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Potentially good reduction loci
of Shimura varieties

Naoki Imai and Yoichi Mieda

We give a notion of the potentially good reduction locus of a Shimura variety. It
consists of the points which should be related with motives having potentially
good reductions in some sense. We show the existence of such locus for a
Shimura variety of preabelian type. Further, we construct a partition of the adic
space associated to a Shimura variety of preabelian type, which is expected to
describe degenerations of motives. Using this partition, we prove that the coho-
mology of the potentially good reduction locus is isomorphic to the cohomology
of a Shimura variety up to nonsupercuspidal parts.

1. Introduction

Let (G, X) be a Shimura datum, and Shg (G, X) the Shimura variety attached to
(G, X) and a compact open subgroup K of G(A*). It is known to be defined
over a number field E, called the reflex field, which is canonically determined by
(G, X). We fix a prime number p and a place v of E above p, and write E, for
the completion of E at v. The main theme of this article is the “potentially good
reduction locus” of Shx (G, X)g, = Shx (G, X) ®f E,.

To explain what this locus is, let us first assume that (G, X) is of PEL type, in
which case Shg (G, X) parametrizes abelian varieties with additional PEL struc-
tures. We denote by A the universal abelian scheme over Shg (G, X). If moreover
the PEL datum is unramified at p and K = K, oK” where K, o is hyperspecial, by
extending the moduli problem to Of,, we can obtain a good integral model Fx»
of Shx (G, X) over O, (see [Kottwitz 1992b]). This model is quite important in
the study of the ¢-adic cohomology of Shimura varieties; see [Kottwitz 1992a] for
instance. Let us denote by &%, the formal completion of ¥k, along its special fiber,
and by E/’/I}r,ig the rigid generic fiber of it. Then, Ef’?(r,ig is naturally identified with
a quasicompact rigid-analytic open subset of Shx (G, X)g,. For a finite extension
F of E,, an F-valued point x of Shx (G, X), lies in 9%, if and only if the

abelian variety A, over F has (potentially) good reduction. In this sense, El’gr,i,g
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can be considered as the locus over which A has (potentially) good reduction.
By this reason, we will write Shg (G, X )%gv = 9’2?}, and call it the potentially
good reduction locus. We also have a rigid-analytic open subspace Shg (G, X )%i
of Shg (G, X)g, for a compact open subgroup K whose p-part is smaller than
K .0, by taking the inverse image. The £-adic cohomology of Shx (G, X )%gv can
be computed by using the cohomology of the nearby cycle complex, provided that
Shx (G, X) g, has a suitable integral model over Og, .

In this paper, we will introduce the notion of the potentially good reduction
locus for a general Shimura variety. The rough idea is as follows. Let us fix a
prime number £. In the PEL type case, let £ be the ¢-adic automorphic étale
sheaf on Shg (G, X) attached to the standard representation of G. Then, for a
finite extension F of E, and an F-valued point x of Shg (G, X), the stalk Lx
can be identified with the rational ¢-adic Tate module V;A5. By the Neron—-Ogg—
Shafarevich criterion, we conclude that A, has potentially good reduction if and
only if L5 is potentially unramified (resp. potentially crystalline) when £ # p (resp.
¢ = p). This observation urges us to define in the general case that an F-valued
point x of Shx (G, X)g, is of potentially good reduction if L5 is potentially un-
ramified/crystalline for every automorphic étale sheaf £. Actually in the paper, we
look at the torsor over x obtained as the pull-back of lim, K Shx (G, X)g, —
Shk (G, X)g,, which is more concise but essentially equivalent to the above way
by the Tannakian duality. Our potentially good reduction locus is defined as a qua-
sicompact open subset of the adic space Shx (G, X )‘gjp attached to Shg (G, X)g,,
whose F-valued points consist of those of potentially good reduction for every F.
It is unique, if exists. We will show the existence of the potentially good reduction
locus Shi (G, X )%gv when the Shimura datum (G, X) is of preabelian type. Recall
that (G, X) is said to be of preabelian type if there exists a Shimura datum (G’, X’)
of Hodge type such that (G2, X24) = (G'*, X’2d). This class contains almost all
Shimura data in practice. As in [Deligne 1979, Introduction] and [Milne 2005,
§9], a Shimura variety is believed to have a moduli interpretation by motives, if
the weight homomorphism for (G, X) is defined over the rational number field.
The subset Shg (G, X )%gv is expected to parametrize motives with potentially good
reduction at v.

We are also interested in what happens outside the locus Shg (G, X )%gu . In
the PEL type case, degenerations of abelian varieties occur; if a Shimura vari-
ety parametrizes motives, then degenerations of motives should occur. Based on
this observation, we will construct a partition of Shg (G, X )iiiv into finitely many
locally closed constructible subsets labeled by conjugacy classes of certain kind
of adelic parabolic subgroups of G, so that the piece corresponding to G equals
Shg (G, X )%gv . It is closely related to the theory of integral toroidal compactifi-
cations. Actually, in the PEL type case, we may also use the integral toroidal
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compactification developed in [Lan 2013] to construct our partition (see [Imai and
Mieda 2013, §7]); there should be some more cases to which the method in [Imai
and Mieda 2013, §7] can be applied (for example, [Madapusi Pera 2019]). How-
ever, our argument here is almost totally rigid-geometric, and requires only the
existence of the integral toroidal compactifications of the Siegel modular varieties
with hyperspecial level at p ([Faltings and Chai 1990]) as an input from the integral
theory. Note also that our partition is independent of any choice, unlike the toroidal
compactification that depends on the choice of a cone decomposition.

By using the partition above, we can compare the £-adic cohomology of the
tower {Shg (G, X) }x and that of {Shx (G, X)}x. We assume that (G, V) is of
preabelian type and satisfies the condition SV6 in [Milne 2005, p. 311]. Let ¢
be a prime number different from p, and £ an £-adic automorphic étale sheaf on
Shk (G, X) corresponding to an algebraic representation of G¢ over Qg, where G¢
is the quotient of G defined in [Milne 1990, p. 347]. The statement is as follows:

Theorem 6.1. In the kernel and the cokernel of the natural map

lim H; (Shg (G, X)" , £) — lim H.(Shk (G, X)g,, £),
K ! K

no irreducible supercuspidal representation of G(Q) appears as a subquotient
for any prime number p’.

Recall that an irreducible smooth representation of G(Q,) is said to be su-
percuspidal if it does not appear as a subquotient of the parabolically induced
representations from any proper parabolic subgroup. Loosely speaking, this the-
orem is a consequence of the observation that the partition of the complement
Shx (G, X )*}Edv \ Shx (G, X )%gv is “geometrically induced” from proper parabolic
subgroups of G(Q,). It will be worth noting that our method is totally geometric,
so that it is also valid in the torsion coefficient case. See Theorem 6.12 for an
analogue for the Fo-coefficients.

We have already mentioned that in the PEL type case the £-adic cohomology
H!(Shg (G, X )p £, £) can be computed as the cohomology of a nearby cycle com-
plex. Hence, in thlS case the theorem above says that the nearby cycle cohomology
is isomorphic to the compactly supported cohomology up to nonsupercuspidal rep-
resentations. This result is useful, since it connects the cohomology of Shimura
varieties and that of Rapoport—Zink spaces; see Section 7.3 for a simple example
in this direction. Recently, during the preparation of this article, Lan and Stroh
obtained a stronger result that the nearby cycle cohomology is isomorphic to the
compactly supported cohomology in the cases where reasonable integral toroidal
compactifications exist (see [Lan and Stroh 2018]). However, we have decided to
include our weaker result in this paper, since the argument is totally different.
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We sketch the outline of this paper. In Section 2, we consider Galois representa-
tions of a p-adic field with values in a general connected reductive group G. Under
some condition, we attach a parabolic subgroup of G to such a representation.
In Section 3, we give some preliminary results on adic spaces and semi-abelian
schemes. In Section 4, we recall some notation and results on Shimura varieties.
In Section 5, we construct a partition of the adic space associated to a Shimura
variety of preabelian type by using results obtained in Section 2. The potentially
good reduction locus is introduced here, as a piece of the constructed partition. In
Section 6, we prove the theorem comparing the cohomology of potentially good
reduction loci with that of Shimura varieties. In Section 7, we specialize our results
to Shimura varieties of PEL type, and discuss a simple application.

Notation. PutZ = I1 Z, and A% = 7 ®7 Q. For a prime p, put

7= ] z»

prime p’ # p

prime p

and A®? = 7P @; Q. More generally, for a finite set of primes S, we put Ag =
HZES @E’ /Z\S = Hprime péesS Zl’ and AOO’S = ’Z\S ®z Q.

For a scheme X over a field F' and an extension field L of F, we write X; for
the base change of X to L. Similar notation will be used for adic spaces.

For an algebraic group G, let Z(G) denote the center of G, and GYd=¢G /Z(G)
the adjoint group of G. For a field L over which G is defined, we write Rep; (G)
for the Tannakian category of finite-dimensional algebraic representations of G
over L.

Every sheaf and cohomology are considered in the étale topology.

2. Preliminaries on Galois representations

In this section, fix a p-adic field F and its algebraic closure F. Let £ be a prime

number and G a connected reductive group over @,. Consider a continuous homo-

morphism ¢: Gal(F/F) — G(Qy).

Definition 2.1. (i) Assume that £ # p. We say that ¢ is potentially unramified if
§ o ¢ is potentially unramified for any & € Repg, (G).

(i) Assume that £ = p. We say that ¢ is potentially crystalline if £ o¢ is potentially
crystalline for any £ € Rep@p (G).

(iii) Assume that £ = p. We say that ¢ is de Rham if £ o ¢ is de Rham (or equiva-
lently, potentially semistable) for any & € Rep@P(G).

To measure how far ¢ is from potentially unramified or potentially crystalline,
we consider the monodromy filtration on & o ¢ for each & € Rep@Z (G). First, we
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assume that £ # p. Then, for each (§, V) € Rep@Z(G), we obtain the ¢-adic
representation (§ o ¢, V) of Gal(F/F) and its monodromy filtration M, Ve.

Lemma 2.2. Assume that £ # p.
(1) The stabilizer Pg of the filtration M, Vs C V¢ is a parabolic subgroup of G.

(ii) If § € Repg, (G) is faithful, then Py stabilizes Mo Vg for every § "e Repg, (G).
In particular Py for faithful § is independent of §. We write Py for this Ps.

(iii) The homomorphism ¢ is potentially unramified if and only if Py = G.

(iv) For the composite ¢ Gal (f/ F) i) G(Qy) — G*4Qy), we have Py = Pgd,
where P;)‘d denotes the image of Py in G,

(v) For a finite extension F' of F contained in F, we put ¢' = SlGaF p- Then
we have Py = Py.

Proof. The assertion (i) follows from [Kisin 2010, Lemma 1.1.1, Lemma 1.1.3],
since Ve > M,V gives a filtration on the Tannakian category Repg, (G).

Let us prove (ii). For integers m, m" > 0, the monodromy filtration on Vé.@m ®
Vév®m/ can be written by using M,V: (see [Deligne 1980, Proposition 1.6.9]).
Therefore it is stable under P:. As every representation (§', Vz/) of G appears
as a direct summand of Vs®m ® VSV‘X”"/ for some integers m, m’ > 0, the filtration
M, Vg is also preserved by P:. This concludes the proof.

For (iii), note that ¢ is potentially unramified if and only if the monodromy
operator N on Vg is zero for every § € Repg, (G). If this condition is satisfied,
we have M; Ve =0 fori <0 and M; Vs = V; fori > 0, thus P, = G. Conversely
assume that Py = G, in other words, M; V is G-stable for every & and i. It suffices
to show that N =0 on Vg for each irreducible representation § of G. Since M; Vs is
G-stable, there exists a unique integer io such that M; Ve =0 (i <ip) and M; Ve = V¢
(i > ip). Hence we have N (Vy) = N(M;,V:) C M;,—> Ve =0, as desired.

We prove (iv). Clearly we have P(;d C Pgua. For the reverse inclusion, take g €
G (Qy) which is mapped into Pyaa (Qy) under G(Q;) — G*(Qy). It suffices to show
that g stabilizes M, V¢ for each irreducible representation (§, Ve) of G. Put W =
Ve ® Vév. Since £ is irreducible, the center of G acts trivially on W. Therefore W
can be regarded as a representation of G2, In particular, the monodromy filtration
M,W on W is stable under the action of g.

Let jo be the minimal integer such that M, VEv = ng. Fix an integer iy. Then
we have M 4 W =>" M; Ve ® M;V,’. Note that M;, Vg can be recovered
from M; 4 ;W by

i+j=io+jo

M;, Ve = N (d® f)(Miy1j, W). (%)
feHomg, (V. Qe)\{0}
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Since M;yy ;W =g(M;y4+j,W) = Zi+j=io+jo gM;Ve)®@g(M; VSV), the right hand
side of (x) is also equal to g(M;,Ve). Hence we conclude that M, V; is stable
under g.

The (v) is clear, since the monodromy filtration M,V does not change after
restricting ¢ to Gal(F /F"). O

Next we consider the case £ = p. We shall introduce the notion of the mon-
odromy filtration on a p-adic Galois representation. Let L be a finite extension
of Q, and V a finite-dimensional de Rham L-representation of Gal(F/F). We
regard V as a Q,-representation of Gal(F /F) and consider Dp(V), where Dy
is the functor introduced in [Fontaine 1994, §5.6]. If we write @‘Ilf for the maxi-
mal unramified extension of QQ, contained in F, Dps(V) is an L @q, @;-module
equipped with several structures. Among them, we have the monodromy opera-
tor on Dpg(V), from which the monodromy filtration M, Dps (V) on Dpg (V) is
naturally induced.

Definition 2.3. Let V be a de Rham L-representation of Gal(F/F). We say that
V has the monodromy filtration if there exists a Gal(F /F)-stable Q@ p-subspace
M;V of V such that Dy (M; V) = M; Dy (V) for each i. Such a subspace M;V is
unique and stable under the action of L if it exists, thanks to the fact that Dy is
fully faithful.

Now, let V be a finite-dimensional de Rham @p-representation of Gal(F/F).
We can find a subfield L of @p which is finite over Q, and a Gal(F / F)-stable
L-subspace V;, of V such that V; ®; @p = V. The L-representation V is de
Rham.

Definition 2.4. The condition that V;, has the monodromy filtration is independent
of the choice of L and V. If it is the case, we say that V has the monodromy
filtration, and put M;V = M;V; @p, which is easily seen to be independent of
L and V. We call M,V the monodromy filtration of V.

Lemma 2.5. Let V, W be finite-dimensional @p—representations of Gal(F/F)
which are de Rham and have the monodromy filtrations.

(1) Let V' be a direct summand of 'V as a Gal(f/ F)-representation. Then V' is
de Rham and has the monodromy filtration.

(ii) The representations V Q@ W and V" are de Rham and have the monodromy
filtrations. The monodromy filtration Mq(V @ W) (resp. Mo(V")) is given by
M,(VQW)= Ziﬂ-:n M;V @ M;W (resp. My(VY) = (V/M_,_1V)").

Proof. Let L be a finite extension of Q,,. We have only to consider L-representations
in place of Q,-representations. In the following, let V, W be finite-dimensional
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L-representations of Gal(F/F) which are de Rham and have the monodromy fil-
trations.

We prove (i). We write V = V'@ V”. Then we have Dpy (V) = Dpu (V') &
Dyt (V") and M; Dpsi (V) = M; Dpsi (V') @ M; Dpt (V). Since the essential image of
the functor Dy is stable under direct factors (see [Fontaine 1994, Théoréme 5.6.7]),
there exists a Gal(F/F)-stable subspace M;V’ of V' such that Dyt (M; V') =
M; Dps(V'). Hence V' has the monodromy filtration.

Next consider (ii). It is known that V ®g, W is a de Rham representation, and
Dpst(V Qa, W) = Dps (V) ®@;r Dps(W). The monodromy filtration on Dpg (V ®a,
W) is given by

M, Do (V ®a, W)=Y M; Dps(V) @aw M Dps(W).
i+j=n
Thus, if we put M, (V ®q, W) = Ziﬂ.:n M;V ®q,M;W, we have Dps (M, (V ®q,
W)) = MuDp(V ®q, W) by the exactness of Dps. Hence V ®q, W has the
monodromy filtration.

Lete € L ®q, L denote the idempotent corresponding to the diagonal component
Spec L < Spec(L ®q, L). Then, we have e(V ®q, W) =V ®, W. In particular
V ®; W is a direct summand of V ®a, W. Therefore, by (i), V ®; W is de
Rham and has the monodromy filtration. Clearly, the monodromy filtration on
VL W=e(V®qg,W) is given by

My (VRLW)=eM,(V®q, W)= > e(M;V®a,M;W)= Y MVQ.M;W.
i+j=n i+j=n

The dual V" can be treated similarly. U

Lemma 2.6. Let V be a finite-dimensional @p-representation of Gal(F /F). For
a finite extension F' of F contained in F, we put V' = VigaE ry- Then, V is de
Rham and has the monodromy filtration if and only if so is V'. Moreover we have
M.V = (M.V) |Gai 7/ Fry-

Proof. As in the proof of Lemma 2.5, we may replace V by an L-representation of
Gal(f/ F), where L is a finite extension of Q,,. By definition, V' is de Rham if and
only if V' is de Rham. Suppose that V and V’ are de Rham. We have D, (V') =
Dpst(V)|Ga1(f E7- Therefore, if V has the monodromy filtration M.V, then V’
has the monodromy filtration (M V)|, F)- Conversely, assume that V' has the
monodromy filtration M,V’. Since Dy (M; V') = M;Dps(V') = M; Dpy (V) C
Dy (V) is stable under Gal(F/F), sois M;V' C V' = V. Therefore, M, V' gives
the monodromy filtration of V. This concludes the proof. (]

Now, let ¢: Gal(f/ F)— G(@p) be a continuous homomorphism, as in the
beginning of this section.
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Definition 2.7. Assume that ¢ is de Rham. We say that ¢ has the monodromy
filtration if Vg has the monodromy filtration for every & € Rep@p (G).

Lemma 2.8. Assume that there exists a faithful algebraic representation (&, V¢) of
G such that V¢ is de Rham and has the monodromy filtration. Then ¢ is de Rham
and has the monodromy filtration.

Proof. Thanks to Lemma 2.5, we can use the same argument as in the proof of
Lemma 2.2 (ii). (]

Lemma 2.9. Assume that ¢ is de Rham and has the monodromy filtration.
(1) The stabilizer Pg of the filtration M, Vs C V¢ is a parabolic subgroup of G.

(ii) If & is faithful, then P: stabilizes M, Ve for every representation &'. In partic-
ular P for faithful & is independent of §. We write Py for this Ps.

(iii) The homomorphism ¢ is potentially crystalline if and only if Py = G.

(iv) The composite ™ Gal(f/F) i) G(@p) — Gad(@p) is de Rham and has
the monodromy filtration. Moreover we have Py = Pgd.

Proof. This can be proved in the same way as Lemma 2.2. U

Lemma 2.10. For a finite extension F' of F contained in F, ¢’ = PlGaiF Fry iS
de Rham and has the monodromy filtration if and only if so is ¢. Moreover, if the
above conditions are satisfied, we have Py = Py.

Proof. This is an immediate consequence of Lemma 2.6. O
Corollary 2.11. Let £ be a prime number.

(i) Assume that € # p. Then ¢ is potentially unramified if and only if ¢ is
potentially unramified.

(1) Assume that £ = p, ¢ is de Rham and has the monodromy filtration. Then ¢
is potentially crystalline if and only if $*¢ is potentially crystalline.

Proof. The first assertion follows from Lemma 2.2 (iii), (iv), and the second from
Lemma 2.9 (iii), (iv). [l

Remark 2.12. In fact, Corollary 2.11 (ii) holds without assuming that ¢ has the
monodromy filtration (we have only to consider the monodromy filtration on the
image of D). However we do not need this fact later.

Remark 2.13. Let £ be a prime number, and assume that ¢ is de Rham and has
the monodromy filtration if £ = p. If G is defined over Q, and the image of ¢ is
contained in G(Qy), the parabolic subgroup Py is defined over Q. Indeed, we can
take a faithful representation & which is defined over Q;, and then the monodromy
filtration M, V¢ is also defined over Q.
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3. Rigid geometry and semi-abelian schemes

3.1. Notation for adic spaces. Throughout this paper, we will use the framework
of adic spaces introduced by Huber [1993; 1994; 1996]. Here we recall some
notation briefly.

Let S be a noetherian scheme and Sy a closed subscheme of S. We denote
the formal completion of S along Sy by S. Put S"g = 1(S),, where £(S) is the
adic space associated to S (cf. [Huber 1994, §4]) and #(S), denotes the open adic
subspace of #(S) consisting of analytic points. It is a quasicompact analytic adic
space.

Let X be a scheme of finite type over S. Put Xy = X x s Sp and denote the formal
completion of X along X, by X. Then we can construct an adic space X"i€ in the
same way as S"€. The induced morphism X" — S"¢ is of finite type. On the
other hand, we can construct another adic space X x s S"€. Indeed, since we have
morphisms of locally ringed spaces (S"ig, Ogiz) = (£(S), Ors)) — (S, Og) (for
the second one, see [Huber 1994, Remark 4.6(iv)]), we can make the fiber product
X x s S"2 in the sense of [Huber 1994, Proposition 3.8]. For simplicity, we write
X for X x g S"e, though it depends on (S, Sp). Since the morphism S"& — §
factors through S° = S\ Sy, we have X x5 S"8 = (X x5 S%) x g0 S"¢. In particular,
X2 depends only on X x g S°. The natural morphism X! — S"¢ is locally of finite
type, but not necessarily quasicompact; see the following example.

Example 3.1. Let R be a complete discrete valuation ring and F its fraction field.
Consider the case where S = Spec R and Sy is the closed point of S. Then, for an S-
scheme X of finite type, X2 can be regarded as the rigid space over F associated to
a scheme X x s Spec F over F. For example, (A})* = (AL)2 is the rigid-analytic
affine line over F and thus is not quasicompact. On the other hand, (/A%)rig is the
unit disc “|z] <17 in (A}p)ad, which is quasicompact.

Lemma 3.2. The functors X +— X" and X > X commute with fiber products.

Proof. For the functor X +— X"ie_ it can be checked easily (cf [Mieda 2006, Lemma
3.4] and [Mieda 2014, Proof of Lemma 4.4 (v)]). Consider the functor X > X2,
Let Y — X < Z be a diagram of S-schemes of finite type. What we should prove
is

(Y xx Z) x5 STEZ (Y x5 8") X x, s gie (Z x5 S"8).

It is not totally automatic, since ¥ X x Z is not a fiber product in the category of
locally ringed spaces. It follows from the fact that morphisms of locally ringed
spaces Spa(A, AT) — Spec B for a complete affinoid ring (A, A™) and a ring B
correspond bijectively to ring homomorphisms B — A (this fact is used implicitly
in [Huber 1994, Remark 4.6(iv)] to define #(S) — S). O



408 NAOKI IMAI AND YOICHI MIEDA

Let us compare X" and X2, by the commutative diagram

Xrie . x

I

Sig 4§

and the universality of the fiber product X x s S"€, we have a natural morphism
Xrig _, xad,

Lemma 3.3. (i) If X is separated over S, Xrie — x4 js an open immersion.

(ii) If X is proper over S, Xrie — x4 js an isomorphism.

Proof. See [Huber 1994, Remark 4.6(iv)]. U

Remark 3.4. Let f: S — S be a morphism of finite type and S; = S’ x5 So.
We denote by S the formal completion of S’ along ). Then, all constructions
above are compatible with the base change by f. More precisely, for a scheme X
of finite type over S, we have (X xg §")/\& = Xrie X giie S and (X xg §)52d =
X x grig S™M2. Here (—)5"-4 denotes the functor (—)* for the base (S, S;), namely,
(_)S/-ad — (_) X g S/rig‘

In the remaining part of this subsection, assume that § is the spectrum of a
complete discrete valuation ring R and Sy is the closed point of S. For a scheme
of finite type X over S, we have a natural morphism of locally and topologically
ringed spaces (¢ (5(\ ), (9;(}()) — (5(\ , Oz) (cf. [Huber 1994, Proposition 4.1]). Note
that the underlying continuous map t(f(\ ) — Xy is different from the map t(f(\ )—> X
considered above. We denote the composite Xrie s t(f(\ ) = Xo by spg., or simply
by sp.

Let Y be a closed subscheme of X( and & the formal completion of X along Y.
Then we can consider the generic fiber #(X), = SO x ¢ £(X) of the adic space t(X).
This is so-called the rigid generic fiber of X due to Raynaud and Berthelot, in the
context of adic spaces. If Y = X, then #(X), = Xrie,

Lemma 3.5. The natural morphism t(X), — X" induced from X — X isan open
immersion. Its image coincides with sp_1 (Y)°, where (—)° denotes the interior in
S(\rig.

Proof. See [Huber 1998b, Lemma 3.13 1)]. O

Let X be an adic space locally of finite type over S"¢ = Spa(F, R), where
F denotes the fraction field of R. For a point x of X, we write k. and «;" for the
residue field and the valuation ring at x, respectively. We say that x € X is classical
if x is a finite extension of F. We denote the set of classical points of X by X (cl).
Further, for a subset Y of X, we put Y(cl) = X(c)NY.
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Lemma 3.6. Let X be an adic space locally of finite type over Spa(F, R).

(i) For constructible subsets Ly, Ly of X (see [Huber 1996, 1.1.13]), we have
Ly C Ly ifand only if Li(cl) C Ly(cl). In particular, L1 = L, if and only if
Li(cl) = Ly(cl).

(ii) For a constructible subset L, we write L™ (resp. L°) for the closure (resp.
interior) of L in X. Then we have L(cl) = L™ (cl) = L°(cl).

Proof. For (i), it suffices to show that L(cl) C Ly(cl) implies L; C L,. Put
L=L{\Ly=L;N(X\Ly). Itis a constructible subset of X satisfying L(cl) = &.
Let U be an arbitrary affinoid open subset of X . Then, we have (U N L)(cl) = &.
Therefore, [Huber 1993, Corollary 4.3] tells us that U N L = @. Now we conclude
that L = &, thatis, L; C L.

For (ii), it suffices to prove that L(cl) = L™ (cl). Take x € L™ \ L and an affinoid
open neighborhood U of x. Then x lies in the closure of U N L in U. Since U N L
is a constructible subset of the spectral space U, by [Hochster 1969, Corollary of
Theorem 1], there exists y € U N L such that x € {y}~. Therefore, by [Huber 1996,
Lemma 1.1.10 ii)], the valuation v, attached to x is not rank 1. In particular x is
not classical. Hence we have L(cl) = L~ (cl), as desired. O

The following basic lemma is also used in Section 5.

Lemma 3.7. Let f: X — Y be a quasicompact quasiseparated étale morphism
between adic spaces.

(i) For a constructible subset L of X, the image f (L) is a constructible subset of
Y.

(ii) For a locally closed subset L of X satisfying f~'(f(L)) = L, the image f(L)
is a locally closed subset of Y.

Proof. The assertion (i) can be proved in the same way as [Huber 1996, (1) in the
proof of Lemma 2.7.4]. We recall the argument for reader’s convenience. We may
assume that X and Y are quasicompact and quasiseparated. Fix y € f(L). Let A
denote the set of constructible subsets of ¥ containing y. We have (), c, W = {y},
as Y is a spectral space. Since f~!(y) is a finite discrete subset of X, there exists
a quasicompact open subset U of X such that U N f~!(y) = LN f~'(y). Then
we have U N(\yep fFI W) = LN (Nywen f~H(W). By the quasicompactness
of X with respect to the constructible topology, there exists W € A such that
UNFfIW)y=LnfY(W). PutVy=UnN f~Y(W)=LnN f~1(W), which is a
constructible subset of X. Since f is étale, f(U) is a quasicompact open subset
of Y. Therefore f(V)) = f(U) N W is a constructible subset of Y.

Since LN f~!(y) Vy C L, we have L = Uyef(L) V. On the other hand, L is
quasicompact under the constructible topology of X. Therefore, there exist finitely
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many points yi, ..., yu € f(L) such that L = [J/L, V,,. Now we conclude that
f(L) = U;"zl f(Vy,) is a constructible subset of Y, as desired.

Next we consider (ii). Since L is locally closed, it can be written in the form
U N W, where U is an open subset of X and W is a closed subset of X. Note that
L= Cc W, thus U N L~ = L. For simplicity we write L’ = f(L). Since f is an
open map, we can check that f~!(L’)~ = f~!(L'~). Therefore we obtain

L=UNL =Unf ')y =unf @)

and f(L)= f(U)NL'~. As f is étale, f(U) is open, hence f (L) is locally closed.
O

3.2. Etale sheaves associated to semi-abelian schemes. We continue to use the
notation introduced in the beginning of the previous subsection. Let U be an open
subscheme of S = §\ Sy and £ a prime number invertible on U. Fix an integer
m > 0.

Let G be a semi-abelian scheme over S. Namely, G is a separated smooth
commutative group scheme over S such that each fiber G; of G at s € § is an
extension of an abelian variety A by a torus 7;. We denote the relative dimension
of G over S by d. Assume the following:

o The rank of 7, (called the toric rank of G,) with s € Sy is a constant r.
e Gy = G xg U is an abelian scheme.

Under the first condition, it is known that Go = G x5 Sp is globally an extension
0—Ty—> Go— Ay — 0,

where Tj is a torus of rank r over Sy and Ay is an abelian scheme over Sy ([Faltings
and Chai 1990, Chapter I, Corollary 2.11]).

Let us consider two group spaces Grie [£" ]y and GA[em) pad over U ad where
(—)ya« denotes the restriction to U ad

Lemma 3.8. The adic space G*4[£™] . is finite étale of degree £24™ over U,

Proof. By Lemma 3.2, we have G¥[¢"] . = (Gy[€™"]) xy U*. Since Gy[£™]
is finite étale of degree £24m gver U, Gad[ﬁm]wd is finite étale of degree 024m gyer
U (see [Huber 1996, Corollary 1.7.3 1)]). O

Lemma 3.9. The adic space (A;rig[zm]md is finite étale of degree £P4="™ oyer U,

Proof. We may assume that S = Spec R is affine. Let / C R be the defining ideal
of Sp. By replacing R by its /-adic completion, we can reduce to the case where
R is I-adically complete. Put S; = Spec R/I'*! and G; = G x5 S;.
By [SGA 3y 1970, Exposé IX, Théoréeme 3.6, Théoreme 3.6 bis], the exact se-
quence
0— T0—>G0—>A0—>0
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can be lifted canonically to an exact sequence
0T, -G, —> A; —0

over S;, where 7; is a torus over S; and A; is an abelian scheme over §; (see [Lan
2013, §3.3.3]). Let T = lim; 7; and A = lim; A; be associated formal groups over
S. Then G is an extension of A by T.

By taking £™-torsion points, we get an exact sequence

0— T[] — G[™] — A[£"] — 0

of formal groups over S. Since 6fig[em1 = (é[e'"])rig, it suffices to see that
(T[Em])g%]d (resp. (A[Z’"])Z%d) is finite étale of degree ¢'™ (resp. 22d=rmy gyer
U,

First we consider (T[Z’”])Zgad Since f[ﬁm] = lim, (T;[£™]), it is finite flat over

= Spf R. Therefore there exists a finite flat R-algebra R’ such that T[Em] =
Spf R’. Moreover, a scheme T’ = Spec R’ is naturally equipped with a structure
of a commutative group scheme over S = Spec R. Since 7' is killed by ¢ and
p is invertible on U, T, = T' x5 U is a finite étale group scheme over U. By
Lemma 3.3 (i), we have (T[£™])1¢ = (T")"ig = T = T’ x ¢ S"¢. Therefore
(f[ﬁm])?]%d =T, xyU ad is finite étale over U (see [Huber 1996, Corollary 1.7.3
1)]). Its degree is clearly ¢"™.

The same argument also works for (;f [Z’"])r[i]gad. O

By Lemma 3.8 and Lemma 3.9, we may regard Grig[em] yaa and G0 ]
as locally constant constructible sheaves over U, Since we have a natural open
immersion G"8 < G, G"2[¢"]ua is a subsheaf of G2[£"]ua.

Remark 3.10. In the setting of Remark 3.4, the construction above is clearly com-
patible with the base change by f: §' — S.

In the remaining part of this subsection, we consider the case where S = Spec R
is the spectrum of a complete discrete valuation ring R, Sy is the closed point of
Sand U = S° =S\ Sy. Let 77 be a geometric point lying over the unique point of
U

As in the proof of Lemma 3.9, G is an extension

0>T—>G—>A—0
of a formal group A by T. Therefore, we have Z /¢ Z-submodules
Trig[gm]ﬁ C arig[gm]ﬁ C Gdd[gm]ﬁ
By taking inverse limit and tensoring with (Q;, we have

Tej:rﬁig C Tea%ig C TeG%d, Vﬂ/:rﬁig C Vearﬁig cVy Gad,



412 NAOKI IMAI AND YOICHI MIEDA

where we put V(‘(—) =T (—) ®z, Q. By Lemma 3.9 and its proof, we can deduce
that dimg, V, T, ¢ = r and dimg, V,G}* =2d —r.

Proposition 3.11. Assume that the fraction field F of R is a finite extension of Q,,.
For a filtration

0C VT2 C V,G=¥ € VoG = VG,
we have the following:

(1) If € # p, the above filtration is the weight filtration of V,Gy.

(ii) If € = p, then the above filtration is a filtration as semistable representations of
Gal(f/ F). Further, this filtration induces the weight filtration on D«(V,G7).

Proof. We give a proof of (ii). We can show (i) similarly. Let A be a polarization
of Gy. Then an alternating bilinear pairing

(s )2 VpGyx V,Gy — Q,(1)
is induced. First, we will prove that (V,, Gng)L foﬁrig. Since

dimg, V, T +dimg, V, G“g r+(d —r)=2d =dimg, V,Gg,

it is sufficient to prove that VT, Ang c (v, Gng)l Namely, we should prove that the

homomorphism V, Yqﬁig ®a, VpG%g — Q, (1) induced by (, ), is zero.

Since V,Gy is a semistable representation of Gal(f/ F), so are V,ﬁ%ﬁg and
v,,@;jg. We denote the residue field of F by «r and put ¢ = #kr. Consider the
action of <p["F5[FP] on Dy (V, Trig) and Dg(V,A Aﬁg) By [SGA 3, 1970, Exposé X,

Théoréme 3.2], T can be algebraized into a torus T over S. Then we have V), Trlg =

V), T;. Therefore every eigenvalue of plerFrl on Dy (V) Tﬁg) is a Weil g 2—number

(for the definition of Weil numbers, see [Taylor and Yoshida 2007, p. 471]). Simi-
larly, by [Lan 2013, Proposition 3.3.3.6, Remark 3.3.3.9], A can be algebraized into
an abelian scheme A over §, and we have V), ;\\n fx= V,Az. By the Weil conjecture
for the crystalline cohomology of abelian varletles, every eigenvalue of ¢<#:Frl
on Dst(VpX%ig) is a Weil ¢~ !-number. Therefore, every eigenvalue of ¢“#:frl on
Dg(V, f"%rig ®a, Vp f}?g) is either a Weil ¢ ~*-number or a Weil ¢ —3-number. On
the other hand, every eigenvalue of ¢!“* ) on Dy (Q »(1)) is equal to g~', which

~2_number. Hence any ¢-homomorphism Dst(vpj%rig ®a, Vy 6;;54) N

is a Weil ¢
Dy (Q) (1)) is zero. Since the functor Dy is fully faithful, any Gal (f/ F)-equivariant
homomorphism

VoI 2 ®aq, V,Grt — Qu(1)
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is zero. Hence, we have (V) Gng)L Vy Trlg Then we have a perfect pairing

i o
VoI % x (V,Gy/ V, G1%) — Q, ().
The claim follows from the above arguments and this perfect pairing. O

Corollary 3.12. The semistable representation V, Gy of Gal(F/F) has the mon-
odromy filtration in the sense of Definition 2.3.

Proof. 1t is well-known that in this case the weight filtration and the monodromy
filtration on Dy, (V,G,) = Ds(V,G)) coincide up to shift. Therefore the claim
follows from Proposition 3.11 (ii). U

Remark 3.13. Actually, the extension 0 — T — G — A — 0 considered above
can be algebraized; namely, there exists an exact sequence

0>T—>G' - A—0

of commutative group schemes over S, where 7 and A are as in the proof of
Proposition 3.11, such that its formal completion along the special fiber is isomor-
phic to the extension above (see [Lan 2013, Proposition 3.3.3.6, Remark 3.3.3.9]).
Such an extension is called the Raynaud extension associated to G.

Our construction above is related to the Raynaud extenswn in the following

way. First, we have a natural 1somorph1sm G”g[ﬁ’”] > (G“)ad[ﬂ’”]n, which is
induced from an open immersion Ghis =~ (G”)rlg > (G")™ (see Lemma 3.3 (i)).
Moreover, the image of G”g[ﬁ’"] — Ga‘d[ﬂm],7 coincides with the image of the
map G”[Z’”]n — G[{€"]5 in [Lan 2013, Corollary 4.5.3.12].

4. Shimura varieties

4.1. Notation on Shimura varieties. Let (G, X) be a Shimura datum, and E(G, X)
the reflex field of (G, X). We simply write E for E(G, X) if there is no risk of
confusion. There is the canonical model over E of the Shimura variety for (G, X),
which we denote by {Shx (G, X)}kcgax). Let K C G(A™) be a compact open
subgroup, which is always supposed to be small enough so that Shg (G, X) be-
comes a scheme.

4.2. Siegel modular varieties. Let (V, (, )) be a symplectic space of dimension
2n over Q, and L a self-dual Z-lattice of V. Let (GSp,,,, X2,) be the Shimura datum
associated to (V, (, )). Then the Shimura variety for (GSp,,, X2,) is called the
Siegel modular variety. In this case the reflex field E(GSp,,, X2,) equals Q. We
put

K (N) =Ker(GSp,,(Z) — GSp,,(Z/NZ))
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for N > 1, and
Ky¢.m = Ker(GSp,,,(Zy) — GSp,,(Z/" 7))

for a prime number ¢ and m > 0.

We recall a moduli interpretation of Shx (GSp,,,, X2,) using integral level struc-
tures. For simplicity, we assume that K = K(N) with N > 3. We consider the
functor from the category of (2-schemes to the category of sets, that associates S
to the set of isomorphism classes of triples (A, A, ), where

e A is an abelian scheme over S,
e L: A — AV is a principal polarization, and

en:L/NL 2 A[N] is a symplectic similitude.

This functor is represented by Shx (GSp,,,, X2,) (see [Deligne 1971, 4.16]).
There is another moduli interpretation using rational level structures. Let S be
a connected Noetherian scheme over Q, and fix a geometric point 5 of §. We put

T =[], V¥ =Tz
¢
where ¢ in the product ranges over all prime numbers. Then, S-valued points of
Shx (GSp,,,, X2,) correspond to the isogeny classes of triples (A, A, nK), where

¢ A is an abelian scheme over S,

e A: A— AY is a Q-polarization, and

IR

e nK is a (S, 5)-invariant K -orbit of symplectic similitudes Vao — VXA,
Using this description, the Hecke action of g € GSp,,,(A°) can be described as
Shx — Shy-1xgs [(A. A, nK)] > [(A, 4, (n0g)g ™' Kg)].

See [Deligne 1971, 4.12] for the relation between two moduli interpretations.
Assume that K = K, oK” with a compact open subgroup K? of GSp,, (Z” ).
Then Shg (GSp,,,, X»,) has a natural integral model $g» over Z,, constructed as
a moduli space of principally polarized abelian schemes with level structures (cf.
[Mumford et al. 1994, Chapter 7, §3]). Let A denote the universal abelian scheme
on Ef[(p.
Thanks to a work of Faltings and Chai [Faltings and Chai 1990], we have a
tor

toroidal compactification ¥, of Fg» over Z,. We have a semi-abelian scheme on
e extending A on Fk», for which we write the same symbol A.
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4.3. Shimura varieties of Hodge type. In this subsection, we assume that (G, X)
is of Hodge type. We take an embedding i : (G, X) < (GSp,,,, X2,) of Shimura
data. For a compact open subgroup K of GSp,,,(A*) containing K, we have a
natural morphism Shg (G, X) — Shg(GSp,,,, X2,) to the Siegel modular variety,
which is known to be a closed immersion if K is small enough. We shall recall
a moduli interpretation of C-points of Shg (G, X). Let V be the standard repre-
sentation of GSp,,. By [Deligne et al. 1982, I, Proposition 3.1], there exists a
finite collection of tensors (54)gey With s, € V" ® VV™a such that G equals the
pointwise stabilizer of (sy)aes’ in GSp,,. We put J = J' 11{0}, mo =m;, = 1 and
let 5o be the symplectic form (, ) e V®Q VY on V.

Proposition 4.1. A C-valued point of Shi (G, X) corresponds to the isogeny class
of triples (A, (ty)acs, nK), where

o A is an abelian variety over C,

o (fy)qes Withty € Hi(A, Q)" @ Hy(A, Q)" is a finite collection of Hodge
cycles on A (see [Deligne et al. 1982, V, §2]) such that +tg is a polarization
of the rational Hodge structure H| (A, Q),

e nK is a K-orbit of A*-linear isomorphisms Vaw = VA which send S0 to
a (A*)*-multiple of to and s, with a € J' to ty,

satisfying the following condition (x):

(%) there exists an isomorphism ng: V. = H{(A, Q) such that na sends tyg to a
Q*-multiple of so, to with a € J' to sy, and the Hodge structure on Hi(A, Q)
to a Hodge structure on V induced by an element of X and the embedding
i: G— GSp,,.

For a proof, see [Milne 2005, Theorem 7.4].

Lemma 4.2. Let F be a p-adic field containing the reflex field E, and x an F-
valued point of Shg (G, X). Choose an algebraic closure F of F and denote by X
the corresponding geometric point over X.

We take an isomorphism 1: F = C over E, and write (x for the C-valued
point of Shg (G, X) determined by x and . Let (A, (ty)acs, NK) be a triple in
the isogeny class corresponding to (X such that A = Az @, C. Here Az is
the abelian variety corresponding to the image of X in the Siegel modular va-
riety. Let us choose a representative n of nK. Under , it corresponds to a
trivialization of the K -torsor n;l(f) on X, where g denotes the natural map
limg, —, Shg (G, X) — Shg (G, X).

For a prime number £, let Lsoi ¢ be the Qg-sheaf on Shg (G, X) corresponding
to the representation Stdoi of G on V. For the stalk Lgsioi ¢ %, the following hold:

(i) We have a canonical Gal(f/ F)-equivariant isomorphism Lsidoi ¢ 5 = Vi Asx.
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~

(ii) Each trivialization of the K -torsor 1 ! (x) determines an isomorphism Vg, >

Lsidoi e x- The isomorphism given by the trivialization corresponding to the
-1 ()
chosen representative n equals the composite of Vg, % ViA %) VeAz =

Lsidoi x> Where 0, denotes the L-part of 1.

Proof. The first assertion is essentially a statement for the Siegel case, which is
well-known. The second can be checked directly by working over C. U

4.4. Shimura varieties of preabelian type.

Definition 4.3. A Shimura datum (G, X) is said to be of preabelian type if there
exists a Shimura datum (G’, X’) of Hodge type such that (G4, X2d) = (G4, x'd),
If a Shimura data is of preabelian type, the associated Shimura variety is said to be
of preabelian type (cf. [Vasiu 1999, p. 402]).
Lemma 4.4. Assume that (G, X) is of preabelian type. We take a Shimura da-
tum (G', X') of Hodge type such that (G*, X*d) = (G'M, X'™). Let K" be a
compact open subgroup of G*(A>) which contains the image of K under the map
G(A®) — G*(A™®). We regard it as a compact open subgroup of G'*4(A>) by the
isomorphism G* = G', Then there exist a compact open subgroup K' C G’ (A™)
and g1, ..., gm € G™(A®) such that the following hold:

(i) The morphism (G, X") — (G4, X'*) and the conjugation by g; induces the

morphism

ﬁ: ShK’(G/, X/) — Shg_—ll(//gi(G/ad, X/ad) - ShK”(G/ad, X/ad)

foreachi.
(i) The morphism
[T #: ] She(G'. X") — Shg(G™, X%
1<i<m 1<i<m
is surjective.

Proof. This follows from the definition of Shimura varieties of preabelian type and
the fact that Hecke action is transitive on the connected components of a Shimura
variety. U

5. Partition of Shimura varieties

5.1. Partition of classical points. We fix a prime number p and a finite place v of
E above p. We write O, for the ring of integers of E,,.

Throughout the paper, we assume that a compact open subgroup K of G(A*)
is small enough so that the following conditions are satisfied:
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e The morphism 7k : lim, -, Shx/(G, X) — Shg (G, X) is a torsor under the
quotient Kgp of K by a closed subgroup of K N Z(G)(A*) (cf. [Milne 2005,

Theorem 5.28]).

o If the Shimura datum (G, X) satisfies the condition SV5 in [Milne 2005,
p- 311], then Ksj equals K. Note that a Shimura datum of Hodge type satisfies
SVs.

Definition 5.1. Let x be a classical point of Shg (G, X )adv, and x, an algebraic
closure of «,. We write X for the geometric point corresponding to i .

By taking the pull-back of 7k : l(iLnK,CK Shg/ (G, X) — Shg (G, X), we obtain
a Kgp-torsor JTEI(X) on x. This torsor and its trivialization n over X give rise
to a continuous homomorphism ¢, ,: Gal(k,/k,) — Ksn. If we change 7, the
homomorphism ¢, , changes by a Kgp-conjugation.

(1) We write ¢fc‘f1n for the composite Gal(iky /xy) M Ksn — GYM(A%®). If we

change 1, the homomorphism qbfc‘fin changes by a K-conjugation, where K¢
denotes the image of K in G*4(A>). When we are only interested in the K-
conjugacy class of (/5;‘?,7, we often drop the subscript 7 and simply write ¢3¢
for q}f;‘f'n.
For a prime number ¢, we denote by ¢§fln, ¢ the composite of ¢;“f‘n and the
projection GM(A>®) — G (Qy).
(i1) Assume that (G, X) satisfies the condition SV5. Then we write ¢, , for the

composite Gal(k /ky) &) K — G(A®). As in (i), we often write ¢, for
¢x,n, which is well-defined up to K-conjugacy.
For a prime number £, we define ¢, ; ¢ similarly.

Remark 5.2. The homomorphism ¢;fln, ¢ 1s related to £-adic automorphic étale
sheaves on Shg (G, X) as follows. Let (£, V) be a finite-dimensional algebraic
representation of G over @g such that Ker & contains Ker(K — Ksy). Then, we
have an associated smooth Q;-sheaf Le on Shg (G, X) (c¢f. [Milne 1990, Remark
I11.6.1]). As in Lemma 4.2 (ii), the trivialization n of 7 ~!(¥) induces an isomor-
phism L¢ z = V. Hence we obtain an £-adic Galois representation Gal(k . /ky) —
GL(Lg %) = GL(Ve).

(i) If & factors through G, it is equal to the composite

ad
x,n,L

Gal(F, Jic) 225 GH(@y) 5 GL(Vp).

(i1) If (G, X) satisfies SV5 (hence any £ is allowable), it is equal to the composite

Gal(, /i) 225 G(Qy) 5> GL(Ve).

The following proposition can be checked easily.
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Proposition 5.3. Let (G, X) — (G', X') be a morphism of Shimura data such that
Z(G) is mapped into Z(G'). Let K C G(A*) and K’ C G'(A*®) be compact open
subgroups such that K is mapped into K'. For x € Shg (G, X )‘ld (cD), we write x’
for the image of x under the induced morphism Shg (G, X) — ShK/(G/ X"). Then
the diagram

ad
Gal(k, /ky) _ L Gad(ay

|,

Gal(Ky /ky) ——s G4(A®)

is commutative up to K'™-conjugacy, where K™ denotes the image of K' in
G/ad(AOO)

Proposition 5.4. Assume that (G, X) is of preabelian type.
(i) For x € Shx(G, X )"EJ (ch), ¢§ij is de Rham and has the monodromy filtration.

(i1) Assume that (G, X) is of Hodge type. Then, for x € Shg (G, X)E}%(Cl), Ox,p is
de Rham and has the monodromy filtration.

Proof. By Lemma 2.9 (iv), Lemma 2.10, Lemma 4.4 and Proposition 5.3, the

assertion (i) is reduced to (ii). We prove (ii). Take an embedding i : (G, X ) —

(GSpZH, X»,) into a Siegel Shimura datum and a compact open subgroup K =

K K? of GSp,,,(A*>) contalmng K. By shrinking K, we may assume that K C
K, 0=GSp,,(Z,) and K7 is small enough. Then, the morphism

Spec kx — Shg (G, X)g, = Shg & (GSpy,, Xow)o, =Fgr a,

uniquely extends to Spec k" — Ef;%rp Let A, + denote the pull-back of the universal
semi-abelian scheme A by this morphism. It extends the abelian variety A, over
kx. Therefore, the representation V, Az of Gal(k,/«,) is semistable and has the
monodromy filtration by Corollary 3.12.

Let Std: GSp,, — GL(V) denote the standard representation of GSp,,. By
Lemma 4.2 (i), we have a Gal(k, /«,)-equivariant isomorphism Lsidoi x,p = VpAx.
We fix a trivialization 5 of the K -torsor n,?l (x) over x. By the isomorphism Vg, =
Lstdoi,x,p induced from 7, we regard Vg ,asa representation of Gal(k, /ky). As
in Remark 5.2 (ii), it is isomorphic to Std o i o ¢, , ,. Summing up, we obtain
a Gal(k /ky)-equivariant isomorphism Std o7 o ¢y, , = V,Az. Therefore, we
conclude that Stdoi o ¢, ; , is semistable (hence de Rham) and has the monodromy
filtration. Since Std o is a faithful representation of G, ¢, , , is de Rham and has
the monodromy filtration by Lemma 2.8. This completes the proof. ]

Remark 5.5. Assume that (G, X) satisfies the condition SV6 in [Milne 2005,
p. 312]. Recently, Liu and Zhu announced a result that the p-adic sheaf L x is de
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Rham for any finite-dimensional algebraic representation & of G over @p, where
G¢ is the quotient of G defined in [Milne 1990, p. 347] (cf. [Liu and Zhu 2017,
Theorem 1.2]). This implies that d)j?‘}p is de Rham. We do not use this remark later.

In the sequel, we assume that (G, X) is of preabelian type. Take a finite nonempty
set of primes S such that K = KgK5, where K is a compact open subgroup of
G(Ag) and K is a hyperspecial compact open subgroup of G(A%S). We write
Pc.s(Ks) for the set of Kg-conjugacy classes of Ag-parabolic subgroups of G.

Let n be a trivialization of 711;1 (x) over x. By Proposition 5.4 and the results in
Section 2, we can attach to qﬁ;“’jn’ ; the Q;-parabolic subgroup P¢$dn , of G for each

£e Sandx eShg (G, X )‘ﬁj (cl). By taking the product with respect to £, we obtain

an Ag-parabolic subgroup of G%. It is easy to observe that the K'g‘d—conjugacy

class [[ [yes Py [] € Pgat (K gd) is independent of the choice of 1. Note that the
X,n,t

natural map Pg s(Ks) — PGadys(Kgd); [P]— [PY]is bijective.

Definition 5.6. Let [P, 5] € Pg s(Ks) be the Kg-conjugacy class that is mapped
to [[ [es Pgaa [] under the bijection Pg s(Ks) — ’PGad’S(K;d).
x,n,L

Remark 5.7. If the Shimura datum (G, X) satisfies the condition SV5, we can
define [P, 5] directly by using ¢, ,. These two ways give the same result by
Lemma 2.2 (iv) and Lemma 2.9 (iv).

By the proof of Proposition 5.4, we obtain the following description of [ Py s]
in the Hodge type case.

Corollary 5.8. Let (G, X) be a Shimura datum of Hodge type with an embed-
ding (G, X) — (GSp,,, X2,) into a Siegel Shimura datum. Assume that K, C
GSp,,(Zp) and K7 is small enough. For x € Shg (G, X )jlgdv (cl), fix an isomorphism

L: Ky g C and let (A, (ty), nK) be a triple in the isogeny class corresponding to
the C-point ix of Shg (G, X) such that A = Ax ®¢,, C.

(1) The abelian variety A, over k, extends to a semi-abelian scheme AK; over
ik;r. For £ € S, the monodromy filtration M Vi Ax on Vi Az is a shift of the
filtration in Proposition 3.11.

(ii) Fix an arbitrary representative n: Vac = VA of the K-orbit nK. For
L € S, consider the filtration (ngl 01)(M,V Ax) on Vg, obtained as the inverse

—1
image of M,V Ax under Vg, % Ve A %) Vi Ax. Then, this filtration is Gg,-

split in the sense of [Kisin 20_10, (1.1.5)]. Moreover, if we write Py ¢ for
the stabilizer of this filtration, the Ks-conjugacy class [[[,cg Px.y.¢] equals
[Px,s].
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(i) If (G, X) = (GSp,,, X2u), then Py, in (i) is the stabilizer of a totally
isotropic subspace of Vg, whose dimension equals the toric rank of the special

fiber of A, +.

Proof. The assertion (i) follows from the proofs of Proposition 5.4 and Corollary 3.12.

We prove (ii). The choice of n gives a trivialization of the K-torsor n,;l(x)
over x, which is denoted by the same symbol 5. By the argument in the proof of
Proposition 5.4, we have Gal(k, /x)-equivariant isomorphisms

1
Stdoi oy, ¢ = Va, = Lsidoix,0 = VeAx.

By Lemma 4.2 (ii), their composite is equal to

Stdoi oy, = Va, = VA Tﬂ Vi As.

Hence the filtration (ne_l ot)(M,V, Ax) equals the monodromy filtration M, Vg, on
Vo, with respect to the action of Gal(ky/kx) by Stdoi o ¢, ¢. Since the mon-
odromy filtration of Stdoi o ¢ , ¢ extends to a filtration on the Tannakian category
Repg, (Gq,), we conclude that M, Vg, is Gg,-split by [Kisin 2010, Lemma 1.1.3].
Further, by Lemma 2.2 (ii) and Lemma 2.9 (ii), we have Py , ¢ = Py, . Therefore
we have [Py s]=[[[,cg Px.y.¢] by Remark 5.7.

The (iii) follows from Corollary 3.12 and the equality (V), f}\rﬁig)L =V, fﬁrig (and
its £-adic version) in the proof of Proposition 3.11. U

Next we will show that the £-part of P, g is independent of £ € S in some sense.
To state the result, we need some preparation.

Definition 5.9. (c¢f. [Pink 1989, 4.5 Definition]) Let G4 =G, x---xG,bea
decomposition into (-simple factors. We say that a parabolic subgroup P of G is
an admissible Q-parabolic subgroup if there exists a parabolic subgroup P; of G;
for each i such that P is the inverse image of Py x --- x P, and P; is either equal
to G; or a maximal Q-parabolic subgroup of G; for each i. We write Pg g for the
set of G(Q)-conjugacy classes of admissible Q-parabolic subgroups of G.

An admissible A®°-parabolic subgroup means a parabolic subgroup of Ga~
which is G(A°°)-conjugate to an admissible Q-parabolic subgroup of G. Let
P (K) denote the set of K-conjugacy classes of admissible A®-parabolic sub-
groups of G. Further, we write Pg ac for the set of G (A*)-conjugacy classes of ad-
missible A*-parabolic subgroups of G. We have a natural map Pg(K) — Pg.ax.

Lemma 5.10. (i) The natural map P (K) — Pg.s(Ks) is injective.
(i1) The set Pg(K) is finite.
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(iii) We take a hyperspecial compact open subgroup K"S of G*4(A>5) containing
the image of K3, and put K" = K gdK "S which is a compact open subgroup
of GM(A>). Then, the natural map Pg(K) — Pgua(K") is bijective.

Proof. Fix a minimal parabolic subgroup Py of G. For an admissible (-parabolic
subgroup P containing Py, we write Pg (K ) p for the subset of P (K) consisting of
K -conjugacy classes which are G (A°°)-conjugate to P. Then, we have a bijection
K\G(A®)/P(A®) S Pg(K)p given by KgP(A®) > gPg~!.

Let us prove (i). For an admissible Q-parabolic subgroup P containing Py, we
have

K\G(A®)/P(A®) = Ks\G(As)/P(Ag) x KS\G(A%)/P(A%)
= Ks\G(Ag)/P(As)

by the Iwasawa decomposition K Py(AS) = G(AS). This implies that the com-
posite Pg(K)p — Pg(K) = Pg.s(Ks) is injective. It suffices to show that the
images of Pg(K)p and Pg(K)p in P s(Ky) are disjoint, where P and P’ are
distinct admissible (Q-parabolic subgroups containing Py. If the images of P (K)p
and Pg(K)p intersect, then Pg, and P@ are G(Qy)-conjugate for each £ € §.
By [Borel and Tits 1965, Théoreme 4.13], this means that P and P’ are G(Q)-
conjugate. Since they contain Py, they are equal. Note that in particular we have
Pc(K)p NPs(K)p = @. Hence Pg(K) equals ]_[PDP0 P (K)p, where P runs
through admissible Q-parabolic subgroups of G containing Py.

Next we prove (ii). It suffices to show that Pg(K)p is a finite set for each
admissible Q-parabolic subgroup P of G containing Py. Since

Pc(K)p = K\GA™)/P(A%) = Ks\G(As)/ P(Asy),

it suffices to show that Ks\G(Ag)/P(Ag) is a finite set. Let K (S) be the product of
special compact open subgroups of G(Qy) for £ € S. Then we have KgPO(AS) =
G (Ag). By shrinking Ks, we may assume that Kg C Kg. Then the map KS\Kg —
Ks\G(Ays)/P(Ay) is surjective, hence Ks\G(Ag)/P(Ay) is finite.

Finally we prove (iii). Note that admissible (2-parabolic subgroups of G contain-
ing Py are in bijection with those of G containing Pgd. Therefore, we have only
to show that P (K)p — Pgaa(K") paa is bijective for every admissible Q-parabolic
subgroup of G containing Py. Further, it is equivalent to the bijectivity of

()
Ks\G(Ag)/P(Ag) — KNG (Ag)/PM(Ay).
By [Springer 1998, 15.1.4], we have

G(Q)/P(Q) = (Ga,/Pa,)( Q) = (G /PEH (@) = G*(Qy)/ P (@)
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for each £ € S. Therefore the map G(Ag)/P(As) — G¥(Ag)/ P2 (Ay) is bijective.
The bijectivity of (x) easily follows from it. U

By the proof above, we also obtain the following:

Corollary 5.11. The natural map P .o — Pc.a~ is a bijection. In particular, for
a compact open subgroup K of G(A™>), we have a natural map Pg(K) — Pg.o-

Proof. We use the notation in the proof of Lemma 5.10. By definition, the natural
map Pg.o — Pc.ax 1s surjective. We shall show that it is injective. Take two
admissible QQ-parabolic subgroups P;, P> of G containing Py. If P; and P, are
G (A™)-conjugate, then [P;] € Pg(K)p, NPs(K) p, for every compact open sub-
group K of G(A™). By the proof of Lemma 5.10, it implies that P; = P,. This
completes the proof. U

Proposition 5.12. For x € Shg (G, X )j‘gdv(cl), there uniquely exists an element
[Py] € Pg(K) which is mapped to [ Py s] under the injection Pg(K) < Pg.s(Ks)
in Lemma 5.10 (i). It is independent of S.

To prove this proposition, we use the following lemma.

Lemma 5.13. Let (G, X) be a Shimura datum of Hodge type with an embedding
i: (G, X) <= (GSp,,, X2,) into a Siegel Shimura datum. Recall that V denotes
the standard representation of GSp,,,.

Let W be a totally isotropic subspace of V, and define a filtration W,V on V as
follows:

WoV =V, W_ V=W W_LVv=W, W_V=0.

We write P for the stabilizer of W,V in G.

Let L be a field of characteristic 0. Assume that the filtration W,V Qg L on
Vi =V ®qg L is Gp-split in the sense of [Kisin 2010, (1.1.2)]. Then, P is an
admissible Q-parabolic subgroup of G. Further, if we write P’ for the stabilizer of
W,V in GSp,,, we have P’ =i, P in the notation of [Madapusi Pera 2019, 2.1.28].
Namely, the cocharacter of GSp,,, associated to P’ (as in [Pink 1989, 4.1]) is equal
to i o A, where A is the cocharacter of G associated to P.

Proof. We write U for the subgroup of P consisting of elements acting on gr!’ V
trivially, and v for the cocharacter G,, — GL(gr!’ V) determined from the grading
ongrVV.

By [Kisin 2010, Lemma 1.1.1], Py, is a parabolic subgroup of G, Uy is the
unipotent radical of Py, and the cocharacter vy : G, — GL(grl’V V ®q L) over L
factors through the closed subgroup P;/Uy. Therefore, we conclude that P is
a parabolic subgroup of G, U is the unipotent radical of P, and the cocharacter
v: G, —> GL(ger V) factors through P/U. This means that the filtration W,V
is G-split by [Kisin 2010, Lemma 1.1.1]. Take a cocharacter w: G,, — G over
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@ which induces the filtration W,V on V. It induces a filtration on the Tannakian
category Repg (G). Let us prove that this filtration is Cayley in the sense of [Milne
1990, V, Definition 2.3]. Take an arbitrary element 4 € X*. By [Milne 1990, IV,
Example 1.1(c)] (cf. [Brylinski 1983, 4.2.1]), W,V and & give a mixed Hodge
structure on V. Therefore, [Milne 1990, 1V, Proposition 1.3] tells us that w and &
define a mixed Hodge structure on Vg for all objects (&, V¢) of Repg(G). Hence
the filtration induced from w is Cayley, as desired.

Now, by applying [Milne 1990, V, Proposition 2.4] to each simple factor of
(GM, X2y = (G, X;) x - -- x (Gr, X,), we conclude that P is admissible (we use
the same argument as in the proof of Lemma 2.2 (iv) to pass to the adjoint group).
The equality P’ =i, P is proved in [Pink 1989, 4.16]. ]

Proof of Proposition 5.12. Only the existence of [ P, ] requires a proof. By Lemma 2.2
(v), Lemma 2.10, Lemma 4.4, Proposition 5.3 and Lemma 5.10 (iii), we may
assume that (G, X) is of Hodge type. We use the notation in Section 4.3. By
shrinking K, we may assume that K, C K ».0 = GSp,,(Z,) and K? is small
enough. We use the notation in Corollary 5.8. Let M, = (G*, Y — G,u{x) be
the degeneration datum corresponding to A, + under the functor M in [Faltings
and Chai 1990, Chapter III, Corollary 7.2]. It gives a 1-motive M5 over k, (cf.
[Deligne 1974, §10.1]). For each prime ¢ € S, the £-adic realization Hy(Mz, Q)
of M is identified with V, Az, and equipped with the weight filtration W, % ¢, which
coincides with the monodromy filtration M, V; Az on Vy Az up to a shift.

The 1-motive Mz and the fixed isomorphism ¢: K, — C gives rise to a 1-motive
Mz over C. Its Betti realization H; (M, Q) is naturally isomorphic to H; (A, Q)
(recall that (A, (ty)acs, nK) denotes the triple corresponding to the C-point (X).
We denote the weight filtration on it by W, z.q. It is known that W_; z g is totally
isotropic and W_; z.0 = W_Lzﬁ’@ with respect to the polarization £¢y on A. For

£ € §, we write gy for the comparison isomorphism H; (A, Q) ®q Q; 3 Vi A. The
composite

—1
Hi(A, Q) @0 Q¢ = VeA — Vedy = Hi(Mx, Q)

carries the filtration W, ;x 0 ®g Q, onto W, x , defined above.
We take a representative n: Vax — VA of the K-orbit K and an isomor-

phism ng: V 3 Hi (A, Q) as in the condition (x) of Proposition 4.1. For each
prime £, we can easily observe that g, = ng_l ogg o (ng ® Qy) preserves the tensors
(S¢)acy- Therefore gy lies in G(Qy).
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We put W,V = na(W.,Lg,@) (it depends on the choice of X, ¢ and ng), and
denote by P’ the stabilizer of W,V in G. For £ € S, we have

7 o) (Weze) = (1 o) (W z.0 ®a Qr) = ge(W.V Qg Q).

By Corollary 5.8 (ii), g¢(W.V ®q Q) is Gg,-split. Hence W,V ®¢g Q; is also
Gq,-split. Therefore, Lemma 5.13 tells us that P’ is an admissible Q-parabolic
subgroup of G. Further, by the above equality, Py, in Corollary 5.8 (ii) is equal
to g¢ Py, g[l.

Set g = (g¢)res x 1 € G(A®) = G(Ag) x G(A™S). Then Py = gPr~g ' is an
admissible A°°-parabolic subgroup of G, and its image [ Py] in Pk (G) is mapped
to []_[Zes Py y.¢]l = [Py s] under the injection Pg(K) — Pg s(Ks) (for the last
equality, see Corollary 5.8 (ii)). This completes the proof. U

Corollary 5.14. For x € Shx (G, X )ﬁ (cl) and a prime number £ # p, the following
are equivalent:

@) (j)f:fle is potentially unramified.
(ii) d)f}"jp is potentially crystalline.
(i) [P]=I[G].

If the above conditions are satisfied, we say that x is of potentially good reduction.

Proof. By Lemma 2.2 (iii), ¢;f1£ is potentially unramified if and only if P¢§dl = G?Qﬁil .
By definition this is clearly equivalent to [ P,] = [G]. Similarly we can prove the
equivalence of (ii) and (iii). O

Definition 5.15. We denote the map Shg (G, X)%‘v(cl) — Pg(K); x — [Py] by
Dg.

Proposition 5.16. Let (G, X) be a Shimura datum of preabelian type.

(i) The map @k is Hecke-equivariant in the following sense. Let K, K' be
compact open subgroups of G(A*), and g an element of G (A*>) such that
g 'Kg C K'. Then the diagram

Shx (G, X)¥ (cl) = PG (K)

lg l{P]H[gng]

od Dy ,
Shg (G, X)§, (c]) —— Pg(K)

is commutative.
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(ii) Let K be a compact open subgroup of G(A™®), and K" a compact open sub-
group of G*(A™) containing the image of K. We write E® for the reflex field
of (G, XY and v the place of E* below v. Then the diagram

Shx (G, X)¥ (cl) — 2 PG (K)

l l[P]H[Pad]

Sh Gad Xad ad 1 Py ) K"

k(G XM, () = Pou(K”)
L

is commutative.

(iii) Assume that (G, X) is of Hodge type, and let i : (G, X) — (GSp,,,, X2,) be an
embedding into a Siegel Shimura datum. Let K be a compact open subgroup
of G(A™®), and K a compact open subgroup of GSp,, (A*) containing K.
Then the diagram

Shx (G, X)¥ (cl) — 5 PG (K)

l l[P]H[i*P]

(b ~ ~
Sh (GSpy,» X20)% () —— Pasp,, (K)

is commutative.

Proof. The assertions (i) and (ii) are immediate consequences of Proposition 5.3
and Lemma 5.10 (i). The (iii) follows from Lemma 5.13 and the construction of
[ P,] in the proof of Proposition 5.12. O

In the remaining part of this section, we will prove that the map ® g comes from
a partition of Shg (G, X )%‘1 into locally closed constructible subsets.

Theorem 5.17. For each [P] € Pg(K), there uniquely exists a locally closed con-
structible subset Cpy of Shg (G, X )E such that

Cpi(eD) = {x € Shg (G, X)F, (c) | Pk (x) = [P]}.
Furthermore, the subset Cig) is open and quasicompact.

Remark 5.18. The subsets {C{p;}{pjep; (k) in Theorem 5.17 are mutually disjoint
and cover Shg (G, X )'j‘gdu . Indeed, by Lemma 3.6 (i), it can be checked at the level
of classical points, which is obvious.

Theorem 5.17 will be proved in Section 5.3. Admitting this theorem, we have the
following definition.
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Definition 5.19. We put Shi (G, X); = Cig), and call it the potentially good
reduction locus of Shg (G, X )‘}:ﬁi”. It is a quasicompact open subset of Shg (G, X )Z}i
characterized by the following property:

« for x € Shg (G, X)¥ (cl), x lies in Shg (G, X)} if and only if x is of poten-
tially good reduction in the sense of Corollary 5.14.

Example 5.20. When Shg (G, X) is proper over E, G has no proper parabolic
subgroup defined over Q. Therefore, we have Pg (K) = {[G]} and Shg (G, X )pgv =
Shg (G, X)i .

5.2. Partition in the Siegel case. In this section, we give a proof of Theorem 5.17
in the Siegel case. We use the notation in Section 4.2. In particular, recall that
(V, (, )) is a symplectic space of dimension 2n over Q and L is a self-dual Z-
lattice of V. For simplicity, we write Sk for Shx (GSp,,, X 2n)ajp.

It is well-known that conjugacy classes of maximal parabolic subgroups of
GSp,, are parametrized by integers O < r < n; the class corresponding to r
consists of parabolic subgroups obtained as stabilizers of r-dimensional totally
isotropic subspaces of V. Namely, Pgsp, .0 =1{0, 1, ..., n} under the notation in
Definition 5.9. We write Pgsp,, (K), for the inverse image of r under the map

PGSPzn (K) — PGszn,Q ={0,1,...,n}

(see Corollary 5.11). Clearly we have Pgsp, (K) = ]_[Oir <n Pasp,, (K)r. We put
Pasp,, (K)<r = 1,7, Pasp,, (K),. Note that Pgsp, (K)o = Pasp,, (K)<o = {[G]}.
Proposition 5.21. There uniquely exists a constructible open subset Sk 1<, of Sk
such that x € Sk (cl) belongs to Sk 1<, if and only if g (x) € Pgsp,, (K)<,. More-
over, Sk |<o[ IS quasicompact.

Proof. By Proposition 5.16 (i), we may shrink K freely. Therefore, we may assume
that K, is contained in K, o = GSp,,(Z),).
For r > 0, let ¥, _, be the subset of ¥, consisting of x € ¥}, such that
the toric rank of the semi-abelian variety A, is at most . By [Lan 2013, Lemma
tor

3.3.1.4], it is an open subset of F,.
Since Y, is proper over Z,,, we may consider the specialization map

sp: (FRh g ) = (PR = (PR > S g

introduced in Section 3.1 (for the second equality, see Lemma 3.3 (ii)). For an
integer r > 0, we put Sk, (k7 1<r[ = sp~! (El",‘grpyirﬂ) N Ef’}‘?,,’@p. It is a constructible
open subset of szl‘?p’@p = SKp,o k». Further, let Sk 1<, be the inverse image of
Sk, ok, )<rl under the natural morphism Sg — Sk, ok»- By Corollary 5.8 (111), it
satisfies the desired property. Since Sk, k»,1<0[ = sp~ (¥ K».F,) it 18 quasicompact.
Hence Sk j<of is also quasicompact. g
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For 0 <r <n, we put Sk 1, = Sk.1<r[ \ Sk.1<r—1[, Where Sk j<—1] means <. It
is a locally closed constructible subset of Sk .

Lemma 5.22. The set mo(Sk 11) of connected components of Sk 3, is finite, and
consists of locally closed constructible subsets of Sx. Hence Sk 3| is topologically
the disjoint union of elements of wo(Sk 1r[)-

Proof. By shrinking K, we may assume that K, is contained in K, o = GSp,,(Z,).
Then the claim is the case X = Ef",‘(’r,,’@p, U=%kr.a, U =Shg(GSp,,. X2n)a,

and L =sp~! (g, <rf,) \ sp~! (Eft,?rp’fr_l’[Fp) of the subsequent general lemma. []

Lemma 5.23. Let F be a p-adic field. Let X be a purely d-dimensional proper
smooth scheme over F, and Y a closed subscheme of X whose dimension is less
than d. We put U = X \ 'Y, and consider a finite étale surjection f: U — U.

For a locally closed constructible subset L of X, we put Ly = (f*)~"(L N
U, Then, the set wo(Ly) is finite, and consists of locally closed constructible
subsets of U'™. In particular, Ly is topologically the disjoint union of elements

of mo(Ly»).

Proof. Let X’ be the normalization of X in U’. By the resolution of singularities,
there exists a purely d-dimensional proper smooth scheme X" over F' and a proper
birational morphism ¢: X” — X’ which induces an isomorphism ¢~!(U") =7
Let us denote the composite X” Lxx by ¢’. By replacing X, Y, L with X",
X" xx Y, (¢~ (L) respectively, we may assume that U’ = U.

We denote by L° (resp. L§)) the interior of L (resp. Ly) in X (resp. U).
Clearly we have Ly, = L°\Y ad We fix a prime number £ # p, and consider the
following commutative diagram:

HO(L, Fo) ——— HO(LS, Fo)

l(l) J(Z)

HO(Ly 7. Fo) —— HO(Ly, 1. Fo).
Since X is proper of finite type over Spa(F, Or), H 0(Lf, F¢) is a finite-dimen-
sional [F¢-vector space by [Huber 1998b, Proposition 3.16 i)]. Therefore, to show
the finiteness of my(Ly ), it suffices to prove that the map (1) is an isomorphism.
On the other hand, by [Huber 1998b, Theorem 3.7], the horizontal maps are isomor-
phisms. Hence it suffices to prove that (2) is an isomorphism. Note that, by [Huber
1998c, Lemma 1.3 iii)], L° and Lg, are taut, and then L°NY ad 5 also taut. There-
fore we can consider the compactly supported cohomology of these spaces. Since
dim(L° NY™) < d, we have HX~1((L°NY*) %, Fo) = HX((L° N Y%, Fy) =0.
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This implies that the natural map HCM (LCL)/,F’ Fe) — HCZ‘I(L%, [F¢) is an isomor-

phism. By the Poincaré duality, we conclude that the map (2) is an isomorphism.
By the finiteness of mo(Ly ), every element C of mo(Ly ) is an open and closed

subset of L. Since L is locally closed constructible, so is C. ([

Lemma 5.24. There uniquely exists a map Wk : wo(Sk 1r1) = Pc(K) satisfying
the following: for C € mo(Sk 1) and x € C(cl), we have Vg (C) = Pk (x).

Proof. Let C € mo(Sk j,1). Then, by Lemma 5.22 and Lemma 3.6 (i), we have
C(cl) # . Therefore, it suffices to show that @k (x) is independent of the choice
of x € C(cl). By Proposition 5.16 (i), we may assume that K, is contained in
K,.0=GSp,,(Z,). Recall that in this case Sk )<, is obtained as the inverse image
under Sg — SK!,,OKP of SKp,oKP,]fr[’ which is equal to sp_l(ﬂjt;(’r,,’gfp) N yiéjp’@p
(see the proof of Proposition 5.21).

Let Sg . be the interior of Sk, in Sk. Then, the inverse image of Sg  x» 1,1
under Sg — SK,,_OKP equals SI"(’],[. We write C° for the interior of C in Sg. It
is connected by [Huber 1998b, Theorem 3.7], and included in SIO(’]r[. Since C is
constructible in Sk, we have C(cl) = C°(cl) by Lemma 3.6 (ii). Hence it suffices
to show that ® g (x) is independent of the choice of x € C°(cl).

We apply the construction introduced in Section 3.2 to the case where § =
Ef",‘grpyir, So = E/"I‘grp’r’[Fp, U=%Ykrq, and G = A|Ep‘1&;rp,<r. We write 7 for the corre-
sponding T. By Lemma 3.5, U =U x5t(S), = SIO(p‘OK,,’]r[ in this case. Therefore,
for each m > 0 and a prime ¢, we have three locally constant constructible sheaves

Alg o Arlg o ad )
TT [Em]SKp_OKP,]r[CA [Em]SKPVOKP,Jr[C'A [Em]skpwok!’,]rl'
We put
— (15m 42drpmy.. . — (15m ATEr ™M o .
ve= (im ANy ) @@ Fo= (AR e ) 9
_ (134 rig ;
7= (Im T ) @

They are smooth £-adic sheaves over C°.

Now we use the moduli interpretation with rational level structures of Sk . Fix
a geometric point xo of C°, and let nK be the 7 (C°, X¢)-invariant K-orbit of
isomorphisms Ve 35 V> Az, corresponding to the universal level structure on
Alceo. For x € C°(cl), the rational K-level structure on 4, corresponding to x
itself is obtained in the following manner. Fix a geometric point x lying over
x. Since C° is connected, there exists an isomorphism 71 (C°, xg) — m1(C°, X),
which is canonical up to 7 (C°, Xo)-conjugacy. If we fix such an isomorphism, for

a smooth sheaf G on C°, we have a functorial isomorphism G, > Gx compatible
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with the mj-actions. In particular, the smooth sheaf (lim,, AY[N]ce) ® Q deter-
mines an isomorphism V® Az, — V>Az. By composing it with each element
of nK, we obtain a K-orbit of isomorphisms Vae = V> Az, which turns out to
be m1(C°, x)-invariant. Since the action of 7;(x, X) on V> Ay factors through
mi(x,x) — m(C°, X), this orbit gives a rational K -level structure on A,.

Fix a representative n of nK and write 1, for the composite of n and the iso-

morphism V® Az, — V> A5. We take a prime number ¢ and consider the ¢-part
Nxe: Vo, = Vg.A}O = Vi Az
ne ()

of n,. Note that the isomorphism (x) is given by the smooth £-adic sheaf V; intro-
duced above. Moreover, by Corollary 5.8 (i), Proposition 3.11, Corollary 3.12 and
its proof, the monodromy filtrations on V;.Ax, and V, Ay are given by

0CTex CFexo CTVexy» O0CTex CFexCVex,

respectively. Since F; and 7, are smooth sheaves, the isomorphism (x) carries
the first filtration to the second. Hence we have n;,lz(M. ViAx) = r][l (M VeAzx,).
which is independent of x € C°(cl). Therefore, the parabolic subgroup Py ; oy, ¢ in

Corollary 5.8 (ii), where ¢, : i i C is a fixed isomorphism, is also independent
of x. By Corollary 5.8 (ii) and Lemma 5.10 (i), we conclude that ® g (x) = [Py] €
PGsp,, (K) is independent of x. O

Proof of Theorem 5.17 for the Siegel case. For [P] € Pgsp,, (K), take 0 <r <n
such that [P] lies in Pgsp,, (K),. We put

an= J c

Cenmo(Sk 1D

Vg (C)=[P]
It is a constructible subset of Sg by Lemma 5.22. Since each C € mo(Sk jr)
is open in Sk j,[, Cip) is a locally closed subset of Sx. We can also check that
x € Sk (cl) lies in Cpj if and only if ® g (x) = [P]. We have already checked in
Proposition 5.21 that Cjg) = Sk 1<o[ 1S quasicompact open. U

Corollary 5.25. For [P] € Pg(K), and [P'] € Pg(K),, assume that r > r’ or
r =r" and [P] # [P']. Then we have Cip) N Crp) = D, where Cypy denotes the
closure of Cypy in Sk.

Proof. First assume that r > r’. Since the complement S§ 1< Of Sk 1< Is @
closed subset of Sk, we have

C[_P] N C[P’] C S?(,]Sr’[ ﬂSK,]Sr/[ = .
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Next assume that r =r’ and [P] # [P']. By construction, C|pj is closed in Sk j{.
Therefore, we have

C[_P] NCipy = (C[_P] NSk 1) NCrpp=CipNCipy =9
For the last equality, see Remark 5.18. ([

5.3. Existence of partition. In this section, we complete the proof of Theorem 5.17
by reducing to the Siegel case. First we consider the Hodge type case.

Lemma 5.26. Let (G, X) be a Shimura datum of Hodge type with an embedding
i: (G, X) = (GSp,y,, X2,) into a Siegel Shimura datum. For a compact open
subgroup K of G(A™®), there exists a compact open subgroup K of GSp,, (A™)
containing K such that the map Pg(K) — Pasp,, (I? ); [P] > [iy P] is injective.

Proof. 1t suffices to prove the following claim:

for [P1], [Pz] € Pg(K) with [P1] # [P,], there exists a compact open
subgroup K <[P1].[P2] of GSp,,,(A*) containing K such that [i, Py ] # [i, P2]
in Pasp,, (K(pi1,1P2])-

Indeed, the intersection of I?J[pl],[pz] for all pairs ([P1], [P2]) with [P{] # [P>]
satisfies the desired condition.

Fix a compact open subgroup Ko of GSp,,, (A*>) containing K. Take representa-
tives Py, P, of [P1], [P2], respectively Weput Z={g e Ko | g(z*Pl)g L=, P),
which is clearly a closed subset of Ko Therefore, a subset K Z of Ko is compact,
hence closed. We prove that 1 ¢ KZ. If 1 € KZ, there exists k € K such that
k(i, PNk~ =i, Ps. Taking intersections with G, we obtain kPk~' = P,, which
contradicts the assumptlon [P1] # [P>]. Therefore, we can find a compact open
normal subgroup K, of Ko such that K, N KZ = @. Then, K[pl] [P = KK,
is a compact open subgroup of GSp,, (A™) satisfying K[pl],[pz] NZ = . This
concludes the proof. O

Proof of Theorem 5.17 for the Hodge type case. We assume that (G, X) is of
Hodge type, and take an embedding i: (G, X) — (GSp,,, X2,) into a Siegel
Shimura datum. Further, we take a compact open subgroup K C GSp,,, (A>)
as in Lemma 5.26.

Let [P] € Pg(K). Since Theorem 5.17 is known for the Siegel case, we have
a locally closed constructible subset Cy;, pj of Shg(GSp,,,, Xz,,)gp. Let Cjp) be

the inverse image of Cy;, py in Shkx (G, X )aEdU . Then, Cyp; satisfies the desired con-
dition by Proposition 5.16 (iii). The subset Csj is open and quasicompact, since
CiGsp,,] = Sg.j<o[ 1s open and quasicompact. g

The following lemma is the Hodge type version of Corollary 5.25.
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Lemma 5.27. Let (G, X) be a Shimura datum of Hodge type. Take an embedding
i: (G, X) = (GSp,,, X2,) into a Siegel Shimura datum. For a compact open
subgroup K of G(A®) and an integer 0 < r < n, we write Pg(K), for the inverse
image of r under the composite

Pe(K) — Ps.a = Pasp,.0 ={0,1,...,n}.

For [P] € Pg(K), and [P'] € Pg(K),', assume that r > r' or r =r' and [P] #
[P']. Then we have Cp; N Cip = @, where Cp, denotes the closure of Cp) in
Shg (G, X)%.

In particular, if [P], [P'] are distinct elements of Pg(K) such that P is G (A)-
conjugate to P', then we have Cpy N Cipy = @.

Proof. We take K as ~in Lemma 5.26. By definition, we haxe [i«P] € PGSPZn(kV )y
and [i,P'] € PGsp,, (K),. Since the map P (K) — Pasp,, (K) is injective, we have
[ixP] # [ix P'] if r =r’. Hence Corollary 5.25 tells us that Ci.pNCli.py=92.

Since the natural morphism Shg (G, X)'j‘li"v — Shg(GSp,,, in)g‘p maps Cip]
and Cip) into Cj;, p) and Cy;, p), respectively (see the construction of Cipj in the
proof of Theorem 5.17), the set C(p N Cypr is mapped into Cj; p; N Cpi,prp = .
Therefore we conclude that C;», N Cipy = 2.

The last claim follows from the observation that if P and P’ are G (A*°)-conjugate,
then r =r’. O

Now we can prove Theorem 5.17 for the preabelian type case.

Proof of Theorem 5.17. We choose a compact open subgroup K” of G*(A™) in
such a way as in Lemma 5.10 (iii), and use the notation in Lemma 4.4. We write
E’ for the reflex field of (G’, X’), and choose a place v’ of E’ above v (for the
definition of v®, see Proposition 5.16 (ii)).

We have natural maps

Pe(K') = Pgra (g7 K" gi) &> Pgua(K") = Pgaa(K") Z Pi(K)

for each i (see Lemma 5.10 (iii)). Let S; be the inverse image of [P] € Pg(K)
under this map. We put CE’?,] = Ui<i<m fi(Ugjes; Crop)- Since Cig for each
[Q] € S; is constructible, Lemma 3.7 (i) tells us that Cf‘g] is constructible. Let
us prove that Cf‘g] is locally closed. By Lemma 3.6 (i), Proposition 5.16 (i), (ii)
and the constructibility of C E’g], we can check that the inverse image of C f‘g] under
[i<i<m fi equals [[;;-,, Ujpjes; Cro)- Therefore, Lemma 3.7 (ii) tells us that
it suffices to prove that (g5, Cioj is locally closed. Note that we have the
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commutative diagram

Por (K'Y —— Pgua(g] K" gi) — Pt (K" +— Pgaa(K") +—— P (K)

|, o

’PG,’Q —:) ,PG/ad’@ _ PG/ad,@ (;) PGad’@ <; ,PG,@,

where the vertical arrows are the maps in Corollary 5.11. From this diagram we
can observe that all elements in S; are G'(A*)-conjugate. Now Lemma 5.27 tells
us that the closure C, of Cygj for [Q] € S; does not intersect U[Q’]ES,-\{[Q]} Cio-
Therefore Cg is closed (hence open) in [ J;pncs, Cio/)» from which we conclude
that Ujgjes, Croy is locally closed in Shg/ (G, X/)‘g,ﬂ, as desired.

Let Cip) be the inverse image of C f‘g] under the map

Shx (G. X)¥, — Shgr(G*, X*)}, = Shgn (G, X"},
v vad vad
(here E2 and v are as in Proposition 5.16 (ii)). Then Cjp; satisfies the desired
condition by Proposition 5.16 (i), (ii).
If [P]=[G], we have S; = {[G']}. Hence the openness and the quasicompactness
of Cj¢; follows from those of Cjg. ]

Lemma 5.28. Let (G, X) be a Shimura datum of preabelian type. Take a Shimura
datum (G', X') of Hodge type such that (G, X*) = (G4, X", and an embed-
ding i: (G', X') < (GSp,,, X2,) into a Siegel Shimura datum. For a compact
open subgroup K of G(A®) and an integer 0 < r < n, we write Pg(K), for the
inverse image of r under the composite

P6(K) = Pg.a = Pgu.g = Pouig = Po.a — Pasp,.0 =10, 1, ..., n}.

For [P] € Pg(K), and [P’'] € Pg(K),', assume that r > r' or r =r' and [P] #
[P’]. Then we have Cp; N Cipy = &, where Cp, denotes the closure of Cpy in
Shg (G, X)i.

In particular, if [P], [P'] are distinct elements of Pg(K) such that P is G(A>)-
conjugate to P', then we have Cp; N Cp) = @.

Proof. We use the same notation as in the proof of Theorem 5.17 above, and denote
the morphism Shg (G, X)% — Shg(G*, Xad);f{,dd & Shgr (G, X’ad)g{,dd by h.
If a point x belongs to C(p) N Cipy, we can find Ly € C|p) specializing t(v) x (see
[Hochster 1969, Corollary of Theorem 1]). By the construction of C|pj, there exist
1 <i<m,[Q]€eS; and y’ € Cjg) such that h(y) = f;(y’). Since f; is finite, there
exists x" € Shg (G, X’ )?Ed,/ which is a specialization of y’ and mapped to A (x) by

fi. By Remark 5.18, x’ lgelongs to Cior) for a unique [Q"] € Px/(G’). Take r”
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such that [Q”] lies in Pg/(G"),~. Since x’ € Cio1NCior), Lemma 5.27 tells us that
we have either r <7” or [Q] =[0"].
We write [ P”'] for the image of [Q”] under the composite

P (K') = Pgua (g7 K" gi) &> Pgaa(K") = Pga(K") = Po(K).

It belongs to Pg(K),». Since h(x) = f;(x") € Cfg,,], the point x lies in Cppry.
Hence Remark 5.18 tells us that [P'] = [P”]. In particular we have r’ = r”, which
implies [Q] = [Q"]. Therefore we have [P] = [P"] = [ P’], which contradicts the
assumption on [P’]. O

Corollary 5.29. Let (G, X) be a Shimura datum of preabelian type. Let K and
K’ be compact open subgroups of G(A®) and g € G(A®) with g~'Kg C K'.
For an element [P'] of Pg(K'), the inverse image of Cpr) under the Hecke action
g: Shg (G, X) — Shg/ (G, X) is equal to

]_[ Cip

[PlePG(K),
[~ Pgl=[P']in PG (K")
as topological spaces.
In particular, for [P] € Pk (G), Cip) is mapped to Ci,-1p,) under the Hecke
action by g.

Proof. First note that both ¢~'(Cip)) and Uy piepy (6.1 pei=(p CiP] are con-
structible subsets and have the same set of classical points by Proposition 5.16 (i).
Therefore, by Lemma 3.6 (i), they are equal. The union U[P]GPK(G)’[g—l pei=tp1 Cip]
is set-theoretically disjoint by Remark 5.18. Let [P;], [ P>] be distinct elements
of Pg(K) such that [¢7' Pig] = [¢7' P»g] in Px/(G). Lemma 5.28 tells us that
Cip, and Cip,) are disjoint. This implies that Cyp,) is closed (hence open) in

[P1ePx (G).1g Pal=(P] C1P1- Now the proof is complete. U

The following lemma will be used in the next section.

Lemma 5.30. Let the notation be as in Lemma 5.28. Put Pg(K) <, =, , Pc (K),'.
Then, U, g = U[P]ePG(K)<,. Cip is a constructible open subset of Shg (G, X)adv,
and U, g \ U,_1 x equals ]_[[P]ePG(K), Cip) as topological spaces (here we put

U_1.xk =9).

Proof: By Lemma 5.28, the set ), U\ pjep, k), Cip1 is closed in Shg (G, X
Therefore, by Remark 5.18, U, g is open in Shg (G, X)%{}. Since Cipj is con-
structible for every [ P], the subset U, g is also constructible.

The claim U, g \ U,_1 xk = ]_[[P]ePG(K), C|p follows from Lemma 5.28 by the
same argument as in the proof of Corollary 5.29. ]
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Remark 5.31. If (G, X) is of Hodge type (namely, (G, X) = (G’, X)), we can
also construct U, g in the following way. Take a compact open subgroup K C
GSp,, (A*) containing K. Then, U, g equals the inverse image of Sg ;_, under

Shx (G, X)¥, — Shg(GSpy,, X22)f) = Sg-

This is an immediate consequence of Proposition 5.16 (iii) and Proposition 5.21.

6. Cohomology of Shimura varieties

6.1. Comparison of cohomology. We continue to assume that (G, X) is of pre-
abelian type. For simplicity, we further assume that (G, X) satisfies SV6 in [Milne
2005, p. 311]. We simply write Shx for Shg (G, X), if there is no risk of con-
fusion. Fix a prime ¢ which is different from p. Let G¢ be the quotient of G
defined in [Milne 1990, p. 347], and £ an algebraic representation of G¢ on a
finite-dimensional @g—vector space. Then we have the associated @g—sheaf Le on
Shg (see [Milne 1990, III, §6]). Moreover, L¢ is equivariant with respect to the
Hecke action.

Let p’ be a prime number. Let us fix a compact open subgroup K?’ of G(’Z\”/).
We consider the compactly supported cohomology

H,(Shy, xv g, L&) =1 HCI(Sth,Kp/’EU,ﬁg).

—

K,

The group G(Q,) x Gal(E,/E,) acts on it in a natural way. By this action,
H C’ (Shoo’ K E,» L) becomes an admissible/continuous representation of G (Q,) x
Gal(E v/ Ey) in the sense of [Harris and Taylor 2001, §1.2].

The group G(Q,) x Gal(E,/E,) naturally acts also on

|

H{(ShE ) 7 £ =1im HI(SHEE o L3,

C p/
],/K’ s

>

P

See [Huber 1998a, §1] for the definition of the compactly supported £-adic co-
homology for adic spaces. It gives an admissible/continuous representation of
G(Q,) x Gal(E, /E,) (¢f. Lemma 6.6 in the next subsection).

Here we use the notation in [Harris and Taylor 2001, §1.2]. Let H be a lo-
cally profinite group. For an admissible/continuous representation V of H x
Gal(E, /E) over Q; and an irreducible admissible representation & of H, put
Virl=& o o®Mx% where o runs through finite-dimensional irreducible continu-
ous @g—representations of Gal(E v/ Ev) and m g, denotes the coefficient of [7 Ko ]
in the image of V in the Grothendieck group considered in [Harris and Taylor 2001,
§L1.2]. It is a semisimple continuous representation of Gal(E, JEy).
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Theorem 6.1. The kernel and the cokernel of the canonical homomorphism

H'(Sh™®

OOKP ﬁgd) - HZ(ShOO,Kp/,EU’ﬁé)
are noncuspidal, namely, they have no supercuspidal subquotient of G(Q,). In
particular, for an irreducible supercuspidal representation w of G(Q,), we have

an isomorphism
H[(Sh?® K B L1 = Hi(Shy k5. Lo,

This theorem will be proved in Section 6.2.

Remark 6.2. Let H' (Shy kv E,» L&) = li_r)nKp, H (Sth/K,,/’EU, Lg) be the ordi-
nary cohomology of our Shimura variety. This is also an admissible/continuous
representation of G(Q,) x Gal(E,/E,). By using the minimal compactification
of Shg and its natural stratification (cf. [Pink 1992, §3.7]), it is easy to see that the
kernel and the cokernel of the canonical homomorphism

Hé(Shoo,KP’,EU’ Le) — Hi(Shoo,K”’.Ev’ Le)

are noncuspidal as G(Q,)-representations (in fact, we can use the similar argument
as in the next subsection). Therefore, the kernel and the cokernel of the composite

H[(Sh?® k' E ,ﬁgd) — H.(Shy xp g, L&) = H' (Sh xr F.. L)
are noncuspidal by Theorem 6.1.

Remark 6.3. Let IH'(Shy, v 7, £c) = limy  H' (", 7 . jiuLs) be the in-
El Ly — p/
hmll'l
K, KV

denotes the minimal compactification of Shy . ,/. Then, as in the previous remark
P

tersection cohomology of our Shimura variety, where j: Shy , < S
P

it is easy to see that the kernel and the cokernel of the canonical homomorphism
H!(Shy, x5, L&) = IH' (Shy g 5 . Le)
are noncuspidal. Therefore, by Theorem 6.1, we have an isomorphism

H/(Sh*® LI ZIH (Shy gy F,» Le)l]

K" E,
for an irreducible supercuspidal representation = of G(Q,).

Corollary 6.4. We put

H!(Sh Ly) =lim H(Sh, g 5 . Le), H] (Shpg .cad)
KP
=lim H (ST |, 7 £29).
K?

00,E,?

These are admissible/continuous G (A°) x Gal(E, / Ey)-representations.
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Let T1 be an irreducible admissible representation of G(A™). Assume that there
exists a prime p’ such that T,y is a supercuspidal representation of G(Q,). Then,
[T does not appear as a subquotient of the kernel or the cokernel of the canonical
homomorphism HL’: (Sh’;i’ £’ Egd) — HL‘: (Sh

isomorphism of Gal(E , / E,)-representations

.E,» L&)- In particular, we have an

H{(ShY® . L[] = H{(Shy, £, . Lo)ITT].

Proof. We take a compact open subgroup K? C G(Z"') such that TT¥ ‘ #0. If
I1 appears as a subquotient of the kernel or the cokernel of H! (Shii F o Egd) —

H!(Sh Le), then I, appears as a subquotient of the kernel or the cokernel of

00,E,’ ‘
H! (Shfﬁ,Kﬂ’,E,}’ Egd) — H.(Shy, xv 5, Le) (cf: Lemma 6.6 in the next subsection).
This contradicts Theorem 6.1. U

6.2. Proof of Theorem 6.1. Let K be a compact open subgroup of G(A*). We
regard Cypy for [P] € Pg(K) as a pseudo-adic space (cf. [Huber 1996, §1.10]). See
[Huber 1998a, Proposition 2.6(i)] for the definition of the compactly supported ¢-
adic cohomology of pseudo-adic spaces.

Proposition 6.5. Let [ P] be an element of Pg(K).
(1) For a constructible Z—aﬁc sheaf F = (F») ® Qg on Shg g, H! Cip1E, Fady
is a finite-dimensional Q¢-vector space.
(ii) For a constructible Z/¢"Z-sheaf F on Shy g , H! (Cip1E,> F) is a finitely
generated 7 /0" Z-module.

Before proving this proposition, we note the following general lemmas.

Lemma 6.6. Let k be an algebraically closed nonarchimedean field, and X an adic
space locally of finite type, separated and taut over k. Let L be a locally closed
constructible subset of X, which is regarded as a pseudo-adic space. Let wt: X' —
X be a finite étale Galois covering with Galois group H. We put L' =~ (L). For
an L-adic sheaf F = (F,) ® @g on X, the natural map

HI(L,F)— H{(L', 7*F)"
is an isomorphism.

Proof. This lemma might be well-known, but we include its proof for reader’s
convenience. We put F, = m,w*F, and F' = (F,) @ Q;. The group H acts
on F, and we have (F/) = F,. Consider the map ¢ = Yohen bt F — Fa.

The composite F,, — F,, Y, Fn equals the multiplication by #H. By taking the
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cohomology, we have a commutative diagram

Hi (L, (Fn) @80 — HI(L, (F) 98— Hi(L. (F),) 0 T

b/
ZheH

HI(L', (0" Fo)a) ® Qe =5 HI(L', (7* Fu)n) @ Q.

The composite of two upper horizontal arrows is the multiplication by #H , which is
an isomorphism. Therefore 7* is injective and HC’ () is surjective. The surjectivity
of H!(yr) implies that the image of 7* is equal to that of Y hey b, thatis, the H-
invariant part of H (L', (7w*Fp)») ® Q. O

Remark 6.7. By the same method, we can also prove that the natural map
. _ . __\H
lim H{(L, 7,) ©T, — (lim Hi(L', 7°F,) © T
n n

is an isomorphism.

Lemma 6.8. Let k be an algebraically closed nonarchimedean field. Let X be an
adic space locally of finite type, separated and taut over k, and U a constructible
open subset of X. Set Z = X \ U, which is regarded as a pseudo-adic space. For
an L-adic sheaf F = (F,) ® Qy over X, we have a long exact sequence

-+— H/\(U,F)—> H.(X,F)—> H(Z,F) > H' U, F) > - -

Proof. Since the open immersion j: U < X is quasicompact, we have H! (U, F) =
H!(X, jij*F) by the definition of the compactly supported cohomology. There-
fore, the claim follows from [Huber 1998a, Proposition 2.6(i)]. ([l

Proof of Proposition 6.5. We consider (i). Note that Corollary 5.29 and Lemma 6.6
enable us to shrink K arbitrarily.

First consider the Hodge type case. Take an embedding (G, X) — (GSp,,,, X2,)
into a Siegel Shimura datum. We have a constructible open subset U, ¢ for each
0 <r <n by Lemma 5.30. By the long exact sequence

"_>Hci(Ur71,K,E’]:)_)H(U K.E, "F)_>H(UrKE \U,_1 kg, F)
> HWU, Ly g F) =

(see Lemma 6.8) and Lemma 5.30, it suffices to show that H W, k. E, F) is finite-
dimensional for each 0 <r <n.

Take a compact open subgroup K of G (A®) so that we have a natural embed-
d1ng ShK(G X) — ShK(Gszn, X5,)E. By shrinking K, we may assume that
K = K K? with K C GSpy,(Zp). Let F2" be the normalization of 9"‘“ i

Shg (GSp,,, X21)a,, and S’III(OL ¥, the 1nverse image of 9"1‘(’2 <, in S’II‘(‘”. We
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write Y for the closure of Shg (G, X)g, in ff‘%)rE and put Z =Y \ Shg (G, X)E,.

Let V denote the inverse image of 7"

under the composite
<nF,

yad (Efr}(g)r zgiv N (g;rl?r)aip _ (g;rlg)r)Ang p 8;1[1{0r[F ’
which is a quasicompact open subset of Y2, Note that V \ (V N Z*) = U, ¢ by
Remark 5.31. Therefore, [Huber 1998a, Theorem 3.3(i)] tells us that H W, kg, F)
is finite-dimensional. This completes the proof in the Hodge type case.

Next we consider the preabelian type case. We choose a compact open sub-
group of K” of G*(A™) in such a way as in Lemma 5.10 (iii), and use the no-
tation in Lemma 4.4. Then, for [P] € Pk (G), the inverse image of Cjp.s) under
7: Shg (G, X) — Shg(G*, X29) is equal to Cyp). Therefore, by pushing for-
ward sheaves by 7, we may assume that G = G’ (note that (7, F,)* = nfd]-",";‘d
by [Huber 1996, Theorem 3.7.2]). Since the Hecke action is transitive on the
connected components of Shx (G, X) E,» We may work on a connected compo-
nent Shg (G, X )% of Shx (G, X) E, which is a quotient of a connected component

Shg/ (G, X/)% of Shg/ (G, X') 5, by a free action of a finite group H for some K.
By Corollary 5.29, the inverse image of Cp, g, NShk (G, X)%jd for [P] € Pk (G)
under

£ Sh(G', X% — Shg (G, )%

equals
0,ad
]_[ C[P/],EU mShK’(G/, X/)Ej .
[P']ePk(G"),[P']—[P]

Since Hj (Cip.E,» f*F) is finite-dimensional, so is
H{ (17 (Cipy 5, NShk (G X)3™), f*F).

By Lemma 6.6, H' (C[P] g, N Shx (G, X)O ,ad , F) is equal to the H-invariant part
of the above, hence finite-dimensional. ThlS concludes the proof of (i).

The assertion (ii) can be proved in the same way, by using the Hochschild—Serre
spectral sequence in place of Lemma 6.6 when taking a quotient. (]

Remark 6.9. By the same method and Remark 6.7, we can also prove that the
natural map H (Cip1E, Fady lim, H! (Cip1.E, > Fy ® Qg is an isomorphism.
However, we do not need this fact.

Now let K’ be as in Section 6.1, K » @ compact open subgroup of G(Q,), and
K= Kerf’/. Take a Shimura datum (G’, X’) of Hodge type such that (G, X24) =
(G'™, X"*d), and an embedding i : (G, X') < (GSp,,, X2,) into a Siegel Shimura
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datum. Then, as in Lemma 5.28 and Lemma 5.30, we obtain an increasing se-
quence

{[Gl} =Pg(K)<o CPs(K)<1 C--- CPs(K)<p =Pg(K)

of subsets of Pg(K). Note that Pg(K), = Pg(K)<, \ Pc(K)<r—1 is a union of
fibers of the natural map Ps(K) — Pg.a~. Therefore, by refining the sequence
above, we can find an increasing sequence

{[G}=S8C 8S1 & & Sn="Ps(K)
of subsets of Pg(K) satisfying the following conditions:

o For every 0 < r < n, there exists 0 < j < m such that §; =Ps(K)<,.

e For [P],[P,] € Pg(K), Py and P, are conjugate by G(Q,) if and only if
[P1], [P2] € S\ S for some 0 < j < m (here we put S_; = ).

ForO<j<m,weputTjg = U[P]eS_,- Cip1- By Lemma 5.30, it is a constructible
open subset of Sh‘}g E,- Further, we put Z; x =T, xk \ Tj_1,x (T-1,k is regarded as
@). Lemma 5.30 tells us that Z; g = ]_[[P]esj\sj,. Cip as topological spaces. For a
compact open subgroup K 1/,, CKy,weput K'=K 1’7,K ' and let § ; be the inverse
image of S; under the natural map Pg(K’) — Pg(K). The sequence {S}}OE j<m
satisfies the same conditions as {S;}o<;<n» does. Therefore, we can define T; g/
and Z; g/ in the same way as T} ¢ and Z; 1< Note that Tj k' (resp. Zj k) is the
inverse image of T g (resp. Z; x) under Sh B, Sh . We put

Ve =lim HA(T; o g, £5),  V; =lim H, (ZJ,K/,EU’ g,
// K//
P P

where K ;7, runs through compact open subgroups of K .

Lemma 6.10. (i) The group G(Q,) naturally acts on Vl and V’ and these are
admissible G(Q,y)-representations.

(ii) We have the following long exact sequence of G(Q,)-modules:

i i i i+1
= Vo 2V 2 ViV =

Proof. By Corollary 5.29, the group G(Q,) acts on V’ and V‘ By Lemma 6.8,
we have a long exact sequence as in (ii), which is obv1ously G(@ r)-equivariant.
Let us prove (i). Clearly V’ and V’ are smooth G(Q,)-representations. We
will show the admissibility of them Take a compact open subgroup K, of G(Q,)
and its open normal subgroup K, and put K = K, K PK = K, K ” . Then, we
have
Hci(Zj,K’,EU’ 52‘1) V= Hci(Zj,K,Eu’ ﬁgd)
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by Lemma 6.6. Taking the inductive limit with respect to K ;,, we have

VDS =H{(Z; x5, Y= D  H(Cpyp, £
[PleS;\S;_1

By Proposition 6.5 (i), it is a finite-dimensional @;-vector space. Therefore we
conclude that V; is an admissible representation of G(Q,/). By the long exact
sequence in (ii) and the obvious identity V;; = V., we can see the admissibility of
V; j inductively. - U

Proposition 6.11. We take a representative P; of an element of S; \ S;_1. For a
compact open subgroup K;, C Ky, let [Pl denote the class of P;j in Pg(K').
We put W; = li_n)lK,P/ H! (Cipj1p By Egd), where K;, runs through compact open
subgroups of K ;.

(i) We have a natural smooth action of P;(Q,) on W]’

G@,)

(ii) We have a natural G(Q,y)-equivariant isomorphism Vi =1Ind ,
P j Pi(@,)

i
Wi
(iii) The G(Q,)-representation V; is noncuspidal.

Proof. The claim (i) is clear from Corollary 5.29. Let us prove (ii). We follow the
proof of [Ito and Mieda 2010, Proposition 5.20]. By the Frobenius reciprocity, we

G@Q,) i i
Pi(@,) W} — V;. We shall observe

that this is bijective. We take a special maximal compact subgroup K 2, of G(Qp).

have a homomorphism of G(Q,)-modules Ind

For a compact open subgroup K ;,, C K,y which is normal in K 2,, we have

H(Z; x5 L= D HICppy,s £89

[PIeS\S)_,
2) ] d
= D Ho(Crepgn £, L)
$€K \G(@,)/P;(@,)
(©)] j d
= @ H, (C[gP_/g*‘]KuF?v’ Eg )

0 0
geK’p,\Kp,/Pj(@p/)ﬂKp,

N i ad
- Ind(f’j(@pf)”Kg/)/(Pj(@pf)”K}/) HeCrppg 0 L)

Here (1) follows from Z; g = ]_[[ PIeS\S_, C|p) mentioned before, (2) from the
J J=

definitions of S} and P;, and (3) from the Iwasawa decomposition G(Q,) =

P;(Q,)K 2,. The isomorphism (4) is a consequence of Corollary 5.29 and [Boyer
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1999, Lemme 13.2]. By taking the inductive limit, we obtain K 2,—isomorphisms

. KO, L~ G@,)
i~ P i =
Vi =Ind, a0k, Wi < 1dpq,)

Wl
(the second map is an isomorphism by the Iwasawa decomposition). By the proof
of [Boyer 1999, Lemme 13.2], it is easy to see that the first isomorphism above
is nothing but the K g,-homomorphism obtained by the Frobenius reciprocity for
P;(Q,)N Kg, C Kg,. Therefore the composite of the two isomorphisms above
coincides with the G (Q)-homomorphism introduced at the beginning of our proof
of (ii). Thus we conclude the proof of (ii).

Finally consider (iii). By (ii), we have only to prove that the unipotent radical of
P;(Q),) acts trivially on W]’ By [Boyer 1999, Lemme 13.2.3], it suffices to prove

that Wj’: is an admissible P;(Q, )-representation. For any compact open subgroup

@ ’
K’ » of K 0,, the vector space (W )P 1(@p)NK, isa subspace of (Ind P((@ )) W )
G(@ )

By (ii) and Lemma 6.10 (i), (Ind P, (@ W’) (V;) v is a finite-dimensional

Qg-vector space. Hence WJ’ is an admissible P;(Q,)-representation, as desired.
O

Proof of Theorem 6.1. The claim follows from Lemma 6.10 (ii) and Proposition 6.11
(iii), because V., = H! (Shpg KB cgd) and VL, = H/(Shy, x» ., Le). O

6.3. Torsion coefficients. Since our method of proving Theorem 6.1 is totally geo-
metric, we may also obtain an analogous result for £-torsion coefficients. For sim-
plicity, we will only consider a constant coefficient F,. We assume that p’ # £, and
put

H (Shoo KP' E,> [Fe) —hmH (ShK /KP E, ’EZL

K /
i pg pg T
H(Sh™ I]:g)—lll(ruH LN 7,0 PO

They are naturally endowed with actions of G(Q,) x Gal(E,/E,). They are ad-
missible/continuous G (Q,/) x Gal(E, / E,)-representations; note that we have

H{(She g 5, F)*» = Hi(Shg . 5. Fo),

i (QpPE FNKy _ pg T
H; (Shoo,Kp’,Ev’ F)Xr = H! (ShK X?.E, , Fe),
if K, is a pro-p’ group (cf. [Mieda 2010, Proposition 2.5]).
The following theorem can be proved in exactly the same way as Theorem 6.1
(we use Proposition 6.5 (ii) in place of Proposition 6.5 (1)).
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Theorem 6.12. We assume that p’ # €. The kernel and the cokernel of the canoni-
cal homomorphism

H' (Shii e Fe) > H.(Shy ' 5, Fo)
have no supercuspidal subquotient of G(Q ). (For the definition of supercuspidal
representations over Fy, see [Vignéras 1996, 11.2.5].)

7. PEL type case

7.1. Notation for Shimura varieties of PEL type. In this section, we are inter-
ested in Shimura varieties of PEL type considered in [Kottwitz 1992b, §5] (see
also [Lan 2013, §1.4]). We recall it briefly. Fix a prime p. Consider a 6-tuple
(B,Opg,*,V,L,{(,)), where

* B is a finite-dimensional simple Q-algebra such that B ®q Q,, is a product of
matrix algebras over unramified extensions of Q,,

e Op is an order of B whose p-adic completion is a maximal order of B ®¢g Q,,

* x is a positive involution of B (namely, an involution such that Tr(bb*) > 0
for every nonzero b € B) which preserves Op,

¢ V is a nonzero finite B-module,
e L is a Z-lattice of V preserved by Op, and

e (,): VxV — Qis anondegenerate alternating *-Hermitian pairing with
respect to the B-action such that (x, y) € Z for every x, y € L, and that L, =
L ®z Z), is a self-dual lattice of V, =V ®q Q,,.

From (B, V, (, )), we define a simple (-algebra C = Endp(V) with a unique
involution # satisfying (cv, w) = (v, ¢*w) for every ¢ € C and v, w € V. Moreover
we define an algebraic group G over Q by

G(R)={ge(C®qR)"|gg" € R*}

for every Q-algebra R. The condition gg* € R is equivalent to the existence of
c(g) € R* such that (gv, gw) = c(g){v, w) for every v, w € V ®g R. By the
presence of the lattice L, G can be naturally extended to a group scheme over Z,
which is also denoted by the same symbol G.

Consider an R-algebra homomorphism 4 : C — C ®g R preserving involutions
(on C, we consider the complex conjugation) such that the symmetric real-valued
bilinear form (v, w) — (v, h(i)w) on V ®qg R is positive definite. Such a 7-tuple
(B,Op,*,V,L,{(, ),h)is said to be an unramified integral PEL datum. Note that
the map 4 induces a homomorphism Resc /g G,, — G of algebraic groups over
R, which is also denoted by 4.
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Let F be the center of B and F the subfield of F consisting of elements fixed
by *. The existence of & tells us that N = [F : F*](dimp C)]/2/2 is an integer. An
unramified integral PEL datum falls into the following three types:

type (A): [F: FT]=2.

type (C): [F: F™] =1 and C ®q R is isomorphic to a product of M,y (R).

type (D): [F: F"]=1 and C ®g R is isomorphic to a product of My (H).

For simplicity, we will exclude the type (D) case.

Using h: C > C ®g R — C ®qg C, we can decompose the B ®g C-module
VRapCasV®gC=V &V, where V| (resp. V») is the subspace of V ®¢g C
on which /(z) acts by z (resp. z) for every z € C. We denote by E the field of
definition of the isomorphism class of the B ®g C-module V;, and call it the reflex
field. It is a subfield of C which is finite over ().

In the sequel, we fix an unramified integral PEL datum (B, Op, *, V, L, (, ), h).
For a compact open subgroup K? of G(Z”), consider the functor ¥x» from the
category of Of (p)-schemes to the category of sets, that associates S to the set of
isomorphism classes of quadruples (A, i, A, n?), where

e A is an abelian scheme over S,
e L: A — AV is a prime-to-p polarization,
e i: Op — Endg(A) is an algebra homomorphism such that A oi(b) =i(b*)¥ oA
for every b € Op,
e n? is a level-K? structure of (A, i, 1) of type (L ®z /Z\P, (', )) in the sense of
[Lan 2013, Definition 1.3.7.6],
satisfying the equality of polynomials detp, (b; Lie A) = detg (b; V1) in the sense of
[Kottwitz 1992b, §5]. Recall that two quadruples (A, i, A, n”) and (A’,i’, )/, n'P)
are said to be isomorphic if there exists an isomorphism f: A — A’ of abelian
schemes such that

e A= fYoMof,
e foi(b)=1i(b)o f forevery b € Op,
e and f on? = n'? in the sense of [Lan 2013, Definition 1.4.1.4].

If K? is neat (c¢f. [Lan 2013, Definition 1.4.1.8]), the functor Sk, is represented by
a quasiprojective smooth Of (,)-scheme (see [Lan 2013, Corollary 7.2.3.9]), which
is also denoted by ¥k ». Here we will call it a Shimura variety of PEL type. The
group G (A7) naturally acts on the tower of schemes (¥g») g » cG(@r) s Hecke
correspondences.

Let ¢ be a prime number different from p. For an algebraic representation & of
G on a finite-dimensional @g -vector space, we can define a @g—sheaf Lg on Shg
(see [Milne 1990, 111, §6]). It is equivariant with respect to the Hecke action.
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Remark 7.1. (i) Our definition of ¥k, due to [Lan 2013], is slightly different
from that in [Kottwitz 1992b], but they give the same moduli space. See [Lan
2013, Proposition 1.4.3.4].

(i1) Let us recall the relation between ¥x» and Shimura varieties in Section 4.
See [Kottwitz 1992b, §8] for detail. Let X denote the G (R)-orbit of the ho-
momorphism 4 : Resc/r G, — Gg. Then, the pair (G, X) forms a Shimura
datum, and Sk g is isomorphic to a disjoint union of #ker (Q, G) copies
of Shg(z,)kr (G, X). In the cases of type (C) or type (A) with N even, it is
known that ker! (Q, G) = 1.

So far in this section, we have only considered level structures which are prime to
p. Now we add p"-level structures on the universal abelian scheme of the generic
fiber Fkr . Let $,, kr. g be the scheme over Fk» g classifying principal level-m
structures (cf. [Lan 2013, Definition 1.3.6.2]) of the universal object (A, §Univ univy
over ¥x» g. We denote the structure morphism ¥, x» g = Sk g by pr,,, which
is finite and étale. We write L¢ ,,, or L¢ for the inverse image of L¢ by pr,,.

Let K, ,, be the compact open subgroup of G(Q),,) defined as the kernel of
G(Z,)— G(Z/p"Z). Then &, k» g coincides with a disjoint union of the Shimura
variety Shg omKP (G, X), where we use the notation in Remark 7.1 (ii).

7.2. Compactly supported cohomology and nearby cycle cohomology. Fix aplace
v of E over p. We write E,, for the completion of E at v, O, for the ring of integers
of E,, and «, the residue field of O,. We put Fg» ;, = Fk»r E,,
Frrv = Fkry, and Fxr 5 = Fgrr,. Further, for m > 0 we set ¥y, xr , =
S kv Qp Eyand Sy kr 5= Fm kv £ ®F Ey.

Let p’ be a prime number, and K?' C G(/Z\”') a compact open subgroup. If
p' # p, we assume that K?' = Kp,mOKI’/*” for some mg > 0 and compact open
subgroup K 7?7 of G(/Z\p/”’). We put

Fkry= ‘(fKI’,E“U’

li—I)nm HCl:(ymavaﬁ’ ES) lf p/ = p’

H{ (P ko 0 L&) = 1§ - if p’
¢t 0o KF timye,, He (o, kx50 £6) 1P #

which is an admissible/continuous G(Q ) x Gal(E, / E,)-representation. We are
also interested in the nearby cycle cohomology defined as follows:

lim, H (Skr5, RY (L, Le)) if p' =p,

0o, K7v {h_r)nkp/ H! (fpr/Kp/-pja Rw(meo* 'CS)) if p' # p.

Obviously the group Gal(E,/E,) acts on it. The following lemma gives an action
of G(Qp) on H.(S o kv 30 RY Le).
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Lemma 7.2. We have a natural action of G(Q,) on H! (Foo.xr 5 RYLe). By
this action, HCi (S’OO,K,,/j, Ry Le) becomes an admissible/continuous G(Q,) x
Gal(E,/E,)-representation.

Proof. We show the claim in the case p’ = p. The other cases are easier. To ease
notation, we omit the subscript K7.

As in [Mantovan 2005, §6], we can construct a tower (¥,,)m>0 of schemes over
O, with finite transition maps such that &, gives an integral model of ¥, ,, and
o = <. In this situation, we have

H (P35, RY(pry, L)) = H (S5, RY L),
where ¥, 5 = %, ®0, Ky
We put GT(Q,) ={g € G(@Q,) |g7 'L, CL,}. Forge G*(Q,), lete(g) be the
minimal nonnegative integer such that gL, C pe@L p- Then we can construct a
tower (¥, ¢)m>e(g) Of schemes over O, and two morphisms

pr:Fmeg—> I 18 Iy = Fm—e(e)

which are compatible with the transition maps. It is known that these are proper
morphisms, pr induces an isomorphism on the generic fibers, and [g] induces the
Hecke action of g on the generic fibers (see [Mantovan 2005, Proposition 16, Propo-
sition 17]). In particular, we have a canonical cohomological correspondence (cf.
[SGA 5 1977, Exposé III], [Fujiwara 1997])

~

Cg: (815 Le m—e(g) = DIy Lem = Rpri7 Lem.
Let
RV (cg): [813RY L m—c() — Rprs RY Lem

be the specialization of ¢, (c¢f. [Fujiwara 1997, §1.5], [Ito and Mieda 2010, §6]).
Since [g]y is proper, this induces a homomorphism

; HI(RY (cg))
H (S m—e(e) 5 RV L) ——>

Taking the inductive limit, we get

H (S, RY Le).

Ve: H (Foo k05 RUL:) = H{(F oo kr,5. RYLE).

From an obvious relation cge' = ¢4 0 g*c, for g, g € GT(Q,), we deduce ygy =
Yg © Vg (cf. [Ito and Mieda 2010, Corollary 6.3]). On the other hand, by [Man-
tovan 2005, Proposition 16 (3), Proposition 17 (3)], y,-1 is the identity. Since
G(Q)) is generated by G*(Q,) and p as a monoid, we can extend y, to the whole
G(Q,). By [Mantovan 2005, Proposition 16 (4)], the restriction of this action to
K,.0= G(Z,) coincides with the inductive limit of the natural action of K, ¢ on
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HC’ (%m,5, RY Le). In particular, it is a smooth action. Furthermore, for integers
m’ > m > 1, we have

H (S5, RY L) P/ Ko’ = HI(F 5, R L)
(see [Mieda 2010, Proposition 2.5]). Taking inductive limit, we obtain
H:(Foo,kr.55 RWLE " = H (S5, RY Le).

This implies that HL’: (Yoo, k7,5, RY Lg) is an admissible/continuous representation
of G(Q,) x Gal(E,/E,). O

Corollary 7.3. The kernel and the cokernel of the canonical homomorphism
HI(S oo kot 0 RULE) > HAS oy v 50 L)
(c¢f: [SGA 711 1973, Exposé X1, (2.1.7.3)]) are noncuspidal. In particular, for an
irreducible supercuspidal representation w of G(Q), we have an isomorphism
H(S o v 70 LT = HA(S o g 50 RY L.
Similar results hold for the coefficient F; for a prime number £ # p, p'.

Proof. Analogues of Theorem 5.17 and Theorem 6.1 are also valid in the PEL
type case in this section by Remark 7.1 (ii). Let H)FI’{gp’ g, be the potentially good
reduction locus of fff}fpy E,- As in the Siegel case, ff%gpy g, coincides with the rigid
generic fiber of the completion of k» o, along the special fiber. Hence, we have
an isomorphism

HUSE, o Pl L) = HL (S ko 5, RY (P, Le))

for any nonnegative integer m by [Huber 1996, Theorem 3.7.2, Theorem 5.7.6] and

[Huber 1998a, Theorem 3.1]. Taking inductive limits, we have an isomorphism
H, (‘(fi)i,Kﬂ’,Eu’ Egd) = H| (F oo, k7 50 RULe).

Hence the claim follows from the analogue of Theorem 6.1. ([l

Remark 7.4. (i) The case where p’ # p in Corollary 7.3 was previously ob-
tained by Tetsushi Ito and the second author. In that case, we can use minimal
compactifications over O, to show the claim.

(ii) In [Lan and Stroh 2018], Lan and Stroh obtained a stronger result that the
canonical homomorphism in Corollary 7.3 is in fact an isomorphism. Their
method is totally different from ours.
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7.3. Example. In this subsection, we give a very simple application of Corollary 7.3.
Proofs in this subsection are rather sketchy, since the technique is more or less well-
known.

Here we consider the Shimura variety for GU(1,n — 1) over (). Let F be an
imaginary quadratic extension of Q and Sply,q the set of rational primes over
which F/Q splits. We fix a field embedding F' < C and regard F as a subfield of
C. For an integer n > 2, consider the integral PEL datum (B, Op, %, V, L, {, ), h)
as follows:

e B=F, Op = OF and x is the unique nontrivial element of Gal(F /().
e V=F"and L =OF.
e (, ): VxV — Qis an alternating pairing satisfying the following conditions:

e (x,y)eZforeveryx,y €L,
e (bx,y)=(x,b*y) forevery x,y eV and b € F, and
e GrR =GU(,n—1) (for the definition of G, see Section 7.1).

h: C— Endp(V)®gR= M,(C) is given by z — ( ) where the last

Z
0 zl,—
isomorphism is induced by the fixed embedding F — C.

In this case, the reflex field E is equal to F. To a neat compact open subgroup K
of G(z), we can attach the Shimura variety Shx of PEL type, which is not proper
over Spec F.

Put X ={peSplpglLy= L;}. Then our integral Shimura datum is unramified
at every p € X. Moreover, for such p, Gg, is isomorphic to GL,(Q,) x GL1(Q),)
(¢f. [Fargues 2004, §1.2.3]). If K = K, oK? for some compact open subgroup
K? of G(@’), we have Shxy = Pk»r ®or., F, where Skr is the moduli space
introduced in Section 7.1.

Let us fix a prime number £. We put

H!(Sh, @) =lim H. (Shx ®r F, Q).
K

It is an admissible/continuous G (A®°) x Gal(f/ F)-representation over Q.

Theorem 7.5. Let I1 be an irreducible admissible representation of G (A*°) over
Q¢. Assume that there exists a prime p € ¥ such that I1, is a supercuspidal
representation of G(Q). Then HL’: (Sh, Q)[T1] = 0 unless i =n — 1.

Remark 7.6. For proper Shimura varieties, an analogous result is known [Clozel
1991; Harris and Taylor 2001, Corollary IV.2.7]. It would be possible to give an
“automorphic” proof of Theorem 7.5 by using results in [Morel 2010]. However,
the authors think that our proof, consisting of purely local arguments, is simpler
and has some importance.
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Proof. Let £’ be another prime number and fix an isomorphism of fields ¢: Q; = Q.
Then ¢ induces an isomorphism HCi (Sh, Qp)[IT] = HCi (Sh, @) [cI1], where (IT is
the representation of G (A™) over @ induced by IT and ¢. It is easy to observe
that IT,, is supercuspidal if and only if (¢IT), is supercuspidal. Therefore, we can
change our ¢ freely, and thus we can assume that there exists a prime p € X \ {¢}
such that IT, is supercuspidal. Fix such p and take a place v of F lying over
p. Then, for an integer m > 0 and a neat compact open subgroup K? of G(ZP ),
Shg, . xr» ®FF, is isomorphic to &,, g» , introduced in Section 7.2. Therefore we

p.m
have an isomorphism

H!(Sh, Q) = lim H! (% kr5, Qo) =1im H:(Pos, k57, Qo).
m,KP KP

Thus it suffices to show that H Z (Foo,k7 5 @g)[]’[] = 0 for a supercuspidal represen-
tation 7w of G(Q,), a neat compact open subgroup K”, and an integer i #n — 1.
By Corollary 7.3, it is equivalent to showing that HCi (Foo.kr 7w, R W@g)[n] =0.
For an integer 4 > 0, let 9)[1}(1}7,1) be the reduced closed subscheme of Fk» ,, con-
sisting of points x such that the étale rank of .4, [v°°] is less than or equal to % (¢f:
[Harris and Taylor 2001, p. 111]), where A denotes the universal abelian scheme
over $gr. Put 9’(,?2’1) = 93[,?},‘1) \SJ’[,?;’L]. Our proof of the theorem is divided into
the subsequent two lemmas. ([

Lemma 7.7. For every supercuspidal representation t of G(Q,), we have
H{(S oo 3. RYQOLw) = (Him HY (SR, 1. (RYpr, Ty, ) )],
m v

Proof. First recall that &,, x» , has a good integral model over O,. For an integer
m > 0, consider the functor from the category of O,-schemes to the category of sets,
that associates S to the set of isomorphism classes of 6-tuples (A, i, A, n”, 1y, 1p.0),
where

° [(Aa iv )\'v np)] € EjOKP(S)’

e y: L®z (w0, /O,) — A[v™] is a Drinfeld v™-level structure (cf. [Harris
and Taylor 2001, I1.2]), and

* Npo: P "Z/Z — ppn s is aDrinfeld p™-level structure.

Then it is easy to see that this functor is represented by a scheme ¥, x» which is
finite over ¥k ». Moreover the generic fiber of ¥,, x» can be naturally identified
with &,, g» , (cf. the moduli problem X}, introduced in [Harris and Taylor 2001,
p- 92]). As in [Harris and Taylor 2001, III.4], we can extend the Hecke action of
G(Qp) on (¥, kr,n)m=0 to the tower (¥, xr)m=>0. We have a G(Q)-equivariant
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isomorphism

H (oo kr.5, RYQe) Z1im H (S k0 5, RYQy).
m
Let us denote b EP[ ] (res 9’( ) the inverse image of gl (res gt )
y JKP,v P- L KP,v g KP,v p- KP v
under &, k» — Skr. For an integer i > 0, it is easy to observe that

lim HY (S 5 (RY iy @0)lg ) = lim He (S ko RYQOLgmn ),
m v m, s U
. h ~ h

lim HY () 51 (RY Pry @)y ) = h:gH( m koo (RYQOIgn )
m v m

and that they are admissible G (Q,)-representations. Moreover, by considering the
kernel of the universal Drinfeld v™-level structure """, we can decompose 5/),(:,)1( Py
into finitely many open and closed subsets indexed by the set consisting of direct
summands of L ®z (v~"0,/0,) with rank n—h (cf. [Boyer 1999, Définition 10.4.1,
Proposition 10.4.2] and [Ito and Mieda 2010, Definition 5.1, Lemma 5.3]). Using
this partition, when i > 0, we can prove that the G(Q,)-representation
lim Hci (3);(1?)1(1’ v (Ry Q) | ,)
m ’ ’ m,KP v

is parabolically induced from a proper parabolic subgroup of G(Q),,). Therefore,
by the same argument as in the proof of Theorem 6.1, we can conclude that the
kernel and the cokernel of

lim Hy (S, v.5. RYQe) — lim HY (), 5. (RYQOlgor )
m m m, U

are noncuspidal. This completes the proof of the lemma. U

Lemma 7.8. Let 7 be a supercuspidal representation of G(Q)). Ifi #n —1, we
have

(tim H (S . (R pr,y, @)y, ) )11 =0

Proof. Let uy: Gy c — G¢ be the homomorphism of algebraic groups over C
defined as the composite of

()

(+) h
Gm.c X Gp.c = (Resg/r Gm.c) ®r C — G,

2—(z,1)

Gmc ——

where (x) is given by C®Qr C 3 Cx C;a®b + (ab, ab). Fix an isomorphism of
fields C= @p and denote by v : Gm,@,, — G@p the induced cocharacter of G@p. Let
b be a unique basic element of B(Ggq,, 1) (for the definition of B(G, u), we refer
to [Fargues 2004, §2.1.1]), and denote by M the Rapoport—Zink space associated
to the local unramified PEL datum (F ®q Q,, Or ®72Z,,*, V,, L, (, ), b, u) (cf.
[Fargues 2004, §2.3.5]). The Rapoport—Zink space M is equipped with an action
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of the group J(Q,), where J denotes the algebraic group over Q,, associated to b
(cf. [Rapoport and Zink 1996, Proposition 1.12]). By [Fargues 2004, §2.3.7.1], M
is isomorphic to My x @; /Z’ , where My is the Lubin-Tate space for GL, (Q),).
Furthermore, J(Q,) is isomorphic to D* x @;, where D denotes the central divi-
sion algebra over Q, with invariant 1/n. The action of J(Q,) on M is identified
with the well-known action of D* x @; on Myt x @; / Z;.

By the p-adic uniformization theorem of Rapoport—Zink [Rapoport and Zink
1996, Theorem 6.30; Fargues 2004, Corollaire 3.1.9], we have an isomorphism

[ 1@\MxG@>r)/Kr =%,
ker (Q,G)

where I is an algebraic group over Q satisfying /(A*) = J(Q,) x G(A*>?) and
%, denotes the formal completion of ¥k, ®o, W(Fp) along Sf[K]p - the basic
locus of ¥k 3. By this isomorphism, we know that 9’[181 —, which coincides with
Y%, as topological spaces, consists of finitely many closed points; indeed, the left
hand side of the isomorphism above is a finite disjoint union of formal schemes of
the form I"\\M, where I' C J(Q)) is a discrete cocompact subgroup (cf. [Fargues
2004, Lemme 3.1.7]). Therefore, by [Berkovich 1996, Theorem 3.1], we have an
isomorphism

H(S [,?LU,<R1/fprm*@e>|g )=H(¥ le,mwprm*@znﬂo )

= H (Fmkr5(b), Qp),

where & kr7(b) = pr,,' (5p~' (Fg) )7,
Now we use the Hochschild—Serre spectral sequence (see [Fargues 2004, Théo-
reme 4.5.12])

r,s . 2 1
E2 = llm EXt'} (@P) -smooth (H (l’l )=s (M K

lim Q) —1), A

p.m?

= lim H' (%, k0 7(b), Qo).
m

where Mg, is the Rapoport-Zink space of level K, ,,, and A([)y is the space
of automorphic forms on I (A®) (see [Fargues 2004, Définition 4.5.8] for detail).
Since J(Q,) = D* x Q) is anisotropic modulo center, it is easy to see that E}'=0
unless r = 0. If r =0, we have

, Kpom
ES* =1lim Hom g, (H2" D™ (Moo, Qo) (n — 1), ACDE")
m

where we put Hci (Moo, Qp) = lim,, HCi (Mg @g).

p.m?
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By [Mieda 2010], the G(Q),,)-representation ch (n=1)=s (Moo, @¢)(n — 1) has
nonzero supercuspidal part only if s =n — 1. Indeed, for an irreducible supercus-
pidal representation m =1 ® x of G(Q,) = GL,(Q,) x GL{(Q,), where 7y is
an irreducible supercuspidal representation of GL,(Q,) and x is a character of
GL(Q)), we have

H (Moo, Q)] = H (Mi1.00, Qo) 711 ® X,

as we see in [Fargues 2004, p. 168]. Therefore E(z) ** has a supercuspidal subquotient
only if s =n—1.
Hence we conclude that
lim H. (S} 5+ (RY P, Q0)lguo, ) Zlim HY (S k0.5(5), D)

—
m

has nonzero supercuspidal part only if i =n — 1. ([

We also have a similar result for the torsion coefficient case. For a neat compact
open subgroup K? of G(Z”), we put
kr ®FF, Fo).

p.m

H!(Shg», F¢) =1lim H (Shg
m

It is an admissible/continuous G(Q,) x Gal(f/ F)-representation over Fy.

Theorem 7.9. Let p be a prime in X\ {£} and 7 an irreducible supercuspidal
F¢-representation of G(Q »). Then, for every neat compact open subgroup K? of
G(ZP), we have Hci (Shgr, Fo)[wr]1 =0 unlessi =n — 1.

Remark 7.10. (i) Theorem 7.9 for proper Shimura varieties is due to Shin [Shin
2015]. His method, using Mantovan’s formula, is slightly different from ours.
The nonproper cases are also covered in his paper using results in our paper.

(i) Using the result in [Dat 2012], it is possible to describe the action of Wg, on
HC"*1 (Shg», F¢)[7r] by means of the mod-¢ local Langlands correspondence.
Such study has also been carried out by Shin when the Shimura variety is
proper.

Proof. Almost all arguments in the proof of Theorem 7.5 work well. The only one
point which should be modified is about the vanishing of the supercuspidal part
of E;S for (r, s) # (0, n — 1) in the proof of Lemma 7.8; note that an irreducible
F¢-representation of J(Q p»), being supercuspidal, is not necessarily injective in the
category of smooth [F,-representations of J(Q ») with the fixed central character.
For this point, we can use the same argument as that by Shin (see [Shin 2015,
§3.2]), in which he uses the vanishing of the supercuspidal part H! (Moo, Fo)sce
fori #n —1 (c¢f. [Dat 2012, proof of Proposition 3.1.1, Remarque 3.1.5]) and the
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projectivity of the D*-representation HC”_1 (MLT 005 Fo)se (cf. [Dat 2012, §3.2.2,
Remarque iii)]). U
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