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The Godbillon–Vey invariant and equivariant K K -theory

Lachlan MacDonald and Adam Rennie

We construct a groupoid equivariant Kasparov class for transversely oriented fo-
liations in all codimensions. In codimension 1 we show that the Chern character
of an associated semifinite spectral triple recovers the Connes–Moscovici cyclic
cocycle for the Godbillon–Vey secondary characteristic class.

1. Introduction

In this paper we construct a semifinite spectral triple for codimension 1 foliations
whose Chern character is a global, non-étale version of the cyclic cocycle, con-
structed by Connes and Moscovici [2005], representing the Godbillon–Vey class.
The construction passes through groupoid equivariant Kasparov theory, and this
initial part of the construction works in all codimensions.

Associated to any foliated manifold (M,F) of codimension q is a canonical
real rank q vector bundle N = T M/T F called the normal bundle. One of the
foundational results of the theory of foliated manifolds is Bott’s vanishing theorem,
which states that the Pontrjagin classes pi (N ) of the normal bundle N must vanish
for all i > 2q [Bott 1970]. This vanishing theorem guarantees the existence of
new characteristic classes for M called secondary characteristic classes, which
have been studied extensively [Bott 1972; Bott and Haefliger 1972; Kamber and
Tondeur 1974]. It has been shown in particular that all such classes arise under
the image of a characteristic map from the Gelfand–Fuks cohomology of the Lie
algebra of formal vector fields [Gelfand and Fuks 1970] to the cohomology of M
[Bott 1976; Bott and Haefliger 1972].

The most famous example of a secondary characteristic class is the Godbillon–
Vey invariant, first discovered by Godbillon and Vey [1971], which arises in the
context of transversely orientable foliations and can be constructed explicitly at
the level of differential forms. More specifically, transverse orientability of a codi-
mension q foliated manifold (M,F) amounts to the existence of a nonvanishing
section of the top degree line bundle 3q N ∗ of the conormal bundle N ∗ over M .
Any identification of N ∗ with a subbundle of T ∗M , obtained say by equipping M
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with a Riemannian metric, identifies such a section with a nonvanishing differential
form ω ∈�q(M) such that

ω(X1 ∧ · · · ∧ Xq)= 0 (1.1)

whenever any one of the X j is contained in the space 0(T F) of vector fields which
are tangent to the foliation. Since the subbundle T F ⊂ T M is integrable, by the
Frobenius theorem one is guaranteed the existence of a 1-form η ∈ �1(M) for
which

dω = η∧ω.

The differential form η∧ (dη)q is closed, and its class GV in de Rham cohomology
is independent of the choices of ω and η. The Godbillon–Vey invariant has been
shown to be closely related to measure theory and dynamics; see [Cantwell and
Conlon 1984; Duminy 1982; Heitsch and Hurder 1984; Hurder 1986] for example.

Building on work of Winkelnkemper [1983] which associated to any foliated
manifold (M,F) its holonomy groupoid G, Connes [1982] initiated the study of
foliated manifolds as noncommutative geometries using the convolution algebra
C∞c (G). While the convolution algebra C∞c (G) associated to the full holonomy
groupoid is necessary when considering leafwise phenomena [Connes and Skan-
dalis 1984], when considering transverse geometry only one can simplify matters in
the following way. Choose a q-dimensional submanifold T of M which intersects
each leaf of F at least once and which is everywhere transverse to F (such a T
can be found by taking the disjoint union of local transversals in M defined by a
covering of foliated charts). Then the restricted groupoid

(G)TT := {u ∈ G : s(u), r(u) ∈ T }

inherits a differential topology from G under which it is an étale Lie groupoid
[Crainic and Moerdijk 2001, Lemma 2]. Importantly, the groupoids (G)TT and G

are Morita equivalent [Crainic and Moerdijk 2001, Lemma 2]. They therefore
have the same cyclic (co)homology [Crainic and Moerdijk 2001; 2004], and have
Morita equivalent C∗-algebras [Muhly and Williams 2008] so are the same as far
as K -theory is concerned also. In treating the transverse geometry of a foliation it
has therefore become standard in the literature to use the étale groupoid (G)TT in the
place of the full holonomy groupoid G [Connes 1986; Connes and Moscovici 1998;
2001; 2005; Gorokhovsky 1999; 2002; Crainic and Moerdijk 2004; Moscovici and
Rangipour 2007].

A reasonable model for any such étale groupoid (G)TT is simply the action
groupoid V o0, where V is an oriented manifold (a stand-in for the transversal T ),
and where 0 is a discrete group of orientation-preserving diffeomorphisms of V



THE GODBILLON–VEY INVARIANT AND EQUIVARIANT K K -THEORY 251

(which is a stand-in for the action of the holonomy groupoid on T ). It is in this set-
ting that Connes [1986, Theorem 7.15] shows that all Gelfand–Fuks cohomology
classes (hence all secondary characteristic classes) can be represented by cyclic
cocycles on C∞c (V )o 0. Connes gives in particular an explicit formula for the
cyclic cocycle defined by the Godbillon–Vey invariant when V = S1. If dx denotes
the standard volume form on S1, then associated to any g ∈0 is the R-valued group
cocycle

`(g) := log
(

d(x · g−1)

dx

)
.

Connes shows that the formula

φGV( f 0, f 1, f 2)

:=

∑
g0g1g2=10

∫
S1

f 0(x) f 1(x ·g0) f 2(x ·g0g1)(d`(g1g2)`(g2)−`(g1g2)d`(g2)) (1.2)

defines a cyclic 2-cocycle on C∞c (V ) o 0, and that the class of this 2-cocycle
coincides with that defined by the Godbillon–Vey invariant.

More recently, Connes and Moscovici [1998] used a deep link with Hopf sym-
metry to construct a characteristic map sending Gelfand–Fuks cocycles to cyclic
cocycles on the convolution algebra C∞c (F

+(V ))o0 of the groupoid F+(V )o0
associated to the lift of 0 to the oriented frame bundle F+(V ) for V . Connes and
Moscovici [2005] show that the formula

φ̃GV(a0, a1) :=
∑

g0g1=10

∫
F+(V )

a0(y)(δ1a1)(y · g0)ω̃(y), (1.3)

where δ1 is a derivation of C∞c (F
+(V ))o 0 related to d` and where ω̃ is a G-

invariant transverse volume form on F+(V ), defines a 1-cocycle on C∞c (F
+(V ))o0

that represents the Godbillon–Vey invariant. As will be shown in this paper, the
derivation δ1 can be realized in the non-étale setting of the full holonomy groupoid G

of a foliated manifold, where it arises as a commutator between convolution along G

with a dual Dirac operator on a Hilbert space of sections of an exterior algebra
bundle. In noncommutative geometry, the Godbillon–Vey invariant has since been
further explored in groupoid cohomology [Crainic and Moerdijk 2004], in cyclic
cohomology [Gorokhovsky 1999; 2002], via its pairing with the indices of longitu-
dinal Dirac operators [Moriyoshi and Natsume 1996], and in relation to manifolds
with boundary [Moriyoshi and Piazza 2012].

Accompanying his introduction of the formula (1.2) for the cyclic cocycle φGV,
Connes [1986, p. 4] remarks that the pairing of φGV with K -theory will not in
general be integer-valued, which implies that φGV must not arise as the Chern
character of a spectral triple on C∞c (V )o 0. Such constraints do not apply to
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semifinite spectral triples, whose pairings with K -theory need not lie in the integers
[Connes and Cuntz 1988; Benameur and Fack 2006; Carey and Phillips 1998].

In this paper we will recover the analogue of (1.3) in the global setting of the
full holonomy groupoid G, from a semifinite spectral triple. Bearing in mind the
close relationship between semifinite spectral triples and K K -theory [Kaad et al.
2012], this fact can be seen already in the étale case of an action groupoid of
the form V o0 using the formalism of differential forms on jet bundles arising
from Gelfand–Fuks cohomology [Connes and Moscovici 2005, Proposition 19].
An entirely novel nuance of our constructions, however, is that they are global
in nature, applying immediately to foliated manifolds without needing to choose
a complete transversal and pass through a Morita equivalence. This has the ad-
vantage of producing cocycles that are defined in terms of global geometric data
for (M,F), which previously has not been attempted.

We now outline the layout of the paper. Section 2 will discuss the background
required on Clifford bundles, groupoid actions, semifinite spectral triples, and
groupoid equivariant K K -theory. Section 3 will detail the constructions of the
K K -classes required. The constructions of this section are very natural for foli-
ations of arbitrary codimension, so will be carried out at this level of generality.
Section 4 will consist of the proof of an index theorem in codimension 1 which
states that the pairing with K -theory of the semifinite spectral triple obtained using
the constructions of Section 3 coincides with the pairing coming from the Connes–
Moscovici Godbillon–Vey cyclic cocycle. Finally in Section 5 we describe how, in
codimension 1, our constructions can be viewed as a global geometric analogue of
the jet bundle approach described by Connes [1986]. In particular this justifies our
claim that the index formula we obtain really does represent the Godbillon–Vey
invariant.

We remark that while the spectral triple itself can be easily constructed for
foliations of arbitrary codimension, it is at this stage unclear whether the corre-
sponding index pairing continues to compute the pairing of the higher codimension
Godbillon–Vey invariant with K -theory. We leave this question to future work.

2. Background

Here we recall some basic facts about groupoid actions on spaces, Clifford alge-
bras, semifinite spectral triples, groupoid actions on algebras, and the resulting
equivariant Kasparov theory.

We will assume that the reader is familiar with locally compact groupoids and
their associated convolution algebras [Connes 1982; Renault 1980]. All Hilbert
spaces are assumed to be separable. For such a Hilbert space H, we denote by
B(H) the bounded operators on H and by K(H) the compact operators on H. Inner
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products on Hilbert modules and Hilbert spaces are assumed to be conjugate-linear
in the left variable and linear in the right.

If X , Y , and Z are sets with maps f : Y → X and g : Z → X , we denote by
Y × f,g Z the fibred product {(y, z) ∈ Y × Z : f (y)= g(z)} of Y and Z .

2A. Clifford algebras. For our constructions we will need some facts regarding
Clifford algebras and their representations on exterior algebra bundles. First, if
(V, 〈 · , · 〉) is a real inner product space with nondegenerate inner product, we de-
note by Cliff(V ) the complex Clifford algebra of V , which is the complexification
of the real Clifford algebra Cliff(V, 〈 · , · 〉).

There exists a linear isomorphism ψV :3
∗V → Cliff(V, 〈 · , · 〉) between the ex-

terior algebra and the Clifford algebra of V defined with respect to any orthonormal
basis {e1, . . . , erank(V )} by

ψV (ei1 ∧ · · · ∧ eir ) := ei1 · · · eir

for any multi-index (i1, . . . , ir ) with r ≤ rank(V ). The isomorphism ψV determines
the structure of a Clifford bimodule on 3∗(V ), with left action given by

cL(a)w := ψ−1
V (a ·ψV (w))

and right action given by

cR(a)w := ψ−1
V (ψV (w) · a)

for a ∈ Cliff(V ) and w ∈3∗(V ). We have the following important lemma describ-
ing how these representations behave with respect to orthogonal maps.

Lemma 2.1. Let V and W be finite dimensional inner product spaces and let
ψV : 3

∗V → Cliff(V ) and ψW : 3
∗W → Cliff(W ) be the corresponding linear

isomorphisms. Then if A : V →W is an orthogonal transformation with induced al-
gebra isomorphisms A3 :3∗V →3∗W and ACliff : Cliff(V )→ Cliff(W ), we have

ACliff ◦ψV = ψW ◦ A3.

Proof. Regard V as a subspace of3∗V in the usual way, let ι : V→Cliff(V ) denote
the inclusion map, and consider the map j := (ψW ◦ A3)|V : V → Cliff(W ). Since
A is orthogonal, we have j (v)2 = ‖v‖21Cliff(W ) and so by the universal property of
the Clifford algebra, there is a unique algebra isomorphism φ :Cliff(V )→Cliff(W )

such that φ ◦ ι= j . Given any vector v ∈ V we see that

j (v)= ACliff ◦ ι(v)
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so that φ = ACliff. Given an orthonormal basis {e1, . . . , edim(V )} for V , and a multi-
index (i1, . . . , ik) we calculate

ACliff ◦ψV (ei1 ∧ · · · ∧ eik )= ACliff(ι(ei1) · · · ι(eik ))

= ACliff(ι(ei1)) · · · ACliff(ι(eik ))

= ψW (A3(ei1))∧ · · · ∧ψW (A3(eik ))

= ψW ◦ A3(ei1 ∧ · · · ∧ eik ),

where the first line is due to the equality ψV |V = ι, and the second is since ACliff

is an algebra homomorphism. By linearity we obtain the required identity. �

By abuse of notation, we have a linear isomorphism ψV :3
∗(V )⊗C→Cliff(V ),

which gives, by the same formulae as in the real case, commuting actions cL and cR

of Cliff(V ) on 3∗(V )⊗ C. Any orthogonal map A : V → W of inner product
spaces has the property that the induced maps ACliff : Cliff(V )→ Cliff(W ) and
A3C
:3∗(V )⊗C→3∗(W )⊗C satisfy ACliff ◦ψV = ψW ◦ A3C

.
If Y is a manifold and E→ Y is a Euclidean vector bundle, we obtain a corre-

sponding Clifford algebra bundle Cliff(E) and exterior bundle 3∗(E), as well as
corresponding complexifications Cliff(E)= Cliff(E)⊗C and 3∗(E)⊗C. Oper-
ating pointwise, we have an isomorphism ψE :3

∗(E)⊗C→ Cliff(E) of vector
spaces giving 3∗(E)⊗C the structure of a Cliff(E)-bimodule, with left and right
actions denoted, again by abuse of notation, by cL and cR , respectively. We will de-
note by C`(E) the continuous sections vanishing at infinity of the bundle Cliff(E)
over Y . This C`(E) is a C∗-algebra and is Z2-graded by even and odd elements.

2B. G-spaces and G-bundles. Let G be a groupoid, with unit space X and range
and source maps r : G→ X and s : G→ X , respectively. We say that G acts on
(the left of) a set Y or that Y is a G-space if there exists a map a : Y → X called
the anchor map and a map m : G×s,a Y → Y , denoted m(u, y) := u · y, such that

(1) a(u · y)= r(u) for all (u, y) ∈ G×s,a Y ,

(2) (uv) · y = u · (v · y) for all (v, y) ∈ G×s,a Y and (u, v) ∈ G(2),

(3) a(y) · y = y for all y ∈ Y .

If G and Y are topological or smooth spaces, we require the maps a and m to be
continuous or smooth, respectively. The simplest example of a G-space is the unit
space X of G.

If G acts on Y , we denote by Y oG the space Y ×a,r G, regarded as a groupoid
whose unit space is Y , with range and source maps r(y, u) := y and s(y, u) :=
u−1
· y, respectively, and with multiplication defined by

(y, u) · (u−1
· y, v) := (y, uv)
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for all (y, u) ∈ Y ×a,r G and (u, v) ∈ G(2). If G and Y are topological or smooth
spaces, the groupoid Y o G is equipped with a topological or smooth structure
from its containment as a subspace of the topological or smooth space Y × G,
respectively. While for left G-spaces it is more natural to consider the analogous
(and isomorphic) groupoid Gn Y obtained from the set G×s,a Y , it will be easier
for our purposes to use Y o G because, as we will see, our convention in using
G-equivariant Kasparov theory consists of forming pullbacks using the range map
rather than the source.

We say that a vector bundle π : E→ X is G-equivariant if E is a G-space, with
G-action conventionally denoted (u, e) 7→ u∗e and with anchor map π , and if for
each u ∈ G the map (u, e) 7→ u∗e defined on Es(u) := π

−1
{s(u)} is a vector space

isomorphism Es(u) → Er(u). More generally, if π : E → Y is a vector bundle
over a G-space Y , we say that E is G-equivariant if it is Y o G-equivariant as a
bundle over Y , in which case we will often denote the map (Y oG)×s,π E→ E ,
((y, u), e) 7→ (y, u)∗e, by simply (u, e) 7→ u∗e. If π : E→ X admits a Euclidean
or Hermitian structure, we say that E is a G-equivariant Euclidean or Hermitian
bundle if for all (y, u) ∈ Y o G the linear isomorphism Eu−1·y → Ey defined by
(u, e) 7→ u∗e is orthogonal or unitary, respectively.

If π : E → Y is a G-equivariant vector bundle over Y , then by functoriality
3∗(E)⊗C is also an equivariant bundle over Y , with action of u ∈ G denoted by
u∗ :3∗(E |Ys(u))⊗C→3∗(E |Yr(u))⊗C. If moreover E is an equivariant Euclidean
bundle, then by functoriality Cliff(E) is also an equivariant bundle, with action of
u ∈ G denoted by u� : Cliff(E |Ys(u))→ Cliff(E |Yr(u)). In this case, by Lemma 2.1
we have

u∗(cL(a)e)= cL(u�a)(u∗e), (2.2)

u∗(cR(a)e)= cR(u�a)(u∗e) (2.3)

for all u ∈ G, a ∈ Cliff(E |Ys(u)), and e ∈3∗(E |Ys(u)).
When (M,F) is a foliated manifold with holonomy groupoid G, the normal

bundle N = T M/T F→ M is a G-equivariant bundle. As this fact is fundamental
for our constructions, let us briefly review why it is the case. We choose a countable
covering of M by foliated charts φi :Ui ∼= Ti × Pi , where Ti ⊂ Rq and Pi ⊂ Rp are
open balls, with change-of-chart maps ϕ j,i :=φ j ◦φ

−1
i :φi (Ui ∩U j )→φ j (Ui ∩U j )

of the form

ϕ j,i (t, p)= (h j,i (t), ϕ̃ j,i (t, p)),

such that the hi, j are compatible in the sense that they satisfy

hi,k = hi, j ◦ h j,k
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whenever Ui ∩U j ∩Uk 6=∅. That such a covering can be chosen can be regarded as
the definition of the foliation F on M [Candel and Conlon 2000, Chapter 1.2]. We
say that a path γ : [0, 1]→M is leafwise if its image is entirely contained in a leaf L
of M , and we refer to its endpoints γ (0) and γ (1) as its source and range, denoted
s(γ ) and r(γ ), respectively. Any leafwise path γ whose image is contained in a
union U0∪U1 of charts such that U0∩U1 6=∅, and with s(γ ) ∈U0 and r(γ ) ∈U1,
determines a local diffeomorphism hγ := h1,0 on a small neighborhood of T0 ⊂ Rq .
More generally, if the image of a leafwise path γ is covered by a chain of charts
{U0, . . . ,Uk} such that for each 0≤ j < k we have U j ∩U j+1 6=∅, on a sufficiently
small neighborhood of T0 we may define a local diffeomorphism

hγ := hk,k−1 ◦ hk−1,k−2 ◦ · · · ◦ h1,0

mapping onto a small neighborhood of Tk . Because of the compatibility of the
hi, j , the germ of hγ at s(γ ) does not depend on the chain of charts chosen in its
definition. By definition, the holonomy groupoid G consists of equivalence classes
of leafwise paths γ for which γ1 ∼ γ2 if and only if γ1 and γ2 have the same source
and range and the germ at s(γ1)= s(γ2) of hγ1 is equal to that of hγ2 .

In the coordinates defined by a chart U j , the fibres of N identify with tangent
vectors to the transversal neighborhood T j , and via this identification it follows that
for any leafwise path γ in M , the derivative of hγ furnishes a linear isomorphism

dhγ : Ns(γ )→ Nr(γ ).

It can be seen from the definition of hγ that dhγ1 ◦dhγ2 = dhγ1γ2 whenever the range
of γ2 is equal to the source of γ1, where γ1γ2 is the path obtained by concatenating
γ1 and γ2. Since local diffeomorphisms with the same germ at a point have the same
derivative at that point, to any u ∈ G corresponds a well-defined linear isomorphism
u∗ :=hγ : Ns(u)→ Ns(u) for any path γ that represents u. Since dhγ1γ2 =dhγ1◦dhγ2 ,
we have (uv)∗ = u∗ ◦ v∗ for all (u, v) ∈ G(2), and so N is indeed a G-equivariant
bundle over M .

We remark that in general the normal bundle N of a foliated manifold (M,F)

will not admit the structure of a G-equivariant Euclidean bundle. Indeed, the ex-
istence of a G-equivariant Euclidean structure for N implies the existence of a G-
invariant transverse volume form ω for (M,F), and hence implies the existence of
a faithful normal semifinite trace on the von Neumann algebra of (M,F) defined by
restricting functions in the weakly dense algebra Cc(G) to M , and then integrating
with respect to ω. If the Godbillon–Vey invariant of (M,F) is nonzero, however,
then by results of Hurder and Katok [1984, Theorem 2] and, in codimension 1,
Connes [1986, Theorem 7.14], the von Neumann algebra of (M,F) contains a
type III factor and so admits no nonzero semifinite normal traces. Examples of
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foliated manifolds with nonzero Godbillon–Vey invariant are known to be plentiful
[Thurston 1972].

2C. Equivariant K K-theory for locally Hausdorff groupoids. Equivariant K K -
theory for Hausdorff topological groupoids was first developed by Le Gall [1994].
Since foliated manifolds generally have only locally Hausdorff holonomy groupoids,
Le Gall’s treatment requires extension for applications to foliation theory. Androul-
idakis and Skandalis [2019] have developed an equivariant K K -theory for the ho-
lonomy groupoids arising from singular foliations, whose topologies are generally
even worse than the locally Hausdorff topologies on the holonomy groupoids of
regular foliations, and which include all regular foliation groupoids as a subclass.

This section will summarize the required results and definitions of Androulidakis
and Skandalis in the setting of locally Hausdorff Lie groupoids, as well as giving
the unbounded picture in parallel with work of Pierrot [2006a]. See also [Muhly
and Williams 2008; Tu 2004] for useful perspectives on non-Hausdorff groupoid
actions which have further informed the exposition.

Let G be a locally Hausdorff Lie groupoid with locally compact Hausdorff unit
space X , and let {Ui }i∈I be a countable cover of G by Hausdorff open sets. For
each i ∈ I we let ri := r |Ui and si := s|Ui be the restrictions of range and source,
respectively, to the set Ui .

Definition 2.4. A C0(X)-algebra is a C∗-algebra A together with a homomor-
phism θ :C0(X)→M(A) into the multiplier algebra of A such that θ(C0(X))A= A.
For a ∈ A and f ∈ C0(X), we will often denote θ( f )a by f · a.

For x ∈ X , the fibre over x is the algebra Ax := A/Ix A, where Ix is the kernel
of the evaluation functional C0(X) 3 f 7→ f (x) on C0(X).

If A and B are C0(X)-algebras, a homomorphism φ : A→ B is said to be a
C0(X)-homomorphism if φ( f · a)= f ·φ(a) for all f ∈ C0(X) and a ∈ A. Such
a homomorphism induces a family φx : Ax → Bx of homomorphisms between the
fibres.

The simplest nontrivial example of a C0(X)-algebra is C0(Y ), where Y is a
locally compact Hausdorff space equipped with a continuous map p : Y → X . The
C0(X)-structure of C0(Y ) is given by θ( f )g(y) := f (p(y))g(y) for all f ∈C0(X)
and g ∈ C0(Y ), and the fibre over x ∈ X is C0(Y )x = C0(Yx), where Yx := p−1

{x}.

Definition 2.5. Let A be a C0(X)-algebra, and let p : Y → X be a continuous map
of locally compact Hausdorff spaces. Then the pullback of A by p is the C0(Y )-
algebra p∗A := C0(Y ) ⊗p,C0(X) A, where we take the balanced tensor product
by regarding the C0(X)-algebras C0(Y ) and A as C0(X)-modules. If there is no
ambiguity about the map p, it will often be omitted from the notation, so that
p∗A = C0(Y )⊗C0(X) A.
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It is easy to check that if A is a C0(X)-algebra and p : Y → X is a continuous
map of locally compact Hausdorff spaces, the fibre over y ∈ Y of p∗A is Ap(y).
Equipped with the notion of pullbacks, we can define what is meant by a G-algebra.

Definition 2.6. Let A be a C0(X)-algebra. A G-action on A is a family α = {αi
:

s∗i A→r∗i A}i∈I of grading-preserving C0(Ui )-isomorphisms, such that αi
|s|∗Ui∩U j

A=

α j
|s|∗Ui∩U j

A for all i, j ∈ I , and such that the induced homomorphisms αu : As(u)→

Ar(u) satisfy αuv = αu ◦αv. If A admits a G-action α, we call (A, α) a G-algebra.

The simplest nontrivial example of a G-algebra is C0(Y ), where Y is a G-space
with anchor map p : Y → X , and where C0(Y ) is equipped with the G-action

αu( f )(y) := f (u−1
· y)

for all u ∈ G and f ∈ C0(Yr(u)).
Now suppose that E is a Hilbert module over a G-algebra A. For x ∈ X , we can

consider the fibre Ex := E⊗A Ax , which is a Hilbert Ax -module, and if p : Y → X
is a continuous map of locally compact Hausdorff spaces, we can consider the
pullback p∗E := E ⊗A p∗A, which is a Hilbert p∗A-module. If T is an A-linear
operator on E , we let p∗T := T ⊗ 1p∗A be its pullback to a p∗A-linear operator
on p∗E .

Definition 2.7. Let (A, α) be a G-algebra, and let E be a Z2-graded Hilbert A-
module. A G-action on E consists of a family W = {W i

: s∗i E → r∗i E}i∈I of
grading-preserving isometric Banach space isomorphisms, such that W i

|s|∗Ui∩U j
E =

W j
|s|∗Ui∩U j

E for all i, j ∈ I , and such that the induced isomorphisms Wu : Es(u)→

Er(u) on the fibres satisfy Wuv = Wu ◦Wv, 〈Wuρ1,Wuρ2〉r(u) = αu(〈ρ1, ρ2〉s(u)),
and Wu(ρ ·a)=Wu(ρ) ·αu(a) for all (u, v) ∈ G(2), a ∈ As(u), and ρ, ρ1, ρ2 ∈ Es(u).
If E admits a G-action W , we call (E,W ) a G-Hilbert A-module.

If V → Y is a G-equivariant Hermitian vector bundle over a G-space Y , then
the continuous sections vanishing at infinity 00(Y ; V ) of V over Y is a G-Hilbert
C0(Y )-module, with pointwise inner product and right action by C0(Y ), and with
G-action defined by

(Wuρ)(y) := u∗ρ(u−1
· y) (2.8)

for all ρ ∈ 00(Yr(u); V |Yr(u)). All G-Hilbert module constructions in this paper will
arise from some variant of the action (2.8).

Definition 2.9. If B is a G-algebra, and π : A→ L(E) is a representation of a
G-algebra (A, α) on a G-Hilbert B-module (E,W ), we say that π is equivariant
if for all i ∈ I we have

AdW i (π s
i (a))= π

r
i (α

i (a))
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for all a ∈ A. Here π s
i := 1Cb(Ui ) ⊗ π and πr

i := 1Cb(Ui ) ⊗ π are the induced
homomorphisms s∗i A = C0(Ui )⊗s,C0(X) A→ L(s∗i E) and r∗i A = C0(Ui )⊗r,C0(X)

A→ L(r∗i E), respectively.

The definition of the equivariant K K -groups now follows in the usual way.

Definition 2.10. Let (A, α) and (B, β) be G-C∗-algebras. A G-equivariant Kas-
parov A-B-module is a triple (A, π EB, F), where (E,W ) is a G-equivariant Hilbert
B-module carrying an equivariant representation π : A→ L(E), and where F ∈
L(E) is homogeneous of degree 1 such that for all a ∈ A one has

(1) π(a)(F − F∗) ∈ K(E),

(2) π(a)(F2
− 1) ∈ K(E),

(3) [F, π(a)] ∈ K(E),

and such that for all i ∈ I

(4) πr
i (r
∗

i (a))(r
∗

i F −W i
◦ s∗i F ◦ (W i )−1) ∈ r∗i K(E).

We say that two G-equivariant Kasparov A-B-modules (A, π EB, F), (A, π ′E ′B, F ′)
are unitarily equivalent if there exists a G-equivariant unitary V : E → E ′ of
degree 0 such that V FV ∗ = F ′ and Vπ(a)V ∗ = π ′(a) for all a ∈ A. We denote
by EG(A, B) the set of all unitary equivalence classes of G-equivariant Kasparov
A-B-modules.

A homotopy in EG(A, B) is an element of EG(A, B[0, 1]), and we denote by
K K G(A, B) the set of homotopy equivalence classes in EG(A, B).

The direct sum of G-equivariant Kasparov A-B-modules makes K K G(A, B)
into an abelian group.

We also need unbounded representatives of equivariant K K -classes. The defini-
tion for such representatives is the natural extension of that due to Pierrot [2006a]
to the locally Hausdorff case. We remark here that if A is a dense ∗-subalgebra of
a C0(X)-algebra A, then we will assume that C0(X) ·A ⊂A, which will be true
in our examples. We will denote by Ax :=A/Ix A the fibre over x ∈ X , where as
before Ix is the kernel of the evaluation functional f 7→ f (x) on C0(X).

Definition 2.11. Let A and B be G-algebras. An unbounded G-equivariant Kas-
parov A-B-module is a triple (A, π E, D), where (E,W ) is a G-Hilbert B-module
carrying an equivariant representation π of A in L(E), and D is a densely defined,
odd, unbounded, self-adjoint, and regular operator on E commuting with the right
action of B, and where A is a dense ∗-subalgebra of A preserved by the action
of G such that for all a ∈A one has

(1) π(a) dom(D)⊂ dom(D),

(2) [D, π(a)] extends to an element of L(E),
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(3) π(a)(1+ D2)−1/2
∈ K(E),

and such that for all i ∈ I , a ∈A, and f ∈ Cc(Ui ) one has

(4) f ·πr
i (r
∗

i (a)) · (r
∗

i D−W i
◦ s∗i D ◦ (W i )−1) extends to an element of L(r∗i E),

(5) dom((r∗i D) f )=W i dom((s∗i D) f ).

That all unbounded equivariant Kasparov modules define classes in K K G is an
easy consequence of the corresponding result by Pierrot for Hausdorff groupoids.

Proposition 2.12. Let A and B be G-algebras, and let (A, π E, D) be an un-
bounded G-equivariant Kasparov A-B-module. Then (A, π E, D(1+ D2)−1/2) is a
G-equivariant Kasparov A-B-module.

Proof. That (A, π E, D(1+ D2)−1/2) satisfies the first three requirements of Def-
inition 2.10 is a consequence of the corresponding result in the nonequivariant
case [Baaj and Julg 1983]. That the fourth requirement is met is a consequence of
restricting the corresponding result of Pierrot [2006a, Théorème 6] to each of the
Hausdorff open subsets Ui of G. �

We now come to the descent map in equivariant K K -theory, for which we
need to discuss groupoid crossed products. We will assume for this that G comes
equipped with a bundle �1/2

→ G of leafwise half-densities, as in [Connes 1994,
Chapter 2.8]. Regard a C0(X)-algebra A as the continuous sections vanishing
at infinity 00(X;A) of the upper-semicontinuous bundle A→ X of C∗-algebras
whose fibre over x ∈ X is Ax [Le Gall 1994; Muhly and Williams 2008]. Thus, a
G-algebra (A, α) can be regarded as the continuous sections vanishing at infinity
of the G-space A over X , where αu : As(u)→ Ar(u) determines the action of G on
the bundle A.

Define 0c(G; r∗A⊗�1/2) to be the space of finite linear combinations of sections
of the bundle r∗A⊗�1/2

→ G which have compact support and are continuous
in one of the Ui . The space 0c(G; r∗A⊗�1/2) is a ∗-algebra equipped with the
convolution product

( f ∗ g)u :=
∫
v∈Gr(u)

fvαv(gv−1u) and with involution ( f ∗)u := αu(( fu−1)∗).

The appropriate completion of 0c(G; r∗A⊗�1/2) to a reduced C∗-algebra Aor G

has been given in [Khoshkam and Skandalis 2004, §3.7].
In a similar manner, if A is a G-algebra we can regard any G-Hilbert A-module E

as the continuous sections vanishing at infinity of an upper-semicontinuous bundle
E→ X whose fibre over x ∈ X is Ex . We define 0c(G; r∗E⊗�1/2) to be the space
of finite linear combinations of sections of the bundle r∗E⊗�1/2

→ G that have
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compact support and are continuous in one of the Ui . The formulae

〈ρ1, ρ2
〉

G
u :=

∫
v∈Gr(u)

αv〈ρ
1
v−1, ρ

2
v−1u〉 and (ρ · f )u :=

∫
v∈Gr(u)

ρvαv( fv−1u)

defined for ρ1, ρ2, ρ ∈0c(G; r∗E⊗�1/2) and f ∈0c(G; r∗A⊗�1/2) determine an
Aor G-valued inner product and right action, respectively, on 0c(G; r∗E⊗�1/2),
and we may complete in the norm arising from 〈 · , · 〉G to obtain a Hilbert Aor G-
module which we denote by Eor G. If T is an A-linear operator on E , we denote by
dom(T ) the bundle over X whose fibre over x ∈ X is dom(T )⊗A Ax . As in [Pierrot
2006a, Définition 2, Proposition 3] we define r∗(T ) on 0c(G; r∗ dom(T )⊗�1/2)

by
(r∗(T )ρ)u := Tr(u)ρu .

If T ∈ L(E), one can use the norm of T to bound that of r∗(T ), and then one can
use T ∗ to show that r∗(T ) ∈ L(E or G).

Lemma 2.13. For any densely defined A-linear operator T : dom(T )→ E , we
have r∗(T ∗)⊂ r∗(T )∗. Moreover, r∗(T ∗)= r∗(T )∗.

Proof. Fix ξ ∈ dom(r∗(T ∗))=0c(G; r∗ dom(T ∗)⊗�1/2), and assume without loss
of generality that ξ has compact support in some Hausdorff open subset Ui of G.
For each u ∈ G, use the fact that ξu ∈ dom(T ∗)r(u)⊗�

1/2
u to define a section η of

r∗E⊗�1/2
→ G by

ηu := T ∗r(u)ξu .

Because ξ is continuous with compact support in Ui , so too is η; therefore, η ∈
0c(G, r∗E⊗�1/2). For any ρ ∈ dom(r∗(T )) = 0c(G; r∗ dom(T )⊗�1/2) we can
then calculate

〈ξ, r∗(T )ρ〉Gu =
∫
v∈Gr(u)

αv(〈ξv−1, Ts(v)ρv−1u〉)

=

∫
v∈Gr(u)

αv(〈T ∗s(v)ξv−1, ρv−1u〉)= 〈η, ρ〉
G
u

for all u ∈ G, so that ξ ∈ dom(r∗(T )∗). The above calculation also shows that
r∗(T )∗ξ = η = r∗(T ∗)ξ , so that we indeed have r∗(T ∗)⊂ r∗(T )∗.

Fix ξ ∈ dom(r∗(T )∗). Then we will show that ξ ∈ r∗(T ∗). Let {ξ n
}n∈N ⊂

0c(G; r∗ dom(T ∗)⊗�1/2) be a sequence converging in E or G to ξ . Then the
sequence {〈ξ n, r∗(T )ρ〉G}n∈N of elements of 0c(G; r∗A⊗�1/2) defined for u ∈ G

by

〈ξ n, r∗(T )ρ〉Gu =
∫
v∈Gr(u)

αv(〈ξ
n
v−1, Ts(v)ρv−1u〉)=

∫
v∈Gr(u)

αv(〈T ∗s(v)ξ
n
v−1, ρv−1u〉)

(2.14)
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converges in Aor G for all ρ ∈ 0c(G; r∗ dom(T )⊗�1/2). For each v ∈ Gr(u) one
can on the right-hand side of (2.14) take bump functions ρ with support of de-
creasing radius about v−1u to show that we have convergence of {(r∗(T ∗)ξ n)v−1 =

T ∗s(v)ξ
n
v−1}n∈N to an element of Es(v), and doing this for all v ∈ Gr(u) and all u ∈ G

shows that in fact {r∗(T ∗)ξ n
}n∈N converges in E or G, implying that ξ n

→ ξ in
the graph norm on dom(r∗(T ∗)) as claimed. �

Finally, we observe that if A and B are G-algebras, and if (E,W ) is a G-Hilbert
B-module with an equivariant representation π : A→ L(E), then the formula

((π or G)( f )ρ)u :=
∫
v∈Gr(u)

π( fv)Wv(ρv−1u)

defined for f ∈ 0c(G; r∗A⊗�1/2) and ρ ∈ 0c(G; r∗E⊗�1/2) determines a repre-
sentation π or G : Aor G→ L(E or G).

Proposition 2.15. Let A and B be G-algebras and (A, π E, D) a G-equivariant
unbounded Kasparov A-B-module. Let Ã denote the bundle of ∗-algebras over X
whose fibre over x ∈ X is Ax . Then

(0c(G; r∗Ã⊗�1/2), πor G E or G, r∗(D))

is an unbounded Kasparov Aor G-B or G-module.

Proof. Since D is odd for the grading of E , r∗(D) is odd for the induced grading of
E or G. Symmetry of D gives symmetry of r∗(D), so without loss of generality we
may assume that r∗(D) is closed. Self-adjointness of r∗(D) is then a consequence
of the self-adjointness of D together with Lemma 2.13.

Regularity of r∗(D) is a consequence of the regularity of D. Indeed, for any
ρ ∈ 0c(G; r∗ dom(D)⊗�1/2) we have

((1+ r∗(D)2)ρ)u = (1r(u)+ D2
r(u))ρu .

Hence, the range of the operator (1+r∗(D)2)when restricted to 0c(G; r∗ dom(D)⊗
�1/2) is 0c(G; r∗ range(1+D2)⊗�1/2), where range(1+D2) denotes the bundle
over X whose fibre over x ∈ X is range(1+ D2)⊗A Ax , which by regularity of D
is dense in Ex = E ⊗A Ax . Thus, the range of (1+ r∗(D)2) contains the dense
subspace 0c(G; r∗ range(1+ D2)⊗�1/2) of E or G, and it follows that r∗(D) is
regular.

Regarding commutators, a simple calculation tells us that for any u ∈ G, the
vector ([r∗(D), (π or G)( f )]ρ)u is equal to∫

v∈Gr(u)
([Dr(u), π( fv)] +π( fv)(Dr(v)−Wv ◦ Ds(v) ◦Wv−1))(Wvρv−1u)
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for all ρ ∈ 0c(G; r∗ dom(T )⊗�1/2), so properties (2) and (4) in Definition 2.11
imply that the operator [r∗(D), (π or G)( f )] extends to an element of L(E or G),
with adjoint [r∗(D), (π or G)( f ∗)].

The only thing remaining to check is compactness of (πor G)( f )(1+r∗(D)2)−1/2

for f ∈ 0c(G; r∗Ã⊗�1/2). For any ρ ∈ 0c(G; r∗E⊗�1/2) the definition of r∗(D)
gives

((1+ r∗(D)2)−1/2(π or G)( f ∗)ρ)u = (1+ D2
r(u))

−1/2
∫
v∈Gr(u)

π(( f )∗v)Wv(ρv−1u)

=

∫
v∈Gr(u)

(1+ D2
r(v))

−1/2π(( f )∗v)Wv(ρv−1u),

and since (1 + D2
r(v))

−1/2π(( f )∗v) ∈ K(E)r(v) for all v ∈ Gr(u) by property (3)
in Definition 2.11, it follows that (1+ r∗(D)2)−1/2(π or G)( f ∗) is an element of
0c(G; r∗K(E)⊗�1/2). A similar argument to the one used in [Kasparov 1988,
p. 172] then tells us that (1+ r∗(D))−1/2(π or G)( f ∗) can be approximated by
finite-rank operators on E or G so is an element of K(E or G), and hence so too
is its adjoint (π or G)( f )(1+ r∗(D)2)−1/2. �

Let us remark finally that if Y is a locally compact Hausdorff G-space, with
corresponding bundle C0(Y)→ X whose fibre over x ∈ X is C0(Yx), then we have
an inclusion 0c(Y oG;�1/2) 3 f 7→ f̃ ∈ 0c(G; r∗C0(Y)⊗�

1/2) defined by

f̃u(y) := f (y, u).

For ease of notation we will usually just refer to f̃ as f . By density of Cc(Yx) in
C0(Yx) for each x ∈ X , the subalgebra 0c(Y o G;�1/2) is dense in C0(Y )or G.
We will use this fact in the construction of our Godbillon–Vey spectral triple.

2D. Semifinite spectral triples. One of the defining features of a spectral triple
(A,H,D) is that the operators a(1+D2)−1/2 are contained in the compact operators
K(H) for all a ∈A. These compact operators come equipped with a trace Tr, which
is used to measure the rank of projections that appear in the definition of the index,
and subsequent index formulae [Connes and Moscovici 1995; Higson 2004].

Semifinite spectral triples are a generalization of spectral triples for which the
rank of projections is measured by a different trace. More precisely we require a
faithful normal semifinite trace τ on a semifinite von Neumann algebra N⊂B(H).
We denote by Kτ (N) the norm-closed ideal in N generated by projections of finite
τ -trace, and refer to Kτ (N) as the ideal of τ -compact operators [Fack and Kosaki
1986].

Definition 2.16. Let (N, τ ) be a semifinite von Neumann algebra, regarded as an
algebra of operators on a Hilbert space H. A semifinite spectral triple relative
to (N, τ ) is a triple (A, πH,D) consisting of a ∗-algebra A represented in N by
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π : A→ N ⊂ B(H), and a densely defined, unbounded, self-adjoint operator D

affiliated to N such that

(1) π(a) dom(D) ⊂ dom(D) so that [D, π(a)] is densely defined, and moreover
extends to a bounded operator on H for all a ∈A,

(2) π(a)(1+D2)−1/2
∈ Kτ (N) for all a ∈A.

We say that (A, πH,D) is even if A is even and D is odd for some Z2-grading
on H, and otherwise we call (A, πH,D) odd.

Connes’ original notion of spectral triple defines a subclass of semifinite spectral
triples, for which (N, τ )= (B(H),Tr). Just as the bounded transform of a spectral
triple (A, πH,D) defines a Fredholm module (over the C∗-completion A of A), and
hence a class in K K∗(A,C), semifinite spectral triples have a close relationship
with K K -theory.

To see this, we first suppose B is a C∗-algebra, X B is a Hilbert B-module with
inner product 〈 · , · 〉B , and τ is a faithful norm lower-semicontinuous semifinite
trace on B. We can form the GNS space L2(B, τ ), or L2(X, τ ) with inner product
(x | y) = τ(〈x, y〉B). These two Hilbert spaces are related by X ⊗B L2(B, τ ) ∼=
L2(X, τ ).

Then by results in [Laca and Neshveyev 2004], we obtain a faithful normal
semifinite trace Trτ , called the dual trace, on the weak closure N= EndB(X)′′ ⊂
B(L2(X B, τ )) of the adjointable B-linear operators on X B . The functional Trτ
satisfies

Trτ (2ξ,η) := τ(〈η, ξ〉B).

Proposition 2.17. Let (A, π X B,D) be an even or odd unbounded Kasparov A-
B-module, and suppose that τ is a faithful norm lower semicontinuous semifinite
trace on B. Let (N,Trτ ) be the semifinite von Neumann algebra obtained from X B

and τ as above. Then (with a slight abuse of notation)

(A, π⊗̂1 X B ⊗̂B L2(B, τ ),D ⊗̂ 1)= (A, π L2(X B, τ ),D)

is an even or odd semifinite spectral triple relative to (N,Trτ ), respectively.

Proof. Clearly A⊂N, and the commutant of N is just B ′′. Since D is B-linear, every
unitary in B ′′ preserves the domain of D ⊗̂ 1, whence D ⊗̂ 1 is affiliated to N. That
[D ⊗̂ 1, π(a) ⊗̂ 1] is bounded for all a ∈A is a consequence of the corresponding
fact for the Kasparov module (A, π X B,D), and that (π(a)⊗̂1)(1+D⊗̂12)−1/2 is τ -
compact is true since the algebra K(X B) is contained in Kτ (N) by construction. �

In fact, a converse to Proposition 2.17 is also true: namely, every semifinite
spectral triple can be factorized into a K K -class and a trace [Kaad et al. 2012].
Although we will not need this converse result, it provides a useful way of thinking
about semifinite spectral triples.
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One of the most useful features of (nice) spectral triples is that their pairing with
K -theory can be computed using the local index formula [Connes and Moscovici
1995]. The same is true for (nice) semifinite spectral triples. There are now nu-
merous results generalizing the Connes–Moscovici local index formula for spectral
triples to semifinite spectral triples [Benameur and Fack 2006; Carey et al. 2004;
2006a; 2006b; 2008; 2012; 2014].

3. Construction of the Kasparov modules

In this section, (M,F) will denote a transversely orientable foliated manifold of
codimension q , with holonomy groupoid G and normal bundle N = T M/T F→M .
The normal bundle is a G-equivariant vector bundle, as explained at the end of
Section 2B, and for u ∈ G we let u∗ : Ns(u) → Nr(u) be the corresponding map
n 7→ u∗n. We assume G to be equipped with a countable cover U := {Ui }i∈I by
Hausdorff open subsets. We do not assume K -orientability at any point, working
with exterior algebra bundles instead of spinor bundles.

The first of the two constructions, the Connes fibration, will not be featured
in the index theorem in the final section. The Kasparov module of the Connes
fibration provides a Thom-type isomorphism which does not conceptually affect
our final index formulae. We include the Connes fibration for the sake of complete-
ness, and to show that the whole construction does indeed factor through groupoid
equivariant K K -theory.

3A. The Connes fibration. We begin this section with a revision of a construction
due to Connes [1986]. Connes starts with an oriented manifold M of dimension n
with an action of a discrete group 0 of orientation-preserving diffeomorphisms.
Such a setting provides an étale model of the transverse geometry of a transversely
oriented foliation.

Connes shows that if W → M denotes the “bundle of Euclidean metrics” for
the tangent bundle T M over M , then one can construct a dual Dirac class in
K K0

n(n+1)/2(C0(M),C0(W )). The manifold W has the advantage that the pullback
of T M to W admits a 0-invariant Euclidean metric, even though one need not exist
on M in general. We show that Connes’ construction can be carried out directly in
the groupoid equivariant setting, as it may be useful for future work in constructing
the Godbillon–Vey invariant as a semifinite spectral triple in arbitrary codimension.

We let πF : F+(N ) → M be the principal GL+(q,R)-bundle of positively
oriented frames for the vector bundle N → M , whose fibre (F+(N ))x over x ∈ M
consists of positively oriented linear isomorphisms φ : Rq

→ Nx . Then F+(N ) is
a G-space with anchor map πF : F+(N )→ M and action defined by

u ·φ := u∗ ◦φ : Rq
→ Nr(u) (3.1)
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for φ : Rq
→ Ns(u) in F+(N )s(u). Observe that this action of G commutes with the

right action of GL+(q,R) on the principal GL+(q,R)-bundle F+(N )→ M .
The vertical subbundle ker(dπF ) = V F+(N )→ F+N of T F+(N ) admits a

trivialization V F+(N )→ F+(N )× gl(q,R), where gl(q,R)= Mq(R) is the Lie
algebra of GL+(q,R) consisting of all q × q real matrices. The trivialization is
given by the formula

F+(N )× gl(q,R) 3 (φ, v) 7→ vφ :=
d
dt
(φ · exp(tv))

∣∣∣
t=0
∈ V F+(N ).

For u ∈ G, the differential u∗ : V F+(N )s(u)→ V F+(N )r(u) of u · : F+(N )s(u)→
F+(N )r(u) in the fibres defines on V F+(N ) the structure of a G-equivariant vector
bundle. Since the left action of G commutes with the right action of GL+(q,R),
one has

u∗vφ =
d
dt
(u · (φ · exp(tv)))

∣∣∣
t=0
=

d
dt
((u ·φ) · exp(tv))

∣∣∣
t=0
= vu·φ (3.2)

for all φ ∈ (F+(N ))s(u), and so with respect to the trivialization F+(N )× gl(q,R)

of V F+(N ) we have
u∗(φ, v)= (u ·φ, v) (3.3)

for all φ ∈ F+(N ) and v ∈ gl(q,R).
Consider now the quotient Q := F+(N )/SO(q,R) of F+(N ) by the right action

of SO(q,R). The projection πF : F+(N )→ M descends to a projection πQ : Q→
M , which defines a fibre bundle with typical fibre S+q := GL+(q,R)/SO(q,R),
the space of positive definite, symmetric q×q matrices. Moreover, since the action
of G on F+(N ) commutes with the right action of SO(q,R), it follows that Q is
a G-space with anchor map πQ : Q→ M , and with action of u ∈ G given by

u · [φ] := [u ·φ] = [u∗ ◦φ] (3.4)

for all [φ] ∈ Qs(u). Following [Benameur and Heitsch 2018; Zhang 2017], we refer
to πQ : Q→ M as the Connes fibration.

Definition 3.5. The fibre bundle πQ : Q → M is a G-space called the Connes
fibration for the normal bundle N .

Let us consider the geometry of the fibres of Q → M . Since SO(q,R) is
compact, the pair (GL+(q,R), SO(q,R)) is a Riemannian symmetric pair and
hence the space S+q can be equipped with a GL+(q,R)-invariant metric under
which it is, by [Helgason 1962, Proposition 3.4], a globally symmetric Riemannian
space. The Riemannian space S+q is moreover of noncompact type, so by [Helgason
1962, Theorem 3.1] has everywhere nonpositive sectional curvature. We can find a
locally finite open cover U of M by sets U for which the vertical bundle V Q|U ∼=
U × T Sq , and then choosing a partition of unity subordinate to U allows us to
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equip the bundle V Q→ Q with a Euclidean structure. We will assume from here
on that V Q→ Q is equipped with a Euclidean structure in this way.

Proposition 3.6. The bundle V Q→ Q is a G-equivariant Euclidean bundle over
the G-space Q. Consequently Cliff(V Q) and Cliff(V ∗Q) are G-equivariant bun-
dles.

Proof. Fix u ∈ G and suppose that Us and Ur are open sets in M containing s(u)
and r(u), respectively, such that we have local trivializations N |Us

∼=U ×Rq and
N |Ur
∼=U ×Rq , with respect to which the holonomy action u∗ : Ns(u)→ Nr(u) is

the action on Rq of an element ũ ∈ GL+(q,R).
We obtain corresponding local trivializations F+(N )|Us

∼=U ×GL+(q,R) and
F+(N )|Ur

∼= U × GL+(q,R) of the local frame bundles over Us and Ur , in
which the holonomy action u · : F+(N )s(u)→ F+(N )r(u) is left multiplication on
GL+(q,R) by ũ, and taking the quotient by SO(q,R) we get local trivializations
Q|Us
∼=U × S+q and Q|Ur

∼=U × S+q in which u · : Qs(u)→ Qr(u) is the isometry
of S+q = GL+(q,R)/SO(q,R) defined by left multiplication by ũ ∈ GL+(q,R).
Thus, G acts by orientation-preserving isometries between the fibres of Q, inducing
an action by special orthogonal transformations on the Euclidean bundle V Q→ Q
of vectors tangent to the fibres of Q→ M , hence making V Q→ Q a G-equivariant
Euclidean bundle over the G-space Q. The final statement follows from functori-
ality of Clifford algebras with respect to orthogonal maps. �

That the fibres have nonpositive sectional curvature allows us to define a dual
Dirac class for Q over M in a similar manner to Connes [1986]. First, let C`(V ∗Q)
be equipped with the G-structure arising from the action of G on the equivariant
bundle Cliff(V ∗Q) over the G-space Q, denoted for u ∈ G by u� : Cliff(V ∗

[φ]Q)→
Cliff(V ∗u·[φ]Q) for all [φ] ∈ Qs(u). That is, we define for any u ∈ G an isomorphism
α1

u : C`(V
∗Q|Qs(u))→ C`(V ∗Q|Qs(u)) by

α1
u(a)([φ]) := u�a(u−1

· [φ]) (3.7)

for all [φ] ∈ Qr(u). Also let

E1
:=3∗(V ∗Q)⊗C

be the complexified exterior algebra bundle of the bundle of vertical covectors
V ∗Q over Q. Here we equip V ∗Q with the Euclidean structure coming from its
dual V Q, which determines a Hermitian structure on V ∗Q⊗C and hence on E1.
Observe that

X E1 := 00(Q; E1)

is a Hilbert C`(V ∗Q)-module under the inner product

〈ρ1, ρ2
〉C`(V ∗Q)([φ]) := ψV ∗Q(ρ

1([φ]))ψV ∗Q(ρ
2([φ]))
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and right action
(ρ · a)([φ]) := cR(a([φ]))ρ([φ]),

where cR is the right action of Cliff(V ∗Q) on the Clifford bimodule E1.
The isometric action of G on the Euclidean bundle V Q over Q gives rise to a

unitary action of G on E1, denoted for each u ∈ G by u∗ : E1
[φ]→ E1

u·[φ] for all
[φ] ∈ Qs(u), and hence determines an isomorphism W 1

u : 00(Qs(u); E1
|Qs(u))→

00(Qr(u); E1
|Qr(u)) of Banach spaces given by the formula

(W 1
u ρ)([φ]) := u∗ρ(u−1

· [φ])

for all [φ] ∈ Qr(u). A routine calculation using Lemma 2.1 shows that

〈W 1
u ρ

1,W 1
u ρ

2
〉C`(V ∗Q) = α

1
u(〈ρ

1, ρ2
〉C`(V ∗Q)),

so (X E1,W 1) is a G-equivariant Hilbert C`(V ∗Q)-module.
Choose now a Euclidean metric for N . Such a choice is determined by a section

σ : M → Q of πQ : Q → M . For [φ1], [φ2] in the same fibre Qx , denote by
h([φ1], [φ2]) the geodesic distance between [φ1] and [φ2] in the fibre, and then for
any [φ0] ∈ Q let h[φ0] : Q→ R be the function

h[φ0]([φ]) := h([φ0], [φ]).

In particular, for x ∈ M and [φ] ∈ Qx , hσ(x)([φ]) gives the distance in the fibre
between [φ] and the section σ . Consider now the vertical 1-form

Z[φ] := hσ(πQ([φ]))([φ])dhσ(πQ([φ]))

[φ] ,

where d denotes the exterior derivative in the fibre. Define an operator B1 on the
dense submodule X c

E1 := 0c(Q; E1) of X E1 by the formula

(B1ρ)([φ]) := cL(Z[φ])ρ([φ]),

where cL is the left representation of Cliff(V ∗Q) on the Clifford bimodule E1.
Since cL and cR commute, B1 commutes with the right action of C`(V ∗Q). Finally,
we let m be the representation of C0(M) on X E1 by multiplication, that is,

(m( f )ρ)([φ]) := f (πQ([φ]))ρ([φ])

for all f ∈ C0(M) and ρ ∈ X E1 . Equivariance of the map πQ tells us that m is an
equivariant representation.

Proposition 3.8. The triple (C0(M), m X E1, B1) is an unbounded G-equivariant
Kasparov C0(M)-C`(V ∗Q)-module and hence defines a class

[B1] ∈ K K G(C0(M),C`(V ∗Q)).
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Proof. The first thing we need to prove is that B1 is self-adjoint and regular. Ob-
serve first that B1 is clearly symmetric. For each [φ] ∈ Q, the localization (X E1)[φ]

of X E1 in the sense of [Pierrot 2006b; Kaad and Lesch 2012] is just the finite-
dimensional Hilbert space

H[φ] :=3
∗(V ∗
[φ]Q)⊗C

with the inner product coming from the Hermitian structure on 3∗(V ∗
[φ]Q)⊗C,

and the action of the localized operator (B1)[φ] on H[φ] is

(B1)[φ]η := cL(Z[φ])η.

Since (B1)[φ] is then self-adjoint on H[φ], it follows from [Pierrot 2006b, Théorème
1.18] that B1 is self-adjoint and regular.

That m( f )(1+ B2
1 )
−1/2 is a compact operator for all f ∈ C0(M) follows from

the definition of Clifford multiplication. Indeed, one has cL(Z[φ])2 = ‖Z[φ]‖2 =
hσ(πQ([φ]))([φ])2 since dhσ(πQ([φ]))

[φ] has norm 1 for all [φ] as the dual of the tangent
to the unique unit-speed geodesic joining σ(πQ([φ])) to [φ], and so for any f ∈
C0(M), one simply has

(m( f )(1+ B2
1 )
−1/2ρ)([φ])=

f (πQ([φ]))

(1+ hσ(πQ([φ]))([φ])2)1/2
ρ([φ]).

Since f vanishes at infinity on the base M of Q → M , and because [φ] 7→
(1+ hσ(πQ([φ]))([φ])2)−1/2 vanishes at infinity on the fibres of Q→ M , the func-
tion [φ] 7→ f (πQ([φ]))(1+ hσ(πQ([φ]))([φ])2)−1/2 is an element of C0(Q), so that
m( f )(1+ B2

1 )
−1/2 is indeed a compact operator on the C`(V ∗Q)-module X E1 .

Concerning commutators, it is clear that B1 commutes with the representation m
of C0(M). Thus, it only remains to prove that B1 is appropriately equivariant. The
idea of this is essentially the unbounded version of analogous results by Connes
[1986, Lemma 5.3] and Kasparov [1988, §5.3], but the details are somewhat tech-
nical so we give them here. Fix u ∈ G and ρ ∈ 0c(Qr(u); E1

|Qr(u)). We calculate

(B1−W 1
u B1W 1

u−1)ρ([φ])= cL(Z[φ])ρ([φ])− u∗(B1W 1
u−1ρ)(u−1

· [φ])

= cL(Z[φ])ρ([φ])− u∗(cL(Zu−1·[φ])(W
1
u−1ρ)(u−1

· [φ]))

= cL(Z[φ])ρ([φ])− u∗(cL(Zu−1·[φ])(u
−1
∗
ρ([φ])))

= cL(Z[φ]− u∗Zu−1·[φ])ρ([φ])

where on the third line we have used the identity (2.2). Thus, we must calculate a
bound for the norm of the covector Z[φ]− u∗Zu−1·[φ].

Denote σr := σ(r(u)) and σs := σ(s(u)). With this notation, we have

Z[φ]− u∗Zu−1·[φ] = hσr ([φ])dhσr
[φ]− u∗hσs (u−1

· [φ])dhσs
u−1·[φ]

.
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For any vector γ ∈ V[φ]Q we have

(u∗dhσs
u−1·[φ]

)(γ )= dhσs
u−1·[φ]

(u−1
∗
γ )= d(hσs ◦ u−1)[φ](γ ),

giving u∗dhσs
u−1·[φ]

= d(hσs ◦ u−1)[φ], and since the action of G is isometric on the
fibres we get

(hσs ◦ u−1)([φ])= h(σs, u−1
· [φ])= h(u · σs, [φ])= hu·σs ([φ]).

Thus,
u∗dhσs

u−1·[φ]
= dhu·σs

[φ] .

We then see that

hσr ([φ])dhσr
[φ]− u∗hσs (u−1

· [φ])dhσs
u−1·[φ]

= hσr ([φ])dhσr
[φ]− hu·σs ([φ])dhu·σs

[φ]

=
1
2 d((hσr )2− (hu·σs )2)[φ]

=
1
2 d((hσr − hu·σs )(hσr + hu·σs ))[φ].

By the argument [Kasparov 1988, Lemma 5.3], we have

‖dhσr
[φ]− dhu·σs

[φ] ‖ ≤ 2h(σr , u · σs)(hσr ([φ])+ hu·σs ([φ]))−1,

which we use to estimate

‖hσr ([φ])dhσr
[φ]− u∗hσs (u−1

· [φ])dhσs
u−1·[φ]

‖
2

≤
1
4‖(dhσr

[φ]− dhu·σs
[φ] )(h

σr ([φ])+ hu·σs ([φ]))‖2

+
1
4‖(h

σr ([φ])− hu·σs ([φ]))(dhσr
[φ]+ dhu·σs

[φ] )‖
2

≤ h(σr , u · σs)
2
+ (h(σr , [φ])− h(u · σs, [φ]))

2

= h(σr , u · σs)
2
+ h(σr , [φ])

2
+ h(u · σs, [φ])

2
− 2h(σr , [φ])h(u · σs, [φ])

≤ 2h(σr , u · σs)
2,

where the last line is a consequence of the cosine inequality for spaces of nonpos-
itive sectional curvature [Helgason 1962, Corollary 13.2].

Thus, for all [φ] ∈ Qr(u), we have that ‖Z[φ] − u∗Zu−1·[φ]‖
2
≤ 2h(σ (r(u)),

u · σ(s(u)))2 independently of [φ] ∈ Qr(u), implying that B1−W 1
u B1W 1

u−1 extends
to a bounded operator on (X E1)r(u). Moreover, u 7→ h(σ (r(u)), u · σ(s(u))) is
continuous and hence bounded on compact Hausdorff sets, so for any element Ui

of the cover U= {Ui }i∈I of G by Hausdorff open subsets, and for any ϕ ∈ Cc(Ui )

and f ∈ C0(M), we have that

ϕ ·mr
i (r
∗

i ( f )) · (r∗i B1− (W 1)i ◦ s∗i B1 ◦ ((W 1)i )−1) ∈ L(r∗i X E1).

It follows that (C0(M), m X E1, B1) is an unbounded equivariant Kasparov C0(M)-
C`(V ∗Q)-module. �
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3B. The foliation of the Connes fibration. Before we can construct a second Kas-
parov module and the semifinite spectral triple associated to it, we need a closer
study of the geometry and groupoid representation theory at our disposal.

Definition 3.9. Assume M to be equipped with a Riemannian metric g, with Levi-
Civita connection ∇LC. Then N identifies with the subbundle N = T F⊥ of T M ,
and we use the notation X = XF + X N for the corresponding decomposition of
vector fields into their normal and leafwise components. Define a connection ∇[

on N by the formula

∇
[
X (Y )= [XF, Y ]N +∇LC

X N
(Y )N , X ∈ 0∞(M; T M), Y ∈ 0∞(M; N ).

We refer to ∇[ as a torsion-free Bott connection.

The terminology “torsion-free” in Definition 3.9 refers to the fact that for any
such connection ∇[ the associated torsion tensor

T∇[(X, Y ) := ∇[X (YN )−∇
[
Y (X N )− [X, Y ]N

vanishes for all X, Y ∈ 0∞(M; T M). This fact follows from an easy calculation
using the corresponding property of the Levi-Civita connection. Bott connections
more generally are characterized by the formula ∇[XF

(Y )= [XF, Y ]N for all smooth
sections Y of N and XF of T F, and are the key ingredient for the Chern–Weil proof
of Bott’s vanishing theorem [1970]. For us, the use of the Levi-Civita connection
in Definition 3.9 serves a purpose that will become apparent in Section 5.

Let us now come back to the frame bundle πF : F+(N )→ M . The total space of
this bundle carries a foliation FF by the orbits of the action of G on F+(N ) defined
in (3.1), whose normal we denote by NF := T F+(N )/T FF . The foliation FF is
everywhere transverse to the fibres of F+(N ), and its tangent bundle T FF projects
fibrewise-isomorphically onto T F. It is readily verified using a calculation in fo-
liated coordinates that the connection form α[ ∈�1(F+(N ); gl(q,R)) associated
to any Bott connection ∇[ on N contains T FF in its kernel H F+(N ) := ker(α[).
Consequently we find that the normal bundle to the foliation FF admits a decom-
position

NF = V F+(N )⊕ (H F+(N )/T FF ). (3.10)

The normal bundle NF is again a G-equivariant bundle, and with respect to the
splitting (3.10) we write

u∗ =
(

ã(u) c̃(u)
0 d̃(u)

)
for the action of u ∈G on NF . Note that the zero appearing in the bottom-left corner
is a consequence of the fact that by (3.1), G acts via diffeomorphisms between the
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fibres GL+(q,R) of F+(N )→ M , and so preserves the bundle V F+(N )→ M of
vectors tangent to the fibres.

Now we are not so interested in the frame bundle F+(N ) as the Connes fibration
Q. Since the action of G on F+(N ) commutes with the right action of SO(q,R),
however, we find that we also obtain a foliation on the total space of πQ : Q→ M .

To be more specific, let k : F+(N )→ Q be the quotient map. Then T FQ :=

dk(T FF ) is an integrable subbundle of T Q, which determines a foliation FQ of Q.
Since πQ ◦ k = πF , we see that dπQ maps T FQ isomorphically onto T F making
πQ : Q→M a foliated bundle. The normal bundle NQ of FQ also admits a splitting

NQ = V Q⊕ (H Q/T FQ),

where HQ is the isomorphic image under dk of the horizontal subbundle HF+(N )⊂
T F+(N ). For convenience, we will denote H Q/T FQ simply by H . Thus,

NQ = V Q⊕ H.

Now, dπQ maps the fibres of H Q isomorphically onto those of T M , and maps the
fibres of T FQ isomorphically onto those of T F. It follows that dπQ induces an
isomorphism of the fibres of H = H Q/T FQ onto those of N = T M/T F. We can
then equip H with a Euclidean metric in the following way [Connes 1986, §5].

Proposition 3.11. For h1, h2 ∈ H[φ] and with · denoting the Euclidean inner prod-
uct in Rq , the formula

m H
[φ](h1, h2) := φ

−1(dπQ(h1)) ·φ
−1(dπQ(h2))

determines a well-defined Euclidean metric on the bundle H → Q.

Proof. Suppose we were to choose a different representation φ′ = φ ◦ A of [φ],
where A is some matrix in SO(q,R). Then by the invariance of the Euclidean
inner product under special orthogonal transformations we have

(φ′)−1(dπQ(h1)) ·(φ
′)−1(dπQ(h2))=(A−1φ−1(dπQ(h1))) ·(A−1φ−1(dπQ(h2)))

=φ−1(dπQ(h1)) ·φ
−1(dπQ(h2)),

giving well-definedness. That we have defined a metric follows from the linearity
of the maps φ and dπQ , and the fact that the Euclidean inner product is a metric
on Rq . �

Remarkably, holonomy translations are orthogonal with respect to this Euclidean
structure of H .

Proposition 3.12. The normal bundle NQ → Q of the foliation FQ of Q is a
G-equivariant vector bundle over the G-space Q. Moreover, with respect to the
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splitting NQ = V Q ⊕ H , for u ∈ G and [φ] ∈ Qs(u) the holonomy action u∗ :
(NQ)[φ]→ (NQ)u·[φ] has the form

u∗ =
(

a(u) c(u)
0 d(u)

)
, (3.13)

with a(u) : V[φ]Q→ Vu·[φ]Q and d(u) : H[φ]→ Hu·[φ] orthogonal and orientation-
preserving.

Proof. The holonomy groupoid for the foliation FQ of Q is precisely the groupoid
Q o G, under which the normal bundle NQ → Q is therefore equivariant. Thus,
NQ→ Q is a G-equivariant vector bundle over the G-space Q.

Proposition 3.6 tells us that a(u) : V[φ]Q→ Vu·[φ]Q is orthogonal and orientation-
preserving, and that the vertical bundle is preserved under holonomy translation,
which accounts for the 0 appearing in the bottom-left corner of (3.13). Since πQ :

Q→ M is the anchor map for the G-space Q, it is G-equivariant, implying that the
identification dπQ of fibres of H with those of N is also G-equivariant.

That d(u) : H[φ]→ Hu·[φ] is orientation-preserving is then a consequence of the
fact that d(u) may be identified with the orientation-preserving action of u on the
fibres of N . That d(u) is orthogonal is a consequence of the following calculation
for h1, h2 ∈ H[φ]:

m H
u·[φ](d(u)h1, d(u)h2)

= (u∗ ◦φ)−1((dπQ ◦ d(u))(h1)) · (u∗ ◦φ)−1((dπQ ◦ d(u))(h1))

= (φ−1
◦ u−1
∗
)((u∗ ◦ dπQ)(h1)) · (φ

−1
◦ u−1
∗
)((u∗ ◦ dπQ)(h2))

= φ−1(dπQ(h1)) ·φ
−1(dπQ(h2))= m H

[φ](h1, h2),

where for the second equality, we have used the equivariance of the anchor map dπQ

between H and N . �

The triangular shape of the matrix in Proposition 3.12 is what is referred to
as an almost isometric or triangular structure by Connes [1986] and Connes and
Moscovici [1995], respectively.

The map c(u) : H[φ]→Vu·[φ]Q, for u ∈G and [φ]∈Qs(u), is where the interesting
representation theory is encoded. Currently, however, the range of c(u) is too high
in dimension to be of much use, and these extra dimensions need to be “traced out”.
Observing that there is indeed a canonical trace trF+(N ) : V F+(N )→ R induced
fibrewise by the usual matrix trace on gl(q,R) = Mq(R), we now check that we
can apply this map to V Q also.

Lemma 3.14. The map trF+(N ) : V F+(N )→ R descends to a well-defined map
trQ : V Q→ R for which trQ ◦ a(u)= trQ for all u ∈ G.
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Proof. For A∈GL+(q,R), we denote by RA : F+(N )→ F+(N ) the map φ 7→φ ·A.
By definition, the action of A∈ SO(q,R) on V F+(N ) is then given for φ ∈ F+(N )
and vφ ∈ VφF+(N ) by

vφ · A := (d RA)φ(vφ).

We compute

(d RA)φ(vφ)=
d
dt
(φ · exp(tv) · A)

∣∣∣
t=0
=

d
dt
((φ · A) · (A−1 exp(tv)A))

∣∣∣
t=0

= (A−1vA)φ·A,

from which we deduce that the action of A∈SO(q,R) in the trivialization VF+(N )=
F+(N )× gl(q,R) is given by

(φ, v) · A = (φ · A, A−1vA)

for all φ ∈ F+(N ), v ∈ gl(q,R). Now, trF+(N ) : F+(N )× gl(q,R)→ R is by
definition

trF+(N )(φ, v) := tr(v),

with tr denoting the usual matrix trace on q × q matrices, and with the range R

of trF+(N ) carrying the trivial action of SO(q,R). Then since the matrix trace is
invariant under conjugation, we see that trF+(N ) is equivariant,

trF+(N )((φ, v) · A)= tr(A−1vA)= tr(v)= trF+(N )(φ, v) · A,

and so descends to a well-defined map trQ : V Q→ R.
For the second assertion, note that since u commutes with the quotient map

Q : F+N → Q and since u∗ acts as the identity on the fibres of V F+(N ) =
F+(N )×Rq2

by (3.3), we have

trQ ◦ a(u) ◦ d Q = trQ ◦ d Q ◦ id= trQ ◦ d Q.

Since d Q is surjective, we conclude that

trQ ◦ a(u)= trQ

as claimed. �

Remark 3.15. Note that what makes Lemma 3.14 possible is the fact that the
map v 7→ tr(v) on gl(q,R) is invariant under conjugation by invertible matrices.
Thus, in fact we could replace tr with any other invariant polynomial on gl(q,R),
paralleling the Chern–Weil construction of characteristic classes, and still obtain a
well-defined (but no longer necessarily linear) map on the vertical tangent bundle
of the Connes fibration. This observation is due to M. T. Benameur.
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Let us put Lemma 3.14 to use in simplifying the groupoid representation theory.
For u ∈ G and [φ] ∈ Qs(u), define

δ(u) := trQ ◦ c(u) : H[φ]→ R.

This δ(u) is linear, and so can be regarded as an element of H∗
[φ]. We also define

θ(u) := d(u−1)t : H∗
[φ]→ H∗u·[φ],

the action on the covector bundle for H coming from the transpose of d(u−1) :

Hu·[φ]→ H[φ]. We have the following “ax + b group”-type transformation laws.

Lemma 3.16. For all u, v ∈ G(2), we have

θ(uv)= θ(u)θ(v), and δ(uv)= δ(v)+ θ(v−1)δ(u).

Proof. These identities follow from the triangular structure of the matrices (3.13)
and Lemma 3.14. Specifically, since G acts on NQ we have(

a(uv) c(uv)
0 d(uv)

)
=

(
a(u) c(u)

0 d(u)

)(
a(v) c(v)

0 d(v)

)
=

(
a(u)a(v) a(u)c(v)+c(u)d(v)

0 d(u)d(v)

)
,

from which we immediately deduce that d(uv) = d(u)d(v) and hence θ(uv) =
θ(u)θ(v). We also calculate

δ(uv)= trQ ◦ c(uv)= trQ ◦ a(u) ◦ c(v)+ trQ ◦ c(u) ◦ d(v)
= trQ ◦ c(v)+ trQ ◦ c(u) ◦ d(v)= δ(v)+ θ(v−1)δ(u),

using Lemma 3.14 for the third equality, giving the desired identities. �

3C. The Vey Kasparov module. We now go about constructing a second Kasparov
module, referred to in this paper as the Vey Kasparov module since it appears to be
analogous to the Vey homomorphism considered in previous work [Hurder 1986;
Duminy 1982]. Our first job in constructing a second Kasparov module is to endow
the total space H∗ of the horizontal covector bundle πH∗ : H∗→ Q with an action
of G that encodes both θ and δ from Lemma 3.16.

Proposition 3.17. For u ∈ G and η ∈ H∗|Qs(u) , the formula

u · η := θ(u)η+ δ(u−1)

determines the structure of a G-space on H∗ with anchor map πQ ◦πH∗ : H∗→ M.

Proof. It is clear that (πQ ◦ πH∗)(u · η) = r(u) for all u ∈ G and η ∈ H∗|Qs(u) ,
and since by Lemma 3.16 θ is the identity on units and δ is zero on units, we get
(πQ ◦πH∗)(η)·η= η for all η. Thus, it remains only to check that (uv)·η= u ·(v ·η)
for all (u, v) ∈ G(2) and η ∈ H∗|Qs(v) . For this we simply have

(uv) · η = θ(uv)η+ δ(v−1u−1)= θ(u)(θ(v)η+ δ(v−1))+ δ(u−1)= u · (v · η),

with the second equality being a consequence of Lemma 3.16. �
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We can now construct another dual Dirac class in much the same way as we
did for the Connes fibration. Consider the bundle V H∗ := ker(dπH∗) of vertical
tangent vectors over the horizontal covector bundle πH∗ : H∗→ Q, and denote by
πH : H → Q the projection for the horizontal bundle. Since the fibres of H∗ are
vector spaces, we have VηH∗

[φ]
∼= H∗

[φ] for all [φ] ∈ Q and η ∈ H∗
[φ]. Thus, the dual

space V ∗η H∗
[φ] is a copy of H[φ] and so we can write V ∗H∗ as the fibred product

V ∗H∗ ∼= H∗×πH∗ ,πH H,

regarded as a vector bundle over H∗ by using the projection onto the first factor.
Since H is a G-equivariant Euclidean bundle over Q via the map d in Proposition
3.12, for all u ∈ G, η ∈ H∗|Qs(u) , and h ∈ H |Qs(u) , the formula

u∗(η, h) := (u · η, d(u)h)= (θ(u)η+ δ(u−1), d(u)h)

defines on V ∗H∗ the structure of a G-equivariant Euclidean bundle over the G-
space H∗. Then by functoriality Cliff(V ∗H∗) is a G-equivariant bundle over H∗,
and we denote the action of u ∈ G on k ∈ Cliff(V ∗H∗|H∗

[φ]
) by k 7→ u�k for all

[φ] ∈ Qs(u). Using these facts together with Proposition 3.17, the following result
is clear.

Proposition 3.18. The formula

α2
u(ζ )(η) := u�ζ(u−1

· η)= u�ζ(θ(u−1)η+ δ(u)),

defined for ζ ∈ C`(V ∗H∗), u ∈ G, and η ∈ H∗
[φ] with [φ] ∈ Qr(u), determines the

structure of a G-algebra on C`(V ∗H∗).

We now come to the definition of an appropriate Hilbert module. Let

E2
:=3∗(V ∗H∗)⊗C

be the complexified exterior algebra bundle of V ∗H∗ over H∗, and define

X E2 := 00(H∗; E2),

which is a Hilbert C`(V ∗H∗)-module whose structure as such is determined in the
same way as for X E1 using the identification of E2 with Cliff(V ∗H∗) as vector
bundles.

By equivariance of V ∗H∗ over H∗ and functoriality, for u ∈ G, [φ] ∈ Qs(u),
and η ∈ H∗

[φ] we obtain a unitary holonomy transport map u∗ : E2
η→ E2

u·η and
an isomorphism W 2

u : 00(H∗[φ]; E2
|H∗
[φ]
)→ 00(H∗u·[φ]; E2

|H∗u·[φ]) of Banach spaces
defined by

(W 2
u ζ )(η) := u∗ζ(u−1

· η)= u∗ζ(θ(u−1)η+ δ(u)).



THE GODBILLON–VEY INVARIANT AND EQUIVARIANT K K -THEORY 277

Using Lemma 2.1, we observe that

〈W 2
u ζ1,W 2

u ζ2〉C`(V ∗H∗)r(u)(η)= u�〈ζ1(θ(u−1)η+ δ(u)), ζ2(θ(u−1)η+ δ(u))〉

= α2
u(〈ζ1, ζ2〉C`(V ∗H∗)s(u))(η)

for all u ∈ G, [φ] ∈ Qr(u), and η ∈ H∗
[φ], so (X E2,W 2) is a G-Hilbert C`(V ∗H∗)-

module.
We define an unbounded operator B2 on the dense submodule X c

E2 =0c(H∗; E2)

of X E2 by the formula
(B2ζ )(η) := cL(η)ζ(η),

where for cL(η) we regard η ∈ H∗ as a vertical covector in V ∗H∗ = H∗×πH∗ ,πH H
using the Euclidean metric on H .

Finally, we take m2 to be the representation of C0(Q) on X E2 defined by

m2( f )ζ(η) := f (πH∗(η))ζ(η).

Using the fact that πH∗ is an equivariant map and that πH∗(η+η
′)= πH∗(η)= [φ]

for all [φ] ∈ Q and η, η′ ∈ H∗
[φ], a routine calculation shows that m2 is an equivariant

representation.

Proposition 3.19. The triple (C0(Q), m2 X E2, B2) is an unbounded G-equivariant
Kasparov C0(Q)-C`(V ∗H∗)-module, defining a class

[B2] ∈ K K G(C0(Q),C`(V ∗H∗)).

Proof. The proof is essentially the same as the proof of Proposition 3.8. The only
part that must be changed is checking the equivariance condition. For any u ∈ G,
[φ] ∈ Qr(u), and η ∈ H∗

[φ], we have

(W 2
u B2W 2

u−1)ζ(η)= u∗(B2W 2
u−1ζ )(θ(u−1)η+ δ(u))

= u∗(cL(θ(u−1)η+ δ(u))(W 2
u−1ζ )(θ(u−1)η+ δ(u)))

= u∗(cL(θ(u−1)η+ δ(u))(u−1
∗
ζ(θ(u)(θ(u−1)η+ δ(u))+ δ(u−1))))

= u∗(cL(θ(u−1)η+ δ(u))(u−1
∗
ζ(η)))

= cL(η− δ(u−1))ζ(η)

where the last line follows from the identity θ(u)δ(u) = −δ(u−1) arising from
Lemma 3.16, together with the identity (2.2). We then have

B2−W 2
u B2W 2

u−1 = cL(δ(u−1)),

which defines a bounded operator on (X E2)r(u). The rest of the proof is then the
same as in Proposition 3.8. �
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4. The index theorem

4A. Some simplifications in codimension 1. There are important simplifications
in the codimension 1 case. Observe that for a codimension 1, transversely ori-
entable foliation F of M , the conormal bundle N ∗→ M is trivialized by a choice
of orientation, which is given by a choice of a transverse volume form ω. Such a
choice determines a dual section ω∗ of N→ M and hence a map t : N→R defined
by the equality n = t (n)ω∗ for n ∈ N . Thus,

N = M ×R.

The action of u ∈ G on N will then be denoted by

u∗(s(u), n) := (r(u),1(u)n), (4.1)

with 1 : G→ R∗
+

a multiplicative homomorphism. Observe that under the cor-
respondence ω 7→ ω∗, this 1(u) is precisely the Radon–Nikodym derivative of
the transverse volume form ω with respect to the holonomy translation u. The
principal R∗

+
-bundle F+(N ) of positively oriented frames for N , which coincides

with the Connes fibration Q since SO(1,R)= 1, is then also trivial under the map
φ 7→ (πQ(φ), t ◦φ):

Q = M ×R∗
+
.

The action of u on the fibres of Q, defined by (3.1) since q = 1, is induced by the
same homomorphism 1(u):

u · (s(u), b) := (r(u),1(u)b).

We will assume for ease of calculation that

Q = M ×R

using the logarithm map on the fibres, so that the action of a groupoid element
u ∈ G on Q is now given by

u · (s(u), c)= (r(u), c+ log1(u)).

The horizontal and vertical bundles are both trivial line bundles, so

NQ = V Q⊕ H = Q× (R⊕R).

Here we regard the horizontal bundle H = Q × R as a Euclidean bundle with
metric m arising from Q defined as in Proposition 3.11 by

m H
(x,c)(h1, h2) := (e−ch1) · (e−ch2)= e−2ch1h2.
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We use the metric m H to identify H with its dual H∗ by mapping h ∈ H to the
functional m H (h, · ). More precisely, we identify h ∈ H(x,c)=R with ηh := e−2ch ∈
H∗(x,c). We then find that the resulting metric on H∗ is

m H∗
(x,c)(ηh, ηh′) := m H

(x,c)(h, h′)= e−2chh′ = e2cηhηh′ .

Under this identification, the map θ(u) : H∗(s(u),c)→ H∗(r(u),c+log1(u)) is precisely
η 7→1(u−1)η.

With no need to trace over the vertical fibres in the codimension 1 case, we can
then write the triangular structure of a holonomy transformation u ∈ G as

u∗ =
(

1 δ(u)
0 1(u)

)
.

This action of u∗ on V Q⊕H ⊂ T Q is the differential of the action of u on Q. It fol-
lows then that δ(u) is the derivative with respect to the transverse coordinate in M
of the map c 7→ c+ log1(u) on the fibres of Q. Since the normal bundle N over M
has been trivialized, we can write this derivative as the scalar δ(u) = ∂ log1(u),
with ∂ denoting the derivative with respect to the transverse coordinate. Thus,

u∗ =
(

1 ∂ log1(u)
0 1(u)

)
.

Let us now consider the Kasparov module [B2]. The right-hand algebra in this
case is C`(V ∗H∗), and since for each (x, c, η) ∈ H∗ we can identify vertical tan-
gent vectors in V(x,c,η)H∗ with vectors in H∗(x,c), it follows that we can identify
vertical covectors in V ∗(x,c,η)H

∗ with linear functionals H∗(x,c)→ R. Observe then
that there is a nonvanishing section κ of V ∗H∗→ H∗ defined by

κ(x, c, η) := ecη for (x, c, η) ∈ H∗.

One has

κ(r(u), c+ log1(u),1(u−1)η)= ec+log1(u)1(u−1)η = ecη = κ(s(u), c, η),

so κ is invariant under the action of G and therefore defines a trivialization V ∗H∗∼=
H∗×R for which the action of G is given by

u∗(s(u),c,η,s)=(r(u),c+ log1(u),1(u−1)η,s) for c∈Q, s∈R, η∈H∗(s(u),c).

It follows that we can take C`(V ∗H∗) to be C0(H∗) ⊗ Cliff(R), where G acts
trivially on Cliff(R). That is, for all f ⊗ e ∈ C0(H∗)⊗Cliff(R) we have

α2
u( f ⊗ e)(r(u), c, η)= f (s(u), c− log1(u),1(u)η+ ∂ log1(u))⊗ e,

η ∈ H∗(r(u),c).
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We therefore define an action α of G on C0(H∗) by

αu( f )(r(u), c, η) := f (s(u), c− log1(u),1(u)η+ ∂ log1(u))

for f ∈ C0(H∗), so that α2
u( f ⊗ e)= αu( f )⊗ e for all u ∈ G and e ∈ Cliff(R).

The same remarks carry over to the exterior bundle 3∗V ∗H∗, so that 00(H∗;
3∗(V ∗H∗)⊗C) is just C0(H∗)⊗Cliff(R), on which the representation W 2 of G

is defined by the same formula as α2:

W 2
u (ρ⊗ e)(r(u), c, η)= ρ(s(u), c− log1(u),1(u)η+ ∂ log1(u))⊗ e

for all ρ⊗ e ∈ C0(H∗)⊗Cliff(R). We thus define an action W of G on the Hilbert
C0(H∗)-module C0(H∗) by

Wu(ρ)(r(u), c, η) := ρ(s(u), c− log1(u),1(u)η+ ∂ log1(u))

for all ρ ∈ C0(H∗), and we see that W 2
u (ρ ⊗ e) = Wu(ρ)⊗ e for all u ∈ G and

e ∈ Cliff(R).
Finally, the operator B2 acts on C0(H∗)⊗Cliff(R) by

(B2ρ⊗ e)(x, c, η) := ecηρ(x, c, η)⊗ cL(e1)e, e ∈ Cliff(R), η ∈ H∗(x,c),

where cL is the left Clifford multiplication and e1 is a fixed element of Cliff(R) with
square 1. We can now proceed with the construction of a spectral triple from this
data and the proof of the index theorem relating the spectral triple to the Godbillon–
Vey invariant.

4B. The spectral triple. Applying the descent map to the equivariant Kasparov
module (C0(Q), m2 X E2, B2) of Proposition 3.19 in codimension 1 gives us by
Proposition 2.15 a Kasparov module

(0c(Q oG, �1/2), X E2 or G, r∗B2) (4.2)

which defines a class in K K (C0(Q)or G,C`(V ∗H∗)or G). By the remarks of the
previous section, we actually have

C`(V ∗H∗)or G= (C0(H∗)⊗Cliff(R))or G= (C0(H∗)or G)⊗Cliff(R)

since G acts trivially on Cliff(R). Thus, the module (4.2) can be replaced [Connes
1994, Proposition 13, Appendix A, Chapter 4] by the odd Kasparov C0(Q)or G-
C0(H∗)or G-module

(0c(Q oG, �1/2),C0(H∗)or G,B) (4.3)

where we define B on 0c(H∗oG;�1/2)⊂ C0(H∗)or G by

(Bρ)u(x, c, η) := (Br(u)ρu)(x, c, η) := ecηρu(x, c, η), η ∈ R.
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Here we are using density of 0c(H∗ o G;�1/2) in C0(H∗)or G and density of
0c(Q oG;�1/2) in C0(Q)or G as in the final paragraph of Section 2C.

The G-invariant transverse volume forms of interest on Q and H∗, respectively,
are

dνQ = e−cω∧ dc, dνH∗ = ω∧ dc∧ dη, (4.4)

and we denote by τQ and τH∗ the corresponding traces on 0c(Q o G;�1/2) and
0c(H∗oG;�1/2) defined by integration against dνQ and dνH∗ .

Putting the trace τH∗ together with the odd Kasparov module (4.3), by Proposition
2.17 we obtain an odd semifinite spectral triple

(A,H,B)

relative to (N, τ ) where:

(1) A= 0c(Q oG;�1/2) acts by convolution operators on

(2) H, the Hilbert space completion of 0c(H∗oG;�1/2) in the inner product

(ρ1 | ρ2)= τH∗(ρ
∗

1 ∗ ρ2),

(3) B is regarded as an operator on H with domain 0c(H∗oG;�1/2),

(4) N is the weak closure of 0c(H∗oG;�1/2) in the bounded operators on H,

(5) τ is the normal extension of τH∗ to N.

We now apply the semifinite local index formula to (A,H,B) to prove the
codimension 1 Godbillon–Vey index theorem.

4C. The index theorem. We will apply the residue cocycle of [Carey et al. 2014,
Definition 3.2] to prove the following theorem.

Theorem 4.5. Let (M,F) be a foliated manifold of codimension 1. The Chern
character of the semifinite spectral triple (A,H,B) given in Section 4B is, up to a
factor of (2π i)1/2, the global, non-étale analogue of Godbillon–Vey cyclic cocycle
of Connes and Moscovici [2005, Proposition 19].

To apply the local index formula of [Carey et al. 2014], we need to check the
summability and smoothness of the spectral triple.

Lemma 4.6. The spectral triple (A,H,B) is smoothly summable of spectral di-
mension p = 1 and has isolated spectral dimension.
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Proof. We first check finite summability. For s ∈ R, a ∈ 0c(Q o G;�1/2), and
ρ ∈H, we calculate

(a(1+B2)−s/2ρ)u(x, c, η)=
∫
v∈Gr(u)

av(x, c)(Wv(1+B2
s(v))

−s/2ρv−1u)(x, c, η)

=

∫
v∈Gr(u)

av(x, c)(1+e2(c−log1(v))(1(v)η+∂ log1(v))2)−s/2(Wvρv−1u)(x, c, η)

=

∫
v∈Gr(u)

av(x, c)(1+e2c1(v−1)2(1(v)η+∂ log1(v))2)−s/2(Wvρv−1u)(x, c, η)

=

∫
v∈Gr(u)

av(x, c)(1+e2c(η−∂ log1(v−1))2)−s/2(Wvρv−1u)(x, c, η),

where on the last line we have used Lemma 3.16 in simplifying1(v−1)∂ log1(v)=
−∂ log1(v−1). So a(1+B2)−s/2 is the half-density on H∗oG defined by

((x, c, η), u) 7→ au(x, c)(1+ e2c(η− ∂ log1(u−1))2)−s/2,

compactly supported in the u and (x, c) variables. Thus,

τH∗(a(1+B2)−s/2)=

∫
M×R×R

a(x, c)(1+ e2cη2)−s/2ω∧ dc∧ dη

=

∫
Q

a(x, c) dνQ

∫
R

(1+ t2)−s/2 dt,

where we’ve made the substitution t = ecη. It is then clear that τH∗(a(1+B2)−s/2)

is finite for all s > 1. For smoothness, we fix a ∈ 0c(Q oG;�1/2) and calculate

([B2, a]ρ)u(x, c, η)= e2cη2
∫
v∈Gr(u)

av(x, c)(Wvρv−1u)(x, c, η)

−

∫
v∈Gr(u)

av(x, c)(WvB2
s(v)ρv−1u)(x, c, η)

=

∫
v∈Gr(u)

av(x, c)e2c(η2
−1(v−1)2(1(v)η+∂ log1(v))2)(Wvρv−1u)(x, c, η)

=

∫
v∈Gr(u)

av(x, c)e2c(2η∂ log1(v−1)− (∂ log1(v−1))2)(Wvρv−1u)(x, c, η)

so that [B2, a] is convolution by the half-density on H∗oG defined by

((x, c, η), u) 7→ au(x, c)e2c(2η∂ log1(u−1)− (∂ log1(u−1))2).
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We also calculate

([B2, [B, a]]ρ)u(x, c, η)= e2cη2([B, a]ρ)u(x, c, η)− ([B, a]B2ρ)u(x, c, η)

= e2cη2
∫
v∈Gr(u)

av(x, c)ec∂ log1(v−1)(Wvρv−1u)(x, c, η)

−

∫
v∈Gr(u)

av(x, c)ec∂ log1(v−1)(WvB2
s(v)ρv−1u)(x, c, η)

= e2cη2
∫
v∈Gr(u)

av(x, c)ec∂ log1(v−1)(Wvρv−1u)(x, c, η)

−

∫
v∈Gr(u)

av(x, c)e3c∂ log1(v−1)1(v−1)2(1(v)η+ ∂ log1(v))2

× (Wvρv−1u)(x, c, η)

=

∫
v∈Gr(u)

av(x, c)e3c(2η∂ log1(v−1)− (∂ log1(v−1))2)

× ∂ log1(v−1)(Wvρv−1u)(x, c, η),

so that [B2, [B, a]] is the half-density on H∗oG defined by

((x, c, η), u) 7→ au(x, c)e3c(2η∂ log1(u−1)− (∂ log1(u−1))2)∂ log1(u−1).

More generally, setting T (0)
:= T and then inductively defining T (k)

:= [B2, T (k−1)
],

we see that [B, a](k) is the half-density on H∗oG defined by

((x, c, η), u) 7→au(x, c)e(2k+1)c(2η∂ log1(u−1)−(∂ log1(u−1))2)k∂ log1(u−1).

Now these computations show that for a ∈ A and k ∈ N, the operators a(k) and
[B, a](k) are half-densities on H∗o G, with compact support in the ((x, c), u) ∈
QoG variables equal to that of a, and growing like ηk in the fibre variable η∈ H∗(x,c)
for all (x, c) ∈ Q. Hence, both a(k)(1+B2)−k/2 and [B, a](k)(1+B2)−k/2 are
bounded with compact support in the Q oG directions. Hence, for all a ∈A the
operator

(1+B2)−k/2−s/4(a(k))∗a(k)(1+B2)−k/2−s/4

is trace class whenever the real part of s is greater than 1, and similarly with a
replaced by [B, a]. Thus, A∪ [B,A] ⊂ B∞2 (B, 1) in the notation of [Carey et al.
2014]. Thus, A2, the span of products from A, satisfies A2

∪ [B,A2
] ⊂ B∞1 (B, 1),

showing that the semifinite spectral triple over A2 is smoothly summable.
The last step to establish smooth summability is to observe that A has a (left)

approximate unit for the inductive limit topology by [Muhly and Williams 2008,
Proposition 6.8]. This ensures that any compactly supported section in A=0c(QoG;

�1/2) can be approximated by products while preserving summability.
Finally the computations also show that (A,H,B) has isolated spectral dimen-

sion, as in [Carey et al. 2014, Definition 3.1], since for all multi-indices k of length
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m ≥ 0 we have proved that

τH∗(a0[B, a1]
(k1) · · · [B, am]

(km)(1+B2)−|k|−m/2−s)

has a meromorphic continuation in a neighborhood of s = 0. �

Finally we can prove Theorem 4.5.

Proof of Theorem 4.5. Since the spectral dimension p = 1 and since the parity of
the spectral triple is 1, the only nonzero term in the residue cocycle is φ1 as defined
in [Carey et al. 2014, Definition 3.2]. For any a ∈ 0c(Q oG;�1/2) we have

([B, a]ρ)u(x, c, η)=Br(u)

∫
v∈Gr(u)

av(x, c)(Wvρv−1u)(x, c, η)

−

∫
v∈Gr(u)

av(x, c)(WvBs(v)ρv−1u)(x, c, η)

=

∫
v∈Gr(u)

av(x, c)(Br(v)−WvBs(v)Wv−1)(Wvρv−1u)(x, c, η)

=

∫
v∈Gr(u)

av(x, c)ec∂ log1(v−1)(Wvρv−1u)(x, c, η)

= (δ1(a)ρ)u(x, c, η),

where δ1 is the derivation of 0c(Q oG;�1/2) defined by

δ1(a)u(x, c) := ec∂ log1(u−1)au(x, c).

The derivation δ1 is the non-étale analogue of that given in [Connes and Moscovici
2005, p. 39]. Thus, for a0, a1 ∈ 0c(Q oG;�1/2), we calculate

φ1(a0, a1)= 2(2π i)1/2 resz=0 τH∗(a0[B, a1](1+B2)−1/2−z)

= 2(2π i)1/2τQ(a0δ1(a1)) resz=0

∫
R

(1+ t2)−1/2−z dh

= 2(2π i)1/2τQ(a0δ1(a1)) resz=0
0
( 1

2

)
0(z)

20
( 1

2 + z
)

= (2π i)1/2τQ(a0δ1(a1)).

This is, up to the factor (2π i)1/2, the non-étale analogue of the Godbillon–Vey
cyclic cocycle from [Connes and Moscovici 2005, Proposition 19]. �

5. Relation with Connes’ approach

We will outline in this section how our construction can, in codimension 1, be rec-
onciled with Connes’ approach to realize Gelfand–Fuks cocycles as cyclic cocycles
for a convolution algebra. In doing so we will be able to justify why our spectral
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triple represents the Godbillon–Vey invariant. Let us first briefly recall Connes’
approach [1986, Theorem 7.15].

5A. Connes’ approach. Connes considers a discrete group 0 of orientation pre-
serving diffeomorphisms of an oriented manifold V of dimension n. Associated
to V and any k ∈ N ∪ {0} is its positively oriented k-th order jet bundle J+k (V ),
whose fibre over x ∈ V consists of equivalence classes of local diffeomorphisms
ϕ : U → V , where U is an open neighborhood of 0 in Rn , for which ϕ(0) = x .
Two such diffeomorphisms ϕ and ψ are said to have the same k-jet at 0, denoted
j k
0 (ϕ) = j k

0 (ψ), if in any local coordinate system about x all partial derivatives
of ϕ and ψ of order less than or equal to k coincide at 0. All the bundles J+k (V ),
for k ≥ 1, carry canonical right actions of GL+(n,R), and we write J+k (V ) :=
J+k (V )/SO(n,R). The J+k (V ) have contractible fibres [Bott 1976, p. 132].

It is then well-known [Bott 1976, (3.2)] that associated to any (SO(n,R)-relative)
Gelfand–Fuks cocycle $ is k ∈ N and a canonical, diffeomorphism-invariant dif-
ferential form, also denoted $ , on the quotient J+k (V ). Connes uses the exte-
rior derivative on V to manufacture $ into a cyclic cocycle $c for the algebra
C∞c (J

+

k (V )o0). Letting W denote the bundle of metrics over V , Connes invokes
[Kasparov 1995] to deduce the existence of a class j1,k ∈K K0(C0(W ),C0(J+k (V ))),
whose descent j01,k ∈K K (C0(Wo0),C0(J+k (V )o0)) implements an isomorphism
on K -theory via the Kasparov product. Letting j00,1 ∈ K K (C0(V o0),C0(W o0))
denote the bundle of metrics Kasparov module constructed in [Connes 1986, §5],
Connes obtains a linear map

K∗(C0(V )o0) 3 a 7→$c(a⊗C0(V )o0 j00,1⊗C0(W )o0 j01,k) ∈ R

defined by $ . In the case when V = S1, one has J+2 (S
1)= S1

×R∗
+
×R, and if dx

is the standard volume form on S1, then the Godbillon–Vey invariant is represented
by the invariant differential form [Connes 1986, Lemma 7.7]

$ =
1
y3 dx ∧ dy ∧ dy1, (x, y, y1) ∈ S1

×R∗
+
×R. (5.1)

The associated cyclic cocycle $c is the trace on C∞c (J
+

2 (S
1))o0 obtained by inte-

gration with respect to $ , and an involved calculation [Connes 1986, Theorem 7.3]
shows that the linear map thus obtained on K0(C0(V )o0) is the cyclic cocycle
given by (1.2). Alternatively, one can obtain by essentially the same method a map

K1(C0(W )o0) 3 a 7→$c(a⊗C0(W )o0 j01,2) ∈ R (5.2)

on the K -theory of C0(W )o0. In the next subsection we will indicate how the
index pairing induced by the spectral triple in Theorem 4.5 can be thought of as a
non-étale version of the map in (5.2).
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5B. The case of a general foliation. In the setting of a transversely orientable
foliated manifold (M,F) of codimension q, one has access to the transverse jet
bundles J+k (F) [Morita 2001, pp. 113–114]. The fibre J+k (F)x over x ∈M now con-
sists of the k-jets j k

0 (ϕ) of orientation-preserving local diffeomorphisms ϕ sending
an open neighborhood of 0 ∈ Rq to a local transversal about x = ϕ(0). Note in par-
ticular that J+1 (F) is the same thing as the oriented transverse frame bundle F+(N ).

We have natural projections πk : J+k (F)→ M and πk+1,k : J+k+1(F)→ J+k (F)
defined respectively by forgetting all partial derivatives, and by forgetting all partial
derivatives of order k+ 1. Moreover the holonomy groupoid G acts naturally on
each J+k (F), and its orbits define a foliation Fk of J+k (F). There is a canonical
right action of GL+(q,R) on all of the J+k (F), k ≥ 1, which commutes with the
action of G.

Proposition 5.3. Let S2(Rq) denote the symmetric polynomials of degree 2 over
the vector space Rq . Then the bundle J+2 (F) is an affine bundle over J+1 (F),
modeled on the vector bundle π∗1 (N )⊗ S2(Rq). Moreover, if (M,F) is of codi-
mension 1, a choice of Bott connection ∇[ on N determines an affine isomorphism
of J+2 (F) with the total space of the bundle H∗ = (ker(α[/T F1))

∗ over J+1 (F).

Proof. That J+2 (F) is an affine bundle over J+1 (F) modeled on π∗1 (N )⊗ S2(Rq)

can be seen using local coordinates. Indeed, if U ⊂ Rq is an open neighborhood
of 0 and Tβ is a local transversal in M , then the 2-jet at 0 of any diffeomorphism
ϕ :U → T is distinguished from its 1-jet at 0 by the partial derivatives

∂2ϕi

∂y j∂yk

∣∣∣∣
0
, i, j, k = 1, . . . , q,

which are elements of Nx ⊗ S2(Rq) (here we have identified Rq with its dual in
the natural way). The chain rule implies that whenever cαβ : Tβ→ Tα is the diffeo-
morphism defined by a transverse change of coordinates, then the corresponding
coordinate change in the fibre J+2 (F) j1

0 (ϕ)
is given by the affine transformation(

∂2ϕi

∂y j∂yk

∣∣∣∣
0

)
i, j,k=1,...,q

7→

(
∂ci
αβ

∂yl

∣∣∣∣
ϕ(0)

∂2ϕl

∂y j∂yk

∣∣∣∣
0
+
∂2ci

αβ

∂y j∂yk

∣∣∣∣
ϕ(0)

)
i, j,k=1,...,q

,

where we have used the Einstein summation convention.
Suppose now that ∇ is a torsion-free connection on N . Then on any sufficiently

small transversal Yx about x ∈ M , ∇ restricts to a torsion-free affine connection
and is therefore associated with an exponential map exp∇x which sends an open
neighborhood of 0 ∈ Nx = Tx Yx diffeomorphically onto Yx . We therefore obtain
a section σ∇ : J+1 (F)→ J+2 (F) defined by

σ∇( j1
0 (ϕ)) := j2

0 (exp∇x ◦ j1
0 (ϕ)), (5.4)
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where we consider j1
0 (ϕ) as a frame Rq

→ Nx , which by the chain rule is equi-
variant under the right action of GL+(q,R). Therefore, ∇ determines an affine
isomorphism of J+2 (F) with the vector bundle π∗1 (N )⊗ S2(Rq) on which it is
modeled. In particular, if (M,F) is codimension 1, ∇ determines an affine isomor-
phism of J+2 (F) with π∗1 (N ). Therefore, if ∇ = ∇[ is a Bott connection, we attain
the stated isomorphism of J+2 (F) with H ∼= π∗1 (N ), and hence with H∗ ∼= H via
the tautological Euclidean structure of Proposition 3.11. �

Now any Gelfand–Fuks class $ admits a canonical representative in the G-
invariant forms on J+k (F) for sufficiently large k [Morita 2001, pp. 117–119]. Let
us briefly describe this canonical representative in the case of the Godbillon–Vey
invariant of a codimension-1 foliation. Let ϕt :U → Y be a 1-parameter family of
diffeomorphisms of some open neighborhood U of 0 ∈R onto a local transversal Y

in M , determining tangent vectors

Xk :=
d
dt

∣∣∣∣
t=0

j k+1
0 (ϕt)

in J+k+1(F), for all k ∈ N ∪ {0}. Let ϕ := ϕ0, and define a 1-parameter family
of coordinates xt := ϕ

−1
◦ ϕt . Then we define the k-th tautological 1-form ωk

on J+k+1(F) by the formula

ωk(Xk)=
d
dt

∣∣∣∣
t=0

(
dk xt

dyk

∣∣∣∣
y=0

)
(5.5)

for all k ∈ N∪ {0}. Such tautological forms were introduced (in the nonfoliated
case) by Kobayashi [1961]. Notice that if u ∈ G is represented by a diffeomorphism
h : Y→ Y′ of local transversals, then

(h∗ωk)(Xk)=ω
k
(

d
dt

∣∣∣∣
t=0

j k+1
0 (h◦ϕt)

)
=

d
dt

∣∣∣∣
t=0

(
dk(ϕ−1

◦h−1
◦h◦ϕt)

dyk

)
=ωk(Xk),

so the ωk are G-invariant. Pulling back via the projections, let us assume that ω0,
ω1, and ω2 are all defined on J+3 (F). Then, using the G invariance of these forms
together with [Morita 2001, Proposition 3.23], it can be shown that the ωi satisfy
the structure equations

dω0
=−ω1

∧ω0, dω1
=−ω2

∧ω0. (5.6)

Now by (5.5) the form ω0 on J+1 (F) is, by definition, simply the solder form on
the transverse frame bundle. Therefore, the first of the equations (5.6) says that ω1

on J+2 (F) behaves like a torsion-free connection form: indeed, the pullback σ ∗
∇
ω1

of ω1 by the section σ∇ : J+1 (F)→ J+2 (F) defined by any torsion-free connection ∇
on N is precisely the connection form corresponding to ∇. Therefore, the second
of the equations (5.6) is a formula for the “curvature” of the “connection form” ω1.
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In particular, the Godbillon–Vey form on J+3 (F) is simply the (negative of) the
“connection” wedged with its “curvature” [Bott 1972, Lemma 10.9]:

gv=−ω1
∧ dω1

= ω0
∧ω1
∧ω2. (5.7)

It is by no means obvious that the form in (5.7) is related to the form dνH∗ on H∗

considered in (4.4). The next result tells us that in fact these forms are the same,
and therefore justifies our claim that the cocycle obtained as the index formula
from Theorem 4.5 truly does represent the Godbillon–Vey invariant.

Theorem 5.8. Let (M,F) be a transversely oriented foliation of codimension 1,
with transverse volume form ω ∈ �1(M). Suppose moreover we are gifted with
a torsion-free Bott connection on N , giving an identification J+2 (F) ∼= H∗ as
in Proposition 5.3. Then the form gv of (5.7) on J+3 (F) descends to a form on
J+2 (F)∼= H∗, which, in the trivialization H∗ = M ×R×R determined by ω as in
Section 4A, coincides with the form dνH∗ = ω∧ dc∧ dη of (4.4).

Proof. Associated to the transverse volume form ω is a nonvanishing normal vector
field Z ∈ 0∞(M; N ) characterized by the equation ω(Z) ≡ 1. Fix x ∈ M and
let Yx be a local transversal through x . Then the torsion-free Bott connection ∇[

on N restricts to an affine connection on Yx , and so determines an exponential map
exp∇

[

:U→Yx which is a local diffeomorphism defined on an open neighborhood
U of 0 ∈ Tx Yx . Rescaling ω if necessary, we can always assume that Zx ∈U and
we obtain a coordinate u0 : Yx → R defined by the equation

u0(x ′)Zx = (exp∇
[

)−1(x ′), x ′ ∈ Yx .

Now fix a local diffeomorphism ϕ from an open neighborhood of 0 ∈ R to Yx . The
coordinate u0 on Yx identifies ϕ with a local diffeomorphism ϕ̃ := u0 ◦ϕ of R, so
the 3-jet j3

0 (ϕ) is determined by the polynomial

ϕ̃(0)+
dϕ̃
dy

∣∣∣∣
0
y+

d2ϕ̃

dy2

∣∣∣∣
0
y2
+

d3ϕ̃

dy3

∣∣∣∣
0
y3

where we use y to denote the standard coordinate in R. We thus define coordinates
ui ( j3

0 (ϕ)) :=
d i ϕ̃

dyi

∣∣
0 for i = 1, 2, 3 for j3

0 (ϕ) ∈ J+3 (Yx). Suppose now that ϕt is a
1-parameter family of local diffeomorphisms from an open neighborhood of 0 ∈ R

to Yx , with ϕ0 = ϕ. The coordinate representation ϕ̃t := u0 ◦ ϕt of the family ϕt

determines a curve

j3
0 (ϕ̃t)=

(
ϕ̃t(0),

dϕ̃t

dx

∣∣∣∣
0
,

d2ϕ̃t

dx2

∣∣∣∣
0

d3ϕ̃t

dx3

∣∣∣∣
0

)
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in J+3 (R); hence, we can write the tangent vector X = d
dt

∣∣
0 j3

0 (ϕt) on J+3 (Yx)

determined by the curve j3
0 (ϕt) in the form

X =
dϕ̃t

dt

∣∣∣∣
0

∂

∂u0 +
d
dt

∣∣∣∣
0

(
dϕ̃t

dy

∣∣∣∣
0

)
∂

∂u1 +
d
dt

∣∣∣∣
0

(
d2ϕ̃t

dy2

∣∣∣∣
0

)
∂

∂u2 +
d
dt

∣∣∣∣
0

(
d3ϕ̃t

dy3

∣∣∣∣
0

)
∂

∂u3 .

Setting ht := ϕ
−1
◦ϕt we have ϕ̃t = ϕ̃ ◦ ht . Then using the chain rule together with

the fact that h0 = idR, we compute

dϕ̃t

dt

∣∣∣∣
0
=

d
dt

∣∣∣∣
0
(ϕ̃ ◦ ht)= u1

dht

dt

∣∣∣∣
0
,

d
dt

∣∣∣∣
0

(
dϕ̃t

dy

∣∣∣∣
0

)
=

d
dt

∣∣∣∣
0

(
d(ϕ̃ ◦ ht)

dy

∣∣∣∣
0

)
= u2

dht

dt

∣∣∣∣
0
+ u1

d
dt

∣∣∣∣
0

(
dht

dy

∣∣∣∣
0

)
,

d
dt

∣∣∣∣
0

(
d2ϕ̃t

dy2

∣∣∣∣
0

)
=

d
dt

∣∣∣∣
0

(
d2(ϕ̃ ◦ ht)

dy2

∣∣∣∣
0

)
= u3

dht

dt

∣∣∣∣
0
+ 2u2

d
dt

∣∣∣∣
0

(
dht

dy

∣∣∣∣
0

)
+ u1

d
dt

∣∣∣∣
0

(
d2ht

dy2

∣∣∣∣
0

)
.

Therefore, by (5.5) we find that1

du0 = u1ω
0, du1 = u2ω

0
+ u1ω

1, du2 = u3ω
0
+ 2u2ω

1
+ u1ω

2, (5.9)

and we deduce that

ω0
∧ω1
∧ω2
=

1
u3

1

du0 ∧ du1 ∧ du2, (5.10)

which is a well-defined form on J+2 (Yx).
Now we come to transporting the form of (5.10) on J+2 (Yx) ⊂ J+2 (F) to the

total space of the bundle H∗ over J+1 (F) as in Proposition 5.3. The transverse
volume form ω ∈�1(M) determines a trivialization

J+1 (F) 3 φx 7→ (x, ωx(φx(1)))=: (x, t) ∈ M ×R∗
+
,

where we think of φx = dϕ0 as a frame R → Nx . The transverse vector field
Z ∈ 0∞(M; N ) corresponding to ω determines a trivialization

N 3 h Zx 7→ (x, h) ∈ M ×R, x ∈ M,

1The formulae in (5.9) that we compute here differ slightly from the analogous equations of
Kobayashi [1961, §4] and Connes and Moscovici [2005, p. 45], for whom the summands containing
ω0 in the second and third equations have factors of 2 and 3, respectively. The reader can easily
verify using elementary calculus that our own computations do not give rise to these factors. In the
absence of any explicit computations provided by Kobayashi and Connes–Moscovici, it is difficult to
determine why these additional factors appear in their equations. In any case, these additional factors
have no impact on the coordinate expression we obtain for the Godbillon–Vey differential form.
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of N and therefore a corresponding trivialization H ∼= J+1 (F)×R∼= M ×R∗
+
×R

of H ∼= π∗1 N . Unlike the coordinates ui used for the transversal Yx in the first part
of the proof, the trivialization H ∼= M ×R∗

+
×R is global, and we must show that

on Yx , we have equalities du0 = ω, u1 = t , and u2 = h.
Now du0(Z)≡ 1 by definition of the coordinate u0 on Yx , so du0 = ω. For u1

we see that

u1 =
d(u0 ◦ϕ)

dy
= du0 ◦ dϕ(1)= ωx(dϕ(1))= t

by definition of the variable t . Finally, in the trivial bundle J+2 (R)= R×R∗
+
×R

that is the image of J+2 (Yx) under the coordinates (u0, u1, u2), the u2 variable
identifies with the tangent variable for R in the manner of Proposition 5.3. Viewed
as coordinates on J+2 (Yx) and T Yx , respectively, we then have u2= h and therefore

gv=
1
u3

1

du0 ∧ du1 ∧ du2 =−
1
t3 ω∧ dt ∧ dh.

Finally, as in Section 4A, we make the substitutions t = ec giving dt = ecdc, and
h = e2cη giving dh = e2cdη. Thus, on H∗, we find that

gv= ω∧ dc∧ dη = dνH∗

as claimed. �

6. Concluding remarks

It is tempting to view the higher-codimension version of the codimension-1 Kas-
parov module and spectral triple as analogous data representing the Godbillon–Vey
invariant in higher codimension. Sadly, despite the naturality of the constructions
presented here, it is far from clear that such an interpretation is warranted. Without
an identification of the Chern character of these spectral triples with the Godbillon–
Vey class, they must remain an interesting construction.

One final remark on the constructions presented here: they all pass to real alge-
bras and real K K -theory. All our constructions are Real [Kasparov 1980] for the
obvious variations of complex conjugation, in part because of our systematic use
of the exterior algebra rather than the spinor bundle. This means that we can at all
stages retain contact with homology of manifolds with real coefficients.
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