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Generalized colored circular palindromic compositions

Petros Hadjicostas

We derive the generating function (g.f.) of the number of colored circular palindromic compositions of
N with K parts in terms of the g.f. of an input sequence a that determines how many different colors
each part of the composition can have. As a result, we get the g.f. of the number of all colored circular
palindromic compositions of N. Using the latter formula and the g.f. of the number of colored circular
compositions, we may easily derive the g.f. of the number of all colored dihedral compositions of N.

1. Introduction
A linear composition of a positive integer N with length K is a K-tuple (A, ..., Ag) € Zfo such that
N=M+---+ k.

Here the numbers A1, ..., Ak are called parts of the composition. For example, (1,2, 3, 3) and (3, 3, 2, 1)
are two different linear compositions of N =9 with K = 4 parts each.

Cyclic or circular compositions of N with length K are equivalence classes on the set of all linear
compositions of N with length K such that two compositions are equivalent if and only if one can be
obtained from the other by a cyclic shift. For example, {(1, 2, 3, 3), (3, 1,2,3), (3,3, 1,2),(2,3,3, 1)}
and {(3,3.2,1),(1,3,3,2), (2,1, 3,3), (3,2, 1, 3)} are two different cyclic or circular compositions of
N =9 with K =4 parts each.

Cyclic or circular compositions were studied, for example, in [Ferrari and Zagaglia Salvi 2018; Gibson
et al. 2018; Hadjicostas 2016; 2017; Knopfmacher and Robbins 2010; Sommerville 1909; Zagaglia Salvi
1999].

A (bilaterally) symmetric cyclic composition is a circular palindrome, that is, a circular or cyclic com-
position with at least one axis of (reflective) symmetry. Such circular or cyclic palindromic compositions
were studied in [Bower 2010; Hadjicostas and Zhang 2017; Sommerville 1909; Williamson 1972].

For example, {(1, 3, 2, 3), (3, 1, 3, 2), (2,3, 1, 3), (3, 2, 3, 1)} is a circular palindromic composition
of N =9 with K =4 parts with one axis of symmetry (through 1 and 2). On the other hand, {(1, 2, 1, 2),
(2,1, 2, 1)} is a circular palindromic composition of N = 6 with K =4 parts and two axes of symmetry
(through the two 1’s and through the two 2’s). Finally, {(1, 1, 2,2), (2,1, 1,2), (2,2, 1, 1), (1,2, 2, 1)}
is a circular palindromic composition of N = 6 with K = 4 parts and one axis of symmetry (that passes
through no part).

Dihedral compositions of N with length K are equivalence classes on the set of all linear compositions
of N with length K such that two compositions are equivalent if and only if one can be obtained from the
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other by a cyclic shift or a reversal of order. Such compositions were studied, for example, in [Hadjicostas
2017; Knopfmacher and Robbins 2013; Zagaglia Salvi 1999]. For example,

{1,2,3,3),(3,1,2,3),(3,3,1,2),(2,3,3,1),(3,3,2,1),(1,3,3,2), (2, 1,3,3), (3,2, 1, 3)}

is a dihedral composition of N =9 with K = 4 parts.
A colored linear composition of N with K parts according to an input sequence

a=(a(m):me”Z-y), wherea(m)eZsyforeachmeZ.y,
is a K-tuple (A1, my), ..., (Ag,mg)) such that A;,m; € Z.gfori =1, ..., K with
N=M+---+ig and 1<m; <a(;) fori=1,...,K. (1-1)

Note that, when a(m) = 0 for some m € Z..¢, no part A; of the colored linear compositions of N we are
considering (according to the input sequence a) can equal m.

For example, (1,, 23, 13, 2;) is a colored linear composition of N = 6 with K = 4 parts, where the
parts have colors 2, 3, 3 and 1, respectively. This is a colored composition with respect to any input
sequence a = (a(m) : m € Z~) that satisfies a(m) € Zx¢ for each m € Z. ¢ and the inequalities a(1) > 2
and a(2) > 2.

Colored cyclic compositions, colored (bilaterally) symmetric cyclic compositions (i.e., colored palin-
dromic cyclic compositions), and colored dihedral compositions of N with length K can be defined
much as above. Colored compositions (of any kind) were studied in [Agarwal 2000; 2003; Bower 2010;
Heubach and Mansour 2010, Section 3.5; Gibson et al. 2018].

For example, {(12, 23, 13, 21), (23, 13, 21, 12), (13, 21, 12, 23), (21, 12, 23, 13)} is a circular nonpalin-
dromic (not bilaterally symmetric) colored composition of N = 6 with K = 4 parts. On the other
hand, {(12, 23, 13, 23), (23, 13, 23, 12), (13, 23, 15, 23), (23, 15, 23, 13)} is a circular palindromic colored
composition of N = 6 with K = 4 parts and one axis of symmetry (through 1, and 13).

Consider the collection C(N, K; a) of all colored compositions of N with K parts according to an input
sequence a = (a(m) : m € Z~g). Consider a partition P = P(N, K; a) of C(N, K; a) into (nonempty)
equivalence classes. Denote by b” (N, K) = b7 (N, K ; a) the total number of such equivalence classes
in P. Throughout the paper, instead of using P, we use different superscripts (e.g., L, PL, CP, etc.)
to denote the partition P of C(N, K; a). In particular, when each equivalence class in P has only one
element, we use the superscript L (which stands for linear compositions).

Given K € Z-.( and an input sequence a = (a(m) : m € Zq), consider a sequence of partitions
Pxa=(P(N,K;a): N e€Z.p) and the set

U C(N,K;a)

N€Z>()

of all colored compositions of positive integers with K parts such that P(N, K; a) is a partition of
C(N, K; a) for each N € Z.y. We call the sequence

bg =((b(N,K):NeZ.yp)

the corresponding output sequence, where for simplicity we have dropped the superscript Pk , from bg
and the superscript P(N, K; a) from b(N, K).
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Given a = (a(m) : m € Z~), we may also consider a family of partitions

P,.=PN,K;a):N,KeZ.gwithl <K <N)
and the set
U cwv.k:a)

N,KEZ>0
1<K<N

of all colored compositions with input sequence a such that P(N, K; a) is a partition of C(N, K; a) for
each pair (N, K). The N-th term of the sequence

N
b=(b(N):NeZ) = (Z b(N,K):N € Z>o)
K=1

gives the fotal number of equivalence classes of colored compositions of N according to the family of
partitions (P(N, K;a) : 1 < K < N). Again, for simplicity, we have dropped the superscript P, from b
and b(N) and the superscript P(N, K; a) from b(N, K).

Throughout the paper, for integers N and K, we set (for convenience)

b(N,K)=0 whenK <lorK > N. (1-2)

Following [Bower 2010], we denote the (formal) generating functions (g.f.’s) of the three sequences
a, bk, and b by

A(x)=> a(m)x", Bg(x)=Y b(N,K)x",
m=1 N=1
00 o0 N
B(x) = Z b(N)xN = Z Z b(N, K)xV,
N=1 N=1 K=1

respectively. The following trivial result connects Bg (x) with B(x) under mild assumptions.

Proposition 1.1. I[fb(N,K)=0forall K >2and N € {1, ..., K — 1}, then

B(x) = Z Bk (x).
K=1

As mentioned above, we use the superscript L to denote linear colored compositions of N according
to some input sequence a = (a,, : m € Z~¢) with g.f. A(x). It is well known that

(o.¢]
Bg(x) =Y b"(N.K)x" =A@ for K € Z.,.
N=1

L _OO L N _ A(x)
B(x)_NX::lb(N)x Y

This is the INVERT transform in [Bernstein and Sloane 1995, p. 61] and the AIK transform in [Bower
2010].

(1-3)
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Example 1.2. When the input sequence is a = (m : m € Z), then we are dealing with the so-called m-
colored (linear) compositions of N studied in [Abrate et al. 2014; Agarwal 2000; Heubach and Mansour
2010, Section 3.5]. In such a case, A(x) =x/(1 — x)? with

K
Loy _ Loy — X
BK(X)—m fOTKEZ>0 and B (X)—m (1-4)
From this, we may easily deduce that
N+K -1
v, K = ( e ) forKeZo and  BN)= Fa, (1-5)

where F), is the n-th Fibonacci number. Other properties of “n-color compositions” can be found in
[Agarwal 2003; Guo 2012; Sachdeva and Agarwal 2017].

The organization of the paper is as follows. In Section 2, we study colored linear palindromic compo-
sitions and derive their generating functions (see Theorems 2.1 and 2.2). The material in that section is
needed for the material in Section 3, which is the main section of the paper. In Section 3, we study colored
circular palindromic compositions and derive their generating functions (see Theorems 3.1 and 3.2, which
generalize results in [Hadjicostas and Zhang 2017]). In particular, we prove that, if bCP(N) is the total
number of colored circular palindromic compositions of N with input sequence a = (a(m) : m € Z~y),
then the g.f. of the sequence (bCP(N): N eZ-p) is given by

o0

S Py o = LHADS AW _

1
= ey 1-6
Fot 21— A(x2) 2 (1-6)

where A(x) =Y, a(m) x™.

Equation (1-6) is important because it allows the calculation of the g.f. of the number of colored
dihedral compositions of N, say b”(N). When A(x) is the g.f. of the input sequence a = (a(m) :m € Z~),
then it can be proved (using Mdbius inversion) that the g.f. of the number of colored circular compositions
of N is — 220:1 (p(d)/d)log(l — A(x?)), where ¢ (d) is the Euler totient function. We omit the details
of the proof of this result, but see, for example, [Flajolet and Sedgewick 2009; Flajolet and Soria 1991].
The g.f. of the number of colored dihedral compositions is then given by

oo o0 2
> PNy N =— A log(1 — A(x%)) + d+A@);
N=1

1
24 d 4(1—A@x2) 4

(1-7)

2. Colored linear palindromic compositions

The study of linear palindromic compositions goes back all the way to the 19th century work [MacMa-
hon 1893]. These compositions have been studied by several mathematicians since then. They are
compositions (Ay, ..., Ag) of N with K parts such that Ax1_; = A; fori =1, ..., K. Hadjicostas and
Zhang [2017] called these compositions type-I palindromic compositions and denoted their number by
pPh (N, K). MacMahon [1893] proved that, for n, k € Z.o with 1 <k <n,

PLi@2n,2k) = PL1(2n, 2k — 1) = PL12n — 1,2k — 1) = (Z:})

while PX1(2n — 1, 2k) = 0. We shall not use the notation P~ in this paper.
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Using the superscript PL for colored linear palindromic compositions and the superscript L for (gen-
eral) linear compositions of N with K parts according to the input sequence a = (a(m) : m € Z~p) in
both cases, it is easy to prove (e.g., see the LPAL transform in [Bower 2010]) that:

« If N and K are even, then b*“(N, K) = b“(N /2, K /2).
o If N is odd and K is even, then b*“(N, K) = 0.

o If K =1, then b™"(N, K = 1) = a(N).

e If N iseven and K is odd > 3, then

PN, K= a(2i)bL<%—i, Kz_l).
0<i<N/2

e If N and K are both odd with K > 3, then

PPN, K= Y a(i- l)bL(

0<i<N/2

N+l K—l)
2 T2 )

Theorem 2.1. For fixed K € Z-, the g.f- of the sequence (b*“(N, K) : N € Z~) is given by

A(x?)K/2 if K is even,

PL —
By (x) = {A(X)A(xz)(Kl)/Z if K is odd.

Proof. Assume first K is even. Since b’“(N, K) =0 when N is odd, we get

B (x) = ibL<s, %) (12 = A2,
s=1

Assume K is odd. If K =1, the result is trivial because BIP(LZI(x) = A(x). If K > 3, then

oo m—1 oo m
LP _ -\ . L . K—1 2 . L . K—1 2m+1
BUY (x)—§l§- 1a(21)b <m—l, - )x’"+§o_§la(2z—1)b (m-l—l—l,T)xm
m=1 1= m=0 1=

o0

a(2i)x2i Z bL(m —1, —Kz_l) x2m=i)

i=1 m=i+1 00 00 K—1
Sy 2i—1 L . - 2(m—i)+2
—i—.Ela(Zl Dx E.b <m l+1,—2 >x .
1= m=i

M

If we let Ag(x) =Y 72, a(2i)x? and Ap(x) = Y 12, a(2i — 1)x%~1, we then get

o 00
BRP (o) = Ap(0) Y bH (¢, %) 2t Ao Yo (e+1, %) 2D
=1 —

= Ap) A T2 4 Ao () AGHED2 = A() A KD, O
Theorem 2.2. The g.f. of the sequence (b"“(N) : N € Z-.¢) is given by

Ax)+AKx?)
1 —A(x2)

B () =) Ny =
N=1
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Proof. By Proposition 1.1,

]

Z BPE(N) xN = Z(Z b (N, K)xN>
N=1 K=1 *“N=1
- Jp—— D A(x) +A@x?)
=Y AGCHPP YA AR D 1>/2=—1_A(x2) : 0

s=1 s=0

Example 2.3. Consider again the m-colored compositions from Example 1.2 with input sequence a =
(m:m € Z~op) and input g.f. A(x) =x/(1 — x)2. Using Theorems 2.1 and 2.2, we can easily prove that

K

BZL(X) = (1_)67)1( for K even,
K 2
PL X (I+x)
BK (X) = m for K Odd,
BPL(X):x(x2+3x+l) _ x(x2+3x+1)

x4 =3x241 (24 x—-DE2—x—-1)"

It follows that the number of m-colored (linear) palindromic compositions of N with K parts is given by

N /| N K _
I+(=D7 |-2J+2 ! if K is even,
oL 2 K—1
S (Y|4 K1y [N K
( S )+( A ) if K is odd.

Here, |a] and [a] denote the floor and ceiling of a € R, respectively. In addition, the total number of
m-colored (linear) palindromic compositions of N is given by

3Fy if N is even,

b (N) = o
Fy_1+ Fyy1 if N is odd.

Example 2.4. Using a combinatorial argument and using g.f.’s, Mansour and Shattuck [2014] proved
that, for N € Z..¢, the number of F,,-compositions of N equals the Pell number py, which is defined by
the recurrence

po=0, =1 and  py=2py-1+py-2 forN>2. (2-1)

Of course, using g.f.’s, the proof of this claim is very easy: we have a(m) = F,, for each m € Z-,
and as a result, A(x) = x/(1 —x — x?). It follows that the g.f. of the number b"“(N) of colored linear
compositions of N with respect to the input sequence a = (F,, : m € Z~¢) is

A(x) . X

BN (x) = = ,
O = A " 1o 2

which is the g.f. of the Pell numbers defined by (2-1).
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By Theorem 2.2, the g.f. of the number »'F(N) of colored linear palindromic compositions of N with
respect to the input sequence a = (Fy, : m € Z~) is

A(x)+A(x2)_ x(14+x—2x%2—x3—x% . 2(x+1) 2+43x +x3

BP(x) — _ = — )
x) 1—A(x?) (1—=x—x)1—-2x2—=x%) 1—x—x2 1-—2x%2—x*

It follows immediately that

2FNn12 —2pNj2+1 if N is even,

. =2FNy2— PIN/2+1) — PIN/2+1]-
2FN42 —3pwv+12 — Piv—-1)/2  if N is odd / /

bLP(N) — {

For example, the b (5) = 9 linear palindromic F,,-compositions of N =5 are

(51), (52), (53), (54), (5s), (11,31, 11), (11,32, 11), (21, 11, 21), (11, 11, 1y, 1y, 19).

Remark 2.5. Hadjicostas and Zhang [2017] considered also type-1I palindromic compositions of N
with K, denoted by PL2 (N, K), which are compositions (A, ..., Ag) of N of length K that satisfy
Ai=Agqo—ifori=2,...,K;thatis, (A1, A2, ..., Ag) = (A1, Ak, ..., A2). (For K =1, it is assumed
that (A1) = (IV) is a linear palindromic composition of both types.) Again, we shall not use the notation
P2 (N, K) in this paper (since the superscript L in this paper denotes a general linear composition, not
necessarily palindromic).

3. Colored circular palindromic compositions

Circular palindromic compositions or circular symmetrical compositions were originally studied in [Som-
merville 1909]. Hadjicostas and Zhang [2017] defined them as equivalence classes (with respect to
cyclic shifts) on the set of linear compositions of N with K parts that contain at least one palindromic
composition of type I or type II (see Remark 2.5 in this paper). Williamson [1972] called them bilaterally
symmetric cyclic compositions, while Bower [2010] called them circular palindromes.

In this paper, we use the superscript CP for colored circular palindromes (as opposed to PL used for
colored linear palindromes and L for general colored linear compositions). In order to find the g.f.s of
the sequences (bP(N, K): N € Z-p) and (bP(N) : N € Z-), we need first to express these quantities
in terms of b*(N, K) or b (N, K) (for which we know the g.f.’s from previous sections).

Using input sequence a = (a(m) : m € Z), for N, K € Z-, it is clear that

bP(N, K) =b""(N, K) when K is odd. (3-1)

When K is even and N is odd, we have (e.g., see [Bower 2010])

Zi odd, j even a(l)a(.]) if K =2,
(N, K) = i+j=N L (3-2)
> otajeven a0 (ML K 1) itk =4
Y 2 2

When N and K are both even, the situation is more complicated. Following [Bower 2010], we divide
the possible output configurations (with parts of the composition on a circle) into two kinds:

Case 1: those configurations for which the axis of symmetry passes through no parts of the composition.
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Part A

Part 1 - Part 1 Part 1 5 Part 1
Part 2 Part 2
Part 2 Part 2
Part £ — 1 Part £ — 1 K
> ‘ 2 Part 5 — 1 ; Part%—l
K K :

Part 5 Part 5 Part B

Figure 1. Case 1, left: no parts joined. Case 2, right: two parts joined.

Case 2: those configurations for which the axis of symmetry passes through two parts, which we label
Part A and Part B.

See Figure 1. Because two circular configurations of parts are equivalent if one can be obtained from
the other through cyclic rotation, it is possible for a configuration to belong to both categories.
We have the following formula for bCP(N, K) when both N and K are even:

In+J
bP(N, K):¥+PN+SN+MN-

The quantities Iy, Jy, Py, Sy, and My are defined by [Bower 2010] (see his CPAL transform):
o Iy =b“(N/2, K/2) (no parts are joined).
e Jy =a(N/2) when K =2 and
=Y a@ bL(N_zl K_ 1)

2 2
0<i<N/2

when K > 4 (the two parts joined, A and B, are identical).

Z i,j even a(i)a(j) when K =2,
° PN — ]>l,l+]=N N . . K
. . —1—
Z i,j even a(z)a(])bL<T], 5 ) when K >4
j>i,i+j<N
(the two parts joined, A and B, are even and have different values).
Y ijea al)a(j) when K =2,
o SN =1 Jiivj=N Nei—i K
Z i,j odd a(i)a(j)bL(%, 5 ) when K > 4
J>ii+j<N

(the two parts joined, A and B, are odd and have different values).

() -o(3)

1 ) _ N—2i K
520<i<N/2(a(l)2_a(l))bL( > l,3—1> when K > 4

(the two parts joined, A and B, have the same value but different colors).

.MN:
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Theorem 3.1. For fixed K € Z-, the g.f- of the sequence (b°*(N, K) : N € Z-¢) is given by

00 1420 (K/2)—1 2 2N ik
A(x?) (A(x)*+ A(x?)) ifK iseven,
By = S bR (N, K N:{z
K () szl N KV =1 Ay aad) K- if K is odd.

Proof. In view of (3-1) and Theorem 2.1, we only need to prove the theorem when K is even. Let BI? (x)
and BE (x) be the contribution to the g.f. BE (x) = > "%_; 6P (N, K) xV from the terms b°P(N, K) with
odd and even indexes N, respectively. We claim that
BR(x) = Ao(x) Ap(x) A(x*)*/>71, (3-3)
B (x) = A PTAG?) + Ae(x) + Ao (x)?], (3-4)
where Aog(x) = Y>> ja(m + 1) x*"*! and Ag(x) = Y o, a(2m) x*". From (3-3) and (3-4), we get
BR"(x) = BR(x) + Bp(x) = A AR + A)’],
and this would complete the proof of theorem.
Proof of equation (3-3): We use (3-2). For K = 2, we have
o0 o0 o0
BR,(0)=Y" Y a@s+D)a@nx*'=Y"3"a@s+1)a@r) x" x> =Ao(x) Ap(x) A

t=1s5>0,r>1 s=0 r=1
s+r=t

For K even > 4, we have
oo t—2t—1-s

B,?(x) = ZZ Z a2s +1)a2r) bL<t —r—s, g — 1) x2H

t=2 s=0 r=1
[o.CNe ¢} 00 K

- Z Z (25 + 1) a(2r) x2 x>+ Z bL<t —r—s, 5 - 1) L 20=r—5)
s=0r t=r+s+1

= (x)AE(x>A(x2>K/2—1,
which proves (3-3).
Proof of equation (3-4): We calculate the contributions of the terms Iy, Jy, Py, Sy, and My to the gen-

erating function BI% (x). For T €{1, J, P, S, M}, denote the corresponding contribution to the g.f. BE (x)
by BIT( (x). We claim that

BII{(X) = Z Izmxzm = A(XZ)K/Z’
B[‘é(x) = Z szx2m — (Za(i)xzi>A(X2)K/2_l,
m=1 i=1

(Z Z a(21)a(zj)x2(z+j))A(x )K/2 1

o
P 2
Bg (x) = Z Py x™"
i=1 j=i+1

(e8] o
B3 (x) = ZSzmx (Z > a(2i+1)a(2j+1)x2<i+f+1>)A(x2)K/2—1,
i=0 j=

m=1

B%(x) = Z Mo, x 2" = %(Z("(’)Z a(i))x2i>A(x2)K/2—l‘
m=1

i=1
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Below we prove the formulae for B [J( (x) and BIS( (x). The proofs for the rest are similar, and hence we
omit them.
For By (x), when K = 2, we have

Blj<=2(x) Z Jomx ™" Z (2;"> 2m _ <Za(i)x2i)A(x2)2/2—‘,
m= i=1

For K even > 4, we have

o] o]
I (x) = 2m _ L(2m—=2i K 2
Bi(x)=Y Jwmx™ =Y Y a@b ( —— _1)) m
m=1 m=1 “0<i<m
00 0
= 2i L _ & 2(m—i)
—Za(l)x Z b <m i3 1)
i=1 m=i+1

= ia(i)XZi ZbL<Z, § — 1))626 = (Za(i)x2i>A(x2)K/2_l,
' i=1

For By (x), when K = 2, we have

o0 o0
Bi ;)= S, =" > aQt+Da@s+ Hx™"

m=1 m=2 s>t>0
s+t=m—1
o0 o
= (Z Z as+1)a2t + l)xl(s-i-t—i-l))A(xZ)Z/Z—l.
t=0 s=t+1
For K even > 4, we have
i x . .
BR(x) =) Spux™" = Z( 3 a(i)a(j)bL<2m_%’ § _ 1))xzm
m=1 m=1 i,j odd
j>i,i+j<2m

=§: i > a(2t+1)a(2€+1)bL<m—t—€—1,§—1>x2m.

t=0 {=t+1 m=t+L+2
Therefore,

o o
BIS((x) = Z Z at+Dae+1) K20+
t=0 {=t+1 o0

x> a(2t+1)a(2£+1)bL<m—t—£—1,§_1>x2(m—t—€—l)
m=t+L0+2
o o 00 K
= 2(t4+-0+1) L(., & 2s
=3 Y a@i+Da@e+x Sopt(s. K1)
=0 £=r+1 s=1

= (Z Z aRi+1)aj+ 1)x2(i+j+l))A(x2)K/2—1‘
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In a similar way, we can prove the formulae for B II{ (x), B 11; (x), and Blj‘g (x). We then have
By (x) = 3(Bg (x) + B (x)) + Bf (x) + By (x) + B (x)
= AP Ty (x),

where
1 x x x
_ 1 2 -\ 20 . N 2(047)
Te(x) = 2(A(x )+ Y alix )+Z 3 ai)a@j) 20
i=1 i=1 j=i+1
o0 o0 1 o0
. . 20+j+1) , 1 N2 ey 20
+) > aQi+a@j+ 1) x> 4 5 > (a@)? - a(@)) x*
i=0 j=i+1 i=1
1 o0 o
= (A(xz) + Z a(i)x® + Ag(x)? — Z‘ a2m)®x*™ + Ao (x)?
i=1 m=1 o) oo
=Y a@m 41222 13 (i)’ — ali)) xZi)
m=0 i=1
1
= 5(AG?) + Ap(x) + Ao(x)?).
This finishes the proof of (3-4) and the proof of the theorem. |

Theorem 3.2. The g.f. of the sequence (bY(N) : N € Z-¢) is given by

_(1+A@?

CPrn N ,CP N 1
B (x)—Zb (N) x = 30— Ax) " 2

N=1

Proof. By Proposition 1.1,

S PNy =" (Z bP(N, K) xN>

N=1 K=1 “N=1
— % ;A(XZ)(ZS/Z)1(A(x)2+A(x2)) +§A(X)A(x2)(23+ll)/2
_AGPHAGD) +2A0) _ A+AM)® 1 -
- 2(1 — A(x2)) T 2(1-A®R%)) 2

A special case of Theorems 3.1 and 3.2 has to do with circular palindromic compositions of a positive
integer with parts belonging to a subset E of Z. (. (Several similar results for various kinds of linear com-
positions were surveyed in [Heubach and Mansour 2004].) Hadjicostas and Zhang [2017, Theorem 2.6
and Corollary 2.9] proved the following result using different methods. We give a new proof of this
result using Theorems 3.1 and 3.2 above.

Theorem 3.3. Let E C Z.¢. For each pair of positive integers N and K, let Pg (N, K) be the number
of circular palindromic compositions of N with length K whose parts belong to E. Let also Pg (N) be
the total number of circular palindromic compositions of N with parts in E. Then:
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(a) For K € Z.,

(ZmeE x'") (Z xz’")(K_l)/2 if K is odd,

> PR K)xN = mek
N=>1 1 m\> 2m 2\ 21 Ki
- §(<ZmEE * ) T <ZmeE * )) (ZmeE . ) lf 1§ even.
(b) We have
2
1+ x™
N>1 2(1 _ZmeEx m)
Proof. Define the input sequence a = (a(m) : m > 1) by
1 ifmekE,
a(m) = )
0 ifm¢geE.
Then the g.f. of sequence a is A(x) =), x™. We have
PR(N; K)=bY(N,K) and PE(N)=b(N).
The theorem then follows from Theorems 3.1 and 3.2 above. O

Example 3.4. Consider again the m-colored compositions from Example 1.2 with input sequence a =
(m:m € Z-gp) and input g.f. A(x) =x/(1 — x)2. Using Theorems 3.1 and 3.2, we can easily prove that

K1+ x5 (1 +x)?

B,%P(x) = 10k for K even,
K 2
cp X (I+x)
BK (X) = m for K Odd,
BCP( ) x4 =202 4+ x+1) x(x 43 =2x24+x+1
Xx) = =

A =3x24+ D1 —x)?  24+x—-Dx2—x—-1(1—x)?

Thus, the number of m-colored circular palindromic compositions of N with K parts is given by

(LNT-IJ+§)+((NT—W+§)+<LNT“J+%)+<WT“1+%> if K is even,

K+1 K+1 K+1 K+1
bCP(N, K) = + + + +
4]+ 55, (T4 + 55
(2 2)—1—(2 2) if K is odd.
K K

In addition, the total number of m-colored circular palindromic compositions of N is given by
PP(N)=Fyia+(—DNFy_4—2N forN >4
with bF(1) = 1, b (2) = 3 and bF(3) = 6.

Example 3.5. Consider again Example 2.4 with input sequence a = (F,, : m € Z~¢) and input g.f.
Ax)=x/(1—x —x?), which extends an example from [Mansour and Shattuck 2014]. Using Theorem 3.2,
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we can prove that the g.f. of the number b°F(N) of colored circular palindromic F,,-compositions of N
is given by

x(1=3x2+x+x°+x% 5 +2) 1 9+ 14x + 4x? 4 6x°
(1—x—x22(1=2x2—x% 1—x—-x2 (1—x—x2)2 1 —2x2 —x*4

BP(x) =

It follows that

bP(N) = =5(Fy +2Fy+1) + (N +3)Fy 41+ (N + D Fyi3) + g(N),

where
Apn/2+9pn /241 if N is even,

g(N) = { o
6pn—12+14pww41y2 if N is odd.

Here p, denotes the n-th Pell number defined by (2-1). For example, the b*F(5) = 15 circular palindromic
F,,,-compositions of N =5 are

(51), (52), (53), (34), (55), (11,41), (11,42), (11,43), (21,31), (21, 32),
(11,31, 1y), (11,32, 11), (21, 11, 21), (14, 14, 14, 21), (14, 14, 1q, 1y, 1y),

where we have listed only one representative from each equivalence class.
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