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2-CATEGORIES OF SYMMETRIC BIMODULES
AND THEIR 2-REPRESENTATIONS

VOLODYMYR MAZORCHUK, VANESSA MIEMIETZ AND XIAOTING ZHANG

In this article we analyze the structure of 2-categories of symmetric projec-
tive bimodules over a finite dimensional algebra with respect to the action
of a finite abelian group. We determine under which condition the resulting
2-category is fiat (in the sense of Mazorchuk and Miemietz (2011)) and clas-
sify simple transitive 2-representations of this 2-category (under some mild
technical assumption). We also study several classes of examples in detail.

1. Introduction and description of the results

In the last 20 years, many exciting breakthroughs in representation theory, see,
e.g., [Khovanov 2000; Chuang and Rouquier 2008; Brundan and Stroppel 2012;
Elias and Williamson 2014; Williamson 2017], have originated from the idea of
categorification. This has inspired the subject of 2-representation theory which
studies 2-categories with suitable finiteness conditions. An appropriate 2-analogue
of a finite dimensional algebra was defined in [Mazorchuk and Miemietz 2011]
and called finitary 2-category. Various aspects of the structure and 2-representation
theory of finitary and, more specifically, fiat 2-categories have been studied in
[Mazorchuk and Miemietz 2011; 2014; 2016a; 2016b; 2016¢; 2016d; Mackaay
et al. 2019; 2018; Chan and Mazorchuk 2019; Chan and Miemietz 2020]. In
particular, [Mazorchuk and Miemietz 2016d] introduces the notion of simple tran-
sitive 2-representation which is an appropriate categorification of the concept of
an irreducible representation. A natural and interesting problem is the classifica-
tion of simple transitive 2-representations for various classes of 2-categories, see
[Mazorchuk 2017].

One interesting example of a fiat 2-category is the 2-category of Soergel bimod-
ules associated to the coinvariant algebra of a finite Coxeter system, see [Soergel
1992; 2007; Elias and Williamson 2014]. For these 2-categories, simple transitive
2-representations have been classified in several special cases including type A,
the dihedral types and some small classical types, see [Mazorchuk and Miemietz
2016d; Kildetoft et al. 2019; Mackaay and Tubbenhauer 2019; Mackaay et al. 2018].

MSC2010: 18D05.
Keywords: finite abelian group, symmetric bimodule, 2-category, simple transitive 2-representation.

645


http://msp.org/pjm/
https://doi.org/10.2140/pjm.2020.306-2
http://https://doi.org/10.2140/pjm.2020.306.645

646 VOLODYMYR MAZORCHUK, VANESSA MIEMIETZ AND XIAOTING ZHANG

The article [Mackaay et al. 2018] develops a reduction technique that reduces the
classification problem to smaller 2-categories which, in practice, are often given by
“symmetric bimodules” as defined in a special case in [Kildetoft et al. 2019].

Inspired by this, in the present article we formalize the concept of symmetric bi-
modules under the action of an abelian group. While defining symmetric bimodules
with respect to a nonabelian group action is possible, decompositions will no longer
simply rely on the Pontryagin dual group and the techniques of this paper would
need to be changed significantly. We study the resulting 2-categories of projective
symmetric bimodules and their 2-representations. We show that these 2-categories
are weakly fiat provided that the underlying algebra is self-injective and fiat if the
underlying algebra is weakly symmetric, mirroring the situation for the 2-category
of all projective bimodules from [Mazorchuk and Miemietz 2011, Subsection 7.3]
and [Mazorchuk and Miemietz 2016b, Subsection 2.8]. Using [Mackaay et al.
2018], we reduce the classification of simple transitive 2-representations in the
weakly symmetric case to the classification of module categories over the 2-category
Rep(G) from [Ostrik 2003].

One of the main results of [Mazorchuk and Miemietz 2016a] classifies a class
of “simple” 2-categories with a particularly nice combinatorial structure. Here we
study one of the smallest families of 2-categories which do not fit into the setup
of [Mazorchuk and Miemietz 2016a]. We show that these can always be realized
inside a 2-category of symmetric bimodules.

The paper is organized as follows. In Section 2 we collect the necessary prelimi-
naries. In Section 3 we introduce symmetric bimodules and study their structure
and simple transitive 2-representations. The latter are classified in Theorem 17.
In Section 4 we study 2-categories with one object which, apart from the identity
1-morphism, have precisely two indecomposable 1-morphisms up to isomorphism
and these two form a biadjoint pair and their own left/right/two-sided cell. In
Theorem 25 we realize such 2-categories as 2-subcategories of certain symmetric
bimodules.

2. Preliminaries

2.1. Setup. We work over an algebraically closed field k.

2.2. Finitary 2-categories. A K-linear category is called finitary if it is small and
equivalent to the category of finitely generated projective modules over some finite
dimensional associative k-algebra.

We call a 2-category ¢ finitary (over K) if it has finitely many objects, each
morphism category ¢'(i, j) is a finitary K-linear category, all compositions are
(bi)additive and K-linear and all identity 1-morphisms are indecomposable (see
[Mazorchuk and Miemietz 2011, Subsection 2.2]).
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We say that € is weakly fiat if it is finitary and has a weak antiautomorphism (- )*
of finite order and adjunction morphisms, see [Mazorchuk and Miemietz 2016b,
Subsection 2.5]. If (-)* is involutive, we say that ¢ is fiat, see [Mazorchuk and
Miemietz 2011, Subsection 2.4].

2.3. 2-representations. Let ¢ be a finitary 2-category. A finitary 2-representation
of ¢ is a 2-functor from ¥ to the 2-category ﬂi whose

e objects are finitary K-linear categories;
e 1-morphisms are additive K-linear functors;

o 2-morphisms are natural transformations of functors.

Such 2-representations form a 2-category denoted ¥-afmod, see [Mazorchuk and
Miemietz 2016a, Subsection 2.3].

Similarly we define an abelian 2-representation of € as a 2-functor from % to
the 2-category whose

» objects are categories equivalent to categories of finitely generated modules
over finite dimensional k-algebras;

o l-morphisms are right exact k-linear functors;

o 2-morphisms are natural transformations of functors.

Such 2-representations form a 2-category denoted ¢-mod, see [Mazorchuk and
Miemietz 2016a, Subsection 2.3]. Following [Mazorchuk and Miemietz 2014,
Subsection 4.2], we denote by - the abelianization 2-functor from %-afmod to
%-mod.

A finitary 2-representation M is called simple transitive provided that [ [, ., M (1)
has no nontrivial ¥-invariant ideals, see [Mazorchuk and Miemietz 2016d, Subsec-
tion 3.5].

2.4. Cells and cell 2-representations. Given two indecomposable 1-morphisms F
and G in %, we define F > G if F is isomorphic to a direct summand of H o G, for
some 1-morphism H. This produces the left preorder >, , of which the equivalence
classes are called left cells. Similarly one obtains the right preorder > and the
corresponding right cells, and the two-sided preorder >; and the corresponding
two-sided cells.

For each simple transitive 2-representation M, there is a unique two-sided cell
which is maximal, with respect to >;, among those two-sided cells whose 1-
morphisms are not annihilated by M. This two-sided cell is called the apex of M,
see [Chan and Mazorchuk 2019, Subsection 3.2].

If J is a two-sided cell of €, we say that € is J-simple if any nonzero 2-ideal
of & contains the identity 2-morphisms of all 1-morphisms in J.
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Each left cell of a fiat 2-category contains a so-called Duflo involution, see
[Mazorchuk and Miemietz 2011, Subsection 4.5].

For a left cell £ in ¥, there exists i € ¢ such that all 1-morphisms in £ starts at
i. Denote by N, the 2-subrepresentation of P; which is defined as for each j € ¥
the category N, (j) is the additive closure of P;(j) consisting of all 1-morphisms F
with F >, £. From [Mazorchuk and Miemietz 2016d, Lemma 3], we know that the
2-representation N, contains a unique maximal ideal which does not contain any idg
for F e £, denoted Z. The quotient C, := N /Z, is called the cell 2-representation
associated to L.

3. Symmetric bimodules and their simple transitive 2-representations

3.1. Symmetric bimodules. Let A be a finite dimensional, unital, associative K-
algebra. We assume that A is basic and that {e1, e3, ..., ex} is a complete set of
pairwise orthogonal primitive idempotents in A.

Let G be a finite abelian subgroup of the group of automorphisms of A. Assume
that char(k) does not divide |G|. The action of G on A induces an action of G on
the category of A-A-bimodules via M — YM¥, where the action of A on YM? is
given by

a-m-b:=¢plame), foralla,beAandme M.

We will write f¢ for the translate of a morphism f under the action of ¢ € G.
Let X denote the category whose objects are A-A-bimodules and morphisms
between A-A-bimodules M and N are defined by

Homax (M, N) := @HomA_A(M, INY).
peG

An element f € Homy (M, N) is thus represented by a tuple (fy)yeG, Where
the component f,, is in Homy_4(M, ¥N¥). For any f € Homx(M, N) and g €
Homy (N, K), considering

Hom (N, YKV) @ Homy 4 (M, YN¥) — Homy 4 (M, “VK V),
8y ® fo > Agy)? o fo,
where we use ¢ = ¥ ¢ on the right-hand side, the composition g o f is given by
Homy (N, K)  Homy (M, N) — Homy (M, K),
(&y)veG ® (fp)peG = (Z(peG A8op-1)7 0 f‘ﬂ)aeG'

This composition can be depicted by the diagram

)

(f(p)q)EG (w(gmp—l )w)(p.aEG

M@ N Do K" -
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We refer to [Cibils and Marcos 2006] for details. In X', we have an isomorphism

M =M?,

for all ¢ € G, since idy can appear in the ¢~ '-component of Homy (M, *M?).
Furthermore, there is a faithful embedding of X into the category of all A-A-
bimodules by sending an object M € X to the A-A-bimodule P, YM* and each
morphism f = (fy)sec € Homy (M, N) to the A-A-bimodule homomorphism
((p(ffﬂ’ll/f)w)%lﬂGGNin Homy_4 (@q)eG M, @weG ¢N¢')‘ -

We denote by X the idempotent completion of X, i.e., an object of X is given by
a pair (M, e), where M is an A-A-bimodule and e is an idempotent in Endy (M).
For an A-A-bimodule M, set

Gy :=lpeG|M=M*)

which is a subgroup of G.

Remark 1. As we will often encounter and use in this article, computation of
homomorphism in X using homomorphisms in X" requires care. Given M and M’
in X and idempotents e and ¢’ in Endy (M) and Endx (M), respectively, in the
computation of Hom;?((M, e), (M, e/)) using Homy (M, M') it is very important
to make sure that the elements from Homy (M, M’) one works with do belong to
¢’ oHomy (M, M’) o e. This is usually achieved by pre- and postcomposing the
elements one works with e and €', respectively. Moreover, for any element f in
Homz((M, e), (M', ")), we have

(2) Sfoidw,ey=f=idw,e)of,
where, in fact, id(y ) = e and id(y o) = €.

As usual, we denote by G the Pontryagin dual of G whose elements are all
group homomorphisms from G to k* with respect to pointwise multiplication. As
G is finite and abelian, the group G is (noncanonically) isomorphic to G and G is
canonically isomorphic to the group of isomorphism classes of simple G-modules
with respect to taking tensor products.

The group algebra K[G] is commutative and semisimple and admits a unique
decomposition into a product of |G| copies of K. Let {r, | x € 6} be the corre-
sponding primitive idempotents. Each , has the form ﬁ Y wec X (@)a and hence
defines an idempotent ?T'X in Endx(A) given by the tuple ((x (¢)/|G|)®)nec-

For an arbitrary subgroup H of G, we have a natural surjection G—>H given
by restriction. For ¢ € G and X € H, we define X¢ € H via x¢ () == x ()t (a),
foro € H.
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Lemma 2. (i) Let M be an indecomposable A-A-bimodule. Then there is an
isomorphism of algebras

Endy(M)/Rad(Endy (M)) = K[G 1/ Rad(K[Gy]) = K[G ]

(i1) Indecomposable objects of X are of the form M., := (M, &), where M is an
indecomposable A-A-bimodule and x € Gy. Here, for o € G, the a-component
of ey is (x()/|Gu e, if @ € Gy, and zero otherwise.

Proof. Note that, for « € G, if “M“ is not isomorphic to M, then the «-component
of any endomorphism of M belongs to the radical of End x (M). Therefore claim (i)
follows from (1). Claim (ii) follows from (1) and the definitions. O

The category of all A-A-bimodules has a natural monoidal structure given by
the tensor product over A. We define a tensor product on X’ by

M®xy N = @(M ®4¥YN?), forany A-A-bimodules M and N,
peG

f®xg=(fa® V(gﬁy“)y)a,ﬂ,yec’
where  fo ®"(gg,-1)" : M @4 7N — “(M')* @4 AN)E,
for any A-A-bimodules M, M’, N and N" and morphisms
f = (fa)acg € Homx (M, M"), g = (gg)pec € Homx(N, N').
Note that there is no identity object with respect to the tensor product ® x unless
G is trivial. In general, ® » does not define a monoidal structure on X'. However,
we will see in Propositions 6 and 7 that A" has an identity given by tensoring with

(A, 71,). The asymmetry of the above definition is only notational as the following
lemma shows.

Lemma 3. In the category X, there is an isomorphism

DM@ N) =P M @4N).

peG peG

Proof. We first note that the map m ® n — m ® n gives rise to an isomorphism of
A-A-bimodules from M ® 4 YN to M o7 ®4 N. Thus we have an isomorphism

3) MY @ANZY (M@, N
of A-A-bimodules. We hence have an isomorphism

1 . (fy)yec
MY QN —— M Q4 ¢N?

where f,-1 is given by (3) and the remaining components are zero. (]
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Remark 4. Under the isomorphism provided by Lemma 3, the morphism f ®x g
in Homy(M ®x N, M’ ® ¥ N’) has components of the form

" fay)" ®8p:"M” @4 N — “(M)* @4 (N')P.
Lemma 5. (i) The operation Q x is bifunctorial.

(ii) Ife and f are zdempotents in X, then soiseQy f. Hence Qx extends to a
bifunctor @ % : XxX— Xglven by M,e)®% (N, f)=(MQ@x N,eQx f).

Proof. Let M, N, K, L, X and Y be objectsin X. Let f : M — K, g: N — L,
h:K — X and!:L — Y be morphisms in X with their only nonzero components
being fu, 8,1, hpgy-1 and [5, -1, respectively. Consider the diagram

M ®4 YN¢

faJ/ l“’(gwl)“’

OlKOl ®A }/L}/
<>l me

PxXP @4 OY°

Bifunctoriality of ®,4 yields
@) (hpe-1)"0 fu) @ ("Us,-1)" 0%g,p-1)?)
= (a(hﬁa_])a ® y(lay_l)y) © (fa ® (p(gy(p_l)(p)~
The left and the right side of (4) coincide with
(ho flp@Ulo g)fwl and “(h @Dy, 10(f @8

respectively. As these are the only nonzero components in (ko f) ®y (l o g) and
(h®x 1) o (f Qx g), respectively, and have the same source and target, we obtain

&) (hof)®x(og) =h@xDo(f®xg)

in this case. The general case of equality (5) follows by linearity, implying claim (i).
Claim (ii) follows from equality (5). U

Proposition 6. Forany x, ¢ € G, we have

Proof. We start by constructing a morphism f from the right-hand side of (6) to
the left-hand side, which is defined as follows:

f=for)orec: A—> P A" ®47AT,

o,7eG
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where f, ; is given by

@) 1~ 0)C(T)(1®1) €A’ @4 A",

1
G12*

Consider the diagram

Ty
A @ﬁeG ﬂA'B
(fo,r)a,reG (ﬂ(faﬂfl,éﬂfl)zﬁfl.gﬁflec)ﬂEG
oA TAT (T ®x ) aca A 548
@O‘,‘[EG A ®A A @a,SeG A ®A A
By definition, the To~!, a0 ~!, §o~!-component of 7, ® x 7, is multiplication by
the scalar
8 1 1 —1y _ 1 (5 -1
(®) |2X(060 )@t ) = |2X( a)x (o= )5,

|G |G

Now we compute the components of the two compositions (7, Qx 7;) o f
(corresponding to the path going down and then right) and f o7, (corresponding
to the path going right and then down) in our diagram which end up in a specific
“A% ® 4 %A%, One way around, using (7) and (8), we obtain that 1 is sent to

2
Te |4 Y x@x@x@ He@e@EHae ) = :G:4x(a)§(8)(1®1)
o,teG
1
= gpres@ae.

The other way around, using (7) we obtain that 1 is sent to

|3ZX§(ﬂ)x(aﬁ EETHU 1) =

BeG

= HIR1
G |G|2X(a)§( A®1).
Hence the diagram commutes and, moreover, (2) is satisfied. Thus f represents a
morphism from the right-hand side of (6) to the left-hand side.

We proceed by constructing a morphism g from the left-hand side of (6) to the
right-hand side. Consider the diagram

Ty ®x Ty

Doec (A @4 “A%)

D, sec A @4 °A°

(B¢ Ba™) upec 6 Coy™Me@s™] Ly i )y

P70 ) pec

®ﬂ€G ﬂAﬂ @aeG 7A?
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whose vertical part defines g, whose o, B-component sends 1®1 to ﬁ x(B)¢(Ba~H1.
For fixed o, o € G, going one way around, using (8) we obtain

1 —_— p—
MZEG G Ga Nx(y Heos™ 1>_@X<a>;(aa ).
The other way around yields
—1 —_
|G|2/§x(ﬂ)§(ﬁa xE@p™h |G|x(0)§(0a H

which implies that the diagram commutes and, moreover,
go(ﬁx ®X7ATJ§)=J’:L:X§ ocg=g.

Now we claim that both compositions f o g and g o f are the identities, i.e., of
the respective idempotents. The ¢-component of the composition g o f sends 1 to

|3 Y x(@)@mx(po” )C(w‘l)—ﬁxé(fp)

0,7eG

The «, o, T-component of the composition f o g sends 1 ® 1 to

|3ZX(ﬂ)§(ﬁa_l)x(oﬂ g HIel) =

2x(a);(wfl)u ® 1.
BeG |

|G |G

The claim follows. ([

Proposition 7. Leti, j € {1,2,...,k} and M = Ae; ®x e;A. Let further x € E}\M
and ¢ € G. Then

©)) (M, ey) ®% (A, Te) = (M, g4¢).

Proof. We follow the proof of Proposition 6. We start by constructing a morphism
f from the right-hand side of (9) to the left-hand side. Consider the morphism

Sf = (fo,t)a,reG M — @ M @4 AT,

0,71€G

where f; ; is given by

ei®ej > X (@) (t)(o(e) ®0a(ej) @ 1) € "M @4 AT.

|GmlIG|
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if o € Gy, and zero otherwise. Consider the diagram

ex¢

M EB,BEG ﬁMﬁ

. B
(fo,r)a,'rEG (ﬂ(faﬂfl,sﬂ*l)aﬁflﬁ(gﬁfle(;)ﬁGG

(U(Sx®X7?C)0)0€G

Do rec M ®4 AT

548
Da.scc “M* ®a°A
By definition, the o !, o=, §o ~!-component of &, ®x 7; sends ¢; ® ¢; ® 1 to

1
=X (@ (07O (o @) ®@aoT (e ® 1)
|GumllG|
if o' € Gy and zero otherwise. Now, going to the right and then down, the
a, 6-component of the composition f og,, sends e¢; ® e; to

1
= x(@i@)(ale) ®ale;) ®1),
|Gu |G| (ot nel
if o is in Gy, and zero otherwise. Going down and then to the right, the «, §-
component of (¢, ®x 7;) o f gives the same result, which also equals fq s.
To construct a morphism g from the left-hand side of (9) to the right-hand side,
consider the diagram

Ex®xT;
@aeG(M ®A oonz) @y,BEG M ®A (SAS
(8p.0)a.peG (V(g(,y—lﬁy—l)gy_lﬂy_.eG)aec
(ﬁaf;)ﬁeG
Dsec PmP Doec M°

where g o sends e; ®@e; ®1 € M®,%A% to ﬁx(ﬂ){(ﬁa‘l)(ﬂ(e,-)(gﬁ(ej)) cPMP,
if B € Gy, and to zero otherwise.
For fixed o, 0 € G, going one way around we obtain the map which sends
e e;j ®R1to
1 _

——x(©@)t(ca ) (o(e) ®0o(e;)),

|Gum |
if o € Gy, and to zero otherwise, which coincides with g, . The other way around
gives the same result.

Checking that both compositions f o g and g o f are the respective idempotents
is similar to the proof of Proposition 6. (]



2-CATEGORIES OF SYMMETRIC BIMODULES AND THEIR 2-REPRESENTATIONS 655

3.2. Tensoring symmetric bimodules with A-modules.

Proposition 8. (i) There is a bifunctor @) : mod-A x X — mod-A defined by

V. M)~ V" M= VM
peG

(f,e9—f ®(r) 8= (f ®¢(ga(p*1)¢)(p’ae(;-
(ii) There is a bifunctor @ : X x A-mod — A-mod defined by

M, V)> MV V=DM @4V,
peG

(& )= g®" = (Agay ) ® )y peg-

Proof. We note that we use Lemma 3 for the formulation of claim (ii). The proof
of both claims is similar to the proof of Lemma 5(i). U

Proposition 9. (i) The bifunctor ®) induces a bifunctor mod-A x X — mod-A
(which we will denote by the same symbol, abusing notation).

(ii) The bifunctor @V induces a bifunctor X x A-mod — A-mod (which we will
denote by the same symbol, abusing notation).

Proof. Let (M, e) € X. Then, for any V € mod-A, the endomorphism idy ® e is
an idempotent endomorphism of V ®) M, so we can define V ®") (M, ¢) as the
image of this idempotent. It is easy to check that this does the job for claim (i).
Claim (ii) is similar. U

3.3. The 2-category 94 of projective symmetric bimodules. Assume that we are
in the setup of Section 3.1. Let

A=A XAy x---xX A,

be the (unique up to permutation of factors) decomposition of A into a direct product
of indecomposable algebras. Assume that the action of each ¢ € G preserves each A;.
Also assume that none of the A; is simple. We also consider the algebra B := A x k
which will play a crucial role in the proof of Theorem 17.

Foreachi € {1,2,...,n}, fix a small category C; equivalent to A;-proj. Define
the 2-category ¢4 to have

e objects 1, 2, ..., n, where we identify i with C;;

« l-morphisms are endofunctors of C := [ [; C; isomorphic to functors X oV,
where X is in the additive closure of (A @ (A ®k A), idag(aeya)) inside X;

o 2-morphisms are given by morphisms between X and X’ in X,

« horizontal composition is just composition of functors;
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e vertical composition is inherited from X ;

o the identity 1-morphism in ¥4 (i, i) is isomorphic to (4;, 7?16) 0 .
Note that the restriction on char(k) as not dividing the order of G is necessary to
have identity 1-morphisms. Observe further that A @ (A ®k A) is invariant, up
to isomorphism, under the functor M +— YM?, for any ¢ € G. The fact that this
defines a 2-category is justified by Proposition 7, showing that (A;, 77) D s
indeed an identity, and the following lemma.

Lemma 10. Let X and Y be in the additive closure of (A D (ARKA), idA@(A@)kA))
inside X. Then there is an isomorphism

X®? Hore? Hz=zxezr)o?® __
of endofunctors of C.

Proof. First we assume that X and Y are in X. Then, for any P € C, we have

(X®rY)®" P = (@X@A ‘/’W’) RV P= P "X @Y @4 P
veG 0, eG
and

xe? ¥ o? P)=xg? (@ YY Q4 P) = P "XV ®4%Y?®4P.
veG 0, veG
Choosing an isomorphism
@ NX @4 0Y?)Y = @ XYV @497
0, veG 0, YeG

of A-A-bimodules yields the desired isomorphism of functors.
Now, let e and f be idempotents in Endy (X) and Endx (Y), respectively. Con-

sider
(e®x £)®Vidp = ("(ey1)" ® fp)apyec ®" idp

= (eay )" ® )51 ®1dp), 5 56
= (ys(eay_l )y(S ® S(fﬁ(s_l)a ® idP)o{,ﬂ,y,SEG

and
e®V (f@Vidp) =e®" (w(fw/rl)w ®idp)y,yec

= (t(ear—l)f ® 1//(f¢1ﬁ—')1// ® idP)a,r,go,WEG’
we see that
(e®x NH®Vidp =e®® (f ®" idp)

and hence the isomorphism in the previous paragraph descends to the summands
(X, e) and (Y, f). (]
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The 2-category ¥p is defined similarly. To distinguish the underlying categories
of bimodules, we use the notation ) and ) for the corresponding categories of
symmetric B-B-bimodules.

3.4. Two-sided cells in 44. We recall the notation introduced just before Lemma 2.
Proposition 11. The 2-category 94 has n + 1 two-sided cells, namely

(a) fori =1,2,...,n, the two-sided cell [J; consisting of |G| elements (1;, 77(0),
where ¢ € G,

(b) the two-sided cell Jy consisting of all isomorphism classes of indecomposable
1-morphisms in the additive closure of (A @k A, 1dag4) inside X.

Proof. Since tensor products in which one of the factors is a projective bimodule
never contain a copy of the regular bimodule as a direct summand, the existence
of two-sided cells as claimed in part (i) follows from Proposition 6. To complete
the proof of the proposition, it remains to show that all isomorphism classes of
indecomposable 1-morphisms in the additive closure of (A ® A, idag, 4) inside
X belong to the same two-sided cell. Ignoring idempotents in X, the claim follows
directly from [Mazorchuk and Miemietz 2016d, Subsection 5.1]. In full generality,
the statement is then proved using Proposition 7. ([

3.5. Adjunctions. In this subsection, we study adjunctions in the 2-category ¥4
under the assumption that A is self-injective. We assume that A is basic and that
there is a fixed complete G-invariant set E of primitive idempotents. We denote by
v the bijection on E which is induced by the Nakayama automorphism of A given
by

Homg(eA, K) = Av(e), fore€E.
For a primitive idempotent e € A, we denote by ¢, the idempotent in Endy (Ae) or

Endy (eA) corresponding to the trivial character of Gay) = Gae = Gea =: G.. We
denote by m the multiplication map in B.

Proposition 12. We have adjunctions

(@) ((Ae, &), (eA, &) in Y
(b) ((eA, &.), (Av(e), eue))) in V.

Proof. We first define the counit

€:(Ae®yeA, e, ®ye.) — (A, T1y).
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This is defined by the vertical part of the diagram

G @®Be D, 5-1c,
D, Ae ®x e A? D p “Ae” Rk Pe AP

11 (yom)y gec g1 (Bomo(a®@a) s 4, pec

@@y s eq

P, YA @, A

where here and in the rest of the proof all elements indexing direct sums run through
G, and the notation (« ®ﬂ¢_l)a, go—1eq, should be read as the («, B, ¢)-component
of the map being defined as zero if the conditions «, B¢ ™! € G, are not satisfied.
To check that the vertical arrows define a morphism (Ae ®y €A, &, @y &,) —
(A, 7;), we need to verify that the diagram commutes and the result coincides
with the original map, namely, satisfying (2). We consider the (§, ¢)-component of
both compositions. First going to the right and then down, e ® ¢(e) is mapped to

IG% > S(ea_lﬂ(e))={|G|

el aeG,,BepG, 0 otherwise.

se) ifgeG,,

The other way around, e ® ¢(e) is sent to

8(e) ifgpeG,
|G”G|Z ((p(e))—{IGI e

otherwise,

which coincides with the image of (1/|G,|)(§ om)s ycc on e ® ¢(e). So our counit
€ is, indeed, well-defined.
We now define the unit

n: (K 7iz) — (eA®y Ae, &, ®y &,)
by the vertical part of the diagram

7(@)%6

k D,

§.a
(7 )50;*1560 (ng’y)ﬂy_lece‘wgc

1 —1 ~1
=5 (BT ®yaT ) gs—1 01
|Ge|2 B~ ya—eGe
@5,0{ %A% ® 4 “Ae® @ﬂ’y PeAP @4 YAe?
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where
1

Ble)@y(e) if By~'ed,,
(10) B (p(1) = [ 16

otherwise.

We again check that this defines a morphism (K, 7?15) — (eA®y Ae, &, ®y &)
by verifying (2). Computing the (8, y)-component of the path first going to the
right and then down, we see that

l L sy ifpy='eGe,
1

|G|
0 otherwise,
that is, (nf’y)ﬁy—le(;e. The other way around,

1
e Y —pOere= {(i)Gei

3
8€BG,,acyG, |Gel

Ble)@yle) if By~'ed.,

otherwise.

Note that the condition 8a~! € G, is automatically satisfied for 8y ~! € G, and
8 € BG,, o € yG,. Thus our unit n is well-defined as well.

Now we need to check the adjunction axioms. Denoting (Ae, &.) by F and
(eA, g,) by G, we first verify

F— Fl; - FGF — 1;F - F

is the identity, for appropriate 1 and j. To this end, consider the commutative
diagram

1
e
Ae IGgl()LEGf @ LAe[
L
71 —_
‘GEHG‘(K®(/J(1))KEG@WEG 7|Ge1||G\(O” l®w(l))at_l€Ge,1//€G
1 -1 -1
e (kT @Yo ), —1
|GellG| ak~leGe,¥,peG
K K o o
Dy At @1 K B, “Ae” @i VK
1 - 8 1 —1 ,
@(IBK 1®ng )‘fkil‘}/ailEG@‘(pEG @(Aa ®n$u))\a71,lLU71€GeﬂﬂEG
1 -1 -1 -1
BAoB &L Vo AV 4 S48 _I9F o GuyBve Mor L Hp AR @ ; VA oV
P PAef @k Ve AY ®4°Ae P *Ae* QkleAt @4 VAe
B,v,é AU
' I
1 -1 -1 1 - _
‘Ge‘z((éﬂ om)®048 )95_1662,&&1,5(; o (o3 Tom)®tv l)fu_lEGg‘U‘}L,ueG
4 (5! -1 A
GGl ®T0™) -1
0 0 |GellG| 10~ €Ge,0,6€G
e o “A° ®4 “Ac D, “A° ®a "Ae"
L - - 1 -1 ~1
eatiar (mo(0E ' @p0™h) 1, tea eral (me(@a ®fr ) u-lcGe oG

1 -1
16e1 (@P ™ Dup—1ec,

PAe” “Ae?
0 w
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where in the third horizontal arrow the conditions are A8~", uy !, vé~! € G,.

We want the p-component of the composition on the left-hand side of the
diagram to be given by (1/|G,|)p, if p € G,, and by zero otherwise. To see this,
first notice that multiplication m in the third map will give something nonzero
only if By~ € G,. Taking into account all conditions specified in the diagram,
this forces «, B, y, 8, 8, p € G, in order for the p-component to be nonzero. Each
choice of «, 8, v, 8,6 € G, and ¢, & € G yields a summand (1/(IG|?|G.|%))p in the
composition (recall the factor 1/|G,| in (10)). Summing over all these possibilities
hence produces the desired result.

The fact that the composition

G—-1,6—->GFG—Gl; > G

is the identity follows as above by flipping all tensor factors and replacing Ae by
eA in appropriate places. This proves part (a).
Assume that E={ey, es, ..., ex}. Forany 1 <i <k, we choose a Jordan—Holder
series of each Ae; by
Aei =Xio2Xi1 2Xi2 2 2 Xim; 2 Xim+1=0.

=

As our algebra A is basic, each k-space X; j/X; j11, where 0 < j < m;, is of
dimension one. For each i, we fix some basis

E :={ej,xij|1=<j=<m}

of Ae; such that we have x; ; € X; ; \ X; j41, for every j. Then

k
A= UE,' DE
i=1

is a basis of A. Let ¢ : A — K be the unique linear map such that, for all a € A, we
have

t(a) = . a=xim, forsomei,
0, otherwise.
For a € A, we denote by a* the unique element in A which satisfies
1, b=a,
t(ba*) = a
0, beA\{a}.

We now define the unit

1:(A, 1) = (Av(e) ®y €A, £,) ®y &)
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by the vertical part of the diagram

1

A 161 @eec @(p w49
)16 @) 51 G4 pec
EBOHS Ao @ fon? G e @B 1 e, @V’g YAv(e) @ oAl
where
an ﬁ};"s(w(l)) _ @Z%Ay(a*v(e))®8(ea) if y§~' € G,,
0 otherwise.

Going right and then down, summing over ¢ € G cancels the scalar 1/|G| and hence
the image of 1 in the (y, §)-component is given by the right-hand side of (11) and
equals the (y, §)-component of (ﬁr’a(l))y(g—le(;e, which implies the first equality
of (2). Going down and then right, to obtain a nonzero contribution, we need
ap~!, ya=!, 887" € G, which yields 8y ~! € G,. Summing over all such choices
of o and B, the image of 1 in the (y, §)-component is again given by the right-hand
side of (11), implying the second equality of (2). Hence 7 is well-defined.
Now we define the counit

€:(eA®y Av(e), & ®y eve)) = (K, T1,)

by the vertical part of the diagram

G PV, yuicG,
P, eA®a Av(e)? B, FeA” @k VAv(e)V

a7 (wotom),geG Ge] (Botomo(p®p) gy, pec

1

(ﬂa_l)u,ﬁeG
B ke

Consider the (8, ¢)-component of both compositions. First going down and then
to the right, the first map is zero, for ¢ & G,, as t(eAf) = 0 unless f = v(e). If
¢ € G,, then each « contributes (1/(|G||G.|))B ot o m. Hence the resulting map
is (1/|Ge|)B ot om and the second equality of (2) is satisfied. The right vertical
map is zero unless p~' € G, which, together with the conditions on the upper
horizontal map, forces ¢, p, ¥ € G.. Summing over the choices for p and ¥, we
obtain the same resulting map and thus the diagram commutes, in which case the
first equality of (2) holds. Hence € is well-defined.
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We now verify the adjunction axioms. Denoting (eA, &.) by F and (Av(e), ev(e))
by G, we need to show that

is the identity. To this end, we assemble our maps in a large commutative diagram
as in part (a) and compute the left-hand side. This is given by the composition

1
encey 8®9(D)seGe.peG
eA [G[IGel @5#} (SeAB ®A PAY

1 —1 =By
161 (@87 ®16 )51 gy—~1cG,. pe

o (€otomo@ga) H@ey ")
P k¢ Ry A’ P %A*®4PAV(e)P Rk Ve AY
£.0 a.p.y

1 —1 —1
Geor (mo(@s ™' ®w6 ™) o1, cec

P, eA®

where in the third map the conditions are 8y ~! € G, and «, B, £ € G. However,
the third map is zero unless «f~" € G, (for the same reason involving ¢ as used
above), which, together with the other conditions in the diagram, shows that we
have a nonzero contribution to the w-component only if 8, «, 8, y, 6, € G,. For
w € G,, the contribution of a fixed choice of §, ¢, «, B, v, &, 8 to the image of e is

1
mw(z t(efa”! (a*v(e)))ea).

ach

Observing that, by our choice of A, we have

1 ifa=e
t(eBaa*v(e))) = ’
(eBa”"(@"v(e)) {0 otherwise,
and summing over all choices of §, ¢, «, B, v, &, 6, we obtain that the image of e is
L _w(e), as desired.

|Ge|
Now we verify the other axiom. The composition

G— 1i(~}—>(~}1~:(~}—>(~}1j—>(~}
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is given by the diagram, which consists of the left-hand side of a large commutative
diagram as in part (a),

G1i6e1 @(D®P)aeG peGe

Av(e) D, “A% ®4 “Av(e)?

1 (=88 -1
m(na Ry )Sﬁ’l,waleGg,aEG

oo (087 @ (Eotomo(Bp) ™))

D %Av(e)? @k *ké @ Av(e)’ @k PeAP @4 7Av(e)”
£.0 5.8,y

1 -1 -
Ganior (mo(@d ™' ®ws ™) y-1eq, cec

D, “Av(e)®

where in the third map the conditions are #8~! € G, and 8, y, £ € G. Note that
the third map is zero unless By ~! € G,. Taking into account all conditions in
the diagram, this shows that we have a nonzero contribution to the w-component
only if ¢, y,8,8,0,w € G,. For w € G,, the contribution of a fixed choice of
o, 0, v, B, 8,0, & to the image of v(e) is

1 ( * -1
——— ol > a*v(e)t(eap y(v(e)))).
IGI?IGel® \ 4

By our choice of A, we have

if a* =v(e),
t(ea v(e))) =
(eap™ y( @)= {O otherwise.
Summing over all choices of «, ¢, y, B, §, 8, &, we obtain that the image of v(e) is

(1/1G.)w(v(e)), as desired. This completes the proof. O

We now consider tensor products of indecomposable projective symmetric B-
B-bimodules with simple quotients of projective A-K-bimodules. To this end, we
extend our notation to Gy, := Gargeea(= Ge N Gy), for e, f € E, and denote the
simple quotient of (Ae, ¢.) by (L., &.). As each ¢ € G is an automorphism of A,
we have the induced action of ¢ on {(L., &) | e € E} which maps each vector space
L. to the vector space Ly ).

Lemma 13. In 3~2, there is an isomorphism

(Af ®k eAv gfe) ®51 (Lea 8e) = (Af (V)yer(,> = @(Afv 8&),
&
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where & runs over all characters appearing in the induction of the trivial G y.-module
to Gf.

Proof. We first construct an isomorphism between (Af ®keA, £r.) ®y (Le, &.) and
(Af, (1/1Gre)(¥)yea,,)- In one direction, the morphism g is given by the diagram

1
Grel (V)yerL,

Af @y YAFY
e (V8 (B9 (D)ycay,. pecie G72e @r ' ®a@®B(), 16, pec,
Gruce @V @ay T ®@Beh
P VAf @k eAY @4 AL, P Af Ok eA* @4 (Le)P
0. o.fp

where the lower horizontal map is indexed by oy~ e Gre, Bo~! € G,, and I
denotes the canonical generator of the one-dimensional module L, (the image of e
in L,). To see that the diagram commutes, first notice that the (o, 8)-component of
the object in the lower right-hand corner is nonzero if and only if «8~! € G,. If
this is the case, then the (o, 8)-component of the map going first to the right and
then down is given by

1

f > 1 1GrllGel
0 otherwise.

a(fH®ale)®@p() if a e Gy,

First going down and then to the right, we notice that ¢ € G., ¥ € Gy, forces
B € Ge, a € Gy, so we obtain the same result, which verifies (2).
A morphism b in the other direction is given by

1 -1
GrelGel (@BUBBY™ Daciy, po-1 <G,

DAf ®keA” ®4A(L,)’
a’ﬂ

DAf QueA®aULe)?
¢

1
e 0®@M)scG,,. peG 1 —1 -1
IGrel fe @(ya Rmo(a®a) )W_|€Gf()_ﬁec
1 -1
|G/L’|(78 )yﬁflere

A nonzero contribution to the (y, ¢)-component, when going first down and then
to the right can only happen for ¢ € G, and y € Gy,, in which case the generator
f®e®q(l) (as an A-k-bimodule) gets sent to (1/|G )y (f). Similarly, going first
to the right and then down, a nonzero contribution only occurs for a,B_l € G,, which,
together with the conditions in the diagram, again forces B8, ¢ € G,, a,y € Gy,.
Hence, summing over such o and 8, we obtain the same result which verifies (2).
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To check that both compositions of g and h are the respective identities (that is,
the correct idempotents), it suffices to consider the compositions of the left-hand
side of the diagrams.

Starting with g o k and considering

@ Af ®keA®4ULe)* — @‘SAf — PeAsf @eA” @4 L),
N

the (a, B, ¢)-component of the composition is zero unless ¢, B € G,, o € Gy, in
which case the generator f®e®g(!) is mapped to (1/(|Gr.||Ge|)a(f)@a(e)R@B(1),
as desired.

For h o g, we consider

Af > EDYAS @eA” @4 ULe)* — @ TAf
0.

and verify that, in the y-component, f is indeed sent to (1/|Gr.)y (f),if y € Gy,

and zero otherwise, as claimed.
Hence we have an isomorphism

(Af ®keA, gfe) Ry (L, ge);( /s |G |(y)y€Gﬂ)

as stated.

Now notice that (1/|Gy.|) ZyeG Y is a trivial idempotent on Gr.. When
viewed as an idempotent of the larger group Gy, it decomposes into precisely the
(multiplicity-free) sum of those idempotents affording characters & of Gy which
appear in the induction of the trivial character from Gy, to Gy. This proves the
proposition. U

Proposition 14. We have adjunctions ((Af ®keA, ere), (Av(e) Qk fA, gv(e)f)),
for idempotents e, f € A.

Proof. From the defining action of ¥ on B-mod we have that (Af ®keA, €.) is left
adjoint to (Av(e) ®k fA, £y), for some x € G (). We thus have an isomorphism
of nonzero spaces of homomorphisms,

Homj;((Af G; |(,8)ﬂ€Gfg)’(Lfv€f)>

= Homy ((Af ®k €A, £70) ®9 (Le, £0), (L1, £7))
= Hom3 ((Le. &), (Av(e) ®k f A, ) ®5 (L. e1)).

where the first isomorphism follows from Lemma 13.
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By (the opposite of) Proposition 7, noting that G, = G, () and G, () = G,
there are isomorphisms

((Av(e) ®k fA, &) ®5 (L, )
= (A, 7)) ®y (Av(e) ®k fA, eue)f) @y (Ly, £5)

B 1
= (A, 7y) ®y (Av(e) Grol (y)yere)

~ <Av(e), (X(V)V)yere)’

1
| G fe |
yielding the isomorphism

Homj;((Af G, |(ﬂ)ﬂere>, (Lf,sf))
1
%Homj;((Le,Se), <AV(€) G; |(X(V)V)yere>)

Denote the left-hand side by U and the right-hand side by V.
Now we claim that dimx U = 1. By (2), for any morphism g € U, we have

(12) dr;.e) 08 = & =g oidws. (1/1GrhB)pecy,) -
Assume that g = (ko ®)geG £ where k, € Kk, and consider the diagram

1
W(ﬂ)ﬁeGﬂ,

Af @ﬁﬂAfﬁ

(kOta)OtGGf (kyﬁ—lyﬂ_l)wg—lgcf

1 —1
‘TH(V‘Y )yoﬁler

D, (L p)* b, "Ly

The morphism id(z, ) og is exactly the path going down and then right, taking

into account the fact that @ € G forces y € Gy, and the y-component of this
morphism is given by

1 .

Fs |G_f|(ZaGGf ke)y (f) ify € Gy,

0 otherwise.

The first equality of (12) shows that (1/|Gf|)ZaEG o« =ky, forall y € Gy, and
hence k, =k, for all y, y’ € Gy. Then we obtain g = (ka)ae(;f, where k € K, and
the first equality is automatically satisfied. Going right and then down and using
the fact that 8 € Gy, yB~le Gy implies y € Gy, the second equality of (12) is
easily verified. The claim follows.
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As U =V, we have dimg V = 1. Using (2), for any morphism h € V, we have

(13) id(Av<e),(1/|Gfe\)(x(y)y)yecfg) oh=h=hoidy,.,-
Assume that b = ([y&)qec,, Where [, € K, and consider the diagram

a1 (B)pece PO
L, Ds (Le)

(la®)acG Uy 1887551,

1 —1 -1
\Gfgl(X(Sa )éar )aa_]EGft,

D, “Av(e)* P; *Av(e)’

The morphism & oid(, ., coincides with the path going to the right and then
down. Note that 8 € G,, 88~ € G, forces § € G,. Then the §-component of this
composition is given by

1 .
. {—(Zﬂeq lsg-1)8(e) if 8 € G,

|G|
0 otherwise.

By reindexing, the second equality of (13) shows that, for all § € G,, we have
(1/1GeD) Y _ycq, ls = s, and thus Is = Iy, for all §, 8" € G,. Therefore we have
h = (la)gec,, Where [ € K, and the second equality holds. Due to dimi V = 1, the
first equality of (13) should also hold for any / € k*. Going down and then to the
right, the §-component of id(AV(e),(l/\G/'el)(x(V)y)yecfe) oh is zero unless 6 € G,, in
which case e is sent to

1

1
G, |( > x<8a—‘>)la(e>= G, |(Z x(<p)>la(e).

(XE(SGfe QDGGfe

The first equality implies that (1 /|Gfe|)(Z(per€ x (9)) = 1. By multiplying any
x (v), where y € Gy,, to both side of the latter, we obtain

1 1
G, |(Z x(yw)>= G; |( > x<w))=1.

0eGye YveGy,

x(y)=

Therefore x = €,() s and the proof is complete. g

Proposition 15. In 9, we have adjunctions ((Ai, Ty), (Ap, Ty )),for each x € G
and i = 1,...,n. Similarly, we have adjunction ((k, Ty), (K, ﬁxq)), for each
x € G.

Proof. By Proposition 6, we have

(Aiv ﬁ)()@j} (Ai7ﬁx_l) ; (Al9 %16) ; (Alv %X_])®’j} (Ahj’?)()
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and similarly for k. Both unit and counit are then just identities and the claim is
immediate. U

Proposition 16. If A is self-injective, then the 2-categories 94 and ¥p are weakly
fiat. If A is weakly symmetric, then both 94 and 9p are fiat.

Proof. Assume A is self-injective. Proposition 7 shows that any indecomposable
1-morphism can be written as a product of those treated in Propositions 12, 14
and 15. This implies that ¥4 and ¢p are weakly fiat. If A is weakly symmetric, then
v is the identity, and all adjunctions given in Propositions 12, 14 and 15 become
(weakly) involutive, proving fiatness. (]

3.6. Simple transitive 2-representations of 44. Now we can formulate our first
main result. We assume that A is weakly symmetric, basic and there is a fixed
complete G-invariant set E of primitive idempotents, so that ¥4 and ¢p are fiat.

Theorem 17. Under the above assumptions, for every two-sided cell J in 9y,
there is a natural bijection between equivalence classes of simple transitive 2-
representations of 94 with apex J and pairs (K, ), where K is a subgroup of G
and w € H*(K , k*).

Proof. For 7 = J;, where i = 1,2, ..., n, Proposition 6 shows that the 7-simple
quotient of ¥4 is biequivalent to the 2-category Rep(G) from [Ostrik 2003]. There-
fore the statement follows from [Ostrik 2003, Theorem 2].

For J = J, consider B = A x k. Then we can realize ¢, as a both 1- and 2-full
subcategory of ¥ in the obvious way. Let j denote the object corresponding to the
additional factor k. Let #; be the H-class in ¢ containing the identity 1-morphism
on k. By Lemma 2, H; contains |G| indecomposable 1-morphisms, moreover, H is
contained in jO(B) , the two-sided cell of projective bimodules in ¥g. Note that the 1-
and 2-full 2-subcategory <7, of ¥p with object j is biequivalent to the 2-category
Rep(G) as above. Hence, by [Ostrik 2003, Theorem 2], there is a natural bijection
between equivalence classes of simple transitive 2-representations of .74y, with apex
‘H; and pairs (K, w) as in the theorem. By [Mackaay et al. 2018, Theorem 15], there
is a bijection between equivalence classes of simple transitive 2-representations
of <7y, and equivalence classes of simple transitive 2-representations of ¢ with
apex jO(B)

Let H; be any self-dual H-class in 44 contained in Jy. Notice that this is also a
self-dual H-class in ¢p contained in jO(B). Let <7, be the corresponding 1- and
2-full 2-subcategory of ¥4 (and of ¥p), see [Mackaay et al. 2018, Subsection 4.2].
By [Mackaay et al. 2018, Theorem 15], there is a bijection between equivalence
classes of simple transitive 2-representations of .y, and equivalence classes of
simple transitive 2-representations of ¥ with apex jO(B), and also of ¥4 with
apex Jp. The claim follows. O
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To prove Theorem 17, one could alternatively use [Mackaay et al. 2019, Corol-
lary 12].

Remark 18. An analogue of Theorem 17 is also true in the weakly fiat case, that
is when A is just self-injective but not necessarily weakly symmetric. However, the
proof requires an adjustment of the results of [Mackaay et al. 2018, Theorem 15] to
the case when instead of one diagonal #-cell one considers a diagonal block which
is stable under . One could carefully go through the proof [Mackaay et al. 2018,
Theorem 15] and check that everything works.

3.7. A class of examples. Fix a positive integer n > 1 and let A be the quotient of
the path algebra of the cyclic quiver

a2 o3 On—1

2 3 n

modulo the ideal generated by all paths of length n. Now we let G be the cyclic
group of order n whose generator ¢ acts on A by sending e; to e;41 and «; to o1
(where we compute indices modulo n).

Fori =1,2,...,n, we denote by F; the indecomposable 1-morphism in ¥4
corresponding to tensoring with Ae; ®k ¢; A (we omit the idempotents since the
action of G is free). Then (F;, F,,+1—_;) is an adjoint pair (and, indeed, biadjoint),
for each i. Hence ¥, is fiat.

Note that every subgroup of G is cyclic and H*(Z/kZ, k*) = k* /(k*)k = {e}
since K is algebraically closed. Therefore, simple transitive 2-representations of
%, are in bijection with divisors of n. For d | n, the algebra underlying the simple
transitive 2-representations of ¥4 corresponding to d is the algebra A" with the
obvious action of ¢4. Here A¥"") denotes the invariant subalgebra of A under the
action of the subgroup (¢"/¢) of G, which is generated by ¢"/“.

4. Two-element H-cells with no self-adjoint elements
4.1. Basic combinatorics.
Proposition 19. Let € be a fiat 2-category such that

o ¢ has one object 1i;

o € has two two-sided cells, each of which is also a right cell and a left cell, one
being {1;} and the other one given by {F, G} with F % G;

« FF=G
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Then there exists n € Z~.¢ such that

(14) FFXFGXGFX GG (Fg G)®".

Proof. We have

FF=F® @ G%?, FG=F®" ¢G®”
GF=F%* @ G®?, GG=F® @G,

for some ay, az, by, by, c1, ¢z, d1, dr € Z>y.

From F* = G, we see that (FG)* =ZFG and (GF)* = GF. This implies by =b, =: b
and ¢; = ¢ =: c¢. Furthermore, (FF)* = GG, which implies a; = d, =: x and
ay=d; =:y.

As G is in the same left cell as F, we obtain y+¢ > 0and y+b > 0.

Case 1. y =0. In this case we have ¢, b > 0 by the above, and
FE=F® FG=ZF* @G, GFZF*@G%, GG=G®,

We use this to compute both sides of the isomorphism (FG)G = F(GG). This yields
b* = xb (by comparing the coefficients as F) and b? + xb = xb (by comparing the
coefficients as G). Hence b = 0, a contradiction. Therefore this case cannot occur.

Case 2. y > 0. In this case we have
FF=ZF* oG®», FG=F*@G*, GF=F*@G®*, GG=F® ¢G%.

We use this to compute both sides of the isomorphism (FG)F = F(GF), and obtain
xc = xb (by comparing the coefficients as F) and yc = yb (by comparing the
coefficients as G). As y > 0, we have ¢ = b.

Finally, we compute both sides of the isomorphism (FG)G = F(GG). This implies
b* 4+ by = xy + bx (by comparing the coefficients as F) and b> + bx = y> + bx (by
comparing the coefficients as G). As y > 0 and b > 0, from the second equation we
deduce b = y. Using y > 0 and b = y, the first equation yields » = x. The claim
follows. (]

4.2. The algebra of the cell 2-representation. Let € be a fiat 2-category as in
Proposition 19. Consider the cell 2-representation Cy; of ¢, where H = {F, G}.
Denote by A its underlying basic algebra with a fixed decomposition 14 = ep + eg
of the identity into primitive orthogonal idempotents. Let Pr and Pg denote the
corresponding indecomposable projective A-modules and Ly and L their respective
simple tops. Note that fiatness of € implies self-injectivity of A (see [Kildetoft
et al. 2019, Theorem 2]).
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From (14) we obtain that the matrix describing the action of both F and G in the
cell 2-representation (in the basis of indecomposable projective modules) is

(15) (Z Z)

By [Mazorchuk and Miemietz 2016d, Lemma 10], the same matrix describes the
action of both F and G in the abelianization of the cell 2-representation in the
basis of simple modules. Without loss of generality, assume that G is the Duflo
involution of the left cell . In the cell 2-representation, we then have GLg = Pg
and FLg = Pg. This, together with the description of the matrix of the action in (15),
shows that

(16) [PG:Lpl=[Pr:Lpl=[Pg:Lgl=[Pr: Lgl=n.

Therefore, the Cartan matrix of A is given by (15).

As the bimodules X and Y, representing F and G, respectively, are projective,
see [Kildetoft et al. 2019, Theorem 2; Mazorchuk and Miemietz 2016d, Lemma 13]
for details, we deduce that Aer ®k egA appears as a direct summand of X and
Aeg ®k egA appears as a direct summand of Y. Due to G* = F, and

0 75 HomCH (GLG, LG) = HOII’ICH (LG, FLG) = HOII’ICH (LG, PF),
the algebra A is not weakly symmetric. Furthermore, we have
0 = Homy (Pg, Lr) =Hom4(GLG, Lr) =Homy(Lg, FLF),

so FLr is a direct sum of copies of P;. Comparing the Cartan matrix of A with
the matrix of the action of F in the basis of simple modules (both given by (15)),
we see that FLg = Pg. Similarly we deduce GLg = Pr. Hence, we have

(17) X = AepQ@regA D Aeg QkerA and Y = Aep Qi epA @ Aeg Rk egA.

4.3. Functors isomorphic to the identity endomorphism of 2-representations. In
this subsection, we will formulate a general result for an arbitrary finitary 2-
category %. This result will be needed for Section 4.5. For simplicity, we assume
that ¢ has only one object i. Let M be a finitary 2-representation of ¥. Let
(Idpr, n) : M — M be the identity endomorphism of M. Here 7 is given by the
family {nr | F € € (1, 1)} of natural transformations where each 5 is the identity
natural transformation of M (F).

Lemma 20. Let ® : M (i) — M (1) be a functor isomorphic to the identity functor
Idp(i). Then there exists a family of natural isomorphisms {¢r |F e €(1,1)} =: ¢
such that (®, ¢) is an endomorphism of the 2-representation M.
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Proof. Note that ® = Idp ) as a functor. Let 6 : Idy ;) — P be a fixed natural
isomorphism and set v:=0~"'. For any 1-morphisms F, G and 2-morphism o : F— G,
consider the diagram

VohidM(F) idM(F) Oh

® o MEF) —M0 a0 MRy o @

(18) ide onM (@) M(a) M(a)opide

vopidy(G) idp(c) onf

PoM G ——— MG ———— M(G)o ®
Here in the middle column we use the fact that, for any 1-morphism H, we have
Idparsy onM(H) = M(H) = M (H) op Idp¢) -

Diagram (18) commutes thanks to the interchange law, indeed, both paths in the
left square are equal to v o, M (&) and both paths in the right square are equal to
M (a) oh 6.

For each 1-morphism F, define

(19) lF = (idM(F) th) Oy (V Oh idM(F)) Do M(F) —> M(F) o ®.
Now we claim that (®, ¢) is an endomorphism of the 2-representation M. Commu-

tativity of (18) gives (M («) op idg) oy &r = ¢ oy (ide onM («)). We are hence left
to check the equality

(20) {FoG = (1dm(F) onlG) ov (¢r on idp(G))-
Here, by definition, we have

idpp) onéc = (idpyp) onidar(G) onf) oy (idp(F) onv onidm(G))

= (idp(FoG) onf) oy (idpr(r) onv on idm(G)),

and
¢ronidyG) = (1dpF) onb onida(g)) oy (v onidpyp) onida(G))
= (idp(F) on on idapr(G)) ov (v on 1dp(FoG))-
Now (20) follows from the fact that v& = Idp(s). The proof is complete. U

Remark 21. (i) The natural isomorphism 6 : Idy;) — ® defines a modification
from (Idyz, n) to (®, ¢) whose inverse is given by v : ® — Idyy(;). Indeed, for
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any 1-morphisms F, G and any 2-morphism « : F — G, we have
(M(a)on6)oynp=M(a)opb
= (idy(G) onf) oy (M (a) op Idps(s))
= (idmc) onf) oy (Idp 1) onM ()
= (idm(G) onf) oy (v on iy (G)) ov (6 on M (a))
= {G oy (60 on M (av)),

(i1) Any invertible modification 6 from (Idys, 1) to some (P, ¢) € Endy_atmod (M)
defines a natural isomorphism from Idss(;) to ®. Moreover, from the fact that
(M (idg) op 0) oy ng = ¢r oy (6 op M (idp)), it follows that each g is uniquely
defined by (19) with v := o1

4.4. Inductive limit construction for 2-representations. Assume that we are in
the same setup as in Section 4.3. For any finitary 2-representation M of ¢, we
denote by M the 2-subrepresentation of M with the action of ¢ restricted to the
category M"'(i) consisting of projective objects in M (i). There exists a strict
2-natural transformation Y : M — M"™" given by sending an object X to the diagram
0 — X with the obvious assignment on morphisms. Similarly to [Mackaay and
Mazorchuk 2017, Subsection 5.8], we have a direct system

@1 M- M > ™) ..

where each arrow is given by Y with M replaced by the starting point corresponding
to this arrow. We denote by L/I the inductive limit of (21). This is a 2-representation
of ¢ and the natural embedding of M into Ll is an equivalence. Let £ be a
left cell of ¢ and C, := N, /Z, the corresponding cell 2-representation. By the
Yoneda lemma, see [Mazorchuk and Miemietz 2014, Lemma 9], for any object
X in M (i) there exists a strict 2-natural transformation Ay : P; — M which
sends 1; to X and, moreover, any morphism f : X — Y in M (i) extends to a
modification 07 : Ax — Ay. If Z annihilates X, then A x induces a strict 2-natural
transformation A’y from C. to M. Indeed, we have the following commutative
diagram:

= A
N/C P; X M
|
Ay
C.

If Z also annihilates Y, then Ay gives rise to a strict 2-natural transformation A’Y
from C to M such that Ay E = A, TI. Due to surjectivity of II, the modification
Of opidg from AxE = AT to AyE = A} TI induces a modification 9} from
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A’y to A}y in Homy atmod (Cz, M). By functoriality of the abelianization, via the
limiting construction (21) we thus obtain two 2-natural transformations

Ay, Ay € Homg. Ce. M
X Y fafmod( L )
and the modification 6’ : A’y — A,.

- 3 !

4.5. Symmetries of the cell 2-representation.
Lemma 22. The annihilators in € of Ly and Lg coincide.

Proof. Since G is the Duflo involution in H, it follows from [Mazorchuk and
Miemietz 2014, Subsection 6.5] that the annihilator of Lg is contained in the
annihilator of Lg (as the latter is a certain unique maximal left ideal by [Mazorchuk
and Miemietz 2014, Proposition 21]). Furthermore, the evaluation at Lg, inside the
abelianized cell 2-representation, of Hom (H;, Hy) is full for all H;, H, € {F, G}
by [Mazorchuk and Miemietz 2014, Subsection 6.5].

Hence, if the annihilator of Lg were strictly contained in the annihilator of
Lg, the dimension of the endomorphism space (in the cell 2-representation) of
(F® G) Ly would be strictly bigger than the dimension of the endomorphism space
of (F® G)Lg. However, from Section 4.2 we know that (F® G)Lg = (F® G)Lg.
The claim follows. O

On the one hand, by [Mazorchuk and Miemietz 2014, Lemma 9], sending 1; to
Lg extends to a strict 2-natural transformation & : P; — CTH By Lemma 22, we
know that ® E factors through C and obtain a strict 2-natural transformation &’
from Cy to Cy,. Note that ® sends both F and G to projective objects in Cy(i).
Therefore &’ is also a strict 2-natural transformation from Cy to C3”" and we have
the following commutative diagram:

(Cx™)

(22) o

Applying the procedure in Section 4.4 to ®' : Cy — C3", we obtain a strict 2-
natural transformation g in Endy_afmod (Cj}i) which swaps the isomorphism classes
of indecomposable projectives.

On the other hand, sending 1; to Lg extends to a strict 2-natural transformation
W : P; — Cy, and the latter induces a strict 2-natural transformation W’ from Cy
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to Cy (which factors through C""). For W, we have a diagram similar to the one
in (22). Note that W/ W (1;) = Lg and ®/(Lg) = Lg. For a fixed isomorphism
o:Lg— P (LF) by Section 4.4 there exists an invertible modification ¢ fr from
U =WV to ® = ®'P’ (here both equalities are in Homg_armoa (C, (CHpr) ).
Note that the limiting construction (21) applied to ¥ gives a functor isomorphic
to Ich Using Subsections 4.3 and 4.4, we thus get an invertible modification g
from 1¢ Ich to (CD ). Following [Mackaay and Mazorchuk 2017, Lemma 18] and
the proof of [Mackaay and Mazorchuk 2017, Proposition 19], we obtain that

(a) for any v € Homy _afmod(Idc,, , (2)2), we have id (g2 onv = v op id(¢)2;
—= = =

(b) there exists an invertible modification v € Homg _afmoq (Idcs,, ( 2/ )2) such that
. . . . ._)
we have either idg on,v = v oy idg or idg opv = —v o idg/.
— — — —

Note that (g )2 preserves the isomorphism classes of projectives and hence
defines an autoequivalence of CH which is 1sornorph1c to the identity. Therefore <I>/
induces an automorphism ¢ of A and such that @2, corresponding to ( g )2, is an
inner automorphism of A, see [Zimmermann 2014, Lemma 1.10.9]. Assume that
the inner automorphism ¢? is of the form x > axa™', where x € A, for some fixed
invertible element a € A. Similarly to the paragraph before [Kildetoft et al. 2019,
Proposition 39], there exists an element b € A which is a polynomial in a~! and
such that b> =a~!. Let o be the inner automorphism of A given by x > bxb™!,
for x € A.

Lemma 23. (o(p)4 idy.

Proof. The obvious fact that ¢ and ¢> commute is equivalent to the requirement
that ¢ := @(a~")a belongs to the center of A. We have

-1 -1

o) =¢*(a @) =aa 'a 'pa) =a " p(a) =1

Therefore goz(t) =t = a<p(a_1)aa_1 = a<p(a‘1), which implies that (p(a_l) and
a commute. Consequently, ¢(a~') and a~! commute. This implies that any
polynomial in ¢(a~") commutes with any polynomial in a~!. Therefore ¢(b) and
b commute and thus (p(b_l) and b commute as well. Hence the elements a, a~!, b,
b1, @), p(a™h), o), (b~ ") all commute.

A direct computation shows that the action of (o¢)* on A is given by conjugation
with

by(byaba™ p(@)pb)g(a™")a’.

Using commutativity of the factors, this reduces to ag(a~") which is central. The
claim follows. ]

The functor of twisting A-modules by o is isomorphic to the identity functor as o
is inner. By Lemma 20, the functor of twisting by o gives rise to an endomorphism
Y. of Cy which preserves the isomorphism classes of projectives. Then the 2-natural

—
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transformation Q2 := X g/ € Endy_afmod (C#) induces an automorphism on A given
by o¢. We denote this automorphism by .

Example 24. Let A be the quotient of the path algebra of the quiver

modulo the relations «f = Ba = 0. Let ¢ be the automorphism of A defined by
p(e)) =er, pler) =eq, ¢(a) = —p and ¢(B) = . Then ¢* =id4 but ¢* #id,. In
fact, <p2 is conjugation by a = e; — e;. Note that the element (p(a_l)a =—e¢1—e
is central. This example shows that g does not necessarily correspond to an
automorphism of order 2.

4.6. Connection to 44. Set G to be the cyclic group generated by ¢ (note that
|G| =2 or |G| =4) and consider the fiat 2-category ¥4, where A is the underlying
algebra of Cy. Let %4 denote the full and faithful 2-subcategory of ¢4 generated
by (A, T ) and 1-morphisms in the two-sided cell Jy, referring to Section 3.3 and
Section 3.4 for notation.

Theorem 25. If € is H-simple, then € is biequivalent to a 2-subcategory of .

Proof. As mentioned above, Cy; is equivalent to the cell 2-representation Cy. As
% is H-simple, the 2-represen_t3tion Cy gives a faithful 2-functor from % to €4.
Note that the 1-morphisms F and G a?represented, respectively, by X, Y in (17)
under the 2-functor Cl){ Assume that the family of natural isomorphisms

n:={nu:QoCyH) - Cyx(H)oQ|He %3, 1)}
—> —>

is the data associated to the 2-natural transformation 2 € Ende_sfmod(C) con-
. . —
structed above. Thus, for any 2-morphism « : H — K in &, we have

(23) (Cy () on 2) oy iy = 1k 0y (§2 op Cy(e)).
— —

Due to the fact that Q2 swaps the isomorphism classes of projectives in 22){(1),
all A-A-bimodule homomorphisms corresponding to nonzero 2-morphisms in
are symmetric in the sense that they are uniquely determined by their images on
the representatives of distinct G-orbits of indecomposable direct summands of the
source and the images on the remaining indecomposable summands of the source
can be obtained by (23). U
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