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Almost sure local well-posedness
for the supercritical quintic NLS

Justin T. Brereton

This paper studies the quintic nonlinear Schrédinger equation on R4 with ran-
domized initial data below the critical regularity H@~1/2 for 4 > 3. The main
result is a proof of almost sure local well-posedness given a Wiener randomiza-
tion of the data in H* for s € (3(d —2), 1(d —1)). The argument further devel-
ops the techniques introduced in the work of A. Bényi, T. Oh and O. Pocovnicu
on the cubic problem. The paper concludes with a condition for almost sure
global well-posedness.

1. Introduction

Consider the Cauchy problem for the nonlinear Schrédinger equation. Given initial
data ¢ € H5(R?), for (¢, x) € R x R¥ the solution u(z, x) € C satisfies
iy + Au = +|u|P "y,
ey
u | t=0 - ¢’
where + and — correspond to the defocusing and focusing cases, respectively. This
equation has conserved mass and energy

M@ =1 /R 0P dx,

_1 2 1 p+1
E@) = Z/Rqu(t,xﬂ dxj:p+1 » lu(t, x)| dx.
The NLS equation is also invariant under a dilation symmetry. Given u(¢, x) that

solves (1), the function u; (7, x) = A2/(P=Dy (12, Ax) is a solution with rescaled
d 2

initial data for every A. Furthermore there is a Sobolev index s, = 5 — =1 such
that the homogeneous Sobolev norm |[u || 7, is constant under this scaling. This
index s. is known as the scaling critical index, and when % — % =85, =1

the problem is known as energy critical, since the energy scales like HS =H'.
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Given initial data ¢ € H(R%), the problem is called subcritical when s > s, and
supercritical when s < s.
In addition, special pairs of exponents (g, r) satisfying the bounds 2 < ¢, r < 0o
and (¢, r,d) # (2,00, 2) are called Schrodinger-admissible if
2 d_d

Strea 2)

For such a pair we have the well known Strichartz estimate

1Ol 11 ety < CIPl 2y 3)
where S(¢) denotes the linear Schrodinger semigroup operator ¢2 that corre-
sponds to solving the linear Schrodinger equation for time #; see [Strichartz 1977,
Yajima 1987].

It is known that the NLS equation is ill-posed in the supercritical case; for such s
one can construct special initial data ¢ € H* (Rd) such that for every T > 0, (1)
has no solution on (=7, T') that stays in H*(R¢), as demonstrated in [Alazard and
Carles 2009; Christ et al. 2003]. Though local well-posedness is not guaranteed, it
is important to determine if there are solutions for most supercritical initial data ¢.
This leads one to investigate the problem of almost sure well-posedness for initial
data chosen for supercritical randomized initial data. Pocovnicu, Bényi and Oh
have proven almost sure local well-posedness for the energy critical R* problem
using X* b spaces in [Bényi et al. 2015a]. They then proved a separate result for
the cubic equation for all d > 3 using U? and V? spaces and their adaptations for
the Schrodinger equation in [Bényi et al. 2015b].

In this paper we adapt the techniques of [Bényi et al. 2015a; 2015b] in order
to prove local well-posedness in the quintic case for dimension d > 3. Follow-
ing [Bényi et al. 2015a], we apply a Wiener randomization to the initial data
¢ € H*(R?). This randomization method takes a function ¢ € H*(R?) and for
each w in a probability space 2 produces a randomized function

$° =Y gn(@)n(D —n)¢ )

nezd

that is in H*(R¢) with probability 1 but gains regularity with probability 0. The
gn(w) are mean zero, i.i.d. complex random variables that are required to satisfy a
decay condition, the Gaussian being such a random variable. The term n(D —n)
is a Fourier multiplier whose symbol approximates the characteristic function of
the unit cube centered at n in frequency space.

In Section 2 we present several previously known probabilistic bounds on the
Wiener randomization ¢ of ¢ € H¥(R?) as well as its linear Schrodinger evolu-
tion S(#)¢®. One of these is a probabilistic bound on [[(V)*S()$® | La L (1 xre)
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for arbitrarily large values of g, r. For large enough values of ¢, r this is a norm
that scales subcritically, which means we can approach almost sure local well-
posedness as if it is a subcritical problem.

Our main result is the almost sure local well-posedness of (1) with initial data
$® chosen via the Wiener randomization of any ¢ € H*(R%):

Theorem 1.1. Fix d >3 and s € (3(d —2). 4(d —1)). Given ¢ € H*(R?) with
Wiener randomization ¢®, w € 2, the quintic nonlinear Schrodinger equation is
almost surely locally well-posed. More specifically, there exist c1, ¢z, 0 > 0 such
that for sufficiently small T < 1, there is a set Qr C 2 such that

P(Q7) > 1 _016—02/T6||¢||Hs
and for each @ € Q, the initial value problem
iy + Au = +|u*u,
u(0) = ¢*
has a unique solution in the function class C((=T, T) — H*(R?)).

We now provide a brief outline of the proof. In Section 3 we define the Littlewood—
Paley projection operator, as well as the U2 and V2 spaces and their Schrodinger
analogues developed by Koch, Tataru and others in [Hadac et al. 2009; Herr et al.
2011]. In Section 4 we present Strichartz estimates as well as a bilinear estimate
for these spaces. The next step is to split the NLS solution u into its linear part
z(t) = S(t)¢® and nonlinear part

t
o) =% [ =isa=i)v 20+ ] ar )

the integral term of Duhamel’s formula. Our probabilistic bounds tells us that z
almost surely has the same regularity as the initial data ¢®. Therefore the linear part
of the solution is almost surely in the supercritical space H* (R%), and it remains to
prove existence of the nonlinear part v(¢). As mentioned earlier, z(¢) is bounded in
subcritical norms, which means we can treat our linear solution z(¢) as a subcritical
perturbative term in the Cauchy problem

vy + Av = :I:(v+z)|v-|—Z|4,

6
v(0)=0 ©

that is satisfied by the nonlinear part v.

This means almost sure local well-posedness of v(¢) is essentially a subcritical
problem. We prove local existence of the nonlinear part v(¢) using a fixed point
argument based on doing a frequency decomposition of v(¢) and bounding it at
each frequency.
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Global well-posedness is a much harder problem. There is yet to be a proof
of almost sure global well-posedness of any supercritical NLS problem. Pocov-
nicu, Bényi and Oh proved almost sure global well-posedness of v € H!(R*)
for the cubic problem under the assumption that there is a probabilistic bound on
V]l oo i1 mxr4y in [Bényi et al. 2015b]. It seems difficult to prove such a bound.

One could probably prove a similar result for the 3-dimensional quintic problem,
the energy critical dimension for the quintic problem. Instead we prove almost
sure global well-posedness of v in the subcritical space S!7¢(R x R3) assuming
the norm [|v||z107,10(—7,7]xg3) does not blow up in finite time. This means that a
probabilistic a priori estimate for |[v]|z107,10(—7,7]xr3) implies almost sure global
well-posedness as expressed in the following result:

Theorem 1.2. Assume % <s<land0<c < %. Suppose we have a probabilistic
a priori estimate for ||v||p 101 10(—T,TxRr3)> meaning for every T, R > 0 there is a
function (T, R) and a set Q7 5 such that

e for any @ € Q. p, if the solution v(t) to (6) exists on (=T, T') then we have

the bound

v ||L10L10([—T,T]XR3) <R;

. P(Q )= 1 —a(T. R);
e forall T >0, limg_oo @(T, R) =0.
Then given ¢ € H?® (R3) with Wiener randomization ¢®, the initial value problem
iuy + Au = +|ul*u,
u(0) = ¢*
is almost surely globally well-posed, meaning there is a set Q1 gr C 2 and con-
stants c1, ¢z, ¢3 > 0 such that

P(Qr,r)>1 _cre 2R —c30(T, R)

and for any w € Qr,R the above equation has a unique solution in the function
class C((=T, T) — H*(R%)) with v(t) € H'¢(R3) for any time t € (=T, T).

2. Randomization of initial data and probabilistic estimates

Our method of randomization is the Wiener decomposition of the frequency space
that was used in [Bényi et al. 2015a] and first introduced in [Zhang and Fang 2012].
Consider a Schwartz class function ¥ € S(R) that approximates the cube of unit
length centered at the origin in R4, meaning that v is supported on [—1, l]d and
Y neza ¥ (& —n) is identically 1. Then for each n, define the Fourier multiplier

as
(D —n)u(x) = F [y (€ —n)Ful. 7
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Note that this satisfies ), 7« 7(D —n)u(x) = u(x). This provides a decomposi-
tion of the function u into pieces whose frequencies are localized to cubes.

The idea is then to consider a function ¢ € H® (R?) and for each w from a prob-
ability space 2 create a randomized function ), .4 gn(@)n(D —n)¢ for some
random variables g,. For each n € 7, let Un and v, be probability distributions
on R, symmetric about 0, such that for some constant ¢ we have

/ A dji () / e oy (x)
R4 R4

for all n € Z%, X € R. A Gaussian random variable would be an example of a
random variable with these properties. Then define each g, to be an independent,
mean zero, complex random variable on €2 such that Re(gy,) and Im(g,) have
distributions i, and v,. We define the Wiener randomization ¢® of ¢ € HS(R%)
to be

2 2
<e*  and < et (8)

¢° =Y ga(@)n(D —n)g. )

nezd

The main advantage derived from the Wiener randomization is improved L? (R%)
estimates on the randomized initial data ¢ off a small set, as a result of a stronger
Bernstein’s inequality. Despite only requiring that ¢ be in H*, the randomized ¢¢
is in L?(R?) with probability 1. In addition, we have a probabilistic bound on
6 || grs (rary> Which implies that ¢ € H¥ (R9) almost surely.

We have the following key bounds on ¢ and its linear Schrodinger evolution
with proofs from [Bényi et al. 2015a]. We prove the first estimate while omitting
the proofs of the second and third estimates. For all R > 0,s >0 and ¢ € H® ([F\Rd ),

we have

—c2R/1612, a
b

P (19 | grs ey > R) < c1e
P(”S([)d)w”L?LS‘C([O,T]X[R‘Z) > R) =cie

P(”()bw”Lp([Rd) > R) =cie

Lemma 2.1. Given ¢ € H® with randomization ¢, for all R > 0 there exist
positive constants ¢y, ¢ such that

—c2R?/T?/4 ”¢”iz(mzd)
9

_62R2/”¢”L2(Rd)

_ 2 2
P(16° | s ay > R) < ere” 2K M1s (10)

Proof. The proof is taken from [Bényi et al. 2015a]. By Minkowski’s inequality,
we have for p > 2,

EL16° 1% ay] < (N0 02 ooyl 2y

= (H | > an@)(V)'n(D—n)g)|

nezd

p
) . 3an
L2 Q)| 2(ra)



432 JUSTIN T. BRERETON

By a well known lemma on sums of random variables, stated as Lemma 2.1 in
[Bényi et al. 2015a] and proven in [Burq and Tzvetkov 2008], and the fact that
Fourier multipliers commute, we have

[E[||¢w”p s Rd)] (H«/_”gn Y’n(D _”)¢||12(nezd)HL2(Rd)) )

(12)
E[I6° 12, gy ] = C (VP Il 215 ay)”
So by Markov’s inequality,
RPP(I¢° | sy > R) < C (VP ll s ge)”
(Cov/Pldllgs@ay)” (13)

P (16| s ray > R) < RP

Now let p = (R/(Coe||<,15||15{s))2 with Cy taken from above. There are two cases.

e p <2: Inthis case we cannot use the above work because it assumes p > 2 for
. b . . —eoR2 .
Minkowski’s inequality. Letting ¢, =1/ (C02e2) we have e 2R /1¢llns > =2,
Now choosing ¢; > e? we have

P12 | s@ay > R) <1< cre7? < cre 2R/l (14)
since every probabilistic outcome has probability less than 1.
e p > 2: From the definition of p above and (13), we have
P(16° s ey > R) < e™? < e=e2R /0G5 (15)
In both cases the lemma is proven. O

Lemma 2.2. Given ¢ € H® with randomization ¢, for all R > 0 there exist
positive constants ¢y, ¢ such that

~c2 R/ T4 |92,

P(IS®¢“ N 911 1o, 71xma) > R) < c1e (16)

After multiplying R by a small power of 7" we have the following corollary.

Corollary 2.3. For small 0 € [ ) and R > 0 there exist c1, ¢p such that

—crR2/T2/4-29) 0|2
PUSO N1y 1y to,rixeey > TOR) < e/ o2

_ 2 2
<cie c2R /”¢"L2 (17)

Placing derivatives inside the norm and noting that derivatives commute with
Fourier multipliers such as S(¢) and the map ¢ — ¢®, we have our main bound:
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Theorem 2.4. Given small 6 € [O, é) and ¢ chosen according to a Wiener ran-
domization, for all R > 0 there exist c1, ¢y such that

_ 2 2/q—26 2
P(”(V)SS(I)¢w”L‘tILSC([O’T]XRd) ~ TGR) <cqe coR=/T#/1 ||¢"HY
< Cle—c‘sz/lltbllffs_ (18)

This bound will be crucial in the proof of local well-posedness. This gives us as
much integrability as we want in bounding a linear solution, which means the linear
solution is bounded in subcritical norms, allowing us to treat local well-posedness
like a subcritical problem.

Lemma 2.5. Given ¢ € H® with randomization ¢, for all R > 0 there exist
positive constants ¢y, ¢ such that:

_ R2 2
P (16 gay > R) < cre” 10002, (19)

Proof. The proofs of Theorem 2.4 and Lemma 2.5 can be found in [Bényi et al.
2015a]. They utilize the same basic argument as above, with some extra steps.
Each proof exploits an improvement of Bernstein’s inequality that results from
the Wiener randomization. Note that g, (w)n(D — n)¢ has Fourier transform sup-
ported on the unit cube centered at 7. Therefore, e/™* g, (w)n(D — n)¢ has Fourier
transform supported on the unit cube centered at the origin. Bernstein’s inequality
implies that

e g, (w)n(D —n)o|r < lle"™ g (w)n(D —m)d|l - (20)

with no loss of regularity, since multiplying by ¢"* does not affect the L? norm.
So we obtain the bound || g, (w)n(D —n)¢||Lr < ||gn(w)n(D —n)¢| 2. This is
the key ingredient in the proof that allows one to bound the higher L? norm of ¢%
with high probability while only assuming that ¢ € L?2. O

3. Littlewood-Paley theory and function spaces

3A. Littlewood—Paley theory and dyadic decompositions. In the fixed point proof
we will take the linear and nonlinear parts of our solution and dyadically decom-
pose each into a sum of Littlewood—Paley projections. Given a smooth bump
function v such that ¢ (§) = 1 for |§] < 1 and ¥ (§) = 0 for |&] > 2, we have
the following definition from the Littlewood—Paley theory.

Definition 3.1. Given dyadic N and a function f € L? we define its projection
P_y f to be the Fourier multiplier such that

§

Pnf® =v(5)/®.
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Of course the definition applies to a much wider range of distributions, but in
this paper we need only consider functions in L2 or H* for some s > 0.

Note that P/S-W is supported on the set |£| <2N. Now we define the projection
Py that localizes to frequencies in the interval [N/2,2N].

Definition 3.2. We define P; = P<; and for dyadic N > 1,

Py f=P<nf—P<niaf

This defines the projection Py f with frequencies between N/2 and 2N . Also,
we have ) "y Py f = f, so this is indeed a decomposition.

The above info and other results on Littlewood—Paley theory can be found in
the appendix of [Tao 2006].

3B. Strichartz spaces. In this and the following section we introduce the func-
tion spaces needed to prove well-posedness. We start with the standard Strichartz
spaces: S*(I x R?) and N*(I x R%). Let ¢, r be a Schrodinger-admissible pair.
Given an interval I = [to, ;] we define S*(I x R?) to be the set of measurable
functions bounded in the norm

”uHSS(IXRd) = Sup. ) ”(V>Su”Lqu(1de)-
(q,r) admissible
We also define N ~5(I x R%) to be the dual space of S¥(I x R?), which satisfies

the bound

ul| ar ay < inf VYSu .
[ ||Nv(1xR )_(q’r)admissible”( ) ”Lq’Lr’(Ide)

The key relation between the Strichartz norms is the Strichartz estimate for solu-
tions to the nonlinear Schrédinger equation. Suppose u is a solution to iu; + Au = F.
Then

55 (1t e.1xrey < NN s ey + 1 F | vs (fro,611xR4) - 1)

3C. U? and V? spaces. Our analysis requires a norm that measures how close
a function is to a linear solution to the Schriodinger equation, so we use the U?
and V? spaces of Koch and Tataru introduced in [Hadac et al. 2009; Herr et al.
2011]. We start by defining a U? atom, and then the U? and V? spaces. Suppose
I<p<ooand —oo <ty <t] <--- <ty <00 is a partition of the real line. We
denote the characteristic function of the k-th interval of this partition by y[;, _, 7)-

Definition 3.3. A U atom is a step function into a Sobolev space a(f): R — H *(R¥)
of the form

n
a= Z ¢kX[tk_1,tk)’ (22)
k=1

Where ZZZI ”¢k”i’15(Rd) = 1
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The definition applies to any Hilbert space H, but we will only need it for
Sobolev spaces in this paper.

Definition 3.4. The space U?(R; H?) is the set of measurable functions bounded
in the associated norm:

lullys @msy = inf '{Z|)tj|:u=2)tjaj}. (23)
T J

UP? atoms a

For the V7 spaces we continue to partition the real line, and take our norm to
be the p-variation of the given function.

Definition 3.5. The space VP (R; H¥) is the set of functions bounded under the
VP norm:

n 1/p
lullve@;asy = sup ( ”u(lk)_u(tk—l)”Zs(Rd)) , (24)
k=1

partitions

In addition, given an interval I, the norms ||u||y» (1. m5). ||l vr(1;m5) and any
of the following norms are defined as the restriction norms. For example,

lullyr,ms)y = lwllys @, ms)- (25)

inf
w@)=u(t), tel

w (00)=0=w(—00)

Now we want to create a norm that measures how close our function is to a
linear solution to the Schrddinger equation, much like in the definition of the X 5-?
spaces. If u is a linear solution then S(—¢)u is a function that is constant in time
with |S(=t)uly2(s. sy and [[S(=0)ully2(, sy norms bounded by [u|gs. We
define the U ZH 5 and VKH $ norms as

lully? s @;msy = IS(=Dullur @ a25)-
lelly2 g @ msy = 1S (=Dullye @ 1)

and the spaces U gH ¥ and VKH § are defined as the set of measurable functions
u: R — HS(R?) bounded in the U gH $ and Vi’H ¥ norms, respectively. These
are useful spaces; however, in our proof we will rely on dyadic decomposition and
will need to apply these norms at specific frequencies, so it is more useful to do
computations in a slightly different norm adapted to dyadic decompositions.

Definition 3.6. We define the X and Y* norms, and associated spaces, as follows:

1/2
sy = (Z NZSIIPNqu]iLz) ,
N

1/2
Il = (SN 12wl )

N

(26)
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Note that these norms are a little stronger than those above. They bound the
closeness of the function u to a solution to the linear equation at each frequency,
not just generally. Note that we immediately have the embedding X* — Y as
well as the bound [|S(1)|lxsw;zs) < @l grsway- This bound means that these
spaces are well suited to studying the linear problem.

In addition, we define the following norm for the nonhomogeneous term that
will allow us to exploit duality:

t
e Y @)
o Xs(I)
This is equivalent to the dual norm of Y%, and we have the bound
I Fllagsay < sup / / F(t,x)v(t, x)dx dt (28)
lollys=1J1 JR?
as Lemma 3.5 in [Bényi et al. 2015b]. This is equivalent to
| Fllprsry < sup / / (VY F(t,x)v(x,t)dxdt. (29)
"vllyO([):l I JR4

In addition, we have a bound analogous to the Strichartz estimate (21) for the
M norm. Suppose u(¢, x) is a solution to the Cauchy problem

iut + Au = F,
(30)
ulr=0 = u(0)
on the interval /. Then we have the bound
lullxsy < NuO)ll s @ay + 1 F a5 1)- (31
4. Strichartz estimates
Lemma 4.1. Let g, r be a Schrodinger-admissible pair.
(i) Given an interval I, for any u € Y°(I) we have
”u”L?LS}(lde) < ”u”YO(I) (32)

(ii) Given an interval I and p > @ for any u € Y/2=@+D/P([) ywe have

d/2—(d+2)
||”||L;”L£(1><Rd) N |}|V| / /p“HYO(I)

< ||u||Yd/2—(d+2)/p(I). (33)

Proof. The proof of the first statement is in [Bényi et al. 2015b, Lemma 3.5]. To

prove the second statement note that for % =1_ %, Sobolev embedding implies

-
that
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S [1v1Ful

”u“Lp(Rd) L"(Rd)' (34)

Then taking the L? (1) norm of both sides we have

||”||L£x(1de) < H|V|k”“L§’L;(1de)- (33)

Then by part (i) we have, for % + % = %,
”|V|k””LPL§C(1de) < ”|V|k”” YOo(I)" (36)
This proves the desired inequality in R¥ W1th exponents that satlsfy + < = %
and L %— 2. Substituting, we get k = & d;z O
By selecting g = r = @ and p = 2(d + 2), we obtain the following

corollaries:

Corollary 4.2. Forallu € Y°(I) we have
“u”Lfff“’/d(lde) < llullyocr- (37)

Corollary 4.3. Forallu € Y @~D/2(]) we have

< H |v|(d 1)/2

[Jul 2(d+2)(1X[Rd) tuO([) < ||u||Y(d—1)/2(1)- (33)

Lastly, the following is a bilinear projection lemma that gives an L? bound
on the bilinear L? norm of projections at different frequencies from [Bourgain
1998; Ozawa and Tsutsumi 1998]. In addition there is a version adapted to the
Schrodinger equation from [Visan 2006].

Lemma 4.4. For dyadic N1 < N> and ¢1, ¢> € L2 we have
1PNy S(@)p1 Py S22y

< NN Py il o sy | Pzl o gy (B9)
Corollary 4.5. For Ny < Ny and uy,u> € Y°(I) we have
||PN1141PN2U2||L2(1><R(1)

< NN E | Py s llyo |l Pasuzllyoqry. (40)
Proof. The proof is found in [Bényi et al. 2015b] as Lemma 3.5. O

This will be a key ingredient in the proof of local well-posedness because it
allows us to gain half a derivative from higher frequency terms. In addition, we
use the following 3-dimensional bilinear estimate that solely consists of Strichartz
norms.
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Theorem 4.6. For dyadic N1 < N, and any small § > 0 we have
| Pnyu1 Pnouall 21 xr3)
S NTOPEINT I (P () 2y
+11(0; + A) Pnyuallpr2 18131 xw3))
X (1PN u2(0) | 2 m3
+ 1(i0;: + A) Prnyus sz pisnsgxgsy)-  (41)
Proof. The proof is found in [Visan 2006] as Lemma 2.5. O

This will be a key ingredient in the proof of Theorem 1.2 in Section 6.

5. Almost sure local well-posedness

We now begin the proof of Theorem 1.1. Given some ¢ € H*(R%), let ¢© be its
Wiener randomization, and recall that z(¢) = S(¢)¢® denotes the linear part of the
NLS solution and v(¢) is the solution to (6).

Even though we do not have long term bounds on the H* norm of v, we know

that v(0) = 0. Exploiting our probabilistic bound on z(¢) in subcritical norms,

we show that for p € (451, 5 + 1) the norm [v|| X°((—T.Ty) is bounded for small

enough time 7.
Our method is a fixed point argument. We define

t
Tu(t) = j:[ —iS(t —)[|v +z|* (v + 2)](¢") dt’ (42)
0
and note that v is a solution if and only if 'v = v. We now prove the following
proposition, which is the bulk of our fixed point argument.

Proposition 5.1. Assume s and p satisfy the bounds

d 1 d—1

Given ¢ € H*(R?) with randomization ¢®, there exists small 0 > 0 such that for
every R > 0 and sufficiently small T < 1 depending on R, we have

2
o [ITo[lx2qo,ry) S T? (v ||§(0([0,T)) + R®) off a set of measure cre— 2R/l
e [Tvi— FUZHXI’([(),T))
S TR + vile o1y + 102050 g0 19y 101 = V20l X2 0.7
off a set of measure cle_c2R2/”¢”%1S_
This stems from Theorem 2.4, which tells us that for 6 < é we have
— 2 2
P(||(V)SZ||L;1L§C([0,T)XR(1) < TGR) > | —cre 2R/ 1elys (44)

allowing us to gain a factor of 7.



ALMOST SURE LOCAL WELL-POSEDNESS FOR THE SUPERCRITICAL QUINTIC NLS 439

Proof. We only prove the bound on [[I'v|[ x» (9, 7)), as the proof of the bound on
[Tv1 — Tzl o (0,1 is similar. For dyadic N > 1 define

Iy () = P<nT'(v)

=P_y (i/ot—iS(z —[|v+z)* (v +2)](") dz/)

t
- :I:/ —iS(t —t")P<y[Jv+z[*(v +2)(t)] dt’
0
By (29) we have

ITwvllxe = [ Pen [ +2)lv +2*] | 5,
T
< sup //<Vp)|l)+Z|4(U+Z)P§stdxdl.
lvsllyo<1Jo JRY

Now, noting that

ITvllxe = Tim [Py o]y

= // (VA v+ z|*(v + 2) Vg dx dt,
||v6||y0<1 R

it suffices to show that for small 6 > 0 this integral is < CT (R° + ||v|)° p)||v6||yo
off a set of measure cje —c2R2/181175 . We do this by proving the bound

T
| [ ot st ity < TR + Polglvslyo @9

via case by case analysis of terms of the form (V)?[wwow3w4ws]ve, where each
w; is either v; = v or z; = z (or its complex conjugate), and each is dyadically
decomposed into Y N;>1, dyadic PN; Vi and > N, =1, dyadic Py; z;. Dyadic decom-
position allows us to assume the derivatives are placed on the highest frequency
term, or split them between two comparably high frequency terms. Also, we just
write w; instead of Py, w; as we sum over dyadic integers N; > 1.

We consider four main cases based on whether each w; is a v; or z;, and which
two terms have the highest frequencies:

e Case 1: All five terms are v.
e Case 2: At least one term is a v and it has one of the two highest frequencies.
e Case 3: The two highest frequencies are on z terms.

e Case 4: The two highest frequencies are on a z term and the vg term.

These four cases are then divided into smaller subcases:
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e Case 1: v1v2v3V4V5V6.

In this case all terms are v. We do not do dyadic decompositions; instead we cut
the frequency space into 5 pieces based on which frequency is largest, and assume
without loss of generality that &; is. We split into two cases, based on the value
of p, which determines which exponents we can use in Holder’s inequality.

(la) p< 2 -1

Noting that p < % — %, we apply Holder’s inequality with ¢ exponents

L 2(d+2) S . ) o _2d+2)
V= d@d—4p-1) 2 >T d+2—dd-2p) ° d
and x exponents
_2(d+2) o 2(d+2) _2(d+2)
N =8orda—3d> T UTOT 0,0 %=

and Lemma 4.1:

T
I=/ / (V)Pv1vav3040506 dx dt
0 JrRA

<I (V)pvl ”LT1L01 ||v2||szL<72 vs ||LT3LU3 ||U4||LT4L04 ||v5||Lf5L<75 lve ”Lfe.
0
<|villys T2l o2 po2 V3l o3 pos Vall poa poa V5] Los pos [[Vsllyo
5
0
<70 T i llyo lvellyo
i=1

for some 6 > 0.

() 4 —1<p<s+1

Noting that p > % — % we apply Holder’s inequality with ¢ exponents 71 = oo,
p=--=15=8(d+2)/(d+4), 76 =2(d +2)/d and x exponents o; = 2,
oy =---=05=4(d +2),06 =2(d +2)/d and Lemma 4.1:

T
I=/ / (VYPu1vav3040506 dx di
0 JR4

< [{V)Pvy ”LT] Lo1 ||v2||Lf2L<72 llvs ||LT3L<73 ||v4||LT4LO'4 ”USHLTSLUS [ve ||LT6

0
< lvillyeT7Mv2ll Loz 103l o3 1Vall Los V5]l Los (V6 ]l yo
5

< T villye [ [ Ilvilly@a-asm [lvsliyo
=2

for some 6 > 0.
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e Case 2: V1W2W3W4Z5V¢, N1 Z N2, N3, N4, N5.

In this case there is at least one v term and the highest frequency term is a v.
Therefore we can assume the derivatives fall on the v; term with the highest fre-
quency.

(2a) wy, w3, wy are all z terms, N5 > Ng > N3 > Ny > Nll/z(d_l).

We have assumed that v; has the highest frequency: N1 > N3, N3, N4, N5. Now
we apply Holder’s inequality, Lemma 4.1 and our probabilistic bound on the linear
term, Theorem 2.4, and note that s > % Setting t = 2(d +2)/d and 0 =2(d +2),
we have

T
Iz/ / (VYPv122232425V6 dx dt
0 JRA

= ||(V)pvl||Lr ||22||er||23||LU||Z4||LU||ZS||LU||1)6||Lr
5

< lvillye (N2N3NaNs) = T T I(V)*zi || o | vl o
i=2

5
< lvillye (N2N3NaNs) 2 [T INV Y zi Ml Lo v yo

i=2
5
<lvillye(N2) 7 T T IV zi [l Lo vl yo
i=2
5
< villye ND™YED TT IV zill Lo s yo.

i=2
Noting that N; is the highest frequency, the sum over all frequencies is bounded
by [[v]ly» T R*||vs|lyo off a set of measure cle_csz/”‘p”%iS.
(2b) wy, w3, wy are all z terms, Np < N11/2(d—1).
We apply Holder’s inequality, Theorem 2.4, Lemma 4.1 and our bilinear esti-
mate Corollary 4.5, utilizing the assumption that N < N 11/ 2@=1 This time with
7 =2(d +2)/d and 0 = 3(d + 2), we have

T
I=/ / (V)Pv122232425v6 dx dt
0 JrRA
< [KVYPvizall2lz3ll Lo lzall o l1Z5 ] Lo llvel o
S+ L@-n-
<N;?  villye N, Iz2llyollz3ll Lo Izall Lo 125 Lo [ve I <
S+ i 0+ p3
< N2 villye N llz2llyo TOF Rl yo

+
<Nt T lvillys TOF R Jvellyo.

which is < [|v[|y»T°% R* off a set of small measure.
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(2¢) wyp = vy is a v term, and the others can be anything.

In this case we still have N1 > N;,i =2,...,6. Applying Holder’s inequality,
Lemma 4.1, Theorem 2.4 and Corollary 4.5 with t =2(d +2) and 0 = 4(d + 2),
we have

T
I=/ / (VYPviwow3wazsve dx dt
0 JRrRY

=< II(V)"vwzllellwsllLr lwallzollzsllzollvell e a

1d-1-

<N o llys N lvz2llyollwsll e lwall Lo 125l Lo Ve ]l yo

S+
<N vy lvzll, ya-n lwsllpe lwall Lo llzsll Lo l[vs [l yo-

Now if w3 is a v term, then |[w3|rc < ||vallyw@-1)/2 as required. If ws is a z
term, then ||ws]|zz < T°F R off a set of small measure. So either way this term is
bounded.

If wy is a z term then, again, ||w4||zoc < T°F R off a set of small measure. The
only trouble is if wy4 is a v term, in which case our inequality only gives us

” |V|(d/2)—(1/4)

”w4||LU < V4 H Yo

1/4
< N4/ [vally@—1y2.

There is an extra quarter derivative; however, since N is the biggest frequency
we have N, /4 < <N, 1/4 , which is absorbed by the N, “12%F term,

Therefore each term in this case is bounded by T°+(|| v || + R?)||vs|lyo off a
set of measure cje —c2R2/Ng117;s

e Case 3: wqwaw3z4z5v¢, N4 ~ N5 2 N1, N2, N3, Ng.

In this case the two biggest frequencies are on z terms, z4 and z5. The first three
terms are denoted w;, i = 1,2, 3 and represent either v or z. Assume without loss
of generality that Ny < Ny <-.- < N4y ~ N5 > Ng. Applying Holder’s inequality
for exponents

4(d +2 2(d+2
T1=--=13=2(d +2), 142752%, st(T_'_),
Lemma 4.1 and Theorem 2.4 we have
T
[/w1w2w324(V)pzsv6dxdt
0 JRrR4
< llwill s lw2ll pea w3l e (V)P 224l o (V)2 25 | o5 106 ] 26 -

For 1 5P < s this term is bounded by

TOFR*(Ivll3 w12 + TOTR)|vslyo
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off a set of measure 616—02R2/II¢II§1S. Note that p < s + % < 25 so p satisfies the
requirements.
e Case 4: W1WaW3W4yZ5V¢, N5 ~ N6 Z N1, Nz, N3, N4.

This is the biggest case by far and we divide it into several subcases based on
how many v terms there are.
(4a) 2122232425V, N5 ~ Ng¢ 2 N1, N2, N3, Ny.

Assume without loss of generality N1 < Ny < N3 < N4 < N5 ~ Ng. By Holder’s
inequality with exponents (2, 8, 8, 8, 8), Corollary 4.5 and Theorem 2.4, we have

T
I=/ / 21222324(V)Pz5v¢ dx dt
0 JRA

< lz1vell 2 llz2ll s liz3ll s z4ll s (V)25 1l s

1 =1
sd—D—s+ . 5+
S NP Ns* (VY zillyolvsllyollz2ll s llz3ll Lsllzall s (V)P 25l s

5
1@-n+ —s T T s+
SN? (N1N2N3Ng) NG 2 2 TT IV zillyo IV zill s sl o
i=2
When s + % > pand s > %(d — 1) the powers of the frequencies are negative and
the sum is bounded by 7%+ R%||vg || yo. We have assumed s + 1 > p > 3(d — 1) in
the statement of the theorem, and note that for d > 3, %(d —-2) > %(d —1) and
therefore we only require s > %(d —2); however,

s >p—% > %(d—2).
. . _ 2 2
Thus, this term is bounded by 7% R3||vg||yo off a set of measure ¢~ 2R /1915
In all following cases, we can assume there is at least one v, at least one z and

that N5 and Ng are the highest frequencies.
(4b) v122232425v6, Ns ~ Ng 2 N1, N2, N3, Ns.
Assume without loss of generality that N < N3 < N4 < N5 ~ Ng > Nj.
Noting that N, < N3, N4, we set T = 6(d + 2)/(d + 1) and apply Holder’s
inequality, Corollary 4.5 and Theorem 2.4 to obtain

T
I=/ / v1222324(V)Pz5v¢ dx dt
0 JRY

< lz2v6ll L2 lv1ll p2a+2 1230 e 1Zall L (V) P25 o

St g ad=1— —s5 AT P—S 3
§N62 sz ”ZZHYOHUGHYO”Ul||Y%(d—1)(N3N4) stp R

1 1
p—s—5+ . 5(d—1)—s— _ 0 4
< Ne ? N22 (N3N4g)™°T *R ”vlllY%(d—l)”vG“Yo

1
p—s—5+ L@a-1n- 0+ p4
SNg T (V2NN e Um0 o]y ) TOF R 06 yo.
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When s > %(d — 1) the powers of the frequencies are negative, and the sum is
bounded by [|v]yw-1/,2T°" R*||vg|yo. And indeed, s > %(d — 1), since we have
s>1(d-2)andd > 3.

(4c) v1v2232425vV6, N5 ~ Ng 2 N1, N2, N3, Ng.

Assume without loss of generality that Ny > N, N3 < Ny < N5 ~ Ng. With
7 =6(d +2)/(d + 1), by Holder’s inequality, Corollary 4.5 and Theorem 2.4 we
have

T
I=/ / v122324(V)Pz50¢ dx dt,
0 JRrRY

< vivsll 2 lv2ll oo 123l e lzall L2 (V)P 25 <

St sd=1)— =
SNe” NP [vallyollvsllyollvall, i) (N3Na)™ (Ns)*TOT R

1
0— —s PSSt 0+ p3
<N (N3N4) SN5 > ||UI||Y%(¢1—1)||U2||Y%(d—1)T *R ||U6||Y0

1
0— A70— —s a7 P—S—2t 0+ p3
SNy TN, (N3Ns) SN5 z ”vl”Y%(d—l)||v2||Y%(d—l)T *R lvellyo.

Since s + % > p, all powers of the frequencies are negative and the sum is bounded
2 0+ p3
by ||U||Y(d—1)/2T *R ||U6||Y0-

(4d) v1v2v3242z5v6, N5 ~ Ng 2 N1, N2, N3, Ng.

Assume without loss of generality that Ny > N, > N3, N4 < N5. Setting
7 =2(d +2) and 0 = 4(d + 2)/d, by Holder’s inequality, Corollary 4.5 and
Theorem 2.4 we have

T
I =/ / v1v2v324(V)p25v6 dx dt,
0 JRrRA

< [vivsll 2 lvall e lvslipellzall o 1(V) P25 o

Sy l(d—l)— _ —8 0 2
SNg> N7 lorllyollvsliyolivall, 3 a—n llvsll, 1 @—1) Na SNYTPTOTR
1
0— A7 —s A7PS—2F 0+ p2
SNy N, SN5 2 ||v1||Y%(d—l)||v2||Y%(d—l)||v3||Y%(d—1)T TR ||U6||Y0-

Since s + % > p, all powers of the frequencies are negative and the sum is bounded
3 0+ p2
by ||U||Y(d—1)/2T * R?||vg]lyo.

(4e) v1v2V3v425V6, N5 ~ Ng 2 N1, N2, N3, Ng.

Assume without loss of generality that N1 < Ny < N3 < N4 < N5. Again with
7 =2(d +2) and 0 = 4(d + 2)/d, by Holder’s inequality, Corollary 4.5 and
Theorem 2.4 we have
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T
I=/ / V10203v4(V)Pz506 dx dt,
0 JRr4

< llvivsll2 lv2llp e lvall e vall Lo 1[(V)? 25l Lo
=1 Lgd—1—
< N62 +N12( )
p—S 0+
xloallyolvellyollvall gy I3l ymslvall 1, NETOR

_ —Y@-2) p—s—1i+
< NN

0
x [vg ”Y%(d—l) ||v2||Y%(d—1) ||v3||Y%(d—1) ”v4”Y%(d—1)T +R||U6||Y0'

Since s + % > p, all powers of the frequencies are negative and the sum is bounded
by ||v||‘;,(d_1)/2T°+R||v6||Yo off a set of small measure.

In each case the term is bounded by CT9 (R> + ||v ||§,p)||v6||yo, for some 6 > 0.
This completes the proof of the first part of the proposition. The proof of

ITv1 = Twalxe < CTO(R* + [|vi ][ + 020 50) 01 = vall g

o P2 2 L, . .
off a set of measure ce 2R*/I1817s is similar and is omitted. O

Using this key proposition we can close the fixed point argument in the final
theorem.

Proof of Theorem 1.1. Let B, denote the ball of radius » in X”([0,T)) with
%d > 5+ % >p > %(d — 1) as in the previous proposition. We claim that for
small enough T and small but fixed r the map I is a contraction on B, outside a
set of measure ¢y e_czR2/ ”d’”%ﬂ. See Section 1.6 of [Tao 2006] for an overview of
contraction based fixed point arguments.

To apply the theory for fix point arguments we require, off a small set, the
contraction conditions

° ||Fv”X"([O,T)) S r for V€ Br,

* [[Tvy — FUZ”X”([O,T)) = %””1 - 02||Xﬂ([o,T))-
By the bounds from the proposition, we have, for all R and some fixed constant C,
ITv]|x» < CTY(R® + %) and |Tvy — Twallye < Cllvy — v2] o T?(2r* 4+ R?)
off a set of measure cle_CZRz/"‘p"HS.

The contraction conditions are satisfied if we select r, R, T such that

r <R,

CTYRS < %

(46)

We can fix a value of r to satisfy the first bound. Selecting 7" such that 7" ~ R/
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the second bound of a contraction is satisfied, and we conclude that the map I" has
a fixed point in B;.

Therefore, for sufficiently small 7', the equatlon I'v = v has a solution in B
for every ¢® off this set of measure cje —e2R?/ 1075 Setting « = —26/5, there
exists a set Q7 C Q of measure > 1 —cje —c2/T* ||‘f’”HS such that for ¢ € [0, T') the
Duhamel equation

t
v(t) = ifo —iS(t —t)[|v +z|* (v + 2)](¢") dt’ (47)

has a unique solution in X” ([0, 7')). The same argument proves the existence of a
solution in X”((—T,0]) on a set of the same measure. Taking u(t) = S(t)¢ + v(t)
we have a solution on the interval (—7, T) in the class

HSRY) + C((~T, T) - H°(R?) c H*(R?). O

6. A condition for global well-posedness

We now present the proof of Theorem 1.2. The proof relies upon the following
proposition.

Proposition 6.1. Suppose 0 < ¢ < %, % <s <land ||¢®| gs w3y < R. There exists

a small positive constant € <K % such that for any interval [t1, t5] satisfying

ltn—52| < 1, ||v||L‘0L10([t1,t2]xR3) <€ and ||(V>SZ||Lqu([t1,t2]XR3) <€

for the pairs (q,r) € {(10, 10), (1—25, 17—5), (3—70, 15)}, we have

ol s1+e((zy 21xr3) S VD E1+e@3) + C(€).

We first give the proof of Theorem 1.2 given that Proposition 6.1 is true. The
rest of the paper is devoted to proving Proposition 6.1.

Proof of Theorem 1.2. Assume Proposition 6.1 and the hypothesis of Theorem 1.2,
that there exists such a function «. Fix values T, R and a set Q7 , satisfying the
properties outlined in Theorem 1.2. By Theorem 2.4 and Lemma 2.1 there is a set
QTR C QTR of measure at least 1 —cje —c2R?/Tlgllus — (T, R) such that for
any w € Q7. g and (q,7) € {(oo 2), (10, 10), (1—25, %) (30 15)} we have

V)2l o 1 sy < R (48)
and for any solution v to (6) we have

”v”LlOLlO([—T,T]x[R3) <R. (49)

Now assume that w is indeed in the set 27 g. Note that by the local well-
posedness theory a solution exists on some short time interval (—¢, 7). Suppose for
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sake of contradiction there is a pair of times —7T < Tin < 0 < Tax < T such that
the solution v(¢) cannot be extended in H !¢ past (Tmin, Tmax)-
We know that [[v]| 10 10¢(T,,, T, xk?) < R and we have

V)2l Lo pr o1 rixms) < R

for each necessary pair (¢, ). Therefore, we can split [Tinin, Tax] into a finite num-
ber of subintervals I on which [[v|z10z10(7xr3) < € and [(V)*z||Lapr(1xr3) <€
for (¢.r) € {(10,10), (2. ), (22, 15)}.

This means that on each subinterval [¢;, #; 1], the conditions of Proposition 6.1
are met, and therefore the [[v||gi+e (g, 4, +1]xr3) norm is finite. Therefore, there
exists a solution in the space S'T¢([t;,#;+1] x R?) on each successive interval
[, ti+1], which implies that the ||v||; 0o g1+c norm is bounded at each endpoint.
This means the S 7€ norm is bounded on the next interval. Iterating this argument
over each subinterval, this implies the S!*¢ norm of the nonlinear solution v(t)
is bounded on the whole interval [Tpnin, Tmax]. In addition, ||v(Tin)|lg1+c and
|lv(Tmax) |l g1+ are both finite. Therefore, one can apply the local well-posedness
theory to extend the solution beyond [T inin, Tmax], Which is a contradiction. O

This concludes the proof of Theorem 1.2. It remains to prove Proposition 6.1.

Proof of Proposition 6.1. The nonlinear part of the solution v satisfies the differen-
tial equation

vy +Av=@+2)|v+z[*=vp|*+ f(v.2) (50)

for the function f(v,z) = (v +z)|v + z|* —v|v|* < |z)° + |z| - [v|*.
By the Strichartz estimates (21), we have the bound

[Vl s1+¢ (2 ,2]xR3)
S WDl arve + 0101 y1te oy iogxms) + 1@ DN+ 1wy (5D
So we need to bound the two remaining terms.

Lemma 6.2. If v is a solution to (50), then

HU|U|4”N1+C([,1 12]XR3) < E4||U||S1-|r0([z1,t2]x|]%3)-
Proof. Note that the pair (%, %) is Schrodinger-admissible and has Holder con-
jugate (12, 12). Therefore, by (21) we have
”U ) |v|4HN1+C([t1,t2]XR3) N HW)HC” : |”|4”L10/7L10/7([t1,t2]xR3)
STl o3 1073 ey gy 1L 10 2100 0]xm2)
S ||U||S1+C([t1 ,tz]xR3)||U||110L10([,1,,2]XR3)

4
S € [vllsi+eqey 0]xR3)- O
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Proposition 6.3. Assume 0 <c < &, f(v.z) = (v + 2)|v + z|* — v|v|* and that
and v satisfy the R and € bounds in the proposition, where z is the linear solution
and v is the solution to (6). Then we have

||f||Nl+C([tl,t2]><[Ra3) < ”(V)1+cf||L3/2L18/13([t1,t2]xu@3)
S VETR(VeR + v1(t) | g w3
+”(V)us||L3/2L18/13([t1,t2]xR3))’ (52)

Proof. Observing that (3, 1—58) is Schrodinger-admissible, we have

1 e aagxey < 1 gs/ppteents o sy

15
< sup / / (V) flws dw.  (53)
<1 1 JXx

”w6"1,31,18/5([z1 M IxR3) =

The function f(v, z) is a sum of terms of the form w; wow3w4zs, where each
w; is either a v or z term. We dyadically decompose these first five terms (not we),
refer to Py, w; as w;, and sum over all frequencies N1—N5 and combinations of
v, z in integrals of the form

1+
”(V) cf||L3/2L18/13([t1,t2]xR3)

15}
< sup ff(V)1+C[w1w2w3w4v5]w6dw. (54)
1 JXx

”w6”L3L18/5([11 PRI

We can assume that the 1 + ¢ derivatives fall on the term with highest frequency.
Before going through cases, we prove the following lemmas that combine interpo-
lation with the bilinear estimate, Theorem 4.6.

Lemma 6.4. If Ny < N», then for any pair of dyadic components vi = Py, v,
z3 = PN,z we have the bound

[vizs ||L30/11L15/8([t1 12]XR3)

—1/4—s5+8/2 1/2
S Nz ||v1||LloLm([tl,,2]XR3)

1/2
X (or @Dl a1y + 107U 3/ s g aapeiy) - VeR. (55)

Proof. First note that for N1 < N> we have the bilinear estimate Theorem 4.6:

lviza ||L2L2([t1 2]XR3)

—1/248 y1—
SN, / Nll 8(||U1(t1)||L2(R3) + ”u5”L3/2L18/13([l‘|,tQ]XR3))”Z(ZI)HLZ(R3)’
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lviza ||L2L2([t1 12]XR3)

—1/2—s+6
S NP (o) e gy + 109 a2 pisa g, aprsy) R- - (56)

Also, by Holder’s inequality

||UIZZ||L30/7L30/17([I1 ]xR3) = [[v1 ||L'0L‘0([t1,t2]X[RE3)”22”L30/4L30/14([t1 12]XR3)

= Nz_SHvl||L10L10([t1,,2]XR3)€- (57)
Now note that
2 e 112 12 (58)
30/11 2 30/7° 15/8 2 30/17°

Interpolating with exponents %, % yields

v1zs ||L30/llL15/8([t1,t2]X|R3)

—1/4—s+6/2 1/2
<N, [l ||v1||L/10L10([t1,t2]xR3)

1/2
X (lor @Dl a1y + 107U a2 s g aapeiy) - VeR. (59)

This completes the proof. O

Lemma 6.5. If Ny < Ni, then for any pair of dyadic components vi = Py, v,
Zy = Py,z we have the bound

[viz2 ||L30/11L15/8([t1 12]XR3)
< N1—3/4+8/2N21/2—s

X (”vl(tl)”Hl(IR3) + ”(V>u5”L3/2L18/13([t1,t2]XR3)) VeR. (60)

Proof. The bilinear estimate Theorem 4.6 tells us that
o122l 72 121y 1xm3)
< N1—1/2+8N21—8
X (||Ul(ll)||L2(R3) + ||(V)u5||L3/2L18/13([t1,tz]xRa))||Z(l1)||L2(R3)
122l 2 21y 01xe3)
< N7 PENZS (o ey + IOV a2 sy gy K- 6D
Also, by Holder’s inequality we have

[viz2 ||L30/7L30/17([t1 12]XR3) < v ||LooL2([tl 2] xR3) 22 ||L30/7L15([t1 12]XR3)
_1 —
S Ny NS villst g ]xR3) € (62)



450 JUSTIN T. BRERETON

So with exponents 1,1 we interpolate between the L2L2 and L30/7130/17

bounds, and apply the Strichartz estimate to get

||v122||L30/11L15/8([t1’,2]xR3)
—3/4 2 a71/2—
5 ]\]1 3/4+68/ N2/ s

X (||vl(tl)||H1(R3) + ”<V>u5||L3/2L18/13([t1,tz]xR3)) VeR, (63)
completing the proof. O

Lemma 6.6. If Ny < N> then for zy = Py,z, 22 = Py,z we have
—1/4—s+8/2 \,1/2—
”ZIZZ”L30/11L15/8([t1,tz]X[R{3) <N, /4—s+8/ Nl/ *Re. (64)

Proof. The proof is identical to that of Lemma 6.4 except that v, has been replaced
with z, which is put in an L'°L1% norm. O

In analyzing terms of the form w{wyw3w4vs, there are two cases for where the
highest frequencies occur:

e Case 1: The highest frequency is on a z term.

e Case 2: The highest frequency is on a v term.

Throughout these cases we utilize the facts that ||v||zarr < ||v] g1 for % + % = %
and ||v||Lerr < ||v]so for (¢, r) Schrodinger admissible. We also use the above

three lemmas. Now we begin the analysis of cases.

Case 1: In this case the highest frequency is on z5. We have all the derivatives
falling on zs.

(1a) viww3w4zs case.
Applying Holder’s inequality, Lemma 6.4 and our assumptions about € we have

[}
1 2/ /v1w2w3w4(V)1+025w6 dw
1 Jx

1+4c
= NS ” w2 ||L10L10([t1,t2]><[R3) ” w3 ||L10L10([t1,t2]x[R3) ” Wq ||L10L10([t1,t2]x[R3)

X ||UIZS||L30/1 1L15/8([t1’t2]xR3)||w6||L3L18/5

3/44c—s+6/2

= N5 ||w2||L10L10([11,12]XR3)||w3||L10L10([11,12]X[R3)
1/2

X ||w4 ||L10L10([t1,t2]xR3) ”Ul ||L10L10([11,12]XR3)

1/2
X (||Ul(t1)||H1(R3) + ”<V>u5||L3/2L18/13([t1,tz]XR3))

X VeR||well; 3,155 (65)
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For ¢ < %, s> % and § = 0+, the power of N5 is negative, and the sum converges.
Tile ;1)12 terms are all bounded by ||5vl~ L1010z, £2]xR3) OF e.ZSo this is bounded by
RV (o1 ()l g ay + 10V | L3z sy an]xmsy) 2
(1b) z1z2z3z4z5 case.

Applying Holder’s inequality, Lemma 6.6, and our € bounds we have

%]
1 =/ /21222324(V)1+625w5 dw
1 JXx

1+
§N5 C”22”L10L10([t|,tz]x[R3)”Z3||L10L10([t|,t2]xR3)
x ||Z4”L‘0L'0([t1,t2]xR3) ||ZIZS||L30/11L15/8([t1,,2]xR3)||w6||L3L18/5

1/2—s 7, 3/4—s+c+38
ENl/ SNS/ e 221l 10101231 10 710

X |zall 1o 10€ R w6l 37 18/5- (66)
For s > % and ¢ < % and § = 0+, both powers are negative and this is bounded
by €*R.
Case 2: In this case the highest frequency falls on v, meaning N; > N3, ..., Ns.

Applying Holder’s inequality, Lemma 6.5, and our € bounds, for N5 < N; we have

1%}
1 =/ /(V)l+cv1w2w3w425w6dw
1 Jx

1
=N, +c||w2||L10L10([t1,t2]><R3)”w3”L'0L10([t1,t2]><R3)
X ||w4||L10L10([t1’t2]XR3)”leS||L30/11L15/8([“’1‘2])([;@3)||w6||L3L18/5

—1/4+c+8/2 r;1/2—s
=N Ns ”w2”L10L10([t1,tz]xR3)||w3”L10L10([t1 o] XR3)

x ”w4||L10L10([t1,t2]XR3)(“v1(t1)||H1(R3) +l (v>u5”L3/2L18/13([I1 ,t2]XR3))
XV eR|wsll ;37 18/5- (67)

As in case (la), the |[w;|lg10710(], 1,]xr3) terms are all bounded by either €
or [lv]l 10z 10(1, £2]xr3)- Thus, for ¢ < % the sum over frequencies is bounded by

VETR(lvr ()|l g ey + IV | 32 18713 (1, 10]xw3)) -
So in all cases the integral is bounded by
v €7R( VeR + [lv1 (1) g1 r3) + ”<v>u5”L3/2L‘8/‘3([t1,t2]XR3))'
This completes the proof of Proposition 6.3. O

So combining Lemma 6.2, Proposition 6.3 and the fact that € < 1 we arrive at
the following pair of inequalities:
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||U||S1+C([t1,t2]><R3)
Sl gi+e + ||(V)Hcf”Lz/les/B([tl,tz]x[F@)’

”(v>1+cf||L3/2Ll8/l3([tl,t2]xR3)
SVETR(VeR + |vi(t) | g w3y + (V)| ).
< 1) H1(r3) L3/2L18/13([¢1,t2]xR3)
So all that remains is to bound
5
VYU 32 153 (g, 11w
= ||(V>U5||L3/2L18/13([,1,,2]XR3) + ”<v>f||L3/2L18/13([t1,tz]X[R3)' (68)

First observe that

||(V)US||L3/2L18/13([11 L, ]xR3)
< VY00 Il L3215y apxmdy
= ”<V)U||L15/4L90/29([t1,tz]XR3)||v||210L10([t1J2]XR3)
< Ivllst (@ 1xm) 1017 10 L 101 o1y
< ||(V)US||L3/2L18/13([;1,12]xu@3)”v”iIOLlO([ng]XM
+ (e @) + 1 In @) IV 010, o))
and for [[v{|107,10(¢, 1,]xr3) less than € we have
||(V)U5||L3/2L18/13([t1,tz]xR3) St (vl g @) + 1 In1 @ mixes)- (69)

Noting that ||v|| 10 10(fz, £,]xRr3) is small and combining Proposition 6.3, (68)
and (69), we have

”(v>1+cf||L3/2L18/13([t1,t2]xR3)
< €7R(V €R+ ||U(t1)||H1(R3) + ”<V)f||L3/2L18/13([t1,t2]xR3))
< €’R ( VeER + ”v(tl)”Hl([R3) + ”(V)1+cf||L3/2L18/13([t1’tz]xRS))- (70)

For e K % this implies that
||<V>1+Cf||L3/2L18/13([11,12]XR3) SV E7R( VER + ”v(tl)”Hl(lR3))-

This gives us the necessary bound on f.
Combining this result with Lemma 6.2, we have

vl s1+e(fry 21xr3) < NVED 1+ @3y + C(€) (71)

for sufficiently small € < %, which completes the proof of Proposition 6.1. O
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