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and for some hypoelliptic families of vector fields

Francois Vigneron

We give an elementary proof of the classical Hardy inequality on any Carnot
group, using only integration by parts and a fine analysis of the commutator
structure, which was not deemed possible until now. We also discuss the con-
ditions under which this technique can be generalized to deal with hypoelliptic
families of vector fields, which, in this case, leads to an open problem regarding
the symbol properties of the gauge norm.

The classical Hardy inequality [1934] on a smooth open domain Q2 C R" (n > 3)
reads:

2
forall f € HOI(Q), sup (/ de) < —
Q

X0ER |X —X0|2

2)2 [ vswpar
Since L. D’ Ambrosio [2005] it has been well known that similar inequalities hold
on nilpotent groups, but interest on this matter is still high; see, e.g., [Ruzhansky
and Suragan 2017; Adimurthi and Mallick 2018; Ambrosio et al. 2019].

An important reference on this matter is a recent note by H. Bahouri, C. Fermanian-
Kammerer, 1. Gallagher [Bahouri et al. 2012]. It is dedicated to refined Hardy
inequalities on graded Lie groups and relies on constructing a general Littlewood—
Paley theory and, as such, involves the machinery of the Fourier transform on
groups.

Expanding the generality towards hypoelliptic vector fields, G. Grillo’s article
[2003] contains an inequality that holds for L”-norms, without an underlying
group structure, and contains weights that allow positive powers of the Carnot—
Carathéodory distance on the right-hand side. However, the proof of this gen-
eralization involves the whole power of the sub-Riemannian Calderon—Zygmund
theory.

Another beautiful reference is the paper by P. Ciatti, M.G. Cowling, F. Ricci
[Ciatti et al. 2015] that studies these matters on stratified Lie groups, but with the
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point of view of operator and interpolation theory (see also [Krugljak et al. 1999]
to highlight some subtleties in this approach).

The main goal of the present paper is to prove a general result on Carnot groups,
albeit slightly simpler than those of [Bahouri et al. 2012] or [Grillo 2003], by
using only elementary techniques: most of the paper relies only on integrations by
part and on a fine analysis of the commutator structure. We will occasionally use
interpolation techniques, but it is only required here if fractional regularities are
sought after.

A Carnot group is a connected, simply connected and nilpotent Lie group G
whose Lie algebra g admits a stratification, i.e.,

m
@ where [V1, V1= V1, 2)

with V,,, # {0} but [Vi, V,,] = {0}. The dimensions will be denoted by g; = dim V;
andg =) qj =dimg. Given a basis (Y¢)¢=1,... 4 of g adapted to the stratification
each index i € {1, ..., g} can be associated to a unique weight w; € {1, ..., m}
such that Y, € V,,,, namely

wg =] fOI'l’l];] <£§l’lj, 3)

where no =0 and n; =n;_ +g; for j =1, ..., m is the sequence of cumulative
dimensions. Note that n; = ¢; and n,, = ¢g. The horizontal derivatives are the
derivatives in the first layer (see Section 1.5 below) and they are collected together
in the following notation:

Vof =Y fi..., Y5 f). @)

The stratification hypothesis ensures that each derivative Y; f can be expressed as
at most w; — 1 commutators of horizontal derivatives. The homogeneous dimension
is the integer

m q
0=) Jjgi=) o ©)

j=1 =1

For k € N, the Sobolev space H k(G) is the subspace of functions ¢ € L?(G) such
that Vo € L?(G) for any multi-index « of length |a| < k. Fractional spaces can,
for example, be defined by interpolation. The main result that we intend to prove
here is the following.

Theorem 1. Let G be a Carnot group and | -|| any homogeneous pseudonorm
equivalent to the Carnot—Carathéodory distance to the origin. Then, for any real s
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with 0 <s < Q/2, there exists a constant C; > 0 such that
|f(®I
¢ llglg

for any function f € H*(G).

dg < Csll 7 (6)

A similar Hardy inequality was proved by the author in [Vigneron 2006] for
families of vector fields that satisfy a Hormander bracket condition of step 2; the
proof was based on the ideas of [Bahouri et al. 2005a; Bahouri and Cohen 2011],
but was never published independently. This result was part of a broader study
[Bahouri et al. 2005b; 2009; Mustapha and Vigneron 2007; Vigneron 2007] aiming
at characterizing the traces of Sobolev spaces on the Heisenberg group, along hy-
persurfaces with nondegenerate characteristic points. Here, instead, we concentrate
(except in Section 3) on the case of stratified groups, but without restrictions on
the step m of the stratification.

The mathematical literature already contains numerous Hardy-type inequalities
either on the Heisenberg group, for the p-sub-Laplacian, for Grushin-type opera-
tors and H-type groups (see, e.g., [D’Ambrosio 2005; Kombe 2010]). Sometimes
(e.g., in [Garofalo and Lanconelli 1990; Niu et al. 2001; Dou et al. 2007]), a weight
is introduced in the left-hand side that vanishes along the center of the group,
i.e., along the (most) subelliptic direction. For example, [Garofalo and Lanconelli
1990] contains the following inequality on the Heisenberg group H,, >~ C" x R:

|f(x)|2 & 2 2 2

/Hn o @ dr <A ;uxjfnm +1YfI3)+BIfI, (@
where (X, Y;) are a basis of the first layer of the stratification and dy, ((z, 1), 0) ~
V/|z|* + 12 is the gauge distance and ® is a cut-off function that vanishes along the
center z =0:

|z
Vizl* 412
A secondary goal of this article is to show that such a cut-off is usually not neces-
sary.

The core of our proof of Theorem 1 (see Section 2.5) consists in an integration
by part against the radial field (the infinitesimal generator of dilations). The radial
field can be expressed in terms of the left-invariant vector fields but, as all strata
are involved, this first step puts m — s too many derivatives on the function. Next,
one uses the commutator structure of the left-invariant fields to carefully backtrack
all but one derivative and let them act instead on the coefficients of the radial
field. This step requires that those coefficients have symbol-like properties. One

D(z,1) =
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can then conclude by an iterative process that reduces the Hardy inequality with
weight ||g]l;’ to the one with weight ||g||(_;(s_]) as long as s < Q/2.

Finally, it is worth mentioning that a byproduct of our elementary approach con-
cerns the symbol properties of the Carnot—Carathéodory norm (or of any equivalent
gauge). For general hypoelliptic families of vector fields, the norm is not always
a symbol of order 1 (see section Section 3). On the contrary, on Carnot groups, it
happens to always be equivalent to such a symbol (Proposition 7). At the end of
the article, we discuss sufficient conditions for this property to hold for families of
hypoelliptic vector fields, based either on the order m of the Héormander condition
(Theorem 14), or on the way the commutators are structured (Theorems 15 and 16).

The structure of the article goes as follows. Section 1 is a brief survey of calculus
on Carnot groups. It also sets the notations used subsequently. Section 2 contains
the actual proof of Theorem 1 and concludes on Theorem 13, which is the homo-
geneous variant of the previous statement. Section 3 addresses an open question
regarding families of vector fields that satisfy a Hormander bracket condition, but
lack an underlying group structure.

1. A brief survey of calculus on Carnot Groups

Let us first recall some classic definitions and facts about nilpotent Lie groups. We
also introduce notations that will be needed in Section 2. For a more in-depth
coverage of Lie groups, sub-Riemannian geometry and nilpotent groups, see, e.g.,
[Montgomery 2002; Folland and Stein 1982; Rossmann 2002] or the introduction
of [Ambrosio and Rigot 2004].

1.1. Left-invariant vector fields and the exponential map. Let us consider a Lie
group G and g = T,G its Lie algebra; e denotes the unit element of G. Left-
translation is defined by L, (h) = gh.

Definition. A vector field & is called left-invariant if (Lg)s0& =& o Lg. Such a
vector field is entirely determined by v = £(e) € g. To signify that v generates &,
one writes £ = v’ thus:

vE(g) = d(Ly) e (v). ®)

The tangent bundle 7 G identifies to G x g by the map (g, v) — (g, v5(g)).

The flow @? of a left-invariant vector field v’ exists for all time. Indeed, one has
@/ (g) = Lg o @/ (e), which implies that @/, ((€) = Loy () o @/ (e), thus allowing
the flow to be extended globally once it has been constructed locally.

Definition. The exponential map exp : g — G is defined by exp(v) = @/ (e) where
(@/)ier is the flow of the left-invariant vector field vk,
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One can check that the flow of v’ starting from g € G is @' (g) = g exp(tv). In
particular,

exp(sw) exp(tv) = @/ (exp(sw)) and dexp, =1d,.

1.2. The Baker—Campbell-Hausdorff formula. The commutator of two left-in-
variant vector fields is also a left-invariant field. Therefore, the commutator of
u,v € g is defined by [u, v] = [u’, vL](e) € g. The product law of G induces
an extremely rigid relation between exponentials, known as the Baker—Campbell—
Hausdorff formula:

exp(u) exp(v) = exp(u(u, v)) ©)

where pu(u,v) =u+v+ %[u, v]+ %([u, [u, v]]+[v, [v, u]]) +--- is a universal
Lie series in u, v i.e., an expression consisting of the iterated commutators of u
and v. In general, this formula holds provided # and v are small enough for the
series to converge (see, e.g., [Rossmann 2002, §1.3]). Subsequently, one will only
use the linear part of (9) with respect to one variable:

n times u

d > (—=1)"B,
du(uu)\o(w)=%(w)=w+2%[u,--.,[u,w]], (10)
n=1 :

where B, are the Bernoulli numbers (i.e., (x)/e* —1=>_(B,/n!)x") and ad(u) =
[u,-]. This formula is classical and can be found, e.g., in [Rossmann 2002] or
[Klarsfeld and Oteo 1989].

1.3. Stratification. From now on, G is supposed to be stratified, i.e., it is a Carnot
group as defined in the introduction of this paper. A stratified group is, in particular,
nilpotent of step m. Moreover, elementary linear algebra gives restrictions on the
possible dimensions ¢g; = dim V; of the strata:

q1(q1 — 1)

[
q2 = 5

The last inequality is strict because of the Jacobi identity

and for j > 2, ¢g;11 <qiq;.

[u, [v, w]] = [v, [u, w]] = —[w, [u, v]].
For an exact count of the possible relations, see, e.g., [Reutenauer 1993].

Proposition 2. Let G be a Carnot group. Then exp : g — G is a global diffeo-
morphism that allows G to be identified with the set g equipped with the group law
u*v=u(u,v). The identity element is 0 and the inverse of u is —u.

Proof. This claim is very standard so one only sketches the proof briefly. As
dexp)y = Idg, there exists a neighborhood Uy of e in G and Vp of 0 in g such that
exp : Vo — Up is a diffeomorphism. As G is connected, it is generated by any
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neighborhood of e and in particular by Uy = exp(Vp). But, as g is nilpotent, the
expression p(u, v) is a Lie polynomial of order m, thus (9) holds for any u, v € g.
Combining these facts implies that the exponential map is surjective. Next, one can
show that the pair (g, exp) is a covering space of G. Indeed, given g =exp(v) € G,
one gets a commutative diagram of diffeomorphisms

exp
V() — U, 0

M(U/,')l ng

exp

V — g-Uy
for each v’ € g such that exp(v’) = g. Finally, by a standard covering space argument
based on the fact that g is path connected (as a vector space) and G is simply
connected (in the stratification assumption), one can claim that the exponential
map is a global diffeomorphism. U

Example. The Heisenberg group H can be realized as a set of upper-triangular
matrices with diagonal entries equal to 1. The group law in H is the multiplication
of matrices:

1 pr 1 pr 1 p+p r+r'+pgq
01g 014 )=10 1 qg+q
001 00 1 0 O 1
The Lie algebra of H is
0pr
h=1(0 0 g | =pY1+qgYo+rY3; p,qg,reR
000

Left-invariant vector fields on H are linear combinations of

1
YE(@)=Yi, Yf(g)=Yo+pY¥; and Yi(g)=Ys;, whereg=|[0
0

(e AN

r
q
1

H is a stratified nilpotent group with V| = Span(Y7, Y>) and V, = Span(Y3). The
exponential map is the usual exponential of nilpotent matrices. It transfers the
group structure to h >~ R3 by (9):

0pr Opr 1p r—l—%pq
(P,g,r)y=~|00gq |, exp{0O0g]=]|01 q ,
000 000 00 1
w(prg. )y, (P d' ) = (PP a+4' r+1' 4+ 5(pg" —ap"),.
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In exponential coordinates on b >~ R3, the left-invariant vector fields thus take the
following form:

?IL(p’q7r):ap_%qar’ ?ZL(p’q7r):aq+%parv ?f(p’q’r):ar'

The two different expressions of the fields correspond to the change of variables
(P, q””) = (p’ q,r — %pQ)

Remarks. (1) In general (even if G is connected and nilpotent), only the Lie
group action can be recovered from the exponential map but not G itself. For
example, G = {z € C; |z| = 1} ~ S! with rotation law (z, ') > zZ’ is a
nilpotent group. One has g = R and pu(x, y) = x + y but the exponential map
is exp(x) = ¢'* and is obviously not a global diffeomorphism.

(2) Combined with (10), the commutative diagram of the proof of Proposition 2
provides a general formula for the differential of the exponential map, which
we will need later on. For v, w € g and g = exp(v), one has

m—1

dexp\v(w) = Z

n=0

(=nr L
PERTTIEAARd I b

For example, on the Heisenberg group, one gets dexp), (w) = (w— % [v, w])L(g).

Proposition 3. For any indices j, k € {1, ..., m}, one has
Viek i j+k=<m,

Vi,Vilcq ! 12

Vi Vid {{0} otherwise. 12)

Proof. By convention, let us write V,, = {0} if n > m. For k = 1, the property holds
by definition. For k = 2, as V, = [V}, V}], any element can be written [X, Y] with
X,Y e V. For Z € V;, one uses the identity [A, BC] =[A, B]C + B[A, C] to get

[Z,[X, Y] =[[Z, X], Y] =[[Z, Y], X] € [[Vj, il Vil C [Vj41, Vil C V2.

Next, one proceeds recursively. Assuming that for some k > 2, one has [V}, Vi ] C
Vi for any j, then given Z € Vi =[Vi, Vi], one writes Z =X, {] with X € V;
and ¢ € Vi. Then for any W € V;, the Jacobi identity gives

(W, Z] =W, [X,¢]]
=—[X,[¢, WII=[¢, [W, X1 € [V1, Vjk ] + [Vk, V1] C Vi

which makes the property hereditary in k. (]
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1.4. Stratified dilations. The next essential object in a Carnot group is the dilation
of the Lie algebra:

m
forallr >0, 8 =Y rim;, (13)
j=1

where 7 : g — V; is the projection onto V; with kernel @@, ~; Vi Identifying G
to exp(g), one gets a one parameter family of group automorphisms that we will
simply denote by

rg =expod,oexp ' (g) (14)

forany r >0 and g € G.
The next result is an immediate consequence of the definition but should later
be compared with the scaling property (41) of the radial vector field.

Proposition 4. The dilation of a left-invariant vector field v* is given by
E0)" (rg) = ((Lrghs 0 8y 0 (L)) (0 (). (15)

Up to a constant factor, the Haar measure on G is given by the Lebesgue measure
on g ~ R? and is commonly denoted dg.

Proposition 5. One has, for all ¢ € L'(G) and r > 0,

/ (rg)dg=r—° f v(8) dg. (16)
G G

where Q is the homogeneous dimension (5) of G. Note that when m # 1, one has
Q>gq.

Given (arbitraryl) Euclidean norms || -[|y; on each V; and w =2LCM(l, ..., m),
the anisotropic gauge-norm of either v € g or of g = exp(v) € G is defined by

m Ji 1/w
w
lvllg = ligllc = (Znn,-(v)nv/) : (17)
j=1

The gauge norm is homogeneous in the following sense:

Irgle =rligle and  |Og,| = cor, (18)
with a uniform constant co and where the gauge-ball is defined by
-1

Ugr={heG; |lh™ gl <r}.

IFor a given basis of g adapted to the stratification, one will chose here a Euclidean structure that

renders this basis orthonormal. This is the natural choice when one proceeds to the identification
g =~ R? through this basis.
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Remark. The intrinsic metric objects of G are the so-called Carnot balls defined
as the set of points that can be connected to a center go € G by an absolutely
continuous path y whose velocity is subunitary for almost every time i.e., such
that y (t) € (L, ())«(Bo) where By C V; is a fixed Euclidean ball of the first layer
of the stratification (up to some choice of a Euclidean metric on V;). However,
the ball-box theorem [Montgomery 2002] states that such intrinsic objects can
be sandwiched between two gauge-balls of comparable radii. For our purpose
(the analysis of Sobolev spaces), one can thus deal only with gauge-balls without
impeding the generality.

1.5. Horizontal derivatives and Sobolev spaces on G. Vector fields & on G are
identified with derivation operators on C*°(G) by the Lie derivative formula:

(E9)(8) =dpg(5(g)). (19)

Definition. The horizontal derivatives are the left-invariant vector-fields associated
with V.

Let us consider a basis (Yy)1<¢<4 of g that is adapted to the stratification, i.e.,
V] = Span (Yf)n_/-_l <£§n_,- ’ (20)

where n; is defined by (3). An horizontal derivative is thus a vector field

EZZO[]'YJ-LZO[‘V(;,

Jj=<n
where o = (a1, ..., o,,) € R" and Vg is defined by (4). Noncommutative multi-
indices are defined as follows: for y = (y1,..., ) € {1, ..., nl}g, one writes

I=|yland Vi =Y}o- -0V
Let us unfold the commutator structure in g with the following notation:

Yoo Yo, Yo, 1= k(€1 Lus bngrs €)Y, 1)
[/

Note that according to (12), one can warrant that k ({1, ..., €, £,41; £) = 0 if
wy Fwg + o,
Remark. To simplify computations, one can always assume that the basis is cho-
sen such that

forall £ ef{l,....q}, Ye=[Yu ), s Yo @ Yurll, (22)
where k = wy and «; (£) < n;. Indeed, the Lie algebra is linearly generated by the
commutators of the restricted family Vs and one just has to extract a basis from it.

Example. On the Heisenberg group H, the horizontal derivatives are left-invariant
vector fields of the form & = (aY; + ﬁYz)L for o, B € R.
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Definition. For s € N, the Sobolev space H*(G) consists of the functions such
that each composition of at most s horizontal derivatives belongs to L?(G). The
norm is defined (up to the choice of the Y;) by

leli@ = /G IVEe(9)* dg, (23)
lylss

with ¥ a noncommutative multi-index.

Remark. The space H?(G) is the domain of the hypoelliptic Laplace operator

Lo=—> (Y} v} (24)

{<n;

A celebrated result of L. Héormander [1967] states that H*(G) C H, s/m (R?), where

loc
the last Sobolev space is the classical one (homogeneous and isotropic) on RY.

1.6. Exponential coordinates on a stratified group. Given a basis (Yy)1<¢<4 of
g adapted to the stratification, one can define a natural coordinate system on G,
called exponential coordinates. Given g = exp(v) € G, its coordinates x(g) =
(x¢(8))1<e<q € R? are defined by

q
v=" " xi(2)Y. (25)
=1
The projections (7;)1<j<m introduced in (13) are

nj
forall je(l,...,m), m@= Y x(ge. (26)
£=1+n_,'_1

In exponential coordinates, the expression of stratified dilations (14) is
forall £ €{1,...,q}, xe(rg) =r®xe(g). 27
The gauge norm (17) is given (for some fixed large w € N) by
m nj w/jy 1/Qw)
lgllc = llx(@)llg = (Z( > |xz(g)|2) ) : (28)
j=1 Z=1+nj,1

One could however take any uniformly equivalent quantity as a gauge norm, which
will be the case subsequently, after Proposition 7.
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Example. With the previous notation, the exponential coordinates on the Heisen-
berg group H are

1 pr
x1(g)=p, x(g) =gq, x3(g)=r—%pq forg=101 g ]| eH.
001

1.7. Left-invariant basis of vector fields. When doing explicit computations, it is
natural to identify g with R? through the previous coordinates. Given v € g, the left-
invariant vector field v” on G defined by (8) matches a corresponding vector field
on g ~ R that we will denote by v%. According to the Baker—Campbell-Hausdorff
formula (10),

forall x = (x1,...,x9) €9,

m—1 (_ 1 )n B
e =v+y > e x Y Y vl (29)
n=1 £1,..., ln
where each of the ¢; ranges over {1, ..., q}.
After the identification g >~ R? and to avoid confusion, let us denote Y, by d;: the
vectors (d¢)1<¢<4 are the dual basis of the coordinates (x¢)1<¢<4. The left-invariant
basis then becomes explicit:

q
forall x = (x1,...,x4) €9, YZL(x) =0y + Z Coo (X1, ..., Xg)0p, (30)
=1

with, thanks to (29) and (21),

— (-1)"B, /
Gy =) " Y ks, € )y e, 31)
n=1 €,erly
Let us point out that £, »» = 0 if wy < w, (because « vanishes), thus the left-invariant
correction to d, only involves derivatives of a strictly higher weight. In other words,
the indices in (30) can be restricted to £’ > n,, =q1+ g2+ + qu,-

Note also that { € C*(R?, M, ,(R)) and £(0) = 0. More precisely, this ma-
trix represents the differential action of left-translations, expressed in exponential
coordinates:

(dLg)je = Idpe + £ (x(g))- (32)

Wy —wy
G .

Moreover, as |x¢(g)| S lIgll» one has [¢ ¢ (x ()] S llgll

2. Proof of Theorem 1

This section is devoted to the proof of the main statement. The key idea is to prove
the result for s = 1 and then “push” the result up to the maximal regularity using
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only integrations by part. Adding an interpolation step once the result is known for
s = 1, but before pushing it to a higher regularity, allows one to capture all eligible
fractional derivatives. The actual proof is written in the last subsection Section 2.5
but some preliminary results are required.

2.1. Symbol classes S; (G). Symbol classes are a convenient way to classify the
coefficients involved in the computations in terms of how they vanish at the origin.

Definition. For o € Ry and n € NU {oo}, the symbol class S;(G) is defined as
the set of functions ¢ € L (G) such that for any multi-index y of length |y | <n,
there exists a constant C,, > 0 that ensures the following inequality:

forallge G, |gllc<1=|Vip(g)| <Cyllgls"M+. (33)

For example, the symbols of class Sg (G) = L§;.(G) are only required to be bounded
near the origin. The symbol class S5 (G) is also denoted $*(G).

The following properties hold.

(1) The Leibnitz formula gives

€ S%(G) and ¥ € SP(G) => oy € S“IP  (G).

min(m,n)

2) AsY, EL is a linear combination of derivatives V(y; of length |y | = wy, one has
(if n > wy)
0 € S%(G) = YEg € S0 (G).
(3) As smooth functions are locally bounded, one has also
Se_1(G)NC*®(G) C S*(G).
The coordinates and the coefficients of the left-invariant vector fields belong to the
following classes.

Proposition 6. One has
forallte{l,...,q}, x¢(g)e€ S”(G) (34)
and

forall €, 0 €{l,....q}, Cor(xi(g),...,x5(8) € S “(G). (35)

Proof. We already observed that |x¢(g)| < llglle thus x.(g) € Sg*(G). Next,
using (30), one gets
oot (x(8))  if wg, < g,
YeLo(xz(g)) = 8¢p,6 + Co0,0(x(8)) = 1 8¢yt if we, = o,
0 if wg, > wy.
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Assuming £y € {1, ..., n;}, one gets |Vgxe(g)| < C||g||‘é;’“71 thus x(g) € ST (G).
One can now bootstrap this partial result in the expression (31), which gets us
o (x(g)) € S, (G). The previous expression now reads Vg (g) € Si"l_l and
thus x,(g) € S “(G). Iterating this process leads to x¢(g) € Soe (G) and &, ¢ (x(g)) €
Ssd " (G). a

The key result is that one can adjust the gauge norm to be a symbol of order 1
(see also Section 3).

Proposition 7. There exists a symbol p(g) € S 11 (G) that is uniformly equivalent to

the gauge norm. For higher-order derivatives, it satisfies for any multi-index y -

forall g € G, ,o(g)<1:>|V pl < (36)

p|y| T
Moreover, there exists w € N such that p* € SV (G).

Proof. Let us now modify the gauge norm (28) into the uniformly equivalent gauge

q 1/w
p(g) = (Z |xz(g>|w/wf) (37)

=1

with w =2LCM(l, ..., m) to ensure that each w/w, € 2N. In particular, p(g)" €
C°°(G). Next, one computes the first horizontal derivative of the norm, using (30):

Jwpr—1
Ve (p") ( 1 |: oo (X)X, :|>
Vep = = x4 E - .
wpwfl pwfl 14 wyp Loy

=1

The expression in square brackets is a symbol of class S*~!(G) because of (34)
and (35) and wy = 1 for £ < ny. Thus Vg p is bounded near the origin which means
that the modified gauge p belongs to Sl1 (G). Next, one observes that for any o > 1,

if 6 € 5%(G) then
1 (6 6, \1
Vor) 2 =\ et T permi)

0 Vo 0
Yolpe) T e T

with 6; € S*~1(G) and 6, € S¥t*~1(G). One can thus claim by recurrence on the
length of the multi-index y that

vgp:<y0+z )

where 0, € S%(G) is a polynomial in x¢(g) with ox > 1 and 6, ¢ is a polyno-
mial. Note that a polynomial in S°(G) is necessarily the sum of a constant and a
polynomial in S'(G) and that, by (30), the horizontal derivatives of a polynomial
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are also a polynomial. This ensures (36). The final assertion about || - || 4 follows
immediately from (34). U

From now one, one will modify the gauge norm accordingly and assume that
I-lc = p € S| (G).

2.2. The radial vector field. The infinitesimal generator of dilations on g is the

linear operator R : g — g defined by

m

R:Zjﬂj. (38)

j=1

It is diagonalizable with positive eigenvalues; its trace Tr R = Q is the homo-
geneous dimension. One checks immediately that §, = 12"k thus R(x) =
j—rSr (x)|r:1. The pair (x, R (x)) is a vector field on g whose expression in ex-
ponential coordinates follows from (26):

q
forall x = (x1,....%) €9, R(x)=)_ wexedy. (39)
=1

Its exponential lift is called the radial field on G:

~ d
R(g) = dexp, (R(w) = -rg)| _. (40)
r r=1
Proposition 8. The radial vector field is scaling invariant:

R(rg) = ((Lrg)x0 8, 0 (Lg); N(R(2)). (41)

Moreover, it can be expressed in terms of left-invariant derivatives:

q
R(®) =) oe(x1(8),.... % (@)Y} (2 (42)

=1

with o¢(x(g)) equal to

(=D"

TEST D x (@) X () @i k(s gy ©) € SYHG),
L,

m—1
wexe(g) + Z
n=1

Remarks. (1) Note that the variable x,, that appears in the second term defining
oy must satisfy

Wy :C()[] + ’ '+a)£n+1

because if it is not the case, then k (€1, ..., £,41; £) = 0. In particular, as there
are at least n 41 > 2 factors, one has wy, < w, for each i.
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(2) Both expressions for R= > wexede =) oy ?KL combined with (30) provide
a remarkable identity embedded in the commutator structure. For any £’ €
{1,...,q}

m—1

(=n"
Z 1) Z Xyt Xy Wl
n= l A

: <K(€1v .. ’En+1a E/)—i_ZK(Zl’ e 7£n+17 E)é‘[,f’(x))
L

= - Z wexeLe, e (X).
¢

Note that when one substitutes x = x(g), both sides are indeed symbols of
class S (G).

Proof. Formula (41) follows, e.g., from the identities Ro 6, =36, 0 R and ad o S =
sroadod !

R(rg) = deXPwr(v) 04,0 R’(v)

| o= 2d( ) i
= (Lrg)* [¢] (W) (¢] 8}’ o R(U)

= (Lyy)x08 <l_e—ad(v)) ﬁ()
= (Lyg)xo0é,0 2d(v) oR(v

= ((Lrg)xo 8, 0 (L) N(R(2)).
The definition of R(g) with g = exp(v) also reads
q
R(g) =) wixi(g)(dexp), Yo).
=1

Combining the expression for the differential of exp given by (11), the identity
[u, v]* = [u®, v¥] and the fact that v = > xe(g)Ye give

R(g)

q L ),, L
= Zwm(g) (Z A Yz]]) ()
=0

- n times v

m—1
(=D"

q
g m(g)(Y ©+Y. Z e xe,(8) - xen<g)ml,...,[Ye,,,Ye]]L(@).

n=1{q,...,

This formula can be further simplified into (42) by using (21). The symbol property
comes from (34) and the restriction on nonvanishing indices imposed by (21). [
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Examples. The previous computation can be simplified further by observing the
antisymmetric role of £, and ¢, in wy,,,[Ye,, Ye, ] if 0, = ay For m < 4,
one thus gets the following expressions for the radial field.

n+l1°*

(1) For a group of step m = 2, the radial field is given by

q
R(g) =) wixe()Y}(g).

=1

On the Heisenberg group H with exponential coordinates introduced in Section 1.6,
this formula boils down, as expected, to

L
R(g) = (pY1+qY2+2(r — 3 pq)Y3) " (g) = pd, +qdy +2r0,.

(2) For a group of step m = 3, the radial field is “corrected” along V3:

q
R(@ =) oY —5 > x0,(®)x0,()Ye,, Yo"
=1 1<t1<n;
ny<€y<np
(3) For step m =4, its expression involves a further “correction” along V; that is
split among two types of commutators:

q
R =) woxe@Y =5 > x,(x, @MY, Yo,l"

=1 1<t1<n,
ny<€<nj

+i Y X (%6 (@)xe (Ve Ve, Vi 11

1<ty,6r<ny
ny1<{€3<ny

Proposition 9. The gauge norm (37) and the radial field are related by the follow-
ing formula:

1 1 1
forall s > 0, = ——R(—). 43)

25 2s
I-1Ig 2s I-1g

Proof. Applying the chain rule, one gets

r(g) 1 1
TR T ST
gl s \llgllg

with A(g) = R(llgll¢)/llgll¢ and where the field R is obviously computed at the
same point g € G as the function that is being differentiated. Let us also observe
that

_ R(IgIY)

- w
wliglg

r(g)
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for any w € N* and in particular for w =2 LCM(l, ..., m) for which we know that
Il-II& € S*(G) by Proposition 7. Using the formula (37) for the modified gauge
norm and (39) for the expression of the radial field in exponential coordinates, one
then gets (note that w/wy € 2N¥)

q
. w —1
forallx e g~RY, R(|x|¥) = LWl o w
xeg (el ;:1: oo, wlx|!
and thus A(g) =1 for any g € G. ([
2.3. Adjoints.

Proposition 10. For the L*(G) scalar product, the adjoint vector field to R is

R*(g)=—0 —R(g).

Proof. The proof is simplest in exponential coordinates, using (39) and (5):
~ y B q
forallx eg~RY, R(x)+R*(x)=divR=>) w, = Q.
=1

One can also prove this formula directly, using (42) and (30):

forall g € &, R(g)+R*(g) =) d(o0)+ Y Lew (Broe)+00- (i),
¢ e

In this sum, according to a remark that follows (30), the index ¢ is restricted to
¢ > n,, and, in particular, the definition (3) then implies wy > w,. Now thanks to
the remark that follows Proposition 8, one can claim that the variable x; does not
appear in the second part of oy, thus its derivative reads

0¢(0¢) = wy.

For a similar reason, dy0¢ = 0 for wy > wy. One observes also that in (31), each ¢;
involved in the expression of &g » must satisfy w;, < w, . In particular, dp&¢ ¢ = 0.
One concludes using (5). Ul

The next property checks that left-invariant vector fields on a Carnot group are
divergence-free.

Proposition 11. For the L*(G) scalar product, the adjoint vector field to YeL
is —YZL. In particular, for any smooth function W on G and any €y, ...,¢, €

{1’ cet q}’
/[YeLw---v[YeLnI’Yeﬁ]h/f(g)-w(g)dg=0. (44)
G
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Proof. The second “computational” proof of the previous proposition (the one
based on (30)) also ensures that

At e =0
when wy > wy and therefore (YKL)* = —YeL. As the commutator of two anti-
symmetric operators is also an antisymmetric one, the second statement follows
immediately. (]

2.4. A density result. The following density result can be proved by a scaling
argument.

Proposition 12. The space D(G\{e}) of C™ functions, compactly supported out-
side the origin, is dense in H*(G) forany 0 <s < Q/2.

Proof. One can use a Hilbert space approach based on scaling and Schwartz’s
theorem for distributions. Let us assume additionally that s € N and consider a
function u € H*(G) that is orthogonal to any ¢ € D(G\{e}), e.g.,

o= Y [ Viute): V() dg =0,

lyl<s

Integrating by parts (using Proposition 11 and the notation y* for the multi-index
y in reverse order) yields

S0 [ Vi) e dg =0

lyl<s G

For fractional values of s, one would replace Vé* Vé by a fractional power of the
sub-Laplacian (24) and what follows would go unchanged. Schwartz’s theorem
implies that the distributional support of

v=Y (=DYIVEVEu

lyl<s

is reduced to the single point {e} and thus v = Z(—l)'“'caaaé where § is the Dirac
function at the origin. As v is at most a 2s-th horizontal derivative of u, one has
v € H°(G) and in particular for any test function ¢ € D(G),

2
<c Y [ wivord.

lyl<s

V v(g)¥(g) dg
G
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The constant C does not depend on the support of ¢ because suppv C {e}. In
particular, one can apply this inequality to the dilations i (rg) for any r > 1:

2
<Cc)y’ r“'f Vi (rg)|* dg.
G

lyl<s

‘ / v(§)V¥ (rg) dg
G

thus )
sc Y e [ Whuer ds.
G

lyl<s

‘ / o)y (g) dg
G

Finally, one can compute the left-hand side using the homogeneity of the Dirac
mass:

/ vl Y () dg = car TTEU 3 Y (o).
G o
Combining both formulas, one gets for any r > 1:

> ear@TEAig (o)

o

< Cr2 1y | us )

and in particular with a suitable choice of ¢ and r — oo,
Q
Ca FO=>5> 3+Zw,~aj.

But as s < Q/2, each coefficient ¢, vanishes, i.e., v =0 in H~*(G) and thus using
u € H*(G) as a test function, one infers u = 0. O

Remark. When Q is even and s = Q/2 € N, the previous density result still
holds. The only change in the proof is to observe that § ¢ H~2/2(G) by ex-
hibiting an example of an unbounded function in H</2(G); the classical exam-
ple log(—log|lgll)¥ (g) with a sooth cut-off i still works. However, when Q is
odd, one still has § ¢ H~2/2(G) but the density result fails as it already does in
H"t1/2(R?"+1) For more details on this point, see [Vigneron 2006].

2.5. Hardy inequality. In this final section, let us combine the previous results
into a proof of Theorem 1.

Given f € H*(G) with s < Q/2 and the density result of the previous section,
one can assume without restriction that f is compactly supported and that O ¢
Supp u. Next, one will take a smooth cutoff function x : R — [0, 1] such that
x@)=1if |t] < % For any pg > 0, one has

2 2 2 2s
| f (gl < lp(g)l +(_> ||f||iz(c>

2 2
¢ liglg ¢ ligllg £0

(45)
gl

L0

with ¢(g) =x( )f(g)-
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Moreover, one has ||¢| gs) < Cspy I f | s Gy Without restriction, one can there-
fore assume that f (now denoted by ¢) is compactly supported in a fixed but
arbitrary small annular neighborhood around the origin.

The key of the computation is the following integration by part argument. Us-

ing (43), one has

lp(2)I? 1 1

== | R(— ) le@
¢ liglg 2s Jg \lgll

Using Proposition 10 and the fact that supp ¢ is an annulus around the origin so
that no boundary terms appear:

(g_s) lp(e)I? :_/ ¢(Q)R(p(8)
2 ¢ lglg a lsgl*

According to (42), the radial field can be expressed with left-invariant vector fields:

<2_s> lo(@)> _Z":/ o (x(8)e (@)Y (¢(8) 46)
¢=17GC

2 ¢ llgld gl

What we do next depends on the order of each derivative YKL ~ Ve

Case m = 1. In the Euclidean case, one uses Cauchy—Schwarz and Young’s iden-
tity |ab| < ea® + e~ 'b* with & > 0 small enough so that s +& < Q/2, which leads

to
2 \V/ 2
0 \[ @ _ [ Vel .
2 N G 2(s—1)
G

¢ lgl® lgll

This proves Hardy’s inequality for s = 1. Interpolation with L? then ensures that the
Hardy inequality holds for any s € [0, 1]. Finally, the previous estimate provides a
bootstrap argument from s — 1 to s for any s < Q/2.

Case m = 2. One uses the Euclidean technique to deal with the horizontal deriva-
tives. For the stratum V5, one uses the commutator structure to backtrack one
“half” integration by part. More precisely, the right-hand side of (46) becomes, for
1 <{f=<ny,

/Oe(X(g))fp(g)YgL(w(g))‘Sg lp(@)I? Cs/ IVop(9)I?
G

gl ¢ lglg ¢ )"

and using (22) for n; < £ < ny = g and Proposition 11 (notice the cancellation of
the highest order term thanks to the commutator structure):
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oe(x(g))
_f s (p(g)‘[YaLl(g), Y(}(Lz(e)](ﬁﬂ(g))
¢ lel
_ L (ocx(g)
= ‘/G Yaro) (W @(8)-7Y, 2(g)(¢(g))

- /G vt (%)w(g) Lo @),

Using the symbol properties of || - | and o;(x(g)), both terms are bounded in the
following way:

@I 1Vop@| _ lp(g)? c Vool

25—1 2 € 265—1)
¢ lel®™ ¢ lelg G llgle=b

One thus gets (47) again and one can conclude the proof just as in the case m = 1.

Case m > 3. The additional terms on the right-hand side of (46) correspond to
ny < £ < q. Thanks to (22), one can express each of them with commutators from
the first stratum:

Li(p) = _/G Oif;c”(i)) (g)- (Y. aj(@)r o [Y()[Lmrl(g)» Y(},sz(g)]](ﬁp(g))-

As in the case m = 2, the key is to use the commutator structure to put all the
derivatives but one on the symbol. More precisely, using Proposition 11, one first

gets
1e(<p)=%/G[Y(fl@),...,[YOﬁ%_m,Y(,Lwl(@]](oi'(x”(i)))l (@

Next, one puts the outermost derivative back out onto ¢(g)?:

Ii(p) = Z / (Gig”(fs))) (@) Yo 0 (8),

where each W, ; is a derivative of order wy; — 1. The symbol property o, (x(g)) €
S$“t(G) given by Proposition 8 ensures that

o¢(x(g)) CZ is
Wé’i( 2s = 25—1
lgll gl

Again, one gets

(o)l <&

Iso(g)|2+C/ IVep(9)?
G

2 2(s—1
¢ gl gl

and (47) holds once more. As in the case m = 1, one thus gets the Hardy inequality
for s = 1. Then, by interpolation with L?(G), one gets it for s € [0, 1]. Finally,
using (47) iteratively, one can collect it for any s < Q/2.
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Remark. When QO is odd and s € N, one can always take & small enough so
that Q/2 —s — ¢ # 0 in (47). The previous iteration argument thus proves the
Hardy inequality (6) for any s € N, but the result is then only valid for functions
that belong to the H*(G)-closure of smooth compactly supported functions whose
support avoids the origin.

2.6. Homogeneous Hardy inequality. One can slightly improve (6) by using a
simple scaling argument. For simplicity, we will only spell out the procedure for
seNand 0 <s < Q/2 though it would also work for fractional values of s if Vi, was

replaced by the corresponding power L’SG/z of the subelliptic Laplace operator (24).

Theorem 13. For 0 <s < Q/2, the following homogeneous inequality holds:

1f (@
¢ lgl*

forall f € H'(G) dg < 2G|V f 172y (48)

Proof. Let us indeed apply (6) to the function f(r~'g). After the change of variable
g =rg, one gets

o [ IS@P
HE

Bz<C, Y rQ—2'“fG V8 £ ()2 d

lr] <s

which, for r < 1, can be further simplified into

If@F 2 - N
s =G Yo IVEf@Pdz+Cor? Y | IVEF@IPdz.
G 118 la|=s G la|<s—1 G
Choosing
s 2
P2 = min{l . _”VGf”Lz(G) }
= : 5
”f”Hs—I(G)

instantly leads to (48). [l

Remark. It would have been tempting to try using (45)—(46) without digging fur-
ther in the commutator structure to get

|f (@I

2
¢ lglg

)‘1 2": IYE((x ) ()]

0
dg < 2d +<——S—8
2 fG (@) dg g2 a0

2 G

=1

For s = 1, it gives a Hardy inequality with || £ |2 m(g) on the right-hand side. How-
ever, a scaling argument is then not sufficient to deduce the correct one, either (6)
or (48). Indeed, one would simultaneously need to let r — oo and r — 0 to get
rid of the superfluous derivatives without letting the lower-order L?(G) term get
in the way, which is overall impossible.
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3. A remark about the case of general hypoelliptic vector fields

For general families of vector fields that satisfy a Hormander condition of step m,
the technique of proving the Hardy inequality by integration by part works, but
possibly with some restrictions.

3.1. A counterexample to the symbol property of the gauge. The main objection
is the following one. When the group structure is discarded, the fact that one can
chose a gauge pseudonorm in a symbol class of order 1 can fail.

For example, the family

Z1=01+x103, Zp=0)+x493+x504 and Z3 =05

is uniformly of rank 3 in R> and satisfies a uniform Hormander bracket condition
of step 3:

04 =123, 25], 03=1[43, Z2], Z2].
However, the “natural” gauge,
p = (X1 + el 4 Pra|* + [xal® + x5 /12,

is not a symbol of order 1 because |Z;p| > cp! along xf —x3=x2=x4 =x5=0.
Luckily, for this particular family, the change of variable y; = x3 — %xlz and y; = x;
(i # 3) transforms the family into Z| = d,,, Z} = 9y, + y49,, + y50,, and Z = 9,
and for this new family, the associated gauge is a symbol of order 1.

In [Vigneron 2006, Chapter 7], it was shown that up to a Hérmander condition
of step 3, one can always modify the gauge by a local diffeomorphism to restore
the symbol property. However, the same question for a family of vector fields that
satisfy a Hormander condition of step 4 or higher is still open. For the convenience
of the reader, we will recall here briefly the key points of the discussion (and clarify

the redaction), as this result was written in French and never published.

3.2. Regular hypoelliptic vector fields of step m. Let us consider a family X =
(X¢)1<¢<n, of vector fields on some smooth open set 2 C R? and

forall x € Q, Wi(x)=Span(X;(x), ..., [X;,....[X; ., X;]1(x)). (49)

One assumes that x € Q is a regular Hormander point, i.e., that ny = dim W, is
constant near x and that n,, = g for some finite integer m > 2.

Remark. At the origin of a Carnot group (2), one would have Wy (e) = EBIEZI Vi.

Next, one introduces a local basis of vector fields (Y;(x))1<¢<4, adapted to the
stratification, i.e., Yy (x) € W, (x) where for each £, the weight w, € {1, ..., m}
is defined by (3). For simplicity, one will now restrict €2 to be a bounded and
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small enough neighborhood of x on which all those properties hold. The analog
of horizontal derivatives is the family

Ve= 1., V). (50)

A local coordinate system (x¢)1<¢<4 is said to be adapted to the commutator
structure of the vector fields X near x if the dual basis (9¢)1<¢<4 satisfies Yy (x) = 0;.

Remark. Let us point out that adapted coordinates are not necessarily privileged
in the sense of A. Bellaiche [1996] and M. Gromov [1996]: the point of coordinates
(x¢)1<¢<¢ does not necessarily match with the image of x under the composite
action of the flows e*¢'¢ (for some predetermined order of composition).

In an adapted coordinate system, the gauge is defined by

q 1/w
p(x) = (Z |xg|w/wf) : (51)
=1

where w =2LCM(1, ..., m) and the basis of vector fields and their commutators

satisfy
q
forall € {l,....q), Yi(x)=0+ Y Ceo(x)dp. (52)
=1

One obviously has |x;| < p(x)*¢ and, using a Taylor expansion, & ¢(x9) = 0
implies | ¢ (x)| < Cp(x). However, for derivatives, one can only claim that V;Exg
and V¢ ¢ are bounded when |y | > 1.

3.3. A positive result for hypoelliptic fields of step 2.

Theorem 14. Let us consider a family of vector fields and x € Q2 a regular Hor-
mander point of step m = 2. Then for any adapted coordinate system, the gauge p
satisfies

IVipl < Cyp' V! (53)

in the neighborhood of x, for any multi-index .

Proof. For y = 0, the estimate (53) comes from the fact that p is smooth and
vanishes at the origin and thus admits a Taylor expansion at the origin that is locally
bounded by ) |x,| and thus by p. For |y| = 1, the computation is actually explicit:

1

Vyp = — <x2 + Z §e,z/xg/ + % Z Q,z/xe/) :
1<l<n;

3
p ' <ny 0'>ny

In the parenthesis, the first term is locally bounded by p>, the second by p* and
the last one again by p>, thus Vxp € L>(2) provided 2 is small enough. To deal
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with the higher-order derivatives, let us introduce the class P,, of homogeneous
polynomials of x;, and ¢, ¢ with smooth coefficients, i.e.,

. . By,
> xt xS e fup (),
a.p

where f, 3 € C*(Q) and ) ojw; + Y B j» =n. For n <0, one sets P, = C*(L).
With the Leibnitz formula, one checks immediately that

Pu—1+Pn if £ <ny,

3(Py) C :
e(Pn) {Pn2+77n1+77,, if 0> ny,

thus Vx(P,) C Py—1 + Py + Pnt+1. Moreover, for m > n, any expression in
P is locally bounded by Cp" for some constant C. We have shown above that
Vxp € p~3- (P34 P4). One then gets recursively on k = || that V;g p is a linear

combination of expressions
P
pn-i-k—l

with m > n and is thus locally bounded by Cp!~*. O

Remark. One has P, C P,_». However, for £ > ny, one has xf € P4 NP, but
2
x; & Ps.

3.4. Two positive results for hypoelliptic fields of step m > 3. Let us now revert
to the case of a general value for m. As pointed out at the beginning of this section,
one can find a counterexample of a family of vector fields, a regular Hormander
point of step m = 3 and an adapted coordinate system for which (53) fails. If we
tried to run the previous proof, the failure point would be that

9y (Pu) C ,Pn—wy + P11 + P

When computing Vx(P,), the multiplication by ¢, ¢ € P; is then not able to com-
pensate for the loss when wy > 3. The profound reason is that our knowledge
about the way ¢, ¢ vanishes at the origin is too weak.

Definition. A coordinate system adapted to the commutator structure of the vector
fields X near a regular Hormander point x of step m is called well-adapted if

forall £ €{1,...,n1}, € €{l,....q}, |ViLel<C,p@ 17D+ (54)

in a neighborhood of x. A family of vector fields that satisfies a regular Hormander
condition is called well-structured if it admits a well-adapted coordinate system.

One can check that in a well-adapted coordinate system, the gauge automatically
satisfies (53).
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Theorem 15 (If-theorem for arbitrary step m). Let us consider a family of vector
fields and x € Q2 a regular Hérmander point of step m. Then for any well adapted
coordinate system, the gauge p satisfies (53) in the neighborhood of x.

Proof. The key is to adapt the definition of P, to capture the enhanced knowl-
edge that we gained about ¢, . Let us define P, as the subset of C®(Q) that
consists of homogeneous polynomials with smooth coefficients of x;, &g ¢ and of
the derivatives of ¢,  for which we have estimates, i.e.,

oAl “”(HW L) (V cmq>w>fa,35<x>
a,p

where fy g5 € C°(R2), y denotes multi-indices of length || > 1 and

q q nooq
Z Otiwi-i-ZZﬁj,j/(wj’— 1)+ Z Zz5y;j,j’(wj/—1— lyD+ =n.

1<i<q j=1j'=1 lyl1=1 j=1j'=1

Note that only the factors for which w; — 1 — |y| > 0 are significant; the others
can simply be tossed into f, g 5. For n <0, one sets again P, = C*°(£2). We also
introduce the linear span

-7

m>n

Using the Leibnitz formula, Vx(x,) € 7’30,[_1 and Vy (73,1) C 73;_1. One also has

Vx(p") —(w—1) 53+
Vxp = wpw—l €p 'owl

and recursively (note that p* € ;/v?w allows one to convert :/30 into p~% - :/311))

Y P+
VX'OEZ n+|V| 1

n>1
from which (53) follows immediately. O

The previous “abstract” theorem does not presume on the existence of a well-
adapted coordinate system. However, when m < 3, it can actually be made to
work.

Theorem 16. Any family of vector fields that satisfies a regular Hormander con-
dition of step m < 3 admits at least one well-adapted coordinate system. It is
therefore well-structured.

Proof. For m =1 and 2, any adapted coordinate system is well-adapted. Let us thus
focus on m = 3 and use the previous notations. Writing down the Taylor expansion
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of the coefficients for £ < nj,

Lo (x) = Z( ;ff <x)>x, +0(p%).

i<ny
it appears that, for m = 3, a coordinate system is well-adapted if and only if

8;@1 03

fOI'allfl,ZzE{l,...,l’ll}, €3€{n2+1,...,q}, P
X

— )= (55)
Let us compute the following commutator:

q
8o, 0 08e, 0
v ol = 3 - o

=1

At the point x, the terms corresponding to £ > n, must belong to W»(x) and thus
vanish, therefore

I

forall £y, ¢, €{l,...,n}, L3e{n,+1,...,q},
3)6(32

(x) =

o5
™ ( ). (56)

One can now define a new coordinate system (y¢)1<¢<, Whose dual basis satisfies

0 ION% 0
8)(@ + t=m Z Z( 8x, _> i 8)6@/

U'>ny i<ny

This coordinate system is (locally) well defined because the fields T commute
with each other thanks to (56). By construction, this coordinate system satisfies (55)
and is therefore a well-adapted one. U

Remark. The generalization of Theorem 16 for m > 4 is an open question. One
can check that a coordinate system is well-adapted if and only if

0% Ce.v
—— (x)=0 57
ax{" - .ax;‘q @) 7)

for any indices such that w, = 1, wy > 3 and Z?Zl w;a; < wp — 2. However,
for m > 4, it is not clear whether the regular Hormander assumption of step m is
enough to ensure that the vector fields

0 0 0%e.p o a
T S
dye  0Jxy U=y Y s <oy —2 ax?” . 4 0xy

commute with each other.
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3.5. From the symbol property of the gauge to Hardy inequality. For well-struc-
tured families of vector fields, symbols of class Sk(%; p) are functions f such that

IVEFO)] < Cpp(x)ErDe (58)

in a neighborhood of x, for any multi-index y. Once the symbol property is es-
tablished for the gauge, the path that leads to the Hardy inequality is open. The
key (see [Vigneron 2006, Chapter 7]) is to define a “radial” vector field that admits
both expressions:

q q
R(x) =Y 0(x)Ye(x) = Y (onxp + 65(x)) (59)

=1 k=1

in well-adapted coordinates, with o, € S°¢(X; p) and 63 € S+ (X; p). One can
then check that

Ax) =1+ 0(p),

RL = O(p). (60)

R
divR=0+O(p) and Xi= =P satisfies !
0

The computations of Section 2.5 can then be carried out in a small enough neigh-
borhood of x.

Acknowledgements

I would like to express my gratitude to J.-Y. Chemin, who brought this problem to
my attention a long time ago, and to wish him a happy 60th birthday.

References

[Adimurthi and Mallick 2018] Adimurthi and A. Mallick, “A Hardy type inequality on fractional
order Sobolev spaces on the Heisenberg group”, Ann. Sc. Norm. Super. Pisa CI. Sci. (5) 18:3 (2018),
917-949. MR Zbl

[Ambrosio and Rigot 2004] L. Ambrosio and S. Rigot, “Optimal mass transportation in the Heisen-
berg group”, J. Funct. Anal. 208:2 (2004), 261-301. MR Zbl

[Ambrosio et al. 2019] L. Ambrosio, A. Pinamonti, and G. Speight, “Weighted Sobolev spaces on
metric measure spaces”, J. Reine Angew. Math. 746 (2019), 39-65. MR Zbl

[Bahouri and Cohen 2011] H. Bahouri and A. Cohen, “Refined Sobolev inequalities in Lorentz
spaces”, J. Fourier Anal. Appl. 17:4 (2011), 662-673. MR Zbl

[Bahouri et al. 2005a] H. Bahouri, J.-Y. Chemin, and I. Gallagher, “Precised Hardy inequalities
on R? and on the Heisenberg group He”, exposé , XIX in Séminaire: Equations aux Dérivées
Partielles, 2004-2005, Ecole Polytech., Palaiseau, 2005. MR Zbl

[Bahouri et al. 2005b] H. Bahouri, J.-Y. Chemin, and C.-J. Xu, “Trace and trace lifting theorems in
weighted Sobolev spaces”, J. Inst. Math. Jussieu 4:4 (2005), 509-552. MR Zbl

[Bahouri et al. 2009] H. Bahouri, J.-Y. Chemin, and C.-J. Xu, “Trace theorem on the Heisenberg
group”, Ann. Inst. Fourier (Grenoble) 59:2 (2009), 491-514. MR Zbl


http://msp.org/idx/mr/3807591
http://msp.org/idx/zbl/1406.46022
http://dx.doi.org/10.1016/S0022-1236(03)00019-3
http://dx.doi.org/10.1016/S0022-1236(03)00019-3
http://msp.org/idx/mr/2035027
http://msp.org/idx/zbl/1076.49023
http://dx.doi.org/10.1515/crelle-2016-0009
http://dx.doi.org/10.1515/crelle-2016-0009
http://msp.org/idx/mr/3895625
http://msp.org/idx/zbl/1417.46020
http://dx.doi.org/10.1007/s00041-011-9171-8
http://dx.doi.org/10.1007/s00041-011-9171-8
http://msp.org/idx/mr/2819171
http://msp.org/idx/zbl/1227.46025
http://msp.org/idx/mr/2182063
http://msp.org/idx/zbl/1081.35169
http://dx.doi.org/10.1017/S1474748005000150
http://dx.doi.org/10.1017/S1474748005000150
http://msp.org/idx/mr/2171730
http://msp.org/idx/zbl/1089.35016
http://dx.doi.org/10.5802/aif.2437
http://dx.doi.org/10.5802/aif.2437
http://msp.org/idx/mr/2521425
http://msp.org/idx/zbl/1176.46037

A SIMPLE PROOF OF THE HARDY INEQUALITY ON CARNOT GROUPS 879

[Bahouri et al. 2012] H. Bahouri, C. Fermanian-Kammerer, and 1. Gallagher, “Refined inequalities
on graded Lie groups”, C. R. Math. Acad. Sci. Paris 350:7-8 (2012), 393-397. MR Zbl

[Bellaiche 1996] A. Bellaiche, “The tangent space in sub-Riemannian geometry”, pp. 1-78 in Sub-
Riemannian geometry, edited by A. Bellaiche and J.-J. Risler, Progr. Math. 144, Birkhduser, Basel,
1996. MR Zbl

[Ciatti et al. 2015] P. Ciatti, M. G. Cowling, and F. Ricci, “Hardy and uncertainty inequalities on
stratified Lie groups”, Adv. Math. 277 (2015), 365-387. MR Zbl

[D’ Ambrosio 2005] L. D’ Ambrosio, “Hardy-type inequalities related to degenerate elliptic differen-
tial operators”, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 4:3 (2005), 451-486. MR Zbl

[Dou et al. 2007] J. Dou, P. Niu, and Z. Yuan, “A Hardy inequality with remainder terms in the
Heisenberg group and the weighted eigenvalue problem”, J. Inequal. Appl. (2007), Art. ID 32585.
MR Zbl

[Folland and Stein 1982] G. B. Folland and E. M. Stein, Hardy spaces on homogeneous groups,
Mathematical Notes 28, Princeton University Press, 1982. MR

[Garofalo and Lanconelli 1990] N. Garofalo and E. Lanconelli, “Frequency functions on the Heisen-
berg group, the uncertainty principle and unique continuation”, Ann. Inst. Fourier (Grenoble) 40:2
(1990), 313-356. MR Zbl

[Grillo 2003] G. Grillo, “Hardy and Rellich-type inequalities for metrics defined by vector fields”,
Potential Anal. 18:3 (2003), 187-217. MR Zbl

[Gromov 1996] M. Gromoyv, “Carnot—Carathéodory spaces seen from within”, pp. 79-323 in Sub-
Riemannian geometry, edited by A. Bellaiche and J.-J. Risler, Progr. Math. 144, Birkhiduser, Basel,
1996. MR Zbl

[Hardy et al. 1934] G. H. Hardy, J. E. Littlewood, and G. Pdlya, Inequalities, Cambridge, Univ.
Press, 1934. Zbl

[Hormander 1967] L. Hormander, “Hypoelliptic second order differential equations”, Acta Math.
119 (1967), 147-171. MR

[Klarsfeld and Oteo 1989] S. Klarsfeld and J. A. Oteo, “The Baker—Campbell-Hausdorff formula
and the convergence of the Magnus expansion”, J. Phys. A 22:21 (1989), 4565-4572. MR Zbl

[Kombe 2010] I. Kombe, “Sharp weighted Rellich and uncertainty principle inequalities on Carnot
groups”, Commun. Appl. Anal. 14:2 (2010), 251-271. MR Zbl

[Krugljak et al. 1999] N. Krugljak, L. Maligranda, and L.-E. Persson, “The failure of the Hardy
inequality and interpolation of intersections”, Ark. Mat. 37:2 (1999), 323-344. MR

[Montgomery 2002] R. Montgomery, A tour of sub-Riemannian geometries, their geodesics and
applications, Mathematical Surveys and Monographs 91, Amer. Math. Soc., Providence, RI, 2002.
MR Zbl

[Mustapha and Vigneron 2007] S. Mustapha and F. Vigneron, “Construction of Sobolev spaces of
fractional order with sub-Riemannian vector fields”, Ann. Inst. Fourier (Grenoble) 57:4 (2007),
1023-1049. MR

[Niu et al. 2001] P. Niu, H. Zhang, and Y. Wang, “Hardy type and Rellich type inequalities on the
Heisenberg group”, Proc. Amer. Math. Soc. 129:12 (2001), 3623-3630. MR Zbl

[Reutenauer 1993] C. Reutenauer, Free Lie algebras, London Mathematical Society Monographs.
New Series 7, Oxford University Press, 1993. MR Zbl

[Rossmann 2002] W. Rossmann, Lie groups: an introduction through linear groups, Oxford Gradu-
ate Texts in Mathematics 5, Oxford University Press, 2002. MR Zbl


http://dx.doi.org/10.1016/j.crma.2012.04.014
http://dx.doi.org/10.1016/j.crma.2012.04.014
http://msp.org/idx/mr/2922090
http://msp.org/idx/zbl/1241.22012
http://dx.doi.org/10.1007/978-3-0348-9210-0_1
http://msp.org/idx/mr/1421822
http://msp.org/idx/zbl/0862.53031
http://dx.doi.org/10.1016/j.aim.2014.12.040
http://dx.doi.org/10.1016/j.aim.2014.12.040
http://msp.org/idx/mr/3336090
http://msp.org/idx/zbl/1322.22010
http://msp.org/idx/mr/2185865
http://msp.org/idx/zbl/1170.35372
http://dx.doi.org/10.1155/2007/32585
http://dx.doi.org/10.1155/2007/32585
http://msp.org/idx/mr/2366343
http://msp.org/idx/zbl/1133.26019
http://msp.org/idx/mr/657581
http://dx.doi.org/10.5802/aif.1215
http://dx.doi.org/10.5802/aif.1215
http://msp.org/idx/mr/1070830
http://msp.org/idx/zbl/0694.22003
http://dx.doi.org/10.1023/A:1020963702912
http://msp.org/idx/mr/1953228
http://msp.org/idx/zbl/1032.46049
http://msp.org/idx/mr/1421823
http://msp.org/idx/zbl/0864.53025
http://msp.org/idx/zbl/0010.10703
http://dx.doi.org/10.1007/BF02392081
http://msp.org/idx/mr/222474
http://dx.doi.org/10.1088/0305-4470/22/21/018
http://dx.doi.org/10.1088/0305-4470/22/21/018
http://msp.org/idx/mr/1022131
http://msp.org/idx/zbl/0725.58039
http://msp.org/idx/mr/2667055
http://msp.org/idx/zbl/1202.26031
http://dx.doi.org/10.1007/BF02412218
http://dx.doi.org/10.1007/BF02412218
http://msp.org/idx/mr/1714765
http://msp.org/idx/mr/1867362
http://msp.org/idx/zbl/1044.53022
http://dx.doi.org/10.5802/aif.2285
http://dx.doi.org/10.5802/aif.2285
http://msp.org/idx/mr/2339325
http://dx.doi.org/10.1090/S0002-9939-01-06011-7
http://dx.doi.org/10.1090/S0002-9939-01-06011-7
http://msp.org/idx/mr/1860496
http://msp.org/idx/zbl/0979.35035
http://msp.org/idx/mr/1231799
http://msp.org/idx/zbl/0798.17001
http://msp.org/idx/mr/1889121
http://msp.org/idx/zbl/0989.22001

880 FRANCOIS VIGNERON

[Ruzhansky and Suragan 2017] M. Ruzhansky and D. Suragan, “On horizontal Hardy, Rellich,
Caffarelli-Kohn—Nirenberg and p-sub-Laplacian inequalities on stratified groups”, J. Differential
Equations 262:3 (2017), 1799-1821. MR Zbl

[Vigneron 2006] F. Vigneron, Function spaces associated with a family of vector fields, Ph.D. thesis,
Ecole Polytechnique X, 2006, Available at https://pastel.archives-ouvertes.fr/tel-00136144.

[Vigneron 2007] F. Vigneron, “The trace problem for Sobolev spaces over the Heisenberg group”, J.
Anal. Math. 103 (2007), 279-306. MR Zbl

Received 14 Aug 2019.

FRANCOIS VIGNERON:

francois.vigneron @u-pec.fr
Université Paris-Est, LAMA (UMR 8050), UPEC, UPEM, CNRS, 61, avenue du Général de Gaulle,
F94010 Créteil, France

:'msp


http://dx.doi.org/10.1016/j.jde.2016.10.028
http://dx.doi.org/10.1016/j.jde.2016.10.028
http://msp.org/idx/mr/3582213
http://msp.org/idx/zbl/1358.22003
https://pastel.archives-ouvertes.fr/tel-00136144
http://dx.doi.org/10.1007/s11854-008-0009-5
http://msp.org/idx/mr/2373271
http://msp.org/idx/zbl/1152.46023
mailto:francois.vigneron@u-pec.fr
http://msp.org

Tunisian Journal of Mathematics

EDITORS-IN-CHIEF
Ahmed Abbes

Ali Baklouti

EDITORIAL BOARD

Hajer Bahouri
Arnaud Beauville
Philippe Biane

Ewa Damek

Bassam Fayad
Benoit Fresse
Dennis Gaitsgory
Paul Goerss
Emmanuel Hebey
Mohamed Ali Jendoubi
Sadok Kallel
Minhyong Kim
Toshiyuki Kobayashi
Patrice Le Calvez
Yanyan Li

Nader Masmoudi
Haynes R. Miller
Nordine Mir
Enrique Pujals
Mohamed Sifi
Daniel Tataru
Sundaram Thangavelu
Nizar Touzi

PRODUCTION
Silvio Levy

msp.org/tunis

CNRS & IHES, France

abbes @ihes.fr

Faculté des Sciences de Sfax, Tunisia
ali.baklouti @fss.usf.tn

CNRS & LAMA, Université Paris-Est Créteil, France

hajer.bahouri @u-pec.fr

Laboratoire J. A. Dieudonné, Université Cote d’ Azur, France
beauville@unice.fr

CNRS & Université Paris-Est, France

biane @univ-mlv.fr

University of Wroctaw, Poland

edamek @math.uni.wroc.pl

CNRS & Institut de Mathématiques de Jussieu - Paris Rive Gauche, France
bassam.fayad @imj-prg.fr

Université Lille 1, France

benoit.fresse @math.univ-lille1.fr

Harvard University, United States

gaitsgde @ gmail.com

Northwestern University, United States

pgoerss @math.northwestern.edu

Université de Cergy-Pontoise, France

emmanuel.hebey @math.u-cergy.fr

Université de Carthage, Tunisia

ma.jendoubi @gmail.com

Université de Lille 1, France & American University of Sharjah, UAE
sadok.kallel @math.univ-lille1.fr

Oxford University, UK & Korea Institute for Advanced Study, Seoul, Korea
minhyong.kim@maths.ox.ac.uk

The University of Tokyo & Kavlli IPMU, Japan

toshi @kurims.kyoto-u.ac.jp

Institut de Mathématiques de Jussieu - Paris Rive Gauche & Sorbonne Université, France

patrice.le-calvez @imj-prg.fr

Rutgers University, United States

yyli@math.rutgers.edu

Courant Institute, New York University, United States

masmoudi @cims.nyu.edu

Massachusetts Institute of Technology, Unites States

hrm@math.mit.edu

Texas A&M University at Qatar & Université de Rouen Normandie, France
nordine.mir @qatar.tamu.edu

City University of New York, United States

epujals@gc.cuny.edu

Université Tunis El Manar, Tunisia

mohamed.sifi@fst.utm.tn

University of California, Berkeley, United States

tataru @math.berkeley.edu

Indian Institute of Science, Bangalore, India

veluma@math.iisc.ernet.in

Centre de mathématiques appliquées, Institut Polytechnique de Paris, France
nizar.touzi @polytechnique.edu

(Scientific Editor)
production@msp.org

The Tunisian Journal of Mathematics is an international publication organized by the Tunisian Mathematical
Society (http://www.tms.rnu.tn) and published in electronic and print formats by MSP in Berkeley.

See inside back cover or msp.org/tunis for submission instructions.

The subscription price for 2020 is US $320/year for the electronic version, and $380/year (+$20, if shipping
outside the US) for print and electronic. Subscriptions, requests for back issues and changes of subscriber address
should be sent to MSP.

Tunisian Journal of Mathematics (ISSN 2576-7666 electronic, 2576-7658 printed) at Mathematical Sciences Pub-
lishers, 798 Evans Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously
online. Periodical rate postage paid at Berkeley, CA 94704, and additional mailing offices.

La nl 0.V SN S R [ R [ S E‘Aifﬁlnu.@ Feomes NMMCOD


http://msp.org/tunis/
abbes@ihes.fr
ali.baklouti@fss.usf.tn
hajer.bahouri@u-pec.fr
beauville@unice.fr
biane@univ-mlv.fr
edamek@math.uni.wroc.pl
bassam.fayad@imj-prg.fr
benoit.fresse@math.univ-lille1.fr
gaitsgde@gmail.com
pgoerss@math.northwestern.edu
emmanuel.hebey@math.u-cergy.fr
ma.jendoubi@gmail.com
sadok.kallel@math.univ-lille1.fr
minhyong.kim@maths.ox.ac.uk
toshi@kurims.kyoto-u.ac.jp
patrice.le-calvez@imj-prg.fr
yyli@math.rutgers.edu
masmoudi@cims.nyu.edu
hrm@math.mit.edu
nordine.mir@qatar.tamu.edu
epujals@gc.cuny.edu
mohamed.sifi@fst.utm.tn
tataru@math.berkeley.edu
veluma@math.iisc.ernet.in
nizar.touzi@polytechnique.edu
production@msp.org
http://www.tms.rnu.tn
http://dx.doi.org/10.2140/tunis
http://msp.org/
http://msp.org/

Tunisian Journal of Mathematics
2020 vol. 2 no. 4

On log motives
TETSUSHI ITO, KAZUYA KATO, CHIKARA NAKAYAMA and
SAMPEI USUI
Equidistribution and counting of orbit points for discrete rank one
isometry groups of Hadamard spaces
GABRIELE LINK
A generalization of a power-conjugacy problem in torsion-free
negatively curved groups
RITA GITIK
A simple proof of the Hardy inequality on Carnot groups and for
some hypoelliptic families of vector fields
FRANCOIS VIGNERON
Trigonometric series with a given spectrum
YVES MEYER

733

791

841

851

881


http://dx.doi.org/10.2140/tunis.2020.2.733
http://dx.doi.org/10.2140/tunis.2020.2.791
http://dx.doi.org/10.2140/tunis.2020.2.791
http://dx.doi.org/10.2140/tunis.2020.2.841
http://dx.doi.org/10.2140/tunis.2020.2.841
http://dx.doi.org/10.2140/tunis.2020.2.851
http://dx.doi.org/10.2140/tunis.2020.2.851
http://dx.doi.org/10.2140/tunis.2020.2.881

	1. A brief survey of calculus on Carnot Groups
	1.1. Left-invariant vector fields and the exponential map
	1.2. The Baker–Campbell–Hausdorff formula
	1.3. Stratification
	1.4. Stratified dilations
	1.5. Horizontal derivatives and Sobolev spaces on G
	1.6. Exponential coordinates on a stratified group
	1.7. Left-invariant basis of vector fields

	2. Proof of 0=prop.61=1
	2.1. Symbol classes Sn(G)
	2.2. The radial vector field
	2.3. Adjoints
	2.4. A density result
	2.5. Hardy inequality
	2.6. Homogeneous Hardy inequality

	3. A remark about the case of general hypoelliptic vector fields
	3.1. A counterexample to the symbol property of the gauge
	3.2. Regular hypoelliptic vector fields of step m
	3.3. A positive result for hypoelliptic fields of step 2
	3.4. Two positive results for hypoelliptic fields of step m3
	3.5. From the symbol property of the gauge to Hardy inequality

	Acknowledgements
	References
	
	

