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We consider the Killing graphs over a bounded regular domain M in an
integral distribution orthogonal to a Killing vector field with prescribed
variable contact angle. Under some appropriate condition between the ge-
ometry of the domain and the contact angle, based on the maximum princi-
ple and the approximation method, we show that the solutions to the mean
curvature flow of Killing graphs with capillarity type boundary condition
converge to a translating solution.

1. Introduction

In this paper, we are interested in the study of the evolution of graphs defined over
a Riemannian manifold by the nonparametric mean curvature flow, whose speed in
the direction of their normal is equal to their mean curvature and with a prescribed
variable contact angle at the boundary. Throughout this paper, let (N"*!, g) be an
(n+1)-dimensional Riemannian manifold endowed with a Killing vector field V.
Suppose that the distribution orthogonal to V is of constant rank and integrable.
Given an integral leaf L of that distribution, let M C " be a bounded domain with
boundary dM € C3. We suppose for simplicity that " is complete. In this case, let
¢ :M xR — N be the flow generated by V with initial values in N. In geometric
terms, the ambient manifold N is a warped product manifold as

N=01"x.1R,
Nid

with the metric given by g = o + % ds?, where y :=1/g(V, V)? and o is the metric
on L”. Since we have V(y) = 0 by the Killing equation, y can be viewed as a
function on L".

The Killing graph of a differentiable function u : M — R is the hypersurface
¥, C N parametrized by the map X (x) = ¢ (x, u(x)), x € M. The Killing cylinder
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K over M is defined by
K:={¢t(x,s):x€dM, s € R}.

We want to study the asymptotic behavior of solutions u(x, ¢) to the Killing graphs
dominated by its mean curvature in the direction of the unit normal p with prescribed
variable contact angle along the Killing cylinder, that is,

%—}f:?-lu in M" x (0, 00),

(1-1) (moX,voX)=—¢ ondM x (0, 0c0),
X(-,0)=2¢(,up(-)) onM,

where M C L, n > 2, is a compact domain with smooth boundary d M, u is the

upward normal for the Killing graph /C, which is given by

YV —&(Vu)
pi=——,
v
with v := ve? + |Vu|? and p :=log /v throughout this paper for convenience.
And g is the cosine of the contact angle, that is, ¢ := cos 6 for some 6 : M — R
being the variable contact angle on the intersection of the Killing cylinder and the
graph, which is given by (u, v) = —cos@. Then the boundary value condition
in (1-1) is equivalent to V,u = cos 9~y + |Vu|?, where v is the unit inner normal
of 0 M, one may extend ¢ to M with peC 2(M). And ug(x) is a smooth function
and satisfying the compatible condition

Vyug=9vVy+ |Vuo|2 ondM,

while H in (1-1) is the Killing mean curvature operator with the expression (see
[Dajczer et al. 2008]) that

] ( Vu > <Vy Vu>
H=div|] —= ) —({—, —),
Vy+Ivul?/) 2y v
where the differential operators div and V are respectively the divergence and
gradient in L with respect to the metric o.
For the prescribed contact angle boundary value problem, a more general type
problem with an extra term is to study the following equation,

(1-2) u, =ve2 + |Vul2(H—) in M x[0,T).

Such types of evolution problem were studied by de Lira and Wanderley [2015]
previously, where they proved the long time existence for v : M — R and prescribed
contact angle function ¢ : aM — R with |p| < by < 1. Nevertheless, they obtained
the convergence results only for the vertical angle case, which corresponds to ¢ =0
on the boundary. One could also refer to [Huisken 1989] or [Zhou 2018] for similar
results in the vertical angle case. Besides, when V := %, the long time existence of
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flow (1-2) was obtained for product ambient manifolds by Zhou [2018] recently,
which is a generalization of the previous result in Euclidean space by Guan [1996].

However, when it goes to study the asymptotic behavior of u(x, t) in (1-2) for
the not perpendicular contact angle case, to the author’s best knowledge, only
a few results are known. For instance, when n = 2, Altschuler and Wu [1994]
showed that u(x, t) of Euclidean nonparametric mean curvature flow with contact
angle boundary condition will converge to the translating surface. For n > 2,
recently, [Gao et al. > 2020] proved the same results under the condition that the
contact angle is the small perturbation of 7. See also [Zhou 2018] for the same
convergence conclusion under the condition that the ambient Riemannian surface
requires carrying the metric with nonnegative Gauss curvature. One could also refer
to [Ma et al. 2018; Oliker and Uraltseva 1993; Schniirer 2002] for various studies
on the asymptotic behavior of geometric curvature flow with Dirichlet, Neumann
and second boundary value condition problems.

We only focus on the capillarity type boundary value condition in this paper.
Based on above discussions, we may rewrite (1-1) in the following expression,

up =37 aViju—5(1/y +1/v2)(Vy, Vu) in M x [0, +00),

(1-3)  {Vyu =)y +|Vul? on M x [0, +00),
u(x,0) =ug(x) on M x {0},
where _ ‘
Llij = O'ij — —Vll/i Viu
y +Vul?

and v is the unit inner normal of dM.
Our first main result about the asymptotic behavior of a solution to (1-3) can be
stated as follows.

Theorem 1.1. Let M C " be a bounded strictly convex domain with dM € C3.
If Ric, +V2p > koo for some positive constant ko, where Ric, denotes the Ricci
curvature tensor of 1, then there exists 5o > 0 such that

(1-4) el c2iny < S0,

and it holds that the unique smooth solution u(x, t) of (1-3) uniformly converges to
iu(x)+tt ast — 0o, which means that

i a0 = G+ 70| oz, = 0.

where (T, i) is a solution satisfying
{Z?,j:l aViu—31/y +1/v>)(Vy,Vu) =1 in M,

(1-5)
Vou = vy +|Vul|? on dM.
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In particular, if f om P/ /vdo =0, then T =0, hence X; is a minimal hypersurface
in (N1, g).

The main ingredients and approach to get such convergence results are as follows.
Firstly, by using the standard comparison principle, one shows that

u(x,t)

— 7 uniformly as t — 400,

which indicates that the so called ergodic constant T governs the asymptotic behavior
of the evolution equation. This part is somewhat relatively easy. Secondly, by
establishing the uniform gradient estimate, we get the existence of solutions to the
stationary equations (1-5) and show the more precise asymptotic behavior

u(x,t) —tt — i(x) uniformly as t — +4o0.

We will achieve this by firstly deriving an a priori estimate for the C'-norm of
u(x, t) to (1-3), which is time-independent. This will be achieved by choosing an
appropriate auxiliary function and combining with the maximum principle.

We mainly use the methods in [Altschuler and Wu 1994; Ma and Xu 2016;
Schniirer 2002], but with the necessary technical tricks for choosing the right
functions to get estimates, which take control of the complications introduced by
the terms containing the warped function y and the curvature tensor of L. We want
to point out that the existence of solutions to stationary equations (1-5) are closely
related to the “ergodic control problems,” which consist in solving the following
type of fully nonlinear elliptic equations associated with nonlinear oblique type
boundary conditions:

F(x,Vu,Viu)=pu, inM,
L(x,Vu)=pu, on oM.

Such types of problem not only have a close relation with the asymptotic behavior
of solutions to parabolic equations, which are the case we study here, but also have
a strong impact and application in ergodic control problems, homogenization of
elliptic and parabolic PDEs, etc. We recommend [Barles 1993; Barles and Da Lio
2005; Barles and Souganidis 2001; Ishii 2013] for more details and interesting
results.

Thus, we adapted the idea used there to prove the existence of a translating
solution to our flow equation. That is, we have the following existence results for
stationary equations (1-5) (called the solvability problem of the translating soliton
equation with capillary boundary condition in some literature).

Theorem 1.2. Under the assumption of Theorem 1.1, there exist a unique T € R
and a solution ii € C>*(M) satisfying (1-5), 0 < a < 1. In particular, the solution
i is unique up to an additive constant.
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Moreover, for the dimension n = 2, we could release the condition on the range
of the variable contact angle and the compatible relation for the Ricci curvature on
leafs with the product function y in Theorem 1.1. Indeed, we have the following
theorem.

Theorem 1.3. Let M be a strictly convex domain in > with k the geodesic curvature
of IM, satisfying

VT gl
k—|—F—=+l¢l-|Vpl| =6, ondoM,

V1—¢?

for some positive constant 8, > 0, where VT ¢ is the tangential part of V¢ restricted
on the boundary. If y satisfies the compatible condition

vy

>0, inM,

K+Alog/y>0 and Ay-—

where K is the Gauss curvature of M. Then the unique smooth solution u(x, t)
of (1-3) uniformly converges to i(x) + tt as t — 00, where (t, i) is a solution
satisfying (1-5).

In particular, iffaM @//ydo =0, then Tt =0, hence %, is a minimal surface
in (N3, g).

We want to emphasize the fact that the above conditions are very well adapted

for applications to some special cases, say [Altschuler and Wu 1994] or [Zhou
2018] for example. Let us recall that for the Euclidean graph case, such results
were first proved in [Altschuler and Wu 1994], later for the product Riemannian
manifold case L x R, see [Zhou 2018], which both correspond to the special Killing
vector field V = % in our setting.
Outline of the paper. The article is organized as follows. In Section 2, by using the
maximum principle, the key uniform gradient estimate is established for flow (1-3).
Theorem 1.2 is proved in Section 3, which is complied with the approach that has
been used in [Altschuler and Wu 1994] or [Ma et al. 2018], once one gets the
uniform gradient estimate. In Section 4, we turn to discuss the n = 2 case and
prove the uniform gradient estimate being stated as Theorem 4.2. The last section
is devoted to showing the asymptotic behavior of solutions to (1-3) and proving
Theorem 1.1, which used the method in [Altschuler and Wu 1994; Schniirer 2002].
Also, the same idea can be utilized to verify Theorem 1.3, after obtaining the key
uniform gradient estimate for a Riemann surface in Section 4.
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2. Priori estimates

In this section, for studying the asymptotic behavior of the nonparametric mean
curvature with prescribed contact angle condition, we establish the uniformly
gradient estimate for (1-3) under condition (1-4).

Firstly, we describe the evolution problem in local coordinates and compute
some geometric quantities induced by embedding of the hypersurface into (N, g).
One could also find those results in references [Dajczer et al. 2008], [Impera et al.
2018] or [de Lira and Wanderley 2015]. Assume that {e;}?_, is the local frame on
L", and s is the flow parameter of the Killing vector field V. We use the notation
ojj=o0(e,ej) :={e,ej)and V; =V, V;; =V,;V;. Then the tangent vector of
¥, at the point X (x) are

0
X*(ej) = §*(€j) + 4*(&>Vju = ej|X + 8s|ij1/l,
then the induced metric ¢ on X, is given by
5 1
8ij = X*g(e;, ej) =0+ ;Viuvju,

where we note that y := 1/g(V, V)? and o is the metric on L. For a differentiable
function u defined on M". We lifted the indices with respect to the metric on L,
ie., Viu:= aijVju and |Vu|2 =0 (Vu, Vu) = aijViuVju, where V denotes the
Riemannian connection in L and Vu = o'/ V;ue ; 1s the gradient relatively to L. And
V2u is the Hessian which is given by

V,-.,-u = V,‘ (le/t) - (V,-ej)u.

Recall that V;ju = V;;u and by using the Ricci identities for the third covariant
derivative of u, we have

n
I
Vijiu = Vjiu + Z ViuR; iy,
I=1

where R is the Riemannian curvature tensor
R(X,Y)Z =[Vx, VyY]lZ - V|x v Z,

with R;jx := 0 (R(e;, ej)e;, ex) and R;kl =3 0 Rk

We will use the distance function to construct the auxiliary function to get the
uniform gradient estimate, this kind of idea has been widely used previously, see
for instance [Guan 1996; Korevaar 1988; de Lira and Wanderley 2015; Ma and
Xu 2016; Xu 2014]. We note that d(x) := dist(x, 0 M) is a smooth function for x
close to the boundary, then extend it to the whole manifold M, andd =0, V,d =1

on dM. For convenience, we denote L := supj; IV3d|, L, := Supj; |V3d|, and
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define the big O notation O (s), which means that there exists a constant C > 0, such
that |O(s)| < Cs. In particular, we have the positive constant C only depending on
(M, 0),y, L1, L, and n throughout this paper.

The following result has been proved previous by de Lira and Wanderley [2015,
Proposition 1], which established an a priori bound for # := 9;u for a general
domain M C L and ¢ € C! with |l¢]|co < 1.

Lemma 2.1. If u(x, t) is a smooth solution to (1-3), then

sup 1% =sup L't2|

=0’
Mx[0,T] M

that is, there exists C = C(ug) > 0 such that

(2-1) sup |u] <C.
Mx[0,T]
Next we obtain the uniform gradient estimate for problem (1-3), which turns the
quasilinear evolution equation (1-3) into a uniformly parabolic equation and the
infinite time existence of smooth solutions follows by standard regularity theory.

Theorem 2.2. Under the assumption of Theorem 1.1, there exists a positive constant
C depending on n, M, ug, ¢, vy such that

sup |Vu| <C.
Mx[0,T]
Remark 2.3. The constant §y in (1-4) depends only on the geometry of domain M.
In fact, even for 2-dimensional Euclidean space, see [Altschuler and Wu 1994], under
the condition that M C R? is strictly convex and x — |V ¢|/v1 —¢* > ¢y > 0,
where « is the geodesic curvature of the curve dM, then they deduce that the
solutions to the nonparametric mean curvature flow with capillarity type boundary
condition converge to translating solution. This means that the contact angle will
be affected by the geometry of domain along the flow.

Proof. Choosing the auxiliary function
w(x,t):=v—0o(Vu, Vd)p,

where v := vy +|Vu|?>. We want to get the uniform bound of |Vu| in My =
M x [0, T'], which is independent of T/ (0 < T' < T).

Assume that w(x, ) attains its maximum value at (xo, fo) € M7/. We split it into
three cases to discuss. And all the computation below are done at this maximum
value point.

Case 1: (xq,1) € OM x [0, T']. In order to do the calculation, we choose an
orthonormal frame {e;}!_; at xo such that e, be the inner normal vector field of
oM, which is exactly equal to v.
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First we notice that w = v — ¢o(Vu, Vd) = v — ¢u, on the boundary oM.
Denote V'u and u,, be the tangential and normal part of Vi on the boundary by
our choice of frame above. From the boundary condition u,, = ¢v, we deduce that

1y = "0 = (y + |Vu* +u),
so it directly follows that

2
%
(2-2) =y +Vu),
-9

and in particular, we have

w=(1=gH =V +Vul)-(1-¢?.
By using the Gauss—Weingarten equation, we get

n—1
1

VvV, v = o (V,,y +2 Z Uy Vil +2unV,mu)

a=1

n—1

-1
Vay 1%
= 2"v + ; Zua . (umx + Zbalgl/tﬁ) +oV,u,
a=1 B=1

where (byp) is the second fundamental form of d M with respect to the inner normal
v and satisfies (bog) > k (84p) for some k > 0, if dM is strictly convex. Using the
Hopf lemma, it gives us that

(2-3) 0= Vyw(xo, 10) = Vov = V,u ((Vu, Vd))g

n
=V, v — V3 up — Z ViuVipde

k=1
v y 1 n—1 n—1 n
— 2nv + " 2;(140{14,“1 + l; uabaﬁuﬂ) — ; ViuVinde.
o — =

Since {e,} are the tangential vector fields for all 1 <« <n — 1, we obtain
(2'4) 0= V(;w(X(), tO) =Vqy —Upa® — PP V.

On the other hand, by taking the tangential derivative to the boundary value condition
in (1-3) and combining with (2-4), it yields that

tng = V., (9V) = 9y + PV = PP lng + * 0V + Puv,
that is,
1—|—(p2

(2_5) Upa = —zq)av.
4
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Substituting (2-5) into (2-3), and using the assumption in Theorem 1.1, it follows
that

n—1 n—1 n

Viy 1
0 > Vnw(xO’ [O) = 2nv —+ ; Z(uauna + Z M(xbaﬂuﬁ> - Z I/thkndQU
a=1 B=1 k=1
v 1 2 n—1 b n—1
_ Yy +"’20(v/¢,v’u)+ Y B P uVd = o Vand
v 1-9¢ v
Ol,,le a=1
V/ 2 2 V/
> SVUE op g - 2 g - €
v 1—¢? v

2L18 268
zl(x— o )|V/u|2—9,
o\ 1-8 (1832 v

where C is a positive constant, only depending on ||[Vy|[[co. By choosing §o
with |l¢]lc1 < 8o such that

. 3 K
(2-6) 0<50§mln{\/7_,m},

we obtain from above inequality that |V'u| < C, which also gives us |Vu| < C.

Case 2: (xg, fo) € M x {t =0}. Then it directly yields that

w(x, 1) < w(xy, 0) =Vy +|Vug|> — 0 (Vug, Vd)g
< C(up, ¢,d, y).

2-7)

Note that || < by < 1, thus it follows from above that

(2-8) sup |Vu| < C(ug, y,d).
Mx[0,T"]

Case 3: (xq, o) € M x [0, T’]. Firstly, by choosing the local orthonormal frame
{ei}!_, on M such that at x, it holds that

Vu ..
(2-9) e1(xg) = W(xo), and {Vygu}r<q p<n is diagonal.
Then it follows that,
— Y . fori=j=1
y Y+ (Vi =
(2-10) a’l(xo,i0) = 1, fori=j>2,
0, otherwise.

We always assume Vju(xo, tp) large enough in the below computation, such that
Viu,v=+y + (Viu)?, and w = v — Viu - Vidy (since we assume |¢| < by < 1)
are equivalent to each other at (xg, fy). Otherwise, we have completed the proof.
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Due to the direct computation, it gives us that
(2-11) 0 = Viw(xo, fo)

n n
=Viv— Y VauVidg - Y ViuVide — o (Vu, Vd) Vg
k=1 k=1

for all 1 <i < n. Equivalently, we have

Viu - \
(2-12) Z(%—Vldq)) ,lu=ZVluVﬂd(p+a(Vu,Vd)V,-go—2;;/,
=1 =1

Let S := Viu/v — Vidgp, then we obtain

n
Vodg Vide VidVig Viy
2-13 Viu= \Y Viu — ,
(2-13) 1nu Z lalt et — =S
a=2
and for 2 < « < n, it holds that
Vod Vied V1dV \Y
(2-14) Vigt = 220G u+ 1248y NP YoV
S 2vS
Substituting (2-14) into (2-13), we conclude that
n
Vedo (Vodo ViuVigde ViuVidVae  Vuy
Viiu= —
IIMDZ:;S(S aalt G 208
Viid V1dV \Y%
11 ¢V1u+ 1 l(pV]u Viy
S S S
(Ve d)2 oy VedViadg® VidVadpVae VadVay
—Z Viu+ Viu—
S2 S2 2082
Vid V1dV \Y%
AL ¢V1u+ 1 l(leu— 17’
208
then it follows that
9’
215)  Viu="5 3 (Vad)Vaau +[0(¢) + 0(Ve)]Viu.
a=2

For convenience, we denote

F(x, Vi) = —%(% n #)(VJ/, V).
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By taking the covariant derivative to the first equation in (1-3), for 1 <k <n, we
get

(2-16) Viu, = ZVW” V,Ju+ZaJVkUu+Z Vit + Fy

i,j=1 i,j=1
2V,»juV,-kuVju
D S
i,j=1 i,j=1

V;iuViuV;u "
+ Z %(VW +Z2V1uvlku)

ij=1 =1

ey | iy 1, 1\y
+%(—2+ ) (Vy, Vi) - ( +§)Zv,~kyviu,
i=1

14
where
Vz)’ 1 1 Vu
F.:=——< ) vy, V
Pi 2 y+v2 +< V u)
and

n n

VikyViu — Viy Viky Viu Viy
F, = — Vv, Vu _ Vy, Vu)—-—.
k ;—l 2 + 2,2 5 (Vy, Vu) — ;1 702 + (Vy, Vu) 708

Therefore, by substituting above equations into (2-16) and rearranging them, we
obtain

(2-17)  Viu, — Zaka,,u—z Vit

i,j=1

Viu(Viu)?Viy
4

2
= ——4(V1MV11MV11¢M)/ + Z VmﬂVakuVluvz) +
v a=2 v

n

VikyViu  Viy Viky Viu Viy
— Vy,Vu _ Vy, Vu
;‘ 2+, (Vr Vi) - Z; St Oy

On the other hand, by direct computation, we see that

S e

i,j=1

(atv— Z a”VUv—ZFpr v)

l]l

n
+ ( Z al'jvjikuvkd(p - Z Viu Vido + Z Fy, Vkiuvkd(p)

i,j,k=1 k=1 i,k=1
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n
+2 Z ((paiijiqujd —{—aiijiqude(p)

i,jk=1
n

+ Z (2aiijidegz)Vku—|—VkuaijVjikd(p+aijV,-J-<kaqud)
i,jk=1 i
+ Y Fp (ViuViide + ViuVidVig)

i k=1
=hL+L+L+L+]1s.

Next we handle the above five terms one by one. Firstly, by using the Ricci identities
for the third covariant derivative of u, it follows that

n n
I :=0,v— Z aijVijv —ZFiniv
i=1

i, j=1

n n n n
ViuViu g . ,
= Z AL 2_11) Z (a”Vij)/ +2a" Z ViiuViju+2 Z a'’ VkuVjiku)
k=1 ! ij=1 k=1 k=1
1 n

n n
+13 Z all (Vl-y +2 Z Vkuvkiu) (vjy +2 Z Vluvlju>
i,j=1 k=1 =1
n 1 n
_ZF fﬂ<vi)/+2zvkuvkiu>

k=1
" Viu
= T(Vkut Zaka],u—ZFp,vk, )
k=1 i,j=1
+ Z ( ZakauVlqu,uVl]u—a ViiuViju )
i,j,k=1 =1

n
1 ..
+$ E a”V,-yVluVlju
i,j,l=1

+( 3 @V, - L ZFp‘v,y vzaw‘v,-,.y>
i,j=1 i,j=1
Xn: aiijuVluRlikj

v
i,j.k,l=1

=1+ 4+ Lz +Ls+1s.

Now we switch to handle those terms one by one. By substituting (2-17) into
term I;;, we have

I]]i—ZVku (Vkl/tt Zakaﬂu—ZFp,Vkl )

k=1 i,j=1
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Viu(Viu)?Viy

n n
Viu 2
= E = Vluvlluvlku)/+g VlauVakuvaz +
— v v . v?
= o=

lkVVu ka "\ Viry Viu Viy
- Vy. Vu kY i (Vy. Vu
E 55 (Vy, Vu)— ;1 02 +(Vy, )2 7

2 n
=|: 2(Viu)? J/(V 02— 2(V1M) Z(vla 24 (Vlu) ylvn ]
v

(Vy, Vu)? VzV(VM, Vu) VZJ/(VM, Vu) + (Viu)2(Viy)?
2y2v 2yv 203 203

=1+ 1.

We note that

(Vy,Vu)>  Vy(Vu,Vu) V’y(Vu, Vu) N (Viu)*(Viy)?

Lijp:=
e 2y2v 2yv 203 203
Vy,Vu)>  Vy(Vu,V
_(Vy,Vu)”  Viy(Vu u)+0(1)_
2y2v 2yv v

Using (2-10), we have

n n
1 y 1 .
Lip:=— E a’ ViuNViuViiuViju—— E a’ ViiuVyju
v v
i,j.k,I=1 i,jk=1

y(vvl 9 v+ ( 1 u)* Z(VWZ‘ Z(Vklu) ——ZZWkau)

a=2 k=1 a=2

p2 2y & Iy
= —E(Vllu)z—FZ(vlau)z_;Z(Vaau)zv
a=2 a=2

and similarly, combining with (2-14) and (2-15), we obtain

1 - P )/Vl)/vlu yVlu
113 = —E Z a”ViyV,uV,ju:—— —Z Ol au

ijl=1

yViyViu[ ¢? <
_ ‘T[E 3 (Vad)*Vagit + (O(lp)) + OV Viu
a=2
n
VoyViu [ Ved Vied VidV V.
—Z aY Vi < aS¢Vaau+ 1(; ¢V1u+ 1 Sa¢vlu_ Zzg)

a=2

_yViyViug? Viug & 1
= - § :(V 4PVt =~ }2 Ve VadVaaui+ 0 )
o=
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- o(L) Sisi+o(!).

a=2

also

n n n
3 a’ViyViy = 5o > FypViv =55 > alViy

_ IVylz(l L) W V) yViay  Ver v Cip)? | (Var)?
4v 203 203 2v 4v3 43

y v?
~o(t).
v

And the term I;5, which relates to the curvature, is

Xn: aikauVluRlikj

= _1 Ric, (Vu, Vu).
v v

Li5:=—
ijkl=1

Secondly, we are going to handle term I, by using (2-17) again, it yields that

n n n
= Y d'VpuVide =Y ViuVido+ Y Fy, ViguVidg
ijk=1 k=1 ik=1

n n
:kad(p‘ (Z a]VkﬂM—Vkut-l-Z ; Vit + Z aijvl”Rfkj>

i,j=1 i,j,l1=1

—kad(p|: <V]MV11MV]kM)/+ZV]auVakMV]btv )

a=2

Viiu(Viun)-V, Viu V
+11(1)kJ/ sz)/ +kV

Vy,V
o 2y 2y<y u)

i=1

\% Viy
_Z zk)/ u +(Vy Vu)24i|+Rlc (Vu, Vd)p

i YnuViglg = Z 2z Vit Vialt
a=2
VidViy (Viu)? VidVicyViu — VidViyViy
v 2y 2y2
_ devlk)/vlu(p 4 dekaVvalu

202 204

o “ (kad)/vll/t 2degl)vll/t

k=1

(P> +Ric, (Vu, Vd)¢



MEAN CURVATURE FLOW IN A MANIFOLD WITH A KILLING VECTOR FIELD 449

(pvlu

2 n
Viu Z VodVigug — Z VydVigu Vgt
a=2 a=2
(Vlu)2

4 (Zyvlu

Viu(Vvd, VV))

Viu(Vd, Vy)

n
VidVi,vViu \Y%
+|:_ «dViky 1¢+§0 1Y

p 2y 2y?

B 2": VidViy Viug  ¢ViyViu

02 708 (Vd, Vy) +Ric, (Vu, Vd)(p:|

k=1
=1 + 1o+ Dps.

Combining terms I, I15 and I together, and using (2-15), it yields that

L+ 1+ 1p

2(Viu)? 2(Viu)? & (Viu)*V, 2
= 2 Y i - Y Vi + - Y9400
U v — v v

2,)/ n 1 n
=5 D Vi)’ = = (Vaou)?
a=2 a=2

2V1dyV1u 2V1d<pV1u -
+[—( nu)’e Tzz(vmmz
o=

2(Viw)*y v P APERECIES B 2
= =T (L gy Vide ) (Vi = (Vi) = 3 (Vo)

a=2
V n
_ %(1 + 71"V1d¢> X_;(VIWZ
Viu)*v
<1“3_5W[(§z Z(v )V, aau+(0(|w|)+0(lwl>)vlu]-

By choosing &y small enough with [|¢||co(py < S0, say dp < 5, such that
v Viu
1+ —di¢g <0 and 14+ —djp <O.
Vlu v

Then it follows that

L +1+1o

< —% Z(Vaau)er(‘b’Z—S”/[% Y (Vad)*Vaau+ (019 + 0(Ve D)V ui|
a=2

a=2
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- Z(vaau) +0(=5) Z Vaatt] +[0¢]) + 0V ] V1.

Secondly, we are going to handle term I,,, by substituting (2-14) and (2-15) into
term I; we obtain that

122 =

_ 2yViu

2yV1u 2(,0V1u

oViiu Z VodVigu — Z VodViguVaalt

2 2
- - <v1u>2

Viu(vd, Vy)

v

2 n
: w[%Z(vad>2ku+(0<|<p|>+o<|w|>)v1u}
a=2

n
Ved Vied VidV, \Y
Zvad[ aS(pvaau+ 1(:; (pvlu+ ISa(pvlu_ O{y:|

2vS
20Viu - Vedo Viedo VidVy9 Vay
— Vod-| —V, \Y% Viu— -V,
v azzz o aall S 1+ S u 208 aall
(Viu)?

2 n
o [% Z(vadfvaau + (0D + 0<|V<p|>)v1u]<w, vy)

= 0(L) X+ 01 )Z|vmu|+o( ).

a=2

And we notice that for term 1,3, we have

n

n
devlk Vlu (le devlk Vlugo
13;2_2: > LASLI zyvlu(Vd,Vy)— —’;
y 2y 2v
k=1 k=1
ViyV
+ (plz#(Vd, Vy) + Ric, (Vu, Vd)g
v
= O(lpD)Viu.

Substituting (2-14) and (2-15) into term I3, we deduce that

131

n
Z (2(paiij,-qu_,-d + 2aiijiqude(p)
i,jk=1

"< . ViiuVid ViuVidVig
22(2 VialtViadp + Y Vi Vid Vo + VetV
k=1 “a=2 a=2

\Y
2[ ;1 y(Viide + V1d V) +ZV1au (Viado + V1dVygp)
a=2
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¥ (Viedg + VodVig +ZVM Voad® + Vy dVa(p)i|
a=2

2
= V[Sz Z(v d) ku+(0<|¢|>+0(|V¢|))vlu} (Vindg + VidVig)

wd d VidV, V,
+ZZ< S(p aall + ]O;, ¢V1u+ 1S gDVIM y)(vlad(p‘l'vldvaw)

2vS8
a=2
"4y (Vedy Viedy VidVyp Voy
+O§?< Vaatt + —c— Vit + —=Viu— s) (Viedo + Vod Vi)
+2) " Vaatt(Vaadg + VadVag)
a=2
Y N ) Ve (Virdo 4 V1dY
=75 (Vad)*Vaqu(Viide + V1dVi¢)
a=2
+ z?w aauv d(vladgp"i‘vldva‘p)'i‘ T o ZV dvaau(vlad§0+v dvl(p)
a=2 =2
+2vau(vaad<o+vadva¢)+(0(|¢|)+0(|V<p|>)v1u
a=2

= 009l + 1Y) Y IVaatt| + (O lg]) + O(IVe)) Viu.

a=2
Moreover, we get

n
L= Y (2d"VudVpViu+a'ViuVjide +a’ VijoViuVid)
i,j,k=1

n
= (ViuVaapVid +2V1uVa@Vied + Vit Vaa1dy)

a=2
Viu Viu 2Viu
+)/<v—12V111d§0+v—12V11§0V1d+ ; Vndvﬂﬂ)
1
=[0d¢h +0(Veh + 0(VeD]Viu+ 0<5>,
and
n
Is:= > Fp (ViuViedo + ViuVidVip)
ik=1
n
Viv(l, 1 Viu
ZVIM.Z[_T()/ —|—v2)—|—(V)/, Vu)—- ] (V],d<p+V1dV,<p)

i=1

=[0(¢D) + OV ]Viu + 0(%)
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By adding terms I3, 14, and I5 together, we obtain

3 +I4+Is

2y 9% >
- Z(Vo,d) Voatt(Viidg+V1dVip)

2 4y
nid Zv o 1tVod (Vigdp+V1dVyg) +— Zv AV g1t (V1dp+Vad V1)

+2Zku(vwd<p+vadvago)+[0<|w|>+0(|V¢|)+0<|V2<p|>]vlu+0(%)
a=2

— - 2 1
=[0UeD+0UVAD] 3 Vawt+0(lg1+1Vp1+17 o) Viut0 ).

Finally, by adding all above terms together and using the assumption in Theorem 1.1,
we get

0< (a,— > alvy —ZFpivi)wzh + L4+ +]1s
i,j=1 i=1

Vy,Vu)?2  V2y(Vu,V
L Vr Vu Viy(Vu u)—%Ric[L(Vu,Vu)

2y%v 2yv
1 v n
==Y (Yaat)’ +[0(IeD) + O(1VD] Y | Vet
a=2 a=2
1
O(lgl+ Vel +V?0|) Viu + 0(5)

2
u
kO | |

G
+C1|(P||C2V1u+77

where we have used the inequality that —as? + Bs < B2/(4a) holds for any o > 0
in the last equality above. And Cy, C, are the positive constants which only depend
onthe L, Ly, n,and M.
Hence, by choosing 8o < ko/(2C;+1) for ||¢||c2 <89 < 1, we obtain the gradient
estimate
v(xop, 1) < C.

Therefore, combining all above three cases together, by choosing

1 K ko
(2-18) 0 < 8p < min
2’ 16L+32"2C; +1

we conclude that v(xg, tp) < C, where C is a positive constant which is independent
of T'. This finishes the proof of Theorem 2.2. (]
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We conclude this section by giving some particular examples to illustrate the
Ricci compatible condition in Theorem 1.1. In particular, if the induced metric on
L is rotational invariant. That is,

o =dr? +h2(r)g

sn—17

where g, , is the standard metric on S"~!. We can write the Ricci curvature
condition with respect to y explicitly. In fact, let {&,}},_, be an orthonormal
coframe on "1 with respect to g, then we define w; = dr and wy = h(r)wy
for 2 < a < n. Then the coframe {w;};_, forms an orthonormal coframe of L
with respect to o. The Ricci curvature of o is then given by (see for example the
Appendix A in the monograph [Li 2012])

Rij=—(n—1){(ogh(r))" +[(ogh(r))T*}81;.
and
Rap = h2(NRS; — [(ogh(r)" + (n — D[(log h)' *}8ap
= {1 =D =2h72(r) = (log h(r))" + (n — D[(log h)'1*}8up.

We also assume that y = y (r), which means the norm of the Killing vector field
only depends on r. Thus the ambient space metric can be written as

g =0%(r)ds* +dr* +h*(r)g

gn—1"

where o(r) :=1/4/y (r) = e~ ". In this case, the ambient space N can be viewed as
a doubly warped product manifold with the warping functions depending only on r.
Therefore, the Ricci curvature compatible condition

Ric, +V?p =Ric, +V?logo~ ' (r) > koo,
is corresponding to that 4 and o satisfy

Vi "n2
—n= D){logh(r)) +I(logh(r)) P} = £+ (Z S s ko,

and
(n—1)(n —2)h~2(r) — (log h(r))" + (n — D[(logh)'1* > ko,

for any positive constant ky. One can check directly that specific examples like

(1) h(r) :=r, o(r) == e D7 forany ¢ >0,
) h(r):=sinr, o(r):= e~/ for any ¢ > 1—n,
3) h(r):=sinhr, o(r):= e~/ for any ¢ >n— 1

are included in the above conditions.
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3. Existence for the approximating problems

The aim of this section is to show the existence of Equations (1-5), and then prove
Theorem 1.2. One can see that if # is a solution of (1-5), then & +c is also a solution
of (1-5). Hence one can not expect to obtain the C* estimate of 7. We use the
approximation scheme to handle this problem. The main idea is that the limit of 7,
to the approximating problems (3-1) will solve problem (1-5). Firstly, we need to
get the uniform gradient estimate of Equations (3-1), which does not depend on the
C° norm of the solution and e. To be precise, we get the following results.

Lemma 3.1. Under the assumption of Theorem 1.1, if u solves the equations

{ZZ]‘ZI aijVijM - %(1/)/ +1/v®)(Vy,Vu) =eu in M,
Vo = Ny +|Vul® on IM.

Then we have

(3-D

sup [Vu| < C,

M
where C is a positive constant depending only on n, M, and ¢, but not on &
and ||u|| co.

Proof. As before, we use the same auxiliary function
w(x) :=v—0Vu, Vd)p,

where v := vy + |Vu|?>. We want to get the uniform bound of |Vu| in M, which
is independent of ¢ and ||u || co.

Assume w(x) attains its maximum value at xo € M. We split it into two cases to
discuss and finish the proof.

Case 1: If xo € oM. This case is the same as in Case 1 in Theorem 2.2, since we
retain the same boundary value condition. By choosing 8 as in (2-6), we obtain
the estimate for |Vu].

Case 2: If xo € M. As the idea is same as in Case 3 in Theorem 2.2, we mainly
focus only on the difference when we replace u, there with eu here. Firstly, we
have

n

Z 2Vijuvikuvju

n n
eViu = Zaijvkiju—i—ZFinkiu— 2

i,j=1 i=1 i,j=1

n n
V[juV[uV,-u
+ E —F |V +2§ ViuViu
= U4 194 & l kl

Viy V -
1 (Vv Yy (1,1 V.V,
+z(7+7><v3”v”>—i<§+ﬁ> ZH iky Vit
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By choosing the local orthonormal frame {e;}_, on M such that at xo, it holds that

Vu
(3-2) 61(X0)—ﬁ(xo) and {Vygu}r<q pg<n 1is diagonal.

Then it follows from the above equation that at x,

(3-3) (Z a ]ijtu-l-z Vkiu)

i,j=1

Viiu(Viu)*Viy
"

n
2
= _F (Vluvl]uvlku)/ + Z V]auvakuvluv2> +
a=2
n

VikyViu — Viy VikyViu Viey
— Vyv.Vu _— Vy,Vu)—— — eViu.
; % +2y<y ) 21 Sor T VY Vi) o — Vi

On the other hand, we have

(Z a’JVU +ZF,,!V>w(xo)

i,j=1

(Z a”V,]v+ZFp,Vv>+(pZde (Z ajvjtku+z lku)

i,j=1 i,j=1

+ Z (2§061ij ViiuViid + 2aiijiqudeg0)

" ijk=1

+ Z (2aiijide90Vku—|—VkuaijVjikd(p+aijV,-J-<kaqud)
ijk=1

n
+ Y Fp (ViuViide + ViuVidVig)

ik=1
=Lh4+Lh+L+1+1s.
From direct computation as before, we have
(S s )
i,j=1

1 n n

=—5 Z (a”V,-jy +2a" Z ViiuViju +2 Za”VkuVﬁku>
ij=1 k=1 k=1

n

| - n n
+ m Z a" (V,')/ +2 Z Vkuvkiu) (Vj)/ +2 Z V;uvlju)

ij=1 k=1 1=1
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n 1 n
_ ZF i2_v<viy +2ZVkquiu)
i=1 k=1
kl/l
= , (Z alJVkJ,u—I—ZFplvlku)

k=1 i,j=1

1 y ij
b3 (S S - i)

e v
i,j,k=1 =1 "
1 ..
+ F Z a’-’ViyVluVlju

i,jl=1
( Za VirViy =5 Z iy — Z ijVijV)

i,j=1 ljl
n

i
- Z = Ve ViR
i,k l=1

=In+ I+ Lz +La+1s.

Therefore, by substituting (3-3) into term I;;, we get

Iy = — Z VS” (Z a”Vk],LH—Z Fplvlku>

k=1 i,j=1

Viu(Viu)?Viy

Viu 2
:E Rl IS Vluvlluvlkuy+g Vlauvakuvluvz +
— v v4 . v4
= o=

n n 2
VikyViu vV, Viky Vi \% v
-y ,kzy i kywy’W)_Z iy Vil G ) /;V}_SI ul

vd

2(Viu)? 2(Viu)? < (Viu)’v
= |- Vi - T S (View?
v s v

N (Vy,Vu)?2  V*y(Vu,Vu) V?y(Vu,Vu) +(v1u)2(vly>2 |Vul?
— — —&
22y 2y v 203 205

=L+ +his.

While for term I, by using (3-3) again, we obtain

n
L= Z Vidg - < > adiViu+ ) Fp, V,-ku)

i,j=1 i=1

n
= kad(p : (Z a Jvkjlu +Z Vicu + Z aijvluRz{kj)
k=1

i,j=1 i,j.l=1
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2yVidViu 20V1dViu
= (L(Vuu)zw - Z(Vw)z)

4
v a=2
2yViu . 20V
1 1
+< Vi Y VedVigug = == 3 VadViguVaal
a=2 oa=2 2
(Viu)
———5—Vuu(vd, Vy)
v
n n
VidViryV \Y% VidViryV
- kA ViKY 1u(p+¢) lzyvlu(Vd,Vy)— k 1/<); ue
2y 2y 2v
k=1 k=1
eViyViu .
+2—v4(Vd, Vy)+Ric, (Vu, Vd)p | +(Vu, Vd)¢

i=Ip + I+ 13 +1p4.

We assume that Viu(xp) > sup,, /¥, otherwise we have completed the proof. Due
to a simple observation about the extra terms I3 and Ip4, we find that

|Vu|?
Liis+1Ixy:=—¢ +&(Vu, Vd)¢

v
ui
= e | — —dip ) =0,

where the last inequality follows from taking 8y < 1/+/2 with |¢|| comy < 8o While
the rest all terms can be handled as same as in Case 3 in the proof of Theorem 2.2.
Hence, eventually, by choosing

.1 K ko
3-4 0<dp < =, , ,
(3-4) = O—mm{z 16L, +32 2c1+1}

we conclude that v(xg) < C, where C is a positive constant which is independent
of & and |[u||co(pry- So we have finished the proof of the Lemma 3.1. O

Now we are going to give the proof of Theorem 1.2.

Proof of Theorem 1.2. First of all, we show the existence of solution u, to prob-
lem (3-1) for any fixed € € (0, 1). Let ¢ € C>(M) be the smooth function satisfying

Vo <oVy+|Ve* ondM,

and ¢ € C?(M). In fact, the existence of function ¢ can be constructed as follows.
Define d(x) := disty(x, 0M) for x in the near neighborhood of dM, afterward,
smoothly extends it to M, which we still denote as d(x). Let a be a positive
constant such that o < infy;(¢)vinfy y + o?. Then ¢ := ad(x) would satisfy our
requirement. Assume ¢ — u, attains its minimum value at xo € M. If xo € dM, we
get V(¢ —ug)(xp) =0 and V, (¢ — u.)(xg) > 0, that is, V'u.(xg) = V¢ (x0) :=¢q
and V,u.(xg) < V,¢(xo), where we denote V' and v as the tangential and normal
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part of V on boundary d M. On the other hand, from the boundary value condition
in (3-1), it follows that

Vvua Vv¢
= = = @(xp) > 5 =
VY + @2+ 1 Voue| VY +aE+ 1Vl

which is a contradiction with the fact that function s/+/y (xo) + g2 + s2 is strictly
increasing with respect to s € R and V,u.(xg) < V,¢(x9). Hence xo € M, and it

follows that V(¢ — u,)(xg) = 0 and V>(¢ — u,)(xo) > 0. Thus at x = x(, we get

n
ii 1 1
Cz Y (o, VoIVid — (5 + ——o73 ) (V7. V9)
l_]Z:] POy Tysiver)Y
S 1 1
= > alxo, V) Vijute = 3 (5 + o ) (V. ¥
> Y a (xo, Vi) Vijue — 3 y T Vi (Vy, Vug)

ij=1
= eu(x0).

It yields that, for all x € M,

eug(x) < e (x) — e(¢(xo) —ug(x0)) < C.

Similarly, we can also get the lower bound of eu,, that is eu.(x) > —C for all
x € M. Therefore, we obtain

sup [eue| < C,
M

where C is a positive constant depending only on 7, y and ¢. Hence the existence of
solutions u, to problem (3-1) follows from the Schauder estimates and the continuity
method, see [Gilbarg and Trudinger 1977] or [de Lira and Wanderley 2014] for
example.

Second of all, we show the existence of the limit solution when ¢ — 01. To
begin with, we introduce the normalized function

o 1
Ug :=u€—M/ ug,dv.
M

It is easy to check that i, satisfies
0 =@ (e Vi) Vighe =3 (5 + 1/ & 4 Vit D) (Vy, Vi)
(3-5) :sﬁg+ﬁfM su.dV in M,
Vyiie = ¢/ v + | Vil |? on IM.

Since there exists some xo € M such that @, (x¢) = 0, by combining this with the
gradient estimate from Lemma 3.1,

|Vite| = |Vue| < C.
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Thus we know sup,, |i.| < C and note that |ﬁfM gl dV| < C. Using the
Schauder theory, we obtain that for some « € (0, 1) such that

”ﬁs”cla(ﬁ) = C,

where C is a positive constant, independent of €. By taking ¢ — 0, we know
that i, converges to some & € C>(M) and &ii, + ﬁ fM e, dV — 1 for some
T € [-2C, 2C1], which yields that (t, &) solves (1-5).

Lastly, we show the uniqueness in Theorem 1.2. Assume that (z;, &;) fori =1, 2
are solutions to (1-5). Without loss of generality, we assume that 7, < 7. Then it
follows that

L —u)=11—17>0 inM,

where £ denotes the elliptic operator as
n n
Lhi= )" AVVjh+) b -Vih,
i,j=1 i=1

with
.. 1 ..
AV (Vily, Viip) == / a’(x,sViy + (1 —s)Viip) ds,
and 0
‘ AV 1 \va
b (Viiy, Viis) = — ”’—/ _ iy s
2y Jo 2(y +IsViy + (1 —5)Viiy|?)

1 (Vy,sVii 1—-5)Viu
+/‘ (< y.sViip + (1 —5)Vii) (1= $)Vidka + sViiy ] ds
0

y + sty + (1= 5) Vi ?)?
n 1
+ Z /0 af‘[l,i (x, sV + (1 —S)Vﬁz) -Vkl(sﬁl +( —s)ﬁz) ds.
k=1

Hence, it follows that it} — i, attains the maximum value at 9 M, say xo. we get
V(i1 —u2)(xg) =0 and V, (511 — u2)(xg) < 0, that is, V'it;(xg) = V'iia(xg) := q
and V, i1 (xg) < V,iia(xg), where we denote V/ and v as the tangential and normal
part of V on boundary d M. On the other hand, from the boundary value condition
in (1-5), it yields that

vvﬁ 1 v1)’22

— = ¢(x0) = —,
VY +aE+ Vi )2 Vv + a2+ V)2

which is a contradiction with the fact that function s /vy (xq) + ¢ + s? is strictly
increasing with respect to s € R and V,ii1(x9) < V,ia2(xo). Therefore, we get

i) — Uy = const. Combining this with the first equation in (1-5), it gives us that
71 = 7». Hence we have completed the proof. U
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4. Translating surfaces

In this section, we switch to the dimension n = 2 case, and we could release the
range of the variable contact angle. To be more precise, assume that (M, o) is a
bounded domain with smooth boundary in L2, we denote fi=uloy, ' =ylom,
® :=p|ym, and x := V,u|ypy. We use the arclength s to parametrize the boundary
oM, thus {el = %, e = v} forms an orthonormal frame near the boundary d M.
Then

v(s) = vlow = VI () + £/ + x%(s),
and combining with boundary value condition x = ®v on dM, it follows that
2
2 @ 2
(4-1 X =w(r+f/(s) ),
(4-2) f()? =1 - ~T.
In particular, on d M, we have the following identities.

=1 f(9)? . T+ x2(s)

v vz
12__f/(s)X __f/(S)CD o2
a = v v =4
22 X(S)2 l—'+f’(s)2
a“=1-— = .

v? v?

Now we are going to show the gradient estimate, which will be divided into two
parts. Firstly, we get the boundary gradient estimate under the appropriate condition
of geodesic curvature of 0 M, and secondly, we adopt the maximum principle to
get the global gradient estimate.

Lemma 4.1. Let M be a strictly convex domain in > with « the geodesic curvature
of OM, satisfying

V7ol
= (—¢+|¢|-|v10gﬁ| +61,

V1—¢?
for some positive constant 81 > 0, where VT ¢ is the tangential part of V¢ restricted
to the boundary. Suppose u € C*(M) such that

2 i i .
“3) {CO =7 -1dViju— %(5 +1/(y +|Vul))(Vy, Vu) in M,
Vou = o(x)Vy + |Vul? on oM.
If v attains its maximum at somewhere on the boundary, then we have
supv < C,
aM

where C is a constant only depending on ¢, M, y, n and §,.
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Proof. Firstly, we notice that

Vzu(i, V) = (Vi asVu, v) = i(Vu, v) —(Vu, Vypsv)
as as

=X'®) = f' )L, Taga)
=d'(s)v+ PV'(s) + f'(s)k,

where the last equality follows from combining with the boundary value condition
x = ®v. Hence by direct computation, it yields that

v 1 (dy 2
4-4 — = —[ = 4+2Vuv
(4-4) 5 2v<8v +2V7u( u,v)>

! <a—’/+2v2u(i v)f’(s>+2V2u(v, V>X>

~ 20\ as’
a /
— A+ LY &(CD’(S)U + V' (5) + f1()K).
v 2v 9v v
Similarly, it holds that
_ 2 ii)_< - i>_i< i>_< ;i)
(4-5) v ”(as’ ds/) Vajos Vi, dsl s v, s Vi, Vosas s

= f"(s) = x(s)k.
Hence, from the first equation in (4-3), which follows that on d M,

2
’ 11
46) Co=3Y alfv,-ju—%<—+p)(v;/, Vu)

i,j=1 r
2 ’
— F+U—)§(S) . (f//(s) _ X(S)K) _2f (S)CD(X/(S) +f/(S)K)
I'+ f'(s)? 1 1 / /
+ TV2M(\), V) — %(F + F+f/(s)2+X2(S)) . f (S)F (S)

(L ! 4
- 2(F + r+f/(s)2+x2(s))x v

Since v attains its maximum value somewhere on the boundary, say xo € dM whose
local parameter is so. We may assume that | f'(so)| > 1 in the below, otherwise we
have done the gradient estimate for v, due to Equation (4-2). In the sequel, we do
all the computation at s = so. Now we have

(4-7) V(s0) =0. and g—:(so) <0,
that is,

(4-8) '+2f f"+2xx' =0,
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and respectively,

2 (5)2
“4-9) 02 90 Z Xy 4 L prgy SO
a v 2U 81) v

Note that from boundary value equation in (4-3), we get
(4-10) x'(s0) = ®'v+ PV = Dv.

Substituting above equation into (4-8) gives us

@11 f"(s0) =~

2f( )[2q>c1>/ VP = (1— 020 + 1] =—

We rewrite (4-9) in the following expression,
0
(4-12) X - VZu,v) < —f(s)* — f'@'v - %%

By multiplying x into (4-6) first, then substituting (4-10), (4-11) and (4-12) into it,
we obtain

I+x? ®P 5 T X () f'(s)®
e
T+ f'(s)

2 X (1 1
+ 1)2 X-V u(v, V)_§<F+F+f/(s)2+)(2(s))

'yt ay
-[f (s)I' (s)+x5}

(4-13) x-Co=x v+ f/(s)k)

Or’(r+o2v?
< __/q>2q> (T +d2v?)— QI+ 07v7)
f 21

—2F(s)v®> D — 2k f(s5)* D?

T4 f6s)° ) 13y c1>r’ o2 3y
4 7 d'v —

v2 Foets + 2oy of’ 2T av v

o flv o2 v? oy

2 THf24x2 2 THf/(s)24x%(s) dv’

—Kq>2(r+q>2u2)]

which is equivalent to

(4-14)  « [(1-D%) f?+ D+ P’ T+2 /797

=]

+f(s)2 ®% 3y or’
CD CD r q)2 2 2 CDZ(D L S / F T8 02 /
+|:f’ (C+d“v)+2fv + fe +2F8vv+2va
O (M+d%v?) T+ f(s)? 8)/ I'e Sflv
< —-®vCy— - _———
2f'v 202 v 2 THf2+4x2
@’ v? oy

2 T+ f/(5)24x2(s) v
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Note that the right-hand side of above inequality are at most the linear terms of v
or f’, while the left-hand side contains all the possible quadratic terms of v or f”.
Firstly, we tackle term J in the left-hand side of above inequality, which can be
written as

Ji=(1- %) %+ d"? + T +2f2?
— f/2+q>2v2 — v2 _ F,

where we have used that on boundary, it holds that

F(s)=v(1— d2)2 —T.

On the other hand, the rest terms of the left-hand side of above inequality gives us

I'+ f/(s)? ®? 9 or’
f,q>2q> (T + 0%02) +2 v D2’ + —f() f/<I>/+2F ay v2+—2r uf’
(> -T) <I>28y
= ‘TU'F E 81) +—U\/ (1 - d>2)v2
<2 lvd'| o2 ay +|<I>F [V1— 2 1T v
~ /-0y —r 2T|dv 2r rds

Notice that, by using the Cauchy—Schwarz inequality, we have

P2 ||/ 1 — @2 PR 5 1
— )< |(d*+ (1 - D)) [ —
(2r * 2r ) - [( + & ) <4r2
= || |VIog /¥l

Substituting above inequality into (4-14) yields that

of v '] e )}
(- e 101 Ve 7

O’ (T +d%?) T+ f()?dy TI'd flv
21 202 gy 2 TH 242
o2 v? ay
2 T+ f()2+x2(s) By

y

dy
Jv

ov

2 2\ T1/2
o
4r

<kI' — dvu; —

< Ci+ Gy,

where C1, C; are positive constants only depending on I, ®, n, and M. Under the
assumption that

V7 g
K — (—+|¢|-|Vlogﬁ| > 61,
V1—¢?
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finally note that
lv | | ']
im = .
vt (1 -2 —T  V/1-92

Hence, we can obtain the gradient estimate for v from above, that is

v(so) = C,
where C is a positive constant only depending on y, ¢, n, §; and M. U
Theorem 4.2. Let M be a strictly convex domain in > with k the geodesic curvature

of IM, satisfying

Vgl
K—(—(p + 1ol -1Viog /v ) = 61,
V1 —¢?

for some positive constant 8, > 0 and V' ¢ is the tangential part of Vg restricted
on the boundary. If K and y satisfies the compatible condition

Vy

K+x(V2p)>0 and Ay — >0, inM,

where K is the Gauss curvature of M and )y is the minimum eigenvalue of the
Hessian V*p with p :=log Y- Suppose u € C*(M) such that

U; = Zz‘z,jzl ai~/ V,’jlu 1
—z(; +1/(y +|Vul))(Vy, Vu) in M x[0,T),

Vou = @x)Vy +|Vul? on dM x [0, T),
u(x,0) =up(x) on M.

(4-15)

Then we have the gradient estimate,

sup [Vu| < C,
M

where C is a constant only depending on ¢, M, v, n, uy and 6.

Proof. From the computation in the previous section, we recall that

2 2
(4-16) Lv:= <a,— > adiv=Y" Fp,.V,')v
i=1

ij=1
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2 2 2
U /i
@ibcon) =3 Y <vku[_z TS v,.ku)
k=1 i,j=1 i=l
+ Z (—a INiu Vi u+ ZZa”VkuVka,uVU )
l]k 1
1 ..
+(F Z a”V,-yVluVlju ZF[ y—— Z aviy
i,j,l=1 l] 1
1 2 l-jv \V 2 a’-’VkuVIuRl,-kj
i,j=1 i,j,k,l=1
= P1+P>+Ps.

Notice that 5

2Viv=Viy+2) VuVju,
=1
by using (2-16), it follows that

P, :Z Viu (Vkut Z akaJ,u—Z lku)

k=1 i,j=1

2
KU 2V,-J-qul-uVju VijuV,-uVju
=27[— YDEACACIZING JREAALTCRES SR

i,j=1 ij=1 1=1

+%(V%V+Vlj‘y)<v Vy) - (%+%)§jwyw}
)
)

Y i=1
2 2 2
1 5 2V u(Vu, Vu) (Vu, Vy) 1 1
___3 Z ZUViU—V,')/) —i—T(VM, Vv)—i—T(ﬁ"i‘F
sz(Vu,Vu)(l L
20 y 2
V¥ (Vu, V)/)2< 11 ) V2y(Vu, Vu)(l 1 )
. 1y Y vl 1 d V.
203 + 2v y2 vt 2v Y + p2) mea vy

Since [a"/] is positive definite, A := "7 i=1 a/ Vi;uVy;u is also positive definite.
Using the Cauchy—Schwarz inequality yields that

2 2
=1 ij AV — N, 4V
P, = —= a’ ViuViuViiuViju — — a’ ViiuViju
v v
i,jk,i=1 i,j.k=1

(Z AN uViu — v? Z Akk> <0.

k,I=1
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Besides, we have

2

2
1 ij ! L ij ij
P; ::ﬁ E a]Vi)/VluVIju-i-%E (z—lﬂajvi)’vj)’_ajvijy)
ij.l=1 i,j=1

2 2 ii
1 a’kauVluRl-k-
__21) E Fpl.V,-y— E —U i
i=1 i,j.k,l=1

_IVyP Ay V(VuVu) (Vy.Vu)? |Vaf

K mod V.
dvy 2v 203 4v3 v

Thus we add the above three terms P, P, and P3 together, and take advantage of
the assumption in Theorem 4.2, to conclude that

2 2
(4-17) Lv:= (a, DI ATEDD F,,,.V,-)v :=P| + P, +P;
ij=1 i=1

2 2

1 ViyViy  Vijy 1 (IVyl
< _ Y ko) ViV —A
—UZ( 2 2y 0ij uvju+ 5= 2y Y

CIVy P (Y, Vu)?
203 4v5

<0 mod Vv.

Hence the maximum principle implies that v attains its maximum value at (xo, #g)
for either xo € dM or 1o = 0. If xo € 9M, since we have the estimate for |u,| < Cy
from Lemma 2.1, then combining with Lemma 4.1 we have v < C. If ty = 0, then

we get v <supy, Vy + |Vuol|?.

Therefore, we have

v<C_,

where C is a constant only depending on ¢, M, y, n, ug and ;. O

5. Stationary equation and asymptotic behavior

In this section, we use the approach and argument in [Altschuler and Wu 1994] to
prove Theorem 1.1. Firstly, we use an equivalent way to rewrite the first equation
in (1-5), which has a nice weighted divergence structure. Recall that p :=log /¥,
thus first equation in (1-5) turns out to be

Vu T
(5-1) div ( >=
"\Vy+IVul2)  y +IVul?
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where the weighted divergence operator div,, is defined as
div,(X) = e’ div(e " X),

for any vector field X in 7M. From this, one can see that the constant T € R in
(5-1) is a uniquely determined constant. In fact, by using integration by parts over
(5-1), yields that

do
(5-2) = Jom 9IY .
Ju vy +IVu>av
Moreover, we see that if 7 := 11(x) solves (5-1), then & (x, t) := u(x) + ¢ satisfies
IZ, = Z?,jzl aif(x, Vﬁ)Vijﬁ
—3(5 + /(v +1VaP»))(Vy, Vi) in M x [0, +00),
Vi = o(x)Vy + |Vii|? on dM x [0, +00),
i(x,0) =i(x) on M x {0}.

(5-3)

Therefore, based on the maximum principle and boundary value condition similar
to the one used in Theorem 1.2, we can obtain the following oscillation bound on
the solutions to the parabolic problem (1-3) as in [Altschuler and Wu 1994] (see
Corollary 2.7 there).

Corollary 5.1. For a solution u(x, t) to (1-3), there exists a positive constant C
independent of t such that

(5-4) lu(x,t) —tt] <C.
In particular, one has

u(x,t) N

, T uniformly ast — o0.

Proof. Define the new function U (x, t) = u(x, t) —ii(x, t), by direct calculation,
we find that U satisfies

n n
QU =Y AY(Vu, Vi) Vi;U + > b (Vu, Vi) - ViU,

where AY, b’ are defined as previously in the proof of Theorem 1.2. From the
maximum principle, we know U (x, t) attains its maximum value at the point (xg, #g)
with either xg € dM or g = 0. If xo € M, using a similar argument to that in the
proof of Theorem 1.2, we reach a contradiction. So #y = 0, hence we have

lu(x, 1) = Tt] < i (x) +sup lug(x) — a ()| < 20l coqary + lluollcocarys
M

for all (x, t) € M x [0, 400). Thus we have completed the proof. U
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Eventually, based on the above preparation, combining Lemma 2.1, Theorem 2.2
and Corollary 5.1 together, one can follow an argument of Schniirer used in
[Schniirer 2002, Section 6] to show the asymptotic behavior of solutions to (1-3),
that is, u converges to the translating solution as t — 4-c0. For completeness, we
give the proof of Theorem 1.1 with a few minor modifications of [Schniirer 2002]
to our situation here.

Proof of Theorem 1.1. Recall that
Ux,t) :=u(x,t)—u(x,1),
from the proof of Corollary 5.1, and
n B n )
JU =Y AY(Vu,Vi)V;;U+ Y b (Yu,Vi)V;U in M.
i,j=1 i=1

Firstly, we let

h(p):= ﬂ —¢ for p e R".
Vv +Ipl?
By direct computation, we find that
v’ (p,v)

hpi - - 3 pia
VY FIplP (v +1p)2

and
S
b =)= Y- [y op+ 0 =0)ds - (0 =) = (pp. ). p—a).
i=1

Combining this with the boundary value condition in (1-3), we have
(YU, B(Vu(x, 1), Vii(x,1))) =0 on M.
Note that this is a uniformly strictly oblique boundary condition, since
! 1
(B, v) = / =
0 Vy+IsVulx, )+ (1 —s)Vi(x, 1)?

_fl (sVu(x, 1)+ (1 —s)Vii(x, 1), v)?
0 (y+IsVu(x, 1)+ (1 —s)Vii(x, 1)]?)

ds

3/2

1
Z/ 14 - ds
o (¥+IsVulx,n)+ 1 —s)Vi(x, 1)]?)3/?
> 0,

where the last inequality in above follows from the uniform gradient estimate.
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Next we define the oscillation of function U as

osc(U)(¢t) :=supU —inf U.
; M

Then by the strong maximum principle and the Hopf lemma, we know that osc(U)(¢)
is either a strictly decreasing function in ¢ or a constant function.

Claim. osc(U)(t) > 0 ast— oo.

In fact, we can verify this by contradiction. If osc(U)(t) — og as t — oo
for some g > 0, we can choose a sequence f; — +o0 as k — oco. Consider
(x,1) € M x [—1;, 00) and for fixed xo € M, we consider the function

(5-5) Pt = a4 14) — e, 092, 1) = a(x, 1) — T,

both of which satisfies (1-3) in M x [—#;, 00).
And forany #; > T and (x, t) € Mx[-T,T], using Corollary 5.1 and Lemma 2.1,
we obtain that

i 0, ] < e, £+ 1) = (e, 1)) + u(x, ) — T4

<T-suplu|+C,
M

and

"2 (x, 1)] = |a(x) + tt| < C.

Combining Lemma 2.1, Theorem 2.2, Corollary 5.1 and Schauder theory together,
we get the locally uniform bounds for any C’-norm (I > 0) for both sequences
{#*"}>1 and {it%};=1. By applying the Arzela—Ascoli theorem to both sequences
in (5-5) we can extract a subsequence of #; (still denoted as f;) such that the
limits of both subsequences are #°! and #>2, and satisfy the Equations (1-3) in
M x [T, Tl.

Now we define the new function i :=#°! —°2, due to the uniform convergence
of above two sequences, it follows that, for any fixed f € R,

osc(it) (1) = osc[klim (@' (e, 1) — i (x, 1)) ]
= osc[klim (uCx, 14+ 1) —i(x, 1 +1))]
= lim osc[(u(x,t+u) —i(x,t+1))]

= lim osc(U)(s) = ag > 0.
§—>00
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However, this is a contradiction with the fact that u = const, which follows from
the strong maximum principle applied to the function i, as i satisfies

o/ = er‘l,jzl Aij(vﬁoo,l’ vﬁoo,z)vijﬁ
+ 30 BH(VE!, Vi) Vi in M xR,
(va, p(va™!, vi?)) =0 on dM x R.

Hence we have proved the Claim.
The Claim yields that
lim sup U = lim infU =,
t—00 M t—o0o0 M

for some constant ¢. Finally, combining with Theorem 1.2, up to an additive
constant,

a(x,t):=u(x)+tt

is the only translating solution of (1-5), we finish the proof that any solution of flow
(1-3) tends smoothly to a translating solution. ([

Similarly, we can also prove Theorem 1.3 for n = 2. Since we have established
the gradient estimate in Theorem 4.2, and under the assumption of Theorem 1.3, one
can get the existence of the translating solution firstly, then adopt the same above
argument and approach to show Theorem 1.3. For conciseness, we omit it here.
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