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ON ROTATIONAL CMC HYPERSURFACES OF SPHERES

OSCAR M. PERDOMO

Let M c S"*!' ¢ R"*? be a compact CMC rotational hypersurface of the
(n+1)-dimensional Euclidean unit sphere. Denote by |A|* the square of the
norm of the second fundamental form and J(f) = —Af —nf — |A|* f the
stability or Jacobi operator. In this paper we compute the spectra of their
Laplace and Jacobi operators in terms of eigenvalues of second order Hill’s
equations. For the minimal rotational examples, we prove that the stability
index — the numbers of negative eigenvalues of the Jacobi operator counted
with multiplicity — is greater than 3n+4 and we also prove that there are at
least 2 positive eigenvalues of the Laplacian of M smaller than n. When H is
not zero, we have that every nonflat CMC rotational immersion is generated
by rotating a planar profile curve along a geodesic called the axis of rotation.
We assume that the coordinates of this plane has been set up so that the axis
of rotation goes through the origin. The planar profile curve is made up of
m copies, each one of them is a is rigid motion of a single curve that we will
call the fundamental piece. For this reason every nonflat rotational CMC
hypersurface has Z,, in its group of isometries. If § denotes the change of
the angle of the fundamental piece when written in polar coordinates, then
= % is a nonnegative integer. For unduloids (a subfamily of the rotational
CMC hypersurfaces that include all the known embedded examples), we
show that the number of negative eigenvalues of the operator J counted
with multiplicity is at least (2/ — 1)n + 2m — 1).

1. Introduction

Rotational constant mean curvature hypersurfaces of spheres provide a variety of
examples that can be used to understand the nature of CMC hypersurfaces in general.
In this paper we derive a formula for the Laplacian on these hypersurfaces that
allows us to compute the spectra of their Jacobi and Laplace operators to any desired
degree of accuracy. Results on the stability index are relevant in both cases, the
case H =0 and the case H # 0. Let us denote by M" any minimal, not necessarily
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rotational, compact n-dimensional minimal hypersurface of the sphere. The spectra
of the Laplacian and the stability operators on compact minimal hypersurfaces
M C S"*! have been one of the central topics in differential geometry. Let us
denote by 1;(M"), the first nonzero eigenvalue of the Laplace operator of M. For
minimal hypersurfaces of spheres, the spectrum of the Laplacian is known only
when M" is an Euclidean sphere, M" is the product of Euclidean spheres, or M"
is a cubic isoparametric hypersurface, [Solomon 1990a, 1990b]. It is known that for
any minimal hypersurface of the sphere, n is one of the eigenvalues of the Laplacian.
Yau [1982] has conjectured that if M" is compact and embedded, then A (M") =n.
A positive partial result of this conjecture was given by Choi and Wang [1983].
They showed that if M" is compact and embedded, then A1 (M") > 7. In this paper
we prove that if M”" is rotational, then A (M") < n. Moreover we show that there
are at least two positive eigenvalues of the Laplace operator smaller 7.

Regarding the spectrum of the Jacobi operator, we have that the number of
negative eigenvalues of the operator J counted with multiplicity is known as the
stability index of M" and it is denoted as ind(M™). It has been conjectured that if
M is not an Euclidean sphere, then ind(M") = r 4 3 implies that M" is a product
of Euclidean spheres. This conjecture was proven by Urbano [1990], when n = 2.
For general n only partial results are known. In [Perdomo 2004a], the author shows
that if ind(M") = n +3, then [, |A|* < [,,(n — 1) with equality only if M" is a
product of Euclidean spheres. On the other hand in [Perdomo 2004b], the author
shows that if M" is rotational, then, [, |A|* < [,,(n — 1). Therefore, it may seem
that the rotational minimal hypersurfaces are good candidates for a counterexample
of the conjecture. This is not the case. Due to their symmetries, their stability index
must be greater than n + 3. See [Perdomo 2001].

In this paper we show that there is a big jump in the stability index among the
minimal rotational examples. We prove that if M" is rotational and minimal and
it is not a product of spheres then ind(M") > 3n + 5. Some other partial results
on this conjecture are found in [Simons 1968; Perdomo 2002; Savo 2010]. One of
the most important applications of this type of estimate on the stability index was
given by Marques and Neves [2014], where, among other tools, they used Urbano’s
result to prove Willmore’s conjecture.

To motivate the study of the stability index when H is a nonzero constant, we
would like to point out that any time we have a one-parametric family of CMC
hypersurfaces, a jump in the stability index as a function of the parameter indicates
a potential bifurcation point, a hypersurface that is part of another one-parametric
family of CMC hypersurfaces. As an example of this fact, the families of embedded
rotational CMC hypersurfaces on the sphere explained by the author in [Perdomo
2010] can be viewed as families emerging from bifurcation points of the family
S'(r) x S 1(/1—r2) ¢ S". See [Alias and Piccione 2013].
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To illustrate the way we can use our results to estimate the eigenvalues, we pick
a 3-dimensional rotational minimal hypersurface in S* and prove that the first three
eigenvalues of the Laplace operator are: 0, a number near 0.4404 with multiplicity
2, and 3 with multiplicity 5. We also show that the negative eigenvalues of the
Jacobi operator are: a number near —8.6534 with multiplicity 1, a number near
—8.52078 with multiplicity 2, —3 with multiplicity 5, a number near -2.5596 with
multiplicity 6, and a number near —1.17496 with multiplicity 1. The stability index
of this hypersurface is thus 15.

When H is not zero, we prove (see Theorem 3.7) a lower bound for the number
of negative eigenvalues of the Jacobi operator that generalizes to any dimension
the result on the stability index of constant mean curvature tori of revolution in the
3-sphere proven by Rossman and Sultana [2007].

We will be using the oscillation theorem for the periodic problem on the Hill’s
equation (a proof can be found in [Magnus and Winkler 1966]).

Theorem 1.1. Consider the differential equation

(1-1) Z"(t) + (A4 Q(1)z(1) =0

where Q is a smooth T -periodic function. For any A let us define
S :==z1(T, M) +25(T, 1),

where z1(t, A) and z>(t, 1) are solutions of (1-1) such that z;(0, 1) =1, z{(0, 1) =
0 and z(0, 1) = 0, z5(0, 1) = 1. There exists an increasing infinite sequence
of real numbers ’i, Ly ... such the differential equation (1-1) has a T -periodic
solution if and only if A = Aj. Moreover the A; are the roots of the equation
8(A) = 2. The function § is called the discriminant function of the operator K[z] =

Z"(t)+ Q)z(1).

We will also be using the following theorem proven by Haupt [1914] from the
Hill’s equation theory. The next presentation of the Haupt theorem can be found in
[Magnus and Winkler 1966].

Theorem 1.2 [Haupt 1914]. Let us denote by Ay < Ay < A3 < A4 --- the sequence
of eigenvalues of the Hill's equation presented in Theorem 1.1. If z(t) is a nonzero
T -periodic solution of (1-1) with A = A; then, the number of zeros of z(t) in the
interval [0, T') is 2|_’§J

We would like to point out that Beekmann and Lokes [1990] have used the Hill
equation to find bounds on the eigenvalues of the Laplacian on toroidal surfaces.
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2. Describing rotational CMC hypersufaces of spheres

Any compact CMC rotational hypersurface of S"*! is given by an immersion
¢:S" 1 xR — S"! where,

Q-1) ¢, 0= (r®) y, VT =r(®)2cos@t)), V1 —r()?sin(0(1)))

and r(¢) is a positive T -periodic function that satisfies the conditions

(2-2) 2 +r2 1+ =1,
with
1
A
(2-3) A=H+c "%, 6@0)= / r@r@) dt
o 1—r2(7)
and c is a positive real number that satisfies
(2-4) 0(T) = Zn% where [ and m are relative prime integers.

The condition on ¢ in (2-4) guarantees that the immersion ¢ satisfies

Gy, t+mT)=¢(y, 1)

and makes M compact. Recall that the function r(¢) depends on ¢ since A(t)
depends on c. Also, since the function 6(¢) depends on r(¢) and A(¢), it follows
that 0(T') depends on ¢ as well.

Remark 2.1. When M is minimal, Otsuki [1972; 1993], showed that the expression

T/2 C—l/nrl—n(t)

0(T)=K(c)=/ ———dt

0 1—r2(7)

lies between lies 77 and ~/27. As a consequence the equation 6(7) = Zn% cannot
be solved with / = 1 and therefore no minimal rotational hypersurface is embedded.

The principal curvatures of M are A with multiplicity (n — 1) and
w=H—n—1)c"*r™"
with multiplicity one. Differentiating (2-2) we obtain
(2-5) r"+r+riu=0.

The next expression explicitly provides the Gauss map v of the immersion (2-1),

r2acos6 —r'sinf r2isind +r/0059)

JI=r@? = J1=r@)?

(2-6) v(y, 1) = (—rky,
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All the details of the construction of these hypersurfaces can be found in [Perdomo
2010].

3. Main theorems

Before stating the following theorem, we recall that m is the integer given in (2-4),
T is the period of the function r(¢), and mT 1is the period of the immersion ¢.

Theorem 3.1. Let M be the rotational symmetric hypersurface defined in (2-1). For
any function f :S"' — R we define f : M — Ras f(¢(t,y)) = f(y). Likewise,
for any mT -periodic function g : R — R we define g : M — Ras g(¢(¢t,y)) = g(t).
We will denote by A the Laplacian operator on S"~'. With this notation we have

_ . f)
(3-1) AR = (3 + - DI )+ =4,
r r
Proof. The proof is a direct computation using the fact that V(fg) = %@ f+f g/%
and that div(2) = (n — ™. O

Remark 3.2. We would like to point out that we are using the fact that the ambient
space is R"*2 in the argument above. In particular we are using the natural identifi-
cation of all tangent spaces T, R"*? with R"*2. If we decide to work intrinsically
we will notice that the formula that compares the gradients will have an additional
factor of . From the point of view of intrinsic differential geometry, the formula in
Theorem 3.1 can be generalized to warped products. See [Marrocos and Gomes
2019].

Theorem 3.3. Leta; =0, ar=mn—1),...,apr =k —1)(n+k—3),... denote
the spectrum of S"~'. The spectrum of the Laplace operator A on M is given by
Uiz Tk, where,

Iy ={rk, 1), 1k, 2),...}

is the ordered spectrum of the operator (defined on the set of mT periodic functions)

/

r o
Kaulzl=2"+@—D=2 - ‘

r_2Z
The spectrum of the Jacobi operator J on M is given by | i~ Fx, where
Fr = {A(k, D), A(k,2), ...}
is the ordered spectrum of the operator (defined on the set of mT periodic functions)

/ o

-
Kyilzl=2"+(n— 1)7z/+ (n +nH?>+n(n—Dc"r 2" — r—2>z

Proof. Let us prove the case of the Laplacian. By Theorem 3.1 we have that if f;
is an eigenfunction of the Laplacian on $"~! with eigenvalue o and g;(¢) is an



424 OSCAR M. PERDOMO

eigenfunction of the operator K o x with eigenvalue A(k, /), then Ay ; : M — R given
by hr; = frg; is an eigenfunction of the Laplacian with eigenvalue A(k, /). Therefore
i< Tk is contained in the spectrum of A. To prove the reverse inclusion, we only
need to point out that every smooth function 4 : M — R can be written as a series
of eigenfunctions of the form 4y;. There exists a basis

fT],l, fTQ,la f_‘2,29 "'aﬁ,na f_‘:‘},]a fg,Zv ceey ‘]53,2}1’ f_;‘,la LIRS
for L2(S"~!) with Af_k,j —|—akf_kJ =0. So any & : M — R can be written as a sum

of the form

ar 1) fii+ar 1) o1+ Far,t) fon+az (@) fr1+-

We obtain the desired expression for the function i : M — R, by noticing that
each ay ;(¢) can now be expanded in eigenfunctions of the operator Ko . The proof
for the Jacobi operator is similar and uses the following expression for |A|*:

AP =n(H*+ (n— D "r ™). O
The following lemma allows us to use the oscillation theorem to compute the
eigenvalues for the second order differential equations on Theorem 3.3.

Lemma 3.4. Let us denote by . = H + "2 " and w = H — (n — 1),

The change of variables u = r"~Y/2z gives us,
r’ a
Kax=7"+(n—1)—7— —];Z
r r
b do + (n—3)(n — 1)
= Y (u//_|_ (%AZ((n —D(n—-3)+ %)»/L(n —1—

4r2
+in— 1)2)u>

= r (0%
Kip=72"+n—-1D)—z'+ (n+nH2+n(n— 1)c—";»—2"__’<)Z
r

and
2

1
:,,(r,_—n/z(u//—'_%()”z(nz_1)+2)‘M(”_1)+4M2+(”+1)2
4ak+(n—3)(n—1)) )
- u

72

Theorem 3.5. If M C S"*! is a rotational minimal compact hypersurface, then
ind(M") > 3n + 5 and there are at least two positive eigenvalues of the Laplace
operator smaller than n. More precisely, if m and | are the relative prime integers
in (2-4), then

e [>2, m>3,
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e ind(M") > (21 — Dn+ 2m — 1) and,

o there are exactly 21 — 2 positive eigenvalues of the Laplacian smaller than n.

Proof. As pointed out in Remark 2.1, the positive integer / that satisfies the equation
0(T) = Zn% must be greater than 1. We also have that m > 3. Recall that Otsuki
has shown that, for any c, the integral that defines 6(7T) is a number between
7 and +/27. In this proof we will be using the notation for A(k, j) and A(k, j)
introduced in Theorem 3.3. More precisely, the eigenvalues of the operator K
are

Ak, 1) <A(k,2) <A(k,3) <---
and the eigenvalues of the operator K i are
ke, 1) < hk,2) < hk,3) <

A direct verification shows that the functions fi(f) = v 1 — r2(r) cos(9) and
Ht)=v1— r2(t) sin(@) satisfy the equation K A 1(f;)+nf; =0, fori =1, 2. Since
the functions f| and f> have 2/ zeroes in the interval [0, mT) then, by Theorem 1.2
we conclude that n = A(1, 2[) = A(1, 2/ + 1). Therefore, the eigenvalues of K i
are

ALD=0<A(1,2) <A(1,3) < ---<A(,2)=21,2l+)=n<---.

This shows the existence of 2/ —2 positive eigenvalues (counted with multiplicity)
of the Laplace operator smaller than n. A direct verification shows that r(¢)
satisfies the equation K 2(r) +nr = 0. Since r(f) is positive, then A(2, 1) = n.
Therefore all the eigenvalues of the Laplace operator smaller than n comes from the
operators K a 1. We conclude that there are exactly 2/ — 2 positive eigenvalues of
the Laplacian smaller than n. Let us show the inequality for the stability index. A
direct verification shows that the function ' satisfy the equation K, ;(r’) = 0. The
numbers of zeroes of r’ in the interval [0, mT) is 2m. By Theorem 1.2 we conclude
that either 0 = 5»(1, 2m) or 0 = )1(1, 2m + 1) Therefore the operator K ; has at
least 2m — 1 negative eigenvalues. Let us analyze the spectrum of the operator K ».
A direct verification shows that the functions

—c"2p 171 cos(0) + rr’ sin(6) and  fi(r) = 21 5in(0) + rr’ cos(8)
V1=r2@1) V1=r2(t)

satisfy the equation K ; 2(f;) =0 for i =3, 4. The numbers of zeroes f3 and f4 in the
interval [0, mT) is at least 2/. Let us check this property for the function f3(¢). We
have that 6(¢) changes from O to 27/ when t moves from 0 m7T. Lett, fp, ..., to—|
be increasing values of # such that 6(#;) =im. Recall that 6(0) =0and 6 (mT) =2ml.

f3() =



426 OSCAR M. PERDOMO

Since
C—n/Z’,(O)l—n -0 and f (t ) _ C—n/Z'.(O)l—n
J1=7(0) T =02

there is at least one zero of f3 between 0 and #;. The same argument shows
that there must be at least one zero of f3(¢) between #; and t,. By continuing
with this argument we conclude that f; must have at least 2/ zeroes. A similar
argument shows that f; has also at least 2/ zeroes. By Theorem 1.2 we conclude
that 0 = 1(2, 2k) = )1(2, 2k 4 1), where 2k is the number of zeroes of f4 and f5 on
the interval [0, mT). Recall that k > /. Therefore the operator K ; > has at least 2/ —1
negative eigenvalues. Since the multiplicity of the eigenvalue o, = (n — 1) of the
Laplace operator on S"~! is 1, we conclude that ind(M) > (2] — )n+(2m —1). O

f3(0) =— >0,

Remark 3.6. There is a geometrical reason for the functions r" and f;, i =1, 2, 3,4
to satisfy the respective Hill’s equation mentioned in the proof of the previous
theorem. If we write the immersion ¢ in (2-1) as (¢y, ..., ¢,+2) and the Gauss
map v in (2-6) as (v, ..., vy42) then, the functions f; and f, are the last two
coordinates of the immersion ¢ and, in general, all the coordinates of an immersion
of a minimal hypersurface of $"*! are eigenfunctions of the Laplacian associated
with the eigenvalue n. The function r’ is the simplification of the expression
®nt2Vnt+1 — Gpy1vu42 and in general all the functions of the form v;¢; — v;¢; are
either the zero function or they are eigenfunctions of the stability operator associated
with the eigenvalue 0. Finally, we have that f4 and f5 are factors of the expression

D1Vnt1 — Ppy1vi and @1V, 40 — Gpiovy.

Theorem 3.7. Let M C S"*! be a rotational CMC compact hypersurface described
in (2-1) with H > 0. If m and | are the relative prime integers in (2-4) then, the
number of negative eigenvalues of the Jacobi operator counted with multiplicity is
at least 2l — Dn+ 2m —1)

Proof. The proof is similar to the one presented for the minimal case. A direct
verification shows that J; o[r’] vanishes and the numbers of zeroes of r’ in the
interval [0, mT) is 2m. By Theorem 1.2 we conclude that either 0 = A(1,2m)
or 0 = X(l, 2m + 1). Therefore the operator K; ; has at least 2m — 1 negative
eigenvalues. Let us analyze the spectrum of the operator K;,. A direct verification
shows that the functions

c"2r(t) (c™?(H cos(0(1)) — r' (1) sin(0(1))) + r (1) ™" cos(0(1)))

fi@) = N
and
H c2r(0) (2 (r/ (1) cos(B(1)) + H sin(0(1))) 4 r (1) ™" sin(6(1)))
2 =

V1 —=r()?
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Figure 1. On the left we have the graph of the solution r(¢) for
the value ac = 2.8284247911397589. On the right we have the
graph of the function 6(¢) defined in (2-3).

satisfy the equation K;2(f;) =0 fori = 1, 2. The numbers of zeroes f; and f> in
the interval [0, mT) is at least 2[. By Theorem 1.2 we conclude that 0 = )1(2, 2k) =
):(2, 2k 4 1), where 2k is the number of zeroes of f; and f, on the interval [0, mT).
Recall that k > [. Therefore the operator K ; » has at least 2/ — 1 negative eigenvalues.
Since the multiplicity of the eigenvalue o = (n — 1) of the Laplace operator on
§"=1is n, we conclude that the number of negative eigenvalue of the operator J is
greater than (2/ — 1)n 4+ 2m — 2). ([l

4. An example that illustrates the method

In this section we pick an explicit rotational 3-dimensional minimal hypersurface
M C S* and we compute the first three eigenvalues of the Laplacian and its stability
index.

Construction of the particular example. By the intermediate value theorem, it is
easy to see that there is a value of ¢ near ac =2.82842479911 such that the function
r(t) has period T near aT = 2.6722005616 and 6(T') = 4?”. See Equation (2-4). In
this case [ = 2, m = 3 and our manifold M is defined by this choice of c. Recall

that the immersion ¢ : S* x R — S* is given by

4-1) Py, 1) = (r®)y, V1 —r®)?cos@(r)), v 1 —r(t)?sin@(1))).

Figure 1 shows the solution r(¢) that produces the manifold M, and Figure 2
shows the profile curve of the rotational manifold M.

Computing the first three eigenvalues of the Laplacian. In order to use the oscillation
theorem (Theorem 1.1) we notice that making u =rz we obtain (see also Lemma 3.4)

! 2
Kaulzl=2"+207 -5z = l(”’” i (1 s a—lﬁ)”)
r r r cr r
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Figure 2. Profile curve of the M. This curve is parametrized by

(V1 =r@®)?cos®(t)), /1 —r(t)?sin(6(r))). The red piece repre-
sent the curve when ¢ moves from 0 to 7. Recall that the period of
the immersion is 37'.

[

10

Figure 3. Graph of the function §(A). The roots of the equation
8(L) =2 give us eigenvalues of the Laplacian of the form A(1, j)
defined on Theorem 3.3.

Therefore A(k, i) is an eigenvalue of the operator K A i if and only if A(k, i) is an
eigenvalue of the operator

7 o ! 2 o
palil=u"+ (1= == 2.

For 1 = 0, Figure 3 shows the discriminant function §(A) for the operator K ALl
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Figure 4. Graph of two solutions & and & of the equation
Ka1lz]+0.4404z = 0.

Figure 3 was made by taking 3400 values of A between —0.1 and 3.3, one
every 0.001. For each value of A we solve two differential equations to find the
functions z; (¢, A) and z,(¢, A) defined in Theorem 1.1. Once we have z; (¢, A) and
z2(t, A) we computed 6(A). The crossing of the graph of §()\) with the horizontal
line y =2 at A(1, 1) = 0 was expected since z(t) = 1 is an eigenfunction and the
crossing at A =3 with multiplicity 2 was expected because the last two coordinates of
the immersion, the functions /1 — r2 cos(9) and +/1 — r2 sin(#), are eigenfunctions
of the Laplacian of M, see [Simons 1968]. Regarding the crossing near 0.44 we
can check that |8(0.4404) — 2| is smaller than 107, Figure 4 shows two linearly
independent solutions &; and &, of the equation Kz 1[z]+0.4404z =0. All together
we have 3 eigenvalues of K A | smaller than 3, which agrees with Theorem 3.5.

We will move now to study the operator K ». Since the coordinates of the
immersion ¢ are eigenfunction of the Laplacian we have that the function r(¢)
satisfies the equation Ka 2(r(¢)) = —3r(t). The previous equation also follows
from (2-5). Since r(¢) is positive, A(2, 1) = 3 is the first eigenvalue of K 2 and it
has multiplicity 1.

Remark 4.1. Since the sequence ¢4 is increasing, the sequence A(k, 1) is also
increasing.

From the previous remark we deduce that all other eigenvalues of the Laplacian
of M are greater than 3.

Computing the negative eigenvalues of the Jacobi operator. Once again we use the
oscillation theorem (Theorem 1.1). The change of variables u = rz gives us (see
also Lemma 3.4)

r 6 o 1 4 (075
K T, Y _ —_ = " 44+ — — — .
J,k[Z] '+ . 7+ (C3l”6 +3 rZ)Z P (M + ( + 30 72 u

Similar to the case of the Laplacian operator, we can compute the eigenvalues of
the Jacobi operator by computing the eigenvalues of the operator

_ 4
Kyilul=u" + (4+W - a—’2‘>u
Ccr r
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Figure 5. Graph of the function §(1) for the operator K ; ;. The
roots of the equation §(A) = 2 give us eigenvalues of the Jacobi
operator of the form A(1, j). The graph on the center and on the
right shows the function § on smaller intervals

-1000

Figure 5 shows the discriminant § for the operator K 7.1- A closer look at the
function tell us that the negative solutions of the equation §(1) = 2 are on the
intervals [—8.7, —8.5] and [—3.1, O].

For the first eigenvalue of the Jacobi operator, it is easy to use the intermediate
value theorem to show that 5\(1, 1) = —8.6534 within an error of 10~*. This
eigenvalue has multiplicity one and Figure 6 shows a nonzero periodic eigenfunction
of the operator K ;. For the next value we have that |6(—8.53078) — 2| < 1072,
For this value of XA the two fundamental solutions of the equation K; 1[z] + Xz =0
are shown in Figure 7. The next eigenvalue is —3 with multiplicity 2, this eigen-
value was expected due to the fact that the coordinate functions of the Gauss map
are eigenfunctions of the Jacobi operator. For the next eigenvalue we have that
|8(—1.1749673) — 2| < 107. The existence of an eigenvalue near —1.17496 with
multiplicity one is given by the Intermediate Value Theorem, see Figure 5. We
know that this is the last negative eigenvalue because 0 is known to be an eigenvalue
of K J.1-

We now study the operator K;,. Figure 8 shows the discriminant § for the
operator K 7.2. We can directly check that K J’2(r_2) =3r~2. Since r(¢) is positive,
then we have that —3 is the first eigenvalue of K;» with multiplicity one. Since
we have that |§(—2.5596) — 2| < 107, then there is an eigenvalue of K, with
multiplicity 2 near —2.5596. We can check that the first eigenvalue of the operator
K ;3 is close to 4.3484453. Therefore we have gotten all negative eigenvalues of
the Jacobi operator, in summary we have

Remark 4.2. Since the first two eigenvalues of S? are 0 with multiplicity 1 and 2
with multiplicity 3, then the stability index of M is 15. Counting with multiplicity
we have that the first eigenvalue of the stability operator J on M is near —8.6534
and has multiplicity one. We have two eigenvalues near —8.52078, it could be
only one with multiplicity 2. We have —3 with multiplicity 5. Even though this
was known, it is interesting to point out that the multiplicity is 5 because —3 is an
eigenvalue with multiplicity 2 of K ; and —3 is an eigenvalue of multiplicity 1 of



SPECTRUMS ON ROTATIONAL CMC HYPERSURFACES OF SPHERES 431

Figure 6. Graph of an eigenfunction associated with A(1, 1) =
—8.65. ... This function also represents the first eigenfunction of
the stability operator.

30

Figure 7. Two solutions of the equation K 1[z] —8.53078z = 0.

K j 2, this multiplicity one needs to be multiply by 3 because the eigenvalue oy =2
of the Laplace operator on S? has multiplicity 3. The next eigenvalues are six near
—2.5596, they are either two with multiplicity 3 or one with multiplicity 6. The
last negative eigenvalue is one near —1.17496.
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