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Patrick Gérard and Sandrine Grellier

This paper explores the regularity properties of an inverse spectral transform
for Hilbert—Schmidt Hankel operators on the unit disc. This spectral transform
plays the role of action-angle variables for an integrable infinite dimensional
Hamiltonian system: the cubic Szegd equation. We investigate the regularity
of functions on the tori supporting the dynamics of this system, in connection
with some wave turbulence phenomenon, discovered in a previous work and
due to relative small gaps between the actions. We revisit this phenomenon by
proving that generic smooth functions and a G5 dense set of irregular functions
do coexist on the same torus. On the other hand, we establish some uniform
analytic regularity for tori corresponding to rapidly decreasing actions which
satisfy some specific property ruling out the phenomenon of small gaps.

1. Introduction

1.1. The cubic Szegd equation. This paper explores the properties of some inverse
spectral transformation related to an integrable infinite dimensional Hamiltonian
system. Introduced in [Gérard and Grellier 2010] as a model of nondispersive
evolution equation, the cubic Szeg6 equation reads

idu = I(Julu), )

where u = u(t, x) is a function defined for (¢, x) e R x T, T :=R/2nZ, such that,
forevery t € R, u(z, -) belongs to the Hardy space L%r (T) of L? functions v on T
with only nonnegative Fourier modes,

forallm <0, v(n)=0.

Here )
. T dx
v(n) = vx)e™" —, neZ”Z
0 27'[
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denotes the Fourier coefficient of v € L?(T), and IT denotes the orthogonal projector
from L?(T) onto LZ (T):

o
H(Z Cneinx) — Z Cneinx
nez n=0

It has been proved in [Gérard and Grellier 2010] that (1) is globally well posed on
Sobolev spaces Hy (T) := H*(T)N L? 1(T) for all s > 5, with conservation of the
H> norm. Recall that for elements in L2 (T), the H* Sobolev norm reads

o
loliFs =D (1 +n)* D@
n=0
Furthermore, it turns out that (1) enjoys an unexpected Lax pair structure, dis-
covered in [Gérard and Grellier 2010] and studied in [Cl}érard and Grellier 2012;
2015; 2017]. More precisely, consider, for every u € H? (T), the Hankel operator
H, : L3(T) — L% (T) defined as

H,(h) = 1 (uh).

Notice that H, is an antilinear realisation of the Hankel matrix I';, where, for
every sequence @ = («,),>0 of complex numbers, I', denotes the operator on
EZ(Z+) given by the infinite matrix (@, )s, p>0. Indeed, if .7 denotes the Fourier
transform v — 0 between L2 (T) and £2(Z+), it easy to check that

FH, 7 '=T;0C,

where C denotes the complex conjugation. The Lax pair identity then reads as
follows, see [Gérard and Grellier 2010]. If s > % and u is a HY solution of (1),

then
dH,
dt = [Bu’ Hu]a

where B, is a linear anti-self-adjoint operator depending on u. As a consequence,
there exists a one parameter family U (¢) of unitary operators on L2 4 (T) such that

for all t € R, Hu(t) = U(I)HM(O)U(I)*.

In particular, H, (l) =U@®H 2(0)U (t)*. Notice that H,, 2 is a linear positive operator
on L% (T), and that

FHLF ' =1;I},

1 .
thus Hu2 is a trace class operator as soon as u € HZ (T), with

Tr(H7) =Y (1+mam)* = ||u]® ,.

H?2
n=0
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Consequently, apart from 0, the spectrum of H? is made of eigenvalues, which are
conservation laws of (1).

In fact, a second Lax pair for (1) holds [Gérard and Grellier 2012], which con-
cerns the operator K, := S*H, = H,S = Hs~,, where S denotes the shift operator
on L (T), namely multiplication by e*. Operator K, is also a Hankel operator,

FK, 7 ' =T;0C,

where fa denotes the shifted Hankel matrix (@,4p+1)n,p>0. Again, it is possible
to prove that
forallt e R, K,z =V(EO)Kyu0)V ()",

for some one parameter family V(¢) of unitary operators on Li(T), and conse-
quently that the eigenvalues of K2 are conservation laws of (1). Denote by (,ojz.) =1
the positive eigenvalues of H? and by (sz) k=1 the positive eigenvalues of K2, so
that the p; are the singular values of I'; and the oy are the singular values of ;.
In view of the identity

K2 =H?—(-|u)ou

and of the min-max theorem, the following interlacing property holds:
PL=Z01Zp2=2022""".

1.2. The spectral transform. 1f u belongs to a dense G subset Hé (T) of Hé (T),

one can establish (see [Gérard and Grellier 2012]) that

,gen

pP1>01 > p2>02> """
We set
$2j-1=pj, S =0, J k=1

The s, are called the singular values of the pair (H,, K,). Of course

sy =Tr(H,) +Tr(K7) = Y (14 2n)|i(n)|* < co.

r=1 n=0

Conversely, given a square summable strictly decreasing sequence (s,),>1 of posi-
tive numbers, the set of u € H? such that the s, are the singular values of the pair
(H,, K,), in the above sense, is an infinite dimensional torus 7 ((s,),>1) [Gérard
and Grellier 2012] of HZ(T). This torus is parametrised by the following explicit
representation [Gérard and Grellier 2017], where we classically identify functions
of L%r(TT) with holomorphic functions # = u(z) on the unit disc such that

2 )
sup/ lu(re’™)|> dx < oo.
0

r<l
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The current element of the infinite dimensional torus 7 ((s,),>1) is then given by

1
@ = lim (Cy@)~'An), 1), lel <1l Iy=[:]ecC @
—00
1
where " "
s2-_le’ 2j—1 _ZSZkel 2k
en(2) ¢=< — 2 ) &)
§5. =S8 ;
2j—1 2k 1<j,k<N

and (¥,),>1 € T° is an arbitrary sequence of angles. Furthermore, the evolution
of the new variables (s,, ¥),>1 through the dynamics of (1) is given by

@_O, dwr:srz, r=1,2,....

dt dt
A natural question is then the description of the regularity of « in these new vari-
ables. A first type of answer to this question is provided by results due to Peller
and Semmes, see, e.g., [Peller 2003], which characterise the Schatten classes

p
E sP <00, 0<p<oo,

r>1

in terms of the Besov spaces

o
Zzl/ |AjulP dx < oo,
j=0 T

where (A ju) j>o denotes the dyadic blocks of . In particular, if u is smooth, then
(sr)r>1 satisfies

o
Zs,p < oo, forall p<oo.
r=I1

However, the latter condition is far from being sufficient to control high regularity
of u. In fact, Sobolev regularity H* for s > % cannot be easily described by the
variables (s,, ¥,),>1, as shown by the following result.

Theorem 1 [Gérard and Grellier 2017]. There exists a dense G subset of initial
data in

C(T) =) HL(T)

. . . 1
such that the corresponding solutions of (1) satisfies, for every s > 5,

()l s

forall M > 1, lim sup N

=+4o00, liminf||u)|gys < oo.
1—00 =00
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In other words, in the (s, ¥,),>1 representation, the size of the high Sobolev
norms may strongly depend on the angles (v,),>1. The goal of this paper is to
investigate this phenomenon in more detail.

1.3. Overview of the results. Our first result claims that generic smooth functions
u are located on a torus 7 ((s,),>1) containing also very singular functions.

Theorem 2. There exists a dense Gs subset 9 of C3°(T) such that every element

u of ¢ belongs to H (), and the infinite dlmenszonal torus T ((sy)r>1) passing

+ gen
through u has a dense G s subset— for the H? : topology —which is disjoint of H®

for every s > é

Theorem 2 states that, on the tori 7 ((s,),>1) passing through generic smooth
functions, the regularity changes dramatically from C* to the outside of H* for
every s > 5. Of course, this result can be seen as a natural extension of Theorem 1
recalled above of which we use the weaker form that tori 7 ((s,)r>1) passing
through generic smooth functions are unbounded in H*® for every s > 5 However,
in order to find singular functions on these tori, we combine it Wlth a structure
property of these tori, which we think has its own interest.

Lemma 3. Lets > % and let (s;),>1 be a square summable decreasing sequence
of positive numbers such that the numbers srz, r > 1 are linearly independent on Q.
Then we have the following alternatives:

e cither T ((S;)r>1) is a bounded subset of H*,
e or T((s;)r>1) \ H® is a dense G subset of T ((s;)r>1) for the H> topology.

The point of Theorem 2 is that, even for fast decaying singular values (s, ), the
regularity of # may be spoiled by the relative smallness of the gaps s, — 5,41 with
respect to s,. In fact, if

uy(@ =(En@ 7' AN), 1n), ¥, =0, r=1,2,...,

with the notation introduced above, then, using the positivity property of the Hankel
matrices I'; and T'; - equivalent to 1, = 0 for all r (see [Gérard and Grellier 2014;
Gérard and Pushnitski 2015]), we prove in the Appendix that

82182
luyllcrry = Z —_— “
‘8$2j-1 =82

It is then easy to find fast decaying sequences (s,) such that the above right hand
side tends to infinity as N goes to infinity, which implies that (u, ) is unbounded
in C1(T). However, at this stage we do not know how to conclude that u is not
in C1(T).
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Our two other results state some uniform analytic regularity for tori 7 ((s;);>1)
where the sequence (s,),>1 satisfies some specific property ruling out the phenom-
enon of small gaps.

Theorem 4. For every p > 0, there exists 6o > 0 such that, for any § € (0, 8p), if
forallr =1, s,41 <94s,,

all functions u € T ((sy)r>1) are holomorphic and uniformly bounded in the disc
|z| < 14 p. Consequently, for any initial datum corresponding to some of these
Jfunctions, the solution of the cubic Szegd equation (1) is analytic in the disc of
radius 1+ p for all time, and is uniformly bounded in this disc. In particular, the
trajectory is bounded in C*(T).

Theorem 4 applies in particular to geometric sequences s, = e """ for h > 0 large
enough. Our last result explores in more detail the case of geometric sequences
s, = e where h > 0 is arbitrary. In this case, we still obtain some uniform

analytic regularity, but with a constraint on the angles ;.

Theorem 5. Let h > 0 and 6 € R. Assume (s,) is given by s, = e " and ()
by W, = r6h. Then there exists p > 0 such that the corresponding elements of
T ((sy)r>1) are holomorphic and uniformly bounded in the disc |z| < 1+ p.

We do not know whether or not geometric tori are embedded into the space of
analytic functions on T. What we are able to prove is that, for transcendental y,
we have the following alternatives:

« cither there exists p > 0 such that every element of 7((y"),>1) is holomorphic
on the disc |z| < 1 + p, with a uniform bound,

« or the nonanalytic elements of 7((y"),>) form a dense Gs subset of T((y");>1)
1
for the H?2 topology.

This is a special case of an extension of Lemma 3 to analytic regularity (see
Lemma 8).

1.4. Open problems. In view of the above theorems, the most natural open ques-
tion is certainly to decide whether Theorem 4 can be generalised to any parameter
8 < 1. In particular, as we questioned above, if 0 < y < 1, is it true that the infinite
dimensional torus 7 ((y"),>1) is included in the space of analytic functions on T?

Another question connected to Theorem 2 relies on estimate (4). Assuming that

o0
$2j-152;

’

il §2j—1—82j
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can one infer that the function u € 7 ((s;),>1) characterised by ¥, =0, r=1,2, ...,
is not C! on T? In view of Lemma 3, this would imply, if moreover the s> are lin-
early independent on @, that most of the points on this torus would be singular —
say, not in H. Then it would be interesting to draw the consequences of this prop-
erty for long term behaviour of solutions of the cubic Szegd equation on this torus.

1.5. Organisation of the paper. The proof of Theorem 2 is provided in Section 2
after reducing to Lemma 3 and Theorem 1. The proof of Lemma 3 combines
a Baire category argument and some elementary ergodic argument for the cubic
Szegd flow. Section 3 is devoted to the proof of Theorem 4, which is based on
brute force estimates on matrices 4x(z). In Section 4, we prove Theorem 5 by
a different approach relying on the theory of Toeplitz operators and a theorem
by Baxter which reduces our analysis to proving that the restriction to T of a
meromorphic function given by an explicit series, has no zero and has index 0,
which can be realised using some elementary complex analysis and the Poisson
summation formula. Finally, the estimate (4) is derived in the Appendix from an
explicit calculation using Cauchy matrices, in the spirit of [Gérard and Grellier
2017; Gérard and Pushnitski 2018].

2. The melting pot property

In this section, we prove Theorem 2. First we reduce the proof to Lemma 3 by the
following classical argument.

Lemma 6. The set of u € C3°(T) N Hé’ gen (T) such that the squares s, w3, r>1
of the singular values s, (u) are linearly independent on Q, is a dense G5 subset
of CX(T).

Proof. From the Izl)roof of [Gérard and Grellier 2012, Lemma 7], we already know
that C°(T)N Hfﬂgen(T) is a dense G subset of C{°(T). In fact, we can slightly
modify the proof as follows. For every N, consider the open subset Oy made of
functions u € C$°(T) such that the first singular values of H, and K, satisfy

pi1(u) > o1(u) > pa(u) > o2(u) > - - py(u) > oy (u),
and such that any nontrivial linear combination of
P1@)?, a1 )?, p2()*, o2()?, ..., oy ()%, o (w)?

with integer coefficients in [—N, N], is not zero. Approximating elements of
C2°(T) by rational functions, and using the inverse spectral theorem of [Gérard
and Grellier 2012] for rational functions, we easily obtain that Oy is dense. The
conclusion follows from Baire’s theorem. ([l
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Intersecting the dense G5 subset of C$°(T) provided by this lemma with the one
provided by Theorem 1—or its weaker form, saying that the corresponding Szegd
1

trajectories are unbounded in every H’, s > 5 — we observe that Theorem 2 is a

consequence of Lemma 3, which we restate for the convenience of the reader.
Lemma 7. Let (s,),>1 be a square-summable decreasing sequence of positive num-
bers such that the numbers srz, r > 1 are linearly independent on Q and let s > 1.

2
Then we have the following alternatives:

e cither T ((S;)r>1) is a bounded subset of H*,
e or T((s;)r>1) \ H® is a dense G5 subset of T ((s;)r>1) for the H> topology.

Proof. Recall [Gérard and Grellier 2012; 2017] that, for the H > topology, 7 ((sy)r>1)
is homeomorphic to the infinite dimensional torus T°, endowed with the product
topology, through the parametrisation given by (2) and (3). In particular, it is a
compact metrisable space. For every s > %, the function

1

ol = (Z(l +n>2~‘|ﬁ(n>|2>2

n=0

is lower semicontinuous on 7 ((s;),>1). For every positive integer £, consider
Fo={veT((s)r=1): lvllgs <L}

Fy is a closed subset of 7 ((s,),>1), and the complement of the union of the Fy is
precisely 7 ((s;)r>1) \ H®. Hence, by the Baire theorem, either this set is a dense
G subset of T ((s,)r>1), or there exists £ > 1 such that Fy has a nonempty interior.
Assume that some F; has a nonempty interior, and let us show that 7 ((s,),>1) is a
bounded subset of H*. Let (/),>1 € T™ such that the corresponding point v° in
T ((sr)r>1) lies in the interior of Fy. In view of the product topology on T, there
exists some integer N > 1 and some ¢ > 0 such that all the elements of 7 ((s;),>1)
corresponding to

el —e, vy +el, r=1,...,N,

form an open set U contained in Fy. At this stage we appeal to the number theoretic
assumption on the 52, which we use classically under the form that the trajectory

(WO +15H),21. N tER)

is dense into the torus TV. Since, as recalled in the introduction, this trajectory is
precisely the projection of the trajectory of the cubic Szegd flow ®; on the first
N components, we infer that every element of 7 ((s;),>1) is contained in some
open set ®,(U). Since the cubic Szegd equation is well-posed on H*® [Gérard and
Grellier 2010], we infer that 7 ((s,),>1) is covered by the union of the interiors of
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the F;,, for m > 1. By compactness, it is covered by a finite union, which precisely
means that 7 ((s,),>1) is bounded in H°. O

As stated in the introduction for geometric sequences, the following analogous
result holds in the analytic setting.

Lemma 8. Let (s;),>1 be a square summable decreasing sequence of positive num-
bers such that the numbers s>

=, r > 1 are linearly independent on Q. Then we have
the following alternatives:

o either there exists p > 0 such that every element of T ((sy),>1) is holomorphic
on the disc |z| < 1+ p, with a uniform bound,

e or the nonanalytic elements of T ((s;)r>1) form a dense G s subset of T ((s;)r>1)
forthe H > topology.

Proof. The proof is an adaptation of the preceding one (Lemma 3) to the ana-
lytic setting. As, from [Gérard et al. 2015], the cubic Szegd equation propagates
analyticity, the result follows from the Baire theorem applied to the closed sets

o
Fpi= {v €T ((s)r=1) 1 Y _ el [D(n)] 56}
n=0
for ¢ > 1. -

3. Example of bounded analytic tori

In this section, we prove Theorem 4.
Let u € T((s;)r>1). Recall that

u= lim uy, whereuy(z):= (Ey) "1y, 1n),

N—oo
' Szj_lei%j” —ZSzkeink
En(z) == 3 5 ;
S2j—1 7 S2% 1<j,k<N
and
1
1y = S CN.
1

Our assumption is
Sppl =&8p, T 2>1,

where the sequence (g,),>; satisfies
0<e¢g <8 forsomesd < 1.

Our aim is to prove that, for § sufficiently small, the functions u,, are holomorphic
and uniformly bounded in some disc of radius 1 4 p, where p > 0, independently
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of N. Our strategy is to use that Gy (0) is related to a Cauchy matrix, and hence,
that an explicit formula for its inverse is known. We write

En(2) = En(0) — 26y = En(0)(I — 26N (0) "' En),

. Szkeil/ka
oni=13 2 ’
S5 — S i
2j—1 7S/ 1<jk<N

and we establish the following lemma.

where

Lemma 9. Forany 0 < § < 1, there exists some constant Cs > 0 such that, for any
N =>1,
D 1@ 07kl < Cosi. )

J.k

There exists a universal constant A > 0 such that, for § € (0, %) and for any N > 1,

168 (0) ' Eyllp o < AS. (6)

Let us assume Lemma 9 proved. Take p >0, and choose §¢ such that Adyg(1+p) < %

Hence, for any é € (0, §p), from estimate (6),
(I — 26N (0)"'6)

is invertible for any z with |z| < 1 4 p and its inverse Ry (z) is analytic and has
uniformly bounded norm for any z with |z] < 1 4 p. Indeed, for any N > 1, and
any z with |z| < 14 p, by the Neumann series identity,

[e.¢] o0
IRy @llpmer <D lzFlen @ ' Enllfi L, <D 275 <2. ©)
k=0 k=0

Writing
Oy (@) =T —2(@n0) ') en(0) T = Ry (2)(6n (0) 7!

we get
uy(2) = (Ry@%En(0)"' (1y), 1)

Using (5) and (7), we conclude that the series defining u,; converges uniformly for

|z| < 1+ p. Hence uy, is analytic and uniformly bounded in the disc of radius 1+ p.

We infer that u is as well analytic in the disc of radius 1+ p and bounded on this disc.
This completes the proof of Theorem 4, modulo Lemma 9.
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3.1. Proof of Lemma 9. Notice that

. 1
On(0) = diag(srj 1) T, T = (ﬁ) |
S2j—1 ~ Sok/ 1<jk<N

Since 7 is a Cauchy matrix, its inverse is explicitly known, so the inverse of € (0)
is given by

; N) (N
. (_1)J+k+Na§ )ﬁlg ) 1
en0) = 3 3 vy ,
82717 Sk 852j-1€ "7 1<k, j<N
where
2 2
o™ l'[z(sz,-_l — 53¢
i 2 2 2y
o< G301 =53, Tlew (53,21 = 53,21)
2 2
) . [Te(s3p—1 — 53
By =

2 2 2 25"
[To<iCs3p =530 [Tosr (53 — 530

In particular,

125262 I u AR U
(N)l 1—[ S3e 1—[ [oie 1—[(1 [T—)- 18) (1—e2. )
= 2J -2 2 (1_1—[213 2 ) 2J—1 2j—1

R SAV R Y iy r=2j-1;

2

=[Ted i

2177 T (1 _ sdmy
l<j (1 8 )

Indeed, in the first line above, the factors in the second product are bounded by 1,
while, in the third product, the £-factor is bounded by m Similarly, we have

) Sze 1 26 21% (1_1_[2](55} 182)
r=2—1%r) 2 2
B =115 H( ;e i ;)H =1 oy 211 —&3_1)

(<k 26 >k [l & o<k (1_Hr=2€ 8r2)

l—[ sZk 1
N 82[ 1 Hm 1(1 _54m)

l<k

Setting

1
H;;ozl(l _ 54m)2’

Bs =
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we obtain
2
827157 _
1 J=152k—1
(@O gl < Bs——25- ] €3 11_[
|Sz,>1 — 85l t<j <k zz 1
1 531 1 e
4 — ‘ - if j <k
1_184(/(7])4'2 $2j-1 l_[jig<k E%K—l ’
< Bj 825‘2] 1 lf] =k,
1 S%kfl 2 [P
]_84(j—k—l)+2S2]_] 52 l_[k<£< & i j>k.

To summarise,

§2k=D if j <k

(N ) iyl < 755 521 1 1 if =k k+1,
§20=k=Dif j > k+1.
In particular, it gives
235S1
D 1 @n )il < = 32)2ZS2J LS G

k.j

This proves estimate (5).
For the second estimate, one has to consider

163 (0) " G llger < sup Y 1w (0) " Enel.
4
k

. sppei Ve

Ll e R :
85 1 —S ;
2j—1 %20/ 1<j.t<N

. 1| ifj=e
[(EN)jel < 1—_s2 1*1

52¢

Recall that

In particular,

if j>¢4+1.

®)

As (En (0)_1(51\/);(@ Z (En(0)~ )kj (€y) je, we get from the preceding estimate

(8) on |(Gw (0) ;| that:
o If k> ¢,
|<<5N<0>—1%N>u|

52)2 (:E: sszz [T &+ > el [T &

2J Jj<r<k—1 +1<j<k S2¢ j<r<k—1

FX ] )

j=k+1 $2¢ k+1<r<j-—1
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Bs (Z 82(Z—j)+152(k—j) + Z 62(j—€—1)+152(k—j)

= 2)2
(1-99 i<t t+1<j<k
+ Z 82(j—£—1)+182(j—k—1)>
J=k+1
Bs 2(k—¢) 4 2(j—t—1) $2(k—j)
55m<23 dosty Y sUTDgD)
then since =0 st
YYD U = 3§ 202k !
_ 22’
kik>C+1 ¢4+1<j<k J=L+1 k=) (1=59
one gets
. §Bs (1438
En(0) ' En)e| < .
k;ﬂK N (O0) T N )kel = (1—62)4(1+82)
o Ifk <,

|(En (0) " C)iel

B
S(1—?32)2<Z = 1_[ &5, + Z - 1_[ £

§2j—1 82j—1

jsk j<r<k-—1 k+1<j<t k+l<r<j-1
52j-1 2
FX ] )
jze+1 P kisr<j-1
< 3522<252(6—j)+152<k—n + Y gD
(1-4% <k k+1<j=<t
n Z 82(j—£—1)+152(j—k—1))
J=+1
6B . )
5(1 ;z)z(zaz(e—k)zsm_i_ Z 52(@-,)52(1—1(—1))

s=>0 k+1<j<t

and, as before,

) 8Bs (14382
En(0)'E < )
MZdK N (O) T G e < (1_52)4(1+32)

e Fork=1¢,
(6N (0) " En )l

= (1 _B(;Z)Z <Zsi 1_[ 8%r+ Z 2] 1_[ S%r—l)

S S
j<t 227 ok jzkt1 22t krisr<j-i
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Bs
< (1_52)2 (Z‘SM NH1g2G0=)) 4 Z §2U—t=D+152(j—k— 1))

j<t j=k+1
4(k—j)+1 4(j—k—1)+1
=T on ( 52)2 <28 + Z 3 )
j=k+1
S Bs

B 2(1 —8)2(1 -84

Eventually, if § < %, say, we obtain, with a universal constant A,

1N ©) ' EW)llgrspr < sup D [(@n(0) ' Ew el < AS.
¢
k
This completes the proof of Lemma 9.

4. The totally geometric spectral data

In this section, we consider the totally geometric case and prove Theorem 5. For
some fixed & > 0 and 6 € R, we consider the symbol u with spectral data (s,, ¥, )
with s, = e~ and Y, = roh. In particular, s, = s, so that, for h suffi-
ciently large, it becomes a particular case of subgeometric spectral data treated in
Theorem 4. However, the result here does not require any smallness on e ™.

Our strategy here is to use Toeplitz operators and a stability result from [Baxter
1963].

4.1. Background on Toeplitz operators. Let us first introduce some basic notation.
For a continuous function ® on T, we denote by 7' (®) the Toeplitz operator of
symbol & defined on L2 (T) by

T(®)(f) =TI(Pf)
or equivalently, the operator defined on ¢%(N) by

(T(®) (@)=Y _ P(j—kar. jeN.

k=0

For any integer N, we denote by Ty (®) the truncated operator defined by

TN(CIJ) = HNT(CD)HN.
Here
My : 2(N) = 2(N)

is the orthogonal projector:

(x0, X1, X2, ...) > (X0, X1, X2, . .., XN—1).
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The operator Ty corresponds to the N x N truncated Toeplitz matrix

(DG —k))o<jh<n—1-

Recall that a sequence of N x N matrices (Ay)y>1 is said to be stable if there is
an Ny such that the matrices Ay are invertible for all N > Ny and

sup Ayl e < 0.
N>Ny
Theorem 10 [Baxter 1963; Bottcher and Grudsky 2000]. The sequence (Ty (P))n>1
is stable if and only if T (®) is invertible.

Let us emphasise that the operators are considered as operators acting on £2(N)
or L%F(TT) so that the stability is evaluated in the ¢>(N) norm. The characterisa-
tion of the invertibility of Toeplitz operators is well known. We recall it for the
convenience of the reader.

Theorem 11. Let ® be a continuous function on the unit circle. If ® has index
0 and does not vanish on the circle, then Ty is invertible on Li(T). Under these
hypotheses, ® = e¥ = &, O_ with

o, =e"Y and &= eI-M®
and the inverse of Te is given by Tq)ll T3

As an immediate consequence, one gets the following characterisation of the
stability of truncated Toeplitz operators.

Corollary 12. Let ® be a continuous function on the unit circle. The sequence of
truncated Toeplitz operators (T (P)) is stable if and only if ® has no zero on the
unit circle and has index 0.

We are going to use this argument to prove Theorem 5.

4.2. Totally geometric spectral data and Toeplitz operators. We claim that in the
case of totally geometric spectral data, the explicit formula giving u,, involves the
inverse of a truncated Toeplitz operator. From direct computation, one has

o) wH =1 7% 1 1—zp2k=—p+l
N2 =\ =\= -
|w|4j—2 _ |a)|4k I<j k<N w2i-11— |a)|4(k_/)+2 1< k<N’

where w = e (1719 In that case, if Ty (z) and Ty ,(z) denote the matrices
1 — z@t—D+1
Tn(z) = (—)
1— |a)|4(k—j)+2 1<j k<N

1 — g2+l
ITn,(2) = (rk_’ — 5 ,
1— |w|4(k—_])+2 I<j k<N

and
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we get from our explicit formula, for any r > 0,
uy(2) = (Tv @@ 7). 1) = (T, (@7 /Y Digjen), O1zien):

We consider for |[¢| =7, |w|> <7 <1, z € C, the symbol

l—zw ¢
@(z,¢) = Zm( :
te

The transpose of the matrix
i
(rk_j 1 — zaw?( J.)-H)
1— |a)|4(k—j)+2 Jke
corresponds to the matrix of the Toeplitz operator of symbol
Oz, r): > D(z,70).
We are going to prove the following result.

Proposition 13. There exist |w|> <r < 1 and p > O such that the function {
®(z,7r¢) has no zero and has index 0 on the unit circle, for every z such that
lz| <1+ p.

Assuming this result proved, we obtain by Corollary 12 that, uniformly in z,
lz]| < 14 p, ||TN,,(z)_1 ll;2_,¢2 is bounded (or more precisely the norm of its
transpose is bounded). As lw|?> < r < 1, we obtain that the sequence (uy(2))n
with

uy (@) =Ty, @7 7 0* NDi<jzn), F)1=k=n)
is uniformly bounded and converges to u(z) for any z, |z| < 1 4+ p. We conclude
as in the previous section. This ends the proof of Theorem 5.

It remains to prove Proposition 13, which is the objective of the next subsections.
As a preliminary, observe that, for lw? < ¢l <1, ¥y =|w?,

D(z, ) = Fy(§) —z0F, ((0?),
where '
cl
F@)=00.0=) 1— 7. v=lol’ ©)
jez
We collect some basic properties of function F, in the following lemma.

Lemma 14. The function F, has a meromorphic extension in C\ {0} given by

14

FO=Y " (10)

— 20"
leZ 1 CV
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Its only poles in C\ {0} are the y*, £ € Z and F, (y***t1 =0, £ € Z. Furthermore

1 g
Fy<—) =—{F,(0), Fy(_2) =y F, (). (11)
¢ Y
Proof. Let us give another expression of F),. By assumption,
y <lIgl<1,
hence, |¢| > y? and
0 ; 0 i1
¢! ¢/
Fy(§) = Z 2j+1 +Z 1 —y—2i-1
—-vY , 14
]:O j=0
00 00 00 L j—1.,2j+]
_ j Qj+1e 4
_ZNZV ’ _Z =2
j=0 =0 j=0
o o
=Y vy @y -y IZV Z(C ty2t2)/
=0 j=0

£+1

= Z — 20 Z 2042
=gy S

and we obtain (10). The other properties are elementary consequences of this
equality. (]

Remark 15. Set y =e¢™"7, 7 > (. From the second identity (11), we observe that
the meromorphic function

G'L' (w) — eZiﬂw (Fy (CZiHUJ))Z
satisfies
forall A e Z+itZ, G.(w+A)=G.(w),
which means that G is an elliptic function relative to the lattice Z +itZ. Since
G- has only double poles at the lattice points, with singularity

1 1
(¢ —1)2 42y?

at w = 0, and since it cancels at points i% +Z +itZ, we infer that

Gr(w) = =15 (Pe(w) =B (1)),
where

1 1 1
B =32 (o~ 72)
0
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denotes the Weierstrass J3 function relative to the lattice Z +itZ. See, e.g., [Saks
and Zygmund 1952].

4.3. Ruling out the zeroes on the unit circle. In this section, we prove the follow-
ing lemma.

Lemma 16. There exists p > 0 such that ®(z, ¢) does not vanish in a neighbour-
hood of the circle |¢| =1 for any z such that |z| < 1+ p.

Lemma 16 is a consequence of the following result.

Lemma 17. For every y € (0, 1),
y? max |Fy (O] < mln in [Fy (§)].

Proof. First of all we rewrite both sides of the above inequality. If ¢ = e/?,

o0 J/k 00 y_g
Fy (@)= Z 1= p2keif + Z 1 — y—20eif
k=0 =1
o k oo ¢
14 14
) DR,
_ 2%keif 20 _ oif
P e
I a4y —e)

T 1 _eif p 1+y* —2y2cosd

o0

PRPCOY (R S G(Ch 4
2(1 —cos0) 1+ y4 —2y2cosh)’

hence

. S L 1+ 20
|Fy ()l = +olsine/2) 3 — LU
=

1
2|sin(8/2)] - 1+ py* —2y2tcos6

¢ 20

: y d+y7)
= [sin(6/2)] E 17 57 .
= 14+ y* —=2ytcosb

Similarly, if ¢ = ye'?, we have

o) )/k o0 V—E—l
F@)=) 1_y2—k+16w Do, e
k=0 £=0

00

Z D

- 2k+let(p y2€+1 — ey
=0

= i yiA 4y —e i)
- 14+ y4€+2 _ 2y22+1 COSq)’

£=0
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so that
0 ¢ 20+1
. y (I+y=")
F. =2 2
|Fy ($)] = 2[sin(p/2)] ;:o [+ %42 2220+ cos
y (1+y2€+1)
= |sin(¢/2 .
= [sin(p/2)] é VA2 220 cos
Consequently,

y 4y
1+ y% —2y2tcosd

m1n|F (C)I—VzmaXIF (;)l_m1n|s1n(9/2)|z

€+1/2(1+y2ﬁ+1)
1+ y4£+2 _ 2y2Z+1 cos @

— maxlsm(<p/2)| Z

leZ
Set, forx e R, 0 € T\ {0},

y (A +y™)
1+y% -2y cosh’

fr.o(x) = [sin(6/2)|
Then we are reduced to proving that

inf Z fyo(k) —

6<T\(0) £

Z frok+1)>o0.

sup
peT\{0} keZ

Applying the Poisson summation formula, we have

Y o= fre@rn), D frolk+3) =D (D" f,@rn).

keZ neZ keZ nez

where

Yy (L +y¥)

£, 0(6) = Isin(0/2)| / e T
_ [sin(8/2)] [ (1 412y~ 8/ Ty
~ logy| Jo 1414 —2t2cos6
_ Isin@/2)] [ (L4 y)y~€2ers
2llogy| Jo 14+y%2—2ycosf

e ¢ dx

where we have set ¢ = y*, y = t>. We calculate the above integral by introducing
the holomorphic function

1sin(6/2)| (1+z)z&/2logr =2

8@ = 2llogy| 1+42z%2—2zcos6

on the domain C\ R, where the argument of z belongs to (0, 277). Integrating on
the contour of Figure 1 and making R — oo, ¢ — 0, we obtain, by the residue
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Figure 1. Contour for the proof of Lemma 17.

theorem, assuming 6 € (0, 2;7) with no loss of generality,

Fra@)(1 478/ 1e7)
=2im[Res(g(z),z = ¢/%) +Res(g(2), z = e”'e)]
_ imsin(6/2) 2005?9/2) o8 /2logy | 2cos(0/2) 2 —0)¢/2logy
|log | 2i sin 6 2i sin 6

__ 7 (GQE/ZIOgy+e(2n—9)§/210gy).
2llog y|

We infer

m cosh((w —6)§/(2logy))
2llogy|  cosh(m&/(2logy))

Finally, for 8, ¢ € (0, 27),

Zf%@(k) - Zf%w(k"' %)

fre@®) = . 6e(0,2m).

keZ keZ
T cosh((n —0)mn/(log y))
- 2|log | (Z cosh(2n/(logy))
B Z( 1) ,cosh((m —p)n/(log y)))
~ cosh(r2n/(log y))
b4 ad cosh((n —0)mn/(log y))
- llog y| (Z cosh(2n/(log )/))

anosh (r — w)nn/(logy))
+Z( D cosh(2n/(log y))

|logy| Z cosh( 2n/(log »)’

n=1
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since the second series is an alternating series of the form

00
Z(_l)n+1an
n=1

with a, decaying to 0 as n — oo. Therefore

in |F, (¢)| —y? max |F, ~>0. O
‘Ig:r‘n:nl| yOl=y I?lli))EI (Q'_ll gy|Zcoshnn/(logy))

n=1
Lemma 17 implies that & has no zeroes for || =1 and |z| < 1. By continuity,

it has no zeroes in a neighbourhood of this set. Hence Lemma 16 is proved.

4.4. Studying the index. Let us first recall the definition of the index. For 0 <
R < 00, we denote by Cg the circle

{zeC:|z]| =R}.

Let f be a holomorphic function near Cg, with no zero on Cg. The index on Cg
around O of f is given by

1 '(©)
Indf(cR)(O) = ﬂ . ]Ji(;) d

In this section, we prove the following lemma.

Lemma 18. For any r < 1 sufficiently close to 1, the function
{> Fy(rf)
has index zero on the unit circle.

Notice that ®(0, r¢) = F, (r¢). As the index is valued in Z and the map z
®(z, ¢) is smooth, Lemma 18 implies that the index of ¢ +— ®(z, r¢) is zero for
any z with |z| <1+ p as long as r is sufficiently close to 1.

Corollary 19. For any r < 1 sufficiently close to 1, the function
= P(z,7r8)
has index zero for any z.
This corollary will complete the proof of Proposition 13.

Proof of Lemma 18. We could use Remark 15 in order to reduce to properties of
the Weierstrass *J3 function. However, for the convenience of the reader, we prefer
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to give a self-contained proof. Let us assume that R is chosen so that R # y?¢,
¢ € Z and F), # 0 on Cgr. We consider the index of F,, on Cg around 0:

1 F(¢)
I(R) = IIldFV(CR)(O) = ﬂ . Fy—({)
R Y

The statement of Lemma 18 is equivalent to
I(17):= lim I(R)=0.
R—1~-

By definition, / is valued in Z and is continuous on the intervals corresponding to
the circles avoiding the zeroes and the poles of F,. From properties (11), one has

I(R)+I<%) — 1, I(Ry)=I(R). (12)
In particular,
2
y — —
I(R) +1<?) -1 (13)
and
1A =1((y»HM, (14)

where I (r*) = lim,_, = I (t). We are going to compute [/ ((y2)+) in another way,
using the zeroes and the poles of F,,.
Let us first collect some basic relations. Let n be the number of zeroes in the
annulus
{zeC:y <|z] < 1}.

Since there are no poles inside this annulus, one has
n=I(17)—1y"). (15)
From Equation (13) with R=1"and R=y™,
IA)+1((HNH==1 and IGH+I(y7)=-1

Subtracting these equalities gives I(17) —I(y ) =1(y~) — I((y»™), hence

n=1I1y")—1{". (16)
Denote by m the number of zeroes on C,,. As y is a zero of F),, m > 1, and
m=I1y"—1(y") (17)

since there is no pole on C,. Denote by N the number of zeroes on C;. Then
IAH—I1(17)=N-1, (18)

since 1 is the only pole on C;.
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Now, we compute I ((y%)*):

()Y =I1(yT)—n from (16)
=IyH—m—n from (17)
=I(1")—n—m—n from (15)

=11 —(N—-1)—m—2n from (18).

Recalling (14), we conclude that N +2n+m =1,son =0and N +m =
1. Since m > 1, this implies N = 0 and m = 1. From (18) and the equality
I(17)+1(17) = —1 (Equation (13) with R = 17), one concludes /(1) = —1 and
1(17) =0 as required. ([

Appendix: A formula for the C! norm

Letu e L%r (T) be a rational function corresponding to the finite list of singular
values p; > 01 > --- > py > oy and angles ¥, =0forr=1,...,2N. Then we
checked in [Gérard and Grellier 2012; 2014] that this cancellation of the angles
precisely corresponds to the positivity of the operators I'; and T'; on £2(Z..). The
representation formula (2), (3) then reduces to

u(z) = (e (@' (An), In),
with
En(z) = <M) , (19)
821~ 52k / 1<j.k<N

Furthermore, the positivity of the Hankel matrices I'; and T'; implies the positivity
of the Fourier coefficients of u, since, denoting by (e,),>0 the canonical basis
of X(Z.),

(Tien, ea) =0 (2n), (Taen, ex) =i2n+1).

Therefore the C! norm of u on T is given by

S(u) := Znﬁ(n).

n=1

The lemma below explicitly computes S(u).
N N

Lemma 20. S(u) = ng(l_[ p] +Gk><1_[ Zk +ZZ>’
¢ — Ok

i — 0,
=1 Nt PT TR Ny

where every term in the above sum is positive.

Proof. We have
Sw) =u'(1) = (€6~ (Q), ‘€)' (D),
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with

1 . Ok
<5(1) = , € = B ) .
Pj+0k)1<jk<n P; — 0/ 1<jk<N

Notice that € (1) is a Cauchy matrix, so that the expression of ¢ (O~ is explicit.

We have

nNzl(Pj-i-Uk)
cH) ' ==r— .
(™D (]—[[#k(gk—ae) Lben

(20)

Let us give a simple proof of this formula, inspired from calculations in [Gérard
and Pushnitski 2018]. Denote by x¢, k=1, ..., N, the components of ‘5(1)_1 D).

We have

N

Xk .
Z =1, j=1,...,N.
=1 ,0j+0'k

Consider the polynomial functions

N

N
Xk
= + , P =
0(p) L[l(p o),  P(p) Q(p)k§:1:p o

Then Q has degree N, P has degree at most N — 1 and

P(pj)=Q(pj), j=1,...N.

Since Q — P is a unitary polynomial of degree N which cancels at p;, j =1, ...

we have
N
Q)= P(p) =[]0 —pp-
j=1
Consequently,
N N
P(—o0}) = — l_[(—ak —pj) = (=N l_[(Gk +0)).
j=1 Jj=1
Since
P(—oy)
Xk = —’
Q'(—ox)

this yields (20). Similarly, we have

)W) = (_Héi](p,- +°’”> .
1<j<N

Hi;&j(pj_pi)

1)
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Coming back to the proof of Lemma 20, we have, in view of (20) and (21),

N pi+ oy 1Y + o pi+ oy
(N) (N) J i J
S(u) = E Hix's My =0k— <| | )(l |—O'k—O'g).
0k

k=1 Pj — Ok ik Pj— Pi

Multiplying and dividing M%) by [, +;(pi —ox), we have, for every k,

i V«EIZ) ox R (or) ﬁ pit ok
a [Tesi(ox —00) ;_} pi — 0k
with
R(@) = Z]‘[ o [Twi+ov
=i PI TP
Notice that, forevery j=1,..., N,

R(pj) = (DN T](o; + 00
O£k

Since R has degree N — 1, we infer
R(0) = (=D +o0.

04k
so that

N M) Uk(_l)N_l ng7gk(0k+(7£) N pi + ok
S = M e frave,
o ¢k Ok — 0¢ el Pi — Ok
which is the claimed formula. The positivity of each term is an easy consequence
of the inequalities p; > 01 > pp > 09 > -+ -. O

As a consequence of Lemma 20, we retain the following inequality, obtained
after discarding most of the factors bigger than 1 in each of the products.

Corollary 21. luller > Z k(i + 1)
=1 Pk Ok

Notice that this implies inequality (4). Unfortunately, at this stage we do not
have arguments allowing us to extend this inequality to nonrational functions u,
which would imply that u ¢ C' if

> PkOk
Z _

— 0,
P Pk k
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