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We construct a tensor product on Freyd’s universal abelian category Ab(C)

attached to an additive tensor category or a ⊗-quiver and establish a univer-
sal property. This is used to give an alternative construction for the tensor
product on Nori motives.
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Introduction

In the late 1990s, Nori made a spectacular proposal for an unconditional definition
of an abelian category of motives and a motivic Galois group over a field of
characteristic zero. It has two main inputs:

(1) The existence of a universal abelian category attached to a fixed representation
of a quiver.

(2) His basic lemma (known earlier to Beilinson and Vilonen) which shows the
existence of an algebraically defined “skeletal filtration” on an affine algebraic
variety.

The first part is enough to give the definition of the category. The second is needed
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in order to establish the tensor structure. In a third step, we pass from effective
motives to all motives and check rigidity.

The motivic Galois group is its Tannaka dual. However, all steps are intrinsically
linked together. The proof of the existence of the abelian category is done by
constructing a suitable coalgebra. The tensor product is defined by turning this
coalgebra into a bialgebra. After localisation, it is shown to be even a Hopf algebra —
the Hopf algebra of the motivic Galois group. Indeed, the proof given in full detail in
[Huber and Müller-Stach 2017] gives as a byproduct a full proof of Tannaka duality.

Meanwhile there have been a couple of alternative approaches to the first step of
the above program; see [Barbieri-Viale et al. 2018; Barbieri-Viale 2017; Barbieri-
Viale and Prest 2018; Ivorra 2017]. They are more general and arguably simpler.
However, these references did not address tensor products.

In this paper we explain how the approach of [Barbieri-Viale and Prest 2018]
can be used to handle tensor categories and tensor functors. We show that if (C,⊗)
is an additive tensor category then Freyd’s universal abelian category Ab(C) carries
an induced right-exact tensor structure which is also universal in a certain sense
(the exact statement is Proposition 1.10).

Given a module M on C (i.e., an additive functor into an abelian tensor category),
this induces, under additional technical assumptions, a tensor structure on the
universal abelian category A(M) for the module M. This is again universal; see
Proposition 1.13. The results can also be reformulated in terms of representations
of quivers (see Section 2, in particular Theorem 2.10) bringing it even closer to
the shape of Nori’s original results. Our results are a lot more general in allowing
modules with values in quite general abelian categories. We get back Nori’s case
as the case of the representation of a quiver in the category of modules over a
Dedekind domain or even a noetherian ring of homological dimension at most 2.

We also show how to apply our results to Nori motives. This can be done by using
his original quiver of good pairs. Alternatively, we start with the more canonical ten-
sor category of geometric motives in the sense of Voevodsky. However, the functor
H 0

B used in the definition of Nori motives is not a tensor functor, in contrast with the
graded functor H∗B . It remains to check that the Künneth components are motivic.
This step of the construction relies on Nori’s basic lemma. We give an abstract crite-
rion in Section 3. It is applied to Nori motives in Section 4: we obtain a Tannakian
category and define the motivic Galois group as its Tannaka dual. We find this more
natural than defining the category as representations of the motivic Galois group.

We feel that the nature of the argument and the role of the basic lemma become
a lot clearer in this new description. However, its main advantage is the great
generality in choosing the target category A. For example, we can easily define
Nori motives over a base by using the Betti-realisation of triangulated motives into
constructible sheaves. In the follow-up [Barbieri-Viale and Prest 2020], we take a
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more axiomatic approach, using many-sorted languages such that (co)homology
theories are models of certain regular theories in that language. All this applies to
several different geometric situations.

Notation. By a tensor category (C,⊗) we mean a category C provided with a
functor ⊗ : C × C → C satisfying an associativity constraint and with 1 a unit
object; in addition, also a commutativity constraint can be required, e.g., see
[Deligne and Milne 1982, §1]. This is often called a nonstrict tensor category.
By an additive (resp. abelian) tensor category we mean a tensor category (C,⊗)
such that C is additive (resp. abelian) and ⊗ is a biadditive functor; see [Deligne
and Milne 1982, Definition 1.15]. Tensor functors are not assumed strict. Tensor
functors between additive tensor categories are assumed to be additive. We denote
by Q-vsp. the tensor category of Q-vector spaces.

If A is an abelian category, we denote by grA the associated category of Z-graded
objects. If, in addition, (A,⊗) carries a tensor structure, we equip (grA,⊗)with the
induced tensor structure. If the tensor product is commutative, we choose the com-
mutativity constraint on grA such that the product becomes graded anticommutative.

For an additive category C we shall consider the additive functors from C to the
category Ab of abelian groups as (left) C-modules. We shall denote by C-mod the
category of finitely presented C-modules; see, e.g., [Prest 2011, Chapters 2 and 3].

1. Universal abelian tensor categories

Let C be an additive category. We denote by Ab(C) the universal abelian category
on C ; see [Freyd 1966; Prest 2011, Chapter 4]. We may refer to it as Freyd’s abelian
category. It comes with a canonical fully faithful functor C ↪→ Ab(C). Recall that
this functor is universal with respect to additive functors into abelian categories,
e.g., see [Barbieri-Viale and Prest 2018, Theorem 1.1].

Thus, for M : C → A an additive functor into some abelian category A, we
obtain an induced exact functor M̃ : Ab(C)→A, unique to natural equivalence.

We denote by A(M) the quotient of Ab(C) by the Serre subcategory which is the
kernel of M̃ ; we also denote by M̃ :A(M)→A the induced faithful exact functor:

C //

M

��

Ab(C)

M̃

��

��

A(M)

M̃||

A
We shall refer to A(M) as the universal abelian category defined by M , according

with [Barbieri-Viale and Prest 2018, §1.1]. In fact, this abelian category A(M) is
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universal for (i.e., initial among) all abelian categories together with a faithful exact
functor into A which extends M. Note that, in the case where A is the category
of finitely generated modules over a commutative noetherian ring R, this recovers
Nori’s abelian category (see [Huber and Müller-Stach 2017, Chapter 7] and compare
with [Barbieri-Viale and Prest 2018, §1.2]). For later use, we introduce:

Definition 1.1. Let C be additive and let C→ Ab(C) be Freyd’s abelian category.
We denote by Ab(C)[ the smallest full subcategory containing the objects in the
image of C and closed under kernels.

Remark 1.2. The universal abelian category Ab(C) can be constructed explicitly
as the category (C-mod)-mod (see, e.g., [Prest 2011, 4.3]). In this construction,
Ab(C)[ is, because C-mod has cokernels and every object of C-mod is the cokernel
of a morphism between representables, precisely the image of C-mod under the
(contravariant) Yoneda embedding into Ab(C). All objects of Ab(C)[ are repre-
sentable functors, and hence, by the Yoneda lemma, projective. The above definition
is independent of this description.

Let (C,⊗) be an additive tensor category; see [Deligne and Milne 1982, §1]. Con-
sider an (additive) tensor functor M : (C,⊗)→ (A,⊗) where (A,⊗) is an abelian
tensor category. We want to equip the above universal abelian category A(M) with
a natural tensor structure (A(M),⊗) such that M̃ : (A(M),⊗)→ (A,⊗) is turned
into a tensor functor. We proceed in several steps.

Multilinear functors. By definition, Ab(C) has a universal property with respect to
additive functors. In fact, this extends to biadditive and even multiadditive functors,
even though we lose some properties.

We first recall a well-known property of injective resolutions.

Lemma 1.3. Let A be an abelian category, f : X→ Y a morphism in A. Assume

0→ X→ I0→ I1 and 0→ Y → J0→ J1

are exact and that all Ik , Jk are injective. Then there are lifts f0 : I0 → J0,
f1 : I1→ J1 making the diagram

0 // X //

f
��

I0 //

f0
��

d
// I1

f1
��

0 // Y // J0 // J1

commute. Moreover, if (g0, g1) is a second lift, then there is h : I1→ J0 such that

f0− g0 = h ◦ d.

Proof. Our complexes are the starting bits of injective resolutions and h is the
beginning of a chain homotopy. The assertion is usually proved as the first step
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of the proof of existence of a lift of f to an injective resolution and that the lift is
unique up to chain homotopy; see for example [Mac Lane 1963, Theorem 6.1]. �

As usual, we also have the dual statement for left resolutions by projectives.

Proposition 1.4. Let C1, . . . ,Cn be additive categories and let A be an abelian
category.

(1) Let F : C1 × · · · × Cn → A be a multilinear functor, i.e., additive in each
argument. Then F extends to a multilinear functor

F̃ : Ab(C1)×Ab(C2)× · · ·×Ab(Cn)→A

which is right-exact in each argument. Fix j and for i 6= j choose X i ∈Ab(Ci )
[

(see Definition 1.1). Then F̃(X1, . . . ,−, . . . , Xn) is exact as a functor on
Ab(C j ).

(2) The functor F is uniquely determined up to unique isomorphism of functors by
these properties.

(3) Let α : F1→ F2 be a transformation of multilinear functors C1×· · ·×Cn→A
and F̃1 and F̃2 their extensions to Ab(C1)× · · · ×Ab(Cn). Then there is a
transformation of functors α̃ : F̃1→ F̃2 extending α. It is unique.

Proof. Recall that Ab(Ci )= (Ci -mod)-mod and that the universal functor factors

Ci → (Ci -mod)op
→ (Ci -mod)-mod

where both steps are given by the Yoneda embedding. As pointed out in Remark 1.2
the subcategory Ab(Ci )

[ agrees with the image of (Ci -mod)op.
All statements are shown in two steps. In the first we extend to a functor

F ′ : (C1-mod)op
× (C2-mod)op

× · · ·× (Cn-mod)op
→A

which will be multilinear and left-exact in each argument. In the second step, which
is actually dual to the first, we extend F ′ to F̃ .

We first show uniqueness. This will make clear why the formula that we use
in the construction is correct. Let E be any extension of F to Ab(Ci ) with the
exactness property of (1). Let X i ∈ (Ci -mod)op. We argue by descending induction
on the number of X i which are in the image of Ci , i.e., of the form (Ai ,−)

op. If
they all are, then E(X1, . . . , Xn)= F(Ai , . . . , An) by assumption. Assume that E
is uniquely determined if at least m of the X i are corepresentable. After reordering
we have to consider the tuple (X1, . . . , Xn) with X i = (Ai ,−)

op for i < m. By
definition, there is an injective corepresentation

0→ Xm→ (Am,−)
op
→ (Bm,−)

op.
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By (1), the functor E(X1, . . . , Xm−1,−, Xm+1, . . . , Xn) is exact. Hence we have
an exact sequence

0→ E(X1, . . . , Xn)→ E(X1, . . . , Xm−1, (Am,−)
op, Xm+1, . . . , Xn)

→ E(X1, . . . , Xm−1, (Bm,−)
op, Xm+1, . . . , Xn).

By induction the two terms on the right are uniquely determined up to unique iso-
morphism. As a kernel, E(X1, . . . , Xn) is again uniquely determined up to unique
isomorphism. By induction, this shows uniqueness if all arguments are in Ci -mod.

The dual argument for a right-exact E and representations gives uniqueness for
arguments in Ab(Ci ).

We turn to the construction of F ′. Let X i ∈ (Ci -mod)op. By definition, these
objects have an injective copresentation

0→ X i → (Ai ,−)
op
→ (Bi ,−)

op.

We choose such a presentation for each object X i ∈ (Ci -mod)op. The uniqueness
proof suggests F ′(X1, . . . , Xn) ⊂ F(A1, . . . , An) as an iteration of kernels. The
same object is given by the formula

F ′(X1, . . . , Xn):=Ker
(

F(A1, . . . , An)→

n⊕
m=1

F(A1, . . . , Am−1, Bm, Am+1, . . . , An)
)
.

In other words, applying F to the n-tuple of complexes (Ai ,−)
op
→ (Bi ,−)

op we
obtain an n-fold complex. The above is H 0 of its total complex.

Let 1 ≤ i ≤ n. For a morphism X i → Yi in (Ci -mod)op we choose a lift to the
copresentations as in Lemma 1.3. This induces a morphism F ′(X1, . . . , Xn)→

F ′(X1, . . . , Yi , . . . , Xn). It is independent of the lift because any two such mor-
phisms differ by h as in Lemma 1.3. This makes F ′ a functor in each variable.

The dual argument via projective presentations gives a right-exact extension to
Ab(Ci ).

A diagram chase shows that the functor F̃ has the exactness property claimed
in (1) because F ′ is left-exact, F̃ right-exact and every object Y of Ab(Ci ) has a
projective resolution of the form

0← Y ← P0
← P1

← P2
← 0

with P i
∈ (Ci -mod)op.

Now let α : F1→ F2 be a transformation of functors. Going through the above
construction, we get induced α′ : F ′1→ F ′2 and then α̃ : F̃1→ F̃2. The uniqueness
argument for the functors also gives the uniqueness of the transformation. �

Remark 1.5. Unexpectedly the extension F̃ fails to be exact in each argument. For
a counterexample, see Example 1.12 below.
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Remark 1.6. In a general enriched-category setting, lifting monoidal structure to
functor categories can be found in [Bunge 1969] and [Day 1970].

This applies in particular to additive tensor categories.

Definition 1.7. Let (C,⊗) be an additive tensor category. We extend the functor
⊗ : C ×C→ C defining

⊗ : Ab(C)×Ab(C)→ Ab(C)

as the extension of C ×C→ C ↪→ Ab(C) of Proposition 1.4.

Proposition 1.8. Let (Ab(C),⊗) be Freyd’s category together with the functor in
Definition 1.7. Then:

(1) (Ab(C),⊗) is an abelian tensor category.

(2) The tensor product is right-exact by construction. The objects in Ab(C)[ are
flat, i.e., acyclic with respect to ⊗.

(3) If the tensor structure on C is commutative then so is the tensor structure
on Ab(C).

Proof. Right-exactness and acyclicity are special cases of Proposition 1.4. Let 1
be the unit object of C . By definition it comes with a transformation of functors
u : 1⊗−→ id on C . Let [1] be its image in Ab(C). In explicit formulas this means
[1] = ((1,−),−). Then [1] with the induced transformation is the unit of Ab(C).
The equivalences used to express the associativity constraint on C3 (see [Deligne
and Milne 1982, §1]) induce equivalences on Ab(C)3. In detail: Let

F1 : C3 ⊗◦(id,⊗)
−−−−→ C and F2 : C3 ⊗◦(⊗,id)

−−−−→ C.

The associativity constraint is a functorial isomorphism α : F1→ F2. By abuse
of notation we use the same notation for their composition with the inclusion
C→ Ab(C). Note that α is still a functorial isomorphism. The functor Ab(C)3→
Ab(C) given by (X, Y, Z) 7→ X ⊗ (Y ⊗ Z) is right-exact in each argument and
exact as a functor in one variable if the other entries are flat. By the uniqueness
property of Proposition 1.4 it agrees with F̃1. The same argument also applies to
F2. Again by Proposition 1.4, the transformation extends to a transformation α̃.
This is our associativity constraint. We need to check that a certain diagram of
functors on Ab(C)4 involving ⊗ and α̃ commutes. This holds by the uniqueness
part of Proposition 1.4 applied to functors C4

→ C .
We argue similarly for the commutativity constraint if there is one on C . �

Definition 1.9. For an abelian tensor category, with a right-exact tensor product, a
[-subcategory is a full additive subcategory of flat objects (i.e., acyclic with respect
to the tensor product) which is closed under kernels. If (A,⊗) is such an abelian
tensor category we shall denote by A[ ⊆A some [-subcategory.
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As a consequence of Proposition 1.8 we have that Ab(C)[ ⊂ Ab(C) as in
Definition 1.1 is a [-subcategory.

Proposition 1.10 (universal property). Let C be an additive tensor category. Let
A be an abelian tensor category with a right-exact tensor product. Let M :
(C,⊗) → (A,⊗) be a tensor functor. In addition, assume that M factors via
A[ ⊆A a [-subcategory (see Definition 1.9). Then M̃ : (Ab(C),⊗)→ (A,⊗) is a
tensor functor. The triple (Ab(C),Ab(C)[,⊗) is universal with this property, and
in particular unique.

Proof. Let M : (C,⊗)→ (A,⊗) be a tensor functor. We have to compare

Ab(C)×Ab(C)→ Ab(C)→A

and
Ab(C)×Ab(C)→A×A→A.

Both are right-exact in each argument (this is where right-exactness of the tensor
product on A is used) and agree on C ×C .

As in the proof of Proposition 1.4, we extend M in two steps: first to (C-mod)op,
then to Ab(C)= (C-mod)-mod. The second step is unproblematic as it only uses
the right-exactness. In the first step, we need to check the action on (certain) kernels.
Let X1, X2 ∈ (C-mod)op with resolutions

0→ X i → (Ai ,−)
op
→ (Bi ,−)

op.

By definition
0→ M ′(X i )→ M(Ai )→ M(Bi )

is exact. By assumption M(Ai ),M(Bi ) and hence also M ′(X i ) are in A[. In
particular, consider the diagram

0

��

0

��

0

��

0 // M ′(X1)⊗M ′(X2) //

��

M ′(X1)⊗M(A2) //

��

M ′(X1)⊗M(B2)

��

0 // M(A1)⊗M ′(X2) //

��

M(A1)⊗M(A2) //

��

M(A1)⊗M(B2)

��

0 // M(B1)⊗M ′(X2) // M(B1)⊗M(A2) // M(B1)⊗M(B2)

All rows and columns are exact because they arise by tensoring an exact sequence
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with a flat object. This implies

M ′(X1)⊗M ′(X2)

=Ker
(
M(A1)⊗M(A2)→ (M(A1)⊗M(B2))⊕(M(B1)⊗M(A2))

)
=M ′(X1⊗X2).

The triple (Ab(C),Ab(C)[,⊗) itself satisfies the assumptions of the universal
property; hence it is universal and as such unique. �

Remark 1.11. There are a number of interesting cases where the assumptions of
Proposition 1.10 and Definition 1.9 are satisfied. However, they are not as general
as one could hope for.

(1) If ⊗ is exact on A, then A[ =A clearly satisfies the assumptions.

(2) If C1→C2 is a ⊗-functor between additive tensor categories, by composition,
we may consider M : C1→A[ = Ab(C2)

[
⊂A= Ab(C2) which satisfies the

assumptions; then, by the universal property, we get an exact tensor functor
M̃ : Ab(C1)→ Ab(C2).

(3) The assumptions are satisfied if A= R-mod for a Dedekind domain R where
A[ is the [-subcategory of projective finitely generated R-modules, i.e., torsion
free finitely generated modules, and M : C → A[ is any tensor functor. In
particular this is true for R = Z.

(4) They are not satisfied for A= R-mod for a general noetherian commutative
ring R and the subcategory of projective finitely generated R-modules, which
is not a [-subcategory if the global dimension of R is > 2. See Example 1.12.

Example 1.12. Let C be the category with objects (Z/4)n for n≥ 0 and morphisms
given by homomorphisms of abelian groups.

Let A= Z/4-mod. In this case is possible to compute all objects explicitly. The
functor M 7→ M∨ = Hom(M,Z/4) is an antiequivalence of C with itself. We
have C-mod ∼= Z/4-mod with C→ Z/4-mod given by M 7→ M∨. Hence Ab(C)
is the category of finitely presented presheaves on Z/4-mod. Objects are uniquely
determined by the values of these presheaves on the groups Z/4 and Z/2. Direct
computation will show:

(1) ⊗ is not biexact on Ab(C).

(2) The tensor functor Ab(C)→ A induced by the inclusion functor C→ A is
not a tensor functor.

By Auslander–Reiten theory (see, e.g., [Assem et al. 2006, §IV.6, p. 149]) the simple
objects of the category Ab(C) have the form (X,−)/rad(X,−) for X an indecom-
posable Z/4-module. So there are two simple objects, S and T say, and these are
such that S(Z/4)= Z/2, S(Z/2)= 0 and T (Z/4)= 0, T (Z/2)= Z/2. Noting the
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exact sequence 0→ Z/2 j
−→ Z/4 p

−→ Z/2→ 0 and considering the maps (p,−)
and ( j,−) in Ab(C), it can be easily checked that rad(Z/4,−) = (Z/2,−) and
that (Z/2,−) has length 2, with socle S. The remaining indecomposable objects
of Ab(C) may then be computed (see, for example, [Prest 2012, 4.3]): there are
five of them, all of them subquotients of the two representable functors. They are
(Z/4,−), (Z/2,−), the two simples S, T and (Z/4,−)/S.

Now consider the exact functor Z̃/4 : Ab(C)→ Z/4-mod. This is evaluation
of an object of Ab(C), considered as a functor on Z/4-mod, at Z/4, hence is 0
only on T among those five indecomposables. Therefore its kernel is the Serre
subcategory which consists of direct sums of copies of T. In order to compute
T ⊗ T, we apply the definition of the tensor product on Ab(C) using the projective
presentation

(Z/4,−) ( j,−)
−−→ (Z/2,−) πT

−−→ T → 0

of T and, checking
(idZ/2,−)⊗ ( j,−)= 0,

we obtain T ⊗ T = (Z/2,−), which is not in the kernel of Z̃/4 , so this is not a
tensor functor. As part of the computation of T ⊗ T one sees that

T ⊗ (Z/2,−)= (Z/2,−).

So applying T ⊗− to the monomorphism

(Z/2,−) (p,−)−−→ (Z/4,−)

gives (Z/2,−)→ T which is not monic, showing that ⊗ is not exact on Ab(C).

This implies that we cannot expect a different, exact, tensor product on Ab(C)
extending the tensor product on C — by the universal property the identity would
have to be a tensor functor.

Tensor structures on A(M). Consider (A,⊗) an abelian tensor category with a
right-exact tensor product.

For the sake of exposition we now drop explicit reference to ⊗ if unnecessary.

Proposition 1.13. Let C be an additive tensor category, A an abelian tensor cate-
gory with a right-exact tensor product, and M : C→A an additive tensor functor.
Further assume that M factors through a [-subcategory A[ ⊂A (see Definition 1.9).

(1) Then A(M) carries a canonical tensor structure such that the faithful exact
functor M̃ :A(M)→A is a tensor functor.

(2) If in addition, the tensor structures on C and A are commutative and the tensor
functor is symmetric, then the tensor product on A(M) is symmetric.

(3) If in addition, the tensor structure on C is rigid and the tensor product and the
Hom-functor on A are exact in both arguments, the same is true for A(M).
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Proof. We need to check that the tensor functor on Ab(C) (see Proposition 1.8)
factors via an induced tensor structure on A(M). We have a commutative diagram

Ab(C)×Ab(C)
⊗
−−−→ Ab(C)

M̃×M̃

y yM̃

A×A ⊗
−−−→ A

by Proposition 1.10. This implies that the kernel of Ab(C)→A is a⊗-ideal. Hence
the tensor product induces one on A(M). Associativity, unit and symmetry are
immediate from the properties of the tensor structure on Ab(C).

We turn to rigidity. By assumption, every object X of C has a strong dual. By the
criterion formulated in [Levine 1998, Part I, IV, Proposition 1.1.9] the existence of a
dual for X can be characterized by the existence of unit and counit maps satisfying
some compatibilities. In particular, this property is functorial, hence the image of X
in A(M) also has a strong dual. Consider the full subcategory of A(M) consisting
of objects with a strong dual. It contains all objects in the image of C . Under our
assumptions on A, the tensor product on A(M) is exact in both arguments and
hence the subcategory is closed under kernels and cokernels. Hence it is an abelian
subcategory of A(M) containing the image of C , hence it agrees with A(M). �

Proposition 1.14 (universal property). Let C , A[ ⊂ A, and M be as defined in
Proposition 1.13. In addition, let B be another abelian tensor category with [-
subcategory B[, let N : C→ B be an additive tensor functor which factors through
B[ and let φ : B → A be a faithful exact functor mapping B[ to A[ such that
φ ◦ N = M :

A(M)
M̃

""

��

C

<<

N
""

M
// A

B
φ

<<

Then there exists a unique faithful exact tensor functor 8 :A(M)→ B making the
diagram commute.

In particular, the universal property characterises (A(M), M̃) uniquely up to
unique equivalence of categories.

Proof. The universal property of Ab(C) (see Proposition 1.10) gives us a similar
statement, but with Ab(C) instead of A(M). The kernels of Ab(C) → A and
Ab(C)→ B agree because φ is faithful and exact. Hence A(M) = A(N ) and
8= Ñ . �
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By a simple trick that we learned from Arapura [2013], this can be upgraded to
a more general one.

Corollary 1.15 (generalised universal property). Let C , A[ ⊂ A, and M be as
in Proposition 1.13. In addition, let B be another abelian tensor category with
[-subcategory B[, N :C→B be an additive tensor functor which factors through B[.
Let (B′,B′[) be a third abelian tensor category, φ :A→ B′ and ψ : B→ B′ faithful
exact tensor functors respecting the [-subcategories. Finally, let F :ψ ◦N→ φ ◦M
be an isomorphism of functors:

A(M)
M̃

""

��

C

<<

N
""

M
// A

φ
��

B
ψ
// B′

Then there exists a faithful exact tensor functor 8 :A(M)→ B making the diagram
commute up to isomorphism of functors.

Proof. Let C be a tensor category with objects of the form (A, B, f ) where
A ∈ A, B ∈ B and f : ψ(B)→ φ′(A). This category is abelian with kernels
and cokernels taken componentwise. We equip it with a right-exact tensor product
(A, B, f )⊗ (A′, B ′, f ′)= (A⊗ A′, B⊗ B ′, f ⊗ f ′). Let C[ be the subcategory of
(A, B, f ) with A ∈A[, B ∈ B[.

Let N ′ : C → C be the additive tensor functor X 7→ (M(X), N (X), FX ). We
apply the universal property of Proposition 1.14 to N ′ and the forgetful functor
φ : C → A. We define 8 as Ñ ′ composed with the forgetful functor to B. In
other words, Ñ ′(X)= (M̃(X), Ñ (X), FX ). The isomorphism of functors is given
by FX . �

Example 1.16. A possible application is with A, B, B′ the categories of k-vector
spaces, L-vector spaces and L ′-vector spaces, respectively, for field extensions
L ′/k and L ′/L .

Remark 1.17. This is a version of Nori’s result on the tensor structure on his abelian
category; see [Huber and Müller-Stach 2017, Proposition 8.1.5]. It is much stronger
in allowing general abelian categories A as targets. In loc. cit. it was claimed that the
original construction works for functors C→ R-proj (where the latter is the category
of finitely generated projective modules over a noetherian ring R). However, as
Paranjape pointed out, the proof is only correct if kernels of maps between projective
modules are projective, i.e., if the global dimension of R is at most 2.



TENSOR STRUCTURE FOR NORI MOTIVES 13

2. Universal ⊗-representation

We want to extend our results to representations of quivers. Given the results of
the previous section, this means to extend tensor structures from a quiver to the
additive category generated by it.

Recall from [Borceux 1994, Definition 5.1.5] or [Gabriel and Riedtmann 1979]
the concept of a quiver “with relations”, i.e., a quiver (a collection of vertices and
directed edges) with a set of commutativity conditions or linear relations between
paths (= compositions of directed edges). In this sense:

Definition 2.1. A ⊗-quiver is a quiver D with relations, plus the following data
(id,⊗, α, β, β ′, 1, u) with,

(1) for every vertex v, a distinguished self-edge id : v→ v;

(2) for every pair of vertices (v,w), a vertex denoted v⊗w in D;

(3) for every edge e : v→ v′ and vertex w, an edge e⊗ id : v⊗w→ v′⊗w and
an edge id⊗e : w⊗ v→ w⊗ v′;

(4) for every pair of vertices u, v, a distinguished edge αu,v : u⊗ v→ v⊗ u;

(5) for every triple of vertices u, v, w, a distinguished edge βu,vw : u⊗ (v⊗w)→
(u⊗ v)⊗w and also β ′u,vw : (u⊗ v)⊗w→ u⊗ (v⊗w);

(6) a distinguished vertex 1;

(7) for every vertex, distinguished edges uv : v→ 1⊗ v and u′v : 1⊗ v→ v;

and the relations

(1) idv ⊗ idv = idv⊗v;

(2) idv = ev where ev is the empty path for every vertex v;

(3) (e⊗ id) ◦ (id⊗e′)= (id⊗e′) ◦ (e⊗ id) for all pairs of edges e, e′;

(4) αv,w ◦αw,v = id for all vertices v,w;

(5) (id⊗γ ) ◦α = α ◦ (γ ⊗ id) and (γ ⊗ id) ◦α = α ◦ (id⊗γ ) for all edges γ ;

(6) βu,vw ◦β
′
uv,w = id and β ′uv,w ◦βu,vw = id;

(7) β ◦ (γ ⊗ (id⊗ id))= ((γ ⊗ id)⊗ id)◦β for all edges γ and analogously in the
second and third argument;

(8) (pentagon axiom) for all vertices x, y, z, t the relation

x ⊗ (y⊗ (z⊗ t))
β
//

id⊗β
��

(x ⊗ y)⊗ (z⊗ t)
β
// ((x ⊗ y)⊗ z)⊗ t

x ⊗ ((y⊗ z)⊗ t)
β

// (x ⊗ (y⊗ z))⊗ t

β⊗id

OO
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(9) for all vertices x, y, z the relation

x ⊗ (y⊗ z)
β
//

id⊗α
��

(x ⊗ y)⊗ z α
// z⊗ (x ⊗ y)

β

��

x ⊗ (z⊗ y)
β
// (x ⊗ z)⊗ y

α⊗id
// (z⊗ x)⊗ y

(10) uv ◦ u′v = id and u′v ◦ uv = id for all vertices v;

(11) for all edges e : v→ v′ the relation

v′
u
// 1⊗ v′

v

e

OO

u
// 1⊗ v

id⊗e

OO

Remark 2.2. This data is modelled after the notion of a commutative product
structure on a diagram with identities; see [Huber and Müller-Stach 2017, Def-
inition 8.1.3] and the variant in [loc. cit., Remark 8.1.6]. The axioms for the
associativity and commutativity constraint and unitality are the usual ones for a
commutative tensor category; see [Deligne and Milne 1982, §1].

It is more general than the notion of a monoidal quiver introduced by Bruguières
[2004, Section 5.2].

Recall [Barbieri-Viale and Prest 2018] where a universal representation

1 : D→ Ab(D)

is constructed for any quiver D. It is given by the composition

1 : D→ P(D)→ ZD→ ZD+→ Ab(ZD+)= Ab(D),

where (in the notation of [Barbieri-Viale and Prest 2018, §1]) P(D) is the path
category, ZD the preadditive enrichment of P(D) and ZD+ its additive completion.

We now repeat the same chain with tensor categories. Let (D,⊗) be a ⊗-quiver.
We define the ⊗-path category P(D)⊗ as the quotient of the path category by the
relations of (D,⊗). We define

⊗ : P(D)×P(D)→ P(D)

on objects as prescribed by the tensor structure. Let

0 = γ1 ◦ · · · ◦ γn

and
1= δ1 ◦ · · · ◦ γm

be paths. We define

0⊗1= (γ1⊗ id) ◦ · · · ◦ (γn ⊗ id) ◦ (id⊗δ1) ◦ · · · ◦ (id⊗δm).
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For example, for n = m = 1 and γ : v→ v′, δ : w→ w′, we have

v⊗w
id⊗δ

//

γ⊗id
��

γ⊗δ

%%

v⊗w′

γ⊗id
��

v′⊗w
δ⊗id
// v′⊗w′

where we have by definition set the diagonal to be the path via the top right corner.
In P(D)⊗ this agrees with the path via the bottom left corner because of the
relation (3).

Lemma 2.3. Let (D,⊗) be a ⊗-quiver. Then P(D)⊗ is a tensor category.

Proof. Property (3) of a tensor structure ensures that ⊗ is a functor on P(D)⊗. The
other axioms make sure that the commutativity constraint α and the associativity
constraint β are isomorphisms and satisfy the properties of a commutative tensor
category. The relations on uv ensure that v→ 1⊗ v is an isomorphism and the
functor 1⊗− is an equivalence of categories. �

Definition 2.4. Let (D,⊗) be a⊗-quiver. We put ZD⊗ and ZD⊗,+ the preadditive
and additive hull of P(D)⊗. Denote by Ab(D)⊗ Freyd’s abelian category of ZD⊗,+.

Proposition 2.5. ZD⊗, ZD⊗,+ and Ab(D)⊗ with the bilinear extension of ⊗ are
commutative tensor categories. The canonical functor ZD+→ ZD⊗,+ induces a
Serre quotient π : Ab(D)→ Ab(D)⊗.

Proof. The statements on the additive and preadditive category are obvious. The
statement on the abelian category is Proposition 1.8. The claim on the Serre quotient
is granted by the following general fact. �

Lemma 2.6. Let D1 be a quiver with relations and D the underlying quiver. Then
π : Ab(D)→ Ab(D1) is a Serre quotient.

This is well known but for the convenience of the reader we give the simple
argument directly.

Proof. Consider Ab(D)/Ker(π). By construction this is an exact subcategory of
Ab(D1), hence it remains to check that the inclusion is full and essentially surjective.

The quiver D has a canonical representation in Ab(D)/Kerπ . All relations in D1

are satisfied, hence it is even a representation of D1. By the universal property this
yields an exact functor Ab(D1)→ Ab(D)/Kerπ . By the uniqueness part of the
universal property, its composition with the inclusion into Ab(D1) is isomorphic to
the identity. In particular, the inclusion is full and essentially surjective, and hence
an equivalence of categories. �
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We now turn to the universal property. The obvious approach is to consider
representations T : D→A where all relations in D are mapped to identities in A.
However, this is too rigid for most applications. We follow the approach of [Huber
and Müller-Stach 2017, Definition 8.1.3].

Definition 2.7. Let D be a ⊗-quiver, and A a commutative tensor category. A
tensor representation or ⊗-representation for short, is a representation T : D→A
of the underlying quiver together with the choice of an isomorphism κ0 : 1→ T (1)
and of natural isomorphisms

κ : T (u)⊗ T (v) '−→ T (u⊗ v)

for all vertices u, v ∈ D, functorial in each variable and compatible with the
associativity and commutativity constraints and the unit in the obvious way.

Proposition 2.8. Let (D,⊗) be a ⊗-quiver.

(1) D → P(D)⊗ is the universal ⊗-representation into a commutative tensor
category.

(2) D→ ZD⊗,+ is the universal ⊗-representation into an additive commutative
tensor category.

Proof. The universal properties for P(D)⊗ and ZD⊗,+ are obvious. �

Theorem 2.9. Let (D,⊗) be a ⊗-quiver.

(1) The natural assignment 1⊗ : D → Ab(D)⊗ is a ⊗-representation into an
abelian tensor category with right-exact tensor product.

(2) It takes values in the subcategory (Ab(D)⊗)[ of Definition 1.1. Moreover, this
is a [-subcategory (see Definition 1.9).

(3) The category Ab(D)⊗ is universal with this property.

In detail: Let T : D→A be a ⊗-representation via κ in an abelian tensor category
with a right-exact tensor, which factors through a [-subcategory A[ ⊆ A. Then
there is an induced exact tensor functor M̃⊗ : Ab(D)⊗→A.

Proof. A= Ab(D)⊗ is an abelian tensor category by Proposition 2.5 and 1⊗ is a
⊗-representation by construction. It factors via the additive category ZD⊗,+. Hence
property (2) follows from Proposition 1.8. To see the second statement, note that if

(B,−) ( f,−)
−−→ (A,−)

is a morphism in (Ab(D)⊗)[ then its kernel is

(C,−) (g,−)−−→ (B,−)

where B g
−→ C is the cokernel of A f

−→ B.
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The induced functor
M⊗ : ZD⊗,+→A

satisfies the assumptions in Proposition 1.10. Thus it induces the tensor functor
M̃⊗ : Ab(D)⊗→A such that T = M̃⊗1⊗. �

Recall the universal representation theorem stated in [Barbieri-Viale and Prest
2018]. For T : D→A any representation of a quiver in an abelian category A there
is an induced additive functor

M : ZD+→A

and a corresponding M̃ : Ab(D)→A such that

T̃ : D→A(T ) :=A(M)= Ab(D)/Ker M̃

is the induced universal representation (see [Barbieri-Viale and Prest 2018, §1.3]).
For a ⊗-quiver D, together with a ⊗-representation T in an abelian tensor cate-
gory A, as in Theorem 2.9, we have now constructed a factorisation via an exact
tensor functor M̃⊗ on Ab(D)⊗. Hence we get a tensorial refinement of the universal
representation theorem. This also implies the existence of a tensor structure on the
universal abelian category A(T ) attached to the representation. Note that this is
really A(T ); in contrast to P(D)⊗ etc., no ⊗-adornment is needed.

Theorem 2.10. Let T : D→A be a representation in an abelian tensor category
with a right-exact tensor, which factors through a [-subcategory A[ ⊆A, with the
following additional properties:

(i) (D,⊗) is a ⊗-quiver.

(ii) T is a ⊗-representation in A[ ⊆A via κ .

Then Nori’s universal abelian category A(T ) carries a right-exact tensor product
and M̃ :A(T )→A is a tensor functor (here M is the additive functor induced by T
and M̃ is the faithful exact functor induced by M; see also Proposition 1.13). It is
universal among such representations into abelian tensor categories B compatible
with T (cf. the statement of Proposition 1.14) via a faithful exact tensor functor
B→A.

Proof. By the universal property in Theorem 2.9, there is a canonical exact tensor
functor M̃⊗ : Ab(D)⊗→ A. Hence Ker M̃⊗ is a Serre subcategory and a tensor
ideal. Denoting by A(T )⊗ the Serre quotient Ab(D)⊗/Ker M̃⊗ we have obtained
a tensor category with the universal property as claimed. Furthermore, by the
universal property of A(T ), there is also an exact faithful functor

A(T )→A(T )⊗.



18 LUCA BARBIERI-VIALE, ANNETTE HUBER AND MIKE PREST

We claim that it is an equivalence of abelian categories. The canonical additive
functor ZD+→ ZD⊗,+ induces an exact functor π : Ab(D)→ Ab(D)⊗ such that
M̃⊗ ◦π = M̃ by the uniqueness in the universal property of Freyd’s construction
(see [Barbieri-Viale and Prest 2018, Theorem 1.1]). The faithful exact functor
π̄ : Ab(D)/Kerπ '

−→ Ab(D)⊗ is an equivalence by Proposition 2.5.
Thus, the composition Ab(D) π

−→Ab(D)⊗→Ab(D)⊗/Ker(M̃⊗) is essentially
surjective and is equivalent to the composition Ab(D)→ A(T )→ A(T )⊗ since
they have equivalent compositions with the faithful functor A(T )⊗ → A. So
A(T )→A(T )⊗ also is essentially surjective and hence an equivalence. �

Remark 2.11. The universal property can be upgraded analogously to Corollary 1.15.

Remark 2.12. In the special case where A is the category of finitely generated
modules over a Dedekind domain, this gives back Nori’s original result as formulated
for example in [Huber and Müller-Stach 2017]. The same case (actually in the
more restrictive setting of monoidal quivers) is also handled by Bruguières [2004,
Theorem 3]. His conditions P1 and P2 are analogous to our factorisation via A[.
Both [Huber and Müller-Stach 2017] and [Bruguières 2004] are based on the explicit
description of the universal abelian category as comodules or modules.

Signs. In many cases, notably in Nori’s original application, we do not start with a
tensor representation but with a tensor representation with signs. We explain the
necessary modifications, following again the approach of [Huber and Müller-Stach
2017, Definition 8.1.3].

Definition 2.13. A graded quiver is a quiver together with a function | · | assigning
to each vertex a degree in Z/2Z. For an edge e : v→ w we put |e| = |w| − |v|.
A graded ⊗-quiver is a graded quiver together with the data of a ⊗-quiver such
that |v⊗w| = |v| + |w| and |1| = 0. The relations are the same as for a ⊗-quiver,
except for relation (3), which is replaced by

(3′) (e⊗ id) ◦ (id⊗e′)= (−1)|e| |e
′
|(id⊗e′) ◦ (e⊗ id) for all pairs of edges e, e′.

The grading on D induces gradings on P(D), ZD, and ZD+. In the case of the
additive hull this means that every object is equipped with a decomposition into an
even and an odd part. Note that morphisms are not required to preserve the degree.
Recall that part of the data of a⊗-quiver is the choice of edges αv,w : v⊗w→w⊗v.

Definition 2.14. Let (D,⊗) be a graded ⊗-quiver.

(1) We define ZD⊗,sgn as the quotient of the category ZD modulo the relations of
a graded ⊗-quiver. It is equipped with the tensor product ⊗sgn which agrees
with ⊗ on objects and for morphisms γ : v→ v′, δ : w→ w′,

γ ⊗sgn δ = (−1)|γ | |w|γ ⊗ δ,
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with associativity constraint βsgn
u,vw = βu,vw and commutativity constraint

given by
αsgn
v,w = (−1)|v| |w|αv,w : v⊗w→ w⊗ v

for all objects v,w.

(2) Let ZD⊗,sgn,+ be the category ZD⊗,+ with tensor structure given by the
additive extension from ZD⊗,sgn.

(3) Set Ab(D)⊗,sgn
= Ab(ZD⊗,sgn,+) for the universal abelian category attached

to ZD⊗,sgn,+.

Remark 2.15. Note that ZD⊗ is different from ZD⊗,sgn even as an additive cate-
gory.

Lemma 2.16. ZD⊗,sgn and ZD⊗,sgn,+ are well-defined tensor categories.

Proof. It suffices to consider ZD⊗,sgn. We have to check that ⊗sgn satisfies the
axioms of a commutative tensor category. Condition (3′) ensures functoriality
of ⊗sgn. It is tedious but straightforward to see that β and α are functorial. For
example, for γ : x→ x ′, δ : y→ y′ the diagram reads

x ⊗ y

(−1)|γ ||y|γ⊗δ
��

(−1)|x | |y|α
// y⊗ x

(−1)|δ||x |δ⊗γ
��

x ′⊗ y′
(−1)|x

′
| |y′|α
// y′⊗ x ′

It does not commute on the level of P(D). In order to check that it commutes in
ZD⊗,sgn, it is enough to treat the two special cases γ = id or δ= id separately because
(γ, δ)= (γ, id) ◦ (id, δ). In each of these cases the diagram commutes in P(D).

The pentagon axiom (concerning associativity) holds because it is a relation
on D and no signs are involved. Unitality is preserved because 1 is of degree 0.
The hexagon axiom reads

x ⊗ (y⊗ z)
β

//

id⊗(−1)|y| |z|α
��

(x ⊗ y)⊗ z
(−1)(|x |+|y|)|z|α

// z⊗ (x ⊗ y)

β

��

x ⊗ (z⊗ y)
β

// (x ⊗ z)⊗ y
(−1)|x | |z|α⊗id

// (z⊗ x)⊗ y

It commutes because the hexagon axiom holds for ⊗. �

Again, we turn to representations. Following [Huber and Müller-Stach 2017,
Definition 8.1.3]:

Definition 2.17. Let (D,⊗) be a graded ⊗-quiver. Let A be an additive commuta-
tive tensor category. A graded tensor representation of (D,⊗) is a representation
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T : D→A of the underlying quiver together with the choice of an isomorphism
κ0 : 1→ T (1) and of natural isomorphisms

κ : T (u)⊗ T (v) '−→ T (u⊗ v)

for all vertices u, v ∈ D, functorial in each variable and compatible with the
associativity constraint and the unit in the obvious way and such that:

(1) For all vertices v,w,

T (v⊗w)
T (α)

// T (w⊗ v)

T (v)⊗ T (w)

κ

OO

// T (w)⊗ T (v)

κ

OO

commutes where the bottom arrow is (−1)|v||w| times the commutativity con-
straint in A.

(2) For all edges γ : v→ v′ and vertices w,

T (v⊗w)
T (γ⊗id)

// T (v′⊗w)

T (v)⊗ T (w)

κ

OO

T (γ )⊗id
// T (v′)⊗ T (w)

κ

OO

commutes up to the factor (−1)|γ ||w|.

(3) For all edges γ : v→ v′ and vertices w,

T (w⊗ v)
T (id⊗γ )

// T (w⊗ v′)

T (w)⊗ T (v)

κ

OO

id⊗T (γ )
// T (w)⊗ T (v′)

κ

OO

commutes (without signs).

The following is a graded analogue of Proposition 2.8(2).

Proposition 2.18. Let (D,⊗) be a graded ⊗-quiver. The natural map D →
ZD⊗,sgn,+ is the universal graded ⊗-representation of (D,⊗). In detail: it is
a graded ⊗-representation and if T : D→ A is a graded tensor representation
in an additive commutative tensor category A then T factors uniquely through an
induced additive tensor functor as shown

D //

T
$$

ZD⊗,sgn,+

M⊗,sgn

��

A
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Proof. The argument is the same as in the ungraded case. Relation (3′) is forced by
the signs in the graded tensor representation. �

Now consider the category Ab(D)⊗,sgn as in Definition 2.14(3).

Theorem 2.19. The graded analogue of Theorem 2.9 is satisfied by the category
Ab(D)⊗,sgn.

Proof. The proof is as in the ungraded case. �

Finally:

Theorem 2.20. Let T : D→A be a representation in an abelian tensor category
with a right-exact tensor, which factors through a [-subcategory A[ ⊂A with the
following additional properties:

(1) (D,⊗) is a graded ⊗-quiver.

(2) T is a graded ⊗-representation in A[ ⊂A via κ .

Then Nori’s universal abelian category A(T ) carries a right-exact tensor product
and M̃ :A(T )→A is a tensor functor (here M is the additive functor induced by T
and M̃ is the faithful exact functor induced by M; see also Proposition 1.13). It is
universal among such representations into abelian tensor categories B compatible
with T (cf. Proposition 1.14) via a faithful exact tensor functor B→A.

Proof. Compare with the proof of Theorem 2.10. If T is such a graded tensor
representation, we get M⊗,sgn

: ZD⊗,sgn,+
→A and also an induced exact tensor

functor M̃⊗,sgn
:Ab(D)⊗,sgn

→A. Denote by A(T )⊗,sgn the quotient of Ab(D)⊗,sgn

by the kernel of M̃⊗,sgn. We have that A(T )→A(T )⊗,sgn is an equivalence. �

Remark 2.21. Again, the universal property can be upgraded analogously to
Corollary 1.15.

3. Homological functors

We return to the case of additive categories, but specialise further by considering
triangulated categories and homological functors.

Proposition 3.1 [Neeman 2001, Theorem 5.1.18]. Let T be a triangulated cat-
egory. Then there is an abelian category Ab1(T ) and a homological functor
[−] : T → Ab1(T ) such that every homological functor T → A into an abelian
category factors uniquely via an exact functor Ab1(T )→A.

Neeman uses the notation A(T ), which we have reserved for Nori’s abelian
category. By construction, Ab1(T ) is the subcategory of finitely presented objects
in the category of presheaves of abelian groups on T . It is obtained from the image
of the Yoneda functor by adding all cokernels. Hence every object of Ab1(T ) is
the cokernel of a morphism of objects in the image of the Yoneda functor and this is
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a projective resolution. Note, however, see [Neeman 2001, §5.2, Appendix C], that
the category Ab1(T ) is typically not well-powered. Our constructions and results
in Section 1 do not require the initial categories C to be well-powered, so those
results apply here.

Proposition 3.2. Let T be a tensor triangulated category. Then Ab1(T ) carries a
right-exact tensor product. If A is an abelian tensor category with right-exact tensor
and T →A is a homological tensor functor, then the natural functor Ab1(T )→A
is a tensor functor.

Proof. We extend from representable objects to cokernels by using projective
resolutions [B] → [A] → X → 0, where [A] denotes the image of A in Ab1(T ).
The arguments are dual to the ones used in the first part of the proof of Proposition 1.4.
The associativity constraint etc. are constructed in the same way as in the proof of
Proposition 1.8. The compatibility of Ab1(T )→A with the tensor structure holds
for representable arguments and extends to cokernels by right-exactness. �

Remark 3.3. (1) This was already proved by Balmer, Krause and Stevenson
in [Balmer et al. 2020, Proposition A.14] for compactly generated tensor
triangulated categories for the smaller category of all presheaves on T c which
is universal for all homological functors commuting with colimits, see [Krause
2000, Section 2].

(2) Applying the universal property of Ab(T ) to T → Ab1(T ), we obtain an
exact functor Ab(T )→ Ab1(T ) but it is not clear whether this is a tensor
functor. This may well be false since the kernel of a map between representable
functors in Ab1(T ) might not be tensor-flat.

Proposition 3.4. Let T be a tensor triangulated category, A an abelian tensor
category with a right-exact tensor product, and M : T →A a homological functor
and tensor functor.

(1) Then A(M) carries a canonical right-exact tensor structure such that the
faithful exact functor M̃ :A(M)→A is a tensor functor.

(2) If in addition, the tensor structures on T and A are commutative and the tensor
functor is symmetric, then the tensor product on A(M) is symmetric.

(3) If in addition, the tensor structure on T is rigid and the tensor product and the
Hom-functor on A are exact in both arguments, the same is true for A(M).

Proof. The proof is the same as for Proposition 1.13, but with Ab(T ) and the
tensor product of Proposition 1.8 replaced with Ab1(T ) and the tensor product of
Proposition 3.2. �
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Remark 3.5. If both Propositions 1.13 and 3.4 apply, then by the universal property
of Proposition 3.4 the tensor structures agree because they agree on objects in the
image of T .

Künneth components. We now consider the following situation modelled for the
application to Nori motives. Let T be a triangulated category, A an abelian category
and R :T →Db(A) an exact functor. We abbreviate H i

R :=H i
◦R and H∗R :=

⊕
H i

R .
The latter is understood with values in grA. Let A(H∗R) be the universal abelian
category defined by H∗R , and A(H 0

R) that defined by H 0
R . The commutative diagram

T

H0
R !!

H∗R
// grA

(−)0

��

A

induces a functor A(H∗R)→A(H 0
R). We also have H̃∗R :A(H

∗

R)→ grA.

Definition 3.6. In the above situation let A0(H∗R)⊂A(H∗R) be the full subcategory
of objects X ∈A(H∗R) with H̃∗R(X) ∈ grA concentrated in degree 0.

The subcategory is abelian and closed under subquotients and extensions.

Remark 3.7. We are interested in the case where T is a triangulated tensor category,
A is an abelian tensor category with an exact tensor product and R is a tensor functor.
Then H∗R is a tensor functor, but H 0

R is not. Hence while A(H∗R) is a tensor category
by the results of Section 1, this does not follow for A(H 0

R). It is, however, true for
A0(H∗R). In good cases, it will be equivalent to A(H 0

R), giving the latter the tensor
structure that we want.

Proposition 3.8. Let T , A and R be as above. Assume in addition that R can be
lifted to an exact functor

R : T → Db(A0(H∗R)).
Then the natural functor

A0(H∗R)→A(H 0
R)

is an equivalence of categories.

Proof. We abbreviate A′ := A0(H∗R). By assumption, there is a commutative
diagram

T //

""

Db(A′) //

H0

��

Db(A)

H0

��

A′ // A

The functor H̃ 0
R :A(H 0

R)→A is faithful and exact by construction. The same is
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true for H̃∗R :A
′
→ grA. By definition, this functor takes values in degree 0; hence

A′→A is also faithful and exact. This implies that the universal categories defined
by H 0

: T → A′ and H 0
R : T → A agree. This gives A(H 0

R)→ A′ inverse to the
inclusion. �

Corollary 3.9. Let T be a tensor triangulated category. Let A be an abelian tensor
category with an exact tensor product. Let R : T → Db(A) be a tensor triangulated
functor. Assume in addition, that R factors via Db(A0(H∗R)). Then A(H 0

R) carries
a natural tensor structure such that A(H 0

R)→A is a tensor functor. If the tensor
product on T is rigid and HomA exact in both variables, then the tensor product on
A(H 0

R) is rigid as well.

Proof. Combining Proposition 3.8 with the strategy of Remark 3.7 gives the
tensor structure. If the tensor product on T is rigid and HomA exact, then by
Proposition 1.13 the tensor product on A(H∗R) is rigid as well. Hence every object X
of A0(H∗R) has a dual X∨ in A(H∗R). The object X∨ is actually in A0(H∗R), as we
can test by applying the forgetful functor to grA. �

Remark 3.10. (1) The use of the bounded derived category in the above argument
is not very important. We can drop the assumption, if arbitrary direct sums
exist in A. This is needed in order to write down the Künneth formula or,
equivalently, the tensor structure on D(A).

(2) We may also replace Db(A) by a tensor triangulated category equipped with
a t-structure (compatible with the tensor structure) with heart A without any
change in the arguments.

Integral coefficients. What we have done so far does not apply to A = Z-mod
because its tensor product is not exact. However, there is a version of the above
criterion for integral coefficients.

Let T be a triangulated category. Let A be an abelian tensor category with a
right-exact tensor product such that its derivation on Db(A) exists. Let A[ ⊂A be
a [-subcategory as in Definition 1.9. Let R : T → Db(A) be a tensor functor. Note
that H∗R : T → grA is no longer a tensor functor because H∗ : Db(A)→ grA is
not. However, we have the following lemma:

Lemma 3.11. In this situation, let T [ ⊂ T be the full subcategory of objects with
H∗R in grA[. Then T [ is a tensor category and

H∗R|T [ : T
[
→ grA[

is a tensor functor which satisfies the assumptions of the universal property in
Proposition 1.10.

Proof. Obviously grA[ ⊂ grA consists of flat objects and is closed under kernels.
It remains to check the claim on the tensor functor with T = Db(A). This amounts
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to the naive Künneth formula for these objects. The subcategory T [ is stable under
the canonical truncation functor and shift. Hence it suffices to check the formula
for objects of A[ ⊂ T [. They are flat; hence the derived tensor product agrees with
the tensor product in A[. As a byproduct of the formula we see that T [ is stable
under the derived tensor product. �

We now replace A(H∗R) by A(H∗R|T [) and set as before A0(H∗R|T [) to be the
subcategory of objects concentrated in degree 0.

Corollary 3.12. Let T be a tensor triangulated category. Let A be an abelian
tensor category with a right-exact tensor product. Let A[ ⊂A be a [-subcategory
and assume that the derived tensor product exists on Db(A). Let R : T → Db(A)
be a tensor triangulated functor. Let T [ and A0(H∗R|T [) be as above.

Assume in addition, that R factors via Db(A0(H∗R|T [)). Then A(H 0
R) carries a

natural tensor structure such that A(H 0
R)→A is a tensor functor.

4. Nori motives

Recall the original definition of Nori. Let k be a field and σ : k→C be an embedding.
Let Schk be the category of schemes which are separated and of finite type over
the field k. Let DNori be Nori’s quiver on Schk having vertices (X, Y, n) where
Y ⊆ X is a closed subscheme and n ∈ Z and edges (X ′, Y ′, n)→ (X, Y, n) for
each morphism f : X→ X ′ in Schk such that f (Y )⊆ Y ′, and an additional edge
(Y, Z , n)→ (X, Y, n+ 1) for Z ⊆ Y ⊆ X closed subschemes. Let

HB : DNori
→ Z-mod

be the representation given by (X, Y, n) H n
B(X (C), Y (C);Z), the relative singular

cohomology group after base change to the complex numbers.

Definition 4.1 (Nori; see also [Huber and Müller-Stach 2017, §9]). The abelian
category

ECMk :=A(HB)

is the category of effective cohomological Nori motives. There is a noneffective
version that we shall denote NMk .

Remark 4.2. The diagram DNori above agrees with the diagram Pairseff of [Huber
and Müller-Stach 2017, Definition 9.1.1]. In loc. cit., the abelian categories are
denoted by MMeff

Nori(k) and MMNori(k), respectively. Noneffective motives are
obtained either by localisation of the diagram or of the category with respect to the
Lefschetz motive 1(−1)= (Gm, {1}, 1). This is somewhat premature at this point
as it involves the tensor structure. We are going to concentrate on the effective case.
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Tensor product via graded ⊗-quivers. Let DNori,⊗ be the same quiver with, in
addition, the following structure of a graded⊗-quiver in the sense of Definition 2.13.
The grading is given by

(X, Y, n) 7→ n̄ ∈ Z/2Z.

For vertices (X, Y, n), (X ′, Y, n′) we put

(X, Y, n)⊗ (X ′, Y ′, n′) := (X ×k X ′, X ×k Y ′ ∪ Y ×k X ′, n+ n′),

making use of the product in Schk . We choose the edges id, α, β, β ′, u, u′ and the
vertex 1 in the canonical way, e.g., the unit 1= (Spec(k),∅, 0),

u : (X, Y, n)→ (Spec(k),∅, 0)⊗ (X, Y, n)

and u′ : (Spec(k),∅, 0)⊗(X, Y, n)→ (X, Y, n) are the canonical maps. As relations
we use the relations required by Definition 2.13. All this is completely parallel to
[Huber and Müller-Stach 2017, §9.3]. By construction we obtain a graded ⊗-quiver.

Recall that the singular cohomology H∗B is provided with a natural cross or
external product

κ B
n,n′ : H

n
B(X, Y )⊗ H n′

B (X
′, Y ′)→ H n+n′

B (X ×k X ′, X ×k Y ′ ∪ Y ×k X ′).

Note that the representation HB is not a ⊗-representation since κ B
n,n′ fails to be an

isomorphism, in general.
Following Nori, we set Dgood,⊗ for the full sub-⊗-quiver of vertices (X, Y, n)

such that H∗B(X, Y ) is concentrated in degree n and free as a Z-module.

Lemma 4.3. The Betti cohomology

H good
B := HB |Dgood : Dgood,⊗

→ Z-mod

is a graded ⊗-representation with values in the subcategory (Z-mod)[ of free Z-
modules of finite type.

Proof. On good pairs, the map κ B
n,n′ is indeed an isomorphism by the Künneth

formula. The relations of the tensor quiver are all mapped to equalities in Z-mod
by the standard properties of singular cohomology. Most are checked explicitly
in [Huber and Müller-Stach 2017, Proposition 9.3.1]. The remaining ones (e.g.,
concerning the inverse u′ of u) are obvious. �

Indeed, our definition of a graded ⊗-quiver was modelled on this case.

Corollary 4.4. The abelian category A(H good
B ) carries a natural ⊗-structure com-

patible with the forgetful functor to Z-mod.

Proof. See Theorem 2.20. �
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Nori’s basic lemma comes into play in comparing the universal categories for
the two diagrams.

Theorem 4.5 (Nori; see [Huber and Müller-Stach 2017, Theorem 9.2.22]). The
quiver DNori can be represented in A(H good

B ) in a compatible way with HB . In
particular,

ECMk ∼=A(H good
B )

carries a natural tensor structure.

In the above, we are copying Nori’s approach, but replace his approach to the
universal abelian category and its tensor product with the one developed in this paper.
In [Barbieri-Viale and Prest 2020] we go further, providing a general axiomatic
framework for tensor motivic categories associated to a cohomological functor on a
suitable base category; the tensor structure is induced, using our main theorem, by
the cartesian tensor structure on the base category via a cohomological Künneth
formula.

We now turn to a different approach which does not mention DNori and Dgood

(at least not obviously so).

Tensor product via triangulated motives. Let DMgm(k,Q) be Voevodsky’s cate-
gory of geometric motives over k with rational coefficients. Let

RB : DMgm(k,Q)→ Db(Q-vsp.)

be the Betti-realisation. It maps the motive of an algebraic variety to its singular
cochain complex.

Remark 4.6. The existence of the Betti-realisation is completely straightforward.
The first reference with rational coefficients is [Huber 2000] and the correction
thereto, where they appear as a byproduct of a functor into mixed realisations. For
integral coefficients it is formulated in [Harrer 2016]. In the original literature on
motives, realisation functors were usually contravariant. This is also the viewpoint
taken in the above references.

More recently, Voevodsky and then Ayoub who, in [Ayoub 2010] constructs
Betti-realisations for motives over any base, use the covariant point of view.

For our application, it does not matter which point of view is taken. We fix on
the contravariant one because we want to refer to [Harrer 2016] later on.

Definition 4.7. Let MMk := A(H 0
B) be the universal abelian category defined by

the Betti-realisation.

Based on a sketch of Nori, Harrer [2016] showed the following:

Theorem 4.8 [Harrer 2016, Theorem 7.3.1]. The Betti-realisation factors naturally
via the bounded derived category of MMk and even that of A0(H∗B).
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Remark 4.9. The proof is based on Nori’s basic lemma: for every affine variety X
and subvariety Y, there is a subvariety

X ⊃ Z ⊃ Y

such that the singular cohomology of the pair (X, Z) is concentrated in the degree
equal to the dimension of X, i.e., (X, Z , dim X) is a good pair. As pointed out by
Nori, this can be used in order to construct, for every affine variety X, a natural
complex of motives. Using Čech-complexes, this extends to all varieties. Harrer’s
main effort was to establish functoriality of the construction with respect to finite
correspondences. When working with rational coefficients (as we do), functoriality
with respect to morphisms is enough; see [Ivorra 2016; Huber and Müller-Stach
2017]. Harrer’s result is formulated for NMk , but actually proved for A(H good

B ). The
same proof also works without change for MMk =A(H 0

B) and even the refinement
A0(H∗B).

Theorem 4.10. The category MMk carries a natural tensor structure such that
MMk→Q-vsp. is a tensor functor and DMgm(k,Q)→ Db(MMk) is a triangulated
tensor functor.

In particular, MMk is Tannakian.

Proof. We apply Corollary 3.9 to the rigid tensor category DMgm(k,Q) and the
Betti-realisation. The assumption is satisfied by Theorem 4.8. This makes MMk a
rigid tensor category; the Betti-realisation MMk→Q-vsp. is a fibre functor. �

Definition 4.11. The motivic Galois group of k is defined as the Tannakian dual of
the MMk .

Proposition 4.12. MMk is naturally equivalent to Nori’s original category, i.e.,
NMk ∼=MMk . The motivic Galois group is naturally isomorphic to Nori’s original
motivic Galois group.

Proof. For the abelian category, this is already shown in [Huber and Müller-Stach
2017]. The tensor structures are based on the Künneth formula. In each case it is
uniquely determined by its value for very good pairs, hence they are the same. The
statement about the motivic Galois group follows. �

Remark 4.13. The whole argument also works for motives with coefficients in
any field (including finite fields) or Dedekind domain (in particular the integers).
Corollary 3.12 can be used instead of the more straightforward Corollary 3.9. The
integral case is handled in [Harrer 2016].
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of associative algebras, I: Techniques of representation theory, Lond. Math. Soc. Student Texts 65,
Cambridge Univ. Press, 2006. MR Zbl

[Ayoub 2010] J. Ayoub, “Note sur les opérations de Grothendieck et la réalisation de Betti”, J. Inst.
Math. Jussieu 9:2 (2010), 225–263. MR Zbl

[Balmer et al. 2020] P. Balmer, H. Krause, and G. Stevenson, “The frame of smashing tensor-ideals”,
Math. Proc. Cambridge Philos. Soc. 168:2 (2020), 323–343. MR Zbl

[Barbieri-Viale 2017] L. Barbieri-Viale, “T-motives”, J. Pure Appl. Algebra 221:7 (2017), 1565–1588.
MR Zbl

[Barbieri-Viale and Prest 2018] L. Barbieri-Viale and M. Prest, “Definable categories and T-motives”,
Rend. Semin. Mat. Univ. Padova 139 (2018), 205–224. MR Zbl

[Barbieri-Viale and Prest 2020] L. Barbieri-Viale and M. Prest, “Tensor product of motives via
Künneth formula”, J. Pure Appl. Algebra 224:6 (2020), art. id. 106267. MR Zbl

[Barbieri-Viale et al. 2018] L. Barbieri-Viale, O. Caramello, and L. Lafforgue, “Syntactic categories
for Nori motives”, Selecta Math. (N.S.) 24:4 (2018), 3619–3648. MR Zbl

[Borceux 1994] F. Borceux, Handbook of categorical algebra, I: Basic category theory, Encycl. Math.
Appl. 50, Cambridge Univ. Press, 1994. MR Zbl

[Bruguières 2004] A. Bruguières, “On a Tannakian theorem due to Nori”, preprint, 2004, Available at
https://tinyurl.com/brugnori.

[Bunge 1969] M. C. Bunge, “Relative functor categories and categories of algebras”, J. Algebra 11
(1969), 64–101. MR Zbl

[Day 1970] B. Day, “On closed categories of functors”, pp. 1–38 in Reports of the Midwest Category
Seminar, IV, edited by S. Mac Lane, Lecture Notes in Math. 137, Springer, 1970. MR Zbl

[Deligne and Milne 1982] P. Deligne and J. S. Milne, “Tannakian categories”, pp. 101–228 in Hodge
cycles, motives, and Shimura varieties, Lecture Notes in Math. 900, Springer, 1982. Zbl

[Freyd 1966] P. Freyd, “Representations in abelian categories”, pp. 95–120 in Proc. Conf. Categorical
Algebra (La Jolla, CA, 1965), edited by S. Eilenberg et al., Springer, 1966. MR Zbl

[Gabriel and Riedtmann 1979] P. Gabriel and C. Riedtmann, “Group representations without groups”,
Comment. Math. Helv. 54:2 (1979), 240–287. MR Zbl

[Harrer 2016] D. Harrer, Comparison of the categories of motives defined by Voevodsky and Nori,
Ph.D. thesis, University of Freiburg, 2016, Available at https://tinyurl.com/harrerphd.

[Huber 2000] A. Huber, “Realization of Voevodsky’s motives”, J. Algebraic Geom. 9:4 (2000),
755–799. Correction in 13:1 (2004), 195–207. MR Zbl

[Huber and Müller-Stach 2017] A. Huber and S. Müller-Stach, Periods and Nori motives, Ergebnisse
der Mathematik (3) 65, Springer, 2017. MR Zbl

[Ivorra 2016] F. Ivorra, “Perverse, Hodge and motivic realizations of étale motives”, Compos. Math.
152:6 (2016), 1237–1285. MR Zbl

http://dx.doi.org/10.1016/j.aim.2012.10.004
http://msp.org/idx/mr/2995668
http://msp.org/idx/zbl/1277.14013
http://dx.doi.org/10.1017/CBO9780511614309
http://dx.doi.org/10.1017/CBO9780511614309
http://msp.org/idx/mr/2197389
http://msp.org/idx/zbl/1092.16001
http://dx.doi.org/10.1017/S1474748009000127
http://msp.org/idx/mr/2602027
http://msp.org/idx/zbl/1202.14018
http://dx.doi.org/10.1017/s0305004118000725
http://msp.org/idx/mr/4064108
http://msp.org/idx/zbl/07167598
http://dx.doi.org/10.1016/j.jpaa.2016.12.017
http://msp.org/idx/mr/3614967
http://msp.org/idx/zbl/1375.14019
http://dx.doi.org/10.4171/RSMUP/139-8
http://msp.org/idx/mr/3825187
http://msp.org/idx/zbl/1395.18012
http://dx.doi.org/10.1016/j.jpaa.2019.106267
http://dx.doi.org/10.1016/j.jpaa.2019.106267
http://msp.org/idx/mr/4048523
http://msp.org/idx/zbl/07173741
http://dx.doi.org/10.1007/s00029-018-0425-z
http://dx.doi.org/10.1007/s00029-018-0425-z
http://msp.org/idx/mr/3848028
http://msp.org/idx/zbl/06941788
http://dx.doi.org/10.1017/CBO9780511525858
http://msp.org/idx/mr/1291599
http://msp.org/idx/zbl/0803.18001
https://tinyurl.com/brugnori
http://dx.doi.org/10.1016/0021-8693(69)90102-1
http://msp.org/idx/mr/236238
http://msp.org/idx/zbl/0165.32902
http://dx.doi.org/10.1007/BFb0060438
http://msp.org/idx/mr/0272852
http://msp.org/idx/zbl/0203.31402
http://dx.doi.org/10.1007/978-3-540-38955-2_4
http://msp.org/idx/zbl/0477.14004
http://dx.doi.org/10.1007/978-3-642-99902-4_4
http://msp.org/idx/mr/0209333
http://msp.org/idx/zbl/0202.32402
http://dx.doi.org/10.1007/BF02566271
http://msp.org/idx/mr/535058
http://msp.org/idx/zbl/0447.16023
https://tinyurl.com/harrerphd
http://msp.org/idx/mr/1775312
http://msp.org/idx/zbl/0994.14014
http://dx.doi.org/10.1007/978-3-319-50926-6
http://msp.org/idx/mr/3618276
http://msp.org/idx/zbl/1369.14001
http://dx.doi.org/10.1112/S0010437X15007812
http://msp.org/idx/mr/3518311
http://msp.org/idx/zbl/1357.14027


30 LUCA BARBIERI-VIALE, ANNETTE HUBER AND MIKE PREST

[Ivorra 2017] F. Ivorra, “Perverse Nori motives”, Math. Res. Lett. 24:4 (2017), 1097–1131. MR Zbl

[Krause 2000] H. Krause, “Smashing subcategories and the telescope conjecture: an algebraic
approach”, Invent. Math. 139:1 (2000), 99–133. MR Zbl

[Levine 1998] M. Levine, Mixed motives, Math. Surv. Monogr. 57, Amer. Math. Soc., Providence,
RI, 1998. MR Zbl

[Mac Lane 1963] S. Mac Lane, Homology, Grundlehren der Math. Wissenschaften 114, Academic
Press, New York, 1963. MR Zbl

[Neeman 2001] A. Neeman, Triangulated categories, Ann. Math. Studies 148, Princeton Univ. Press,
2001. MR Zbl

[Prest 2011] M. Prest, Definable additive categories: purity and model theory, Mem. Amer. Math.
Soc. 987, Amer. Math. Soc., Providence, RI, 2011. MR Zbl

[Prest 2012] M. Prest, “Categories of imaginaries for definable additive categories”, preprint, 2012.
arXiv 1202.0427

Received February 4, 2019. Revised November 8, 2019.

LUCA BARBIERI-VIALE

DIPARTIMENTO DI MATEMATICA “F. ENRIQUES”
UNIVERSITÀ DEGLI STUDI DI MILANO

MILANO

ITALY

luca.barbieri-viale@unimi.it

ANNETTE HUBER

MATHEMATISCHES INSTITUT

UNIVERSITÄT FREIBURG

FREIBURG

GERMANY

annette.huber@math.uni-freiburg.de

MIKE PREST

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF MANCHESTER

MANCHESTER

UNITED KINGDOM

mprest@manchester.ac.uk

http://dx.doi.org/10.4310/MRL.2017.v24.n4.a8
http://msp.org/idx/mr/3723805
http://msp.org/idx/zbl/1400.14020
http://dx.doi.org/10.1007/s002229900022
http://dx.doi.org/10.1007/s002229900022
http://msp.org/idx/mr/1728877
http://msp.org/idx/zbl/0937.18013
http://dx.doi.org/10.1090/surv/057
http://msp.org/idx/mr/1623774
http://msp.org/idx/zbl/0902.14003
http://msp.org/idx/mr/0156879
http://msp.org/idx/zbl/0818.18001
http://dx.doi.org/10.1515/9781400837212
http://msp.org/idx/mr/1812507
http://msp.org/idx/zbl/0974.18008
http://dx.doi.org/10.1090/S0065-9266-2010-00593-3
http://msp.org/idx/mr/2791358
http://msp.org/idx/zbl/1229.03034
http://msp.org/idx/arx/1202.0427
mailto:luca.barbieri-viale@unimi.it
mailto:annette.huber@math.uni-freiburg.de
mailto:mprest@manchester.ac.uk


PACIFIC JOURNAL OF MATHEMATICS
Founded in 1951 by E. F. Beckenbach (1906–1982) and F. Wolf (1904–1989)

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

blasius@math.ucla.edu

Matthias Aschenbrenner
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

matthias@math.ucla.edu

Daryl Cooper
Department of Mathematics

University of California
Santa Barbara, CA 93106-3080

cooper@math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics

The University of Hong Kong
Pokfulam Rd., Hong Kong

jhlu@maths.hku.hk

Paul Balmer
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

balmer@math.ucla.edu

Wee Teck Gan
Mathematics Department

National University of Singapore
Singapore 119076

matgwt@nus.edu.sg

Sorin Popa
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

popa@math.ucla.edu

Paul Yang
Department of Mathematics

Princeton University
Princeton NJ 08544-1000
yang@math.princeton.edu

Vyjayanthi Chari
Department of Mathematics

University of California
Riverside, CA 92521-0135

chari@math.ucr.edu

Kefeng Liu
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

liu@math.ucla.edu

Jie Qing
Department of Mathematics

University of California
Santa Cruz, CA 95064

qing@cats.ucsc.edu

PRODUCTION
Silvio Levy, Scientific Editor, production@msp.org

SUPPORTING INSTITUTIONS

ACADEMIA SINICA, TAIPEI

CALIFORNIA INST. OF TECHNOLOGY

INST. DE MATEMÁTICA PURA E APLICADA

KEIO UNIVERSITY

MATH. SCIENCES RESEARCH INSTITUTE

NEW MEXICO STATE UNIV.
OREGON STATE UNIV.

STANFORD UNIVERSITY

UNIV. OF BRITISH COLUMBIA

UNIV. OF CALIFORNIA, BERKELEY

UNIV. OF CALIFORNIA, DAVIS

UNIV. OF CALIFORNIA, LOS ANGELES

UNIV. OF CALIFORNIA, RIVERSIDE

UNIV. OF CALIFORNIA, SAN DIEGO

UNIV. OF CALIF., SANTA BARBARA

UNIV. OF CALIF., SANTA CRUZ

UNIV. OF MONTANA

UNIV. OF OREGON

UNIV. OF SOUTHERN CALIFORNIA

UNIV. OF UTAH

UNIV. OF WASHINGTON

WASHINGTON STATE UNIVERSITY

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no
responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2020 is US $520/year for the electronic version, and $705/year for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at the University of California, c/o Department
of Mathematics, 798 Evans Hall #3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at
Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O.
Box 4163, Berkeley, CA 94704-0163.

PJM peer review and production are managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2020 Mathematical Sciences Publishers

http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias@math.ucla.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:balmer@math.ucla.edu
mailto:matgwt@nus.edu.sg
mailto:popa@math.ucla.edu
mailto:yang@math.princeton.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/


PACIFIC JOURNAL OF MATHEMATICS

Volume 306 No. 1 May 2020

1Tensor structure for Nori motives
LUCA BARBIERI-VIALE, ANNETTE HUBER and MIKE PREST

31On the Garden of Eden theorem for endomorphisms of symbolic algebraic varieties
TULLIO CECCHERINI-SILBERSTEIN, MICHEL COORNAERT and XUAN KIEN
PHUNG

67Bergman kernels of elementary Reinhardt domains
DEBRAJ CHAKRABARTI, AUSTIN KONKEL, MEERA MAINKAR and EVAN
MILLER

95Central splitting of manifolds with no conjugate points
JAMES DIBBLE

115On the global Gan–Gross–Prasad conjecture for general spin groups
MELISSA EMORY

153Schur algebras for the alternating group and Koszul duality
THANGAVELU GEETHA, AMRITANSHU PRASAD and SHRADDHA
SRIVASTAVA

185A positive mass theorem for manifolds with boundary
SVEN HIRSCH and PENGZI MIAO

203Circle patterns on surfaces of finite topological type revisited
YUE-PING JIANG, QIANGHUA LUO and ZE ZHOU

221On some conjectures of Heywood
DONG LI

265Knapp–Stein dimension theorem for finite central covering groups
CAIHUA LUO

281Some classifications of biharmonic hypersurfaces with constant scalar curvature
SHUN MAETA and YE-LIN OU

291Surface diffusion flow of arbitrary codimension in space forms
DONG PU and HONGWEI XU

321Nonvanishing square-integrable automorphic cohomology classes: the case GL(2)
over a central division algebra

JOACHIM SCHWERMER

357Invariant Banach limits and applications to noncommutative geometry
EVGENII SEMENOV, FEDOR SUKOCHEV, ALEXANDR USACHEV and
DMITRIY ZANIN

375A combinatorial identity for the Jacobian of t-shifted invariants
OKSANA YAKIMOVA

0030-8730(202005)306:1;1-L

Pacific
JournalofM

athem
atics

2020
Vol.306,N

o.1


	Introduction
	1. Universal abelian tensor categories
	2. Universal tensor-representation
	3. Homological functors
	4. Nori motives
	Acknowledgements
	References
	
	

