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On approximations of solutions of
the equation P(z, Inz) = 0 by algebraic numbers

Alexander Galochkin and Anastasia Godunova

The paper is devoted to studying how well solutions of an equation P(z,Inz) = 0, where P(x,y) €
Z[x, y], can be approximated with algebraic numbers. We prove a new bound with the help of a con-
struction due to K. Mahler.

The length of a polynomial is the sum of the absolute values of its coefficients. The length of an
algebraic number is the length of its canonical polynomial. Let In z be an arbitrary branch of the logarithm.
The main result of this paper is the following theorem.

Theorem 1. Suppose
P(x,y)eZ[x,y], deg, P=d, degy P=d,, did,#0,

¢eC, PE y#0, P& Ing)=0.
Then, for every ¢ > 0, the inequality

£ 6] @+ erydy ) (1)
— 0] <exp|— e —_—
¢ P 2 In L(0)
admits only finitely many solutions in algebraic 0 such that
x =degf =o(InlnL(0)), ie, x <a(L)-InlnL, Llim a(L) =0. )
—00

The length of 6 can be replaced in (1) by its height H(6), as
L) <O+ 1)H(O).

N. L. Feldman [1964] proved a theorem on approximations of the solutions of the equation P(z, %) =0
by algebraic numbers. His result was improved in [Galochkin 1972]. A result similar to (1) can be
obtained from [Nesterenko and Waldschmidt 1996, Theorem 5] but with a constant greater than 4 in the
exponent. Our proof is based on Mahler’s construction [1932a; 1932b; 1967] with a special choice of
parameters.

Lemma 2. Suppose P(x) € Z[x], 0 is an algebraic number, and P(0) # 0. Then
[P©) = L(P)! "0 L)~ e,
where L(P) and L(0) are the lengths of P and 0 respectively.
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The proof can be found, for instance, in [Feldman 1981].

Lemma 3. Let m, n be positive integers. For each k =0, n set

m—1
. B k+1 ) n+1 _ Lf e—lz
D (t) = (t —m) ,l:ol =" R(2)= 2mi Jr @ (1) a.

where T is the circle |t| =m(n + 1) +m. Then
ord,—g Ry (z) =mmn+1) +k,
|Re(@)] < (m(n+ 1) +m)e™ DT g 4 1) 704D,

Ri(2) = Pro(2) + Pra(@)e + - -+ Pen ()€™, Pyj(2) € Qlz],

n forj=0,m-—1,

; =deg Pyj = (ord,—; ® (1)) — 1 = 0.n
Ngj €g Ik;j (Or 1=j k( )) {k forj:m,k:O,n.

Set pij(z) = b"n! (m!))" "1 Py (2), where b =1em(1, 2, ..., m). Then

pij(2) € Z[z], L(pxj) <e”™n!, where y| is an absolute constant.

Proof. We have

o .
A 1 1
Ri(z) = § :— s = dr,
k@) — sl o0 ST o0 r D (1)

ars =0 for s < ng, agpn, 70, ng =m(n+ 1)+ k, which proves (4).
Inequality (5) follows from the estimate

|Dr ()] > (m(n 4+ 1)) +D

and an obvious estimate on the integral in (3).

We have
m i Nij
1 . el1=Jj)z e s
Ri(2) =) Iy, Iij= —,e”?{ dt=el* )y 275,
jg() 2mi lt—jl=1/2 D (1) g s!
where
Nij

2

1 (t—j) aij
Akjs = 5+ f dt, ak, jngj # 0, ij(Z) = Z %Zx-

i—jl=172 Pi(t) =

This proves both (6) and (7).
Since |t — j| = %, we have
| D (1)] > (m!)"Her2mm,
Thus, by (9)

aris| < (m)™""Levsmn,
kjs

3)

C)
&)
(6)

(M

®)

€))

(10)



ON APPROXIMATIONS OF SOLUTIONS OF THE EQUATION P(z,Inz) =0 BY ALGEBRAC NUMBERS

437

Let us use the substitution t — j = bu, where b =1lcm(1,2,...,m) = %™ in order to transform the

integral in (9). Then for [ # j

b
t—l:bu+j—l:(j—l)<1— “)
l—j

This substitution gives ayjs = AxjsBijs, where

m
Ags=b"" T G-D""",
1=0, [#]

- bu \ !
Bwf=f II (L_l .) w " qu,
lul=2b)~! 1=0, I#] —J
with n;; defined by (7).

The coefficients of the series

bu >—1 °°< b )
1— - = — | u"
( I—j ; [—j

are integers; hence By, € Z and b" (m!)”“Ak.,-s € Z. Taking into account (9) and (10), we get (8).
Lemma 4. There exist polynomials By (u) which, together with the corresponding form
n
Vi) =Y Bisw)(Inu)°,

s=0
enjoy the properties

Bis(u) € Z[u], k=0,n,
k<
deg By, = m fork <s,
m—1 fork>s,

A(u) = det | Bigly _gm = M — D)"Y 3 s£0,
L(Bys(u)) < e™™'n!,
Vi)| < erstiimp=me
Proof. Let us set

Vie(u) = b" () ()" Re(Inw) = Y prj(nuyul =~ B (w)(Inu)”.
j=0 s=0

Statements (11), (12), (14), and (15) follow from Lemma 3. Thus, it remains to prove (13).
First, let us assume that | — 1| < 1 and that In 1 = 0. In this case we have by (4)

Re() = """V T@),  Ti(0) #0,
whence, taking into account that In 1 = 0, we get

Vi) = (Inw)" " PO E ) = = D" DRGL ), Gi(1) £0.

O

(11)
(12)

(13)
(14)
(15)

(16)
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It follows from (12) that A(u) = 0 and that
deg A(u) =m(n+1).

Replacing the first column with the one consisting of Vy(u), Vi(u), ..., V,(u) preserves the determinant.
Hence
ord,—1 A(u) > m(n+1),
which implies (13).
Moving along a path around the origin changes In u, but it does not change By (u). Therefore, it does
not change A(u). Thus, (13) holds for every branch of the logarithm. ]

Theorem 5. Suppose
P(x,y)eZ[x,y], degxP=d1, degyP=d2, d]dz;ﬁ().

Then, for every ¢ > 0 and every r > 0, the inequality

|P(0, In0)] @t eydrar L (17)
,In0)| < exp(— e —_—
P M n L(6)
admits only finitely many solutions in algebraic 0 such that
0] <r and x =degf =o(nln L(0)) as L(O) — oo. (18)

Note that Theorem 1 follows from Theorem 5. Indeed, for all but finitely many 6 Theorem 5 provides

In® L(9) )

P@©,In6)| > —4 didy ——————
|P(6,1n )|_CXP< 4+ e)d, ZlnlnL(O)

Hence

¢
|[P(O,In0)|=|P(,In¢)— P(0,In0)| = / P'(t,Inr) dt
0

< Y6l — 01,
and we can assume that | — 0| < 1, r = |¢|+ 1. Thus, it remains to prove Theorem 5.
Proof of Theorem 5. Let us take
m= [—n], n>dp. (19)

Then by (14) and (15) we have

L(Bys () < €™t < e |V, ()| < e p—hdy'n* (20)

Let 6 be an algebraic number, x = deg6f, L = L(6). We may assume that
0#0, 0#1, PO,y #0.

This excludes finitely many values of 6. The values

n
Wi(0) = (In0)*P(0,1n0) = > Axe(0)(In0)’, k=0,v, v=n—d, 1)
s=0
of the corresponding forms at 1,1n6, ..., (In6)" are linearly independent. Moreover, we have |A;(0)| <es".

Hence we can choose d; values among Vp(9), ..., V,(0) (say, V1(0), ..., Vg (8)) which are linearly
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independent with the values from (21) and such that

Apo(@) Ao (@) --- Apn()

1 A0®) An®) - Aw®)
PO=1p0©) Bu©) - B®) | @2)

By, 0(6) Bay1(8) -+ Buyn(0)

Consider the determinant

Ago(u) Aor(m) --- Aon(u)
Awo@) Ap@) - Aw)
D =
(w) Bio(u) Bpi(w) --- Br,(u)
Bupou) Bap1(t) -~ Bayn(u)

as a polynomial of u. By (11), (12), (19), (20), and (22),

D) eZ[u]l, D@®)#0, degDu)<nd,+md, <2nd,, L(D(u))< e’ (23)
By Lemma 2,
ID(0)] > eI —von’ [ =2din o p=yoxn® p =2din p [ (@), (24)
On the other hand,
Wo@) Ao (0) --- Ap.(9)
Wo®) Aui(0) - Auw(®)
D) = :
O=1v0) Bu@®) - Bi®)
Va,(0) By, 1(0) -+ Bg, n(0)

ie.,
dy

DO) =) WiO)Mi(0)+ Y _ Vi(O)N(6),

k=0 =1
where My (6) and N;(0) are the cofactors of the first column of D(6). It follows from (20), (21), and
(23) that
IWe(®)] < e [P©B,In0)], [Vi(6)] < e n~he ",
My (6)] < e, IN/(0)] < e
Hence
ID@)] < e [P (6, In0)| + /17 p—idy'n*

Taking into account (24), we get

2 2 -12
e—ZdlnlnL < eJ/lszn |P(0,ln9)|+6y12xn —d|d2 n lnn. (25)
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_ 2+8 J InL
"= 4 )L |

2dininL ~ (442 g, L L
nL ~ — as L — oo,
n 2 )M L

Given an arbitrary ¢ > 0, let us set

Then

did;'n?Inn 4+8+£ did In” L as L — oo
%2 16)" ZInin L '

o’ — o In’> L
Y1z ~ \InInL )/’

1 .. L
Thus, for L large enough we have ern’=didy \n*lnn %e‘zd”’l“L. Combining this with (25), we get

Hence due to restrictions (18),

In? L
P, In0)| > Lemrmen-2dninl o exp( (44 e)dydy—— ),
Inln L
which implies that inequality (17) has finitely many solutions.

Theorems 5 and 1 are proved. O
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