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For a Galois extension of a complete discrete valuation field with not necessarily
perfect residue field, the filtration by ramification groups on the Galois group is
defined in a joint article [Abbes and Saito 2002] with Ahmed Abbes. Although the
definition there is based on rigid geometry, it was later observed that the use of rigid
geometry can be avoided and the conventional language of schemes suffices [Saito
2009]. In this article, we reformulate the construction in [Abbes and Saito 2002]
in the language of schemes. As a byproduct, we give a generalization for ramified
finite Galois coverings of normal and universally Japanese noetherian schemes and
valuations not necessarily discrete.

All the ideas are present in the 2002 article, possibly in different formulation. As
in that article, the main ingredients in the definition of ramification groups are the
following: First, we interpret a subgroup as a quotient of the fiber functor with a
cocartesian property, Proposition 1.4.2. Thus, the definition of ramification groups
is a consequence of a construction of quotients of the fiber functor, indexed by
elements of the rational value group of valuation.

The required quotients of the fiber functor are constructed as the sets of con-
nected components of geometric fibers of dilatations [Abbes and Saito 2011; Saito
2009] defined by an immersion of the covering to a smooth scheme over the
base scheme. Here a crucial ingredient is the reduced fiber theorem of Bosch,
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374 TAKESHI SAITO

Liitkebohmert and Raynaud [Bosch et al. 1995] recalled in Theorem 1.2.5. This
specializes to the finiteness theorem of Grauert and Remmert in the classical case
where the base is a discrete valuation ring. A variant of the filtration is defined
using the underlying sets of geometric fibers of quasifinite schemes without using
the sets of connected components.

To prove the basic properties of ramification groups stated in Theorem 3.3.1
including the rationality of breaks, semicontinuity etc., a key ingredient is a gen-
eralization due to Temkin [2011] of the semistable reduction theorem of curves
recalled in Theorem 1.3.5.

Let X be a normal noetherian scheme and let U C X be a dense open subscheme.
The Zariski—Riemann space X is defined as the inverse limit of proper schemes X’
over X such that U' = U xx X’ — U is an isomorphism. Points of X on the
boundary X-U correspond bijectively to the inverse limits of the images of the
closed points by the liftings of the morphisms 7' = Spec A — X for valuation rings
A ; K =k(t) for points t € U such that T x x U consists of the single point ¢.

Let W — U be a finite étale connected Galois covering of the Galois group G.
We will construct in Theorem 3.3.1 filtrations (G;) and (G’;Jr) on G by ramifica-
tion groups for a morphism 7" — X as above indexed by the positive part

(07 OO)F@ CF@=F®@

for the value group I' = K* /A*. To complete the definition, we need to assume that
for every intermediate covering V — U, the normalization Y of X in V is locally of
complete intersection over X to assure the cocartesian property in Proposition 1.4.2.
The required cocartesian property Proposition 3.1.2 is then a consequence of a
lifting property in commutative algebra recalled in Proposition 1.1.5.

The definition depends on X, not only on W — U. In other words, for a normal
noetherian scheme X’ over X as above, the filtrations (G’}) and (G}fr) defined for
X and those for X’ may be different. This arises from the fact that the formation
of the normalization Y need not commute with base change X’ — X. To obtain
a definition depending only on W — U, one would need to take the inverse limit
with respect to X'. This requires that the normalizations over T to be locally of
complete intersection.

By Proposition 1.4.2, the definition of the filtrations (G)) and (G}.") are re-
duced to the construction of surjections F° — F and F° — FJ* for a fiber
functor F7°. To define them, for each intermediate covering V — U, we take an
embedding ¥ — Q of the normalization to a smooth scheme over X. Further taking
a ramified covering and a blow-up X', we find an effective Cartier divisor R’ C X’
and a lifting 7" — X’ of T — X such that the valuation v'(R’) of R’ is y for each
y € I'g. Then, we define a dilatation Q’ (R) over X' to be the normalization of
an open subscheme Q'IF7 of the blow-up of the base change Q' = Q xx X’ at
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the closed subscheme Y xx R’ C Q xx X'. To obtain a construction independent
of the choice of X', we apply the reduced fiber theorem of Bosch-Liitkebohmert—
Raynaud for Q"®) — X’ to be flat and to have reduced geometric fibers.

Now the desired functor F}/ (Y/X) is defined as the set of connected compo-
nents of the geometric fiber of Q"®) — X’ at the image of the closed point by
T’ — X' We recover the construction in [Abbes and Saito 2002] in the classi-
cal case where X = T is the spectrum of a complete discrete valuation ring as
we show in Lemma 3.3.2 using Example 2.1.1(1) and Remark 1.1.2. Its variant
F}/ Ty /X) is defined more simply as the geometric fiber of the inverse image
Y X i Q'R) with respect to the morphism ¥’ =Y xx X’ — Q'R lifting the
original immersion Y — Q. The fact that the construction is independent of the
choice of immersion ¥ — Q is based on a homotopy invariance of dilatations
proved in Proposition 2.1.5.

To study the behavior of the functors F. %/ and F. %’ * thus defined for the variable v,
we use a semistable curve C over X defined by st = f for a nonzero divisor f on
X defining an effective Cartier divisor D C X such that DN U = & as a parameter
space for y. Let D C C denote the effective Cartier divisor defined by ¢. Then,
for y € [0, v(D)]ry. there is a lifting T — C of T — X such that v'(D) = y.
Using this together with a local description (Proposition 1.3.3) of Cartier divisors
on a semistable curve over a normal noetherian scheme and a combination of the
reduced fiber theorem and the semistable reduction theorem over a general base
scheme, we derive basic properties of F%’ and F%/ " in Proposition 3.1.8 to prove
Theorems 3.2.6 and 3.3.1.

Convention. In this article, we assume that for a noetherian scheme X, the nor-
malization of the reduced part of a scheme of finite type over X remains to be of
finite type over X. This property is satisfied if X is of finite type over a field, Z, or
a complete discrete valuation ring, for example.

1. Preliminaries

1.1. Connected components.

Definition 1.1.1 [EGA IV, 1965, définition (6.8.1)]. Let f : X — S be a flat mor-
phism locally of finite presentation of schemes. We say that f is reduced if for
every geometric point s of S, the geometric fiber X is reduced.

In [SGA1 1971, exposé X, définition 1.1], reduced morphism is called separa-
ble morphism. A morphism f of finite presentation is étale if and only if f is
quasifinite, flat and reduced.

We study the sets of connected components of geometric fibers of a flat and
reduced morphism of finite type. Let S be a scheme and let s and ¢ be geometric
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points of S. Let S() denote the strict localization. A specialization s < ¢ of
geometric points means a morphism S <t over S.

Assume that S is noetherian. Let X — S be a flat and reduced morphism of
finite type and let s < ¢ be a specialization of geometric points of S. We define
the cospecialization mapping

7o (Xs) — mo(X;) (1-1)

as follows. By replacing S by the closure of the image of ¢, we may assume that
S is integral and that ¢ is above the generic point n of S. By replacing S further
by a quasifinite scheme over S such that the function field is a finite extension
of k(1) in k (), we may assume that the canonical mapping 7o (X;) — mo(X,) is
a bijection. Let U C § be a dense open subset such that the canonical mapping
mo(Xy) — mo(Xy) is a bijection. Then, by [EGA IV, 1967, corollaire (18.9.11)],
the canonical mapping 7o(Xy) — mo(X) is also a bijection. Thus, we define the
cospecialization mapping (1-1) to be the composition

m0(Xs) = 7o (X) <= mo(Xy) <= 7o(Xy).

We say that the sets of connected components of geometric fibers of X — S
are locally constant if for every specialization s <— ¢ of geometric points of S, the
cospecialization mapping 7o(X;) — mo(X;) is a bijection. By [EGAIV3; 1966,
théoreme (9.7.7)] and by noetherian induction, there exists a finite stratification
S =11, Si by locally closed subschemes such that the sets of connected components
of geometric fibers of the base change X x ¢ S; — S; are locally constant for every i.
We call this fact that the sets of connected components of geometric fibers of X — S
are constructible.

Remark 1.1.2. Let S = Spec Ok for a discrete valuation ring Ok and let X =
Spec A be an affine scheme of finite type over S. Let s — § be a geometric closed
point. Let X = SpfA be the formal completion along the closed fiber and let
Xg=Sp A®o, K be the associated affinoid variety over an algebraic closure K
of the fraction field K of Og. If X is flat and reduced over S, the cospecialization
mapping mo(X5) — mo(Xg) is a bijection.

Let Y — § be another flat and reduced morphism of finite type and let f: X — Y
be a morphism over S. The cospecialization mappings (1-1) form a commutative
diagram

mo(Xy) —> mo(Xy)

l l (2

mo(Ys) —— mo(Y1)
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Lemma 1.1.3. Let f : X — Y be a morphism of schemes of finite type over a
noetherian scheme S. Assume that X is étale over S and that Y is flat and reduced
over S. Let A denote the subset of X consisting of the images of geometric points
x of X satisfying the following condition:

Let s be the geometric point of S defined as the image of x and let C C Y

be the connected component of the fiber containing the image of x. Then,

F£71(C) C X consists of a single point x.

Then A is closed.

Proof. By the constructibility of connected components of geometric fibers of Y,

the subset A C X is constructible. For a specialization s <— ¢ of geometric points
of S, the upper horizontal arrow in the commutative diagram

Xy —— X,

.

mo(Yy) —— mo(Yy)

is an injection since X — S is étale. Hence A is closed under specialization and is
closed. U

We have specialization mappings going the other way for proper morphisms.
Let X be a proper scheme over S. Let s < ¢ be a specialization of geometric
points of S. Then, the inclusion Xy — X x5 S() induces a bijection 7o(X;) —
mo(X x5 S(5)) by [SGA 415 1977, IV proposition (2.1)]. Its composition with the
mapping 7o(X;) — mo(X X 5S()) induced by the morphism X; — X x g S(,) defines
the specialization mapping

mo(X) < mo(Xy). (1-3)
For a morphism X — Y of proper schemes over S, the specialization mappings
make a commutative diagram

7o (Xy) «—— mo(Xy)

L

mo(Ys) <—— mo(¥y).

Lemma 1.1.4. Let f : X — Y be a finite unramified morphism of schemes. Let B
denote the subset of X consisting of the images of geometric points x of X satisfying
the following condition:

For the geometric point y of Y defined as the image of x, the fiber X xy y
consists of a single point x.

Then, B is open.
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Proof. The complement X — B equals the image of the complement X xy X = X
of the diagonal by a projection. Since X — Y is unramified, the complement
X xy X=X C X xy X is closed. Since the projection X xy X — X is finite, the
image X — B is closed. ([

Proposition 1.1.5. Let

7z — X

l - If (1-5)

/—— X

be a cartesian diagram of noetherian schemes. Assume that X is normal, the hori-
zontal arrows are closed immersion, the right vertical arrow is quasifinite and the
left vertical arrow is finite. Assume further that there exists a dense open subscheme
U C X such that U' = U xx X' — U is faithfully flat and that U' C X' is also
dense.

(1) Let C C Z be an irreducible closed subset and let C' C f_1 (C) be an irre-
ducible component. Then, C' — C is surjective.

(2) Let C C Z be a connected closed subset and let C' C f~1(C) be a connected
component. Then, C' — C is surjective.

Proof. (1) By replacing U by a dense open subscheme if necessary, we may assume
that U’ — U is finite. By Zariski’s main theorem, there exists a scheme X' finite
over X containing X’ as an open subscheme. By replacing X’ by the closure of U,
we may assume that U’ is dense in X'. Since U’ is closed in X’ x x U, we have
X' xx U ="U" Since Z' = (X' xx Z) N X' is closed and open in X' xx Z, by
replacing X’ by X', we may assume that f is finite.

Since f is a closed mapping, it suffices to show that the generic point z of C
is the image of the generic point z’ of C’. Let x’ be a point of C". Replacing X
by an affine neighborhood of x = f(x) € C, we may assume X = Spec A and
X' = Spec B are affine. Then, the assumption implies that A — B is an injection
and B is finite over A. Since x is a point of the closure C = {z}, the assertion
follows from [Bourbaki 1985, Chapter V, Section 2.4, Theorem 3].

(2) Let C; C C be an irreducible component such that C; N f(C’) is not empty.
Then, there exists an irreducible component C| of f —I(cy) ¢ £~1(C) such that
C{NC’ is not empty. By (1), we have C; = f(C}). Since C’ is a connected compo-
nentof f~!(C) and C{NC’ # @, we have C| C C’ and hence C; = f(C}) C f(C').
Thus, the complement C = f(C’) is the union of irreducible components of C not
meeting f(C’) and is closed. Since f(C’) C C is also closed and is nonempty, we
have C = f(C/). O
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Corollary 1.1.6. Let

!

8

7z X/ Y/ Y’
l 0 fl 0 fll lf’ (1-6)
z X Y,y

be a commutative diagram of noetherian schemes such that the left square is carte-
sian and satisfies the conditions in Proposition 1.1.5. Assume that Y| C X is a
closed subscheme, that the middle square is cartesian and that the four arrows
in the right square are finite. Assume that there exists a dense open subscheme
Vi C Yy such that V. = V) xy, Y C Y is also dense and that gly : V — V| and
glv V' =V xyY' — V] =V xy, Y| are isomorphisms.

(1) For any irreducible (resp. connected) component C of Y, we have f~'(g(C)) =
g (f'~1(C)). Consequently, we have f~'(g(Y)) = g’ (Y.

(2) Suppose that the mapping Z xx Y — wo(Y) is a bijection. Then, the diagram
Z’NY| «—— Z' xx Y

L

ZﬂYl <« ZXXY

of underlying sets induces a surjection Z' xx1 Y' — (Z'NY{) X zay, (Z xx Y)
of sets. If Z xx Y — Z N Yy is surjective, then Z' xx Y' — Z' NY/ is also
surjective. Further, if Y' — Y is surjective, then Z' NY{ — Z NY; is also
surjective and the diagram (1-7) is a cocartesian diagram of underlying sets.

(3) The diagram
(2 «—— Z'NY]

Il

JT()(Z) D S— ZﬂYl

of sets induces a surjection Z' N Y| — wo(Z") Xxyz) (Z N Y1) of sets. If
ZNY1 — wo(Z) is surjective, then Z'NY{ — mwo(Z') is also surjective. Further
ifZ'NY| — ZNY, is surjective, the diagram (1-8) is a cocartesian diagram
of sets.

Proof. (1) Let C C Y be an irreducible component. The inclusion f~'(g(C)) D
g (f ~1(C)) is clear. We show the other inclusion. Since V is dense in Y, the
intersection C NV and hence its image g(C) N V) are not empty. Let C’ be an
irreducible component of f~!(g(C)) C Y|. Since Y| — Y is finite and g(C) C Y} is
an irreducible closed subset, we have g(C) = f(C’) by Proposition 1.1.5(1). Since
£(C'NV))= f(CHNV; =g(C)NV; isnotempty, C'NV] =g'(g'~'(C'NV/)) is also
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nonempty and hence is dense in C". Since g'~'(C'NV)) =g~ (C"YNV' C f~1(C)
and since g’ : Y/ — X’ is proper, we have C’ C g'(f~1(C)).

Since a connected component of Y and Y itself are unions of irreducible com-
ponents of Y, the remaining assertions follow from the assertion for irreducible
components.

(2) Letz’ € Z'NY{ and y € Z x x Y be points satisfying f(z') =g(y)in ZNY;. Let
C C Y be the unique connected component containing y. Since z’ € f~!(g(C)) =
g (f"~1(C)) by (1), there exists a point y' € Z' xx f'~1(C) C Z' xx Y’ such
that z’ = g'(y"). Since f'(y") € Z xx Y is a unique point contained in C € y(Y),
we have y = f'(y). Thus, (', y) € (Z'NY|) xzny, (Z xx Y) is the image of
yezZ xxY.

If ZxxY — ZNY, is surjective, then (Z'NY|) X zny, (Z xx Y) — Z'NY] is sur-
jective and hence the first assertion implies the surjectivity of Z' xx' Y’ — Z'NY].

Ifboth ZxxY — ZNY; and Y’ — Y are surjective, then Z'xy Y ' =Z xx Y’ —
Z xx Y is also surjective and hence by the commutative diagram (1-7), the mapping
Z'NY|{ — ZNY, is a surjection. This implies that the diagram (1-7) with Z’' x x/ ¥’
replaced by (Z' NY{) X zny, (Z xx Y) is a cocartesian diagram of underlying sets.
Hence the surjectivity of Z’' xx Y — Z'NY{ xzny, (Z xx Y) implies that the
diagram (1-7) is a cocartesian diagram of underlying sets.

(3) Let C' C Z’ be a connected component and let z € Z N Y; be a point such that
the connected component C C Z satisfying f(C") C C contains z. Since f(C")=C
by Proposition 1.1.5(2), the intersection C' N f~!(z) C Z'N Y/ is not empty. Hence
(C’,2) € 10(Z') X oz (ZN Y1) is in the image of C'N f~1(z) c Z'N Y|

The remaining assertions are proved similarly as in (2). U

1.2. Flat and reduced morphisms. Let k = 0 be an integer. Recall that a noether-
ian scheme X satisfies the condition (Ry) if for every point x € X of dim Oy , <k,
the local ring Oy , is regular [EGA IV, 1965, définition (5.8.2)]. Recall also that a
noetherian scheme X satisfies the condition (Sy) if for every point x € X, we have
prof Ox 2 inf(k, dim Ox ) [EGA IV, 1965, définition (5.7.2)].

Proposition 1.2.1. Ler f : X — S be a flat morphism of finite type of noetherian
schemes and let k = 0 be an integer. We define a function k : S — N by k(s) =
max(k —dim Og g, 0).
(1) If S satisfies the condition (Ry) and if the fiber X; = X X5 s satisfies (R (s))
for every s € S, then X satisfies the condition (Ry).
(2) If X satisfies the condition (Ry) and if f : X — S is faithfully flat, then S
satisfies the condition (Ry).
Proof. (1) Assume dim Oy, < k and set s = f(x). Then, we have dim Og ; <
dim Oy , < k and dim Oy, , = dim Ox x —dim Og 5 < k(s) by [EGATIV, 1965,
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proposition (6.1.1)]. Hence Os s and Oy, , are regular by the assumption. Thus
Ox x is regular by [EGA 1V, 1964, chapitre Oy proposition (17.3.3)(ii)].

(2) This follows from [EGA IV, 1965, proposition (6.5.3)(1)]. [l
Proposition 1.2.2. Let f : X — S be a flat morphism of finite type of noether-

ian schemes and let k = 0 be an integer. Let the function k : S — N be as in
Proposition 1.2.1.

(1) If S satisfies the condition (Si) and if the fiber X satisfies (Si(s)) for every
s € S, then X satisfies the condition (Sg).

(2) If X satisfies the condition (Sg) and if f : X — S is faithfully flat, then S
satisfies the condition (Sg).

(3) If X satisfies the condition (Sy) and if S is of Cohen—Macaulay, then the fiber
X satisfies (Sg(s)) for every s € S.

Proof. (1) Let x € X and s = f(x). Then, we have prof Oy ; = inf(k, dim Og ) and
prof Ox, x = inf(k(s), dim Ox, ;) by the assumption. By dim Oy, , = dim Ox , —
dim Og ; [EGA 1V, 1965, proposition (6.1.1)], we have

inf(k, dim Og ) + inf(k(s), dim Oy, ) = inf(k, dim Ox ).
Hence the claim follows from prof Oy , = prof Os ; + prof Ox, » [EGA IV, 1965,
proposition (6.3.1)].
(2) This follows from [EGA IV, 1965, proposition (6.4.1)(1)].
(3) Letx € X and s = f(x). Then by the assumption, we have

prof Oy, 2 inf(k, dim Oy ;) and prof Oy =dim Oy ;.

By prof Ox, » = prof Ox , — prof Os ; = 0 [EGA IV, 1965, proposition (6.3.1)]

and dim Oy, , = dim Oy , — dim Os s [EGAIV;, 1965, proposition (6.1.1)] we

have prof Oy, , = inf(k —dim Og 5, dim Oy, ) = k(s) and the assertion follows.
O

Corollary 1.2.3. Let f : X — S be a flat morphism of finite type of noetherian
schemes and let U C X be the largest open subset smooth over S.

(1) Assume that the fiber X is reduced for every s € S. Assume further that S is
normal and that for the generic point s of each irreducible component, X is
normal. Then X is normal.

(2) Fors € S and a geometric point s above s, we consider the following condi-
tions:

(1) The geometric fiber X5 is reduced.
(i1) Uy is dense in X;.
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Then, we have (i) = (ii). Conversely, if X is normal and S is regular of
dimension < 1, then we have (ii) = (i).

Proof. (1) By Serre’s criterion [EGA TV, 1965, théoreme (5.8.6)], S satisfies (Ry)
and (S;). By [EGA 1V, 1965, proposition (5.8.5)], every fiber X satisfies (R;)
and (Sg). Further if s is the generic point of an irreducible component, the fiber
X, satisfies (Ry) and (S;). Since the function k(s) for k = 2 satisfies k(s) < 1
unless s is the generic point an irreducible component and k(s) = 2 for such point,
the scheme X satisfies the conditions (R») and (S1) by Propositions 1.2.1(1) and
1.2.2(1). Thus the assertion follows by [EGA IV, 1965, théoreme (5.8.6)].

(2) (i) = (ii): Since Xj; is reduced, there exists a dense open subset V C X5 smooth
over 5. Since f is flat, the image of V in X is a subset of Uj.

(ii) = (i): Since X satisfies (Sy) and S is Cohen—-Macaulay of dimension < 1, the
fiber X satisfies (S;) by Proposition 1.2.2(3). Hence the geometric fiber X; also
satisfies (S1) by [EGA IV, 1965, proposition (6.7.7)]. By (ii), X5 satisfies (Ry).
Hence the assertion follow from [EGA IV, 1965, proposition (5.8.5)]. O

Lemma 1.2.4. Let S be a noetherian scheme and let f : Y — X be a quasifinite
morphism of schemes of finite type over S. Assume that X is smooth over S and that
Y is flat and reduced over S. Assume that there exist dense open subschemes U C S
and U xs X CW C X such that Y xx W — W is étale and that for every point
s € S, the inverse image fs_l(Ws) CYy=Yxgsof Wy=W xgs CX;=X Xg5
by f;:Ys — X is dense. Then, Y — X is étale.

Proof. 1f S is regular, the assumption that ¥ x x W — W is étale and Corollary 1.2.3(1)
implies that the quasifinite morphism ¥ — X of normal noetherian schemes is
étale in codimension < 1. Since X is regular, the assertion follows from the purity
theorem of Zariski—Nagata.

Since X and Y are flat over S, it suffices to show that for every point s € S, the
morphism Yy =Y xgs — Xj is étale. Let S’ — S be the normalization of the blow-
up at the closure of s € S. Then, there exists a point s’ € §” above s € S such that
the local ring Oy ¢ is a discrete valuation ring. Since the assumption is preserved
by the base change Spec Oy ¢ — S, the morphism Yy =Y Xgs5' — Xy =X xgs’'
is étale. Hence Yy — X; is also étale as required. U

The following statement is a combination of the reduced fiber theorem and the
flattening theorem.

Theorem 1.2.5 [Bosch et al. 1995, Theorem 2.1’; Raynaud and Gruson 1971,
théoreme (5.2.2)]. Let S be a noetherian scheme and let U C S be a schemati-
cally dense open subscheme. Let X be a scheme of finite type over S such that
Xy = X x5 U is schematically dense in X and that Xy — U is flat and reduced.



RAMIFICATION GROUPS OF COVERINGS AND VALUATIONS 383

Then there exists a commutative diagram

X «— X

I

S «—

of schemes satisfying the following conditions:

(i) The morphism S' — S is the composition of a blow-up S* — S with center
supported in S =U and a faithfully flat morphism S" — S* of finite type such
that U = S xgU — U is étale.

(ii) The morphism X' — S’ is flat and reduced. The induced morphism X' —
X x s 8 is finite and its restriction X' xg U' — X x g U’ is an isomorphism.

If Xy — U is smooth and if S’ is normal, then X’ is the normalization of X x ¢S’
by Corollary 1.2.3(1). If Xy — U is étale, the first condition in (ii) implies that
X' — §'is étale.

For the morphism §” — S satisfying the condition (i) in Theorem 1.2.5, we have
the following variant of the valuative criterion.

Lemma 1.2.6. Let S be a scheme and let U be a dense open subscheme. Let S| — S
be a proper morphism such that Uy = U x5 S| — U is an isomorphism and let
S" — S| be a quasifinite faithfully flat morphism. Lett € U, let A C K = k(t) be
a valuation ring and let T = Spec A — S be a morphism extending t — U. Then,
there existt' € U' = U x g §" above t, a valuation ring A’ C K’ = k(') such that
A = A’N K and a commutative diagram

T/ S/

l l (1-10)

T —— S

for T' = Spec A’. Further, ift =T x5 U, then we havet' =T' xg U’

Proof. Since S; — § is proper and U; — U is an isomorphism, the morphism
T — S is uniquely lifted to T — S by the valuative criterion of properness. Let
x1 €T x5, §' be a closed point and let ' € ¢ x5, S’ be a point above ¢ such that x;
is contained in the closure T = {t'} C T xs, S’ with the reduced scheme structure.
Let A’ C k(t) be a valuation ring dominating the local ring Or, ,. Then, we have
the commutative diagram (1-10) for 7/ = Spec A’.

Since ¢’ is the unique point of ¢ x7 T', the equality t = T xg U implies ¢’ =
T’ X U’ [l
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1.3. Semistable curves. Let S be a scheme. Recall that a flat separated scheme X
of finite presentation over S is a semistable curve, if every geometric fiber is purely
of dimension 1 and has at most nodes as singularities.

Example 1.3.1. Let S be a scheme and let D C S be an effective Cartier divisor.
Let C' — Ag be the blow-up at D C S C Aé regarded as a closed subscheme by
the O-section. Then, the complement Cp C C’ of the proper transform of the 0-
section is a semistable curve over S and is smooth over the complement U = S—D.
The exceptional divisor D C Cp is an effective Cartier divisor satisfying 0 < D <
D x ¢ Cp. The difference D xg Cp — D equals the proper transform of A}).

If S = Spec A is affine, A}Q = Spec A[¢] and if D is defined by a nonzero divisor
f € A, we have Cp = Spec Als, t]/(st — f) and D C Cp is defined by t.

Lemma 1.3.2. Let S be a scheme and let U C S be a schematically dense open
subscheme. Let C be a separated flat scheme of finite presentation over S such
that the base change Cy = C x5 U is a smooth curve over U. Then, the following
conditions are equivalent:

(1) C is a semistable curve over S.

(2) Etale locally on C and on S, there exist an effective Cartier divisor D C S such
that D N U is empty and an étale morphism C — Cp over S to the semistable
curve Cp defined in Example 1.3.1.

Proof. This is a special case of [SGA 7 1973, corollaire 1.3.2]. O

Let S be a normal noetherian scheme and let j : U = S=D — § be the open
immersion of the complement of an effective Cartier divisor D. Leti : D — S be
the closed immersion and let 7p : D — D denote the normalization. Then, the
valuations at the generic points of irreducible components of D define an exact
sequence 0 — Gy, 5 = jsGyu — 147 p«Zf of étale sheaves on S.

Let f : C =Cp — S be the semistable curve over S defined in Example 1.3.1.
Let ]~ Uc =C xsU — C denote the open immersion and let i Dc=CxsD—C
denote the closed immersion. Let A C C be the exceptional divisor and let B =
D¢ — A C C be the effective Cartier divisor defined as the proper transform of ND.
Leta:A— Candb:B— Cande: E=ANB — C denote the closed immersions.
Then, the Cartier divisors A, B, D¢ C C defines a commutative diagram

i ——————— a, 7 D bZ

l l (1-11)

F*GGmv/Gm.s) —— jxGm.ue/Gm.c

of étale sheaves on C.
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Proposition 1.3.3. Let S be a normal noetherian scheme and let D C S be an
effective Cartier divisor. Let f : C = Cp — S be the semistable curve defined in
Example 1.3.1. Then, the diagram (1-11) induces an exact sequence

0= fYiZ — [*(jsGmu/Cm,s) ® (LB L) — jsGm,uc/Gmc — 0 (1-12)
of étale sheaves on Dc.

Proof. Let z be a geometric point of C; we will show the exactness of the stalks
of (1-12) at z. Replacing S by the strict localization at the image x of z, we may
assume that § is strict local and that x is the closed point. For t € § = §(),
the Milnor fiber C(;) x gt at ¢ of the strict localization C(;) at z is geometrically
connected by [EGA IV, 1967, théoréme (18.9.7)]. Further, if z € E and if t € D,
the fiber at ¢t of C(;) = E(;) has 2 geometrically connected components.

First, we consider the case where C is smooth over S at z. Then, since the
Milnor fiber C(;); is connected, the canonical morphism f*i.Zp5 — icsZ De is
an isomorphism. Hence, the stalk of the lower horizontal arrow (1-11) at z is an
injection. Further, this is a surjection by flat descent.

We assume that C — S is not smooth at z. Let D be a Cartier divisor of Cuo
supported on D¢, = C(;) x5 D. Then similarly as above, there exists a Cartier
divisor D on S supported on D such that Dy = D— f*D; is supported on the
inverse image of A. Define a Z-valued function n on y € E(;) = D as the intersection
number of Dy with the fiber B x5 y. We show that the function » is constant.
By adding some multiple of A to D if necessary, we may assume that Dy is an
effective Cartier divisor of C supported on A. Since B is flat over D, the pull-back
Dy x ¢ B is an effective Cartier divisor of B finite flat over D by [EGATIV| 1964,
Ory proposition (15.1.16) ¢c)=>b)]. Hence the function # is constant. Thus we have
D= f*Di+n- A and the exactness of the stalks of (1-12) at z follows. |

Corollary 1.3.4. Let S be a normal noetherian scheme and let C — S be a semi-
stable curve. Let x € S be a point and let 7 € C X s x be a singular point of the
fiber. Assume that z is contained in the intersection of two irreducible components
Ciand Cyof C xgx. Let sy : S — C and s : S — C be sections meeting with the
smooth parts of C1 and C, respectively.

Let U C. S be a dense open subscheme such that Cy = C x g U is smooth over
U and let D C C be an effective Cartier divisor such that DNC U is empty. Deﬁne
effective Cartier divisors Dy = s} *D and D, = 55 D of S as the pull-back OfD

Then, on a neighborhood of x, we have either D\ < D, or D, < D. Suppose
we have D1 < D5 on a neighborhood of x. Then, we have D1 x g C < D <D, xsC
on a neighborhood of z.

Proof. In the notation of the proof of Proposition 1.3.3, we have D= f*Di+nA
for an integer n on an étale neighborhood of z. Hence the assertion follows. [
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We recall a combination the flattening theorem and a strong version of the
semistable reduction theorem for curves over a general base scheme.

Theorem 1.3.5 [Raynaud and Gruson 1971, théoréme (5.2.2); Temkin 2011, The-
orem 2.3.3]. Let S be a noetherian scheme and let U C S be a schematically dense
open subscheme. Let C — S be a separated morphism of finite type such that
C xs U — U is a smooth relative curve and that C x5 U C C is schematically
dense. Then, there exists a commutative diagram

C «—— ('

L

S «— ¢

of schemes satisfying the following conditions:

(i) The morphism S' — S is the composition of a proper modification S — S
such that Uy = U x5 81 — U is an isomorphism and a faithfully flat morphism
S"— Sy such that U' = U xg 8" — Uy is étale and U' C S’ is schematically
dense.

(ii) The morphism C’ — S’ is a semistable curve and the morphism C' — C xg S’
is a proper modification such that C' x g U' — C x s U’ is an isomorphism.

Corollary 1.3.6. Let S be a noetherian scheme and let U C S be a schematically
dense open subscheme. Let C — S be a separated morphism of finite type such that
Cy =C xsU — U is a smooth relative curve and that Cy C C is schematically
dense. Let X — C be a separated morphism of finite type such that Xy = X xsU C
X is schematically dense and that Xy — Cy is flat and reduced. Then, there exists

a commutative diagram
X «—— X

L

C «—— (C

L

S «— ¢
of schemes satisfying the following conditions:
(i) The morphism S' — S is the composition of a proper modification S — S
such that Uy = U x g 81 — U is an isomorphism and a faithfully flat morphism
S — Sy suchthat U' =U xg S — U, is étale and U' C S’ is schematically
dense.
(ii) The morphism C' — S’ is a semistable curve and the morphism C' — C x s S’ is
the composition of a proper modification C\, — C x g S" such that Cj x g U' —
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C x5 U’ is an isomorphism, a faithfully flat morphism C| — C{, such that
C| xg U — Cy xg U is étale and of a proper modification C' — C} such
that C' x g U' — C| x g U’ is an isomorphism.

(iii) The morphism X' — C' is flat and reduced, the morphism X' — X x¢ C’ is
finite and X' x g U’ — X x¢ C' xg U’ is an isomorphism.

Proof. By the reduced fiber theorem (Theorem 1.2.5) applied to X — C, there
exists a commutative diagram

X «— X,

L

C(—Cl

satisfying the conditions (i) and (ii) of Theorem 1.2.5. Since C; xsU — C xs U
is étale and C; xg U C C; is schematically dense, by the combination of the
stable reduction theorem and the flattening theorem (Theorem 1.3.5), there exists

a commutative diagram
C, «— C

L

S «— &
satisfying the conditions (i) and (ii) of Theorem 1.3.5.

We show that X' = X| x¢, C' — C" — §’ satisfy the required conditions. By the
construction, S’ — § satisfies the condition (i) and C’ — §’ is a semistable curve.
Since C; — C is obtained by applying Theorem 1.2.5 and C’ — S’ is obtained by
applying Theorem 1.3.5, the composition C' — C| = C| x5 §" — C x5 §' satisfies
the condition in (ii). Finally, the base change X’ — C’ of a flat and reduced
morphism X; — C; is flat and reduced. Since X’ — C’ is obtained by applying
Theorem 1.2.5, the morphism X' — X x ¢ C’ satisfies the condition (iii). O

1.4. Subgroups and fiber functor. For a finite group G, let (Finite G-sets) denote
the category of finite sets with left G-actions.

Definition 1.4.1. We say that a category C is a finite Galois category if there exist
a finite group G and an equivalence of categories F : C — (Finite G-sets). If
F : C — (Finite G-sets) is an equivalence of categories, we say that G is the
Galois group of the finite Galois category C and call the functor F itself or the
composition C — (Finite-sets) with the forgetful functor also denoted by F a fiber
functor of C.

We say that a morphism F — F’ of functors F, F' : C — (Finite-sets) is a
surjection if F(X) — F’(X) is a surjection for every object X of C. For a sub-
group H C G and for a fiber functor F' : C — (Finite G-sets), let Fy denote the
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functor C — (Finite-sets) defined by Fy(X) = H\ F(X). The canonical morphism
F — Fy is a surjection.
Surjections F — Fp are characterized as follows.

Proposition 1.4.2 (cf. [Abbes and Saito 2002, Proposition 2.1]). Let C be a finite
Galois category of the Galois group G and let F : C — (Finite-sets) be a fiber func-
tor. Let F' : C — (Finite-sets) be another functor and let F — F’ be a surjection
of functors. Then, the following conditions are equivalent:

(1) For every surjection X — Y in C, the diagram

F(X) —— F'(X)

l l (1-13)

F(Y) —— F'(Y)

is a cocartesian diagram of finite sets. For every pair of objects X and Y of C,
the morphism F/(X)UI F'(Y) — F'(X 1Y) is a bijection.

(2) There exists a subgroup H C G such that F — F' induces an isomorphism
FH —> F/.

Proof. (1) = (2): We may assume C = (Finite G-sets) and F is the forgetful
functor. For X = G, the mapping F(G) = G — F'(G) is a surjection of finite
sets. Define an equivalence relation ~ on G by requiring that G/~ — F’(G) be
a bijection and set H = {x € G | x ~ e}. Then, since the group G acts on the
object G of C by the right action, the relation x ~ y is equivalent to xy~! € H.
Since ~ is an equivalence relation, the transitivity implies that H is stable under
the multiplication, the reflexivity implies e € H and the symmetry implies that H
is stable under the inverse. Hence H is a subgroup and the surjection F(G) =G —
F’(G) induces a bijection H\G — F’'(G).

Let X be an object of C = (Finite G-sets) and regard G x X as a G-set by
the left action on G. Then, since the functor F’ preserves the disjoint union, we
have a canonical isomorphism F'(G x X) — F'(G) x X — (H\G) x X. Further,
the cocartesian diagram (1-13) for the surjection G x X — X in C defined by the
action of G 1is given by

GxX——(H\G)xX

M

X— 5 F'(X)

Thus we obtain a bijection H\X — F'(X).
(2) = (1): This is clear. [l
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Corollary 1.4.3. Let the notation be as in Proposition 1.4.2 and let G’ be a quo-
tient group. Let C' C C be the full subcategory consisting of objects X such
that F(X) are G'-sets. Then the subgroup H' C G’ defined by the surjection
Flcr — F'|¢ of the restrictions of the functors equals the image of H C G in
G

Proof. If a G-set X is a G'-set, the quotient H\X is H'\ X. O

Corollary 1.4.4. Let C be a finite Galois category of Galois group G and let F :
C — (Finite G-sets) be a fiber functor. Let G' — G be a morphism of groups
and let F also denote the functor C — (Finite G’-sets) defined as the composition
defined by G’ — G. Let F' : C — (Finite G'-sets) be another functor and let
F — F’ be a surjection of functors such that the composition with the forgetful
functor satisfies the condition (1) in Proposition 1.4.2.

Let H C G be the subgroup satisfying the condition (2) in Proposition 1.4.2
and let G| C G be the image of G' — G. Then, the functor F' induces a functor
C — (Finite G{-sets) and G| C G is a subgroup of the normalizer Ng(H) of H.

Proof. For an object X of C, F(X) regarded as a G'-set is a G{-set. Since F (X) —
F’(X) is a surjection of G’-sets, F'(X) is also a G{-set. Since the left action of
G{ C G on the G-set F(G) = G induces an action on F'(G) = H\G, the subgroup
H is normalized by Gj. O

2. Dilatations

2.1. Functoriality of dilatations. Let X be a noetherian scheme and we consider
morphisms

D— X< Q<Y (2-1
of separated schemes of finite type over X satisfying the following condition:

(1) DCX,Dy=DxxY CYand Dgp =D xx Q C Q are effective Cartier
divisors and ¥ — Q is a closed immersion.

In later subsections, we will further assume the following condition:
(i) X is normal and Q is smooth over X.
We give examples of constructions of Q for a given Y over X.

Example 2.1.1. Assume that X and Y are separated schemes of finite type over a
noetherian scheme S.

(1) Assume S = Spec A and Y = Spec B are affine. Then, taking a surjection
A[Ty, ..., T,] — B, we obtain a closed immersion ¥ — Q = A¢ x5 X.

(2) Assume that Y is smooth over S. Then, Q =Y x5 X — X is smooth and the
canonical morphism ¥ — Q =Y x ¢ X is a closed immersion.
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(3) Assume that 7 : Y — X is finite flat and define a vector bundle Q over X by
the symmetric Ox-algebra S*m,Oy. Then the canonical surjection S°*7, Oy —
m.Oy defines a closed immersion Y — Q.

For morphisms (2-1) satisfying the condition (i) above, we construct a commu-
tative diagram

Y —— QD (2-2)

RN

y — ol —— 0

of schemes over X as follows. Let Zp C Ox and Zy C Og be the ideal sheaves
defining the closed subschemes D C X and Y C Q. Let Q" — Q be the blow-up
at Dy = D xx Y C Q and define the dilatation QP! at ¥ — Q and D to be the
largest open subset of Q" where ZpOpr D Iy Og. Since Dy is a divisor of Y, by
the functoriality of blow-up, the immersion ¥ — Q is uniquely lifted to a closed
immersion ¥ — QP Let Y and Q' be the normalizations of ¥ and Q!”! and
let Y — QO be the morphism induced by the morphism ¥ — Q!P1. If there is a
risk of confusion, we also write QP! and Q® as Q!P-¥1 and QP-Y) in order to
make Y explicit.

Locally, if Q = Spec A and Y = Spec A/ are affine and if D C X is defined by
a nonzero divisor f, we have

01 = Spec A[1/f] (2-3)

for the subring A[1/f] C A[1/f] and the immersion ¥ — QP! is defined by the
isomorphism A[I/f]1/(I/f)ALl/f]— A/I.

Example 2.1.2. Let X be a noetherian scheme and let D C X be an effective
Cartier divisor.

(1) Let Q be a smooth separated scheme over X and let s : X — Q be a section.
Let Y = s(X) C Q be the closed subscheme. Then, QP! is smooth over X.
If X is normal, the canonical morphism Q® — Q!P! is an isomorphism.

(2) Assume that X is normal. Let Q be a smooth curve over X and let sy, ..., s, :
X — Q be sections. Define a closed subscheme Y C Q as the sum Z:l: 15i(X)

of the sections regarded as effective Cartier divisors of Q. Assume that D C
sy(si(X)) fori=1,...,n—1. Then Q"P) s X is smooth and Y x oDl QD)
Q"D is the sum ZLI 5;(X) of the sections §; : X — Q"D lifting s; : X — Q.

In fact, we may assume that X = Spec A is affine and, locally on Q, take an

étale morphism Q — A}(. Then, we may assume that Q = A}( = Spec A[T]
and Y is defined by P =[]'_,(T —a;) for a; € A. We may further assume that

D is defined by a nonzero divisor a € A dividing ay, ..., a,. Then, we have
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Q"Pl = Spec A[T][P/a"] and T' = T /a satisfies [[/_,(T' — a;/a) = P/a"
in A[T][1/a]. Hence we have Q"?) = Spec A[T’] and this equals Q[P-»(X)]
and is smooth over X. The section Y — QU"Pl is defined by P/a" =0 and
hence Y x ginpi QD) QD) is defined by A[T'1/ [T/ (T’ — ai/a).

We study the base change QP! xx D.

Lemma 2.1.3. (1) The canonical morphism Q'P! — Q induces
0Pl xx D= 0PV xy Dy — Dy. (2-4)

) If Y — Q is a regular immersion and if Ty Q and TpX denote the normal
bundles, we have a canonical isomorphism

Ty Q(=Dy) xy Dy = (Ty @ xy Dy)®(TpX x p Dy)®~' — QPIxx D (2-5)
The isomorphism (2-5) depends only on the restriction Dy — Q and not on
Y — Q itself.

(3) Assume that Q is smooth over X and X =Y — Q is a section. Let T(Q/ X) de-
note the relative tangent bundle defined by the symmetric Op-algebra Sbgﬂlg /X
Then, we have a canonical isomorphism

T(Q/X)(=D)xo D= (T(Q/X)xoD)®TpX®' = QWP xxy D. (2-6)

The isomorphism (2-6) depends only on the restriction D — Q and not on the
section X — Q itself.

Proof. (1) Since ZpOgiv1 D Zy Ogin1 on o'Pl by the definition of 0'P1 we have
0Pl xyx D = QP! x o Dy. Hence, we obtain a morphism 0P xx D — Dy.

(2) Assume that Y — Q is a regular immersion. Then, Dy — Q is also a regular
immersion and the normal bundle Tp, Q fits in an exact sequence

0— TDYDQ—>TDYQ—>TDXXDDy—>O

depending only on D — X and Dy — Q andnoton Y — Q. Let Q' — Q be
the blow-up at Dy C Q. Then, the exceptional divisor Q' x o Dy is canonically
identified with the projective space bundle P(Tp, Q) over Dy. Its open subset
O'P1 % o Dy is identified as in (2-5) since Tp, Do = Ty O Xy Dy.

(3) Since the normal bundle Tx Q is canonically identified with the restriction
T(Q/X) x g X of the relative tangent bundle, the assertion follows from (2). [

We give a sufficient condition for the morphism ¥ — Q) to be an immersion.

Lemma 2.1.4. Assume that X and Y = Dy are normal and let w : Y — Y be the
normalization. Assume that Y — X is étale and that 1Oy /Oy is an Op,-module.
Then, the finite morphism Y — QP is a closed immersion.
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Proof. Since the assertion is étale local on Q and X, we may assume that ¥ — X
is finite and that the étale covering ¥ — X is split. We may further assume that
X,Y and Q are affine and that D is defined by a nonzero divisor f on X. Let
Y =Spec A, Y =Spec A, Q =Spec B, QP! =Spec B?P1, 9?P) = Spec BCD)
for A= B/I, B?P! = B[1/f?] C B[1/f] and the normalization B?? of BI?P1,
Since Y — X is a split étale covering, it suffices to show that for every idempotent
e € A, there exists a lifting ¢ € B?D).

Since A/A is annihilated by f, the product fe = g is an element of A. Let
g € B be a lifting of g. Since ¢*> = ¢, the element i = 3> — fg € B is contained
in 7 and hence h/f? € B[1/f] is an element of BP?P). Thus é = g/f € B[1/f] is
a root of the polynomial 72 — T — h/f* € B2PI[T] and is an element of B?P),
Since e is a lifting of e, the assertion follows. ([

We study the functoriality of the construction. We consider a commutative dia-
gram

C C

D xx X'C D'c X’ 0’ Y’
| | A
D¢ < X 0 Y

of schemes such that the both lines satisfy the condition (i) on the diagram (2-1).
Then, by the functoriality of dilatations and normalizations, we obtain a commuta-
tive diagram

Y —— Q’[D/] < Q’(D/) «— Y
| l l | @
Y —— QP «— o) Y,
The diagram (2-8) induces a morphism
Q’(D,) X o] Y — 0P X gio1 Y. (2-9)

Let x be a geometric point of D and let X" be a geometric point of D x y X’ above X.
Then the diagram (2-8) also induces a mapping

m0(QP)) > (0P (2-10)

of the sets of connected components of the geometric fibers.
First we study the dependence on Q.

Proposition 2.1.5. Suppose X = X', Y =Y’ and D = D’ and let X be a geometric
point of D.
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(1) Assume that Q' — Q is smooth and let T = T(Q'/Q) denote the relative
tangent bundle of Q' over Q. Then Q! — QP is also smooth and there
exists a cartesian diagram

T(—D) xg Dy +— Q™I xx D

l O l (2-11)

2-4
Dy« ol D

(2) Assume that Q and Q' are smooth over X. Then, the square

0Pl /D)

l l (2-12)

oWl o)

is cartesian. The induced morphism Q'P) x oY — 0D x oY (2-9)is an
isomorphism over Y and the induced mapping JT()(Q%(D)) — nO(Q)(;D) ) (2-10)
is a bijection.

Proof. (1) First, we show the case where Q' — Q admits a section Q — Q'
extending ¥ — Q. The section Q — Q' defines a section QP! — Q" x, QP
Define (Q' x ¢ Q[D])[DQ[D]'QlDJ] to be the dilatation of Q" x o QP! for the section
O'P1 — 0" x ¢ O'P) and a divisor Dy = D xx Q') over Q!P1. We show that
the canonical morphism Q’ [Pl 5 0" x 0 0'P1 induces an isomorphism

0" — (Q' x g 'PhPairr 7, (2-13)

Since the question is étale local on Q’, we may assume that Q' = A% and the
section Q — Q' is the 0-section. Further, we may assume that Q = Spec A and
Y = Spec A/I are affine and that D C X is defined by a nonzero divisor f on
X. We set A’ = A[T), ..., T,] and Q' = Spec A". The O-section Q — Q’ is
defined by the ideal J = (T, ..., T,) C A. We have Pl = Spec A[1/f] and
Q'"PY=Spec A'[I'/f1for I'=1A'+J. Since A'[I'/f1=AlI/f1IIT1/f, ..., Tn/f]
as a subring of A’[1/f], we obtain an isomorphism (2-13).

By the isomorphism (2-13) and Example 2.1.2(1), the morphism Q'lP1 — Q[P
is smooth. Further, by Lemma 2.1.3(3), we obtain a cartesian diagram (2-11),
depending only on D — X, Dy — Q and Dy — Q’ but not on the choice of
section Q — Q' extending Y — Q"

We prove the general case. Since Q" — Q has a section on Y C Q, locally
on Q, there exist a closed subscheme Q| C Q' étale over Q such that Y — Q’
is induced by Y — Q. For the smoothness of Q’ (D] 5 olIP] gince the assertion
is étale local, we may assume that Q| = Q is a section. Hence the smoothness
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Q''P1 — QlP1 follows. Further since the cartesian diagram (2-11) defined étale
locally is independent of the choice of section, we obtain (2-11) for Q' by patching.

(2) First, we show the case where Q" — Q is smooth. Then by (1), Q’ (D] 5 olPl g
also smooth and the fibered product QP x o O [P] is normal. Hence the square
(2-12) is cartesian and the morphism (2-9) is an isomorphism. By the cartesian
squares (2-12) and (2-11), Q;E(D ) is a vector bundle over Q)(ED ). Hence (2-10)is a
bijection.

We show the general case. A morphism f : Q' — Q is decomposed as the
composition of the projection pr, : Q' xx @ — Q and a section of the projection
pr; : O’ xx O — Q. Hence, the cartesian squares (2-12) and the bijections (2-10)
for the projections imply those for f respectively. The cartesian square (2-12) for
f implies an isomorphism (2-9) for f. U
Corollary 2.1.6. Assume that Q and Q' are smooth over X. Then, the morphism
Q') X o) Y — QoW X gio1 Y (2-9) is independent of Q" — Q. Let X be a
geometric point of D and let X' be a geometric point of D' above x. Then the
mapping JT()(Q%(/D/)) — JT()(Q)(ED)) (2-10) is independent of morphism Q' — Q.
Proof. Decompose a morphism Q' — Q as Q' — Q' xx QO — Q. Then the
isomorphism (2-9) and the bijection (2-10) for Q" — Q' x x Q are the inverses of
those for the projection Q' xx Q — Q’. Hence the assertion follows. O

By the canonical isomorphism (2-9), the finite scheme Y x o) 0P over Y is
independent of Q. We write it as Y "),

Lemma 2.1.7. Suppose that the squares

D/ X/ Q/ Y/
|s| |e]
D——X 0——Y

are cartesian.

(1) The morphism Q"1 — QW1 x, Q" is a closed immersion and Q'"P" —
0P x o, Q' is finite. Consequently, the morphism Q"P) x o Y' — QP x o ¥
is finite if Y' — Y is finite. Further, if Q and Q' are normal, then QP equals
the normalization of QP x o Q" in Q'=D' xx Q.

) If Q" — Q is flat, the square

Q/[D’] Q/

| o |

0P —— 0
is cartesian.
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Proof. Since the assertion is local on a neighborhood of Y’ C Q’, we may assume
that Q =Spec A, Y =Spec A/I, Q' =Spec A’ and Y’ =Spec A’ /I A’ are affine and
that D is defined by a nonzero divisor f on X. Then, we have QP = Spec A[I/f]
and Q1?1 = Spec A'[IA/f].

(1) Since A[I/f1®4 A" — A'[IA’/f] is a surjection, the morphism Q1P —
QP x» Q' is a closed immersion. The remaining assertions follow from this
immediately.

(2) If A — A’ is flat, the injection A[I/f]— A[1/f] induces an injection
A QsAL/f1— A @4 A[1/f]1=A'[1/f].
Hence the surjection A’ ®4 A[I/f]— A’[IA’/f] is an isomorphism. O

The construction of QP commutes with base change if 0P — X is flat and
reduced.

Lemma 2.1.8. Suppose that the diagram (2-7) is cartesian and D' = D xx X'
Assume that one of the following conditions is satisfied:

() X' is normal, Q — X is smooth and QP) — X is flat and reduced.

(i1)) X' — X is smooth.
Then the square
0P o)

l l (2-14)

X «— X
is cartesian.
Proof. By Lemma 2.1.7(1), Q"®? is the normalization of Q®) xy X' If the
condition (i) is satisfied, then Q® xx X’ is normal by Corollary 1.2.3(1). If
X’ — X is smooth, then QP) x x X’ is smooth over O and is normal. Hence
the square (2-14) is cartesian in both cases. (|

We study the dependence on D and show that the canonical morphism contracts
the closed fiber.

Lemma 2.1.9. Suppose X = X', Y =Y and Q = Q’, and that D, = D' — D
is an effective Cartier divisor of X. Then, the morphism Pl — olP] (resp.
0P — 0P induces a morphism Q'PV x o D1y — D1y C Y C Q) (resp.
0P xo D1y — QP x ooy D1y C QD))

Proof. We consider the immersion ¥ — QP! lifting ¥ — Q. Then, the mor-
phism Q21 — Q!P1 induces an isomorphism Q21 — (QIPHP1] (o the dilatation
(QIPHIPil of QLD for Y — QP and D C X. Hence the morphism (2-4) defines
a morphism Q'”'1 x y Dy — Dy y. The assertion for QP follows from this. [J
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2.2. Dilatations and complete intersection. We give a condition for the right square
in (2-7) to be cartesian.

Lemma 2.2.1. Let S be a noetherian scheme and let Q — P be a quasifinite
morphism of smooth schemes of finite type over S. If Q — P is flat on dense open
subschemes, then Q — P is flat and locally of complete intersection of relative
virtual dimension 0.

Proof. Let U C P and V C Q be dense open subschemes such that V — U is flat.
Then the relative dimension of V — § is the same as that of U — S. Hence, we may
assume that the relative dimensions of P — § and Q — S are the same integer n.

The morphism Q — P is the composition of the graph Q — Q xs P and the
projection Q xg P — P. For every point x € P, the fiber Q xpx — QO Xgx
is a regular immersion of codimension n. Hence by [EGAIV3 1966, proposi-
tion (15.1.16) c)=>b)] applied to the immersion Q — Q x s P over P, the immersion
0 — Q xg P is also a regular immersion of codimension n and Q — P is flat. [J

Lemma 2.2.2. Let S be a noetherian scheme and let Y — X be a morphism of
schemes of finite type over S.

(1) Suppose that there exists a cartesian diagram

O+—Y

l 0 l (2-15)

P+—X

of schemes of finite type over S satisfying the following conditions:

P and Q are smooth over S and Q — P is quasifinite and is flat
on dense open subschemes. The horizontal arrows are closed immer-
sions.

Then Y — X is quasifinite, flat and locally of complete intersection of relative
virtual dimension Q.

(2) Conversely, suppose that Y — X is finite (resp. quasifinite) and locally of
complete intersection of relative virtual dimension 0. Then Y — X is flat and,
locally on X (resp. locally on X and on Y), there exists a cartesian diagram
(2-15) satisfying the following conditions:

P and Q are smooth of the same relative dimension over S and
Q — P is quasifinite and flat. The horizontal arrows are closed
immersions.

Proof. (1) By Lemma 2.2.1, the quasifinite morphism Q — P is flat and locally
of complete intersection. Hence ¥ — X is also quasifinite, flat and locally of
complete intersection of relative virtual dimension 0.
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(2) Since the assertion is local, we may assume that S, X and Y are affine. Take a
closed immersion

leA’)r(l(—Y

Since the immersion ¥ — () is a regular immersion of codimension m and since
Y — X is finite (resp. quasifinite), after shrinking X (resp. Q; and Y), we may
assume that the ideal defining ¥ C Q; is generated by m sections fi, ..., f;; of
Op, . Also take a closed immersion P; = A’y < X and an open subscheme Q C A},
to obtain a cartesian diagram

Q+— Q01 +—7Y

l O l (2-16)

P1<—X

Taking sections fl, R fm of Ogp lifting f1, ..., f, after shrinking Q if necessary,
define a morphism Q — P = A}, . Then, we obtain a cartesian diagram

Q——01+—Y

[o]5]

Pe——AZ+— X

where the lower right horizontal arrow Ay — X is the 0-section.

The schemes P = Ag“” and Q C A§+m are smooth over S. Since ¥ — X is
quasifinite, after replacing Q by a neighborhood of Y if necessary, the morphism
Q — P is quasifinite. Since Q and P are smooth of the same relative dimension
over S, the morphism Q — P is flat on dense open subschemes. By Lemma 2.2.1,
the quasifinite morphism Q — P is flat and hence ¥ — X is also flat. U

We give examples of construction of the diagram (2-15).

Example 2.2.3. Assume that X and Y are schemes of finite type over a noetherian
scheme S.

(1) Assume X = Spec A and Y = Spec B are affine. Let
AlTy, ... T/ (f1, - fu) > B
be an isomorphism and define a morphism
Q =AY =Spec A[T}, ..., T,] > P =A%

by fi,..., fa- Then, we obtain a cartesian diagram (2-15) by defining the section
X — P =AY to be the 0-section.
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(2) Assume that X and Y are smooth over a noetherian scheme S. Then, we obtain
a cartesian diagram
Y —— 0=YxsX

| o |
X— > P=XxsX
Consider a cartesian diagram (2-15) satisfying the conditions of Lemma 2.2.2(1)
and let D C X be an effective Cartier divisor. Assume that Q?) — P(®P) is étale
on a neighborhood of Q™ xx D. Let X be a geometric point of D and let Oz
denote the geometric point above the origin of the vector space P)—SD ) over x. Then,
since Q;D ) PX(D ) is finite étale, we have an action of the fundamental group
w1 (PP, 0;) on
y® — o® X () O

The action on Y. ;(D ) is compatible with the canonical mapping YX(D ) no(szD ))
with respect to the trivial action on JTQ(Q;D )) and is transitive on the inverse image
of each element of nO(Q)(ED )).

Since QPN — PIPlx p O isan isomorphism by Lemma 2.1.7(2), for a geometric
point y of Yz and for the geometric point 05 of 0P above P(D ), we have canonical
isomorphisms Q[D] 0P x o5 — PIPT= PP and 7, (Q[D] 05 )—>711(P( ) 05).
The action of m(P(D) Oz) on Y; D) is compatlble with the action of 7T1(Q[D] 05)
on Y( ) Xy, ¥. For a morphism Q/ — Q, the canonical morphism nl(Q/[D] 05) —
T (Q[ 1 , 05) is compatible with the actions on Y (D) Xy; Y.

We study the relation between the étaleness of Q(D) — P and the annihilator
of Oy(u) ®oy Q}’/X'

Lemma 2.2.4. Let
Q+——Y

ls )

be a cartesian diagram of separated schemes of finite type over X. Assume that P
and Q are smooth over X and that the vertical arrows are quasifinite and flat.

Assume that there exists an effective Cartier divisor Dy C D = D1+ Dy of X
such that Oy Qp, Q2 Y /x i annihilated by Tp, C Ox and that we have an equality
Do = D of underlying sets. Then, there exists an open neighborhood W C QP! of
0'P1 x x D such that Q'P! — PP s étale on W — (Q'P1 x x D).

Proof. Tt suffices to show that each irreducible component Z C Q!P! of the inverse
image of the support of Q 0/P is either a subset of Q'P! x x D or does not meet
0Pl x x D, since QP! — Q is an isomorphism on the complement of the inverse
images of D. Assume that Z is not a subset of Q!”! x x D but does meet QP! x x D
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and regard Z as an integral closed subscheme of Q'P!. Then, D xx Z C Z is a
nonempty effective Cartier divisor.

Since the assertion is étale local on Q and X, we may assume that ¥ — X is
faithfully flat and finite. Let Ty C Z xx YP) be the closure of the complement
ZxxYP) =D xx (ZxxYP)) and let T be its normalization. Then, since ¥ — X
is finite surjective, T — Z is also finite surjective. Hence Dy = D xx T C T is a
nonempty effective Cartier divisor.

By the assumption that Oym) Qo, Q}/X is annihilated by Zp, C Oy, the Or-
module Or ®op, Q; /X is annihilated by Zp, - Or. Since Dr is a scheme over
0PI xx D, we have an isomorphism Op, ®o, Qb/P — Op, ®o, Q}//x by
Lemma 2.1.3(1). Thus Op, ®0o, QlQ/P is also annihilated by Zp, - Op,. Since
D = D+ Dy, this means an inclusion Zp, -Or ®0o, QIQ/P CZIpy-ZIp,-Or®o, QIQ/P.
By Nakayama’s lemma, we have Zp, - Or ®¢, QIQ p= 0 on a neighborhood of
D() Xx T.

Since Z is a subset of the inverse image of support of ng /P> the annihilator ideal
of Or ®o, QIQ /P is 0. This contradicts to that Dy x x T = D7 is nonempty. [

Lemma 2.2.5. Assume X is normal and let

Q+—Y

|5 )

be a cartesian diagram of separated schemes of finite type over X. Assume that P
and Q are smooth over X and that the vertical arrows are quasifinite and flat.

Let Yy be a closed subscheme of Y étale over X satisfying an equality Dy, = Dy
of underlying sets and let Jy C Op, be the nilpotent ideal defining Dy, C Dy. Let
n 2 1 be an integer satisfying J§' = 0 and let Doy C D be an effective Cartier divisor
on X satisfying nDy < D.

Assume that YP) =Y X gip] QD) is étale over X. Then Oyw) ®p, Q%,/X is
annihilated by the ideal Tp_p, C Ox defining D — Dy C X.

Proof. Let T C Zp C Og and Ip C Ip, C Ox be the ideals defining the closed
subschemes Yo C Y C Q and Dy C D C X. Let YO(”) C Q denote the closed scheme
defined by the ideal Z] C Op. Let Q!P0-Y0] — O denote the dilatation for Yo — Q
and Dy. We also define a dilatation Q[”DO-Y(;M] — Q for Yé") — Q and nDy.

Since Yy is étale over X, the scheme Q!P0-Y0lis smooth over X by Example 2.1.2(1)
and equals its normalization QPo-Y0) The canonical morphism QlPo-Yol 5 gln DY
is finite and induces an isomorphism QPoYo) Q(”Do'yén))on the normalizations.

By the assumptions Jj = 0 and nDy < D, we have Iy CI+Ip CZ+Iup,-
Hence we have a morphism QnDol 5 lnDo.Y, 0(”)]. Further, by n Dy < D, we obtain
a morphism Q?) — QP0-Y0) of normalizations.
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The dilatation P!P1 of P for the section X — P and D is smooth over X by
Example 2.1.2(1) and hence is equal to the normalization P, Since Y P — X
is étale and since each square of the diagram

Yy — 5 oW

l !

Y —— ol — 5 0

l L

X — PPl — p

is cartesian by Lemma 2.1.7(2), the quasifinite morphism Q® — P of nor-
mal schemes is étale on a neighborhood W C 0D of YP) by [EGA TV, 1967,
théoreme (18.10.16)].

The commutative diagram

0P — 5 9WoYo)

| |

PD P

of schemes defines a commutative diagram

OW®QQ(D)/X<—OW®QQ(DOYO)/X<—OW®QIQ/X

| |

OW®QP(D)/X OW@Q}D/X

of locally free O -modules. Since Q) — PP is étale on W, the left vertical
arrow is an isomorphism.

Since X — X and Yy — X are étale, the lower horizontal arrow (resp. the upper
right horizontal arrow) induces an isomorphism Oy & Q! P/x Ip-Ow Q!
(resp. Oy ® QQ/X — Ip, - Ow ® QQ(DO YO)/X) Hence Zp_p, - Ow ® QQ/X =
Ip - Oy ® Q DoY)/ x is contained in the image of Oy ® Q! P/X- Or equlvalently,
Ow o, 2 Q ,p is annihilated by Zp_p,. Hence its pull- back Oy ®o, /x 18
also annihilated by Zp_p,. O

P/ X

3. Ramification

3.1. Ramification of quasifinite schemes. Let X be a normal noetherian scheme
and let D be an effective Cartier divisor of X. Let Y be a quasifinite scheme over
X such that Dy = D xx Y C Y is a Cartier divisor.
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Locally on X, there exists a smooth scheme Q over X and a closed immersion
Y — Q over X. Then, by Proposition 2.1.5 and Corollary 2.1.6, the scheme Y (P
over Y defined as ¥ x gio; QP is canonically independent of Q. Hence a finite
scheme Y?) over Y is defined by patching. Similarly, for a geometric point X
above x € D, the set nO(Q)(ED) ) of connected components of the geometric fiber is
canonically independent of Q.

Definition 3.1.1. Let X be a normal noetherian scheme and let D be an effective
Cartier divisor of X. Let Y be a quasifinite scheme over X such that Dy =D xxY C
Y is a Cartier divisor and let ¥ be the normalization of Y. Let X be a geometric
point above a point x € D.

By taking a closed immersion Y — Q to a smooth scheme Q over X defined
on a neighborhood of x, we define finite sets F' iD (Y/X) and F. )ED T(Y/X) by

FP/X) =m0, FPrr/x)=v{" (3-1)
equipped with canonical mappings

— D+
Yi —5— FPT(r/X)

o7 l / l (3-2)

FP(Y/X) ——— Ys
induced by the morphisms in (2-2):

Y — s y®

| ]

0P —— 0

We consider a commutative diagram

Y’ X 20D « 2 ODxy X &'
[ | ] e
Y X = D X

of noetherian schemes. We assume that X’ is normal, D’ C X’ is an effective Cartier
divisor, Y’ is quasifinite over X’ and that D}, C Y’ is an effective Cartier divisor.
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Then, the commutative diagram (2-8) induces a commutative diagram

— <p9l+ / /
L —— FPTw/Xx) — FRY'/X) — Y.

L Ll e

D+
Yi —— FPY(y/X) —— FP(Y/X) —— Y.

For effective Cartier divisors D and D’ of a scheme X defined by the ideal
sheaves Zp, Zpr C Oy and for x € D, we write D < D’ at x if we have a strict
inclusion Zp ; Ip . X =X,Y =Y, x=x"and if D < D’ at the image
x of x as Cartier divisors, further we have an arrow F. xD/(Y/ X)—> F XD T(Y/X)
making the two triangles obtained by dividing the middle square commutative by
Lemma 2.1.9.

Proposition 3.1.2. Assume that Y — X is quasifinite, flat and locally of complete
intersection and that the normalization Y of Y is étale over X.

(1) The arrows in diagram (3-2)

_ D+
Yi —%—— FPY(y/X)

| |

FP(Y/X) —— Y;
are surjections.
(2) Let Y — Y be a surjective morphism locally of complete intersection of
quasifinite and flat schemes over X. Assume that the normalization Y' of
Y’ is étale over X. Then, the diagram

D+
Y. 2 FPYY/X) —— FPY/X) —— V]

Il I 1 es

D+
Yi 2 FPYY/X) —— FP(Y/X) — Y;

is a cocartesian diagram of surjections.
Proof. By replacing X by the strict localization X z), we may assume that x — X

is a closed immersion and that Y — X is finite.

(1) By Lemma 2.2.2(2), we may assume that there exist smooth schemes P and
Q over X and a cartesian diagram

Y — 0

X

£

(]
—_
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of schemes over X such that the horizontal arrows are closed immersions and that
the vertical arrows are quasifinite and flat. We verify that the diagram

Q)(?D) — s oD Yy %
Ll o | | 1 es
pP» — pD X —— X

satisfies the assumptions in Corollary 1.1.6. Since P! — X is smooth, we have
PP = pIPl By Lemma 2.1.7.2, the diagram

Q+—— QWP ey

| 50|

P+— PPl ¥

is cartesian. Hence the middle square in (3-6) is also cartesian.

The diagram (3-6) satisfies the finiteness assumption in Corollary 1.1.6, by
Lemma 2.1.7(1). Since X = X3 is strictly local, the assumption that the canon-
ical mapping ¥ — mo(X) is a bijection is satisfied. Since P)E(D) is a vector space
over x and is connected, the mapping x — P)E(D 'nXx - no(Pi(D )) are bijec-
tions of sets consisting of single elements. We may assume that the finite étale
morphism ¥ — X is surjective since if otherwise the assertion is trivial. Hence
by Corollary 1.1.6(2) (resp. (3)), the mapping ¥z — Y = FP*(Y/X) (resp.
FPrr/x) =Y — m0(0P) = FP(Y/ X)) is surjective.

Similarly, applying Corollary 1.1.6(2) to the diagram

=i+——
O

e ——
O

B

P N

we see that Yz — Yz is a surjection.

(2) By Lemma 2.2.2(2), we may assume that there exists smooth schemes Q and
Q’ over X and a cartesian diagram

Y —— O
L
Y — 0

of schemes over X such that the horizontal arrows are closed immersions and that
the vertical arrows are quasifinite and flat.
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We verify that the diagram

Q}(D) Q/(D) y /(D) Yy’
Lo | | ]
Q)(ED) — 0D y (D %

satisfies the assumptions in Corollary 1.1.6. The middle square is cartesian by
Lemma 2.1.7(2). The finiteness assumption in Corollary 1.1.6 is satisfied by Lemma
2.1.7(1). Since the finite étale covering ¥ — X is split and X is connected, the as-
sumption that the canonical mapping ¥ ; — mo(Y) is a bijection is satisfied. By (1),
Yi > Y;(D ) 7o ( Q)(;D )) are surjective. We may assume that Y and Y’ are finite
over X. Since Y’ — Y is surjective, the morphism Y’ — Y of finite étale schemes
over X is also surjective. Hence by Corollary 1.1.6(2) (resp. (3)), the right square
(resp. the middle square) of (3-5) is a cocartesian diagram of surjections.
Similarly, applying Corollary 1.1.6(2) to the diagram

Y! Y’ Y’ Y’
[olo] |
Y; Y Y Y

we see that the big rectangle in (3-5) is a cocartesian diagram of surjections. [

Corollary 3.1.3. Assume that Y — X is locally of complete intersection and that
the normalization Y is étale over X. Let P and Q be smooth schemes over X
and let

Y—0

| o]

X——P

be a cartesian diagram of schemes over X such that the horizontal arrows are
closed immersions and that the vertical arrows are quasifinite and flat. Then, the
mapping Yz — F)EDJF(Y/ X) is an injection on the inverse image of y € Y if and
only if QP — PP s étale on the inverse image of y by YP) — Y.

Proof. Since the assertion is étale local, we may assume that Y — X and Q — P
are finite and that y is the unique point of the inverse image of x. Then, by
Proposition 3.1.2(1), Y; — Y{?) = FPT(y/X) c 0 is a bijection of finite
sets. Hence Q) — P() ig étale at x by [EGAIV4 1967, théoreme (18.10.16)].

O
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Definition 3.1.4. Let X be a normal noetherian scheme and let U C X be a dense
open subscheme. Let Y be a quasifinite scheme over X suchthat V=U xx Y — U
is étale. Let D be an effective Cartier divisor of X such that U N D is empty and
that Dy = D x x Y is an effective Cartier divisor.

(1) For x € D, we consider the following condition on X, Y and D:

(RF) There exist an open neighborhood W of x € X, a smooth scheme Q over
W and a closed immersion Y x x W — Q such that the normalization Y of
Y is étale over W and that the normalization Q) of the dilatation Q"
is flat and reduced over W.

If the condition (RF) is satisfied at every x € D, we say that ¥ over X
satisfies the condition (RF) for D.

(2) Let x € D and assume that Y over X satisfies the condition (RF) for D at x.
Let y be a point of ¥ Xy x C Y x x D. We say that the ramification of ¥ — X
is bounded by D (resp. by D+) at y, if the mapping <p£ Yz — FP(Y/X)
(resp. (p)é)Jr Y — FXDJ’(Y/X)) is an injection on the inverse image of y.

We say that the ramification of ¥ — X is bounded by D (resp. by D+ ) at
x, if the mapping ¢? : Yz — FP(Y/X) (resp. go;” Yz — FPH(Y/X))is an
injection.
If ramification is bounded by D, it is bounded by D+. We show that the condi-
tion (RF) is independent of the choice of Q.

Lemma 3.1.5. Let X be a normal noetherian scheme and let U C X be a dense
open subscheme. Let Y be a quasifinite scheme over X suchthatV=U xxY — U
is étale. Let D be an effective Cartier divisor of X such that U N D is empty and
that Dy C Y is an effective Cartier divisor. Let x € D.

(1) Assume that Y over X satisfies (RF) for D at x. Let W C X be an open
neighborhood of x, let Q be a smooth scheme over W and let Y xx W — Q
be a closed immersion. Then, there exists an open neighborhood W' C W of x,
such that (Q xw W)P*xW) s W' is flat and reduced.

(2) Let X' — X be a morphism of normal noetherian scheme such that U =
U xx X' is a dense open subscheme and that Dy,, = Dy xx X' CY' =Y xx X’
is an effective Cartier divisor. Let x' be a point of D' = D x x X' above x. We
consider the following conditions:

(1) Y over X satisfies (RF) for D at x.
(ii) Y’ over X’ satisfies (RF) for D' at x'.
We have (i) = (ii). Conversely, if X' — X is smooth at x', we have (ii) = (i).

Proof. (1) Set Dy = D x x W. After shrinking W if necessary, we may assume that
there exist a smooth scheme Q( over W and a closed immersion Y x x W — Qg such
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that Q(()DW) — W is flat and reduced. Since QP") <« (Q xw Qo) P") — QéDW)
are smooth by Proposition 2.1.5, the assertion follows.

(2) (1)=(ii): This follows from Lemma 2.1.8.

(i))=>(i): After shrinking X’ if necessary, we may assume that X’ — X is smooth.
Let W be an open neighborhood of x, let Y xx W — Q be a closed immersion to
a smooth scheme Q over W and let W = W x x X’. Then the morphism

(Q XWW/)(D/XX/W/) - Q(DXXW) XWW/
is an isomorphism by Lemma 2.1.8. Hence the assertion follows. ([

Lemma 3.1.6. Let X be a normal noetherian scheme and let U C X be a dense
open subscheme. Let Y be a quasifinite scheme over X suchthatV=U xxY — U
is étale. Let D and D', with D C D', be effective Cartier divisors of X such that
U N D' is empty and that Dy, C Y is an effective Cartier divisor. Let x € D and
assume that Y over X satisfies (RF) for D and D’ at x.

Let y € Y be a point above x. If the ramification of Y over X is bounded by D+
at y and if D < D’ at x, then the ramification of Y over X is bounded by D' at y.

Proof. It follows from Lemma 2.1.9. ([

Lemma 3.1.7. Let X be a normal noetherian scheme and let U C X be a dense
open subscheme. Let Y be a quasifinite scheme over X suchthatV=U xxY — U
is étale. Let D be an effective Cartier divisor of X such that U N D is empty and
that Dy C Y is an effective Cartier divisor. Assume that Y over X satisfies the
condition (RF) for D.

Let S C Dy (resp. ST C Dy) denote the subset consisting of points y € Dy where
the ramification of Y — X is bounded by D (resp. by D+).

(1) We have S C S™.
(2) The subset S C Dy is closed and the subset ST C Dy is open.
Proof. (1) It follows from the commutative diagram (3-2).

(2) By Lemma 1.1.3 applied to ¥ — Q| we see that S is closed. Similarly, by
Lemma 1.1.4 applied to ¥ — Y we see that S* is open. (|

Proposition 3.1.8. Let X be a normal noetherian scheme and let U C X be a dense
open subscheme. Let Y be a quasifinite scheme over X suchthatV=U xxY — U
is étale. Let D be an effective Cartier divisor of X such that U N D is empty and
that Dy C Y is an effective Cartier divisor.

Let C be a semistable curve over X such that Cy = C xx U — U is smooth.
Let x € X be a point of D and let 7 € C be a singular point of the fiber C. Assume
that there exist two irreducible components C| and C, of the fiber C, meeting at 7
and let &1 and &y be their generic points. Let Dy C D, be effective Cartier divisors
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on X and let D C C be an effective Cartier divisor such that D1 < D; at x and
that D = D; xx C = Dj ¢ on a neighborhood of ¢; fori =1, 2.
Assume that Yc =Y xx C over C satisfies the condition (RF) for D at z.

(1) Y over X satisfies the condition (RF) for Dy and D; at x.

(2) We have a commutative diagram

FP* (v x) —— FP¥(ve/C) —— FP™H(v/x)

| — | ] o

FP2(Y/X) —— FP(Yc/C) —— FP'(Y/X)

(3) The lower left horizontal arrow FXDZ(Y/X)~—> FZE(YC/C) in (3-7) is an injec-
tion. The upper right horizontal arrow FZD+(YC/C) — FPiH(Y/X) in (3-7)
is an injection on the image of Y .

Proof. (1) Since ¢ and &; are contained in any open neighborhood of z, the scheme
Yc over C satisfies (RF) for D at {| and ¢;. Since C — X is smooth at ¢; and &5,
the scheme Y over X satisfies (RF) for D; and D; at x by Lemma 3.1.5(2).

(2) Let D;,c and D, ¢ be the pull-backs of D; and D, to C. Then, we have
Di.c < D < Dy ¢ at z. Hence by (3-4) with the slant arrow added, we obtain a
commutative diagram

D2c+ Dy c+

(Y /C) — FPH(ve/©) —— FP T (ve/€)

R P B

FP*C(Ye/C) —— FP(ve/C) —— FP“(Y¢/0)

Since Y over X satisfies (RF) for D; and D, at x by (1), the pull-back defines
canonical isomorphisms from the left and right columns of (3-7) to those of (3-8)
by Lemma 2.1.8. Thus we obtain (3-7).

(3) By functoriality of cospecialization mappings, we obtain a commutative dia-

gram

ch ch

(Ye/C) 2 (Yc/C) +—— F2(Y/X)

T e

~ cosp. ~
FP(Yc/C) ¢—— FP(Yc/0).

By Lemma 2.1.8 and by D= D; ¢ at &, the composition F 2(Y/X) — FD(YC/C)
is a bijection. Hence F2(Y/X) — FD(YC/C) is injective.
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Since the second assertion is étale local on X, we may assume that ¥ — X
is finite. By functoriality of specialization mappings, we obtain a commutative
diagram

FP*(ve/C) e FPH(vc/C) —— ¥

| |

PEE)X) —— F (e ) €)= FP (e O,

The vertical arrow F25+(YC/C)~—> FP1c¥(Y¢/C) is an injection on the image
of Yz, since the composition FEIIJJF(YC/C) — FZDLCJF(YC/C) is a bijection. Hence
the assertion follows. [l

3.2. Ramification and valuations. In the rest of the article, A denotes a valuation
ring and K denotes its fraction field. Let v : K* — I' = K*/A* denote the
valuation.

Definition 3.2.1. Let X be a normal separated noetherian scheme, let U C X be
a dense open subscheme and let A be a valuation ring. We say that a morphism
T =Spec A — X is U-external if T x x U consists of a single point 7.

For a morphism 7" = Spec A — X and an effective Cartier divisor D C X, let
v(D) € T" denote the valuation v( f) of a nonzero divisor f defining D C X on a
neighborhood of the image of T'.

Let X = lim X" be the inverse limit of proper schemes X "— X such that U’ =
Uxx X — U is an isomorphism. Then, points of X=-U correspond bijectively to
the inverse limits of the images of the closed points by the liftings of U-external
morphisms 7 — X defined by valuation rings of the residue fields of points of U
by [Fujiwara and Kato 2018, Theorem E.2.11].

Lemma 3.2.2. Let X be a normal noetherian scheme, let U C X be a dense open
subscheme, let t € U be a point, let A ;Cé K = k(t) be a valuation ring and let
T = Spec A — X be a U-external morphism.

(1) Let g e T(U’, Of),) be an invertible function defined on an open neighborhood
U' CU oft € U such that v(g) =y = 0. Then, there exists a normal scheme
X' of finite type over X such that U xx X' = U’, g is extended to a nonzero
divisor on X' defining an effective Cartier divisor R’ C X', and U' = X' = D’
is the complement of an effective Cartier divisor D' C X' and a U-external
morphism T — X' lifting T — X and v(R") =y

(2) Let K' be a finite separable extension of K = k(t) and let A’ ; K' be a
valuation ring such that A N K = A. Set T' = Spec A" and let y > 0 be a
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positive element of the value group T of A'. Then, there exist a commutative
diagram
U—X +——T

lo] |

U—X+——T

of schemes, a pointt' € U’ above t, an isomorphism K' — k(t") over K and an
effective Cartier divisor R' of X' satisfying the following conditions (i)—(iv):
(1) X' is a normal scheme of finite type over X.
(ii) The left square is cartesian and U’ is a dense open subscheme of X' étale
over U.
(iii) T" — X' is a U"external morphism extending t' — U'.
(iv) RNU' = and v'(R') =y.

(3) Let
U’ X' T’ X/
U, X T X1
Vv
U X T X

be a commutative diagram, let ty € Uy and ' € U’ be points above t € U and

let Ry C X and R' C X' be effective Cartier divisors satisfying the following

conditions (a)—(d):

(a) X1 and X' are normal noetherian schemes and X| — X is of finite type.

(b) The left square and the left parallelogram are cartesian and Uy — U is
étale. The open subschemes Uy C X1 and U’ C X' are dense.

(¢) Ty = Spec Ay and T’ = Spec A’ for valuation rings A, ; K =k(t)) and
A"G K’ =k(t) satisfying AyN K = A'NK = A. The morphism Ti — X
is Uy-external and T' — X' is U-external.

(d) RiNUy and R"NU’ are empty and we have vi(R) = v'(R') in T'g,.

Then, there exist a commutative diagram

/ / / =/
U X T X1

| L

U/XUUl—)X/XX}Q(—T/XTTl(—)Z/X;)E]

and t| € U{ above t satisfying the following conditions (i)—(iv):

(i) X} is a normal scheme of finite type over X'.
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(i) Uj is U' xx X} and is a dense open subscheme of X.
(iii) T| = Spec A for a valuation ring A} C K| = k(1)).
(iv) For the pull-backs R} = Ry xx, X| and R, = R’ x x' X|, we have R| < R/,

Proof. (1) Let Z and Z' be closed subschemes such that U = X—=Z and U' = X-Z.
By replacing X by the normalization of the blow-up at Z and at Z’ and by the
valuative criterion of properness, we may assume that U = X=D and U' = X =D’
are the complements of effective Cartier divisors D, D' C X.

Let x € X be the image of the closed point of 7" and let W = Spec B C X
be an open neighborhood of x such that D N W, D' N W are principal divisors
defined by f, f' € B. Then we have UNW = W=D'NW = Spec B[1/f’]. Set
g =h/f™ € B[1/f']. The function g and hence also & € B are also invertible
onU'NW. Seta =v(f),a’ =v(f’) €T. Since T — X is U-external, we have
['*[1/a] =T. Hence after replacing f by its power, we may assume that &’ < o.

Let W — W be the normalization of the blow-up at the ideals ( f"*, k) and (f, f').
Since f, f’ and h are invertible on U’ N W, the morphism W — W induces an
isomorphism U’ x x» W — U'NW. Since W' — W is proper, the morphism 7 — W
is uniquely lifted to T — W’. Since the generic point ¢ € T is the unique point of
UxxT>D WU xx W) xy T, the morphism 7 — W' is U"-external.

Let x" € W’ be the image of the closed point of 7. Since the ideals (f”, h) and
(f, f") of Ow.y are principal ideals and since v(h) = v(f™) and v(f’) = v(f),
there exists an open neighborhood X’ of x’ € W such that U’ C X', where we
have inclusions () D (k) and (f) D (f’). Then, g = h/f"" defines a Cartier
divisor R’ on X’ satisfying R* N U’ = @ and v(R') = y. We also have an inclusion
Uxx X' =X'=-DxxX CcX' =D xx X' =U"xx X' = U’ Since the other
inclusion is obvious, we have U' = U xx X'.

(2) We may take an étale scheme U; — U such that ¢’ = Spec K’ =t xy U; and
a finite scheme X; — X containing U; as a dense open scheme. After shrinking
U, if necessary, we may take an invertible function g € I'(Uy, lejl) such that
y =v'(g). Since T' is a localization of the normalization of T’ x x X, the morphism
t' — Uy C X is uniquely extended to 77 — X;.

Then, by (1) applied to the open subschemes U; C U xx X| C X, to the mor-
phism 7" — X and to the invertible function g € ' (U}, OX ) the assertion follows.

(3) Let T(x), Ti,(z,) and T(3) denote the strict localizations. We take a point I €
T %) X155, Th,(x,) above the generic point of T(;y- Then the normalization T/ of (s
in 7] is T’ = Spec A’Sh for a strictly local valuation ring A“h Lett;jet' x; 11 C
T'xrTh be the image of 7] and set K| =k(¢]) and A} = A“hﬂK’. Let T/ = Spec A]
and x| be the geometric point of T} deﬁned by a geometric closed point of T{ .
Let X{) be the normalization of X’ xx X in U] = U’ xy Uj. Define effective
Cartier divisors of X{, by R(’)’1 = R xx, X{, and R(/) , =R xyx X Let X’ — X, be
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the normalization of the blow-up at RyNR| = R x x; R} and define effective Cartier
divisors of X by R| = R xx, X| and R, = R’ xx' X|. Since X| — X' xx X is
proper, the morphism ¢; — ¢’ x; t; C U’ xy U is uniquely lifted to 7] — X by
the valuative criterion of properness.

Let x| € X be the image of the closed point of 7. The intersection R| N R/, C
X/, is the exceptional divisor and hence is an effective Cartier divisor. Since
v_i (R/l)_§ v (R}), on an open neighborhood X/ C )?’1 of x|, we have R| N R} =
R| < R/, by Nakayama’s lemma. O

Let X be a normal noetherian scheme and let U C X be a dense open subscheme.
Lett e U and let T =Spec A — X be a U-external morphism defined by a valuation
ring A G K = k(1) of the residue field at a point 7 € U. Let X and 7 be geometric
points of T supported on the closed point and on the generic point respectively.
Recall that 7 ;) denotes the strict localization and that a specialization X < is a
morphism 7(z) < of schemes.

Let A’ be a valuation ring and let 7" = Spec A" — T be a faithfully flat morphism.
We identify " as a subgroup of the value group I'" of A’ by the canonical injection
I’ — I'". Let X’ and 7’ be geometric points of T’ above x and ¢ respectively. We
say that a specialization X’ < 7’ is a lifting of x <— 7 if the diagram

<

; T’ Tly < 1
X T T();) «—

is commutative.
We consider a commutative diagram

X «— T

l l (3-10)

X «—— T
of schemes equipped with an effective Cartier divisor R" C X’ and a lifting x’ < ¢’
to T’ of the specialization X < ¢ satisfying the following conditions (i)—(iii):
(i) X’ is a normal noetherian scheme of finite type over X such that U' = U x x
X' C X’ is a dense open subscheme étale over U.

(ii) T’ = Spec A’ — X’ is a U-external morphism defined by a valuation ring
A" G K' = k() of the residue field at a point t" € U’ above ¢ such that
A'NK =A.

(ili) R"NU’ = @ and v'(R’) = y in the value group I'" of A’.

For elements o < B of a totally ordered group I, let («, B)r C I' denote the
subset {y € I' | @ < y < B}. Similarly, we define («, B]r, (¢, co)r C I etc.
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Definition 3.2.3. Let X be a normal noetherian scheme and let U C X be a dense
open subscheme. Let ¢t € U, let A ;Cé k(t) be a valuation ring of the residue field
at t and let T = Spec A — X be a U-external morphism. Let y € (0, o0)r, for
Fo=T®Q. Let Y be a quasifinite flat scheme over X suchthat V=Y xx U — U
is étale.

We define a commutative diagram

F(Y/X) o FIH (/%)

w?l / l (3-11)

FY(Y/X) —— FJY(Y/X)

as the inverse limit of

R+
=/

v Pi R+
v, —%— FR* (v x)

w;fl / l (3-12)

FRY /X)) ——— Yz

for commutative diagrams (3-10) satisfying the conditions (i)—(iii) and for ¥’ =
Y Xx X'

We say that the ramification of Y over X at 7 is bounded by y (resp. by y+) if
F(Y/X) — FY(Y/X) (tesp. F*(Y/X) — FJ"(Y/X)) is an injection.

By Lemma 3.2.2, the limit is a filtered limit.

Lemma 3.2.4. (1) There exist a commutative diagram (3-10) satisfying the con-
ditions (i)—(iii), an effective Cartier divisor R' C X' satisfying R NU' = &
and x' € R such that Y' over X' satisfies (RF) for R’ at the image x' € R’ of
the closed point of T

(2) Forx' € R’ C X' satisfying the condition in (1), the canonical morphism from
(3-11) to (3-12) is an isomorphism. The diagram (3-11) is a diagram of finite
sets.

Proof. (1) By Lemma 3.2.2(1), after replacing X by a normal scheme of finite type
over X if necessary, we may assume that there exist an effective Cartier divisor
R C X such that v(R) = y and a closed immersion ¥ — Q over X to a smooth
scheme Q over X. Applying Theorem 1.2.5 and the remark following it to ¥ — X
and to Q® — X and taking the normalizations, we obtain a morphism X’ — X
of finite type of normal noetherian schemes satisfying the following properties:
The morphism X’ — X is the composition of a blow-up X* — X with center
supported in X =U and a faithfully flat morphism X’ — X* of finite type such that
U = X' xx U — U is étale. The normalization of ¥ x x X’ is étale over X'. The
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morphism Q'®) — X' is flat and reduced. Hence Y’ over X’ satisfies the condition
(RF) for R". The morphism T — X is lifted to 7’ — X’ by Lemma 1.2.6.

(2) By (1) and Lemma 3.2.2, among commutative diagrams (3-10) those such that
the base change Y/ =Y x x X’ over X’ satisfies the condition (RF) for R" at x’ are
cofinal. Hence the assertion follows from Lemma 2.1.8. ([l

We study functoriality of the construction of F%’ (Y/X) and F%/ +(Y /X). We
consider a commutative diagram

Y’ X’ T’ i 7
L L e
Y X T X i

together with dense open subschemes U C X and U' C U xx X' C X' and y €
(0, 00)rg and y’ € (0, Oo)rg;p satisfying the following properties:
(i) X’ — X is a morphism of normal noetherian schemes.

(iil) T = Spec A — X and T’ = Spec A’ — X' are U-external and U"-external
morphisms for valuation rings A & K = k(r) and A’ G K’ = k(t') of the
residue fields at # € U and ¢’ € U'. The morphism 7’ — T is faithfully flat.

(iii) Y — X and Y’ — X’ are quasifinite and flat morphisms such that Y x y U — U
and Y/ xy U' — U’ are étale.

(v) y =v".

(v) X' <1 is a lifting of X < 1.
Lemma 3.2.5. We keep the notation above.

(1) We have a commutative diagram
FR(Y'/X') — FL (Y /X'y —— FL(Y'/X') —— F% (Y'/X')
l l l l (3-14)
F(Y/X) —— FIT(Y/X) ——— FL(Y/X) —— FX'(Y/X)
of finite sets. Further if y < y', we have an arrow
FY (v'/X"y > FXT(Y/X)

making the two triangles obtained by dividing the middle square commutative.

(2) If the left square in (3-13) is cartesian and if y = y’, the vertical arrows in
(3-14) are bijections.
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Proof. By Lemma 3.2.4(1), we may assume that there exists an effective Cartier
divisor R C X such that RNU = @ and v(R) = y and that Y over X satisfies the
condition (RF) for R. Further by Lemma 3.2.4(1) and Lemma 3.2.2(3), we may
assume that there exists an effective Cartier divisor R’ C X’ such that ' N U’ = &,
V/(R')=y and R’ 2 R xx X’ and that Y’ over X’ satisfies the condition (RF) for R’.
Then, by Lemma 3.2.4(2), we may identify FY(Y/X) = FX(Y/X), F1"(Y/X)=
FRY(Y/X) and FL (Y'/X') = FR (v'/x), FLT(v'/X") = FR+(v'/x).

(1) The assertion now follows from the functoriality of dilatation (3-4).

(2) In the notation above, we may further assume that R" = R x x X'. Hence the
assertion follows from Lemma 2.1.8. Ul

Let T" be the henselization at the closed point x € T and let " € T" denote
the generic point. Then, the absolute Galois group D7 = Gal(7/t") acts on the
specialization X <— ¢ of geometric points of 7. Hence the commutative diagram
(3-11) admits a canonical action of Dr.

Theorem 3.2.6. Let the notation be as in Definition 3.2.3. Then, there exist an ele-
ment By € (0, 00)rq and finite pairs («;, Bi)ic of elements of [0, Bolrg, satisfying
the following properties (1)—(iii):

(@) 10, Bolrg = Uiesleti, Bilrg-

(i) For y > Bo (resp. y = Bo), Fr.(Y/X) < F2(Y/X) (resp. F}’+(Y/X) <«
FP°(Y /X)) is an injection.

(iii) Leti € I and y € (a;, Bi)ry- Then, F%’(Y/X) <~ Fﬁ"(Y/X) is an injection
and F}“H_(Y/X) <« F%/JF(Y/X) is an injection on the image of F7°(Y / X).

Proof. Since we may take base change, we may assume that ¥ — X is finite and
that the normalization Y — X is finite étale. Hence by Lemma 2.1.4, we may
assume that there exists an effective Cartier divisor R C X suchthat RNU =9
and Y — Y® is a closed immersion.

Set Bp = v(R) € I'. Then, by Lemma 3.2.4, after replacing X if necessary, we
may assume that ¥ over X satisfies the condition (RF) for R. Since ¥ — Y® is a
closed immersion and F3°(Y/X) — Y is a bijection, Yz = F*(Y/X) — Y{® =
Ff”(Y/X) is an injection. For y > f, the composition

FPRH (Y X) < FL(Y/X) < FIT(Y/X) < F(Y/X)

is an injection. Hence the condition (ii) is satisfied.

Let O be a smooth scheme over X and let Y — Q be a closed immersion. As
in Example 1.3.1, we define a semistable curve Cr — X by the effective Cartier
divisor R C X. Define an effective Cartier divisor R C C g to be the exceptional
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divisor. Applying Corollary 1.3.6 to (Q xx CR)[’?] — Cg — X and taking the
normalizations, we obtain a commutative diagram

CR<—C/

Lo

X «— X

where Yo =Y x x C’ over C’ satisfies the condition (RF) for R’ = R X cr C" and
C’ — X’ is a semistable curve.

By Lemma 1.2.6, there exist a finite extension K’ of K and a valuation ring
A’ such that A = A’N K and that T — X is lifted to 7’ = Spec A" — X'. Let
x" € X' denote the image of the closed point of 7. Further, for y € [0, Bolr,, after
replacing K’ by a finite extension if necessary, we may assume that y is an element
of [0, Bolr.

Let I; be the set of irreducible components of the fiber C’ x x» x. For i € I, let
C; C C’' xx x" denote the corresponding connected component. Let I, denote the
set of singular points of the fiber C’ x x» x". Fori € I, let z; C C’ x x» x” denote
the corresponding singular point. Set I = I; L 1.

Since the assertion is étale local on X/, we may assume that for each i € I,
there exists a section s; : X' — C’. Fori € I, seto; = B; = V'(sFR’) € I'"*. Since
o = v’(ﬁ) for the composition 7" — X' — C’ — Cg, we have o; € [0, Bolr,.
For i € I, if z; is contained in two irreducible components C;, and C;, such that
o, S, € ', we define o; = o, < Bi = a;, € [0, Bolrg.- If z; is contained in a
unique irreducible component C;,, we define o; = B; = «;, € [0, Bolrg-

We show that the condition (i) is satisfied. Since «;, B; € [0, Bolrg fori € I, we
have the inclusion

[O’ ﬁO]F@ D) Uiel[ai’ ,Bi]l“@-

Let y be an element of [0, Bolr,. Then, we may assume y € [0, Bo]r. Then, since
T’ — X has a lifting to 7" — Cg such that v/(ﬁ) =y and since C’' — Cg xx X’
is proper and birational, there exists a unique lifting 7/ — C’ of T’ — Cg by the
valuative criterion. If the image of the closed point by 7" — C’ is contained in the
smooth part C; NC™ of an irreducible component C; C C., for i € I}, then we have
y = «;. If the image of the closed point by T — C’ is the singular point z; € C,
for i € I, then we have y € [«;, Bi]ry by Corollary 1.3.4. Thus, the condition (i)
is also satisfied.

We show that the condition (iii) is satisfied. For i € I{ or i € I, such that o; = §;,
there is nothing to prove. Assume that i € I, and z; is contained in two irreducible
components C;, and C;, such that o; = o;;, < i =, € "t and let y € (o, Birg-
Then, we may assume y € («;, B;)r. By Corollary 1.3.4, after replacing T’ by
an extension if necessary, we may take a morphism 7’/ — C’ such that the image
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of the closed point x' € T" is z; and v'(R) = y. Since F} (Y/X) = FF (Y¢//C))
and F)7(Y/X) = FZ{?’+(YC, /C’) by Lemmas 3.2.5(2) and 3.2.4(2), the assertion
follows from Proposition 3.1.8. O

We study some variants.
Let X be a normal noetherian scheme, let U be a dense open subscheme and let
V — U be a finite étale morphism. We consider a cartesian diagram

Y +—V

l O l (3-15)

X U

of schemes of finite type over X satisfying the following conditions: the horizontal
arrows are dense open immersions, X’ is normal, X’ — X is a proper birational
morphism inducing the identity on U and Y is finite flat over X".

Let A C K = k(t) be a valuation ring of the residue field at a point t € U and
let T = Spec A — X be a U-external morphism. Let x € 7" denote the closed point
and let x be a geometric point above x. For y € I'g, ¢, we define

FR(V/U) — FLT(V/U)

=l

FY(V/U) —— FYT(V/U)
to be the inverse limit of

F(Y'/X') —— FXT(Y'/X')

=l

FY(Y'/X") —— FPY(Y'/X).

Let Ty denote the normalization of T in V xx 7. For X" in (3-15), let X, C X’
denote the reduced closed subscheme supported on the closure of t € U C X’ and
let x" € X7, denote the image of the unique morphism 7 — X’ lifting 7 — X.
Then, since A =limy, , y Ox; ., we have F;)J’(V/ U)=Ty xrx.

Lemma 3.2.7. Suppose that the normalization Ty of T in V xx T is finite and flat
over T. Then, there exists a finite and flat Y' — X' such that Ty =Y’ xx T. For
such Y’ — X', the diagram (3-16) is isomorphic to (3-17).

Proof. Since A =limy, , Oy , in the notation above, the existence of finite flat

Y’ — X’ such that Ty =Y’ xx» T follows. By the flattening theorem [Raynaud
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and Gruson 1971, théoréme (5.2.2)], such Y’ — X’ are cofinal among commutative
diagrams (3-15). Hence the assertion follows from Lemma 3.2.5(2). ([l

For a normal noetherian scheme X, a formal Q-linear combination R =), r; D;
with positive coefficients r; = 0 of irreducible closed subsets D; of codimension 1
is called an effective Q-Cartier divisor if a nonzero multiple is an effective Cartier
divisor. The union | J; D; for r; > 0 is called the support of R. For an open subset
U C X, if U does not meet the support of R, we write RN U = & by abuse of
notation. For a U-external morphism 7 = Spec A — X, the valuation v(R) is
defined as an element of [0, 00)r,.

Definition 3.2.8. Let X be a normal noetherian scheme and let U C X be a dense
open subscheme. Let Y be a quasifinite flat scheme over X suchthat V=Y xx U —
U is finite étale. Let R be an effective Q-Cartier divisor of X such that U N R is
empty and let x € X be a point contained in the support of R.

We say that the ramification of Y over X is bounded by R (resp. by R+) at x,
if for every U-external morphism 7" — X, the ramification of ¥ — X is bounded
by v(R) (resp. by v(R)+) in the sense of Definition 3.2.3.

Lemma 3.2.9. Let the notation be as in Definition 3.2.8. Then, the following con-
ditions (1), (1') and (2) are equivalent:

(1) The ramification of Y — X is bounded by R (resp. by R+) in the sense of
Definition 3.2.8.

(1') The condition in Definition 3.2.8 with T restricted to be a discrete valuation
ring is satisfied.

(2) For every morphism f : X' — X of finite type, of normal noetherian schemes
suchthat U' =U x x X' — U is étale, that R' = f*R is an effective Cartier divi-
sorand that Y =Y x x X' — X' satisfies the condition (RF) in Definition 3.1.4
for R', the ramification of Y' — X' is bounded by R’ (resp. by R'+) at every
point of R in the sense of Definition 3.1.4.

Proof. (1")=>(2): Let X" — X be as in (2) and let x" € R’ be a point. Let X| — X’
be the normalization of the blow-up at the closure of x’. Then, the local ring
A = Ox: x; at the generic point x} of an irreducible component of the inverse
image of x’ is a discrete valuation ring. The morphism 7" = Spec A’ — X| — X’
is U*-external and the image of the closed point is x’.

For y' = v/(R’), by Lemma 3.2.4(2), the commutative diagram (3-12) is canon-
ically identified with

ot "+
FY(Y' /X)) —— F,"(Y'/X)

| |

FJ(Y'/X) ——— Y,
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Further, this commutative diagram is canonically identified with (3-11) for y =
v(R) by Lemma 3.2.5(2). Hence the assertion follows.

(2)=(1): Let T — X be a U-external morphism and let y = v(R). Then by
Lemma 3.2.4(2), the commutative diagram (3-11) is canonically identified with
(3-12). Hence the assertion follows.

(1) = (1’): This implication is obvious. O

Proposition 3.2.10. Let the notation be as in Definition 3.2.8 and assume that the
ramification of Y over X is bounded by R+. Assume that Y is locally of complete
intersection over X and let

Q+—Y

| o |

P+—X
be a cartesian diagram of schemes over X such that P and Q are smooth over X,
the vertical arrows are quasifinite and flat and the horizontal arrows are closed
immersions.

Let X' be a normal noetherian scheme over X such that R' = R x x X' is an ef-

fective Cartier divisor and Y' =Y x x X' over X’ satisfies the condition (RF) for R’
Then, the morphism Q') — P'R) s étale on a neighborhood of Q'®) x x R.

This implies [Saito 2009, Lemma 1.13 6)=4)] since Q"% x xR’ — P'®) x xR’
is finite by Lemma 2.1.7(1).

Proof. First, we show that we may assume that there exist a closed subscheme
Y C Y’ étale over X', an integer n = 1 and an effective Cartier divisor Dj C R’
satisfying the following conditions: We have an equality Rg,é = R}, of underlying
sets. Let J; C (’)R;, be the nilpotent ideal defining R’Yé C Ry,. Then, we have
Jy"=0and (n+1)Dy =R

Under the condition (RF), the formation of Q’ (R) 5 p'R) commutes with base
change by Lemma 2.1.8 and Example 2.1.2(1). Since Q' ®) and P'®) are flat
over X/, the étaleness of Q"R) — P'(R) s checked fiberwise. Hence, we may take
base change. Let x’ € R’ be a point and let X” — X’ be the normalization of the
blow-up at the closure of x. Then, there exists a point x” € X” above x’ such
that the local ring Ox» ,~ is a discrete valuation ring. Hence, by replacing X’ by
Spec Ox» 7, we may assume that X’ is the spectrum of a discrete valuation ring.

Then, we may assume that Y’ C Q’ is a union of sections X’ — Q’. There exists
a disjoint union Y C Y’ of sections such that we have an equality Rg,é = Ry, of
underlying sets. Let n = 1 be an integer satisfying 7" = 0 in the notation above.
After replacing X’ by a ramified covering if necessary, there exists an effective
Cartier divisor D, of X' satisfying (n + 1) D, = R’
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The finite morphism Y'®) — X’ is étale by Corollary 3.1.3. Hence by the
existence of Y|, D, and n and by Lemma 2.2.5, the Oy x-module Oy, Qo, Qi, /X
is annihilated by 7, ;. Hence by Lemma 2.2.4, there exists an open neighborhood
W, c Q'R) of Q'(R) xX/R/ such that Q'R — P'(R) ig étale on Wy=(Q'®) x x' R').

The morphism Q'(R) — p'(R) js étale also on a neighborhood W, of YR e /R,
Since the vector bundle P'®) x y R” — R’ has irreducible fibers, W, ¢ Q"®) is
dense in the fiber of every point of R’ by Proposition 1.1.5(1). Hence the assertion
follows from Lemma 1.2.4. ([

3.3. Ramification groups.

Theorem 3.3.1. Let X be a connected normal noetherian scheme and let U C X be
a dense open subscheme. Let G be a finite group, W — U be a connected G-torsor
and let C be the category of finite étale schemes over U trivialized by W. Assume
that for every morphism Vi — V; of C, the morphism Y| — Y, of normalizations
of X in Vi and in V, is locally of complete intersection.

Lett € U and let T = Spec A — X be a U-external morphism for a valuation
ring A g K =k(t). Let X (resp. t) be a geometric point above the closed point x
(resp. the generic point t) of T and let X <— t be a specialization. Fix a lifting of X
to the normalization Ty of T in W xx T and let Iz C G be the inertia group at the
image of the lifting of x to the normalization Yw of X in W by Ty — Yw.

For an object V of C, let Y denote the normalization of X in V and consider the
fiber functor sending V to F7°(Y [ X).

(1) There exist decreasing filtrations G; D G}}Jr of G indexed by y € (0, 00)rg
such that, for every object V of C, the canonical surjections F°(Y/X) —
FI*(Y/X) — FJ(Y/X) induce bijections

G?*\F;O(Y/X) — F;’JF(Y/X), GI\FX(Y/X) —> F1(Y/X). (3-18)
For Iz = G(%+, the mapping
GIN\FE(Y/X) — FOH(Y/X) (3-19)

is a bijection.

(2) There exists a finite increasing sequence 0 =y < o] < - -+ < o of elements
of [0, o0)ry, such that we have

GY 't =G’ =G"" =GY fory € (ai_1,d)ry, 150 S,

- (3-20)
Gan"" — Gy — Gy+ = 1 for y (S (an, OO)F@'

(3) Let Dy C G be the decomposition group of T in W x x T. Then, D normalizes
G” and G'*.
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Proof. (1) Let V' — V be a morphism in the category C and let Y — Y be the
morphism of normalizations of X. By Proposition 3.1.2 and Lemma 3.2.4(2), the
diagram

FP(Y'/X) —— FJT(Y'/X) —— FJ(Y'/X) —— FYT(Y'/X)

| | | | e

F(Y/X) —— FIY(Y/X) —— FL(Y/X) —— FX'(Y/X)

is a cocartesian diagram of surjections. Further, the functors F}/ and F%/ * pre-
serve disjoint unions. Hence by Proposition 1.4.2, we obtain filtrations (G;)y and
(G;Jr)y indexed by y € (0, 00)r,, characterized by the bijections (3-18). For y =0,
the bijection (3-19) follows from F;)J’(Y/X) =Y;.

(2) Since C has only finitely many connected objects and
F(Y/X) — FLY(Y/X) — FL(Y/X)
are surjections, the claim follows from Theorem 3.2.6.
(3) Since the surjections F°(Y/X) — F%/JF(Y/X) — F%/(Y/X) are compatible

with the actions of Dy C G, the subgroup Dy C D; normalizes G” and G’ by
Corollary 1.4.4. ([l

By the definition of the filtrations, the ramification of ¥/ X at T is bounded by y
(resp. by y+) if and only if the action of G]} (resp. of G;Jr) on Fp°(Y/X) is trivial.
By Corollary 1.4.3, the filtrations (G?) and (G¥*) are compatible with quotients.
We have the following functoriality. Let

X «— T

Lo

X «—— T

be a commutative diagram of schemes. Assume that X’ — X is a morphism of
normal connected noetherian schemes and let U' C U x x X’ C X’ be a dense open
subscheme. The horizontal arrows T — X and T’ — X' are U-external and U~
external and the vertical arrow T’ — T is faithfully flat. Let W’ be a connected
G'-torsor over U’ for a finite group G’ and let W — W be a morphism over
U’ — U compatible with a morphism G’ — G of finite groups. Assume that
W’ — U’ satisfies the complete intersection property as in Theorem 3.3.1 and let
(G'") and (G""'*) be the filtrations of G’ indexed by y’ € (0, o)y, Then, for
y € (0, 00)r,, the morphism G’ — G induces

G" > G", G'"t—>Grt (3-22)

by the functoriality Lemma 3.2.5(1).
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We consider a variant. Let A g K be a valuation ring and let L be a finite
Galois extension of K of Galois group G. We define a filtration of G by ramifi-
cation groups under the following assumptions: For every intermediate extension
K C M C L, the normalization Ay of A in M is a valuation ring finite flat and
of complete intersection over A. There exist an irreducible normal noetherian
scheme X such that K is the residue field at the generic point ¢t and a morphism
T =Spec A — X extending t — X.

Let T — X be as above and let M be an intermediate extension. Then by
Lemma 3.2.2(1), Spec Ay, is the limit of 7 x x» Y’ for normal schemes X’ of finite
type over X equipped with a lifting 7 — X’ of T — X and finite flat schemes
Y — X’ such that U' = U xx X’ — U is an isomorphism for a dense open
subscheme U C X and U’ xx' Y’ — U’ is a finite étale covering corresponding
to M. Since Ay is assumed to be finite flat locally of complete intersection over A,
there exists a finite flat scheme Y;, — X’ locally of complete intersection such that
U’ xx Y, — U'is finite étale and T x x' Y}, = Spec A .

Thus, there exist a dense open subscheme U C X and a normal scheme X’ of fi-
nite type over X satisfying the following conditions: The morphism U'=U x x X' —
U is an isomorphism. The morphism 7' — X is lifted to T — X’. For every inter-
mediate extension M, there exists a finite flat scheme Y;, — X' locally of complete
intersection such that U’ x x Y}, — U’ is finite étale and T x x' ¥}, = Spec A .

Then applying Theorem 3.3.1, we obtain filtrations (G7.) and (G¥) by normal
subgroups of G = D7 indexed by (0, 00)r,.

In the rest of the article, we consider the case where X = T = Spec Ok for a
complete discrete valuation ring Ok . For a finite Galois extension of the fraction
field K of the Galois group G, the decreasing filtrations (G"),~o and (G"1),>( by
normal subgroups indexed by rational numbers are defined.

Lemma 3.3.2. Let K be a complete discrete valuation field and let L be a finite Ga-
lois extension of the Galois group G = Gal(L/K). Then, the filtration by ramifica-
tion groups of G defined in [Abbes and Saito 2002] is the same as that defined here.

Proof. Let M be an intermediate extension and let Y = Spec Oy — Q = Ap,, be
a closed immersion defined by taking a system of generators of Oy, over Ok as in
Example 2.1.1(1). Then, the affinoid varieties used in the definition in [Abbes and
Saito 2002] are the generic fibers of the formal completions of dilatations of Q.
Since the geometric connected components of the affinoid varieties are canonically
identified with those of the closed fibers as in Remark 1.1.2, the assertion follows.

O

Let L be a finite separable extension of degree n of K and let Y = Spec Oy, for
the integer ring O;. We recall the classical case where Oy is generated by one
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element over Ok, using the Herbrand function. Take a closed immersion
Y =SpecOp — 0 = A; = Spec Ok [T1],

and let P € Okg[T] be the monic polynomial such that we have an isomorphism
OklT]/(P) — OL.

Let K’ be a finite separable extension containing the Galois closure of L and let
X' =Spec Og. Let v' : K — QU {oo} be the valuation extending the normalized
valuation of K. Let r > 0 be a rational number in the image of v" and let R" C X’ be
the effective Cartier divisor such that v'(R’) =r. Let Q" D Y’ be the base change
of Q DY by X' — X and let ') = Q") denote the dilatation. We compute
Q'™ using the Herbrand function, whose definition we briefly recall.

Decompose P as P = ]—[f-‘:](T —a;) in Og/[T] and set b; = a; —a, € Og'. Set
P(Ti+a,) =[1/_(T1 —b) =T+ 1T/ "' +---+c,_1 Ty in Og/[T1]. Changing
the numbering if necessary, we assume that the valuations s; = v'(b;) € Q are
increasing in i. Note that the increasing sequence so=0<s; <---<s,_| <5, =00
is independent of the choice of a,. The valuation v'(c,—1) = ZZ;% sk equals the
valuation v'(Dg, sk ) of the different Dy k. It is further equal to the length of the O, -
module }9L Jo, divided by the ramification index e/ by [Serre 1968, Chapter III
§6 corollaire 2 a la proposition 11].

The largest piecewise linear convex continuous function

p: [Oan - 1] - [O’ v/(DL/K)]

such that the graph is below the points (0, 0) and (k, v(cg)) fork=1,...,n—11s
defined by

k—1

p)=>si+sx—k+1) (3-23)

i=1
onlk—1,k]fork=1,...,n—1. The graph of p is the Newton polygon of the
polynomial P(Ty +a,). The Herbrand function ¢ : [0, 00) — [0, 00) is a piecewise
linear concave continuous function defined by

n—1
¢(s) =) _min(s;, 5) + 5. (3-24)
i=1
We have
k—1
p(s) = Z(n —i+1D-(si—sic)+m—k+1)-(s —sr-1) (3-25)
i=1

on[sy_1,s¢) fork=1,...,n.
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Example 3.3.3. Let s € (sx_1, Sx]a, ¥ = ¢(s) and let ¢ be an element of a finite
separable extension K’ of K such that v(t) = s. By (3-25) and Example 2.1.2,
Q') is obtained as an iterated dilatation defined inductively by Qf, = 0/,

Q; — Q;(_(Vi—(i—l))'(s,-—s,-—l)) forO<i<k and Q/(r) _ Q;{(inl—(k—l))(s—sk_l)).

Hence Q') — X’ is smooth. Let C C Q') xx x’ be the connected compo-

nent meeting the section s, : X' — Q'™ lifting s, : X — Q defined by T = a,,.

Then, Spec Ok/[T'] for T’ = T/t is a neighborhood of C C Q’"). Further, on

Spec Og/[T’], the closed subscheme Y'”) C Q') is defined by [T (T —=bi/1).
Consequently, the surjections

Yi=lai,...,a,} — Fy(Y/X)
and
Yi— FyP(y/X)

are given by the equivalence relations v'(a; —a;) = s and v'(a; — a;) > s, re-
spectively. In particular, 7 x = @(s,—1) = v (D, /K) +Sp—1 is the unique rational
number r such that the ramification of Y over X is bounded by r+ but not by r.

We give a slightly simplified proof of the proposition below giving characteri-
zations of unramified extensions and tamely ramified extensions.

Lemma 3.3.4 [Serre 1968, chapitre III §7 proposition 13; Abbes and Saito 2002,
Proposition A.3]. Let L be a finite separable extension of a complete discrete val-
uation field K. Assume that Oy is generated by one element over Ok and let
ro/k = @(sp—1) =V (Dr/k) + Su—1 be as in Example 3.3.3.
(1) The following conditions are equivalent:
(1) L is an unramified extension of K.
(11) rL/k = 0.
(111) rL/k < 1.
(2) The following conditions are equivalent:
(1) L is a tamely ramified extension of K.
(11) rL/k = 0orl.
(111) rL/k § 1.
Proof. By [Abbes and Saito 2002, Proposition A.3], we have v'(Dy k) >1— 1/er/k
and equality holds if and only if L/K is tamely ramified. We have s,_; = 0
and equality holds if and only if L is unramified. If L is ramified, we have

sn—1 2 1/er/k and equality holds if and only if L is tamely ramified. The assertions
follows from these observations. U

Proposition 3.3.5 [Abbes and Saito 2002, Proposition 6.8]. Let L be a finite sepa-
rable extension of a complete discrete valuation field K.



424 TAKESHI SAITO

(1) The following conditions are equivalent:

(1) L is an unramified extension of K.
(i) The ramification of L over K is bounded by 1.

(2) The following conditions are equivalent:

(1) L is a tamely ramified extension of K.
(i1) The ramification of L over K is bounded by 1+.

Proof. For both (1) and (2), (i)=(ii) follows from Example 3.3.3 and Lemma 3.3.4,
since Oy is generated by one element over Ok.
We show (ii) = (i).

(1) Let L be a finite separable extension such that the ramification over K is
bounded by 1 and assume that L was ramified over K.

Let G be the Galois group of a Galois closure of L over K and let 1 g I C
G = Gal(L/K) be the inertia subgroup. By replacing K and L by the subextensions
corresponding to / and to a maximal subgroup H ; I, we may assume that L is a
cyclic extension of prime degree since [ is solvable.

Then, either the ramification index ey x is 1 and the residue extension is a
purely inseparable extension of degree p or L is totally ramified extension. Hence
Oy is generated by one element and the assertion follows from Example 3.3.3 and
Lemma 3.3.4.

(2) If the integer ring Oy is generated by one element over Ok, the assertion
follows from Example 3.3.3 and Lemma 3.3.4. We prove the general case by
reducing to this case by contradiction.

Let L be a finite separable extension such that the ramification over K is bounded
by 14 and assume that L was wildly ramified over K.

Let G be the Galois group of a Galois closure of L over K and let 1 ; P C
I C G = Gal(L/K) be the wild inertia subgroup and the inertia subgroup. By
replacing K and L by the subextensions corresponding to / and to a maximal
subgroup H ; P, we may assume that [L : K] = mp for an integer m prime to p.

Since an algebraic closure F of the residue field F of K is a perfect closure of
the separable closure, we may construct a henselian separable algebraic extension
K of ramification index 1 of residue field F as a limit lim K of finite separable
extensions of ramification index 1. Since the composition LK isa totally ramified
extension of K, there exists a finite separable extension K’ = K of ramification
index 1 such that L' = LK is a totally ramified extension of K.

By the functoriality (3-22), the ramification of L’ over K’ is bounded by 1+.
Since L’ is totally ramified over K’, the integer ring O, is generated by one element
over Og. Hence, L’ is tamely ramified over K’ and we have [L": K'] = m.

By construction, there exists a sequence K C Ko C K1 C --- C K, = K’ such
that Ky is an unramified extension of K and that K; is an extension of K;_; of
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degree p of ramification index 1 with inseparable residue field extension for each
i=1,...,n. Since [LKy : Ko] = mp, we have n > 0. By taking the smallest
such n, we may assume [LK,_|: K,_1] = mp.

Further, by the functoriality (3-22), we may replace K and L by K,,_; and LK,,_;.
Hence, we may assume that [K': K]=p and K’ C L. Since [K': K]= p, the integer
ring Ok is generated by one element over Ok . Since K’ C L, the ramification of
K’ over K is bounded by 1+. Hence K’ is tamely ramified over K. This contradicts
the assumption that the residue field extension of K’ over K is inseparable. U
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