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COHOMOLOGICAL KERNELS
OF PURELY INSEPARABLE FIELD EXTENSIONS

ROBERTO ARAVIRE, BILL JACOB AND MANUEL O’RYAN

Let F be a field of characteristic p and L a finite purely inseparable ex-
tension. The kernel H}',’“(L/F) = ker(H{,’“F — HI',”'IL) has been de-
scribed by Sobiech, and independently when p = 2 by Aravire, Laghribi,
and O’Ryan. When L has exponent 1, the kernel is the sum of the kernels of
the simple subextensions, but when L has larger exponent it is significantly
more complex. This paper determines H ;’J{ Y(L/F) for L = F(%/x) and all
m, n, e > 1. Whereas the results when m = 1 used the theory of differential
forms, the results for m > 1 require the de Rham Witt complex. The m > 1
case clarifies why the “messy’’ generators in the m = 1 case arose, as they
emerge from relations in the de Rham Witt complex. As a corollary, when L
is modular over F and m exceeds the exponent of L, the kernel H ;,,, (L/F)
is the sum of the kernels of the simple subextensions.

Introduction

We assume throughout F is a field of characteristic p. We consider finite extensions
L of F that are purely inseparable and modular. This means that L is a tensor
product of simple purely inseparable extensions, that is, for some xy, x2, ..., x; € F
which are p-independent, L = F(ay, oy, ..., ¢), where aip ' = x; for r; € N. The
problem of interest is to determine ker(iy /r : H;,ir 'F— H[’,’,,TIL) form,n,s > 1.
When m =1 this problem has a comprehensive solution due to Sobiech [2018],
which coincides with the independent work of Aravire, Laghribi, and O’Ryan
[Aravire et al. 2019] when p = 2. Therefore our interest here is in the case m > 1.
This paper treats the case where s = 1 and all m, n, and as a corollary obtains the
result in the case for all m and s where n + 1 = 2. The general case of n +1 > 3 is
significantly more complicated and requires an analysis of the kernel of de Rham
Witt modules ker : W, Q% — W, Q’} (R This will be addressed in subsequent
work.

As in [Sobiech 2018; Aravire et al. 2019], the results depend upon the theory of
differential forms in characteristic p. We assume familiarity with the differential
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modules Q' and the exact sequence
0— vr(n) — Qb > Qb /dQs ' — HIYTF — 0

which defines the two groups vg(n) and H ;HF . Kato [1982] showed that vg(n) =
KMF/pKMF (Milnor K-theory) and when n = 1 the group H I%F = Bry F is the
p-torsion in the Brauer group of F (first observed in different notation by Witt).
The map g is gp = ® — 1, where

dt dt dt dt
c1>(a—1/\---/\—"> =a?= LA AT (mod AT
n tn 4] In

is the Frobenius map. A good reference for this background is [Gille and Szamuely
2006, Chapter 9].
A finite extension L/ F is modular if there exist p-independent elements

Xi,....,xs€ F with L=F("Yx1,..., "V/x5).

If r =max{r; | 1 <i <s} then r is called the exponent of L (over F.) The exponent
1 case has a particularly nice answer and motivated this work (see [Aravire and
Baeza 2003; 2013] for p = 2, and [Sobiech 2018] for p > 2.) Here we have
L =F(yxi,..., §x5) and the result is

A N
ker(Hy''F — HpM' L) =Y Q4 Adxi =) ker(HH'F — Hy V' F(Yx)),
i=1 i=1

where the bar denotes cohomology classes. We remark that in the separable case
counterexamples to results like this abound and have an interesting history. For
example it is known that the analogue of this result fails for separable triquadratic
extensions where there can be “nonobvious” elements in the kernel (see [Amitsur
et al. 1979; Elman et al. 1980]) and also for separable elementary abelian extensions
of degree p? when p is odd (see [Tignol 1987]). These results played a key role
in finding indecomposable division algebras (see [Tignol 1987; Jacob 1991]) and
provide motivation for looking for generalizations.

In [Sobiech 2018; Aravire et al. 2019], the kernel ker(H*'F — HI*'L) is
computed for arbitrary modular L, but it does not have a simple characterization.
In fact, even when s = 1 the kernel has a messy description (see Theorem 4.1
below.) The main result of this paper is that this can be remedied if one looks
instead at H [',‘:{ 'F, where m is the exponent of the extension L. When L = F( "{/x),
Theorem 4.2 gives the direct analogue of the exponent 1 case,

ker(HH' F — HIL L) = W Q! Ad[x].

In this description, for x € F, we denote [x],, = (x, 0, ..., 0) € W, F the multiplica-
tive representative in the ring of Witt vectors W, F', and W,, Q' is the de Rham Witt
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module discussed below (see [Illusie 1979] for details). With this, by considering the
image under the injection V""~!: H/*!'F — H ;’,,TIF , one obtains a simplification
of the of the cases where m is less than the exponent of L and a better understanding
of the origin of the formulae that emerged in [Sobiech 2018; Aravire et al. 2019]
when m = 1. As a consequence, when n 41 =2 one obtains a purely cohomological
approach to an old result of A. A. Albert [1939] (see Corollary 4.3 below). Sup-
pose xi, x2, ..., xs € F are p-independent and set L = F(«oy, oo, ..., &), where
aipri =x;. Setm :=max{r; | 1 <i <s} and define L; := F(a;). If m > m then
N N
ker(H2.F — H2,L) = Z P W F - d[xi, = Z ker(HwF — HowL;).
i=1 i=1

When interpreted in terms of p-algebras this gives Albert’s result that if an algebra
is split in such a modular extension then it is similar to a corresponding tensor
product of cyclic algebras. Of course, the main interest in Theorem 4.2 is that one
has results when n 41 > 2.

In order to treat the case of m > 1 it is necessary to use the de Rham Witt complex.
Although the use of the differential modules Q' has become fairly standard in work
in characteristic p, the de Rham Witt W), F'-modules, W,,£2",, are not so familiar.
Details about W,, 2. can be found in [Illusie 1979] and also in Section 2 of [Aravire
et al. 2018], which gives a detailed introduction and whose results are referenced
here. Here is a rough guide about how to think about them.

Loosely speaking one gets intuition by thinking about these modules as 2, ., but
in fact they are a quotient module. The relations defining the quotient are introduced
for several reasons: one is to make sure that the shift operator V : W, FF — W, .| F
generalizes to V : W,,Q — W,,1.1 Q% (we have W, Q% = W, F), and a second
is to assure that the derivative dx? = px?~! dx interacts correctly with the other
arithmetic in W, 7. One particularly important relation is for all x € W, F" with
m>s>1anda € F, we have V*(x)d[al,, = Vs(x[a]f,’,:])dV“'[a]m_s € WmQ}F
(see Lemma 3.1 below.) This relation generalizes a defining relation for W,, ', and
provides the key as to why @ € ker(H;}Jrl F— H[’}“ F(7/x)) satisfies V"1 (@) €
W QL Ad[x .

The Frobenius ® : W,, F — W,, F defined by ®(ay, ...,an) = (al, ..., a}) ex-
tends to W,, 27, but in its most general form shifts levels down, ®: W, Q. — W, _ Q.
When m =1 (where the Frobenius is also known as the inverse Cartier operator), the
shift is remedied by working (mod d2% '), that is, we have ® : Q% — Q™. /d Q%!
as described above. The Frobenius on the de Rham Witt modules can also be set
up to avoid the shift and this version is ® : W, Q. — W, Q"% /dvm—] Q’};].

To study the cohomology groups H ;’;{ 'F, Izhboldin [1991] defined groups
Q"(F, m) using generators and relations, mimicking the arithmetic in W, Q'
(there is a natural surjection W,, Q% — H l’,’;f 'F, see [Aravire et al. 2018, Section 2]
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for discussion). One of his main results is the exact sequence [Izhboldin 1991,
Theorem C],

0— KMF/p"KMF — Q"(F,m) > Q"(F.m)—HL'F — 0.

However for explicit computations, such as those given in this paper, since the
Q"(F, m) are not W, F-modules we will use the following exact sequence to study
the group H;]’Jf 'F,

n
Wi Q5 L —WmQF_l —>HI',‘,I,HF -0

dw,,
described in [Aravire et al. 2018, Theorem 2.31]. Here, as in the case m = 1,
g = © — 1. Two particularly important properties of ® in this context are that
DoV =Vod = p- (note that the level reduction for & is used here), and if
® € W, Q} then & = ®(w) € Hyl ' F.

Finally, in order to build up results by induction on m it is necessary to use the

analogue of the exact sequence of Witt vectors

0— W, F > W,F 5 W,F o0,
where
Viay,...,am—s)=10,...,0,a,...,an_s)
and
R¥(ay,...,an) = (ay,...,a5) € W,F.

In the case of the de Rham Witt Complex, because of the relations, the map V*
fails to be injective so one does not have an exact analogue, but we do have the
following exact sequence [Illusie 1979, Proposition 3.2.],

(VW Q% 4 dV Wy Q) — W@ 55 W, — 0,

where the first map is subgroup inclusion (of the images.) This sequence will suffice
to enable the induction required for this paper, for fortunately dV*W,,_, Q’,‘;l,
which can be problematic in other contexts, vanishes in the cohomology group
HIF.

p

1. Background on differential forms and the m = 1 case

In this and in the next section we compute in the module Q. Although technically
the Frobenius @ : Q. — Q' /d Q’};] we abuse notation and use a lift so that we can
write @ : Q7 — Q.. We use notation introduced in [Kato 1982] as follows: We
fix {b; | i € I} to be a p-basis for F with a well-ordered index set /. We let X (n)
be the set of all increasing functions y : {1,2,...,n} — I and we order X (n)
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lexicographically so that y < g if an only if there is some j € {1, 2, ..., n} such
that y(j) < B(j) while y (i) < (i) foralli < j. For y € ¥r(n) we denote by
db db db
it Ao A0 RSN AN
by by 0]

It is well-known that {by_ldby | v € Zr(n)} is a F-basis for Q% and there-
fore every element w € Q can be expressed uniquely as a (finite) sum @ =
dyesrmn) a, b, ~'db,. With this fixed basis we can define

db db
CI>< Z ayb—yy) = Z a}’,’b—yy.
yEXE(n) yeXrp(n)
In prior work on this problem, [Sobiech 2018; Aravire et al. 2019] and other authors
use the notation w!”! to denote what is defined here as ® (w). We have chosen to
use the ® notation here for these basis dependent expressions because it will be
consistent with how we use ® in the de Rham Witt complex. In all applications,
because the computations only matter (mod d Q’}_l) the choice of p-basis will be
immaterial.
We need more technicalities about p-bases and these are laid out next.

Notation 1.1. We suppose that {b; | i € I} is an ordered p-basis for F. As [ is
well-ordered we use 1 € [ as its least element. In case / has a greatest element, we
use M € [ as its greatest element. We denote by F_; := F?(by |k < i). We denote
by Q% <y the F-subspace of Q. spanned by all b/fldb/g with 8 < y. Whenever
w= ZyeZ ) ayby_ldby and B € X (n) is the maximum index with ag # 0, we
call agbg™ " dbg the maximal summand of .

With this notation we can give a fundamental tool, referred to as Kato’s lemma
[1982, Lemma 2].

Lemma 1.2 (Kato’s lemma). Suppose F has characteristic p and F* = F*P~D,
Letye Fandy € Xp(n). If (y? —y)byfldby €Qf _, —i—dQ’}_l then ybyfldby =

v+ x17 dxy Ao Axy T dx,, where each x; € FP(bj|j < y(i)) and v € QF; _ .

It is useful to have a weaker version of Kato’s lemma that does not include the
hypothesis that F* = F*(~D_This has been noted by many authors. Here is one
way to do this; it appears as [Arason et al. 2007, Lemma 3.2] and also appears as
[Sobiech 2018, Lemma 3.2]. We recall that dlog: KM F — Q. is the homomorphism
defined on generators by dlog(£(t)) @ - - - ® £(t,)) =1, 'dty A--- A, dt,.

Lemma 1.3. Suppose F has characteristic p. Let y € F and y € Lr(n). If
(v —=y)b,~'db, € Q. _ +dQy" then yb,~'db, =v+dlog(t), where v € Q. _,
andt € KMF.

We need one more technical result dependent upon this notation.
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Lemma 1.4 [Arason et al. 2007, Lemma 3.1]. For F and {b; | i € 1} as above,

assume
> cyiﬂ ed!
y<B 4

where cg # 0. Then there exist M;; € F_p(;),for 1 <i <nand1 < j < p—1, such

that
n p—l1

=D M,

i=1 j=I

We next consider a purely inseparable simple extension L = F («) where a” =b.
It is well-known that if by, by, . . . is an ordered p-basis for F, then by, b3, ..., xisa
p-basis for F(«) for which we select the ordering with « labeled as the last element
of this basis (so its index is M and the index set for the L-basis is (I — {1}) U{M}.)
In this setting we will use X (i) to denote those elements y € X (i) where the
y(1) > 1 € I. We note then that Yr(n+1) =X (n+1)UXy(n) o, where X (n)-o
denotes the elements § € X;(n+ 1) with (1) > 1€l and B(n+1) = M. We
note that elements 8 € X.(n) - « are in one-to-one correspondence with elements
of § € ¥}.(n) and it is convenient to view them this way. In fact we label them as
B = 8§ U{M]} where according to the notation just given, (§ U{M})(i) = &(i) for
i <mnand (§U{M})(n+1) =M. We also remark that in proving results using
these p-bases we may assume they are finite. This is because one can use elements
and the expressions that describe the situation over a finitely generated field over
the prime field, from which the result follows for all fields.

This next lemma is needed to prove Lemma 1.6, which is the main tool we
develop in this section.

Lemma 1.5. Suppose F has characteristic p, r > 1, and L = F(a), where al =
by € F — FP with by, b3, . .., a the ordered p-basis for L given above (so the index
of « is the largest). Suppose w € Q] and

dbﬁ dbs do
do = Z Cﬁﬁ-i_ Z/ 5b—8/\— for Cﬁ,C(gEL
BeXL(n+1) deXi(n)

Suppose that the maximal summand of dw comes from an index p € r(n+1) (that
is, s # 0, and ,3 > § U{M} for all § € X} (n) with ¢5 # 0.) Then the maximal
summand c ﬁb 3 ldb of dw is the leading summand of some dwy where wy € Lo- Qg
and Ly = F (a?).

Proof. As Q' = L. Q"' @ L. QL Aa~'da and L = !~ o' Lo, we find

Q! = (@aL Q"“) (@aLO sz’;/\—>
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We write w = Z _0 o a),+2f7:0 o' w; Ao Yda for w; €Lo-Q% and w) € Lo- QY I
Then

p—1 p—1
j ; . do
dw = E a’da)i—i— anl((—l)nlwi-i-d(z);)/\?.

According to Lemma 1.4, as the maximum summand of dw is czb;~ ldb; 2 we have
c5= Yo Z M,jbﬁ(l), where M;j € L_gi forl <i<nand1<j<p-—1.
As L_pgg) := Lp(bk |k < B(i)), and as the index of the basis element « is M, the
largest in the ordering of the p-basis for L, we have B(i) less than this index and it
follows that each L _g(;y € L. It follows that ¢ 5 € L. By the directness of the sum
in which the summands of dw occur, as none of the summands of dw coming from
o'dw; or o' (1) "iw; + da);) Ao Vda where 1 <i < p have coefficients that lie
in Lg, this maximum summand must be the maximum summand of dwg or da)é.
But by hypothesis, this leading summand cannot involve «~!da so it must come
from dwy. So wy € Lg - Q' is the desired element. This proves the lemma. O

This next result is used repeatedly. It is our key application of Kato’s lemma.

Lemma 1.6. Suppose F has characteristic p and r > 1. Let L = F(a), where
al =b; € F — FP with by, b3, ...,a a p-basis for L as above (so the index of
a is the largest). Suppose n € Q' Aa~lda C Q" and p(n) € L - Q% +dQ .
Then 1 = no +dlog(t) € QF for some ng € L - Q7 and T € K,f’IL.

Proof. As noted above we may assume F has a finite p-basis. We assume n =
(Zsezg(n—l) vsbs~'dbs) A~ 'da, where 0 # ys € L and proceed by induction on
the size of the largest § index (which can also be viewed as § U {M} € ¥ (n).) By
our hypothesis we can write

dbs do dbg .
() > PO A= 3 Zﬁﬁﬂzweg
sex)(n—1) BeXy(n)

forzge Land w € Q’Z_l. We must analyze two cases, the first where the maximum
of the indices § U{M} and B in both sums in (*) occurs among the 8 and the second
where it occurs among the § U { M} (note that these two sets of indices are disjoint).
In the first case we assume the maximum occurs at 8 among the ,B € Xk(n)
and so that z; ;3 'dB is the maximum summand of D pexhm 28b8~ db/; The
max1mahty assumptlon then shows that d has maximum summand —25 Bldp ;3
where ,3 € X (n). According to Lemma 1.5 there is some wy € Lo - Q' I QZ
such that dw and dwy have the same maximum summand. Since Ly = F(a?)
we know dwy € Lo - @ C Q] (note we are viewing dwy € 2} and therefore
da? = 0 € Q). Expressing dwy = —zgﬁ_ld,[; + ZﬁeZ’F(n),ﬁ<;§ 2 - bg~'dby,
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where zjg € Ly, it follows that

d db
> @(YS)—A—=Z,§—~'B+ > z,sb—5+dw+dwo—da)0

sex (n—1) p BEZ}(n),B<p b

= Z (Zﬂ+Zl/3)dbﬁ+d(a)—a)o)€Q’i.
BeX(n),p<p g
Iterating this process shows we can assume the maximum of the § U { M}, 8 in (x)
occurs at some & U {M} among the § € %/ #(n — 1), that is, we are in the second
case.
We now express n = n’ + ygbg_ldbg Ao 'da where § U {M} is the maximal
index. Then our assumption about equation () shows that

db
L] cQ! Faon !,

© (v5)—— ba <Supm

SO by Lemma 1.3 we can express ygbg_ldbg A alda = v+ dlog(t) for v €
QL <8U{M and T € K}ML. We decompose v = v; + vz, where v; € L - Q"% and
v € Qs AaT da. Since n' =n— ysbs~'dbs Ao da = n— (v +v2) — dlog(t)
we can replace n by n—v; —dlog(t) =n"+vy € Q] 1sAa~!da. We have removed
the maximal summand of type § U {M} from 7 and the original hypotheses still
hold. This reduction completes the proof. ([

In the next definition we use p = ® —1: Q' — Q.. We recall our convention
that ® : QF — QY is defined relative to a fixed p-basis of F. However, as the
groups considered in this definition all contain d Q’}_l they are independent of this
choice of p-basis. Again, we remark that the purpose of the convention for @ is to
facilitate expressing our computations and in the end no ambiguities are introduced.

Definition 1.7. (i) We define B Q. :=d Q”F_l and recursively for r > 1,
B, 112, = ®(B, Q%) + B, Q.
(ii) Assume x € F — F? and n > 0. We define I'}. := p (7)) +d Q% 1 +Q U dx.

The groups B, 1. were first defined in [Illusie 1979] and played a signifi-
cant role in [Izhboldin 1991] where Izhboldin showed that his group Q" (F, 1) =
Q’}/(Uf’;l BrQ”) In particular, if @ € B, Q' for some r, then ® =0 € H”+1F
In view of this we note as B, Q7 = ®(B, Q w) + B, Q7 that o (R )+d$2” =
# () + B, Q7 for all r.

The recursive definition shows that B, Q2% is generated by elements o' (dw),
where 1 <i <randw € Q'fp_l. One readily checks x”" B, Q% € B, QY. Suppose
L = F(%/x). This means that x/B,Q}. C ker(H;HF — H]’;“L) whenever
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1 <r <e. The generators for x/ B, Q' can be expressed as
- dt dt, i-1ds  dt dt
o (ds AE2 A AT P T A2 A A
15} t, Ky 15) Iy
where 1<i<r and s,fr,...,1,€F.

The theorem of Aravire, Laghribi, O’Ryan, and Sobiech [Sobiech 2018, Theo-
rem 3.16; Aravire et al. 2019, Theorem 4.1] shows that these give a generating
set for ker(H I’;“F - H ;‘“L). We next state their result in this notation. For
simplicity we give it in the case were L = F( »{/x1, ..., »{/x;) for p-independent
elements x1, ..., x; € F and the ¢; all are a constant value e. (Their general result
does not require constant values.)

Theorem 1.8 (Aravire-Laghribi—-O’Ryan—Sobiech). Suppose L=F (7/x1,..., %/Xy)
for p-independent elements xi, ..., x5 € F. Then

ker(HiV'F— HP' Ly = Y > x'-x) B.QL
l<r<eO<jir<p”

We close this section by considering the simple purely inseparable extensions of
degree p. When p = 2 this next result is implicit in [Aravire and Baeza 2003] and
the general case is implicit in the work of Sobiech. It is pulled out here because it
provides a model for the results considered in the next section.

Lemma 1.9. Suppose w; € Q' and Zf;ll x'®(w;) € Tt Then
p—1

Y itk d(dwy) e T

i=1

Proof We express Z 1 X ®(w;) = p(a)o) +dd + Y Adx for wy € Q% and
0,9 € Q%' We consider Qa)o — Zp | dlw) AaTlda € Q)T where L = F(a)
witha? =x e F. As iy p(Y Adx)=0c¢ Q"H, we have

r—1 p—1 p—1
(%) p((wo—Zaiwi)A%> = (@(wo)—in¢(wi)+Zaiw,~>/\d—a
i=1 i=1 i=1
p—1
= (Za%g—dé)/\% € Q'i“.

As (Zip:_ll dw)Aetda=d(} ! 11 ilolw;) — Zfz_ll i_laidw,, dina~'do =

d(é Aa~'da) and each w; € Q' we obtain p((wo - p 1] o' w; ) A a‘ldoz) €
L. QY}H +d<2} . Hence by Lemma 1.6 applied to L = F (a) we see that

p—1
(wo — Zaiwi) A %x =n+dlog(r), wherenelL- Q’;,“ and 7 € K,i‘i[HL.
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We have p(a)o - 1] o a),) Ao lda =p(n)+db for6 e 2] . We can write
ﬂ—n0+zplan,,wheren,e§2”+ nd

9—904-20!94-(904—20(9) EQ” for@ieﬁ’}andei'eﬁ'}_l.

With this, expanding g (wo — Zf;ll alw;) Aa~da = p (1) +d6 in Q" using
the first equality in (xx) gives 2p equations:

p—1
0=gp o)+ Y_x @) +dby,
i=1
O=a'(—ni+d;) for1<i<p—1,

p—1
(@(wo)—zxiq)(wi)) d—a—d90 da

i=1

aiwi/\i—a:ai(iei+d91-’)/\% for 1 <i<p-—1.

Each of these can replaced by an equality in Q7% by adding Q' A dx or SZ’;_I Adx
terms. We find

p—1
> x5 d(i) = —p (n0) — dbo + Yoo A dx,

= ni =db; + Yoi Andx for 1 <i<p-—1,

-1

pzxicb(wi) = (wo) —dby + Y10 Ndx,

= wi:i9,~+d9,-/+1//1,~/\dx for 1 <i<p-—1.

The second and fourth equatlons give n; =1 ~ldw; +; Adx for some ; € Q. By
the first equation Zp iTX ®dw) € p(QET) +dQ 4+ QL Adx = I‘”le O

We now have the tools to the determine the kernel of H 1’,’“ F—-H [’}“ L where
L = F(x) for a? = x € F. The result is due to Sobiech [2018, Proposition 3.6] and
when p = 2 the result is due to Aravire and Baeza [2003, Lemma 2.18]. We give
the proof because it illustrates in a much less technical fashion the technique of
proof of the main Theorem 4.2 (as well as the base of the induction for that result)
and also illustrates how Lemma 1.9 is used.

Theorem 1.10 (Aravire—Baeza—Sobiech). If L = F(«) for a? = x € F then
ker(H!'F — H' L) = Q' Adx.
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Proof. Here we have

p—1 r—1
P P d
Q@ = @Ot' ip r(Qp) @ @a’ (D A _a
i=0 i=0
where we recall iy /r(Q7) = Q'};/(Q’}_l Adx).

Assume w € Q. with & € ker(H"“F — H”“L) We then have iz r(w) =
g (1) +dO, where n € Q7 and 0 € Q" . We express

n_Za 17,+Za nl/\—, where n; € Q. and 7, GQ'};I,

6= Zaie,- + Zoﬂ'e; A %‘", where 6; € Q' and 6] € Q2.

We then have

p—1 r—1

i1/p(@) =9 )+ 3 SO —a 1)+ (1) AL+ 3 (b () —a ) A 92
i=1 i=1

+Zad9 +Zzo¢ -6; /\ —I—Z LN da
r—1 -
= (@(no) + Y x o) +d90) - (Z o (n; —d@))
i=1

i=1

p—1 p—1
+ ((go o)+ _x' () + d@é) — <Z o () —i6; — d@{))) P
i=l i=1

By the linear independence properties of the decomposition of 2 we obtain two
sets of p equations. From the first set we find for 1 <i < p—1 that n; =d6; +;, for
some ;| € Q’,’;l Adx. Applying d to the second set we have id6; = dn; +d 11/12 for
some Yip € Q% 2ndx. Together these give n; _z_ldnl +1;, where y; € Q’; Adx.
From the second set we have Zp ) X CD(n ) € P (% D) +dQ 2y Q'}p 2 /\dx and
so by Lemma 1.9 we know Zp QJ(dn)ego(Q ) +dQ +Q "Adx.
But as each ®(¥;) € Q' UAdx, substltutlng dn; =in—iy; shows

p—1
doitlix @) € p (@) +dQT + QT Adx.
i=1

Finally from the first equation we obtain iy /r(w) = g (o) + Zfz_ll x'®(n;) +dby
sow € @ () +dQ ! Q’};l A dx proving the theorem. O
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2. Generalizing lemmas on differential forms

The main goal of this section is to generalize Lemma 1.9 (see Theorem 2.2 below)
so that it can be used to compute ker(H”+1F H"+1L) when L = F(«) for
a?" =x € F — FP. All notational conventions from the preceding section remain in
force and we recall I', = o () +dQ% T+ Qr ' A dx. Extending this we define

p—1 p*—1

Th=) XBQp+ Y X/ Qp)+T}.

i=1 j=1(.p)=1

The next lemma will help simplify computations involving Zf;l_l x! B, Q7.

Lemma 2.1. Suppose e > 2.
e—1 l 1

0 Yy X B S Y, Y -1, (llp) 1 X BZQ" + .
i) Y, T xi B ZP X B+ Y
(i) (X7 x B! +Z iy (]p) X D(QL)) € Q1L Adx.
Proof. We note for x € Q7 and s > 1 that ®°(x) = (Zi_o Y (x))+x For the first
statement, we know B Q’}, is generated by elements CD’ (da)) where 0 <r <e—1and
we ! Conmderageneratorx’op P (dw) onp =1, ' B,Q"%., where (i, p)_l
and s > 0. If s > r then x” ®" (dw) = @’(d(x‘op ‘w)) € 5@(9 )+d§2” If

s < r then x7 & (dw) = @'~ (X" (dw)) € p () +x0D @), If s =7
then x'7' " (dw) = & (x°dw) € p (L) +x"0d Q%" However,

i wp) LT DALY 4T =T

xod Q1 cat ! Q! Adx.

The first statement follows from this.
For the second statement we show for 0 < r < e that x' ®" (dw) € I'"%, where by
(i) we may assume (i, p) = 1. If r =0 and i > O then

xdo=dx'w)— (=) "ix" o Adx € Ik
If r=1andi =ip+1i;p then
X ddw) =x"0(x"dw) = X" (d(x"w) — (= 1)"i1x" ' w Adx).
But CID(Q”_1 A dx) - Q’}_l A dx so we are done in this case. For r > 2 and
i =ig+i1p+irp* where 0 <iy < pand 0 <ij < p, we have X' (dw) =
x0tP 2 (x 2 2 (dw)). As o # 0 we have x’ d)’(dw)ezj 1oyt X PR ).

From this the second statement follows. The final statement is clear as d ® (w) =
for all w € Q7. D

The next result extends Lemma 1.9. The proof follows the same format except
that one computes in a purely inseparable extension of degree p” instead of degree p.
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Theorem 2.2. Letx € F — FP andr, e > 1. Suppose

pr—l p€71—1
Z x'®"(w;) e T + Z x' B,
i=1, (i,p)=1 i=0
where w; € Q.. Then
pril - prflil .
Yo i e dw) e + Y X' BQET
i=1, (i, p)=1 i=0

Proof. By hypothesis we can express

p—1
> X () =) +db+ P Adx+ 6,
i=1, (i,p)=1

where wy € Q, 0, 1& € Q’}_l and © € Zf’;l_l xiBeQ’}. We set L = F(a) with
P =x € F — FP and define

r—1 p—1
A i) i da
o= (a)o =3 > e (a),-)) ANEE e it
o
J=0 i=1,@,p)=1

Asipr(f Adx) =0e QT we have

pr—1 pr—1
P (@) = (60(600) — Z X' 0" () + Z aia)i) A do
i=1, (i,p)=1 i=1, (i,p)=1
p—1
=( Z aiwi—dé—@)/\%eﬂzﬂ.
i=1, (i, p)=1

We note a’w; Ao lda =d(i 'alw;) — (—1)"i 'adw; which shows

p—1
( Z aia)i) A do el. Q';,H +dQ].
o
i=1, (i,p)=1

Also, df Ao~ 'da =d(0 Aa~'da) € dQ. We find that

p—1
( Y do —dé> A4 e i o
o
i=1, (i,p)=1
and from this we have

(go(cb)—@/\da

+1
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By Lemma 2.1(1), ©® € Y ;_ 22 1 (l p) | X !By 4+ 't and we can write

e—1 pt—1
@:Z Z xiq)g(dézl')+)/
=1 i=1, (i,p)=1

for égf 1e Q"Fl and y € I'p;. We recall for x € Q and s > 1 that ®*(x) =
50(2‘};0 ®/(x)) + x. If r > £ we have

(k) X DL@h) ALY = ot @ ddy) A 94X = @ (d ( "B A d—“))
o o o

= o ) a0 )

where
-1 » -1 y r—1 y

Yo=Y @ i) =) o ®Idhy) = D o oI (ddy).
j=0 j=0 jl=r—t

When 1 <r </ and (i, p) = 1 we have
(xg) x'®(dOy) A %‘" = & (! D" (dbyi)) A %" =@ (a"qﬂ—’(déﬁ) A %‘x)

= (Wi 7 92) (e 0T (@),

where

r—1 r—1 r—1
Vo= @@ O (@) = ) o ®N @ (@) = Y o @I (dby)
j=0 j=0 j=0
in this case.
We define ¥ by

e—1 pt-1 -1 pt—

(x¢) W= Yo = o DI ().

(Z=1 =1 =1 ,=
=1 @i, p)

N
—_
<

|
—

= 1 j =max{0,r—¢}
i,p) =1

—Jj_ PR AN N
Using the latter sum we can express W =3 _ Zp 0. ;) &P i, where ¥ €

Qpfor0<j<r—1land0<i=<p™ J are obtained by combining the like oriP-
summands. It is possible, however, as we only have a bound of i < p* (not the
bound of i < p”~/) that we have zpj =igp’ +kp" for some k >0 and ip < p"~ /. In
this case we have a'?’ &/ (dfy) = aloP’ xk DI+ (dd,;) appearing in the sum
used to obtain w jio- This shows that for each w ji we have d w ji € QU Ndx.

The two expressions for x/ ®* (d@g,) Ao tda, (x4) and (xp), compared to the
definition of W in (x¢), show ® Ao~ 'da — p (¥ Ao~ da) € dQ’[l. As

P (®) — /\d— eL- Qi +aqr,
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taken together these show
do n+1 n—1
plo—WA—)eL - Q" +dQ] .
o

Lemma 1.6 applied to L = F(a) gives ® — ¥ A o~ 'da = dlog(t) + 1, where

TE K%FIL andnelL- Q'};rl. From this we have,

N da
r—1p=i—1 d
—o(o- X aint)
j=0 i=l

r—1p=i—1
<50(wo)— Z X' (i) + Z doi—Y S o) )A—

j=0 i=1
(t,p)=1 @, p) 1 @i,p)=1
p—1 p—1 p—1 d
. . . o
= (@(w()) - ) X+ )Y, dei+ ) o/%) N
i=1, (i,p)=1 i=1, (i, p)=1 i=

=p(n) +do,

where the W; € Q' arise to fit the equation by combining all g (ai"j 1/7 ;i) summands
and we have n € L - Q"“ and 0 € Q. The one thing we need to know about
the W; is that, because we know this for the 1// i, we have d lI/ € Q% Adx for
all i. Expanding n_zp o o'n;and @ _Zp o o't —i—Zp 0 o 9’/\a 'da for
ni € Q”+1 0; € Q” and 0] € Q7 ! glves the 2p" equations, one for each summand
in Q] = (@p_o o' F - Q”) (@p_o o' F- Q7 lAa_lda)

p—1

0=gp o)+ Y x*®(ng,1) +dbo,
k=1

p—1
0=q?" (—mpr' +db, +Zxkc1>(n,.p,2+kp,.)), l<i<p-1,
k=0

p—1
* ’
“) o= o (—nq/pz +db 2+ Zx"d>(nq/p+kprl)>, l<q'<p -1,

k=0 G\ p)=1,
p—1
0= oﬂ”(—nqp +db,, + Zxk<1><nq+kprn>>, l<g<p~'-1,
k=0 (¢, p) =1,
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and
= d da
(@(wo)— > K (a),)—l—\llo)/\—a—d% 2
i=1, 3, p)=1
(Xipr_l\pjpr—l A Cfx_O[ = (Xipr_ldei/prq A C{Ta, 1 =< i =< pP— 1,
(*2)
aqpxl!qp/\‘%“ = a’de), da“ l<g=<p™'—1, (.p=1,

: : : d o :
a’(wj+\l’j)/\7a=a’(d9}+191)A7a, 1<j=<p' -1 (,p=1

We note that in using each equation we keep in mind that ker(i L/F R — Q’i) =
Q’Fl Adx.

The bottom equations from (x;) show that n; = d0; + x ; Adx for some x ]/ As
dW¥; € Q' Adx, by the bottom equations of () we have

"

do; = j ' (dw;+dV))+ x] Adx = j dw; + X

Adx  for some x7, x7'.
These give n; = j’lda)j + x; Adx for some x; whenever 1 < j < p" —1 and
(J,p)=1

If1<g<p"~ —1and (g, p) =1 the second to last equations of (x;) show for
some x,p € Q’}_l that

r—1

p—1
Ngp = dgqp + Zxkq)(nq-i-kp"*l) + Xgp N dx.
k=0

Ifl1<qg <p~2—1and (¢, p) =1 the third to last equations of (x;) show for
SOme 4125 X;/pz € Q'}V_l and ©/ 2 € > 0 ka29"+1 that

p—1
k/
T)q/pz = dGq/pZ + Z X (D(nq/[H»k/p’_l) + X;,pz N dx
k'=0

_qu p2+Z.x cD(d@ "p+k' pr— 1+ZX q)(nq +k'pr 2+kpr l)+Xq p+k pr— 1/\d.x)

k/
+ X 2N dx
p—1p—1
= ®q’p2 + Z Z)Ck +kpq)2(nql+k/pr72+kprfl) + Xq/pZ A d.x
k'=0 k=0
p*-1
= ®(1,[72 —+ Z xk¢2(nq/+kpr—2) =+ Xq/p2 /\d.x.
k=0
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Repeating this process, substituting iteratively into the preceding equations in (),
when the second set of equations is reached we have for 1 <i < p —1,

pr—l_l

Nipr—1 = ®ipf—] + Z xk<br_1(77i+kp) +Xipr—1 Adx,
k=0

r=2 .
where ©;,-1 € Y1 ) x'B,_ 1L At last, we find when the first equation is
reached we substitute these expressions for the ;-1 where 1 <i < p —1 and find
that

pr—l pr71—1
Yoo X ) ep @) QU+ Adx+ Y XFBQET
i=1, (i,p)=1 k=0

Using n; = idw; + Xi Adx gives that

pr_] pr ]_]
Yo i O dey) € () +dQ + Qp Adx+ Y xF B
i=1, (i,p)=1 k=0
as required. (]

In the applications the set up is slightly different than they are in the hypotheses
of Theorem 2.2. The following corollary takes care of this for us.
Corollary 2.3. Letx € F — F? andr, e > 1. Suppose
pr_] L 1_1 r+1 -
> X(w)el}+ Z x' B, Q"L + Z xeQ),
i=1, (i,p)=1 i=1, (i,p)=1
where w; € Q.. Then
prflil pr 1 -1
Y i do) eTE + Y X B
i=1, ({,p)=1 i=l1
Proof. We express Zl 1. (l =1% D () =y + Z x'q>r+l(9) where y €
I +Z Ty ‘B, Q' and 6; e Q. f o, =w; — Zk o ®(Oi1kpr) we then have

p Iy <I>’(a),) el +le =y x'B, Q'.. But we have dw; = dw;, so the result
follows by Theorem 2.2. O

3. Background on the de Rham Witt complex

As noted in the introduction, the groups H "m F for m > 1 require for their definition,
either the groups Q" (F, m) as defined by Izhboldin, or the de Rham Witt groups
W,, Q. Aside from the proof of Theorem 3.13 below, we work with the latter. In
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this section we collect results about W,, Q' needed to prove our main theorem. As
references we cite [Illusie 1979] and Section 2 of [Aravire et al. 2018].

The module W), Q27 is a quotient of 2y, . where W, F' is the ring of length m
Witt vectors over F'. As such it is generated by elements of the form a-dbj A - - Adb,,
where a, by, ..., b, € W, F. For a € F we define [a],, :=(a,0,...,0) € W,, F and
note that these “representatives” are multiplicative but not additive. There are impor-
tant interactions between these generators and the shift V : W,, Q% — W, 1Q7, a
few of which seem unnatural until one is used to them. We do have V (a)-dV (b) =
V(a - db), as the first defining relations for W,, 2% ensure this. But one needs
to be careful, for V and d do not commute. The relation just given shows that
V(dy)=V([lln-dy) =V ([1]n)-dV(y) = p-dV(y), for although [1],, =1 € W, F
its shift V([1],,) = p € W,,, F.. The generalization of this is given in Lemma 3.2(i).

The second defining relation, V (a)d[x], =V (a [x]f:l:ll)dV[x]m_l, may appear
odd at first but is critical to the theory. Using the Witt vector relation, [b],,V (a) =
V ([bP]n—1a), this relation shows that V commutes with the logarithmic derivative
of multiplicative elements as follows: V(a)[x]m_ld [x]n =V(a [x];ﬁ Ddlx]y, =
V(a[x];li][x]ﬁ,__ll) dV([xlm-1) = V(a[x]m—l_ld[x]m—l)- The logarithmic deriv-
ative also links Milnor K-theory to the de Rham Witt groups as follows. For a
generator T = £(a;) ® - - - ® £(a,) of K,’)”F we define

dlai]m dlaylm
A-e A

[al ]m [an]m

By [1llusie 1979, 3.23, p. 580] when n = 1 the map sends products to sums, and then

the defining relations for W, 2. ensure one obtains a well-defined homomorphism
dlog,, : KMF — W, Q".

The next result was mentioned in the introduction. It appears as [Aravire et al.

2018, Lemma 2.2] and its proof is by induction using the second defining relation.

dlog,, (7) :=

€ W, Q%.

Lemma 3.1. Forall x e W,, _F withm > s > 1 and a € F we have

VA @) dlaly = V¥ (x[all ) dV* [aln—s € Wi QL.

m—s

The Frobenius ® : W,,F — W,,F given by ®(ay,...,an) = (al, ..., ap)
extends with a level shift to ® : W,,QF — W, _1QF (see [Illusie 1979]). In
analogy with the m = 1 case where ® : Q% — Q% /dQ%"", there is a lift to ® :
W, — W, Q% /a’V’”*IQ’}. We will use the same notation for both maps as the
one in use will be clear from context. Since p - (ay, ..., ay) = (0, af, R afkl) €
W F we have p- =V o® = ®oV on W, F. The definitions on W, Q' are
set so that this rule generalizes as given in Lemma 3.2(iii) below. In addition to
the s-fold composite of V, V*: W,,_ Q. — W, Q%, there are restriction maps
R® : W, Q% — W;Q} which generalize the same map on Witt vectors given
by R*(ay, ...,ayn) = (ai, ..., as). This map also behaves properly with respect
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to logarithmic derivatives where one has Rs(a[x]m_ld [x]n) = RS (a)[x]s_ld [x]s-
Finally we note that @ behaves well with respect to logarithmic derivatives of
multiplicative elements. According to [Illusie 1979, Proposition 2.18.5, p. 564]
we have ®(d[x],) = [x]g’f_lld [x]m—1, so interpreted according to the lift gives
O ([x]n 'd[x]m) = [x]{;l—ld[x]ﬁ/[x]gl = [x]n " 'd[x],. Since ® is multiplicative
we have ® (v A [X1m ' d[x]m) = D (@) A [x]m " d[x], for w € WmQ’}_l. There are
other basic interactions between, d, V and ® which we summarize for reference in
this next lemma (see [Aravire et al. 2018, Lemma 2.9] or [Illusie 1979] for more
details).

Lemma 3.2. Suppose char(F) = p. Then:
(1) Vd = pdV as functions Wm_lsz';fl — W, Q.
(il) ®dV =d as functions W, Q’Fl — W, Q.
(iii) p-=®oV =V o ® as functions W, Q2 — W, Q..
(iv) d ® = p ®d as functions W, Q" F — Wm_1§2'}+1.
V) If o1 € W, Q' and wy € Wy, 1 QY then oV (w2) = V(R™ 1 o ®(w))ws) €
W Qr+s
m F
For computations involving ® : W,, Q. — W,,Q%., we will use logarithmic
derivatives like what we used in the previous sections for the case of m = 1. Since
we are working with the lift of ® these representative values are well-defined (mod

avm-1 (Q’F])), which is absorbed into the calculations when used. By the above
we can use

cb(ad[bl]m/\” d[bn]m>=q>(a)d[bl]m d[bplm

A A- A

Since ® and V commute we can then use

cD(VS(ad[bl]m—s A A d[bn]m—s)) — Vs (CI)(a)d[b]]m_s Aeo A d[bn]m—s).
[bl]m—s [bn]m—s [bl]m—s [brz]m—s

These two formulae suffice for our computations in this and the next section.

for a,by,...,b,eF.

The shift map on the ring of Witt vectors gives an exact sequence

0= W, F 1> W, F X W,F - 0.

The analogue for the de Rham Witt complex is the following result from [Illusie
1979, Proposition 3.2, p. 568], upon which the induction used to prove the main
theorem will be based.

Theorem 3.3. Let R® : W,, Q. — W Q' be the restriction. Then the following
sequence is exact,

0= (VS Wy @ +dV Wiy Q1) > W@ 55 Wt — 0,
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where (VS Wi Qp +dVi Wy, Q'I’:_l) is viewed as its image inside W,, ',

We remark that it is not a consequence of Theorem 3.3 that V¥ in injective —
indeed it is not and its kernel plays a special role in the sequel. In the theorem only
its image in W,, Q' is considered which also takes into account relations between
VEW,— Q% and dV* W, Q5 in W, Q0.

We next generalize the definition of the groups B, to the de Rham Witt
complex. These are discussed in detail in [Aravire et al. 2018] and are important in
relating the Q" (F, m) groups of Izhboldin to the de Rham Witt complex. (We also
remark that Izhboldin must have understood such details, but decided to spell out
his work in a different way.)

Definition 3.4. Forr,m,n > 1, B, W, Q. C W, Q' is defined to be
B W, Q% = ker(V’ : Wi Q — Wm+,Q'}).
For convenience, By W, Q. = {0}.
According to [Illusie 1979, 3.21.1.4, p. 579], for all r, m, n > 1 we have
ker(V" : Wy Q5 — Wigr Q) = &7 @V W, Q5.

This formula uses the shifted ® and ®” is the r-fold composite of these shifted .
We note that one consequence of the relation ®dV =d is that & (dV*(W,, Q7)) =
AV (W—s Q). So for r < m the definitions give B, W,, Q7 = dV" ™" (W,Q"%,),
so in particular By W,, Q" = dvm-] Q’}_l and B, W,, Q% =dW,, Q’}_l. Whenr <m
this also gives that B, W,, Q% = ®(B,_1 W, Q).

This next lemma collects for reference the basic properties of B, W, Q.. The ®
here are the unshifted ® which is not a problem because a’V’"_IQ'I‘,_1 C B, W, Q%
forall r > 1.

Lemma 3.5. (i) B, W, Q%L =& @V"W, Q5.

(il) BiW, Q% =dvm-lonl,

(ili) Forr <m, B, W, QL =dV" "W, Q%"

(V) By W2 =dW,, Q5"

(v) Forr >m, B.W,,Q} = ®(B,_1 W, Q%) = @’_m(dWmQ'Fl).

Proof. (i) is the result from [Illusie 1979] just cited. (ii) is (i) with r = 1 together
with Lemma 3.2(ii). (iii) follows from (i) and (ii) as Lemma 3.2(ii) gives ® dV =d.
(iv) is (iii) with r = m, and (v) follows from (iv) using (i). U

It is important to understand how the B, W, Q' interact with V. This is given
next.

Lemma 3.6. For all r,m,n we have V(B W,,Q%) € B, _1 W, 1.
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Proof. We have the commutative diagram

By Wy @ ——— Wy Qs — s Wiy, Q0

vl vl {
_ yr-l
ker(V' =) —— Wy 1 Q1 —— Wy r Q0%
and since B,_1 W, +1Q} = kelr(V’*l W1 — Wm+r52’}¢) the result follows

by definition. O

We remark that the shift of indices in Lemma 3.6 will play an important role in
the sequel. The next result generalizes well-known properties of B2, to the more
general case.

Lemma 3.7. Forallr,m,n:

(i) Ifa € F then [al}, B, Wy C B, W, Q"

(ii) If x € F and r > m then [x],l:,rim B, W, Q. € B, W,, Q% + WmQ'Iffl Ad[x]m.
(iti) For all i, [x],,Byu_1 W QL C Byt Wy QL + Wy Q25 Ad[x ],
Proof. For (i) we proceed by induction on r. We have B\ W,, Q. = aym-1 Q'}_l by
definition. Let w € Q’Fl and then

d([a];‘lqz mel(a))) = p[a];‘;;l mel(w)d[a]m + [a]pdV’"*l(a))

soas pV" H(w) = 0 we find [a]PdV" N (w) € de_leQ'};l giving the result
when r = 1. _

Next, assuming [a]}, B, W, € B W, Q%, we use Lemma 3.5(v) and the
inductive hypothesis to see that
By W = [all) " (B, W, Q) = ([all) B, Wy )

C OB, Wiy ) = Byyt Wy Q.

r+1
[all,

This gives (i).

For (ii) we note if r = m and w € WmQ’}{l, by Lemma 3.5(iv) B, W,,Q2}. =
aw,, Q’;,fl so we have [x],,dw =d([x],w) — (—1)*w Ad][x],, and the result follows
in that case. The same argument applies when r =m — 1 as B,_1W,,Q} =
VW, —1Q% and [x]},V(0) = V([x]i’_ ), giving (iii). To finish (ii), by induc-
tion, assuming the result for » > m we note that for a generator & *!="(dw) of
B, (1 W, Q% (mod B, W,,Q') we have

r+l-m
(x5

M (dw) = O ([x]pdw) = O (A (X)) — 0 Ad[X])
€ By i Wi + W 2 Adx].

This gives (ii). [l



406 ROBERTO ARAVIRE, BILL JACOB AND MANUEL O’RYAN

According to Lemma 3.5(i) we have
ker(V" 1 Wy Q% — Wigr Q) = &7 (@V"W, Q5.
This characterization gives a set of generators for the B, W,, 7. which is spelled
out next.
Theorem 3.8. Forr > m, B, W,, Q. is generated by
d[s]n
[s1m

where t<r—m, se€Fandt € Kflw_lF (Milnor K-theory).

B, W, Q% and [s]¥ Adlog, (1),

In particular, B, W, Q. = B, W, QL. A dlog,, (KM | F) + B, W, Q.

Proof. We proceed by induction on r > m, the case of r = m being trivial. Ap-
plying d to Theorem 3.3 when s = 1 we find that B,,W,,Q}. = dWmQ’}_l is
generated by elements d[s],, Adlog, (t) fors € Fandt € K ,’l"i F over B,,_1 QY =
dem_lsz’};l. As ®(d[s]n Adlog, (1)) = [s12 0] d[sTm A dlog,, (r) we are
done for r =m+1 as B, 11 W, Q. = ®(B,, W,,Q') and these will give generators
over ® (B, 1W,, Q%) =B, W,, Q. Forr >m+1, as B.W,,Q} = (B, W,, Q)
it suffices to note by the properties of & that

@ ([s];;’ Al dlogm(t)> =512 s dlog,, (7).
[s1m [s]m

This gives the first statement. The second statement follows from the first, proving
the result. U
We now recall the machinery that is used to define the groups H l’j,j 'F. These

results are discussed in detail in [Aravire et al. 2018, Section 2]. To begin we recall
the definition of Izhboldin’s groups.
Definition 3.9 [Izhboldin 1991, p. 139]. The group Q"(F, m)is the quotient A’ /T,
where we define A?, ;= W, FT® F*®---® F* and J is the subgroup generated
by the tensors

() a®H ®---Qty, where a € W, F and 1; = t; for some i # j, and

(i) Vi[a‘ln_s@a®@6HQ- - -Qt,, where a, ta, .. .1, € F*,0<s <m,and £>1eN.

The next result shows how the Izhboldin groups are linked to the de Rham
Witt complex. For this, one checks (see [Aravire et al. 2018, Section 2]), that
gy : Wi — Q"(F, m) defined on generators by

n < d[tl]m d[tn]m
a

. A A
[tl]m [tn]m

gives a well-defined homomorphism. Further, Izhboldin showed for all m and » that
there is a well-defined homomorphism 8, : K| ,’l"’ F — Q"(F, m) defined on generators

>=[a®t1®---®tm]eQ”(F,M>
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by 8, (L(11) @ - ®L(t,)) =[1®11 & - ®1,]. It is clear by the definitions that
on (1) =q,, odlog,, (7) forall T € K,f”F. We define Boo W, Q% 1= Uer B, W, QL.
By [Aravire et al. 2018, Theorem 2.27] we have the following.

Theorem 3.10. The homomorphism g, : W, Q' — Q" (F, m) induces an isomor-
phism Q" (F,m) = W,, Q. / Booc W, .

Following [Aravire et al. 2018], using ®(B,_1W,,Q}) € B, W, Q' forr > m
we have a well defined map
W, Q% W, Q%
— .
B, W, Q% B, W, Q%

p=D@—-1):

whose kernel will temporarily be labeled ker;, , and whose cokernel will temporarily
be labeled coker,, ,. With this notation we have the following result [Aravire et al.
2018, Lemma 2.30].

Lemma 3.11. For all n, m and r > m the following diagram is commutative with
down-arrows induced by the inclusions B,W,, Q. C B, (\W,, Q. C B, 2 W, Q'
and induced isomorphisms as indicated.

W Q2% ® W 2%
ker:;1 r -k n - Fn COkerZ’l r
, B, W, QL. B, W, Q" :

[ T

w,, Q2" (2 w,, 2"
ker” moF nE coker”
m,r+1 B, W,, SZ”F Br+1 VVmQY;: m,r+1

Combining Lemma 3.11 with Theorem 3.10 and passing to direct limits we
obtain the following result [Aravire et al. 2018, Theorem 2.31]. The first exact
sequence provides the basis for our computations and the second is due to Izhboldin.

Theorem 3.12. For all r withm < r < 0o we have ker, . = KM F/p" K} F and
each coker), , = H;’,,Jfl F. In particular we have exact sequences

W, 27, ® W, 27,

0 — K,F/p"K,F —
" /p " Bm—IWmQ’;f BmeQ;{"

— H;’,ZAF — 0,
and

&
0 — K,F/p"K,F — Q"(F.m) — Q"(F.m) — Hy'F — 0.

As B, W, Q. = dW,, Q'}_l, the characterization of H !’,’I 'F given in the intro-
duction i
n & Wm Q F

w,QL S —MF  ogrtlE
TR aw,ent



408 ROBERTO ARAVIRE, BILL JACOB AND MANUEL O’RYAN

is a consequence of the first exact sequence of Theorem 3.12. Whenever w € W, Q'
we use @ to denote the class it determines in W, Q. / (5@ (W, ) +d W, Q’};l) =
Hy'F.

Although the shift-restriction short exact sequence for Witt Vectors doesn’t
generalize completely to the de Rham Witt complex, it does generalize nicely in
cohomology. Although this was known by Izhboldin, we include a proof to illustrate
the tools. The injectivity of V is critical in the sequel.

Theorem 3.13. For all m > 2 we have exact sequences
0— HILF S HUF S HIY'E 0.

In particular, for 1 <€ < m the maps V* : H;I,l@ F— H;)',TIF are injective.

Proof. By Izhboldin’s work [1991, Proposition 6.3], the following diagram has
exact rows and columns,

KMF—L S KMF_—— 0

5 s

0—— Q"(F,m—1) —— Q"(F, m) —— Q"(F,1) ——0
& 1% &

0—— Q"(F,m — 1) —— Q"(F, m) —— Q"(F,1) —— 0

12

H (F) ——— HyH (F) —— HyP(F)

0 0 0
The standard chase gives the required exact sequence. ([
To characterize cohomological kernels we need the next definition.
Definition 3.14. For x € F — FP we set

e —1
ofl=>" 3" [xl,B-Wu Q) € HA'F,
r=1i=1, (i,p)=1

and K,’,’;} = ker(iL/F : H;’IlF — HI’Z,TIF( "(/)_c))

We next describe the V¢(x B, W,,_; Q') images in H ;’,ZLI F.
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Lemma 3.15. Suppose m > £ > t. Then for x, s € F we have

r_ i d m
V(X Tmels12 7 dlsTm—r) = p* " [x5"' 1 ]

(mod © (W, Q%) + By Wi Q25).

m

In particular, whenever r < m,

VE X Tt B Wit ) C p" " - Wy Adlx], € HAE'F

and for allm > e, £”mfel C pme. W,,,SZ’}V_1 Ad[x]n € H;’,}LlF.
Proof. First we note that as £ > f,
VAL ® @shn-0)) = VE((¥Inels15 =) dlslnc)
= Vi(es” " ) VEdISTm—r)

=V (Ixs”  els1572 ) s
d[s]m
[s]m

Vs 051

m—{
d[s]m
[s]m

where the second line follows using Lemma 3.1. Next we have

9’

= Vi(Ixs? Tn_e)

V’f([xsp‘]m@)”l[gsl]m = V‘([xsp’],ff_g)d[i“;]’" (mod (Wi 25 + By Wy 22
codlsle o dls?
— pnl [x¢? — pl=t [xg?
=p [xs? 1 (5], p [xs? 1 [Spt]m

_ i d[x]

=p"[xs”' ] 0] = (mod o (W, Q) + By W, ),
m

where we used o = ® — 1 in the first line and recall that B,, W,,Q}. =dW,, Q’}_l

in the third. These show that if m > £ > ¢ then

VE(x)n—e® (dlsTm-e) € p" - Wu Q)™ Adlxly € HpuF

and from this, V([x]n—¢Br+m—e) Wimn—e25) € ptt. WmQ’}’;1 Ad[x], C H;’,ZLIF
using the second statement of Theorem 3.8. As m+(t —£) <m, settingr =t+m—¢
so £ —t = m — r this can be reformulated as

VEQIn B W @) € p" " W@ ALl €

whenever r < m. Using the fact that r < e in the definition of L;,l:el, the result
just given shows when m > e that E”mfel C pme. WeQ'};l Ad[x]. C Hl',lle. This

proves the lemma. 0
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This final lemma considers what happens when we pass to L = F(«) where
P’ =x € F— FP. We remark that part (iii) in this lemma describes the case where
special computations will be required to carry out the induction in the proof of the
main theorem in the next section.

Lemma 3.16. Suppose L = F(a) where a? =x € F — FP and e > m > {.

(1) Then VE(LLT, ) € KL

m—{,e

(2) Supposet < e+ £ —m. Then

. d[s]m—
iL/F<Ve([XlSpl]m£ 5] Z))zOEHimL.

[$]m—e

(3) Whent =e+ L€ —m+1 we have

. d _ .
l'L/F(Ve([x’sP']m_e L Im (Z)) = _Vm—1<ixtspt%> c Hl%’"L'

[s1m—e

Proof. For (i) we have to show that i /r (VE([x 1}, _ By Win—¢Q5)) = (0} € H)u 'L
forl1<r<e.Forr<m, B,W,QL=dV"™"W, Q’};l and therefore [x]inBr W, 27, C
dW,, Q’}_l + W, Q’}_l Ad[x],, which as x € LP" gives the result in this case. For
r > m, by Theorem 3.8 the generators of V[([x]fn% B, W,, ;') are of the form

p’ d[S]m_g
M8 s

where t <r — (m —£), seFandreK%lF. From this, { +e¢—t >{+e— (r —
(m—2¢)=e—r+m,soase—r>0wefind £ +e—t>m. We have the following
in H[me whenever t <r <e:

. , d[s]m—e
e iopt
lL/F<V ([x 5 [s]m—e ))

vt ([x"]me[s] A dlogm_gm),

V[ ([Olipespt]m_g d[s]m—€>

[s1n—¢
— ([aipezs p' d[s]m—€>

M (s Tt

— Ve ([aipe—ts]m_e d[S]me )

[s1n—¢

. dlo]m—
:—ipe_tVZ([a’l"’_’s]m_g—[a] E).

[a]m—f
This latter element is O as long as £ + e —¢ > m. This gives the desired result when
r > m. Part (ii) is a consequence of the latter computation.
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For part (iii), whent =e+{¢ —m+ 1, as m — £ — 1 > 0 we have by (ii)

iL/F <V€ <[xisp[]m—e Alsdnt )) =—ip*'V*t ([(xiP”_’s]m_g —d[a]m@)
[slm—e¢ [ot] s

=—ip"t- 1‘/15([ pm=t= IS]meM>
[a]m—f

— _jym— 1( prm—t=1)  pm—t= lda)
o

= —Vm_1<iozi1’gsl’

=-—ym= 1<lx sP’d )

This gives (iii). O

e+l—m+1 dOl )
o

4. The main result

We begin by restating Theorem 1.8 in the case of a simple extension. Although our
notation is slightly different, this is the result from [Sobiech 2018, Theorem 3.16]
and when p = 2 it is [Aravire et al. 2019, Theorem 3.1]. This formulation is
convenient for the proof of Theorem 4.2.

Theorem 4.1 (Aravire—Laghribi—-O’Ryan—Sobiech). Suppose e > 1 and L = F ()
where a?" = x € F — FP. Suppose w € Q" with & € ker : H;HF — H;HL. Then

r l_l

a)ez Z B4 () +dQE QT Adx.
r=1 i=1

@, p)=1
We now give the main theorem. Set L = F(«) where aP  =x e F—FP and
e > 1. We recall

Kitl = ker(iL/F tHY'F — HF' LY

and L0F) = Z Z i BW, QL CW,Q"F
r=1i=1, (i,p)=1

The result is that K)1*! = Z?:_o] v (.C';,tl&e). By Lemma 3.16, V¢ (E”Jrl DK
s0 our task is to show that Ki*! € Yl v (Lrtl, ). The proof is inductive and
the theorem is stated that way for the reader’s convenience. The idea behind the
induction is to combine Theorem 4.1 with the exact sequence in Theorem 3.3.
The subtlety in the argument is that one could proceed with the induction in a

simplistic fashion, but then the value of the e in V¢ (EZHE .) would grow by 1 at
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each increment in m. This would yield a result, but not what is desired; in particular
part (iv), the key to the result described in the introduction, would not be obtained.

Theorem 4.2. Suppose w € W, Q2. where m,n > 1. Set L = F (o) where af =
xeF—FPande>1. Set K’”rl = ker(iL/p : H;)’,ﬁrlF — HI',’,TIL).

() Ifw € K% then & e Lo vk,

m—1,e

(i) If @ € LT + V(K™ Ythen@ e Y77 veerth ),

m—1,e m—~_,e

(iii) Forallm > 1, Kitl =S tyecrtl ),

m,e m—{,e

(iv) When m > e we have K,’,’,fel = p"e. WmQ'Fl Ad[x]n € H[','ZAF.

(v) Forallm,n > 1,
+1 N 2 2 M
ker(Hy,u F — Hy,. L) =ker(HuF — H,.L) ndlog,, (K" | F).

Proof. The proof proceeds by induction on m. When m = 1, since there are no
V terms parts (i), (ii) and (iii) follow by Theorem 4.1. When m = 1 part (iv)
is Theorem 1.10. For m > 1 we start with part (i) and assume the theorem for

— 1. Suppose @ € KI'*!. As R"~1(») =0 € H"| F, by the m — 1 case part

m 1
(111) we know R~ (w) € Y12 Vet ) o (W QL) +d W, 2L By
Theorem 3.8, forr >m — £ —1,if t <r—(m —4£ —1) and s € F we have
[sp']m_g_l[s]m_g_fld[s]m_g_l € B, Wm_[_lﬂ}; and are a set of generators over
dW,, F. We can lift such a generator to [sl’t]m o[5Tm—e¢"'d[s]m—¢ and note that as
t <r+1—(m—4£) itis a generator for B, W,,_ gQ So these lifts to W,,_¢ Q'
liein Y ¢ Y7 Il(l )= l[x]m ¢ Brat Wi Q1 C Ezflg e+1- We note the shift from
e to e + 1 occurs because of the increase of r to » + 1 in the subscript of B,
(even though in the sum we have r < e.) The technical details of this proof involve
dealing with this shift from e to e 4+ 1 in the subscript of £"+ "¢y that are a result
of this lifting of the inductive hypothesis.
For the proof we will carefully select wy € W,, 2, with R (wp) = R" 1 (w).

For such wp, by Theorem 3.3, there exist & € Q. and &' € Q' with
w=wy+ V" &) +dV" @) € W, .

Asdvm=1(&)=0¢€ H;;,,,“F we have

®=wy+ V"N D) +dV"H @) =wy+ V" (@) € K;zﬁel‘

By the previous paragraph
m—2

R™ Nwo) = R" M) € Y VAL, )+ 9 (W 1 Q) +d Wy 1 Q5
=0
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and we can choose the lifts of EZ;[IZ_I , €lements to lie in

j 1
Z Z [x 1 Brt Win—e 2 © £z1+/ze+1
r=1i=1,(i,p)=1

Pulling out the r = e summand we decompose

e pr—1
S Il B W

r=1i=1, (i, p)=1
-l

= > Il Bt W+ Yl B Wi o,

i=1, (i,p)=1 r=1i=1,(i,p)=1

where the second sum lies in Ezflz .- S0 we can choose wy with

wo€ Y VL, D)+ o (W) +d W, Q)

where we can further decompose wo = a)o + a)O with ")0 = Z Ve(a)og) with
carefully chosen ‘er € Zl 1. (l )= l[x]m ¢ Ber 1 Wi — ZQ (spemﬁed below) and
where o € > ), 2yt LZ,';HM)—F@(W QL) +dw, Q"

We claim that 1f further wy is chosen in such a way that ‘Uoo £"+1 +V(W,,_12 F)

part (i) will be proved. For as wy = Z 2yt (wy,) we would then have o, €
E;ire] + V(W,—1Q2%). By the set up,

w=wy+ V" @) +dV" &) = wy+ wf + V") +dVTH (@),
where a) E”“ + V(W,,—1Q%). So given the claim we would have
e L+ V(W ).

We express = o' 4+ V(0"), where o' € L‘”“ and " € W,,_1 Q.. By Lemma 3.16
we know o' € K1 soasw e K we also have V(@) € Kitl By Theorem 3.13,
the injectivity of V : H), il PN H AL shows that 0" € Km 1 e By induction
we find o” € Lo+ V(K,',’,Jrl2 e) - K”Jrl . From this, @ = o' 4+ V(o) €
£"+1 + V(Kn+] ) and (1) follows.

We next carefully choose wy and w(, to meet the requirements. According to
Theorem 3.8, since we are working with B, W _¢ Q' taken (mod B.W,,, ('),
we know wy =Y, 2 Vg(a)oé) where w), € Y>/_ ll(l )= l[x]m ¢Bet 1t Wi ¢ 25 can

be expanded as a sum

pe—1

. et1=m—0 d[S¢;i i Im
W = Z [x T <Z[s€u]rl; ¢ #/\dlogm—e(fﬁj))

=1 G =1 I [seijlm—e
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for s¢;; € F and 74;j € KM | F, where the j depend upon the ¢, i and their number
may vary. For reference below, we note using the £ = 0 terms, these definitions give

pe—1
. e+1-m d So;
R (wp) = R (w)y) = Z xl( S6ij O” Adlog,(ro,,)>

i=1, (i.p)=1 j

Our goal is to show that R (wf) € p (%) +d Q) 1—{—9 /\dx+2p 'YB, Q"
for then it will follow we can modify wy, so that wy, € E”H + V(W,,—1) and
we would have what we need. To do this we have to analyze

m—2
i) =Y i r(VE(w),) € Hyf'L
£=0

more closely, in particular each summand iy, r(V¢ (a)(’)z)) including those with £ > 0.
Applying Lemma 3.16(iii) when t = e+ £ —m 4 1 we have

. . d[s]m £ . do
¢ igp' — —ym-—1 iopt &% n+1
lL/F(V ([x SP |- [S]m p )) Vv <lx P ) € Hy. F.

From this we find

e+1—(m— K)d[S, ]m
m Z(Z[Sel]]p+ L dlogm—i(rﬁj))))

[sélj]mff

m—2 p¢—1
e+1 (m— ()d
:_vm1< > th<m —a/\dlogl(rg,j)>)
=0 i J

da)

where using R dlog (t¢ij) = (—1)”_1d10g1(tg,-j) Aa Vda we define

m—2

(G

=0

S——
>
?|

p—1
N L e+1—(m—1L)
@ = (D" Z ix' <Z(s,fij /\dlogl(rgij)))
i=1, (i,p)=1 Jj
-l

_ (—1)” Z ixi (I)ngrlf(m—l) (wﬁ)‘

i=1, (i,p)=I

and we define wy; := Zj (s¢ij A dlog(teij)). Altogether this means we have

e+1—(m—10)

&y = (—1)" Z ix' P (wip).
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We have

0=ir/r(w)=ipr(wo)+ip/r(V=U@) =i r(wy)+irr(wy)+ip/r(V—1H(®)).

By Lemma 3.16(ii) we have zL/F(a) ") =0 so we find zL/F(a)O)-i—zL/F(Vm L(@))=0.
Combining this with the previous shows

m—2
m—11 - ~ d mel,7 A
% 1<1L/F( E wg>/\?a)+V l(lL/F(w)):O
£=0

The injectivity of V=1 : H" [, — H"F [ oives
jectivity " nL g

m—2

ir/F(®) +iL/F(Z c?)g) A C{Ta =0¢ H;HL.

=0

From this we have

m—2
. N . d n—
lL/F(w)-l-lL/F(Z )/\—QEKJ(Q ) +di !

£=0
We know
pe—1
L=F()= @al’F and QZ:L-Q’;@LQ’FU\‘%.
i=0

Expandlng zL/F(a)) +’L/F(Zz -0 C()e) Ao lda = ga(n) +df € Q’i, where n =
Zp—o a nl—l-zp o ani Ao lda andO_Zp ) @6 —I—Zp o ol Ao da
for n; € Q7, 0;,m) € Q” ! and 0! € Q- 2 gives the 2p° equatlons, one for each
summandinQ’i:( o "o F . Q”)EB( p_l o' F - Q'}V /\a_lda):

p—1
iL/F(@) = M0)+ Y x* @) +dbp,
k=1

p—1
0=qir" <_mpel +dOper + xkq>(ni,,ez+kpe1)>, l<i<p-1,
k=0

p—1
0=af? ("7611J +dbyp + Zxkd)(ﬁﬁkpel)), l<q<p™'—1, @ p=1,
k=0

O=al/(—n;+do)), 1<j<p’—1, (j,p)=1,
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and

m—2 p—1
. da da
zL/F<Z wg) AN = (so(no) +y oy, ) +d00) z,
£=0

k=1
: = d
ip¢~ / ’ k / o .
0=1ca'’ (_nip"l +d9ipg,1 + kE OX q)(nipe—z-i-kpfl)) A 7, I<i<p-1,

(i)

p—l d
— 1P| —p/ ! k ! aa <g< e=l_ =
0=« ( qup+d0qp+kg_ox <I>(nq+kp))/\a, l1<g=<p 1, (g, p)=1,

0=af<—n}+da;+j0j)A%°‘, l<j=p'=1 (G.p=1

We note that in using each equation we keep in mind that ker(iz,r : Q7 — Q) =
QF UAdx.

Using the equations in (x;;) collectively, starting from the bottom and iteratively
solving for each n in terms of the d6/ and the 6; for (j, p) = 1, and substituting
to find Ze T ¢, gives

m—2 pe—1 p"_l—l
D€ R FAQT+ QT Adx+ Y BT Y 0@,
=0 i=1 j=1
(J.p)=1

By the above,

m—2 m—2 ¢—1

A e+l (m—2)
Zw = Z (@gi).
=0 =0

(Pt
By Corollary 2.3 we have for the minimum e + 1 — (m — £)-value of e+1—m <e
when £ =0,

pﬂ_l pc—l
Z iliyir " (dwoi) € 9 () +d$2';,_1 + Q’Fl Adx + Z xiBeQ'fp.
i=1, (i,p)=1 im

etl—m e+1—m . .
We note that &7 (dwo;) = srpl] so,j_ldsol-j Adlog; (7o;j). This gives
e
1, g i p‘“ m dsoij

R'wy)= Y x S0 A dlog, (toij)

, , , S0i j

i=l1, (i,p)=1 J

pe—1 pi—1

= Y X (dwg) € p () +dQy T+ Adx+ Y 1! B

=1 i=1
@,p)=1
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AsY V) 'yiB, Q% C RY(LF]) we can express a’oo =X+V(@p) € H "+ F where
X € E”m+el. From this we can select

m—2

= Z VE@h) =X + V@) + 3 V@) € Latd + VW1 Q).
=1

giving the above claim required to prove (i).
For (i) we have w € W,, Q% with @ € K" and @ € £} + V(K] ,). By

m,e
induction using part (iii) for m — 1 we have K,ZH] e =20 2 VeLnr, _¢.)- Part
(i1) follows combining these. Part (iii) is immediate by parts (i) and (ii). For (iv),
when m > e, by Lemma 3.15 we have E"“ C P Wit Ad(x], © H[')’ZAF.
Part (iv) of the theorem now follows from part (iii).

For (v), when r < m we have

(x5, By Wy Q% = [x ], dV™ " (W, Q5 1) C W, Q" F Adlx] +d W, Q5
and when r > m by Theorem 3.8 we have
B, W,, Q% = B,W,,Qk Adlog,, (KM | F) + B, W,,Q%.

As Lot =3 3 ;l(l )= [x18, B Wy Q% C W, Q"F, the result follows by
part (iii). O

As noted in the introduction, using Theorem 4.2 one obtains a characterization
of the kernel of purely inseparable modular extensions when n 4+ 1 =2. A direct
generalization of this result is not possible for n 4+ 1 > 3 (see Remark 4.4 below).

Corollary 4.3. Suppose x1, x3, ..., x5 € F are p-independent and set
L=F(x,an,...,a5), where ozipri = x;.
Set m :=max{r; | 1 <i <s} and define L; :== F(«;). If m > n then

N N
ker(HpwF — HJL) =Y p" "t Wy F -dlxily = Y _ ker(Hpu F — HpuL;).
i=1 i=1
Proof. The proof proceeds by induction on s, where the case s = 1 follows from
Theorem 4.2. By the s — 1 case,

N
ker(HpnLy— HpnL) =)  p" ™" - WLy Adlxiln.
i=2
Soifwe WmQ}p and iy /r(w) = 0 then we can express

— d[xilm
i, r(@)= ZP “Yi A T

i=2

where ; € W, L.
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Since L1 = F(«p) and afrl € F we know that &' (y;) € W,, F. As

d[x; d|[x;
Wi A [XL]m — n (W,‘)/\ [xz]m c H[%le,
[xi 1 Xilm
we find
S
d[x;
Bri=d— Y pmri . N (P;) A Lxi € ker(szmF — H;,,,Ll).

; ilm
i=2

By the s = 1 case we have w; € p"~"t - W, SZ'FI Ad[x1], and the first equation
follows. The second equation is an immediate consequence of the first in view of
the s = 1 case. (]

Remark 4.4. (i) The result in Corollary 4.3(i) coincides with the cohomologi-
cal interpretation of Albert’s work on p-algebras, see for example [Albert 1939,
Theorem 28, p. 108] or [Jacobson 1996, 4.2.16, p. 162].

(i) Although Theorem 4.2 is valid for all m and n, it is not possible to generalize
Corollary 4.3 directly when m > 2 and n > 3. For example,

WaF -dlx]> Adlyla Cker(H, F — Ho F(/x, I/7))

and it is possible for an element in W F - d[x]» A d[y], to have order pz. However,
all elements in

ker(H), F — H,F(Yx)) +ker(HL F — HLF (YY)

have order p. Hence the result in Corollary 4.3(i) cannot be generalized without
taking into account additional elements of this type. There are other complexities
as well. The characterization of these kernels is the subject of ongoing work.
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