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JISHNU RAY

S. Orlik and M. Strauch have studied locally analytic principal series repre-
sentation for general p-adic reductive groups generalizing an earlier work
of P. Schneider for GL(2) and related the condition of irreducibility of such
locally analytic representation with that of a suitable Verma module. We take
the case of GL(n) and study the globally analytic principal series representa-
tion under the action of the pro-p Iwahori subgroup of GL(n, Z,), following
the notion of globally analytic representations introduced by M. Emerton.
Furthermore, we relate the condition of irreducibility of our globally analytic
principal series to that of a Verma module. Finally, using the Steinberg tensor
product theorem, we construct the Langlands base change of our globally
analytic principal series to a finite unramified extension of Q.

1. Introduction

In this paper we construct a globally analytic (also called rigid analytic) principal
series representation of the pro-p Iwahori subgroups of GL,(Z,) and determine
when it is irreducible. Furthermore, we construct base change of our rigid analytic
representation to a finite unramified extension of @ . This extends earlier works of
Robert [1984; 1985] for SL, and Clozel [2018] for GL,.

Denote by G the pro-p Iwahori subgroup of GL,,(Z,) (the group of matrices in
GL,(Z)) that are lower unipotent modulo pZ,) and by B the subgroup of matrices
in GL,(Z,) which are lower triangular modulo pZ,. Let Py and T be the set of
upper triangular and diagonal matrices in B, respectively. Let Qg = PyN G. Let
P be the Borel subgroup of upper triangular matrices in GL,(Z,), and let W be
the Weyl group (isomorphic to the permutation group S,) of GL,(Q),) with respect
to its maximal torus. Define

Pr=BnwPtw™!, weWw.
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Let K be a finite extension of Q,, let x : Tp — K~ be a locally analytic character

with x (t1, ..., 1) = x1(t1) - - - xu(tn), and x; (t) =t = 198" where ¢; € K, for

t sufficiently close to 1 in Z,, and where e is the exponential function.
Throughout this article, we use the following definitions.

(1) Let Ajoc(B, K) be the space of locally analytic functions on B with values in K.
These are functions from B to K such that for any x € B we can find a ball B, (x)
of radius r, (depending on x) around x such that f can be written as a power series
with coefficients in K which converges on B, (x) [Schneider 2011].

(2) Letindf (X)ioe = {f € Aoc(B, K) : f(gh) = x(b™") f(g), b€ Py, g € B

(3) Let indg (X)ioe = {f € Aloc(G. K) 1 f(gb) = x(b~") f(8). b € Qo. g € G}
Note that B = U Py and G = U Q, where U is the lower unipotent subgroup of B
(or G). Therefore, we can obviously see that, as a vector space,

ind, (O1oe = Aloe (U, K) = ind (0toc-

(4) Let d be the dimension of the p-adic Lie group U. Let A(U, K) be the space of
globally analytic functions inside Ajoc (B, K). Any element f € A(U, K) is of the
form f = ZveN" cya’ with lim,|, o |c,| = 0. The space A(U, K) is a K-Banach
space with the sup norm on f defined by

| f1 = suplc,|

(see [Bosch 2014, Chapter 2]). This is also known as the Tate algebra of globally
analytic (sometimes called “rigid analytic”) functions on U (see [Bosch 2014]).
By (2) above, the vector space of globally analytic functions inside indlg0 (X)10c (or
indgo(x)loc) is isomorphic to A(U, K).

(5) The action of G on the globally analytic vectors A(U, K) of indfg0 (X)10c 18 given
by the left translation /2 - f(g) — f(h~'g), h e G.

(6) Recall that for any K-Banach space V with norm | - |, a representation & of G
on V is called a globally analytic representation if the map

g g-v=m(gv

is globally analytic on G for all v € V. Therefore, in coordinates (xi, ..., x;)
with [ = dim(G),
g-v= Z xFuy,
k

where vy € V and |vg| — 0. Here k = (ky, ..., k) and x* =xfl ---xlkl, ki e N
(see [Emerton 2017; Clozel 2018, Section 2]). For a detailed discussion on globally
analytic representation, see [Emerton 2017].
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(7) Write x = (X1, ..., xn), xi(1+ pu;) =ei1°20+ru) for ¢; € K, u; close to 0,
i € [1,n]. The exponential is analytic (in K) in the domain v,(z) > ¢/(p — 1)
where e = e(K) is the ramification index of K and v, is the normalized valuation,
v,(p) = 1. Now,

vp(cilog(l + pu;)) = v,(ci) +1+v,(u;).

So we say that y is analytic if and only if v, (¢;) > e/(p — 1) — 1 (see (3-10)).
Then, we show in Lemmas 3.2, 3.3 and 3.7 that the action of G on the globally

analytic vectors A(U, K) of indﬁo( X)loc 1S a globally analytic action of G, that is,

it gives a globally analytic representation of G, in the sense of Emerton [2017].
Let u be the linear form from the Lie algebra of the torus 7y to K given by

n
= (=ci,...,c) : Diag(ti, ... ta) = »_ —citi,
i=1

where t = (t;) € Lie(Tp) and ¢; € K. For negative root « = (i, j), i > J, let
Hi jy=E;; — Ej ;j where E;; is the standard elementary matrix.
Using Theorems 3.8 and 3.9, we will show the following:

Theorem. Assume p > n+1 and x is analytic. Then the space of globally analytic
vectors of indﬁ’;0 (X)10c is an admissible and globally analytic representation of G.
Furthermore, the space of globally analytic vectors of indfg0 (X)1oc Is irreducible if
andonly if —u(Hy) +i—j ¢1{1,2,3,...} foralla = (i, j) € .

Here, the admissibility is in the sense of [Emerton 2017] (see also [Clozel 2018,
Section 2.3]).

For global analyticity, we compute explicitly the action of G on the Tate algebra
of globally analytic functions of indf,o( X)loc and show that the action map is a
globally analytic function on G seen as a rigid analytic space. For this, we have to
do a lot of new technical computations, which were not necessary for the GL(2)
case by Clozel [2018]. In particular, see Lemmas 3.4-3.7. For the irreducibility
we first use the action of the Lie algebra of G to show that any nonzero closed
G-invariant subspace of the globally analytic vectors of indg0 (X)10c contains the
constant function 1. Unlike the GL(2) case, the remaining part of the argument for
the proof of irreducibility uses the notion of Verma modules and its condition of
irreducibility, a result of Bernstein, Gelfand and Gelfand.

Strikingly, one can check easily that the condition that we obtain for irreducibility
of the globally analytic principal series is the same condition as the irreducibility
of the locally analytic principal series ind,‘io( X)loc, deduced by Schneider and
Teitelbaum [2002, Theorems 5.4 and 5.6, Corollary 5.7] for GL(2) and Orlik and
Strauch for GL(n) [Orlik and Strauch 2010, Theorems 3.4.12 and 4.1.1] although our
style of proof is completely different from their proof. Note that in Theorem 4.1.1
of [Orlik and Strauch 2010], there is a typo where the authors quote the result
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in [Dixmier 1977] of the irreducibility of a Verma module due to Bernstein, Gelfand
and Gelfand. For the correct result of irreducibility one should look at [Dixmier
1977, Theorem 7.6.24].

The preliminaries are included in Section 2. The main result is discussed in
Section 3A. In Section 3B, we extend these results to the pro-p Iwahori group of
GL, (L) where L is an unramified finite extension of Q. Then, in Theorem 3.19,
we use the Steinberg tensor product [1963] to construct base change in the context
of Langlands functoriality.

In Section 4, we deal with the globally analytic vectors induced from the Weyl
orbit of the upper triangular Borel subgroup of the Iwahori subgroup B, i.e., the
globally analytic vectors of indjzw+ (X™)10e, Where xu(h) = x (w™'hw).

Our work is just the tip of an iceberg in the domain of globally analytic repre-
sentations and it leads to a plethora of future questions; some of them are discussed
at the end of Section 4.

2. Base change maps for analytic functions

We introduce the basic notions of rigid analytic geometry, including a brief dis-
cussion on the restriction of scalars. Then we briefly recall (following [Clozel
2018]) the notions of holomorphic and Langlands base change functors from a
globally analytic representation over @, to a representation over L. The Langlands
base change is related to the “Steinberg tensor product” described at the end of
Section 1.1 of [Clozel 2017] for GL(2).

2A. Let L be a finite unramified extension of @, of degree N, with ring of in-
tegers Or. Given a formal scheme Xp, over Or, Bertapelle [2000] constructs a
Weil restriction functor which associates to Xp, another formal scheme over Z,,.
Let X, be the rigid analytic space associated to the formal scheme Xp, . Bertapelle’s
construction gives a Weil restriction functor (we will call it as restriction of scalars)
which associates to X, another rigid analytic space Resy;q, (X.) over Q,. Although
we will not recall the construction of this functor for general rigid analytic spaces
and formal schemes, we do recall how this functor behaves with respect to affinoid
rigid analytic spaces which is what we will need in this article. An interested
reader should consult [Bertapelle 2000] for the most general construction of this
restriction functor. Let (B! /L) be the (rigid analytic affinoid) closed unit ball over L
with its Tate algebra of analytic functions 7;, = L{x) and G, be a rigid analytic
group isomorphic as a rigid analytic space to (B'/L)? which is a rigid analytic
space with affinoid algebra A(Gp) := @dTL :=Ta(L) = L{xy, ..., xq), the Tate
algebra of analytic functions in d variables with coefficients in L. The restriction of
scalars functor [Bertapelle 2000] associates to G, a rigid analytic space Resy/q,GL
over Q,. In general, this functor does not behave trivially, but L being unramified,
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we obtain
Res.ja,(B'/L) = (B'/Q,)",

[Clozel 2018, Lemma 1.1] which is canonically obtained by the choice of a basis (e;)
of Or over Z,. This is defined in the following way. For an affinoid Q,-algebra B
and for f € Homy (L(x), B®q, L) with f(x) = Y bie; (b; € B), we canonically
define a function ¢ € Homg, (Qp(x1, ..., xn), B) with g(x;) = b; which is given by

2-1) glxr, ..., xy) = f(Zw)

([Clozel 2018, Section 1.1]; see also [Bertapelle 2000, Proposition 1.8]). Since
e; is integral and |x;| < 1 it is easy to see that the series on the right converges.
As the restriction of scalars is compatible with direct products [Bertapelle 2000,
Proposition 1.8], Resy /g, GL = (Bl/@p)dN. Henceforth, we write Res Gy, to denote
Res L/Q, GL .

2B. Assume now that G; = (B'/L)? is obtained by extension of scalars from Q -
Then, the Tate algebra A(G) is equal to A(Gq,) ® L. The comultiplication map m”,
defined by a morphism

m* : A(G) — A(GL)RA(GL)

with image inside the completed tensor product, is obtained by extension of scalars
from
my 1 A(Gg,) — A(Gq,)®A(Gq,).

Note that (2-1) associates to f € A(Gp) (with L-coefficients, i.e., in T;(L)) a
function g € A(Res G1) ® L (the function g given in (2-1) will have coefficients
in L). In particular, we get a map A(Gg,) — A(Res G1) ® L in composing with
the “tautological map”

A(Ga,) — A(GL).
This gives us the map
(2-2) by : A(Gg,) > AResGL)® L,
and we call it as a “holomorphic base change” map. The Galois group
¥ =Gal(L/Q))

naturally acts on L which induces a natural action of ¥ on the pro-p Iwahori
with coefficients in L. This action is Q,-linear. Therefore X acts naturally on G,
with a Q,-linear action. Note also that the action of ¥ on Res G, is Q,-linear.
Recall from (2-2) that b; sends A(Gg p) to the functions that are L-holomorphic
(given by power series Y anx™, a, € L, with x = (x1, ..., x4) being the variable).
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Let o € X. Then the action associated to o sends a power series in A(Gg,) to
> amx™)’ :=3" o (a,)x™. This gives rise to a map

(2-3) b: A(G@p) — ARes G1) Q L,
(2-4) b(f)=[]bi(h) .
oEX

We now consider all Tate algebras to have coefficients in L and we denote them by
Apr. Thatis, A7 (Res Gr) = A(Res G1) ® L and A7 (Gr) := A(Gr). Clozel [2018,
Proposition 1.5] has shown that the map b constructed in (2-3) is actually a tensor
product and gives rise to an isomorphism .4; (Res Gr) = @UAL(GL).

Fix a finite extension K of Q, and an injectioni : L C K. If 0 € Gal(L/Q,),

we then have the injection
ioo:L— K.

Denote by V a (globally) analytic representation of Gg, on a K- Banach space.
Then V naturally extends to an analytic representation of Gy ; this is called the
holomorphic base change of V in [Clozel 2018]. For o € Gal(L/Q),), write V the
representation of Gy associated to i o o. Then, the full (Langlands) base change of
V' is defined to be the globally analytic representation of Resy g, (GL) on RV
(see [Clozel 2018, Definition 3.2]).

3. Globally analytic principal series for GL(n)

We first recall the notion of locally analytic principal series representation induced
from the Borel to the Iwahori subgroup of GL(n, Z,). Then we treat the action of the
pro-p Iwahori on the subspace of rigid analytic functions within the locally analytic
principal series and show that this action is a globally analytic action (Theorem 3.8).
This gives us the globally analytic induced principal series representation under the
pro-p Iwahori subgroup G. Furthermore, we treat the condition of irreducibility of
the globally analytic principal series by translating an irreducibility condition of a
suitable Verma module (Theorem 3.9). Finally in Section 3B we base change our
globally analytic representation to a finite unramified extension L of Q.

3A. We consider the case of principal series for GL,(Z,). Denote by G the pro-p
Iwahori subgroup of GL,(Z,), i.e., the group of matrices in GL,(Z,) that are
lower unipotent modulo pZ, and by B the subgroup of matrices in GL, (Z,) which
are lower triangular modulo pZ,. Let Py D Tj be the set of upper triangular and
diagonal matrices in B, and let x : Tp — K be a locally analytic character with

X(tlv ---7tn) =X1(tl)' "Xn(tn),

and x; () =t“. Here t“ is the exponential e“ log(*) where ¢; € K for t sufficiently
closeto 1in Z,.
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We first consider the locally analytic induced representation of B,

Jioc = indgo(X)loc = {f € Aloc(B’ K) : f(gb) = X(b_l)f(g), be Py, PSS B}»

where yx is naturally extended to Py and Ajoc(B, K) is the space of locally analytic
functions on B. With U the lower unipotent subgroup of B with entries in Z, in
the lower triangular part, 1 in the diagonal entries and O elsewhere, we have the
natural decomposition

B=UP,.

Since x is fixed and G is an open normal subgroup of B, the restriction of the
functions of Jioc to G C B is injective [Clozel 2018, Section 3.3]. With Qg = PyNG,
we deduce that the vector space of Jio is

(3-D hoe = {f € Aoc(G, K) : f(gb) = x(b~") f(g), b€ Qo, g €G}.

With the decomposition G = U Qg, we see that [joc = .A]oc(Zg,"("_l))/z, K) =
Aioc(U, K). Here, Z,, is seen as the rigid analytic (additive) group B! (Zp). The
group G acts on i by the left translation

(3-2) h-f(g)— f(h'g).

Let E; ; be the elementary matrices with 1 in the (i, j)-th place and 0 elsewhere.
From now on, we assume

p>n+1;

then G is p-saturated in the sense of [Lazard 1965, III, 3.2.7.5] and thus, it is
the ordered product (as a rigid analytic group) of the following one-parameter
subgroups:

(1) First, for y € Z,, take the one-parameter lower unipotent matrices by the
following lexicographic order: the one-parameter group of matrices (1+yE; ;)
comes before the one-parameter group of matrices(1 + yEy ;) if and only if
i <kori=kand j <I. Notethat (I1+ yE;;) and (1 + yEy ) are lower
unipotent, and hence i > j and k > [.

(2) Then, for #, = 1[p] and k € [1, n], take the one-parameter diagonal subgroups
& Exx + Z?:Li ~h E; ;) starting from the top left extreme to the low right
extreme.

(3) Finally, for y € pZ,, take the upper unipotent matrices in the following
order: the one-parameter group of matrices (1 + yE; ;) comes before the
one-parameter group of matrices (1 4+ yEy ;) if and only if i > k or i =k and
J > 1. Note that (1 + yE; ;) and (1 + yEy ;) are upper unipotent, and hence
i<jandk <.
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That is, for the lower unipotent matrices, we start with the top and left extreme and
then fill the lines from the left, going down and for the upper unipotent matrices we
start with the low and right extreme and then fill the lines from the right, going up.
(See [Lazard 1965, III, 3.3.2] for the rigid analyticity and see Theorem 2.2.1 and
Remark 2.2.2 of [Ray 2020] for the order of the product, i.e., an ordered Lazard
basis of G, although in [Ray 2020] we have taken G to be upper unipotent matrices
modulo p but this does not matter).
Let now

A=AU, K)=A@Zy"D? K)
be the subspace of globally analytic functions of
Loe = Aloc(U» K)

Thus f € Ais a globally analytic function in the variables g; ; on U, that is,

fA) = Z cva’

veNd

such that ¢, € K and |c,| = 0 as |[v| > oo. Here d =n(n—1))/2, a =
(@2,1,a3,1,a32,...,0n,0-1) € Zf, with the lexicographic ordering of a; ; as in (1),
V=(V21,V31,..., AUy pn—1) € NY, a¥ :a;fi‘ .. .a::’h”:'l and [v|=vy 14 -+ Vyp-1.

We now seek conditions such that if f is a globally analytic function on G and

the action of G is defined as above, then the map

hish-f(g)=fh™'g)
is globally analytic.

Lemma 3.1. With the above notation, for p > n+1, the action of G on f € A(U, K),
i.e.,the map h+— h- f,is a globally analytic function on G if and only if it is so for
all one-parameter (rigid analytic) subgroups and the diagonal subgroup of which
G is the product.

Proof. This follows from the same argument as in the discussion after Lemma 3.4
of [Clozel 2018]. O

Thus, our goal is to verify the analyticity of the action of the diagonal subgroup,
the one-parameter lower unipotent subgroups and the one-parameter upper unipotent
subgroups of G which are treated in Lemmas 3.2, 3.3 and 3.7, respectively.

Let A = (a; j);,; be any matrix in U (i.e.,a;; =1 and q; ; =0 for i < j) and

n
T =Diag(ti,....t) = Y _ tcExs
k=1

be any element in the diagonal To N G, where t; € 1 + pZ,,. Assume f € Ijoc, then
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the action of T on f, given by (3-2), is

T- f(A) = f(Diag(t; ', ..., 1, A)

((Zm)(Z )

i,j=1

f( W ak]EkJ>
Jj.k=1

=f Z l‘k tjakjEkj><ZtJ'_lEj,j))
k,j=1 =1

:f( Z
k,j=1

Interchanging indices k — i, we obtain

(3-3) (ZtiEi,i) : f( Z fli,jEi,j> = f< Z f,-_ltjai,jEi,j>X(f1, e bn)
i=1

ij=1 ij=1

fk_ltjak,jEk,j>x(n, ceesty) (from (3-1)).

witha;; =1, a; j=0fori < jandt; =1 (mod p).

Taking f =1 we see that x(¢1, ..., t,) must be an analytic function. By (3-3),
for fixed k € [1, n] considering the action of the matrix (1 Exx + Dtk Ei;)
on f we obtain

(3-4) (zkEkk+ Z ) (A)

i=1,i#k
k—1 n
-1
= f< Z au,vEu,v +ak,kEk,k+Ztk ak,jEk’j + Z tkai,kEi,k>
u, vk j=1 i=k+1
u>v

) x(L, .oty 1)
= FOx(1, .ty 1)

where C is the matrix
k—1

( Z aquuv+akkEkk+Ztk akJEkj+ Z tkél,kE,k)

u,v£k j=1 i=k+1

u>v

Assume now that f is globally analytic in the variables a; ; on U, that is,

(3-5) fA)=Y ca’,

veNd
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such that ¢, € K and |c,| — 0. Then with ty =1+ p&;, & € Z,,

(3-6) FO= ¢, <a,§k,j I L)(l_[(tk a ) ,)( I (tkai’k)w.k)
v u,v#k

i=k+1
u>v

k—1 "
-7 =Zcu(ai‘k Ha””)<ﬂ<1+psk> a)( []+pt )”w«a”w)
v j=1

u, vk i=k+1

u>v

Recall that for [v| < 1, m € N, we have (1 —v)™ =}, (m+(j_1)vq. Now,
inserting the expressions

(Vi gk —1
(+pg) = Y ( It )(_pgk)qk,j
qr,j=0 9k j

and

Vi k
i Vik\ u i
(14 p&)"t = Z (ul~k)p gk
i

ui =0

into (3-7) we obtain, with |g| :=qx.1 + - + qrk—1, |t| = Upsr1k + -+ ty and
Umax = ]—[7:k+1 vi,kv

k—1 00
-l [ (i)

u,v#k j=1 qr.j =0 »J
u>v
Vi k v
ik Uik uzk Vi k
(T X ()maar)
i=k+1 u;x=0
Vi, j+4k, o
Vk, v j i~ .
=yeati Ta)(Se( S TI( 5 epads
v u,v#£k N>0 lg|=N j=1
u>v )
max
M Vik u,k Vi k
(Xa( I a}y
Uik
M=0 lu|=M i=k+1

Let fn and gjs be defined by

(3-8) fn= ( Z 1—[ (Uk gt ak— )(_p)q&ja:fﬁjj>’

lg|=N j=1

(3-9) gMz( Z l_[ (v,k> ”’kav’kk)

lul=M i=k+1
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Then,

FO=> calf an'y (Z &k fN) ( > fifng>
u, vk NZ0 M=0

v
u>v

—ka (ch(am ar) Y ngM)-

m>0 u,v#k N+M=m
u>v

Recall from the introduction that any element f € A(U, K) is of the form
=Y e
veNd

with lim,|— oo |cy| = 0. The space A(U, K) is a K-Banach space with the sup norm
on f defined by

| f1 = suplcy|

(see [Bosch 2014, Chapter 2]). Recall that for any K -Banach space V with norm | - |,
a representation 7 of G on V is called a globally analytic representation if the map

g g-v=m(gv

is globally analytic on G for all v € V. Thus, in coordinates (xi, ..., x;) with
I =dim(G),
g-v= Zxkvk
k
where v € V and |vi| — 0. Here k = (kq, ..., k;) and xk =fo xl ' ki € N (see

[Emerton 2017; Clozel 2018, Section 2]).

Now, with #x = 1+ pé&, & € Z,, in order to show that the action of the one-
parameter diagonal subgroup f# (Ex x) + Z;’#k’izl E;;on f e AU, K) is analytic
we have to show that the map

Z,— AU, K),

ékH((l+p§k)Ek,k+ Z El,l)f:f(C)X(l’vl+p§k’vl)

i=1,i#k

is a globally analytic map on Z,,. The norm of the coefficient of ", in (3-10), is

(e [Lei) 32 mow)]
v uﬁv;zé)k N+M=m

Notice that, since N, M <m and fn, gu € Z), from (3-8) and (3-9), the quantity

Vu,v

(a,‘:kk" Tlvstk. umv Qs 2Nt pi—m SN &w) has finite sum and product and hence lies
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in Z,. Hence,

(o TTai) X svew)| o0
v u,v#k N+M=m
u>v

as |c,| — 0 with v — oo. This gives the analyticity of the action f — f(C).
We treat the analyticity of the character y in general. Write x = (X1, ..., Xn)»
xi (14 pu;) = ei1°20+rud) for ¢; € K, u;j closeto 0, i €[1,n]. The exponential is
analytic (in K) in the domain v,(z) > e/(p — 1) where e = e(K) is the verification
index and v, is the normalized valuation, v,(p) = 1. Now,

vp(cilog(l+ pu;)) =v,(ci) +1+v,(u;).

So we must have
e
v, (c; 1> ——;
p(ci) + —1

that is,

e

(3-10) vp(ci) > o1

-1

We say that x is “analytic” if and only if the ¢;’s verify the condition (3-10) and in
the rest of this text we assume that our character x is analytic. It is easy to see that

if x is analytic, then x (1, ..., 1+ p&, ..., 1) is an analytic function on &. The
character
o0
x(, ..., 14+p&, ..., 1) = (14 pé&) = ch(1+pf;‘k)” (since xi is analytic)
n=0

£

-2 (r2e()

n>u
The norm of the coefficient of & is

o0

Py (Z)

n=>u

which goes to 0 as |c,| — 0 with n — oo. Thus, we have shown:

Lemma 3.2. Under the hypothesis (3-10), for each k € [1, n], the action of the one-

parameter diagonal subgroup (tkEk r+ Zl Lidkk E; ,) of G on A(Z("(" 072 , K)

given by (3-4) is an analytic action.
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Fory e Z, andi > j, with i, j fixed between 1, ..., n, the action of the one-
parameter (rigid analytic) subgroup (1 + yE; ;) on f(A), given by (3-2) is

G-11)  (I4+yEi ) f(A) = f(A+yE )~ A) = f((1 —yEi j)A)

= f((l - yEi,j)( Z ak,lEk,l>>

k>1
k,le[1,n]
= f( > aiEei— Y yaj,in,l) = f(B),
k=1 I=1,....j
k,1€01,n]

where B is the matrix
J
Z ag Eg — Z yajiEij.
k=1, k.l€[1,n] I=1
One can easily see that the matrix B = (b,,) is lower unipotent and differs from
matrix A only in the first j entries of its i-th row. In particular,
bi,v =dijy—Ydjy

forall v € [1, j], aj; =1, and all other b, , are the same as a, , (recall that A is
lower unipotent).
Now, let f be a globally analytic function on U as in (3-5). That is

f@=>Y ca’

veNd

. 1% V, —
with a" =a,' ---a,"""| and |c,| — 0. Then, we have to show that

(I+yEi ;) f = f(B)
gives an analytic map
Z,— AU, K),
y—=> (+yEij)f=f(B).
The power series f(B) is equal to

J
Z cy (( 1_[ a:f,'&f) ( l—[(ai,k - yaj,k)vi’k>)-
k=1

v u>v
U=1=v>]j

For each k € [1, j], inserting the expansion
Vik
; Vik ik ik o Vik—Mik
(i — yaj)"™ = Z ( )ym (a0 ay

m;
mix=0 ik
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into f(B) we obtain, for M = ]_[]{:1 Viks Iml=mi1+-+mj,

J Vi k .
f(B):ZCu (( 1_[ a;‘:i}’) (H( Z r::ji)ymi‘k(_aj’k)m;,/{a;)’i],(kmi,k)))

u=v k=1 “m; ;=0
H(U’k>( aj0)"a ’")))
k=1

2N

u=i=v>j

Sl 1

u=v N=0 |m|=N
"= l:>U>j mi,re[ovvi,r]
M
v Vi k Vi —m
:ZCU(Z yN (( 1_[ au?i)v> 1_[< 1 >( a k)m‘ka i,k lk))
v N=0 _u>v Im|=N k=1
U=1=v>]j mi v €[0,vi.4]

:%yN(ZC"(( [1 “x“v”> |Z H(V”‘)( aj )"l m))

N=0 v _u>v ml=N k=1
U=1=v>]j mi+€[0,v7.4]
M
N
=2 " fv.
N=0
where .
J
pe=e(( T a) X TT( )aoma ).
v u>v m=N k=1 mik
U=1=v>]j m,,e[O il
Define
v k v
o= (T ) XTIt )camomar™)
kv |m|l=N k=1
U=1=—=v>j m,g*E[O,vi,*]

such that fy =) c,s(N, v). Notice that since m; x < v; for all k € [1, j], the
sum in s(N, v) is a finite sum and thus s(N, v) lies in Z,. Therefore, the norm of
the coefficient of yV is | fy| = |, cus(N, v)| which goes to 0 as |c,| — 0 with
|[v| — oo. This gives the analyticity of the map y — (1+ E; ;) f = f(B).
Therefore, we have shown:
Lemma 3.3. Fory € Z, and i > j, the action of the lower unipotent (rigid analytic)
one-parameter subgroup (I+yE;j)ofGon f € A(Z(n(" /2 , K) given by (3-11)
is an analytic action.
It remains to check the analyticity of the action (3-2) by triangular superior
matrices of the form (1+ yE; ;) fori < j, i, j €[l,n], y € pZ,. Recall that the
action of (1 4+ yE; ;) on f € ljoc given by (3-2) is

(I+YEi j) f(A) = f((L+yEi )" A) = f((1 = yE; )A).
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Recall the action of Qg given by (3-1), that is, f(gbh) = x (b~ f(g) with b € Q,.
Hence, our objective is to write the matrix (1 — yE; ;)A as the product of two
matrices X and Z with X € U and Z € Qy, that is,

(1—yEi )A=XZ,

where X is a lower unipotent matrix with entries in Z, and Z is an upper triangular
matrix with diagonal elements in 1 + pZ, and such that the elements above the
diagonal have entries in pZ,.

Lemma 3.4. Fori < jandy € pZ,, there exists a unique matrix decomposition
(1=yE; )A=XZwith X = (x )k € U and Z = (z,5),5s € Qo. Also,

(1) all the diagonal elements z,, of Z are of the form
1- yhr,r(y, a)
1—yg ., (y,a)
(1) all the elements z, 5, forr <s, of Z are of the form
yhys(y, a)
1—ygrs(y,a)

(iii) all the elements xi,; with k > [ of the lower triangular unipotent matrix X are

of the form
hii(y, a)

1= ygii(y,a)’
where h, .(y, a) and g. .(y, a) are polynomial functions with integral coefficients

inyandasi,as,asz2, ..., ann—1 (entries of the lower unipotent matrix A).

Proof. We prove the lemma by an easy inductive argument. The base case n =2 is
clear from the matrix equation

1 —y 1 0\ (l—ya1 —y\_ (1 0)\{(z11 212
0 1 azy 1 N a1 1) x21 1 0 z22
=( 11 ) )

Z1,1X2,1 22,2+ 21,2%2,1

withxo 1 =az 1 /(1 —yaz1), zin=1—yay1, zip=—y, 222=1/(1—yax ).
Assume, by induction hypothesis that our lemma is true for GL(n — 1). We show it
for GL(n). Let us first suppose that i > 1, that is, with some elementary matrix E’,
where 1 — yE’ € GL(n — 1), we have

(I-yEij)=
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The matrix A, being lower unipotent, can be written in the following block form:

with A € GL(n — 1). Setting a to be the column vector

as, 1
as i

_( 1 0 )
A |\ =yENa[(—yENA" )

211212 2

1| o0 0
(1—yE)a|(1—yE)A’ : z
0
withxp 1, ..., X1 €Zp, 211 €1+ pZ,and 212, ..., 21,0 € pZ,. Denote z to be
the row vector [z 2, ..., 21,,], X to be the column vector
X2,1
X3,1
Xn,1

Hence, we want to solve

1 0 (7| z
(1—yENa|(1—yENA" )~ \ z11x[x 2+ X'Z" )’
So we must have
(D zii=1,
(2) z=0,
(3) ziux=x=(1—yE’a (using z;,; =1 from (1)),
@ xz+X'Z =X'7Z =(1—-yENA (as z=0 from (2)).
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By the induction hypothesis, we can find X’ and Z’ satisfying (4) with entries as in
Lemma 3.4. Also, (3) is of the form

1 a1 X2,1
-y as1 X3,1
1 ap,1 Xn,1
Clearly, we can solve x3 1, ..., X, 1 from the above matrix equation satisfying

Lemma 3.4 and in fact the solutions do not have any denominators.
So by induction we are reduced to the case i = 1, that is, when

‘0..._y...()

1
0
(I—=yE j)=1| . .

0
Our goal is to solve, for X and Z, the matrix equation
(3-12) (I1-yE\ )A=XZ.

Expanding right-hand side of (3-12), we obtain

B = (buv)uy=XZ= (1 + Z xk,lEk,l>< Z zr,sEr’S)

ke[l,n] re[l,n]
le[1,k—1] s€[r,n]
= Z Zr,s Er,s + Z xk,rzr,sEk,s-
re(l,n] ke[l,n]
s€lr,n] re(l,k—1]
s€lr,n]
Therefore,
v
qu,rZr,v ifu>wv,
=1
(3-13) byuy=1" u—l

Zup T qu,rzr,v ifu<v.

r=I1

Recall that our matrix

A= Z a1 Ex

k>1

is lower unipotent, that is, ay y =1 for all k € [1, n] and a; ; =0 for k <[. Expanding
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the left-hand side of (3-12), we obtain
J

(I-yE )A= (- yEl,j)<Zak,lEk,l) = Zak,lEk,l - Zyaj,lEl,l

k>l k>l =1

J
= Y @B+ Y (=yaj)Er + (1 —ya; )E.
ke[1,n] 1=2
le[1,k]
k1

Note that the first row of the matrix (1 — yE; j)A is

J
> (=yaj)Er+ (1 —yaj)En.
=2

From (3-12), the matrices (1 —yE ;)A and B = (by,y)u,» are equal. Thus, equating
by, from (3-13) with the above expression of the matrix (1 — yE} ;)A, we obtain
the following equations (with the convention that x;; =0 for k </ and z,;, =0
for r > s):

(1) Foru#landu > v, byy =D ,_| XurZrv = dup-

(2) Foru#1and u=v, byy=Zuu+ "2} XurZrp =y = 1.

(3) Foru#1and u < v, by =2Zuv+ Y 2! XurZry =y, =0.

@4) Foru=v=1, bjy=z11=1-ya;,.

(5) Foru=1landu <v, b1y, =21y=—yaj,.

Note that in (5), for v > j, b1, = —yaj, =0 (as A is lower unipotent). Setting
v=11n (1), for u € [2, n], we obtain
ay,1 ay,1

(3-14) Xy 1= =]
211 l—yaj,

(as zi,1 = 1 — yaj, from (4)).

Now, let C = (ck,)k, = (1 — yE;j)A and B = (b,,»)u,» as above. We proceed by
equating, in stage 1, the first row of the matrix B with the first row of the matrix C,
starting from the leftmost entry (i.e., given by (4) and (5) above) and solve for z, ,.
Then in the next stage (say, stage 1 + %) we equate the first column of the matrix B
with the first column of the matrix C starting from the uppermost entry (b2 1 =¢2,1)
and solve for x, , (i.e., those given by (3-14)). In stage 2, we do the same with the
second row and in the stage 2 + % we equate the second column of the matrix B
with C (given by (1), (2) and (3)) and proceed like this until the last (n-th) stage.
Our objective is to solve x, , and z, , while equating the matrix B with C and to
show (i), (ii) and (iii) of Lemma 3.4. We prove this by induction.

Assume, by induction hypothesis, at stages m and m + %, 1 <m < n, that we have
found xx; fork € [2,n], l €[l,m], k>land z,; forr €[1,m], s e€[l,n], r <s,
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having the forms (i), (ii) and (iii), respectively. Then, at stage (m + 1), we have
to equate by 41,y = Cm+1,0 for v € [m + 1, n]. Equating by, 41,m+1 = Cn+t1.m+1, W€
deduce, by (2), that
m
Im+1,m+1 = 1—- me+l,rzr,m+1
r=1

yhi(y,a)  1—y(hi+g1)

I—ygi(y,a)  1—yg
where the second equality is by induction hypothesis, for some polynomial functions
hi(y, a) and g1 (y, a) with integral coefficients in y and a1, a3.1,a32, ..., Gn.n—1.

Similarly, equating by, 41,y = cm+1,0 for v € [m 42, n], we obtain, by (3), that

m
Im+lo = — th11+l,rzr,v
r=1
_ —ym(y,a)

= - 7 (again by induction hypothesis).
1—ygxy,a)

At stage (m + 1) + % we have to equate by, j,+1 = ¢y m+1 for all u € [m 42, n]. So,
by (1), we get
m
Xu,m+1Zm+1,m+1 = dum+1 — Z Xu,rZr,m+1
r=1
hi(y, a . . . .
=dym+1 — _Yhs(v.a) (again by induction hypothesis)
1—ygs(y,a)
_ ha(y,a)
1—ygs(y,a)

for some /4 and g3 with integral coefficients. Therefore,

ha(y,@) 1 hy(y,a) I—=ye1 _ hs(y,a)
1-yg3(y,a) Zmpim+1  1=yg3(y,a) 1—y(hi+g1) 1—ygs(y.a)’

Xu,m+1=
with polynomials /5 and gs having integral coefficients. This completes our induc-
tion argument and finishes the proof of Lemma 3.4. (]

Now, let f € lioc. Then, by Lemma 3.4, and with X and z, , as contained therein,
the action of (1+ yE; ;) on f is given by

(3-15) (4+yEi ) f(A) = FOOXE 10 Zn)-

Recall that for |v| < 1, we have

(1—v)—m=2(’"+"_1>vq.

q=0 1
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Assume now that f € A(Z""=1)/2 K) is a globally analytic function. Thus, f is
an element in the Tate algebra of U with %n(n — 1) variables. In order to show that
the action of (1 + yE; ;) on f € AU, K), given by (3-15), is globally analytic we
have to show that
n

[[xGhreo

r=1
is a globally analytic function in y.
Lemma 3.5. If the action f — g, g(A) = f(X), where A = XZ, is globally
analytic, then f — [1'_, xr(z;})g is globally analytic.
Proof. With (3-10), our character yx is analytic. Hence,

1_ r,r )
it = (L))

(from Lemma 3.4)

1_yhr,r(ya a)
00 n
1_ r,r )
= ch <M) (for |c, | — 0).
n=0 l_yhr,r(y’ a)

We are reduced to showing that (y,a) — (1 — yg,,(y,a))/(1 — yh,.(y,a)) is
analytic in y and this is true because

l—ygr,r(y,a)

1= yh,,(y,a) = (=8, a))(nX:(:)(yhr,r(ya a)) ) O

Therefore, with Lemma 3.5, to prove that the action of (1 + yE; ;) on f €
A(U, K), given by (3-15), is globally analytic, we only need to show that the action
f—g, g(A)= f(X), where A = XZ, is globally analytic.

Lemma 3.6. The action f — g, g(A)= f(X), where A= XZ, is globally analytic.
Proof. Recall that the lower unipotent matrix X is ((xg ) ;) with
hii(y, a)
Xl =7 <
1 —ygii(y,a)
given by Lemma 3.4. Write

o0 o0
Xeg =hia(y, @) YY" @i (v, @) =YY" gnii(y, @),
n=0 n=0

Since f is analytic, f = Yy fxx" with N = (Ni) € Z" 72, xN =TT x5
The norm | fx| — 0 as N — oo. Then,

o0 Niy
FOO = fle) =) fn H(Z Y gk (3, a)) .
N

kI “n=0
k>1



THE PRO-p IWAHORI SUBGROUP OF GL(n) AND BASE CHANGE 475

00 M
(Zy”gn> =39 D) gu &
n=0

v>0  Uvittuy=v
we obtain that

fO= > le_[Zy< > gvl,k,z---gv,vk_l,k,l)

N=(Ng1) k,. v>0 U1+"'+UNkyl=U

Define ai;(v) = (Zv1+...+ka =v 8kl ngk_I,k,l)Q then,

o= W[y aw

N= (Nk,[) k,. v>0

Z fNZyv Z l_[ak,l(vk,l)

N=(N,1) v20 Y wu=y ki
o
v
2 w2 Il X sk gy
N=(N.1) V=0 Y wmy kI VIHFUN =0k
The coefficient of y is

oo Yo T > Buikl By, kil = > fusw.

N=(Nk,) D Vri=p kI Vit UN =k N=(Ny1)

Z H Z vkl 8oy okl

Y k= kI VIt tUN =k

where

Here Ny is finite and v; < v and hence the sum sy is a finite sum in Z,. As,

with N — oo, |fy| — 0, we obtain that |ZN stN| — 0 and this completes the
proof. (]

This shows the analyticity of the action given by (3-15). So we have shown:

Lemma 3.7. For y € pZ, and i < j, the action of the upper unipotent (rigid
analytic) one-parameter subgroup (1+ yE; ;) of G on f € A(Z"(n b2 , K), given
by (3-15) is an analytic action.

Note that, by Section 3A, the vector space of locally analytic functions of principal
series

ind3, (Xt = {f € Aoc(B. K) : f(gh) = x (b~ ") f(g). b € Py, g € B}
is isomorphic to the vector space of the locally analytic functions

Iloc = Aloc(zr;y(n_l)/za K)
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Denote by indlylf.0 (x) the space of globally analytic vectors of indf;o (X)10c, Which is
— (n—=1)/2
A= A" , K).

Also, the representation on 4 is admissible: indeed, A is a subspace of A(G)
defined by the conditions f(gh) = x (b= f(g) (f is then analytic on G since y is)
and this is a closed subspace. Thus by Lemmas 3.1-3.3 and Lemma 3.7 we have
shown the following theorem.

Theorem 3.8. Assume p > n+1. Let x be an analytic character of Ty (see (3-10)).
The action of G on the induced principal series indﬁo (x) is a globally analytic action.
Moreover, the globally analytic representation of G on indllz0 (x) is admissible in
the sense of [Emerton 2017].

Recall that x = (x1,..., xa) Where xi(1 + pu;) = e“'°20+Pu) for ¢; € K,
with u; close to 0, i € [1,n]. Also, recall from (3-5) that f € A implies that
fA) =) cnacva” with [e,| > 0as [v|=vy 1 +v31 4+ v, -1 = 00.

In the following, we will have conditions on the character x such that the globally
analytic representation of G on A is irreducible.

Let 1 be the linear form from the Lie algebra of the torus Ty to K given by

n
p=(=ci,....cy) : Diag(ti, ... ta) = »_ —citi,
i=1

where 1 = (t;) € Lie(Ty). For negative root a = (i, j), i > j, let H; ;) be the matrix
E;; — E; ; where E;; is the standard elementary matrix.

Theorem 3.9. Let the c;’s satisfy (3-10) and p > n + 1, then the globally ana-
lytic representation A = ind,lio( x) of G is topologically irreducible if and only if
—u(Hy=q jy) +i—j¢{1,2,3,...} foralla = (i, j) € O

Assume X C A is a closed nontrivial G-invariant subspace. Let ®, ®~, ®*, I1
be the roots, negative roots, positive roots and simple roots, respectively, associated
to G. Consider f € A. Then, from (3-5),

f= Z cya’

where d =n(n—1)/2, ¢, €K, |cy,] > 0as [v]:=), p Vo — 0O.

Here, v = (vy, ¢ € ®) e N and a, = [4co- are. In some arguments we will
have to order the exponents v,. We use the following lexicographic order. Let
a=(i, j)and o' = (k, [). Then v, comes before v, if and only if i < k or i =k and
j<lie,v=(21,931,V32,...,Vnn—1) (see also the discussion before (3-5)).
For N > 0, let Ty be the natural truncation

A— Klaly :=®pj<nKa".
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The latter space is the space of polynomials in several variables with total degree < N.
As 1y is equivariant under the action of the diagonal subgroup of G given by
formulas (3-3) and (3-4) and the associated characters of the diagonal torus of G
are linearly independent, Ty (X)) is a direct sum of monomials given by

Xy =1y (X) = { Z cua”},
veEMy
where My is the set of exponents of all the elements in Xy. If N < N and v € My,
then as Xy is the image of the degree N truncation operator Ty on X, the surjectivity
Klaly — Klaly
implies that My C M. This is because supposing
a’" € Xy C Klaln

(i.e., v € My), then there exists a pullback a” 4+ g € Xy of a under the surjection
Xn» — Xy (this map is a surjection by definition of X and Xx') such that g is a
power series with the total degree of all its monomials strictly higher than N but
less than or equal to N'. As a” + g € Xy we see that v € M.

This shows that if N < N’, then My C M. Conversely, v € My and |[v| < N
implies v € M. Therefore, the multisets M and My are compatible and by letting
N — oo we see that, as X is closed, there exists M (the exponents of elements
of X') such that

1) feX=c,=0forallv¢ M and
2) ifve M, a’ € ty(X) for all N > |v|; thus there exists
fi=a"+ Z ca €X,
|r|>N
where r = (ry, 0 € ®7) e N4, |¢,| — 0.

For o € @7, let Y,, € g = Lie(G) be the infinitesimal generator associated to the
unipotent subgroup 1+ yE,, y € Z,, E, being the standard elementary matrix
at .

Lemma 3.10. The multi-index 0 is in M.

Proof- M # &, because if so, then X = 0, which is not true as, by assumption, X’ is
nontrivial. Now if v = (v, @ € ®7) € M, then by (2) above,

f=a"+ Z cra” e X,

r|>N

where N > |v| and r € N¢. By (3-11), the action of Yg = Y(; ;) on f (where
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B=C(,j) e d is fixed) is given by

d ! |
n=2| (T a)(TT@tan™)
Y y=0 a=(u,v) k=1
Uu=i=v>j
J
e Yo T a)(TTesvan))
|r|>N a=(u,v) k=1
U=i=v>j
i 1 ik
- 1 (Sl T1 )
a=(u,v) kell, ]
u=i=>v>j k#l
J
i—1 i,
<o 1 ar(Xnaa T1 a)
|r|>N a=(u,v) =1 kell,j]
u=i=v>j k#l

=A+ Z ¢ B

|r|>N

The first term in the right-hand side of the above equation is

J
1 vj+1 1
A= 1_[ a;a( E vi,[aj,lal}}llj 1_[ Vz k) § V, 1Cl /[ Vzl 1_[ a Vo
=1

a=(u,v) kell,j] a#(@i,l)
U=i=>v>j k£l a#(j.0)
and
/ 1 +1 1
rig— rl rj r,
pe 1 (Do T i)=Yt s T o
a=(u,v) =1 kell,j] a#(i,])
u=i=v>j k#l a#(j,0)

Notice that the monomials in B have total degree |r| except, when [ = j, the term
-1 . .
[laxq j) a5 (note that a; ; = 1 by convention) which has total degree

As Y jH(f) € X, we see that (vy,v; j — 1,0 € 7, a # (i, j)) € M; these are
the exponents when we take / = j in A. This shows that if M # &, then 0 € M
because we can descend the v; ;’s successively for every negative root (i, j) and
this completes the proof of Lemma 3.10. ]

Lemma 3.11. The constants a° are in X.

Proof. Let T € g be the infinitesimal generator associated to the diagonal subgroup
Diag(1,...,#%,..., 1), where p € 1 + pZ, and 1 is at the (k, k)-th place. By
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Lemma 3.10, 0 € M. This implies there exists ¢, for |r| > 0 such that

f:co—{—Zc,areX

|r|>0

(where ¢y # 0). By (3-6), from the action of Diag(1,...,#%,...,1) on f, the
function obtained from T ( f) gives that

(3-16) e (Z rs— Zrﬂ)a’ € X,

|r|>0

where ) rs is Zie[k+1,n],3=(i,k) r(giand Y rgis Zje[l,k_l]’ﬁ:(k,j) rg.
The function obtained from 7}”~" (f) gives that

Y a(Sn-n) wex

|r|>0

This implies that

Ef =co+ ) _ c,<1 —~ (Zm —~ Zrﬁ>p_l)a’ €X.

|r|>0

If p| Y rs — Y rg, then

e R R
If pt (X rs — X rp), then

(1 - <Zr5 —Zrﬁ)pl)l —0 asl— co.

Then
Ara1fi=co+ Z ca eX.
|r|>0
pI(E rs=Xrp)

Similar to (3-16), applying now the transformation 7} on Ay f, dividing by p, and
iterating all the above steps, we see that

Apa(f)i=co+ Z ca eX.
|r|>0
P rs=Xrp)

Repeating this s times, for s € N, we obtain
Aps(f) i=co+ Z ca eX.

|r|>0
P2 rp)



480 JISHNU RAY

This implies, for s € N,
(3-17) (]_[ Ak,s)(f) =co+ Os(f) € X,
k=1

where Q;(f) =) _ c,a” where the sum runs over all r = (ry, « € ®7) with |r| >0
such that for all k € [1, n],

PI( X ne 3 n)
8=(i,k) B=(k.j)
ielk+1,n] jell,k—1]

We need to show that Q;(f) — 0 as s — 00, i.e., we have to show that

(3-18) VN, 3S, such that Vs > S, v,(c,) > N, Vr € N? such that |r| > 0,

whenever

(3-19) p5|< Z re — Z rﬁ) for all k € [1, n].
8=(i,k) B=(k,j)
i€lk+1,n] jellk—1]

But as f is globally analytic, |c,| = O as |[r| =), e 7« — 00, Which means that

(3-20) VN, 38" such that v,(c,) > N, whenever |r| > S’

Choose an S such that p5 > §'.

For k =1, (3-19) implies p® | ro.1 +r3.1 +r41 + - 4+ ry,1 which means that
ra1+ra1+rante 41 > pf > 8 exceptwhenry =131 =rq1=---=r,1 =0.
If this happens, then consider (3-19) with k =2, i.e., p* | r320+ra2+---+rn2—ra1
(where rp1 =0),i.e.,m30+r42+---+ry2>p* > S except when ryp =ryp =
-+ =ry,2 = 0. Repeating this process, since we have started with an r such that
|r| > 0, we see that any r as in (3-19), with |r| > 0, satisfies |r| > S’ for all s > S and
by (3-20) this implies that v, (c,) > N., which was the desired condition in (3-18).
This shows that Q;(f) — 0 as s — oo which gives that ¢g is in X (see (3-17)).
This completes the proof of Lemma 3.11. (]

In the following, we complete the proof of Theorem 3.9 which was to find
conditions such that the globally analytic representation .4 of G is topologically
irreducible. It uses an argument concerning Verma modules and the condition
of irreducibility of A comes from a result of Bernstein, Gelfand and Gelfand
determining the condition of irreducibility of that Verma module.

Let g = Lie(G), let h = Lie(Tp), and let b (resp. b™) be the upper (resp. lower)
triangular Borel subalgebra containing h. Let u™ = Lie(U). Therefore g = gl,, the
set of all n x n matrices with coefficients in Z,,. So b and b are the subalgebras of
gl,, consisting of diagonal and upper triangular matrices, respectively.
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Recall that here ¢;’s € K are such that y;(¢) =, for t — 1. Let
Vo =U(@)Quwp-) K

be the Verma module where U(b™) acts on K via the action of b~ = u~ @ b,
u~ acting trivially, and § via —u € h* = Hom(h, K) given by

n
(3-21) p=(=cr,...,—cy) : Diag(tr, ... ta) > Y _ —citi,
i=1

where t = (t;) € b, U (g) is the universal enveloping algebra of g. (Note that Dixmier
[1977, Section 7.1.14] has a different normalization for the Verma module).

Let Ag, be the set of polynomials within the rigid analytic functions .A. For
k € [1, n], let T € h be the infinitesimal generator associated to the one parameter
diagonal subgroup Diag(l, ..., %, ..., 1), &y € 14+ pZ,, where 1; is at the (k, k)-th
place and f =a" € Ag,. The elements Ty form a basis of h. By (3-4) and (3-6),
the action of Diag(1, ..., %, ..., 1) on f is given by

Diag(l, ..., t% ..., D(f)

=(< 1_[ a,f;")( l—[ a?t/:a)( 1_[ a,rsﬁlkrﬂ»()(k(lk))-
8=(i,k) B=(k,J)

oa=(u,v)
u,v#k ielk+1,n] jell,k—1]

As () = 1, so the action of Ty on f is

Tk.f:cka’+( Z rs — Z r,3>a’

3=(i,k) B=(k.J)
i€lk+1,n] jellk=1]

d
= (ck—{— Z rs — Z m)ar: <—M—Zaira,-)(Tk)ar-
8=(i,k) B=(k, ) i=1
ielk+1,n] jellk=1]

Here the «;’s are the negative roots.
Thus if H € b, then

d
(3-22) H-a" = (—u -3 a,-rc,,.) (H)a".
i=l1

Decomposing
-Aﬁn = EBSEh*Aﬁn (é)

in the form of h-eigenspaces, we see from (3-22) that the monomials a” are h-finite
and the dimensions of eigenspaces of Ag, under § are finite: The eigenvectors are
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of the form & € —u — Z?:l No; € h* and the multiplicity mult(¢§) = dim A(&) of
& is equal to

(3-23) dim A(§)=mult(§)= {number of families (ry;) € N9

EZ_M_Zraiai},
i=1
which is finite.
With fo =1 € Aqn, H - fo = —u(H) fo and the action u™ - fy is equal to 0
because the action of any element of u™ on fj is given by derivation (see proof of
Lemma 3.10). So, the map u — u - fy for u € g induces a g-homomorphism

(3-24) oV, — A,

where V_,, :=U(g) Qup-) K.

Moreover, v € V_,, implies v is h-finite (see [Dixmier 1977, Chapter 7]). This
gives ¢ (v) € A is bh-finite which means that ¢ (v) € Ag,. This is because (3-22)
gives, by continuity, that f € A; hence f = Zr:(ra,.) cra” implies

d

H f= Z (—M—Zraiai>(H)c,ar.

r:(roci) i=1

Then H - f = Af implies A = (—u — Y, ro,; ) (H) if ¢, # 0. Therefore the
cardinality of the set {c¢, # 0} is finite and the h-finite vectors of .4 are just Agp.
The map ¢ : V_,, — Agn in (3-24) is clearly nonzero because the vector 1 € V_,

goes to fy.

Lemma 3.12. If the Verma module V_,, is irreducible then the globally analytic G-
representation A is irreducible.

Proof. Suppose the Verma module V_, is irreducible. Then the map ¢ : V_,, — Agn
is injective. Also by (3-23), under the action of b, since the eigenvectors of V_, and
Afin and their multiplicities match, that is dim A(§) = dim Ag,(§) = dim V_,(§),
we deduce that ¢ is an isomorphism.

The dimension of dim .A(£) is given by (3-23). On the other hand, using that our
Verma module V_,, is defined by b~ and —u (rather than A — p™ as in Dixmier’s
parametrization [1977, 7.1.4]), Dixmier’s formula [1977, 7.1.6] yields

d

i‘_:)‘_p__zraiai}a

dim V_, (§) =mult(§) = {number of families (ry;) € N9
i=1

where p~ = % Y wco- @ is half the sum of negative roots (since we have used b~
to define the Verma module instead of Dixmier’s b*). We easily see that the above
dimension dim V_,,(§) is equivalent to dim A(§) (3-23) with A — p~ = —p.
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So V_, = Agn. Suppose X is a nonzero closed subspace of A. Then by
Lemma 3.11, we have 1 € X'. Thus Ay =U(g)-1 C X. Since X is closed, ¥ =A4. [

Now we prove the converse of Lemma 3.12.

Recall that a closed subspace of A is G-invariant if and only if it is invariant by g
[Clozel 2018, Proposition 2.4]. Moreover it follows from the definition of globally
analytic representations (compare [Clozel 2018, Section 2.2]) that the action of g
on A is continuous. If V C Ag, is invariant by g, it follows that its closure V is
G-invariant.

Recall that Ag, is the set of h-finite vectors in 4. In particular, if X C A is
closed, the space &j.fn of h-finite vectors in A" is X' N Agp.

Lemma 3.13. Assume V C Agqy is invariant by g. Then V = V N Afn = Vh_ﬁn.

Proof. By (3-23), A(£) is the subspace of the Tate algebra spanned by a finite number
of monomials a”. In particular, the obvious projection pg : A — A(§) is continuous.
Assume v € V N Ag,. Thus v e ®¢ A(§) (finite sum of finite-dimensional subspaces)
and v =limv,,, v, € V. If P is the projection on ¢ A(§), v = Pv =1im Pv,,.
But Pv' € VNP A(§) for any v’ € V. Thus v € V, as a limit in a finite-dimensional
space. U

Lemma 3.13 obviously gives the following Corollary.

Corollary 3.14. Suppose V is a nonzero proper subspace of Agy stable by g. Then
V is a nonzero proper closed G-invariant subspace of A.

Lemma 3.15. Ifthe globally analytic G- representation A is irreducible then the
Verma module V_,, is irreducible.

Proof. Let W C Ag, be the image of V_,, by ¢. Then W #0. If A is an irreducible G-
module, W = Ag, by Corollary 3.14. Thus we have a surjective map ¢ : V_,, — Agpn.
But, as we noticed, the dimensions of V_, (§) and of A, (&) coincide. This implies
that ¢ is an isomorphism. On the other hand (again by the Corollary 3.14), W is
irreducible. Thus V_,, is irreducible. U

Now we determine the condition when the Verma module V_,, is irreducible.
Recall that

n
= (—ci.....—cy) : Diag(ty, ... t) > Y _ —cit;,
i=1

where t = (#;) € . For negative root & = (i, j), i > j, let Hy—(;, j) be the matrix
E;; — E; ; where E;; is the standard elementary matrix.

Lemma 3.16. The Verma module V_,, is irreducible if and only if

(=) (Ho=,jy) +i—j ¢{1,2,3,.. .}
forallo = (i, j) € @
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Proof. Let p~ =33 co-. Fora =(i,j) € ®7, Hy=Hiy1;+-- +Hj
and p~ (Hyy1,4) = 1. This gives that o~ (Hy—, j)) =i — j. By Theorem 7.6.24 of
[Dixmier 1977], the condition of irreducibility of our V_, is (—u + p~)(Hy) ¢
{1,2,3, ...} for all negative roots & € ®~. (This is because Dixmier’s b™ is our
b~ and so we have to work with negative roots.) This gives the condition

(_M)(Ha)+l_J¢{17253’} 0

Lemmas 3.16, 3.15, and 3.12 together prove Theorem 3.9.

3B. With L an unramified finite extension of Q,,, suppose V is a globally analytic
representation of G(Q,) on a K-Banach space where L C K. Then Clozel showed
the following proposition for holomorphic base change.

Proposition 3.17 (Clozel). V extends naturally to a globally analytic representation
of G(L).

Proof. See [Clozel 2018, Proposition 3.1]. O

All the arguments of Section 3A extend automatically to the group G(L).
As L is unramified, the conditions for the character x to be analytic, that is,
those given by (3-10), remain unchanged. Moreover, note that the representation
A(Bi’("fl)/z, K) (where now Bf("fl)/z is seen as a product of 1n(n — 1) closed
rigid balls of radius 1 as an L-analytic space) given by Lemmas 3.2, 3.3 and 3.7
is L-analytic. The restriction of .A(B'f("_l)/z, K) to G(Q,) is simply the previous
representation. Indeed, the representation of G(L) is obtained from the repre-
sentation of G(Q,) by holomorphic base change (see Proposition 3.17). Denote
by Ig,(x) and I.(x), respectively, the two globally analytic representations (the
character x is defined by the parameters (cy, ..., c,), we agree to identify the
characters for the two fields). Then we have:

Theorem 3.18. For a given embedding L — K, with u as in (3-21), if
—u(Hy)+i—j¢{1,2,3,...} foralla=(,j)ed,

then I (x) is an admissible, irreducible (under both G(L) and G(Q))) globally
analytic representation and it is the holomorphic base change of 1g,(X).

I1,(x) is admissible, as holomorphic base change respects admissibility [Clozel
2018, Proposition 3.1]. With the notation of Section 2B, define the full (Langlands)
base change of I, to be the representation of Res. g, G(Q,) on ®q (I1.( x))? =
I(xoNL,) where N, /Q, is the norm map from L to @, and ® is the completed
tensor product (see also [Clozel 2018, Definition 3.8]) and o € Gal(L/Q,). Note
that, for each factor, the embedding i : L — K must be replaced by i o 0. Finally,
we then have:
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Theorem 3.19. Let u be as in (3-21). Assume —u(Hy) +i—j ¢ {1,2,3,...} for
alla = (i, j) € ®~. Then the completed tensor product Qo (I (x))? is irreducible,
and is the representation of G(L) on the space of globally analytic vectors, induced
from x o Nrja,

Proof. Notice that by assumption, each factor in the completed tensor product is
irreducible and admits the same description as in Theorem 3.18. The space of the
representation /(x o Np/q,) is R, AU, K) = A(Reszq,U, K), which is a space
of globally analytic vectors (by Theorem 3.18) in the locally analytic representation
lioc(X ©Nrja,) of Resy g, (G). The proof of irreducibility of Qo (I1.(x))? follows
from Theorem 3.9 using a natural generalization of the argument in [Clozel 2018]. [J

4. Analyticity for the induction from the Weyl orbits of the upper triangular
Borel subgroup of B

In this section we treat the global analyticity of the principal series induced from
Weyl orbits of the Borel subgroup (Theorem 4.3). Then we base change our globally
analytic representation to L.

Denote by P the Borel subgroup of the upper triangular matrices in GL, (Q,),
by T the maximal torus of GL,(Q)), by P the Borel subgroup of the upper
triangular matrices in GL,(Z,), and by W the ordinary Weyl group of GL,(Q))
with respect to T which is isomorphic to the group of n x n permutation matrices.
Write P;f = BNwP w™!. Here B is the Iwahori subgroup in Section 3A. Denote

by indgL’l(QP ) (X)10c the locally analytic induction, that is,

inds" " GOt = (f € Aioe(GL1 (@), K) : [ (gb)

= x(b"")f(8). g € GLy(Q,). b e P}.
The Iwasawa decomposition [Orlik and Strauch 2010, Section 3.2.2] gives

. GL,(Q)) ~ : 1GLa(Zp)
indp " (Ooe = 1ndp+ " (X1oc

as a GL,,(Z)-equivariant topological isomorphism. By the Bruhat-Tits decompo-
sition [Orlik and Strauch 2010, Section 3.2.2; Cartier 1979, Section 3.5],

GL,(Zp) = | | BwP™.

weW
we obtain the decomposition
. 1GLa(Zp) ~ .
1ndp+ " (Oe = @ ll’ldg]j. (X"1ocs
weW

a B-equivariant decomposition of topological vector spaces, where the action of x*
is given by x*(h) = x (w™'hw). Let indf;r (x™) be the space of globally analytic
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functions of ind? Pt (X")10c. Our goal is to show that for all w € W, ind? P (x™)isa
globally analytlc representatlon of G. We have already showed, in Sect10n 3, that for

= Id and y analytic, the induction 1ndBo( x) is a globally analytic representation
of G. (Note that BN P* = P;.) Recall that U is the lower triangular unipotent
subgroup of GL,(Z,). Consider the decomposition (see Lemma 3.3.2 of [Orlik
and Strauch 2010])

= (wa_1 N B)(wPer_1 NB)
= wUw ' NnB)(P.

For GL3, and
001
w=|1001,
010
the above decomposition is
Z, pZ, pZp, 1 pZ, pZ, zZ; 0 0
B=\ 2, Z, pZ, |=|0 1 0 Z, Z; pZ,
Z, Z, Z, 0z, 1 Z, 0 7,

We extend a character x of TNGL,(Z,) to a character of P, by acting trivially
on the nondiagonal elements of P,". By definition,

indp: OOwoe = {f € Aloc(B, K) : f(gb) = x(b™ ") f(g), b€ P, g € B).

With the decomposition B = (wUw~'NB)(P,}), the vector space of locally analytic
functions 1ndP+ ()10 is the same as Ao (wUw ™ 'NB, K). Let AwUw™'NB, K)
be the subspace of globally analytic functions of Ajc(wUw ™' N B, K). Withi # j
fixed,yeZ,ifi > jand y € pZ,ifi < j, recall that the action of the one-parameter
subgroup on

feAwUw™'NB, K)

is given by
(4-1) (1+yE; ) f(C)= f((A1+yE; )~'C) (with C e wUw ™' N B)

= f((1=YyE;;)C)
= f((1—yE pwAw™") (with C = wAw™! for A € U).

Our goal is to show that this action is globally analytic.
Since w™!' € W, write w™! in the form of a permutation matrix, i.e.,

n
'=>"E.,
r=1
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with j, # js for r # s. Then,
n n
w 'l (1-yE; j) = <Z Er,j,>(1 —YEij) = (Z Er,j,.> — YEgj,
r=1 r=1

where k is such that jp = i. As the inverse of a permutation matrix is its transpose,
we obtain

n n
w (1= yEi jw = ((Z Er,j,) - yEk,j) (Z ij,s> =1—yEx,,
r=1 s=1

where [ is such that j; = j. So we have deduced that

(4-2) (I—=yE; jHw=w(l—yEy) (k, I such that j, =i, ji = j).
Inserting (4-2) into (4-1), we obtain

(4-3) (1+YE; ) f(C) = f(w(l —yEr)Aw™).

Now, the globally analytic function f on w(l — yEj ;) Aw~' equals some globally
analytic function g on (1 — yEj ;)A, because the conjugacy action of w on the
matrix (1 —yEj )A is just permuting the entries of (1 — yEy ;)A. So, (4-3) is

fw@=yE)Aw™") = g((1 — yEy)A)
={1+yEr1)g(A) (recall A e U)
and we know from Lemmas 3.3 and 3.7 that the action of (14 yE} ;) on g(A) is
globally analytic. Thus, we have shown that:

Lemma 4.1. The action of the lower and the upper unipotent one-parameter sub-
groups of G of the form (1+yE; ;) on f € A(w Uw~'NB, K) is a globally analytic
action.

A similar argument also shows that the action of the diagonal subgroup of G on
AwUw~'N B, K) is globally analytic. More precisely, we write

w™! Diag(ty, ..., t,)w = Diag(t], ..., )

’'n

with (¢{, ..., t;) a permutation of (t1, ..., t,). Then, with C € wUw™'NB,
Diag(t;, ..., ;1) f(C) = f(Diag(ty, ..., t)wAw™") (C=wAw™")
= f(w[Diag(t], ..., t)]JAw™")
= g(Diag(t}, .. ., t,/l)A) (for some analytic g)
= Diag(t; ', ..., 1, )g(A)

and by Lemmas 3.2 and 3.1, the action of the diagonal subgroup of G on g(A) is a
globally analytic action. Therefore, we have shown:
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Lemma 4.2. The action of the diagonal subgroup of G on AwUw™'N B, K) is
globally analytic.

Recall that the vector space A(wU w~'N B, K) is isomorphic to indff,+ (x™).
Thus, Lemmas 4.1 and 4.2 together give:

Theorem 4.3. Assume p > n+ 1. Then, for all w € W, the action of the pro-p
Iwahori group G on indgf (x™) is globally analytic.

Following the notation of Section 3B, we fix L a finite unramified extension of Q,,
inside K. For each w € W, consider the globally analytic admissible representation
Ing,(x) = AwUw™'N B, K) of G(Q,). By Section 2B, AwUw~'N B, K)
extends naturally to a globally analytic admissible representation of G (L) called
the “holomorphic base change” which we denote by 7, 1 (). With the notation
of Section 2B, define the full Langlands base change to be the representation of
Reszja,G(Qp) on @wew (S0 Ly, (x)7) (see [Clozel 2018, Section 3.5]). Finally,
as in Theorem 3.19, we will then have:

Theorem 4.4. The Langlands base change

Duew (®cLu,(x")7)
is a globally analytic admissible representation of G(L).

In conclusion, for p > n + 1, we have shown that for all w € W, indf,; x™)
is a globally analytic representation of the pro-p Iwahori G under the analyticity
assumption on the character x. Furthermore we have treated the case of irreducibility
of the principal series when w = Id. We hope that it is possible to adapt and
generalize the argument of our irreducibility proof to treat the case when w # Id.
Also it is an interesting future project to determine the globally analytic vectors of
more general p-adic representations of GL(2, Q,,), for example the “trianguline”
representation of [2008] (see also [Colmez 2014]), which corresponds to a quotient
of principal series. Also one can explore the connection with the globally analytic
vectors of p-adic representations (under the pro- p Iwahori or a suitable rigid analytic
subgroup of GL(2)) and (¢, I')-modules [Colmez 2010], similar to the existing
correspondence for locally analytic representations [Colmez and Dospinescu 2014,
Section VI.3].

There are other interesting questions that our work leads to. The most inter-
esting of them is to show Schur’s lemma for globally analytic representations.
Schur’s lemma for locally analytic representations is known by the works of Gabriel
Dospinescu and Benjamin Schraen. For our case of topologically irreducible
globally analytic principal series, Schur’s lemma easily follows from our proof of
irreducibility and Proposition 7.1.8(iv) of [Dixmier 1977]. The interesting question
is to show Schur’s lemma for general globally analytic representations.
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