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Almost C, Galois representations and vector bundles

Jean-Marc Fontaine

Let K be a finite extension of Q, and Gk the absolute Galois group. Then Gg
acts on the fundamental curve X of p-adic Hodge theory and we may consider
the abelian category M (Gg) of coherent Ox-modules equipped with a continu-
ous and semilinear action of Gg.

An almost C,-representation of G is a p-adic Banach space V equipped
with a linear and continuous action of Gk such that there exists d € N, two
Gk -stable finite dimensional sub-Q ,-vector spaces U, of V, U_ of C‘;, and a
Gk -equivariant isomorphism

V/Us—C/U_.

These representations form an abelian category C(Gg). The main purpose of
this paper is to prove that C(Gk) can be recovered from M (Gk) by a simple
construction (and vice-versa) inducing, in particular, an equivalence of triangu-
lated categories

D’(M(Gx)) — D"(C(Gx)).

1. Introduction

1A. We fix a prime number p, an algebraic closure Q p of Q, and a finite extension
K of Q, contained in Q p- Weset G = Gal(Q »/K) and C, the p-adic completion
of @ » on which Gg acts by continuity.

The fundamental curve X 0,.C, of p-adic Hodge theory, denoted by X below,
was introduced in [Fargues and Fontaine 2018]. It is a separated noetherian regular
scheme of dimension 1 defined over Q,; i.e., H %X,0x)=0Q p- The structural
sheaf is naturally equipped with a topology (Section 3D): if U is any open subset
of X, then Ox(U) is a locally convex Q,-algebra. There is a natural action of
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Gk on X which is continuous. We may consider the abelian category M(Gg) of
G -equivariant coherent Ox-modules, that is of coherent Ox-modules equipped
with a semilinear and continuous action of Gg.

Any nonzero F € Ob(M(Gg)) has a degree deg(F) € Z and a rank rk(F) € N,
hence also a slope s(F) = deg(F)/rk(F) € QU {400} (with the convention that
s(F) =4o0 if F is a torsion Ox-module). As in the classical case, one says that
a coherent Ox[Gg ]-module F is semistable if F # 0 and if s(F') < s(F) for any
nonzero subobject ' of F.

We may consider the full subcategory MY (Gk) of M(Gg) whose objects are
semistable of slope 0. One of the main results of [Fargues and Fontaine 2018] is
that, if F is any object of M%(Gg), then F(X) = H(X, F) is a finite-dimensional
Q,-vector space, hence is an object of the abelian category Rep@p(GK) of p-adic
representations of Gk (that is of finite-dimensional @ ,-vector spaces equipped
with a linear and continuous action of G ) and that the functor

M®(Gk) = Repq, (Gk), F > F(X)

is an equivalence of categories (with V = Ox ®q, V as a quasi-inverse).

The main purpose of this paper is to discuss the following question: Is there an
extension of this result enabling us to give an analogous Galois description of all
objects of M(Gg)?

1B. In [Fontaine 2003], I introduced the category of almost C ,-representations of
Gk : A Banach representation of G is a p-adic Banach space (i.e., a topological
Q-vector space whose topology can be defined by a norm and which is complete)
equipped with a linear and continuous action of Gg. With an obvious definition
of morphisms, Banach representations of Gx form an additive category B(Gk)
containing the category Rep@p(GK) as a full subcategory. By continuity, Gk acts

on the p-adic completion C,, of Q p and C,, has a natural structure of a Banach
representation. The category C(Gg) of almost C,-representations of G is the full
subcategory of B(Gg) whose objects are those V’s for which one can find d € N,
two Gk -stable finite-dimensional sub-Q ,-vector spaces U, of V and U_ of Cf,
and an isomorphism V /U, — C‘Ii, /U_ in B(Gk). This category turns out to be
abelian (loc. cit.).

The curve X has only one closed point oo which is Gk -stable and the orbit under
Gy of any other closed point is infinite. This implies that a torsion object of M (Gg)
is supported at co. As the completion of Oy  is the ring BJR of p-adic periods,
the category M (Gg) of torsion objects of M(Gg) (<= semistable objects of

slope oo) can be identified with the category Reptl‘;’i (Gg) of B;R—modules of finite
dR

length equipped with a semilinear and continuous action of Gk . The topology of
any B;R—module of finite length is the topology of a p-adic Banach space and we
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may consider the forgetful functor

Rep}! (Gk) — B(Gk).
dR

We proved in loc. cit. that this functor is fully faithful and that the essential image

C*(Gk) is contained in C(Gg ). Hence, setting C%(Gg) = Rep@p(GK), we see that

for s € {0, oo}, the functor F +— F(X) induces an equivalence of categories

M (Gg) — C*(Gk).

Similarly as for a smooth projective curve over a field, we defined in [Fargues
and Fontaine 2018] the Harder—Narasimhan filtration of any F € M(Gk): this is
the unique filtration

0=FcFlc...cFrlcr=r

such that all the F'/F'~! are semistable and that s(F'/F'~1) > s(F*T1/F) for
0 <i <r. We call the s(F' /FI=1), for 1 <i <r, the HN-slopes of F.

Let M=%(Gy) the full subcategory of M (Gg) whose objects are effective, i.e.,
such that all their HN-slopes are > 0.

Similarly let C=°(Gx) the full subcategory of C(Gx) whose objects are effective,
i.e., those V’s which are isomorphic to a subobject (in C(Gg)) of an object of
C*(Gk).

If F is any coherent Ox[Gg]-module, then F(X) is a topological Q,-vector
space equipped with a linear and continuous action of Gg. Our main result is this:

Theorem 5.9. If F is any coherent Ox|[Gg |-module, F(X) is an effective almost
Cp-representation of Gg. By restriction to MZ%(Gg) the functor F — F(X)
induces an equivalence of categories

M=(Gg) — ¢=(G).

This equivalence doesn’t extend to an equivalence between M(Gx) and C(Gk).
Nevertheless each of these two categories can be reconstructed from the other: The
above functor induces an equivalence of triangulated categories

D" (M(Gg)) — D" (C(Gk))

and each of them can be reconstructed as the heart of a ¢-structure. More precisely:
« Denote by M<%(Gg) the full subcategory of M(Gk) whose objects are those for
which all HN-slopes are < 0. Then ¢ = (M=%(Gg), M<%(Gg)) is what is called a
torsion pair on M (G ). From this torsion pair, we can construct an other abelian
category f(M(Gg))" which is the full subcategory of D?(M(Gk)) whose objects
are those F* such that 7' =0 for i ¢ {0, 1}, while

HO(]-"‘) is an object of M<0(GK) and H' (F*) is an object of MEO(GK).
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There is a natural equivalence (M(Gk))" — C(Gk).

o Similarly, denote by C<°(Gk) the full subcategory of C(Gx) whose objects are
those V’s for which Hom(V, W) = 0 for all W in C*°(Gg). Then

' =(C~(Gx), c=%(Gx))

is a torsion pair on C(Gg) which can be used to define the abelian subcategory
(C (GK))’/ which is the full subcategory of D?(C(Gk) whose objects are those V*
such that Vi =0 for i ¢ {0, 1}, while

HO(V*) is an object of C=°(Gx) and H'(V*) is an object of C<%(Gg).

There is a natural equivalence (C (GK))’/ — M(Gg).

A description a la Beauville-Lazlo of vector bundles on X gives an equiva-
lence of categories between Gg-equivariant vector bundles on X and Berger’s B-
pairs [Berger 2008]. Specializing the above results to the subcategory Bundy (Gk)
of M(Gkg) of vector bundles recovers (via this equivalence of categories) some
results of Berger [2009].

1C. Contents. In Section 2, we recall and slightly extend the results of [Fontaine
2003] on almost C,-representations. We first recall (Section 2A) some basic facts
about locally convex spaces over a nonarchimedean field. We introduce (Section 2B)
the category of (p-adic) ind-Fréchet representations (of Gg). Then (Section 2C),
we recall some basic facts about the ring of periods B;R and B, that we equip
with a locally convex topology. In Section 2D, we discuss some properties of
BJR—representations and Bgg-representations (of Gg).

We describe (Section 2E) the main properties of the category C(Gg) of al-
most C,-representations and of its full subcategories C°(Gy) of finite-dimensional
p-adic representations and C*°(Gg) of B;R—representations of finite length. In
Section 2E, we also introduce the category C(Gk) of representations of Gx which
are suitable limits (in the category of locally convex p-adic representations of Gg)
of almost C,-representations. In Section 2F, we recall the notion of almost split
exact sequence of B(Gk) and the fact that an extension in B(Gg) of two almost C,-
representations is an almost C,-representation if and only if the associated short
exact sequence almost splits.

In Section 3, we study the category Repg (Gk) of Be-representations of Gk
(several of the results we obtain are already in [Berger 2008; 2009]). We also
recall and make more precise some of the results of [Fargues and Fontaine 2018] on
coherent Ox |Gk |-modules. We first recall (Section 3A) some basic facts about the
sub-Q,-algebras B;is and B, of B,r which are stable under the action of G¢ and

equipped with a natural topology of locally convex algebras. Then we introduce
(Section 3B) Repg (Gk) and show that this is a Q-linear abelian category.
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We recall (Section 3C) the definition of the fundamental curve X = X Q,.C,
of p-adic Hodge theory introduced in [Fargues and Fontaine 2018] on which Gk
acts and give a description of the category Coh(Oy) of coherent Ox-modules. We
discuss (Section 3D) the topology on the structural sheaf Ox and give a description
of the category M (Gg) of coherent Ox[Gg ]-modules (Section 3E). We describe
(Section 3F) the Harder—Narasimhan filtration on any F € M (Gg).

We consider two full subcategories of M(Gk):

— the category M%(Gk) of the semistable objects of slope 0,

— the category M*°(Gg) of objects whose underlying Ox-module is torsion.

We show (Section 3G) that the global sections functor induces equivalence of
categories

M2(Gg) — C%(Gkx) and M™>®(Gk) — C>®(Gk).

In Section 3H, we introduce two kinds of twists of the objects of M (Gk), the
Tate twists and the Harder—Narasimhan twists.

Say that a B.-representation A is trivialisable if there exists U € C°(Gk) and
an isomorphism B, ®a, U — A. In Section 31, we show that Repg (Gg) is the
smallest subcategory of itself containing trivialisable B,-representations and stable
under taking extensions and direct summands.

In Section 3A0, we show that, if A is a B.-representation of G, then the un-
derlying topological Q,-vector space equipped with its action of Gk is an object
of 5(GK) and that the forgetful functor

Repy, (Gx) — C(Gx)

is exact and fully faithful. (This was already known to Berger [2009, théoreme B].)

We conclude this section by discussing the cohomology of coherent Ox-modules
(Section 3A1) and of coherent Ox[Gg]-modules (Section 3A2). We show that,
taking the global sections, we get a functor

M(Gg) — C(Gg), F> F(X)=H%X, Oy)

whose essential image is contained in C =0(Gk).

The aim of Section 4 is to construct a left adjoint
C(Gg) —> M(Gk), V= Fy

of the functor F — F(X).

We show (Section 4C) that any almost C,-representation V has a B.-hull, i.e.,
there is a pair V, = (V,, LX) with V, a B,-representation (of Gg) and LZ V-V,
a morphism in 5(GK) such that, for all A € Repp (Gk), the map

HomRepB((GK)(Ve, A) — Homg g, (V, A)
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induced by ¢} is bijective.

Similarly with obvious definitions, we show that V has a B;R—hull VjR and a
BdR—hull VdR-

Using the existence of these hulls and the relations between them and knowing
the description of M(Gg) given in Section 3E, the construction of the functor
V +— Fy is quite simple.

The proof of the existence of these hulls relies heavily on the description of all
extensions in C(Gg) of an object of C*°(Gg) by an object of C%(Gg), which is
given in Section 4B.

The aim of Section 5 is to prove our main result (Theorem 5.9).

We show in Section SA (resp. SB) that M=%(Gg) (resp. C Z0(Gk)) is the smallest
full subcategory of M (Gx) (resp. C(Gx)) containing M°(Gg) and M>(G) (resp.
C%(Gg) and C*®(Gg)) and stable under extensions and direct summands.

In Section 5C we prove by dévissage that the functor

M= (Gk) — CZ(Gx), Fr> F(X)

is an equivalence of exact categories (see Section 1E), the functor V — Fy being
a quasi-inverse.

The purpose of Section 6 is to extend the main result to the categories M (G )
and C(Gg).

After some general nonsense on derived categories of exact subcategories of
abelian categories (Section 6A), we first extend the main result to an equivalence
of of triangulated categories (Section 6B),

D" (M(Gg)) — D" (C(Gk)).

To go further, we need to introduce the full subcategories M <%(Gx) of M(Gx)
and C<%(Gg) of C(Gk) of coeffective objects. The main theorem said that, if
F € MZ%Gg), then H(X, F) has a natural structure of an object of c=%Gg)
and this structure determines F. We prove in Section 6C that, if F € M=%(Gy),
then H'(X, F) has a natural structure of an object of C<°(Gx) and this structure
determines F.

Using this result, we can build C(Gg) from M(Gg) and conversely. We give
two different recipes (with independent proofs) for that. In Section 6D we describe
explicitly the heart of the ¢-structure on D?(M(Gg)) corresponding to C(Gg) and
of the ¢-structure on D”(C(Gk)) corresponding to M(Gg)). In Section 6E, we
explain that (M=%(Gg), M<°(Gy)) is a torsion pair on M (Gg). One can use it to
construct a new abelian category equipped with a torsion pair. Up to equivalence,
it is C(Gg) equipped with the torsion pair (C <0(Gk), CZ%(Gk)).
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1D. A remark on possible generalisations. The results of this paper are obviously
a special case of a much more general result where K is replaced by any reasonable
rigid analytic, Berkovich or adic space. Let’s sketch a description of the case where
K is now any field complete with respect to a nonarchimedean nontrivial absolute
value with perfect residue field of characteristic p.

» We can define the abelian category Coh(Ox, ) of coherent modules on the curve
Xk. When K is a perfectoid field, X is the curve X@p’ x> constructed in [Fargues
and Fontaine 2018]. If K is not perfectoid, then X doesn’t exist but one can
define the category of coherent modules over this virtual curve. When K is a finite
extension of Q,, there is a natural equivalence of categories

Coh(Ox,) - M(Gk).

» We still have the Harder—Narasimhan filtration on Coh(Oyx, ) and may consider
its exact subcategories Coh=°(0x +) and Coh=<%(0y «) which form a torsion pair ¢
on Coh(Ox, ).

 The construction of the curve X is functorial in K. If C is the completion of a
separable closure K* of K, for any coherent Oy, -module F, we may consider the
pull-back f*F of F via f: X¢ — Xk.

If Gy = Gal(K*®/K), we may consider the exact category B(Gg) of p-adic
Banach representations of Gx and we have exact and faithful functors

Coh=*(0x,) — B(Gk), Fw H’(Xc, f*F),
Coh=°(0x,) — B(Gx), Fw H'(Xc, f*F).

But, in general, these functors are not fully faithful. Working with B(Gg)
amounts to work over the small pro-étale site of K and we need to work with
a bigger site. A possibility is to use the big pro-€tale site Kpo¢r of K as defined
in [Scholze 2017, §8]! and to replace B(Gk) with the category Vectg, (K) of Q,-
sheaves over K04, and C(Gg) with the category of pseudo-geometric Q) ,-sheaves,
an abelian full subcategory of Vectg,(K) defined by imitating the definition of
C(Gg) as a full subcategory of B(Gg).

The correspondence K — Xk can be extended to a functor

Ul—)XU

'More precisely, we fix an uncountable cardinal « satisfying the properties of [Scholze 2017,
Lemma 4.1]. The underlying category is the category of perfectoid spaces over K which are «-small
[loc. cit., Definition 4.3] and coverings are as defined in [loc. cit., Definition 8.1] (the only difference
with the big pro-étale site of Scholze is that we restrict ourself to perfectoid spaces lying over the
given nonarchimedean field K).
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from the category of perfectoid spaces to the category of Q,-schemes. We also
have exact and faithful functors

Coh™(0x, ) — Vectg,(K), F+ (U H'(Xy, f57F)).
Coh=(Ox,) — Vectg,(K), F > (U H' Xy, fi7F)).

where fy : Xy — Xk is the structural morphism.

It seems likely (and not so hard to prove) that these functors are fully faithful
and that one can describe their essential images Vectgi’zo(l( ) and Vectai ’<O(K ).
These two functors seem to induce an equivalence of categories

(Coh(Ox,))" — Veetgy (K)

the induced torsion pair on Vectai (K) being t’ = (Vectag (K), VGC%S (K)).

In the case where K is the p-adic completion of an algebraic closure of Q,,
this result has been proved by Le Bras [2018]. We hope to come back soon to this
generalisation.

1E. Conventions and notations. 1If C is a category, we often write C € C for C €
Ob(0).

An exact subcategory of an abelian category A is a strictly full subcategory of
A containing 0 and stable under extensions.

If B is an exact subcategory of A, we say that a sequence of morphisms of A
is exact if it is exact as a sequence of morphisms in 4. In particular, we have the
obvious notion of a short exact sequence. It is easy to see that, equipped with this
class of short exact sequences, B is an exact category in the sense of Quillen (cf.
[Quillen 1973], see also [Laumon 1983]). Actually, any exact category 5 in the
sense of Quillen can be viewed as an exact subcategory of an abelian category (cf.
[Quillen 1973, §2]).

As usual Z,(1) is the Tate module of the multiplicative group, and, for all n € N,

Zp(n) =Symy Z,(1), Zp(—n) =Lz, (Zp(1n),Zp).
If M is any Z,-module equipped with a linear action of Gk, forall n € Z,

M) =M ®z,Z,n).

2. Representations of Gk

In this paper, each time we say “representation”, we mean “representation of Gg".
In this section, we introduce a few categories of such representations and de-
scribe some of their properties. Most of them are already known (see in particular
[Fontaine 2003]) or easy consequences of known properties.
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2A. Banach, Fréchet, ind-Banach and ind-Fréchet. We refer to [Emerton 2017]
and [Schneider 2002] for basic facts about p-adic functional analysis. All results
of this paragraph are either contained or easy consequences of results contained in
at least one of these two memoirs.

We fix a nonarchimedean field E, i.e., a field complete with respect to a non-
trivial nonarchimedean absolute value, and denote by Og its valuation ring. In the
applications in this paper, E will be Q,,.

e A locally convex E-vector space is a topological E vector space V such that the
open sub-Og-modules of V form a fundamental system of neighbourhood of 0.

o A Fréchet E-vector space or an E-Fréchet is a locally convex E-vector space
which is metrisable and complete.

e A Banach E-vector space or an E-Banach is a Fréchet vector space whose
topology can be defined by a norm.

e An ind-Fréchet (resp. ind-Banach) E-vector space or an ind-E-Fréchet (resp.
ind- E-Banach) is a locally convex E-vector space V, such that one can find an
increasing sequence (V,,),en of closed sub- E-vector spaces such that
@ V=U,en Va-

(i1) each V,,, with the induced topology, is an E-Fréchet (resp. an E-Banach),
(iii) the topology of V is the coarsest locally convex topology with these prop-
erties.

Condition (iii) is equivalent to the fact that a sub-Og-module L of V is open if
and only if LNV, is openin V, for all n € N.

If V is a topological E-vector space, V is an E-Fréchet if and only if V is com-
plete and its topology can be defined by a countable family (g, ),en of seminorms.

In this situation, replacing each g, by ¢, = sup,;, g, we may assume that
qn < qny for all n. Then, if V,, is the Hausdorff completion of V, with respect
to ¢,, this is an E-Banach and we have an homeomorphism

Vi LiLnneN V"

(with the inverse limit topology on the RHS). Conversely, any inverse limit, indexed
by N, of E-Banach is an E-Fréchet.

Let V be a topological E-vector space. We say that a decreasing filtration
(F"V),ez by closed sub-E-vector spaces of V is admissible if

(i) if m € Z and r € N, then F"V /F"*"V , equipped with the induced topology,
is an E-Banach,
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(iii) if m € Z, the natural map
F"V —lim, _ F"V/F"*"V
is an homeomorphism (with the inverse limit topology on the RHS),

(iv) a sub-Og-module L of V is open if and only if L N F"V is open in F"V for
all n.

The following result is obvious:
Proposition 2.1. Ler V be a topological E-vector space.

(1) V is an ind-E-Fréchet if and only if it has an admissible filtration.

(i1) V is an E-Banach (resp. an E-Fréchet, resp. an ind- E-Banach) if and only if
has an admissible filtration (F"V),cz such that F OV =V and F'V =0 (resp.
FOV =V, resp. F'V =0).

Proposition 2.2. Let V| and V; two ind-E-Fréchet, (F"V)),cz an admissible fil-

tration of Vi and (F"*V»),cz an admissible filtration of V,. Let u : Vi — V, an
E-linear map. The following are equivalent:

(1) The map u is continuous. For allm € Z, there exists n € Z such that u(F™ V) C
F"V, and the induced map

F"Vi — F"V,
is continuous.

Proof. (i))=>(i): It is enough to show that, if L is an open lattice in V;, then
f~Y(L) is open in V; which means that if m € Z, then f*I(L) N F™V; is open
in F™V| which is indeed true as, if n is such that f(F™"V)) C F"V,, this is the
inverse image of the continuous map F”V; — F"V, which is induced by f.
(1)=(i): All the F"V, are E-Fréchet. For each fixed m, so is F™ V| and the
existence of such an n is explained in [Schneider 2002, Corollary 8.9]. (]

Corollary 2.3. Let V be an ind-E-Fréchet and (F"V),cz an admissible filtration.
Then V is an E- Banach (resp. an E-Fréchet, resp. an ind- E-Banach) if and only if
there exists m < n such that F"V =V and F"V =0 (resp. m such that F"V =V,
resp. n such that F'V = 0).

Corollary 2.4. Let V be an ind-E-Fréchet and (F{'V),ez and (F}'V),ez two ad-
missible filtrations. For all m € Z, there exists n € Z such that F{"V C F}'V.

An ind Fréchet E-algebra is a topological E-algebra B which has a multiplica-
tive admissible filtration, i.e., an admissible filtration (F" B),cz of the underlying
topological E-vector space such that, if m,n € Z, and, if b € F" B, b’ € F" B, then
bb' € F"B,



ALMOST C;, GALOIS REPRESENTATIONS AND VECTOR BUNDLES 677

A Banach (resp. Fréchet, resp. ind-Banach) E-algebra is an ind Fréchet E-
algebra B which has a multiplicative admissible filtration (F"B),cz such that
F'B=Band F'B =0 (resp. F°B = B, resp. F'B =0).

2B. Ind-Fréchet representations. From now on E will be Q,. We will say Ba-
nach, Fréchet, ind-Banach, ind-Fréchet instead of Q,-Banach, Q ,-Fréchet, ind-
Qp-Banach, ind-Q),-Fréchet. We will say Banach algebra, Fréchet algebra, and
so on, instead of @Q,-Banach algebra, Q,-Fréchet algebra.

The category ZF(Gg) of ind-Fréchet representations (of Gx) is the category
whose objects are ind-Fréchet equipped with a @ ,-linear and continuous action
of Gk, and whose morphisms are Gg-equivariant continuous @ ,-linear map.

The category ZF (Gg) is an additive Q,-linear category and any morphism

f:V1—>V2

has a kernel and a cokernel: the kernel is the G -stable closed sub-Q ,-vector space

which is the kernel of the underlying Q,-linear map. The cokernel is the quotient

of V, by the Gk -stable closed sub-Q,-vector space which is the closure of f (V7).
We say that a morphism f is strict if the map

Coim(f) — Im(f)

is an homeomorphism.

Similarly one can define in an obvious way the categories B(Gg), ZB(Gg) and
F(Gg) of Banach, ind-Banach, Fréchet representations (of Gx). This is consistent
with the definition of B(Gk) already given in the introduction.

2C. The rings BJR and B,;g and their topologies. We denote by B,g the usual
field of p-adic periods. Recall (from [Fontaine 1994, §1.5], for instance) that this
is the fraction field of a discrete valuation ring B;R, that Gk acts naturally on these
two (,-algebras and that Z,(1) is naturally a Gg-stable sub-Z,-module of BjR.
We choose a generator ¢ of Z,(1). This is also a generator of the maximal ideal
of B;R. Therefore, for all d € Z, the d-th power of this ideal is

Fil! Byg = BJ.1* = BJp(d)
and is stable under Gk . For each d > 0, we set
By = B /Fil’ Byg.

Recall [Fontaine 1994, §1.5.3] that B; has a natural structure of a Banach algebra
on which the action of Gg is continuous, that, in particular, B; = C,, and that,
for each d € N, the projection B;| — By is also continuous. Equipped with the
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topology of the inverse limit, B;R becomes a Fréchet algebra on which Gk acts
continuously.

For all n € Z, multiplication by #* defines a bijection BJR — Fil" Byr and we
equip Fil” Bz with the induced topology (for which the action of Gk is continu-
ous); note that multiplication by #" does not commute with the action of G.

If n € Z, then Fil"*! By is closed in Fil” Byg and we equip Byg with its natural
locally convex topology. (A sub-Z,-module L of B,y is open if and only if, for
all n € Z, the Z,-module L NFil" By is open in Fil" Byg.)

We see that By is an ind-Fréchet K -algebra, with (Fil” Byg),cz as a Gg-equiva-
riant multiplicative admissible filtration. In particular B;g has a natural structure
of an ind-Fréchet K -representation of G.

2D. B;I"R and Bgg-representations. Any B;R—module of finite type has a natural
structure of a K-Fréchet and any finite-dimensional B;g-vector space has a natural
structure of an ind-Fréchet K -vector space.

A B;R—représentation (resp. a Byr-representation) (of G ) is a B;R—module of
finite type (resp. a finite -dimensional B,g-vector space) equipped with a semilin-
ear and continuous action of Gg. With the Gg-equivariant B;R—linear maps as
morphisms, these representations form a category that we denote by Rep B, (Gk)
(resp. Repg . (Gk)).

The category Rep

g’ﬂ (Gg) = C*®(Gg) of torsion B;R-representations (of Gk )
dR

defined in the introduction (Section 1B) is the full subcategory of Rep B}, (Gg)
whose objects are such that the underlying B;R—module is torsion (<= of finite
length).

Recall (from [Stacks, 02MN], for instance) that a Serre subcategory C of an
abelian category A is a strictly full subcategory of A containing O which is stable
under subobjects, quotients and extensions. In particular, this is an abelian category.
Given A and C, one can define the quotient category .4/C which is an abelian
category, solution of the obvious universal problem.

Proposition 2.5. The category C*°(Gg) is a Serre subcategory of Rep B, (Gg).
The functor

RepBJR(GK) - RedeR(GK), W — BdR ®BJR w
is essentially surjective and induces an equivalence
Repy: (Gk)/C™(Gk) = Repg,, (Gx).

Proof. The essential surjectivity comes from the fact that, for any B, z-representation
W, there is a Gk -stable lattice B;R—lattice W, This result itself comes from the
fact that if W(;r isa BJR—lattice of W, then Wy is an ind-Fréchet K-vector space
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with (" WOJr )nez forming an admissible filtration. For each w € W, the g(w)’s
for g € Gx form a compact subset of W, hence it is bounded which implies (by
[Schneider 2002, Proposition 5.6]) that it is contained in =" W0+ for n > 0. Hence,
ifey, ez, ..., eqis abasis of W over Byg, there exists n € N such that g(e;) et ™" WJ
for 1 <i <d and g € Gg. Therefore the sub—BjR—module W of W generated
by all these g(e;)’s is also contained in ¢ " W(;r and is a Gg-stable B;R—lattice
of W. The continuity of the action of Gg on W implies the continuity of the action
on W+ which is an object of Rep B, (Gk). We have an obvious identification of
Bir® B, W™ to W and the functor is essentially surjective.

The rest of the proof is straightforward. ]

If W is any object of C*°(Gk), there is an integer d such that the underlying
BJR—module is a Bg-module of finite type. As By is a Banach Q,-algebra, the
underlying topological Q,-vector space is a Banach and W has a natural structure
of a p-adic Banach representation.

Proposition 2.6 [Fontaine 2003, théoreme 3.1]. The forgetful functor
C*(Gk) — B(Gg)
is fully faithful.

In other words, given a p-adic Banach representation W of Gk, there is at most
one structure of B;R—module of finite length on W extending the action of @, such
that W becomes a torsion BjR—representation.

We use this result to identify C*°(Gk) to a full subcategory of B(Gg).

We denote by
C™(Gx)

the full subcategory of ZF(Gg) whose objects are those W’s which admit a Gg-
equivariant admissible filtration (F" W),z such that F"W/F"W € C*®(Gg) for
all m <n in Z. By passing to the limit, the previous proposition implies that, on
such a W, there is a unique structure of BJR—module such that the action of Gk is
semilinear and each F" W is a sub—B;R—module (and this structure is independent
of the choice of (F"W),cz). We also see that Em(GK) is an abelian category and
that any morphism of C™(Gy) is B:er -linear.

Moreover Rep B;R(GK) can be identified with a full subcategory of ’5°O(GK).
Proposition 2.5 implies that this is also true for Repyg,  (Gk).

Proposition 2.7. Let d € N.
(1) Let Wy be an object of C*°(Gx) such that length B}, Wi > d. There exists a

nite extension K' of K contained in Q, and a G g -stable sub-B,-module
p dR
W1 of Wi of length d.



680 JEAN-MARC FONTAINE

(ii) Let W, be an object of Rep B, (Gk) viith length B, Wy > d. There exists a
finite extension K' of K contained in Q) and a G g-stable sub-B;’R-module
W, of Wa such that length 5, W2/ Wy =d.

Proof. (1) Via an obvious induction, we see that it is enough to check it for d = 1.

Replacing W; by the kernel of the multiplication by ¢ in W;, we may assume that

Wiy is a C,-representation.

Recall some basic facts of Sen’s theory [1980/81]:

Let x : Gk — Z}, be the cyclotomic character, Hg the kernel of x and L =
(CP)HK which is also the completion of K, = _g’{. We set 'y = Gg/Hg =
Gal(K«/K). The character x factors through a character I'y — Z7, that we still
denote by .

For any C,-representation W (of Gg), denote by W}; the union of the finite-
dimensional sub-K -vector spaces of Wk stable under the action of Gg (acting
through I'k). This is a finite dimensional K ..-vector space equipped with a semi-
linear action of I'x. With obvious notations, we have:

o The functor
Repc, (Gk) — Repg_(Tk), W > Wi
is exact and fully faithful.
e Forany W ¢ Rep@p (Gg), the obvious map

C,®x. WL > W
is an isomorphism.

e Forall W € Repcp(GK), there exists a unique endomorphism oy, g of the K-

vector space W}; such that

forall w e W,?, there is an open subgroup I'y, of I'x such that, if y € 'y, then
y (w) = exp(log(x (¥)).aw,x)(w).

(The series exp(Aaw, k) converges to an endomorphism of W}; for all small
enoughx €7,.)

It is easy to see that, if K is a finite extension of K contained in Q p» then W,§1
can be identified with (K1)eo ®x_, Wé and that aw , is the (K)oo-endomorphism
of WI(I deduced from aw, g by scalar extension.

Choose such a K containing an eigenvalue A of aw, g, hence also of aw g, and

choose a nonzero eigenvector wg € WA for a{v k,- There is a finite extension K’

of K contained in Q p such that, for all y € I'g/, we have

¥ (wo) = exp(log(x (y)).A). w.
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We can view wy as a nonzero element of W}, and we see that for all b € K’ and
all y € '/, we have

y (bwo) =y (b). exp(log(x (v)).A).w,

hence the K'-line of W,@ generated by wy is stable under the action of ['gs. There-
fore the C,-line W| of W, generated by wy is stable under the action of Gg-.

(i1) Replacing W, by W,/t" W, with r big enough, we may assume that W, is
an object of C*°(Gk). The result follows by duality from the assertion (i) applied
to the Pontryagin dual W = L Bl (W2, Bar/ B;R) of Wj. O

2E. Almost C,-representations. 1f Vi and V, are two objects of ZF(Gk), an al-
most isomorphism

f: Vi~ V,, alsodenoted by f: Vi/Uy — V,/U,,

is a triple f = (Uy, Us, f ) where Uy is a finite-dimensional Gg-stable sub-Q,,-
vector space of Vi, U, is a finite dimensional Gg-stable sub-Q ,-vector space of
V5 and

fiVi/U— Va/Us

is an isomorphism of ind-Fréchet representations.
We say that two objects V| and V, of ZF(Gk) are almost isomorphic if there
exists an almost isomorphism

f:VIWVQ.

Proposition 2.8 [Fontaine 2003, théoreme 5.3]. Let V be an object of B(Gxg). The
following are equivalent:

(1) V is almost isomorphic to a torsion B;R-represemation.
(ii) V is almost isomorphic to a C,-representation.

(iii) There is d € N such that 'V is almost isomorphic to C‘Z, (equipped with the
natural action of Gy ).

We denote by C(Gg) the category of almost C,-representations (of G ), that is
the full subcategory of B(Gg) whose objects satisfy the equivalent conditions of the
previous proposition. This is coherent with the definition given in the introduction
(Section 1B).

The category C(Gg ) contains C*°(Gg) = Reptl‘;ﬁr (Gk) and C%(Gg) = Rep@p (Gg)
as full subcategories. .

A weak Serre subcategory B of an abelian category A is a strictly full subcate-
gory which is abelian, such that the inclusion functor is exact and which is closed

under taking extensions.
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The following results are essentially contained in [Fontaine 2003]:

Theorem 2.9. The category C(Gyg) is abelian and any morphism of C(Gg) is strict
as a morphism of B(Gk). A sequence of morphisms of C(Gx) is exact if and only
if the underlying sequence of Q) ,-vector spaces is exact. The category C%(Gy) isa
Serre subcategory of C(Gg)and C*(Gy) is a weak Serre subcategory of C(Gg).
Furthermore:
(i) IfU € CO(GK) and W € COO(GK), then Homc(GK)(W, U) =0.

(i1) There exists additive functions
d:0ObC(Gkx)—> N and h:0b(C(Gg)— Z,
uniquely determined respectively by d(U) =0 if U € C°(Gx) and d(Cp) =1
(resp. h(U) = dimg, (U) if U € C%(Gk) and h(C,) = 0); moreover, if W €
C*®(Gk), thend(W) = lengthBTR(W) and h(W) =0.
Proof. This is [Fontaine 2003, théoréme 5.1] with some extras:
o The fact that C°(Gk) is a Serre subcategory of C(Gg), which is a triviality.
 The fact that C*°(Gg) is a weak Serre subcategory of C(Gg). The only thing

which is not obvious is the stability under extensions of C*°(Gg) inside of C(Gg),
which is contained in [loc. cit., proposition 6.3].

« The fact that if U € C°(Gg) and W € C*®°(Gg), then Homg (g )(W, U) =0, which
is the corollary [loc. cit., théoreme 5.1]. O

For instance, we see that, if U is a Gg-stable finite dimensional sub-Q ,-vector
space of C,, then d(C,/U) =1 and h(C,/U) = —dimg, U.
If V eC(Gk), W eC®(Gk) and f : V /U, — W/U-_ is an almost isomorphism,
from the diagram
0—U;y —V—V/Ur—0

1=

0—U-.—W-—W/U_-—0
whose lines are exact, we deduce that
d(V)=dW), h(V)=hUy)—hU-)=dimg,(U;) —dimg,(U-).
Corollary 2.10. (i) For any V € C(Gk), we have V € C°(Gk) < d(V) =0 (in
which case h(V) = dimg, V > 0).
(i) If g : V — W is a monomorphism of C(Gg) with W € C*(Gg) such that
d(V)=d(W), then g is an isomorphism.
Proof. Looking at an almost isomorphism as above, the first assertion is immediate.
For the second, let U be the cokernel of g. We have d(U) =0, hence U € Cc%(Gg),
hence U =0, as there is no nontrivial morphism from W to an object of C°(Gg). O
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Remark 2.11. As C%(Gk) is a Serre subcategory of C(Gg), we may consider the
quotient
C(Gk) =C(Gk)/C*(Gk)

It is known [Fontaine 2003, proposition 7.1] that this abelian category is semisim-
ple with exactly one isomorphism class of simple objects which is the class of C,,
viewed as an object of this category. Hence C(Gk) is completely determined, up
to equivalence, by the somewhat mysterious huge skew field Dk of the endomor-
phisms of C,, in this category [loc. cit., proposition 7.2].

We denote by
C(Gk)

the full subcategory of ZF (Gk) whose objects are those V’s which admit a Gg-
equivariant admissible filtration (F"V),cz such that F"V/F"V e C(Gk) for all
m<ninZ.

By passing to the limit, we see that the previous theorem implies:

Proposition 2.12. Any morphism of /C\(GK) is strict (as a morphism of ZF(Gg))
and this category is abelian. A sequence of morphisms of C(Gx) is exact if and
only if the underlying sequence of Q) ,-vector spaces is exact. The category C(Gg)
is a Serre subcategory of C(Gk) of which C™(Gx) is a weak Serre subcategory.

Remark 2.13. AsRep B?rR(GK) and Repp (G ) are Serre subcategories of E‘”(GK),

these two categories are also weak Serre subcategories of C(Gy).

2F. Almost split exact sequences. We say that a sequence of morphisms of ZF (G )
is exact if the underlying sequence of @ ,-vector spaces is exact.
An almost splitting of a short exact sequence

0>V >V->V'50
in ZF (Gg) is a Gk -stable closed sub-Q ,-vector space S of V such that
(1) the compositum S C V — V” is onto,
(ii) the Q-vector space SN V' is finite-dimensional.

We say that such an exact sequence almost splits if there exists such an al-
most splitting. This is equivalent to saying that there exists a Gg-stable finite-
dimensional sub-Q ,-vector space U of V' such that the sequence

0—->V/U—-V/U—-V"—0
splits.
We observe that any almost splitting S of a short exact sequence

0>V V>V 50
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defines, in an obvious way, almost isomorphisms
Vs VeVvi~SeVv'

Proposition 2.14 [Fontaine 2003, théoréme 5.2]. Let
0O->W->W->W -0

be a short exact sequence in TF(Gg) with W and W in C®°(Gg). Then W is in
C*®(Gk) if and only if the sequence almost splits.

Proposition 2.15 [Fontaine 2003, proposition 5.2]. Let
0>V -V->V'=>0

be a short exact sequence in TF(Gg) with V' and V" in C(Gk). Then V is in
C(Gk) if and only if the sequence almost splits.

Corollary 2.16. Among the strictly full subcategories of B(Gg) which are abelian,
containing C, and C%(Gk) and stable under almost split extensions, there is a
smallest one. This is C(Gg).

Proof. Clear! [l

3. B.-representations and coherent Ox[Gg ]-modules

3A. Thetopological Q p-algebras B:;is and B,. Recall (from, e.g., [Fontaine 1994,
§2.3 and §4.1]) that B is a Banach algebra equipped with a continuous endo-

cris
morphism ¢ and a continuous action of Gx commuting with ¢. There is a natural

Gk -equivariant continuous injective homomorphism of topological @ ,-algebras

B+

cris

+
— Bp

that we use to identify Bjris

For each d € N, we set

to a subring of BjR containing ¢.

P ={be Bl | ob) = p’b}.

cris

This is a G -stable closed sub-(Q ,-vector space of B:;is as well as of B;R (e.g. [Kisin

2003, Lemma 3.3]). Moreover B;is and B;R induce the same topology on P¢
which can be viewed as a Banach representation of Ggx. We have a canonical short

exact sequence (see [Colmez and Fontaine 2000, proposition 1.3], for instance)
0— Q,d)— P*'— B;— 0

where Q,(d) = @ptd and P¢ — By is the compositum P¢ C BY. C B;R = B,.

cris
In particular we see that P¢ is an almost C p-representation with d (P?) =d and

h(P%) =1.
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As usual, we set B_; = B:;ls[l /t], which we can view as a Gg-stable subring
of Bd R-

We have ¢(t) = pt and ¢ extends uniquely to Bc;s. Moreover the natural map
Beiis = Bagr = B;R[l /t] is still injective and we use it to identify B to a Gg-
stable sub-Q,-algebra of Byg.

Recall that

= {b € Beris | 9(b) = b}

is also a Gk -stable sub-Q,-algebra of Byg. We endow it with the topology induced
by the (locally convex) topology of B;g.
Then, we have
B, =lim,  Fil "B, = |J Fil™*B,
deN

where, for all d € N,
Fil B, = B, N Bt~ = P!t = PY(—d)

is an almost C,-representation (with d(P4(—=d)) =d and h(P?(—d)) = 1) home-
omorphic to Pd as a Banach. Setting P? = Pd(—d) =0 for d > 0, we see that B,
is an ind-Banach algebra with (P ~"(n)),cz a Gg-stable multiplicative admissible
filtration.

3B. B.-representations. The topology of B, induces on each B,-module of finite
type a natural topology for which it is an ind-Fréchet (actually an ind-Banach).
A B.-representation (of Gk ) is a B,-module of finite type equipped with a semi-
linear and continuous action of Gg. With the Gg-equivariant B,-linear maps as
morphisms, B,-representations form a category that we denote by Repp (Gk).

Proposition 3.1. The B.-module underlying any B,-representation is free of finite
rank. The category Repg (Gk) is a Q-linear abelian category.

Proof. Recall that B, is a principal ideal domain [Fargues and Fontaine 2018,
théoreme 6.5.2]. In particular it is a noetherian ring and the fact that Repp (Gg)
is a @ ,-linear abelian category is obvious.

Moreover [loc. cit., proposition 10.1.1], for any maximal ideal p of B,, the orbit
of p under the action of Gk is infinite. This implies that there is no nontrivial
Gk-equivariant ideal of B,. If A is any nonzero B.-representation of Gk, the
annihilator of its torsion sub-module is a proper Gg -equivariant ideal and must
be 0. Therefore the B.-module underlying A is torsion free, hence free of finite
rank. O

Remark 3.2. Let C, be the fraction field of B,. This is the union of the fractional
ideals of B,. For each such ideal a, the choice of a generator a defines a bijection

B, —a, b+ ba,
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and we put on a the topology defined by transport de structure, which is indepen-
dent of the choice of the generator. Hence each a is naturally an ind-Banach (Q,,-
vector space). If a C b are two fractional ideals, this inclusion is continuous and a
is a closed sub-Q,-vector space of b. Hence we may endow C, with the coarsest
locally convex topology such that, for all fractional ideal a, the map a — C, is
continuous (a lattice £ in C, is open if and only if £ N a is open in a for all a).

The action of Gk on C, is continuous for this topology (but C, doesn’t seem
to be an object of ZF(Gk)) and we may consider the category Rep, (Gk) of C,-
representations (of Gg), that is of finite-dimensional C,.-vector spaces equipped
with a semilinear and continuous action of Gg. This is obviously a Q,-linear
abelian category.

We have an obvious exact Q ,-linear functor

RepBe(GK) — RepC((GK), A C,®p, A.

This functor is fully faithful: if M € Rep (Gk) is a C,-representation of dimension
d, there is at most one Gg-equivariant sub-B,-module of rank d because if A and
A, are two of them, so are A| 4+ A, and (A 4+ Ay)/A; is torsion, hence O.

Remark 3.3. If A is any B,-representation of Gk, the underlying Q ,-vector space
is locally convex and A inherits a natural structure of an object of ZF(Gg). We
will see later that the forgetful functor

Repp, (Gk) = 1F(Gk)

is fully faithful (Proposition 3.11) and that its essential image is contained in 5(GK)
(Proposition 3.12).

Proposition 3.4. Ler W € C*°(Gk) and A € Repg (Gk). Then
HomI;(GK)(W, A) =0.

Proof. Let f : W — A such a morphism. We see that B;r ®p, A is a Byg-
representation of Gg and that

g:A—)BdR®BeA, A 1QA

is amorphism of ZF(Gg).But gf : W — B;r®p, A must be B;R—linear (Section 2D).
As the BJR—module W is torsion, and By ® A is torsion free, we have gf =0,
hence also f =0 as g is injective. U

3C. Coherent Ox-modules. We know that B, is a PID and we may consider the
“open curve"

X, = Spec B,,
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a noetherian regular affine scheme of dimension 1 whose function field is the frac-
tion field C, of B, that we can see as a subfield of B;g. For each closed point x
of X, the local ring Oy is a DVR and we denote by v, the corresponding valuation
on C, normalised by v, (C}) = Z.

Recall (cf. [Fargues and Fontaine 2018, §6.5.1]) that the curve X = X 0,.C,
can be defined as the compactification at co of X,. More precisely, as By is
the fraction field of the discrete valuation ring B:er’ it is naturally equipped with
a valuation vgg: if b € Byg is # 0, then v g(b) is the largest n € Z such that
b € Fil" B;gr. We denote by v, the restriction of vyg to C,. The topological space
underlying X is obtained from the topological space underlying X, by adding the
closed point oo defined by vs,. Hence, the function field of X is C, and, if U is
any nonempty open subspace of X, we have

Ox(U) =1{b e C, | vi(b) >0, Vx € U}.

We have X \ {oo} = X,, the ring B;R is the completion of Oy  and Byp is the
completion of C, for the topology defined by vso.
Consider the following category Coh(Ox):

» An object of Coh(Oy) is a triple (F, ]-'jR, tr) with F, a B.-module of finite
type, ]-'jR a B;R—module of finite type and

.+
Lt F g —> Bir ®B, Fe
a B;R -linear map inducing an isomorphism of B, g-vector spaces
+
Bir ®B;R Fir = Bir ®pB, Fe.

e A morphism (F,, ]—";R, tr) —> (G, ij, tg) is a pair (fe, f;}) with f, : F. — G,
a B.-linear map and f; : F,j — G a B, -linear map such that the obvious
diagram commutes.

To any coherent Ox-module F, we can associate an object (F, ]-'jR, tr) of this
category:
o Fo=F(Xo),
o Fjp =B} ®0y .. Foo, the completion of the fiber of F at oo,
« the completion at oo of the general fiber is Byjr ® B, ]-"jR as well as Byg ®p, Fe
and 7 : ]:jR — Byr ®p, F. is the natural map.
This correspondence is obviously functorial and it is immediate to see that it
gives an equivalence of categories. We use it to identify the category of coherent

Ox-modules to Coh(Oy). In this equivalence we see that the category Bund(X) of
vector bundles over X, i.e., of torsion free coherent Ox-modules, can be identified
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with the full subcategory of Coh(Oyx) whose objects are triples (F, ]—"jR, tr) such
that the B.-module F, and the BJR—module F j g are torsion free (<= free).

3D. The topology on Ox. The curve X can be also described ([FF], §6.5.1) as

X = Proj EB pd
deN

and there is (loc. cit., théoreme 6.5.2) a one to one correspondence between the
closed points of X and the Q,,-lines in P! (the map associating to such a line the
prime ideal of P = @,y P? that it generates is a bijection between the set of
these lines and the set of nonzero homogeneous prime ideals of P different from
D0 P%). In this correspondence oo corresponds to the line generated by 7.

Moreover, if x, x2, ..., x, are closed points of X and if, for 1 <i <r, we
choose a generator #; of the Q,-line associated to x;, we see that the Q ,-algebra
Ox (X \ {x1, x2, ..., x;}) has a natural topology: If we set u = #,1,...t,, we have

Ox(X\{x1,x2, ..., x: D)= P"u™"
neN

and we see that it is an ind-Banach algebra with (P™ u™"),cn a multiplicative
admissible Banach filtration. Thus we may consider Oy as a sheaf of ind-Banach
algebras (the restriction maps are obviously continuous).

3E. The category M(Gg). The group Gk acts continuously on X and it makes
sense to speak of the category M(Gg) of coherent Ox[Gg ]-modules, that is of
coherent Ox-modules equipped with a semilinear and continuous action of Gg.

We see that:

— the open subset X, = Spec B, is stable under Gx and Gk acts continuously
on the ind-Banach algebra B,,

— the point oo is fixed by Gk and the action of Gk on the Fréchet algebra B;R
(resp. on the ind-Fréchet algebra B;g), completion at oo of Oy o (resp. of the
function field C, of X) is continuous.

From the description of coherent Ox-modules of the previous paragraph, we see
that we can identify M (Gk) to the following category:

« An object is a triple F = (F,, F,jz, L), where F, is a B,-representation, F,p is
a BjR-representation and

L]—':‘F;R_)BdR®BE]:e

is a Gg-equivariant homorphism of B;R -modules such that the induced Bgg-
linear map
Bir ®pt, Fir = Bar ®p, Fe

is bijective.
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* A morphism
f . (Fg, f;Ra L_/T) — (g87 g;R’ Lg)

is a pair (f,, ij) with f, : F, = G, (resp. ij : F;R — ij) a morphism
of B,-representations (resp. BjR—representations) such that the obvious diagram
commutes.

When there is no ambiguity about the map ¢, we write abusively
F=(Fe. Fip)
We also denote by
Far = Bar @B, Fe = Bar ®c, (Ce @3, Fe)

the completion at oo of the generic fiber 7, = C, ®p, F, of F.

The category Bundy (G ) of Gg-equivariant vector bundles over X is the full
subcategory of M(Gg) whose objects are those for which the underlying Ox-
module is torsion free. From the fact that any B,-representation is torsion free, we
see that, if F is any coherent Ox[Gg ]-module, there is no torsion away from oo.
Therefore Bundy (Gg) is the full subcategory of M(Gg) whose objects are those F
such that the B;R—module .FJR is free (<= torsion free), i.e., the B-pairs of [Berger
2008].

3F. The Harder—Narasimhan filtration. The abelian category Coh(Qy) is equipped
with two additive functions, the rank and the degree [Fargues and Fontaine 2018,
chapitre 5]:

rk: Coh(Ox) — N, deg:Coh(Ox) — Z

The rank of F = (F,, ]-'jR, tr) is the rank of the B.,-module F,. It is O if and only
if F is torsion. It is more difficult to compute the degree. But this additive function
is characterised by the following facts:

o if D is a divisor, then

deg(L(D)) =deg(D)= ) ny if D= nylx],
closed

points of X

o if F is a vector bundle of rank r, then
deg(F) = deg(A' F),
o if F is a torsion Ox-module, then

deg(F) = Z lengthox,x}"x.

closed
points of X
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The slope of a nonzero coherent Ox-module F is
slope(F) = deg(F)/rank(F) € QU {+o0}

(with the convention that the slope of a nonzero torsion coherent Ox-module is
+00).
The following statements are similar to the classical case:

e A coherent Ox-module F is semistable if it is nonzero and if slope(F’) <
slope(F) for any nonzero coherent sub-Ox-module of F.

e The Harder—Narasimhan filtration of a coherent Ox-module F is the unique
increasing filtration

0=FoCFIC - CFu1 CFu=7F
by coherent sub-Ox-modules such that each F; /F;_; is semistable with
slope(F1/Fo) > slope(Fo/F1) > - -+ > slope(Fp—1/Fm—2) > slope(Fn/Fm—1)-
The Harder—Narasimhan filtration splits continuously but not canonically. The

slopes of the F; /F;_1 for 1 <i <m are called the HN-slopes of F.

If F is an object of M(Gg), the unicity of the Harder—Narasimhan filtration
implies that this filtration is by subobjects in M(Gg). In general, there is no Gg-
equivariant splitting of this filtration.

3G. The equivalences M°(Gg) — C°(Gg) and M>®(Gg) — C*®(Gg). For all
s € QU {400}, we denote by M?*(Gg) the full subcategory of M (Gg) whose
objects are semistable of slope 5. We also write M (Gg) = MT>®(Gk).

We have HO(X, Ox) = Q p- A central result of [Fargues and Fontaine 2018]
(théoreme 8.2.10) is that a coherent Ox-module F is semistable of slope O if and
only if it is isomorphic to O’ for some positive integer r. From that we deduce:

Proposition 3.5. If F € M°(Gx), then F(X) €C%(Gk) and rank(F) =dimg, F (X).
The functor
MO (Gy) —» C%(Gk), Fr> F(X)

is an equivalence of categories. The functor
c’(Gx) = M°(Gk), U Ox®U = (B, ®q, U, Bj ®a, U)
is a quasi-inverse.

If F € M(Gg), as there is no torsion away from oo, we have F € M (Gg) if
and only if 7, = 0. From that, we deduce:
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Proposition 3.6. If F € M*(Gg), then F(X) = ]-";R and belongs to C*°(Gg).
Moreover
deg(F) = lengthBJR}'(X).

The functor
M (Gk) = C*®(Gk), Fir>F(X)

is an equivalence of categories. The functor
C®(Gk) —> M*(Gx), W W=(0,W)
is a quasi-inverse.

For any s € Q, we denote by M=%(Gg) (resp. M~*(Gg)) the full subcategory
of M(Gg) whose objects are those which have all their HN-slopes > s (resp. < s).
For any F € M(Gg), we denote by F=" the largest term of the Harder—Narasimhan
filtration which belongs to MZ%(Gg) and F<0 = F/F=9 We have a short exact
sequence
0->F 5 FsF250

with 720 € M=9(Gk) and F<0 € M=%(Gk).

The category M (Gy) is equipped with a tensor product. From the classification
of vector bundles over X [Fargues and Fontaine 2018, théoreme 8.2.10], we get
the fact that if s, 7 € QU {400}, if F € M*(Gg) and if G € M'(Gk), then FQG €
M3 (Gg) (with the convention that s +¢ = 400 if s or ¢ is 4+00).

The additive category Bundy (Gk) has an internal hom

(F,G) — Homo, (F, G)

We see that (Home, (F, G))e = Lp,(Fe, Ge) is the B.-module of the B,-linear
maps F, — G,, and (Homp, (F, g))jR =L Bl (]-';R, QJR) is the B;R—module of
the B;R—linear maps ij — g;R.

In Bundy (Gg), there is also a duality: The dual of F is 7Y = Homp, (F, Ox).
If 7, G € Bundx (Gk), then Homp, (F, G) = FY ®G. If F is semistable of slope s,
then F" is semistable of slope —s.

3H. Tate and Harder—Narasimhan twists. Recall that, for any p-adic vector space
V equipped with a linear action of Gx and n € Z, the n-th Tate’s twist of V is

V(n) =V ®q, Qpn)

where Q,(n) = Q,t" C Byg. This construction is functorial.
For any n € Z, we denote by

Ox(n)r = Ox ® Q,(n) = (B,(n), B p(n)) = (Be.t", Bjp.t")
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(where B,.t" (resp. BJR.t") is the sub-B,-module (resp. B;R—module) of Byr gen-
erated by 1) the Gk -equivariant line bundle of slope 0 associated to @, (n).
For F € M(Gk) and n € Z, the n-th Tate twist of F is

Fn)r =FQ Ox ()1 = (Fo(n), Fip(n), tr(n)).

It has the same degree, the same rank and the same slope as F.
For any n € Z, we consider the G -equivariant line bundle

Ox ()N = (Be, Bjp(—n)) = (Be, Bjp.t ™).
There is an obvious short exact sequence

00— Ox - Ox(m)gny — (0, B,(—n)) —> 0 ifn >0,
0— Ox(n)gyy > Ox —>(0,B_,)—>0 ifn<0,

In particular, Ox (n) gy is a modification of Ox and is of degree n. It is semistable
of slope n.
For F € M(Gk) and n € Z, we define the n-th Harder—Narasimhan twist of F as

Fm)gn =F @ Ox(M)un = (Fe, Fig(—n), tr(—n)) = (Fe, t " Fig, tr(—n)).

It has the same rank as F. If F is semistable of slope s, then F(n) gy is semistable
of slope s + n.

These two constructions are obviously functorial and commute with Harder—
Narasimhan filtration. In particular:

o If F is semistable of slope s, then F(n)7 is semistable of slope s, and F(n) g
is semistable of slope s + 7.

o The HN-slopes of F(n)r are the same as the HN-slopes of F, and the HN-slopes
of F(n)yy are the s +n for s running through the HN-slopes of F.

These constructions commute: for m, n € Z, we have

Fm)r(m)pny = Fm)gn(m)r.

Remark 3.7. In [Fargues and Fontaine 2018, définition 8.2.1] the Gk -equivariant
line bundle Ox (n) gy (n)r is denoted Ox (n). We have to avoid confusion between
the three G -equivariant line bundles Ox (n)7, Ox(n)gy and

Ox(n) = (B.(n), B;R) = (B..t", B;R)

31. Potentially trivialisable B,-representations. Let A be a B,-representation of
Gk and K’ a finite extension of K contained in @p. We say that A is Gg/-
trivialisable if there is U € C°(Gg/) and a G g/-equivariant isomorphism of B,-
modules

B, ®q, U~ A.



ALMOST C;, GALOIS REPRESENTATIONS AND VECTOR BUNDLES 693

We say that A is trivialisable if it is Gg-trivialisable and potentially trivialis-
able if there is a finite extension K’ of K contained in @, such that A is Gg-
trivialisable.

Proposition 3.8. Any absolutely irreducible B,-representation of Gk is potentially
trivialisable.

Proof. Let A be such a B.-representation. Then Ayp = Byr ®p, A is a Byg-
representation. Let £ be the set of Gg-stable B;R—lattices of Agzr. We know
(Proposition 2.5) that £ is not empty. For each L € £, we may consider the Gg-
equivariant vector bundle over X

FrL=(A,L).

Such an F; is semistable (otherwise the Harder—Narasimhan filtration would be
nontrivial and would induce a nontrivial filtration of the B,-representation (Fr), =
A which is not possible as A is irreducible).

Chose such an F;. Replacing F; with Fr(n)gy with n € N big enough, we
may assume that the degree d of F is > 0. By Proposition 2.7, we can find a finite
extension K’ of K contained in Q p and a G g/-stable sub-BjR—lattice Lo C L such
that lengthB;R (L/Lo) =d. Then Fr, = (A, Lo) is a G g/-equivariant vector bundle
over X of degree d —d = 0. As the B,-representation A is absolutely irreducible,
it is irreducible as a B,-representation of Gg-. Hence, i, is semistable of slope 0.
By Proposition 3.5, there is a Q ,-representation U of G g+ such that

.FLOZOX(@U.

Therefore A, as a B.-representation of G, is isomorphic to B, ®q, U. U

Corollary 3.9. The category Repg (Gk) is the smallest full subcategory of itself
containing potentially trivialisable B,-representations and stable under taking ex-
tensions. This is also the smallest full subcategory of itself containing trivialisable
B.-representations and stable under taking extensions and direct summands.

Proof. For any B,.-representation A of Gk, one can find a finite extension K; of
K contained in @ p such that A, viewed as a B,-representation of Gg,, can be
viewed as a successive extension of absolutely irreducible B,-representations of
Gk, and the first assumption results from the previous proposition. Hence we may
find a finite extension K’ of K contained in @ p such that A, as a B.-representation
of G, is a successive extension of G g-trivialisable B,-representations. Therefore
the induced B,-representation of Gg

A" = B.[Gk]®B,[G,1 A = Q[Gk ] ®aic,1 A

is a successive extension of trivialisable B,-representations of Gx. But the obvious
Gk -equivariant projection A’ — A splits (as, if A denotes the B,-dual of A and
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if H =Gal(K’'/K), we have a short exact sequence

0— HomRepBe(GK)(A7 A/) — HomRepBe (GK,)(A, A) — HI(H, AY B, A/)
and, as B, is of characteristic 0, we have H! (H, AY ®p, A") = 0). Therefore, A is
a direct summand of a successive extension of trivialisable B.-representations. []

Remark 3.10. The results of this paragraph can also be deduced from the work of
Berger ([Berger 2008] and [Berger 2009]) relating (¢, I')-modules on the Robba
ring and B,-pairs.

3J. The forgetful functor Repp (Gg) — C(Gg).

Proposition 3.11. The forgetful functor

Repy (Gk) — IF(Gk)
is fully faithful.

Proof. Let A and A’ two B,-representations. We want to prove that any Gg-
equivariant continuous map
A— A

is B,-linear.

Let K’ be a finite Galois extension of K contained in @p such that A and
A’ are successive extensions of trivialisable B,-representations of Gg/. If H =
Gal(K'/K), we have

Homgep, (Gx) (A, A') = (Homgep, G4 (A, ANH,
Homz Gy (A, A') = (Homzr(G ) (A, A)7.

Therefore, replacing K by K’ we may assume again that there is » € N and a
filtration of A by sub-B,-representations

O0=AgCAIC---CA_1CA,=A

such that each A;/A;_ is trivialisable.

We proceed by induction on r, the case r = 0 being trivial. Assume r > 1
and that A, /A,_1 = B, ®a, U for some U € C%(Gk). Chose a B,-linear section
s:B,®@U — A of the projection A — B, ® U. We have a decomposition of A as
a B.-module into a direct sum

A=A 1®5(B.QU)=A,1® (B.®s()).

By induction, the restriction of @ to A,_; is B.-linear. Hence there is a unique
B.-linear map
ag: A — A



ALMOST C;, GALOIS REPRESENTATIONS AND VECTOR BUNDLES 695

such that og(A) = a(A) if A € A, and ap(s(u)) = a(s(u)) forall u € U. It is easy
to check that «g is continuous and Gg-equivariant. The maps

a,o0: A— A

coincide on A,_; @ s(U) and the map o — «¢ induces, by going to the quotient, a
morphism in ZF(Gg)

B:A/(Ar—1®sU)) — A

Recall (cf. eg [Colmez and Fontaine 2000], proposition 1.3) that Bjgr = B, + B;R,
and B, N B;R = Q,. Hence, if we set Byg = Byr/ B;R, we can identify B,/Q),, to
B,r.

Therefore we have

A/(Ar—1 ®@5U)) = (Ar/Ar—)/U =B, ®U/U = Bsr ®a, U.

and 8 € HOIIII]’.:SGK)(EdR U, A).
We see that Byg is the direct limit of the B;(—d), for d € N, hence

Byr ® U =lim,_\, Bs(—d) ®q, U.
Each B;(—d) ® U is an object of C*°(Gk ). Hence, Proposition 3.4, implies that
HomzrG,)(Bi(—d) @ U, A") = 0.
Therefore § = 0 and @ = «g is B,-linear. U
We use this result to identify Repg (Gk) to a full subcategory of ZF (G).
Proposition 3.12. We have
Repy, (Gx) C C(Gx).

More precisely, for any B,-representation A of Gk, there is a Gk -equivariant ad-
missible filtration (F" A),cz with F'A =0 and F" A € C(Gx) for all n. Moreover,
we may choose this filtration so that, if b € Fil™*B, and » € F"A (withd € N,
n € Z), then bx € F*A.

Proof. Assume first that A is a successive extension of trivialisable B,-representations,
i.e., that there is » € N and a filtration by sub-B,-representations

0=A0CAIC---CA_1CA=A

such that each A;/A;_; is trivialisable. We proceed by induction on r, the case
r = 0 being trivial. Assume r > 1. Setting A,_; = A’ and choosing U € C%(Gk)
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such that A, /A1~ B.®q, U, we may assume that we have a short exact sequence
of B,-representations

0 A —>A—>B,QU—>0

and, using induction hypothesis, that we have an admissible filtration (F"A’),cz
of A’ satisfying the required properties. Let s : B, ® U — A a B,-linear section of
the projection A — B, ® U, so that we have a decomposition of the B.-module A
into a direct sum

A=AN®sB,@U)=A® (B, ®sU)).

The map
p:Gg xU— AN, (g,u)> g(sw))—s(gu))

is continuous. Therefore, if T is a Gg-stable lattice of U, then p(Gx x T) is
compact, hence bounded which implies (by [Schneider 2002, proposition 5.6]) that
there exists m € Z such that p(Gg x T), hence also p(Gg x U) is contained in
F™A'.
If, for n € Z, we set
FUA — F'AN®(F" "B, ®U) %fn <m,
0 ifn>m,
we see that (F" A),en is an admissible filtration satisfying the required properties.
— In the general case, we choose a finite extension K’ of K such that A is a
successive extension of trivialisable B,-representation of G k. Therefore we can
find a G g/-equivariant decreasing admissible filtration

(F;é/A)neZ

such that, if n € Z, then FI’},A € C(Gg) and that, if b € Fildee, for some d e N
and A € F!, A, then b € FI79A.

For each n € Z, denote by F" A the smallest sub-Q ,-vector space of A contain-
ing F}, A and stable under Gg. This is also the image of the obvious map

Q,[Gk]1®q, (G, Fr A — A.

If hy, hy, ..., hy is a system of representatives of Gx/Gg in Gk, this is also
Z;":l h;(F"Ag) C A which is still bounded and it is clear that the (F"A),cz
satisfy the required properties. ([

Remark 3.13. We see immediately that Repp (Gk) is a weak Serre subcategory
of C(G).
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3K. Cohomology of coherent Ox-modules. We denote by Byg the B,-module
Bir/B.. It is not of finite type but, as the cokernel of the inclusion B, — Bgg
which is a morphism of C(Gk), it can be viewed as an object of this category. The
equalities Bygr = B, + B;R and Q, = B, N B;R imply that By, as an object of
C(G), can also be identified with B} ,/Q,.

If F = (F,, Fjg. t7) € Coh(Ox). The map

Fe— Far = Bar ®p, Fe, x> 1Qx

is injective, we use it to identify F, to a sub-B,-module of F;z and we denote by
Far the quotient Fyg/F,.

Proposition 3.14 [Fargues and Fontaine 2018, proposition 8.2.3]. For any F €
Coh(Ox), we have H' (X, F) =0 fori ¢ {0, 1} and

FX)=H'X,F)#0 < F=0+£0,
H'(X,F)#0 < FL#0.

Moreover, there is a canonical exact sequence of Q ,-vector spaces

(1) 0> H'X. F) > F. @ Flx 3 Far — H' (X, F) > 0
(where dr(x, y) = 1r(y) — x) which is functorial in F.

We have a commutative diagram of Q,-vector spaces

0 0
Fe _ Fe
0— HYX, F) — F.®F p — FarH' (X, F) — 0

q =
Fhe ———— Far

0 0

whose columns and the two first lines are exact. Hence we have also an exact
sequence

) 0— HYX, F) > Fl 2 Fyp — H (X, F) > 0

where d 7(y) is the image of t(y) in Fyg.
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3L. Cohomology of coherent O x|Ggl-modules. We say that an almost C ,-repre-
sentation is effective if this object of C(Gk) is isomorphic to a sub-object of C*°(Gk).
We denote by C=°(Gy) the full subcategory of C(Gx) whose objects are those
which are effective.

Proposition 3.15. Ler f : W — V a morphism of C(Gg) with W € C*°(Gg) and
V € CZ%(Gk). Then the kernel of f belongs to C*(Gk).

Proof. By assumption, there exists a monomorphism g : V. — W' in C(Gg) with
W’ € C*®°(Gk). The kernel of f is the same as the kernel of gf : W — W'. As W
and W’ are in C*°(Gk), so is this kernel. O

Proposition 3.16. Let F € M(Gg). Then H*(X, F) € CZ°(G).
Proof. We see that F,, Fr 4r and Fyg can be viewed as objects of the abelian
category C(Gk). The inclusion F, < ]-'d g 1s a morphism of this category, hence
Far can also viewed as an object of C(Gk). The map d 7 of the exact sequence
(2) is obviously a morphism of this category, hence
HY(X, F)=kerdr and Hl(X, F) = coker dr

are objects of 5(GK).

For m € N, big enough, 7(—m) gy has all its HN-slopes strictly negative and
H(X, F(—=m)pn) = 0. But this is the kernel of the map

Fip(m) = Far, b®t" > t"b (mod F,).

Hence we have a commutative diagram

0 0 Fip(m) — Fag
0— H)X, F) Fie Far

(the first nonzero vertical arrow sends b ® " to " b) whose lines are exact. There-

fore, the compositum H(X, F)— ]-';R — ]-';R/t’”]-"jR is injective and H(X, F),

subobject in C(Gk) of Fjp/t".F,p € C*°(Gk) is in C=°(Gk). O
4. Hulls and construction of the functor V — Fy

4A. Generalities. In what follows, B- is either B,, B;R or Byg.
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We know (Remarks 3.13 and 2.13) that Repg, (G ) can be identified with a weak
Serre subcategory of C(Gk). We have “inclusions” of weak Serre subcategories

Repg- (Gk)

Rep . (Gx) — C(Gk)

7

Repy, (Gk)
Let V be an almost C,-representation. We say that V has a Bo-hull if the functor
Repg, (Gk) — Q,-vector spaces, W Homg(GK)(V, W)

is representable, i.e., if there is a (necessarily unique up to unique isomorphism)
pair (Vo L¥ ), with V, a By-representation and L%/ : V. — V5 a Gg-equivariant con-
tinuous Q,-linear map, such that, for all Bs-representation W, the map

HomRepB‘?(GK)(V?, W) — Homg(GK)(V, W),

induced by Lf_‘,/ , 1s bijective.
When it is the case, we call (V>, Lf_‘,/ ), or abusively Vo, the Bo-hull of V.
Our purpose is to show that such an hull always exists and to use these hulls to
construct a functor
C(G[()-)M(GK), VI—).F\/.

Remark 4.1. Let V be an almost C,-representation and let Iy the class of mor-
phisms
1V ->Ww,

of 5(GK) whose source is V and target a Bs-representation. With suitable con-
ventions and abuses, to say that V has a By-hull means that the directed inverse
limit

V'_; = lim W,

—iely "t

exists and that the Bo-module underlying this “pro-Bo-representation of G " is of
finite type.

Restricted to the full subcategory of C(Gg) of almost C,-representations admit-
ting a By-hull, the correspondence V +— V5 is obviously functorial.

Let V € C(Gk) such that, with obvious notations, (V, L(‘;,’f) exists, let M €
Repg,.(Gk) and f : V — M a morphism in 5(GK). We see that the sub BIR-
module W of M generated by f(V) is an object of C*°(Gg), hence there is a
unique morphism (in 8(GK) or, in this case, equivalently in C*°(Gg))

g:Vh>WcM
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such that f =go L“Z/I’;“ and we have
Homg g, ,(V, M) = Homg g, , (V. M) =
N + _ +
Homc(GK) (BdR ®B;R VdR’ M) = HomRedeR(GK) (BdR ®B;R VdR’ M).
Therefore Vi exists and can be identified with B;g ® B, V;}e.
The same argument applies to the case where (V,, 1)) exists. Hence we have:
Proposition 4.2. Let V € C(Gg).
G If Vd} exists, Vg exists and is, canonically and functorially, Bjg ® B, Vj}e-
(1) If V. exists, Vg exists and is, canonically and functorially, Bar ®p, Ve.

Proposition 4.3. Let B, as above and let V be an almost C,-representation of Gk
which has a By-hull (Vs, 1)).

(i) The image of t¥ generates Vo as a By-module.
(i1) If moreover
0>V ->V->V"'>0
is a short exact sequence in C(Gxg), then V" has a By-hull which is the quotient
of Vs by the sub-By-module of Vs generated by the image of V'.

(iii) In this situation, if V' has a By-hull, then the sequence
Vo— Vo> V) =0
is exact.

Proof. (i) Let Wy be the sub-B>-module of V» generated by the image of V. As B
is noetherian, this is a By-module of finite type. By the universal property of Vo,
there is a unique morphism v : Vo — W such that the map V — Wy isvo L;/ and

we see that Vo = Wy @ kerv. The fact that idy, is the unique endomorphism of V»

such that v o L¥ = L%’ forces ker v to be 0.

>ii) If W is any B»-representation, we have
Homg g, (V", W) ={f € Homg,,(V, W) | f(V') =0}
= {f € Homgep,, (G (V2, W) | £y (V) = 0}
= HOHlRepB?(GK)(V?/B?tfy(V/), w).

(iii) Let N be the kernel of the projection Vo> — V,'. The image of V; in V> is
clearly contained in N. As N is the sub-By-module generated by the image of V’,
the map V, — N is surjective and

Vo= Vo>V =0

1s exact. O



ALMOST C;, GALOIS REPRESENTATIONS AND VECTOR BUNDLES 701

4B. Construction of trivialisable almost C ,-representations. A trivialisation of
an almost C,-representation V' is a short exact sequence

O—-U—-V->W-=0

in C(Gg) with U € C°(Gk) and W € C*®(Gg).

An almost C,-representation is trivialisable if it admits a trivialisation.

If V eC(Gk),if f:V/U; — W/U_ is an almost isomorphism with W € C(Gg)
andif V=W x wsu_ V, we have, in C(Gg), a commutative diagram

0
l |
Uiy =—=U;
Lo
0—-U-.—V—V——0
[ —
0—-U-.—W—V/U —0
!
0

O —

and V is a quotient of V which is trivialisable as it is an extension of W by Uy €
C%(Gg).
Given U € C°(Gk) and W € C*®(Gg), it is easy to construct all almost C,,-
representations which are extensions of W by U:
Recall that
Byr = B, +B g and B, ﬂBdR =Q,

and that we set
Bar = BdR/B;_R = Be/@p-

Let U be an object of C%(Gg) and W an object of C*°(Gg). Tensoring the exact
sequence
0—>@p—>Be—>§dR—>0

by U we get a short exact sequence in C(Gk)
0— U — B,®q, U— Big®a, U — 0
inducing a map

“ ||
Homg= (W, Bar ®q, U) EXté(GK)(W’ v)
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Proposition 4.4 [Fontaine 2003, proposition 3.7]. Let U € C°(Gx) and W e
C*®(Gk). The map
Su.w : Homgs . (W, Bag ®a, U) — Extl g, (W, U)
is an isomorphism.
Hence if V is a trivialisable almost C,-representation and if
(T) 0O->U—->V-—->Wy—>0
is a trivialisation of V, there is a unique
pT € Homaoo(GK)(Wo, EdR Ra, U)

such that the square
V——— W

| |

B, ®q, U — Bar ®q, U
18 cartesian.

4C. Construction of the hulls.

Proposition 4.5. Any almost C,-representation V has a B.-hull 'V,, a B;R-hull
VjR and a Byr-hull V g. We have

Vir = Bir ®8, Ve = Bar ®p7, Ve
rankB:RVjR =rankg, V. = dimp,, Var > h(V)

and equality holds when V is trivialisable.
Moreover:
(i) IfU € C°%(Gx), then U, = B, ®a, U and U, = B}, ®a, U,

(i) If W € C>°(Gk), then W, =0 and Wi, =W,

(i) If
(T) O->U—->V-—->Wy—0
is a trivialisation of an almost C,-representation V , then
(a) the map U, = B, ®q, U — V, is an isomorphism, and
(b) we have a short exact sequence

O—>BIR®@,,U—>V;;€—>WO—>O

More precisely, Vd’} is the fiber product (B4g ®q, U) X Bux®a,U Wo (where
Wy — EdR ®aq, U is the map pr).
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Proof. From Proposition 4.2, we see that the existence of V, and V,}, implies the
existence of Vg and the equalities:

Vir = Bar ®B, Ve = Bir ®p+ Ve
rankBIRV:{R =rankp, V. = dimp, V4r.
(i) Let U € C°(Gk). By adjunction, for any B,-representation A, we have
Homg (U, A) = Homgep,, (Gx)(Be ®a, U, A)
hence U, exists and is B, ®aq, U. Similarly, for any object Wy € C*°(Gg ), we have
Home gy (U, Wo) = Homg ¢ (B ®a, U, Wo)

hence U, exists and is B, ®q, U. In particular, dimp,, Usg = h(U).

(ii) Let W € C*°(Gk). For all B,-representation A, we have Homg(GK)(W, A) =
0 (Proposition 3.4). Therefore W, exists and is = 0. For any Wy € C*°(Gg), we
have Home G ) (W, Wp) = Homee ) (W, Wp) (Proposition 2.6) hence WJR exists
and is W. In particular dimp,, Wyg =0 = h(W).

(iii) Let V a trivialisable almost C,-representation and
(T) 0->U—->V-—->Wy—>0

a trivialisation.

(a) Let A be a B,-representation. The inclusion U — V induces a map
a : Homg g, (V, A) — Homgg,, (U, A)

= Homgep, (Gy)(Be ®a, U, A) = Homgg, ) (Be ®q, U, A)
(Propositions 3.11 and 3.12). We have a cartesian square (Section 4B)

Ve—-—-"-"-W

(S) lp lpr

B, ®q, U — Bsr®q, U
and we may use p to get a map

Let f eHomg(GK)(Be ®q, U, A) and ff=a(B(f).If> b;Qu; €B, ®q, U, we
have

F(E b ®u) = X b (BN = X bi f i) = £ (X b @ uz)

as f is B,-linear, hence f' = f.
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Let g € Homgg,,(V, A) and g’ = a(B(g)). If u € U, as p(u) = u, we have
g'(u) = Bla(g) () =alg)(u) = g(u)
Hence g’ — g factors through a morphism in C(Gx)
Wo— A

which is necessarily O (Theorem 2.9), hence g’ = g. Therefore we see that « is an
isomorphism. It is implies that V, exists and is equal to U, = B, ®q, U.

(b) We want to show that VdJ;e exists and is equal to
Wi = (Bar ®a, U) ngR®@pU Wo.

Using the cartesian square (S) and the inclusion B, ®q, U C Bir ®q, U, we get
a morphism of 8(GK)
V —> W1

and we have a commutative diagram in 6(GK)

0—U V— Wy —0
I

() 1 |

0 Uje 14 Wo 0

whose lines are exact.
If W is any B;R—representation, we have a commutative diagram

0 — Hom(Wy, W) — Hom(V, W) —— Hom(U, W) —— Ext! (W, W)

I | I= I

0 — Hom(Wy, W) — Hom(W;, W) — Hom(U }, W) — Ext! (Wy, W)

(where all the Hom and Ext! are computed in 5(GK)) which implies that
Homg¢ () (V, W) — Home (G (Wi, W) = Homeeo Gy (Wi, W)

is an isomorphism. Hence VdJ;e exists and is equal to Wj.

Finally, let V be any object of C(Gg). We can find an exact sequence
0>U—>V—>V->0

with V trivialisable. The existence of 176 and \7;;? implies (Proposition 4.3) the
existence of V, and VdJ;Q. The exactness of the sequence

UdR — vdR — VdR -0
implies that

dimp,, Vg > dimp,, Vyg —dimp,, Ugg = h(V) — h(U) = h(V). O
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4D. The functor V — Fy. For any almost C,-representation V, denote
Vi = Vag = Bar @3, Ve
the natural map. It induces an isomorphism Byg ® B, VdJ;e — V4g. Therefore
Fy =V Vestv)

is a coherent Ox[Gg]-module. This construction is clearly functorial and we get
an additive functor
C(GK)%M(GK), VI—)fv.

From the universal properties of the functor V — VdJ;e and V — V,, we deduce
the fact that V — Fy is left adjoint to F +— F(X).

5. The equivalence M=%(Gg) — C=°(Gg)

5A. A characterisation of effective coherent Ox[Gg ]-modules.

Theorem 5.1. The category M=°(Gy) is the smallest strictly full subcategory of
M(Gk) containing M°(Gg) and M>(Gx) and stable under taking extensions
and direct summands.

Lemma 5.2. Let s be a positive rational number. There exists G, € M*(Gg) which
is an extension of an object of M™(Gx) by an object of M°(Gy).

Proof of the theorem given the lemma. As a subcategory of M(Gg), the cate-
gory M=%(Gg) is obviously stable under taking extensions and direct summands.
Hence, it suffices to show that any F ¢ MZ%(Gg) can be written as a direct sum-
mand of successive extensions of direct summands of objects which are extensions
of an object of M>(Gg) by an object of M°(Gk). Using the Harder—Narasimhan
filtration, it is enough to show that, if F is semistable of slope s > 0, then F is
such a direct summand.

If s = 0, then F € M°%(Gk) and, if s = 400, then F € M>®(Gk) and we may
assume that s is a positive rational number.

Let G as in the lemma, so that we have a short exact sequence

0— Gy — G, —> G —0

with g? e M°(Gg) ans G € M*(Gg). As Gy is a vector bundle (it has no torsion),
its dual QSv is well defined and semistable of slope —s. Therefore

Fo=F® g;/
is semistable of slope 0. We have a short exact sequence

0— Fo®G)— Fo®G, = Fo®GX — 0
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and Fy ® G; is an extension of 7 ® G® € M*(Gk) by F* ® G? € M°(Gy).
But, with obvious notations,

Fo® G, =F®G, ®G, = F @End(Gy).
If End®(G,) is the subsheaf of elements of trace 0 in End(G,), we have
End(G,) = Ox & End’(G,)

hence
Fo® Gy = F® (Ox @End’(G,)) = F ® (F ® End’(Gy))

and F is a direct summand of Fy ® G;. U

Proof of the lemma. We may assume K = Q. Recall the following facts ([Fargues
and Fontaine 2018, proposition 10.5.3]; see also [Colmez and Fontaine 2000, §5]):

o A filtered ¢-module over Q),, is a pair (D, Fil) consisting of

(a) a p-module over Q,,, i.e., a finite-dimensional Q ,-vector space D equipped
with an automorphism ¢ : D — D,

(b) an exhausted and separated decreasing filtration (Fil" D),cz.

(i) There is a fully faithful additive functor

(D, Fil) = Fp ril

from the category of filtered p-modules over Q,, to the category of Gg,-
equivariant vector bundles over X (the essential image consists of those
equivariant vector bundles which are crystalline, i.e., those F’s such that
the natural map

G
Besis ®@p (Bcris ® B, ]:e) - Beris ®B, Fe

is bijective): we have Fp rii = (Fp Fil.e ]:;,Fil,dR) where
— FDp File 1S the B,-module (Bcris ®a, D)p=1 which implies that

FpFiLdR = Bir ®B, Fp.e = Bar ®q, D,

— Fp irar = Fil’(Bar ®a, D) =Y, ., Fil " Byg @ Fil" D.

Set s = d/h with d, h positive integers, prime together.
Consider the ¢-module D over Q,, whose underlying Q,-vector space is of
dimension h, with (e,),cz/n7 as a basis and

eri1 ifr4+1#£0,
pler)=91 4, .
p e ifr+1=0.
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We equip D with two distinct filtrations Fil and Fily:

D if n < —d,
oD ifn<0, ., e
FilI"D = 0 ifne0 FilgD = @r;so@per if —d<n<0,
’ 0 ifn>d.

Set Gy = Fp i and g? = Fp.Fi,- Both are coherent Ox[Gg ]-module of rank
h. As the polynomial X" — p~¢ is irreducible over Q,, the @,[¢]-module D is
irreducible which implies that G; and g? are stable, hence semistable. An easy
computation shows that deg(G;) = d and deg(g?) = 0, hence G, is semistable of
slope d/h = s and G? is semistable of slope 0, hence belongs to M°(Gg). We see
that Q?’ . = Gs.. and that (Q?);{R C (Gs)ar. Therefore Q‘? is a subobject of G, and
the cokernel G2° is torsion, and so belongs to M*°(Gk). O

5B. Some properties of effective almost C ,-representations. Recall (Section 1E)
that an exact subcategory of an abelian category is a strictly full subcategory con-
taining O and stable under extensions. For instance the previous theorem shows
that MZ°(Gg) is an exact subcategory of M(Gg).

Theorem 5.3. Let V € C(Gk). The following conditions are equivalent:
() V is effective (i.e., V € CZ(G)).

(ii) There is a finite extension K' of K contained in @l, such that V, as an object
of C(G ) is a successive extension of objects belonging either to C°(G ') or

to C*®(Gg).

(iii) V belongs to the smallest strictly full subcategory of C(Gk) containing C°(Gx)
and C*°(Gg) and stable under taking extensions and direct summands.

Moreover CZ%(Gy) is an exact subcategory of C(Gg).

Before proving this theorem, let’s state an other result. Recall (Section 4D) that,
to any V € C(Gg), we associated the coherent Ox[Gg ]-module

]:V = (Vd—";?’ Ve’ LV)'

We have
F)ie=Vie Fe=Ve, tr =ty

Therefore, if we set Vg = Fy g = Var/ Ve, we have (cf. Section 3L) an exact
sequence

(©) 0— HYX, Fy) = Vi S Vg —> H' (X, Fy) > 0

(where Ty =T1r, is the compositum of ¢y with the projection Vg — Vgr/V,) and,
as V C V, is injective, the image of V in VdJ}e is contained in Fy (X) = HO(X, Fy).
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Proposition 5.4. Let V € C=%(Gk).

(i) We have h(V) > 0 and dimp,, Vagr = h(V).

(ii) We have V € C*(Gg) <= h(V) =0,
(iii) The sequence

O—>V—>VdJ;eil>VdR—>O
is exact.

(iv) the map V. — H(X, Fy) is bijective and Fy € MZ°(G).

Moreover, the restriction to CZ°(Gg) of the four functors C(Gg) — 5(GK)

Vi Vi, ViV, Vi Vi Vi Vg

and of the functor
C(Gg) > M(Gg), V= Fy

are exact.

Proof of the theorem and beginning of the proof of the proposition. For any V €
C=%(Gg), we denote by dy the infimum of the d(W)’s for all W € C*°(Gg) such
that V is isomorphic to a subobject of W (note that (V) < dy).

Denote by K the set of finite extensions L of K contained in @ p- For any
L e K, letC’(Gyp) the full subcategory of C(G ) whose objects can be written as
a successive extension of objects belonging either to CO%(Gp) orto C®(Gp).

We now show assertion (i) of the proposition and the implication (i)=>(ii) of
the theorem, i.e., that, if V € CZ%(Gg), then

dimp,, Vag =h(V) (so h(V) > 0) and there exists K’ € K such that V eC?(GK/).

We proceed by induction on dy, the case dy = 0 being trivial.

Let V C W an embedding of V into an object W € C*°(Gk) satisfying d(W) =
dy > 0. We can find (cf. Proposition 2.7) K; € K and a Gg,-stable sub—BjR—
module W’ of W of length 1. Setting W’ =W /W', V' =V N W' and denoting V"
the image of V in W”, we get a commutative diagram in C(G,)

0—V —V—V'"—0

|

0O—W —W-—W —0

whose rows are exact and vertical arrows are injective which implies that V' and
V" belong to C=%(Gg,). We have d(V') < d(W’) = 1. From Corollary 2.10, we
get that either d(V') = 1 in which case V' = W’ or d(V’) = 0 which implies that
V' eC%Gk,).

—If V' =W/, we have h(V’) =0 and (V/)IR = W' hence V, =0.

~If V' € C°(Gk,), we have h(V') = dimg, V' and V;, = B4r ®q, V'
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In both cases, we have dimp,, V;, =h(V'). By induction, we have dimp,, V, =
h(V"). The exactness of the sequence

Vig = Var = Vg — 0

implies that
dimp,, Var <dimp,, V) +dimg,, V) =h(V')+h(V") = h(V),

hence, as dimp,, Vyr > h(V) (Proposition 4.5), we get dimp,, Var = h(V), 1.e the
assertion (i) of the proposition.

Also by induction, as V" belongs to C=°(G,), there is K’ € K containing K
such that V” € C’(Gg/). Then V, as a representation of Gk, is an extension of
V" by either an object of C*(Gg-) (if d(V’) = 1) or by an object of C°(G ) (if
d(V’) =0). In both cases, V belongs to C'(Gg).

Therefore, given V € C=°(Gx), there is K’ € K and a filtration of V by subobjects
inCt(Gg)

0O=VWwcVvVic---CcV,_yCV,=V
such that,if i =1, 2, ..., r, then V;/V;_; belongs either to Co%(Gg) orto C®(Gg).
This proves the implication (i)=>(ii) of the theorem.

In particular, we have h(V) = 2;21 h(V;/Vi;—1) which is > O unless h(V;/Vi_1)
vanishes for all i, which means that V;/V;_; belongs to C*(Gg). As C*®°(Gg) is
stable under taking extensions, we get the equivalence

h(V)=0<«<=V € C*(Gk)

which is the assertion (ii) of the proposition.

The implication (ii)=>(iii) of the theorem is obvious: If V satisfies (ii), the
induced representation Q,[Gk]| ®a,[Gx1 VY belongs to C’(Gg) and V is a direct
summand of this representation.

As a full subcategory of C(Gg), the category C=°(Gx) is obviously stable un-
der taking direct summands. Hence, we see that the implication (iii)=>(i) of the
theorem and the fact that CZ%(Gg) is an exact subcategory of C(Gg) result from
the following:

Lemma 5.5. Assume we have a short exact sequence in C(Gg)
(1) 0—>V0—>V1—>V2—>0

with V5 € CZ%(Gx) and Vy belonging either to CO%(Gk) or to C®°(Gk). Then V; €
C=%(Gk) and the sequence

+ + +
0— VO’dR—> Vl,dR—> VZ,dR_>0

is exact.
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Proof of the lemma. Assume first that V; belongs to C°(Gk): we have a commuta-
tive diagram
0 Vo Vi V) 0

L

+ + +
Vo.ar = Viar = Vaar — 0

whose rows are exact, the maps Vy — V0+d g and Vo — V2+d r being injective. I will
show that the map Vofd R Vfd g is injective. As Vofd R= BJR ®q, Vo is a torsion
free B;R—module, it is enough to check that Vo 4g — Vi 4r is injective. If it were
not true, we would have

dimp,, Vi ar < dimp,, Voar +dimp,, V2 4g = h(Vo) +h(V2) = h(V}).
As we have (Proposition 4.5) dimp,, Vi 4r > h(V1), this can’t happen. This forces
Vi—> VlJf 4r to be also injective, hence Vi € Cc=%(Gg).

Now assume instead that Vi belongs to C*°(Gg). As the sequence (1) almost
splits (Proposition 2.15), we can find an extension S in C%(Gk) of V» by some
U € C°(G) such that V; = V, @y S. By what we just saw, S € CZ%(Gg) and we
have a commutative diagram

0 U S Va 0

b

+ + +
0—Ugr — Sqr — Vour — 0

whose line are exacts and vertical arrows are injective.
We also have a commutative diagram

0O—U—WopS——V,—0

| l |

Uk —m W Si, — Vlde—>0

(the map U — W & S send u to (#, —u)) whose rows are exact and the two first
vertical arrows are injective.

The injectivity of U, — S1 implies the injectivity of U, — W & Sj,. To
finish the proof we only need to show that the map V| — V1+d  1s injective or, with
obvious identifications, that inside of W & S;R, we have

UrRNWaS)=U.

Assume (w, s) € W @ S belongs to UJR. This implies that s € SN U;R which is U
as the map V, — VZT 4r 18 injective. We then need w = —s and (w, s) is the image
of —s e U. |
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Proof of the exactness of the functors V +— Vg, V= V,and V — Vg If
0>V ->V->V'>0
is a short exact sequence in C=°(G), we know that the sequences
Vi>V,—> V>0, Vipg—Vig— Vip—0
are exact. As
dimp,, Vg =h(V) =h(V') + h(V") = dimg,, V;z = dimg,, V/p

the map Vé r — Var must be injective and the functor V — V,p is exact.
As the B,-modules V., V, and V" are torsion free and as
rankp, (V) = dimg,, Vg,
rankBE(Ve) = dideR VdR,
rankg, (V,") = dimg,, V%.

the same argument shows the exactness of V +— V.
We then have a commutative diagram

0 0 0
[
00— V! v, V/—0

Ll

0—Vpg—Vig—Vj—0

LD

0— Ve —Vig— Vi —0

Ll

0 0 0

whose three columns and the two first rows are exact. This implies the exactness
of the last row.

Lemma 5.6. Let

0>V ->V->V'"-0
a short exact sequence in C=°(Gg). Assume the sequences
0>V — (V)i > Vg =0

and
0>V > (V”)jR — VZR -0
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are exact. Then the sequences
O—>V—>VdJ;e—>VdR—>O

and
0— (V/);'R — the — (V”)jR -0

are exact.

Proof of the lemma: We have a commutative diagram:

0 0 0
l l l
0 vV’ Vv V" 0

L

0— (VY e — Vi — (V. —0

l | |

0 Vi Var Ve 0
! | |
0 0 0

whose first and third rows are exact. By assumption, the first and the third columns
are also exact. We also know that, except may be in (V' );;R, the second line is exact
and, as V e CZ%(Gy), that the map V — VdJ;e is injective. By diagram chasing, we
get the fact that the second line and the second column are also exact. U

We resume the proof of the proposition.
We first prove (iii), i.e., forall V € C Z0(Gk), the exactness of the sequence

0—>V—>VdJ;?2>VdR—>O.
(@) If V € C*®°(Gg), as V;}e =V and Vg = V4 = 0, exactness is obvious.
(b) If V € C%(Gk), this sequence can be rewritten
0>V —> BJR®QPV—)E[{R®QPV—)O
and exactness is deduced by tensoring with V from the exactness of
0—>Q,—> By —> Bsr— 0
(recall that Byg = B, + B}y, that B4g = Byg/B, and that B, N B, = Q)).

(c) In general, we proceed by induction on the smallest integer ry such that there is
K’ € K with the property that V is a successive extension of ry objects belonging
either to C%(G g') or to C*(Gg). Replacing K by K’ if necessary, we may assume
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K’ = K. We just proved it is OK if ry = 1. Assume ry > 2, so that we can find a
short exact sequence in C =0(Gk)

0>V -V->V"=0
with rys and ry» < ry. Then, by induction, the sequences
0=V = (V)iy— Vg —0
0—-V — (V”)jR — (V4gr— 0

are exact and the result follows from the two assertions of the previous lemma.
From the exact sequence (C), we see that V = HO(X, Fy) and that H' (X, Fy) =
0 hence that 7 € M=%(Gy), which proves (iv).

We are left to prove the exactness of the functors V — VdJ;e and V — Fy,i.e.,
that, if
0>V >V->V"50

is a short exact sequence in C=°(Gy), then the sequences
0> (V)ig > V5= VNl —0

and
0— Fyr—> Fy — Fyr =0

are exact. As we now know the assertion (iii) of the proposition, the exactness of
the first sequence is a consequence of the previous lemma. Finally, we see that
exactness of the second is equivalent to the exactness of

0= (Vg = Vg = (V)i =0
and of
0>V >V, > V'—>0
and we are done. (]
Proposition 5.7. Let V € C(Gk). Any decreasing sequence of subobjects of V
VidoVD DV, DVuy1D---
is stationary.
Proof. Chose Ve CZ%(Gk) such that V is a quotient of V. Foralln e N, set
f/\n =V Xy V.

The V,, form a decreasing sequence of subobject of V and, for all n € N, we have
a canonical isomorphism V,/V, 41 >~ V,,/V,41. In particular

-~

Vg1 =V <= Vo1 = V.
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Replacing V by V and the V,’s by the Vs if necessary we ay assume that V,
therefore also the V,,’s are in CZ0.

As d(Vy41) <d(Vy) and d(V,) > 0, there is an integer m such that d(V,) =
d(Vy41) forn > m.

For n > m, we have d(V,,/V,+1) =0, hence V,,/ V41 € C°(Gg) and, if we set
hy =dimg, (Vy/ Vat1) (€ N), we have h(Vyi1) =h(V,) —hy. As Vup1 € CZ0(G),
we have h(V,41) > 0. Therefore, there is an integer m’ > m such that h, = 0 if
n > m’. This implies that V,,y; = V,,. O

Remark 5.8. On the other hand, there are objects of C(Gg) which admit non-
stationary increasing sequences of subobjects. For instance, it is easy to see that
C, contains infinitely many subobjects belonging to C%(Gk). From that, one can
constructs nonstationary increasing sequences

VocVic---CV,CVyg1 C---
of subobjects of C, belonging to C%(Gg).

5C. The main result. We may consider the functors

M=(Gg) = €=*(Gg),  Fr> F(X)
and

c%(Gg) > M (Gk), Vi Fy.
Theorem 5.9. The functor

M=(Gg) — C=(Gx).  F > F(X)
is an equivalence of exact categories and

c=(Gx) - M>(Gx), V> Fy
is a quasi-inverse.

Proof. As the functor V +— Fy is left adjoint to F +— F(X) (Section 4D), we are
reduced to checking the following claims:

(i) If V e CZ9(Gg), the map V — Fy(X) coming from adjunction is an isomor-
phism,
(i) If F € MZ%(Gg), the map Fr,(x) — F coming from adjunction is an isomor-
phism.
(i) If
0>V >V->V'50
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is a short exact sequence of C=%(Gy), the sequence
0— Fyr— Fy = Fyr—0
is exact.
(iv) If
0O—-F —->F—>F'—=0
is a short exact sequence of M=°(Gy), the sequence
0—- FX)» FX)—> F'(X)—0

is exact.

(1) and (3) have already been proved (Proposition 5.4) and (4) results from the
fact that, if 7' € M=%(Gk), then H' (X, ') = 0 (Proposition 3.14).

Let’s prove (2): Let M the full subcategory of M=%(Gg) whose objects are
those F’s for which Fr,(x)y — F is an isomorphism. It is obviously stable under
taking direct summands. By exactness of the functors 7 — F(X) and V +— Fy, it
is stable under extensions. It contains M%(Gg) and M>(G). Then Theorem 5.1
implies that M = M=%(G). O

6. From M (Gg) to C(Gk) and conversely

6A. Some general nonsense. Let A be an abelian category and B be an exact
subcategory of A. Recall (cf., e.g., [Laumon 1983, §1.1]) that one can define
the derived category of bounded complexes of B that we denote DZ(B): in the
triangulated category X”(B) of bounded complexes of B up to homotopies, the full
subcategory A of bounded acyclic complexes (in B) form a null system and we set

Dh(B) =K (B)/N.
Let A be an abelian category, B an exact subcategory of .4 and D a strictly full
subcategory of B which is a Serre subcategory of A (hence D is abelian).
o We say that the exact embedding B — A is left big with respect to D if,
(i) any quotient in .4 of an object of B belongs to 5,
(ii) for any object A of A, one can find a short exact sequence

0-A—-B—-D—=0

of A with B an object of B and D an object of D.

o We say that the exact embedding B — A is right big with respect to D if
B < A°P is left big with respect to D°P which amounts to requiring that

(i) any subobject in A of an object of 15 belongs to B,
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(ii) for any object A of A, one can find a short exact sequence
0->D—>B—>A—-0

of A with B an object of B and D an object of D.

We say that an exact embedding B < A is left big (resp. right big) if one can
find a Serre subcategory D of A contained in B such that B < A is left big (resp.
right big) with respect to D.

Proposition 6.1. Let B — A an exact embedding which is either left big or right
big. Then the natural functor

D%(B) — D(A)
is an equivalence of triangulated categories.

It is a formal consequence of the more precise following statement:

Proposition 6.2. Let B — A be an exact embedding and D a Serre subcategory
of A contained in B such that B — A is left big (resp. right big) with respect to D
and let A* a bounded complex of A.

(1) There exists a short exact sequence of bounded complexes of A
0—>A*"—>B —>D"—>0 (resp. 0o>D*"—> B*"—> A*"—0)
with B* a bounded complex of B and D* an acyclic complex of D.
(i) If
0— A" B*— D"*"—0(@esp. 0> D*"— B*— A*—=0)

isan other short exact sequence of the same kind, there exists a a third short
exact sequence of the same kind

0—A*"—- B"—D"—0(esp. 0> D" — B"™ - A*—=0)
together with morphisms of complexes
B* — B"* and B"* — B"* (resp. B"* — B* and B"* — B")
such that the diagram

A* *— B+ B*

/l\ ( resp. \l/ )

B 10 B /e B .
is commutative.

Proof. It is enough to treat the case were the strict embedding is right big. Assume
this is the case. To prove (i), by induction, we are reduced to proving this:



ALMOST C;, GALOIS REPRESENTATIONS AND VECTOR BUNDLES 717

Lemma 6.3. Letr € Z and let
0— D — B — A" =0

a short exact sequence of bounded complexes of A. Assume that D;. is an acyclic
complex of D, that D! = 0 for n > r and that B} is an object of B for alln < r.
Then, there exists a short exact sequence of bounded complexes of A

0—->D;,y,—> B, —>A—>0

where Dy | is an acyclic complex of D with D' | =0 forn >r +1and B} | an
object of Bforalln <r+ 1.

Proof of the lemma. We can identify B to A" for n > r. Granted to right bigness
of B — A, we can find a short exact sequence

0—-D—->B—>A"—>0

with B an object of B and D an object of D. Set

B forn <r—1,
-1
n BT xaB forn=r—1,
r+l B forn =r,

B! =A" forn>r.

We have a commutative diagram

+—Qg<+—o
—g++—o

r—2 r—1 r r+1
'”_>Br+1 _>Br+1 _>Br—|-1_>Br+1 e

|| L] ||

coo— B2 Bl B Bl

Ll

0 0

whose rows are complexes and columns are exact. Hence we have a quasi-iso-
morphism B}, — B;. Moreover B | is an object of B for all n < r + 1 (for
n =r — 1, this is due to the fact that B:;ll is a subobject of B’~! @ B which
belongs to B).

The compositum

Bl ., — B —> A°
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is a surjective morphism of complexes which is a quasi-isomorphism. Then the
kernel D;_ | is acyclic. As it is the complex

---—>D:_3—>Dr’_2—>D:;}—>D—>O—>---—>O—>---

we see that D:’H =0 for n > r + 1 and that all the D;’H belong to D (forn=r—1,
this is due to the fact that we have a short exact sequence

0—>D”—>D:;11—>D—>0

with D” = coker (D’~3 — D’~%) € D, hence, as D:;} is an extension in A of

D € Dby D" € D, it belongs to D). O
To prove part (ii) of the proposition we take, for each n € Z, the fiber product
B"" = B"" x on B".
For each n, we have an exact sequence
0—-D"—B"— A">0

with D" = D'" @ D" and all the required properties are obviously fulfilled. O

6B. The equivalence of triangulated categories.

Theorem 6.4. The equivalence of categories of Theorem 5.9 extends uniquely to
an equivalence of triangulated categories

D" (M(Gg)) — D" (C(Gg)).

Proof. Uniqueness is obvious.
Recall (Section 5C) that M=%(Gg) is an exact subcategory of M(Gxg) and
CZ9%(G) is an exact subcategory of C(Gg).

o The category M*°(Gy) is a Serre subcategory of M(Gg) contained in MZ0(Gg)
and any quotient F” in M(Gg) of an object F of M=%(Gg) is in M=%(Gg)

(as Fe MZ0(Gy) <= H' (X, F)=0= H' (X, F') =0 <= F' € M>(Gg)).

If F € M(Gg), for all n € N, as, for all n € N, the HN-slopes of F(n)gy are the
s + n for s describing the HN-slopes of F (cf. Section 3H), for n > 0, we have
Fn)un € M=2(Gg).

Tensoring with F the short exact sequence (Section 3H)

0— Ox - Ox(n)yn — (0, B,(—n)) — 0
we get a short exact sequence

0— F— Fm)un — (0, Fjg ®p+ Ba(—n)) — 0.
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As F(n)gn belongs to MZ%(Gk) and (0, .FJR ®Bd+R B, (—n)) belongs to M*(Gk),
it shows that the exact embedding MZ(Gg) = M(G) is left big with respect to
M (Gkg). Therefore (Proposition 6.1) the natural functor

DY 6oy MZ(Gk)) — D" (M(Gi))

is an equivalence of triangulated categories.

« Similarly, the category C°(Gx) is a Serre subcategory of C(Gg) contained in
C=%(Gg) and any subobject in C(Gk) of an object of C=°(Gx) belongs to C=°(Gk).

Let V € C(Gk) and choose an almost isomorphism V /U, >~ W/U_ with W €
C*®(Gk) (cf. Section 2E). Set

‘7 =V Xw/u_ w
(where the map V — W/U_ is the compositum of the projection V — V /U, with
the isomorphism V/U, — W/U_).
We have a diagram

0—U_.—V-—V—0

S+ T+ S0

whose line and column are exacts. The column shows that V e C=%(Gk) and,
therefore, the line shows that V is a quotient of an object of C=%(Gx) by an object
of C%(Gk). In other words, the exact embedding CZ0(Gg) — C(Gg) is right big
with respect to C°(Gg). Hence (Proposition 6.1) the natural functor

D6, (€(Gx)) = D" (C(G))

is an equivalence of triangulated categories.
As the equivalence MZ0%(Gg) = CZ%(Gk) is an equivalence of exact categories,
it extends uniquely to an equivalence of triangulated categories

DYy (M™(Gk)) = Dl (€70(Gi)).
« It is now clear that there is a unique equivalence of triangulated categories

D (M(Gk)) — D" (C(Gk))
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such that the square

./\/l(GK) (M>O(GK)) i DC(GK) (CEO(GK))

l l

D”(M(Gg)) —— D"(C(G))
is commutative and that this equivalence extends that of Theorem 5.9. (]

6C. The equivalence M~<°(Gg) — C<°(Gg). We say that a coherent Ox[Gx]-
module is co-effective if all its HN slopes are < 0. We saw (Proposition 3.14) that
F € M(Gg) is co-effective if and only if H 09X, F) = 0. The full subcategory
of M(Gg) whose objects are co-effective is M=Y(G) and is stable under taking
subobjects and extensions.

Any F € M(Gk) as a biggest quotient <" belonging to M<°(Gg)and the
sequence

0->F ' F>F2>0

is exact.

We say that an almost C ,-representation V' is co-effective if, for all W € C*°(Gg),
we have Home (g, (V, W) =0. We denote C<%(Gg) the full subcategory of C(Gg)
whose objects are co-effective. It is obviously stable undertaking quotients and
extensions.

Proposition 6.5. Let V be an almost C,-representation. The following conditions
are equivalent:

(1) V is co-effective.

@) v R =0.
(i) Fy =0.

These conditions also imply
Vo= Vg =Vur=0.

Proof. The equivalence (i)<:>(ii) results from the universal property of V and
(i1)<=(iii) is trivial. If V R =0, we have Vyp = Byr ®B+ dR =0, hence also

V, =0 as the map V, — Vyp is injective and therefore Vz = Vyr/V, = 0. (]

Proposition 6.6. Let V € C(Gg). The set of subobjects of V in C(Gk) belonging
to C<%(Gk) has a biggest element V=<0 and the set of quotients of V in C(Gg)
belonging to C=°(G) as a biggest element V=°. Moreover V<" (resp. V=°) is the
kernel (resp. the image) of the natural map V — Vd'}. The sequence

0>VV'svosvyv0o

is exact.
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Proof. If V' and V" are subobjects of V belonging to C<°(G), we see that V' + V"
also. Hence to show the existence of V < it is enough to show that any increasing
sequence

VocViC---CV,CVyp1 C---

of subobjects of V belonging to C<%(Gk) is stationary. As the sequence of the
integers d(V,,) is increasing and bounded by d(V'), there exists m € N such that
d(V,) =d(Vy) for all n > m. For such an n, we have d(V,+1/V,) = 0, hence
Vat1/Va € CO(GK). This implies V11 = V,, as, otherwise, the compositum of the
projection of V4 onto V,, with the injective map

Vit1/ Va —>B ®@ Vs / Vi), v—1Qv

would be a nonzero morphism from V,4; to an object of C*°(Gk).

If V' and V" are quotients of V belonging to C=°(G), then the image of V —
V' @ V" also (as it is a subobject of V' @ V" € C=°(Gk)). Hence to show the
existence of V=" it suffices to show that any sequence

"_>‘_/n+1_>‘_/n_)"'_)‘_/lc‘_/0

of quotients of V (belongmg toC <O(GK)) is stationary. If V, is the kernel of the
projection V — V,, the sequence (Vn)neN is a decreasing sequence of objects of
C(Gk), hence is stationary (Proposition 5.7), therefore the sequence of the V,'s
also.

Set Vo =ker(V — Vd}). We obviously have V<0 ¢ V, and to show the equality
it is enough to show that V) € C <0(Gk). Otherwise, we could find a nonzero
morphism f: VO — W with W € C®(Gg). Let V; = ker f and consider the short
exact sequence

0—> W/ Vi—>V/Vi—>V/Vy— 0.
As Vp/ V] injects into W, it belongs to CZ%(Gk). As V / Vp injects into VdJ;e, it also

belongs to CZ%(Gg). Therefore, as C=°(Gk) is stable under extensions, V/V; €
C=°(G). Hence the sequence

0— (Vo/ Vi) jg = (V/Vi)jgr = (V/ Vo) jr = 0

is exact. As obviously (V/Vi)ir = (V/Vo) T, = V%, it contradicts the fact that,
as Vp/ V] is a nonzero object of C=%(Gk), we have o/ V]);;R #£ 0.

Let Vo, = im(V — Vj;e). As the map V, — the is injective, V, belongs to
CZ%(Gk) and is, therefore a quotient of V=0 The kernel V3 of the projection
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V=% 5 V, belongs also to C=°(G) (as this category is stable under taking subob-
jects) and we have an exact sequence in C =0(Gk)

0—> V3= VZ>-5V,-50
Therefore the sequence
0— V;de — delg’Jr — V;’rdR -0

is also exact.

As V=Y is a quotient of V, we see that dejg "+ is a quotient of VdJ;Q. But clearly
Vyhix = Vilg. Therefore V'™ = Vi, and Vi',, = 0. As V3 € €=%(Gy), this
implies V3 = 0, hence V=0 = V.

The exactness of
0->VI'5v-v=0s0

1s now clear. O

Remarks 6.7. (i) To any V € C(Gg), we just associated the canonical short exact
sequence

0-V'"5v-s>vz_90
It is worth comparing with the canonical short exact sequence
0->FsF5 7050

associated to any F € M(Gg).

(ii) We know that, for any F € M(Gg), the natural map F=°(X) — F(X) is
an isomorphism.The two previous propositions together imply that, for any V €
C(Gkg), the natural map Fy +— Fy=o is an isomorphism. In particular, Fy always
belongs to M=%(Gk).

It is clear that M<%(Gk) is an exact subcategory of M(Gg), and C<%(Gg) is
an exact subcategory of C(Gg).

Proposition 6.8. If F € M(Gk), then H' (X, F) € C<%(Gx) and the map
H' (X, F)— H' (X, F<9

is an isomorphism.
Moreover, the functor

M=2Gk) = c<%Gk), Fr> H' X, F)

is an equivalence of exact categories.
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Proof. If F € M(Gg), we may find a short exact sequence in M(Gg)
0>F->F 5 rFlso0

with FO € M2%(Gg). As H' (X, F°) = 0, we see that H' (X, F) is the cokernel
of HO(X, 7% — HO(X, F1), hence belongs to C(Gg).

We know that H!(X, F) is a quotient of Far therefore also of Fyr. If f:
H'(X, F) - W were a nonzero morphism of C(Gg) with W € C*°(Gg), the
compositum Fyp — H (X, F) — W would be a nonzero morphism in aW(GK)
and, therefore, would be B;R—linear. As multiplication by ¢ is invertible in Fy g
and nilpotent in W, the map must be 0 which implies that H (X, F) e C<%Gg).

If A is an object of an abelian category and d € Z, we denote A[d] the bounded
complex in A which is A in degree —d and 0 elsewhere.
Denote by

I': D"(M(Gk)) - D"(C(Gk)) (resp. A : D"(C(Gk)) = D" (M(Gk)) )
the functor extending F — F(X) (resp. V — Fy). If F e M=%(Gk) and if
0->F->F 750

is as above (observe that F* € M=0(Gg) = F! € M=%(Gg)), we see that (with
obvious conventions)

rFop =rF - 7y = (H°(X, F*) - H'(X, F1) = H' (X, F)[-1]
(as F € M<%(Gg) and F° € M=%(Gy), the sequence

0> H'X, 7> H'X, FHY > H'(X, F) = 0
is exact).

Let V € C<%(Gk). We can find a short exact sequence in C(Gk)
0>V>visvoo

with V! € ¢Z9(Gy) which implies V° € CZ°(Gk). With obvious conventions, we
have

A(V[=1]) = AV > V) = (Fpo — Fy1) = FIO]

with F the kernel of Fyo — Fy1 (as V € C<Y%(Gk), we have VdJ;e =V, =0 which
implies that

Fyo= Vg, V0, tyo) = Fyr = (Vi Vo)

is an epimorphism).
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We have a commutative diagram

0 0 0
1 1 1
0—H'X,F) — VO — V!

l Lol

0—— Fip — Vax = Vax
! Loy
0 Fe vy — v,

whose rows and columns are exact. The injectivity of V? — V! implies that
H(X, F) =0, i.e., that F € M~%(Gk).

Finally, we see that, if we view

o M=0(G) as the full subcategory of D?(M(Gg)) whose objects are of the form
F[0] with F € M=%(Gy),

e C<Y(Gk) as the full subcategory of D?(C(Gk)) whose objects are of the form
V[—1] with V € ¢<%(G),

then I" induces the required equivalence of categories. (]

6D. t-Structures and hearts. The functors
I': D"(M(Gx)) — D"(C(Gk)) and A:D"(C(Gk)) = D"(M(Gk))

are as in the proof of the previous proposition.

Let (Df,?, Di?) be the canonical 7-structure on D? (M (Gk)): we see that D/SV?
(resp. Dj—v?) is the full subcategory of D?(M(Gk)) whose objects are those F*
such that H'(F*) =0 for i > 0 (resp. i < 0). Therefore if we denote by F(D/EV? )
(resp. F(Dj—v?)) the essential image under I'" of va? (resp. D/>_v(1))’ we see that
(F(Df/?), F(Dj—v?)) is a ¢-structure on D?(C(Gk)) whose heart F(Df/?) N F(Dj—v?)
is an abelian category equivalent via A to M(Gg).

Similarly, let (DCSO, DCZO) the canonical ¢-structure on D?(C(Gk)): hence DCSO
(resp . DCZO) is the full subcategory of D?(CGk) whose objects are those V* such
that H/(V*) = 0 for i > 0 (resp. i < 0). Therefore if we denote by A(DCSO)
(resp. A(Dczo)) the essential image under A of DC50 (resp. Dczo), we see that
(A(DCSO), A(Dgo)) is a t-structure on D’ (M (Gx)) whose heart A(Dgo)ﬂA(DCZO)
is an abelian category equivalent via I' to C(Gk).

Proposition 6.9. (i) ['(D5Y) (resp. T(D30)) is the full subcategory of D (C(G))

whose objects are those V*’s such that H' (V*) =0 for r <0 and H*(V*) €
CZ%(Gy) (resp. H" (V*) =0 forr > 1 and H' (V*) € C<°(Gg)).
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(i1) A(DCEO) (resp. A(Dcfo)) is the full subcategory of D?(M(Gg)) whose objects
are those F*’s such that H" (F*) =0 forr < —1 and H ' (F) e M=2Gg)
(resp. H" (F*) =0 for r > 0 and H*(F*) € MZ%(Gy)).

Proof. Let’s prove that the description of F(D%/?) is correct (the proof of the three
other statements are similar):

Any object F of Df/? can be represented by a bounded complex F* such that
F' =0 for i < 0. From the fact that, for any F € M(Gg), one can find a short
exact sequence

O—>F—=>Fo—F1—0

with Fy, Fi € MZ%(Gk) and the fact that any quotient, in M(Gg), of an object
of M=%(Gy) still belongs to M=?(Gk), one easily deduces that the complex F*
is quasi-isomorphic to a bounded complex Fj with 75 = 0 for r < 0 and 7 €
MZ%(Gy) for all r € N. Therefore I'(F) is represented by the bounded complex

..._>()_>..._>0_>]:8(X)_>]:(}(X)_>..._>]:6(X)_>]:6+1(X)_>...

all of whose terms belong to C=°(G). In particular, as C=°(G) is stable under
taking subobjects in C(Gg ), we see that I' (F) belongs to the full subcategory D(?(jw
of D?(C(Gk)) whose objects are those V’s such that H" (V) = 0 for r < 0 and
HO(V) € C=(Gy).

Conversely, any object V of Dczgw (Gk) can be represented by a complex V;
such that Vi = 0 for r < 0 and that the kernel of V% — V! belongs to C=°(Gg).
Using the fact that, for any V € C(Gk) one can find a short exact sequence in
C(Gk)

O-Vi—>Vy—>V—->0

with Vi, Vg € C=°(Gk), one easily deduces that the complex V;; is quasi-isomorphic
to a bounded complex V* with V" =0forr <0Oand V" € C=%(Gg) forr > 0.

We have a short exact sequence (with d : V° — V! the differential in the complex
V*)

0— (V)= VP—dv?—0

The inclusion dV° C V! implies that dV°? € C=%(Gk). As V)_, = HO(V*), we
have (V%) ,—g € CZ%(Gx). We know that C=%(Gy), as a full subcategory of C(Gk),
is stable under extension. Therefore V? € CZ°(G).

As all the V”’s belong to C=%(Gk), we see that A(V) is represented by the
bounded complex

..._)0_)..._)O_)fvo_)fvl_)..._)fvr_)fV,+l_)...

hence belong to D/ZV?. U
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6E. Torsion pairs in M(Gg) and in C(Gg). The langage of torsion pairs (see
[Happel et al. 1996, Chapter 1]) is very convenient to give an explicite descrip-
tion of the way to go from M(Gg) to C(Gg) and conversely. The results of this
subsection and of the next one are independent of those of the previous one and
give an other proof of the description of the heart of the 7-structures we considered
(Proposition 6.9).

Recall (loc. cit.) that a torsion pair in an abelian category A is a pair t =
(AT, A7) of full subcategories of A containing 0 such that:

(i) If B is an object of AT and C is an object of A~, then Hom4(B, C) =0,
(i1) for any object A of A, there is a short exact sequence in A
0> AT > A—> A" >0
with AT € Ob(A™) and A~ € Ob(A7).

Condition (1) implies that the exact sequence of (2) is unique up to a unique
isomorphism and that the correspondences A — A™' and A — A~ are functorial.

We define the heart A’ of t as the full subcateogry of the derived category D”(A)
whose objects are those A® such that

H ' (A) e0Ob(A7), HA") eOb4"), H"(A)=0ifn¢{—1,0)}.

Proposition 6.10. Ler t = (A", A7) be a torsion pair in an abelian category A.
Consider the full subcategories D=° = tho (A) and DZ° = tho (A) of D= D"(A)
defined by

(i) Ob(D=% ={A* € Ob(D"(A)) | H'(A*) € Ob(A*) and H"(A*) =0, Vn > 1},
(i) Ob(D=%) = {A* € Ob(D?(A)) | H*(A*) € Ob(A™) and H"(A*) =0, VYn < O}.

Then (D=°, DZ%) is a t-structure on D whose heart is A'.

Proof. To show that (DZ°, D=9) is a ¢-structure, we have to check (cf. [Kashiwara
and Schapira 1990, Definition 10.1.1]) that (with standard notations)

(i) D="!' ¢ D=Y and D' c DO,
(il) Homp (X, Y) =0 for X € Ob(D=) and Y € Ob(DZ"),
(iii) For any X € Ob(D), there exists a distinguished triangle Xg — X — Xl—q
in D with Xy € Ob(D=%) and X; € Ob(D=)). *

(1) is obvious. (2) is clear as, if f: X — Y with X € Ob(D=") and Y € Ob(D=!),
we have H"'(f) =0forn <0 (as H"(Y) =0), forn > 1 (as H"(X) = 0) and
forn=1 (as H'(X) € Ob(A") and H'(Y) € Ob(A™)). Let’s check (3): we have
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H' (X) = X;ZO/dXO. LetU = (I’ﬁ(?))Jr where PF_(Y) is the inverse image of
H'(X) in X_,. We have a short exact sequence of complexes

0—)X0—)X—>X1—)0

where
X" ifn<l1, 0 ifn <1,
Xo=U ifn=1, Xt={Xx"/U ifn=1,
0 ifn>1, X" ifn>1,

which gives the desired distinguished triangle.
We have A’ = D=1 D=0 and the last assertion is obvious. O

In particular, A’ is an abelian category [Kashiwara and Schapira 1990, proposi-
tion 10.1.11].

Denote by Aj the full subcategory of A" whose objects are those A* such that
A" =0 for n ¢ {0, 1}. To give an object A* of Aj, amounts to give a morphism

da=d%.: A" — A!

of A such that ker(dy) is an object of A~ and coker (d4) an object of A™.
The inclusion functor Aj — A’ is obviously an equivalence of categories: there
is even a canonical quasi-inverse

At — AL

which sends A* to A~ /dA™? — (A%) 4.
We have an obvious functor

oAt > Al A (0 A).

It is easy to check that this functor is fully faithful and we denote Af)’_ its essential
image.
Similarly, it is easy to check that the functor
AT > Ay A (A—0)
is fully faithful and we denote by Af)’J“ its essential image.
It is also easy to check that 7 = (A6’+, Ag_) is a torsion pair in Ay
Proposition 6.11. (i) 1 = (M=%(Gg), M=<%(Gy)) is a torsion pair in M(Gy).
(i) t' = (C=°(Gk), C=(Gk)) is a torsion pair in C(Gk).

Proof. (i) We already know (Section 6C) that, for any object F of M(Gg), we
have a canonical exact sequence

0->FP s FsF950
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with 720 € M=%(Gg) and F<* € M<%(Gy).

If f:F — G is a morphism of M(Gg), it sends F=° to G=°. Therefore if
F € MZ(Gk) (<= F=° = F) and if G € M~(Gk) (<= G=° = 0), we have
f=0.

(i) We already know (Proposition 6.6) that, for any object V of C(Gg), we have a
canonical exact sequence

0-VvV'svyv-ovyvz0_9

with V<0 € ¢<°(Gk) and V=9 € C=°(Gk). Let f : Vi — V, be a morphism of
C(Gg) with Vi € C<%(Gk) and V, € C=°(Gk). We can find a monomorphism
Vo, — W with W € C*°(Gg). As any morphism from V| to W is 0, the compositum
Vi — V, - Wis 0, hence f =0. O

Denote by Ar' (M(Gg)) the full subcategory of the categories of arrows of
MZ%(Gg) whose objects are those dr : FO — F! such that kerdr € M=<2(Gg).
Denote (M(Gk))j, the full subcategory of (M(Gk))i, whose objects are of the
form

dr: F'— F!

with FY and F! objects of M=(G).

As M=(Gy) is stable by taking quotients, (M(Gk))gy and Ar (M(Gk)) have
the same objects. With obvious conventions, (M(GK))60 is the category deduced
from Ar' (M (Gg)) by working up to homotopies and inverting quasi-isomorphisms.

Proposition 6.12. The inclusion functor

(M(Gk))gy = (M(Gk))g
is an equivalence of categories.
Proof. It means that any object dr : FO — F! of (M(Gk))y, is quasi-isomorphic
to an object of (M(GK))’OO. Indeed, we may find a monomorphism F° — G° of
M(Gg) with G° € M=9(G). Set

G =3 @ Fl.

We have a short exact sequence

0—>§0—>g]—>cokerdf—>0

where ?0 is a quotient of G°. Then coker dr € M=°(Gk) by assumption and
EO also because M=%(Gy) is stable under taking quotients. As it is also stable
under extensions, G! also belongs to ./\/IEO(GK). Hence, G° — G! is an object of
(M(GK))f)O which is quasi-isomorphic to FO— Fl, U
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Similarly, denote by Ar' (C(Gk)) the full subcategory of the categories of arrows
of CZ%(Gk) whose objects are those dy : V9 — V! such that cokerdy € C<°(Gg).
Denote (C (GK))S0 the full subcategory of (C (GK))g whose objects are of the form

a’V:VO—> v!

with V? and V! objects of C=%(G).

As CZ%(Gy) is stable by taking subobjects, (C (GK))SO and Ar’/(C (Gg)) have the
same objects. With obvious conventions, (C (GK))S0 is the category deduced from
Ar’ (C(Gk)) by working up to homotopies and inverting quasi-isomorphisms.

Proposition 6.13. The inclusion functor

(C(Gx)ig — (C(Gx)y
is an equivalence of categories.

Proof. The proof is entirely similar to the proof of the previous proposition: It
means that any object dy : V0 — V! of C (GK)S 1s quasi-isomorphic to an object
of (C(Gk))!,- Indeed, we may find an epimorphism W' — V! of C(G¥) with
Ve c=9(Gk). Set

WO = Vo xy1 W!

We have a short exact sequence
0—kerdy > W' > W =0

where W' is a subobject of GY. Then kerdy € CZ°(Gk) by assumption and W’ also
because C=°(Gy) is stable under taking subobjects. As it is also stable under ex-
tensions, W9 also belongs to C=°(G). Hence, V° — V! is an object of (C(GK))S0
which is quasi-isomorphic to V0 — V1, ([

Theorem 6.14. (i) The functor
T : A (M(Gk)) — C(Gk), (dr: F*— F') > coker(F(X) — F(X))
factors uniquely through a functor
I : M(Gk)ly — C(G)

and I is an equivalence of categories.

(1) The functor
N Ar’/(C(GK)) — M(Gg), (dy: VO Vl) — ker(Fyo — Fy1)
factors uniquely through a functor

A : C(Gg)hy — M(Gx)
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and A is an equivalence of categories.

Proof. Let’s prove (i). Set M = Ar' (M(Gg)) and M = M(Gk)yy f dr = FO-
F! is an object of one of these categories we denote it also dr or F* — FL.

We see that M has an obvious structure of an exact category and that the natural
functor M — M is exact.

e Let M* (resp. M) the full subcategory of M (resp. M) whose objects are
those dr’s such that cokerdr = 0. For such an object, as kerdr € M<°(Gg), and
FY and F! belong to M=%(Gy), the long exact sequence of coherent cohomology
associated to the exact sequence of M (Gkg)

0— kerdr —> F' > F! 50
is reduced to
0— FO(X) - F1(X) > H' (X, kerdr) — 0.

Granted Proposition 6.8, this shows that the restriction of T to M™ factors through
a functor

r+: M* - c<%G)
which is an equivalence of categories.

o Let M~ (resp. M ™) the full subcategory of M (resp. M) whose objects are
those d such that O = 0. The natural functor M~ — M~ is an equivalence of
categories and, granted Theorem 5.9, the restriction of T to M factors through
an equivalence of categories

I~ : M~ — C=%(Gy).
e Forany dr € M, we have a canonical short exact sequence
0—dr, >dr—dr —0

withdr, = (FO > imdr) € M™ and dr =(0—FhHe M~ and this construction
is functorial. Moreover, we see that the sequence

0— T(dr,) = T(dr) - T(dr) = 0

18 exact.

From these facts, we see that T factors through a functor I' : M — C(Gg) and
that this functor is faithful. It is also straightforward to check that it is exact.

We are left to check the essential surjectivity: Let V € C(Gk). We can find a
short exact sequence in C(Gg)

0U—=>V->V-0
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with U € C%(Gk) and V € CZ%(Gk). Let F~ be the kernel of the morphism
Fu — Fy of M(Gg). As the functor global section is left exact, we have an exact
sequence

0— F (X)) — Fy(X) = Fp(X).

But Fy(X) =U, Fp(X) = V and the map U — V is the given map which is
injective. Therefore 7~ (X) = 0 which means that 7~ € M=%(Gg) and

dr = (Fu = Fy)

is an object of M. Clearly I'(dr) =V, i.e., I is essentially surjective.
The proof of (ii) is entirely similar and we leave it to the reader. [l

Remark 6.15. The category M (G )y, is a full subcategory of DY(M(Gk)) and
C(Gg) is a full subcategory of D?(C(Gk)). The functor I of the previous theo-
rem is the restriction to M(Gg)f, of the functor I": DP(M(Gk)) — DP(C(Gk))
considered in Section 6D. Similarly, the functor A of the previous theorem is the
restriction to C(Gk )}, of the functor A : D?(C(Gk)) — DP(M(Gk)) considered
in Section 6D.
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