Tr[I'1 (C)]

The following result about traces of the second quantized operator ['y (C) is often
presented for self-adjoint trace-class operators, although it is valid without self-
adjointness. We recall here the general version for the sake of completeness. It
relies on a simple holomorphy argument and can be compared with Lidskii’s theo-
rem, which says that for any trace-class operator T, we have Tr[T] = reo(T) A

Lemma D.1. For any trace-class operator C € L(Z) (which is assumed to be a
strict contraction in the bosonic case, + = +), its second quantized version 'L (C)
is trace-class in Ty (Z) and

Tr[['+(C)] = exp(F Tr[log(1 F C))).

Proof. When C =C* € LYz ) using an orthonormal basis of eigenvectors (e )nen
in & with the corresponding eigenvalues (Ay)nen, and

T (Z) = Q)T+ (Cen).
neN

(the infinite tensor product of Hilbert spaces with a stabilizing sequence u,, = Q,
with 2, € I'1 (Ce,,) the vacuum vector), we obtain

e in the bosonic case with ||C|| < 1,

Tr[T+(C)] = l_[ Tr[T+(AnIde)] = T ! = exp( Z log(1—A ))

neN nenN nenN

= exp(— Tr[log(1 — C))),
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¢ in the fermionic case,

Tr[T-(C)] = 1_[ Tr[T-(A,Idg)] = l_[ (I1+A,) = exp(+ Z log(1 + An))

neN neN neN

= exp(Tr[log(1 + C))).

The functoriality of I for the polar decomposition C = U |C|is given by I'1.(C) =
rL(U)rL(CJ), while ||C|| <1 < |[|C]]| <1 in the bosonic case. Hence ' (C)
is trace-class when C € £1(2) (and ||C|| < 1 in the bosonic case).

Set C = £1(2) in the fermionic case and C = L1 (Z)N{C € L(Z):|C| <1} in
the bosonic case. In both cases C is an open convex set on which the two sides of
the equality are holomorphic functions. Actually the holomorphy of the left-hand
side comes from series expansion

Tr[[+(C)] = Y TrSLC® S},

n=0

which converges uniformly in
B(Co.8c,) =1{C € L1(2):[|C = Coll1(») < 8co}

for 8¢, > 0 small enough, for any Co € £!(Z) (satisfying additionally ||Co| <1 in
the bosonic case). Actually the estimate ||C||1(4) < 4 (and ||C| < o with o <1
in the bosonic case) implies ||[C ||| ;1) < A4 (and |[|C||| < ¢ in the bosonic case).
Now the inequality

| Te[STC® S| < e[S IC|® ST,

and the formula in the self-adjoint case with

o0
Z Tr[S"|C|®" 8™ *] < exp(A) (fermions)
n=0
or

— A
Z Tr[Si|C|®”SZ’*] < exp(g) (bosons),

n=0

ensures the uniform convergence of the series.

For any C € C, we know C and Re C = %(C + C™*) belong to C so that C(s) =
Re C 4 isIm C belongs to C when s € wg = (—4,6) + i(—48,8) and when s €
w1 =(1-6,1438)+i(=6,8) for § > 0 small enough. By the convexity of C, we
have C(s) eC forall s e w = (—6,1 +8) +i(—6,5). When s € i(—6,8), C(s) is
self-adjoint and the equality holds. The holomorphy of both sides with respect to
s € w implies that the equality holds true for all s € w, in particular when s = 1. [
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A nonlinear estimate of the life span of solutions
of the three dimensional Navier—Stokes equations

Jean-Yves Chemin and Isabelle Gallagher

The purpose of this article is to establish bounds from below for the life span
of regular solutions to the incompressible Navier—Stokes system, which involve
norms not only of the initial data, but also of nonlinear functions of the initial
data. We provide examples showing that those bounds are significant improve-
ments to the one provided by the classical fixed point argument. One of the
important ingredients is the use of a scale-invariant energy estimate.

1. Introduction

In this article our aim is to give bounds from below for the life span of solutions
to the incompressible Navier—Stokes system in the whole space R3. We are not
interested here in the regularity of the initial data: we focus on obtaining bounds
from below for the life span associated with regular initial data. Here regular means
that the initial data belongs to the intersection of all Sobolev spaces of nonnegative
index. Thus all the solutions we consider are regular ones, as long as they exist.
Let us recall the incompressible Navier—Stokes system, together with some of
its basic features. The incompressible Navier—Stokes system is the following:
diu—Au+u-Vu=-Vp,
(NS)
divu =0 and uj=9=uo,
where u is a three dimensional, time-dependent vector field and p is the pressure,
determined by the incompressibility condition divu = 0:

—Ap =div(u-Vu) = Z 8,-8j(uiuj).
1<i,j=<3
This system has two fundamental properties related to its physical origin:
e scaling invariance,

e dissipation of kinetic energy.

MSC2010: 76D05.
Keywords: Navier—Stokes equations, blow-up.
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The scaling property is the fact that if a function u satisfies (NS) on a time
interval [0, T'] with the initial data u¢, then the function u ) defined by

uy(r, x) & Au(r?r, Ax)

satisfies (NS) on the time interval [0, A=2T] with the initial data Aug(A -). This
property is far from being a characteristic property of the system (NS). It is indeed
satisfied by all systems of the form

du—Au+Qu.u)=0 with Q') > AL (D) ub),

(GNS) < k<3

Ult=0 = U0,

where the Al (D) are smooth homogeneous Fourier multipliers of order 1. Indeed
denoting by IP’ the projection onto divergence free vector fields

PE1d— (30,471,
the Navier—Stokes system takes the form
diu—Au+Pdiviu @ u) =0,
Ulr=0 = U0,

which is of the type (GNS). For this class of systems, the following result holds.
The definition of homogeneous Sobolev spaces H? is recalled in the Appendix.

Proposition 1.1. Ler ug be a regular three-dimensional vector field. A positive
time T exists such that a unique regular solution to (GNS) exists on [0, T]. Let
T*(uo) be the maximal time of existence of this regular solution. Then, for any y
in the interval ]O, %[, a constant ¢y exists such that

T*(ug) > Cy||Mo||

€))

M\»— “‘

oy
In the case when y = % for the particular case of (NS), this type of result goes

back to the seminal work of J. Leray [1934]. Let us point out that the same type
of result can be proved for the L3167/(1=2¥) norm.

Proof. This result is obtained by a scaling argument. Let us define the following
function

def -
II-'I%+2y(”) L 1nf{T*(“0) | ”uOHI-'I%“” = r}.

We assume that at least one smooth initial data uo develops singularities, which
means exactly that 7* (u¢) is finite. Let us mention that this lower bound is in fact
a minimum (see [Poulon 2015]). Actually the function T 142, May be computed
using a scaling argument. Observe that

ol g2y =17 = I Zug(r” 2V)||H2+2y=1-
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_1 _1 _1 i
As we have T*(ug) = r VT*(r 2y ug(r=2v -)), we infer that IH%HV(;”) =

r_VIH%Hy(l) and thus that

T*(uo) = cyluoll with ¢y ngH%ﬂy(l)'

= 1=

H +2y
The proposition is proved. O

Now let us investigate the optimality of such a result, in particular concerning the
norm appearing in the lower bound (1). Useful results and definitions concerning
Besov spaces are recalled in the Appendix; the Besov norms of particular interest
in this text are the Bo_ol,z norm which is given by

1

def o A 12 2
e :
lallpor, ™ ([ eralf

(o

and the Besov norms Bo_o,oo for o > 0, which are

lall p=o . & supt3 (e’ Aal|os.

t>0

It has been known since [Fujita and Kato 1964] that a smooth initial data in H 3
(corresponding of course to the limit case y = 0 in Proposition 1.1) generates a
smooth solution for some time 7 > 0. Let us point out that in dimension 3, the
following inequality holds

1l S L1
lall -1, < lall 3

The norms Bo_o‘foo are the smallest norms invariant by translation and having a
given scaling. More precisely, we have the following result:

Proposition 1.2 [Meyer 1997, Lemma 9]. Let d > 1 and let (E, | -||E) be a
normed space continuously included in S’ (Rd), the space of tempered distributions
on R4, Assume that E is stable by translation and by dilation, and that a constant
Co exists such that

V(A,e) €]0,00[ x [R{d, VYaeE, |laA-—e)|lg <Cor7%alE.
Then a constant Cy exists such that

Ya € E, ”a”BSO",‘oo <Cillale.

Proof. Let us simply observe that, as E is continuously included in &' (R%), a
constant C exists such that for all a in E,

_1.]2
a.e Y < Clallg .
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Then by invariance by translation and dilation of E, we infer immediately that
_g
leallLee < C1r™2 |l £
which proves the proposition. O

Now let us state a first improvement to Proposition 1.1 where the life span is

5—1+2y

bounded from below in terms of the B oo © norm of the initial data.

Theorem 1.3. With the notation of Proposition 1.1, for any v in the interval ]0, %[,

a constant c;, exists such that

1
T* (o) = Tep (o) < ¢} luoll .7 11, - @

This theorem is proved in Section 2; the proof relies on a fixed point theorem
in a space included in the space of L2 in time functions, with values in L.

Let us also recall that if a scaling 0 norm of a regular initial data is small, then
the solution of (NS) associated with u¢ is global. This a consequence of the Koch
and Tataru theorem [2001], which can be translated as follows in the context of
smooth solutions.

Theorem 1.4. A constant cg exists such that for any regular initial data ug satisfy-
ing

R2 1
def 1 1 z
Iollvio-s & suprleSuplim -+ (swp, 5 [ leSuatldyar)
t>0 )%GR(:; 0 B(X,R)
>
= Co,

the associate solution of (GNS) is globally regular.

Let us remark that
heoll g1, = luollgmo—1 = llwoll g1, -

We shall explain in Section 2 how to deduce Theorem 1.4 from the Koch and
Tataru theorem [2001].

The previous results are valid for the whole class of systems (GNS). Now let
us present the second main feature of the incompressible Navier—Stokes system,
which is not shared by all systems under the form (GNS) as it relies on a spe-
cial structure of the nonlinear term (which must be skew-symmetric in L?): the
dissipation estimate for the kinetic energy. For regular solutions of (NS) it holds
that

d
Ellu(t)lliz +[Vu@))z, =0,

N —
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which gives by integration in time

t
Viz0. £u) € @i+ [ IVu0dr = HuolE @)

T. Tao [2016] pointed out that the energy estimate is not enough to prevent possible
singularities from appearing. Our purpose here is to investigate if this energy esti-
mate can improve the lower bound (2) on the life span for regular initial data. We
recall indeed that for smooth initial data, all Leray solutions — meaning solutions
in the sense of distributions satisfying the energy inequality

E(u(®)) < 3luoll?> 4)

coincide with the smooth solution as long as the latter exists.
What we shall use here is a rescaled version of the energy dissipation inequality
in the spirit of [Chemin and Planchon 2012], on the fluctuation w def ) ur, with
def tA
ur(t) = e “up.

Proposition 1.5. Let u be a regular solution of (NS) associated with some initial
data ug. Then the fluctuation w satisfies, for any positive t

wo)) [ W)l
5( 1 )+f0 e dr’ s QPexplluolf_

ta t'2

o0
with Q0 [~ 4 1PGur - Vi) )1 dr
0

Our main result is then the following:

Theorem 1.6. There is a constant C > 0 such that the following holds. For any
regular initial data of (NS),

T™(uo) > Ti.(uo), ®)
where
— -2
Ti(uo) = C(OD) 2 (I95uoll®_; OF+ VOLOL) ™ exp(—4lluoll_. ).

with QL [ 3| V) 0] dr

The main two features of this result are that:

e the statement involves nonlinear quantities associated with the initial data,
namely norms of P(u, - Vur);

e one particular (arbitrary) direction plays a specific role.

This theorem is proved in Section 4.
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The following theorem shows that the lower bound on 7*(u¢) in Theorem 1.6

is, for some classes of initial data, a significant improvement.
Theorem 1.7. Let (y,n) be in ]O, %[ x 10, 1[. There is a constant C and a family
(10,e)se]0,1[ Of regular initial data such that, with the notation of Theorems 1.3
and 1.6,

Trp(uo.e) = Ce*|logel ™ and  Ti(ue) = Ce >+,

This theorem is proved in Section 5. The family (uo,¢)gejo,1 is closely related
to the family used in [Chemin and Gallagher 2009] to exhibit families of initial
data which do not obey the hypothesis of the Koch and Tataru theorem and which
nevertheless generate global smooth solutions. However it is too large to satisfy
the assumptions of Theorem 2 in [Chemin and Gallagher 2009] so it is not known
if the associated solution is global.

In the following we shall denote by C a constant which may change from line
to line, and we shall sometimes write A < B for A < CB.

2. Proof of Theorem 1.3

Let ug be a smooth vector field and let us solve (GNS) by means of a fixed point
method. We define the bilinear operator B by

d;B(u,v) —ABu,v) = —%(Q(u, v) + O(v, u)), and B(u,v)|;=0 =0. (6)
One can decompose the solution u to (GNS) into
u=uy+ B(u,u).

Resorting to the Littlewood—Paley decomposition defined in the Appendix, let us
define for any real number y and any time 7 > 0, the quantity

I flgy & sup 27U (A fllpoo o, mixmsy + 27 18 £ 21 qo. 71100 @3y)-
J€E

Using Lemma 2.1 of [Chemin 1999] it is easy to see that
lucll gy, < lluoll go142v,

so Theorem 1.3 will follow from the fact that B maps E; X E%’w into E;’w with the
following estimate:

1B ) gy < CyT7 ull gy llv]l g2 ™)

So let us prove (7). Using again Lemma 2.1 of [Chemin 1999] along with the fact
that the A} ,(D) are smooth homogeneous Fourier multipliers of order 1, we have

t 2j@—t") _ ; ’ ’ / I /
18/ B o) Olls 5 [ 27 | () 900 400N @) | o
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We then decompose (componentwise) the product u ® v following Bony’s para-
product algorithm: for all functions a and b the support of the Fourier transform
of Sjry1aAj/b and S;bAjra is included in a ball 27" B where B is a fixed ball
of R3, so one can write for some fixed constant ¢ > 0

ab=3" (Sy+1alyb+AjaSyb),
27" >c2i
so thanks to Young’s inequality in time one can write
277D (1A Bt v) | oo o, i) + 27 187 Bt )l 1 0,730 3)
S Bl (u.v) + BX(u.v), (8)
with
B} (u,v) & p2/y Z [1Sj7+1ullLoo o, 71xr3) | A V| L1 0,77, 1.0 R3))
2j/2max{c‘2j,T_%}

+227 3" Sl oo rixen 1A 0 L1 0,11 100 (82 -

. . 1
€2/ <2/ <T™2

B (u.v) Lrp2jy Z 1S5 vl Loofo,71xr3) 1A ] L1 ([0, 7 Loo (R3Y)

. 1
2/ >max{c2/,T~2}

+2%Y Z 1S vl Loo o, 71xr3) 1A 1| L1 (10, 77; Loo (R3)) -

. . 1
€2/ <2/ <T™2
. .y _l .
In each of the sums over ¢2’/ <2/ < T7~2 we write

I f Lo, r1:e0o®3)) < T ILf [l Loo (o, T1xR?)

and we can estimate the two terms B} (u,v) and sz (u,v) in the same way: for
£ € {1, 2} it holds that

Bi(u.v) < |l gz lv] g (22” > 274
ZJ/Zmax{czf,T_%}
+72%/077) 3 22(1’—j)<1—zy))
. . . _1
c<2//—J <(22/T) 2
<y oty (T + 72003 pupu-an)

. . 1
c<2//—i<(22/T)" 2
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Once it is noticed that

722i(1=7) Z 22(1'—1)(1—2)/) < 1{22-/T§C}(T22j)y2_2jy <T?,
c<2/'—j <(22/ T)_%

the estimate (7) is proved and Theorem 1.3 follows. O

3. Proof of Theorem 1.4

As the solutions given by the Fujita and Kato theorem [1964] and the Koch and
Tataru theorem [2001] are unique in their own class, they are unique in the intersec-
tion and thus coincide as long as the Fujita—Kato solution exists. Thus Theorem 1.4
is a question of propagation of regularity, which is provided by the following lemma
(which proves the theorem).

Lemma 3.1. A constant co exists which satisfies the following. Let u be a regular
solution of (GNS) on [0, T'[ associated with a regular initial data uqy such that
1
lullk = sup 12 [|u(@)l|Lo <co.
te[0,T[
Then T*(ug) > T.
Proof. The proof is based on a paralinearization argument (see [Chemin 1999]).
Observe that for any T less than T*(ug), u is a solution on [0, T'[ of the linear
equation
0:v — Av + Q(u,v) =0,

(PGNS)
V|t=0 = U0,

with Q@ v) €Y O(Sj 111, Ajv) + ) Q(Ajv, Sju).

jez jez
In the same spirit as (6), let us define PB(u, v) by
0;PB(u,v) — APB(u,v) = —Q(u,v) and PB(u,v)|;=¢ =0. 9)
A solution of (PGNYS) is a solution of
v =ur, + PB(u, v).

Let us introduce the space Fr of continuous functions with values in H %, which
are elements of L*([0, T]; H'), equipped with the norm

1

def . 2
o7, & (§ o) ||Ajv||ioo([o,T[;L2)) + 0l o, res
jez
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Notice that the first part of the norm was introduced in [Chemin and Lerner 1995]

. . w1 .
and is a larger norm than the supremum in time of the H 2 norm. Moreover it
holds that

<
”uL”FT ~ ”u()”H%
Let us temporarily assume the following inequality:

IPB(u. v)l|F7 < llullxllvliFs - (10)

Then it is obvious that if ||u||g is small enough for some time [0, T'[, the linear
equation (PGNS) has a unique solution in F7 (in the distribution sense) which
satisfies in particular, if cg is small enough,

lvllF7 = Clluoll ;3 + sl Fr.
As u is a regular solution of (PGNS), it therefore satisfies
Vi <T, ”u”L“([O,t];Hl) = ZC””O”H%’

which implies that 7*(uo) > T, so the lemma is proved provided we prove inequal-
ity (10).
Let us observe that for any j in Z,

0:AjPB(u,v) — AA;PB(u,v) = —A; Q(u,v). (1D
By definition of Q, we have

| A Q. v) ()2
<> D (1A AL ((DYSjrprudjv)p2 + |A; Af o (D)(AjvSju)| p2).
J'€Z 1<i,k,£<3

As the A}; (D) are smooth homogeneous Fourier multipliers of order 1, we infer
that for some fixed nonnegative integer Ng

A; Qu, v)(1)| 12
<2/ Z (1S +1u@) Ajrv @)l L2 + 1A v (@) Sjru(t)]|2)
J'=Jj—No
<2/ Z (1S 1@ Lol Aj v @) L2 4+ 1A v @)l L2 1S ()|l Loe)
J'=j—No

S22l D 1Al

J'=Jj—No
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Using relation (11) and the definition of the norm on Fr, we infer that
t )
[A;PB(u, v)(1)ll> f/ e~ = Ay Q(u, v)(t) |2 dit’
0

t .
52-’/e_czzj(t_t)”u(t/)HLoo Z ||Aj/v(t’)||L2dl,
0

J'=Jj—No
. t
. § 4 . , 1
SZJ ”uHK”UHFT E cj/2_/2/0 8_022j(t_t)ﬁ dt,,

J'=j—No

where (c;);ez denotes a generic element of the sphere of ¢%(Z). Thus we have, for
all ¢ less than 7,

. g pto P |
25| A;PBu. v) ()2 < lullk vl e Y c,-/z"z’/ 2/ e 2 =) __ar'.

j'zj—=No 0 i
Thanks to Young’s inequality, we have Z c j/2_] T < 7 and we deduce that
J'=j—No
% Lio—e2ia—y L
2% || A;PBt, v) )2 < ¢ lullk vl 7, / 2ee ——dr. (12)
0 N

As we have

t A t
/ zfe—CZZJ (l‘—t/)i dt’ < / 1 L dt/,
0 N o Nt—t'Jt
we infer finally that
D 2N APB@, o)1} oo 13:2) S IRV (13)
jez
Moreover returning to inequality (12), we have

Y, 2j no
276—02 (l—l )_ dt/
/ 7

2| AjPB(u. V)| Lo,y S ¢ lullk v 7

LA@)
The Hardy-Littlewood—Sobolev inequality implies that
! 3j 2j n 1
276—62 J(t—t )_ dt/
J 7
Since thanks to the Minkowski inequality we have

IPBGe I 4 1o 7oy < 2 27 IAPBOL DI 40 7 12)1
jez

<1

~

L4RT)

and together with inequality (13) this concludes the proof of inequality (10) and
thus the proof of Lemma 3.1. O
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4. Proof of Theorem 1.6

The plan of the proof of Theorem 1.6 is the following: as previously we look for
the solution of (NS) in the form
u=uy+w,

where we recall that up (1) = ef®uo. Moreover we recall that the solution u satisfies

the energy inequality (4). By construction, the fluctuation w satisfies
(NSF) 0w —Aw + (ur + w)-Vw +w-Vuy = —up -Vup —Vp, divw =0.

Let us prove that the life span of w satisfies the lower bound (5). The first step
of the proof consists in proving Proposition 1.5, stated in the introduction. This
is achieved in Section 4A. The next step is the proof of a similar energy estimate
on d3w — that contrary to the scaled energy estimate of Proposition 1.5, the next
result is useful in general only locally in time. It is proved in Section 4B.

Proposition 4.1. With the notation of Proposition 1.5 and Theorem 1.6, the fluctu-
ation w satisfies the following estimate:

E(03w)(r)

1
3 (Q‘L’(ﬂ sup [|9zw(r) 7 + [195u0ll” ) + QEQﬁ) exp(2lluol% s )-
1'€(0,1) ch;> 00 00,2
Combining both propositions, one can conclude the proof of Theorem 1.6. This
is performed in Section 4C.

4A. The rescaled energy estimate on the fluctuation: proof of Proposition 1.5.
An L? energy estimate on (NSF) gives

IIw(t)IILz +IVw®)ll7»
- > / w’ 3jukwk (¢, x) dx — (P(ur - Vuy) [w) (2) .

1<j,k<3

| —
QlQ‘

From this, after an integration by parts and using the fact that the divergence of w
is zero, we infer that

li(llw(f)lliz) N lw(®)172 N IVw®)I7.
2dt

23 13
||w(f)||L2||ML(I)||L<><>||Vw(f)||L2 [P (uy - VuL)U)llLZIlw(l)llLZ_

l‘2 12

T
12

Let us observe that
[P(ur - Vup) (@) 2 [w(@)| 12
1
t2

o)l

= 13 |P(ur - Vur) (1) 2
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Using a convexity inequality, we infer that

d (Ilw(t)lliz) N lw®)l7. N IVw®)I7.

dt 12 213 3
w12, )20
< L 12 Jur(r) - Vur (1))|2.
12

Thus we deduce that

d )%, ! , ,
T ey

2 2
+exp(_/(;t||uL([/)”]%oo dl/)(llw(l)J|L2 + ”Vw(f)”LZ)

2t2 12

t
< exp(— / e ()2 e dr’)zi IPGus- V) ()2
0

from which we infer by the definition of the Bgoljz norm and of QE that

vt >0,
lwOlZ,  rf w7,  [Vw@©)l},
—1L+/ ( =+ —* )dl’f 07 exp ||uo||%_1 . (14)
t2 0 21’2 t'2 0.2
Proposition 1.5 follows. O

4B. Proof of Proposition 4.1. Now let us investigate the evolution of 93w in L2
Applying the partial differentiation d3 to (NSF), we get

0;03w — Adzw + (up + w) - Vosw + dzw - Vur,

= —03ur - Vw —0d3w-Vw —w-Vadsup —d3(ur - Vur) — Vazp. (15)
The difficult terms to estimate are those which do not contain explicitly dzw. So
let us define

(@) & —(03uL - Vw|dzw),».  (b) ¥ —(w-Vizur|dzw),a.

() & (93 (ur - Vur)|d3w) .

The third term is the easiest. By integration by parts and using the Cauchy—Schwarz
inequality along with (14) we have

/oo(c)(t) dt
0

— ‘/000/[@3 02(P(uy - Vup) (. x)) - w(t. x) dx dt

® 3 S w2, \?
5(/0 tz|}8§[FD(uL-VuL)(z)Hizdt) (/O z—iLd[)
< Voo exp(zluollf_ ).
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Now let us estimate the contribution of (a) and (b). By integration by parts, we
get, thanks to the divergence free condition on up,,

(a) = (33ML ® w|V83w)L2 and (b) = (w ® d3uL|Vozw)y2.

The two terms can be estimated exactly in the same way since they are both of the
form

/w(t,x)83uL(t,x)V83w(t,x)dx.

R3

We have

'[ w(t, x)03ur(t, x)Vasw(t, x) dx
R3

< @2 [93uL(®) L [VIzw] L2
< 105 IV3w|7 > 4+ 100[w(@)[|7 > 193U (®)[|F -

The first term will be absorbed by the Laplacian. The second term can be under-
stood as a source term. By time integration, we get indeed

T lw@))?, s
L2 (13 |0sun (1) | L) di
2

T
/O ()25 932 () oo dt < /O

o ()2
<ol 5 [T ar
0

3
12

BOO.OO

so it follows, thanks to Proposition 1.5, that

T
// w(t, x)dsur(t, x)Vosw(t, x) dx dt
0 JR3

T
< i [ 1903002 di + Cloanol_s OFex ol

00,00

The contribution of the quadratic term in (15) is estimated as follows: Writing, for
any function a,

N =

||a||L§’L$1 o (/Ha(xl,xz, ')Hiq(R) dxi dxz) ,

we have by Holder’s inequality

'/ dsw(t, x)-Vw(t, x)dsw(t, x)dx
R3

2
=N93wOll7,pallVwllpeor

1 1
< [03w®)llL2Vadzw @) | L2 [IVw Ol 7, IV Iz w (@)l
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where we have used the inequalities

1 1 1 1
lallpeor2 S 193alif5llallf, and lall2zs < llallf>[IVhallz,  (16)

with V}, & (31 d2). The first inequality comes from

lat. xs)I2; = 4 / (93a(-.2)la(-.2)) .2 dz
<1 [ 102 lgllat- 2z dz

< [193all2llall L2

.1
while the second simply comes from the embedding H,> C Lﬁ and an interpolation.
By Young’s inequality it follows that

'/ dsw(t, x)-Vw(t, x)dsw(t, x)dx
R3

< 1190302, + CIVw®) 193w O]
IV
fl—éollvasw(r)||iz+( sup ||83w<z>||L2) Vw0l

t’€[0,¢] t2

from which we infer by Proposition 1.5 that

'/ dsw(t, x) - Vw(t, x)dszw(t, x) dx
R3

sﬁnvawmniﬁ( sup ||a3w<z>||L2)z2QLeXp ol

t’€[0,¢]

Finally, after an integration by parts we find
/83w(t,x)-VuL(t,x)33w(t,x)dx
R3
< [9sw®) 2 luc(®) L= VIsw (@)l 2

< 155 IVasw(@) |2 + ClO3w )15 llur ()12 oo,

so plugging all these estimates together we infer thanks to Gronwall’s inequality
that

T
sup 133w (0)]125 + / IVa3w()|2, di
t€[0,T] 0

(T2 QL sup [l 9zw(r’ )”L2 + ||33U0|| oL D+ v QLQL) exp(2||u0|| )

t'€[0,] Boo,

Proposition 4.1 is proved. O
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4C. End of the proof of Theorem 1.6.

4C1. Control of the fluctuation. To make notation lighter let us set
M (||33M0||2__% oY +voPol) eXp(2||uo||§;712)-

Proposition 4.1 provides the existence of a constant K such that the following a
priori estimate holds

T
sup [|33w(0)|22 + / IVasw()|2, di
t€[0,T] 0

1
<KT2070 sup [d3w(0)]7> explluolf—, )+ K M.
t€l0,T] 00,2

Let 7* be the maximal time of existence of u, hence of w, and recalling that
w(t =0) =0, set T to be the maximal time T for which

sup [|0zw(?)]|7, <2KML.
t€l0,T]

Then on [0, 7] it holds that

T 1
sup (93w (®)]|7, +/ IVozw(t)||7,dt <4K>T72 QP MP + KMy
t€[0,T] 0

1
< KM (1 +4K>*T2 Q) M,).
This implies that
def 1 g
Ty >Tyx with ThE | ——7—)
e " (8K2Q£ML)
and on [0, 7] it holds that

T
sup 03wl + [ Vo), de < 3K M. (7)
t€l0,T] 0

4C2. End of the proof of the theorem. Under the assumptions of Theorem 1.6 we
know that there exists a unique solution u to (NS) on some time interval [0, 7*[,
which satisfies the energy estimate. Let us prove that this time interval contains
[0, Tx]. Since the initial data 1o belongs to L2, we may assume that u is a global
Leray solution, meaning that

Vi>0, E(t)) < uol. (18)

Moreover one clearly has

o
sup [|03uL (1) |7 +/ IVOzuL (172 dt < [|d3uollZ>.
0

t>0
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so together with (17) this implies that on [0, Tx],

T
sup ||83w(t)||iz+f IVOsu()l|7> dr S |ldsuoll;. + M. (19)
t€l0,T] 0

Let us prove that these estimates provide a control on u in H'on [0, Tx]. After dif-
ferentiation of (NS) with respect to the horizontal variables and an energy estimate,
we get for any £ in {1, 2} and after an integration by parts

3 G101 + V0O == [ -0 1) d
<l oo s IV @) 21030 2.

Similarly to (16) we have

X3
2 2
2 i Sl S ) @suC Dl 2) |y dz S [9sull2 | Va2,
v L®H, —00 H’

el

so using (16) we infer that

'/ dg(u-Vu)-dpu(t,x)dx
R3

1 1 1 1
Cl1a3u (@)1 2,11V 25 1 V@) | 25 1V Vi ()| 25 1070 (0) [ .2
< %IIVth(Z)IILz + Cll03u 172 Vau 72 I Vu(@)|l7 .
We obtain

d
EIIth(I)Iliz FIVVu )72 < 103ull7 I Vaul 2ol Vu@) 75,

and Gronwall’s inequality implies that

Vit (1) 125 + [ IV V()2 di’
< [Vaatol25 exp( / 193 P [ Vu () |2 ds )

The fact that we control ”v“”L%(L)%) and ||83u||L?O(L)zC) thanks to (18) and (19)
implies that on [0, 7] we have

T
1
s[up]IIVu(t)llizwao IV2u(@)||7 > dt < |[Vuol|7 > exp(|luollz2 (K Mp)?).
tel0,T

This means that there is a unique, smooth solution at least on [0, Tx], completing
the proof of Theorem 1.6. O
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5. Comparison of both life spans: proof of Theorem 1.7

Let us introduce the notation
Je(x1,x2,x3) @COS(? )f(xl, X2 X3)

where ¢ is a given number, assumed to be small, and « is a fixed parameter in the
open interval |0, 1[. We assume the initial data is given by the following expression

0,6(x) = 2120, (~03)e. (920)e) 20)

where ¢ is a smooth compactly supported function and the parameter Az > 1 will
be tuned later.

Let us recall that Lemma 3.1 of [Chemin and Gallagher 2009] claims in partic-
ular that

Vo >0 1 fillye <Coe™ 5 and [fellje, Z 0% @D

This implies that

luo.ell poiger S Ace™ o Nuoell g ~ luoell g1, ~ Ae.

(22)

(Sl

and  [|03uoel 3 < Aee2.

00,00

With the notation of Theorem 1.3 it therefore holds that
_1
Trp(uoe) > Ce? A, 7.

A

Let us now compute 71.(ug,¢). Recalling that uy (1) = e’ 2ug ¢, we can write

A 2
uialui +ui82ui = (?‘e) B fre'l g,
Ag\? ~ tA~
uialui + uiazui = (?8) etAfgetAgg.
where f, g, f , & are smooth compactly supported functions. Now let us estimate
NPT
12 He fee g8”L2 dt.
0
for f and g given smooth compactly supported functions. We write
P LA, A 2 (A q A, 2 db
12)e" > fee gsandt: t2||e Jee gs” s
0 0

/0 (3" full a3 e el 2 L.
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thanks to the Holder inequality. The Cauchy—Schwarz inequality and the definition
of Besov norms imply that

! tA tA 2
/’ruw foe B2, di
0

1 1
®© 3 adt\2( [%,.2 4dt\?
([Tt ) ([ et edut 4)

2 2
=l s llgel” s
By By
It is easy to check that
3t
1fell 3 $&75.
B, 4

so it follows (since P is a homogeneous Fourier multiplier of order 0) that
) < Ake* 1, (23)

For the initial data (20), differentiations with respect to the vertical variable d3
have no real influence on the term uy (¢) - Vuy (¢). Indeed, we have

O3 (uL (1) - Vur (1)) = 03ur (1) - Vur (1) 4+ 203ur (1) - 93 Vur (1) + ur(t) - 03 VuL (1),

and it is then obvious that 8% (uL(t) . VuL(t)) is a sum of term of the type

A 2
(?8) etAfsetAge~

Then following the lines used to estimate the term Qg, we write

< 3 tA tA 2
/'ruw foe' ol di
0

1 1
® s dt\2 ®© 5 dt\2
<([TeRrere ot F) ([T et et ennt )

2 2
< |l fell —2 lgell -

B, 4 B,
It is easy to check that
54+a
< 4

Ifell .

.
By

™

’

so it follows that
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Together with (22) and (23), we infer that

0L (I95uol” 5 OL+ v OLOL) exp(4lluoll - )

S A (A% + AZe¥) exp(CoA2)
< A2 exp(CoA2)
because A is larger than 1. Let us choose some « in ]0, [ and then
¥ ()
-
—kloge
Then with the notation of Theorem 1.6 we have

T, = CA8—2082(1—2(¥+/<)‘

Let us choose «’ in |k, n[. By definition of A, we get that
TL z C82(1_2a+K/).

Choosing @ = 1 — (n —«’)/4 concludes the proof of Theorem 1.7. O

Appendix: A Littlewood—Paley toolbox

Let us recall some well-known results on Littlewood—Paley theory (see for instance
[Bahouri et al. 2011] for more details).

Definition A.1. Let ¢ € S(R3) be such that ¢(&) = 1 for |£] < 1 and $(£) = 0
for |§] > 2. We define, for j € Z, the function ¢; (x) & 237 (27 x), and the
Littlewood—Paley operators

S; dﬁd(]ﬁj * - and A; défS]'_H—Sj.

Homogeneous Sobolev spaces are defined by the norm

1

2
def 27 2
lall 5, (Zz fsnAjaan) |

J€Z

This norm is equivalent to

lalgo~ [ l617a@P ds )

where F is the Fourier transform. Finally let us recall the definition of Besov norms
of negative index.
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Definition A.2. Let o be a positive real number and (p, g) in [1, o0]?. Let us define
the homogeneous Besov norm || - || Byo by

—1+%.tA
lal e = 13 e Aaller] oy
Let us mention that thanks to the properties of the heat flow, for p; < p, and
q1 < ¢2, we have the following inequality, valid for any regular function a

ol ooah sty S Nl and lalgzg, < lallgzg,
2.

An equivalent definition using the Littlewood—Paley decomposition is
1

. q
— q
lall 30 ~ (2 2 f"anjaan) .

jE€Z
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