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Given a general Hormander’s operator P = Z 1 X5 2+ Y + b in an open set
Q C R", where Y, X1, ..., X,, are smooth real vector fields in 2, b € C*(R2),
and given also an open, relatlvely compact set Qo with Qo C €, and s € R,
s > 1, such that the coefficients of P are in G°(£2() and P satisfies a L_Sobolev
estimate in €2p, our aim is to establish local estimates reflecting local domination
of ordinary derivatives by powers of P, in y. As an application, we give a
direct proof of the G2 (€)-regularity of any G*($2)-vector of P.
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1. Introduction

The study of the regularity of analytic vectors of partial differential operators goes
back to the work of T. Kotake and N. S. Narasimhan [1962] who proved the (local)
analyticity of (local) analytic vectors of elliptic operators with analytic coefficients
(see also [Nelson 1959] for another related context). This property, called the “iter-
ation property” or even the “Kotake—Narasimhan property” was further studied in
the following decades in more general situations (such as systems, or nonelliptic
operators) and also in the Gevrey categories G*, s > 1 (s = 1 corresponds to
the analytic case). This was in particular the case for the class of differential
operators of principal type with analytic coefficients and also, after the famous
article by L. Hormander on hypoelliptic operators of second order, the systems of
real-analytic real vector fields satisfying the so-called Héormander condition, and
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also for the Hormander’s operators themselves. A result of G. Métivier [1978]
shows that the “iteration property” is not true for nonelliptic operators in the Gevrey
category G°, s > 1, and another one by M.S. Baouendi and Métivier [1982] gave
the “iteration property” for hypoelliptic operators of principal type in the analytic
setting. Concerning analytic real vector fields, satisfying Hormander’s condition,
that property was shown by M. Damlakhi and B. Helffer [1980], followed by a
more precise version by Helffer and C. Mattera [1980].

More recently, a series of papers studying the case of involutive systems of ana-
lytic complex vector fields, concerning analytic or more generally Gevrey vectors,
have been published [Barostichi et al. 2011; Castellanos et al. 2013]. Even knowing
that the “iteration property” is not true for nonelliptic operators, one can ask about
the Gevrey regularity G* of an s-Gevrey vector (s > 1) and even give the best
s’ one may obtain. Such a study is contained in the above mentioned papers. A
more recent paper by N. Braun Rodrigues, G. Chinni, P. Cordaro and M. Jahnke
[Braun Rodrigues et al. 2016] was partly devoted to the study of global analytic
vectors for some sums of squares on a product of two tori. A little later, we studied
in [Derridj > 2019] the case of G*(Q)-vectors of Hormander’s operators of the
first kind (or degenerate elliptic) with G*(Q) coefficients, 2 an open set in R” (see
the definitions in Section 2), and k € N* (in particular analytic vectors for k = 1),
in which we proved an optimal result (the optimality following from the work in
the global case by the authors of [Braun Rodrigues et al. 2016]).

In this paper, we consider general Hormander’s operators P (of the second kind
or degenerate elliptic parabolic) for which we study the existence of local estimates
giving local domination of the ordinary derivatives by powers of P, when the co-
efficients of P are in G*(Qp), Qo C Q, and P satisfies a “%—Sobolev estimate”
on 2 (see Section 2). This, with our main result Theorem 4.2, is used to obtain
GZPS(SZO)—regularity for G*(£2p)-vectors of P (s > 1), providing therefore, first a
direct proof, without using the method of addition of an extra variable, and second
the result, with any s € R, s > 1. Let us remark that, in our preceding result, as we
used the above method, our result was obtained there for s = k € N*.

In a forthcoming paper, we will consider operators of the first kind, for which the
integer p (giving the %-Sobolev estimate in €2¢) is intimately related to the vector
fields (X1, ..., X,;) and prove finer local estimates of domination by powers of P,
giving, as an application, the optimal G”*(2¢) regularity for any G*(£2q)-vector
of P. A complete survey on results in this field until 1987 may be found in [Bolley
et al. 1987] and a more very recent short one may be found in [Derridj 2017].

We recall in Section 2 some definitions and elementary facts about the opera-
tors P, Gevrey functions and Gevrey vectors. Section 3 will be devoted to prelim-
inary lemmas and propositions as a preparation for the proof of our main theorem.
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Our main theorem will be proved in Section 4 and the last section is devoted to the
application of the main result to the regularity of Gevrey vectors of P.

2. Some notation and definitions

We consider a system (Y, X1, ..., X,;) of real vector fields with smooth coefficients
on an open set Q2 C R”, and

m

2
P=3 "X +Y+b beC®EQ), (2-1)

j=1
see [Hormander 1967; Kohn 1978; Rothschild and Stein 1976]. Let us just recall
Hormander’s condition for hypoellipticity in €2 of the operator (2-1):

The Lie algebra, Lie(Y, Xy, ..., X,,), generated by the

vector fields Y, X, ..., X,,, is of maximal rank in Q. (2-2)

Concretely, the family of brackets of all lengths of the vector fields Y, X1, ..., X,
span at any point x € 2 the tangent space at x.

Under the condition (2-2), Hormander proved the following a priori subellip-
tic estimate which we briefly describe. The L2-norm and Sobolev H°-norm are
denoted by || - || and || - || -

Let us recall, below, some norms introduced by Hérmander [1967]:

ol = lvll + 2252, 1X5vll v e (), 2-3)
loll" = sup{ll(v, w) : lwll <1, w € D} < llv].

Theorem 2.1 [Hormander 1967]. Let Qo € 2 and assume (2-2). Then there exist
o > 0and C > 0 such that

vl < CAlvll+ 1Y vl"),  forall v e (). (2-4)

We call (2-4) a subelliptic estimate for P.

The constants o and C depend on ¢ and Y, X1, ..., X,,. More specifically, o
depends on the length of the brackets needed in order to span the tangent space at
every point of Q.

Now, elementary technical manipulations give, with Cp > 0,

Ivlle < Co(llPvllI"+ v,  forall v € D(S). (2-5)

A particular ingredient in order to get (2-5) and which we need in the sequel is the
set of obvious inequalities:

IX;vl"<Clvll, VYveB(RQ), forsome C >0, j=1,...,m. (2-6)
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We want to say a word on the case ¥ = 0, or more generally the case where
in (2-2) one considers the Lie algebra Lie(Xy, ..., X;;) generated by Xy, ..., X;;;
in that case, one has a more precise estimate. We considered that case in our
preceding work, obtaining an optimal result for the Gevrey regularity of k-Gevrey
vectors of P (named in that case Hormander’s operator of the first kind), k € N*.

Coming back to our general case (named operator of the second kind), we need
to write a more precise a priori estimate than (2-5) which we need to consider in
the sequel:

m
ol + Y I1X;0l < Co(lPull + vl),  forallveD(Qo). (27
j=1
Again this is easily obtained, using (2-4).
Let us recall, in order to be complete, definitions of Gevrey functions and Gevrey
vectors of a differential operator of order m (here it will be m = 2).

Definition 2.2. Let s > 1. The space of Gevrey functions of order s, G*(2), is
defined as

G5 (Q) = {u € C™®(Q) VK € Q, 3Ck > 0s.t. [8%u]x < C2T ! a|1®
Vo e N', ol = Y"_, a;, a“:ag;.--ajf;}. (2-8)

Remark 2.3. It is known that for s > 1, one has the property of partition of unity in
G*(£2): in particular, given two open sets 21, €2, with Q compact and Q) C Q,
there exists a function ¢ € B(2), ¢ =1 on Qy, ¢ € G*(Qr).

Definition 2.4. Let P be a differential operator of order m in 2. The space
G* (L2, P) of s-Gevrey vectors of P in 2, s > 1, is defined as

G*(Q, P) = {u € L2 (Q):VK €Q, 3Cx > 0s.t. Vk e N,
P*u e L*(K) and || PXul 2k < C,’;“(mk)!S}. (2-9)

As in our case, P is of order 2 and hypoelliptic, with a subelliptic estimate (2-5)
or (2-7), (2-9) reduces to

G*(Q, P) = {u € C®(Q):VK €Q, 3Ck >0
st Yk €N, [|PAull 2k, < C,’;“(zk)!S}. (2-10)

Remark 2.5. We used in our definitions (2-9), (2-10), the commonly used L2-
norm, but in some specific situations, such as for systems of complex vectors,
other norms are used [Barostichi et al. 2011; Castellanos et al. 2013].
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3. Preliminary lemmas and propositions

When trying to get estimates for derivatives d%u of a function u, knowing Pu, we
are faced in particular with the study of commutators [P, 0%], @ € N, so, to the
study of commutators [ X ?, a%], [Y + b, 3*]. Now, one has the following equality:

[X?, 071 =2X;[X;, 0 —[X;, [X;, 3“1l 3-1)

So we have to look closely at the commutators [X ;, 9%], [Y + b, 9*] and the dou-
ble commutators [X;, [X;, 9%]]. In order to get an estimate for the coefficients
of the differential operators above, it is sufficient to consider the following basic
commutators

[agde, %1, £=1,...,n, ag € G* (),

3-2
laede, [axdh, 0°T1, €k =1,....n, apax € G (), 3-2)

as Y and X; are linear combinations of the basic vector fields a,9¢, a; € G*(R2).
Of course, the commutator [b, d%] is elementary. Then

[b, aa] = Zﬁ<a (g)b(a_ﬁ)aﬁ = 2,8<a b“ﬂaﬂ’
(Z)ZH/ ((;:)’ :3 <a <:>ﬂj faj’ ﬂ ;ﬁO[,
[apdy, 3%] = — Zﬁ<a (g)aéa*ﬂ)8ﬁ+ﬁ’
Bre={B+0i=p. i#t B+Oc=pet1}].

(3-3)

Let us, now, give the expression of [a,dg, [axdr, 0*]] or, in view of (3-3),

(5

B<a

But for 8 < «,

_ k _ _ _
[“/Ea P abtk 4,0,] = Z (,3+ )alia ﬁ)a§ﬁ+k y>3y+z_aw]£a B+0) gp+k
y<B+k

Hence we get

[a¢de, [axdx, 0*]1]

_ Z <Z)(ﬁ:k>a£a—ﬂ)aéﬂ+kfy)ay+£_Z(Z)améa—ﬂ-i-f)am—k‘ (3-4)
y;ﬂﬂc, B<a
<o

In the first sum in the second member of (3-4), we distinguish two families of
y’s such that y < 8 +k:
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(1) If =0, then y < 8,50y <« (as B < ). Hence in that case

2, ¥ <B4k, =0 (Z) (ﬂ;rk) a;”

Zﬂ<a,y§ﬂ(g)(ﬁ;—k)ak /3) (/3+k y)ay+e

(i) If yx #0, we set § = (81,...,8,) withd, =y, if p #k and 6 =y, — 1. So
8 < B < «, in particular |§| < || — 2 (easy to see) and y = 6 + k. Hence

/3) (.3+k )’)ay+€ is a part of

(3-5)

/3+k)a(01—,3)a(/3+k—)/)ay+€ is a part of

Zﬂ«x y <B+k, yk#o(Z)( ,
Ypeas=p (s )(gi/f)ak PP gtk

Setting I(p ) = (I1, ..., I,) with I, =0if p & (¢, k) and I, = 1if p € {€, k},
the sum in the second line of (3-6) can be written as

S
B

<a
6<pB

(3-6)

So, looking at (3-4) and in view of (3-5), (3-6) and taking as O the other coefficients
in Zﬂ<a, ,<p (in (3-5)) and kaa’ s<p (in (3-6)) which are not in (3-4), we may
write

[aedy, [axdy, 0*]1]
- Z akapd” T + Z Bekayd” T+ Z Coras TR,

B<a y <a S<a
18] <le| =2
where  dpkep = (ﬂ)aga,ia o, (3-8)
+k -, (/3+k )/)
bﬁkay = Zy<ﬂ<oz (z) (ﬂy )ak

Clhkas = 25<f3<8 ( )(gilf)alga_ﬁ)azﬁ_é)'

Now considering a vector field X ; with smooth coefficients a, i.e.,

n n
X;= Zajeae = ZZje,
¢=1 =1

we obtain from (3-3)

n
o _
(X}, 0= 1Zje. 01 =~ (ﬂ)“ﬁ PoPrt="3" ajupd™,

=1 B<a B<a

. l=1,...,n . l=1,...,n (3_9)
V0% =Y Mo 0*1=— Y ()bl 0P = DT buped.

=1 B<a ﬁ<a
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Concerning the double brackets, we obtain:

(X, [X;8°1 = Xy ([Zje, [Zjx, 81, with [Zj¢, [Zke, 9911 given in (3-8),

where ayiqp 1s replaced by ajorap, and so on.  (3-10)

Now we assume that the coefficients of P are in G*(£2). So aj¢, by and b are
in G*(€2). So we have that for any compact K in €2, there exists Cx > 0 such that

for all v e N”,
|a(”)|K+|b(”)|K+|b(")| <P, ee{l,.on), je(l,. .. m). (3-11)

Writing (3-10) more concretely, we get using (3-8)

(X, [X;, 0% = Z dikapd? ™ + Z Ciekapd? T,
B<a B<a
k=1,...n kt=1,...,n

where djup = = 31— @jtkap + 2= bjktap.  (3-12)

We want now to get estimates for the coefficients of the brackets and double brack-
ets in (3-9) and (3-12) and the operators associated to these brackets, when the
coefficients are in G*(£2).

Proposition 3.1. Assume the coefficients of P are in G*(2). Given any compact
set K in 2, there exists B = Bx > 0 such that the coefficients of the operators
[b, %] (given in (3-3)), [ X ;, 0%], [Y, 0] (given in (3-9)), [ X, [ X, 0¥]] (given in
(3-12)) satisfy the following estimates:

[Daglk + 1bapelk + lajapelx + 1Vbaplk
+ | Vbapelk + 1 Vajapelk < B~ ﬁ'(ﬁ.) ,

|cjeaplk + IVCjokaplx < B1*7P (Eg%l,z;:)s (3-13)

\djkaplk + | Vdjraplc < B PI((lal+ D%)".

Proof. We recall first that 8 <« and (¢ +k)y = oy for £ £k and (o + k) = oy + 1.
The first line comes easily from the expression of the functions byg, bage, ajapes
and their derivatives. Note that we took B/*~#l in place of BB+l a5 |o — B > 1
and used (3-11). The proof for the other functions needs more work. We first use
the following estimate for aﬁ_ﬂ )aﬁ _8), which is in the expression of ¢;qs (see
last line in (3-8)):

s ()AL m e (S e e

For that we used

al (B+K)! _ al(Bet+1) _ (a+k)!
B! B+k)! G+ T S+
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Hence

o« INMVACEIIIAN
|Cjeka5|1<§< > B FlGB) ‘3|><h> A1

d<B<a

As (AB)!B= = (AB)le=dl(AB)~le=Bl (5§ < B < o), we get:

|cjekaslx = (Egillz))!!)s(AB)la—sl Z’\_la_ﬂ"

B<a

Now we use the following easy lemma:

Lemma 3.2. There exists €y > 0 (independent from a) such that if 0 < € < €q then
Syl

This comes from the fact thatif 8; <o, j=1,...,n,and a #  then Z'}-Zl B <
> -1 ). Infact, setting A; =a; — B €N, 30 ;> 1,

Zezkji ZGZM’_F..._FZGZM

A=l =1
< e( Z ehtetha Loy Z 6A|+...+An_l>
(A2y.cshp)eNn—1 Oty )EN=T
<en2" ! ife< %

The lemma follows by taking eg = (n2"~1)~!.

Coming back to our proof, we consider Ay = n2"~! = € !and replace B by
AoB. We get the estimate for cjrog. AS djrep = — ZZ:] (@jekap — bjkeap), We just
need to bound on K the functions ;e and bjieqp for £ =1, ..., n. The worst
term is b j¢qy, . As we did above, we use, with A > 1,

‘(Z)(,B-Fz)aéa—ﬂ)algﬂ-Fﬁ—V)‘ < B\a—ﬁl+1(k3)|ﬁ—yl($—§(ﬂe + 1))3.

y
So,
| N
|bjkeay|5< 3 B'“—ﬁlﬂ(,\g)lﬁ—w) (M)
y!
y=B<a
@O g )y 7 5 le—pl
< (“07F) BB Z;
= ( ) (el + DByl " lehl,
B<a

Now taking A > )¢, B large enough, we obtain what we want (more precisely we
take B such that (as o —y| = 1), BAB)l*77l < (AB)""‘”, and then choose the
final B as AB). Concerning the derivatives of first order, we just have to apply what
we did, using bounds on K, not only for the coefficients of P, but also bounds of
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their derivatives of first order. In order to be rigorous and complete, let us bound a
derivative of brqy, Which we denote by b;. thay” Then we have (see (3-8))

kg = Z <ﬂ)(ﬁ+k>(( a8 (ﬁ+k V)+ajk ﬂ>(a<ﬁ+k ny).

y=<B<a
So we just have to do the same as before to get the bounds on K for the functions
a}k, aje, aji and a}e. Hence taking B, greater if necessary, we obtain (3-13). [

As a consequence, we obtain the following:

Proposition 3.3. Assume that the coefficients of P are in G*(S2). Then for every
relatively compact open set Qg in Q (Qp € Q), there exists B = B(Q2g, P) > 0 such
that, for everyt,0 <t <l,onehasfor j=1,... m,B<a, £,ke{l,..., n},

||baﬁvllr+”baﬁﬁv||r+||ajaﬂev||r
< Bl ’3'(5,) olle, B<a, £=1,...,n,
+k
lesapvle < B (EEY 1ol (3-15)
- ! 1Y*
Idjapvlle = B (EEDY ol vo e a0,

Proof. From inequalities (3-13), one obtains estimates (3-15) fort =0 and t = 1.
Then (3-15) follows from the cases t = 0 and 7 = 1 by interpolation between
Sobolev spaces L? and H'. O

Remark 3.4. Our Proposition 3.1 is a refinement of our Lemma 5.3 in [Derridj
> 2019]. We need this refinement in order to prove our local estimates of ordinary
derivatives in terms of powers of P.

In order to begin to state what we need for our results, we make the following

assumption:

Estimate (2-4) is true with o =—, peN*. (3-16)

SRS

Then our local estimates will use the equality o = %. In this section, we want to
give and prove the basic ones which we will use in another section in order to give
a sequence of local estimates for P, assuming (2-7), (3-16) and P with coefficients
in G*(2), for some s > 1.

Proposition 3.5. Assume (2-4), (3-16) and that P has smooth coefficients. Let
Q) be a relatively compact open subset of Q2y. Then there exists a constant C =
C (R0, P) > 0 such that for all (u, ¢) € C®(Q)ND(RQ)),

nme§CQWPmM+§:H¢mmD. (3-17)

1B1=2
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Proof. This proposition has a simple proof. Taking v = ¢u in (2-7), we get

m
loullo + Y 1Xj0ull < Coll Poull + llpul)).
j=1

taking Q20 = 2| and Cy as in (2-7) related to Qo € Q, we have

Poull’ < lloPull+ I[P, ¢lull’, (3-18)
with
m

ILP, ¢lull” < ZZ(”Xj[va elull +11X5@ul) + 1Y (@)ull

~
Il
—

NE

<2 (IX;(@ull+ 1X5(@)ul) + 1Y (@ull,  from (2-3), (2-6).

~.
I
_

Now as the X ;, Y are smooth in €2 and Qo C Q,

IXj@ull <C1 Y le®Pull, 1X5@ul < > llePul.  (3-19)
IBI<1 1B1<2
So, with a suitable C, (3-17) is obtained from (3-18), (3-19). O

In order to reach estimates for ordinary derivatives, one way is to try to obtain
estimates for gu in the Sobolev spaces H*, £ =1, ..., p, (3-17) corresponding
to £ = 1. As the basic estimate (2-6) is with H? (i.e., £ = 1), it is natural to use
the following, recalling some notation and definitions in [Derridj > 2019, Section
2]: let £, be such that Q; C Q¢ C Qo € Q. So we consider ¥ € B(Qg), ¥ =1 on
Q,: one way to estimate ||v||¢s, knowing (2-7) is to consider ¥ Ty, v, v € D(21);
in fact, for all v € 9(2),

Ivllerne = 1Y vllerne = 1Ternebvll = 1T Yvlls,
(see [Derridj > 2019, 2.11-2.13]),

where T,w(&) = (1 + |£]2)?/2W(€), for all w € D(R"). Hence
lvlle+o < e, YIvle + 1V Teovle < Callvlierno—1 + 1Y Teovllo-
Now fort=1,...,p—1, +1)o —1<0. So
lvllerno < Cllvll+ 1Y Teovllo,  forall v e B(R1). (3-20)

So this boils down to applying (2-7) to ¥ Tysv € D(20) using the constant Cy.
Then we have

Wlerne < CAvl+ 1Y Tewvlle) < é(nz/fnavn + D XY vl + ||v||>.

J
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So, we get:
lpullerne < CoC(II1PY Tispull + 1V Tegpull + loul),
yielding
lpullerne < C3(I1PY Teopull + llgulles),
for all (u, @) € C®(Q1) x D(Q). (3-21)
Now we provide a suitable bound for || Py Ty, @ull’ as follows:
| Py Toopull’
< I[P, ¥ Teolpull" + 1Y Too [P, @lull" + 1Y Te @ Pu
m
< QIXIX ¥ Teoloul + 11X, [X ¥ Te 1lgull) + 1LY + b, ¥ Teo lgu|
i=1

m

J
I
+ D IV T X 1X, @lul) + 19 Teo [X 50X, @1lull’)
j=1
1Y Teo LY, @lull + 19 Teo @ Pull”

Using again inequalities in (2-3), (2-6), we get, with some constant C which may
vary from line to another,

| PY Teoull
m
< C(uwunmz(zn[m, XX, @lull +11 X 9 Too X @l

j=1
+1X3 @l ) + ||Y(<P)u||zc) + 1Y Teo o Pul

< c(nwngwuu’ + 31X @l + 1X2 @l + loulles
=1
! + ||Y(§0)u||e¢7))- (3-22)

Hence, in fact, we proved the following with ¢ as above:

Proposition 3.6. Under the hypotheses in Proposition 3.5, there exists a constant
C = C(R2, P) > 0 such that

lpullcerno < c(u«pPuueg +y ||<o<ﬂ>u||@a>, €=0,....p—1. (3-23)
[B1=<2
The next step is to obtain such estimates for couples (0%u, ¢) for (u, ¢) €

C>® (1) x D(Q1), « € N". In order to get such an estimate, let us first consider
the case £ = 0. We use (3-17). So

lpd®ull, < ClipPo*ull’+ > lloPo%u].
1B1<2
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Here, what is new is to use ¢ Po%u = @[ P, 0% |u + @0 Pu:
loPa%ull" < llplP, 3*Jull’ + ll9d* Pull’

m

<) (lleX; X, 0%ull + llplX;. [X;, 9°Tull’)
=1
! +llglY +b, 0Tl + 9 Pul.  (3-24)
Writing ¢ X ;[X;, 0%Ju = [¢, X;1[X;, 0%u + X jo[ X, 0%]u and using again (2-3)
and (2-6), we get
m
loPo%ull < Z(zllxj(‘P)[Xj, O Tull + llelX ;. [X;, 3% 1ull)
i=1
! + LY +b, 8 ull + ll9d* Pul.
and then we have to use expressions in (3-9) and (3-12). As we have to do that in
order to bound ||¢9%u||(¢+1)s, we will write the step after the use of (3-9), (3-12)

just in this general case; replacing u by 0%u in (3-22), we get, with some constant
C > 0, which may vary from line to line,

l9a®ullernyo < C(||1//Ten§0P3aM||/+ > ||<p<ﬂ>a“u||ea). (3-25)
1B1=2

Now, as we did above with (3-24), we get

led*ulle+1)0

< C<||wTeagoa“Pu||’ + Y (IX@IX, 0Nt lleo + 1L X X 1, 0 Tull o)
j=1

+llolY +b, 0 Tulles + Y ||<p<ﬂ>a°‘u||w).
1B1=<2

Aslo <1, =0,..., p—1), we finally obtain:
Proposition 3.7. There exists a constant C > 0 such that

forall (u, p) € C®°(Q) xD(Q), andallx e N",
lpd*ulle+1)0

< C(nwa“Punw + ) e 0%ulle
1B1=2

+Z(Z lo®1X ;. 0 Tulleo + l9lX . [X, a“nuuea)

j=1Ipl=1
+ lolY +0, 8"‘]u||ea). (3-26)

In what follows, s is given and s > 1.
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4. Local relations of domination by powers of P
We need to introduce, in this section, further notation:

Fore >0, jeN, y eN", and (u, ¢) € C®(Q) x D(2)), we set
NS, @, @) = eV |y 17 @ @ Plul. (4-1)

Once € is fixed, we often delete € and write N; y =Ny

Before stating our main theorem, we give a simple useful lemma, which we will
apply many times.

Lemma 4.1. Let (k, ) € N x N*, and p € N. Then

PUNS  (Pru, P) < e P20 (p 4 |81+ 200 NSy 451, 9),
iflyl+2j<p. (4-2)

Proof. From the definition in (4-1), we see that
k B
N5, (Pu, o)
= Py I+ 1)yl +1BD (27 + 1) -+ (27 +2K)) Nk y5 (1, ).

Then, observe that, for |y|+2j < p,

P+ DAy +1BDEj+ 1D - Q2 +k) = (p+ Bl +26)!.  (4-3)
The proof is then finished by taking (4-3) to the power s > 1. ]

Theorem 4.2. Let s > 1 be given. Assume that the coefficients of P are in G*(S2)
and properties (2-4) and (3-16) hold on Qo, Qo C Q. Let Q1 be an open set with
Q1 C Q. Forevery 0 < € < 1, there exists M = M (e, 2, P) > 1 such that for all
aeN", £=0,...,p, W, ¢) € C®(Q) x B(Q),

lpa®ullee < MPP I Qplal+0) DT Njgluw,p).  (4-4)
|B14+2j<2(pler|+£)

Proof. It consists of a double induction on |«| = r and on £. More precisely, in a
first step, we prove the estimates (4-2) for « = 0. In all the proof, we will specify
(4-4)q.¢ for (4-4) when we consider the couple (¢, £) e Nx {0, ..., p}. So we want,
in this first step, to prove (4-4)9.¢, £ € {0, ..., p}.

(A) Proof of (4-4)p.¢, £ € {0, ..., p}: As (4-4)9 is trivial, all we have to do is to
make an induction on £. So assume that (4-4)o ; is true fori <¢,£€{0,..., p—1}.
Then we want to prove (4-4)o ¢+1. For that we use (3-23) in Proposition 3.6 for
(u, @) € C>®(221) X B(1). So in order to bound loull e+1)s, We just have to suit-
ably bound ||¢ Pu||¢» and Z‘ gl<2 lo®u||. Hence this reduces to applying (4-4)o.¢
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respectively to the couples (Pu, ¢) and (u, P in C®(21) x D(). So

loPullee < MH'QOY Y~ Njg(Pu,9),  (u,9) € C¥(Q) x B(Q).

|Bl+2j=<2¢
(4-5)

Now we apply Lemma 4.1 with p =2¢ in (4-2). Then

loPullie <€ >@E+IDEMTT " Njgu. )
|Bl+2j<2(¢+1)

<M MEDT e r ) Y Npe).
IB1+2j<2(e+1)

We do exactly the same for [P ul|y,, as |B] < 2:

lePulee <eM' M QUE+1)T YT N ). (4-6)
ly |42/ <2(£+1)

So from (3-23), (4-5) and (4-6), we get

loulles1)o

<CQRA4n+nH)e *M MV 2+ 1) Z N;jp(u, @). (4-7)
[BI+2j<2(£+1)

So we see that under the condition
CQ+n+n’e?M ' <1 (equivalently, M > C2+n+n?e?), (4-8)

Equation (4-4)0 ¢+ is satisfied for all (u, ¢) € C®(Q)) X D(Q)).
(B) Proof of (4-4)y ¢ for all (o, £) e N* x {0, ..., p}: All we have to do, as (4-4)o ¢

is true for £ =0, ..., p, is to make an induction on || = r. More precisely, if
(4-4)o.¢ is true for |a| <r, £€{0, ..., p}, thenitis true for |¢|=r+1,£=0, ..., p.
We use the same kind of proof as before: given « 4 i, with |a|=r,i € {1, ..., n},
we want to suitably bound ||¢9;0%u||¢» for £ € {0, ..., p}.

(1) £ =0: We use ||@d;0%| < ||0;(@)0%u| + |l¢d*u|l1. Hence we just have to
apply (4-4)4.0 with (u, ) and (4-4), , with (4, ¢). We will obtain, directly, or
applying also Lemma 4.1,

le®a%ul|

< e—lM—ZPMZP(|a|+1)+1(2p(|a| + 1))|S Z Nj,ﬁ(’/l,(P), (4_9)
[B14+2j<2p(la|+1)

lpa®ullpo < M7PMP*PEFDT Qo) + 1) Y Njp(u, ).

) (4-10)
1B1+2j<2p(la|+1)
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So, summing (4-9) and (4-10), we get that if
M P(1l+e'M™P) <1, (4-11)

then (4-4),4i0 is satisfied, fori =1, ..., n.

(2) Proof of (4-4)y¢, for || =r+1,£¢ >0, 1e., £ €{l,..., p}: So assuming
that (4-4)q.¢ is true for || =7, £ =0, ..., p, and (4-4), , is true for |o| =7 + 1,
pefl,..., ¢}, then, if £ < p, we want to prove that (4-4), ¢+ is true, || =7+ 1.
Now we have to use (3-26) in Proposition 3.7. So in order to suitably bound
ll9d®ull(¢+1)0, We are led to bound [|@d% Pulles, |9®3%ulles, |B] < 2, but also
much more terms like simple brackets of X ;’s and Y with 0* and double brackets
of X;’s with 9%.

The proof will follow the lines of our proof for @ = 0, but here with more
terms, and some are more difficult to handle than others, namely those coming
from the brackets of the X ;’s with 9% (simple and double brackets). The term
llolY +b, 8%]ull¢s is similar to the terms | ®[X ;, 3%]ull, B = 0.

(a) A bound on ||@d*Pulles: We apply (4-4),, ¢ for the couple (Pu, ¢):
l9d* Pulle < MPPHH Q(plal +0)° Y Njp(Pu, ).
1B1+2j <2(ple|+¢€)

Applying Lemma 4.1, we get (here p = 2(p|a| +£))
l9d® Pulleo

< e PMPIHEQ(plal + L4 1) > Njpu, @)

|B1+2j <2(pla|+L+1)
< (G—ZM—I)MZp\OtH‘(@-i-l)—Fl(2(p|a| Ty 1))‘5
Y Nigw.g). (4-12)

[Bl1+2j<2(pla|+L+1)

(b) A bound on [|¢®8%u||¢,, |B] <2: We apply (4-4)4.¢ to the couple (u, p#):

P 0% Ul o MPPHH Q(plal + ) Y Ny, 9P).
[B1+2j<2(pler]+¢€)

Applying again Lemma 4.1 (as | 8] < 2), we get

B 3% u ¢

<MVl LD DT Nip(w.e)
1142 <2(pla|+E+1)
< e 2MTIMPP DT O(pla| £+ 1)

lle

> Njp, ). (4.13)

[Bl1+2j<2(pla|+L+1)
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(¢) A bound on [l [X;, 3Nulleo, 1Bl < 1, j=1,....m, llg[Y +b, 0 Nulle:
(It is easy to see that the term ||@[Y + b, 0%]u||¢» is much simpler than the others,
since it corresponds to § =0.)

From expressions in (3-9) where we delete j € {1, ..., m}:
loP1X, 0%%ulleo < Y llaayio® 8" ulleo. (4-14)
Yy <o
i=1,...,n

Then applying estimates in (3-15) (recall that j is deleted):

| s .
loP1X. 0 Wl < 3 B () 1P g @19)
y<a ’

As |y +i| < |a|=r+ 1, we can apply (4-4), 4 ¢ to (u, '?). So we get

le®[X, 8%ulles

Z (B|a—V|M2p(V|+1)+e+1(2(p(|y|_i_])_i_z))!s(;[_i)s

<n
i=1,...n

> Njs(u, W)). (4-16)
181427 =2(p(ly [+ D)+6)

Using (4-2) in Lemma 4.1, with p =2(p(|ly|+ 1) +¢£), we find

Uy I+ D+ N; 5, ) < Q(p(y [+ D) +O+1DEN; 5151, 9), (4-17)

and hence

@A+ 1+ (%) Niate. )
< Qp(al + €+ DEN 4G ), (@-18)

for all (j, §) such that |§| +2j <2(p(ly|+ 1)+ £)+ 1. So, coming back to the
second member in (4-16),

I 1X. 0% Tul o
<n Z(BlaV|M2p(|y+1)+€+l(2(p|a| 404 1))|S

Yy <a
! > Njs(u, sv))s (4-19)

[6]42j <2(plo|+L€+1)
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or

le®1X, 8%ulles

<nQ(pla|+¢+ 1) > Njs(u, )
[8]42)<2(pla|+L+1)

el Z Ble=vIpp2r(yI+D+e+1 (4-20)

y<a
The last sum is bounded as follows:
le—y|—1
Z Bla—Bl p2p(yI+D+E+1 _ pps2plal+e+] Z<M2p> . 4-21)
y<a y <o

Now we have the following lemma:

Lemma 4.3. There exists 6y > 0, independent of o, such that

Yo ael<np 1, if0<i <6 (4-22)

Yy <a

The proof of Lemma 4.3 is similar to that of Lemma 3.2 after noticing that
Zy<a, la—y|=1 )“Iaiylil =n

Remark 4.4. Lemma 4.3 is not true when one works with thesum } | _ Ala=vi=t
as the sum Z\y|<\a|, le—y|=1 1 18 not bounded by a constant independent of .

Applying (4-22) we see that under the condition
M* >6,'B, (4-23)
we obtain from (4-20), (4-21) and (4-22)

leP1X, 8 lulleo < nn+ De™ BM™IMPPHEVH Qpla| 40+ 1P
> Njs(u,@). (4-24)

[8]42j <2(ploc|4+-£+1)

(d) Aboundon [|@[X;, [X;, 0%]lulles, j=1,...,m: As we did above we delete
the index j and write ||@[X, [ X, 0%]]u]|. Of course, we also delete j in the coeffi-
cients of the bracket. Looking at (3-12), we have two kinds of terms to study:

(i) Abound on Y 4, 4—i ., I9diapd’ ullee = Ey: Using Equation (3-15) in
Proposition 3.3, as £o < 1, we have

s 3 B (el + D) MO8 1) + )Y
/3<y

..... : > Njy . 9)- (4.25)

ly1+2/<2(p(IBI+D+0)
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We want to remark here that there is a factor (|a| 4+ 1)° in (4-25), but it is compen-
sated by the fact that one has ¢, not ¢#), | 8| = 1. Precisely, we have

Ey<n) Bl # <_(|“|+_1)!)S(2p(|,3| 1) g oyl MBI
B<a

18!
> Ny as|l+1<lal. (4-26)
[y [4+2j <2(pla|+£)

Now we have the following inequality:

(Y25) @paBI+ D+ 0) < @eplad+£+ D). 1BI+1 = . (4-27)

So, from (4-26) and (4-27), we get

Ey <n@(pla|+€+1))r ) Bl flp2ripith e

pea Y Niywg). 428)
¥ 1+2) 2(plal+0)

The sum in the second member in (4-28) is the same than the sum in (4-21), re-
placing y by B. So from (4-22) in Lemma 4.3, we get, under condition (4-23),

Ei <n(n+1)BM~' M?Plel+EEDH 0 p 10 404+ 1)1
> Nj,(u, ). (4-29)

ly|+2j <2(pla|+0)

.....

for completeness, noticing however that 3#+/+* is of the form 8#*/ with |I| = 2.
Using estimates in (3-15), we get

. % :
Brx Y B (G oo ul. (4-30)
B<a )
ik=1,..., n

Hence,

le—Bl 1 s2p B+ +e+1 (@K s
Bs ;MZB M (Gair) @+ o)
ik=1,..n . Z N;,(u, ). (4-31)

[y 142/ <2(p(IB1+2)+0)

Now we have the following:

<Egig§)s(2(l’(|ﬂ| +2)+ )Y < Qplal+L+ 1)L, (4-32)
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(4-32) is a consequence of (@ +k)!/(B+k)! < (la|+ 1)!/(|8] + 1)!. Hence

S gl MZP(ﬂ|+2)+£+1>

B<a

1BI<|a|-2
’ : > Njy(u, @), (4-33)
ly|4+2j<2(ple]+L+1)

E, <n*Q(pla|+ £+ 1))!S(

as Card{(i, kye{l,..., n}} = n?. Now, we bound

F=3 4o pl<lal-2 Bla—Bl pp2p(BI+2)+E+1
with 2
F < (i)la—ﬁ\— M2PlelHE+D+ p2 g1 434)

Now using Lemma 4.3 and the fact that } 5, |5/—jq—2 1 < n?, we obtain

E, < (n2+1)ZBZM71 M2p|(x|+(ﬂ+l)+1(2(p|a|+£+ 1))'s
> Njs(u,@). (4-35)

|8]42j <2(pla|+L+1)

We recall that we said in (c) that we do not consider the term
lolY +b, 0%1lleo < llplY, 3% Tulles + ll@lb, 0%1ulles

as |lglY, 0%]ull¢o is like [|@[X ;, 0% Jull¢s and |@[b, 0% ]u||¢; much smaller. So in
order to bound the term ||@[X ;, [X;, 0% ]]ull¢s, we have to collect (4-29) and (4-35),
which are true under condition (4-23). We find

lolX;, [X;, 3 Nulleo <2(n* 4+ 1)2B* M~ MPPIFEDH O (pla| 4+ €+ 1)1
Y Ny, (436)
ly1+2j <2(pla|+£)

In order to give a bound for |[|¢d%u|| (¢+1)0, Wwe have from (3-26) in Proposition 3.7
to take C times the bound in (a) plus C (n?2 +n+ 1) times the bound in (b) plus
Cm(n+2) times the bound in (c) plus Cm times the bound in (d), under, of course,
the conditions on M indicated in the proofs of (a), (b), (¢) and (d).

Of course, we also have to take care of the conditions needed on M for the
validity of these bounds. These may be summarized as follows:

(a) (4-12) is satisfied, just under the induction hypothesis,

(b) (4-13) is satisfied, under the induction hypothesis,

(c) (4-24) is satisfied, under the induction hypothesis and (4-23),
(d) (4-36) is satisfied, under the induction hypothesis and (4-23).
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So adding all these estimates with the suitable factors yields
lpd“ulle+1)o
<CM'Qe?+n(n+1De ' B+2(n>+1)2B?) M?PIIFEDH (1|44 1)1
Y Niywg) 437

ly1+2j<2(pla|+0)

under the condition (4-23). From (4-37), we deduce that if M satisfies
M =sup{(6,'B)/¥, 1, C(2¢ * +n(n+ e 'B+2(n*+1)°B?)}, (4-38)

then (4-4)y. ¢+1 is true. So (4-4)q ¢ is true, || =r 4+ 1, for all £.
Now, let us finish the proof of the theorem. Since we proved (4-4)o¢, £ =
1, ..., p, and the induction

{4, lal <r, £e{l,...,p}} = {GdDae, lal=r+1, Le{l,..., p}},

under respectively condition ((4-8) and (4-11)) and condition (4-38), we have M =
M (e, Qp, P) > 0 so that the theorem is completely proved, when the conditions
(4-8), (4-11) and (4-38) are satisfied. As € < 1, we see that M? > 2¢~! implies
that (4-11) holds. So, everything boils down to only the following condition:

M= sup{(@& "BV, CQ+n+ne?,
C(2e 2 +n(n+ e ' B+2(n + 1)232)}
= M(e, 6y, B). (4-39)

B depends on P and ¢ and 6y depends on n. Hence M (¢, 6y, B) can be written,
as n is fixed, M (e, 29, P). The proof of Theorem 4.2 is now complete. O

5. Gevrey regularity for Gevrey vectors

We want to give in this section an application of Theorem 4.2. In fact, we shall just
use the estimates (4-4) for £ =0, which we rewrite here, for (1, ¢) € C®(21) xB(Q}):

lpa®ull < M2 @plaht Y NS4 ). (5-1)
|B14+2j<2pla|

Moreover, we want to state a theorem for operators of order m, satisfying estimates
similar to (5-1), but with 2 replaced by m and with coefficients in G*(£2). For that
purpose, we clarify the notation as m replaces 2.

Firstly, 2 and 2 are as in Section 4, Q, € Q and s > 1. Then define

N§ 5 =P8 mp) = o P PIull,  (u, @) € C¥(Q1) x B(Q).  (5-2)
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Now assume that P satisfies the following estimates:

Ve, 0<e<1,3M.>1 suchthat VYaeN", Y(u, ¢)ecC®(Q)xD(Q)

lpa®ull < MI“F(rlah)t > Njp(u.g) for somer € N*, (5-3)
[Bl+mj<r|c|

Now, we provide a proposition on Gevrey regularity of Gevrey vectors of P satis-
fying (5-3).

Proposition 5.1. Let P be a linear partial differential operator with G*(R2) coeffi-
cients, of order m, satisfying (5-3) in | with Qi C Q. Then any G*(2)-vector of
P which is C*° () is in G (R21), s > 1.

Proof. We have to distinguish between the cases s > 1 and s = 1.

(1) Case s > 1: Letu € C*°(2) N G*(L21, P). In order to prove that u € G"* (2y),
we have to show that given any open set 2, with Q, C Q1, we have:

ICa, > 0s.t. Ya € N",  [|0%ull 120, < Cool T (rla) = CPH (rla) . (5-4)
First, we consider ¢ € G*(21) ND(21), ¢ =1 on 5. Then
0%ull L2y < Nlgd*ull. (5-5)
As u € C®()) and ¢ € B(2)), we apply (5-3). So we get

10%ull 20y < (CMO™™F @rlal)t > NSz, ). (5-6)
|Bl+mj<r|c|

Now as ¢ € G*(£21) ND(£21), there exists A = A, such that
sup [P < AP gL (5-7)
Also, from (5-2), we have
N§ g =PI B107 (mj) !~ [l P (5-8)
Now as u € G*(R21, P), taking K = Supp (¢) C 2
3B = Bx >0, suchthat [[P/ull;2) <B™ ' mj)’*, VjeN. (59)
From (5-7), (5-8) and (5-9), we obtain
NS 5, @) < €lP1tmi AlBIT gmitl < clBltmi plplemj+1 (5-10)
for some constant D (for example A + B). So, with (5-6),

10%ull 2y < DICM) ™ F (rlal Y (eD)/FIH, (5-11)
|Bl+mj<rle|
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Now let us choose € such that

eD=1. (5-12)
Then with M = M]/(QD), we have
16%ul 20, < DECMY a3 (5. (5-13)
[Bl+mj<r|x|
We have to estimate the sum in the (5-13).
Lemma 5.2. There exists a constant Co > O such that
> ) <co. Yaen (5-14)

|Bl+mj<rla|

Proof of Lemma 5.2. This simple lemma has an elementary proof. For complete-
ness, let us give it. For o = 0, it is trivial. So assume || > 1. It suffices to see

that
Tl rle|
INOLEES 3D S [ORED SCEHHE)

|Bl+mj=<rla| k=0 *Bl+mj=k
o
<Y k+1)"(4) = Co < +oo. m
k=0

Coming back to the proof of Proposition 5.1, we have, with some constant
C1 > 0, using (5-13) and (5-14), the following estimate:

18%ull 2,y < CLEC M) (r|ae]) ! (5-15)

which shows that u is in G"*(£2;), hence in G"* (€2}) as €2, is any relatively compact
set in £21.

(2) Case s = 1: In this case, as we have no ¢ € @(Q) which is in G'(Q}), we
proceed by using a sequence of functions of L. Ehrenpreis associated to the cou-
ple (20, £21) with Q C Qo and Qy C . We state below a proposition due to
Ehrenpreis, providing the precise details regarding the sequence.

Proposition 5.3 [Ehrenpreis 1960]. Let 2o, 21 be as above. Then there exists a
constant C > 0 such that:

VN €N, Joy € D(Q0), ¢nla, =1,
such that p\P'| < CPHINP. for Bl < N. (5-16)
In our proof below, in order to bound 0% ul|;2(q,), We use, in place of ¢ used

in case (1), the function ¢, 4| given by taking N = r|«| in (5-16). So, as Q C Q,
we have

10%ull 20 < Nria@®ull < MO rlat Y NS4 @rap). (5-17)
|Bl+mj=<r|a|
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Now, taking A given by:
A =sup(B, C), (5-18)
where B is given by (5-9) with K = Qo, we get
Eo= Y  NyWou)<A > (AP gtrlap?, (5-19)
|Bl+mj<rl|c| |Bl+mj<rlal

since |B| < r|a| in the sum. Looking at the second member in (5-19), we may
bound by

Eo< Y (A > ()Pl rla). (5-20)
mj<rla| |Bl=r|al
Hence
rle|
Ey < Z (eA)ij(Z l)(eAr|a|)kk!_1. (5-21)
mj<rlal k=0 |I=k

If we choose € so that egA = % we get

rla|

E, <25+ (2N 1 <20ial - 1 SO (U -t 5.0
S22 o)

So finally, with some constant C; > 0, C; = C;(n),

E, <2(@r|a|+ D" exp(%) < Crexp(r|al). (5-23)

Then, coming back to (5-17), we obtain

1%l L2y < MIT(rla)! Cexp(rlal) = Ci My (eMe,) " (rla)!.  (5-24)

0

As we took any €2, with Q» C Q1, Q) C Qp, we obtain that u € G"(2}). The proof
of Proposition 5.1 is complete. U

As a corollary of Theorem 4.2 and Proposition 5.1, we get:

Theorem 5.4. Let P be a Hormander’s operator on an open set 2 in R" and
s € R, s > 1. Assume that P satisfies the estimate (2-4) in some open subset
with Qo C Q with o = 1/p, p € N* and that its coefficients are in G* (). Then
G*(Q0, P) C G*P5(Q).

We conclude this article with some final remarks.

(1) In the case s = 1, there is another proof, using the method of addition of an
extra variable (see, for example, [Bolley et al. 1987] or [Lions and Magenes 1970]),
by considering the operator 3> + P in R x € C R"*!, which is also a Hérmander’s
operator in R x €2, with analytic coefficients (case s = 1), to which one can use the
theorem of Gevrey hypoellipticity G* for s > 2p, [Derridj and Zuily 1973].



344 MAKHLOUF DERRIDJ

(2) We know nothing on optimality of our result. In our preceding paper [Derridj >
2019], in the case of operators of the first kind, the result was optimal: G*(Qo, P) C
G"*(Q0), k e N.

(3) In a forthcoming paper, we will study the question of local relations of domi-
nation by powers of P, in the case where P is of the first kind, which will be finer,
giving therefore the optimal result G*(R2y, P) C G”*(RQ), p being the type of Q.
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