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On the mod-2 cohomology of SL3(Z[3, i])

Hans-Werner Henn

LetI' = SL3 (Z[%, i ]), let X be any mod-2 acyclic I'-CW complex on which I'
acts with finite stabilizers and let X be the 2-singular locus of X. We calculate
the mod-2 cohomology of the Borel construction of X with respect to the action
of I'. This cohomology coincides with the mod-2 cohomology of I' in cohomo-
logical degrees bigger than 8 and the result is compatible with a conjecture of
Quillen which predicts the structure of the cohomology ring H*(I"; ).

1. Introduction

The main motivation for this paper comes from a conjecture of Quillen [1971,
Conjecture 14.7] which concerns the structure of the mod-p cohomology ring of
the group GL, (A) of invertible matrices of rank n with coefficients in a ring A
of S-integers in a number field; the assumption on A is that p is invertible in
A and A contains a primitive p-th root of unity. The conjecture stipulates that
under these assumptions H*(GL,(A); Z/p) is a free module over the polynomial
algebra Z/plci, ..., c,] where the ¢; are the mod-p Chern classes associated to
an embedding of A into the complex numbers. In the sequel we will denote this
conjecture by C(n, A, p).

For p =2 the simplest ring for which the assumptions of Quillen’s conjecture
hold is the ring Z[%] Let Z[% i] be the ring obtained from the Gaussian integers
Z][i] by inverting 2.

Conjecture C (n, Z[1], 2) is trivially true for n = 1 and known to be true for n =2
by [Mitchell 1992] and n = 3 by [Henn 1999]; it is known to be false for n = 32 by
[Dwyer 1998] and even for n > 14 (Henn and Lannes, unpublished). The positive
results have been established by direct calculation and while a direct calculation
is perhaps still doable for n = 4, it would be extremely involved. For larger n a
complete calculation does not look realistic. In fact, the negative results have been
obtained by very indirect methods which depend on étale approximations for the
homotopy type of the 2-completion of BGL, (Z[%]) These étale approximations
can also be used to show that if C(2n, Z[%] 2) holds then C|(n, Z[% i],2) holds
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as well (Henn and Lannes, unpublished). This gives particular motivation to study
conjecture C(n, Z[3,i]. 2).

We will show in Theorem 5.1 that C (n, Z[%, i], 2) holds if and only if there is
an isomorphism

H*(GL,(Z[4.i]): F2) Z Faler, ... cal ® E(er, €], . ..., ean—t, €hy_y)

where the classes ¢; are the Chern classes of the tautological n-dimensional com-
plex representation of GL, (Z[3. i]), E denotes an exterior algebra and the classes
e_1, e’2i7 , are of cohomological degree 2i — 1 fori =1, ..., n. These exterior
classes are closely related to Quillen’s exterior classes in the mod-2 cohomology
of GL,([F,) if p is a prime such that p =1 mod 4 (see (5-1) for more details).

Conjecture C (n, Z[%, i ], 2) is again trivially true for n = 1 and has been verified
by direct calculation for n = 2 in [Weiss 2006]. Dwyer’s method [1998] using étale
approximations X, for the homotopy type of the 2-completion of BGL,, (Z[%]) and
comparing the set of homotopy classes of [BP, X,,] with that of [BP, BGL, (Z[5])]
for suitable cyclic groups P of order 2" can be adapted to disprove C(16, Z[1, i], 2).
However, we will not dwell on this in this paper.

This paper embarks on a study of conjecture C (3, Z[%, i], 2) which is more ac-
cessible than conjecture C (4, Z[%], 2). In order to calculate H *(GL3 (Z[%, i]); [Fz)
we first try to calculate H *(SL3 (Z[%, i ]), [’:2). For this we propose the same strat-
egy as the one which was used in the case of SL3 (Z[%]) and which finally led
to a verification of conjecture C (3, Z[%], 2). In a first step one uses a centralizer
spectral sequence introduced in [Henn 1997] in order to calculate the mod-2 Borel
cohomology H}(X,; F2) where X is any mod-2 acyclic G-CW complex on which
a given discrete group G acts with finite stabilizers and X is the 2-singular locus
of X, i.e., the subcomplex consisting of all points for which the isotropy group of
the action of G is of even order. For G = SL3 (Z[%]) this step was carried out in
[Henn 1997] and for G = SL3 (Z[%, l]) it is carried out in this paper. The precise
form of X does not really matter in this step.

The second step involves a very laborious analysis of the relative mod-2 Borel
cohomology H{ (X, X;; [») and of the connecting homomorphism for the Borel
cohomology of the pair (X, X;). In the case of G = SL3 (Z[%]) this was carried
out by hand in [Henn 1999]. A by hand calculation looks forbidding in the case of
G = SL3(Z[ 3. i]) and this paper makes no attempt on such a calculation. However,
we do make some comments on what is likely to be involved in such an attempt.

Here are the main results of this paper. In these results the elements b, and b3 are
of degree 4 and 6, respectively. They are given as Chern classes of the tautological
3-dimensional complex representation of SL3 (Z[%, i ]) The indices of the other
elements give their cohomological degrees. These elements come from Quillen’s
exterior cohomology classes in the cohomology of GL3([F,,) for suitable primes p,
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for example p = 5 (see Section 3.2 for more details). Furthermore X" denotes
n-fold suspension so that >*F, is a one dimensional F,-vector space concentrated
in degree 4.

Theorem 1.1. Let I = SL3 (Z[%, z]) and let X be any mod-2 acyclic T'-CW com-
plex such that the isotropy group of each cell is finite. Then the centralizer spectral
sequence of [Henn 1997] collapses at E, and gives a short exact sequence

0= '@ 2@ 2'F, — Hi(X,; Fo) — Falba, b3]1® E(ds, d5, ds, d) — 0

in which the epimorphism is a map of graded commutative algebras with unit.

Next let
v H*(T; F2) = HE(X; F2) — HE(Xs; F2) — Falbo, b31® E(ds, d5, ds, di)

be the composition of the map induced by the inclusion X; C X and the epimor-
phism of Theorem 1.1.

Theorem 1.2. Let I' = SL3 (Z[%, i ]) and X be as in the previous theorem.

(a) If SDs (Z[%, z]) denotes the subgroup of diagonal matrices of I then the target
of ¥ can be identified with a subalgebra of H*(SD3 (Z[%, i]); [Fz) in such a
way that  is induced by the restriction homomorphism

H*(T'; Fy) > H*(SD3(Z[ 3, i]); F2).
(b) The homomorphism r admits a multiplicative section
¢ :Falca, 31 ® E(es, €5, es, e5) — H*(T; F)
that sends c; to b; for i =2, 3 and sends e; and e; respectively to d; and d; for
i=3,5.

(c) The homomorphism  is surjective in all degrees, an isomorphism in degrees
* > 8 and its kernel is finite-dimensional in degrees x < 8.

Remark 1.3. Conjecture C(3, Z[%, i], 2) would hold if the maps ¥ and ¢ of part
(b) of Theorem 1.2 turned out to be isomorphisms (see Proposition 5.5).

The following result is an immediate consequence of Theorem 1.2.

Corollary 1.4. Let I' = SL3 (Z[%, l]) and X be as in Theorem 1.1. Then the fol-
lowing conditions are equivalent:

(a) The restriction homomorphism H*(I"; ) — H*(SD3 (Z[%, i]); I]:z) is injec-
tive and H*(I"; Fy) is isomorphic as a graded F,-algebra to Fy[by, b3] ®
E(d3, d}, ds, d3).
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(b) There is an isomorphism
Hi(X, X, F) = 2°F, @ 2°F, @ £°F,

and the connecting homomorphism Hp (X; Fp) — HffH(X , Xs; Fp) is surjec-
tive. [l

The paper is organized as follows. In Section 2 we recall the centralizer spectral
sequence and in Section 3 we prove Theorems 1.1 and 1.2 In Section 4 we make
some comments on step 2 of the program of a complete calculation of H*(T"; [»).
Finally in Section 5 we establish Theorem 5.1 and discuss the relation between
Theorem 1.2 and conjecture C(3, Z[%, i], 2).

2. The centralizer spectral sequence

We recall the centralizer spectral sequence introduced in [Henn 1997].

Let G be a discrete group and let p be a fixed prime. Let A(G) be the category
whose objects are the elementary abelian p-subgroups E of G, i.e., subgroups
which are isomorphic to (Z/p)* for some integer k; if E; and E, are elementary
abelian p-subgroups of G, then the set of morphisms from E; to E; in A(G) con-
sists precisely of those group homomorphisms « : E1 — E; for which there exists an
element g € G with a(e) = geg_1 forall e € E|. Let A, (G) be the full subcategory
of A(G) whose objects are the nontrivial elementary abelian p-subgroups.

For an elementary abelian p-subgroup E we denote its centralizer in G by C (E).
Then the assignment E — H*(Cg(E); F)) determines a functor from A, (G) to
the category £ of graded [ ,-vector spaces. The inverse limit functor is a left exact
functor from the functor category £4+(%) to . Its right derived functors are denoted
by lim®. The p-rank r,(G) of a group G is defined as the supremum of all k such
that G contains a subgroup isomorphic to (Z/ p)~.

For a G-space X and a fixed prime p we denote by X, the p-singular locus, i.e.,
the subspace of X consisting of points whose isotropy group contains an element of
order p. Let EG be the total space of the universal principal G-bundle. The mod-p
cohomology of the Borel construction EG x ¢ X of a G space X will be denoted
HE (X Fp). The following result is a special case of part (a) of Corollary 0.4 of
[Henn 1997].

Theorem 2.1. Let G be a discrete group and assume there exists a finite-dimension-
al mod-p acyclic G-CW complex X such that the isotropy group of each cell is
finite. Then there exists a cohomological second quadrant spectral sequence

Ey' =1im’y ) H'(CG(E): Fp) = HG ' (X,: Fp)

with E5' =0 if s > r,(G) and t > 0.
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Remark 2.2. The edge homomorphism in this spectral sequence is a map of alge-
bras
Hg (X5 Fp) — Jj?(‘}) H*(Cg(E); Fp),

which is given as follows.
Let X be the fixed points for the action of E on X. The G-action on X restricts
to an action of the centralizer C(E) on X% and the G-equivariant maps

G Xcs(E) ) GRS X, (g,x)— gx.
for E € A.(G) induce compatible maps in Borel cohomology
HE (X F2) = HE(G xcom X5 F2) Z HE 5y (XE5 F2) 2 H*(CG(E); Fa)

which assemble to give the map to the inverse limit. Here we have used that by

classical Smith theory X* is mod p-acyclic if X is mod-p acyclic and hence we

get canonical isomorphisms H;G(E)(XE; F2) = HE ) (%5 F2) = H*(CG (E); Fa).
Furthermore the composition

H*(G;F,) =HS(X;Fp) > HS(Xs; Fp) > H(CG(E); Fp) 2-1)
is induced by the inclusions Cg(E) — G as E varies through A,(G).

In [Henn 1997] we have used this spectral sequence in the case p = 2 and
G = SL3(Z). Here we will use it in the case p =2 and G = SL(3, Z[%, z]) In
both cases we have r,(G) = 2 and hence the spectral sequence collapses at E, and
degenerates into a short exact sequence

0 — limYy (g, H*(CG(E); F2) > HE™ (X Fo) — ji‘(‘(}) H* Y (CG(E); Fp) — 0.
(2-2)

3. The centralizer spectral sequence for SL3(Z[3, i])

3.1. The Quillen category. Let K be any number field, let O be its ring of in-
tegers and consider the ring of S-integers O K[%] Then, up to equivalence, the
Quillen category of G := SL3(Ok [%]) for the prime 2 is independent of K. In
fact, because 2 is invertible every elementary abelian 2-subgroup is conjugate to
a diagonal subgroup, and hence A,(G) has a skeleton, say .4, with exactly two
objects, say E| and E» of rank 1 and 2, respectively. We take E to be the subgroup
generated by the diagonal matrix whose first two diagonal entries are —1 and whose
third diagonal entry is 1, and E» to be the subgroup of all diagonal matrices with
diagonal entries 1 or —1 and determinant 1.

The automorphism group of E; is trivial, of course, while Aut4(E>) is iso-
morphic to the group of all abstract automorphisms of £, which we can identify
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with &3, the symmetric group on three elements. There are three morphisms from
E| to E; and Aut 4(E») acts transitively on them.

3.2. The centralizers and their cohomology. For centralizersin H:=GL3 ((’) K[%])
we find Cy(Ey) = GLy(Ok[3]) x GL1(Ok[3]) and Cy(E>) = D3(0Ok[1]) if
D,(Ok[3]) denotes the subgroup of diagonal matrices in GL,(Ok[3]). This
implies

Cg(E1) = GLy(0k[1]),

Co(Ez) = SDs(0k[5]) = D2(0k [3]) = Ok [3]" x Ok[3]",
where as before SD3 ((’) K [% ) denotes special diagonal matrices with coefficients
in Ok [1].

From now on we specialize to the case K = Q[i] where we have OK[%] =

Z[%, i]. In this case the cohomology of the centralizers is explicitly known. In the
sequel we abbreviate SL3(Z[1, i]) by T".

3.2.1. The cohomology of Cr(E,). There is an isomorphism of groups
2/Ax2=7[5,i]",  (num) > i"A+D)"
and therefore we get an isomorphism
H*(Cr(Ey); F) 2 H*(Z[3.i]" x Z[3.,i]": F2) Z Faly1, y21® E(xy, x{, X2, x5)
(3-1)
with y; and y, in degree 2 and the other generators in degree 1. We agree to choose

the generators so that y;, x; and x{ come from the first factor with x; and x{ being
the dual basis to the basis of

Hi(Z[L, i F) = 7[L, i (2]8 i) =22 x 22

given by the image of i and (1 4 7) in the mod-2 reduction of the abelian group
Z[%, i]X and y; coming from H?(Z/4; F,); likewise with y», x, and x), coming
from the second factor.

3.2.2. The cohomology of Cr(E1). This cohomology has been calculated in [Weiss
2006]. In fact, from Theorem 1 of [Weiss 2006] we know

H*(Cr(Ey); F2) = H*(GLy(Z[ 3, i]); F2) = Falcr, 2]l @ E(en, €}, e3, €5). (3-2)

Here we give a short summary of this calculation. The classes ey, €/, e3 and €}
are pulled back from Quillen’s exterior classes ¢; and g3 [1972] in

H*(GL2(Fs); F2) = Faler, 21 ® E(q1, 93) (3-3)
via two ring homomorphisms

miZ[Y, i1 Fs, n':Z[3,i]1— Fs. (3-4)
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We choose 7 such that i is sent to 3 and 7’ such that i is sent to 2.
Now consider the two commutative diagrams (with horizontal arrows induced
by inclusion and vertical arrows induced by 7 and, respectively, /)

D>(7[5]) — GLa(2]3])
l J (3-5)
Dy (Fs) —— GLa(Fs).
By abuse of notation we can write
H*(Dy(Fs); F2) = H*(F5 x F55 F) EFalyr, 2l ® E(x1, x2)  (3-6)

with y; € H>(FZ; F») and x; € H*(FZ; F,) coming from the first factor and like-
wise with y, and x, coming from the second factor. Then 7 and 7’ induce two
homomorphisms

m*, 7" H (D12 (Fs); F2) - H*(Da2(Z[1]): F2)
which in terms of the isomorphisms (3-6) and (3-1) are explicitly given by
7*(y) =yi=a"*y), #wx)=x;, 7 (x)=xi+x] fori=1,2. (3-7)

The cohomology of GL;(Fs) is detected by restriction to the cohomology of
diagonal matrices and restriction is given explicitly as follows:

ci= Y14y, Yy, g X1+Xx, g3 yixa 4 yxi. (3-3)

Then ey, e}, e3, €5 are defined via

er=n"(q1), e3=7n"(q3), e =n"(q1), e5=n"(q3). (3-9)

If ¢; and ¢, are the Chern classes of the tautological 2-dimensional complex

representation of GL, (Z[%], i), then the restriction homomorphism which sends

H*(GL(Z[3.i]); F2) to the cohomology of the subgroup of diagonal matrices is
injective and by using (3-5) and (3-8) we see that it is explicitly given by

c1 = Y1+ Y2, C2 = y1y2,
el — x| +xa, e3 = y1x2 + yaxy, (3-10)
e > x1+xi+xa+x5, €y yi(x+x5) + yalxr +xp).

3.2.3. Functoriality. We note that together with the isomorphisms (3-1) and (3-2)
the restriction (3-10) also describes the map

oy H*(Cr(E1); F2) = H*(Cr(E»); F,)

induced from the standard inclusion of E; into E>.
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To finish the description of H*(Cr(—); [F;) as a functor on A it remains to
describe the action of the symmetric group Aut4(E>) = S3 of rank 3 on

H*(Cr(E); F2) Z Falyr, y21 ® A(xq, xi, X2, X5).

Because of the multiplicative structure we need it only on the generators.
If T € Aut 4 (E») corresponds to permuting the factors in Cr (E2) =GL, (Z[%, i])x
GL1(Z[5.i]) then
)=y, ) =x, T(x) =x, Ga11)
() =y, Te(2)=x1, T(x)) =x],
and if o € Aut4(E») corresponds to the cyclic permutation of the diagonal entries
(in suitable order) then
ox(y1) = y2, 0 (x1) = x2, 0. (x]) = X3,

, , , (3-12)
o (2) =y1+y2,  ou(x2) =x1+x2,  0x(xy) =x] + x5

3.3. Calculating the limit and its derived functors. In Proposition 4.3 of [Henn
1997] we showed that for any functor F' from A to Z()-modules there is an exact
sequence

0 — limy F — F(E1) ~% Homgz(e, (Stz, F(E)) — lim4y F — 0  (3-13)

where Stz is the Z[G3]-module given by the kernel of the augmentation map
7[63/6;,] — Z, and if a and b are chosen to give an integral basis of Stz on
which 7 and o act via

T.(a) = b, 7. (b) = a,

(3-14)
ox(a) =—b, ou(b)=a—b,

then @ (x)(a) = &4 (x) — (0:) e (x) and @(x) (b) = et (x) — ouera(x) if x € F(E)).
Because in our case the functor takes values in [,-vector spaces we can replace

Homyz[e,) by Homg,[s, and Stz by its mod-2 reduction. The following elementary

lemma is needed in the analysis of the third term in the exact sequence (3-13).

Lemma 3.1. (a) Let St be the F2[S3]-module given as the kernel of the augmenta-
tion F3[S3/6,] — Fy. The tensor product St @ St decomposes as F,[S3]-module
canonically as

StR St=F,[G3/A3] @ St

where Ajz denotes the alternating group on three letters. In fact, the decomposition
is given by
St® St = Im(id 40, + 02) @ Ker(id +0, + 2)
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and the first summand is isomorphic to F2[S3/As] while the second summand is
isomorphic to St.

(b) The tensor product Fr[G3/A3] ® St is isomorphic to St @ St.
Proof.

(a) It is well-known that St is a projective F>[&3]-module, hence St ® St is also pro-
jective. It is also well-known that every projective indecomposable F,[G3]-module
is isomorphic to either St or F[&3/A3]. The two modules can be distinguished by
the fact that e := id 4 0, + 0, acts trivially on St and as the identity on F,[&3/As].

Furthermore e is a central idempotent in F,[G3] and hence each F,[&3]-module
M decomposes as direct sum of F,[G3]-modules

MZIm(e: M - M)DKer(e: M - M).

An easy calculation shows that in the case of St ® St both submodules are nontrivial
and this together with the fact these submodules must be projective proves the
claim.

(b) Again each of the factors in the tensor product is a projective F,[&3]-module,
hence the tensor product is a projective F,[&3]-module. Because o acts as the
identity on F,[G3/A3] we see that the idempotent e acts trivially on the tensor
product and this forces the tensor product to be isomorphic to St & St. ([

Lemma 3.2. The Poincaré series x, of Homg,s,)(St,F2[y1, 2 1®E(x1, x7, x2, X5))
is given by
202143024317 +10) 20 (14217 + 2% 4200 +1%)

X2 = (1—1%)(1—15) '
Proof. The isomorphism of (3-1) is an isomorphism of F,[G3]-modules where
the action of G3 is given by equations (3-11) and (3-12). In particular we see
that HI(GLl(Z[%, i]) x GLl(Z[%, i]); F») is isomorphic to St & St generated by
X1, X, X2, x5. The exterior powers of H ! are given as

k
E*(xy, xp, x], x5) = EX(St@ Sty = P E/ St@E* 7 St
j=0
and, because EX (St) is isomorphic to SKF, if k=0, 2, isomorphic to X Stif k =1,
and trivially otherwise, we obtain

TKF, ifk=0,4,
Tk(St@ St) ifk=1,3,

Y2F @ X3St St @ X2F, if k=2,

0 ifk#0,1,2,3,4,

k ~
E*(x1, x2, x1, x5) =
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where [, denotes the trivial Fo[S3]-module whose additive structure is that of [F».
Therefore the Poincaré series x, of Homp,[,)(St, H*(Cr(E>); F2)) decomposes
according to the decomposition of A (x1, x5, x{, x}) as the sum

Xo o= (120241 5 o+ 1200 + 2 +1) 105 (3-15)

where here we denote by X2.0 the Poincaré series of Homp,[s,1(St, F2[y1, y21), by
X2.1 the Poincaré series of Homp,[g,1(St, St ® St ®F2[y1, y21) and by X2.2 that of
Homg, s, (St, St ®F2[y1, y21).

It is well-known (and elementary to verify) that there is an isomorphism of
F2[&3]-modules St @ St ®F,[S3/A3] = F»[S3] and therefore an isomorphism

F2ly1. y2] =Homg,[s,1(St® St ®F2[S3/As], Falyr, y21)
= Homg,(e,1(St. F2[y1, y2)®2 @ Faly1, y21™.

Together with the elementary fact that the Asz-invariants F;[y;, yz]A3 form a free
module over F;[yy, yz]63 = [F;[c3, c3] on the two generators 1 and y13 + )’1)’3 + y;
of degree 0 and 6, respectively, this implies

141° 1

20T Ty 1= = (=)

and hence
2

%20 = Ty

It is elementary to check that St and F,[G3/A3] are both self-dual F,[S3]-
modules and hence Lemma 3.1 gives

(3-16)

St® St* = F2[G3/A3] @ St

and
St® St* @ St* = (F,[G3/A3] @ St) ® St*

= (F2[65/A3]1 ® St) @ (St® St)
= F,[G3/A3] ® St St St.

Therefore, if XEyyy.32]43 denotes the Poincaré series of the Asz-invariants then

X201 = X[Fz[ylyyz]A3 + 3X2’0
142 312 143824384 +1¢°

= = , 3-17
(1—1‘4)(1—2‘6) + (1—t2)(1—t6) (1—t4)(1—t6) ( )
X2,2 = X2,0 + X[F2[y1,y2]A3
12 1+41¢° 1422414 +1°
+ +r2 414+ 318)

S U—AH1—® T A—H1—19 -1 1%
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Finally (3-15), (3-16), (3-17) and (3-18) give
422+ + )+ A 43243 410 4 20+ 2) A +2 414 +10)

o= (I—H(1—15)
202 (143024304 +10) 420 (14202 4214 4210 +18)
- (1—1%)(1—16) ’
and this finishes the proof. ([

Theorem 1.1 is now an immediate consequence of Theorem 2.1 and the follow-
ing result.

Proposition 3.3. Let p =2 and I" = SL3(Z[3, i]).

(a) There is an isomorphism of graded F,-algebras
limy H*(Cr(E); F2) = Falb, b31® E(d3, dy, ds, d).

Furthermore, if we identify this limit with a subalgebra of H*(Cr(E1); Fy) =
Faler, 2] ® E(ey, €}, e3, €3) then

bzzc%+cz, bz =cjcy,
d3 = e3, ds = cie3 + caey,
dy =éj, di =cies+ cre).
(b) There is an isomorphism of graded [F-vector spaces
limly H*(Cr(E); F2) = 23F, ® °F, ® °F,.

(c) Forany s > 1
lim%y H*(Cr(E); F») =0.

Proof. (a) It is easy to check that the subalgebra of F»[c1,c2] ® E(eyq, e’l, e3, e’3)
generated by the elements c% + ¢, ci102, €3, €}, crez + czeq, and cref + cre] is
isomorphic to the tensor product of a polynomial algebra on two generators b»
and b3 of degrees 4 and 6 and an exterior algebra on 4 generators d3, d, ds and d;
of degrees 3, 3, 5 and 5. In fact, it is clear that c% + ¢ and c;c; are algebraically
independent and the elements e3, €}, cje3 + caeq, and cjey + cze| are exterior
classes; their product is given as c§e3e/3e1e/1 # 0, and this implies easily that the
exterior monomials in these elements are linearly independent over the polynomial
algebra generated by c% + ¢; and c¢jcy. From now on we identify by, b3, ds, dé, ds
and d§ with c% +c2, c102, €3, €5, c1e3 4 crep and cref + cre].

Now we use the exact sequence (3-13) and the description of ¢ to determine the
inverse limit. Because «, is injective, we see that if we identify H*(Cr(Ey); F»2)
with its image in H*(Cr(E,); ;) then the inverse limit can be identified with the
intersection of the image of o, with the invariants in Fo[y1, y21 ® E (x1, x}, x2, X5)
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with respect to the action of the cyclic group of order 3 of Aut4(E>) = G3 gener-
ated by o. This action has been described in (3-12) and with these formulas it is
straightforward to check that the elements

by =y +y1y2+y3,

by = y1y2(y1 + y2),

dz = y1x2 + yaxi,

ds = (y1 + y2) (y1x2 4+ yax1) + y1y2(x1 +x2) = yixa + y3x1, (3-19)

dy = y1(x2 + x3) 4+ y2 (x1 + x7),

ds = (y1 + y2) (y1(x2 + x5) + y2(x1 +x7)) + y1y2(x1 +x1 +x2 4 x3)

= yi(x2 +x3) + 33 (x1 +x7)

all belong to the inverse limit.
Now consider the Poincaré series

) 1+t3 2 1+ZS 2
Xo:= Y _ dimp,(Fa[bs, b3] ® Ele3, €}, es. €5)")t" = ( 4)‘ ( 6) :
= (1—1%)(1—1%)
_ (1+1)2(1+13)?
=Y dimg, H"(Cr(E)); F)t" = —— 55—,
Xi HZ(:) img, H*(Cr(E1); F2) A—50—r%
20043243 +10) 420 (14207 + 204 + 210 4-1%)
X2 = (11— (1—1% '

Then we have the identity

4

Xo+X2—X1=m

with
p=14+)2A+)2 42620 +36>+31* +1°)
2t (14224265 4260+ 13 — A+ )21+ A+ 12 +1%)
=203 410217 24 4104124 o413 4 416
=3+ —-tH(1-1%
and therefore
Xo+ X0 = x; + Q3 +15). (3-20)

This, together with the fact that lim 4 H*(Cr(E); [F,) contains a subalgebra isomor-
phic to F2[bs, b3]1 ® A(d3, dj, ds, d5), already implies that the sequence

0 — Fo[by, b31Q® E(ds, d3, ds, d5) — H*(Cr(E)); F2)
—> Homg,[,1(St, H*(Cr(E1); F2)) — 0
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in which the left-hand arrow is given by inclusion is exact except possibly in di-
mensions 3 and 6.

In order to complete the proof of (a) it is now enough to verify that in degrees 3
and 6 the inverse limit is not bigger than F[bs, b3] ® E(d3, dj, ds, ds). We leave
this straightforward verification to the reader.

Then (b) follows immediately from (a) together with (3-20) and the exact se-
quence (3-13), and (c) follows from Theorem 2.1 and the fact that r,(G) =2. U

We can now give the proof of Theorem 1.2.

Proof.

(a) The exact sequence of Theorem 1.1 is obtained from the exact sequence (2-2)
via Proposition 3.3. Therefore the epimorphism of Theorem 1.1 is the edge homo-
morphism of the centralizer spectral sequence. The result then follows from (2-1)
by observing that we have identified the target of the edge homomorphism with
the subalgebra F>[bs, b3] ® E(d3, dj, ds, d5) of H*(Cr(E)); F2) and by recalling
that Cr(E;) is equal to the subgroup of special diagonal matrices SD3 (Z[%, i ])
(b) The two ring homomorphisms 7, 7’ : Z[%, i ] — [5 of (3-4) determine ho-
momorphisms SL3(Z[%,i]) € GL3(Z[3.i]) — GL3(Fs). By [Quillen 1972] we
have
H* GL3(Fs); F2) = F3lci, ¢2, c31® E(q1, 3, g5)-

We get a well-defined homomorphism of F,-graded algebras
¢ :Falca, 31 @ E(e3, €5, es, e5) = H*(T'; F)

by sending ¢; to the i-th Chern class of the tautological 3-dimensional representa-
tion of I" and by declaring ¢(e;) = 7*(¢;) and @(e;) = n"*(q}) for i =3,5. The
classes g1, g3 and gs are the symmetrizations of x;, y;x, and y; y»x3, respectively,
with respect to the natural action of G3 on

H*(GL3(Fs); F2) = Faly1, y2, y31 ® E(x1, x2, X3).

Compare (5-1) below.

Next we determine the composition ¥ ¢. The universal Chern classes c¢; are the
elementary symmetric polynomials in variables, say y;, and the inclusion GL,(C) C
SL3(C) C GL3(C) imposes the relation y; + y, + y3 = 0. This implies that the
behavior of ¥ on Chern classes is given by

a0, b cita=yi+yntyi=by, > cica=y12001+y2) =bs.

In these equations we have identified H *(GL2 (Z[%, i ]), [Fz), as in the proof of
Proposition 3.3, via restriction with a subalgebra of F2[y;, y2] ® E (x1, x], X3, x}).
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In order to determine the composition ¥¢ on the classes e3, €5, es and e5 we
calculate at the level of [s and use naturality with respect to the homomorphisms
induced by 7 and 7/, i.e., we consider the maps induced in cohomology by the
following commutative diagram in which the horizontal maps are induced by in-
clusion and the vertical maps are induced by 7 and, respectively, 7'

GL(2[5]) — SLa(2[5]) — GLa(2[5])
GLZ([FS) E— SL3(|]:5) EE— GL3([F5).
On the level of Fs the composition induces in cohomology a map

Filct, c2, c31® E(q1, g3, q5) — Falcr, 21 ® E(eyr, e3) C Faly1, y21® E(q1, q3)

which is easily determined from (5-1) below by imposing the relations y; +y,+y3 =
0 and x| + x2 + x3 = 0 on the symmetrization of the classes y;x, and y;y)x3
with respect to the natural action of G3 on the cohomology of diagonal matrices
H*(D3(Fs); F2) = Faly1, y2, y3] ® E(x1, x2, x3). Explicitly we get
a0, oy +y a0+,
g1 0, g3 yixa+ yaxi, gs = yixa+ yixi
and by using (3-7) and (3-19) we see that the composition ¢ maps the elements
e3, es, 5, and e as follows:
e3 > (y1x2 + y2x1) =ds,
es > Tt (yixg + y3x1) =ds,
e3> " (yixa + yox1) =ds,
e — 7" (yixy 4 yixy) = ds.
Here we have identified the target of ¥ with a subalgebra of H* (GL2 (Z[%, i]); [Fz)
and the latter via restriction with a subalgebra of F»[yy, y2]1 ® E(x1, x{, x3, X3).

(c) The space X can be taken to be the product of symmetric space
Xoo :=SL3(C)/ SUQ3)

and the Bruhat-Tits building X, for SL3(Q,[i]). Now SL3(@y[i])\ X7 is a 2-
simplex [Brown 1989] and the projection map X — X, induces a map

SL3(Qa[iD\X — SL3(Q2[iD\ X2

whose fibers have the homotopy type of a 6-dimensional SL3 (Z[%, i ])—invariant
deformation retract (see Section 4). Therefore we get H; (X, X;; F2) =0if n > 8
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and the inclusion X; C X induces an isomorphism H{(X; ) = H[(X,; Fy) if
n > 8. Then part (c) simply follows from (a) except for the finiteness statement for
the kernel for which we refer to (4-1) and (4-2) below. O

4. Comments on step 2

The situation for p =2 and G = SL3 (Z[%, i ]) is analogous to the situation for
p=2and G =SLj3 (Z[%]) for which step 2 was carried out in [Henn 1999] via a
detailed study of the relative cohomology H(; (X, Xy; [F2) for X equal to the product
of the symmetric space X := SL3(R)/ SO(3) with the Bruhat-Tits building X»
for SL3(Q,); the spaces involved had a few hundred cells and the calculation was
painful. In the case of SL3(Z[3, i]) with X the product of SL3(C)/ SU(3) with the
Bruhat-Tits building for SL3(Q;[i]) the calculational complexity of the second step
is much more involved and an explicit calculation by hand does not look feasible.
However, in recent years there have been a lot of machine aided calculations of the
cohomology of various arithmetic groups (for example [Dutour Sikiri¢ et al. 2016;
Bui et al. 2016]) and a machine aided calculation seems to be within reach.

The natural strategy for undertaking this second step is to follow the same path
as in [Henn 1999]. The equivariant cohomology H{ (X, Xy; F») can be studied via
the spectral sequence of the projection map

p: X=X XxXy— X>.
This gives a spectral sequence with

EP?= P Hf (Xoo. Xoos: F2) = HUT(X, X, Fy). (4-1)

o€,

Here A, indexes the p-dimensional cells in the orbit space of X, with respect to the
action of I'. The orbit space is a 2-simplex, i.e., Ag and A contain 3 elements and
A» is a singleton. Furthermore I, is the isotropy group of a chosen representative
in X, of the cell o in the quotient space. For fixed p all p-dimensional cells have
isomorphic isotropy groups because the I'-action on the Bruhat-Tits building is the
restriction of a natural action of GL3 (Z[% z]) on X, and this action is transitive
on the set of p-dimensional cells [Brown 1989].

Therefore all isotropy subgroups for the action on X, are, up to isomorphism,
subgroups of SL3(Z[i]) which itself appears as isotropy group of a O-dimensional
cell in X,. The isotropy groups of 1-dimensional and 2-dimensional cells are
isomorphic to well-known congruence subgroups of SL3(Z[i]). By the Soulé—
Lannes method the fiber X, of the projection map p admits a 6-dimensional
SL3(Z[i])-equivariant deformation retract (the space of “well-rounded hermitian
forms” modulo arithmetic equivalence) with compact quotient [Ash 1984] and
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therefore we have
E}'=0unless s=0,1,2, 0<t<6, and dimg, E}"’ <oo forall (s, 7). (4-2)

The E;-term of this spectral sequence should be accessible to machine calcula-
tion. The spectral sequence will necessarily degenerate at E3 and the calculation of
the differentials is likely to need human intervention, as in the case of SL(3, Z[%])
(compare Section 3.4 of [Henn 1999]). Likewise the calculation of the connecting
homomorphism for the mod-2 Borel cohomology of the pair (X, X;) is likely to
require human intervention.

5. On Quillen’s conjecture for GL, (Z[3, i])

The next result gives two reformulations of the conjecture of Quillen briefly dis-
cussed in the introduction. The classes ey, and e’2k7 | in part (¢) will be introduced
in (5-1) below.

Theorem 5.1. Suppose n > 2. The following statements are equivalent:
(a) Conjecture C(n, Z[%, i], 2) holds, i.e., H*(GLn (Z[%, i]); I]:z) is a free module

over Z/2[cy, ..., c,| where the c; are the mod-2 Chern classes of the tautological
n-dimensional complex representation of GL, (Z[% l])

(b) The restriction homomorphism
H*(GLy (2[3.i]): F2) — H*(Da(Z[3.1]): F2)
is injective, where D, (Z[% l]) is the subgroup of diagonal matrices in GL,, (Z[%])

(c) There are isomorphisms
H*(GL,(Z[4.i]): F2) =Faler,....cal ® Eer, e, - ... €1, €5,_1)

where the classes ci are the Chern classes of the tautological n-dimensional com-
plex representation of GL, (Z[% i ]) and the classes ey,_1, e/Zk_1 are of cohomo-
logical degree 2k — 1 fork =1, ..., n.

Proof. 1t is trivial that (c) implies (a).

In order to show that (a) implies (b) we observe that D, (Z[3,i]) is the central-
izer of the unique, up to conjugacy, maximal elementary abelian 2-subgroup E, of
GL, (Z[%, z]) given by the subgroup of diagonal matrices of order 2. Now consider
the top Dickson invariant w in H*(BGL,(C); F,), i.e., the class whose restriction
to H *B(]_[:’:1 GLl(C)); [F,) is the product of all nontrivial classes of degree 2.
The image of w in H *(GL,, (Z[%, i]); I]:z) restricts trivially to the cohomology of
all elementary abelian 2-subgroups E of GL, (Z[%, i ]) of rank less than n. If (a)
holds then the image of  is not a zero divisor in H*(GL, (Z[% i]); F2) and hence
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Corollary 1.5.8 of [Henn et al. 1995] implies that the restriction to the centralizer
of E, is injective.
The implication (b) = (c) follows from Proposition 5.3 below. O

Before we go on we introduce the classes ex;_; and e’zk_l. As in the case of
GL, they are obtained from Quillen’s classes [1972] gox—1 € H 2k=1(GL,,(Fs); F2)
which restrict in the cohomology of diagonal matrices in Fs to the symmetrization
of the classes y; - - - yr—1xx where yi is of cohomological degree 2 corresponding
to the k-th factor in the product [ [;_, F' and x; is of cohomological degree 1 of
the same factor. We define

en—1 =7 (qk—1)s €y =" (qak—1) (5-D

where 7 and 7’ are the two ring homomorphisms Z[ 3, i ] — Fs with 7 sending i to 3
and 7’ sending i to 2 which we considered earlier in Section 3. We identify the mod-
2 cohomology H*(Dn (Z[%, i]); [Fz) with Fo[yy, ... yp]® E(x1, xi <v vy Xp, X)) With
Yk, k=1, ..., n of degree 2 and xg, x,’C, k=1, ...,n of degree 1 where as before
we choose x; and x,/c to be the basis which is dual to the basis of the k-th factor in

D, (2[}.i1)/Da(2[5.1])" = (2[3. 11/ @[3.1]))"

given by the classes of i and 1 4+ i. Then we get the following lemma which
generalizes (3-10) and whose straightforward proof we leave to the reader.

Lemma 5.2. The class ey restricts in the cohomology of the subgroup of diag-
onal matrices H *(Dn (Z[%, i ]; [Fz)) to the symmetrization of yi - - - yx—1Xx and the
class ey, _, restricts to the symmetrization of yy - - - Yr—1 (X + X;). ([

The following result determines the image of the restriction homomorphism and
shows that (b) implies (c) in Theorem 5.1. It resembles results of Mitchell [1992]
for GL, (Z[%]) for p =2 and of Anton [1999] for GL,(Z[3, ¢3]) for p = 3. Its
proof uses crucially condition (5-3) below, which also plays a central role in [Anton
2003].

Proposition 5.3. Let n > 1 be an integer. The image of the restriction map

i*: H*(GL, (Z[3. i]); F»)
— H*(D,(Z[3%.1]); F2) = Faly1s .. yal ® E(x1, x| ..., Xp, X))

is isomorphic to

Falcr,...cal  E(er, €], .., €an—1, €5 1).
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Here we have identified the Chern classes ¢; and the classes e»;_1 and e/zl._] with
their image via i*. The images of the elements ¢; are, of course, the elementary
symmetric polynomials in the y; and the images of the classes ey;_; and €}, |
have been determined in Lemma 5.2. We remark that even though i* need not be
injective, it is injective on the subalgebra of H *(GL,, (Z[%, i ]), [Fg) generated by
the classes ¢;, es;—j and €}, |, 1 <i <n.

Proof. In this proof we denote the subalgebra
Faler,...chl @ E(er, €, ..., €1, €5,_y).

of H *(D,, (Z[%, i ]), [Fz) by C, and the image of the restriction map by B,. We
need to show that B, = C,. This is trivial if » = 1 and for n = 2 this follows from
Theorem 1 of [Weiss 2006] (compare (3-2), (3-10) and Lemma 5.2).

The classes cy, ..., c, are in B, as images of the Chern classes with the same
name and the classes ey, ... ez,_1, e’l, ... e/z,l_1 are in B, by Lemma 5.2. Therefore
we have C,, C B,,. We will show B, C C, for n > 2 by induction on n. This will
be done in three steps:

1. From the inclusions
GL,—»(2[3.i]) x GL2(Z[3. i]) c GL.(Z[3. i])
)
given by matrix block sum and the identifications of D,_»(Z[1,i]) x D»(2[3,i])
and of D,—1(Z[3.i]) x D1(Z[3.]) with D,(Z[3.i]) we see that

g
GLy-1(2[4. 1) % 6Ly (2[4, 1]) € 6L (2]}

B, CB,_1®B1NB,»Q B,
and by the induction hypothesis the latter subalgebra is equal to
Ci1®C1INCr2® Cy,
in particular we have
B, CCro1®C1NC2®Co. (5-2)
2. The monomial basis in
H*(Dp(Z[3.1]); F2) = Falyts oo yal ® E(X1,y ooy X, X, oo, X))
is in bijection with the set S(n) of sequences

I = (al’ 81,17 82,1’ ceey a}’“ 81,}’!9 82,}1)
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where the g; are integers > 0 and ¢; ; € {0, 1} fori =1,2and 1 < j < n. More
precisely to I we associate the monomial

I ._ a4 a, €11 Elin 1621 /€20
y ._yl ...yn"xl ...xn xl ...xn

We equip S(n) with the lexicographical order and denote it by <,. This order has
the property that for each 1 < k < n it agrees with the lexicographical order on
S(k) x S(n — k) if S(k) and S(n — k) are equipped with the orders <; and <, _
and S(n) is identified with S(k) x S(n — k) via concatenation of sequences.

In what follows we replace the symmetrizations of the elements y; - - - y; | (x,-—i—xlf ),
i =1,...,n, by the symmetrization of y; - - - y;_;x; and by abuse of notation we
continue to denote them by ¢/, ;. This does not change the subalgebra C,. This
subalgebra

Faler,...cnl @ E(er, €l ..., €1, €5,_1)
CFayt, oo s Yl @ E(X1, ooy Xy Xy e vy X))

has a monomial basis which is in bijection with the set 7'(n) of sequences

K=y, ....kp;d11, ... P1n; P21, P2.0)

where the k; are integers > 0 and ¢; ; € {0, 1} fori =1,2 and 1 < j <n. More
precisely to K we associate the monomial

K ._ ki kn ®1.1 D1 1 P21 ’ $2n
cti=cyloe ey e e

We define a map
a:Tn) — Sh)

by associating to K € T'(n) the largest monomial in S(n) which occurs in the
decomposition of c¢X as linear combination of elements x! with I € S(n). The
proof of the following result is elementary and is left to the reader.

Lemma 5.4. The map « is explicitly given by

a(tky, ... kp;d11, o s D1 P21 -, P20) = (a1, €11, €215 -+ Qns E1,n> E2,0)

with n

aj=kj+ Y (ki+¢ri+¢a). 1=<j<n,
i=j+1

an =ky,

Ei,j=¢i,ja 15]5n,1=1,2 ]
From this lemma it is obvious that « is injective and a sequence

I = (alv 81,1982,1’ e 7an, 81,}’!’ 82,]1) € S(n)
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is in the image of « if and only if we have
aj—ajy1 =€ j41+& 41 foralll <j<n. (5-3)

In particular, if an element x is in C, then the maximal sequence which appears in
the decomposition of x as a linear combination of the monomials x with I € S(n)
satisfies (5-3) for all 1 < j < n. Likewise, if x is in C; ® C,,_; then this maximal
sequence is equal to the maximal sequence which appears in the decomposition of
x as a linear combination of the monomials x’ with I € S(k) x S(n — k) and hence
it satisfies (5-3) forall 1 < j <iandi+1<j <n.

3. Now let x be a homogeneous element of B,, and let /y be the maximal sequence
in S(n) appearing in the decomposition of x as a linear combination of the mono-
mials x/ with I € S(n). By (5-2) we have x € C,_.; ® C; and x € C,_, ® C,,
and [y remains the maximal sequence in S(n — 1) x S(1) and S(n —2) x S(2),
respectively, appearing in the decomposition of x as a linear combination of the
monomials x! with, respectively, I € S(n — 1) x S(1) and I € S(n —2) x S(2).
Hence I satisfies conditions (5-3) for 1 < j <n—1 and, respectively, ] < j <n—2
and j =n — 1. In particular condition (5-3) holds for all 1 < j < n and therefore
there exists K € T'(n) such that «(K() = Iy. Then x — ¢X° is still in B, and the
maximal sequence appearing in the decomposition of x — cX¢ is smaller than that
of x. By iterating this procedure we see that x belongs to C,,. U

Finally we relate C (3, Z[%, i], 2) to the behavior of the restriction homomor-

phism
H*(T'; F2) — H*(Cr(E); Fa).
For this we observe that the subgroups I' = SL3 (Z[% i ]) and the center Z =
7[3.1i] * of GL3 (z[5.i]) have trivial intersection and their product is the kernel
of the homomorphism
XN\3 A~

b Y =273
given as the composition of the determinant with the natural quotient map. There-
fore the spectral sequence of the extension

GLy(z[3. 1)) > 2[5, 11" — Z[}. 1]

1 — SL3(Z[3.i]) x Z - GL3(Z[3,i]) > 2/3 —> 1
gives an isomorphism
H*(GL3 (2[4, 1]): F2) = (H*(SLs(Z[L, i]); F2) ® H*(Z; ). (5-4)
Proposition 5.5. Conjecture C(3, Z[3,],2) holds if and only if either
() H*(SL3(Z[3.1]); F2) = Falba, b31® E(d3, dj, ds, d%) or
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(b) the kernel of the map  of Theorem 1.2 is a finite-dimensional vector space
for which the action of 7 /3 = Z[% i] %/ (Z[% i] X)3 has trivial invariants.

Proof. Clearly Z/3 = Z[% i]X/(Z[1 i]X)3 acts trivially on H*(Z; [F;) and on

2
the image of the homomorphism ¢ of Theorem 1.2. Hence, the corollary follows
immediately from (5-4) and Theorem 1.2. O
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