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In the theory of motives a la Voevodsky, the Nisnevich topology on smooth
schemes is used as an important building block. We introduce a Grothendieck
topology on proper modulus pairs, which is used to construct a non-homotopy-
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1. Introduction

In the theory of motives a la Voevodsky [2000], the Nisnevich topology on the
category of smooth schemes over a field k plays a fundamental role. In this paper,
we introduce a Grothendieck topology on proper modulus pairs, which is used to
construct a non-homotopy-invariant generalization of motives. We also prove that
the topology satisfies similar properties to the Nisnevich topology.

A Nisnevich cover f : Y — X is an étale cover such that any point x € X admits
apoint y € Y with f(y) = x and k(y) = k(x). Therefore, the Nisnevich topology
is finer than the Zariski topology and is coarser than the étale topology. Voevodsky
defined the category of effective motives DM®" as the derived category of the
abelian category of Nisnevich sheaves with transfers NST, modulo A'-homotopy

invariance:
v ot D(NST)

" (A!-homotopy invariance)

DM (1.1.1)
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We briefly recall the definition of NST. Let PST be the category of additive
abelian presheaves on the category of finite correspondences Cor. We have a
natural functor Sm — Cor, where Sm denotes the category of smooth schemes
over k. Then NST is defined to be the full subcategory of PST which consists of
F € PST such that the restriction F|sp is a Nisnevich sheaf on Sm.

The definition of NST is simple, but it is nontrivial that NST is an abelian
category. It follows from the existence of a left adjoint to the inclusion functor
NST — PST. A key ingredient of the proof of its existence is the following fact:
for any Nisnevich cover U — X, the Cech complex

o> (U xx U) > Zg(U) - Zy(X) = 0

is exact as a complex of Nisnevich sheaves, where Z.(—) : Cor — PST denotes the
Yoneda embedding (see for example [Mazza et al. 2006, Proposition 6.12]). More-
over, the Nisnevich topology is subcanonical, i.e., every representable presheaf in
Sm is a sheaf.

The category of motives DM has provided vast applications to the study of
arithmetic geometry, but on the other hand, it has a fundamental constraint that
it cannot capture non-A'-homotopy-invariant phenomena, e.g., wild ramification.
Indeed, the arithmetic fundamental group 71 (X), which captures the information
of ramifications, is not A'-homotopy invariant.

An attempt to develop a theory of motives which captures non-A!-homotopy-
invariant phenomena started in [Kahn et al. 2015]. The strategy is to extend Voevod-
sky’s theory to modulus pairs. A modulus pair is a pair M = (M, M) of a scheme
M and an effective Cartier divisor M> on M such that the interior M° := M — M*>
is smooth over k. We can define a reasonable notion of morphisms between mod-
ulus pairs, and we obtain a category of modulus pairs MSm. A modulus pair M
is proper if M is proper over k, and we denote by MSm the full subcategory of
MSm consisting of proper modulus pairs (see Definition 2.1.1 for details).

These categories embed in categories of “modulus correspondences” MCor
and MCor, just as Sm embeds in Cor (see Definition 2.3.2). In [Kahn et al.
2015], categories of “modulus sheaves with transfers” MNST (relative to MCor)
and MINST (relative to MCor) were introduced, in order to parallel the definition
of (1.1.1). However, the proof that these categories are abelian was found to contain
a gap. This gap was filled in [Kahn et al. 2019a] for MNST, by showing that its
objects are indeed the sheaves with transfers for a suitable Grothendieck topology
on MSm.

In this paper, we construct a Grothendieck topology on MSm with nice proper-
ties. It will be shown in [Kahn et al. 2019b], using [Kahn and Miyazaki 2019], that
the objects of MNST are the sheaves (with transfers) for this topology and that this
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category is abelian. Thus the present paper contains the tools to finish filling the
gap of [Kahn et al. 2015]. Moreover, we prove an important exactness result.

Our guide is the following characterization of the Nisnevich topology on Sm:
the Nisnevich topology is generated by coverings U LIV — X associated with some
commutative square S in Sm of the form

W—YV

| |

U—X
which satisfies the following properties:

(1) S is a cartesian square,

(2) the horizontal morphisms are open immersions,

(3) the vertical morphisms are étale, and

(4) the morphism (V — W)eq = (X — U)eq is an isomorphism.

Such squares are called elementary Nisnevich squares. Elementary Nisnevich
squares form a cd-structure on Sm in the sense of [Voevodsky 2010]. A remarkable
property of the Nisnevich cd-structure is the following fact: a presheaf of sets F
on Sm is a Nisnevich sheaf if and only if F(&) = {*} and for any elementary
Nisnevich square as above, the square

F(X) — F(U)

]

F(V)— F(W)

is cartesian. This equivalence holds for any cd-structure which is complete and
regular; see [Voevodsky 2010, Definitions 2.3, 2.10, Corollary 2.17].

In [Kahn et al. 2019a], a cd-structure on MSm is introduced. It is denoted Pvv,
and satisfies properties similar to elementary Nisnevich squares. Its definition will
be recalled in Section 4.1. For short, we call the topology on MSm associated with
Pyy the MV-topology.

Our main result is the following.
Theorem. The category of proper modulus pairs MSm admits a cd-structure Pypy

such that the following assertions hold. For short, we call the topology associated
with Pyy the MV-topology.

(1) (Theorems 4.3.1, 4.4.1, 4.4.2) The cd-structure Py is complete and regular.
In particular, a presheaf of sets F on MSm is a sheaf for the MV -topology if
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and only if F(@) = {*} and for any square T € Py of the form
W-—V

|

U—M
the square
F(M) — FU)

|

F(V)— F(W)
is cartesian.
(2) (Theorem 4.5.1) The MV-topology and the MV -topology are subcanonical.

(3) (Corollary 5.2.7) For any M € MSm, consider the presheaf Z,(M) on MCor
represented by M, which is a sheaf for the MV -topology by [Kahn et al. 2019a,
Theorem 2(2)]. Then, for any square as above, the following complex of
sheaves for the MV -topology is exact:

0— Zu(W) — Zu(U) & Z(V) = Zi(M) — 0.

The organization of the paper is as follows. In Section 2, we recall basic def-
initions and results on modulus pairs from [Kahn et al. 2019a]. In Section 3, we
introduce “the off-diagonal functor”, which is a key ingredient to define the cd-
structure on the category of proper modulus pairs. In Section 4, we define the
cd-structure on the category of proper modulus pairs, and prove that it satisfies
completeness and regularity. Finally, in Section 5, we prove the exactness of the
Mayer—Vietoris sequences associated with the distinguished squares with respect
to the cd-structure.

Notation and convention. Throughout the paper, we fix a base field k. Let Sm be
the category of separated smooth schemes of finite type over k, and let Sch be the
category of separated schemes of finite type over k. For any scheme X and for any
closed subscheme F C X, we denote by Bl (X) the blow-up of X along F.

2. Basics on modulus pairs

In this section, we introduce basic notions which we use throughout the paper.

2.1. Category of modulus pairs. We recall basic definitions on modulus pairs, in-
troduced in [Kahn et al. 2019a]. We also introduce some new notation. In particular,
the canonical model of fiber product is often useful (see Definition 2.2.2). Though
our main interest in this paper is on proper modulus pairs, we introduce the general
definition of modulus pairs for later use.
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Definition 2.1.1. (1) A modulus pair is a pair M = (M, M*) consisting of a
scheme M € Sch (the ambient space) and an effective Cartier divisor M> on M
(the modulus divisor) such that the interior M° := M \ |M*°| belongs to Sm, where
|M°°| denotes the support of M.

Note that M° is a dense open subset of M. Moreover, we can prove that M must
be a reduced scheme by using the smoothness of M° and the assumption that M
is an effective Cartier divisor.

(2) A modulus pair M is called proper if the ambient space M is proper over k.

(3) An admissible morphism f : M — N of modulus pairs is a morphism between
the interiors f°: M° — N° in Sm which satisfies the properness condition:

— Let I be the graph of the rational map f : M --» N which is induced by f°.
Then the natural morphism I" — M is proper.

and the modulus condition:

— Let I'V be the normalization of I'. Then we have the inequality
MOO|FN Z NOO IFN

of effective Cartier divisors on I'"V, where M*°|x and N®°|pv denote the
pullbacks of M> and N along the natural morphisms 'V — M and T’V — N.
Note that the pullbacks are defined since the rational map f restricts to a
morphism f°, and since M° is dense in M.

If f:M — N and g : N — L are admissible morphisms, then the composite
g%o f°: M° — L° defines an admissible morphism M — N; see [Kahn et al.
2019a]. If N is proper, then the properness condition above is always satisfied.

(4) We let MSm denote the category whose objects are modulus pairs and whose
morphisms are admissible morphisms. The full subcategory of MSm consisting of
proper modulus pairs is denoted by MSm.

(5) A morphism f : M — N in MSm is called ambient if f°: M° — N° extends
to a morphism M — N in Sch. Such an extension is unique since M is reduced,
MP° is dense in M, and N is separated. We let MSm'" (resp. MSm'") denote the
(nonfull) subcategory of MSm (resp. MSm) whose objects are modulus pairs (resp.
proper modulus pairs) and whose morphisms are ambient morphisms.

(6) A morphism f: M — N in MSm is called minimal if f is ambient and satisfies
M>® = f*N°°,
(7) We let X, denote the subcategory of MSm whose objects are the same as

MSm and whose morphisms are those morphisms f : M — N in MSm"™" such
that f is minimal, f : M — N is proper, and f°: M° — N° is an isomorphism
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in Sm. Then the canonical functor MSm™ — MSm induces an equivalence of
categories ZEn] MSm'™ = MSm [Kahn et al. 2019a, Proposition 1.9.2].

(8) Let Sq be the product category [0] x[0], where [0] = {0— 1}. For any category C,
we define CS9 to be the category of functors from Sq to C. An object T of €54 is
given by a commutative diagram

T(00) — T(01)

L

T(10) — T(11)

in C, and a morphism 77 — 77 in 84 given by a set of morphisms 77 (ij) — T>(ij),
i, j =0, 1, which are compatible with all the edges of the squares.

(9) A morphism 7} — T; in I\_/ISqu is called ambient if for any i, j =0, 1, the
morphisms T (ij) — T>(ij) in MSm are ambient. A square T € MSm> is called
ambient if it is contained in (MSm™)54 ¢ MSm®¢.

The following lemma is often useful.

Lemma 2.1.2. For any square T € MSm®Y, there exists an ambient square T’
which admits an ambient morphism T' — T which is an isomorphism in MSmS4.

Proof. This is just a consequence of a repeated use of the graph trick [Kahn et al.
2019a, Lemma 1.3.6]. Or, the reader can consult the calculus of fractions in [Kahn
et al. 2019a, Proposition 1.9.2]. The details are left to the reader. (|

2.2. Fiber products. We discuss fiber products in MSm and MSm.

Lemma 2.2.1. Let X be a scheme, and let D and D, be effective Cartier divisors
on X. Assume that the scheme-theoretic intersection inf(D1, Dy) := Dy xx D; is
also an effective Cartier divisor on X. Set X*° := D + D, —inf(Dy, D5).

Then for any morphism f : Y — X in Sch such that Y is normal and the image
of any irreducible component of Y is not contained in | X*°| = |D|U | D3|, we have

"X =sup(f*Di, f*D»),
where sup is the supremum of Weil divisors on the normal scheme Y .

Proof. Since inf(D;, D;) xx Y = inf(f*Dy, f*D;), we are reduced to the case
X =Y. Moreover, an easy local computation shows that D; — inf(D;, D;) and
D, —inf(Dy, D,) do not intersect. The assertion immediately follows from this.
See [Kahn et al. 2019a, Lemma 1.10.1, Definition 1.10.2, Remark 1.10.3] for more
details. O

Definition 2.2.2. Let f;: M; — N and f, : M, — N be morphisms in MSmﬁ“, and
assume that the fiber product P° := M} X yo M3 exists in Sm. We define a modulus
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pair P as follows. Let Py be the scheme-theoretic closure of P° in M x N M, and
let po; : Py — M, x N M, LNV i be the composite of the closed immersion
followed by the i-th projection for i =1, 2. Let

— = Tp =
P = Bl(ﬁé,lM?C)XFO([’S;MZOO)(PO) — Po

be the blow-up of P along the closed subscheme ( Po1MT°) X, (P, M3°). Set
P :=mppo  M{° +7p o, My° — E,

where E := n,?l ((ﬁg’lM ) X p, (Pg,M5°)) denotes the exceptional divisor. Then
we have P — |P®°| = P° € Sm by construction, and we obtain a modulus pair
P = (P, P™).

We call P the canonical model of fiber product of f1 and f,, and we often write

M] X?V M2 = P.

By construction, we have a commutative diagram

p2
M, X?\/ My — M,

ml lfz

My — N
fi

in MSmﬁ“. Moreover, we have (M7 x§ M2)° = M7 x yo M3.

Theorem 2.2.3. Let f1 : My — N and f> : M, — N be morphisms in MSm'™.
Assume that the fiber product MY X yo M3 exists in Sm. Then the canonical model of
fiber product My x§; M represents the fiber product M x y M, in MSm. Moreover,
if My, M, N are proper, then M| x§, M3 (hence My x y M>) is proper.

Remark 2.2.4. M; x§, M does not necessarily represent a fiber product in MSm'™",
and it is not functorial in MSm™. However, under some minimality conditions,
they behave nicely in MSm"™.

Proof. We prove that P := M x§, M, satisfies the universal property of fiber
product in MSm. Let g : L — M and g; : L — M; be morphisms in MSm which
coincide at N. Since MSm = ggnl MSm'™", we can find morphisms L; — L in
X n such that the composite morphisms L; — L — M; are ambient fori =1, 2,
and such that L; is normal. Since L; — L is an isomorphism in MSm, we replace
L with L; and assume that L is normal, and that g1 and g, are ambient. Let
p1: P — M and p, : P — M, be the ambient morphisms as in Definition 2.2.2.

There exists a unique morphism g° : L° — P° = M} X yo M5 in Sm which is
compatible with g7, g9, p{, and p3. It suffices to prove that g° defines a morphism
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L — P inMSm. Let I' C L x P be the closure of the graph of g°, and let 'V be
the normalization of I'. Let s : TV — L and ¢ : 'V — P be the natural projections.
Then, for i =1, 2, we obtain a commutative diagram

rvy ‘. p

l o l
$ g - Di

8i
where the commutativity follows from the fact that p;¢# and g;s coincide on the
dense open subset s (L°) c T'V.
By the construction of P and by Lemma 2.2.1, we have

t* P> =sup(t* pyM:°, t* p5 M5°) = sup(s*gT M°, s* g1 M5°),

where the second equality follows from the commutativity of the above diagram.
Since g; and g, are ambient and L is normal, we have g M < L. Therefore,
we obtain

P < s* L,
which shows that g° defines a morphism g : L — P. This proves the first assertion.
The last assertion is obvious by construction. U

Corollary 2.2.5. Let fi : My — N and f, : My, — N be morphisms in MSm.
Assume that the fiber product M7 x yo M3 exists in Sm. Then there exists a fiber
product M| Xy M, in MSm. Moreover, if My, M, and N are proper, then
M| Xy M, is proper.

Proof. By [Kahn et al. 2019a, Lemma 1.3.6], for each i = 1, 2, there exists a
morphism M — M; in MSm'™ which is invertible in MSm and such that the
composite M{ — M; — N is ambient. Theorem 2.2.3 shows that the fiber product
M| x y M) exists in MSm. This also represents a fiber product M; x y M>, prov-
ing the first assertion. The second assertion follows from the construction of the
canonical model of fiber product. ([

Remark 2.2.6. The inclusion functor 7, : MSm — MSm preserves fiber products
by construction.

Given some minimality assumptions, we can say more about the canonical
model of fiber product. We do not need this in this paper, but it will be used
in the other papers, including [Kahn and Miyazaki 2019].

Proposition 2.2.7. (1) Let fi : My — N and f, : My, — N be morphisms in
1\_/ISmﬁ“, and assume that fy is minimal, M} X yo M3 is smooth over k and
M x5 MSO is an effective Cartier divisor on M| X i M. Then we have

M1 X?VM2=(M1 XNMZ,Ml XNMSO).
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(2) Consider the commutative diagram
Uy — V +— U,

jll Jl ljz

My — N «— M,

in 1\_/[Smﬁ“, such that ji and jp are minimal, and such that M} x yo M3 and
U} xyo Uy are smooth over k. Then the morphism

j]ijZU] X%Ug—)Ml X(I:VMZ

in MSm, induced by the universal property of fiber product, belongs to MSm'™
and is minimal.

(3) In the situation of (2), if f, jl, fz are open immersions, if Uy — V is minimal,
and if Uy x3 Uj is normal, then

J1 xj2:171 xvl72=U1 x5, Uy — My x§, M,
is an open immersion, where the equality follows by (1).

Proof. (1): This follows from the construction of canonical model of fiber product;
see also [Kahn et al. 2019a, Corollary 1.10.7].

(2): Let P be the closure of M? xyo M$ in My x5 M>, and Q the closure of
UP xyo Uy in U, Xy U,. Then the morphisms ]_'1 and fz induce a morphism

J:0— P.
Then we obtain the commutative diagrams

J
—

qi Pi

U; - M;

[ +— Q|
—— N

in Sch for i = 1,2, where p; and ¢; are the natural i-th projections. Set F :=
pIM® xp p3M° C P and G :=qU® x5 p5U;° C Q. Then the commutativity
of the diagrams shows

J7'F:=F x5 Q=(q] jiM®) x5 (q] 5 M5°) = q] U x5 4;Us° =G,

where the equality in the second line follows from the minimality of j; and j,. Let
7p :Blp(P) — P and o Blg(é) — Q be the blow-ups. Then, by the universal
property of blow-up, J lifts to a morphism

J1: Uy x5, Uz =Blg(Q) — Blp(P) = M) x§, Ma,
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which makes the diagram

BlG(0) 5 Bl (P)

W |

0———p
commute. Moreover, letting F’ := n[_,l(F ), G = nél(G) be the exceptional
divisors, the commutativity of the two diagrams as above shows
TT(My x§ M2)® = T (zp py MY +7p pyMT° — F')
=15 pIMY + pyJ s M5 — G
=nHai M +mh45 s M5 — G
=mpqi Ui +7pa5U3° — G
= (U; x5 U™,

where the equality in the fourth line follows from the minimality of j; and j;.
Therefore, the morphism J; defines a minimal morphism Uj xﬁ, U, - M, xﬁ\, M,
as desired.

(3): We take the notation as above. Then U Xy U, is an open subset of P. Since
J*F =G, the minimality of U; — V shows FNU, xvﬁz =U, x i U5°, where the
right-hand side is an effective Cartier divisor on U, x % U,. Therefore, the blow-up
7 p is an isomorphism over U x v U,, and the open immersion U, x % U,—> P
uniquely lifts to an open immersion U x % U, — Blg(P). U

2.3. A remark on elementary correspondences. In this subsection, we observe a
relationship between cartesian squares and elementary correspondences. First we
provide some definitions.

Definition 2.3.1. For any M|, M, € MSm, we define MCor® to be the set of
elementary finite correspondences V : My — M3 which satisfy the following ad-
missibility conditions: let V be the closure of V in M| x M», and let V¥ — V be
the normalization of V. Let pr, : VY — M, be the i-th projections.

(1) pr, is proper.

(2) priM{° = priM3°.
Definition 2.3.2 [Kahn et al. 2019a, Definitions 1.1.1, 1.3.3]. A category MCor is
defined as follows: the objects are the same as MSm, and for M, N € MCor, the
set of morphisms is defined as the free abelian group generated on MCor® (M, N).
Note that MCor(M, N) C Cor(M°, N°) by definition. The composition is given
by the composition of finite correspondences. Define MCor as the full subcategory
of MCor whose objects are proper modulus pairs.
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Proposition 2.3.3. For any modulus pair M, for any f : N — L in MSm, and for
any V. € MCor® (M, N), the image

Fo (V) i= (Idye x fO)(V) C M x L°

is an irreducible closed subset, and we have f, (V) € I\_/ICorel(M ,L).
Thus, any modulus pair M is associated a covariant functor

MCor® (M, -) : MSm — Set.

Proof. By [Kahn et al. 2019a, Proposition 1.2.3], the composition of finite cor-
respondences W := I'fo o V belongs to MCor(M, L), where I' so denotes the
graph of f°: M° — N°. By the definition of composition, we can verify that
|[W| = f+(V). This implies that f1 (V) is a component of W. Therefore, we have
We MCor(M, L), as desired. O

Proposition 2.3.4. Let T be a pull-back square in MSm of the form

T(00) —= T'(01)

qu lm (23.5)

T(10) -2 T(11)

and let M be a modulus pair. Consider the associated commutative diagram of sets

el UT+ el
MCor® (M, T (00)) —~5 MCor® (M, T(01))

‘]T+l lPT+

MCor® (M, T(10)) — MCor®/(M, T(11))
and set

I := MCor® (M, T (10)) X yycore 1,711 MCor® (M, T (01)).

Then the induced map p : MCOrel(M , T(00)) — I is surjective. Moreover, it is
bijective if v is an immersion.

Remark 2.3.6. We can formulate another statement by replacing MCor® with
MCor and (-); with (—),, but it is false. Indeed, if @) and «; are distinct
elementary correspondences which have the same image 8 under pr., then the
image of the (nonelementary) finite correspondence « := o — @3 is zero, which is
trivially contained in the image of ur,. But there is no reason why « is contained
in the image of vr,.

Proof. The latter statement is clear, since the composite pr, o p is equal to vr4,
which is injective if v} is an immersion.
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We prove the surjectivity of p. Consider any oy € MCor® (M, T(10)) and
oy € MCor® (M, T(01)), and assume f := ur4 (1) = pry(oz). Let & be the
generic point of «; fori =1, 2.

We need to prove that there exists an element y € MCor®' (M, T (00)) which
maps to «; and orp.

Let

¢ € (MO X T(lO)O) XMoxTO(11) (MO X T(Ol)o) = M° x T(lO)O XTo(11) T(Ol)o
= M° x T(00)°

be a point which lies over £; and &,. Let y := {¢} be the closure of ¢ in M° x T (00)°,
endowed with the reduced scheme structure.

Claim 2.3.7. y is an elementary correspondence from M° to T (00)°.

Proof. We have to prove that y is finite and surjective over a component of M°.
Since ¢ = (&1, &) € a1 X po @2, the scheme y is naturally a closed subscheme of
a1 X po 2. Moreover, since ¢ maps to & via the projection pr; : oy X po 02 —
for each i = 1, 2, we obtain dominant maps y — «;. These maps are finite (hence
surjective) since each «; is finite over M°. Since the natural map y — M° factors
as y — a1 — M?°, and since «; is finite and surjective over a component, we obtain
the claim. O

Claim 2.3.8. y € MCor®'(M, T (00)).

Proof. We make a preliminary reduction as follows: since the assertion depends
only on the isomorphism class of 7 in MSm®4, we may assume that 7' is ambient
by Lemma 2.1.2. Moreover, since T is a pull-back diagram, we have T (00) =
T(10) x;(“) T(01), where the right-hand side is the canonical model of fiber
product in Definition 2.2.2. Therefore, by replacing 7' (00) with (the normaliza-
tion of) 7'(10) x5, (11 T (01) (this preserves the condition that 7' is ambient by the
construction of canonical model), we may assume that g7 7 (10)> and v} 7*(01)
have a universal supremum in the sense of [Kahn et al. 2019a, Definition 1.10.2]
and that 7 (00)*>° = sup(g; T (10)>°, v3.T (01)>).

Let ¥ be the closure of y in M x T (00). First we check that ¥ is proper over M.
Note that the natural map ¥y — M factors as ¥ — @ X i 02 —> M. The first
map is proper since the natural map 7 (00) — T (10) XT1) T(01) is proper by
construction of the canonical model of fiber product, and the latter map is proper
since the @; are proper over M by assumption. This shows that ¥ — M is proper,
as desired.

Next we check the modulus condition. Let ¥V be the normalization of ¥. Simi-
larly, let &; be the closure of &y in M x T(IO), @» the closure of ay in M x T(Ol),
and &fv the normalization of ¢;. By assumption, we have o € I\_/ICOI'e](M , T(10))
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and oy € MCor®' (M, T (01)), which means
Mgy = T(10)®|py  and Mgy = TO01)®gy.

Since y — «; are dominant for i = 1, 2, we obtain morphisms yV — &lN by the
universal property of normalization. Therefore, the above inequalities imply
M®|yn > g7 T(10) |5 and  MP|pn > 07T (01) |5,

Thus, since g7 7 (10)*° and v3.7(01)* have a universal supremum and 7' (00)*>° =

sup(g7 T (10)*°, v3.T(01)*°) by assumption, we obtain

M |5n = sup(qr T (10) 5w, 07T (01)*|5n)
=sup(gr T (10)>, 07T (01)*) |y~
= T(00)* |5~
by [Kahn et al. 2019a, Remark 1.10.3(3)]. This finishes the proof of the claim. U

By construction, we have o1 = g7+ (y) and oy = v+ (y). This finishes the proof
of Proposition 2.3.4. O

3. Off-diagonal functor

We introduce the “off-diagonal” functor, which is a key notion used in the definition
of the cd-structure on MSm.

Definition 3.1.1. Define MEt as a category such that

(1) objects are those morphisms f : M — N in MSm such that f°: M° — N°is
étale, and

(2) morphisms of f: My — N; and g : My — N, are those pairs of morphisms
(s: My — M, t: N - N;) which are compatible with f, g such that s° and
t° are open immersions.

Define MEt as the full subcategory of MEt consisting of those f : M — N such
that M, N € MSm.

Definition 3.1.2. For modulus pairs M and N, we define the disjoint union of M

and N by o
MUN:=(MUN, M*UN™®).

We have (M UN)° = M°UN°, and M U N represents a coproduct of M and N in
the category MSm.

Theorem 3.1.3. There is a functor

OD : MEt —- MSm
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such that for any f : M — N, there exists a functorial decomposition
M xy M= MUOD(Y).

Moreover, we have OD( f)° = M°x yo M°\ A(M°®), where A : M° — M° X yoM° is
the diagonal morphism. In particular, if f° is an open immersion, then OD(f)° =@,
and hence OD( f) = &. Moreover, the functor OD restricts to a functor

OD : MEt — MSm.

We call these functors the off-diagonal functors.

Proof. First, we prove that for any f : M — N in MEt, there exists a morphism
i: X — M xn M such that the induced morphism

MUX 2SS MxyM

is an isomorphism in MSm. Take any object f : M — N in MEt. Since f° is étale
and separated by the assumption, the diagonal morphism A : M° — M° X yo M°
is an open and closed immersion. Therefore, we obtain a decomposition into two
connected components:

M° X no M° = A(MO)I_I(MO X No M° — A(MO)).

Let P denote the canonical model of fiber product M x§, M as in Definition 2.2.2.
Note that P° = M° x yo M°.

Define a closed immersion i : A( f)— P as the scheme-theoretic closure of
the open immersion A(M°) — P° — P. Set

A())® =iy P and  A(f) = (A(f), A(NHX).

Then i » induces a minimal morphism in : A(f) — P,and we have A(f)°=A(M°).
Similarly, define a closed immersion igp : OD(f) f)— P as the scheme-theoretic
closure of the open immersion M° x yo M°® — A(M°) — P° — P. Set

OD(f)* :=i5p P> and OD(f):= (OD(f), OD(f)*).

Then iop induces a minimal morphism ipp : OD(f) — P. Moreover, we have
OD(f)° = M° xyo M° — A(MP°).
The morphisms i and iop induce a minimal morphism in 1\_/ISmfm

iaUiop: A(f)LOD(f) — P.

By (7) in Definition 2.1.1, this morphism is an isomorphism in MSm (not in
MSm™) since (ix Uiop)° = =i{ I_IzOD A(f)°UOD(f)° — P° = M° x o M° is
an isomorphism in Sm, and since i U oD : A(f)U OD(f) — Pis proper by con-
struction.




NISNEVICH TOPOLOGY WITH MODULUS 595

We claim A(f) =M. Let A: M — P (= M xy M) be the diagonal morphism.
Then the composite M A px A(f)uOD(f) factors through A(f). The inverse
morphism is given by A(f) — P 2% M, where pr; denotes the first projection
P=EMxyM— M.

Thus, for any f: M — N in MEt, we have obtained a decomposition

M xy M= MUOD(f).

Next we check the functoriality of OD(f). Let (f| : M| — N1) — (fo: My — Nj)
be a morphism in MEt, i.e., a commutative diagram

M, — M,

o

N1—>N2

where fi, f2, s, and ¢ are morphisms in MSm such that f> and f; are étale and
s° and ¢° are open immersions.
We claim that there exists a unique morphism OD( f;) — OD( f) such that the

diagram
M] X Ny M] —>M2 X N, Mz

;T T;

M, L OD(f1) — M, uOD(f>)

commutes. The uniqueness is obvious by the commutativity of the above diagram.
For the existence, we need to show that the composite

OD(f1) = My xn, My — M; xn, My = M> LOD(f2)
factors through OD(f>). To see this, it suffices to prove that the image of the
morphism
MY x o MO\ A(MY) — MY x o MY 2255 M3 x o M3
lands in M3 x yo M3\ A(M3), which easily follows from the injectivity of the open
immersion s°. This finishes the proof. (]
The off-diagonal functor is compatible with base change.

Proposition 3.1.4. Let f : M — N be an object of MEt, and N’ — N any mor-
phism in MSm. Then the base change g := f xn N’ belongs to MEt, and we have
a natural isomorphism OD(g) = OD(f) xy N'.

Proof. The first assertion holds since g® = f° x yo N'° is étale as a base change
of an étale morphism. We prove the second assertion. Note (M xy M) xy N' =
M’ x ' M', where M’ := M x y N’'. Consider the following diagram in MSm:
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(M xy M) xy N' +—— (MUOD(f)) xy N +—— M'U(OD(f) xy N')

l |

M xy M M'LOD(g)

where all the arrows, except for &, are natural isomorphisms in MSm, and / is
defined to be the composite. By diagram chase, & restricts to the identity map on
M’ and an isomorphism OD(f) xy N" — OD(g). O

4. The cd-structure

In this section, we introduce a cd-structure on MSm, and prove its fundamental
properties.

4.1. MV-squares. First, let us recall from [Kahn et al. 2019a] the cd-structure
on MSm.

Definition 4.1.1. (1) An MV""-square is a square S € (MSm'")S4 such that the
morphisms in S are minimal, and such that the resulting square

S(00) — S(01)

L

S(10) — S(11)

is an elementary Nisnevich square (on Sch).

(2) An MV-square is a square S € MSm®¥ which is isomorphic to the image of
an MV'"_square by the inclusion functor (MSm")S4 — MSm>4.

Proposition 4.1.2 [Kahn et al. 2019a, Proposition 3.2.2]. The MV-squares form a
complete and regular cd-structure Pyyy on MSm. (|

Definition 4.1.3. The topology on MSm associated with the cd-structure Pyry is
called the MV-topology.

In the following, we describe OD for MV'™" and MV-squares.
Lemma 4.1.4. Let f : U — M be a minimal morphism such that f : U — M is
étale. Then we have
OD(f)=U x5 U—AU) and OD(f)® =n*M>*NOD(f),
where A : U — U x j; U is the diagonal, and w : U x 3 U — M is the natural
morphism.

Proof. Since U° X p;0 U° — A(U®) is dense in U X i U—AQU) (as a complement
of the divisor U™ x 3; U\ A(U)), and since U*® X i U=U Xz U>® ="M,
the assertion follows from the construction of OD( f). O
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Proposition 4.1.5. Let S be an MV™-square of the form

S(00) — S(01)
ol .
S(10) = S(11)

Then the morphism OD(gqs) — OD(ps) is an isomorphism in I\_/ISmﬁ“.

Proof. Let S be an MV™-square. Then, since S is an elementary Nisnevich square,
we have a natural isomorphism

5(00) X510y S(00) — Ag(S$(00)) = S(01) x5, S(01) — A1 (5(01)),

where A; : §(0i) — S(0i) X511 S(0i) is the diagonal for each i =0, 1. Then, in
view of Lemma 4.1.4, the minimality of ug, ps, gs shows that the isomorphism as
above induces an isomorphism OD(gs) — OD(ps) in I\_/ISmﬁn. ([l

Corollary 4.1.6. Let S be an MV-square. The natural morphism OD(gs)— OD(ps)
is an isomorphism in MSm.

Proof. By definition of MV-square, there exists an MV'"-square S’ which is iso-
morphic to S. Then, noting that there are natural isomorphisms OD(gs) = OD(gs’)
and OD(ps) = OD(ps ) in MSm, the assertion follows from Proposition 4.1.5. [J

4.2. MV-squares.

Definition 4.2.1. Let 7T be an object of MSm3? of the form (2.3.5). Then T is
called an MV-square if the following conditions hold:

(1) T is a pull-back square in MSm.

(2) There exist an MV-square S such that S(11) € MSm and a morphism S — T
in MSm3Y such that the induced morphism S° — T° is an isomorphism in
Sm39 and S(11) — T(11) is an isomorphism in MSm. In particular, 7° is an
elementary Nisnevich square.

(3) OD(gr) — OD(pr) is an isomorphism in MSm.

We let Pyy be the cd-structure on MSm consisting of MV-squares. The topol-
ogy on MSm associated with the cd-structure Pyyy is called the MV-fopology for
short.

Remark 4.2.2. (1) For any 7 € MSm®? with 7° an elementary Nisnevich square,
the induced morphism OD(p7)° — OD(gr)° between interiors is an isomor-
phism in Sm. This follows easily from the definition of elementary Nisnevich
squares.
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(2) If p and g7 are open immersions, then OD(g7) = OD(pr) = @. In particular,
we have OD(g7) = OD(pr).

Proposition 4.2.3. Let T be a square in MSm®? which satisfies condition (1), (2),
or (3) of Definition 4.2.1. Then, for any morphism M — T (11) in MSm, the base
change square Ty :=T X711y M also satisfies (1), (2), or (3), respectively.

Proof. Since base change of a pull-back diagram is a pull-back diagram, condition
(1) is preserved by base change. Proposition 3.1.4 shows that (3) is preserved by
the base change.
Finally, we prove that (2) is preserved by base change. Let S — T be a morphism

as in (2), and let M — T(11) be any morphism in MSm. Then we obtain a
morphism Sy — Ty, where Sy = § xsany M and Ty := T xrq1y M. Since
S(11) =T (11), we obtain Sy (11) = Ty (11). Moreover, Sy is an MV-square as
the base change of an MV-square (see [Kahn et al. 2019a, Theorem 4.1.2]), and
we have S}, = Ty;. Therefore, the morphism Sy, — Ty satisfies the requirement
in (2). This finishes the proof. [l
4.3. Completeness.

Theorem 4.3.1. The cd-structure Pyyy is complete.
Proof. By [Voevodsky 2010, Lemma 2.5], it suffices to prove the following:

(1) Any morphism with values in @ = (&, &) is an isomorphism.

(2) Forany T € Pyy and any M — T (11) in MSm, the square T :=T xXr(11) M,

which is obtained by base change, belongs to Py .

But (1) is obvious, and (2) is a direct consequence of Proposition 4.2.3. [l

4.4. Regularity.
Theorem 4.4.1. The cd-structure Pyry is regular.

Proof. By [Voevodsky 2010, Lemma 2.11], it suffices to prove that for any T € Py,
the following assertions hold:

(1) T is a pull-back square in MSm.
(2) ur : T(10) — T(11) is a monomorphism.
(3) The fiber products T'(01) x 711y T(01) and 7 (00) x 710y T (00) exist in MSm,

and the derived square

T(00) T(01)

| [

T(OO) XT(10) T(OO) —_— T(Ol) XT(11) T(Ol)

which we denote by d(T'), belongs to Py .
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The definition of MV-squares gives (1), and (2) holds since u.: T°(10) — T°(11)
is an open immersion. We prove (3) by checking the conditions in Definition 4.2.1
for d(T).

Since A, and A are open immersions, we have OD(Ay,) =& = O0D(A ;)
by Theorem 3.1.3. Hence d(T') satisfies (3) in Definition 4.2.1.

Note that d(T') is isomorphic in MSm3! to the diagram

T00) ——— = T(01)

| |

T(00)uOD(gr) — T(01) LOD(pr)

where the vertical maps are the canonical inclusions, and the horizontal maps are
induced by vy. It is easy to see that this diagram is a pull-back diagram, i.e.,
d(T) satisfies (1) in Definition 4.2.1. Indeed, suppose that we are given a pair
of morphisms f: M — T(01) and g : M — T(00) U OD(gr) which coincide
at T(01) U OD(pr). Then, one sees that g° : M° — T (00)° LU OD(g7)° factors
through 7'(00)°, which implies that g factors through 7'(00).

We are reduced to checking Definition 4.2.1(2) for d(7"). Consider the following
diagram in MSm:

(T(00)°, @) ———  T(01)

| |

(T (00)°, @) LOD(gr) — T(01) LOD(p7)

which we denote by d(T)g, where the vertical maps are the canonical inclusions.
Then d(T)g is an MV-square since OD(gr) = OD(pr), and there exists a natural
morphism d(T)o — d(T). It induces an isomorphism d(7)j = d(T)°, and we
have d(T)o(11) = d(T)(11). Therefore, d(T) satisfies (2) in Definition 4.2.1. This
finishes the proof. O

Theorem 4.4.2. Let F be a presheaf with values in Sets on MSm. Then F is a
sheaf with respect to the MV-topology if and only if F () = 0 and for any MV-
square T € Pyty, the square

F(T(11)) — F(T(10))

| |

F(T(01)) — F(T(00))

is cartesian.

Proof. This follows from [Voevodsky 2010, Corollary 2.17], Theorem 4.3.1, and
Theorem 4.4.1. O
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4.5. Subcanonicity. In this subsection, we prove the following result. Recall that
a Grothendieck topology is subcanonical if every representable presheaf is a sheaf.

Theorem 4.5.1. The MV-topology and the MV -topology are subcanonical.
We need the following elementary observation.

Lemma 4.5.2. Let P be a complete and regular cd-structure on a category C. Then
the topology associated with P is subcanonical if and only if every square T € P
is cocartesian in C.

Proof. Let Y denote the Yoneda embedding of C into the category of presheaves
on C. All squares T € P are cocartesian in C if and only if for any 7 € P and for
any X € C, the square

YX)(T (1)) — Y(X)(T(10))

ot l lq; (4.5.3)

Y(X)(T(01)) —— Y(X)(T(00))

is cartesian in C. The latter condition is equivalent to that for any X € C, the
representable presheaf ) (X) is a sheaf for the topology associated with P by [Vo-
evodsky 2010, Corollary 2.17]. This finishes the proof. U

We also need the following results:

Lemma 4.5.4 [Krishna and Park 2012, Lemma 2.2]. Let f : X — Y be a surjective
morphism of normal integral schemes, and let D, D' be two Cartier divisors on'Y.
If f*D' < f*D, then D' < D. O

Proposition 4.5.5. (1) Any MV-square is cocartesian in MSm.

(2) Any MV-square is cocartesian in MSm, and hence in MSm.

Proof. (1): Let S be an MV-square. We may assume that S is an MV1"-square
since cocartesianness is stable under isomorphisms. Let $(10)— M and S(01) > M
be morphisms in MSm which coincide after restricting to S(00). Since S° is an
elementary Nisnevich square, it is cocartesian in Sm. Therefore, the morphisms
S(10)° — M° and S(01)° — M° induce a unique morphism 2°: S(11)° — M°. It
suffices to check that 4° induces a morphism S(11) — M in MSm.

Let I be the graph of the rational map S(11) --» M, and let TN — T be the
normalization. For any (ij) € Sq, set

S1Gj) = ($Gj) X501, TN, $%Gj) x50, T™M).

The minimal morphisms S;(ij) — S;(k/) are induced by S(ij) — S(kl) for all
(ij) — (k) in Sq, and they form an MV/i"-square S;. Moreover, S;(ij) are normal
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for all (ij) € Sq, and the composites
hij:S1Gj) — S(11) —-» M

are morphisms of schemes for all (ij) € Sq by construction. Moreover, the mor-
phisms S13 j)— S@ j) are proper (by the properness of I' over S (11)). Therefore,
by the minimality of S;(ij) — S(ij), the morphism S; — S is an isomorphism
in MSm34.

Claim 4.5.6. S°(11) > ht, M.

Proof. The admissibility of S(10) — M and S(01) — M implies that of S;(10) - M
and S;(01) — M. Since S, (102 and S, (Ql) are norrr_lal, we have S1(ij)> > }_zj.‘jMoo
for (ij) = (10), (01). Since S;(10) b S;(01) — S1(11) is a surjection between
normal schemes and since §;(10) — S;(11) and $;(01) — S;(11) are minimal,

Lemma 4.5.4 implies _
S1(A1)>° > hi M. ]

By Claim 4.5.6, we have a morphism S;(11) - M in 1\_/[Smﬁ“. The composite
S(11) <= S$1(11) — M gives the desired morphism. The uniqueness of the mor-
phism follows from the fact that the elementary Nisnevich square S° is cocartesian
in Sm. This finishes the proof of (1).

(2): Let T be an MV-square. Then condition (2) of Definition 4.2.1 shows that
there are an MV-square S and a morphism S — 7 in MSm®® such that S(11) = T'(11).
Let f:T(10) > M and g : T(01) - M be morphisms in MSm which coincide
after restriction to 7'(00). Then the composites

fs:S(10) - T(10) - T(11) and gs:S(01)—>TO1)—T11)

coincide after restriction to S(00). Then fs and gs induce a unique morphism
h:T(1) = S(11) — M since S is cocartesian in MSm by (1). Since S° = T°, we
have hour = f and h o pr = g. This finishes the proof of Proposition 4.5.5. [J

Proof of Theorem 4.5.1. This follows from Lemma 4.5.2 and parts (1) and (2) of
Proposition 4.5.5. (]

5. Mayer—Vietoris sequence

5.1. Easy Mayer-Vietoris.

Definition 5.1.1. For any sheaf F on a site C, we denote by Z F the sheaf associated
with the presheaf C > X — Z(F (X)), where for any set S, we denote by ZS the
free abelian group generated on S.

For any M € MSm (or MSm), we set Z(M) := Z)Y (M), where Y (M) denotes
the presheaf of sets represented by M.
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Theorem 5.1.2. Let T be an MV-square. Then the complex
0— Z(T(00)) - Z(T(10)) ® Z(T (01)) - Z(T(11)) = 0O

of sheaves on MSm is exact.

Proof. This follows from [Voevodsky 2010, Lemma 2.18], Theorem 4.4.1, and
Theorem 4.5.1. O
5.2. Mayer-Vietoris with transfers.

Theorem 5.2.1. Let T € MSm®Y. Assume that T° is an elementary Nisnevich
square, and that T satisfies (1) and (3) in Definition 4.2.1. Recall the notation

T(00) —— T'(01)
qfl lm (5.2.2)
T(10) — T(11)

from Definition 4.2.1. Then for any M € MSm, the complex

(qTy s VT+)

0— Zu(T(00))(M) ——— Zu(T (10))(M) & Zu(T (01))(M)
P Zo(TAD)(M) - (5.2.3)
of abelian groups is exact.

Proof. The assertion is equivalent to requiring that the commutative square

MCor(M, T (00)) —+ MCor(M, T (01))
ml lp” (5.2.4)
MCor(M, T(10)) LN MCor(M, T(11))
be cartesian. Note that the horizontal maps are injective.
The following lemma is key. Recall the notation from Proposition 2.3.3.

Lemma 5.2.5. Let o1, oy € 1\_/ICOrel(M , T(01)) be elementary correspondences
with o1 # ap. Assume that pr4 (1) = pr+(a2) holds in MCorel(M, T(11)). Then
oy and oy belong to the image of vrs.

Proof. Set P :=T(01) x7(11) T(01), and consider the commutative diagram

MCor® (M, P) —s MCor®'(M, T (01))

[ |

MCor®' (M, T (01)) — MCor® (M, T(11))

in Set. By Proposition 2.3.4, there exists an element y € MCor® (M, P) such that
pri4(y) = o and pry, () = 2.
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We have a canonical identification
MCor® (M, P) = MCor® (M, T(01)) uMCor® (M, OD(pr))

induced by P = T(01) U OD(py). Through this identification, we may regard
MCor® (M, OD(pr)) as a subset of MCor®' (M, P).

Claim 5.2.6. y € MCor®' (M, OD(pr)).

Proof. Let &1, &, and ¢ be the generic points of o], oz, and y. Then ¢ lies over &;
and &;. Since & # &, by the assumption that oy # op, we have ¢ ¢ M° x A(T (01)°),
where A(T(01)°) denotes the image of A : 7(01)° — T (01)° x7(11y0 T(01)°. This
implies that { € M° x OD(pr)°. Therefore, we have

y € Cor(M°, OD(pr)°) NMCor® (M, P) = MCor® (M, OD(p7)). O
By construction, we have «; = pr;(y) = |(pr;)«(y)|, where
pr; : T(O1)° X710 T(01)° — T(01)°, i=1,2,

are the projections. Thus, in order to prove «; € MCor(M, T (00)) fori =1, 2,
it suffices to prove that y € MCor(M, T (00) x 710y T(00)). Since by the above
claim y € MCor(M, OD(pr)), and since OD(gr) = OD(pr) by condition (3) of
Definition 4.2.1, we have y e MCor(M, OD(q7)) CMCor(M, T (00) X 710y T (00)).
This finishes the proof of Lemma 5.2.5. ([l

Now we are ready to prove that (5.2.4) is cartesian. Let « € MCor(M, T(01))
and assume pr. (o) € MCor(M, T (10)). Write @ = ), _, m;a;, where I is a finite
set, m; € Z — {0}, and the «; are elementary correspondences which are distinct
from each other. Then we have «; € MCor(M, T(01)) for alli € I. Set

J:={iel|3jel—-{i}, |pr«(e)| = |pr«(e)l}.
Then by Lemma 5.2.5, we have o; € MCor(M, T(00)) foralli € J. Leti e I — J,
and set B := |prs«(e;)|. Then the coefficient of 8 in p7,.(«) is nonzero, and
therefore B € MCor® (M, T(10)). By Proposition 2.3.4, there exists a unique
element y € MCord(M, T(00)) such that vr4(y) = «; and gr4(y) = B. Since
T(00)° — T (01)° is an open immersion, this implies «; =y € MCor' (M, T (00)).
This finishes the proof of the exactness of (5.2.3). O

Recall from [Kahn et al. 2019a, Theorem 2(2)] that for any M € MSm, the
presheaf Z,(M) on MSm is a sheaf for the MV-topology.

Corollary 5.2.7. Let T be an MV-square. Then the complex

(G4, v7) DT+ —UTx
—_— 5

0— Z(T(00)) —— Z(T(10)) & Z(T (01)) Zy(T(11)) = 0

of sheaves on MSm for the MV -topology is exact.
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Proof. By Theorem 5.2.1, it suffices to prove the surjectivity of the last maps of
the complexes. Take a morphism § — T in MSm®? as in (2) of Definition 4.2.1.
Then the map

Z(S(10)) & Z(S(01)) = Zy(S(11)) = Z(T (11))

is epi in MNST by [Kahn et al. 2019a, Theorem 4.5.7]. Since the map factors
through
Zu(T(10)) ® Z(T (01)),

we are done. O
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