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CONNECTING DOTS: FROM LOCAL COVARIANCE TO EMPIRICAL
INTRINSIC GEOMETRY AND LOCALLY LINEAR EMBEDDING

JOHN MALIK, CHAO SHEN, HAU-TIENG WU AND NAN WU

Local covariance structure under the manifold setup has been widely applied in the machine-learning
community. Based on the established theoretical results, we provide an extensive study of two relevant
manifold learning algorithms, empirical intrinsic geometry (EIG) and locally linear embedding (LLE)
under the manifold setup. Particularly, we show that without an accurate dimension estimation, the
geodesic distance estimation by EIG might be corrupted. Furthermore, we show that by taking the local
covariance matrix into account, we can more accurately estimate the local geodesic distance. When
understanding LLE based on the local covariance structure, its intimate relationship with the curvature
suggests a variation of LLE depending on the “truncation scheme”. We provide a theoretical analysis of
the variation.

1. Introduction

Covariance is arguably one of the most important quantities in data analysis. It has been widely studied
in the past century and is still an active research topic nowadays. In this paper, we focus on the local
covariance structure under the manifold setup, which has been widely applied, explicitly or implicitly, to
various applications in different fields; see, for example, a far-from-complete list [Kambhatla and Leen
1997; Roweis and Saul 2000; Donoho and Grimes 2003; Brand 2003; Zhang and Zha 2004; Kushnir
et al. 2006; Goldberg et al. 2009; Salhov et al. 2012; Gong et al. 2012; Singer and Wu 2012; Pedagadi
et al. 2013; Little et al. 2017; Arias-Castro et al. 2017]. In the past few years, its mathematical and
statistical properties have been well-established [Singer and Wu 2012; Cheng and Wu 2013; Bernstein
and Kuleshov 2014; Kaslovsky and Meyer 2014; Tyagi et al. 2013; Wu and Wu 2018] for different
purposes. In this paper, based on the established theoretical foundation, we extensively discuss two topics
in the manifold-learning community that are related to the local covariance structure — empirical intrinsic
geometry (EIG) and locally linear embedding (LLE).

EIG [Talmon and Coifman 2012; 2013], or originally called nonlinear independent component analysis
[Singer and Coifman 2008], is a technique aiming to deal with the distortion underlying the collected
dataset that is caused by the observation process. In many applications, the manifold structure of interest
can only be accessed via an observation and not directly. However, the observation process might
nonlinearly deform the manifold of interest. As a result, the information inferred from the observed
data point cloud might not faithfully reflect the intrinsic properties. The goal of EIG is correcting

MSC2010: 62-04, 62-07, 68P01.
Keywords: local covariance matrix, empirical intrinsic geometry, locally linear embedding, geodesic distance, latent space
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this deformation by taking the local covariance matrix into account. From the statistical viewpoint, it
is a nonlinear latent space model, and the local covariance structure leads to a generalization of the
Mahalanobis distance. While it has been successfully applied to different problems [Wu et al. 2015;
Mishne et al. 2015; Yair and Talmon 2017; Shemesh et al. 2017; Liu et al. 2018], to the best of our
knowledge, besides an argument on the Euclidean space setup [Singer and Coifman 2008], a systematic
evaluation of how the algorithm works under the manifold setup, and its sensitivity to the parameter
choice, is missing. Due to its importance, the first contribution of this paper is providing a quantification
of EIG under the manifold setup, and discussing how the chosen parameter influences the final result. In
the special case that there is no deformation (that is, we can access the manifold directly), we show a
more accurate geodesic distance estimator, called the covariance-corrected geodesic distance estimator,
by correcting the Euclidean distance when the manifold is embedded in the Euclidean space.

LLE [Roweis and Saul 2000] is a widely applied nonlinear dimension-reduction technique in the
manifold-learning community. Despite its wide application, its theoretical properties were studied only
recently. See [Wu and Wu 2018] as an example. Based on the analysis, several peculiar behaviors of LLE
have been better understood. While LLE depends on the barycentric coordinate to determine the affinity
between pairs of points, it has a natural relationship with the local covariance matrix; the kernel associated
with LLE is not symmetric, which is different from the kernel commonly used in graph Laplacian-based
algorithms like Laplacian eigenmaps [Belkin and Niyogi 2003] or diffusion maps [Coifman and Lafon
2006]. The regularization plays an essential role in the algorithm. Different regularizations lead to
different embedding results. Based on the intimate relationship between the curvature and regularization,
the second contribution of this paper is studying a variation of LLE by directly truncating the local
covariance matrix.

The paper is organized in the following way. In Section 2, we introduce the notation for the local covari-
ance structure analysis and some relevant known results. In Section 3, we provide a theoretical argument of
EIG under the manifold setup; when the observation process is trivial, we analyze the covariance-corrected
geodesic distance estimator. In Section 4, we discuss the relationship of EIG and LLE, and provide a
variation of LLE. Numerical results are shown in each section to support the theoretical findings. In
Section 5, we provide some numerical results. In Section 6, discussion and conclusion are provided.

1.1. Notation and mathematical setup. Let X be a p-dimensional random vector with the range sup-
ported on a d-dimensional, compact, smooth Riemannian manifold .M;g/ isometrically embedded in
Rp via � WM ,! Rp. We assume that M is boundary-free in this work. Let expx W TxM !M be the
exponential map at x. Unless otherwise specified, we will carry out calculations using normal coordinates.
Let TxM denote the tangent space at x 2M, and let ��TxM denote the embedded tangent space in Rp.
Write the normal space at y D �.x/ as .��TxM /?. Let IIx be the second fundamental form of � at x.
Let P be the probability density function (p.d.f.) associated with the random vector X [Cheng and
Wu 2013, Section 4]. We assume that P 2 C5.�.M // and that there exist 0 < Pm � PM such that
Pm � P .y/ � PM <1 for all y 2 �.M /. Let ei 2 Rp be the unit p-dimensional unitary vector with
a 1 in the i-th entry. Let BRp

h
.z/ denote the p-dimensional Euclidean ball of radius h > 0 with center

z 2 Rp, and let �AWR
p ! f0; 1g denote the indicator function of the set A � Rp. Define O.p/ to be
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the orthogonal group in dimension p 2 N. We define two main quantities, the truncated inverse and
regularized inverse, of a symmetric matrix that are related to EIG and LLE respectively.

Definition 1. Let A 2 Rp�p be a real symmetric matrix and set r D rank.A/. Let �1 � � � � � �p be the
eigenvalues of A, and let u1; : : : ;up be the corresponding normalized eigenvectors. For 0< ˛ � r , the
˛-truncated inverse of A is defined as

T˛ ŒA�D
�
u1 � � � u˛

�264��1
1

: : :

��1
˛

375
264u>

1:::

u>˛

375 : (1)

Choose a regularization constant c > 0. The c-regularized inverse of A is defined as

Ic ŒA�D
�
u1 � � � ur

�264.�1Cc/�1

: : :

.�rCc/�1

375
264u>

1:::

u>r

375 : (2)

Note that if ˛D r , then T˛ ŒA� is the Penrose–Moore pseudoinverse. When c! 0, Ic ŒA� becomes Tr ŒA�.

2. Local covariance matrix and some facts

We start with the definition of the local covariance matrix.

Definition 2. For x 2M and a measurable set O � �.M /, the local covariance matrix at �.x/ 2 �.M /

associated with O is defined as

Cx;O WD E Œ.X � �.x//.X � �.x//>�O.X /� 2 Rp�p: (3)

When O is BRp

h
.�.x//\ �.M /, where h> 0, we define

Ch.x/ WD C
x;BRp

h
.�.x//\�.M /

and simply call Ch.x/ the local covariance matrix at �.x/.

The local covariance matrix and its relationship with the embedded tangent space of the manifold have
been widely studied recently, including (but not exclusively) [Singer and Wu 2012; Cheng and Wu 2013;
Tyagi et al. 2013; Bernstein and Kuleshov 2014; Kaslovsky and Meyer 2014; Little et al. 2017]. Recently,
in order to systematically study the LLE algorithm, the higher-order structure of the local covariance
matrix was explored in [Wu and Wu 2018]. We now summarize the result for our purpose. Since the
local covariance matrix is invariant up to translation and rotation and the analysis is local at one point,
to simplify the discussion, from now on, when we analyze the local covariance matrix at x, we always
assume that the manifold is translated and rotated in Rp so that ��TxM is spanned by e1; : : : ; ed 2 Rp.

Lemma 3 [Wu and Wu 2018, Proposition 3.2]. Fix x 2M and take h> 0. Write the eigendecomposition
of Ch.x/ as Uh.x/ƒh.x/Uh.x/

>. Then, when h is sufficiently small, the diagonal matrix ƒh.x/ 2 Rp�p

satisfies

ƒh.x/D
jSd�1jP .x/hdC2

d.d C 2/

�
Id�dCO.h2/ 0

0 O.h2/

�
; (4)



518 JOHN MALIK, CHAO SHEN, HAU-TIENG WU AND NAN WU

and the orthogonal matrix Uh.x/ 2O.p/ satisfies

Uh.x/D

�
U1 0

0 U2

�
.Ip�pC h2S/CO.h4/; (5)

where U1 2O.d/, U2 2O.p� d/, and S is an antisymmetric matrix.

First, note that the local covariance matrix depends on the p.d.f. Particularly, when the sampling is
nonuniform, the eigenvalues are deviated and the p.d.f. is responsible for this deviation. Equation (4) in
this lemma says that the first d eigenvalues of Ch.x/ are of order hdC2, while the rest of the eigenvalues
are two orders higher, that is, of order O.hdC4/. Moreover, note that Ip�pCh2S approximates a rotation,
so (5) says that the first d normalized eigenvectors of Ch.x/ deviate from an orthonormal basis of ��TxM

by a rotational error of order O.h2/, and the rest of the orthonormal eigenvectors of Ch.x/ deviate from
an orthonormal basis of .��TxM /? within a rotational error of order O.h2/.

In practice, we are given a finite sampling of points from the embedded manifold and need to approxi-
mate the local covariance matrix. Since the finite convergence argument of the sample local covariance
matrix to the local covariance matrix is standard (see, for example, [Wu and Wu 2018, Propositions 3.1
and 3.2 and Lemma E.4]), to focus on the main idea and simplify the discussion, below we work directly
on the continuous setup; that is, we consider only the asymptotical case when n!1.

It is well known that when a manifold M is isometrically embedded into another manifold M 0, then
for two close points x;y 2M, the geodesic distance between x;y in M could be well-approximated by
the geodesic distance between x;y in M 0, with the error depending on the second fundamental form of
the embedding; see, for example [Smolyanov et al. 2007, Proposition 6]. We have the following lemma
when M 0 is Euclidean space.

Lemma 4 [Wu and Wu 2018, Lemma B.2]. Suppose that M is isometrically embedded in Rp through �.
Fix x 2M and use polar coordinates .t; �/ 2 Œ0;1/�Sd�1 to parametrize TxM. For y D expx.� t/ for
sufficiently small t , we have

�.y/� �.x/D .���/t C
IIx.�; �/

2
t2
C
r� IIx.�; �/

6
t3
CO.t4/: (6)

Moreover, when h WD k�.y/� �.x/kRp is sufficiently small, we have

hD t �
kIIx.�; �/k

2

24
t3
�
r� IIx.�; �/ � IIx.�; �/

24
t4
CO.t5/; (7)

and hence

t D hC
kIIx.�; �/k

2

24
h3
C
r� IIx.�; �/ � IIx.�; �/

24
h4
CO.h5/: (8)

The proof of the lemma can be found in, for example, [Smolyanov et al. 2007, Proposition 6] when
M 0 is a generic manifold or [Wu and Wu 2018, Lemma B.2] when M 0 is Euclidean space.
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Figure 1. The illustration of the theoretical framework of EIG.

3. Empirical intrinsic geometry and local covariance matrix

EIG [Talmon and Coifman 2012; Singer and Coifman 2008] is a technique aiming to deal with the
underlying distortion caused by the observation process. The basic idea of the technique is that the local
covariance matrix captures the distortion, under suitable assumptions, and we can correct the distortion
by manipulating the local covariance matrix and recover the local geodesic distance. From the statistical
viewpoint, it is a generalization of the Mahalanobis distance. We now examine the intimate relationship
between EIG and the covariance-corrected geodesic estimator.

Suppose that M is a d -dimensional closed Riemannian manifold that hosts the information in which
we are interested but we cannot directly access. We assume that there is a method to indirectly ac-
cess M via an observation, and hence collect a dataset that contains indirect information of M in
which we are interested. We model the observation as a nonlinear function ˆ W M ! N, where ˆ
is a diffeomorphism of M and N is isometrically embedded in Rq via �. Under this setup, for the
point x 2 M that we cannot access, there is a corresponding point �.y/ 2 �.N / � Rq that we can
access and collect as the dataset, where y D ˆ.x/. The mission is estimating the geodesic distance
between two close points x 2 M and w 2 M through accessible data points �.y/ D �.ˆ.x// and
�.z/D �.ˆ.w//. This situation is commonly encountered in data analysis; for example, the brain activity
information contained in an electroencephalogram recorded from the scalp might be deformed due to
the process of recording the electroencephalogram, the anatomical structure and physiological properties.
Clearly, due to the diffeomorphism associated with the observation, the pairwise distance estimated
from the collected database no longer faithfully reflects the pairwise distance of the inaccessible space.
Hence, analysis tools depending on the pairwise distance are biased. The interest of EIG is correcting
this bias.
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The main idea of EIG can be summarized in the following way. For each hidden point x 2M, take the
geodesic ball B".x/�M with the radius " and centered at x. As is discussed in [Singer and Coifman
2008], if we can determine E.y/ WDˆ.B".x//�N around y that is associated with B".x/, then up to
a constant, the geodesic distance between two close points w and x can be well-approximated by �.y/,
�.z/, and the local covariance matrix Cy;�.E.y// associated with �.E.y// as defined in (3). To simplify
the notation, set C".y/ WD Cy;�.E.y//. See Figure 1 for an illustration of the setup. Note that when M

is Euclidean and ˆ is linear, E.y/ is an ellipsoid. In the following, although we consider the manifold
model that is in general not Euclidean, we abuse the terminology and call E.y/ an ellipsoid. Numerically,
C".y/ is estimated by taking points in E.y/ into account. Again, since the convergence proof is standard,
to simplify the discussion, we skip the finite convergence step and focus on the continuous setup.

This main idea is carried out by noting that the local covariance matrix at y associated with C".y/
captures the Jacobian of the diffeomorphism associated with the observation; that is, C".y/�rˆjxˆj>x
[Singer and Coifman 2008]. Under the assumption that the ellipsoid E.y/ is known, C".y/�rˆjxˆj>x
is true and the dimension of the manifold d is known, authors in [Singer and Coifman 2008; Talmon and
Coifman 2012] consider the following quantity, called the EIG distance, to estimate the geodesic distance
between x and w:

.�.z/� �.y//>
�
T˛ ŒC".y/�C T˛ ŒC".z/�

2

�
.�.z/� �.y//; (9)

where ˛ is chosen to be the dimension of d .

3.1. Challenges of EIG and analysis. There are two challenges of applying the EIG idea: how to
determine the ellipsoid E.y/ associated with B".x/, and how to estimate the dimension d of the intrinsic
manifold. In [Singer and Coifman 2008] and most of its citations, the state-space model combined with
the stochastic differential equation (SDE) is considered, and the ellipsoid can be determined simply by
taking the temporal relationship into account under this model. We refer readers with interest to [Singer
and Coifman 2008; Talmon and Coifman 2012] for more details about this state-space model. If the
state-space model and SDE cannot be directly applied, this task is most of time a big challenge and to
the best of our knowledge not too much is known. This challenge is however out of the scope of this
paper. On the other hand, most of time we do not have an access to the dimension of d , and a dimension
estimation is needed. Although theoretically we can count on the spectral gap to estimate d , in practice
it depends on the try-and-error process and little can be guaranteed. Particularly, when the manifold is
highly distorted by the observation, faithfully estimating the dimension is another challenging task. To
the best of our knowledge, although EIG has obtained several successes in different applications [Wu
et al. 2015; Mishne et al. 2015; Yair and Talmon 2017; Shemesh et al. 2017], a systematic exploration of
the approximation under the general manifold setup is lacking. It is also not clear what may happen when
the dimension is not estimated correctly.

Below, we assume that we have the knowledge of the ellipsoid associated with B".x/ for all x,
and hence we can evaluate the local covariance matrix at y D ˆ.x/ associated with E.y/. We show
how C".y/�rˆjxˆj>x holds under the manifold setup, and the influence of an erroneously estimated
dimension. We start with the following definitions.
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Definition 5. For y 2N, define the normalized local covariance matrix at y associated with E.y/�N as

C".y/ WD
C".y/

"2E Œ�E.y/.Y /�
; (10)

where Y WD � ıˆ ıX is the induced random variable.

The normalization step in (10) is introduced to remove the impact of the nonuniform sampling. As we
will see, without this normalization, when the sampling is nonuniform, the p.d.f. will play a role in the
final analysis.

Lemma 6. Let x 2M and B".x/�M be the geodesic ball around x. The local covariance matrix at
y Dˆ.x/ associated with the ellipsoid E.y/Dˆ.B".x//�N satisfies

C".y/D
jSd�1jP .x/"dC2

d.d C 2/
Œ��jyrˆ.x/� Œrˆ.x/

>��j
>
y �CO."dC4/ (11)

and the normalized local covariance matrix at y associated with E.y/ satisfies

C".y/D
1

d C 2
Œ��jyrˆ.x/� Œrˆ.x/

>��j
>
y �CO."2/: (12)

If v1; v2 2 .��TyN /?, then

v>1 C".y/v2D
d"2

4jSd�1j.d C 4/

Z
Sd�1

v>1 IIy.r�ˆ.x/;r�ˆ.x//.IIy.r�ˆ.x/;r�ˆ.x///
>v2 d�CO."4/:

By this lemma, we see that the expansion of C".y/ depends not only on the p.d.f. but also on the
Jacobian of the deformation, and the normalization step cancels this dependence. The proof is postponed
until Appendix, page 531. Based on this lemma and the considered setup in [Singer and Coifman 2008;
Talmon and Coifman 2012], we consider the following quantity.

Definition 7. For y; z 2N, define the EIG distance of order ˛ between y; z, where 1� ˛ � q, as

EIG2
˛.y; z/D .�.y/� �.z//

>

�
T˛ ŒC".y/�C T˛ ŒC".z/�

2

�
.�.y/� �.z//: (13)

Note that this definition is slightly different from that considered in (9). Since the only difference is
the normalization step, the result below can be directly translated for (9). Below we show that the EIG
distance between y Dˆ.x/ 2N and zDˆ.w/ 2N is a good estimator of the geodesic distance between
x 2M and w 2M only when some conditions are satisfied.

Theorem 8. Suppose two d-dimensional smooth closed Riemannian manifolds M and N are diffeo-
morphic via ˆ W M ! N, and suppose N is isometrically embedded in Rq via �. Take x 2 M and
w 2 B".x/ �M, where " > 0, and denote by t the geodesic distance between x and w. Let y D ˆ.x/,
z Dˆ.w/. Take ˛ �min.rank ŒC".y/�; rank ŒC".z/�/. When " is sufficiently small, we have the following:

(1) When ˛ D d , we have

EIGd .y; z/D
p

d C 2t CO.t"2/CO.t3/:
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(2) When 1� ˛ < d , we have

EIG˛.y; z/D
p

d C 2 t CO.t/: (14)

Let V˛.y/ and V˛.z/ be the subspaces of ��TyN and ��TzN generated by the first ˛ eigenvectors of
C".y/ and C".z/ respectively. Suppose zD expy #.y/ for #.y/2TyN and yD expz #.z/ for #.z/2TzN.
If ��jy#.y/ 2 V˛.y/ and ��jz#.z/ 2 V˛.z/, we have

EIG˛.y; z/D
p

d C 2 t CO.t"2/CO.t3/: (15)

(3) When ˛ > d , assume that the smallest nonzero eigenvalues of C".y/ and C".z/ are of order "4 and
there are ly � 0 and lz � 0 such eigenvalues respectively. In general, we have

EIG˛.y; z/D
p

d C 2 t CO.t/: (16)

When ly D 0 or ˛ � q� ly hold, and lz D 0 or ˛ � q� lz hold, for t D "ˇ, where ˇ > 1, we have

EIG˛.y; z/D
p

d C 2 t CO.t.t="C "/2/

D

p
d C 2 t CO.t1Cminf1�1=ˇ;1=ˇg/:

(17)

The proof is postponed until Appendix A. We now have discussion of the theorem. In general,
rank ŒC".y/� and rank ŒC".z/� are different; thus we need the condition ˛ �min.rank ŒC".y/�; rank ŒC".z/�/.
First of all, if we know the dimension of the manifold, then the EIG distance of order d between
y Dˆ.x/ 2N and z Dˆ.w/ 2N is an accurate estimator of the geodesic distance between x 2M and
w 2M, up to a global constant

p
d C 2. This result coincides with the claim in [Singer and Coifman

2008; Talmon and Coifman 2012] when the sampling on N is uniform. However, when the sampling on
N is nonuniform, the result is deviated by the p.d.f. if we replace the normalized local covariance matrix
C".y/ in (13) by the local covariance matrix C".y/. This deviation can be seen by comparing (11) and
(12) in Lemma 6.

Second, if the dimension is unknown and wrongly estimated, the result depends on the situation. When
the dimension is underestimated, in general the estimator is wrong. In a nongeneric situation where
the geodesic direction from y to z and that from z to y are both located on the first ˛ eigenvectors of
the associated local covariant matrices, we may still obtain an accurate estimator. Note that due to the
curvature, there is no guarantee that the first ˛ eigenvectors of C".y/ will contain #.y/; even if they do,
there is no guarantee that the first ˛ eigenvectors of C".z/ will contain #.z/. When the dimension is
overestimated and some assumptions are satisfied, we still can obtain a reasonably good estimate of the
intrinsic geodesic distance when t=" is sufficiently small, but with a slow convergence rate, as is shown
in (17).

Third, it is important to note that this estimate for the geodesic distance is valid only for points that are
“not too far away”. The estimate might be degenerate if two points are far away. For example, if y¤ z 2N

are two points such that the vector �.z/� �.y/ is orthogonal to the column space of T˛ ŒC".y/�CT˛ ŒC".z/�,
then the quantity (9) is zero, and hence the degeneracy. This obviously destroys the topology of the
manifold in which we are interested. A concrete example of this happening is when y and z are conjugate
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points on the sphere N D Sd. In practice, we thus should only evaluate EIG when two points are “close”
in N.

The assumption “the smallest nonzero eigenvalues of C".y/ and C".z/ are of order "4” needs some
discussion. The rule of thumb is that eigenvalues of C".y/ associated with the tangent directions are
of order 1, but the eigenvalues associated with the normal directions are of order "2 or higher. The
assumption that the smallest eigenvalues are of order "4 means that when the principle curvature is zero,
the higher-order curvature is not too small. As is shown in the proof of this theorem, under this assumption,
we can control the error induced by the interaction between �.y/� �.z/ and T˛ ŒC".y/�. However, when
there is an eigenvalue of even higher order, the interaction between �.y/� �.z/ and T˛ ŒC".y/� becomes
more complicated, and a more delicate analysis involving a systematic recursive formula of Taylor
expansion of �.y/� �.z/ and T˛ ŒC".y/� is needed. We will explore this issue in our future work.

To sum up, in practice if we are not confident about the estimated dimension, we may want to choose
a larger ˛. Although we do not discuss it in this paper, we mention that this conservative approach might
not be preferred if noise exists, since the noise will contaminate the eigenvector associated with the small
eigenvalues. A more statistical approach to solve these issues will be studied in our future work.

3.2. A special EIG setupW covariance-corrected geodesic estimator. When ˆ is the identity, EIG is
reduced to the ordinary manifold learning setup; that is, we have samples from the manifold and we
want to estimate its geometric structure. By Lemma 4, when two points on the smooth manifold are
close enough, we can accurately estimate their geodesic distance t by the ambient Euclidean distance
h D k�.y/ � �.x/kRp up to the third order O.t3/, and the third-order term is essentially the second
fundamental form. We call h the Euclidean-distance-based geodesic distance estimator. In general, it
is not an easy task to directly estimate the second fundamental form from the point cloud if M 0 is not
Euclidean space. However, when M 0 is Euclidean, like the setup in Lemma 4, the second fundamental
form information could be well-approximated by the local covariance matrix. We define the following
projection operator associated with the local covariance matrix.

Definition 9. Suppose M is a closed, smooth d-dimensional Riemannian manifold isometrically em-
bedded in Rp through �. Fix x 2M. For Nh > 0, let C Nh.x/ WD C

x;BRp

Nh
.�.x//\�.M /

as defined in (3). Let
�1 � � � � � �p be the eigenvalues of C Nh.x/, and u1; : : : ;up be the corresponding normalized eigenvectors.
Define P?

Nh
to be the orthogonal projection from Rp to the subspace spanned by udC1; : : : ;up.

The name orthogonal projection follows from Lemma 3, where we prove that udC1; : : : ;up deviate
from an orthonormal basis of .��TxM /? within a rotational error of order O. Nh2/. Inspired by Lemmas 3
and 4, we have the following theorem. The proof is postponed until Appendix B.

Theorem 10. Fix x 2 M. Suppose that y 2 M and �.y/ 2 BRp

Nh
.�.x//. We use the polar coordinate

.t; �/2 Œ0;1/�Sd�1 to parametrize TxM so that yDexpx.� t/ for t>0. Define h WDk�.y/��.x/kRp � Nh.
When Nh is small enough, ˇ̌̌̌

t �

�
hC
kP?
Nh
.�.y/� �.x//k2Rp

6h

�ˇ̌̌̌
DO.h2 Nh2/: (18)
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Based on this theorem, we have the following definition.

Definition 11. Following the notation in Theorem 10, the covariance-corrected geodesic distance estima-
tor between points x;y 2M is defined as

hC
kP?
Nh
.�.y/� �.x//k2Rp

6h
: (19)

Clearly, the covariance-corrected geodesic distance estimator accurately estimates the geodesic distance
t up to the fourth order. It is worth mentioning that a better estimation for the geodesic distance cannot
be directly achieved with only the local covariance matrix. Indeed, to estimate d.x;y/ within an error
of O.h5/, by Lemma 4, we need to estimate r� IIx.�; �/

? within an error of order O.h/. Thus, more
information is needed if a more accurate geodesic distance estimate is needed.

4. Locally linear embedding and a variation by truncation

LLE [Roweis and Saul 2000] is a widely applied dimension-reduction technique in the manifold-learning
community. Some of its theoretical properties have been explored in [Wu and Wu 2018]. For example,
under the manifold setup, the barycentric coordinate is intimately related to the local covariance structure
of the manifold. By reformulating the barycentric coordinate in the local covariance structure framework,
the natural kernel associated with LLE is discovered, and it is very different from the kernel in graph
Laplacian-based algorithms like Laplacian eigenmaps [Belkin and Niyogi 2003], diffusion maps [Coifman
and Lafon 2006] or commute time embeddings [Qiu and Hancock 2007]. The regularization step in LLE
is crucial to the whole algorithm, and it might provide different embeddings with different regularizations.
In this section, we connect LLE and EIG via the local covariance structure, and use the geometric structure
to explore a variation of LLE via truncation.

4.1. A summary of the LLE algorithm. We start with recalling the LLE algorithm in the finite sampling
setup. Let X D fxig

n
iD1
� Rp denote a set of point clouds. Fix one point xk 2 X . For h > 0, assume

Nxk
WD X \ .BRp

h
.xk/ n fxkg/ D fxk;1; : : : ;xk;Nk

g, where h > 0. Here we use the h-radius ball to
determine neighbors to be consistent with the following discussion. In practice we can use the k-nearest
neighbors, where k 2 N is determined by the user. The relationship between the h-radius ball and
k-nearest neighbors is discussed in [Wu and Wu 2018, Section 5]. Define the local data matrix associated
with xk as

Gn;h.xk/ WD

24 j j

xk;1�xk � � � xk;Nk
�xk

j j

35 2 Rp�Nk :

With the local data matrix, the LLE algorithm is composed of three steps. First, for each xk 2 X , find its
barycentric coordinate associated with Nxk

by solving

wxk
D argmin
w2RNk;w>1Nk

D1





xk �

NkX
jD1

w.j /xk;j





2

2 RNk : (20)
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Solving (20) is equivalent to minimizing w>Gn;h.xk/
>Gn;h.xk/w over w 2 RNk under the constraint

w>1Nk
D 1. Since in general Gn;h.xk/

>Gn;h.xk/ is singular, it is recommended in [Roweis and Saul
2000] to solve .Gn;h.xk/

>Gn;h.xk/C cINk�Nk
/y D 1Nk

, where c > 0 is the regularizer chosen by the
user, and hence obtain

wxk
D

.Gn;h.xk/
>Gn;h.xk/C cINk�Nk

/�11Nk

..Gn;h.xk/
>Gn;h.xk/C cINk�Nk

/�11Nk
/>1N

: (21)

By viewing wxk
as the “affinity” of xk and its neighbors, the second step is defining an LLE matrix

W 2 Rn�n by

Wk;l D

�
wxk

.j / if xl D xk;j 2Nxk
;

0 otherwise:
(22)

Finally, to reduce the dimension of X or to visualize X , it is suggested in [Roweis and Saul 2000] to
embed X into a low-dimensional Euclidean space

xk 7! Œv1.k/; : : : ; v`.k/�
>
2 R` (23)

for each xk 2X , where ` is the dimension of the embedded points chosen by the user, and v1; : : : ; v` 2Rn

are eigenvectors of .I �W />.I �W / corresponding to the ` smallest eigenvalues. Note that in general
W is not symmetric, and this is why the spectrum of .I �W />.I �W / is suggested but not that of
I �W .

It is shown in [Wu and Wu 2018, Section 2] that by taking the relationship between the sample
covariance matrix Cn;h.xk/ WD Gn;h.xk/Gn;h.xk/

> and the Gramian matrix Gn;h.xk/
>Gn;h.xk/ into

account, we can rewrite (21) as

w>xk
D

1>Nk
� 1>Nk

Gn;h.xk/
>Ic.Cn;h.xk//Gn;h.xk/

Nk � 1>Nk
Gn;h.xk/

>Ic.Cn;h.xk//Gn;h.xk/1Nk

; (24)

and view 1>Nk
�1>Nk

Gn;h.xk/
>Ic.Cn;h.xk//Gn;h.xk/ as the “kernel” associated with the LLE algorithm.

It is clear that in general this kernel has negative values, and the LLE matrix is not a transition matrix. By
defining

Tn;xk
WD Ic.Cn;h.xk//Gn;h.xk/1Nk

; (25)

we obtain the result claimed in [Wu and Wu 2018, Proposition 2.1].

4.2. LLE and Mahalanobis distance in the continuous setup. The above is for the general dataset.
When the dataset X D f�.xi/g

n
iD1
� �.M /� Rp is sampled from a manifold M, with (24) and (25), the

asymptotical behavior of LLE under the manifold setup is explored in [Wu and Wu 2018]. As is shown
in [loc. cit., (3.12)], in the continuous setup, the unnormalized kernel associated with LLE at x 2M is

KLLE
h .x;y/D Œ1�T >�.x/.�.y/� �.x//��BRp

h
.�.x//\�.M /

.�.y//; (26)

where y 2M and
T�.x/ WD Ic.Ch.x//ŒE.X � �.x//�BRp

h
.x/
.X /� 2 Rp; (27)
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and hence the normalized kernel is defined by

P LLE
h .x;y/ WD

KLLE
h

.x;y/R
M KLLE

h
.x;y/P .y/ dV .y/

: (28)

Clearly, (24) and (25) are discretizations of P LLE
h

.x;y/ and T�.x/, and their convergence behavior can be
found in [Wu and Wu 2018, (3.7) and Theorem 3.1].

There are two geometric facts we should mention. First, rewriting (21) as (24) is equivalent to
representing (21) in the frame-bundle setup, and hence an explicit form of the kernel underlying LLE.
Second, the unnormalized kernel at x involves projecting �.y/� �.x/ onto the vector space spanned by
u1; : : : ;ur , and scaling the resulting vector componentwise by .�1C c/�1=2; : : : ; .�r C c/�1=2. When
r >d , the involvement of the regularizer c and the eigenvalues �dC1; : : : ; �r are associated with the normal
bundle. An important intuition is that when c! 0, if we put aside the expectation in T >

�.x/
.�.y/� �.x//

and replace E.X � �.x// by .�.y/ � �.x//, we obtain the term .�.y/ � �.x//>Tr .Ch.x//.�.y/ � �.x//,
which can be understood as a variation of the Mahalanobis distance. Therefore, we can interpret LLE as
mixing together the neighbor information (the 0-1 kernel in (26), that is, �

BRp

h
.�.x//\�.M /

.�.y//) and the
Mahalanobis distance of neighboring points (that is, T >

�.x/
.�.y/� �.x//�

BRp

h
.�.x//\�.M /

.�.y// in (26)) to
design the kernel.

Lemma 3 guarantees that the first d eigenvalues of Ch.x/ are sufficiently large. However, the remaining
r � d nontrivial eigenvalues are small. Moreover, the remaining r � d nontrivial eigenvalues are related
to the curvature of the manifold. The importance of choosing the regularization constant c has been
extensively discussed in [Wu and Wu 2018, Theorem 3.2], and it is known that c is to adjust the curvature
information in these scaling factors .�dC1C c/�1=2; : : : ; .�r C c/�1=2 for different purposes. To be more
precise, the regularization c plays a role of “radio tuner”. The larger the c is, the more enhanced the
p.d.f. information will be; the smaller the c is, the more dominated the curvature information will be [Wu
and Wu 2018, Theorem 3.2]. It is shown that if we want to obtain the Laplace–Beltrami operator of the
Riemannian manifold, c should be chosen properly so as to suppress the curvature information contained
in the .dC1/-th to the r -th eigenvalues.

4.3. A variation of LLE and EIG. Under the manifold setup, the above discussion suggests that the
curvature information associated with the d C 1; : : : ; r eigenvalues and eigenvectors is not needed if
we want to obtain the Laplace–Beltrami operator. Therefore, an alternative to choosing a regularization
parameter is a direct truncation by taking only the largest d eigenvalues into account; that is, replace
Ic ŒCh.x/� in (26) by Td ŒCh.x/�, and define the normalized truncated LLE kernel at x 2M by

P tLLE
h .x;y/ WD

KtLLE
h

.x;y/R
M KtLLE

h
.x;y/P .y/ dV .y/

; (29)

where
KtLLE

h .x;y/ WD Œ1� zT >�.x/.�.y/� �.x//��BRp

h
.�.x//\�.M /

.�.y//; (30)

y 2M and
zT�.x/ WD Td .Ch.x//ŒE.X � �.x//�BRp

h
.x/
.X /� 2 Rp: (31)
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Numerically when we have only finite data points, we run the same LLE algorithm, but replace w>xk
and

Tn;xk
by the terms

Qw>xk
WD

1>Nk
� zT >n;xk

Gn;h.xk/

Nk �
zT >n;xk

Gn;h.xk/1Nk

; (32)

and
zTn;xk

WD Td .Gn;h.xk/Gn;h.xk/
>/Gn;h.xk/1Nk

I (33)

that is, instead of running a regularized pseudoinversion, we run a truncated inversion. LLE with low-
dimensional neighborhood representation (LDR-LLE) proposed in [Goldberg and Ritov 2008] is an
algorithm related to this truncated idea. While the geometric structure of the local covariance matrix is
not specifically discussed in LDR-LLE, it can be systematically studied in our framework. For simplicity,
we also call the above truncation scheme LDR-LLE.

Geometrically, .�.y/� �.x//>Td ŒCh.x/�.�.y/� �.x// evaluates geodesic distances between points in
the h-neighborhood of x using a method directly related to EIG in (9) when ˆ is the identity. With
the normalized truncated LLE kernel, we can proceed with the standard LLE dimension-reduction step.
Therefore, LDR-LLE takes the neighbor information, 1��

BRp

h
.�.x//\�.M /

.�.y//), and the EIG distance
of neighboring points into account to design the kernel.

Under the same condition specified in [Wu and Wu 2018, Theorem 3.2], LDR-LLE has the same
asymptotical behavior as that in [loc. cit., Theorem 3.3] with the properly chosen regularization; that is:

Theorem 12. Assume the setup in Section 1.1. Take f 2 C 4.M /. If hD h.n/ so thatp
log.n/

n1=2hd=2C1
! 0

and h! 0 when n!1, with probability greater than 1� n�2, for all xk 2 X we have
NkX

jD1

Qwn;xk
.j /f .xk;j /D

Z
M

P tLLE
h .xk ;y/f .y/P .y/ dV .y/CO

� p
log.n/

n1=2"d=2�1

�
and Z

M

P tLLE
h .x;y/f .y/P .y/ dV .y/D f .y/C

h2

2.d C 2/
�f .x/CO.h3/:

As a result, with probability greater than 1� n�2, for all xk 2 X we have

1

h2

� NkX
jD1

Qwn;xk
.i/f .xk;j /�f .xk/

�
D

1

2.d C 2/
�f .x/CO.h/CO

� p
log.n/

n1=2"d=2C1

�
:

In other words, by LDR-LLE, we recover the Laplace–Beltrami operator of the manifold even if the
second fundamental form is nontrivial and the sampling is nonuniform. While the proof is a direct
modification of the proof of [Wu and Wu 2018, Theorem 3.2], we provide the proof in Appendix C for
the sake of self-containedness. We mention that the finite sample convergence has the same statement
and follows exactly the same line as that of [loc. cit., Theorem 3.1], so we skip it.
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Based on the theoretical development, we identify two benefits of LDR-LLE. First, the normal bundle
information is automatically removed by the truncation, and we obtain the intrinsic geometric quantity �.
Second, the nonuniform sampling effect is automatically removed, and no kernel density estimation is
needed. This comes from the fact that the EIG part of the kernel zT�.x/ (or the Mahalanobis distance part
of the kernel T�.x/) automatically provides the density information (see Lemma 18). Compared with
diffusion maps (DM), since we do not need normalization as is proposed in [Coifman and Lafon 2006]
to eliminate the nonuniform sampling effect, the convergence rate is faster, as is stated in [Wu and Wu
2018, Theorem 3.3].

However, we emphasize that although this approach leads to aesthetic asymptotical properties under
the manifold assumption, it may not work well when we do not have a manifold structure. For a general
graph or point cloud, we found it more reliable to apply the original LLE, and a model or analysis
explaining why is needed. Last but not least, note that this action requires that we know the dimension
of the manifold, so even if we know the point cloud is sampled from a manifold, we need to estimate
its dimension before applying LDR-LLE. This requirement might render LDR-LLE less applicable in
nonmanifold data.

5. Numerical results

We demonstrate some numerical results associated with the algorithms studied in this paper. Uniformly
sample nD 8000 points from the logarithmic spiral L� R2, a 1-dimensional manifold parametrized as
x.s/ D

�
sp
2
C 1

�
cos log

�
sp
2
C 1

�
and y.s/ D

�
sp
2
C 1

�
sin log

�
sp
2
C 1

�
, and choose " D 0:2. We fix

xk 2L and plot the absolute error between the true geodesic distance and the Euclidean and covariance-
corrected distances. The result is shown in Figure 2. Note that the two “branches” correspond to
differences in curvature on either side of xk . In some manifold-learning algorithms, knowing the local
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Figure 2. Comparison of the Euclidean-distance-based geodesic distance estimator
(black) and the covariance-corrected geodesic distance estimator (red) in the logarithmic
spiral L. Left: local distance for "D 0:2. Right: global geodesic distance estimation by
applying Dijkstra’s algorithm with different local geodesic distance estimators.
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Figure 3. The eigenvalues of the Laplace–Beltrami operator on S1 are well-recovered
by LDR-LLE in the presence of a nonuniform sampling, compared with the ˛-
normalized DM.

geodesic distance is not enough, and we need to know the global geodesic distance between any two
points. ISOMAP [Tenenbaum et al. 2000] is a typical example. Usually, we estimate the global geodesic
distance by applying Dijkstra’s algorithm to find the shortest-path distance between all pairs, where the
geodesic distance between neighboring points is estimated by the Euclidean distance. By combining the
covariance-corrected geodesic distance estimator and Dijkstra’s algorithm, we achieve a more accurate
global geodesic distance, as is shown in Figure 2.

We show in Figure 3 that on S1 � R2 with a nonuniform sampling, the eigenvalues of the Laplace–
Beltrami operator can be accurately recovered using LDR-LLE. When compared with the eigenvalues
obtained from the 1-normalized DM, we see that LDR-LLE performs better, which comes from the
faster convergence rate of LDR-LLE. We use nD 8000 points and we choose hD 0:03. The nonuniform
sampling is obtained as follows. Sample n points f�ig

n
iD1

uniformly from Œ0; 1� and set

xi D
�
cos.2�.�i C 0:3 sin.�i///; sin.2�.�i C 0:3 sin.�i///

�
2 S1;

where i D 1; : : : ; n.

6. Conclusion

In this paper, we extend the knowledge of local covariance matrix, particularly the higher-order expansion
of the local covariance matrix, to study two commonly applied manifold-learning algorithms, EIG and
LLE. We provide a theoretical analysis of EIG under different situations under the manifold setup, and
emphasize the importance of correctly estimating the dimension and its sensitivity to chosen parameters.
The curvature effect is specifically carefully discussed. Under the trivial EIG setup when there is no
deformation, that is, ˆ is the identity, we show that the local covariance matrix structure allows us to
obtain a more accurate geodesic distance for neighboring points. The geometric relationship between the
local covariance matrix and LLE leads to a natural generalization of LLE by taking EIG into account. We
provide a theoretical justification of LDR-LLE and compare its pros and cons with the original LLE.
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Appendix A: Proof of Theorem 8

Suppose that M and N are d -dimensional closed Riemannian manifolds and ˆ WM !N is a diffeomor-
phism. Moreover, suppose that N is isometrically embedded in Rq via �. In this section, all the derivatives
of ˆ are calculated in normal coordinates. Hence for x 2M,

r
kˆ.x/ W TxM � � � � �TxM„ ƒ‚ …

k

! Tˆ.x/N

is a multilinear map. We set rkˆ.x/.�; : : : ; �/Drk
� ����

ˆ.x/ for � 2 Sd�1 � TxM. For any y 2Rq, we
identify TyRq with Rq. The proof of the theorem is composed of three lemmas, including Lemma 6.

Lemma 13. Fix x 2M and use polar coordinates .t; �/ 2 Œ0;1/ � Sd�1 to parametrize TxM. For
w D expx.� t/ for sufficiently small t , let y Dˆ.x/ and z Dˆ.w/; then we have

�.z/� �.y/D ��jy# t C 1
2
ŒIIy.#; #/C ��jyr2

��ˆ.x/�t
2

C
1
6
Œr# IIy.#; #/C 3IIy.r2

��ˆ.x/; #/C ��jyr
3
���ˆ.x/�t

3
CO.t4/; (34)

where # WDr�ˆ.x/2TyN, IIy is the second fundamental form of �.N / at �.y/, and rIIy is the covariant
derivative of the second fundamental form. Moreover, we have

2t2
D .�.z/� �.y//>��jy Œrˆ.x/rˆ.x/

>��1��j
>
y .�.z/� �.y//

C .�.y/� �.z//>��jz Œrˆ.w/rˆ.w/
>��1��j

>
z .�.y/� �.z//CO.t4/: (35)

The lemma above can be regarded as a generalization of Lemma 4. Indeed, when N DM and ˆ is
the identity, rˆ is the identity and we recover Lemma 4.

Proof. Equation (34) follows from a direct Taylor expansion. Since t is small enough, let 
 W Œ0; t � 7!M

to be the unique unit speed geodesic from x to w; that is, 
 .0/D x and 
 .t/D w. By (34), we have

�.z/� �.y/D ��jy# t C 1
2
ŒIIy.#; #/C ��jyr2


 0.0/
 0.0/ˆ.x/�t
2
CO.t3/;

where # WD r�ˆ.x/Drˆjx.�/. Since the calculation is made in normal coordinates, we have ��jy D
OyJp;d , where Oy 2O.q/ and Jq;d 2Rq�d with 1 on the diagonal entries and 0 on the others. Therefore,
we have ��j>y ��jy D Id�d . Moreover, ��j>y IIy.�; �/ D 0 for any � 2 Sd�1. Hence, if we multiply by
Œrˆ.x/��1��j

>
y on both sides of above equation, we have

Œrˆ.x/��1��j
>
y .�.z/� �.y//D 


0.0/t C 1
2
Œrˆ.x/��1

r
2

 0.0/
 0.0/ˆ.x/t

2
CO.t3/:

Consequently,

.�.z/� �.y//>��jy Œrˆ.x/rˆ.x/
>��1��j

>
y .�.z/� �.y//

D .�.z/� �.y//>��jy Œrˆ.x/
�1�>rˆ.x/�1��j

>
y .�.z/� �.y//

D 
 0.0/>
 0.0/t2
C 
 0.0/>Œrˆ.x/��1

r
2

 0.0/
 0.0/ˆ.x/t

3
CO.t4/

D t2
C 
 0.0/>Œrˆ.x/��1

r
2

 0.0/
 0.0/ˆ.x/t

3
CO.t4/: (36)

Note that the last step follows from 
 0.0/>
 0.0/D 1.
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Let c W Œ0; t � 7!M be the unique geodesic from w to x so that c.0/D w and c.t/D x. Similarly, we
obtain

.�.y/� �.z//>��jz Œrˆ.w/rˆ.w/
>��1��j

>
z .�.y/� �.z//

D t2
C c0.0/>Œrˆ.w/��1

r
2
c0.0/c0.0/ˆ.w/t

3
CO.t4/

D t2
� 
 0.t/>Œrˆ.
 .t//��1

r
2

 0.t/
 0.t/ˆ.
 .t//t

3
CO.t4/

D t2
� 
 0.0/>Œrˆ.x/��1

r
2

 0.0/
 0.0/ˆ.x/t

3
CO.t4/; (37)

where the second-to-last equality comes from wD 
 .t/, c0.0/D�
 0.t/ and the last equality comes from
the Taylor expansion of 
 0.t/>Œrˆ.
 .t//��1r2


 0.t/
 0.t/
ˆ.
 .t// at t D 0. The conclusion follows from

adding (36) and (37) together. �

Proof of Lemma 6. Fix x 2M and use polar coordinates .t; �/ 2 Œ0;1/�Sd�1 to parametrize TxM.
Set y0 D ˆ.x0/ and x0 D expx.� t/. Let X be the random variable defined on the probability space
.�;F ;P/ with the range M, where P is the probability measure defined on the sigma algebra F in the
event space �. Define P DX�P to be the induced measure defined on the Borel sigma algebra on M.
By the Radon–Nikodym theorem, P.x0/D P .x0/ dVM .x0/, where P is the probability density function
of X associated with the Riemannian volume measure, dVM , defined on M. Furthermore, define Q to be
the induced measure by ˆ defined on the Borel sigma algebra on N ; that is, QDˆ�P D .ˆıX /�P. By
Radon–Nikodym chain rule,

Q.y0/D
dQ.y0/

dVN .y0/
D

dP.ˆ�1.y0//

dVM .ˆ�1.y0//

dVM .ˆ�1.y0//

dVN .y0/
D

P .ˆ�1.y0//

jrˆ.ˆ�1.y0//j
(38)

is the probability density function of the random variable Y WDˆ ıX associated with the Riemannian
volume measure defined on N. The regularity of Q is thus the same as that of P.

By definition we have

C".y/D
Z

E.y/

.�.y0/� �.y//.�.y0/� �.y//>Q.y0/ dVN .y
0/ 2 Rq�q: (39)

By a direct Taylor expansion we have

C".y/D
Z

B".x/

.�ıˆ.x0/��ıˆ.x//.�ıˆ.x0/��ıˆ.x//>
P .x0/

jrˆ.x0/j
jrˆ.x0/jdVM .x0/

D

Z
Sd�1

Z "

0

.��jyrˆ.x/� tCO.t2//.��jyrˆ.x/� tCO.t2//>.P .x/CO.t//.td�1
CO.tdC1//dt d�

DP .x/

Z
Sd�1

Z "

0

.��jyrˆ.x/�/.��jyrˆ.x/�/
>tdC1

CO.tdC2/dt d�

D
P .x/"dC2

dC2
Œ��jyrˆ.x/�

�Z
Sd�1

��>d�

�
Œ��jyrˆ.x/�

>
CO."dC4/:

Note that all terms of order tdC2 above contain a factor ��>� . Due to the symmetry of the sphere,R
Sd�1 ��

>� d� D 0. Hence, the error in the last step above is of order O."dC4/ rather than O."dC3/.
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Moreover, we have
R

Sd�1 ��
> d� D .jSd�1j=d/Id�d ; therefore

C".y/D
jSd�1jP .x/"dC2

d.d C 2/
Œ��jyrˆ.x/� Œrˆ.x/

>��jy
>�CO."dC4/: (40)

By a similar calculation, we have

E Œ�E".y/.Y /�D

Z
E.y/

Q.y0/ dVN .y
0/D

Z
B".x/

P .x0/ dVM .x0/

D

Z
Sd�1

Z "

0

.P .x/CO.t//.td�1
CO.tdC1// dt d�

D
jSd�1jP .x/"d

d
CO."dC2/: (41)

Note that all the terms of order td above contain a factor � . Due to the symmetry of the sphere,R
Sd�1 � d� D 0. Hence, the error in the last step above is of order O."dC2/ rather than O."dC1/. The

first result follows from taking the quotient of the above two equations.
By Lemma 13, we have

� ıˆ.x0/� � ıˆ.x/D ��jyr�ˆ.x/t C
1
2
ŒIIy.r�ˆ.x/;r�ˆ.x//C ��jyr

2
��ˆ.x/�t

2
CO.t3/:

If v1; v2 2 .��TyN /?, since ��jyr�ˆ.x/ and ��jyr2
��
ˆ.x/ are in ��TyN, then

v>1 .� ıˆ.x
0/� � ıˆ.x//D 1

2
v>1 IIy.r�ˆ.x/;r�ˆ.x//t

2
CO.t3/; (42)

v>2 .� ıˆ.x
0/� � ıˆ.x//D 1

2
v>2 IIy.r�ˆ.x/;r�ˆ.x//t

2
CO.t3/; (43)

and we have

v>1 C".y/v2

D

Z
B".x/

v>1 .� ıˆ.x
0/� � ıˆ.x//.� ıˆ.x0/� � ıˆ.x//>v2P .x0/ dVM .x0/

D

Z
Sd�1

Z "

0

1
4
.v>1 IIy.r�ˆ.x/;r�ˆ.x//t

2
CO.t3//.v>2 IIy.r�ˆ.x/;r�ˆ.x//t

2
CO.t3//>

� .P .x/CO.t//.td�1
CO.tdC1// dt d�

D
P .x/

4

Z
Sd�1

Z "

0

v>1 IIy.r�ˆ.x/;r�ˆ.x//.IIy.r�ˆ.x/;r�ˆ.x///
>v2tdC3

CO.tdC4/ dt d�

D
P .x/"dC4

4.d C 4/

Z
Sd�1

v>1 IIy.r�ˆ.x/;r�ˆ.x//.IIy.r�ˆ.x/;r�ˆ.x///
>v2 d� CO."dC6/:

Due to the symmetry of the sphere, the error in the last step above is of order O."dC6/ rather than
O."dC5/. The result follows from taking the quotient. �

To further control the influence of the truncated pseudoinverse, we need the following lemma to explore
the higher-order eigenvalue structure of the local covariance matrix.
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Lemma 14. Up to a rotation of Rq, we have

C".y/D

"
1

dC2
rˆ.x/rˆ.x/>CO."2/ O."2/

O."2/ d
4.dC4/

M "2CO."4/

#
; (44)

where M is a .q� d/� .q� d/ diagonal matrix satisfying

Mi;i D
1

jSd�1j

Z
Sd�1

e>q�dCiIIy.r�ˆ.x/;r�ˆ.x//.IIy.r�ˆ.x/;r�ˆ.x///
>eq�dCi d�: (45)

Moreover, if Mi;i D 0, then e>
q�dCi

IIy.r�ˆ.x/;r�ˆ.x//D 0.

Proof. First, we can rotate �.N / so that ��TyN is generated by fe1; e2; : : : ; edg. In other words,

��jy D

�
O1

0

�
2 Rq�d ;

where O1 2Od . Then, by the previous lemma we have

C".y/D

"
1

dC2
O1rˆ.x/rˆ.x/

>O>
1
CO."2/ O."2/

O."2/ M "2CO."4/

#
; (46)

where M is a .q� d/� .q� d/ symmetric matrix. If O2 diagonalizes M, let

OD
�
O1 0

0 O2

�
;

and we have

O>C".y/OD

"
1

dC2
rˆ.x/rˆ.x/>CO."2/ O."2/

O."2/ d
4.dC4/

M "2CO."4/

#
;

where M is a .q� d/� .q� d/ diagonal matrix. And by the previous lemma

Mi;i D
1

jSd�1j

Z
Sd�1

e>q�dCiIIy.r�ˆ.x/;r�ˆ.x//.IIy.r�ˆ.x/;r�ˆ.x///
>eq�dCi d�:

Note that if � D
Pd

jD1�j@j 2 Sd�1 � TyN, then e>
q�dCi

IIy.r�ˆ.x/;r�ˆ.x// D pi.�1; �2; : : : ; �d /,
where pi is a quadratic form. If Mi;i D 0, then

R
Sd�1 p2

i d� D 0. Hence pi D 0, and the conclusion
follows. �

We are now ready to finish the proof of Theorem 8.

Proof of Theorem 8. Note that .�.z/� �.y//>T˛ ŒC".y/�.�.z/� �.y// is invariant under any rotation of Rq.
Therefore, by Lemma 14 we can assume that

C".y/D

"
1

dC2
rˆ.x/rˆ.x/>CO."2/ O."2/

O."2/ d
4.dC4/

M "2CO."4/

#
; (47)
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where M is a .q� d/� .q� d/ diagonal matrix shown in (45). Suppose that M has l � 0 zero diagonal
entries. By assumption, we have q� d � l eigenvalues of order "2 that are related to principle curvatures,
and l eigenvalues of order "4. Write the eigendecomposition of C".y/ as

C".y/D U".x/ƒ".x/U".x/
>; (48)

where U".x/2O.q/ andƒ".x/ is a q�q diagonal matrix. By the perturbation argument (see Appendix A
of [Wu and Wu 2018] for details), ƒ".x/ and U".x/ satisfy

ƒ".x/D

264
1

dC2
ƒ1.x/CO."2/ 0 0

0 d
4.dC4/

ƒ2.x/"
2CO."4/ 0

0 0 O."4/

375 ; (49)

whereƒ1.x/ is the eigenvalue matrix of rˆ.x/rˆ.x/>, which is of order 1, andƒ2.x/ is a .q�d�l/�

.q� d � l/ diagonal matrix which consists of nonzero diagonal entries of M, which is also of order 1,
and

U".x/D

24U1.x/ 0 0

0 U2.x/ 0

0 0 U3.x/

35 .Ip�pC "
2S.x//CO."4/; (50)

where U1.x/ 2 O.d/ is the orthonormal eigenvector matrix of ˆ.x/rˆ.x/>, U2.x/ 2 O.q � d � l/,
U3.x/ 2O.l/ and S.x/ is antisymmetric.1 We now finish the proof.

Case 1: ˛ D d . In this case,

Td ŒC ".y/�D .d C 2/

�
U1.x/CO."2/

O."2/

�
Œƒ�1

1;".x/CO."2/�
�
U1.x/

>CO."2/ O."2/
�

D .d C 2/

�
Œrˆ.x/rˆ.x/>��1 0

0 0

�
CO."2/

D .d C 2/��jy Œrˆ.x/rˆ.x/
>��1��j

>
y CO."2/:

Therefore,

.�.z/� �.y//>Td ŒC".y/�.�.z/� �.y//
D .d C 2/.�.z/� �.y//>��jy Œrˆ.x/rˆ.x/

>��1��j
>
y .�.z/� �.y//CO."2

k�.y/� �.z/k2Rq /

D .d C 2/.�.z/� �.y//>��jy Œrˆ.x/rˆ.x/
>��1��j

>
y .�.z/� �.y//CO."2t2/; (51)

where the last step follows from O.k�.y/� �.z/k2Rq /DO.t2/ by Lemma 13. Similarly,

.�.y/� �.z//>Td ŒC".z/�.�.y/� �.z//

D .d C 2/.�.y/� �.z//>��jz Œrˆ.w/rˆ.w/
>��1��j

>
z .�.y/� �.z//CO."2t2/: (52)

1We mention that if the eigenvalues of ˆ.x/rˆ.x/> repeat, U1.x/ may not be uniquely determined, or if the nonzero
diagonal terms of ƒ2.x/ repeat, U2.x/ may not be the identity matrix. In this case, if one wants to fully determine U1.x/,
U2.x/ and U3.x/, he/she needs to further explore the higher-order expansion of C".y/. Since it is irrelevant to this proof, we
refer readers with interest to Appendix A of [Wu and Wu 2018].
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By Lemma 13, we have

EIG2
d .y; z/D .�.z/� �.y//

>

�
Td ŒC".y/�C Td ŒC".z/�

2

�
.�.z/� �.y//

D .d C 2/t2
CO.t2"2/CO.t4/: (53)

Preparation for ˛ ¤ d . To show the case when ˛ 6D d , we need some preparations. Let �1��2� � � � ��q

denote the eigenvalues of C".y/, and let fuig be the corresponding normalized eigenvectors. Note that
ui is the i -th column of ŒU1.x/

> 0 0�>CO."2/ when 1� i � d in (50). Based on (50), for 1� i � d ,
the first d entries of ui are of order 1 and the other entries are of order "2. Note that the first d entries
of ui are associated with the tangent space and the others are associated with the normal space. For
d C 1 � i � q � l , the tangent components of ui (the first d entries) are of order "2 and the normal
components of ui (the remaining p� d entries) are of order 1. On the other hand, based on Lemma 13,
the tangent component of �.z/� �.y/ is of order t and the normal component of �.z/� �.y/ is of order t2.
Following the notation in Lemma 13 and putting the above together, for 1� i � p� l , we have

.�.z/� �.y//>ui DO.t/ for 1� i � d ; (54)

.�.z/� �.y//>ui DO.t2
C t"2/ for d C 1� i � q� l : (55)

For q � l C 1 � i � q, we have ui D Nui CO."2/, where Nui is .i � q � l/’s column of Œ0 0 U3.x/
>�>

shown in (50). By Lemma 13, Nu>i .�.z/� �.y// becomes

Nu>i ��jyr�ˆ.x/t C
1
2
Œ Nu>i IIy.r�ˆ.x/;r�ˆ.x//C Nu

>
i ��jyr

2
��ˆ.x/�t

2
CO.t3/:

Note that Nu>i ��jyr�ˆ.x/D 0 and Nu>i ��jyr
2
��
ˆ.x/D 0, since Nui is in the normal direction. By Lemma 14,

we have Nu>i IIy.r�ˆ.x/;r�ˆ.x//D0. Therefore Nu>i .�.z/��.y//DO.t3/. Since ui� Nui is of order O."2/

and �.z/� �.y/ is of order O.t/, we have .ui � Nui/
>.�.z/� �.y//DO.t"2/. Putting the above together

gives

.�.z/� �.y//>ui DO.t3
C t"2/ for q� l C 1� i � q: (56)

With (54), (55) and (56), we can finish the proof for ˛ ¤ d .

Case 2: 1� ˛ < d . In this case, we have

.�.z/� �.y//>.T˛ ŒC".y/�� Td ŒC".y/�/.�.z/� �.y//D .�.z/� �.y//>
� dX

jD˛C1

uj u>j

�j

�
.�.z/� �.y//: (57)

Recall that �j is of order 1 for 1� j � d and also (54). As a result,

.�.z/� �.y//>T˛ ŒC".y/�.�.z/� �.y//D .�.z/� �.y//>Td ŒC".y/�.�.z/� �.y//CO.t2/:

Similarly,

.�.z/� �.y//>T˛ ŒC".z/�.�.z/� �.y//D .�.z/� �.y//>Td ŒC".z/�.�.z/� �.y//CO.t2/:
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We then achieve the claim
EIG2

˛.y; z/D .d C 2/t2
CO.t2/: (58)

We now show a special case when 1� ˛ < d . Let the geodesic distance between y and z be d.y; z/;
then by Lemma 13, we have d.y; z/D k�.y/� �.z/kRq CO.k�.y/� �.z/k3Rq /DO.t/. In a special case
when ��jy#.y/ 2 V˛.y/, where V˛.y/ is the subspace of ��TyN generated by the first ˛ eigenvectors of
C".y/, we have

.�.z/� �.y//>.T˛ ŒC".y/�� Td ŒC".y/�/.�.z/� �.y//

D .�.z/� �.y//>
� dX

jD˛C1

uj u>j

�j

�
.�.z/� �.y//DO.d.y; z/4/DO.t4/: (59)

If furthermore ��jz#.z/ 2 V˛.z/, where V˛.z/ is the subspace of ��TzN generated by the first ˛ eigen-
vectors of C".z/, we have

.�.z/� �.y//>.T˛ ŒC".z/�� Td ŒC".z/�/.�.z/� �.y//DO.t4/ (60)

and hence
EIG2

˛.y; z/D .d C 2/t2
CO.t2"2/CO.t4/: (61)

Case 3: ˛ > d . In this case, we have 0� ly � q� d . By a similar calculation, we have

.�.z/� �.y//>.T˛ ŒC".y/�� Td ŒC".y/�/.�.z/� �.y//

D .�.z/� �.y//>
� q�lyX

jDdC1

uj u>j

�j
C

X̨
jDq�lyC1

uj u>j

�j

�
.�.z/� �.y//: (62)

Since �j is of order "2 for d C 1� j � q� ly , by (55)

.�.z/� �.y//>
q�lyX

jDdC1

uj u>j

�j
.�.z/� �.y//DO..t2="C t"/2/: (63)

When q� ly C 1� j � ˛, the eigenvalue �j is of order "4 by assumption. By (56)

.�.z/� �.y//>
X̨

jDq�lyC1

uj u>j

�j
.�.z/� �.y//DO..t3="2

C t/2/:

Hence, when ˛ � q� ly C 1,

.�.z/� �.y//>.T˛ ŒC".y/�� Td ŒC".y/�/.�.z/� �.y//DO..t2="C t"/2C .t3="2
C t/2/I

otherwise we have

.�.z/� �.y//>.T˛ ŒC".y/�� Td ŒC".y/�/.�.z/� �.y//DO..t2="C t"/2/:

By the same argument, when ˛ � q� lzC 1, we have

.�.z/� �.y//>.T˛ ŒC".z/�� Td ŒC".z/�/.�.z/� �.y//DO..t2="C t"/2C .t3="2
C t/2/I
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otherwise we have

.�.z/� �.y//>.T˛ ŒC".z/�� Td ŒC".z/�/.�.z/� �.y//DO..t2="C t"/2/:

Summing above two equations together leads to the fact that when ly > 0 and ˛ � q � ly C 1 hold, or
lz > 0 and ˛ � q� lzC 1 hold, we have

EIG2
˛.y; z/D .d C 2/t2

CO..t2="C t"/2C .t3="2
C t/2/I (64)

otherwise we have
EIG2

˛.y; z/D .d C 2/t2
CO..t2="C t"/2/:

Set t D "ˇ, where ˇ � 1. By a straightforward calculation, when ly D 0 or ˛ � q � ly holds, and
lz D 0 or ˛ � q� lz holds, t2 dominates O..t2="C t"/2/ asymptotically when ˇ > 1; otherwise t2 and
O..t2="C t"/2C .t3="2C t/2/ are asymptotically of the same order. We thus conclude the claim. �

Remark 15. We would like to make a comment when ly > 0 and ˛ > q � ly hold, or lz > 0 and
˛ > q� lz hold. To simplify the discussion, assume ly D lz D l > 0 and ˛ > q� l . For u 2 Rq, we write
uD Œu>

1
; u>

2
; u>

3
�>, where u1 2 Rd . u2 2 Rq�d�l and u3 2 Rl . As we stated in the proof of (55), uj D

ŒO."2/; O.1/; O."2/�> for j D dC1; : : : ; q� l . On the other hand, �.z/� �.y/D ŒO.t/;O.t2/;O.t3/�>.
Here, based on the structure of C".y/, the first d components of �.z/� �.y/ are in the tangent direction of
�.N / at �.y/, and they are of order O.t/. The next q�d � l components are in the direction of the second
fundamental form of � at �.y/, and they are of order O.t2/. The last l components are in the normal
direction and perpendicular to the second fundamental form of � at �.y/, and they are of order O.t3/.
When we calculate the product .�.z/� �.y//>uj , the products of components in the tangent directions
and the products of components in the normal directions cannot be canceled in general. The argument
holds for (56). Hence, the order estimation for the case ˛ > d cannot be improved for an arbitrary vector
�.z/� �.y/ without imposing more conditions. In other words, an expansion of uj or �.z/� �.y/ into
higher orders might not improve the results.

Appendix B: Proof of Theorem 10

By Lemma 3, we have

U Nh.x/D

�
U1 0

0 U2

�
CO. Nh2/;

where U1 2O.d/ and U2 2O.p� d/. By (6),

�.y/� �.x/D .���/t C
IIx.�; �/

2
t2
CO.t3/:

By (7),

t D hC
kIIx.�; �/k

2

24
h3
CO.h4/:

Hence

�.y/� �.x/D .���/hC
IIx.�; �/

2
h2
CO.h3/:
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Note that .���/h is in ��TxM. Therefore

P?h .�.y/� �.x//D
IIx.�; �/

2
h2
CO.h3

C h Nh2/D
IIx.�; �/

2
h2
CO.h Nh2/;

where we use the fact that h< Nh in the last step. Hence,

kP?
h
.�.y/� �.x//k2Rp

6h
D
kIIx.�; �/k

2

24
h3
CO.h2 Nh2/:

The conclusion follows. �

Appendix C: Proof of Theorem 12

The proof of Theorem 12 consists of two steps, the variance analysis and bias analysis. The variance
analysis of LDR-LLE is similar to Case 0 in [Wu and Wu 2018, Theorem 3.1], so we only provide the
result and the proof is omitted.

Proposition 16. Fix f 2 C.�.M //. Suppose hD h.n/ so thatp
log.n/

n1=2hd=2C1
! 0

and h! 0 as n!1. With probability greater than 1� n�2, for all xk 2 X ,

NX
jD1

Qwn;xk
.i/f .xk;j /D

Z
M

P tLLE
h .xk ;y/f .y/P .y/ dV .y/CO

� p
log.n/

n1=2hd=2�1

�
:

The bias analysis part of Theorem 12 depends on the following two technical lemmas. We use the
following notation to simplify the proof. For p; d 2 N such that d � p, let Jp;d 2 Rp�d be such that the
.i; i/ entry is 1 for i D 1; : : : ; d , and the other entries are 0. For v 2 Rp,

v D ŒŒv1; v2�� 2 Rp; (65)

where v1 2 Rd forms the first d coordinates of v and v2 2 Rp�d forms the last p� d coordinates of v.
Thus, by a proper translation and rotation of �.M / in Rp so that �.x/D 0 and ��Tx occupies the first
d axes of Rp, for v D ŒŒv1; v2�� 2 T�.x/R

p, v1 D J>
p;d
v is tangential to ��TxM and ŒŒ0; v2�� is normal to

��TxM.

Lemma 17 [Wu and Wu 2018, Lemma B.5]. Fix x 2M and f 2 C 3.M /. When h > 0 is sufficiently
small, the following expansions hold:

(1) The scalar E Œ�
BRp

h
.�.x//

.X /� satisfies

E Œ�
BRp

h
.�.x//

.X /�D P .x/
jSd�1j

d
hd
CO.hdC2/:
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(2) The scalar E Œ.f .X /�f .x//�
BRp

h
.�.x//

.X /� satisfies

E Œ.f .X /�f .x//�
BRp

h
.�.x//

.X /�D
jSd�1j

d.d C 2/

�
1
2
P .x/�f .x/Crf .x/ � rP .x/

�
hdC2

CO.hdC3/:

(3) The vector E Œ.X � �.x//�
BRp

h
.�.x//

.X /� satisfies

E Œ.X � �.x//�
BRp

h
.�.x//

.X /�D

��
jSd�1j

d.d C 2/
J>p;d ��rP .x/hdC2

CO.hdC3/;O.hdC2/

��
:

(4) The vector E Œ.X � �.x//.f .X /�f .x//�
BRp

h
.�.x//

.X /� satisfies

E Œ.X��.x//.f .X /�f .x//�
BRp

h
.�.x//

.X /�D

��
jSd�1j

d.dC2/
J>p;dP .x/��rf .x/h

dC2
CO.hdC3/;O.hdC4/

��
:

The proof of the above lemma can be found in [Wu and Wu 2018, Lemma B.5]. The next lemma
describes the vector T when h is sufficiently small. The main significance is that the vector zT�.x/ almost
recovers r log P .x/ in the tangent direction.

Lemma 18. Fix x 2M. When h is sufficiently small, we have

zT�.x/ D

��
J>

p;d
��rP .x/

P .x/
CO.h2/; O.h2/

��
:

Proof. Note that

zT�.x/ WD Td ŒCh.x/� ŒE.X � �.x//�BRp

h
.�.x//

�D

dX
iD1

uiu
>
i ŒE.X � �.x//�BRp

h
.�.x//

�

�i
;

where ui and �i form the i -th eigenpair of Ch.x/.
By Lemma 3,

ui D

"
U1J>

p;d
ei CO.h2/

O.h2/

#
; i D 1; : : : ; d

and U1 2O.d/, and

�i D
jSd�1jP .x/

d.d C 2/
hdC2

CO.hdC4/:

By Lemma 17 , we have for 1� i � d

u>i E Œ.X � �.x//�
BRp

h
.xk/

.X /�

D
jSd�1j

d C 2

��
J>

p;d
��rP .x/

d
hdC2

CO.hdC4/; O.hdC2/

��
�

��
U1J>p;dei CO.h2/;O.h2/

��
D
jSd�1j

d.d C 2/
.��rP .x//>Jp;dU1J>p;deih

dC2
CO.hdC4/:
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Thus, for 1� i � d ,

u>i E Œ.X � �.x//�
BRp

h
.xk/

.X /�

�i
D

jSd�1j

d.dC2/
.��rP .x//>Jp;dU1J>

p;d
eih

dC2CO.hdC4/

jSd�1jP .x/

d.dC2/
hdC2CO.hdC4/

D

.��rP .x//>Jp;dU1J>
p;d

ei

P .x/
CO.h2/:

Hence, we have

zT�.x/ D

dX
iD1

u>i E Œ.X � �.x//�
BRp

h
.xk/

.X /�

�i
ui

D

dX
iD1

�
.��rP .x//>Jp;dU1J>

p;d
ei

P .x/
CO.h2/

���
U1J>p;dei CO.h2/; O.h2/

��

D

��
J>

p;d
��rP .x/

P .x/
CO.h2/; O.h2/

��
;

where the last step follows from the fact that U1 2O.d/. �
We are ready to prove Theorem 12.

Proof of Theorem 12. Note thatZ
M

PtLLE.x;y/f .y/P .y/ dV .y/�f .x/

D

E Œ.f .X /�f .x//�
BRp

h
.�.x//

.X /�� zT >
�.x/

E Œ.X � �.x//.f .X /�f .x//�
BRp

h
.�.x//

.X /�

E Œ�
BRp

h
.�.x//

.X /�� zT >
�.x/

E Œ.X � �.x//�
BRp

h
.�.x//

.X /�
:

By Lemmas 17 and 18, we have

zT >�.x/E Œ.X � �.x//�BRp

h
.�.x//

.X /�DO.hdC2/; (66)
and

zT >�.x/E Œ.X � �.x//.f .X /�f .x//�BRp

h
.�.x//

.X /�D
jSd�1j

d.d C 2/
rP .x/ � rf .x/hdC2

CO.hdC3/:

Hence,

E Œ�
BRp

h
.�.x//

.X /��T >�.x/E Œ.X � �.x//�BRp

h
.�.x//

.X /�D P .x/
jSd�1j

d
hd
CO.hdC2/;

and

E Œ.f .X /�f .x//�
BRp

h
.�.x//

.X /��T >�.x/E Œ.X � �.x//.f .X /�f .x//�BRp

h
.�.x//

.X /�

D
jSd�1j

d.d C 2/

�
1
2
P .x/�f .x/Crf .x/ � rP .x/

�
hdC2

�
jSd�1j

d.d C 2/
rP .x/ � rf .x/hdC2

CO.hdC3/

D
jSd�1j

2d.d C 2/
P .x/�f .x/hdC2

CO.hdC3/:
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If we combine the above two equations, we conclude the claim thatZ
M

PtLLE.x;y/f .y/P .y/ dV .y/�f .x/D
1

2.d C 2/
�f .x/h2

CO.h3/: �
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ON GEOMETRIC AND ANALYTIC MIXING SCALES:
COMPARABILITY AND CONVERGENCE RATES

FOR TRANSPORT PROBLEMS

CHRISTIAN ZILLINGER

We are interested in the geometric and analytic mixing scales of solutions to passive scalar problems.
Here, we show that both notions are comparable after possibly removing large-scale projections. In order
to discuss our techniques in a transparent way, we further introduce a dyadic model problem.

In a second part of our article we consider the question of sharp decay rates for both scales for Sobolev
regular initial data when evolving under the transport equation and related active and passive scalar
equations. Here, we show that slightly faster rates than the expected algebraic decay rates are optimal.

1. Introduction and main results

We are interested in the mixing behavior of passive scalar problems

∂tρ+ v · ∇ρ = 0,

ρ|t=0 = ρ0,
(1)

where v(t) is a given divergence-free vector field on Rn or Tn
×Rn. Assuming sufficient regularity of v,

the flow preserves all L p norms; i.e., ‖ρ(t)‖L p = ‖ρ0‖L p for all p ∈ [1,∞] and all t > 0. On the other
hand, if the flow is, for instance, ergodic, then ρ weakly converges to its average 〈ρ0〉 and, in particular,
‖〈ρ0〉‖L p ≤ ‖ρ0‖L p with generically a strict decrease for p 6= 1. The solution is mixed as t→∞.

In order to quantify this limiting behavior, one commonly considers two different functionals:

Definition 1.1 (mixing scales; [Thiffeault 2012]). Let ρ : Rn
→ R be a given measurable function. Then

we call ‖ρ‖H−1 the analytic mixing scale.
Furthermore, for given r > 0, we define the geometric mixing functionals

gr [ρ] := sup
BR(ξ);R≥r

1
|BR|

∣∣∣∣∫
BR(ξ)

ρ

∣∣∣∣. (2)

If further ρ ∈ L∞, then for each κ ∈ (0, 1) we define the geometric mixing scale as

Gκ [ρ] := inf{r : gr [ρ] ≤ κ‖ρ‖L∞}. (3)

MSC2010: primary 76F25, 35Q35; secondary 42C10.
Keywords: mixing, damping, transport, Walsh–Fourier.

543

http://msp.org/paa/
http://dx.doi.org/10.2140/paa.2019.1-4
http://dx.doi.org/10.2140/paa.2019.1.543
http://msp.org


544 CHRISTIAN ZILLINGER

As one of the main results of this article, we show that while both notions are not equivalent, they are
comparable in the sense that smallness of one implies smallness of the other. A control in one direction
has, for instance, been used in [Iyer et al. 2014] to establish lower bounds on decay rates of ‖ρ(t)‖H−1

(see Section 5). Furthermore, in [Lunasin et al. 2012] the authors construct several examples exhibiting
obstructions to comparability. As we discuss in Section 2, the present article suggests to instead view
these obstructions as contributions at large scales that need to be projected out.

Theorem 1.2 (comparison of mixing scales). Let ρ ∈ L2(Rn) and ‖ρ‖L2 ≤ 1. Then for all 0< ε ≤ 1:

(1) There exists a constant C>0, depending only on the dimension n and α=2/(n+2) and β=2/(n+4),
such that if ‖ρ‖H−1 ≤ ε and ρ is supported in B1, then also gε′[ρ]≤Cε′ for all ε′≥ εα and gε̃[ρ]≤C
for all ε̃ ≥ εβ.

In particular, supposing additionally that ‖ρ‖L∞ = 1, it follows that

GC [ρ] ≤ ε̃,

GCε′[ρ] ≤ ε
′.

(2) If gε[ρ] ≤ ε and ρ is supported in a compact set K , then also ‖ρ‖H−1 ≤ CK ε.

These estimates are optimal in the powers of ε.

In order to introduce our methods, we construct a dyadic Walsh–Fourier model on L2(T) in Section 3,
where we introduce new dyadic analogues of both scales and show them to be equivalent when restricted to
appropriate subspaces E j . In particular, in that setting optimality of estimates is transparent. Subsequently,
we discuss the continuous case as stated in Theorem 1.2 in Section 4.

A natural question here, of course, is whether

gr [ρ] ≤ Cr (4)

can be assumed in applications. Indeed, if ρ(t) solves the passive scalar problem (1) and asymptotically
converges weakly to a nontrivial state ρ∞, then we can generally not expect better control than

gr [ρ(t)] ≤ ‖ρ∞‖L∞ .

However, as we discuss in Section 2, upon removing large-scale projections (corresponding to asymptotic
states) this assumption is natural and comparability holds in the above sense.

As a second part of our article, in Section 5, we consider the evolution of the mixing scales under
transport-type equations and are interested in (sharp) upper and lower bounds on decay rates of the
scales. As a first model problem we consider the case of ρ(t) evolving under the free transport equation
on Tn

×Rn:
∂tρ+ y∂xρ = 0 for t ∈ (0,∞), x ∈ Tn, yRn,

ρt=0 = ρ0 for x ∈ Tn, y ∈ Rn.
(5)

Here, we show that if the initial data is normalized in a Sobolev space H s, 0≤ s ≤ 1, with respect to y,
then the first expected decay rates of t−s turn out to be slightly suboptimal and instead decay rates of
t−so(1) are achieved.
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Theorem 1.3. In the following, let 0< s ≤ 1, ρ0 ∈ L2(Tn
; H s(Rn)), with

∫
Tn ρ0(x, y) dx = 0, and let

ρ(t, x, y)= ρ0(t, x − t y, y)

be the solution of the free transport problem. For σ, s ∈ R let Hσ H s
= Hσ (Tn

; H s(Rn)) denote the
Hilbert space with norm

‖ρ‖2Hσ H s =

∑
k∈Zn

〈k〉2σ
∫

Rn
〈η〉2s
|ρ̃(k, η)|2 dη.

(1) There exists Cs > 1 such that for all t ≥ 1 and all initial data

‖ρ(t)‖L2 H−1 ≤ Ct−s
‖ρ0‖H−s H s .

(2) Let αj > 0 with ‖(αj )j‖l2 = 1. Then there exist c > 0, a sequence of times tj →∞ and initial data
ρ0 such that

‖ρ(tj )‖L2 H−1 ≥ cαj t−s
j ‖ρ0‖H−s H s .

(3) There exists no nontrivial initial data ρ0 ∈ L2(Tn
; H s(Rn)) such that

‖ρ(tj )‖L2 H−1 ≥ ct−s
j ‖ρ0‖H−s H s

along some sequence tj →∞.

In the second statement, tj can always be chosen larger and more rapidly increasing. For instance,
we may chose tj = exp(exp(· · · exp( j))) and αj = 1/j = ln(ln(· · · ln(tj ))) as iterated exponentials and
logarithms. Informally stated, the theorem hence shows that algebraic decay rates can be achieved along
a subsequence up to an arbitrarily small loss. Conversely, the third statement shows that this loss is
necessary and that the lower estimate is sharp in this sense.

We remark that in several works on (linear) inviscid damping, [Wei et al. 2018; Coti Zelati and
Zillinger 2019; Zillinger 2016; Bedrossian and Masmoudi 2015] or (linear) Landau damping [Bedrossian
et al. 2016], it is shown that perturbations to the Euler equations or Vlasov–Poisson equations scatter to
solutions of the free transport problem as t→∞. As a corollary, we hence obtain the optimality of the
decay rates for these equations as well.

Corollary 1.4. Let U (y) be bi-Lipschitz and U ′′ ∈W 2,∞ with ‖U ′′‖W 2,∞ sufficiently small. Then for any
s ∈ (0, 1) and any ω0 ∈ H s(T×R) the solution ω of the linearized Euler equations

∂tω+U (y)∂xω−U ′′(y)∂x1
−1ω = 0,

ω|t=0 = ω0

satisfies
‖ω(t)‖L2 H−1 ≤ Ct−s

‖ω0‖H−s H s

and there exists no nontrivial initial data ω0 ∈ L2(Tn
; H s(Rn)) such that

‖ω0(tj )‖L2 H−1 ≥ ct−s
j ‖ω0‖H−s H s

along some sequence tj →∞.
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We remark that we do not require U to be bounded and for instance allow U to be (a perturbation
of) an affine function, which is of interest in the study of the free transport equation and similar passive
scalar problems.

Proof. In [Zillinger 2016], we have shown that solutions to the linearized Euler equations around such a
shear flow U (y) are stable and scatter in H s. That is, for any initial datum ω0 ∈ H s there exists a solution
ω(t, x, y) and the associated (finite-time) scattering profile

W (t, x, y)= ω(t, x + tU (y), y)

satisfies
C−1
‖ω0‖Hσ H s ≤ ‖W (t)‖H s ≤ C‖ω0‖Hσ H s

for all t ≥ 0, σ ∈ R and σ ∈
[
0, 3

2

)
. Furthermore, there exists W∞ such that W (t)→ W∞ in Hσ H s

as t→∞. Since U (y) is bi-Lipschitz, we may change coordinates to (x, z = U (y)) and note that the
Sobolev spaces Hσ H s with respect to (x, y) and (x, z) are equivalent. Thus, with slight abuse of notation

ω(t, x, z)=W (t, x − t z, z)

can be considered as a solution of the free transport problem at time t with initial data W (t). Hence, by
Theorem 1.3, it follows that

‖ω(t)‖L2 H−1 ≤ Ct−s
‖W (t)‖H−s H s ≤ Ct−s

‖ω0‖H−s H s .

We prove the second claim by contradiction and suppose there exists such a nontrivial ω0. Then, by the
(asymptotic) scattering result, there also exists a nontrivial W∞ such that W (t)→W∞ and hence

‖ω(t, x, z)−W∞(t, x + t z, z)‖L2 H−1 ≤ Ct−s
‖W (t)−W∞‖H−s H s = o(t−s).

But this would then imply

‖W∞(x + tj z, z)‖L2 H−1 ≥ ‖ω(tj )‖L2 H−1 −‖ω(tj , x, z)−W∞(tj , x + tj z, z)‖L2 H−1

≥ ctj − o(tj )≥
c
2

tj

as j→∞. This contradicts the third statement of Theorem 1.3. �

Concerning more general passive scalar problems, a recent active area of research [Alberti et al. 2014;
Seis 2017; Crippa and Schulze 2017; Iyer et al. 2014] is given by the study of upper and lower bounds on
decay rates of mixing scales for solutions of (1),

∂tρ+ v · ∇ρ = 0,

where v may be chosen arbitrarily under given constraints such as ‖v(t)‖W 1,p ≤ 1. While in the present
article we establish no improved bound, the comparability results allow us to connect existing results in the
literature established for either mixing scale [Crippa and De Lellis 2008; Seis 2013; Bruè and Nguyen 2018]
(see Corollary 5.6). For instance, the following corollary establishes analytic mixing cost estimates [Iyer
et al. 2014, Theorem 1.1] as a corollary of geometric mixing cost estimates [Crippa and De Lellis 2008].
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Corollary 1.5. Let p > 1 and ρ|t=0 = 1[0,1/2](x2) ∈ L1(T2) and suppose that for 1
4 > ε > 0 and some

0< κ < 1
2 the solution ρ of

∂tρ+ v · ∇ρ = 0,

∇ · ρ = 0
satisfies ∥∥ρ|t=1−

1
2

∥∥
H−1 ≤ ε.

Then for p > 1 the velocity field v satisfies∫ 1

0
‖∇v‖L p dt ≥ C | log(ε)|.

The remainder of the article is organized as follows:

• In Section 2, we discuss to which extent both mixing scales might possibly be comparable by
considering two prototypical examples and also discuss the role of large-scale asymptotic profiles.

• In Section 3, we introduce a new dyadic Walsh–Fourier model of mixing scales. Due to improved
orthogonality properties here we can establish our estimates in a transparent, accessible way.

• Subsequently, in Section 4 we show that most properties and estimates persist in the continuous
setting despite the loss of beneficial additional structure.

• Finally, Section 5 considers (sharp) decay rates of mixing scales under passive scalar problems. Here,
we first establish optimal rates for the free transport problem and then discuss more general dynamics.

1A. Notation. Throughout this article we will consider x ∈ Tn and y ∈ Rn unless otherwise specified.
For a given function ρ(x, y), we denote by ρ̂(k, y) its partial Fourier transform with respect to x and by
ρ̃(k, η) its Fourier transform with respect to both x and y. Constants C, c > 0 may change from line to
line and may depend on the dimension but are independent of the choice of function ρ or initial data ρ0.

2. Preliminaries and prototypical examples

In [Lunasin et al. 2012] two families of functions are constructed to highlight the differences of the
analytic mixing scale (4) and the geometric mixing functionals (2). In order to introduce our ideas, we
recall their construction and show that after removing the large-scale weak limit of the second family
both notions are comparable and thus motivate our choice of spaces and estimates.

2A. The analytic mixing scale controls the geometric mixing scale. We briefly recall the construction
from [Lunasin et al. 2012, Section IV.B]. As a building block consider the “hat” function

v(x)=
{

1− |x | for |x | ≤ 1,
0 else.

Let ε = 2−n and let α ∈N with α < 2n−1. We then build an odd function u on [−1, 1] such that for x > 0

u(x)= αεv
(

x
αε

)
+

2n
−2α∑

j=1

εv

(
x − (2α+ 2 j)ε

ε

)
.
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This function is a sawtooth function with one large tooth on the interval (0, 2αε) and smaller teeth of
width 2ε on the remainder of (0, 1). Furthermore, u is Lipschitz and ρ = u′ ∈ {−1, 1} satisfies

‖ρ‖2H−1 = ‖u‖2L2 = ε
2( 1

3 −
2
3αε

)
+

2
3α

3ε3
≈ ε2

if ε is small. Taking α ≈ ε−1/3, we thus obtain that ‖ρ‖H−1 ≈ ε and that ρ = 1 on Bε2/3(0) and is hence
geometrically mixed at most at scale ε2/3.

Additionally, we compute that if we consider larger radii r ≥ ε2/5, then

1
|Br |

∣∣∣∣∫
Br (ξ)

ρ dx
∣∣∣∣≤ Cr.

This example hence shows that an estimate of the type ε ε is not possible, but ε εα is for this case. In
Sections 3 and 4 we show that such an estimate indeed holds for general functions and in higher dimensions
and that our exponents of ε are optimal. Roughly speaking, the loss of power in ε here is due to the L1

normalization of the characteristic functions and equivalence constants of (weighted) l2 and l∞ norms on
finite-dimensional vector spaces (see Section 3) and agrees with scaling (see the proof of Theorem 4.3).

2B. The geometric mixing scale and weak limits. Consider a periodic characteristic function u ∈ L2(T)

with
∫

T
u dx = 1

2 and for k ∈ N define

ρk(x)= sgn(x) u(k|x |) ∈ L2((−1, 1)).

We note that
∫
ρk dx = 0, ‖ρk‖L∞ = 1 and

ρk
L2
−⇀ 1

2 sgn(x).

Hence, for any given ball Br (ξ)⊂ (−1, 1),

1
|Br |

∣∣∣∣∫
Br (ξ)

ρk dx
∣∣∣∣→ 1
|Br |

∣∣∣∣∫
Br (ξ)

1
2 sgn(x) dx

∣∣∣∣≤ 1
2

as k→∞. Using the periodicity to obtain more quantitative estimates, we obtain that for any κ > 1
2 and

any r > 0, we can achieve
1
|Br |

∣∣∣∣∫
Br (ξ)

ρk dx
∣∣∣∣≤ κ‖ρk‖L∞

provided k is sufficiently large and that thus Gκ [ρk] → 0 as k→∞.
However, this fails for κ < 1

2 and by lower semicontinuity,

lim inf
k→∞

‖ρk‖H−1 ≥
∥∥1

2 sgn(x)
∥∥

H−1 > 0.

Hence, this at first suggests that the geometric mixing scale is distinct from the analytic mixing scale.
In view of our comparison result, Theorem 1.3, we instead suggest to interpret this example as

‖ρk‖H−1 ≤ C max(κ, r)
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and note that the lower bound on κ ≥ 1
2 here is due to large-scale structures in the weak limit. Indeed,

consider the functions vk obtained by projecting out large scales:

vk(x)= ρk(x)− 1
2 sgn(x).

Then it holds that
1
|Br |

∣∣∣∣∫
Br (ξ)

vk dx
∣∣∣∣≤min(2κ,Cr) for r ≥

c
k
,

‖vk‖L∞ ≥ κ, ‖vk‖H−1 ≤
C
k
, vk

L2
−⇀ 0 as k→∞.

Remark 2.1. When considering ρk = ρ(tk) for ρ(t) evolving under ergodic dynamics, the weak limit is
given by a constant function. In that setting, we may assume that constant to be zero after normalization
and hence, there without loss of generality both notions of geometric mixing coincide, i.e., vk = ρk .

More generally, we don’t need to know a candidate for the weak limit (or even have a sequence), but
rather consider the following setting:

If ρ ∈ L2
∩ L∞ ∩ H−1 is such that for all r ≥ r0 and all x0 ∈ Rn it holds that

1
|Br |

∣∣∣∣∫
Br (x0)

ρ dx
∣∣∣∣≤ κ,

then we claim that (see Lemma 4.8)

ρr0 = ρ−

(
1
|Br0 |

1Br0 (ξ)
∗ ρ

)
satisfies

‖ρ− ρr0‖L∞ ≤ κ,
1
|Br |

∣∣∣∣∫
Br (ξ)

ρr0 dx
∣∣∣∣≤ Cr, ‖ρr0‖H−1 ≤ Cr0‖ρ‖L2

for all r ≥ r0. Here, we stress that, while

1
|Br0 |

1Br0 (ξ)
∗ ρ→ ρ

as r0 ↓ 0 for fixed ρ, this is much more subtle for sequences ρ depending on r0. Indeed, letting uk(x) be
as above, we obtain

1
|B1/k |

1B1/k ∗ uk(x)= 1
2 sgn(x)

for all x with dist(x, {0, π,−π})≥ 2/k.

3. A Walsh–Fourier model

In order to introduce our ideas and establish sharpness of estimates, we first discuss and compare both
mixing scales in a dyadic model setting. Here, we consider averages over dyadic intervals and replace the
sine basis of L2(T) by functions that are constantly +1 or −1 on dyadic intervals. This setting is known
in harmonic analysis as a Walsh–Fourier setting and associated with a “tile” characterization and Haar
wavelet expansions [Muscalu et al. 2004; Thiele 2000a; 2000b]. In the following we briefly provide some
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definitions and statements. For a more in-depth introduction we refer the interested reader to [Thiele
2006]. We remark that, for simplicity of notation and estimates, we here consider the setting of L2([0, 1))
instead of L2(R). The dyadic setting has the benefit of greatly simplifying estimates due to orthogonality
and allows for explicit computations of newly introduced analogues of the mixing scales as Besov-type
norms in terms of certain L2 bases. Hence, here it is transparent what estimates are possible and whether
they are optimal. In Section 4 we show that, with minor modifications, these results also extend to the
continuous Sobolev setting.

3A. Definitions, tiles and bases.

Definition 3.1. Let [0, 1) be the half-open unit interval. Then for each j ∈ N+, we define the set of
dyadic intervals at scale 2− j by

Dj = {Ik, j := 2− j
[k, k+ 1) : k ∈ {0, . . . , 2 j

− 1}}.

Associated with this partition of [0, 1), we introduce the L2-normalized characteristic functions

χI =
1
√
|I |

1I ∈ L2([0, 1)).

We note that, if I, I ′ ∈ Dj , then either I = I ′ or the intervals are disjoint. If the intervals are not of the
same size, that is, I ∈Dj and I ′ ∈Dj ′ with j 6= j ′, they are either disjoint or one is contained in the other.

In addition to the (normalized) characteristic functions, χI , the following definition introduces a large
family of oscillating L2 normalized functions, which we use to define (fractional) Sobolev-type spaces.

Definition 3.2. A tile p is a dyadic rectangle of area 1 in [0, 1)×[0,∞). That is,

p := I ×ω = [2− j k, 2− j (k+ 1))×[2 j l, 2 j (l + 1)),

where k ∈ {0, 2 j
− 1}, j ∈ N0, l ∈ N0. If l = 0, we define the wave-packet φp := (1/

√
|I |)1I . For l > 0,

we define φp recursively. That is, if p is a tile at level l and scale 2 j, we can express it as either the upper
or lower half of the union of two tiles pl, pr at level bl/2c and scale 2− j−1. We thus define

φp =
1
√

2
(φpl +φpr ) if l is even,

φp =
1
√

2
(φpl −φpr ) if l is odd.

This definition allows us to consider questions of orthogonality and basis expansions in a graphical
way, a so-called cartoon (see Figure 1). The following lemma summarizes some of the main properties
we use in the following.

Lemma 3.3 [Thiele 2000a, Lemma 2.9]. For any two tiles p, p′ we have∣∣∣∣∫
[0,1)

φpφp′

∣∣∣∣=√|p∩ p′|.

In particular two wave packets are L2-orthogonal if and only if the underlying tiles have empty intersection.
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Figure 1. Various tiles down to scale 2−4. The vertical gray tiles correspond to char-
acteristic functions χI . The horizontal gray lines correspond to our replacement of a
Fourier basis, φpl . The tiles in green and blue in the upper right corner are at level l = 1.
Plots of the corresponding wave packets of all colored tiles are given in Figure 2. By
Lemma 3.3 wave packs φp, φp′ are L2 orthogonal if and only if they are disjoint.
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Figure 2. Walsh wave packets associated with the tiles of Figure 1.

Corollary 3.4 [Thiele 2000a, Corollary 2.7]. Furthermore, two families of tiles P, P ′ cover the same
region in [0, 1)× [0,∞) if and only if the spans of {φp : p ∈ P} and {φp : p ∈ P ′} are identical. In
particular, setting pl = [0, 1)× [l, l + 1), we obtain that {χI }I∈Dj and {φpl : l ∈ {0, 2 j

− 1}} are both
orthonormal bases of the same space, which we denote by E j . We further introduce the L2 orthogonal
projection operators Pj onto E j .

Definition 3.5 (mixing scales). Given ρ ∈ L2([0, 1)), we introduce the geometric mixing seminorms at
scale j as

gj [ρ] = sup
{

1
I

∣∣∣∣∫
I
ρ

∣∣∣∣ : I ∈ Dj

}
=

√

2 j sup{|〈χI , ρ〉| : I ∈ Dj }.
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Furthermore, for s ∈ [−1, 1] we define analytic mixing seminorms up to scale j by

‖ρ‖2hs
j
=

2 j
−1∑

l=0

(1+ l2)2|〈ρ, φpl 〉|
2.

We further define ‖ρ‖hs = supj ‖ρ‖hs
j
.

3B. Estimates. We note that the geometric mixing seminorms can be expressed as

gj [ρ] = sup
I∈Dj

√

2 j |〈χI , ρ〉|

and are hence indeed norms on the space E j . Likewise the analytic seminorms are weighted l2 norms on
the same space E j when expressed in the orthonormal basis {φpl }. Hence, both mixing seminorms are
equivalent, with constants depending on j .

The following theorem establishes the corresponding estimates as well as related estimates between
different scales with uniform constants.

Theorem 3.6. Let ρ ∈ L2((0, 1)). Then for all j ∈ N

‖ρ‖h−1
j
≤ gj [ρ],

‖ρ‖h−1 ≤ gj [ρ] + 2− j
‖(1− Pj )ρ‖L2,

gj [ρ] ≤ 2(3/2) j
‖ρ‖h−1

j
.

Furthermore, both seminorms depend on ρ only via its projection; that is, ‖ρ‖h−1
j
= ‖Pjρ‖h−1

j
and

gj [ρ] = gj [Pjρ].

We remark that the loss of the factor 2(3/2) j here can be interpreted as corresponding to the embedding
H−1
⊂ H 1/2

⊂ L∞. Indeed, if ρ ∈ E j , then ρ is constant on each interval I ∈Dj and thus gj [ρ] = ‖ρ‖L∞ .

Corollary 3.7. Let ρ ∈ L2((0, 1)). Then:

(1) If ‖ρ‖h−1
j0
≤ 2− j0 , then gj [ρ] ≤ C2(3/2) j− j0 . In particular, if j ≤ 2

3 j0, then ρ is geometrically mixed

at scale 2− j.

(2) Furthermore, for j ≤ 2
5 j0, we obtain that gj [ρ] ≤ 2− j.

(3) Conversely, if gj [ρ] ≤ 2− j, then

‖ρ‖h−1
j
≤ gj [ρ] ≤ 2− j .

If we additionally assume that ‖(1− Pj )ρ‖L2 ≤ 1, then furthermore

‖ρ‖h−1 ≤ gj [ρ] ≤ 2− j
+ 2− j

‖(1− Pj )ρ‖L2 ≤ C2− j .

Remark 3.8. Setting 2− j0 = ε, the above results show that ‖ρ‖h−1 ≤ ε implies glog(ε2/3)[ρ] ≤ C and
glog(ε′)[ρ] ≤ ε

′ for ε′ ≥ ε2/5.
Conversely, if glog(ε)[ρ] ≤ ε and we control ‖ρ‖L2 , then also ‖ρ‖h−1 ≤ ε.
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The analytic and geometric mixing scales are hence comparable with a loss in the exponent in one
direction (thus we do not use the word equivalent).

Furthermore, we show in Lemma 3.9 that this loss is optimal.
As mentioned in the introductory Section 2, in this article we hence stress the viewpoint that the

examples constructed in [Lunasin et al. 2012] should instead be interpreted as showing the necessity of
the control of glog(ε)[ρ] ≤ ε instead of glog(ε)[ρ] ≤ κ and of the loss ε→ ε2/3.

We discuss this interpretation, scaling and the constructions further in Section 4.

Proof of Theorem 3.6. Let ρ ∈ L2 be given and consider the basis expansions of Pjρ ∈ E j :

Pjρ =
∑

I

dIχI =
∑

l

clφpl .

Since both χI and φpl are orthonormal bases of E j , it follows that

‖dI‖l2 = ‖cl‖l2 .

Then we may estimate

‖ρ‖h−1
j
= ‖〈l〉−1cl‖l2 ≤ ‖cl‖l2 = ‖dI‖l2 ≤

√

2 j max |dI |.

On the other hand, the normalization of the geometric mixing functionals is such that

gj [ρ] =max
1
|I |
〈χI , ρ〉 =

√

2 j max |dI |.

For the converse estimate, we note that

gj [ρ] =
√

2 j max |dI | ≤
√

2 j‖dI‖l2

=

√

2 j‖cl‖l2 ≤

√

2 j 2 j
‖〈l〉−1cl‖l2 ≤ 2(3/2) j

‖ρ‖h−1
j
.

If ρ 6∈ E j , we note that by definition

‖ρ‖2
h−1

j
=

2 j
−1∑

l=0

1
1+ l2 |〈ρ, φpl 〉|

2
≤

∞∑
l=0

1
1+ l2 |〈ρ, φpl 〉|

2
= ‖ρ‖2h−1 .

For the estimate of ‖ρ‖h−1 , we thus split ρ using Pj , 1− Pj and obtain

‖ρ‖2h−1 = ‖ρ‖
2
h−1

j
+

∑
l≥2 j

1
1+ l2 |〈ρ, φpl 〉|

2
≤ gj [ρ]

2
+ 2−2 j

‖ρ‖2L2 . �

Proof of Corollary 3.7. We apply Theorem 3.6 to obtain

gj [ρ] ≤ C2(3/2) j− j0 .

The first statements hence follow by noting that

3
2 j − j0 ≤ 0 ⇐⇒ j ≤ 2

3 j0,
and the second from

3
2 j − j0 ≤− j ⇐⇒ j ≤ 2

5 j0.

The last statement similarly follows as a direct corollary of Theorem 3.6. �
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The following lemma shows that these restrictions on j are optimal.

Lemma 3.9. There exists a family of functions ρ = ρ( j0) such that ‖ρ‖h−1
j0
≤ C2− j0 and which satisfies

the following properties:

(1) For any α < 2
3 and j = bα j0c, it holds that gj [ρ] = o(1) as j0 → ∞. If instead α > 2

3 , then
gj [ρ] →∞.

(2) For any α < 2
5 and j = bα j0c, it holds that 2 jgj [ρ] = o(1) as j0 →∞. If instead α > 2

5 , then
2 jgj [ρ] →∞.

Proof. As shown in the preceding Theorem 3.6 and Corollary 3.7, we have

gj [ρ] =
√

2 j‖dI‖l∞ ≤
√

2 j‖dI‖l2 ≤ 2(3/2) j
‖ρ‖H−1 ≤ 2(3/2) j− j0 .

Hence, we note that 3
2 j − j0 ≤ 0⇐⇒ j ≤ 2

3 j0 and that 3
2 j − j0 ≤ j ⇐⇒ j ≤ 2

5 .
Thus it only remains to show that these estimates are indeed sharp in the thresholds in j . For this

purpose, consider
ρ =

∑
2α j0−1≤l≤2 j0−1

φpl ,

with α ∈ (0, 1) to be chosen later (see also Remark 3.10). Then we can compute

‖ρ‖h−1
j0
=

( ∑
2α j0−1≤l≤2 j0−1

l−2
)1/2

≈ 2− j0α/2.

On the other hand, averaging over the interval [0, 2− j ), wave packets φpl with l > 2− j are orthogonal,
while wave packets with l ≤ 2 j are constantly equal to 1 when restricted to this interval. Hence, we obtain
that for any j ≤ j0

gj [ρ] =
∑

2 j0α−1≤l≤2 j−1

1≈ 2 j

if j > j0α. If we now multiply ρ by 2− j0(1−α/2), we are exactly in the setting described. That is,

‖2− j0(1−α/2)ρ‖H−1 ≈ 2− j0(1−α/2)2− j0α/2 = 2− j0,

gj [2− j0(1−α/2)ρ] ≈ 2 j− j0(1−α/2)

for any j with α j0 ≤ j ≤ j0. Since the exponent is monotone in j , we only need to consider the case
when α j0 = j and thus the behavior of (α− (1−α/2)). This exponent is less than or equal to zero if and
only if α ≤ 2

3 and less than or equal to −α if and only if α ≤ 2
5 . The thresholds in j , respectively α, are

thus indeed optimal. �

Remark 3.10. We remark that 〈χ[0,2− j ), φpl 〉 = 2− j for all j = 0, . . . , 2 j−1. Hence,
∑

0≤l≤2 j−1 φpl =

2 j 1[0,2− j ). Thus, if α j0 is an integer, we obtain∑
2α j0≤l≤2 j0−1

φpl = 2 j01[0,2− j0 )− 2α j01[0,2−α j0 ),
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which provides a more immediate view of the geometric mixing size. However, this explicit character-
ization is much less simple if 2α j0 is not a power of 2 and also not transparent in terms of the H−1 norm.

4. The continuous setting

In the following we show that, with minor modifications, the estimates of the dyadic setting of Section 3
persist in the continuous setting. Here, additional key challenges are given by the lack of orthogonality
and thus nonexistence of spaces like E j .

4A. Definition of mixing scales.

Definition 4.1. If ρ ∈ Ḣ−1(Rn), we call ‖ρ‖Ḣ−1 the analytic mixing scale.
Let φ ∈ L1(Rn) with φ ≥ 0 and ‖φ‖L1 = 1 and define φr (x) := φ(r x)/rn. Then for any ρ ∈ L1

loc(R
n)

and every ε0 > 0, we introduce the (nonlinear) functionals

gε0[ρ] := ‖φr ∗ ρ‖L∞ .

Here, the most common choice is given by φ = (1/|B1|)1B1 , in which case

gε0[ρ] = sup
r>ε0,x∈Rn

|Br (x)|−1
∣∣∣∣∫

Br (x)
ρ(y) dy

∣∣∣∣.
We say that a function ρ ∈ L∞(�)∩ L1

loc(�) is geometrically mixed by a factor κ ∈ (0, 1) up to scale
ε0 > 0 if

gε0[ρ] ≤ κ‖ρ‖L∞ .

For a given κ , we define
Gκ [ρ] = inf{ε0 > 0 : gε0[ρ] ≤ κ‖ρ‖L∞},

where the infimum is over all such ε0, and call it the geometric mixing scale.

We remark that, by Hölder’s inequality,

gε0[ρ] ≤ ‖ρ‖L∞‖φr‖L1 = ‖ρ‖L∞

and that by Lebesgue integration theory

lim
ε0↓0

gε0[ρ] = ‖ρ‖L∞ .

The functionals g and the geometric mixing scale G thus describe the competition between cancellations
in Hölder’s inequality and convergence of Dirac sequences.

Remark 4.2. The reason for our more general formulation in terms of φ ∈ L1 is that in later estimates
optimality is easier to phrase and establish if we additionally require that φ ∈ H 1. In particular, by duality

sup
ρ∈H−s :‖ρ‖H−s≤1

g1[ρ] = ‖φ‖H s

and hence an estimate like (6) is not possible unless φ is sufficiently regular. However, for most estimates
this only poses technical challenges (see Lemma 4.10) in terms of the control of certain Fourier projections.
In the dyadic setting of Section 3 these complications could be avoided by using orthogonality properties.
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4B. Comparison estimates. Our main results are given by the following theorems and corollaries.

Theorem 4.3 (estimates). Let ρ ∈ L2
∩ Ḣ−1(Rn) and suppose that φ ∈ Hλ

∩ L1 for some λ ∈ [0, 1]. Then
for any ε0 > 0 it holds that

gε0[ρ] ≤ C
‖φ‖Hλ

‖φ‖L1
ε
−n/2−λ
0 ‖ρ‖H−λ .

As a consequence, the geometric mixing scale of ρ can be estimated by

Gκ(ρ)≤
(

Cλ,φ‖ρ‖H−λ

κ‖ρ‖L∞

)1/(n/2+λ)

.

In particular, if λ= 1, then
gε0[ρ] ≤ Cε−n/2−1

0 ‖ρ‖H−1,

Gκ(ρ)≤ C
(
‖ρ‖H−1

κ‖ρ‖L∞

)1/(n/2+1)

.
(6)

Conversely, if ρ is compactly supported and C denotes the measure of a 1-neighborhood of the support,
then for every ε0 ≤ 1 it holds that

‖ρ‖H−1 ≤ Cgε0[ρ] +Cε0‖ρ‖L2 . (7)

We note that in the estimate (7), assuming Gκ [ρ] ≤ ε0 only yields a bound of ‖ρ‖H−1 ≤ κ . Indeed, as
explored in Section 2B for fixed κ it is possible to find a sequence ρn such that

Gκ [ρn] → 0, ‖ρn‖H−1 ≥ κ,

where the failure of decay of ‖ρn‖H−1 was due to the persistence of structures at scale κ (see also
Theorem 1.2 and the remarks thereafter).

As discussed in Remark 4.2, if φ = c1B1 , we cannot choose λ= 1 since φ 6∈ H 1. However, we may
recover this estimate upon imposing further conditions on ρ (see Lemma 4.10).

As an application of the above estimates we derive comparability of both mixing scales. That is, while
not equivalent (semi-)norms, smallness of one scale implies smallness of the other with a necessary loss
in the exponents. For easier reference, we restate Theorem 1.2.

Theorem 4.4 (comparison of mixing scales). Let ρ ∈ L2(Rn) and ‖ρ‖L2 ≤ 1 and let φ ∈ H 1. Then for all
0< ε ≤ 1 it holds that:

(1) If gε[ρ] ≤ ε and ρ is supported in B1, then also ‖ρ‖H−1 ≤ Cε.

(2) If ‖ρ‖H−1 ≤ ε, then also gε̃[ρ]≤C for all ε̃≥ εα and gε′[ρ]≤Cε′ for all ε′≥ εβ, where α= 2/(n+2)
and β=2/(n+4) depend only on the dimension. In particular, supposing additionally that ‖ρ‖L∞=1,
it follows that

GC [ρ] ≤ ε̃,

GCε′[ρ] ≤ ε
′.

These estimates are optimal in the powers of ε.
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In Section 3 we have seen that the loss of exponents is caused by the (L1, L∞) normalization in the
geometric scale instead of L2 normalization for the analytic scale and can also be seen as being due to
the Sobolev embedding into L∞. In this continuous setting, this is much less transparent due to the lack
of spaces E j . The necessity of the loss is established in Lemma 4.7 in analogy with Lemma 3.9 of the
dyadic case.

Corollary 4.5. Let u : R+×Rn
→ R be such that

‖ρ(t)‖H−1 ≥ Ce−Ct .

Then, it follows that

ge−Ct [ρ(t)] ≥ Ce−Ct .

Remark 4.6. For example u(t) may be given by the solution of a passive or active scalar problem, as
in [Crippa et al. 2019]. As noted in Section 2, if one were instead to consider gκ [ρ(t)] for fixed κ , this
functional is not lower semicontinuous and there is no reason to expect any lower bound.

Proof of Theorem 4.3. As a first consistency check, we verify that the estimates of Theorem 4.3 scale
correctly.

Let thus δ > 0 and consider ρδ(x) = ρ(δx). For simplicity of notation, we consider λ = 1
2 . Then it

holds that
gε0[ρδ] = gδε0[ρ] ≤ C(δε0)

−n/2−1/4
‖ρ‖

1/2
L2 ‖ρ‖

1/2
H−1

= Cδ−n/2−1/4ε
−n/2−1/4
0 ‖ρ‖

1/2
L2 ‖ρ‖

1/2
H−1 .

On the other hand, estimating directly, we obtain

gε0[ρδ] ≤ Cε−n/2−1/4
0 ‖ρδ‖

1/2
L2 ‖ρδ‖

1/2
H−1

= Cε−n/2−1/4
0 (δ−n/2

‖ρ‖L2)1/2(δ−n/2−1/2
‖ρ‖L2)1/2

= Cδ−n/2−1/4ε
−n/2−1/4
0 ‖ρ‖

1/2
L2 ‖ρ‖

1/2
H−1 .

Note that this estimate is further invariant under replacing ρ(x) by µρ(x) for any µ > 0. Hence, we may
in addition choose µ= δn/2 to ensure L2 normalization.

Let us now consider the proof of the theorem and let λ ∈ [0, 1] and φ ∈ Hλ be given. Then we may
use duality to estimate

gr [ρ] ≤
‖φr‖Hλ

‖φr‖L1
‖ρ‖H−λ

and use interpolation to control
‖ρ‖H−λ ≤ Cλ‖ρ‖1−λL2 ‖ρ‖

λ
H−1 .

We further note that by scaling
‖φr‖Hλ

‖φr‖L1
≤ Cr−n/2−λ ‖φ‖Hλ

‖φ‖L1

for r ≤ 1 (for the homogeneous Sobolev norms we would have equality).
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Combining both estimates, we obtain

gr [ρ] ≤ C
‖φ‖Hλ

‖φ‖L1
r−n/2−λ

‖ρ‖1−λL2 ‖ρ‖
λ
H−1 .

For the estimate on the geometric mixing scale, we have to show that for given κ and all ε0 ≥ G[ρ]

gε0[ρ] ≤ κ‖ρ‖L∞ .

In view of the previous calculation this is implied by showing that

Cλ,φε
−n/2−λ/2
0 ‖ρ‖1−λL2 ‖ρ‖

λ
H−1 ≤ κ‖ρ‖L∞,

with Cλ,φ = C(‖φ‖Hλ/‖φ‖L1). Dividing by κ‖ρ‖L∞ > 0 and taking a power 1/(n/2+ λ/2), we obtain
that this holds if (Cλ‖ρ‖1−λL2 ‖ρ‖

λ
H−1

κ‖ρ‖L∞

)1/(n/2+λ/2)

≤ ε0.

We thus obtain an upper bound on the geometric mixing scale by the left-hand-side, which concludes the
proof. �

Proof of Theorem 1.2. We proceed as in the proof of Corollary 3.7 and consider ε0 = ε
t for t ∈ (0, 1) to

be determined. Then the estimate (6) of Theorem 4.3 implies

gεt ≤ Cεt (−n/2−1)+1,

which yields the critical cases

t
(
−

n
2
− 1

)
+ 1= 0 ⇐⇒ t = 2

n+2
,

t
(
−

n
2
− 1

)
+ 1= t ⇐⇒ t = 2

n+4
. �

The following lemmata consider questions of optimality and the removal of small scales discussed in
Section 2B.

Lemma 4.7 (counterexample in the continuous setting). There exists a sequence ε ↓ 0 and ρ = ρ(ε) ∈
L2(R) with

‖ρ‖H−1 ≤ ε,

but such that for every α < 2
3 , it holds that

gεα [ρ] →∞.

as ε ↓ 0 and such that for all β < 2
5

ε−βgεβ [ρ] →∞.

That is, the exponents in Theorem 1.2 are optimal.

Proof of Lemma 4.7. We follow a similar strategy as in the proof of Lemma 3.9 in the dyadic setting. Let
ε = 2− j0 and consider

ρ = 2 j01[0,2− j0 ]− 2 j11[0,2− j1 ],
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with j1 = α j0, α ∈ (0, 1). Then for any j1 ≤ j ≤ j0, we obtain

2 j
∫ 2− j

0
ρ dx = 2 j (2 j0 min(2− j , 2− j0)+ 2 j1 min(2− j , 2− j1))= 2 j

− 2 j1,

which is comparable to 2 j as long as j > j1.
We further make the following claim:

‖ρ‖H−1 ≈ 2− j1/2. (8)

Suppose that this claim holds and consider

ρ ′ := 2− j0(1−α/2)ρ,

which satisfies
‖ρ ′‖H−1 ≈ 2− j0,

g2− j [ρ ′] ≈ 2 j− j0(1−α/2) = 2− j0(1−(3/2)α).

We hence conclude as in the proof of Lemma 3.9.
Thus it remains to show the claim. We directly compute

ρ̂(ξ)=

∫
R

eiξ x 2 j01[0,2− j0 ]− 2 j1
1[0,2− j1 ] dx =

eiξ2− j0
− 1

iξ2− j0
−

eiξ2− j1
− 1

iξ2− j1
.

Both difference quotients are uniformly bounded by 1 and we distinguish the regions based on the size of
ξ2− j0 and ξ2− j1 .

If |ξ |> c2 j0, we may roughly estimate∫
{ξ :|ξ |>c2 j0 }

|ρ̂(ξ)|2

|ξ |2
≤

∫
∞

c2 j0

4
|ξ |2

dξ ≤ C2− j0,

which is a very small contribution.
If |ξ | < c2 j1 with c small, we may use a Taylor expansion to estimate the error of the difference

quotient:
eiξ2− j0

− 1
iξ2− j0

−
eiξ2− j1

− 1
iξ2− j1

= 1+O(ξ2− j0)− 1+O(ξ2− j1)=O(ξ2− j1).

The H−1 energy for this segment can hence be estimated by∫
{ξ :|ξ |<c2 j1 }

|ρ̂(ξ)|2

|ξ |2
≤ C

∫
{ξ :|ξ |<c2 j1 }

2−2 j1 ≤ C2− j1 .

Finally, if cj1 ≤ j ≤ cj0, one difference quotient is about 1, while the other oscillates, but is bounded
by 1. Thus the contribution can be estimated as∫

{ξ :c2 j1≤|ξ |<c2 j0 }

|ρ̂(ξ)|2

|ξ |2
≈

∫ c2 j0

c2 j1

1
|ξ |2

dξ ≈ 2− j1 . �
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Lemma 4.8. Let ρ ∈ L2(Rn) and r > 0 and define ρr := (1/|Br |)1Br ∗ ρ. Then ρ− ρr ∈ H−1 and there
exists C > 0 depending only on the dimension n such that

‖ρ− ρr‖H−1 ≤ Cr‖ρ‖L2 .

Proof of Lemma 4.8. We consider the Fourier transform of φr . Let thus r > 0 and ξ ∈ Rn be given and
consider

cn

rn

∫
Br

ei x ·ξ dx =
1
rn

∫
Br

ei x1|ξ | =
cn

|rξ |n

∫
Br |ξ |

ei x1 dx =: ψ(|rξ |).

We remark that ψ can be explicitly computed in terms of Bessel functions (see the proof of Theorem 5.2).
Since ψ( · ) is an average of ei x1 it follows that |ψ | ≤ 1. Furthermore, by continuity of ei x1

|ψ(|rξ |)− 1| ≤
cn

|rξ |n

∫
Br |ξ |

|ei x1 − 1| dx ≤ Cr |ξ |

as r |ξ | ↓ 0.
Hence, we can control

|F(ρr − ρ)|
2
= |(ψ(r |ξ |)− 1)ρ̂(ξ)|2 ≤min(2,Cr |ξ |)|ρ̂|2

and can estimate the H−1 energy of ρ−φr ∗ ρ by∫
min(C2

|ξr |2, 4)
|ξ |2

|ρ̂(ξ)|2 ≤ C2r2
∫
|ρ̂(ξ)|2 = C2r2

‖ρ‖2L2 . �

Lemma 4.9. Let ρ ∈ L2(Rn) with ‖ρ‖L2 ≤ 1 be supported in B1(0) such that∥∥∥∥ 1
cnεn 1Bε ∗ ρ

∥∥∥∥
L∞
≤ ε

for some 0< ε < 1. Then there exists C depending only on the dimension n such that the analytic mixing
scale satisfies

‖ρ‖H−1 ≤ Cε.

Proof of Lemma 4.9. By the triangle inequality

‖ρ‖H−1 ≤ ‖ρε‖H−1 +‖ρ− ρε‖H−1 .

The second term can be estimated by Cε‖ρ‖L2 ≤Cε using Lemma 4.8, while for the first term we control

‖ρε‖H−1 ≤ ‖ρε‖L2 ≤ | supp(ρε)|‖ρε‖L∞ ≤ 2nε,

where we estimated the support of ρε by B1+ε ⊂ B2. �

We remark that since the definition of g is given in terms of local Lebesgue spaces, some support or
decay condition is necessary.
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Indeed, consider ρ ∈ L2(R), which is compactly supported in (0, 1). Then for any N ∈ N we can
define σ(x) :=

∑N
j=0 ρ(x + 2 j). Due to the disjoint supports for all ε < 1

2 , it holds that

‖σε‖L∞ = ‖ρε‖L∞,

‖σ‖L2 =
√

N‖ρ‖L2 .

Furthermore, while H−1 is nonlocal, we obtain that ‖σ‖H−1 ≈
√

N‖ρ‖H−1 for N large.
The following lemma establishes the converse control of the geometric scale by the analytic scale. As

noted in Remark 4.2, here regularity of φ allows for easier proofs. However, under additional assumptions,
φ can also be chosen less regular, such as 1B1 .

Lemma 4.10. Let ρ ∈ H−1(Rn) with supp(ρ̂)⊂ Br−1(0) and let φ ∈ L1. Then there exists a constant C
depending on ρ such that

gε0[ρ] ≤ Cr−n/2−1
‖ρ‖H−1 .

If we require that φ ∈ H 1, then the support assumption can be omitted.

Proof of Lemma 4.10. Using Plancherel’s theorem we compute

φr ∗ ρ(x)=
∫
φr (x − y)ρ(y) dy =

∫
ei xξ ¯̂φr (ξ)ρ̂(ξ) dξ.

Now recall that φr (x) = φ(r x)/rn has constant L1 norm and thus ‖φ̂r‖L∞ ≤ ‖φr‖L1 . We may hence
control further by

‖φ̂r‖L∞‖ξ‖L2(supp(ρ̂))

∥∥∥∥ ρ̂ξ
∥∥∥∥

L2
≤ r−n/2−1

‖ρ‖H−1,

where we used the support of ρ̂ and that ‖φ̂r‖L∞ ≤ ‖φr‖L1 = 1.
If φ ∈ H 1, we can instead directly estimate

‖φr ∗ ρ‖L∞ ≤ ‖φr‖H1‖ρ‖H−1

= r−n/2−1
‖φ‖H1‖ρ‖H−1 . �

Hence, the failure of estimates with s ≥ 1
2 is due to the interaction of the “tail” of ρ̂ for |ξ | ≥ r−1.

We remark that in the dyadic setting of Section 3 this complication does not arise, since our seminorms
project on spaces E j of lower frequency.

5. Damping rates in transport-type equations

In this second part of our article, we are interested in the time dependence of mixing scales when ρ(t)
evolves under the passive scalar equation

∂tρ+ v · ∇ρ = 0

for a given divergence-free velocity field v. In particular, we are interested optimal decay rates of
‖ρ(t)‖H−1 and Gκ(t)[ρ(t)].
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In Section 5A, we consider the special case when ρ(t) is advected by a given specific, regular,
incompressible velocity field. This study is motivated by recent work of Crippa, Lucà and Schulze [Crippa
et al. 2019], who studied the time behavior of both mixing scales under the evolution

ρ(t, r, θ)= ρ0(r, θ − tr),

where r, θ are polar coordinates on R2
\ {0}, ρ0 ∈ L1

∩ L∞ and the angular averages 〈ρ0〉θ = 0 identically
vanish. Adapting conformal polar coordinates θ, es

= r , this setting shares strong similarities with
problems of inviscid damping in fluid dynamics.

Further examples of interest here are given by:

• Perturbations around shear flow solutions of Euler’s equations on T×R. In [Zillinger 2016; 2017a]
we showed that if U (y) is, roughly speaking, close to affine, the linearized Euler equations in vorticity
formulation asymptotically scatter in H s to the transport problem with v = (U (y), 0). Using different,
spectral methods [Wei et al. 2018] have further shown similar results under weaker conditions.

• When considering circular flows [Zillinger 2017b; Coti Zelati and Zillinger 2019] and when v = u(r)eθ
is an annular region or on R2, we similarly obtain stability, damping and scattering in weighted spaces
and for more degenerate profiles.

• In the setting of Landau damping [Bedrossian et al. 2016] similarly one observes scattering to a transport
problem.

The following results on the free transport equation

∂tρ(t, x, y)− y∂xρ = 0, (t, x, y) ∈ (0,∞)×Tn
×Rn,

hence also extend by scattering to asymptotics for further equations exhibiting phase-mixing.
Finally, we discuss optimal mixing and stirring for more general passive scalar problems. Here, a

recent active area of research, [Alberti et al. 2014; Seis 2017; Crippa and Schulze 2017; Bressan 2003;
Crippa and De Lellis 2008] is given by the study of upper and lower bounds on decay rates of mixing
scales for solutions of (1)

∂tρ+ v · ∇ρ = 0,

where v may be chosen arbitrarily under given constraints such as ‖v(t)‖W 1,p ≤ 1. Using our comparison
estimates of Theorem 1.2, we discuss implications of some known results.

5A. On sharp decay rates for the free transport equation. Our main results for the analytic mixing
scale are summarized in Theorem 1.3, which we restate in the following for easier reference. Using the
estimates of Theorem 4.3 we also obtain control of the geometric scale, which we study in Theorem 5.2.

Theorem 5.1. Let Hσ H s
= Hσ (Tn

; H s(Rn)) denote the Hilbert space with norm

‖ρ‖2Hσ
x H s

y
=

∑
k∈Zn

〈k〉2σ
∫

Rn
〈η〉2s
|ρ̃(k, η)|2 dη.
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In the following, let 0< s ≤ 1, ρ0 ∈ L2(Tn
; H s(Rn)) with

∫
Tn ρ0(x, y) dx = 0, and let

ρ(t, x, y)= ρ0(t, x − t y, y)

be the solution of the free transport problem. Then:

(1) There exists Cs > 1 such that for all t ≥ 1 and all initial data

‖ρ(t)‖H−1 ≤ Ct−s
‖ρ0‖H−s(Tn;H s(Rn)).

(2) Let αj > 0 with ‖(αj )j‖l2 = 1. Then there exist c > 0, a sequence of times tj →∞ and initial data
u0 such that

‖ρ(tj )‖H−1 ≥ cαj t−s
j ‖ρ0‖H−s(Tn;H s(Rn)).

(3) There exists no nontrivial initial data ρ0 ∈ L2(Tn
; H s(Rn)) such that

‖ρ(tj )‖H−1 ≥ ct−s
j ‖ρ0‖H−s(Tn;H s(Rn))

along some sequence tj →∞.

In the second statement, tj can always be chosen larger and more rapidly increasing. For instance,
we may chose tj = exp(exp(· · · exp( j))) and αj = 1/j = ln(ln(· · · ln(tj ))) as iterated exponentials and
logarithms. Informally stated, the theorem hence shows that algebraic decay rates can be achieved along
a subsequence up to an arbitrarily small loss. Conversely, the third statement shows that this loss is
necessary and that the lower estimate is sharp in this sense.

Proof of Theorem 1.3. We note that for all t the map L2
3 ρ0 7→ ρ(t) ∈ L2 is unitary and thus the

statement holds for s = 0. Furthermore, we may use the explicit solution of the free transport problem
and Plancherel’s identity with respect to x to obtain

‖ρ(t)‖H−1 = sup
φ:‖φ‖H1≤1

∣∣∣∣∑
k 6=0

∫
¯̂
φ(k, y)eikty ρ̂0(k, y) dy

∣∣∣∣
= sup
φ:‖φ‖H1≤1

∣∣∣∣∑
k 6=0

∫
eikty∂y

¯̂
φ(k, y)ρ̂0(k, y)

ikt

∣∣∣∣
≤ t−1

‖ρ0‖H−1(Tn;H1(Rn)),

and thus establish the result for s = 1. The result for 0< s < 1 then is obtained by interpolation.
For the second statement, we make use of resonant times and frequencies. Roughly speaking, if ρ0

is frequency localized at (k, η) (with respect to x and y), then free transport in physical space is also a
transport equation in Fourier space and ρ(t) will be frequency localized near (k, η+ kt). Hence, if k 6= 0,
η and k are parallel and t = −η/k, the frequency localization is near zero and hence any Hσ norm is
equivalent to the L2 norm for such a function.

Let thus φ ∈ C∞c be supported in a ball of radius 2 and L2 normalized and let (αj )j ∈ l2 with
‖(αj )j‖l2 = 1. Suppose further that tj , to be determined precisely later, satisfies min j1 6= j2 |tj1 − tj2 | > 4
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and min |tj |> 4. Then we define the function ρ0 ∈ H s(Tn
×Rn) by its Fourier transform:

ρ̃0(k, η)= δk=e1

∑
j∈N

αj 〈tj 〉
−sφ(η− tj e1).

We remark that the Dirac in k corresponds to assuming periodicity in x . This construction also
readily extends to the whole space case, Rn

×Rn, if δk=e1φ(η−tj e1) is replaced by a bump function
φ(10k−e1)φ(η−ktj ).

By our assumption on tj1 − tj2 , the functions φ( · − tj ) are disjointly supported and thus

‖ρ0‖
2
H s =

∑
j

|αj |
2
∥∥∥∥ 〈 · 〉2s

〈tj 〉
2s φ( · − tj e1)

∥∥∥∥2

L2(B2(0))
=

∑
j

|αj |
2
∥∥∥∥〈 · − tj e1〉

2s

〈tj 〉
2s φ( · )

∥∥∥∥2

L2(B2(0))
.

Similarly, for any t ∈ R, it holds that

‖ρ(t)‖2H s =

∑
j

|αj |
2
∥∥∥∥〈(tj − t)e1+ · 〉

2s

〈tj 〉
2s φ( · )

∥∥∥∥2

L2(B2(0))
.

By our assumptions on tj and φ, in the first sum |η| ≤ 2≤ |tj |/2, and thus ‖u0‖
2
H s is comparable (within

a factor 4±s) to
∑

j |αj |
2
= 1. One the other hand, for t = tj , the second sum is bounded from below by

|αj |
2
∥∥∥∥ 〈 · 〉2s

〈tj 〉
2s φ( · )

∥∥∥∥2

L2(B2(0))
≥
|αj |

2

〈tj 〉
2s .

This concludes the proof of the second statement. We note that a similar lower bound can also be obtained
for the homogeneous Sobolev spaces by choosing t = tj + 4 instead.

Finally, suppose that there exists ρ0 attaining the algebraic decay rates. Expressed in terms of ρ0 this
implies that for a sequence tj →∞∥∥∥∥ t s

j

〈η− tj k〉1〈η〉s
〈η〉s〈k〉−s ũ0

∥∥∥∥2

l2 L2
≥ C‖〈η〉s〈k〉−s ũ0‖

2
l2 L2 . (9)

Since the equation decouples with respect to k and for easier notation, in the following we consider k
arbitrary but fixed and omit the factors 〈k〉−s. The result of the theorem then follows by multiplying by
〈k〉−s and summing in k.

Now let t = tj and consider the sets

�C,t =

{
(k, η) :

|t s
|

〈η− tk〉1〈η〉s
<

√
C
2

}
and AC,t , their complements. Then the inequality (9) implies∥∥∥∥ t s

〈η− tj k〉1〈η〉s
〈η〉s ũ0

∥∥∥∥2

L2(AC,t )

+
C
2
‖〈η〉s ũ0‖

2
L2(�C,t )

≥ C‖〈η〉s ũ0‖
2
L2(�C,t )

=⇒

∥∥∥∥ t s

〈η− ktj 〉
1〈η〉s
〈η〉s ρ̃0

∥∥∥∥2

L2(AC,t )

≥
C
2
‖〈η〉s ρ̃0‖

2
L2 . (10)
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On the other hand
t s

〈η− ktj 〉
1〈η〉s

≤max
(

t s

〈ktj/2〉11
,

t s

1〈ktj/2〉s

)
≤ 2s,

by considering |η| ≤ tj/2 and |η|> tj/2 and using that 0≤ s ≤ 1.
Hence, it follows that, for a constant depending on s, but independent of t ,

‖〈η〉s ρ̃0‖
2
L2(AC,t )

≥ Cs‖〈η〉
s ρ̃0‖

2
L2 .

By assumption, this holds for a sequence tj →∞. Upon passing to a subsequence, the sets AC,tj can be
ensured to be mutually disjoint. Hence, by orthogonality

‖〈η〉s ρ̃0‖
2
L2 ≥

∑
j

‖〈η〉s ρ̃0‖
2
L2(AC,tj )

≥ Cs

∑
j

‖〈η〉s ρ̃0‖
2
L2 =∞‖〈η〉

s ρ̃0‖
2
L2 .

This is a contradiction unless ρ0 = 0. �

As a consequence of our comparison result, Theorem 1.2, we also obtain lower bounds on the decay
of the geometric mixing scale. The following theorem instead provides a direct construction of a lower
bound, where averages are taken over the scale j/tj instead.

Theorem 5.2. Let 0 ≤ s < 1
2 ; then there exists initial data ρ0 ∈ L2

x H s
y (T × [0, 2π ]) so that along a

sequence of times tj = 2100+ j the solution u of the free transport problem satisfies

g j/tj [ρ] ≥
‖ρ0‖L2 H s

j〈tj 〉
s .

That is, at scale r = j/tj we have a lower bound by 1/( j t s
j ).

We remark that as in the previous Theorem 1.3, tj can be chosen to be increasing more rapidly and thus
1/j = o(1) as tj →∞ can be chosen with very slow decay. Furthermore, the construction of our proof
also extends to the n-dimensional transport equations by extending constantly in the other directions.

Proof of Theorem 5.2. Consider the function

ρ0(x, y)= cei x
∞∑
j=1

1
j

ei tj y

〈tj 〉
s

as a functions on T×[0, 2π ], where c ∈
( 1

100 , 100
)

can be chosen such that this function is normalized
since 1/j ∈ l2.

Then, the solution ρ of the free transport problem is explicitly given by

ρ(t, x, y)= cei x
∞∑
j=1

1
j

ei(tj−t)y

〈tj 〉
s .

For simplicity of notation and presentation we first consider averages over squares instead of balls,
which allows for a simpler straightforward calculation. An extension to the latter setting is given at the
end of this proof. Let thus t = tj0 and consider a square S = Ix × Iy of side length 1

100 > d > j0/tj0 , which
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is centered close to a point where ei x
= 1. Then the integral of ρ over this square decouples by Fubini’s

theorem and we may compute that
1
d

∫
Ix

ei x dx ≈ 1

and that
1
d

∫
Iy

∞∑
j=1

1
j

cos((tj − t)y)
〈tj 〉

s dy =
1
d

∫
Iy

1
j0〈tj 〉

s +
1
d

∑
j 6= j0

∫
Iy

1
j

ei(tj−tj0 )y)

〈tj 〉
s .

We note that as an average over a constant function, the first term equals

1
j0〈tj 〉

s ≈
1

j02 j0s . (11)

On the other hand, by the construction of tj = 2100+ j, for each j 6= j0 we have |tj − tj0 | ≥
1
2 max(tj , tj0)

and thus all further integrands are highly oscillatory. In particular,∣∣∣∣∫
Sy

1
j

cos((tj − tj0)y)
〈tj 〉

s

∣∣∣∣≤ 1
j〈tj 〉

s |tj − tj0)|
≤

1
j2 js |2 j − 2 j0 |

,

where we used integration by parts. Considering the sum in j , we split into∑
j< j0

1
j2 js |2 j − 2 j0 |

≤
2

2 j0

∑
j

1
j2 js ≤

cs

2 j0

and ∑
j> j0

1
j2 js |2 j − 2 j0 |

≤ 2− j0s
∑
j> j0

2
j2 j ≤ 2− j0s2− j0 .

Dividing by d > j2− j0/(100cs), both terms will be smaller than the term in (11) by a large factor and
hence

1
|S|

∫
S
ρ(tj )≥ c

1
j0〈tj 〉

s ,

as claimed.
Let us next consider the original problem of averages over balls. In this case the integrals

1
j〈tj 〉

s

1
|Bd |

∫
Bd

ei x ei(tj−t)y

can be explicitly computed in terms of Bessel functions. That is, if the center of the ball is the point
(ξ1, ξ2), then after translating in x and y, we obtain an exponential factor eiξ1+i(tj−t)ξ2 and an integral
over a ball centered in (0, 0). We hence need to compute∫

Bd

ei x(1,tj−t) dx = dn
∫

B1

ei x(d,d(tj−t)) dx .

That is, the Fourier transform of the indicator function of a ball.
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Using the rotation-invariance of B1, we compute∫
B1

ei xξ dx =
∫

B1

ei x1|ξ | dx1 dx2 =

∫ 1

−1

√
1− x2

1ei x1|ξ | dx1 = c
J1(|ξ |)

|ξ |
,

where J1 denotes the Bessel function of the first kind and c ≤ 10. It hence follows that

d−n
∫

Bd

ei x(1,tj−t) dx ≤ Cd min
(

1,
C

d
√

1+ |tj − t |2

)
and d−n

∫
Bd

ei x(1,tj−t) dx ≈ 1

if tj − t is small. Thus, the above estimates for squares extend to this case in a straightforward way. �

5B. On lower bounds for mixing costs. Consider again the passive scalar problem

∂tρ+ v · ∇ρ = 0,

∇ · ρ = 0.
(12)

In the previous section we considered v as given and asked about decay rates of mixing scales for ρ0 ∈ H s

to be chosen freely.
As a related and in a sense inverse problem, one can ask about mixing costs. That is, you are given an

explicit initial datum ρ0 ∈ H s and want it to be mixed to scale ε by time 1. What kind of lower bound
does this imply on Sobolev norms of v in space and time?

More precisely, the aim is to a establish a lower bound of the type∫ 1

0
‖v‖W 1,p dt ≥ C p| log(ε)|,

when ρ(1) is geometrically mixed to scale ε. The case p > 1 was established in [Crippa and De Lellis
2008] and the case p = 1 is a conjecture in [Bressan 2003].

As an application of our comparison results, we consider the simplest case of p =∞, following the
proof in [Crippa and De Lellis 2008] via Gronwall’s estimate.

Lemma 5.3. Let 1> ε > 0 and ρ be a solution of (12) on Rn such that

‖ρ|t=0‖H−1 = 1, ‖ρ|t=1‖H−1 = ε > 0,

with v ∈W 1,∞. Then it holds that∫ 1

0
‖∂ivj + ∂jvi‖L∞ dt ≥ C | log(ε)|.

Proof. Since v is divergence-free, the solution operator S(t2, t1) mapping ρ|t1 to ρ|t2 is unitary. Character-
izing the H−1 norm via duality we hence obtain

‖ρ|t=0‖H−1 = sup
‖ψ‖H1≤1

∫
ψρt=0 = sup

‖ψ‖H1≤

∫
ψρt=0

= sup
‖ψ‖H1≤1

∫
(S(1, 0)ψ)ρt=1 ≤ ‖S(1, 0)‖H1→H1‖‖ρt=1‖H−1,
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and thus

‖S(1, 0)‖H1→H1 ≥
1
ε
. (13)

On the other hand, S(1, 0) conserves the L2 norm and ∂jρ satisfies

∂t∂jρ+ v · ∇∂jρ+ (∂jv) · ∇ρ = 0.

Testing against ρj we thus obtain

d
dt
‖∇ρ‖2L2 ≤ 2

∑
i, j

∫
(∂jρ)(∂jvi )(∂iρ)=

∑
i, j

∫
(∂jρ)(∂jvi + ∂ivj )(∂iρ)≤ ‖∂jvi + ∂ivj‖L∞‖∇ρ‖

2
L2 .

Gronwall’s inequality thus implies

‖S(1, 0)‖H1→H1 ≤ exp
(∫ 1

0
‖∂jvi + ∂ivj‖L∞ dt

)
,

which in combination with the inequality (13) concludes the proof. �

As a corollary we obtain a lower bound on the geometric scale. While our comparison estimates of
Section 4 cannot be expected to be optimal due the different time dependencies, we remark that lower
bounds in terms of powers of ε yield the same logarithmic lower bounds. Hence, we may consider the
assumptions of the following corollary to be equivalent to those of Lemma 5.3 for our purposes.

Corollary 5.4. Let 1 > ε > 0 and ρ be a solution of (12) on Rn with v ∈ W 1,∞(Rn). Suppose that
‖ρ|t=0‖H−1 = 1 and that ρ|t=1 is supported in B1 and

Gε[ρ|t=1] ≤ ε.

Then it follows that ∫ 1

0
‖∂ivj + ∂jvi‖L∞ dt ≥ C | log(ε)|.

Proof. By Theorem 1.2, ρ also satisfies the assumptions of Lemma 5.3, which implies the result. �

For the case p > 1, Crippa and De Lellis [2008] obtained the following mixing cost result; see also
[Seis 2013; Bruè and Nguyen 2018; Iyer et al. 2014]. Unlike the setting p = ∞ this seminal result
requires considerable effort to prove. In subsequent works we intend to study whether the comparability
can be used to simplify steps of this proof.

Theorem 5.5 [Crippa and De Lellis 2008, Theorem 6.2]. Let p > 1 and ρ|t=0 = 1[0,1/2](x2) ∈ L1(T2)

and suppose that for ε > 0 and some 0< κ < 1
2 the solution of (12) satisfies

κ ≤
1
Bε

∫
Bε
ρ|t=1 ≤ 1− κ.

Then there exits a constant C such that∫ 1

0
‖∇v‖L p dt ≥ C | log(ε)| (14)

for every 0< ε < 1
4 .
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The following corollary establishes a similar result for analytic mixing costs as consequence of this
result on geometric mixing costs by using comparability. Such an estimate was also obtained in [Iyer
et al. 2014] by more direct methods. We thus do not claim novelty of this estimate, but highlight that
comparability allows us to relate existing results available for either scale.

Corollary 5.6. Let p> 1 and ρ|t=0= 1[0,1/2](x2)∈ L1(T2) and suppose that for ε > 0 and some 0<κ < 1
2

the solution of (12) satisfies ∥∥ρ|t=1−
1
2

∥∥
H−1 ≤ ε.

Then inequality (14) holds.

Proof. Theorem 4.3 implies that for 0< α < 1
2∣∣∣∣ 1

Bεα

∫
Bεα
ρ|t=1−

1
2

∣∣∣∣≤ Cε1/2−α,

where the upper bound on α is due to the regularity of 1B1 as discussed in Remark 4.2. Defining
δ := Cε1/2−α and adding 1

2 , we thus obtain

1
2 − δ ≤

1
Bεα

∫
Bεα
ρ|t=1 ≤

1
2 + δ.

Thus, we may apply the theorem of Crippa and De Lellis with κ ≤ 1
2 − δ and εα to obtain∫ 1

0
‖∇v‖L p dt ≥ C | log(εα)| = Cα| log(εα)|. �
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QUANTUM TRANSPORT IN A LOW-DENSITY PERIODIC POTENTIAL:
HOMOGENISATION VIA HOMOGENEOUS FLOWS

JORY GRIFFIN AND JENS MARKLOF

We show that the time evolution of a quantum wavepacket in a periodic potential converges in a combined
high-frequency/Boltzmann–Grad limit, up to second order in the coupling constant, to terms that are
compatible with the linear Boltzmann equation. This complements results of Eng and Erdős for low-
density random potentials, where convergence to the linear Boltzmann equation is proved in all orders. We
conjecture, however, that the linear Boltzmann equation fails in the periodic setting for terms of order 4
and higher. Our proof uses Floquet–Bloch theory, multivariable theta series and equidistribution theorems
for homogeneous flows. Compared with other scaling limits traditionally considered in homogenisation
theory, the Boltzmann–Grad limit requires control of the quantum dynamics for longer times, which are
inversely proportional to the total scattering cross-section of the single-site potential.
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1. Introduction

The analysis of wave transport in periodic media plays an important role in explaining numerous physical
phenomena, most notably in solid state physics, continuum mechanics and optics. A key challenge is
the derivation of macroscopic transport equations from the underlying microscopic laws, and to thus
describe effects on scales which are several orders of magnitude above the length scale given by the
period of the medium. Semiclassical analysis and homogenisation theory have produced a remarkable
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r1−d

2r

h

1

Figure 1. Illustration of a wavepacket at time t = 0 with wavelength h in a Zd -periodic
potential with interaction regions of diameter 2r . For small r , the classical mean-free
path length in this setting is of the order r1−d.

collection of results in scaling limits where the characteristic wavelength is either much larger than the
period (low-frequency homogenisation) or of the same or smaller order (high-frequency homogenisation);
see for example [Allaire and Piatnitski 2005; Benoit and Gloria 2017; Bensoussan et al. 1978; Birman and
Suslina 2003; Craster et al. 2010; Gérard 1991; Gérard et al. 1997; Harutyunyan et al. 2016; Markowich
et al. 1994; Panati et al. 2003].

Here we study the limit when the diameter 2r of the interaction region in each fundamental cell is signif-
icantly smaller than the period, and the wavelength h is comparable to the interaction region; see Figure 1.

Such a scaling, which is not traditionally discussed in high-frequency homogenisation, is motivated
by the desire to understand the Boltzmann–Grad limit of particle transport in crystals. This problem is
currently only understood (a) in the case of zero quasimomentum [Castella 1999; 2001; Castella and
Plagne 2002], (b) in the classical limit [Caglioti and Golse 2010; Marklof and Strömbergsson 2008; 2010;
2011a; 2011b], and (c) when the medium is random rather than periodic, in both the classical [Gallavotti
1969; Spohn 1978; Boldrighini et al. 1983] and quantum settings [Eng and Erdős 2005] (see also [Erdős
and Yau 2000; Spohn 1977] for the weak-coupling limit and [Bal et al. 1999; 2002; 2011] for related
models). In the random setting — classical and quantum — the limit transport equation is proved to be the
linear Boltzmann equation, as predicted in [Lorentz 1905].

The linear Boltzmann equation for a particle density f (t, x, y) at time t , where x denotes position and
y momentum, is given by

∂t f (t, x, y)+ y · ∇x f (t, x, y)= ρ(x)
∫

Rd
6( y, y′) [ f (t, x, y′)− f (t, x, y)] d y′, (1-1)

subject to initial data f (0, x, y)= a(x, y). The collision kernel 6( y, y′) is determined by the single-site
scattering potential, and can be interpreted as the rate of particles with velocity y being scattered to
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velocity y′ (or vice versa). The quantity ρ(x) denotes the macroscopic scatterer density at x, which for a
homogeneous medium means ρ(x) is constant. In the absence of scatterers ρ(x)= 0, and the solution of
(1-1) is f (t, x, y)= a(x− t y, y), which is consistent with free transport. In the case of a single scatterer,
classical and semiclassical scattering theory yields a linear Boltzmann equation with ρ(x)= δ(x) [Nier
1995]. See also [Nier 1996], in particular Section 7.2, for the case when ρ(x) is an infinite superposition
of point masses in dimension d = 1.

The principal result of the present work establishes convergence in the Boltzmann–Grad limit for the
quantum periodic setting, at least up to second order in the coupling constant. Perhaps surprisingly, and
unlike the classical case [Golse 2008], this limit is compatible with the linear Boltzmann equation. We
nevertheless conjecture that higher-order terms in the coupling constant are incompatible, and that in
particular the limit process does not satisfy the linear Boltzmann equation. A heuristic description of the
full limit process will be provided elsewhere [Griffin and Marklof ≥ 2019].

A technical step in this paper is to generalise the limit theorems for multivariable theta series, which
were employed in the proof of the Berry–Tabor conjecture for the Laplacian on tori with quasiperiodic
boundary conditions [Marklof 2002; 2003]. Crucial ingredients in the proofs of these statements are
equidistribution results for homogeneous flows against unbounded test functions, which require estimates
on the escape of mass into the cusp of the relevant homogeneous space. The results in [Marklof 2002;
2003] are based on Ratner’s measure classification theorem and are therefore ineffective. The recent
paper [Strömbergsson and Vishe 2018] provides effective rate-of-convergence estimates in this context
(we will not need these for the present study).

Given initial data f0 in the Schwartz class S(Rd) and scaling parameter h > 0, the quantum amplitude
f (t, x) at time t is given by the Schrödinger equation

i
h

2π
∂t f (t, x)= Hh,λ f (t, x), f (0, x)= f0(x), (1-2)

with quantum Hamiltonian

Hh,λ = Hh,0+ λOp(V ), Hh,0 =−
h2

8π2 1. (1-3)

Here 1 is the standard Laplacian in Rd, and Op(V ) denotes multiplication by the Zd -periodic potential

V (x)= Vr (x)=
∑

m∈Zd

W (r−1(x+m)), (1-4)

with a fixed single-site potential W. We will assume from here onwards that d ≥ 2 and that W ∈ S(Rd) is
real-valued.

We expect that our analysis can be extended to scatterer configurations where Zd is replaced by an
arbitrary Euclidean lattice L of full rank in Rd, and more generally to locally finite L-periodic point sets.
This requires, however, a substantial generalisation of the asymptotics discussed in Section 7, which are
based on limit theorems for the pair correlation of general positive definite quadratic forms. The latter
are currently understood, in the necessary scaling regime, only in dimension d = 2 [Eskin et al. 2005;
Margulis and Mohammadi 2011].
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The quantities r, λ > 0 are scaling parameters which we will refer to as the scattering radius and
coupling constant respectively. The operator Hh,λ can be realised as the Weyl quantisation of the
classical Hamiltonian H cl

λ (x, y)= 1
2‖ y‖2+λV (x). The solution of (1-2) can be represented as f (t, x)=

Uh,λ(t) f0(x) with
Uh,λ(t)= e(−Hh,λt/h), e(z) := e2π iz. (1-5)

To characterise the asymptotic behaviour of the quantum dynamics, it will be convenient to use the time
evolution of linear operators A(t) (“quantum observables”) given by the Heisenberg evolution

A(t)=Uh,λ(t) A Uh,λ(t)−1. (1-6)

We will use the L2 inner product

〈a, b〉 =
∫

Rd×Rd
a(x, y) b(x, y) dx d y, (1-7)

and the Hilbert–Schmidt inner product

〈A, B〉HS = Tr AB†. (1-8)

As is standard in semiclassics, we will measure momentum in units of h, and use the rescaling a(x, y) 7→
hd/2a(x, h y); the normalisation is chosen so that the L2-norm is preserved. In the classical picture of
a point particle moving through an infinite field of scatterers, the Boltzmann–Grad scaling limit is one in
which the radius of the scatterers is taken to zero, while space and time are simultaneously rescaled in order
to ensure the mean-free path length and mean-free flight time remain finite. The classical mean-free path
length scales like r1−d, and so we define the semiclassical Boltzmann–Grad scaling of a ∈ S(Rd

×Rd) by

Dr,ha(x, y)= rd(d−1)/2hd/2 a(rd−1x, h y), (1-9)

where again the normalisation is chosen so that Dr,h preserves the inner product (1-7). To ensure that the
mean-free flight time remains of constant order as r→ 0 we similarly rescale time by a factor of r1−d.

We denote by Op(a) the standard Weyl quantisation of a ∈ S(Rd
×Rd):

Op(a) f (x)=
∫

Rd×Rd
a
( 1

2(x+ x′), y
)

e((x− x′) · y) f (x′) dx′ d y, (1-10)

where f ∈ S(Rd). We furthermore define the corresponding scaled quantisation by Opr,h = Op ◦Dr,h ,
and set Oph = Op1,h .

Throughout this paper we will consider the scaling limit where the quantum wavelength is of the same
order as the scattering radius r ; i.e., h = h0r where h0 is a fixed constant. By a simple scaling argument,
we may assume without loss of generality that h0 = 1.

Conjecture 1.1. There exists a family of linear operators L(t) : L1(Rd
×Rd)→ L1(Rd

×Rd) such that

(i) for all a, b ∈ S(Rd
×Rd), A = Opr,h(a), B = Opr,h(b), λ > 0 and t > 0,

lim
h=r→0

〈A(tr1−d), B〉HS = 〈L(t)a, b〉, (1-11)

(ii) L(t)a(x, y) is in general not a solution of the linear Boltzmann equation.
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Section A in the appendix provides an interpretation of 〈A(tr1−d), B〉HS in terms of the phase-space
distribution of a solution f (t, x) of the Schrödinger equation (1-2) with initial condition

f0(x)= rd(d−1)/2φ(rd−1x) e( p · x/h) (1-12)

for φ ∈ S(Rd) and p ∈ Rd. A schematic drawing of the initial wavepacket f0 is given in Figure 1 (shown
is the positive real part of f0).

In the case of random (rather than periodic) scatterer configurations, [Eng and Erdős 2005] proves
convergence to a limit L(t)a(x, y), which in fact is a solution to the linear Boltzmann equation with the
standard quantum mechanical collision kernel

6( y, y′)= 8π2 δ(‖ y‖2−‖ y′‖2)|T ( y, y′)|2. (1-13)

Here T ( y, y′) is the kernel of the T -matrix in momentum representation. It is related to the quantum
scattering cross-section by the formula (see [Nier 1995, Appendix A])

σ( y, y′)= 4π2
‖ y‖d−3

|T ( y, y′)|2. (1-14)

The Born approximation for the T -matrix yields Fermi’s golden rule,

62( y, y′)= 8π2 δ(‖ y‖2−‖ y′‖2)|Ŵ ( y− y′)|2, (1-15)

where Ŵ is the Fourier transform of the single-site potential W.
We will use a perturbative approach to provide evidence for Conjecture 1.1: The present paper

establishes convergence up to second order in the coupling constant λ, where all terms are consistent
with the linear Boltzmann equation. Based on this analysis, we develop in [Griffin and Marklof ≥ 2019]
a heuristic model for higher-order terms, some of which do not match the linear Boltzmann equation;
this provides support for the second assertion of Conjecture 1.1. To formulate the main theorem of the
present paper, consider the formal expansion

L(t)∼
∞∑

n=0

Ln(t)λn, (1-16)

and define the linear operators L0, L1 and L2 acting on functions in S(Rd
×Rd) by

L0(t)a(x, y)= a(x− t y, y), L1(t)a(x, y)= 0, (1-17)

L2(t)a(x, y)=
∫ t

0

∫
Rd
62( y, y′)[a(x− s y− (t − s) y′, y′)− a(x− t y, y)] d y′ ds. (1-18)

Relations (1-16)–(1-18) are consistent with L(t) generating solutions of the linear Boltzmann equation
with ρ(x)= 1.

Our main result is as follows.

Theorem 1.2. Let t > 0 and a, b ∈ S(Rd
×Rd), A = Opr,h(a), B = Opr,h(b). Then there exist linear

operators A(r)0 (t), A(r)1 (t), A(r)2 (t) such that for h = r ∈ (0, 1]

〈A(tr1−d), B〉HS =

2∑
n=0

〈A(r)n (tr1−d), B〉HS λ
n
+

6∑
n=3

O(r−nd/2λn) (1-19)
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and
lim

h=r→0
〈A(r)n (tr1−d), B〉HS = 〈Ln(t)a, b〉 (n = 0, 1, 2). (1-20)

The notation f (x)= O(g(x)) means “there is a positive constant C such that | f (x)| ≤ C |g(x)|.” We
will also use f (x)� g(x) synonymously, and subscript Oε or�ε to highlight the dependence of the
implied constant C = Cε on a parameter ε.

The key point here is to view the first sum on the right-hand side of (1-19) as the first three terms
of a formal power series expansion in λ, which according to (1-20) each converge to the corresponding
terms of the conjectured limit (1-16). The second sum in (1-19) provides an error estimate that allows an
interpretation beyond a formal power series, but this is only of secondary interest.

We will actually prove a stronger result than Theorem 1.2. For a given quasimomentum α ∈ [0, 1)d,
consider the Bloch functions ϕαm(x)= e((m+α) · x), m ∈ Zd, and define the projection 5α acting on
f ∈ S(Rd) by

5α f (x)=
∑

m∈Zd

〈 f, ϕαm〉 ϕ
α
m(x), (1-21)

with inner product

〈 f, g〉 =
∫

Rd
f (x) g(x) dx. (1-22)

Note that, by Poisson summation,

5α f (x)=
∑

m∈Zd

e(−m ·α) f (x+m), (1-23)

and hence by integrating over α ∈ [0, 1)d one regains f (x). We will refer to 5α as a Bloch projection
and α as a Bloch vector or quasimomentum. Instead of (1-19) we consider now

〈5αA(tr1−d), B〉HS. (1-24)

As we will see, the behaviour of (1-24) in the limit h = r→ 0 depends on the number-theoretic properties
of α. We call a vector α= (α1, . . . , αd)∈Rd Diophantine of type κ if there exists a constant C>0 such that

max
j

∣∣∣∣αj −
m j

q

∣∣∣∣> C
qκ

(1-25)

for all m1, . . . ,md , q ∈ Z, q > 0. The smallest possible value for κ is κ = 1+ 1
d . In this case α is called

badly approximable.

Theorem 1.3. Suppose α is Diophantine of type κ < (d − 1)/(d − 2) and the components of (1, tα) are
linearly independent over Q. Let t > 0 and a, b ∈ S(Rd

×Rd), A = Opr,h(a), B = Opr,h(b). Then there
exist linear operators A(r,α)0 (t), A(r,α)1 (t), A(r,α)2 (t) such that for h = r ∈ (0, 1]

〈5αA(tr1−d), B〉HS =

2∑
n=0

〈A(r,α)n (tr1−d), B〉HS λ
n
+

6∑
n=3

O(r−nd/2λn) (1-26)

and
lim

h=r→0
〈A(r,α)n (tr1−d), B〉HS = 〈Ln(t)a, b〉 (n = 0, 1, 2). (1-27)
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Since the set of Diophantine α ∈ [0, 1)d has full Lebesgue measure, Theorem 1.2 may be viewed as
an averaged (and thus weaker) version of Theorem 1.3. The convergence in (1-27) is however highly
nonuniform in α, and the derivation of Theorem 1.2 from Theorem 1.3 requires nontrivial dominated
convergence estimates.

In his PhD thesis [Griffin 2017], the first author established a version of Theorem 1.3 for the small-
scatter problem on the torus Td

=Rd/Zd with quasiperiodic boundary conditions f (x+m)= e(m·α) f (x)
(m ∈ Zd) for observables that do not depend on position x. This in particular complements results in
[Castella 1999; Castella and Plagne 2002] where α = 0, and furthermore provides a discussion of the
expansion terms leading to a failure of the linear Boltzmann equation. The key observation in those
papers is that due to the large mean degeneracy of the spectrum of the Laplacian on the torus Td, the
semiclassical Boltzmann–Grad limit diverges; a different normalisation then yields a nonuniversal limit,
which in particular is not consistent with the linear Boltzmann equation. It is interesting to note that
adding a suitably chosen damping term allows one to recover the linear Boltzmann equation even in this
singular case [Castella 2001; 2002]. The small-scatterer problem in rectangular domains (Sinai billiards)
has also been investigated in the context of quantum chaos; here the smooth potential is replaced by a
disc with Dirichlet boundary conditions [Berry 1981; Dahlqvist and Vattay 1998].

This paper is organised as follows. Sections 2 and 3 provide basic background and notation on Weyl
calculus in momentum representation and Floquet–Bloch theory. Section 4 uses the Duhamel principle to
obtain a perturbation series in λ. We then apply the Boltzmann–Grad scaling in Section 5. The zeroth-
and first-order terms are elementary, and are calculated in Section 6. Terms of second order require
equidistribution results for horocycles (Section 7) and mean value theorems for theta functions (Section 8),
which build on the papers [Marklof 2002; 2003]. The second-order terms are computed in Section 9.
The estimates of the error term in Theorem 1.3 require analogous results for higher-dimensional theta
functions (Section 10) and are presented in Section 11. The proof of Theorem 1.3 is given at the end of
Section 11. Section 12 concludes with the proof of Theorem 1.2.

2. Momentum representation

We have so far represented quantum wave amplitudes f in the position representation. It will in fact be
more convenient to work with its Fourier transform f̂ , which represents the wave amplitude as a function
of the quantum particle’s momentum. Set e(x)= exp(2π ix), and define the Fourier transform f̂ = F f
of f by

f̂ ( y)= F f ( y)=
∫

Rd
e(− y · x) f (x) dx. (2-1)

The Fourier transform of a linear operator A on L2(Rd) is then naturally defined by

Â = F AF−1. (2-2)

Explicitly, the corresponding Schwartz kernel satisfies

Â( y, y′)=
∫

R2d
A(x, x′)e(−x · y+ x′ · y′) dx dx′. (2-3)
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The Schwartz kernel of the Fourier transform of Op(a) is given by

Ôp(a)( y, y′)=
∫

Rd
a
(
x, 1

2( y+ y′)
)

e(−x · ( y− y′)) dx

= ã
(

y− y′, 1
2( y+ y′)

)
, (2-4)

where ã denotes the Fourier transform of a in the first variable only; i.e.,

ã(η, y)=
∫

Rd
a(x, y) e(−x · η) dx. (2-5)

The definition given above extends to larger function spaces by standard arguments [Folland 1989].
Two notable special cases occur when a is a function exclusively of either x or y. In the first case
when a = a(x) we have Ôp(a)( y, y′) = â( y− y′), and in the second case when a = a( y) we obtain
Ôp(a)( y, y′)= a( y) δ0( y− y′). The choice a = L0(t)V in (2-4) yields for instance

Ôp(L0(t)V )( y, y′)= rd
∑

m∈Zd

Ŵ (r m)e
(
−

1
2 tm · ( y+ y′)

)
δm( y− y′), (2-6)

where δm denotes the Dirac delta mass at the point m.
The quantisations of the Hamilton functions H cl

0 and H cl
λ are denoted by H0 = Op H cl

0 =−
1

8π21 and
Hλ = Op H cl

λ = H0+ λOp V respectively. The Schrödinger equation for the time evolution of the wave
amplitude f (t, x) can then be written (in units where Planck’s constant is 1)

i
2π ∂t f (t, x)= Hλ f (t, x), f (0, x)= f0(x), (2-7)

which has the solution

f (t, x)=Uλ(t) f0(x), Uλ(t) := e(−Hλt). (2-8)

The relation to the corresponding operators in the Introduction is

Hh,λ = h2 Hλ/h2, Uh,λ(t)=Uλ/h2(ht). (2-9)

It will be more convenient to work with Uλ(t) in what follows, and then later appeal to (2-9).
Since H cl

0 is a quadratic polynomial, we have the exact Egorov property,

U0(t)Op(a)U0(−t)= Op(L0(t)a). (2-10)

In momentum representation the kernel of the operator Ĥ0 takes the form

Ĥ0( y, y′)= 1
2‖ y‖2δ0( y− y′) (2-11)

and thus also

Û0(t)( y, y′)= e
(
−

1
2 t‖ y‖2

)
δ0( y− y′). (2-12)

3. Bloch projections

As is standard in the study of periodic potentials, we use the fact that any solution to our Schrödinger equa-
tion can be decomposed into quasiperiodic functions parametrised by quasimomentum α ∈ Td

= Rd/Zd
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(Floquet–Bloch decomposition). For f ∈ S(Rd) the function ψ(x)=5α f (x) satisfies, for every k ∈ Zd,

ψ(x+ k)= e(k ·α)ψ(x). (3-1)

We denote by Hα the Hilbert space of functions that satisfy the quasiperiodicity condition (3-1) and have
finite L2-norm with respect to the inner product

〈ψ, ϕ〉α =

∫
Td
ψ(x) ϕ(x) dx. (3-2)

We define the corresponding Hilbert–Schmidt product for linear operators from L2(Rd) to Hα by

〈A, B〉HS,α = Tr AB†
=

∫
Td

(∫
Rd

A(x, x′)B(x, x′) dx′
)

dx. (3-3)

Lemma 3.1. If f, g ∈ S(Rd), then 5α f,5αg ∈Hα ∩C∞(Rd) and

〈5α f, g〉 = 〈 f,5αg〉 = 〈5α f,5αg〉α =
∑

m∈Zd

f̂ (m+α)ĝ(m+α). (3-4)

Proof. We have by (1-23)

〈5α f,5αg〉α =
∑

m∈Zd

e(m ·α)
∫

Td
(5α f )(x) g(x+m) dx. (3-5)

Using the invariance (3-1) of 5α f , we see that the summation and integration can be combined to an
integral over Rd which equals 〈5α f, g〉. The final identity follows directly from the definition (1-21),
which yields

〈5α f, g〉 =
∑

m∈Zd

〈 f, ϕαm〉 〈ϕ
α
m, g〉 =

∑
m∈Zd

f̂ (m+α)ĝ(m+α), (3-6)

concluding the proof. �

Note that for the Fourier transform,

5̂α f ( y)=
∑

m∈Zd

f (m+α) δm+α( y). (3-7)

Lemma 3.2. If A, B have Schwartz kernel in S(Rd
×Rd), then5αA,5αB are linear operators L2(Rd)→

Hα, and
〈5αA, B〉HS = 〈A,5αB〉HS = 〈5αA,5αB〉HS,α

=

∑
m∈Zd

∫
Rd

Â(m+α, y)B̂(m+α, y) d y. (3-8)

Proof. This is analogous to the proof of Lemma 3.1. By (1-21), we have

[5αB](x, x′)=
∑

m∈Zd

e(−m ·α)B(x+m, x′), (3-9)
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and so

〈5αA,5αB〉HS,α =
∑

m∈Zd

e(m ·α)
∫

Td

(∫
Rd
[5αA](x, x′) B(x+m, x′) dx′

)
dx

=

∫
Rd

(∫
Rd
[5αA](x, x′) B(x, x′) dx′

)
dx = 〈5αA, B〉HS, (3-10)

where we have used the identity [5αA](x + m, x′) = e(m · α)[5αA](x, x′); see (3-1). The proof of
〈A,5αB〉HS = 〈5αA,5αB〉HS,α is analogous. Finally, in view of (2-3) and (3-7) we have

[5̂αA]( y, y′)=
∑

m∈Zd

δm+α( y) Â(m+α, y′), (3-11)

which yields

〈5αA, B〉HS =

∫
R2d

∑
m∈Zd

δm+α( y) Â(m+α, y′)B̂( y, y′) d y d y′

=

∑
m∈Zd

∫
Rd

Â(m+α, y)B̂(m+α, y) d y, (3-12)

completing the proof. �

We denote by 1α the standard Laplacian acting on Hα, and set

Hα
λ = Hα

0 + λOp(V ), Uα
λ (t)= e(−Hα

λ t). (3-13)

Lemma 3.3. For f ∈ S(Rd),

5αUλ(t) f =Uα
λ (t)5α f. (3-14)

Proof. We have the commutation relations

5αH0 = Hα
0 5α, 5α Op(V )= Op(V )5α. (3-15)

Consider the time derivative of the left-hand side of (3-14),

∂t5αUλ(t) f =−2π i5α(H0+ λOp(V ))Uλ(t) f

=−2π i(Hα
0 + λOp(V ))5αUλ(t) f. (3-16)

Thus the left-hand side of (3-14) is the unique solution to

∂t g(t, y)=−2π i Hα
λ g(t, y) (3-17)

with initial condition g(0, y) :=5α f ( y). The right-hand side of (3-14) solves the same PDE, and the
proof is complete. �

4. Duhamel’s principle

Duhamel’s principle provides an explicit expansion of the solution in terms of the coupling constant λ. By
truncating the expansion at order 2, we will be left with theta functions that, in a certain scaling limit, can
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be treated with the tools of homogeneous dynamics. The explicit error terms can be handled separately.
Our first aim is to work out the time evolution of unscaled observables,

Uλ(t)Op(a)Uλ(−t), (4-1)

perturbatively in λ. We first study the problem in the interaction picture; i.e., consider

Uλ(t)U0(−t)Op(a)U0(t)Uλ(−t). (4-2)

Note that in view of the Egorov property (2-10) this is equivalent to the original problem upon replacing
a by L0(t)a. We define the operators K (t) and R(t) for t ∈ R by

K (t)=U0(t)Op(V )U0(−t) and R(t)=Uλ(t)U0(−t). (4-3)

Furthermore, for s = (s1, . . . , sn) and `≤ n we denote by K`,n(s) the product

K`,n(s)= K (s`) · · · K (sn). (4-4)

Then

〈5αUλ(t)U0(−t)Op(a)U0(t)Uλ(−t),Op(b)〉HS = 〈5αR(t)Op(a)R(t)−1,Op(b)〉HS. (4-5)

Duhamel’s principle asserts that

R(t)= I − 2π iλ
∫ t

0
R(s)K (s) ds, (4-6)

and iterating this expression N times yields

R(t)=
N∑

n=0

λn Rn(t)+ λN+1 RN+1,E(t), (4-7)

where R0(t)= I and

Rn(t)= (−2π i)n
∫

0<s1<···<sn<t
K1,n(s) ds (n ≥ 1). (4-8)

The error term is similarly given by

RN+1,E(t)= (−2π i)N+1
∫

0<s1<···<sN+1<t
R(s1)K1,N+1(s) ds. (4-9)

The inverse of R(t) can be calculated by taking the Hermitian conjugate. It is given by

R(t)−1
=

N∑
n=0

λn R−n (t)+ λ
N+1 R−N+1,E(t), (4-10)

where R−0 (t)= I,

R−n (t)= (2π i)n
∫

0<sn<···<s1<t
K1,n(s) ds (n ≥ 1), (4-11)
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and the error term is

R−N+1,E(t)= (2π i)N+1
∫

0<sN+1<···<s1<t
K1,N+1(s)R(sN+1)

−1 ds. (4-12)

We have also used the fact that Op(V )= Op(V )† (since V is real-valued) and thus K (t)= K (t)†. Our
methods will permit explicit calculation of the terms in this expansion up to order 2, and so specializing
to the case N = 2 the expansion takes the following form

〈5αUλ(t)U0(−t)Op(a)U0(t)Uλ(−t),Op(b)〉HS =

6∑
n=0

λn Qn(t, a, b), (4-13)

with the main terms Q0 to Q2 given by

Q0(t, a, b)= 〈5α Op(a),Op(b)〉HS,

Q1(t, a, b)= 〈5αR1(t)Op(a),Op(b)〉HS+〈5α Op(a)R−1 (t),Op(b)〉HS,

Q2(t, a, b)= 〈5αR2(t)Op(a),Op(b)〉HS+〈5αR1(t)Op(a)R−1 (t),Op(b)〉HS

+〈5α Op(a)R−2 (t),Op(b)〉HS.

(4-14)

The error terms Q3 through Q6 are given by

Q3(t, a, b)= 〈5αR3,E(t)Op(a),Op(b)〉HS+〈5αR2(t)Op(a)R−1 (t),Op(b)〉HS

+〈5αR1(t)Op(a)R−2 (t),Op(b)〉HS+〈5α Op(a)R−3,E(t),Op(b)〉HS,

Q4(t, a, b)= 〈5αR3,E(t)Op(a)R−1 (t),Op(b)〉HS

+〈5αR2(t)Op(a)R−2 (t),Op(b)〉HS+〈5αR1(t)Op(a)R−3,E(t),Op(b)〉HS,

Q5(t, a, b)= 〈5αR3,E(t)Op(a)R−2 (t),Op(b)〉HS+〈5αR2(t)Op(a)R−3,E(t),Op(b)〉HS,

Q6(t, a, b)= 〈5αR3,E(t)Op(a)R−3,E(t),Op(b)〉HS.

(4-15)

We will treat these error terms in the following way. First of all, Lemma 4.1 shows that all of the
Q j can be bounded above by quantities which are independent of Uλ(t), and depend only on the free
evolution U0(t). Then after rescaling, the resulting quantities, which we denote by J`,n , can be treated
with similar techniques to those used in the computation of the limit of the second-order terms.

Define

J`,n(t, a)= (2π)n
∫

0<s1<···<s`<t
0<sn<···<s`+1<t

‖5αK1,`(s)Op(a)K`+1,n(s)‖HS,α ds. (4-16)

Lemma 4.1. For a, b ∈ S(Rd),

|〈5αR`(t)Op(a)R−n−`(t),Op(b)〉HS| ≤ J`,n(t, a) ‖5α Op(b)‖HS,α,

|〈5αR`(t)Op(a)R−n−`,E(t),Op(b)〉HS| ≤ J`,n(t, a) ‖5α Op(b)‖HS,α,

|〈5αR`,E(t)Op(a)R−n−`(t),Op(b)〉HS| ≤ J`,n(t, a) ‖5α Op(b)‖HS,α,

|〈5αR`,E(t)Op(a)R−n−`,E(t),Op(b)〉HS| ≤ J`,n(t, a) ‖5α Op(b)‖HS,α.

(4-17)
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Proof. For the first bound, note that by Lemma 3.2 and direct computation we have

|〈5αR`(t)Op(a)R−n−`(t),Op(b)〉HS|

= |〈5αR`(t)Op(a)R−n−`(t),5α Op(b)〉HS,α|

= (2π)n
∣∣∣∣∫ 0<s1<···<s`<t

0<sn<···<s`+1<t

〈5αK1,`(s)Op(a)K`+1,n(s),5α Op(b)〉HS,α ds
∣∣∣∣

≤ (2π)n
∫

0<s1<···<s`<t
0<sn<···<s`+1<t

|〈5αK1,`(s)Op(a)K`+1,n(s),5α Op(b)〉HS,α| ds. (4-18)

The bound then follows by an application of the Cauchy–Schwarz inequality. For the second bound we
similarly have

〈5αR`(t)Op(a)R−n−`,E(t),Op(b)〉HS

≤ (2π)n
∫

0<s1<···<s`<t
0<sn<···<s`+1<t

|〈5αK1,`(s)Op(a)K`+1,n(s)R(sn)
−1,5α Op(b)〉HS,α| ds. (4-19)

The result then follows by applying Cauchy–Schwarz and using that R(sn) is unitary. For the third bound
we have

〈5αR`,E(t)Op(a)R−n−`(t),Op(b)〉HS

≤ (2π)n
∫

0<s1<···<s`<t
0<sn<···<s`+1<t

|〈5αR(s1)K1,`(s)Op(a)K`+1,n(s),5α Op(b)〉HS,α| ds. (4-20)

This time the bound follows by first applying Lemma 3.3, then the Cauchy–Schwarz inequality and finally
using the unitarity of R(s). The last bound follows by combining the arguments for the second and third
bounds. �

Let us introduce the shorthand

T`,n( y)=
{∏n

j=` e
(
−

1
2(sj+1− sj )‖ y−mj‖

2
)
Ŵ (r(mj+1−mj )) (l ≤ n),

1 (l > n).
(4-21)

Lemma 4.2. The kernel of K̂`,n(s)= FK`,n(s)F−1 is explicitly given by

[K̂`,n(s)]( y, y′)

= r (n−`+1)d
∑

m`,...,mn∈Zd

e
(
−

1
2 s`‖ y‖2

)
Ŵ (r m`)T`,n−1( y)e

( 1
2 sn‖ y−mn‖

2)δmn ( y− y′). (4-22)

Proof. We have

K̂`,n(s) f ( y)= K̂ (s`) · · · K̂ (sn) f ( y)

= FU0(s`)Op(V )U0(s`+1− s`) · · ·U0(sn − sn−1)Op(V )U0(−sn)F−1 f ( y), (4-23)

and

FU0(s)Op(V )F−1 f ( y)= rde
(
−

1
2 s‖ y‖2

) ∑
m∈Zd

Ŵ (r m) f ( y−m). (4-24)
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By iterating we thus see

K̂`,n(s) f ( y)= K̂ (s`) · · · K̂ (sn) f ( y)

= r (n−`+1)de
(
−

1
2 s`‖ y‖2

)
×

∑
m`,...,mn∈Zd

Ŵ (r m`)e
(
−

1
2(s`+1−s`)‖ y−m`‖

2)Ŵ (r m`+1)

×e
(
−

1
2(s`+2−s`+1)‖ y−m`−m`+1‖

2)Ŵ (r m`+2)

×·· ·×e
(
−

1
2(sn−sn−1)‖ y−m`−·· ·−mn−1‖

2)Ŵ (r mn)

×e
( 1

2 sn‖ y−m`−·· ·−mn‖
2) f ( y−m`−·· ·−mn). (4-25)

We then make the variable substitutions mj = m̃j −
∑ j−1

i=` mi for j = `+ 1, . . . , n. Note that this gives
y−m`−· · ·−mj = y− m̃j and also mj = m̃j − m̃j−1. Inserting these new variables, dropping the tildes,
and using the definition of T`,n yields the result. �

5. The Boltzmann–Grad limit

Recall the semiclassical Boltzmann–Grad scaling (1-9) given by

Dr,ha(x, y)= rd(d−1)/2hd/2 a(rd−1x, h y). (5-1)

Performing the Fourier transform in the x-variable yields the expression

D̃r,h ã(η, y)= ˜(Dr,ha)(η, y)= r−d(d−1)/2hd/2 ã(r1−dη, h y), (5-2)

and thus after quantizing the rescaled observables we see

Ôp(Dr,ha)( y, y′)= r−d(d−1)/2hd/2 ã
(
r1−d( y− y′), h

2 ( y+ y′)
)
. (5-3)

Note that after this rescaling we have the relation

Dr,h L0(t)a(x, y)= rd(d−1)/2hd/2 L0(t)a(rd−1x, h y)

= rd(d−1)/2hd/2 a(rd−1x− th y, h y)

= Dr,ha(x− thr1−d y, y)

= L0(thr1−d)Dr,ha(x, y) (5-4)

and so the Egorov property (2-10) becomes

U0(thr1−d)Op(Dr,ha)U0(−thr1−d)= Op(Dr,h L0(t)a). (5-5)

Given a linear operator A on L2(Rd) with Schwartz kernel in S(Rd
×Rd), we define the partial trace

Trα A =
∑

m∈Zd

Â(m+α,m+α), (5-6)
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and note that in view of Lemma 3.2, 〈5αA, B〉HS = Trα AB†. Let us furthermore define I`,n , implicitly
dependent on r and h, by

I`,n(s)=


Trα[Op(Dr,ha)Op(Dr,hb)] (`= n = 0),
Trα[K1,`(s)Op(Dr,ha)K`+1,n(s)Op(Dr,hb)] (1≤ ` < n),
Trα[K1,n(s)Op(Dr,ha)Op(Dr,hb)] (0< `= n),
Trα[Op(Dr,ha)K1,n(s)Op(Dr,hb)] (`= 0< n).

(5-7)

In view of (4-14), we have for n = 0, 1, 2

Qn(t, Dr,ha, Dr,h b̄)= (2π i)n
n∑
`=0

(−1)`
∫

0<s1<···<s`<t
0<sn<···<s`+1<t

I`,n(s) ds. (5-8)

(We work with b̄ rather than b to simplify the notation in the calculations that follow.) In other words, the
I`,n are precisely the expressions that appear in the expansion of

〈5αUλ(t)U0(−t)Op(Dr,ha)U0(t)Uλ(−t),Op(Dr,h b̄)〉HS; (5-9)

see (4-13).
Let us write down the I`,n explicitly. For 1≤ `< n, we show in Section B in the appendix that one has

I`,n(s)= rndhd
∫

Rd

∑
m1,...,mn

e
(
−

1
2 s1‖mn+α‖

2)Ŵ (r(mn−m1))T −1,`−1(α)e
( 1

2 s`‖m`+α‖
2)

×ã
(
−η,h

(
m`+α+

1
2rd−1η

))
e
(
−

1
2 s`+1‖m`+α+rd−1η‖2

)
×Ŵ (r(m`−m`+1))T −`+1,n−1(α+rd−1η)e

( 1
2 sn‖mn+α+rd−1η‖2

)
×b̃
(
η,h

(
mn+α+

1
2rd−1η

))
dη+O(r∞), (5-10)

with the definition

T −`,n( y)=
{∏n

j=` e
( 1

2 (sj − sj+1)‖ y+mj‖
2
)
Ŵ (r(mj −mj+1)) (`≤ n),

1 (` > n).
(5-11)

The symbol O(r∞) is a shorthand for “Oβ(rβ) for any β ≥ 1.” It follows more immediately from the
definition of K`,n that for `= n

In,n(s)= rndhd
∫

Rd

∑
m1,...,mn∈Zd

e
(
−

1
2 s1‖mn +α‖

2)Ŵ (r(mn −m1))

× T −1,n−1(α)e
( 1

2 sn‖mn +α‖
2)ã(−η, h(mn +α+

1
2rd−1η)

)
× b̃

(
η, h

(
mn +α+

1
2rd−1η

))
dη+ O(r∞), (5-12)

and for `= 0

I0,n(s)

= rndhd
∫

Rd

∑
m1,...,mn∈Zd

ã
(
−η,h

(
mn+α+

1
2rd−1η

))
×e
(
−

1
2 s1‖mn+α+rd−1η‖2

)
Ŵ (r(mn−m1))T −1,n−1(α+rd−1η)

×e
( 1

2 sn‖mn+α+rd−1η‖2
)
b̃
(
η,h

(
mn+α+

1
2rd−1η

))
dη+O(r∞). (5-13)
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6. Orders 0 and 1

The asymptotics for zeroth- and first-order terms follows from the Poisson summation formula.

Lemma 6.1. I0,0 =

∫
Rd×Rd

a(x, y)b(x, y) dxd y+ O(h∞). (6-1)

Proof. We have (by Lemma 3.2)

I0,0 = hd
∑

m∈Zd

∫
Rd

ã
(
−η, h

(
m+α+ 1

2rd−1η
))

b̃(η, h
(
m+α+ 1

2rd−1η
)
) dη. (6-2)

Since ã and b̃ are in the Schwartz class, applying Poisson summation in m gives

I0,0 =

∫
Rd×Rd

ã(−η, y)b̃(η, y) dη d y+ O(h∞)

=

∫
Rd×Rd

a(x, y)b(x, y) dx d y+ O(h∞), (6-3)

completing the proof. �

Recall that the mean-free flight time is of the order of r1−d, and that according to (2-9) we should
consider time in units of h. This suggests the rescaling t→ hr1−d t , and thus, by the Egorov property
(5-5), we obtain for the propagated symbol

Trα[U0(thr1−d)Op(Dr,ha)U0(−thr1−d)Op(Dr,hb)]

= Trα[Op(Dr,h L0(t)a)Op(Dr,hb)]

=

∫
Rd×Rd

(L0(t)a)(x, y)b(x, y) dx d y+ O(h∞)

=

∫
Rd×Rd

a(x− t y, y)b(x, y) dx d y+ O(h∞) (6-4)

uniformly for all t in a fixed compact interval. It is worth noting that this is precisely the answer one
would expect: at order 0 the potential does not appear, which means the solution simply displays free
evolution. We see this is true by virtue of the fact that the initial density has simply been translated in
position space for time t with momentum y.

Lemma 6.2. I0,1(s1)− I1,1(s1)= O(rdh∞+ r∞). (6-5)

Proof. By (5-12),

I1,1(s1)= rdhd Ŵ (0)
∑

m∈Zd

∫
Rd

ã
(
−η, h

(
m+α+ 1

2rd−1η
))

b̃
(
η, h

(
m+α+ 1

2rd−1η
))

dη+ O(r∞)

= rd Ŵ (0)
∫

Rd×Rd
ã(−η, y)b̃(η, y) dη d y+ O(rdh∞+ r∞), (6-6)
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again by Poisson summation. Similarly, using (5-13),

I0,1(s1)= rndhd Ŵ (0)
∑

m1∈Zd

∫
Rd

ã
(
−η, h

(
m1+α+

1
2rd−1η

))
b̃
(
η, h

(
m1+α+

1
2rd−1η

))
dη+ O(r∞)

= rd Ŵ (0)
∫

Rd×Rd
ã(−η, y)b̃(η, y) dη d y+ O(rdh∞+ r∞), (6-7)

completing the proof. �

Indeed, in the expansion (5-8) the terms I1,1(s1) and I0,1(s1) appear with opposite sign and therefore
cancel up to an error O(rdh∞+ r∞). The total error term after integrating over s1 is thus obtained by
multiplying this by the integration range of size hr1−d t .

7. Equidistribution of horocycles

At second order we will use the fact that the I`,n can be written as functions on some noncompact,
finite-volume manifold. Specifically, consider the semidirect product group G = SL(2,R)nR2d with
multiplication law

(M, ξ)(M ′, ξ ′)= (M M ′, ξ +Mξ ′), (7-1)

where M,M ′ ∈ SL(2,R) and ξ , ξ ′ ∈Rd
×Rd ; the action of SL(2,R) on Rd

×Rd is defined canonically as

Mξ =
(

ax+ b y
cx+ d y

)
, M =

(
a b
c d

)
, ξ =

(
x
y

)
, (7-2)

where x, y ∈ Rd. A convenient parametrisation of SL(2,R) can be obtained by means of the Iwasawa
decomposition

M = n−(u)8− log v R(φ), (7-3)

with

n−(u)=
(

1 u
0 1

)
, 8t

=

(
e−t/2 0

0 et/2

)
, R(φ)=

(
cosφ − sinφ
sinφ cosφ

)
. (7-4)

This decomposition is unique for τ = u+ iv ∈ H, φ ∈ [0, 2π), where H denotes the upper half-plane
H = {τ ∈ C : Im τ > 0}. We will use the notation M = (τ, φ) and (M, ξ) = (τ, φ, ξ) interchangeably.
With this, we have for instance n−(u)8−2 log r

= (u+ ir2, 0) and(
1,
(

0
y

))
n−(u)8−2 log r

=

(
u+ ir2, 0,

(
0
y

))
. (7-5)

Throughout this section, let 0 be a subgroup of SL(2,Z)n
( 1

2 Z
)2d of finite index. The Haar measure

on G induces a G-invariant measure on 0\G, which will be denoted by µ. Since 0 is a lattice in G, we
have (by definition) 0< µ(0\G) <∞.

Proposition 7.1. Fix y ∈ Rd
\Qd so that the components of (1, t y) are linearly independent over Q. Let

w :R→R be piecewise continuous with compact support. Let F : 0\G×R→R be bounded continuous,
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and Fr be a sequence of continuous, uniformly bounded functions 0\G ×R→ R such that Fr → F0

uniformly on compacta as r→ 0. Then, for σ ≥ 0, we have

lim
r→0

rσ
∫

R

Fr

((
u+ ir2, 0,

(
0
y

))
, rσu

)
w(rσu) du =

1
µ(0\G)

∫
0\G

∫
R

F0(g, u) w(u) du dµ(g). (7-6)

Proof. The proof of Theorem 5.1 in [Marklof 2002] tells us that for F : 0\G→ R bounded continuous,
we have

lim
r→0

rσ
∫

R

F
((

u+ ir2, 0,
(

0
y

)))
w(rσu) du =

1
µ(0\G)

∫
0\G

F dµ
∫

R

w(u) du. (7-7)

The claim now follows from the same argument as [Marklof and Strömbergsson 2010, Theorem 5.3]. �

We define the subgroup 0∞ by

0∞ =

{(
1 m
0 1

)
: m ∈ Z

}
⊂ SL(2,Z) (7-8)

and for γ =
(a

c
b
d

)
use the notation

vγ := Im(γ τ)=
v

|cτ + d|2
, yγ := cx+ d y. (7-9)

Then, with χR the characteristic function of [R,∞)we define the characteristic function X R :H→R≥0 by

X R(τ )=
∑

γ∈(0∞∪−0∞)\SL(2,Z)

χR(vγ ). (7-10)

Note that by construction X R is SL(2,Z)-invariant. For f : R→ R≥0 of rapid decay at ±∞ and β ∈ R,
the function 9β

R, f : G→ R≥0 is defined by

9
β

R, f (τ, ξ)=
∑

γ∈0∞\SL(2,Z)

∑
m∈Zd

f (( yγ +m)v1/2
γ ) vβd/2

γ χR(vγ ), (7-11)

and for convenience when β = 1 we write 9R, f := 9
1
R, f . The function 9β

R, f is left-invariant under
SL(2,Z)n

( 1
2 Z
)2d. Both X R and 9β

R, f can thus be viewed as functions on G and, since 0 is a finite-index
subgroup of SL(2,Z)n

( 1
2 Z
)2d, are also left 0-invariant.

Proposition 7.2 [Marklof 2002, Proposition 6.4]. Let y be Diophantine of type κ , w : R→ R piecewise
continuous with compact support, and 0< ε < 1 and 0< ε′ < 1/(κ − 1). Then, for every R ≥ 1,

lim sup
r→0

rd−2
∫
|u|>r2−ε

9R, f

(
u+ ir2,

(
0
y

))
w(rd−2u) du�ε,ε′ R−(1/(κ−1)−d+2)/2

+ R−ε
′/2. (7-12)

Note that the term R−ε
′/2 is only relevant for d = 2. The expression vanishes as R → ∞ if κ <

(d − 1)/(d − 2). The following generalisation to β < 1 holds. Note the range of integration is now over
all u ∈ R.
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Proposition 7.3. Let 0 ≤ β < 1, y be Diophantine of type κ , w : R→ R piecewise continuous with
compact support. Then, for every R ≥ 1,

lim sup
r→0

rd−2
∫

R

9
β

R, f

(
u+ ir2,

(
0
y

))
w(rd−2u) du� R−(1/(κ−1)−βd+2)/2

+ R(β−1)d/2. (7-13)

The right-hand side vanishes as R→∞ if and only if

κ <

{
∞ (β ≤ 2/d),
(βd − 1)/(βd − 2) (β > 2/d).

(7-14)

In practice, we want both Propositions 7.2 and 7.3 to hold simultaneously. We do this by taking
κ < (d− 1)/(d− 2) and use the fact that for 2/d ≤ β < 1 we have (βd− 1)/(βd− 2) > (d− 1)/(d− 2).

Proof. Writing τ = u+ iv and v = r2 we have the explicit representation

9
β

R, f

(
τ,

(
0
y

))
= 2

∑
m∈Zd

f
(

m
v1/2

|τ |

)
vβd/2

|τ |βd χR

(
v

|τ |2

)

+ 2
∑

(c,d)∈Z2

gcd(c,d)=1
c>0,d 6=0

∑
m∈Zd

f
(
(d y+m)

v1/2

|cτ + d|

)
vβd/2

|cτ + d|βd χR

(
v

|cτ + d|2

)
. (7-15)

For the first term we make the substitution u = vt in the integral, which yields

2vd/2−1
∫

R

w(vd/2−1u)
∑

m∈Zd

f
(

m
v1/2

|τ |

)
vβd/2

|τ |βd χR

(
v

|τ |2

)
du

= 2v(1−β)d/2
∫

R

w(vd/2t)
(1+ t2)βd/2

∑
m∈Zd

f
(

m
v1/2(1+ t2)1/2

)
χR

(
1

v(1+ t2)

)
dt. (7-16)

Under the assumption that 0< β < 1 we have

v(1−β)d/2

(1+ t2)βd/2 χR

(
1

v(1+ t2)

)
≤

R(β−1)d/2

(1+ t2)d/2
χR

(
1

v(1+ t2)

)
(7-17)

and thus obtain the bound

lim sup
v→0

2vd/2−1
∫

R

w(vd/2−1u)
∑

m∈Zd

f
(

m
v1/2

|τ |

)
vβd/2

|τ |βd χR

(
v

|τ |2

)
du

≤ 2R(β−1)d/2w(0) f (0)
∫

R

dt
(1+ t2)d/2

+ O(R−∞). (7-18)

For the second term, using

vβd/2

|cτ + d|βd χR

(
v

|cτ + d|2

)
≤

vd/2

|cτ + d|d
R(β−1)d/2χR

(
v

|cτ + d|2

)
, (7-19)
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we see that∑
(c,d)∈Z2

gcd(c,d)=1
c>0,d 6=0

∑
m∈Zd

vd/2−1
∫

R

f
(
(d y+m)

v1/2

|cτ + d|

)
vβd/2

|cτ + d|βd χR

(
v

|cτ + d|2

)
w(vd/2−1u) du (7-20)

is bounded above by

R(β−1)d/2
∑

(c,d)∈Z2

gcd(c,d)=1
c>0,d 6=0

∑
m∈Zd

vd/2−1
∫

R

f
(
(d y+m)

v1/2

|cτ+d|

)
vd/2

|cτ+d|d
χR

(
v

|cτ+d|2

)
w(vd/2−1u)du. (7-21)

This reduces the problem to the same calculation as in the proof of Proposition 7.2, which yields that
(7-21) is bounded above by

R(β−1)d/2(R−(1/(κ−1)−d+2)/2
+ 1)= R−(1/(κ−1)−βd+2)/2

+ R((β−1)d)/2, (7-22)

completing the proof. �

Fix a compact interval A⊂R. We say F :0\G×R→C is dominated by9R, f on 0\G× A if there are
positive constants L , R0 such that |F((τ, φ, ξ), u′)|X R(τ )≤ L(1+9R, f (τ, φ, ξ)) for all (τ, φ, ξ) ∈ G,
u′ ∈ A and R ≥ R0. A sequence of functions Fr : 0\G ×R→ C is uniformly dominated if L , R0 are
independent of r .

Proposition 7.4. Assume y is Diophantine of type κ < (d − 1)/(d − 2) with the components of (1, t y)
linearly independent over Q. Let w : R → R be piecewise continuous with compact support. Let
F0 : 0\G ×R→ R be continuous and dominated by 9R, f on 0\G × suppw. Let Fr be a sequence of
continuous functions 0\G×R→ R uniformly dominated by 9R, f on 0\G× suppw such that Fr → F0

uniformly on compacta as r→ 0. Then for any 0< ε < 2 we have

lim
r→0

rd−2
∫
|u|>r2−ε

Fr

((
u+ ir2, 0,

(
0
y

))
, rd−2u

)
w(rd−2u) du

=
1

µ(0\G)

∫
R

∫
0\G

F0(g, u) w(u) dµ(g) du. (7-23)

Proof. (This follows the proof of [Marklof 2002, Theorem 6.8/Corollary 6.10].) We may assume without
loss of generality that Fr and w are real-valued and nonnegative. Set

Jr,R((τ, φ, ξ), u′)= Fr ((τ, φ, ξ), u′)(1− X R(τ )). (7-24)

Then Jr,R is bounded and thus∫
|u|>r2−ε

Jr,R

((
u+ ir2, 0,

(
0
y

))
, rd−2u

)
w(rd−2u) du

=

∫
R

Jr,R

((
u+ ir2, 0,

(
0
y

))
, rd−2u

)
w(rd−2u) du+ O(r2−ε). (7-25)
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By Proposition 7.1, which (by a standard probabilistic argument) extends to functions such as Jr,R

whose points of discontinuity are contained in a set of µ-measure zero (alternatively simply smooth the
characteristic function χR to make Jr,R continuous),

lim
r→0

rd−2
∫

R

Jr,R

((
u+ ir2, 0,

(
0
y

))
, rd−2u

)
w(rd−2u) du

=
1

µ(0\G)

∫
R

∫
0\G

J0,R(g, u′)w(u′) dµ(g) du′. (7-26)

Furthermore, F0((τ, φ, ξ), u′)X R(τ )≤ L X R(τ )+ L9R, f (τ, ξ) for large R, and hence∫
R

∫
0\G

F0((τ, φ, ξ), u′)X R(τ )w(u′) dµ du′ ≤
∫

R

w(u′) du′
∫
0\G

(L X R + L9R, f ) dµ� R−1
; (7-27)

see [Marklof 2002, §6.2]. Combining this with the result for J0,R yields∫
R

∫
0\G

J0,R(g, u′)w(u′) dµ(g) du′ =
∫

R

∫
0\G

F0(g, u′)w(u′) dµ(g) du′+ O(R−1). (7-28)

In summary, we have shown thus far that

lim inf
r→0

rd−2
∫
|u|>r2−ε

Fr

((
u+ ir2, 0,

(
0
y

))
, rd−2u

)
w(rd−2u) du

≥ lim
r→0

rd−2
∫
|u|>r2−ε

Jr,R

((
u+ ir2, 0,

(
0
y

))
, rd−2u

)
w(rd−2u) du

=
1

µ(0\G)

∫
R

∫
0\G

F0(g, u′) w(u′) dµ(g) du′+ O(R−1) (7-29)

for every R ≥ R0. For the upper bound we use that

Fr ((τ, φ, ξ), u′)≤ Fr ((τ, φ, ξ), u′)(1− X R(τ ))+ L X R(τ )+ L9R, f (τ, ξ). (7-30)

We proceed as above for the first two terms, and apply Proposition 7.2 to the third to obtain

lim sup
r→0

rd−2
∫
|u|>r2−ε

Fr

((
u+ ir2, 0,

(
0
y

))
, rd−2u

)
w(rd−2u) du

≤
1

µ(0\G)

∫
R

∫
0\G

F0(g, u′) dµ(g)du′+ O(R−(1/(κ−1)−d+2)/2
+ R−ε

′/2) (7-31)

for every R ≥ R0. �

8. Mean value theorems for theta functions

For f ∈ S(Rd
×Rd) and φ ∈ R, define fφ by

fφ( y1, y2)=


f ( y1, y2) (φ = 0 mod 2π),
f (− y1,− y2) (φ = π mod 2π),∫
R2d Gφ( y1, y2, x1, x2) f (x1, x2) dx1 dx2 (φ 6= 0 mod π),

(8-1)
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where

Gφ( y1, y2, x1, x2)= | sinφ|−d e
( 1

2(‖ y1‖
2
+‖x1‖

2
−‖ y2‖

2
−‖x2‖

2) cosφ− y1 · x1+ y2 · x2

sinφ

)
. (8-2)

Lemma 8.1. If f ∈ S(Rd
×Rd) then fφ ∈ S(Rd

×Rd).

Proof. If φ = 0 mod π then the result is immediate. For fixed φ 6= 0 mod π , define

g(x1, x2)= e
( 1

2(‖x1‖
2
−‖x2‖

2) cosφ
sinφ

)
f (x1, x2) (8-3)

and its Fourier transform

I ( y1, y2)= | sinφ|−d
∫

R2d
g(x1, x2) e

(
− y1 · x1+ y2 · x2

sinφ

)
dx1 dx2. (8-4)

Note that

fφ( y1, y2)= e
( 1

2(‖ y1‖
2
−‖ y2‖

2) cosφ
sinφ

)
I ( y1, y2). (8-5)

Now f ∈ S(Rd
×Rd) implies g ∈ S(Rd

×Rd) (since all derivatives of the exponential factor in (8-3) grow
at most polynomially), which implies I ∈ S(Rd

×Rd) (since the Fourier transform preserves Schwartz
class; use integration by parts), which in turn implies fφ ∈ S(Rd

×Rd) (by the first argument). �

The following lemma provides rapid decay that is uniform in φ.

Lemma 8.2. If f ∈ S(Rd
×Rd), then for all multi-indices β1,β2 ∈ Zd

≥0 and for every T > 1

sup
y1, y2,φ

(1+‖ y1‖)
T (1+‖ y2‖)

T
|∂
β1
y1 ∂

β2
y2 fφ( y1, y2)|<∞. (8-6)

Proof. The proof of Lemma 8.1 shows that

sup
y1, y2,φ∈I

(1+‖ y1‖)
T (1+‖ y2‖)

T
|∂
β1
y1 ∂

β2
y2 fφ( y1, y2)|<∞ (8-7)

for any closed interval I not containing φ = 0 mod π . As in the proof of [Marklof 2003, Lemma 4.3],
we represent fφ+π/2 =

∫
R2d Gφ( y1, y2, x1, x2) fπ/2(x1, x2) dx1 dx2 using the Fourier transform fπ/2 of f .

Since fπ/2 ∈ S(Rd
×Rd), we see that (8-7) holds for any closed interval not containing φ = π

2 mod π .
Both cases taken together, this shows that (8-7) holds in fact for every closed interval I, and so in particular
for I = [0, 2π ]. This proves the claim in view of the 2π -periodicity of fφ . �

We define the theta function 2 f : G 7→ C by

2 f

(
u+ iv, φ,

(
x
y

))
= vd/2

∑
m1,m2∈Zd

fφ(v1/2(m1− y), v1/2(m2− y))

× e
( 1

2 u(‖m1− y‖2−‖m2− y‖2)+ x · (m1−m2)
)
. (8-8)

Since fφ ∈ S(Rd
×Rd) we have that 2 f ∈ C∞(G). Let

0 =

{((
a b
c d

)
,

(
abs
cds

)
+m

)
:

(
a b
c d

)
∈ SL(2,Z), m ∈ Z2d

}
⊂ G, (8-9)
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with s =
(1

2 ,
1
2 , . . . ,

1
2

)
∈ Rd. Then 0 is of finite index in SL(2,Z)n

( 1
2 Z
)2d, and 2 f is left 0 invariant;

see [Marklof 2003, Proposition 4.9]. That is, 2 f ∈ C∞(0\G).

Proposition 8.3. Let f ∈ S(Rd
×Rd). Then

2 f (u+ iv, φ, ξ)= vd/2
∑

m∈Zd

fφ((m− y) v1/2, (m− y) v1/2)+ O(v−∞) (8-10)

uniformly for all (u+ iv, φ, ξ) ∈ G with v > 1
2 .

Proof. See [Marklof 2003, Proposition 4.10]. �

Corollary 8.4. Let f ∈ S(Rd
×Rd); then for all T > 1 we have that 2 f is dominated by 9R, f̄ for

f̄ (x)= (1+‖x‖)−2T . (8-11)

Proof. This follows from Proposition 8.3 and Lemma 8.2 (with β1 = β2 = 0). �

Proposition 8.5. Assume y is Diophantine of type κ < (d − 1)/(d − 2) with the components of (1, t y)
linearly independent over Q. Let w : R→ R be piecewise continuous, continuous at 0, with compact
support. Then

lim
r→0

rd−2
∫

R

2 f

(
u+ ir2, 0,

(
0
y

))
w(rd−2u) du

= 2w(0)
∫

Rd×Rd
f ( y1, y2) δ(‖ y1‖

2
−‖ y2‖

2) d y1 d y2+

∫
Rd

f ( y1, y1) d y1

∫
R

w(u) du. (8-12)

Proof. Fix 0< ε < 1, and split the integration over u into the regions |u|< r2−ε and |u|> r2−ε . In the
first region, the proof of [Marklof 2002, Lemma 7.3] shows that

rd−2
∫
|u|<r2−ε

2 f

(
u+ ir2, 0,

(
0
y

))
w(rd−2 u) du

= r−2
∫
|u|<r2−ε

(∫
Rd×Rd

f ( y1, y2)e( 1
2(‖ y1‖

2
−‖ y2‖

2)r−2u) d y1d y2

)
w(rd−2u) du+ o(1)

= 2w(0)
∫

Rd×Rd
f ( y1, y2) δ(‖ y1‖

2
−‖ y2‖

2) d y1 d y2+ o(1). (8-13)

Since 2 f is dominated by 9R, f , for the region |u|> r2−ε we can apply Proposition 7.4 and note that the
limit can be written as

1
µ(0\G)

∫
0\G

2 f dµ
∫

R

w(u) du =
∫

Rd
f ( y1, y1) d y1

∫
R

w(u) du; (8-14)

see [Marklof 2002, Lemma 7.2]. �

We will now deal with f that depend continuously on additional parameters u ∈ R, η ∈ Rd. We
denote by S̃ the class of functions f ∈ C(Rd

×Rd
×R×Rd) with the property that for every multi-index
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β1,β2 ∈Zd
≥0 the derivative ∂β1

y1 ∂
β2
y2 f ( y1, y2, u, η) (a) exists, (b) is continuous (in all variables), and (c) is

rapidly decaying, i.e.,

sup
y1, y2,u,η

(1+‖ y1‖)
T (1+‖ y2‖)

T (1+ |u|)T (1+‖η‖)T |∂β1
y1 ∂

β2
y2 f ( y1, y2, u, η)|<∞ (8-15)

for every T > 1. For f ∈ S̃ we define fφ ∈ S̃ in analogy with (8-1) by

fφ( y1, y2, u, η)=


f ( y1, y2, u, η) (φ = 0 mod 2π),
f (− y1,− y2, u, η) (φ = π mod 2π),∫
R2d Gφ( y1, y2, x1, x2) f (x1, x2, u, η) dx1 dx2 (φ 6= 0 mod π).

(8-16)

The fact that fφ ∈ S̃ follows from the same argument as in Lemma 8.1. We also have the following.

Lemma 8.6. If f ∈ S̃, then for all multi-indices β1,β2 ∈ Zd
≥0 and every T > 1

sup
y1, y2,u,η,φ

(1+‖ y1‖)
T (1+‖ y2‖)

T (1+ |u|)T (1+‖η‖)T |∂β1
y1 ∂

β2
y2 fφ( y1, y2, u, η)|<∞. (8-17)

Proof. This is analogous to the proof of Lemma 8.2. �

Given f ∈ S̃, we define the theta function

2 f (g, u, η)=2 f ( · ,u,η)(g), (8-18)

with2 f ( · ,u,η) as defined in (8-8) (with u, η fixed). In view of Lemma 8.6, we have2 f ∈C(0\G×R×Rd).
We further define

Fr (g, u)=
∫

Rd
2 f

(
g
(

1,
(

0
1
2rdη

))
, u, η

)
dη. (8-19)

Proposition 8.7. Let f ∈ S̃. Then

Fr (u+ iv, φ, ξ , u′)= vd/2
∑

m∈Zd

∫
Rd

fφ(v1/2(m− y), v1/2(m− y), u′, η) dη+O(rd)+O(v−∞) (8-20)

uniformly for all (u+ iv, φ, ξ) ∈ G, u′ ∈ R, with v > 1
2 and r < 1.

Proof. Note that

(u+ iv, φ, ξ)
(

1,
(

0
1
2rdη

))
=

(
u+ iv, φ,

(
x+ xτ,φ,η
y+ yτ,φ,η

))
, (8-21)

where
xτ,φ,η =− 1

2v
1/2rdη sinφ+ 1

2 uv−1/2rdη cosφ,

yτ,φ,η = 1
2v
−1/2rdη cosφ.

(8-22)

We thus have

Fr (u+iv, φ, ξ , u′)=
∫

Rd
vd/2

∑
m1,m2∈Zd

fφ(v1/2(m1− y− yτ,φ,η), v1/2(m2− y− yτ,φ,η), u′, η)

×e
( 1

2 u(‖m1− y− yτ,φ,η‖2−‖m2− y− yτ,φ,η‖2)
)

×e((x+xτ,φ,η)·(m1−m2)) dη. (8-23)
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Choose m ∈ Zd such that m ∈
[
−

1
2 ,

1
2

)d
+ y+ yτ,φ,η. Then, for any T ≥ 1 and for all m1 6= m,

fφ
(
v1/2(m1− y− yτ,φ,η), v1/2(m2− y− yτ,φ,η), u′, η

)
= OT

(
v−T (1+‖m1‖

−2T )(1+‖m2‖
−2T )(1+‖η‖−2T )

)
. (8-24)

The same is true for m2 6= m. Therefore

Fr (u+ iv, φ, ξ , u′)

= vd/2
∑

m∈Zd

∫
Rd

fφ(v1/2(m− y− yτ,φ,η), v1/2(m− y− yτ,φ,η), u′, η) dη+ O(v−∞). (8-25)

The result follows from applying Taylor’s theorem and using Lemma 8.6 to conclude that the error term
is small uniformly in u′ and φ. �

Lemma 8.8. Fix T > d. Then:

(1) The sequence (Fr )r of continuous functions 0\G×R→ C is uniformly dominated by 9R, f̄ , where
f̄ ( y)= (1+‖ y‖)−2T .

(2) Fr → F0 uniformly on compacta.

Proof. The set of (u+ iv, φ, ξ) ∈ G with v > 1
2 contains a fundamental domain of 0 in G. Therefore, by

Proposition 8.7 we have for r < 1 that

Fr (u+ iv, φ, ξ , u′)� 1+ vd/2
∑

m∈Zd

∫
Rd

fφ((m− y) v1/2, (m− y) v1/2, u′, η) dη

� 1+ vd/2
∑

m∈Zd

f̄ ((m− y)v1/2)

∫
Rd
(1+‖η‖)−T dη

� 1+9R, f̄ (τ, ξ). (8-26)

The first result is thus proved. The second result follows from the continuity of 2 f and Lemma 8.6. �

Proposition 8.9. Let f ∈ S̃, and assume y is Diophantine of type κ < (d−1)/(d−2) with the components
of (1, t y) linearly independent over Q. Let w : R→ R be piecewise continuous, continuous at 0, with
compact support. Then

lim
r→0

rd−2
∫

R

Fr

((
u+ ir2, 0,

(
0
y

))
, rd−2u

)
w(rd−2u) du

= 2w(0)
∫
(Rd )3

f ( y1, y2, 0, η) δ(‖ y1‖
2
−‖ y2‖

2) d y1 d y2 dη

+

∫
Rd×R×Rd

f ( y1, y1, u, η) w(u) d y1 du dη. (8-27)

Proof. This is analogous to the proof of Proposition 8.5. �
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9. Order 2

In this section we show how the terms at order λ2 can be written as averages over theta functions of the
form (8-19). We assume throughout this section that α is Diophantine of type κ < (d − 1)/(d − 2) with
the components of (1, tα) linearly independent over Q.

The cases ` = 2 and ` = 0. The cases ` = 0 and 2 are similar and we treat them together. First, from
(5-12) we have that I2,2 can be written

I2,2(s1,s2)= r2dhd
∑

m1,m2∈Zd

∫
Rd
|Ŵ (r(m2−m1))|

2e
( 1

2 (s2−s1)(‖m2+α‖
2
−‖m1+α‖

2)
)

×ã
(
−η,h

(
m2+α+

1
2rd−1η

))
b̃
(
η,h

(
m2+α+

1
2rd−1η

))
dη+O(r∞), (9-1)

which we express as

I2,2(s1, s2)

= r2dhd
∑

m1,m2∈Zd

∫
Rd
|Ŵ (r(m2−m1))|

2e
(
−

1
2(s2−s1)rd−1(m2−m1) ·η

)
×e
( 1

2 (s2−s1)
(
‖m2+α+

1
2rd−1η‖2−‖m1+α+

1
2rd−1η‖2

))
× ã

(
−η, h

(
m2+α+

1
2rd−1η

))
b̃
(
η, h

(
m2+α+

1
2rd−1η

))
dη+O(r∞). (9-2)

In the same way we can see from (5-13) that I0,2 can be written

I0,2(s1, s2)

= r2dhd
∑

m1,m2∈Zd

∫
Rd

ã
(
−η, h

(
m2+α+

1
2rd−1η

))
e
(
−

1
2 s1‖m2+α+rd−1η‖2

)
Ŵ (r(m2−m1))

×e
(
−

1
2 (s2−s1)‖m1+α+rd−1η‖2

)
Ŵ (r(m1−m2))

×e
( 1

2 s2‖m2+α+rd−1η‖2
)
b̃
(
η, h

(
m2+α+

1
2rd−1η

))
dη+O(r∞), (9-3)

which we express as

I0,2(s1, s2)

= r2dhd
∑

m1,m2∈Zd

∫
Rd
|Ŵ (r(m2−m1))|

2e
( 1

2 (s2−s1)rd−1(m2−m1) ·η
)

×e
( 1

2 (s2−s1)
(
‖m2+α+

1
2rd−1η‖2−‖m1+α+

1
2rd−1η‖2

))
× ã

(
−η, h

(
m2+α+

1
2rd−1η

))
b̃
(
η, h

(
m2+α+

1
2rd−1η

))
dη+O(r∞). (9-4)

We can then combine these two terms in the following way: First define I+,2 as

I+,2(s1, s2)= r2dhd
∑

m1,m2∈Zd

∫
Rd
|Ŵ (r(m2−m1))|

2e
(
−

1
2 |s2−s1|rd−1(m2−m1)·η

)
×e
(1

2 (s2−s1)
(
‖m2+α+

1
2rd−1η‖2−‖m1+α+

1
2rd−1η‖2

))
×ã
(
−η, h

(
m2+α+

1
2rd−1η

))
b̃
(
η, h

(
m2+α+

1
2rd−1η

))
dη (9-5)

and note that

I+,2(s1, s2)=

{
I2,2(s1, s2)+ O(r∞) if s1 ≤ s2,
I0,2(s1, s2)+ O(r∞) if s1 ≥ s2.

(9-6)
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Therefore, after inserting the integration over s1 and s2 we obtain∫
0<s1<s2<hr1−d t

I2,2(s1, s2) ds1 ds2+

∫
0<s2<s1<hr1−d t

I0,2(s1, s2) ds1 ds2

=

∫ hr1−d t

0

∫ hr1−d t

0
I+,2(s1, s2) ds1 ds2+ O(r∞). (9-7)

Note that we measure time in units of hr1−d as in the treatment of the zeroth-order term.

Lemma 9.1. Let I+,2 be defined as above and set h = r . Then,∫ hr1−d t

0

∫ hr1−d t

0
I+,2(s1, s2) ds1 ds2 = rd+2

∫ r2−d t

−r2−d t
Fr

((
u+ ir2, 0,

(
0
−α

))
, rd−2u

)
du, (9-8)

with Fr as defined in (8-19), with the choice

f ( y1, y2, u, η)= e
( 1

2(u+ |u|) ( y2− y1) · η
)
(t − |u|)χ[−t,t](u)|Ŵ ( y2− y1)|

2 ã(η, y2)b̃(−η, y2). (9-9)

Proof. In the case h = r the left-hand side of (9-8) reads (after the variable substitution η 7→ −η)

r3d
∫ r2−d t

0

∫ r2−d t

0

∫
Rd

∑
m1,m2∈Zd

|Ŵ (r(m2−m1))|
2e
( 1

2 |s2−s1|rd−1(m2−m1)·η
)

×e
( 1

2 (s2−s1)
(
‖m2+α−

1
2rd−1η‖2−‖m1+α−

1
2rd−1η‖2

))
×ã
(
η,r

(
m2+α−

1
2rd−1η

))
b̃
(
−η,r

(
m2+α−

1
2rd−1η

))
dηds1 ds2. (9-10)

We then use the relation ∫ t

0

∫ t

0
f (s2− s1) ds1 ds2 =

∫ t

−t
(t − |u|) f (u) du (9-11)

to rewrite the above as

r2d+2
∫ r2−d t

−r2−d t

∫
Rd

∑
m1,m2∈Zd

|Ŵ (r(m2−m1))|
2e
( 1

2 |u|r
d−1(m2−m1)·η

)
×(t−rd−2

|u|) e
( 1

2 u
(
‖m1+α−

1
2rd−1η‖2−‖m2+α−

1
2rd−1η‖2

))
×ã
(
η, r

(
m2+α−

1
2rd−1η

))
b̃
(
−η, r

(
m2+α−

1
2rd−1η

))
dη du

= rd+2
∫ r2−d t

−r2−d t

∫
Rd
2 f

((
u+ir2, 0,

( 1
2 urd−1η

−α+ 1
2rd−1η

))
, rd−2u, η

)
dη du, (9-12)

with f as in (9-9). Noting that(
u+ ir2, 0,

( 1
2 urd−1η

−α+ 1
2rd−1η

))
=

(
u+ ir2, 0,

(
0
−α

))(
i, 0,

(
0

1
2rdη

))
, (9-13)

the result follows. �

Note that in view of (2-9) we should consider the rescaling of the coupling constant λ→ λh−2, or
equivalently of the potential itself W → h−2W. At second order the potential appears as |Ŵ |2, and so we
must rescale our terms by a factor of h−4.
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Proposition 9.2. Let I+,2 be defined as above. Then

lim
h=r→0

h−4
∫ hr1−d t

0

∫ hr1−d t

0
I+,2(s1, s2) ds1 ds2

= 2t
∫
(Rd )3
|Ŵ ( y2− y1)|

2 a(x, y2)b(x, y2) δ(‖ y1‖
2
−‖ y2‖

2) dx d y1 d y2

+ t2
|Ŵ (0)|2

∫
Rd×Rd

a(x, y) b(x, y) dx d y. (9-14)

Proof. By Proposition 8.9 and Lemma 9.1 we have that the limit in (9-14) is given by

2
∫
(Rd )3

f ( y1, y2, 0, η) δ(‖ y1‖
2
−‖ y2‖

2) d y1d y2 dη+
∫ t

−t

∫
Rd×Rd

f ( y, y, u, η) d y dη du. (9-15)

We have for the first term

2
∫
(Rd )3

f ( y1, y2, 0, η) δ(‖ y1‖
2
−‖ y2‖

2) d y1 d y2 dη

= 2t
∫
(Rd )3
|Ŵ ( y2− y1)|

2 ã(η, y2)b̃(−η, y2) δ(‖ y1‖
2
−‖ y2‖

2) d y1 d y2 dη

= 2t
∫
(Rd )3
|Ŵ ( y2− y1)|

2 a(x, y2)b(x, y2) δ(‖ y1‖
2
−‖ y2‖

2) dx d y1 d y2. (9-16)

Similarly for the second term we obtain∫ t

−t

∫
Rd×Rd

f ( y, y, u, η) d y dη du =
∫ t

−t
(t − |u|)

∫
Rd×Rd

|Ŵ (0)|2 ã(η, y)b̃(−η, y) d y dη du

= t2
|Ŵ (0)|2

∫
Rd×Rd

a(x, y) b(x, y) dx d y, (9-17)

completing the proof. �

The case `= 1.

Lemma 9.3. For h = r ,∫ hr1−d t

0

∫ hr1−d t

0
I1,2(s1, s2) ds1 ds2= rd+2

∫ r2−d t

−r2−d t
Fr

((
u+ir2, 0,

(
0−α

))
, rd−2u

)
du+O(r∞), (9-18)

with Fr as defined in (8-19), where

f ( y1, y2, u, η)=
1
2

(∫ 2t−|u|

|u|
e
( 1

2(u− u′)η · ( y2− y1)
)

du′
)
χ[−t,t](u)

× |Ŵ ( y1− y2)|
2 ã(η, y1) b̃(−η, y2). (9-19)

Proof. As before, we start from (5-10). For I1,2 this yields the explicit formula

I1,2(s1, s2)

= r2dhd
∑

m1,m2∈Zd

∫
Rd

e
(
−

1
2 s1‖m2+α‖

2)Ŵ (r(m2−m1))e
(1

2 s1‖m1+α‖
2)ã(−η, h

(
m1+α+

1
2rd−1η

))
×e
(
−

1
2 s2‖m1+α+rd−1η‖2

)
Ŵ (r(m1−m2))e

( 1
2 s2‖m2+α+rd−1η‖2

)
×b̃
(
η, h

(
m2+α+

1
2rd−1η

))
dη+O(r∞). (9-20)
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We then note that we can write

s1‖m1+α‖
2
− s2‖m1+α+ rd−1η‖2

= (s1− s2)
∥∥m1+α+

1
2rd−1η

∥∥2
− (s1+ s2)rd−1η · (m1+α)−

1
4 s1r2d−2

‖η‖2− 3
4 s2r2d−2

‖η‖2 (9-21)

and similarly

−s1‖m2+α‖
2
+ s2‖m2+α+ rd−1η‖2

= (s2− s1)
∥∥m2+α+

1
2rd−1η

∥∥2
+ (s1+ s2)rd−1η · (m2+α)+

1
4 s1r2d−2

‖η‖2+ 3
4 s2r2d−2

‖η‖2. (9-22)

We then insert these expressions into the exponential and make the variable substitutions s1− s2 = u1,
s1+ s2 = u2, and η 7→ −η to obtain

1
2rd+2hd

∫ hr1−d t

−hr1−d t

(∫ 2hr−1t−rd−2
|u1|

rd−2|u1|

∑
m1,m2∈Zd

∫
Rd
|Ŵ (r(m2−m1))|

2e
(
−

1
2 u2 r η · (m2−m1)

)
× e

( 1
2 u1

(
‖m1+α−

1
2rd−1η‖2−‖m2+α−

1
2rd−1η‖2

))
× ã

(
η, h

(
m1+α−

1
2rd−1η

))
× b̃

(
−η, h

(
m2+α−

1
2rd−1η

))
du2

)
du1

= rd+2
∫ r2−d t

−r2−d t

∫
Rd
2 f

((
u1+ ir2, 0,

( 1
2 u1rd−1η

−α+ 1
2rd−1η

))
, rd−2u1, η

)
dη du1, (9-23)

with f as in (9-19). The statement follows from (9-13). �

Proposition 9.4.

lim
h=r→0

h−4
∫ hr1−d t

0

∫ hr1−d t

0
I1,2(s1, s2) ds1 ds2

= 2
∫ t

0

∫
(Rd )3
|Ŵ ( y2− y1)|

2 δ(‖ y1‖
2
−‖ y2‖

2)a(x− s( y2− y1), y1) b(x, y2) d y1 d y2 dx ds

+ t2
|Ŵ (0)|2

∫
Rd×Rd

a(x, y) b(x, y) dx d y. (9-24)

Proof. By Proposition 8.9 and Lemma 9.3 we have that the limit in (9-24) is the sum of two terms. The
first one can be written

2
∫
(Rd )3

f ( y1, y2, 0, η) δ(‖ y1‖
2
−‖ y2‖

2) d y1 d y2 dη

= 2
∫
(Rd )3
|Ŵ ( y2− y1)|

2 ã(η, y1)b̃(−η, y2) δ(‖ y1‖
2
−‖ y2‖

2)

(∫ t

0
e(−u′η ·( y2− y1))du′

)
d y1 d y2 dη

= 2
∫ t

0

∫
(Rd )3
|Ŵ ( y2− y1)|

2a(x−s( y2− y1), y1) b(x, y2)δ(‖ y1‖
2
−‖ y2‖

2) d y1 d y2 dx ds. (9-25)
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The second term takes the form

1
2

∫ t

−t

∫
Rd×Rd

f ( y, y, u, η) d y dη du′ du =
∫ t

−t
(t − |u|)

∫
Rd×Rd

|Ŵ (0)|2 ã(η, y)b̃(−η, y) d y dη du

= t2
|Ŵ (0)|2

∫
Rd×Rd

a(x, y) b(x, y) dx d y. (9-26)

This completes the proof. �

Thus, combining Ij,2 for j = 0, 1, 2 yields the following limiting expression for the second-order
terms.

Corollary 9.5.

lim
h=r→0

h−4
[
−

∫ hr1−d t

0

∫ s2

0
I2,2(s1, s2) ds1 ds2

+

∫ hr1−d t

0

∫ hr1−d t

0
I1,2(s1, s2) ds1 ds2−

∫ hr1−d t

0

∫ hr1−d t

s2

I0,2(s1, s2) ds1 ds2

]
= 2

∫ t

0

∫
(Rd )3
|Ŵ ( y2− y1)|

2δ(‖ y1‖
2
−‖ y2‖

2)

×[a(x− s( y2− y1), y1)− a(x, y2)] b(x, y2) d y1d y2 dx ds. (9-27)

Now replacing a by the time-evolved symbol L0(t)a yields, in place of (9-27),

2
∫ t

0

∫
(Rd )3
|Ŵ ( y2− y1)|

2 δ(‖ y1‖
2
−‖ y2‖

2)

×[a(x− (t − s) y1− s y2, y1)− a(x− t y2, y2)] b(x, y2) dx d y1 d y2 ds. (9-28)

10. Higher-order theta functions

In order to prove bounds on the error terms (4-15) in the Duhamel expansion we will need to define
higher-order theta functions, that is, generalisations of the theta function given in (8-8) that live on the
product space (0\G)k. Specifically, for f ∈ S(Rd×k

×Rd×k), we denote by 2(k)f : (0\G)
k
→ C the theta

function

2
(k)
f (τ ,φ,4)

= det(v)d/2
∑

M,M ′∈Zd×k

fφ((M−Y)v1/2, (M ′−Y)v1/2)

×e
(
Tr[12

t(M−Y)(M−Y)u− 1
2

t(M ′−Y)(M ′−Y)u+ t(M−M ′)X]
)
, (10-1)

or more explicitly,

2
(k)
f (τ ,φ,4)=

∑
m1,...,mk∈Zd

m′1,...,m
′

k∈Zd

fφ(v
1/2
1 (m1− y1), . . . ,v

1/2
k (mk− yk),v

1/2
1 (m′1− y1), . . . ,v

1/2
k (m′k− yk))

×

k∏
j=1

v
d/2
j e

(1
2 u j (‖mj− yj‖

2
−‖m′j− yj‖

2)+xj ·(mj−m′j )
)
, (10-2)
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where we use the natural notation

τ = u+ iv, u = diag(u1, . . . , uk), u j ∈ R,

v = diag(v1, . . . , vk), vj ∈ R>0, φ = (φ1, . . . , φk) ∈ [0, 2π)k,

4= (ξ 1, . . . , ξ k)=

((
x1

y1

)
, . . . ,

(
xk

yk

))
∈ R2d×k,

X = (x1, . . . , xk) ∈ Rd×k, Y = ( y1, . . . , yk) ∈ Rd×k,

M = (m1, . . . ,mk) ∈ Zd×k

(10-3)

and

fφ(Y ,Y ′)=
∫

Rd×k×Rd×k
Gφ(Y ,Y ′, Z, Z′) f (Z, Z′) dZ dZ′, (10-4)

with

Gφ(Y ,Y ′, Z, Z′)=
k∏

j=1

|sinφj |
−de

( 1
2(‖ yj‖

2
+‖z j‖

2
−‖ y′j‖

2
−‖z′j‖

2)cosφj− yj ·z j+ y′j ·z
′

j

sinφj

)
. (10-5)

For φ = 0 mod π we define fφ by generalising (8-16) in the analogous way. In the special case where
f =

∏k
j=1 f j , with f j ∈ S(Rd

× Rd), the function 2(k)f becomes the product of k independent theta
functions of the form (8-8). In a similar vein as earlier, we wish to consider a generalisation of this theta
function in which the function f is allowed to depend directly on u ∈ Rk and some new parameters
η ∈ Rd and ω ∈ R.

We denote by S̃k the class of functions f ∈ C(Rd×k
×Rd×k

×Rk
×Rd

×R) with the property that for
every multi-index β1,β2 ∈ Zd×k

≥0 , the derivative

∂
β1
Y1
∂
β2
Y2

f (Y1,Y2, u, η, ω)

(a) exists, (b) is continuous (in all variables), and (c) is rapidly decaying, i.e.,

sup
Y1,Y2,u,η,ω

(1+‖Y1‖)
T (1+‖Y2‖)

T (1+|u|)T (1+‖η‖)T (1+|ω|)T |∂β1
Y1
∂
β2
Y2

f (Y1,Y2, u, η, ω)|<∞ (10-6)

for every T > 1.
We then consider the test function f = f (Y ,Y ′, u, η, ω) in S̃k and set

2
(k)
f (g, u, η, ω) :=2(k)f ( · ,u,η,ω)(g). (10-7)

We now proceed to state some results in direct analogy with Section 8.

Lemma 10.1 (cf. Lemma 8.6). If f ∈ S̃k , then for all multi-indices β1,β2 ∈ Zd×k
≥0 and every T > 1

sup
Y1,Y2,u,η,ω,φ

(1+‖Y1‖)
T (1+‖Y2‖)

T (1+ |u|)T

× (1+‖η‖)T (1+ |ω|)T |∂β1
Y1
∂
β2
Y2

fφ(Y1,Y2, u, η, ω)|<∞. (10-8)

Proof. The proof is analogous to those of Lemmas 8.2 and 8.6. �
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Now, let us use the shorthand

zk(η) :=

((
1,
(

0
1
2η

))
, . . . ,

(
1,
(

0
1
2η

)))
∈ Gk,

and further define

Fk,β
r (g, u) :=

∫
R

∣∣∣∣∫
Rd
2
(k)
f (g zk(rdη), u, η, ω) dη

∣∣∣∣β dω. (10-9)

Proposition 10.2 (cf. Proposition 8.7). Let 0< β < 1 and f ∈ S̃k . Then,

Fk,β
r (u+iv,φ,4,u′)

=det(v)βd/2
∑

M∈Zd×k

∫
R

∣∣∣∣∫
Rd

fφ((M−Y)v1/2, (M−Y)v1/2,u′,η,ω)dη
∣∣∣∣βdω+O(rd)+

k∑
j=1

O(v−∞j ) (10-10)

uniformly for all (u+ iv,φ,4) ∈ (0\G)k, u′ ∈ Rk with vj >
1
2 for all j and r < 1.

Proof. The proof is analogous to that of Proposition 8.7. �

Recall the definitions of 9β

R, f and f̄ in (7-11) and (8-11).

Lemma 10.3. Fix T > d. Then:

(1) There is a constant C such that for all r < 1

|Fk,β
r (τ ,φ,4, u′)|< C

k∏
j=1

(1+9β

1/2, f̄
(τj , ξ j )). (10-11)

(2) Fk,β
r → Fk,β

0 uniformly on compacta.

Proof. The proof is analogous to that of Lemma 8.8 with Lemma 10.1 in place of Lemma 8.6. �

In the following, we denote by Ik the k× k identity matrix.

Proposition 10.4. Let 0 < β < 1 and f ∈ S̃k . Assume for j = 1, . . . , k that yj is Diophantine of type
κ < (d − 1)/(d − 2) with the components of (1, t yj ) linearly independent over Q. Let w : Rk

→ R be
bounded with compact support. Then,

lim sup
r→0

r k(d−2)
∫

Rk
Fk,β

r

(
u+ ir2 Ik, 0,

(
0
Y

)
, rd−2u

)
w(rd−2u) du <∞. (10-12)

Proof. Applying Lemma 10.3 yields

lim sup
r→0

r k(d−2)
∫

Rk
Fk,β

r

(
u+ ir2 Ik, 0,

(
0
Y

)
, rd−2u

)
w(rd−2u) du

< C lim sup
r→0

r k(d−2)
∫

Rk

[ k∏
j=1

(
1+9β

1/2, f̄

(
u j + ir2 Ik,

(
0
yj

)))]
w(rd−2u) du. (10-13)
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The function w has compact support, so fix L such that the cube (−L , L)k contains the support of w,
and denote by χL the characteristic function of the interval (−L , L). We can then bound the above
expression by

C sup |w| lim sup
r→0

k∏
j=1

(
rd−2

∫
R

(
1+9β

1/2, f̄

(
u j + ir2 Ik,

(
0
yj

)))
χL(rd−2u j ) du j

)
. (10-14)

The result then follows by applying Proposition 7.3. �

11. Error terms

In this section we prove upper bounds on the error terms (4-15) in the semiclassical Boltzmann–Grad
scaling, i.e., for Qn(hr1−d t, Dr,ha, Dr,hb), where relevant cases are n = 3, 4, 5, 6. Lemma 4.1 tells us
that

|Qn(hr1−d t, Dr,ha, Dr,hb)| ≤
3∑

`=n−3

J`,n(hr1−d t, Dr,ha) ‖5α Opr,h(b)‖HS,α. (11-1)

The term ‖5α Opr,h(b)‖HS,α has a uniform upper bound; see Lemma 6.1. Hence the key is to estimate
(recall (4-16) and Lemma 3.2)

J`,n(hr1−d t,Dr,ha)

=(2π)n
∫

0<s1<···<s`<thr1−d

0<sn<···<s`+1<thr1−d

(
Trα[K1,`(s)†K1,`(s)Opr,h(a)K`+1,n(s)K`+1,n(s)† Opr,h(ā)]

)1/2 ds. (11-2)

A straightforward computation (see Section C in the appendix) yields the expression

Trα[K1,`(s)†K1,`(s)Opr,h(a)K`+1,n(s)K`+1,n(s)† Opr,h(ā)]

= r2ndhd
∑

m0,m1,...,mn∈Zd

m′1,...,m
′
n∈Zd

1[m′n −mn +m`−m′` = 0]

×

∫
Rd

Ŵ (r(m0−m1))T −1,`−1(α)e
( 1

2 s`(‖m`+α‖
2
−‖m′`+α‖

2)
)

× Ŵ (r(m′1−m0))T −1,`−1(α)ã
(
η, h

(
m`+α−

1
2rd−1η

))
× Ŵ (r(m`−m`+1))T −`+1,n−1(α− rd−1η)

× e
( 1

2 s`+1(‖m′`+α− rd−1η‖2−‖m`+α− rd−1η‖2)
)

× Ŵ (r(m′`+1−m′`))T
−

`+1,n−1(α− rd−1η)

× ˜̄a
(
−η, h

(
m′`+α−

1
2rd−1η

))
dη+ O(r∞), (11-3)

where

T −`,n( y)=
{∏n

j=` e
( 1

2 (sj − sj+1)‖ y+mj‖
2
)
Ŵ (r(mj −mj+1)) (l ≤ n),

1 (l > n),

T −`,n( y)=
{∏n

j=` e
( 1

2 (sj+1− sj )‖ y+m′j‖
2
)
Ŵ (r(m′j+1−m′j )) (l ≤ n),

1 (l > n).

(11-4)
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Let us focus on the exponential factors in (11-3); they are(`−1∏
j=1

e
(1

2 (sj − sj+1)(‖mj +α‖
2
−‖m′j +α‖

2)
))

× e
( 1

2 s`(‖m`+α‖
2
−‖m′`+α‖

2)
)
e
( 1

2 s`+1(‖m′`+α− rd−1η‖2−‖m`+α− rd−1η‖2)
)

×

( n−1∏
j=`+1

e
( 1

2 (sj − sj+1)(‖mj +α− rd−1η‖2−‖m′j +α− rd−1η‖2)
))
.

(11-5)

We write the above as(`−1∏
j=1

e
(1

2 (sj−sj+1)
(
‖mj+α−

1
2rd−1η‖2−‖m′j+α−

1
2rd−1η‖2+rd−1(mj−m′j )·η

)))
×e
( 1

2 (s`−s`+1)
(
‖m`+α−

1
2rd−1η‖2−‖m′`+α−

1
2rd−1η‖2

))
e
(1

2 (s`+s`+1)rd−1η·(m`−m′`)
)

×

( n−1∏
j=`+1

e
( 1

2 (sj−sj+1)
(
‖mj+α−

1
2rd−1η‖2−‖m′j+α−

1
2rd−1η‖2−rd−1(mj−m′j )·η

)))
. (11-6)

Note that this product of exponentials is independent of the variables m0, mn and m′n , and so the entire
dependence on these variables is in the product of Ŵ -terms. In (11-3) we can therefore separately evaluate
the threefold sum∑

m0,mn,m′n
m′n−mn+m`−m′`=0

Ŵ (r(m0−m1))Ŵ (r(m′1−m0))Ŵ (r(mn−1−mn)) Ŵ (r(m′n −m′n−1)), (11-7)

which is equal to∑
m0,mn

Ŵ (r(m0−m1))Ŵ (r(m′1−m0))Ŵ (r(mn−1−mn))Ŵ (r(mn +m′`−m`−m′n−1)). (11-8)

Applying the Poisson summation formula to the sums over m0 and mn yields

r−2d
∑
k0,kn

∫∫
R2d

Ŵ ( y0− r m1)Ŵ (r m′1− y0)Ŵ (r mn−1− yn)

× Ŵ ( yn + r(m′`−m`−m′n−1))e(r
−1k0 · y0+ r−1kn · yn) d y0 d yn. (11-9)

Since W ∈ S(Rd), we have for any T1, T2 ≥ 1 that (11-9) equals

r−2dW(r(m′1−m1))W(r(m′`−m`+mn−1−m′n−1))

+ OT
(
r T1(1+ r‖m1−m′1‖)

−T2(1+ r‖m′`−m`+mn−1−m′n−1‖)
−T2
)
, (11-10)

with
W(t)=

∫
Rd

Ŵ (t − y)Ŵ ( y) d y. (11-11)

The error term in (11-10), after applying the remaining mj -sums, yields therefore a total contribution
of order O(r∞) for h = r ∈ (0, 1]. In order to write (11-3) as a higher-order theta function, we change



QUANTUM TRANSPORT IN A LOW-DENSITY PERIODIC POTENTIAL 605

variable by the linear map A : Rn
→ Rn , s 7→ ω = As, given by

ωj = sj − sj+1 ( j = 1, . . . , n− 1), ωn = s`+ s`+1. (11-12)

The corresponding determinant equals 2, and hence A is invertible. Let

Q= {s ∈ Rn
: 0< s1 < · · ·< s` < 1, 0< sn < · · ·< s`+1 < 1}. (11-13)

Then, for h = r and ω = (u, ω) ∈ Rn−1
×R,

J`,n(hr1−d t, Dr,ha)

= (2π)n rnd/2
∫

Rn−1

∫
R

1(rd−2(u, ω)∈ AQ)

×

∣∣∣∣∫
Rd
2
(n−1)
f∗

(
gr (u,α) zn−1(rdη), rd−2u, η, rd−2ω

)
dη
∣∣∣∣1/2 dω du+O(r∞), (11-14)

with

gr (u,α)=
(

u+ ir2 Ik, 0,
((

0
−α

)
, . . . ,

(
0
−α

)))
∈ Gn−1,

and 2(k)f∗ as in (10-7) with k = n− 1 and test function

f∗(Y ,Y ′, u, η, ω)=W( y′1− y1)W( y′`− y`+ yn−1− y′n−1)

×

(n−2∏
j=1

Ŵ ( yj − yj+1)Ŵ ( y′j+1− y′j )
)

ã(η, y`) ¯̃a(−η, y′`)

×

( n−1∏
j=`+1

e(−u j ( yj − y′j ) · η)
)

e
( 1

2(ω− u`)η · ( y`− y′`)
)
, (11-15)

where Y ,Y ′ ∈ Rd×(n−1) are given by

Y = ( y1, . . . , yn−1), Y ′ = ( y′1, . . . , y′n−1). (11-16)

In order to apply the results in Section 10, we however require f∗ to be continuous and compactly
supported in u, and rapidly decaying in ω. To achieve this, note that we can find f with precisely these
properties by setting

f (Y ,Y ′, u, η, ω)= (ι(u, ω))2 f∗(Y ,Y ′, u, η, ω), (11-17)

with ι :Rn
→R≥0 smooth and compactly supported such that ι(u, ω)> (2π)n on the domain of integration.

We then have, instead of (11-14),

J`,n(hr1−d t,Dr,ha)

≤ rnd/2
∫

Rn−1

∫
R

1(rd−2(u,ω)∈ AQ)

×

∣∣∣∣∫
Rd
2
(n−1)
f

(
gr (u,α) zn−1(rdη),rd−2u,η,rd−2ω

)
dη
∣∣∣∣1/2 dωdu+O(r∞), (11-18)
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and thus after the variable substitution ω 7→ r2−dω,

J`,n(hr1−d t, Dr,ha)

≤ rnd/2r2−d
∫

Rn−1
w(rd−2u)

×

∫
R

∣∣∣∣∫
Rd
2
(n−1)
f

(
gr (u,α) zn−1(rdη), rd−2u, η, ω

)
dη
∣∣∣∣1/2 dω du+ O(r∞), (11-19)

with

w(u)= sup
ω∈R

1((u, ω) ∈ AQ), (11-20)

which is bounded and has compact support.

Lemma 11.1. Under the assumptions of Theorem 1.3, for h = r < 1,

J`,n(hr1−d t, Dr,ha)= O(r−nd/2+2n). (11-21)

Proof. For Fk,β
r as in (10-9), we have∫
R

∣∣∣∣∫
Rd
2
(n−1)
f

(
g zn−1(rdη), rd−2u, η, ω

)
dη
∣∣∣∣1/2 dω = Fn−1,1/2

r (g, rd−2u). (11-22)

Thus, applying Proposition 10.4 we see that the right-hand side of (11-19) is bounded above by a constant
times

rnd/2
× r2−d

× r−(n−1)(d−2)
= r−nd/2+2n, (11-23)

completing the proof. �

Proof of Theorem 1.3. We recall the rescaling of t and λ in (2-9). The existence of the operators
A(r,α)n (tr1−d) follows from the Duhamel expansion in (4-13). The error term follows from Lemmas 4.1
and 11.1, remembering that λ should be rescaled λ 7→ λ/h2 as in (2-9). Finally, the convergence of
the operators A(r,α)n (tr1−d) in the limit r → 0 is proved by combining Lemma 6.1, Lemma 6.2 and
Corollary 9.5. �

12. Averages over α

In this section we give the analogous results required to prove Theorem 1.2. First recall that Proposition 7.1
tells us that for y ∈ Rd

\Qd with the components of (1, t y) linearly independent, and (Fr )r≥0 a sequence
of uniformly bounded, continuous functions we have

lim
r→0

rσ
∫

R

Fr

((
u+ ir2, 0,

(
0
y

))
, rσu

)
w(rσu) du =

1
µ(0\G)

∫
0\G

∫
R

F(g, u) w(u) du dµ(g). (12-1)

Note that since the Fr are uniformly bounded and continuous, and w ∈ L1(R), the integral over u is
bounded uniformly in r and y. Since the statement (12-1) holds for a full measure set of y ∈ [0, 1)d, one
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can apply dominated convergence to conclude

lim
r→0

rσ
∫
[0,1)d

∫
R

Fr

((
u+ ir2, 0,

(
0
y

)))
, rσu) w(rσu) du d y

=
1

µ(0\G)

∫
0\G

∫
R

F(g, u) w(u) du dµ(g). (12-2)

Thus we now just need to consider the case of unbounded test functions. It follows from (7-15) that∫
y∈[0,1)d

9
β

R, f

(
τ,

(
0
y

))
d y = 2

∑
m∈Zd

f
(

m
v1/2

|τ |

)
vβd/2

|τ |βd χR

(
v

|τ |2

)

+ 2
∫

Rd
f ( y) d y

∑
(c,d)∈Z2

gcd(c,d)=1
c>0,d 6=0

v(β−1)d/2

|cτ + d|(β−1)d χR

(
v

|cτ + d|2

)
. (12-3)

Since for 0≤ β ≤ 1
v(β−1)d/2

|cτ + d|(β−1)d ≤ R(β−1)d/2, (12-4)

we have∫
y∈[0,1)d

9
β

R, f

(
τ,

(
0
y

))
d y≤2

∑
m∈Zd

f
(

m
v1/2

|τ |

)
vβd/2

|τ |βd χR

(
v

|τ |2

)
+R(β−1)d/2 X R(τ )

∫
Rd

f ( y)d y. (12-5)

This allows us to prove the following y-averaged versions of Propositions 7.2 and 7.3.

Proposition 12.1. Let w : R→ R be piecewise continuous with compact support, and 0< ε < 1. Then,
for every R ≥ 1,

lim sup
r→0

rd−2
∫
|u|>r2−ε

∫
[0,1)d

9R, f

(
u+ ir2,

(
0
y

))
w(rd−2u) d y du� R−1. (12-6)

Proof. When β = 1, the first term in the right-hand side of (12-5) vanishes as v→ 0; see [Marklof 2002,
§6.6.1]. By the equidistribution of closed horocycles and the fact that X R is bounded and piecewise
constant, we have for R ≥ 1 that

lim
r→0

rd−2
∫

R

X R(u+ ir2) w(rd−2u) du =
3
π

∫
R

w(x) dx
∫

SL(2,R)\H
X R(u+ iv)

du dv
v2

=
3
π

∫
R

w(x) dx
∫
∞

R

dv
v2 =

3
πR

∫
R

w(x) dx, (12-7)

completing the proof. �

Proposition 12.2. Let w : R→ R be piecewise continuous with compact support, and 0≤ β < 1. Then,
for every R ≥ 1,

lim sup
r→0

rd−2
∫

R

∫
[0,1)d

9
β

R, f

(
u+ ir2,

(
0
y

))
w(rd−2u) d y du� R(β−1)d/2. (12-8)
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Proof. The first term in the right-hand side of (12-5) has already been estimated in the proof of
Proposition 7.3. For the remaining terms the statement now follows from the observation that X R

is a bounded function. �

Proof of Theorem 1.2. The convergence of the operators A(r)n (r1−d t) follows in the cases n = 0, 1 directly
from the calculations in Section 6 for fixed α. Using Proposition 12.1 one can prove an α-averaged version
of Proposition 8.9, and hence prove the convergence of A(r)2 (r1−d t) as in Corollary 9.5, with y=−α. All
that remains is the bound on the error terms. One first proves the α-averaged version of Proposition 10.4,
with yj =−α, by using Proposition 12.2. The remaining analysis proceeds identically to Section 11. �

Appendix

A. The following proposition explains how Conjecture 1.1 and Theorem 1.2 yield information on the
phase-space distribution of the wavepacket f ( p)(t)=Uh,λ(t) f ( p)

0 with an initial wavepacket f ( p)
0 of the

form (see Figure 1)
f ( p)
0 (x)= rd(d−1)/2φ(rd−1x) e( p · x/h), (A-1)

where φ ∈ S(Rd) is assumed to have unit L2-norm, and p ∈ Rd.
We use the shorthand

A(t)=Uh,λ(t)Opr,h(a)Uh,λ(t)−1, B = Opr,h(b). (A-2)

Proposition A.1. Let f ( p)
0 , f ( p)(t) be as above, w ∈ S(Rd) and b ∈ S(Rd

×Rd ). Set

a(x, y)= |φ(x)|2w( y). (A-3)
Then

r−d(d−1)/2h−d/2
∫

Rd
〈 f ( p)(t), B f ( p)(t)〉w( p) d p= 〈A(t), B〉HS+ O(rd−1h) (A-4)

uniformly in r, h, t > 0.

(The prefactor r−d(d−1)/2h−d/2 in (A-4) compensates for the L2-normalisation of B = Opr,h(b) in
(1-9), which is not suitable in the present setting.)

Proof. Consider the linear operator F ( p)
r,h : L

2(Rd)→ L2(Rd) with Schwartz kernel

F ( p)
r,h (x, x′)= f ( p)

0 (x) f ( p)
0 (x′)= rd(d−1)φ(rd−1x) φ(rd−1x′) e( p · (x− x′)/h). (A-5)

Using the Fourier transform ŵ of w yields

Fr,h(x, x′)=
∫

F ( p)
r,h (x, x′)w( p) d p= rd(d−1)φ(rd−1x) φ(rd−1x′) ŵ((x′− x)/h) (A-6)

and by Taylor’s theorem we have

φ(rd−1x) = φ
( 1

2rd−1(x+ x′)
)
+ Rr,h(x, x′), (A-7)

with remainder

Rr,h(x, x′)= 1
2rd−1

∫ 1

0
(x− x′) · ∇φ

( 1
2rd−1((x+ x′)+ s(x− x′))

)
ds. (A-8)
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We can express this term in the form

Rr,h(x, x′)= 1
2rd−1h Sb

(1
2rd−1(x+ x′), (x− x′)/h

)
, b = 1

2rd−1h, (A-9)

with

Sb(x, y)=
∫ 1

0
y · ∇φ(x+ sb y) ds. (A-10)

Now

Fr,h(x, x′)= rd(d−1)∣∣φ( 1
2rd−1(x+ x′)

)∣∣2 ŵ((x′− x)/h)+ Er,h(x, x′), (A-11)

with

Er,h(x, x′)=rd(d−1)ŵ((x′−x)/h)
{
φ
( 1

2rd−1(x+x′)
)
Rr,h(x′, x)

+Rr,h(x, x′)φ
( 1

2rd−1(x+x′)
)
+Rr,h(x, x′)Rr,h(x′, x)

}
. (A-12)

On account of (A-9),

Er,h(x, x′)= r (d+1)(d−1)h Wb
( 1

2rd−1(x+ x′), (x− x′)/h
)
, b = 1

2rd−1h, (A-13)

with

Wb(x, y)= 1
2ŵ( y){φ(x)Sb(x,− y)+ Sb(x, y)φ(x)+ b Sb(x, y)Sb(x,− y))}. (A-14)

We rewrite (A-11) as

Fr,h(x, x′)= rd(d−1)hd
∫

Rd

∣∣φ( 1
2rd−1(x+ x′)

)∣∣2w(h y) e((x− x′) · y) d y+ Er,h(x, x′), (A-15)

and so, for a as in (A-3),

Fr,h = rd(d−1)/2hd/2 Opr,h(a)+ Er,h . (A-16)

We conclude

r−d(d−1)/2h−d/2
∫

Rd
〈 f ( p)(t), B f ( p)(t)〉w( p) d p

= r−d(d−1)/2h−d/2
〈Uh,λ(t)Fr,hUh,λ(t)−1, B〉HS

= 〈Uh,λ(t)Opr,h(a)Uh,λ(t)−1, B〉HS+ O(rd−1h), (A-17)

where the error term follows from the upper bounds

|〈Uh,λ(t)Er,hUh,λ(t)−1, B〉HS| ≤ ‖Er,h‖HS‖B‖HS, (A-18)

and

‖Er,h‖HS = r (d+1)(d−1)h
(∫

Rd×Rd

∣∣Wb
(1

2rd−1(x+ x′), (x− x′)/h
)∣∣2 dx dx′

)1/2

= r (1+d/2)(d−1)hd/2+1
(∫

Rd×Rd
|Wb(x, y)|2 dx d y

)1/2

, (A-19)
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with

lim
b→0

∫
Rd×Rd

|Wb(x, y)|2 dx d y =
∫

Rd×Rd
|W0(x, y)|2 dx d y <∞. (A-20)

This completes the proof. �

B. In this section we compute the expression (5-10) for I`,n . Recall that

[K̂`,n(s)]( y, y′)

= r (n−`+1)d
∑

m`,...,mn∈Zd

e
(
−

1
2 s`‖ y‖2

)
Ŵ (r m`)T`,n−1( y)e

( 1
2 sn‖ y−mn‖

2)δmn ( y− y′). (B-1)

Hence we have for 1≤ `≤ n− 1 that

I`,n(s)= Trα[K1,`(s)Op(Dr,ha)K`+1,n(s)Op(Dr,hb)]

= rndr−d(d−1)hd
∫

Rd

∑
m0,...,mn

e
(
−

1
2 s1‖m0+α‖

2)Ŵ (r m1)T1,`−1(m0+α)e
(1

2 s`‖m0+α−m`‖
2)

×ã
(
r1−d(m0+α−m`−η),

h
2 (m0+α−m`+η)

)
×e
(
−

1
2 s`+1‖η‖

2)Ŵ (r m`+1)T`+1,n−1(η)e
( 1

2 sn‖η−mn‖
2)

×b̃
(
r1−d(η−mn−m0−α),

h
2 (η−mn+m0+α)

)
dη. (B-2)

We then make the variable substitution η→ rd−1η+m0+α−m` so that ã has first argument −η. This
leaves b̃ with first argument η− r1−d(mn +m`), and, by the rapid decay of ã and b̃, the leading-order
terms come from when mn +m` = 0, and we incur an error of order r∞. We thus have

I`,n(s)= rndhd
∫

Rd

∑
m0,...,mn

1[mn+m` = 0]

×e
(
−

1
2 s1‖m0+α‖

2)Ŵ (r m1)T1,`−1(m0+α)e
( 1

2 s`‖m0+α−m`‖
2)

×ã
(
−η, h

(
m0+α−m`+

1
2rd−1η

))
e
(
−

1
2 s`+1‖m0+α−m`+rd−1η‖2

)
×Ŵ (r m`+1)T`+1,n−1(m0+α+rd−1η−m`)e

( 1
2 sn‖m0+α+rd−1η‖2

)
×b̃
(
η, h

(
m0+α+

1
2rd−1η

))
dη+O(r∞). (B-3)

Finally, we make the substitutions mj → m0 − mj for j = 1, . . . , ` followed by mj → m` − mj for
j = `+ 1, . . . , n to obtain

I`,n(s)= rndhd
∫

Rd

∑
m0,...,mn

1[mn = m0]

× e
(
−

1
2 s1‖m0+α‖

2)Ŵ (r(m0−m1))T −1,`−1(α)e
( 1

2 s`‖m`+α‖
2)

× ã
(
−η, h

(
m`+α+

1
2rd−1η

))
e
(
−

1
2 s`+1‖m`+α+ rd−1η‖2

)
× Ŵ (r(m`−m`+1))T −`+1,n−1(α+ rd−1η)e

( 1
2 sn‖m0+α+ rd−1η‖2

)
× b̃

(
η, h

(
m0+α+

1
2rd−1η

))
dη+ O(r∞). (B-4)

This proves (5-10).
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C. This section establishes relation (11-3), which is needed in the analysis of J`,n(t, a). First we compute
the kernel of K̂ †

`,n = FK †
`,nF

−1. By taking the complex conjugate and switching y and y′ in (4-22), we
obtain

[K̂`,n(s)†]( y, y′)= r (n−`+1)d
∑

m′`,...,m′n∈Zd

e
( 1

2 s`‖ y+m′n‖
2)Ŵ (−r m′`)

× T `,n−1( y+m′n)e
(
−

1
2 sn‖ y‖2

)
δm′n ( y′− y), (C-1)

where

T `,n( y)=
n∏

j=`

e
( 1

2 (sj+1− sj )‖ y−m′j‖
2)Ŵ (r(m′j −m′j+1)). (C-2)

Thus, using the formulae for the kernels of K̂`,n , K̂ †
`,n and Ôpr,h we have

[K̂`,n(s)† K̂`,n(s) Ôpr,h(a)]( y, y′)

= r2(n−`+1)d
∑

m`,...,mn∈Zd

∑
m′`,...,m′n∈Zd

e
( 1

2 s`‖ y+m′n‖
2)Ŵ (−r m′`)T `,n−1( y+m′n)e

(
−

1
2 sn‖ y‖2

)
×e
(
−

1
2 s`‖ y+m′n‖

2)Ŵ (r m`)T`,n−1( y+m′n)e
( 1

2 sn‖ y+m′n−mn‖
2)

×ã
(
r1−d( y−mn+m′n− y′), h

2 ( y−mn+m′n+ y′)
)
, (C-3)

and similarly

[K̂`,n(s)K̂`,n(s)† Ôpr,h(a)]( y, y′)

= r2(n−`+1)d
∑

m`,...,mn∈Zd

∑
m′`,...,m′n∈Zd

e
(
−

1
2 s`‖ y‖2

)
Ŵ (r m`)T`,n−1( y)e

(1
2 sn‖ y−mn‖

2)
×e
( 1

2 s`‖ y−mn+m′n‖
2)Ŵ (−r m′`)

×T `,n−1( y−mn+m′n)e
(
−

1
2 sn‖ y−mn‖

2)
×ã
(
r1−d( y+m′n−mn− y′), h

2 ( y+m′n−mn+ y′)
)
. (C-4)

Combining these yields explicitly

Trα[K1,`(s)†K1,`(s) Opr,h(a)K`+1,n(s)K`+1,n(s)† Opr,h(ā)]

= r2nd−d(d−1)hd
∑

m0,m1,...,mn∈Zd

m′1,...,m
′
n∈Zd

∫
Rd

Ŵ (r m1)T1,`−1(m0+m′`+α)e
( 1

2 s`‖m0+m′`−m`+α‖
2)

×Ŵ (−r m′1)T 1,`−1(m0+m′`+α)e
(
−

1
2 s`‖m0+α‖

2)
×ã
(
r1−d(m0+m′`−m`+α− y), h

2 (m0+m′`−m`+α+ y)
)

×e
(
−

1
2 s`+1‖ y‖2

)
Ŵ (r m`+1)T`+1,n−1( y)

×e
( 1

2 s`+1‖ y+m′n−mn‖
2)Ŵ (−r m′`+1)T `+1,n−1( y+m′n−mn)

×˜̄a
(
r1−d( y+m′n−mn−m0−α),

h
2 ( y+m′n−mn+m0+α)

)
d y. (C-5)

Now we make the substitution y= rd−1η+m0+α+m′`−m` so that the first argument of ã becomes −η.
Now ˜̄a has first argument η+r1−d(m′n−mn+m′`−m`), and hence (using the rapid decay of ã) we have
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that m′n −mn +m′`−m` = 0. This yields the expression

Trα[K1,`(s)†K1,`(s) Opr,h(a) K`+1,n(s)K`+1,n(s)† Opr,h(ā)]

= r2ndhd
∑

m0,m1,...,mn∈Zd

m′1,...,m
′
n∈Zd

1[m′n −mn +m′`−m` = 0]

×

∫
Rd

Ŵ (r m1)T1,`−1(m0+m′`+α)e
( 1

2 s`‖m0+m′`−m`+α‖
2)

× Ŵ (−r m′1)T 1,`−1(m0+m′`+α)e
(
−

1
2 s`‖m0+α‖

2)
× ã

(
−η, h

(
m0+m′`−m`+α+

1
2rd−1η

))
× e

(
−

1
2 s`+1‖rd−1η+m0+α+m′`−m`‖

2)Ŵ (r m`+1)

× T`+1,n−1(rd−1η+m0+α+m′`−m`)

× e
( 1

2 s`+1‖rd−1η+m0+α‖
2)Ŵ (−r m′`+1)

× T `+1,n−1(rd−1η+m0+α)

× ˜̄a
(
η, h

(
m0+α+

1
2rd−1η

))
dη+ O(r∞). (C-6)

We then make the substitution m0→m0−m′`, followed by the substitutions mj→m0−mj for j=1, . . . , `
and mj → m`−mj for j = `+ 1, . . . , n as well as the analogous substitutions for the m′j . This yields
the simpler expression

Trα[K1,`(s)†K1,`(s) Opr,h(a) K`+1,n(s)K`+1,n(s)† Opr,h(ā)]

= r2ndhd
∑

m0,m1,...,mn∈Zd

m′1,...,m
′
n∈Zd

1[m′n−mn+m`−m′` = 0]

×

∫
Rd

Ŵ (r(m0−m1))T −1,`−1(α)e
( 1

2 s`(‖m`+α‖
2
−‖m′`+α‖

2)
)

× Ŵ (r(m′1−m0))T −1,`−1(α)ã
(
−η, h

(
m`+α+

1
2rd−1η

))
× Ŵ (r(m`−m`+1))T −`+1,n−1(r

d−1η+α)

×e
( 1

2 s`+1(‖rd−1η+m′`+α‖
2
−‖rd−1η+α+m`‖

2)
)

× Ŵ (r(m′`+1−m′`))T
−

`+1,n−1(r
d−1η+α)

× ˜̄a
(
η, h

(
m′`+α+

1
2rd−1η

))
dη+O(r∞). (C-7)

This yields (11-3) after substituting η→−η.
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