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HOPF CYCLIC COHOMOLOGY FOR
NONCOMPACT G-MANIFOLDS WITH BOUNDARY

XIN ZHANG

We introduce a differential graded Hopf algebroid associated to a proper
Lie group action on an oriented manifold with boundary and prove that the
cyclic cohomology of this Hopf algebroid is equal to the relative de Rham co-
homology of invariant differential forms. When the action is cocompact, by
investigating the boundaryless double of an oriented manifold with bound-
ary, we prove that the cyclic cohomology of the above Hopf algebroid is of
finite dimension.

1. Introduction

Hopf algebroids were introduced by Lu [1996] to generalize the notion of Hopf
algebras. Connes and Moscovici [2001] developed a beautiful theory of cyclic
cohomology for a Hopf algebroid, and used it to study the transverse index theory.

When I' is a discrete group acting on a smooth manifold M, Kaminker and Tang
[2009] showed that the graded commutative algebra of differential forms on the
action groupoid M x I' is a differential graded Hopf algebroid with the coalgebra
and antipode structures defined by taking the dual of the groupoid structure.

In the case of a Lie group G action, Tang, Yao and Zhang [Tang et al. 2013]
considered the algebra 57 (G, M) of differential forms valued functions on G and
defined a differential graded Hopf algebroid structure on this algebra. When the
G-action is proper, they proved that the cyclic cohomology groups of this Hopf
algebroid are equal to the de Rham cohomology groups of G-invariant differential
forms. While when G is a Lie group acting properly and holomorphically on a
complex manifold M, Zhang [2018] introduced two Hopf algebroids .#(G, M; 9)
and 7 (G, Q"*(M); 3), and proved that the cyclic cohomology of each Hopf
algebroid is equal to the Dolbeault cohomology of G-invariant differential forms.

In this paper, we let G be a Lie group acting on an oriented manifold M with
boundary d M. We construct a differential graded Hopf algebroid 57 (G, SNZ’B (M); d),
where SNZIB (M) is the subalgebra of QK (M) generated by the Dirichlet k-forms and
the multiplicative identity 1. When the G-action is proper, we are able to compute
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the cyclic cohomology of this Hopf algebroid, which is equal to the relative de
Rham cohomology of G-invariant differential forms on M. When the G-action is
cocompact, we investigate the boundaryless double M of M and prove that the
relative de Rham cohomology groups of G-invariant differential forms on M are
isomorphic to the de Rham cohomology groups of some special differential forms
on M. Then using a result of Tang, Yao and Zhang [Tang et al. 2013], we can prove
that the cyclic cohomology of 7 (G, Q7,(M); d) is finite dimensional.

Theorem 1.1. Let G be a Lie group acting on an oriented manifold M with bound-
ary dM, and assume that the G-action is proper and cocompact. Then the cyclic
cohomology groups of (G, Q},(M); d) are of finite dimension.

This paper is organized as follows. In Section 2, we introduce the differen-
tial graded Hopf algebroid 7 (G, §~2’5 (M); d) and compute its cyclic cohomol-
ogy groups. In Section 3, we investigate the boundaryless double M of M and give
a proof of Theorem 1.1.

2. Hopf algebroid 27 (G, S’i”l‘)(M ); d) and its cyclic cohomology

Hopf algebroids and cyclic cohomology. First, we recall the definition of Hopf
algebroids introduced by Lu [1996]. We will only work in the category of topological
algebras here, and by tensor product ® we always mean topological tensor product.
Following [Kaminker and Tang 2009], let A and B be unital topological algebras.
A topological bialgebroid structure on A, over B, consists of the following data:

(1) A continuous algebra homomorphism « : B — A called the source map and
a continuous algebra anti-homomorphism 8 : B — A called the farget map,
satisfying

a(a)Bb) = B(b)a(a) foralla,be B.

Let A®p A be the quotient of A ® A by the right A ® A ideal generated by
Ba)®1—-1Qa(a) forall a € B.

(2) A continuous B-B bimodule map A : A - A ®p A, called the coproduct,
satisfying
(@ A(D)=1Q®p1;
() (AQpIdA=(Id®pA)A:A—> AR A®p A;
) A@PBb)®1—1Qu())=0forac A, beB;
(d) A(alag) = A(al)A(az) for ap, ap € A.
(3) A continuous B-B bimodule map € : A — B, called the counit, satisfying
(@ e()=1,
(b) kere is a left A ideal;
©) (e®@pld)A=1d®pe)A=1d: A — A.
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A topological Hopf algebroid is a topological bialgebroid A, over B, which
admits a continuous algebra anti-isomorphism S : A — A satisfying

(1) SoB=a;
2) ma(SQIDA=eS:A— A, withmy : A® A — A the multiplication on A;
(3) thereis alinear map y : A®p A — A ® A such that
(a) if 1: AQ A— A®p A is the natural projection, 1y =Id: AQp A — AQpA;
®) ma(ld® Sy yA =ae: A — A.

A topological para-Hopf algebroid is a topological bialgebroid A, over B, which
admits a continuous algebra anti-isomorphism S : A — A such that

(1) $?=1Id and S8 = «;

2) ma(SQpIld)A =BeS: A — A;

(3) S@MWa® ®p S@)? =115 S(a).

In the above formula, we have used Sweedler’s notation for the coproduct
Aa) = a Q3B a?.

In the above definition, if A and B are differential graded algebras and all of the
above maps are compatible with the differentials and of degree 0, then one would
have a differential graded (para) Hopf algebroid; see [Gorokhovsky 2002].

In this paper, we will only deal with para-Hopf algebroids. As pointed out in
[Kowalzig 2009, Section 2.6.13], any para-Hopf algebroid defined above is a Hopf
algebroid. Therefore, for simplicity, we will abbreviate “para-Hopf algebroid” to
“Hopf algebroid” in the sequel.

We now recall the cyclic module A% for (A, B, a, B, A, €, S) introduced by
Connes and Moscovici [2000].

Define

C'=B, ("=A®pA®p---QpA, n>1.

n

Then faces and degeneracy operators can be defined as follows:
So(a'®p--@pa" ) =1Qpa' ®p---@pa""";
i@ ®@p-+-®@pa" ) =a'®p---®pAd' ®p---@pd""", 1<i<n-—1;
Su(a' @p - @pa" ) =a'@p---@pa" ' @p1;
0i(a' ®p-- - Qpa")=a' Qp-- - Qpd @pe@t)@pa? Qp - - Qpat!
The cyclic operators are defined by

(@' ®p- - ®pa") = (A"'S@)N@?® - ®a"®1).
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Let

n
B,:C"— C"t = Z(—l)ifsi,

i=0
Bn:C'— C"™ Byi=B (=D,
)\,n:cn—>Cn, )\n = (_l)nrl’lv

n
N,:C"— C", N, :=Z)\f1.
i=0

According to [Kowalzig 2009, Chapter 1],

~ A A~ A~

B g B B
0 2 2 N o 1 o N
, o7 J1 o1
0 cl 1T ot LN e 1 Y
1 o1 1 o1
0 0 1 c0 N 0 1R 0 N
0 0 0 0

is a bicomplex. In this complex, the columns are periodic of order 2; for p even,
the p-th column is the Hochschild complex (C*, B); in case p is odd, the respective
column is the acyclic complex (C*, f'). The Hochschild cohomology of A is
defined to be the cohomology of (C*, ) and its cyclic cohomology is defined to be
the cohomology of the total complex of the bicomplex.

The cyclic (resp. Hochschild) cohomology of (A, B, «, 8, A, €, S) is defined to
be the cyclic (resp. Hochschild) cohomology of A°”.

Remark 2.1. If A, B are differential graded algebras, and (A, B, «, 8, A, €, S, d)
is a differential graded Hopf algebroid with the differential d, then the cyclic
cohomology of (A, B, «, B, A, €, S, d) is defined to be the cohomology of the total
complex of a tricomplex as in [Gorokhovsky 2002].

Hopf algebroid ¢ (G, ?Z"l‘) (M); d). Assume that G is a Lie group acting on an
oriented manifold M with boundary oM. Let Q’I‘) (M) be the space of Dirichlet
k-forms — those satisfying i*@w = 0 where i : IM < M is the inclusion of the
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boundary. We denote by ﬁ’l‘) (M) the subalgebra of Q*(M) generated by Q7,(M)
and the multiplicative identity 1.

Now, we define B to be the algebra Q7,(M), and A to be the algebra of B-valued
functions on G. Then both A and B are differential graded algebras with the
differential d.

For any smooth function a on M and any group element g in G, let

(g"(@)(x) :==a(x-g).
Similar to the construction of Hopf algebroid 5# (G, M) in [Tang et al. 2013], we
can define the source and target maps «, 8 : B — A as follows:

ab)(g)=>b and B(b)(g) =g"(b).

The space A®p A is isomorphic to the space of 5”2) (M)-valued functions on G x G
when we consider the projective tensor product, i.e.,

(P ®5¥)(81, 82) = P (g (81 (¥ (82)),
for any ¢, ¥ € A. Then we can define the coproduct A : A — A ®p A satisfying

A(P) (g1, &2) = P(g182),

and the counit map € : A — B satisfying €(¢) = ¢ (1) for any ¢ € A.

It is easy to check that (A, B, o, 8, A, €, d) is a differential graded topological
bialgebroid.

Define the antipode S by

S()(g) = g*(p(g™M).

We can compute that

S* () () =" (SN =g" (g7 () = (2):
(SB(b))(g) =g*(B(b) (g™ ")) =g*((g7)* () =b;
(mA(SRID)A)($) () =g*P(g~'8) =g* B (1) =g*(S(P)(1)) = (B S)($)(9):
(5@ V@pS@)?)(@P@1)(g1. 82) = (g182)* (a((g182) "V g1))
=g} (g3(a(g; ") =1®55)(g1. 82).
Hence, (A;B, a, B, A, €, S, d) is adifferential graded Hopf algebroid; we denote
it by S2(G, Q},(M); d).

Hopf cyclic cohomology of 57 (G, fl“’l‘)(M ); d). Now we compute the cyclic co-
homology of the differential graded Hopf algebroid (G, Q27,(M); d).
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Let ¢ be any SNZ*D(M )-valued function on G*". Then

gT({(gZ» ceey g}’H—l))’ i =Oa
51(§)(g1”gn+1): ;(g]»»glgl+lvagn+l)a lflfl’l,
é‘(gl:--'9gl’l)v i:n+1,

O_i(é‘)(gl’ ---7gn—1) = é‘(gl’ ey 8is lsgi+1’ "'sgnfl), OS i <n-— 1,
T () (g1 8) = (8180 C((g182- - 80) 7 810 -, 8umt)s
Bu(C)(&1s -, &n1) = 81(C(82, - - -, 8nt1))

+Z(_1)i§(gl, e 8i8itts s Gnr) F (=D (gr, L gn).

i=1

We denote by SZ’;)(M )¢ the space of G-invariant Dirichlet k-forms, and let
H/ (M, G) be the g-th cohomology group of the complex (Q%,(M)Y, d). Then the
cyclic cohomology HC*(#(G, 2},(M); d)) can be computed as follows:

Proposition 2.2. Let G be a Lie group acting on an oriented manifold M with
boundary oM. If the G-action is proper, then

HCH#(G, Q5 (M): d)) = @D HE P (M, G) for k odd;
r=0

HC*(#(G, Qp(M): d)) =D HE P (M, G) ® R for k even.
p=0
Proof. Let dg := dm(g) be a fixed left invariant Haar measure on G. Since the
G-action is proper, according to [Bourbaki 2004], there exists a smooth, nonnegative
function c(x) on M whose support intersects every orbit of the action in a compact
subset, satisfying

/ Ax-g)dg=1.
G

According to [Crainic 2003, Section 2.1, Proposition 1], let ¢ be any fZ”b(M )-
valued function on G** with k > 1, which induces an Q7,(M)-valued function h(Z)
on G**=1 satisfying

h(C)(gl,---,gk_l)(x)=/Gg*(§(g_1,g1,---,gk_1))(X)-cz(x-g)dg-

Then one can easily get
hopPBr+ Br_10oh=1d.

Now, according to the theory of homological algebra (see [Rotman 1979]), the
Hopf cyclic cohomology of /7 (G, 7,(M); d) is isomorphic to the cohomology of
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the total complex of the following bicomplex:

A~ ~ A~ A~

d d

0— XM — 00— QLM — 00— -

d d

0— QM — 00— QAMm’ — 00— -

d d

0 — QM BR — 0 — QM DR — 0 — -

A~ ~ A A~

0 0 0 0
Then we can easily get
HCH(#(G, Q5 (M); d)) =D HE P (M, G) for k odd;
p=0
HC*(#(G, Q@ (M): d)) = @D HE P (M, G) R for k even. O
p=0

3. The boundaryless double M and a proof of Theorem 1.1

Throughout this section, let G be a locally compact Lie group acting on the left
of an n-dimensional oriented manifold M with boundary d M. Assume that the
G-action is proper and cocompact.

The boundaryless double M. First, we need to comment a little on the geometric
structure near the boundary d M.

If N is a compact oriented manifold with boundary d N, a basic result called the
collar neighborhood theorem states that the boundary d N has an open neighbor-
hood which is diffeomorphic to the product dN x [0, 1); see [Wloka et al. 1995,
Section 5.12].

In our noncompact settings, similar to [Wloka et al. 1995], there exists a smooth
vector field V on M such that V (p) is inward for any p € d M. Since the G-action
is proper, we can assume that V is G-invariant; see [Mathai and Zhang 2010,
Section 2]. This vector field has a local 1-parameter group of integral curves, and
the integral curves with initial conditions on the boundary define a smooth map from
a G-invariant neighborhood of dM x {0} in dM x R4 to M. Since the derivative
map over each point of 9 M x {0} is an isomorphism, then the integral flow is locally
a diffeomorphism at boundary points. Finally, since the G-action is cocompact, we
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can choose a small € such that the restriction of the integral flow to dM x [0, ¢) is
a diffeomorphism.
Then we have the following property:

Proposition 3.1. There exists a smooth diffeomorphism
T:0M x[0,1) > W,

where W is a G-invariant neighborhood of 0 M in M. Moreover, the diffeomorphism
Y should be G-equivariant.

Let the two copies of M be denoted M x {1} and M x {—1}. The boundaryless
double M of M can be constructed from the set (M x {1})U(M x {—1}) by identifying

(x, )= (x,—1) forall x € M.

Then, M is naturally an n-dimensional C°-manifold without boundary; see [Schwarz
1995, Chapter 1]. We use the notation [(x, £=1)] for the points of M.

Letm:(Mx{1)H)UM x{—1}) —> M be the canonical map (x, £1) — [(x, £1)],
and j+ : M — M be the inclusions x [(x, £1)]. Then the G-equivariant
diffeomorphism Y in Proposition 3.1 induces a map YoM x (-1,1) —> W
defined by

JroY(x,t) if (x,1) €M x [0, 1),

Y (x, 1) ={ .
J—oY(x,—t) if(x,t) e oM x (—1,0],

where W = n((W x {1}H U (W x {—1})) is an open set in M.
Similar to the construction in [Wloka et al. 1995, Theorem 5.77], we can easily
define a C° structure on M.

PropOSItlon 3.2, There is a unique C™ structure on M such that both inclusions
Jt M — M are C®, and such that YoM x (-1,1) — Wisa diffeomorphism.

Equip M x {1} with the same orientation as M, and M x {—1} with the opposite
orientation. Then M is oriented. We define the reflection

y: M- M,
[(x, £D] = [(x, FD].

Then y is a smooth map which exchange the orientation of M.
The G-action on M naturally induces a G-action on M defined by

g-[(x,£D]:=[(g-x,£1)] forallge G, [(x,£])]e M.

One can easily prove that this G-action is smooth, proper and cocompact and that
the diffeomorphism T is G-equivariant.
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Let SZ"(M )¢ denote the space of G-invariant k-forms on M, and define
QX (M)% = (w € QD |y o = —w).
We denote by H? (M, G) the q-th cohomology group of the complex (Q‘(M )5, d).

An lsomorphtsm between H! (M, G) and H? (M G) The G-equivariant inclu-
sion J4 : M — M induces an injection JEo(Qr (M)C, d)— (2*(M)C, d). We define

Q' (M) = (| ne (%) c @ (M)°.

Now let w € QK(M)C, 7 € Qk(ﬂ)a, and let x = (xy, ..., x,_1) be any local
coordinates on d M.

According to Proposition 3.1, (x, ) are local coordinates on M with ¢ € [0, 1).
In terms of local coordinates (x, t), we can write

G-1) o= o dy+ Y o 1dtadx; fortel0,1),
tl=k 1=k—1
where for each multiindex I = {iy, ..., ix},
dxp =dx,'1 VAN /\dxl-k.

Here, if #I =n, we mean that w; (x, t) =0, while if 1] =—1, we mean wy (x, t)=0.
Then w € Q’I‘)(M)G if and only if w;(x,0) = 0 for all “] = k and for any local
coordinates x on 0 M.

According to Proposition 3.2, (x, t) are local coordinates on M with t € (—1,1).
In terms of local coordinates, we can write

Ate,0)=Y f/x.t)dx;+ Y diyj(x,0)dt ndx; forte (=1, 1).
f=k fJ=k—1
Then
(3-2) (yim(x, 1) = Z nr(x, t)dx;+ Z nyx,t)dt ndxy fortel0,]1).
fI=k SI=k—1
Since y*1n = —7, it follows that
(B-3) mx,—)=—n(x,1) and 7y, —1)=1ny(x,1) forte(=11).
Then N
Ar(x,00=0= ;57 e Q5% = @ (m)° c @k (m)°.
Using (3-1)—(3-3), one can easily prove that w € QF(M )5 if and only if

i) the Taylor series of w;(x, t) about ¢ at t = 0 includes only odd powers for all
1 =k and for any local coordinates x on dM;

ii) the Taylor series of wy (x, t) about ¢ at t = 0 includes only even powers for all
®J =k — 1 and for any local coordinates x on M.
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Since Q*(M)C ¢ Q35,(M)S, the injection j* : (Q (MG, d) — (Q3,(M)C, d)
induces an homomorphism ;7 : HY(M, G) — H! (M, G). More precisely, we have
the following result:

Proposition 3.3. The homomorphism i : HY (A71 , 5) — HI(M, G) is actually an
isomorphism for any integer g > 0.
Proof. Let
Qk (M, G, G) == @5 (M) )k (M)C.
We denote Ehe g-th cohomology group of the complex (2%,(M, G, G), d) by
H!(M, G, G). Since the short exact sequence
0— (%, d) > (2, (M), d) > (23,(M., G, G),d) > 0
induces a long exact sequence
o> HY(M,G)— HI(M,G) — HY(M,G,G) — H"™"'(M,G) — - - -,

we only need to prove that H!(M, G, 5) =0forallg >0,1i.e., forany a € Q% (M)C
with da € Q4TI (M )kae need to construct a smooth section 8 € Q‘f;l (M) such
that df —a € Q4 (M)C.

Let x = (x1,...,x,—-1) be any local coordinates on M. In terms of local
coordinates (x, t) on M, we can write

G-4) alx, )= a(x.0dx;+ Y ay(x,0)dtndx; forte[0, 1),
t=¢ tJ=g—1
where a;(x, 0) =0 for all */ = ¢. Let
R t
(3-5) Ba.n=Y (/ on(x,s)ds>de for 7 € [0, 1).
ty=g—1 *°

One can easily see that the above construction is independent of the choice of local
coordinates x on d M, so Eis a G-invariant (g—1)-form on W.

Let p be a smooth function on [0, 1) such that p [j9,1/3)= 1 while p [;2/3,1)=0.
Then p induces a G-invariant smooth function p on dM x [0, 1) satisfying

o(x,t)=p@) for (x,t)€dM x [0, 1).
Define

AN (p))-B(p) ifpeW,

(3-6) ﬁ(p):{ 0 if pe M\ W.

Then 8 is a G-invariant (g —1)-form on M.
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According to (3-5) and (3-6), in terms of local coordinates (x, t), we have
1
3-7) Bx,n= (/ o (x, s)ds)dx, for ¢ € [0, 1).
1J=g—1 0

Then
B(x,0)=0= B el (M)°.

Combining (3-4) and (3-7), we get

(dB —a)(x,1)
t
a ’
:“:qz_li(_/o %’i”ds)dxi/\dxj—:lzzqm(x,t)dxl fOI‘l‘E[O,%).

Observe that the expression on the right-hand side contains no terms with a factor dt,
so letting 6 = dB — «, we can write

O(x,0)=Y_ 0;(x,1)dx; forte[0,}).
f1=q

Then

007 (x, 1) 00 (x, 1) 1

do(x, 1) =_Z‘ i A X+ Y~ —drndxy forre0,3).
Fl=q,i t=q
Since da € QI+ (M), we have df = d(df — a) = —da € QI+ (M)C.
According to the discussion preceding Proposition 3.3, we get that the Taylor

series of 96;(x, t)/dt about ¢ at = 0 includes only even powers for all *I = q.
Since & € Q% (M)“ and B € Q'Il)_l(M)G, we have 0 € Q% (M)C, then

0;(x,00=0 forall ] =gq.

Hence, the Taylor series of 6;(x, ¢) about 7 at # = 0 include only odd powers for all
I = g, which implies that § € Q7 (M)°. O

A proof of Theorem 1.1. Now we give a proof of Theorem 1.1. According to
Propositions 2.2 and 3.3, we only need to prove that the cohomology groups
H '(1\7 , 5) are of finite dimension.

Following [Tang et al. 2013], since G acts on M properly, we can assume
that M is endowed with a G-invariant metric g™ which is also invariant under
the reflection y. Then Q* (M) carry the natural inner product such that for any
o, B e Q* (M) with compact supports,

(3-8) (@ B) = f o A xB,
M

where x is the usual de Rham Hodge operator.
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Since the G-action is cocompact, there exists a compact subset ¥ of M such
that G(Y) = Ugecg Y = M; see [Phillips 1989, Lemma 2.3]. Let U, U’ be
two open subsets of M such that they are both invariant under the reflection y and
that the closures U and U’ are both compact in M, and that

YcUcUcCU cU.

Let f : M — [0, 1] be a smooth function such that flu =1, supp(f)C U’ and
that f is invariant under y. Let

[N :={fs|seQ ),
Then one can define the operators
dy: [ — FQH ()Y,
far fda,
and d} : fQI (M) — FQH(M)Y satistying
dy(fa), fB) = (fa,d;(fB)),

for any fo € fQK(M)C and fB € FQ*T1(M)C; see [Tang et al. 2013, Section 3].
Let
Ay =dpd} +d}dy,

and let 7% (M )G denote the kernel of the operator A y. Then Tang, Yao and Zhang
[Tang et al 2013] proved that A ; has essentially the same properties as the standard
Laplace—Beltrami operator on a compact manifold:

Proposition 3.4. For any integer k >0, dim ’H'} (M)® < o0, and thus the orthogonal
projection N N
Hy: fQEM)S — 15 (M)

is well-defined, and there exists a unique operator, the Green operator &,
& fRHINT — ot n°,
with &(HY.(M)9) =0,djo® =G ody, ds0® =G od} and
Id= Hf + Af o®

on fQF (1\7 Y. Furthermore, ® commutes with any linear operator that commutes
with A f-

Remark 3.5. Since the metric g7 and the cut-off function f are both invariant
under the reflection y, according to the definitions of ds and d%, one can easily
prove that

y*odf=dsoy* and y*od}i =d;§ oy*.

on f Q'(M )©. Then according to Proposition 3.4, both & and H + commute with y*.
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Now define N
(M = {fo e Hy (M) ly* (fo) = —fo).
Then dim #% (A7I )5 < 00. Moreover, we have the following result:
Proposition 3.6. For any integer k > 0, the orthogonal projection Hy induces an
isomorphism N
H:H"(M,G)— H()°.
Proof. Define
fUN? = {fo|we () C f(N)°.
Suppose o € Qk(ﬂ)é with do = 0. Then fu € ka(M)é satisfies
di(fa)= fda =0.
According to Proposition 3.4 and Remark 3.5, we have
fa= dfd}"p@(fa) —I—d}'idf@(fa) +Hi(fa),
where dfd;iQS(fa), d;idfﬁ(foz) and H(fo) are elements in ka(M’)G and mu-
tually orthogonal to each other with respect to the inner product (3-8). Since
(fa.djdp&(fa)) = (df(fa), d&(fa)) =0,
we have
(3-9) foz:dfd;-@(fa)—i—Hf(fa).
Letting [a] denote the cohomology class in H* (M, G) determined by o, we define
H([a]) tobe Hy(fa).
If o = dB with B € Q¥ (M)C, we have
de(fB) = fdp = fa.
Then
(fa, Hy(fo)) = (dp(fB), Hp(fe)) = (fB, d}(Hf(fa))) =0.
According to (3-9), we get
H(ler)) = Hy(fa) =0.
This means that H is a well-defined map from H k (1\7 , (N}) to H’} (1\71 )C.
When H([a]) = Hy(fa) =0, according to (3-9), we have fa = dfd}ﬁ(fa).
Write d;‘i@(foz) = fB. Then
fBefRTIANC and  fa=d(fB).
Hence, « = df. This implies that H is injective.
For any fB € 7—[’} (M), since
dg(fp) = fdp =0,
we have dB = 0, which implies that 8 is a smooth closed form in Q* (1\7 )¢ with
H([B]) = Hy(fB) = fB. Then H is onto. [l
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Theorem 1.1 is a corollary of Propositions 2.2, 3.3, 3.4, and 3.6.
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