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PERVERSE EQUIVALENCES

THOMAS GERBER, NICOLAS JACON AND EMILY NORTON

We define a generalization of the Mullineux involution on multipartitions
using the theory of crystals for higher-level Fock spaces. Our generalized
Mullineux involution turns up in representation theory via two important
derived functors on cyclotomic Cherednik category O: Losev’s “k =0 wall-
crossing, and Ringel duality.

Introduction

It has been known since the foundational work of Frobenius that partitions of n
naturally label the complex irreducible representations of the symmetric group S,,.
If we take an irreducible representation labeled by a partition A and tensor it with
the sign representation, we obtain an irreducible representation labeled by the
transpose of A. The story in positive characteristic is more subtle: the irreducible
representations of G, over a field of characteristic p > 0 are labeled by the p-
regular partitions (partitions in which each nonzero part occurs at most p — 1 times).
Tensoring such a representation with the sign representation still yields an irreducible
representation, but the resulting involution on p-regular partitions lacks such a
simple description as taking the transpose. Mullineux [1979] defined a combinatorial
algorithm producing an involution on p-regular partitions (now called the Mullineux
involution), and he conjectured that this involution describes the result of tensoring
an irreducible representation with the sign representation in characteristic p.

Kleshchev [1996] came up with a surprising algorithm to compute the Mullineux
involution. In fact, whereas Mullineux’s algorithm involved repeated operations
with strips of boxes in the rim of the Young diagram, it was later understood that
Kleshchev’s algorithm could be interpreted in terms of the Kashiwara crystal of
an irreducible highest weight module of level 1 for the quantum group of affine
type A,_1 [Lascoux et al. 1996]: the Mullineux involution is the automorphism
of oriented Z/pZ-colored graphs which switches the sign of each arrow. This
algorithm led to Ford and Kleshchev’s proof of the Mullineux conjecture [1997]; a
different proof was given later by Bessenrodt and Olsson [1998].
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The Mullineux involution can be generalized to various extents. First, one
can look at the Hecke algebra of G,, (which can be seen as a deformation of the
group algebra) with parameter specialized to a primitive e-th root of 1, e € Z>,.
An involution on the set of e-regular partitions (which parametrize the associated
irreducible representations) can then be defined using crystals as above; see [Lascoux
et al. 1996, Section 7]. Fayers [2008] defined a Mullineux involution for the
Hecke algebra of the complex reflection group G (¢, 1, n) (the Ariki—Koike algebra).
Fayers’ involution can also be computed using crystal graphs (now for irreducible
highest weight modules of level £) or via a combinatorial algorithm generalizing
Mullineux’s original procedure [Jacon and Lecouvey 2009]. The Ariki—Koike
algebra has cell modules labeled by all £-partitions, but simples labeled only by
Uglov £-partitions (which coincide with e-regular partitions for £ = 1). However,
its module category is a quotient of a highest weight category O, s where every
£-partition labels a simple module, raising the question whether the Mullineux
involution admits a further meaningful extension to that bigger category.

Namely, consider the category O, s(n) of the Cherednik algebra of G(¢, 1, n).
This category depends on parameters k € @* and s € Q° [Ginzburg et al. 2003;
Rouquier 2008; Losev 2017b] and its Grothendieck group has a basis consisting of
{-partitions of n. In order to relate categories depending on different parameters,
Losev [2015] introduced derived equivalences called wall-crossing functors. Each
wall-crossing can be thought of as a partial version of a duality functor called Ringel
duality. The wall-crossing functors and Ringel duality are examples of a special
kind of derived equivalence called a perverse equivalence [Chuang and Rouquier
2008; Losev 2017a], and consequently they effect a permutation of the set of simple
objects, that is, a permutation of ¢-partitions. It is natural to ask for an explicit
formula for these combinatorial maps.

We now summarize the main results of this paper. In Theorem 2.10 we define a
generalization of the Mullineux involution on all multipartitions. The proof uses
the result of [Gerber 2018] that the 5/[; -, 5loo-, and 5/[2 -crystals on the level £ Fock
space all commute. Our involution @ is compatible with both Fayers’ and Losev’s
involutions, recovering Fayers’ in the case of Uglov multipartitions. The next
question is the representation-theoretic meaning of ®. In Section 3 we study the
combinatorics of perverse equivalences on module categories of Cherednik algebras.
Theorems 3.5 and 3.7 give some formulas for the x = 0 wall-crossing in terms of £
copies of the level 1 Mullineux involution; we recover [Losev 2015, Corollary 5.7]
when ¢ = 1. Next, we look for a duality functor which produces the involution &,
and we find in Theorem 3.14 that & arises from Ringel duality. Here the perspective
of diagrammatic Cherednik algebras [Webster 2017] is crucial, especially [Webster
2017, Corollary 5.11]. In Section 4, we define a refinement of ® with a speculative
eye towards the Alvis—Curtis duality, a perverse equivalence for finite groups of Lie
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type which still lacks a combinatorial description outside type A. This generalizes
Dudas and Jacon’s [2018] definition of a generalized Mullineux involution in the
case £ = 1 by refining the sl -crystal with respect to an integer parameter d.

1. The Mullineux involution for cyclotomic Hecke algebras

We here give a quick review of the definition of the Mullineux involution for
cyclotomic Hecke algebras and its crystal interpretation [Fayers 2008; Jacon and
Lecouvey 2009]. This generalizes the usual notion of Mullineux involution.

1A. Definition. Let £ € Z>; and n € Z>. Denote by W, , the complex reflection
group G(¢, 1,n) =&, x (Z/LZ)". Let R be a field of arbitrary characteristic and
let v € R* and let (51, 52, ..., s¢) be an £-tuple of integers.
The cyclotomic Hecke algebra (also called the Ariki—Koike algebra) ’H;n =
H(v; 51, ..., 5¢) over R is the unital associative R-algebra with a presentation by
¢ generators: Ty, Ti,..., T—1,
« relations:
Ty Ty Ty = Th Ty T1 To,
LTnT =T TiTin (=1,....n=2),

TI;T; =T,T; (lj—il>1),
(To —v")(To —v™) - (Tp — v*) =0,
(T; —v)(T; +1) =0, i=1,...,n—1).

It can be seen as a deformation of the group algebra of W, ,. In particular,
if £ =1, it is the usual Hecke algebra of type A and if moreover v = 1, we obtain
the group algebra RG,, of the symmetric group. We denote by:

o TT° the set of all £-partitions, that is, the set of all £-tuples (A', ..., A%) of
partitions.

e IT=TI1' the set of all partitions.

The unique ¢-partition of size 0 is denoted by @. For any subset £ of TT* and any
n € Z>(, we denote by £ (n) the set of £-partitions in £ of total size A4+ A =n.

Let e be the multiplicative order of v in R. We assume that v # 1 so that we have
ee{2,3,...}u{oo}. We now recall several facts about the representation theory
of cyclotomic Hecke algebras. We refer to [Geck and Jacon 2011, Chapter 5] for
details. For each A € I1¢(n), there is an % ,-module S* which is the Specht module
associated to A. There exists a natural b111near form, 73, ,-invariant, on each of these
modules and an associated radical such that the quotlents D := §*/rad(S) are
either 0 or irreducible. The nonzero D* then give a complete set of nonisomorphic
simple H% ,-modules.
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The set {A € TT¢(n) | D* # 0} depends only on e and s and is known as the set
of Kleshchev ¢-partitions, denoted Kl, s(n). It was originally defined using the
notion of crystal (see [Geck and Jacon 2011, Section 6.2.10]), but there is another
independent description; see [Jacon 2018].

Remark 1.1. Lete>2, s=(s1,...,s¢) andt=(tq,..., 1) suchthatt; =s; mode
foralli =1, ..., £. Observe that for any n € Z>, ’H}’n = HSM, and the definition
of Kleshchev ¢-partitions gives that

Kle,s(n) = Kle,t(”)-

Now if there exists o € G, such that t; = s5(;) mod e foralli =1, ..., £ then we
still have that for any n € Z>, H;’n = 7—[}e , but Kl s(n) is different from Kl, ¢(n)
in general. 7

Set 77[7“1 = ’HR,,,(U_l; S¢, ..., S81) and denote by To, R T(_] the associated
standard generators. For each A € IT¢(n), denote by S* the associated Specht
module of ’;T[}n By [Fayers 2008], the simple modules of 7’-773” are labeled by
the set Kl, s, (n) where —Srey = (—5¢, ..., —51) € (Z/eZ)E. Thus, for each A €
Kl,, s, (n), we have an associated simple 7’:2% ,-module D*. We have an involutive
isomorphism 6 : H$, , — H% , given by

Ty — To, Tir>—vT (i=1,...,n—1).

Then, 6 induces a functor F from the category of 7773 ,~-modules to the category of
H% ,-modules. As a consequence, we obtain a bijective map

Mes - Kle,s(”) - Kle,—srev (n),
satisfyin
yime F(Eme,s(l)) ~ D)»’
for all A € Kl, .

Remark 1.2. (1) By definition of 6, m, _s  om,s=1Idk),,and m,som, s =

(2) Assume that £ = 1. Then the map m, s is an involution and it does not depend
on the choice of s. In fact, we have m, s = m,, where m, is the usual Mullineux
involution defined in the introduction.

e,—srev

1B. The quantum algebra U, (5:[\9). We denote by Ag, ..., A.—1 (where the sub-
scripts are understood modulo e) the fundamental weights attached to the Kac—
Moody algebra EC The simple roots are denoted by «p, ..., ®.—; and § :=
oo+ - - -+ ae— is the null root. The fundamental weights and the simple roots are
related by the formula

Oll'=2Al'—Al'_1—Ai+l+(Si,()5 forall0<i<e—1
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(where 8;; denotes the Kronecker symbol). We denote by P = @, ., ZA; ®ZS
the weight lattice and by U, (g[;) the quantum algebra associated to 5/[;, where
t is an indeterminate. This is an algebra over C(¢) with generators ¢;, f;, tl.il
(0<i<e—1)and 8*! subject to standard relations which we do not recall. We refer
to [Geck and Jacon 2011, Chapter 6] for details on this algebra and its representation

theory.

1C. The level £ Fock space. Let us fix some notation. Fix e, £ > 2 and s € Z. For
K =Z or Q, we denote

Kg(s)= {(sl,...,s@) e K¢

Z Si =S } .
i=1
For s € Z%(s), we denote by TT the set of all symbols of the form |, s) with A € TT%
Further, denote by Hf the sets of all elements in Hﬁ where s € Z¢(s). Let Fes be
the C(¢)-vector space with standard basis Hﬁ, ie., Fos =@, e C(0)IA, s), called
the Fock space of level ¢ and rank e (associated to the charge s). This space can
be endowed with a structure of an integrable U4, (EC)—module; see [Geck and Jacon
2011, Section 6.2].

One can decompose this module as a direct sum of remarkable vector spaces.
Indeed, if w:=) _;_,_, aiA; +d5 € P, define

Foslw]:={m e Fos| 0m =1"m, tym =t%m for all i € [0, e — 1]}.

If this space is nonzero, we say that w is a weight for 7, s and F, s[w] is called the
w-weight space. The elements of F, s[w] are called weight vectors. Importantly,
each element of the standard basis |A, s) is a weight vector and the associated
weight may be easily computed (see, for example, [Yvonne 2007, Corollary 2.5]).
In particular, one can always write it as

dé + Z Ay, — Z m;o;

0<i<e—1 0<i<e—1

and the number ) ,_;_,_, m; corresponds to the size of A. In particular, the weight
of |8,s)i8 D g-;-,_ As;- Thus F, s is the direct sum of its weight spaces.

1D. The ;[;-crystal of the Fock space. As mentioned in the introduction, an im-
portant part of the representation theory of cyclotomic Hecke algebras is controlled
by the theory of crystals for Fock spaces. The g@-crystal of the Fock space F, s is
a combinatorial construction arising from the action of U; (5/[;) on the Fock space
(see the general definition in [Kashiwara 1991; Hong and Kang 2002]). Concretely,
the g[:—crystal is a graph with

« vertices: the elements of TT,



492 THOMAS GERBER, NICOLAS JACON AND EMILY NORTON

e arrows: [A,S) AN |w,s) for A, p € TTY, i € {0,...,e — 1} if and only if

|, s) = f~i|k, s), where ﬁ is the i-th lowering Kashiwara operator of U/, (EC).
An explicit recursive formula for computing the ;[:—crystal is given in [Jimbo
et al. 1991] in terms of adding good boxes; see also [Foda et al. 1999]. It has
infinitely many connected components, each of which is parametrized by its unique
source vertex, called a highest weight vertex. We denote by Ug, ¢ the {-partitions
appearing in the connected component parametrized by the highest weight vertex
3 =(9,...,9), and call them the Uglov ¢-partitions. When ¢ = 1, this set is
nothing but the set of e-regular partitions. The following is an easy consequence
of the definition of Kleshchev and Uglov ¢-partitions (see [Geck and Jacon 2011,
Example 6.2.16]).

Proposition 1.3. Fixn € Z-o. Lets=(sy,...,s¢) €Z% andt=(ty,...,t;) € Z* be
suchthats; =t; modeforalli=1,...,¢,andt;—t;i_1 >n—1foralli =2,...,¢.
Then

Ug, ((n) =Kl ¢(n) = Kl s(n).

In other words, Kleshchev £-partitions are a particular case of Uglov £-partitions,
i.e., we can index irreducible modules of cyclotomic Hecke algebras by certain
vertices of Fock space crystals. The following result is due to Fayers [2008, Sec-
tion 2] in the case of Kleshchev multipartitions (that is, under the condition of
Proposition 1.3) and to [Jacon and Lecouvey 2009, Section 4] in general.

Theorem 1.4. Let n € 7, s € Z°(s) and e > 2. There exists a unique bijection
®,5:Ug, (n) > Ug, ¢ (n), A= @, (X)
such that
. o, @) =0,
o forall0 <i <e—1, we have Qe,sof;: f~_l~ o®, .
This means that for all paths
10,s) 1> - 25 B B ) )

in the gﬁ—crystal on the Fock space F, s, there exists a corresponding path

—i —i —i —i
19, —Srev) L 2> 2> > |, —Srev)

in the ;[;—crystal on the Fock space F, _g,, from the empty £-partition to an £-
partition u € Ug, _¢ . Then ®,4(A) = . In [Jacon and Lecouvey 2009], it is
explained how the map ®, ¢ can be explicitly computed without constructing the
;[:—crystal.
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ExamplelS Takes =4, e=4, (=3, s=(5,~1,0) (sothat srev_(O 1,-5))

Ae Uge,s(6). Therefore, in the crystal of the Fock space F,
@ = fafafsfof2f30

= f3fsfifofaf19
= (2.1, 3, 0).

we get

>~ Srev?

The following result by Fayers [2008] gives the desired crystal interpretation of
the Mullineux involution for cyclotomic Hecke algebras.

Theorem 1.6 (Fayers). Fixn € 7o, s € Z° and e > 2. For all A € Kl,4(n), we
have

me,s(k) = d’e,s(x)-

To summarize, starting with the usual Mullineux involution m, for the symmetric
group, we obtain

« a generalization of m,: the involution m, s on the set of Kleshchev ¢-partitions
which label the irreducible representations of cyclotomic Hecke algebras. If
£ =1, we have m, g = m,.

« a generalization of m, s: the involution ®, s on the set of Uglov £-partitions.
If sis such thats; —s;_y >n—1foralli =2,..., ¢, we have ®, s =m,.

2. The generalized Mullineux involution

Recall from Section 1C that we have fixed e, £ > 2 and s € Z. Let us denote
Fes = @sel‘(x) Fes and F, = @sel Fes-

2A. Triple crystal structure. By Section 1C, the space F, ; has a structure of
integrable U, (;[;)-module of level £. This space can also be endowed with a
structure of U_ /,(5/[;) module of level e. Denote by Ao, .. Ag 1 the fundamental
weights attached to the Kac-Moody algebra 5[5 The s1mp1e roots are denoted by
a@o, ,0p—1 and § is the null root. We denote by P = @0<,<e | ZA ® 735 the
correspondlng weight lattice.

Following [Gerber 2018], there is a level-rank duality between £-partitions and
e-partitions. This is a map

kGe:Té — e

inducing a linear map between the Fock spaces F, ; — F¢, 5. To avoid cumbersome

n the examples, we use the multiplicative notation for partitions and we forget the brackets
around components of a multipartition.
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notation, write k for kf’e and k for kif. From [Gerber 2018, Formula (3.8)], it is
straightforward that k o k = Idpe and ko k=1Idpe e

We can extend k linearly to F,, which endows it with the structure of a
U_ /t(slg) -module, by con51dermg the natural action on F _; and composing
with. k. This yields an 5[5 crystal structure on Fe.s. More precisely, if we denote
by fi j, J=0,...,£—1,the lowerlng 5[4 -crystal operators, the action of fi j on an
£-partition is deﬁned by ko fi ; ok, as indicated by the following diagram:

k
Hf — He—s
@.1) !

Remark 2.2. (1) As explained in [Gerber 2018, Section 7.1], the map k is, up to a
twist by conjugation, categorified by Koszul duality between the corresponding
Cherednik categories O. This justifies the notation.

(2) The level-rank duality k used in our paper is not the same as the one used in
Yvonne and Uglov’s paper. However, our map can be recovered from Uglov
and Yvonne’s ones by composing with the map |A, s) > |A

rev? —Srev), Where
for A := (M, ..., 1®) we have

th‘ — ((}\’(Z))tl" e (A'(l))tl‘)

rev
and A" is the transpose of A.

For s € Z, we denote
A(s) ={(s1,...,50) €Z(s) | s1 -+ <sp <51+ ¢}
and, in a dual fashion,
AG)={(t1, ..., 1) €Z°(s) | h <+~ <1, <11+ L},

Write @ = @, ...,0) e IT°. Note that for s € A(s), the set Ug, ¢ has a convenient
nonrecursive definition; see [Foda et al. 1999, Theorem 2.10]. By [Gerber 2018,
Formula (3.8)], if s € A(s), then k|@, s) = I{b, §) for some § € A(—s).

Finally, there is an sly-crystal structure on Hf arising from the action of a
Heisenberg algebra [Shan and Vasserot 2012; Losev 2015; Gerber 2019]. Its
connected components are all isomorphic to the branching graph of the symmetric
group in characteristic O and thus have vertices in bijection with I1. If A¢ is a
highest weight vertex for the sl-crystal, then any £-partition in the same crystal
component as A is obtained as a, (Ag) for a unique o € I1, where a, denotes the
Heisenberg crystal operator associated to o ; see [Losev 2015; Gerber 2019].
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We will make repeated use of the following important theorem, proved in [Gerber
2018, Theorems 6.17 and 6.19], and its corollary.

Theorem 2.3. (1) The three crystals pairwise commute.

(2) Every |A,s) € Hf decomposes as

IN.s)=f - fio fi, - fi|0. 1)
forsomer € A(s), o €I, p,r € Z>g and somei,, ..., i1€{0,1,...,e—1}
and jr,...,j1 €{0,1,...,¢—1}

Corollary 2.4. The elements r, o, p and r of Theorem 2.3 are uniquely determined
by |\, s). This yields a bijection

B Hf — I_l Uge’r xIT x Ug“,
reA(s)

N8 > (fi) o falBx) 0, f - f 18, ).

Proof. Let A € T1%. By Theorem 2.3(2), there existr € A(s), o €I, p,r € Zsoand
elementsi,,...,i;€{0,1,...,e—1}and j,, ..., j1 €{0,1,...,£— 1} such that

I s)=f - fidofi, - fi19.1).
Assume that we have
fi o Fyao fo, - F10.0) = fi - fido i, - fi0.7)

forr' € A(s), o’ € Il, p',r" € Z>¢ and indices i;,,...,ii €{0,1,...,e—1}
and j,,..., ji €{0,1,...,€—1}. Then the elements

W )= fy - fid010,7') and |p, )= fj - f;,d510, 1)

are both highest weight vertices in the sl, -crystal. As we have f, f,-; ', t’):
ﬁ f,] |p, t), these two elements are in the same connected corrfponent of the sl,-
crystal so they must be equal. From this equality, we deduce in the same way that
the two sl,- -highest weight vertices must be equal: d,/|9, r') = @, |9, r). By the
description of the sl —crystal operators [Losev 2015; Gerber 2018], we obtaino =o”’
and r' =r. We deduce that fJ fJ Iﬂ r) fJ, fjllﬂ ), where |ﬂ r)=Kk|@, ).
In particular, we have r’ = r. Using the same argument but exchanging the roles
of e and £, we also get fi;, ‘.- fii 9, r) = ];i,, e fil |@, r) and p’ = p. This proves
uniqueness, and therefore g is well defined.

Forr € A(s) and (v, ) € Ug, . x Ug, ;, by [Foda et al. 1999, Theorem 2.10],
there exist indices iy, ...,i, €{0,1,...,e—1}and ji,..., j, €{0,1,...,£—1}
such that

fi oo B r)=Iv,r) and f; - f316,0) = |x, E).
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The map §:| | 45 Ug, r xTIxUg, ; — né, v,o,m)> f, -+ fjlflgf,-p .- fi,|@,r)
is well defined, since it does not depend on the choice of the indices and the three
crystals commute. It is straightforward that 8 and § are inverse to each other, which
concludes the proof. ([

Example 2.5. Take s =1, e=3, { =4, s=(-3,2,1,1) and A = ({4, 3.22,0,3).
Then

IB(M" S)) = (|(@’ @’ ®7 3)’ (_1’ 0’ 09 2))9 (2)7 |(22’ 21s Q)’ (_1’ _1’ 1)))
= (f1fo/21@.9.0.9). (~1,0,0,2)), (2).

Jfof2f3f3f0f2 /31,9, 9), (=1, =1, 1))).
Remark 2.6. Note that for £ = 1, Corollary 2.4 reduces to a very simple bijection.
Indeed, there is no EE—crystal (and no level-rank duality) in this case, and the
bijection associates to any partition A a pair of partitions (o, o) determined by the
“euclidean division” of A by e, as follows. Given two partitions & and w/, let p i/
be the partition obtained by concatenating the two partitions and then reordering the
parts to obtain a partition (see for instance [Dudas and Jacon 2018, Section 3.1]).
Then we can uniquely write

A= (0)Up,

where p is an e-regular partition and o € II.

Example 2.7. Choose ¢ =3 and A = (4*.32.2.1%). Then A = (4.12)3 1 (4.32.2.1%).

2B. The generalized Mullineux map. In the following, we will need to go from
one indexation by £-partitions to the other by e-partitions using the map k. We will
use the relationship between the weight spaces for the action of 5/[; and the weight
spaces for the action of 5/[; of F..

We start by defining a map 6, . by setting

Or.e.s - Q' (s) — Q(e), (S1,...,80)> (e —s1+S¢, 81 —52,...,8—1—S¢).
This is a bijection with inverse map
Gze]’s:@e(e)e@z(s), (@r,...,a))—> (S1, ..., 8¢),

where we have forall 1 <i </,

1 .
Si=E<S_ Z Jaj+1)+. Z aj-
1<j<t—1 i+1<j<¢
Lemma 2.8. Keeping the above notation, assume that s =0, el s@, ..., ap); then

-1
we have —Sioy = Qe,e,—s(alv ag,...,an).
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Proof. Write s = (s, ...,s¢) and v= ngl’_s(al, ayg, ..., a). On the one hand, we
have foralli=1,...,¢

I .
s=¢(s- X Jan)+ X a
I<j<t—1 i+1<j<t

and on the other hand

1 .
ve—i+1=z(—s— Z Jaz—j+1)+ Z ag—j+2

l<j<t—1 —it2<j<t
1
= (—s— (—k :
Z( ) Z ( )ak+1)+ Z.ak
1<j<t—1 2<k<i
We obtain
Sj+ve—j+1=0
and the result follows. ([

We have the following result whose proof can be found in [Yvonne 2007, Propo-
sition 2.12], taking into account Remark 2.2(2).

Proposition 2.9. Let § = (51, ..., 5.) € Z°(s) and let w € P be a weight for Foi
Then there exist a unique s € Z%(s) and a unique w € P such that k(F, s[w]) =
Feoglw]. If we write w = dé + ZOgisz—l a;Ai_y with (ay, ..., a;) € Z° we have

-1
S = 0&“,(611, ag,...,a).
Moreover the associated weight is
w=d4é+ Z (s; —S‘,’+1)A,’,
0<i<e-—1
where So = £ + S,.

We are now ready to prove the first main result of this paper. Recall the gener-
alized Mullineux map ®, s on Uglov £-partitions of Theorem 1.4. By level-rank
duality, we have a dual Mullineux map ®, for all t € Z°(—s) which acts on
e-partitions.

Theorem 2.10.

(1) There exists a unique bijection
b Hf — HZ,S, |A, S)> |, —Srev)

such thatforall0<i<e—1, c €elland0<j<{-—1,

() o fi=fiod,
(b) ®ody = dyrod,
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(C) qDij :f-,jqu,
(d) ©(19,) =19, —Srev).
(2) Using the notation of Corollary 2.4, we have
O=5"o(®er, (), Pe.i) 0 B.

In other words, writing |\, s) = ijr e fjlégﬁp - fi, 10, 1) with v € A(s),
we have ®|A, s) = f—jr Tt f—jlda"f—ip cet f—i1 |9, —Trey).

(3) We have || = || if [, —Srev) = P (IR, 8)).

Proof. Let A € T1¢, s € Z(s) and write |A,s) = f, . fj,éaﬁ,, - fi,18, r) with

r € A(s) as in Theorem 2.3. If @ satisfies the four assumptions of the theorem, we
have that

DN ) = Fi e [ndgof - [ 1B, —Tee)

and this shows uniqueness. Now, to prove (1) and (2), we need to show that there
exists an £-partition g such that

I —Srev) = fi, - foison f—j, ++ foji |8, —Trev).
First, note that k|@, —rey) = |é), —Trey) by [Gerber 2018, Formula (3.8)]. Consider
the e-partition A, such that
Ao, B) = fj -+ /510, 1)

and the e-partition w, such that

2, —Frev) = o) o oy |8, —Frey)
defined thanks to Theorem 1.4, i.e.,
|l’l’25 _l.'rev> = (I)@,i'(p‘-Za l‘))

Let |A1, s) = k(]A2, 1)), so that A, s) = f;, -+ fi,do|A1, §). Let v e Z4(—s) and p,
be the £-partition such that |, v) = k(|ft2, —Trev)). Let us show that v = —s,.
By hypothesis, the sl,-weight w of |Ay, ) can be written

b=ds+ Y A,— Y a
I<i<t l<j=t
and there exists a sequence of nonnegative integers (ay, ..., ag) such that

w Idé-{— Z ai[\i_l.

1<i<¢
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By Proposition 2.9, with this notation, we have s =6, el s(ai,aq, ...az). By hypoth-
esis, the sl,-weight w’ of |, —Fey) can be written

W =d'S+ Y A — >
1<i<¢ I<j<t

and thus we have

w' =d'$ + Z aij\l_i.

1<i<t

We thus have v = 9[’;,_3(411, a,...,ag). We conclude that v = —sg, using
Lemma 2.8. Therefore, we can set u to be the £-partition such that |pt, —Sey) =
B~ (1, o, m2), see Corollary 2.4, and this concludes the proof of (1) and (2).

It remains to prove (3). To do this, let us study the sl.-weight of |A{, s) and
|1, —Srev). Again by Proposition 2.9, the weight w of |A{, s) is

w=dd+(e—ri+rd)Ao+ 1 —r)A1+- -+ Femt —T)Ney
which can be written as
w=dé+ Z Ay — Z m;o;
1<i<¢ O<i<e—1

for a sequence of nonnegative integers (m;);—o,... .—1. Note that, with this notation,

the number N := ZOgif .1 m; corresponds to the size of A (see Section 1C). Now
again, the weight w’ of |j|, —Sey) i8S

w =d8s+(e—ri+ro) Ao+ Femi —r) A+ -+ (r1 —r2) Aoy
which thus can be written as
w =ds§+ Z A, — Z (m_)a;.
I<i<¢t O<i<e—1
We conclude that [A;| = |p1], that is, N := ZOfife—l m;. It follows that |u| =
M| =N+|ole+r. O
We may write ® (L) instead of ®(|A, s)) when the charge s is understood.

Example 2.11. Take the same values as in Example 2.5. Denote r = (—1, 0, 0, 2),
so that r = (—1, —1, 1). Then we have

fOfolflfOfoll(gv ®7 Q)’ (_17 15 1)))
=871, 1,4,2),(=2,0,0, 1)), (1%, |(8, 2%, 2.1), (=1, 1, 1))
=|(1,2.1,4,2%, (-1, —1, =2, 3)).
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The following corollary shows that & generalizes the map ®, s of Section 1.

Corollary 2.12. Lete > 2, s € 7t (s),andn > 0. Forall A € Uge’s(n), we have
PQA) =P, s(X).
Proof. Let s € Z%(s). By Property (3) of Theorem 2.10, we have
(19, 5)) = 19, —Srev).

Now if A € Ug, ((n) there exists a sequence of Kashiwara operators such that

fi, o ful@,s) =1L, s).

So we can use Property (1) of Theorem 2.10 to see that

O(fi, - filB,s) = fi - foir B, —Srev).

By definition of ®, ¢ in Theorem 1.4, we get the result. (]

2C. More on crystal isomorphisms. Let P, := 7* be the Z-module with standard
basis {z; |i =1,...,¢}. Fork=1,...,£—1, we denote by oy the transposition
(k, k+1) of &,. The extended affine symmetric group S ¢ 18 the semidirect product
Py x G, with the relations given by 0;z; = zjo; for j #1i,i + 1 and 0;z;0; = z; 11
fori=1,...,£—1and j=1,...,£. It acts faithfully on Z¢ as follows: for any
S:(Sl,...,Sg)GZ(,

0c.S=1(S1,.,8c—15Sct1,Scs Se42,-..,8¢) forc=1,...,€£—1and
2;.8=(51,82,...,8 +e, ..., 80) fori=1,...,¢.
If s and s’ are in the same orbit modulo the action of & ¢, then there is an gz-crystal
isomorphism Ws_,¢ between the Fock spaces F, s and F, g; that is, a map
W g T8 — T
such that

e |A, s) is a highest weight vertex in F, g if and only if |Ws_,¢(X), s') is a highest
weight vertex in F, ¢,

e for all A € 1%, we have W, ¢ (fi|A,s)) = fiWs_ g (A, S)).

These crystal isomorphisms have been explicitly described in [Jacon and Lecouvey
2009]. Let us now come back to our situation. Assume that s € Z¢ and choose
any s’ € Z* in the orbit of —s modulo the action of the extended affine symmetric
group. This is in particular the case for —s..y. There is an 5/[:, -crystal isomorphism
between the Fock spaces F, _s and F, ¢. Composing this map with ® thus gives
an isomorphism between F, s and F, g.
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3. Combinatorics of perverse equivalences for
cyclotomic Cherednik category O

In Section 1, we studied the Mullineux involution in the context of representations of
cyclotomic Hecke algebras. In this section, we use the results of Section 2 to study
the Mullineux involution in the context of representations of cyclotomic rational
Cherednik algebras. The goal is to realize the generalized Mullineux involution as
the permutation of T induced by certain perverse equivalences. We follow Losev’s
approach [2015; 2017b].

3A. Representations of cyclotomic rational Cherednik algebras. We can deform
Clx1s .-y Xpy Y15 - -+, Yn] X CW, , to obtain an algebra called the cyclotomic ratio-
nal Cherednik algebra [Etingof and Ginzburg 2002]. This deformation depends on
parameters k € @* and s = (s1, ..., s¢) € Q° (the charge). We denote it H, s(n).
The charge s is identified with s+a(1, 1, ..., 1) for any scalar «, thus the parameter
space is £-dimensional. As a C-vector space,

Hes(m) =Cly1, ..., yal @ C[We n ] ® Clxy, ..., x4].

This makes it possible to define a category O for H, s(n) as the full subcategory
of H, s(n)-mod consisting of finitely generated H, s(n)-modules which are locally
nilpotent for the action of C[y, ..., ¥,] [Ginzburg et al. 2003]. Let O, s(n) denote
the category O of H, s(n), and O s = @nez>0 Oy s(n). O, s(n) is a highest weight
category whose simple objects are indexed by Irrec Wy ,,, the irreducible represen-
tations of the underlying group algebra CW, , [Ginzburg et al. 2003], and thus
by IT¢(n). Furthermore, the highest weight structure of Oy s(n) depends on a partial
order on IT¢(n) which is determined by the parameter («, s).

3B. Branching rules and crystals. In this subsection we restrict to the case of
integral parameters, that is

k=+l1/e forsomeeeZs, and seZ'

The (complexified) Grothendieck group of O, s is a level £ Fock space. Recall from
Section 1C that the parameters e, s for the Fock space come from its U, (g[;)—module
structure. Shan [2011] has shown that if x = 1/e, there is a notion of branching
rule arising from Bezrukavnikov and Etingof’s parabolic induction functors [2009],
which categorifies the gE—crystal of the Fock space F, s [Shan 2011, Theorem 6.3].
Moreover, there is a categorical Heisenberg action on O, s giving rise to the sl-
crystal on F, s [Shan and Vasserot 2012; Losev 2015]. We have:

Theorem 3.1 [Shan and Vasserot 2012, Proposition 5.18)]. The following are equiv-
alent:

(1) A is a highest weight vertex for both the gﬁ- and sl-crystals on F, s.
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(2) L(X) is killed by the categorical Heisenberg and g[; annihilation operators.
(3) LX) is finite-dimensional.

Thus finite-dimensional simples are labeled by the source vertices of the g[;— and
slo-crystals.

3C. Perverse equivalences. Perverse equivalences are a special kind of derived
equivalence introduced by Chuang and Rouquier [2008; 2017] which are well-suited
for combinatorial applications. Let A, A" be abelian categories with finitely many
simple objects and in which every object has finite length. Let S, S’ be the sets of
isomorphism classes of simple objects of A, A’ respectively. Let

ocScSc---cs. =S8

be a filtration of S and 0 C §; C S| C --- C S, = 5’ a filtration of §". Let 4; C A
and A; C A’ be the Serre subcategories generated by S; and S/, respectively, and
let7:{0,1,...,r} — Z be a function.

Definition 3.2 (Chuang—Rouquier). A derived equivalence F : D?(A) — D?(A")
is perverse if foralli > 0 and all s € S; \ S;_1, the complex F(s) is such that

(1) for j # m(i), all composition factors of H/(F(s)) are in Si 1

(2) all the composition factors of H™ O (F(s)) are in S; _, except for a unique one
in I\ S/_,.

A perverse equivalence F : DP(A) — DP(A) therefore gives rise to a canonical
bijection f : § — S sending 5 € S; \ S;_ to f(s) := H™(F(s)) mod A,_,. In
Sections 3D and 3E, we show how the generalized Mullineux involution arises from
the perverse equivalences given by wall-crossing functors and Ringel duality.

3D. Wall-crossing functors. Let us recall Losev’s [2015] construction of wall-
crossing functors. These are derived equivalences between category O9 +(n)’s for
parameters which differ by a perturbation of the partial order on IT¢(n). Denote by
¢z C @* x Q@ the £-dimensional lattice in the parameter space C* consisting of those
parameters ¢’ = (k’, §') that have integral difference with a fixed parameter ¢ = (k, s),
i.e., such that k' —« € Z and K’(s{—s}) —k(s;—sj)€Zforall 1 <i < j<¢{. Note that
replacing the £-tuple s = (s1, ..., s¢) with s+ («, ..., @) for @ € Z does not affect
the definition of the corresponding rational Cherednik algebra; see the formulas in
[Shan and Vasserot 2012, §3.3, Theorem 6.10]. The lattice ¢z is the shift by ¢ of the
dual lattice to the lattice spanned by certain hyperplane elements; see [Losev 2015,
Sections 2.1.4, 2.7, 4.1.3]. It is isomorphic to Z*. There is a finite set of hyperplanes
in C! called walls dividing ¢z into open cones called chambers. These hyperplanes
are defined as follows. For each A = ((A!, A%, D)y (A8 Ag, L) e T, let

A:={(a. b, j)|1<a, 1<b<irl, 1<j<£t
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be the Young diagram of A. For each (a, b, j) € [A], we define
coc(y)=«l(b—a)+Lhj,

where h; =«s; — j/¢ and

o= Z coc(y)

VEIA]

is called the c-function; the formula in our cyclotomic case was given in [Gordon and
Losev 2014]. By definition, the walls are the hyperplanes ITj  given by ¢ = cy'.
Among these walls, we will be interested in the so-called “essential walls” which
are the following ones:

(1) The wall ¥ = 0 between chambers containing parameters (k, s) such that the
denominator e of « satisfies 2 < e < n, in terms of the above definition. It is of
the form ITy ;/ for some [A] =[] U {y} and [A'] = [w] L {y'}, for some multi-
partition u and two boxes y = (a, b, j) and y' = (d’, V', j') of u with j = j'.

(2) The walls h; —h; =«xm with i # j, m € Z and |m| < n between chambers
containing parameters such that s; —s; —m € k~'7. In terms of the above
definition they are of the form IT y» where

Al=[plu{y} and [\]=[plu{y}
for a multipartition g and two boxes y = (a, b, i) and y' = (d’, V', j).

Two categories whose parameters lie in the same chamber are equivalent as
highest weight categories [Losev 2015, Proposition 2.8]. On the other hand, the
bounded derived categories of O.(n) and O, (n) are derived equivalent when ¢ :=
(k, s) is obtained from ¢’ := (k’, s’) by crossing a wall to an adjacent chamber.
Two chambers are separated by the wall IT, j/ if and only if the sign of ¢y — cy/
in a chamber is opposite to ¢ — ¢y’ in the adjacent one. The derived equivalences
WC, . : D?(0,) — D?(O,) are called wall-crossing functors. They are defined
by taking the derived tensor product with a Harish-Chandra bimodule; see [Losev
2015, Section 2.8] or [Losev 2017a] for the construction of these functors.

Losev [2015, Proposition 2.12] proved that WC.. : Db(0,) — D’(O.) is
a perverse equivalence with respect to the filtration of simple modules by their
supports (the function 7 then picks out the dimension of the support). Therefore
WC, o : D’(O.) = D?(O.) induces a canonical bijection wc.._ on IT¢, called the
combinatorial wall-crossing. For walls of type (b), the combinatorial wall-crossings
have been studied in [Losev 2015; Jacon and Lecouvey 2018]. In particular, they
are given by the crystal isomorphisms of Section 2C for the appropriate parameters
[Jacon and Lecouvey 2018, Theorem 11]. We are here interested in the walls
of type (a). First we need to see for which types of parameters they are defined.



504 THOMAS GERBER, NICOLAS JACON AND EMILY NORTON

We will denote by wc_ . the combinatorial wall-crossing from x > 0 to ¥’ < 0
corresponding to the wall of type (a).

For the next proposition, we will use the following notation. For ¢ := (x, s) and
m € Gy, we say that c is w-asymptotic if, foralli =1, ..., ¢,

s . [— & —_— s . [— M > n — 1
(i) ol T(i+1) ol .

Note that this is slightly more general than Losev’s definition [2015], and that both
agree for integral parameters. We say that c is asymprotic if it is w-asymptotic for
some 7.

Proposition 3.3. (1) Let ¢ = (k,8) and ¢’ = (', ") in ¢z be such that k and k'
have the same sign and such that ¢ and ¢’ are both w-asymptotic for some
7 € &y. Then there are no essential walls between c and ¢’

(2) Assume that ¢ := (k, 8) and ¢’ := (k — 1, §) are two parameters with integral
difference, with k > 0 and k' :== k — 1 < 0 lying in two different chambers
separated by a unique wall of type (a) (and no wall of type (b)). Then there
exists 1 € &y such that c is w-asymptotic and ¢’ is 7'-asymptotic where 1’ € S,
is defined by ' (i) =nw({ —i+ 1) foralli =1, ..., L. Conversely, if c and ¢’
are as above, they are separated by a unique wall of type (a) and no wall of
nype (b).

Proof. Let (i1,iy) € {1, ..., 2)? be such that i; # ip and assume that

i i
Sil_@ — Siz‘& >n—1.

Let A be an arbitrary ¢-partition of n and let y; = (ay, by, i1) and y» = (a2, by, i)
be two boxes of the Young diagram. By [Geck and Jacon 2011, Example 5.5.18],
we have
by—a;— (b —ax) >1—n.

Thus we deduce
i
ﬁ’
which implies that co.(y1) > co.(y2). The same calculation holds for ¢’ and we get
coy (y1) > cor(y2). Thus the order on boxes induced by the c-function is the same
if we choose it with respect to ¢ or to ¢/, and therefore there is no wall of type (b)
between ¢ and ¢’. Thus we cannot have any walls of type ITj »' between the two
parameters. This directly implies (1).

Now we prove (2). Assume thus that ¢ := («, s) and ¢’ := (k — 1, §") have integral
difference, with ¥ > 0 and k" := k — 1 < 0 lying in two different chambers separated
by a unique wall of type (a) (and no wall of type (b)). Let (i1, i) € {1, ..., 0)?

J
b1 —a; + s, — 7 >by—ax+si, —
K
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be such that i} # i>. Consider the £-partition A of n — 1 such that Ak = ¢ for all
ke{l,...,€}\{i;} and A't = (n — 1). We then consider the £-partition p of n
obtained from A by adding y; := (1, n, i1) and the £-partition v of n obtained from A
by adding y, := (1, 1, ip). If ¢ := (k, s) does not lie in an essential wall, we have
two cases to consider:

e If ¢, < ¢, then we have co.(y1) < co.(y2). We thus obtain

i in

Kkl n—1+sl~]—ﬁ <kl Siz_g
53 i

Siz_ﬁ — Sil_ﬁ >n—1.

Now consider the ¢-partition A" of n — 1 such that V=@ forall k {1, ..., \{i1)
and M'"' = (1"~1). We then consider the ¢-partition g’ of n obtained from A by adding
y1:=(n, 1, i) and the ¢-partition v’ of n obtained from A by adding y» := (1, 1, i2).

We must have
i in
K€<l —n+s;, — ﬁ) < Kﬂ(siz — E)

but now as no walls of type (b) must be crossed to go to ¢, we must also have

i1 in
K’E(l —n+s) — ﬁ) < K’E(S{z — K_E>

which implies that

This implies that

because k' is negative.

e If ¢y, > ¢y, we now have co.(y1) > co.(y2) and

i >
Kl n—l—l—si,—ﬁ >kl s,-z—@ .
i i
<S;2_W)_(sl/l_ﬁ>>n_l

and by considering the same A" as above we now obtain

i1 in
Sil_ﬂ — Siz—ﬁ >n—1.

This implies that
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We can thus conclude that ¢ is r-asymptotic and ¢’ is 77’-asymptotic for a certain
7 € &;. Now let us take such a pair (¢, ¢’) and let (i1, i2) € {1, ..., £)? such that

i1 #1ip and
i 2
S,‘l—— — Siz__ >n—1
( Kﬁ) ( Kﬁ)

so that

We have already seen that for any £-partition A, and y| = (ay, by, i1) and y, =
(az, by, ir) two boxes of the Young diagram, we have co.(y1) > co.(y»). But,
the hypothesis also shows that co. (y1) > co.(y2). This implies that no wall of
type (b) is crossed between ¢ and ¢’. If we now take an arbitrary ¢-partition of
n — 1 and consider two addable boxes y| and y» in the same component such that
co.(y1) < co.(y2), then we have co. (y1) > cox(y2). This implies that a wall of
type (a) is crossed. This concludes the proof. ([

Assume that s is 7 -asymptotic for some 7 € G, and assume moreover that we are
in the integral parameter case. We denote sop, :=$’ an associated multicharge which
is r’-asymptotic with respect to the notation of the proposition. This is a slight
abuse of notation because s’ is of course not unique in general. However, two -
asymptotic parameters lie in the same chamber. Thus, the associated categories are
equivalent as highest weight categories, and we can identify these two parameters.
Moreover, note that one can assume that s’ and s live in the same orbit modulo the
action of the affine symmetric group. Indeed, if we denote s := (s, ..., s¢). One
can choose (ki, ..., k¢) € Z¢ so that 8" := (s| +kye, ..., s¢ +kee) is 7'-asymptotic.
In this case, ¢ = (k’, s”) and ¢ are in ¢z and again ¢” and ¢’ lie in the same chamber.

Proposition 3.4 [Losev 2015, Proposition 5.6]. (1) The g[;-crystal commutes
with we_ 4.

(2) The sls-crystal commutes with wc_ . up to taking the transpose, that is,
WC_. 4 0dy = dgroWC_ 4 forall o € T1.

For the next definition, if A is an arbitrary £-partition and s an arbitrary £-charge,
we denote [A", —s) by (]A, s))', where A" is the £-partition (A1), ...,(A9)") and
—s:=(—s1, ..., —S¢). Now it follows from the definition of the crystal operators
and [Losev 2015, Section 4.1.4] that when changing « to —«, () commutes with the
g[;-crystal up to changing f; to f_; (see [Jacon and Lecouvey 2010, Section 3.2.3]),
and commutes with the sl,-crystal up to taking the transpose (when « < 0, the
slyo-crystal adds horizontal e-strips instead of vertical e-strips; see [Losev 2015,
Section 4.2.3]). We deduce the following result.
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Theorem 3.5. Assume that we are in the integral case, and that moreover (k, )
is asymptotic. Assume that A = (\', ..., \Y) is in the connected component of the

-~

empty multipartition for the sl,-crystal and the sls-crystal. Then we have

\p_srevﬁ_s()pp (o) cD()\,) e WC_(_+ (l)[l‘.

Proof. By hypothesis, there exist o € IT and (i1, ..., i,) € (Z/eZ)? such that
fip -+ funds|0,s) = A, s).

From Theorem 2.10(1) together with the definition of the crystal isomorphism in
Section 2C, we have

\Ij—Srcv—>—Sopp o cD(f;p e ﬁldalﬂ? S)) - f—i,; e f—il qj_srcv_)_sopp o CD(&(T|@’ S>)
= ffip T f:ilgl(r”lﬂs _Sopp>

using the explicit formulae of the crystal isomorphism together with the explicit
formula of the action of a, [Gerber 2019, Section 5]. On the other hand, by
Proposition 3.4, we also get

WC—<—+(f~i,; to -];ila0|ﬂ’ s)) = ﬁ]r to filaa“lgs Sopp>v

where the right-hand side is computed with respect to x” < 0. The result then follows
by sending k' to —«’ (the latter is positive) and applying our operator (). (]

This Theorem is in fact a generalization of a result by Losev in level 1 [2015,
Corollary 5.7], which we recover below. Using the notation of Remark 2.6, denote

M, : 11— 11, A= (0)Upr (6N Um.(p).
Corollary 3.6 (Losev). Suppose £ = 1. Then for all ) € I1,
we_ 1 (A) = (M (W)™

Proof. In the case £ = 1, the charge is irrelevant (see also Remark 1.2), thus
$0 18 W_g  — —s,,- By Remark 2.6, = (6) U p is the level 1 analogue of the
decomposition of Corollary 2.4 used to define &, and we can identify M,(A) with
(me(p), (6™)¢). Thus by Theorem 2.10(2), we have ® (1) = (m.(p), (c1)¢) =
M,(}), and we conclude using Theorem 3.5. O

We are able to partially generalize the level 1 statement to level £:

Theorem 3.7. Assume that we are in the integral case, and that moreover (k, S) is
asymptotic. Letk € {1, ..., £} be such that

sy =max{s;;i=1,...,¢}.
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Assume that A= (\Y, ..., AY) is such that \! is e-regular foralli € {1, ..., £—1}\{k}
and )X is arbitrary. The combinatorial wall-crossing we_ . (X) is then given by
the formula

weo (M) = (me(AD), ..., M OSY, L me )T

Proof. Let us first assume that A/ is e-regular for all j =1, ..., £. By [Losev 2015,
Proposition 3.1], we know that the wall-crossing is independent of the choice of
a Weil generic parameter. In our situation this means that we can assume that for
each A € IT(n), if two boxes have the same residues then they are in the same
component. We thus have an action of a Kac—Moody algebra as a tensor product of
£ copies of EE, one for each component of the multipartition. By Proposition 3.4,
the associated Kashiwara operators commute with we_ .. Moreover, we know
that we_ 1 sends the empty multipartition to the empty multipartition and that for
each e-regular partition A, there exists a sequence of Kashiwara operators sending
# to A. The result follows.

Next, assume that A = (A, ..., 1% is such that A/ is e-regular for all j €
{1,...,€}\ {k} and A¥ is arbitrary. By our assumption on k and the definition of
the action of the Heisenberg crystal operators a, in [Losev 2015, Proposition 5.3],
we know that there exist o € [T and p' = (u!, ..., u%) such that pu/ = A" if i #k,
uk is e-regular, and G, p = A. The result then follows from Proposition 3.4. U

We obtain the following interesting corollary which was not immediate from the
crystal graph perspective.

Corollary 3.8. Assume that we are in the integral case and that (k, s) is an asymp-
totic parameter and assume that A = (\', ..., 1Y) is a highest weight vertex such
that each \J is e-regular. Then

wee o (W) = (me (), o me(R6)"
is a highest weight vertex for the opposite asymptotic parameter.

Example 3.9. Take £ =2 and s € Z such that s > n — 1 so that s = (0, 5) is an
asymptotic 2-charge. The bipartitions (1!, 12) which are both highest weight vertex
for the sl.-crystal and the g[;—crystal are exactly the ones satisfying A> = @ and
one of the following conditions:

o ! = u¢ for a partition s.
« 1! has exactly one good removable box of residue s mod e.

Let us consider the second case and assume that 1! is e-regular. Then our theorem
asserts that we_ 4 (A) = (m.(A)", @). This is consistent with the fact that it must
be both a highest weight vertex for the sl-crystal and the gﬁ—crystal because
me (A1) has exactly one removable box of residue —s mod e.
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3E. Ringel duality for O, Consider O, s(n), the cyclotomic Cherednik cate-
gory O of the complex reflection group G (¢, 1, n) for parameters k = r/e such
that e > 2 and ged(r, ¢) = 1, and s € Q° satisfying kes; € Z fori =1, ..., £. The
category O, s(n) is a highest weight category with standard objects A (L), costandard
objects V()), simple objects L(}), etc., indexed by {A € IT¢(n)} [Ginzburg et al.
2003]. By general theory [Donkin 1998, Appendix] there is a corresponding Ringel
duality functor
R:DP(Op5(m)) => D’(Y Oy 5(n))

induced by the derived Hom functor with respect to a full tilting module, and which
was realized explicitly in [Ginzburg et al. 2003]. The category ¥ O, s(n) is called the
Ringel dual of Oy s(n). It is shown in [Ginzburg et al. 2003] that ¥ O, s(n) is again a
cyclotomic Cherednik category O. In particular, it holds that ¥ O s(n) =~ O, ¢ (n)
for some parameters k', s’ of the same rank and level, so that the Grothendieck
group of @, O, ¢ (n) is again a level £ and rank e Fock space. Losev [2017a,
Lemma 2.5] proved that Ringel duality is perverse with respect to the filtration by
support of simple modules. As discussed in Section 3C, this means that we can pick
out a unique composition factor L(p) in the homology of the complex R(L (X))
such that g has maximal bidepth in the gﬁ and sly-crystals. Set r(A) = u. For the
rest of this section, we assume 7 is fixed and write O, s as shorthand for Oy ¢(n).

Note that in Section 3D, we have defined wall-crossing functors as crossing a
single essential wall. However, there is a derived equivalence

WCy . : D?(0,) = Db (0O.)

for any ¢’ in the lattice ¢z of parameters having integral difference with ¢, defined by
taking the derived tensor product with a Harish-Chandra bimodule [Losev 2017a].
By abuse of language let us refer to such an equivalence as a wall-crossing functor
whenever ¢ and ¢’ do not lie in the same chamber.

We are now going to recall Losev’s comparison of the Ringel duality with the
wall-crossing functor to a maximally distant chamber. The first part of the following
proposition is from immediately after Theorem 6.1 in [Losev 2017a]. We add some
details to the proof by justifying the assumption of the existence of a parameter ¢’
in the same lattice as ¢ such that the order on category O, is opposite to that on O,.

Lemma 3.10. Assume the parameter ¢ = (k, S) is as in the assumptions of [Losev
2017a, Theorem 4.1]. The following statements hold.

(1) The Ringel duality R : D (Oks) = D (Y Ok.s) can be realized by the (inverse)
wall-crossing functor to the opposite chamber.

(2) The combinatorial bijection r induced by Ringel duality commutes with the
sle-crystal.
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Proof. (1) This is a special case of [Losev 2017a, Theorem 6.1], which follows
from [Losev 2017a, Lemma 2.5 and Theorem 4.1]. We justify the existence of an
opposite chamber and its intersection with the Z-lattice of parameters cz in the case
W=G(,1,n).

The category O, s is a highest weight category with respect to the order on
Irr G(¢, 1, n) = IT%(n) given by the c-function c;, (see Section 3D). It is a general
fact about Ringel duality for highest weight categories that the Ringel dual category
has the same poset with the opposite partial order [Donkin 1998, Appendix]. Thus
the c-order on IT¢(n) with respect to the parameters («’, s) is opposite to the c-order
on IT¢(n) with respect to the parameters («, s). Recall from [Losev 2015] that the
c-order is constant on the open chambers given by the complement of the hyperplane
arrangement of essential walls.

We claim that we can find an example of a parameter ¢’ = («’, s’) with the
property that O, ¢ realizes the Ringel dual of Oy s and («’, §") has integral difference
with (k, s). Recall the definitions of walls and chambers from Section 3D. First,
assume that ¥ > 0, and let # € Z- such that s € Z¢ and n € Z be such that k —n <0,
tdividesn andn/(¢x) € Z. Setc':= (k',s') € Q% % @Q* such that ” := k —n and for
all j=1,..., ¢, we have s} =sj+ jn/(lkk’). Thenforall j =1, ..., ¢, we have

jn

e O ey

jn
—ks;=—ns;+—¢el.
> J I
Since we have in addition ¥ — «’ € Z, we deduce that («,s) and («’,s') are in
the same lattice. Now, let y = (a, b, j) € Z-o x Z>0 x {1, ..., £} be a box of an
£-partition. We have

coc(y) :Kﬁ(b—a—i-sj - ﬁ) and co.(y) :K’Z(b—a—i-s} - #)

and for j=1,...,¢,

;o J\_ Jn j o J _jn—jk+jlk—n)
: s = -+ — = =0.
bk’ Uk’ Uk Lk (k —n)

As k and «’ have opposite sign, we conclude that ¢ and ¢’ induce opposite orders
with respect to the c-function.

(2) The proof follows by exactly the same argument as the proof of [Losev 2015,
Proposition 5.6(1)]. Indeed, the assumption of [Losev 2015, Proposition 5.6(1)]
that the wall-crossing is through a single essential wall is only used in reference
to [Losev 2015, Proposition 3.8], which states that wall-crossing functors across
essential walls intertwine the parabolic restriction functors. The analogous statement
that (inverse) Ringel duality intertwines parabolic induction and restriction functors
is proved in [Losev 2017a, Lemma 4.7]. O
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The symmetrical statement to Lemma 3.10(2) for the g[;—crystal follows by
level-rank duality which switches the roles of e and ¢ and commutes with Ringel
duality. For this, we need to be in the integral parameter case again.

Lemma 3.11. The map r commutes with the g[z-crystal.

Proof. By [Rouquier et al. 2016, Theorem 7.4] and [Webster 2017], the category
Oy.s 1s standard Koszul, which by [Mazorchuk 2010] implies that Ringel duality
commutes with the Koszul duality. The Koszul duality K lifts the level-rank duality k,
by which the g@—crystal is defined, to the categorical level [Rouquier et al. 2016,
Theorem 7.4]. Since we need to compare Ringel duality for level e with Ringel
duality for level ¢, write R for the former and R for the latter; likewise, write r for the
former and r for the latter on the level of Grothendieck groups. We have RK = KR
and thus rk = kr and rk = kr. Let f ;i bean EQ crystal operator. Recall from (2.1) that
the action of f ;i in level £ and rank e is defined by k f k. By the preceding lemma, in
level e and rank £ we have fjizifj. Thus, r(I%f,-k): I%Ff,-k:l'(f.jf'k: (Rfjk)r. O

3F. The combinatorial Ringel duality. For this section, we again take parameters
to be integral. The category O, s is equivalent as a highest weight category to
the category S, s of finite-dimensional modules over the diagrammatic Cherednik
algebra with Uglov weighting defined by Webster [2017, Theorem 4.8]. Webster
[2017, Corollary 5.11] proved that for the category Sy s, taking the Ringel dual
corresponds to sending k to —x and keeping the charge s fixed. Moreover, there is
a natural isomorphism of diagram algebras (which is given by replacing the label
i € Z/eZ with —i on black strands and the label j € Z/¢Z with —j on red strands;
see [Webster 2017, Proposition 4.5]). This isomorphism induces an equivalence

* SK,S - S*K»*Srev

which evidently satisfies f_; o % = o f; and fi jox=x%o0 ];J Composing * with
Ringel duality for the diagrammatic Cherednik algebra then gives an equivalence
(via identification of Oy s with S ),

%0R: D (O ) = DP(Scs) = DP(S¢.—s.,) = DP(Oy —s)

which is perverse, being the composition of abelian equivalences with a perverse
equivalence [Chuang and Rouquier 2017].

Set D=%oR: Db (Oks) = Db((’),(,_sm) (see [Ginzburg et al. 2003, Proposi-
tion 4.10]). On the level of Grothendieck groups, D yields an involutive isomorphism
of Fock spaces,

d:Fes—> Fe—sp-

We call d the combinatorial Ringel duality.
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Corollary 3.12. Foralli =0,...,e—1andall j =0,...,¢—1 we have

dfi = fid and df;=f_d.

Proof. This is stralghtforward from Lemmas 3.10 and 3.11, because d = *or and *
verifies f_, ok =3%o0 ﬁ and f_ ox=s%o0 f; i, as explained above. O

Lemma 3.13. For all o € I1, we have da, = a,ud.

Proof. Since D is perverse with respect to supports of simple modules, i.e., cuspidal
depth, d is an involutive isomorphism of sl.-crystals F, s — F. s, . Thus either
dod, =dayod or dod, = dy,rod. By Corollary 3.12, d commutes with the two kinds
of Kashiwara crystal operators up to a change of sign in the indices. Therefore, by
Theorem 2.3(2), it is enough to prove that the two maps agree on multipartitions of
the form |@, s). Further, by [Jacon and Lecouvey 2018], |4, s) can be obtained by
applying a sequence of combinatorial wall-crossings of type (b) to |@, s’) for some
asymptotic parameter (k,s’). By [Losev 2015, Proposition 5.6 (1) and (2)], the
combinatorial wall-crossings of type (b) commute with the three kinds of crystal
operators. Therefore, we can reduce the proof to the case where (x, s) is asymptotic.
Now, we have already seen that in this case, d, acts only on one component of the
empty multipartition, so we can reduce the proof to the case £ = 1.

For the rest of the proof, consider the functors D and * o WC__ when £ = 1
so that we are considering functors on the category O, (&,,) (as G(1, 1,n) = S,).
By [Rouquier 2008, Corollary 5.13], if r > 0 is coprime to e then O_,/.(5,) =~
O_1/.(6,) are equivalent as highest weight categories. Moreover, the equivalence
sends A(A) to A(A), as follows from [Ginzburg et al. 2003, Corollary 6.10] together
with the fact that the Hecke algebra at a primitive ¢’-th root of unity depends only
on e, not on the root of unity [Brundan and Kleshchev 2009]. Thus, though abusing
notation, the composition * o WC__ is well defined.

We claim that for £ = 1, the combinatorial Ringel duality d coincides with the
transpose of the combinatorial wall-crossing. If ¥ > 0 and ¥’ <0 and WC_._, :
DP(0,(6,)) = D*(0.(S,)) is the wall-crossing functor across the (unique)
essential wall defined by the equation ¥ = 0, then the combinatorial wall-crossing
wc_ . is given by we_ . (1) = (M,(A))" for all A € T1(n) [Losev 2015, Corol-
lary 5.7]. The functors R and WC_ _ are both perverse equivalences from O, (&)
with the same perversity function, namely the cuspidal depth of L(A). Thus D=x%0oR
and x o WC_ _, are perverse self-equivalences of O, (S,,) with the same perversity
function [Losev 2017a, Lemma 2.5 and Theorem 6.1]. By [Chuang and Rouquier
2017, Proposition 4.17], if F : D?(C) = D”(D) and G : D*(C) => D"(&) are two
perverse equivalences with the same perversity function, then Go F~! : D =5 £ is
an equivalence of abelian categories. In particular, this implies that R(O, (&,,)) =~
WC_ (O (S,)). Set A:= (xoWC__;) oD : 0(S,) = 0c(S,). On K,
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it holds that [D(A(A))] = [(+ o R)(A(A)] = [(x o WC_ )(A(A)] = [AGY)]
for any A € I1(n) by [Ginzburg et al. 2003, Proposition 3.3, Corollary 4.8 and
Proposition 4.10] and [Losev 2015, Proposition 3.2]. Thus [A(A(X))] = [A(MV)]
for all A € [1(n). Moreover, it follows from the definitions of R and WC__
that A sends standardly filtered objects to standardly filtered objects. Therefore
A(A(A)) = A(L), from which it follows that A(L(A)) = L(A). We conclude that
d=(—)"owc_.; = M,. This concludes the proof. O

Now recall the generalized Mullineux involution ® : F, s — F, _s  from
Theorem 2.10.

Theorem 3.14. The map d is equal to ®.

Proof. Corollary 3.12 and Lemma 3.13 combined imply that d and & satisfy the
same commutation relations with the operators for the sl-, g[;—, and E[; -crystals.
Moreover, as seen in the proof of Lemma 3.13, d maps |@, s) to |@, —Siev). By
Theorem 2.10(1), @ is the unique involution with these properties, sod = ®. [

We recall for the reader the fact that the finite-dimensional modules of a rational
Cherednik algebra H.(W) coincide with the cuspidal modules, i.e., those sent to 0
by every parabolic restriction functor with respect to a proper parabolic subgroup
of W [Bezrukavnikov and Etingof 2009].

Corollary 3.15. Suppose L(X) is a finite-dimensional irreducible representation of
the rational Cherednik algebra of type B, = G (2, 1, n) for parameters correspond-
ing to Fock space charge s = (s1, s2) € Z% Then ®(A) = A, and D(L(L)) = L()),
where we identify L(L) with the complex concentrated in degree O.

Proof. First, we make some remarks which hold for arbitrary £. By Theorem 3.1,
L(X) is finite-dimensional if and only if |A, s) has depth O in both the sl,- and
EC -crystals. Recall that D is perverse with respect to filtration by the depth in the
EE- and sly-crystals, i.e., cuspidal depth. Since D is not just a derived equivalence
but a perverse equivalence, by Definition 3.2 it holds that D induces an abelian
equivalence on each associated graded layer of O, s(n) with respect to the filtration
by supports of simple modules. In particular, D restricts to an equivalence of abelian
categories on the bottom filtration layer of O, s(n), and this subcategory coincides
with the subcategory of cuspidal, that is finite-dimensional, modules. Thus if A has
depth 0 in both the EC— and sl-crystals, D sends L(A) to some L(p) where g again
has depth 0 in both the E[\e_ and sl -crystals. Here, we identify L (1) with a complex
concentrated in degree 0, and likewise for L(u). In this case, D(L(A)) = L(P (X))
by Theorem 3.14.

Now we specify to the case £ =2. When £ = 2, the map & fixes the ;[;—crystal
operators fj since j = —j mod 2. Moreover,

—Srev = (—$2, —51) = (51, 52) — (52 + 51, 52+ 51),
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i.e., —Sry 1S just an integer shift of s. Recall the remark at the beginning of
Section 3A that charges differing by an integer shift define the same rational
Cherednik algebra. Thus we may identify the Cherednik algebras defined by
(k,s) and (k, —Srev), and hence we may identify their categories O. Now, it is
straightforward to see that the action of f ; on an element of I1¢ is not affected by
an integer shift of the charge; more precisely,

fivty =t v €)= filv.t+k) = v .t +k)

for all v € TI%, t € Z(s) and k € Z. In particular, we get ®(|A,S)) = |, —Srey),
which proves the claim. U

Remark 3.16. Corollary 3.15 implies that Ringel duality can be seen as a self-
equivalence of O, s(B,) which fixes cuspidal (i.e., finite-dimensional) modules, and
we recover [Ginzburg et al. 2003, Remark 4.12].

Example 3.17. Take ¢ =3, s=(—1,3) and A = (3.3, ). Then
IB(ll’ S)) = (l(@, Qj)a (09 2))9 Qj? |(27 2’ 1)5 (_1’ _15 0)))

= (l(ﬂa Qj)a (09 2))9 Qj? fofofoflfl |(®9 @a Qj)a (_15 _1’ O)))v
so that L(X) is finite-dimensional in O/, s(6). We have

=878, 9). (=2,0)), 0, (1,2,2), (0. 1, D))
=13.3,9), (=3, D) = A, =Srev).

4. Other crystal structures and generalization of Mullineux involutions

We now explain a possible generalization of the Mullineux involution defined in
[Dudas and Jacon 2018] that uses the results of Section 2. We already know that
we have three different crystal structures on level £ Fock spaces which are pairwise
commuting, namely the g\e—, 5lyo- and g@—crystals. We now slightly generalize
this by introducing an additional parameter d € Z>( (which plays the role of the
parameter £ in [Dudas and Jacon 2018] in level one — that is, the type A situation).
To do this, recall that if A € I1, we can uniquely write the decomposition

d d"
A=Ay +Agy T+ A

for n € Z>¢ and where each A(;) is d-regular.
Let j € Z-.¢. One can define an action of a Kashiwara operator ﬁ j (for k =
0,....,d—1)as _
S, jA=wp forall A €Il

where ) = Ay) whent #d and py) = ka(d) (where f; is denoting the usual
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Kashiwara operator acting on d-regular partitions).
Using the decomposition in Theorem 2.3, we get an action of Kashiwara operators
on the whole Fock space as follows. Let |A, s) € Hf and write

B(A,s)) = (A1, 1), 0, [A2, T)).

Then, for all j € Z.,

fij ) = B71(ALL 1), fij0, Ao, ).

For each j € Z>(, we thus get an g@—crystal.

It is immediate to see that these actions also commute with the gﬁ—crystal and
the sﬁ}crystal (it just follows from the existence of the bijection §). Finally, there
is an obvious analogue of the Mullineux involution for this decomposition, which
depends on d. Namely, for |A,s) € l'IéZ and B(JA,s)) = (|A1, 1), 0, |A2, T)), We
define

DD (A, 8) = B me (A1), me(00) +me(o@)? + -+ me(om)? , mei(Xa)),

so that ®@ simultaneously generalizes ® and the version of the Mullineux in-
volution of [Dudas and Jacon 2018] (which we recover by taking £ = 1). As in
[Dudas and Jacon 2018], we believe it would be interesting to look at the case
¢ =2 and investigate the relationship between ®“@ on the one hand, and the Alvis—
Curtis duality for unipotent representations of finite unitary groups in transverse
characteristic d on the other hand (or more generally of finite groups of Lie types
B and C).
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