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of Hadamard spaces

Gabriele Link

Let X be a proper, geodesically complete Hadamard space, and 0 < Is(X) a
discrete subgroup of isometries of X with the fixed point of a rank one isometry
of X in its infinite limit set. In this paper we prove that if 0 has nonarithmetic
length spectrum, then the Ricks–Bowen–Margulis measure — which general-
izes the well-known Bowen–Margulis measure in the CAT(−1) setting — is
mixing. If in addition the Ricks–Bowen–Margulis measure is finite, then we
also have equidistribution of 0-orbit points in X , which in particular yields an
asymptotic estimate for the orbit counting function of 0. This generalizes well-
known facts for nonelementary discrete isometry groups of Hadamard manifolds
with pinched negative curvature and proper CAT(−1)-spaces.

1. Introduction

Let (X, d) be a proper Hadamard space, x, y ∈ X and 0 < Is(X) a discrete group.
The Poincaré series of 0 with respect to x and y is defined by

P(s; x, y) :=
∑
γ∈0

e−sd(x,γ y)
;

its exponent of convergence

δ0 := inf
{

s > 0 :
∑
γ∈0

e−sd(x,γ y) converges
}

(1)

is called the critical exponent of 0. By the triangle inequality the critical exponent
is independent of x, y ∈ X . We will require that the critical exponent δ0 is finite,
which is not a severe restriction as it is always the case when X admits a compact
quotient or when 0 is finitely generated.

Obviously P(s; x, y) converges for s > δ0 and diverges for s < δ0. The group
0 is said to be divergent, if P(δ0; x, y) diverges, and convergent otherwise.
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Since X is proper, the orbit counting function with respect to x and y

N0 : [0,∞)→ [0,∞), R 7→ #{γ ∈ 0 : d(x, γ y)≤ R} (2)

satisfies N0(R) <∞ for all R > 0; moreover, it is related to the critical exponent
via the formula

δ0 = lim sup
R→+∞

ln
(
N0(R)

)
R

.

One goal of this article is to give a precise asymptotic estimate for the orbit
counting function for a discrete rank one group 0 as in [Link 2018] (that is a group
with the fixed point of a so-called rank one isometry of X in its infinite limit set);
for precise definitions we refer the reader to Section 3. Such a rank one group
always contains a nonabelian free subgroup generated by two independent rank
one elements, hence its critical exponent δ0 is strictly positive. Notice that our
assumption on 0 obviously imposes severe restrictions on the Hadamard space X
itself: it can neither be a higher rank symmetric space, a higher rank Euclidean
building, nor a product of Hadamard spaces.

Using the Poincaré series from above, a remarkable 0-equivariant family of
measures (µx)x∈X supported on the geometric boundary ∂X of X — a so-called
conformal density — can be constructed in our very general setting (see [Patterson
1976; Sullivan 1979] for the original constructions in hyperbolic n-space).

Let G denote the set of parametrized geodesic lines in X endowed with the
compact-open topology (which can be identified with the unit tangent bundle SX
if X is a Riemannian manifold) and consider the action of R on G by reparametriza-
tion. This action induces a flow g0 on the quotient space 0\G. If X is geodesically
complete, then thanks to the construction due to R. Ricks [2017, Section 7] —
which uses the conformal density (µx)x∈X described above — we obtain a g0-
invariant Radon measure m0 on 0\G. This possibly infinite measure will be called
the Ricks–Bowen–Margulis measure, since it generalizes the classical Bowen–
Margulis measure in the CAT(−1)-setting.

If 0 is divergent, then according to [Link 2018, Theorem 10.2] the dynamical
system (0\G, g0,m0) is conservative and ergodic. We also want to mention here
that if X is a Hadamard manifold, then the Ricks–Bowen–Margulis measure m0

is equal to Knieper’s measure first introduced in Section 2 of [Knieper 1998] for
cocompact groups 0 (and which was used in [Link and Picaud 2016] for arbitrary
rank one groups). In the cocompact case Knieper’s work further implies that the
Ricks–Bowen–Margulis measure is the unique measure of maximal entropy on
the unit tangent bundle of the compact quotient 0\X (see again [Knieper 1998,
Section 2]).
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In this article we will first address the question under which hypotheses the
dynamical system (0\G, g0,m0) is mixing. We remark that in our very general
setting we cannot hope to get mixing without further restrictions on the group 0:
F. Dal’Bo [2000, Theorem A] showed that even in the special case of a CAT(−1)-
Hadamard manifold X , the dynamical system (0\SX, g0,m0) with the classical
Bowen–Margulis measure m0 is not mixing, if the length spectrum of 0 is arith-
metic (that is if the set of lengths of closed geodesics in 0\X is contained in a
discrete subgroup of R). However, we obtain the best possible result:

Theorem A. Let X be a proper, geodesically complete Hadamard space and let
0 < Is(X) be a discrete, divergent rank one group. Then with respect to Ricks–
Bowen–Margulis measure the geodesic flow on 0\G is mixing or the length spec-
trum of 0 is arithmetic.

Notice that in the CAT(0)-setting Theorem A was already proved by M. Babil-
lot [2002, Theorem 2] in the special case when X is a manifold and 0 < Is(X)
is cocompact; moreover, in this case the second alternative cannot occur, that is
the length spectrum of 0 cannot be arithmetic. It was then generalized by Ricks
[2017, Theorem 4] to non-Riemannian proper Hadamard spaces X and discrete
rank one groups 0 < Is(X) with finite Ricks–Bowen–Margulis measure. Under
the additional hypothesis that the limit set of 0 is equal to the whole geometric
boundary ∂X of X , Ricks also proved that the length spectrum of 0 can only be
arithmetic if X is isometric to a tree with all edge lengths in cN for some c > 0.
Here we allow both infinite Ricks–Bowen–Margulis measure and limit sets that are
proper subsets of ∂X .

Let us mention that the restriction to divergent groups is quite reasonable: If the
measure m0 is infinite, then the mixing property of (0\G, g0,m0) only states that
for all Borel sets A, B ⊂ 0\G with m0(A), m0(B) finite we have

lim
t→±∞

m0(A∩ gt
0B)= 0.

This condition is very weak and obviously neither implies conservativity nor er-
godicity. Actually it is easily seen to hold true when (0\G, g0,m0) is dissipative,
which — according to [Link 2018, Theorem 10.2] — is equivalent to the fact that
0 is convergent.

In the second part of the article we use the mixing property in the case of finite
Ricks–Bowen–Margulis measure to deduce an equidistribution result for 0-orbit
points in the vein of T. Roblin’s results [2003, théorème 4.1.1] for CAT(−1)-
spaces:

Theorem B. Let X be a proper, geodesically complete Hadamard space and let
0 < Is(X) be a discrete rank one group with nonarithmetic length spectrum and
finite Ricks–Bowen–Margulis measure m0.
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Let f be a continuous function from X × X to R, and x, y ∈ X. Then

lim
T→∞

(
δ0 · e−δ0T

∑
γ∈0

d(x,γ y)≤T

f (γ y, γ−1x)
)
=

1
‖m0‖

∫
∂X×∂X

f (ξ, η) dµx(ξ) dµy(η).

Finally, from the equidistribution result Theorem B and its proof we get the
following asymptotic estimates for the orbit counting function introduced in (2):

Theorem C. Let X be a proper, geodesically complete Hadamard space, x, y ∈ X
and 0 < Is(X) a discrete rank one group.

(a) If 0 is divergent with nonarithmetic length spectrum and finite Ricks–Bowen–
Margulis measure m0, then

lim
R→∞

δ0 · e−δ0R#{γ ∈ 0 : d(x, γ y)≤ R} = µx(∂X)µy(∂X)/‖m0‖.

(b) If 0 is divergent with nonarithmetic length spectrum and infinite Ricks–Bowen–
Margulis measure, then

lim
R→∞

e−δ0R#{γ ∈ 0 : d(x, γ y)≤ R} = 0.

(c) If 0 is convergent, then lim
R→∞

e−δ0R#{γ ∈ 0 : d(x, γ y)≤ R} = 0.

In work in progress with Jean-Claude Picaud we apply the equidistribution result
Theorem B above to get asymptotic estimates for the number of closed geodesics
modulo free homotopy in 0\X which are much more general and much more
precise than the ones given in [Link 2007].

The paper is organized as follows: Section 2 fixes some notation and recalls
basic facts concerning Hadamard spaces and rank one geodesics. In Section 3 we
introduce the notions of rank one isometry and Is(X)-recurrence and state some
important facts. We also recall the definition of a rank one group and give the
weakest condition which ensures that a discrete group 0 < Is(X) is rank one. In
Section 4 we introduce the notion of geodesic current and describe Ricks’ construc-
tion of a geodesic flow invariant measure associated to such a geodesic current first
on the quotient 0\[G] of parallel classes of parametrized geodesic lines and finally
on the quotient 0\G of parametrized geodesic lines. Moreover, we recall from
[Link 2018] a few results about the corresponding dynamical systems. Section 5
is devoted to the proof of Theorem A, which follows Babillot’s strategy [2002,
Section 2.2] and uses cross-ratios of quadrilaterals similar to the ones introduced
by Ricks [2017, Section 10]. In Section 6 we introduce the notions of shadows,
cones and corridors and state some important properties that are needed in the proof
of Theorem B. Section 7 gives estimates for the so-called Ricks–Bowen–Margulis
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measure, which is the Ricks measure associated to the quasiproduct geodesic cur-
rent coming from a conformal density. In Section 8 we prove Theorem B, and
Section 9 finally deals with the orbit counting function and the proof of Theorem C.

2. Preliminaries on Hadamard spaces

The purpose of this section is to introduce terminology and notation and to sum-
marize basic results about Hadamard spaces. Most of the material can be found in
[Ballmann 1995; Bridson and Haefliger 1999] (see also [Ballmann 1982; Ballmann
et al. 1985] in the special case of Hadamard manifolds and [Ricks 2017] for more
recent results).

Let (X, d) be a metric space. For y ∈ X and r > 0 we will denote Br (y)⊂ X the
open ball of radius r centered at y ∈ X . A geodesic is an isometric map σ from a
closed interval I ⊂ R or I = R to X . For more precision we use the term geodesic
ray if I = [0,∞) and geodesic line if I = R.

We will deal here with Hadamard spaces (X, d), that is complete metric spaces
in which for any two points x, y ∈ X there exists a geodesic σx,y joining x to y
(that is a geodesic σ = σx,y : [0, d(x, y)] → X with σ(0)= x and σ(d(x, y))= y)
and in which all geodesic triangles satisfy the CAT(0)-inequality. This implies in
particular that X is simply connected and that the geodesic joining an arbitrary
pair of points in X is unique. Notice however that in the non-Riemannian setting
completeness of X does not imply that every geodesic can be extended to a geodesic
line, so X need not be geodesically complete. The geometric boundary ∂X of X
is the set of equivalence classes of asymptotic geodesic rays endowed with the
cone topology (see for example [Ballmann 1995, Chapter II]). We remark that
for all x ∈ X and all ξ ∈ ∂X there exists a unique geodesic ray σx,ξ with origin
x = σx,ξ (0) representing ξ .

Given two geodesics σ1 : [0, T1]→ X , σ2 : [0, T2]→ X with σ1(0)= σ2(0)=: x
the Alexandrov angle 6 (σ1, σ2) is defined by

6 (σ1, σ2) := lim
t1,t2→0

6 x
(
σ1(t1), σ2(t2)

)
,

where the angle on the right-hand side denotes the angle of a comparison triangle
in the Euclidean plane of the triangle with vertices σ1(t1), x and σ2(t2) (compare
[Bridson and Haefliger 1999, Proposition II.3.1]). By definition, every Alexandrov
angle has values in [0, π]. For x ∈ X , y, z ∈ X \ {x} the angle 6 x(y, z) is then
defined by

6 x(y, z) := 6 (σx,y, σx,z). (3)

From here on we will require that X is proper; in this case the geometric bound-
ary ∂X is compact and the space X is a dense and open subset of the compact space
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X := X ∪ ∂X . Moreover, the action of the isometry group Is(X) on X naturally
extends to an action by homeomorphisms on the geometric boundary.

If x, y ∈ X , ξ ∈ ∂X and σ is a geodesic ray in the class of ξ , we set

Bξ (x, y) := lim
s→∞

(
d(x, σ (s))− d(y, σ (s))

)
. (4)

This number exists, is independent of the chosen ray σ , and the function

Bξ ( ·, y) : X→ R, x 7→ Bξ (x, y)

is called the Busemann function centered at ξ based at y (see also [Ballmann 1995,
Chapter II]). Obviously we have

Bg·ξ (g·x, g·y)= Bξ (x, y) for all x, y ∈ X and g ∈ Is(X),

and the cocycle identity

Bξ (x, z)= Bξ (x, y)+Bξ (y, z) (5)
holds for all x, y, z ∈ X .

Since X is non-Riemannian in general, we consider (as a substitute of the unit
tangent bundle SX ) the set of parametrized geodesic lines in X which we will
denote G. We endow this set with the distance function d1 given by

d1(u, v) := sup{e−|t |d
(
v(t), u(t)

)
: t ∈ R} for u, v ∈ G; (6)

this distance function induces the compact-open topology, and every isometry of
X naturally extends to an isometry of the metric space (G, d1).

Moreover, there is a natural map p : G→ X defined as follows: To a geodesic
line v :R→ X in G we assign its origin pv := v(0) ∈ X . Notice that p is proper, 1-
Lipschitz and Is(X)-equivariant; if X is geodesically complete, then p is surjective.

For a geodesic line v ∈ G we denote its extremities v− := v(−∞) ∈ ∂X and
v+ := v(+∞) ∈ ∂X the negative and positive end point of v; in particular, we can
define the end point map

∂∞ : G→ ∂X × ∂X, v 7→ (v−, v+).

For v ∈ G we define the parametrized geodesic −v ∈ G by

(−v)(t) := v(−t) for all t ∈ R.

We say that a point ξ ∈ ∂X can be joined to η ∈ ∂X by a geodesic v ∈ G if
v− = ξ and v+ = η. Obviously the set of pairs (ξ, η) ∈ ∂X × ∂X such that ξ and
η can be joined by a geodesic coincides with ∂∞G, the image of G under the end
point map ∂∞. It is well-known that if X is CAT(−1), then any pair of distinct
boundary points (ξ, η) belongs to ∂∞G, and the geodesic joining ξ to η is unique up
to reparametrization. In general however, the set ∂∞G is much smaller compared
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to ∂X × ∂X minus the diagonal due to the possible existence of flat subspaces in
X . For (ξ, η) ∈ ∂∞G we denote by

(ξη) := p
(
{v ∈ G : v− = ξ, v+ = η}

)
= p ◦ ∂−1

∞
(ξ, η) (7)

the subset of points in X which lie on a geodesic line joining ξ to η. It is well-
known that (ξη)= (ηξ)⊂ X is a closed and convex subset of X which is isometric
to a product C(ξη)×R, where C(ξη) = C(ηξ) is again a closed and convex set.

For x ∈ X and (ξ, η) ∈ ∂∞G we denote

v = v(x; ξ, η) ∈ G (8)

the unique parametrized geodesic line satisfying the conditions v ∈ ∂−1
∞
(ξ, η) and

d(x, v(0))= d(x, (ξη)). Notice that its origin pv= v(0) is precisely the orthogonal
projection onto the closed and convex subset C(ξη). Obviously we have

v(x; η, ξ)=−v(x; ξ, η) and γ v(x; ξ, η)= v(γ x; γ ξ, γ η) for all γ ∈ Is(X).

In order to describe the sets (ξη) and C(ξη) more precisely and for later use
we introduce, as in [Ricks 2017, Definition 5.4], for x ∈ X the so-called Hopf
parametrization map

Hx : G→ ∂∞G×R, v 7→
(
v−, v+,Bv−(v(0), x)

)
(9)

of G with respect to x . We remark that compared to [Ricks 2017, Definition 5.4] and
(5) in [Link 2018] we changed the sign in the last coordinate in order to make (13)
below consistent. It is immediate that for a CAT(−1)-space X this map is a home-
omorphism; in general it is only continuous and surjective. Moreover, it depends
on the point x ∈ X as follows: If y ∈ X , v ∈ G and Hx(v)= (ξ, η, s), then

Hy(v)=
(
ξ, η, s+Bξ (x, y)

)
by the cocycle identity (5) for the Busemann function (compare also [Coornaert
and Papadopoulos 1994, Section 3]).

The Hopf parametrization map allows to define an equivalence relation ∼ on
G as follows: if u, v ∈ G, then u ∼ v if and only if Hx(u) = Hx(v). Notice
that this definition does not depend on the choice of x ∈ X and that every point
(ξ, η, s) ∈ ∂∞G×R uniquely determines an equivalence class [v] with v ∈ G. The
width of v ∈ G is defined by

width(v) := sup{d(u(0), w(0)) : u, w ∈ [v]} = diam(C(v−v+)). (10)

Notice that if X is CAT(−1) then for all v ∈ G we have [v] = {v} and hence
width(v)= 0; in general, if v(R) is contained in an isometric image of a Euclidean
plane, then the width of v is infinite.
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This motivates the following definitions: A geodesic line v ∈ G is called rank
one if its width is finite; it is said to have zero width if width(v)= 0. In the sequel
we will use as in [Ricks 2017] the notation

R := {v ∈ G : v is rank one}, respectively

Z := {v ∈ G : v is rank one of zero width}.

We remark that the existence of a rank one geodesic imposes severe restrictions
on the Hadamard space X . For example, X can neither be a symmetric space or
Euclidean building of higher rank nor a product of Hadamard spaces.

The following important lemma states that even though we cannot join any
two distinct points in the geometric boundary ∂X of the Hadamard space X by
a geodesic in X , given a rank one geodesic we can at least join all points in a
neighborhood of its end points by a geodesic in X . More precisely, we have the
following result:

Lemma 2.1 ([Ballmann 1995, Lemma III.3.1] reformulated). Let v ∈R be a rank
one geodesic and c > width(v). Then there exist open disjoint neighborhoods U−

of v− and U+ of v+ in X with the following properties: If ξ ∈ U− and η ∈ U+

then there exists a rank one geodesic joining ξ and η. For any such geodesic w ∈R
we have d(w(t), v(0)) < c for some t ∈ R and width(w)≤ 2c.

This lemma implies that the set R is open in G; we emphasize that Z in general
need not be an open subset of G: In every open neighborhood of a zero width rank
one geodesic there may exist a rank one geodesic of arbitrarily small but strictly
positive width.

Let us now get back to the Hopf parametrization map defined in (9): As stated
in [Ricks 2017, Proposition 5.10] the Is(X)-action on G descends to an action on
∂∞G×R= Hx(G) by homeomorphisms via

γ (ξ, η, s) :=
(
γ ξ, γ η, s+Bγ ξ (γ x, x)

)
for γ ∈ Is(X).

Moreover, the action of Is(X) is well-defined on the set of equivalence classes
[G] of elements in G, and the (well-defined) map

[G] → ∂∞G×R, [v] 7→ Hx(v) (11)

is an Is(X)-equivariant homeomorphism. For convenience we will frequently iden-
tify ∂∞G×R with [G]. We also remark that the end point map ∂∞ : G→ ∂X × ∂X
induces a well-defined map [G] → ∂X × ∂X which we will also denote ∂∞.

As in Definition 5.4 of [Ricks 2017] we will say that a sequence (vn) ⊂ G
converges weakly to v ∈ G if and only if

v−n → v−, v+n → v+ and Bv−n (vn(0), x)→ Bv−(v(0), x); (12)
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notice that this definition is independent of the choice of x ∈ X . Obviously, weak
convergence vn→ v is equivalent to the convergence [vn]→ [v] in [G], and vn→ v

in G always implies [vn] → [v] in [G].
We will also need the following result due to Ricks, which implies that the

restriction of the Hopf parametrization map (9) to the subset R is proper:

Lemma 2.2 [Ricks 2017, Lemma 5.9]. If a sequence (vn)⊂ G converges weakly
to v ∈R, then some subsequence of (vn) converges to some u ∈ G with u ∼ v.

The topological space G can be endowed with the geodesic flow (gt)t∈R which
is naturally defined by reparametrization of v ∈ G. In particular we have

(gtv)(0)= v(t) for all v ∈ G and t ∈ R.

The geodesic flow induces a flow on the set of equivalence classes [G] which we
will also denote (gt)t∈R; via the Is(X)-equivariant homeomorphism [G]→ ∂∞G×R

the action of the geodesic flow (gt)t∈R on [G] is equivalent to the translation action
on the last factor of ∂∞G×R given by

gt(ξ, η, s) := (ξ, η, s+ t). (13)

3. Rank one isometries and rank one groups

As in the previous section we let (X, d) be a proper Hadamard space and denote
Is(X) the isometry group of X .

Definition 3.1. An isometry γ ∈ Is(X) is called axial if there exists a constant
`= `(γ ) > 0 and a geodesic v ∈ G such that γ v= g`v. We call `(γ ) the translation
length of γ , and v an invariant geodesic of γ . The boundary point γ+ := v+

(which is independent of the chosen invariant geodesic v) is called the attractive
fixed point, and γ− := v− the repulsive fixed point of γ .

An axial isometry h is called rank one if one (and hence any) invariant geodesic
of h belongs to R; the width of h is then defined as the width of an arbitrary
invariant geodesic of h.

Notice that if γ ∈ Is(X) is axial, then ∂−1
∞
(γ−, γ+)⊂ G is the set of parametrized

invariant geodesics of γ , and every axial isometry γ̃ commuting with γ satisfies

p ◦ ∂−1
∞
(γ̃−, γ̃+)= p ◦ ∂−1

∞
(γ−, γ+).

If h is rank one, then the fixed point set of h equals {h−, h+}; moreover, if g is an
axial isometry commuting with h, then g and h clearly generate a virtually cyclic
subgroup of Is(X).

The following important lemma describes the north-south dynamics of rank one
isometries:
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Lemma 3.2 [Ballmann 1995, Lemma III.3.3]. Let h be a rank one isometry. Then

(a) every point ξ ∈ ∂X \ {h+} can be joined to h+ by a geodesic, and all these
geodesics are rank one,

(b) given neighborhoods U− of h− and U+ of h+ in X there exists N ∈ N such
that h−n(X \U+)⊂U− and hn(X \U−)⊂U+ for all n ≥ N.

We next prepare for an extension of part (a) of the lemma above, which replaces
the fixed point h+ of the rank one isometry h by the end point of a certain geodesic:

Definition 3.3 (compare Section 5 in [Ricks 2017]). Let G < Is(X) be any sub-
group. An element v ∈ G is said to (weakly) G-accumulate on u ∈ G if there exist
sequences (gn) ⊂ G and (tn)↗∞ such that gngtnv converges (weakly) to u as
n→∞; v is said to be (weakly) G-recurrent if v (weakly) G-accumulates on v.

Notice that if v is an invariant geodesic of an axial isometry γ ∈ Is(X), then v is
〈γ 〉-recurrent and hence in particular Is(X)-recurrent. Moreover, if v ∈ G weakly
G-accumulates on u ∈R, then by Lemma 2.2 v G-accumulates on some element
w ∼ u. In particular, if v ∈ Z is weakly G-recurrent, then it is already G-recurrent.

The following statements show the relevance of the previous notions.

Lemma 3.4 (see Section 6 in [Ricks 2017] or Lemma 3.11 in [Link 2018]). If
v ∈R is weakly Is(X)-recurrent then for every ξ ∈ ∂X \ {v+} there exists w ∈R
satisfying

width(w)≤ width(v) and (w−, w+)= (ξ, v+).

We will also need the following generalization of a statement originally due to
G. Knieper in the manifold setting; recall the definition of the distance function d1

from (6).

Lemma 3.5 (Lemma 7.1 in [Link 2018] or Proposition 4.1 in [Knieper 1998]). Let
u ∈ Z be an Is(X)-recurrent rank one geodesic of zero width. Then for all v ∈ G
with v+ = u+ and Bv+(v(0), u(0))= 0 we have

lim
t→∞

d1(gtv, gt u)= 0.

We will now deal with discrete subgroups 0 of the isometry group Is(X) of X .
The geometric limit set L0 of 0 is defined by L0 := 0 · x ∩ ∂X , where x ∈ X is an
arbitrary point.

If X is a CAT(−1)-space, then a discrete group 0 < Is(X) is called nonelemen-
tary if its limit set L0 is infinite. It is well-known that this implies that 0 contains
two axial isometries with disjoint fixed point sets (which are actually rank one of
zero width as G = Z for any CAT(−1)-space). In the general setting this motivates
the following
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Definition 3.6. We say that two rank one isometries g, h ∈ Is(X) are independent
if and only if {g+, g−} ∩ {h+, h−} 6= ∅ (see for example [Link 2010, Section 2;
Caprace and Fujiwara 2010, Section 2]). Moreover, a group 0 < Is(X) is called
rank one if 0 contains a pair of independent rank one elements.

Obviously, if X is CAT(−1) then every nonelementary discrete isometry group
is rank one. In general however, the notion of rank one group seems very restrictive
at first sight. Nevertheless we have the following weak hypothesis which ensures
that a discrete group 0 < Is(X) is rank one:

Lemma 3.7 [Link 2018, Lemma 4.4]. If 0 < Is(X) is a discrete subgroup with in-
finite limit set L0 containing the positive end point v+ of a weakly Is(X)-recurrent
element v ∈R, then 0 is a rank one group.

Notice that the conclusion is obviously true when v+ is a fixed point of a rank
one isometry of X .

We will now define an important subset of the limit set L0 of 0. For that we let
x , y ∈ X arbitrary. A point ξ ∈ ∂X is called a radial limit point if there exists c > 0
and sequences (γn)⊂ 0 and (tn)↗∞ such that

d
(
γn y, σx,ξ (tn)

)
≤ c for all n ∈ N. (14)

Notice that by the triangle inequality this condition is independent of the choice of
x , y ∈ X . The radial limit set L rad

0 ⊂ L0 of 0 is defined as the set of radial limit
points.

We will further denote

Z rec
0 := {v ∈ Z : v and − v are 0-recurrent} (15)

the set of zero width parametrized geodesics which are 0-recurrent in both direc-
tions. Notice that if v ∈ Z is weakly 0-recurrent, then it is already 0-recurrent
according to the remark below Definition 3.3. We will also need the following:

Definition 3.8. An element v ∈ 0\G is called positively and negatively recurrent,
if it possesses a lift ṽ ∈ G such that both ṽ and −ṽ are 0-recurrent.

4. Geodesic currents and the Ricks measure

In this section we want to describe the construction of the Ricks measure from an
arbitrary geodesic current on ∂∞R. We will also recall the properties of the Ricks
measure which are relevant for our purposes. Our main references here are [Ricks
2017, Section 7; Link 2018, Section 5].

From here on X will always be a proper Hadamard space and 0 < Is(X) a
discrete rank one group with

Z0 := {v ∈ Z : v−, v+ ∈ L0} 6=∅.
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Notice that according to Proposition 1 in [Link 2018] the latter hypothesis is always
satisfied when X is geodesically complete. For later use we further fix a point o∈ X .

Recall that the support of a Borel measure ν on a topological space Y is defined
as the set

supp(ν)=
{

y ∈ Y : ν(U ) > 0 for every open neighborhood U of y
}
. (16)

We also recall that a set A ⊂ Y is said to have full ν-measure, if ν(Y \ A)= 0.
We start with two finite Borel measures µ−, µ+ on ∂X with supp(µ±)= L0 , and

let µ̄ be a 0-invariant Radon measure on ∂∞R which is absolutely continuous with
respect to the product measure (µ−⊗µ+) ∂∞R. Such µ̄ is called a quasiproduct
geodesic current on ∂∞R (see, for example, [Link 2018, Definition 5.2]).

Following Ricks’ approach we can define a Radon measure m = µ̄⊗λ on [R] ∼=
∂∞R×R, where λ denotes Lebesgue measure on R. Now according to Lemma 2.1
0 acts properly on [R] ∼= ∂∞R×R which admits a proper metric. Since the action
is by homeomorphisms and preserves the Borel measure m = µ̄⊗ λ, there is (see,
for instance, [Ricks 2015, Appendix A]) a unique Borel quotient measure m0 on
0\[R] satisfying the characterizing property∫

A
h̃ dm =

∫
0\[R]

(h · f A) dm0 (17)

for all Borel sets A ⊂ [R] and 0-invariant Borel maps h̃ : [R] → [0,∞] and
f̃ A : [R]→ [0,∞] defined by f̃ A([v]) := #{γ ∈ 0 : γ [v] ∈ A} for [v] ∈R, and with
h and f A the maps on 0\[R] induced from h̃ and f̃ A.

Our final goal is to construct from a weak Ricks measure m0 a geodesic flow
invariant measure on 0\G. So let us first remark that Z ⊂R is a Borel subset by
semicontinuity of the width function (10) (see [Ricks 2017, Lemma 8.4]), and that
Ho Z :Z→ ∂∞Z×R∼= [Z] is a homeomorphism onto its image; hence [Z] ⊂ [R]
is also a Borel subset. So if 0\[Z] has positive mass with respect to the weak
Ricks measure m0 we may define (as in [Ricks 2017, Definition 8.12]) a geodesic
flow and 0-invariant measure m0 on G by setting

m0(E) := m(Ho(E ∩Z)) for any Borel set E ⊂ G; (18)

this measure m0 then induces the Ricks measure m0
0 on 0\G.

Notice that in general m0(0\[Z]) = 0 is possible; obviously this is always
the case when Z = ∅. However, Theorem 6.7 and Corollary 2 in [Link 2018]
immediately imply:

Theorem 4.1. Let X be a proper Hadamard space, and 0 < Is(X) a discrete rank
one group with Z0 6= ∅ (which is always the case if X is geodesically complete).
Let µ−, µ+ be nonatomic, finite Borel measures on ∂X with µ±(L rad

0 )= µ±(∂X),
and µ̄∼ (µ−⊗µ+) ∂∞R a quasiproduct geodesic current.
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Then for the set Z rec
0 defined in (15) we have

(µ−⊗µ+)(∂∞Z rec
0 )= (µ−⊗µ+)(∂∞R)= µ−(∂X) ·µ+(∂X),

and in particular µ̄∼ µ−⊗µ+.

So in this case the Ricks measure m0
0 is actually equal to the weak Ricks measure

m0 used for its construction. Moreover, for the measure m on G, from which the
Ricks measure descends, we have the formula

m(E)=
∫
∂∞Z

λ(p(E)∩ (ξη)) dµ̄(ξ, η), (19)

where λ again denotes Lebesgue measure, and E ⊂ G is an arbitrary Borel set.
We further remark that if X is a manifold, then the Ricks measure is also equal to
Knieper’s measure mKn

0 associated to µ̄ which descends from

mKn(E) :=
∫
∂∞G

vol(ξη)(p(E)∩ (ξη)) dµ̄(ξ, η) for any Borel set E ⊂ G,

where vol(ξη) denotes the induced Riemannian volume element on the submanifold
(ξη)⊂ X .

From here on we will therefore denote the Ricks measure m0 instead of m0
0.

For later reference we want to summarize what we know from Theorem 7.4 and
Lemma 7.5 in [Link 2018]. Before we can state the result we denote B(R)⊂ G the
set of all parametrized geodesics v ∈ G with origin pv = v(0) ∈ BR(o) and define

1 := sup
{

ln µ̄(∂∞B(R))
R

: R > 0
}
. (20)

Theorem 4.2. Let X , 0 < Is(X), µ−, µ+ and µ̄ as in Theorem 4.1. We further
assume that the constant 1 defined via (20) is finite. Then the dynamical systems
(∂X × ∂X, 0, µ−⊗µ+), (∂∞G, 0, µ̄) and (0\G, g0,m0) are ergodic.

We will repeatedly make use of the following argument, which is immediate by
Fubini’s theorem:

Corollary 4.3. Let X , 0 < Is(X), µ−, µ+, µ̄ and 1<∞ as in Theorem 4.2. Then
if � ⊂ 0\Z is a subset of full m0-measure, and �̃ ⊂ Z the preimage of � under
the projection map Z 7→ 0\Z , the sets

E−: =
{
ξ ∈ ∂X : (ξ, η′) ∈ ∂∞�̃ for µ+-almost every η′ ∈ ∂X

}
and

E+: =
{
η ∈ ∂X : (ξ ′, η) ∈ ∂∞�̃ for µ−-almost every ξ ′ ∈ ∂X

}
satisfy µ−(E−)= µ−(∂X) and µ+(E+)= µ+(∂X).

Before proving the important Lemma 4.4 we want to recall a few notions from
topology and geometric group theory: If Y is a topological space, then a collection
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of subsets of Y is said to be locally finite if every y ∈ Y has an open neighborhood
that intersects only finitely many sets in the collection. Notice that if the collection
{Uλ : λ ∈3} ⊂ Y (with 3 a countable set) is locally finite, then the collection of
the closures {Uλ : λ ∈ 3} ⊂ Y is also locally finite. Moreover, for the closure of
the countable union

⋃
λ∈3 Uλ we have⋃

λ∈3Uλ =
⋃
λ∈3Uλ. (21)

Indeed, if (yn)⊂
⋃
λ∈3Uλ is a sequence converging to a point y ∈ Y , we let U ⊂ Y

be an open neighborhood of y such that U ∩Uλ=∅ for all but finitely many λ∈3;
denote the finite set of exceptions by

F := {λ ∈3 :U ∩Uλ 6=∅}.

Then for n sufficiently large we have

yn ∈U ∩
⋃
λ∈3Uλ ⊂

⋃
λ∈FUλ, hence y ∈

⋃
λ∈FUλ =

⋃
λ∈FUλ ⊂

⋃
λ∈3Uλ.

The converse inclusion is trivial.
Assume now that a discrete group G acts by isometries on a proper metric

space Y . An open set D ⊂ Y is called a fundamental domain for the action of
G on Y , if

Y =
⋃
g∈G

g · D, and gD ∩ D =∅ for all g ∈ G \ {e};

it is said to be locally finite (for the action of G on Y ) if the collection of sets
{g · D : g ∈ G} is locally finite; notice that this is equivalent to the fact that for any
compact set K ⊂ Y the number

#{g ∈ G : K ∩ g · D 6=∅}
is finite.

For our purposes we will need a fundamental domain for the action of 0 on
G whose boundary is negligible with respect to the measure m on G inducing the
Ricks measure on 0\G (which is defined by (19)):

Lemma 4.4. Let X , 0 < Is(X), µ−, µ+, µ̄ and 1<∞ as in Theorem 4.2. Then
there exists a 0-invariant subset G′ ⊂ G of full m-measure and a locally finite
fundamental domain D ⊂ G′ for the action of 0 on G′ which satisfies m(∂D)= 0.

Proof. We denote

F :=
{
v ∈ G : γ v = v for some γ ∈ 0 \ {e}

}
the set of parametrized geodesics in G which are fixed by a nontrivial element in 0.
Notice that this set is nonempty only if 0 contains elliptic elements.
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Obviously F is closed, 0-invariant and invariant by the geodesic flow. Moreover,
F ∩Z is a proper subset of the support of m. By ergodicity of m0 we conclude
that m(F)= 0.

Choose a point x ∈ X with trivial stabilizer in 0. Let D0 ⊂ G denote the open
Dirichlet domain for 0 with center x , that is the set of all parametrized geodesic
lines with origin in{

z ∈ X : d(z, x) < d(z, γ x) for all γ ∈ 0 \ {e}
}
;

then by choice of x we have

γD0 ∩D0 =∅ for all γ ∈ 0 \ {e}.

Moreover, D0 is locally finite as X is proper and 0 is discrete. Notice that in
general D0 need not be a fundamental domain for the action of 0 on G, because⋃

γ∈0γD0 ( G

is possible as the following example provided by the anonymous referee shows:
If X is the universal cover of a bouquet of circles of length 1 (that is a regular
tree), 0 < Is(X) the group of deck transformations (which does not contain elliptic
elements) and x ∈ X the midpoint of an edge E of X , then the closure of the
Dirichlet domain D0 ⊂ G with center x consists of all parametrized geodesics v
with origin v(0) ∈ E and E ⊂ v(R). But if w ∈ G is a parametrized geodesic with
w(R)∩ E = {w(0)}, then w /∈

⋃
γ∈0 γD0.

For this reason we consider the “enlarged boundary”

∂̃D0 =
{
v ∈ G : d(v(0), x)= d(v(0), γ x) for some γ ∈ 0 \ {e}

and d(v(0), x)≤ d(v(0), γ x) for all γ ∈ 0
}
⊃ ∂D0

and use the set
D̂0 := D0 ∪ ∂̃D0

instead of the closure D0 of the Dirichlet domain. Then obviously⋃
γ∈0γ D̂0 = G, and F ∩ D̂0 ⊂ ∂̃D0.

However, the problem is that in general the boundary ∂D0 of the Dirichlet do-
main (and also the enlarged boundary ∂̃D0) is very complicated, and in particular
m(∂̃D0)≥ m(∂D0) > 0 is possible.

In order to get a fundamental domain with boundary of zero m-measure we
will therefore modify the Dirichlet domain D0 in a neighborhood of the enlarged
boundary ∂̃D0 as proposed by Roblin [2003, p. 13]: We first choose a covering of
∂̃D0 \F by a locally finite family of open sets {Vn : n ∈N} ⊂ G \F with a uniform
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upper bound on the diameter with respect to the distance function d1 introduced in
(6) such that for all n ∈ N we have

m(∂Vn)= 0 and Vn ∩ γ Vn =∅ for all γ ∈ 0 \ {e}.

We first claim that the family of subsets {0 · Vn : n ∈ N} ⊂ G \F is still locally
finite. For the proof we choose for each j ∈ N a point v j ∈ V j ∩ ∂̃D0; there exists
r > 0 such that V j ⊂ Br (v j ) for all j ∈ N. Since the map p : G→ X , v 7→ v(0)
is 1-Lipschitz, we also have pV j ⊂ Br (pv j ) for all j ∈ N. Moreover, v j ∈ ∂̃D0
implies that d(pv j , γ x)≥ d(pv j , x) for all γ ∈ 0.

Now assume that the family {0 · Vn : n ∈ N} ⊂ G \F is not locally finite. Then
there exists an open set U ⊂G\F and infinite sets {γk : k ∈N}⊂0, { jk : k ∈N}⊂N

such that U ∩ γk V jk 6=∅ for all k ∈ N. Let R > 0 such that pU ⊂ BR(x), where x
is the center of the Dirichlet domain. For k ∈ N we pick uk ∈U ∩ γk V jk ; passing
to a subsequence if necessary we can assume that (uk) converges to a point u ∈U .
Since 0 is discrete and {γk : k ∈N} is infinite, we know that d(x, γ−1

k pu)→∞ as
k→∞, hence for all k sufficiently large we have γ−1

k puk /∈ BR+2r (x).
Let k ∈N such that d(x, γ−1

k puk) > R+2r . Notice that uk ∈ γk V jk ⊂ γk Br (v jk )

implies d(γ−1
k puk, pv jk ) < r and hence

d(x, pv jk )≥ d(x, γ−1
k puk)− d(pv jk , γ

−1
k puk) > R+ 2r − r = R+ r.

By choice of v jk ⊂ ∂̃D0 we further know that d(pv jk , γ x) ≥ d(pv jk , x) for all
γ ∈ 0, hence in particular

d(x, γk pv jk )≥ d(x, pv jk ) > R+ r,
and therefore

d(x, puk)≥ d(x, γk pv jk )− d(puk, γk pv jk ) > d(x, pv jk )− r > R;

this is an obvious contradiction to pU ⊂ BR(x).
We are now going to construct the desired fundamental domain. We start with

the Dirichlet domain D0 :=D0 from above and set D1 :=
(
D0 \0 ·V1

)
∪V1⊂ G \F .

This set is open as a union of two open sets, and it is still locally finite for the
action of 0 on G \F ; obviously we have γ ·D1∩D1 =∅ for all γ ∈ 0 \ {e}. Hence
defining Dn := (Dn−1 \0 · Vn)∪ Vn for n ∈ N, we get a sequence of open subsets
of G \F each of which is locally finite for the action of 0 on G \F . The limit of
this sequence exists and equals

D =
(
D0 \∪

∞

i=10 · Vi
)
t
⋃
∞

j=1
(
V j \∪i> j0 · Vi

)
.

We claim that D is a locally finite fundamental domain for the action of 0 on G \F ,
but now with boundary ∂D of m-measure zero as it is contained in⋃

∞

j=10 · ∂V j ∪F .
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We first show that G \F ⊂ 0 ·D: So let v ∈ G \F arbitrary. As
⋃
γ∈0 γ · D̂0 = G

we may assume without loss of generality that v ∈ D̂0. For v ∈D0 \
⋃
∞

i=1 0 ·Vi ⊂D
we are done, so let

v ∈ ∂̃D0 ∪
⋃
∞

i=10 · Vi ⊂
⋃
∞

i=10 · Vi

(as {Vn : n ∈ N} is an open covering of ∂̃D0 \F). Let ` ∈ N be the largest integer
such that v ∈ 0 · V`; such ` exists by local finiteness of the family {0 · Vn : n ∈ N}.
Hence for some γ ∈0 we have v ∈ γ V`\

⋃
i>` 0 ·Vi ⊂ γD, which proves the claim.

We next show that D is locally finite for the action of 0 on G \F . Notice that
D ⊂ D0 ∪

⋃
∞

j=1V j ; as D0 is locally finite it suffices to prove that the collection of
sets

{
γ ·
⋃
∞

j=1 V j : γ ∈ 0
}
⊂ G \F is locally finite. But this follows directly from

the local finiteness of the family of sets {0 · Vn : n ∈ N} ⊂ G \F .
We finally show that ∂D ⊂

⋃
∞

j=1 0 · ∂V j ∪F . As

∂D ⊂ ∂
(
D0 \

⋃
∞

i=1 0 · Vi
)
∪ ∂
(⋃
∞

j=1
(
V j \

⋃
i> j 0 · Vi

))
∪F,

the claim will follow from the inclusion

∂
(⋃
∞

i=10 · Vi
)
∩G \F ⊂

⋃
∞

i=10 · ∂Vi .

But v ∈ ∂
(⋃
∞

i=10 · Vi
)
∩G \F implies v /∈

⋃
∞

i=1 0 · Vi and

v ∈
⋃
∞

i=10 · Vi ∩G \F ⊂
⋃
∞

i=10 · Vi

according to (21), hence the assertion is true. �

5. Mixing of the Ricks measure

Let X be a proper Hadamard space as before, and 0 < Is(X) a discrete rank one
group with Z0 6= ∅. Notice that if X is geodesically complete, then according
to Proposition 1 in [Link 2018] the latter condition is automatically satisfied. We
further fix a point o ∈ X .

From here on we will assume that µ−, µ+ are nonatomic, finite Borel measures
on ∂X with µ±(L rad

0 )= µ±(∂X). We will further require that for the quasiproduct
geodesic current µ̄ ∼ (µ−⊗µ+) ∂∞R on ∂∞R the constant 1 defined in (20) is
finite.

From Theorem 4.1 and Definition 3.8 we immediately get that the set{
u ∈ 0\G : u is positively and negatively recurrent

}
has full m0-measure (which is equivalent to conservativity of the dynamical sys-
tem (∂∞G, g0, µ̄)). Moreover, according to Theorem 4.2 the dynamical system
(∂∞G, g0, µ̄) is ergodic and we can use its Corollary 4.3.
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Our proof of mixing will closely follow Babillot’s idea [2002]. However, as
she only gives the proof for cocompact rank one isometry groups of Hadamard
manifolds, for the convenience of the reader we want to give a detailed proof in our
more general setting, which includes arbitrary discrete rank one isometry groups of
non-Riemannian Hadamard spaces. We also emphasize that her set R in [Babillot
2002] is defined as the set of unit tangent vectors v ∈ SX ∼= G which do not admit
a parallel perpendicular Jacobi field; this is in general a proper open subset of
our set R (which was defined as the set of parametrized geodesic lines with finite
width) which is contained in Z. In particular, her Proposition-Definition below
Lemma 2 in [Babillot 2002] is not true when considering our set R instead of hers.
We therefore have to work on the set Z (which is not open in R) and use — up
to a constant factor — the cross-ratio introduced by Ricks [2017, Definition 10.2]
instead of Babillot’s.

From the Busemann function introduced in (4) we first define for (ξ, η) ∈ ∂∞G
the Gromov product of (ξ, η) with respect to y ∈ X via

Gry(ξ, η)=
1
2

(
Bξ (y, z)+Bη(y, z)

)
, (22)

where z ∈ (ξη) is an arbitrary point on a geodesic line joining ξ and η. It is
related to Ricks’ definition following [Ricks 2017, Lemma 5.1] via the formula
Gry(ξ, η)=−2βy(ξ, η) for all (ξ, η) ∈ ∂∞G. We then make the following:

Definition 5.1 [Ricks 2017, Definition 10.1]. A quadruple of points (ξ1, ξ2, ξ3, ξ4)∈(
∂X
)4 is called a quadrilateral, if there exist v13, v14, v23, v24 ∈R such that

∂∞vi j = (ξi , ξ j ) for all (i, j) ∈ {(1, 3), (1, 4), (2, 3), (2, 4)}.

The set of all quadrilaterals is denoted Q, and we define

Q0 =Q∩
(
L0
)4
.

Definition 5.2 (compare [Ricks 2017, Definition 10.2]). If (ξ, ξ ′, η, η′) ∈ Q is a
quadrilateral, its cross-ratio is defined by

CR(ξ, ξ ′, η, η′)= Gro(ξ, η)+Gro(ξ
′, η′)−Gro(ξ, η

′)−Gro(ξ
′, η).

Notice that our definition corresponds to Ricks’ via

CR(ξ, ξ ′, η, η′)=−2B(ξ, ξ ′, η, η′).

The properties of a cross-ratio listed in Proposition 10.5 of [Ricks 2017] are there-
fore satisfied for our cross-ratio CR. We further have:

Lemma 5.3 [Ricks 2017, Lemma 10.6]. If g ∈ Is(X) is axial, then its translation
length `(g) is given by

`(g)= CR(g−, g+, ξ, gξ).
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From this we immediately get:

Proposition 5.4. The length spectrum {`(γ ) : γ ∈ 0 axial} of 0 is a subset of the
cross-ratio spectrum CR(Q0).

Theorem 5.5. Let 0 < Is(X) be a discrete rank one group with nonarithmetic
length spectrum and Z0 6=∅. Let µ−, µ+ be nonatomic finite Borel measures on
∂X with µ±(L rad

0 )= µ±(∂X), and

µ̄∼ (µ−⊗µ+) ∂∞R

a quasiproduct geodesic current defined on ∂∞R for which the constant 1 defined
by (20) is finite. Let m0 be the associated Ricks measure on 0\G. Then the dynam-
ical system (0\G, g0,m0) is mixing, that is for all Borel sets A, B ⊂ 0\G with
m0(A) and m0(B) finite we have (with the abbreviation ‖m0‖ = m0(0\G))

lim
t→±∞

m0(A∩ g−t
0 B)=

{m0(A)·m0(B)
‖m0‖

if m0 is finite,

0 if m0 is infinite.

Proof. We first remark that mixing is equivalent to the fact that for every square
integrable function ϕ ∈ L2(m0) on 0\G the functions ϕ ◦ gt

0 converge weakly in
L2(m0) to the constant

1
‖m0‖

∫
ϕ dm0

as t→±∞. Moreover, since the continuous functions with compact support are
dense in L2(m0) it suffices to show that for every f ∈ Cc(0\G)

f ◦ gt
0→

1
‖m0‖

∫
f dm0

weakly in L2(m0) as t→±∞.
We argue by contradiction and assume that m0 is not mixing. Then there exists

a function f ∈ Cc(0\G) (without loss of generality we may assume
∫

f dm0 = 0
if m0 is finite) and a sequence (tn)↗∞ such that f ◦ gtn

0 does not converge to 0
weakly in L2(m0) as n→∞. By [Babillot 2002, Lemma 1] there exists a sequence
(sn)↗∞ and a nonconstant function 9 ∈ L2(m0) such that

f ◦ gsn
0 →9 and f ◦ g−sn

0 →9

weakly in L2(m0) as n→∞. Without loss of generality we may assume that 9
is defined on all of 0\G. Let 9̃ : G→ R denote the lift of 9 to G and smooth it
along the flow by considering for τ > 0 the function

9̃τ : �̃→ R, v 7→

∫ τ

0
9̃(gsv) ds.



810 GABRIELE LINK

For fixed ε > 0 sufficiently small 9̃ε is still nonconstant, and now there exists a set
E ′′ ⊂ ∂∞G of full µ̄-measure such that for all v ∈ ∂−1

∞
E ′′ the function

hv : R→ R, t 7→ 9̃ε(gtv)

is continuous. Notice that according to Theorem 4.1 we can assume E ′′ ⊂ ∂∞Z rec
0

as ∂∞Z rec
0 has full µ̄-measure in ∂∞G. To any such function we associate the set of

its periods which is a closed subgroup of R; it only depends on (v−, v+)∈ E ′′. This
gives a map from E ′′ into the set of closed subgroups of R which is 0-invariant as
9̃ε is. By ergodicity of µ̄ (Theorem 4.2) this map is constant µ̄-almost everywhere.

Assume that this constant image is the group R. Hence for µ̄-almost every
(v−, v+)∈ E ′′ every real number is a period of hv for some v ∈ ∂−1

∞
(v−, v+) which

is only possible if hv is independent of t . In this case 9̃ε induces a 0-invariant
function on a subset E ′ ⊂ E ′′ ⊂ ∂∞Z rec

0 of full µ̄-measure. Again by ergodicity
of µ̄ this function is constant, which finally gives a contradiction to the fact that
9̃ε is nonconstant. So we conclude that there exists a subset E ′ ⊂ ∂∞Z rec

0 of full
µ̄-measure and a ≥ 0 such that the constant image of the map above restricted to
E ′ is the closed subgroup 2aZ.

In order to get the desired contradiction, we will next show that the cross-ratio
spectrum CR(Q0) is contained in the closed subgroup aZ. We denote f̃ : G→ R

the lift of f to G, and define

f̃ε : G→ R, v 7→

∫ ε

0
f̃ (gsv) ds.

Since f̃ is 0-invariant, f̃ε is also 0-invariant and therefore descends to a function
fε on 0\G. Moreover,

fε ◦ gsn
0 →9ε and fε ◦ g−sn

0 →9ε

weakly in L2(m0) as n→∞, where 9ε ∈ L2(m0) is the function induced from the
0-invariant function 9̃ε above. According to the classical fact stated and proved
in [Babillot 2002, Section 1] there exists a sequence (nk)⊂ N such that 9ε is the
almost sure limit of the Cesaro averages for positive and negative times

1
K 2

K 2∑
k=1

fε ◦ g
snk
0 and

1
K 2

K 2∑
k=1

fε ◦ g
−snk
0 .

We denote 9̃+ε , 9̃−ε the lifts of the almost sure limits of the Cesaro averages above
and consider the set

�̃ :=
{
u ∈ Z rec

0 : 9̃
+

ε (u), 9̃
−

ε (u) exist and 9̃+ε (u)= 9̃
−

ε (u)= 9̃ε(u)
}
;
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from the previous paragraph and the fact that ∂∞Z rec
0 has full µ̄-measure we know

that ∂∞�̃ has full µ̄-measure. The same is true for the set E := E ′ ∩ ∂∞�̃, where
E ′ ⊂ ∂∞Z rec

0 is the set of full µ̄-measure from the first part of the proof. So in
particular v ∈ ∂−1

∞
E implies that the periods of the continuous function hv ∈ C(R)

are contained in the closed subgroup 2aZ.
Since f̃ is the lift of a function f ∈ Cc(0\G), both f̃ and f̃ε are uniformly

continuous. So if u, v ∈ �̃⊂ ∂−1
∞

E are arbitrary, then according to Lemma 3.5 we
have the following statements:

(a) If u+ = v+ and Bv+(u(0), v(0))= 0, then 9̃+ε (u)= 9̃
+
ε (v).

(b) If u− = v− and Bv−(u(0), v(0))= 0, then 9̃−ε (u)= 9̃
−
ε (v).

Now according to Corollary 4.3 the sets

E− :=
{
ξ ∈ ∂X : (ξ, η′) ∈ E for µ+-almost every η′ ∈ ∂X

}
and

E+ :=
{
η ∈ ∂X : (ξ ′, η) ∈ E for µ−-almost every ξ ′ ∈ ∂X

}
satisfy µ−(E−) = µ−(∂X), µ+(E+) = µ+(∂X), hence E− × E+ has full µ̄-
measure.

We first consider the set of special quadrilaterals

S =
{
(ξ, ξ ′, η, η′) : (ξ, η) ∈ E ∩ (E−× E+), (ξ ′, η′), (ξ, η′), (ξ ′, η) ∈ E

}
⊂Q0.

So let (ξ, η) ∈ E ∩ (E−× E+) and choose (ξ ′, η′) ∈ E such that (ξ ′, η) and (ξ, η′)
also belong to E . In order to show that the cross-ratio CR(ξ, ξ ′, η, η′) belongs to
aZ we start with a geodesic v ∈ ∂−1

∞
(ξ, η).

Let v1 ∈ ∂
−1
∞
(ξ ′, η) such that Bη(v(0), v1(0)) = 0, v2 ∈ ∂

−1
∞
(ξ ′, η′) such that

Bξ ′(v1(0), v2(0)) = 0, v3 ∈ ∂
−1
∞
(ξ, η′) such that Bη′(v2(0), v3(0)) = 0 and finally

v4 ∈ ∂
−1
∞
(ξ, η) such that Bξ (v3(0), v4(0))= 0. Then according to (a)

9̃+ε (v)= 9̃
+

ε (v1)= 9̃
−

ε (v1)

by choice of �̃. Moreover (b) gives

9̃−ε (v1)= 9̃
−

ε (v2)= 9̃
+

ε (v2).

Again by (a) we get

9̃+ε (v2)= 9̃
+

ε (v3)= 9̃
−

ε (v3)

and by (b)

9̃−ε (v3)= 9̃
−

ε (v4)= 9̃
+

ε (v4).

Altogether this shows 9̃ε(v4)= 9̃ε(v), and since ∂∞v4 = ∂∞v we know that there
exists t ∈R such that v = gtv4. Hence t is a period of the function hv and therefore
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t ∈ 2aZ (as ∂∞v ∈ E ′). On the other hand, we have

2 CR(ξ, ξ ′, η, η′)= 2
(
Gro(ξ, η)+Gro(ξ

′, η′)−Gro(ξ, η
′)−Gro(ξ

′, η)
)

= Bξ (o, v(0))+Bη(o, v(0))+Bξ ′(o, v2(0))+Bη′(o, v2(0))

−Bξ (o, v3(0))−Bη′(o, v3(0))−Bξ ′(o, v1(0))−Bη(o, v1(0))

= Bη(v1(0), v(0))︸ ︷︷ ︸
=0

+Bξ ′(v1(0), v2(0))︸ ︷︷ ︸
=0

+Bη′(v3(0), v2(0))︸ ︷︷ ︸
=0

+Bξ (v4(0), v3(0))︸ ︷︷ ︸
=0

+Bξ (v3(0), v(0))

= Bξ (v4(0), v(0))= Bξ (v4(0), v4(t))= t ∈ 2aZ,

hence CR(ξ, ξ ′, η, η′) ∈ aZ. This proves that CR(S)⊂ aZ.
Finally, since the cross-ratio is continuous and the set of special quadrilaterals

S is dense in Q0 , the cross-ratio spectrum CR(Q0) is included in the discrete sub-
group aZ of R. So according to Proposition 5.4 the length spectrum is arithmetic
in contradiction to the hypothesis of the theorem. �

We will often work in the universal cover X of 0\X and therefore need the
following

Corollary 5.6. Let 0 < Is(X) be a discrete rank one group with nonarithmetic
length spectrum and Z0 6=∅. Let µ−, µ+ be nonatomic finite Borel measures on
∂X with µ±(L rad

0 )= µ±(∂X), and

µ̄∼ (µ−⊗µ+) ∂∞R

a quasiproduct geodesic current defined on ∂∞R for which the constant 1 defined
in (20) is finite. Let m0 be the associated Ricks measure on 0\G, A, B ⊂ 0\G
Borel sets with m0(A) and m0(B) finite, and Ã, B̃ ⊂ G lifts of A and B. Then

lim
t→±∞

(∑
γ∈0

m( Ã∩ g−tγ B̃)
)
=

{m( Ã)·m(B̃)
‖m0‖

if m0 is finite,

0 if m0 is infinite.

Proof. According to Lemma 4.4 there exists a 0-invariant subset G′ ⊂ G of full
m-measure and a locally finite fundamental domain D ⊂ G′ for the action of 0 on
G′ with m(∂D)= 0. Notice that for any measurable function h ∈ L1(m0) with lift
h̃ : G→ R the integral

∫
D h̃ dm is independent of the chosen fundamental domain

D ⊂ G as above. Moreover, we obviously get from (17) and (18)∫
D

h̃ dm =
∫
0\G

h dm0.

Now let A, B ⊂ 0\G be Borel sets with m0(A) and m0(B) finite, and Ã, B̃ ⊂ G
lifts of A and B. Without loss of generality we may assume that Ã, B̃ ⊂ D. For
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t ∈ R consider the function ht ∈ L1(m0) defined by

ht = 1A∩g−t
0 B .

For its lift h̃t and v ∈ G we have

h̃t(v)= 1 if γ ′v ∈ Ã∩ g−tγ B̃ for some γ ′, γ ∈ 0,

and h̃t(v)= 0 otherwise. So

m0(A∩ g−t
0 B)=

∫
0\G

ht dm0 =

∫
D

h̃t dm =
∑
γ∈0

m( Ã∩ g−tγ B̃).

The claim now follows from Theorem 5.5, because

m0(A)=
∫
0\G

1A dm0 =

∫
D

10 Ã dm = m( Ã) and m0(B)= m(B̃). �

Notice that in general it is not so easy to determine whether a discrete rank one
group has arithmetic length spectrum or not. As mentioned before, if 0 < Is(X)
has finite Ricks–Bowen–Margulis measure and satisfies L0 = ∂X , then according
to Theorem 4 in [Ricks 2017] the length spectrum of 0 is arithmetic if and only
if X is a tree with all edge lengths in cN for some c > 0. This includes Babillot’s
observation that for cocompact discrete rank one groups of a Hadamard manifold
the length spectrum is nonarithmetic. Moreover, we recall a few further results:

Proposition 5.7. Let X be a proper CAT(−1) Hadamard space. A discrete rank
one group 0 < Is(X) has nonarithmetic length spectrum if

• 0 contains a parabolic isometry [Dal’bo and Peigné 1998],

• the limit set L0 possesses a connected component which is not reduced to a
point [Bourdon 1995],

• X is a manifold with constant sectional curvature [Guivarc’h and Raugi 1986,
Proposition 3],

• X is a Riemannian surface [Dal’bo 1999].

6. Shadows, cones and corridors

We keep the notation and conditions from the previous section. So in particular
X is a proper Hadamard space and 0 < Is(X) a discrete rank one group. For our
proof of the equidistribution theorem we will need a few definitions and preliminary
statements. Recall that for y ∈ X and r > 0 Br (y) ⊂ X denotes the open ball of
radius r centered at y ∈ X . The shadow of Br (y) ⊂ X viewed from the source
x ∈ X is defined by

Or (x, y) := {η ∈ ∂X : σx,η(R+)∩ Br (y) 6=∅};
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this is an open subset of the geometric boundary ∂X . If ξ ∈ ∂X we define

Or (ξ, y) := {η ∈ ∂X : there exists v ∈ ∂−1
∞
(ξ, η) with v(0) ∈ Br (y)}

= {η ∈ ∂X : (ξ, η) ∈ ∂∞G and d(y, (ξη)) < r}.

Notice that due to the possible existence of flat subspaces in X a shadow Or (ξ, y)
with source ξ ∈ ∂X need not be open: In a Euclidean plane such a shadow always
consists of a single point in the boundary, no matter how large r is. In our context,
the shadows with source ξ in the boundary ∂X will be larger, but still not necessarily
open.

Remark. If ξ is the positive end point v+ of a weakly Is(X)-recurrent geodesic
v ∈ Z , then Lemma 3.4 and Lemma 2.1 imply that Or (ξ, y) is open for any y ∈ X .

More generally, if there exists a geodesic u ∈ Z with u+ = ξ and u(0) ∈ Br (y),
then according to Lemma 2.1 the shadow Or (ξ, y) contains an open neighborhood
of u− in ∂X , but need not be open: If u is not Is(X)-recurrent, then this open
neighborhood of u− can be much smaller than Or (ξ, y), and there might exist a
point η ∈Or (ξ, y) such that (ξη) is isometric to a Euclidean plane. But ξ cannot be
joined to any point in the boundary of (ξη) different from η, no matter how close it
is to η. In this case, every open neighborhood of η intersects the complement of the
shadow Or (ξ, y) in ∂X nontrivially (as this complement includes all the boundary
points which cannot be joined to ξ by a geodesic), hence η ∈ ∂Or (ξ, y).

We will now prove that this cannot happen if η is the end point of an Is(X)-
recurrent geodesic v ∈ Z , that is if η belongs to the set

∂X rec
:= {η ∈ ∂X : there exists v ∈ Z Is(X)-recurrent with η = v+}. (23)

Lemma 6.1. Let ξ ∈ ∂X , x ∈ X and r > 0 arbitrary. Then for the closure Or (ξ, x)
and the boundary ∂Or (ξ, x) of the shadow Or (ξ, x)⊂ ∂X we have

(a) Or (ξ, x)⊂ {ζ ∈ ∂X : (ξ, ζ ) ∈ ∂∞G and d
(
x, (ξζ )

)
≤ r},

(b) ∂Or (ξ, x)∩ ∂X rec
⊂ {ζ ∈ ∂X rec

\ {ξ} : d(x, (ξζ ))= r}.

Proof. In order to prove (a) we let ζ ∈ Or (ξ, x) be arbitrary. Then there exists a
sequence (ζn)⊂Or (ξ, x)with ζn→ζ as n→∞. For n∈N we let vn=v(x; ξ, ζn)∈

G as defined in (8), hence in particular v−n = ξ , v+n = ζn and vn(0) ∈ Br (x). Passing
to a subsequence if necessary we may assume that vn(0) converges to a point
z ∈ Br (x) (as Br (x) is compact). Recall the definition of the Alexandrov angle
from (3). According to Proposition II.9.2 in [Bridson and Haefliger 1999] we have

6 z(ξ, ζ )≥ lim sup
n→∞

6
vn(0)(ξ, ζn)= π,
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since vn(0) is a point on the geodesic vn joining ξ to ζn . From 6 z(ξ, ζ ) ∈ [0, π]
we therefore get 6 z(ξ, ζ )= π , hence z ∈ Br (x) is a point on a geodesic joining ξ
to ζ , and in particular (ξ, ζ ) ∈ ∂∞G. This proves (a).

For the proof of (b) we let ζ ∈ ∂Or (ξ, x)∩ ∂X rec be arbitrary. By definition of
the boundary we know that ζ ∈ Or (ξ, x) and that there exists a sequence (ηn) ⊂

∂X \ Or (ξ, x) with ηn → ζ as n → ∞. From (a) we know that (ξ, ζ ) ∈ ∂∞G,
hence in particular ζ 6= ξ , and that d(x, (ξζ ))≤ r . So it only remains to prove that
d(x, (ξζ ))≥ r .

We will prove that every point η ∈ (∂X rec
\ {ξ})∩Or (ξ, x) is an interior point of

Or (ξ, x): Then d(x, (ξζ )) < r would imply that ζ is an interior point of Or (ξ, x)
and therefore cannot be the limit of a sequence (ηn)⊂ ∂X \Or (ξ, x), in contradic-
tion to ζ ∈ ∂Or (ξ, x).

So let η ∈ (∂X rec
\ {ξ})∩Or (ξ, x) be arbitrary. From Lemma 3.4 we get that

(ξ, η) ∈ ∂∞Z, and with v := v(x; ξ, η) ∈ Z we have d(x, v(0))= d(x, (ξη)) < r .
Fix ε= 1

2

(
r−d(x, (ξη))

)
> 0. According to Lemma 2.1 there exists an open neigh-

borhood U ⊂ ∂X of η such that any u ∈ G with u− = ξ and u+ ∈U satisfies u ∈R
and d(v(0), u(R)) < ε. Let η′ ∈ U arbitrary and u ∈ ∂−1

∞
(ξ, η′) be parametrized

such that d(v(0), u(0)) < ε. Then

d(x, (ξη′))≤ d(x, u(0))≤ d(x, v(0))+ d(v(0), u(0)) < d(x, (ξη))+ ε

< d(x, (ξη))+ 1
2

(
r − d(x, (ξη))

)
< r. �

Instead of using the boundary ∂Or (ξ, x) we will work in the sequel with the set

∂̃Or (ξ, x) := {η ∈ ∂X : (ξ, η) ∈ ∂∞G and d(x, (ξη))= r} (24)

whose intersection with ∂X rec may be strictly larger than ∂Or (ξ, x)∩ ∂X rec. Notice
that every point η ∈ (∂X rec

\ {ξ}) ∩ (∂X \ ∂̃Or (ξ, x)) is an interior point of the
complement ∂X \ ∂̃Or (ξ, x) of ∂̃Or (ξ, x) in ∂X .

Remark. The converse inclusions “⊃” in the above Lemma 6.1 are wrong in gen-
eral: If X is a 4-regular tree with all edge lengths equal to 1, then

Or (ξ, x)=Or (ξ, x)= {η ∈ ∂X \ {ξ} : d(x, (ξη))≤ dre− 1},

where dre ∈ N is the smallest integer bigger than or equal to r . So for n ∈ N we
have

On(ξ, x)( {η ∈ ∂X \ {ξ} : d(x, (ξη))≤ n}.
Moreover,

∂̃On(ξ, x)= {η ∈ ∂X \ {ξ} : d(x, (ξη))= n}

= {η ∈ ∂X \ {ξ} : n ≤ d(x, (ξη)) < n+ 1}

=On+1(ξ, x) \On(ξ, x) 6=∅,
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whereas the boundary ∂Or (ξ, x) is always empty. Since all points in ∂X are Is(X)-
recurrent, this shows that for all n ∈ N

∅= ∂On(ξ, x)∩ ∂X rec ( ∂̃On(ξ, x)= {ζ ∈ ∂X rec
\ {ξ} : d

(
x, (ξζ )

)
= n}.

We will further need the following refined versions of the shadows above which
were first introduced by Roblin [2003]: for r > 0 and x, y ∈ X we set

O−r (x, y) := {η ∈ ∂X : ∀z ∈ Br (x) we have σz,η(R+)∩ Br (y) 6=∅},

O+r (x, y) := {η ∈ ∂X : ∃z ∈ Br (x) such that σz,η(R+)∩ Br (y) 6=∅}.

It is obvious from the definitions that for any ρ > 0 and for all x ′, y′ ∈ X we have

d(x, x ′) < ρ and d(y, y′) < ρ H⇒ O+r (x, y)⊂O+r+ρ(x
′, y′). (25)

Notice also that O−r (x, y) need not be open as it is an uncountable intersection
of open sets Or (z, y) with z ∈ Br (x) (for a concrete example see the remark on
page 820). If ξ ∈ ∂X , we set

O−r (ξ, y)=O+r (ξ, y)=Or (ξ, y).

Remark. In the middle of page 58 of [Roblin 2003] it is stated that in a CAT(−1)-
space X every sequence (zn)⊂ X converging to a point ξ ∈ ∂X satisfies

lim
n→∞

O±r (zn, x)=Or (ξ, x).

This is not true in a CAT(0)-space as the following example shows:
Let X be the Euclidean plane, x ∈ X the origin (0, 0), and identify ∂X with

S1 ∼= [0, 2π). Let ξ = π and r > 0. Then obviously Or (ξ, x)= {0}.
For n ∈ N we define ϕn := 1/n and zn :=

(
−rn cos(ϕn),−rn sin(ϕn)

)
, hence

σx,zn (−∞)= σzn,x(∞)= ϕn and (zn)→ ξ = π.

By elementary Euclidean geometry we further have O−r (zn, x)= {ϕn}, and thus

lim
n→∞

O−r (zn, x)=∅ 6= {0} =Or (ξ, x).

However, the following statement will be sufficient for our purposes.

Proposition 6.2. Let ξ ∈ ∂X , x ∈ X , r > 0 and recall the definitions of ∂̃Or (ξ, x)
from (24) and of ∂X rec from (23). Then for every sequence (zn)⊂ X converging to
ξ the following inclusions hold:

(a) lim sup
n→∞

(O±r (zn, x)∩ ∂X rec)⊂
(
Or (ξ, x)∪ ∂̃Or (ξ, x)

)
∩ ∂X rec,

(b) lim inf
n→∞

(O±r (zn, x)∩ ∂X rec)⊃Or (ξ, x)∩ ∂X rec.
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Proof. Let us first prove (a), which will follow from

lim sup
n→∞

(O+r (zn, x)∩ ∂X rec)⊂
(
Or (ξ, x)∪ ∂̃Or (ξ, x)

)
∩ ∂X rec.

If ζ ∈ lim supn→∞(O+r (zn, x)∩ ∂X rec), then for all n ∈ N there exists kn ≥ n such
that ζ ∈O+r (zkn , x)∩ ∂X rec. Moreover, by definition of ∂X rec and Lemma 3.4 there
exists w ∈ Z with w− = ζ and w+ = ξ . Reparametrizing w if necessary we may
assume that its origin w(0) satisfies Bζ (x, w(0))= 0.

Passing to a subsequence of (zkn ) if necessary we may assume that either (zkn )⊂∂X
or (zkn )⊂ X .

Fix n ∈ N. If zkn ∈ ∂X we choose a geodesic line

un ∈ ∂
−1
∞
(ζ, zkn ) with un(R)∩ Br (x) 6=∅.

If zkn ∈ X we first let σn be a geodesic ray in the class of ζ with σn(0) ∈ Br (zkn )

and σn(R+) ∩ Br (x) 6= ∅, and then un ∈ G a geodesic line with u−n = ζ whose
image in X contains σn(R+) (that is −un ∈ G extends the ray σn). From ζ ∈ ∂X rec

and Lemma 3.4 we know that in both cases un ∈ Z; up to reparametrization we
can further assume that Bζ (x, un(0))= 0.

By choice of un we further know that d(x, un(R)) < r ; we fix sn ∈ R such that
d(x, un(sn))= d(x, un(R)) (which is equivalent to gsn un = v(x; ζ, ξ)). Then

|sn| = |Bζ (un(0), un(sn))| = |Bζ (x, un(sn))| ≤ d(x, un(sn)) < r. (26)

In the easy case that (zkn ) ⊂ ∂X we have (u+n ) = (zkn )→ ξ , so (un) converges
weakly to w ∈ Z .

Otherwise, for n ∈ N we choose tn ∈ R such that un(tn) = σn(0) ∈ Br (zkn ).
Since (zkn ) converges to ξ we also have un(tn)→ ξ , hence (tn)↗∞. From the
estimate (26) we get d(x, un(0)) < 2r , so un(tn)→ ξ implies u+n → ξ , which
proves that also in this case (un) converges weakly to w ∈ Z .

Passing to a subsequence if necessary we may now assume that the sequence
(sn) from above converges to s ∈ [−r, r ] and that (un) converges to w in G (by
Lemma 2.2). This finally gives

d(x, w(R))≤ d(x, w(s))

≤ lim
n→∞

(
d(x, un(sn))︸ ︷︷ ︸

<r

+ d(un(sn), w(sn))︸ ︷︷ ︸
→0

+ d(w(sn), w(s))︸ ︷︷ ︸
=|sn−s|→0

)
≤ r.

For the proof of (b) we let ζ ∈ Or (ξ, x)∩ ∂X rec be arbitrary. By definition of
∂X rec and Lemma 3.4 there exists w ∈ Z with w− = ξ , w+ = ζ . Reparametrizing
w if necessary we may assume that w = v(x; ξ, ζ ), hence d(x, w(0)) < r .

Since Br (x) is open, there exists ε > 0 such that Bε(w(0))⊂ Br (x). According
to Lemma 2.1 there exist neighborhoods U , V ⊂ X of w−, w+ such that any two
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points in U , V can be joined by a rank one geodesic u ∈R with d(u(0), w(0)) < ε
and width(u) < 2ε. As zn → ξ = w− there exists n ∈ N such that for all k ≥ n
we have Br (zk) ⊂ U if zk ∈ X respectively zk ∈ U if zk ∈ ∂X ; for these k we
immediately get ζ = w+ ∈O−r (zk, x)⊂O+r (zk, x) (since Bε

(
w(0)

)
⊂ Br (x)). �

We now fix nonatomic finite Borel measures µ−, µ+ on ∂X with µ±(L rad
0 ) =

µ±(∂X) and such that µ̄∼ (µ−⊗µ+) ∂∞R is a quasiproduct geodesic current on
∂∞R for which the constant 1 defined by (20) is finite. We will need the following:

Lemma 6.3. Let ξ ∈ ∂X , x ∈ X and recall definition (24). The set

{r > 0 :µ+(∂̃Or (ξ, x)) > 0}

is at most countable.

Proof. We first notice that the sets ∂̃Or (ξ, x) are disjoint for different values of r .
Hence by finiteness of µx we know that for n ∈ N arbitrary the set

An := {r > 0 :µ+(∂̃Or (ξ, x)) > 1/n}

is finite. Therefore the set {r > 0 :µ+(∂̃Or (ξ, x)) > 0} =
⋃

n∈N An is at most
countable. �

From Proposition 6.2 we get the following estimate on the µ+-measure of the
small and large shadows with source in the neighborhood of a given boundary
point.

Corollary 6.4. Let ξ ∈ ∂X , x ∈ X and r > 0 such that

µ+(Or (ξ, x)) > 0 and µ+(∂̃Or (ξ, x))= 0.

Then for all ε > 0 there exists a neighborhood U ⊂ X of ξ such that for all z ∈U

e−εµ+(Or (ξ, x)) < µ+(O±r (z, x)) < eεµ+(Or (ξ, x)).

Proof. We first recall the definition of Z rec
0 from (15) and notice that 0\Z rec

0 has
full m0-measure by Theorem 4.1. So according to Corollary 4.3 we have

µ+
(
{ζ ∈ ∂X : (η, ζ ) ∈ ∂∞Z rec

0 for µ−-almost every η ∈ ∂X}
)
= µ+(∂X).

Hence from the obvious inclusion

{ζ ∈ ∂X : (η, ζ ) ∈ ∂∞Z rec
0 for µ−-almost every η ∈ ∂X} ⊂ ∂X rec

we obtain µ+(∂X rec)= µ+(∂X).
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Since µ+ is a finite Borel measure, Proposition 6.2 implies

µ+(Or (ξ, x))= µ+(Or (ξ, x)∩ ∂X rec)
(b)
≤ µ+

(
lim inf
n→∞

(O±r (zn, x)∩ ∂X rec)
)

≤ lim inf
n→∞

µ+(O±r (zn, x)∩ ∂X rec)≤ lim sup
n→∞

µ+(O±r (zn, x)∩ ∂X rec)

≤ µ+

(
lim sup

n→∞
(O±r (zn, x)∩ ∂X rec)

)
(a)
≤ µ+

(
(Or (ξ, x)∪ ∂̃Or (ξ, x))∩ ∂X rec)

= µ+(Or (ξ, x)),

because µ+
(
∂̃Or (ξ, x)

)
= 0. So we conclude

lim
n→∞

µ+(O±r (zn, x))= lim
n→∞

µ+(O±r (zn, x)∩ ∂X rec)= µ+(Or (ξ, x)),

hence the claim. �

For a subset A ⊂ ∂X we next define the small and large cones

C−r (x, A) := {z ∈ X :O+r (x, z)⊂ A},

C+r (x, A) := {z ∈ X :O+r (x, z)∩ A 6=∅}.
(27)

Notice that our definition of the small cones C−r differs slightly from Roblin’s in
order to get Lemma 6.8. Moreover, they are related to our large cones via

C−r (x, A)⊂ C+r (x, A) and C−r (x, A)= X \ C+r (x, ∂X \ A).

From the latter equality and (25) we immediately get:

Lemma 6.5. Let ρ > 0, x0 ∈ Bρ(x) and y0 ∈ Bρ(y). Then

(a) y ∈ C+r (x, A)⇒ y0 ∈ C+r+ρ(x0, A),

(b) y ∈ C−r+ρ(x, A)⇒ y0 ∈ C−r (x0, A).

This shows in particular that for r < r ′ we have

C+r (x, A)⊂ C+r ′ (x, A) and C−r (x, A)⊃ C−r ′ (x, A). (28)

In Sections 8 and 9 we will frequently need the following:

Lemma 6.6. Let x, y ∈ X , r > 0, and V̂ ⊂ X , V ⊂ ∂X be arbitrary open sets.

(a) For A ⊂ ∂X with A ⊂ V̂ ∩ ∂X only finitely many γ ∈ 0 satisfy

γ y ∈ C±r (x, A) \ V̂ .

(b) For Â ⊂ X with Â∩ ∂X ⊂ V only finitely many γ ∈ 0 satisfy

γ y ∈ Â \ C±r (x, V ).
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Proof. We begin with the proof of (a) by contradiction. Assume that there exists a
sequence (γn) ⊂ 0 such that γn y ∈ C+r (x, A) \ V̂ for all n ∈ N. As 0 is discrete,
every accumulation point of (γn y)⊂ X belongs to ∂X . Passing to a subsequence
if necessary we will assume that γn y→ ζ ∈ L0 ⊂ ∂X as n→∞.

From γn y ∈ C+r (x, A) we know that O+r (x, γn y)∩ A 6=∅. We choose a geodesic
line vn ∈ G with v+n ∈ A whose image intersects Br (x) and then Br (γn y). Up to
reparametrization we can assume that Bv+n (x, vn(0))= 0 and Bv+n (γn y, vn(tn))= 0
for some tn > 0. Then by an easy geometric estimate analogous to the one in the
proof of Proposition 6.2 (a) we have d(x, vn(0)) < 2r and d(γn y, vn(tn)) < 2r . By
convexity of the distance function and σx,v+n (∞)= vn(∞)= v

+
n we get

d(σx,v+n (T ), vn(T )) < 2r for all T > 0.

Hence

d(γn y, σx,v+n (tn))≤ d(γn y, vn(tn))+ d(vn(tn), σx,v+n (tn)) < 4r

which implies v+n → ζ and therefore ζ ∈ A ⊂ V̂ ∩ ∂X .
On the other hand, as V̂ is open and γn y /∈ V̂ for all n ∈ N, we obviously have

ζ /∈ V̂ ∩ ∂X , hence a contradiction. The claim for C−r (x, A) \ V̂ follows from the
obvious inclusion C−r (x, A)⊂ C+r (x, A).

For the proof of (b) we assume that there exists a sequence (γn)⊂ 0 such that
γn y ∈ Â \ C−r (x, V ) for all n ∈ N. Passing to a subsequence if necessary we will
assume as above that γn y→ ζ ∈ L0 ⊂ ∂X as n→∞. Here γn y ∈ Â for all n ∈ N

obviously implies ζ ∈ Â∩ ∂X ⊂ V .
From γn y /∈ C−r (x, V ) we know that O+r (x, γn y) 6⊂ V . We choose a geodesic

line vn ∈ G with v+n 6∈ V whose image intersects Br (x) and then Br (γn y). As in
the proof of (a) we get v+n → ζ , and therefore ζ ∈ ∂X \ V = ∂X \ V since V is
open; this is an obvious contradiction to ζ ∈ V . Again, the claim for Â \ C+r (x, V )
follows from the obvious inclusion C+r (x, V )⊃ C−r (x, V ). �

Before we proceed we will state some results concerning the following corridors
first introduced by Roblin [2003]: for r > 0 and x, y ∈ X we set

Lr (x, y)=
{
(ξ, η) ∈ ∂∞G : there exists v ∈ ∂−1

∞
(ξ, η) and t > 0

such that v(0) ∈ Br (x), v(t) ∈ Br (y)
}
. (29)

Notice that if (ξ, η) /∈ ∂∞Z, then the element v ∈ ∂−1
∞
(ξ, η) satisfying the con-

dition on the right-hand side is in general different from v(x; ξ, η) (and from
g−tv(y; ξ, η)).

Remark. The inclusion O−r (y, x)×O−r (x, y) ⊂ Lr (x, y) claimed in the middle
of page 58 of [Roblin 2003] is wrong even in the hyperbolic plane H2 as the fol-
lowing counterexample provided by C. Pittet shows: Let x = 1+ i, y = e4

+ ie4
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and r = d(x,
√

2i)= d(y,
√

2e4i) (which is equal to the hyperbolic distance of x
respectively y to the imaginary axis). Then elementary hyperbolic geometry shows
that the geodesic line

σ : R→ H2, t 7→ et i

satisfies σ(−∞) ∈ O−r (y, x), σ(∞) ∈ O−r (x, y), but (σ (−∞), σ (∞)) /∈ Lr (x, y)
(since σ(R) is tangent to the open balls Br (x) and Br (y)). Notice in particular that
none of the sets O−r (y, x), O−r (x, y) is open.
As a replacement for the above inclusion we will prove Lemma 6.8 below.

From here on we fix r > 0, γ ∈ Is(X), points x, y ∈ X and subsets A, B ⊂ ∂X .
The following results relate corridors to cones and large shadows. The proof of the
first one is straightforward.

Lemma 6.7. If (ζ, ξ) ∈ Lr (x, γ y)∩ (γ B× A), then

(γ y, γ−1x) ∈ C+r (x, A)× C+r (y, B) and (ζ, ξ) ∈O+r (γ y, x)×O+r (x, γ y).

Lemma 6.8. If (γ y, γ−1x) ∈ C−r (x, A)× C−r (y, B), then

Lr (x, γ y)∩ (γ B× A)⊃ {(ζ, ξ) ∈ ∂X × ∂X : ξ ∈O−r (x, γ y), ζ ∈Or (ξ, x)}.

Proof. From ζ ∈Or (ξ, x) we know that the geodesic linew=v(x; ξ, ζ )∈G defined
by (8) has origin w(0) ∈ Br (x). Then v := −w ∈ ∂−1

∞
(ζ, ξ) satisfies v(0) ∈ Br (x),

so v+ = ξ ∈ O−r (x, γ y) implies v(t) = σv(0),ξ (t) ∈ Br (γ y) for some t > 0. We
conclude (ζ, ξ) ∈ Lr (x, γ y).

It remains to prove that ζ ∈ γ B and ξ ∈ A. By definition (27) γ y ∈ C−r (x, A)
immediately gives O−r (x, γ y) ⊂ O+r (x, γ y) ⊂ A, hence ξ ∈ A. Moreover, from
(ζ, ξ) ∈ Lr (x, γ y) we directly get ζ ∈ O+r (γ y, x). So γ−1ζ ∈ O+r (y, γ−1x), and
from γ−1x ∈ C−r (y, B) we know that O+r (y, γ−1x)⊂ B according to definition (27).
Hence γ−1ζ ∈ B which is equivalent to ζ ∈ γ B. �

We will further need the following Borel subsets of G which up to small details
were already introduced by Roblin [2003]:

Kr (x)=
{
gsv(x; ξ, η) : (ξ, η) ∈ ∂∞Z with d(x, (ξη)) < r, s ∈ (−r/2, r/2)

}
,

K+r (x, A)= {v ∈ Kr (x) : v+ ∈ A} =: K+,

K−r (y, B)= {w ∈ Kr (y) :w− ∈ B} =: K−.

(30)

Notice that by definition the orbit of an element v ∈ Z either never enters one of
the sets above or spends precisely time r in them.

Moreover, we have the following relation to the corridors Lr (x, γ y) introduced
in (29):
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Lemma 6.9. For all γ ∈ Is(X) with d(x, γ y)≥ 3r we have

∂∞
(
{K+ ∩ g−tγ K− : t > 0}

)
= Lr (x, γ y)∩ ∂∞Z ∩ (γ B× A)

Proof. For the inclusion “⊂” we let v ∈ K+ ∩ g−tγ K− for some t > 0. Then
obviously (ζ, ξ) := (v−, v+) ∈ ∂∞Z , ξ = v+ ∈ A and ζ = v− ∈ γ B. Now consider
u := v(x; ζ, ξ) ∈ Z and let τ ∈ R such that

v(γ y, ζ, ξ)= gτu;

such τ exists because (ζ, ξ) ∈ ∂∞Z . From the definition of Kr (x) and Kr (γ y) we
further get |d(x, γ y)− τ |< 2r ; since d(x, γ y)≥ 3r this implies τ > r > 0. Hence
(ζ, ξ)= (u−, u+)⊂ Lr (x, γ y).

For the converse inclusion “⊃” we let (ζ, ξ) ∈ Lr (x, γ y)∩ ∂∞Z ∩ (γ B× A) be
arbitrary. Then by definition (29) there exists v ∈ Z and t ′ > 0 with

(v−, v+)= (ζ, ξ), d(x, v(0)) < r and d(γ y, v(t ′)) < r.

As above we set u := v(x; ζ, ξ) and let τ ∈ R such that

v(γ y, ζ, ξ)= gτu.

Since d(x, u(0)) ≤ d(x, v(0)) < r and u+ = ξ ∈ A we have u ∈ K+, and from
d(γ y, u(τ )) ≤ d(γ y, v(t ′)) < r and u− = ζ ∈ γ B we further get gτu ∈ γ K−.
Moreover we have τ > r > 0 as above, so the claim is proved. �

7. The Ricks–Bowen–Margulis measure and some useful estimates

As before X will denote a proper Hadamard space and 0< Is(X) a discrete rank one
group with Z0 6=∅. In order to get the equidistribution result Theorem B from the
introduction we will have to work with the so-called Ricks–Bowen–Margulis mea-
sure: This is the Ricks measure from Section 5 associated to a particular quasiprod-
uct geodesic current µ̄. We are going to describe this geodesic current now.

Definition 7.1. A δ-dimensional 0-invariant conformal density is a continuous
map µ of X into the cone of positive finite Borel measures on ∂X such that for
all x, y ∈ X and every γ ∈ 0 we have

supp(µx)⊂ L0,

γ∗µx = µγ x , where γ∗µx(E) := µx(γ
−1 E) for all Borel sets E ⊂ ∂X,

dµx

dµy
(η)= eδBη(y,x) for any η ∈ supp(µx).

(31)

Recall the definition of the critical exponent δ0 from (1) and notice that in our
setting it is strictly positive, since 0 contains a nonabelian free subgroup generated
by two independent rank one elements. For δ= δ0 a conformal density as above can
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be explicitly constructed following the idea of S. J. Patterson [1976] originally used
for Fuchsian groups (see for example [Knieper 1997, Lemma 2.2]). From here on
we will therefore fix a δ0-dimensional 0-invariant conformal density µ= (µx)x∈X .

With the Gromov product from (22) we will now consider as in Section 7 of
[Ricks 2017] and in Section 8 of [Link 2018] for x ∈ X the geodesic current µ̄x

on ∂∞G ⊂ ∂X × ∂X defined by

dµ̄x(ξ, η)= e2δ0 Grx (ξ,η)1∂∞R(ξ, η) dµx(ξ) dµx(η).

As µ̄x does not depend on the choice of x ∈ X we will write µ̄ in the sequel.
Since we want to apply Theorem 5.5 we will assume that µx(L rad

0 )=µx(∂X); in
view of Hopf–Tsuji–Sullivan dichotomy [Link 2018, Theorem 10.2] this is equiv-
alent to the fact that 0 is divergent. Moreover, it is well-known that in this case
the conformal density µ from above is nonatomic and unique up to scaling. So
Theorem 4.1 implies that for all x , y ∈ X we have

dµ̄(ξ, η)= e2δ0 Grx (ξ,η) dµx(ξ) dµx(η)= e2δ0 Gry(ξ,η) dµy(ξ) dµy(η) (32)

and

(µx ⊗µx)(∂∞Z rec
0 )= (µx ⊗µx)(∂∞Z)= µx(∂X)2.

The Ricks measure m0 on 0\G associated to the geodesic current µ̄ from (32) is
called the Ricks–Bowen–Margulis measure. It generalizes the well-known Bowen–
Margulis measure in the CAT(−1)-setting. Moreover, for the measure m from
which it descends we have the formula (19). Notice also that if X is a manifold and
0 is cocompact, then the Ricks–Bowen–Margulis measure is equal to the measure
of maximal entropy mKn

0 described in [Knieper 1998] (this is Knieper’s measure
associated to µ̄ from (32)). We further remark that the constant 1 defined in (20) is
equal to 2δ0 in this case (compare the last paragraph in Section 8 of [Link 2018]),
hence in particular finite.

Fix r > 0, points x , y ∈ X and subsets A, B ⊂ ∂X . We will first compute the
measure of the sets introduced in (30). From (19), (32) and the remark below (30)
we get

m(K+)=
∫
∂∞Z

dµx(ξ) dµx(η) e2δ0 Grx (ξ,η)

∫
1K+

(
gsv(x; ξ, η)

)
ds

= r
∫

A
dµx(ξ)

∫
Or (ξ,x)

dµx(η) e2δ0 Grx (ξ,η),

and similarly

m(K−)= r
∫

B
dµy(η)

∫
Or (η,y)

dµy(ξ) e2δ0 Gry(ξ,η).
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From the nonnegativity of the Gromov-product (22) and the fact that

Grx(ξ, η)≤ r if η ∈Or (ξ, x)

we further get the useful estimates

r
∫

A
dµx(ξ) µx(Or (ξ, x))≤ m(K+)≤ re2δ0r

∫
A

dµx(ξ) µx(Or (ξ, x)), (33)

r
∫

B
dµy(η) µy(Or (η, y))≤ m(K−)≤ re2δ0r

∫
B

dµy(η) µx(Or (η, y)).

We continue with the important:

Lemma 7.2. Let T0 > 6r , T > T0 + 3r , γ ∈ 0, (ξ, η) ∈ Lr (x, γ y) ∩ ∂∞Z and
s ∈ (−r/2, r/2). Then

(a)
∫ T+3r

T0

eδ0 t1Kr (γ y)(gt+sv(x; ξ, η)) dt ≥ r · e−3δ0r eδ0d(x,γ y)

if T0+ 3r < d(x, γ y)≤ T ,

(b)
∫ T−3r

T0

eδ0 t1Kr (γ y)(gt+sv(x; ξ, η)) dt ≤ r · e3δ0r eδ0d(x,γ y),

and
∫ T−3r

T0

eδ0 t1Kr (γ y)(gt+sv(x; ξ, η)) dt = 0

if d(x, γ y)≤ T0− 3r or d(x, γ y) > T .

Proof. Denote v = v(x; ξ, η) ∈ Z and let τ > 0 such that gτv = v(γ y; ξ, η). Since
(ξ, η) ∈ Lr (x, γ y), the triangle inequality yields

|d(x, γ y)− τ |< 2r.

By definition of Kr (γ y) we have gt+sv ∈ Kr (γ y) if and only if |t + s− τ |< r/2.
Hence if τ − s− r/2≥ T0 and τ − s+ r/2≤ T + 3r , then∫ T+3r

T0

eδ0 t1Kr (γ y)(gt+sv(x; ξ, η)) dt =
∫ τ−s+r/2

τ−s−r/2
eδ0 t dt

≥ r · eδ0(τ−s−r/2)
≥ r · e−3δ0r eδ0d(x,γ y).

Now d(x, γ y) ∈ (T0+ 3r, T ] and s ∈ (−r/2, r/2) imply

τ − s− r/2≥ d(x, γ y)− 2r − r/2− r/2≥ T0 and

τ − s+ r/2≤ d(x, γ y)+ 2r + r/2+ r/2≤ T + 3r,
so (a) holds.

In order to prove (b) we first notice that∫ T−3r

T0

eδ0 t1Kr (γ y)(gt+sv(x; ξ, η)) dt ≤
∫ τ−s+r/2

τ−s−r/2
eδ0 t dt

≤ r · eδ0(τ−s+r/2)
≤ r · e3δ0r eδ0d(x,γ y)

;
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this proves the first assertion in (b).
Now if d(x, γ y)≤ T0− 3r , then

τ − s+ r/2≤ d(x, γ y)+ 2r + r ≤ T0,

and if d(x, γ y)≥ T , then

τ − s− r/2≥ d(x, γ y)− 2r − r ≥ T − 3r,

hence the integral in (b) equals zero in both cases. �

Moreover, from Lemma 6.9 we immediately get:

Corollary 7.3. For all γ ∈ Is(X) with d(x, γ y) > 3r and all t > 0 we have

m(K+ ∩ g−tγ K−)=
∫
Lr (x,γ y)∩(γ B×A)

dµx(ξ) dµx(η) e2δ0 Grx (ξ,η)

·

∫ r/2

−r/2
1Kr (γ y)(gt+sv(x; ξ, η)) ds.

8. Equidistribution

We keep the notation and the setting from the previous section and will now address
the question of equidistribution of 0-orbit points in X . In order to get a reasonable
statement we will have to require that the Ricks–Bowen–Margulis measure m0 is
finite:

Theorem 8.1. Let 0 < Is(X) be a discrete rank one group with nonarithmetic
length spectrum, Z0 6=∅ and finite Ricks–Bowen–Margulis measure m0.

Let f be a continuous function from X × X to R, and x , y ∈ X. Then

lim
T→∞

δ0e−δ0T
∑
γ∈0

d(x,γ y)≤T

f (γ y, γ−1x)=
1
‖m0‖

∫
∂X×∂X

f (ξ, η) dµx(ξ) dµy(η).

Our proof will closely follow Roblin’s strategy for his [2003, théorème 4.1.1]:
Using mixing of the geodesic flow one proves that for all sufficiently small Borel

sets A, B ⊂ ∂X the limit inferior and the limit superior of the measures

νT
x,y := δ0 · e

−δ0T
∑
γ∈0

d(x,γ y)≤T

Dγ y ⊗Dγ−1x (34)

as T tends to infinity evaluated on products of “cones” of opening A, B is approx-
imately µx(A) ·µy(B)/‖m0‖.

In the first step we only deal with sufficiently small open neighborhoods of pairs
of boundary points which are in a “nice” position with respect to x and y; then one
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shows that the estimates hold for all pairs of sufficiently small Borel sets A and B.
The final step consists in the full proof by globalization with respect to A and B.

The following Proposition provides the first step in the proof of Theorem 8.1:

Proposition 8.2. Let ε > 0, (ξ0, η0) ∈ ∂X × ∂X and x , y ∈ X with trivial stabilizer
in 0 and such that x ∈ (ξ0v

+), y ∈ (η0w
+) for some 0-recurrent elements v, w ∈Z .

Then there exist open neighborhoods V,W ⊂ ∂X of ξ0, η0 such that for all Borel
sets A ⊂ V , B ⊂W

lim sup
T→∞

νT
x,y
(
C−1 (x, A)× C−1 (y, B)

)
≤ eεµx(A)µy(B)/‖m0‖,

lim inf
T→∞

νT
x,y
(
C+1 (x, A)× C+1 (y, B)

)
≥ e−εµx(A)µy(B)/‖m0‖.

Proof. Set ρ :=min{d(x, γ x), d(y, γ y) : γ ∈ 0 \ {e}}.
Let ε > 0 arbitrary. We first fix r ∈ (0,min{1, ρ/3, ε/(30δ0)}) such that

µx(∂̃Or (ξ0, x))= 0= µy(∂̃Or (η0, y)).

Since v+ ∈ L0 ∩Or (ξ0, x) and w+ ∈ L0 ∩Or (η0, y), both shadows Or (ξ0, x) and
Or (η0, y) contain an open neighborhood of a limit point of 0 by Lemma 2.1. So
from supp(µx)= supp(µy)= L0 and the definition (16) of the support of a measure
we have

µx(Or (ξ0, x)) ·µy(Or (η0, y)) > 0.

Moreover, according to Lemma 2.1 and Corollary 6.4 there exist open neighbor-
hoods V̂ , Ŵ ⊂ X of ξ0, η0 such that if (a, b) ∈ V̂ × Ŵ , then a can be joined to v+,
b can be joined to w+ by a rank one geodesic, and

e−ε/30µx(Or (ξ0, x))≤ µx(O±r (a, x))≤ eε/30µx(Or (ξ0, x)),

e−ε/30µy(Or (η0, y))≤ µy(O±r (b, y))≤ eε/30µy(Or (η0, y)).
(35)

Let V , W ⊂ ∂X be open neighborhoods of ξ0, η0 such that V ⊂ V̂ ∩ ∂X and
W ⊂ Ŵ ∩ ∂X . Let A ⊂ V , B ⊂W be arbitrary Borel sets.

Roblin’s method consists in giving upper and lower bounds for the asymptotics
of the integrals ∫ T±3r

T0

eδ0 t
∑
γ∈0

m(K+ ∩ g−tγ K−) dt

as T tends to infinity: on the one hand one uses mixing to relate the integrals to
µx(A) ·µy(B); on the other hand one computes direct estimates for the integrals
to get a relation to the measures νT

x,y
(
C±1 (x, A)× C±1 (y, B)

)
.
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Let us start by exploiting the mixing property. Notice that by choice of r < ρ/3
and the definition of ρ we have

Kr (x)∩ γ Kr (x)=∅ and Kr (y)∩ γ Kr (y)=∅ for all γ ∈ 0 \ {e},

hence the projection map G→ 0\G restricted to K± is injective. So we can apply
Corollary 5.6 to get

lim
t→∞

∑
γ∈0

m(K+ ∩ g−tγ K−)=
m(K+) ·m(K−)
‖m0‖

.

Hence there exists T0 > 6r such that for t ≥ T0 we have

e−ε/3m(K+) ·m(K−)≤ ‖m0‖ ·

∑
γ∈0

m(K+ ∩ g−tγ K−)

≤ eε/3m(K+) ·m(K−).
(36)

Combining (33) and the estimates (35) we obtain from A ⊂ V̂ and B ⊂ Ŵ

re−ε/30µx(Or (ξ0, x))µx(A)≤ m(K+)≤ re2δ0r eε/30µx(Or (ξ0, x))µx(A),

re−ε/30µy(Or (η0, y))µy(B)≤ m(K−)≤ re2δ0r eε/30µy(Or (η0, y))µy(B);

using the abbreviation M = r2µx(Or (ξ0, x))µy(Or (η0, y)) > 0 and δ0r ≤ ε/30,
we get

e−ε/15 Mµx(A)µy(B)≤ m(K+)m(K−)≤ eε/5 Mµx(A)µy(B). (37)

Hence according to (36) we have for t ≥ T0

Mµx(A)µy(B)≤ eε/15eε/3‖m0‖ ·

∑
γ∈0

m(K+ ∩ g−tγ K−),

Mµx(A)µy(B)≥ e−ε/5e−ε/3‖m0‖ ·

∑
γ∈0

m(K+ ∩ g−tγ K−).

We now integrate the inequalities to get(
eδ0(T−3r)

− eδ0T0
)
Mµx(A)µy(B)

= δ0

∫ T−3r

T0

eδ0 t Mµx(A)µy(B) dt

≤ e2ε/5
‖m0‖ · δ0

∫ T−3r

T0

eδ0 t
∑
γ∈0

m(K+ ∩ g−tγ K−), (38)
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eδ0(T+3r)

− eδ0T0
)
Mµx(A)µy(B)

= δ0

∫ T+3r

T0

eδ0 t Mµx(A)µy(B) dt

≥ e−8ε/15
‖m0‖ · δ0

∫ T+3r

T0

eδ0 t
∑
γ∈0

m(K+ ∩ g−tγ K−). (39)

We will next give upper and lower bounds for the integrals on the right-hand
side: For the upper bound we first remark that

(ξ, η) ∈ Lr (x, γ y)∩ ∂∞Z implies Grx(ξ, η) < r.

Moreover, our choice of T0 > 6r guarantees that K+ ∩ g−tγ K− 6= ∅ for some
t ≥ T0 implies d(x, γ y) > 3r . Applying Corollary 7.3 we therefore get∫ T−3r

T0

eδ0 t
∑
γ∈0

m(K+ ∩ g−tγ K−) dt

≤

∑
γ∈0

∫
Lr (x,γ y)∩(γ B×A)

dµx(ξ) dµx(η) e2δ0r

·

∫ r/2

−r/2

(∫ T−3r

T0

1Kr (γ y)(gt+sv(x; ξ, η))eδ0 t dt
)

ds

≤ e2δ0r
· r2
· e3δ0r

∑
γ∈0

d(x,γ y)≤T

∫
Lr (x,γ y)∩(γ B×A)

dµx(ξ) dµx(η) · eδ0d(x,γ y)
;

here we used Lemma 7.2(b) in the last step. Lemma 6.7, r ≤ 1 and the first estimate
in (28) further imply∫ T−3r

T0

eδ0 t
∑
γ∈0

m
(
K+ ∩ g−tγ K−

)
dt

≤ r2e5δ0r
∑
γ∈0

d(x,γ y)≤T
(γ y,γ−1x)∈C+1 (x,A)×C

+

1 (y,B)

∫
O+r (γ y,x)

dµx(ξ)

∫
O+r (x,γ y)

dµx(η) eδ0d(x,γ y).

Using the fact that for all η ∈ O+r (x, γ y) we have Bη(x, γ y) ≥ d(x, γ y)− 4r ,
0-equivariance and conformality (31) of µ imply∫

O+r (x,γ y)
dµx(η) eδ0d(x,γ y)

≤ e4δ0rµy(O+r (γ
−1x, y)).

Moreover, since by Lemma 6.6(a) there are only finitely many γ ∈ 0 such that

(γ y, γ−1x) ∈
(
C+1 (x, A)× C+1 (y, B)

)
\ (V̂ × Ŵ ),
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restricting the summation to γ ∈ 0 with

(γ y, γ−1x) ∈
(
C+1 (x, A)× C+1 (y, B)

)
∩ (V̂ × Ŵ )

only contributes a constant C to the upper bound. So with our choice of r ≤ 1 and
r ≤ ε/(30δ0) we conclude∫ T−3r

T0

eδ0 t
∑
γ∈0

m(K+ ∩ g−tγ K−) dt

≤ r2e9ε/30
∑
γ∈0

d(x,γ y)≤T
(γ y,γ−1x)∈(C+1 (x,A)×C

+

1 (y,B))∩(V̂×Ŵ )

µx(O+r (γ y, x))µy(O+r (γ
−1x, y))+C

(35)
≤ r2e11ε/30

∑
γ∈0

d(x,γ y)≤T
(γ y,γ−1x)∈(C+1 (x,A)×C

+

1 (y,B))∩(V̂×Ŵ )

µx(Or (ξ0, x))µy(Or (η0, y))+C,

≤ e11ε/30 M
eδ0T

δ0
νT

x,y
(
C+1 (x, A)× C+1 (y, B)

)
+C.

Plugging this in the inequality (38) divided by Meδ0(T−3r)
· ‖m0‖ we get (with a

constant C ′ independent of T )

1− eδ0(−T+3r+T0)

‖m0‖
µx(A)µy(B)

≤ e2ε/5e11ε/30e3δ0rνT
x,y
(
C+1 (x, A)× C+1 (y, B)

)
+ C ′e−δ0T

≤ e13ε/15νT
x,y
(
C+1 (x, A)× C+1 (y, B)

)
+C ′e−δ0T ,

which proves

lim inf
T→∞

νT
x,y
(
C+1 (x, A)× C+1 (y, B)

)
≥ e−εµx(A)µy(B)/‖m0‖.

We finally turn to the lower bound. Using again Corollary 7.3 and the nonnega-
tivity of the Gromov product (22) we estimate∫ T+3r

T0

eδ0 t
∑
γ∈0

m
(
K+ ∩ g−tγ K−

)
dt

≥

∑
γ∈0

∫
Lr (x,γ y)∩(γ B×A)

dµx(ξ) dµx(η) e2δ0 ·0

·

∫ r/2

−r/2

(∫ T+3r

T0

1Kr (γ y)(gt+sv(x; ξ, η))eδ0 t dt
)

ds

≥ r2e−3δ0r
∑
γ∈0

T0+3r<d(x,γ y)≤T

∫
Lr (x,γ y)∩(γ B×A)

dµx(ξ) dµx(η) · eδ0d(x,γ y),
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where we used Lemma 7.2(a) in the last step.
By Lemma 6.8, r ≤ 1 and the second estimate in (28) we have for all γ ∈ 0 with

(γ y, γ−1x) ∈ C−1 (x, A)× C−1 (y, B)⊂ C−r (x, A)× C−r (y, B)

Lr (x, γ y)∩ (γ B× A)⊃
{
(ζ, ξ) ∈ ∂X × ∂X : ξ ∈O−r (x, γ y), ζ ∈Or (ξ, x)

}
,

hence∫ T+3r

T0

eδ0 t
∑
γ∈0

m(K+ ∩ g−tγ K−) dt

≥ r2
·e−ε/10

∑
γ∈0

T0+3r<d(x,γ y)≤T
(γ y,γ−1x)∈(C−1 (x,A)×C

−

1 (y,B))∩(V̂×Ŵ )

∫
O−r (x,γ y)

dµx(ξ) eδ0d(x,γ y)
·µx(Or (ξ, x)).

Notice that

γ y ∈ C−1 (x, A)⊂ C−r (x, A) implies O−r (x, γ y)⊂O+r (x, γ y)⊂ A ⊂ V̂

by definition of the small cones. Hence (35) shows that for all ξ ∈O−r (x, γ y) we
have

µx(Or (ξ, x))≥ e−ε/30µx(Or (ξ0, x)).

By 0-equivariance and conformality of µ we further have∫
O−r (x,γ y)

dµx(ξ) eδ0d(x,γ y)
≥ µy(O−r (γ

−1x, y))≥ e−ε/30µy(Or (η0, y)),

where the last inequality follows from γ−1x ∈ Ŵ and (35). Altogether this proves∫ T+3r

T0

eδ0 t
∑
γ∈0

m(K+ ∩ g−tγ K−) dt

≥ r2
· e−ε/6

∑
γ∈0

T0+3r<d(x,γ y)≤T
(γ y,γ−1x)∈C−1 (x,A)×C

−

1 (y,B)∩(V̂×Ŵ )

µx(Or (ξ0, x))µy(Or (η0, y)).

Since the number of elements γ ∈ 0 with d(x, γ y)≤ T0+ 3r or with

(γ y, γ−1x) ∈
(
C−1 (x, A)× C−1 (y, B)

)
\ (V̂ × Ŵ )
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is finite thanks to Lemma 6.6(a), there exists a constant C > 0 such that∫ T+3r

T0

eδ0 t
∑
γ∈0

m(K+ ∩ g−tγ K−) dt

≥ r2
· e−ε/6

∑
γ∈0

d(x,γ y)≤T
(γ y,γ−1x)∈C−1 (x,A)×C

−

1 (y,B)

µx(Or (ξ0, x))µy(Or (η0, y))−C

≥ e−ε/6 M
eδ0T

δ0
νT

x,y
(
C−1 (x, A)× C−1 (y, B)

)
−C. (40)

Plugging this in the inequality (39) divided by Meδ0(T+3r)
· ‖m0‖ we get (with a

constant C ′ independent of T )

1− eδ0(−T−3r+T0)

‖m0‖
µx(A)µy(B)

≥ e−8ε/15e−ε/6e−3δ0rνT
x,y
(
C−1 (x, A)× C−1 (y, B)

)
−C ′e−δ0T

= e−12ε/15νT
x,y
(
C−1 (x, A)× C−1 (y, B)

)
+C ′e−δ0T ,

which proves

lim sup
T→∞

νT
x,y
(
C−1 (x, A)× C−1 (y, B)

)
≤ eεµx(A)µy(B)/‖m0‖. �

The next Proposition is the second step in the proof of Theorem 8.1:

Proposition 8.3. Let ε > 0 and x , y ∈ X arbitrary. Then for all (ξ0, η0) ∈ ∂X × ∂X
there exists r > 0 and open neighborhoods V ⊂ ∂X of ξ0, W ⊂ ∂X of η0 such that
for all Borel sets A ⊂ V , B ⊂W

lim sup
T→∞

νT
x,y
(
C−r (x, A)× C−r (y, B)

)
≤ eεµx(A)µy(B)/‖m0‖,

lim inf
T→∞

νT
x,y
(
C+r (x, A)× C+r (y, B)

)
≥ e−εµx(A)µy(B)/‖m0‖.

Proof. Let (ξ0, η0) ∈ ∂X × ∂X be arbitrary. Choose 0-recurrent geodesics v, w ∈ Z
and x0 ∈ (ξ0v

+), y0 ∈ (η0w
+) with trivial stabilizers in 0. Let V0, W0 ⊂ ∂X be

open neighborhoods of ξ0 and η0 such that the statement of Proposition 8.2 is true
for x0, y0 instead of x, y, V0,W0 instead of V,W and ε/3 instead of ε.

Choose open neighborhoods V̂0, Ŵ0 of ξ0, η0 such that V̂0∩∂X⊂V0, Ŵ0∩∂X⊂W0

and ∣∣d(x0, a)− d(x, a)−Bξ0(x0, x)
∣∣< ε

6δ0
,∣∣d(y0, b)− d(y, b)−Bη0(y0, y)

∣∣< ε

6δ0

(41)
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for all (a, b) ∈ V̂0 × Ŵ0. Notice that if a = ξ ∈ ∂X we use the convention that
d(x0, a)− d(x, a)= Ba(x0, x) and similarly for b = η ∈ ∂X .

Now let V , W ⊂ ∂X be neighborhoods of ξ0, η0 such that for the closures we
have V ⊂ V̂0 ∩ ∂X and W ⊂ Ŵ0 ∩ ∂X . We further set

r = 1+max{d(x, x0), d(y, y0)},

and let A ⊂ V , B ⊂ W be arbitrary Borel sets. From the choice of r above and
Lemma 6.5(b) we immediately deduce that (γ y, γ−1x) ∈ C−r (x, A)× C−r (y, B)
implies

(γ y0, γ
−1x0) ∈ C−1 (x0, A)× C−1 (y0, B).

For r > 0 we set

V̂−r := {z ∈ X : Br (z)⊂ V̂0} ∪ (V̂0 ∩ ∂X).

If d(x, γ y) ≤ T and (γ y, γ−1x) ∈ V̂−r × Ŵ0, then (γ y0, γ
−1x) ∈ V̂0 × Ŵ0 and

hence

d(x0, γ y0)≤ d(x, γ y0)+Bξ0(x0, x)+
ε

6δ0
= d(y0, γ

−1x)+Bξ0(x0, x)+
ε

6δ0

≤ d(y, γ−1x)+Bη0(y0, y)+Bξ0(x0, x)+
ε

3δ0

≤ T +Bη0(y0, y)+Bξ0(x0, x)+
ε

3δ0
.

So we conclude that for T � 1

e−δ0T #
{
γ ∈0 : d(x, γ y)≤ T, (γ y, γ−1x)∈

(
C−r (x, A)×C−r (y, B)

)
∩(V̂−r×Ŵ0)

}
≤ eε/3 · eδ0(Bη0 (y0,y)+Bξ0 (x0,x)) · e−δ0(T+Bη0 (y0,y)+Bξ0 (x0,x)+ε/3δ0)

· #
{
γ ∈ 0 : d(x0, γ y0)≤ T +Bη0(y0, y)+Bξ0(x0, x)+ ε/3δ0,

(γ y0, γ
−1x0) ∈

(
C−1 (x0, A)× C−1 (y0, B)

)
∩ (V̂0× Ŵ0)

}
.

Since the number of elements γ ∈ 0 with

(γ y, γ−1x) ∈
(
C−r (x, A)× C−r (y, B)

)
\ (V̂−r × Ŵ0)

is finite by Lemma 6.6(a), we conclude that

lim sup
T→∞

νT
x,y
(
C−r (x, A)× C−r (y, B)

)
≤ eε/3eδ0(Bξ0 (x0,x)+Bη0 (y0,y))

· lim sup
T→∞

ν
T+Bξ0 (x0,x)+Bη0 (y0,y)+ε/3δ0
x0,y0

(
C−1 (x0, A)× C−1 (y0, B)

)
≤ e2ε/3eδ0(Bξ0 (x0,x)+Bη0 (y0,y))µx0(A)µy0(B)/‖m0‖,
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where we used Proposition 8.2 in the last estimate.
Now for ξ ∈ A ⊂ V̂0 ∩ ∂X and η ∈ B ⊂ Ŵ0 ∩ ∂X we get from (41)

Bξ0(x0, x) < Bξ (x0, x)+
ε

6δ0
, Bη0(y0, y) < Bη(y0, y)+

ε

6δ0
,

hence

eδ0Bξ0 (x0,x)µx0(A)=
∫

A
eδ0Bξ0 (x0,x) dµx0(ξ)

≤ eε/6
∫

A
eδ0Bξ (x0,x) dµx0

dµx
(ξ) dµx(ξ)

(31)
= eε/6µx(A),

and similarly

eδ0Bη0 (y0,y)µy0(B)≤ eε/6µy(B).

This finally proves

lim sup
T→∞

νT
x,y
(
C−r (x, A)× C−r (y, B)

)
≤ eεµx(A)µy(B)/‖m0‖.

The proof of the inequality for the limit inferior is analogous. �

Proof of Theorem 8.1. Let x , y ∈ X and ε > 0 arbitrary. For (ξ0, η0) ∈ ∂X × ∂X we
fix r > 0 and open neighborhoods V,W ⊂ ∂X of ξ0, η0 such that the conclusion
of Proposition 8.3 holds. Choose open sets V̂ , Ŵ ⊂ X with V̂ ∩ ∂X = V and
Ŵ ∩ ∂X =W , and let Â, B̂ ⊂ X be Borel sets with Â ⊂ V̂ , B̂ ⊂ Ŵ and

(µx ⊗µy)(∂( Â× B̂))= 0. (42)

Let α > 0 be arbitrary, and choose open sets A+, B+ ⊂ ∂X and compact sets
A−, B− ⊂ ∂X with the properties

A− ⊂ Â◦ ∩ ∂X ⊂ Â∩ ∂X ⊂ A+ ⊂ V,

B− ⊂ B̂◦ ∩ ∂X ⊂ B̂ ∩ ∂X ⊂ B+ ⊂W,

µx( Â◦ \ A−) < α, µx(A+ \ Â) < α,

µy(B̂◦ \ B−) < α, µy(B+ \ B̂) < α.

Notice that according to Lemma 6.6(b) the number of γ ∈ 0 with

(γ y, γ−1x) ∈ ( Â× B̂) \
(
C−r (x, A+)× C−r (y, B+)

)
is finite; the same is true for the number of γ ∈ 0 with

(γ y, γ−1x) ∈
(
C+r (x, A−)× C+r (y, B−)

)
\ ( Â◦× B̂◦)
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by Lemma 6.6(a). Hence

‖m0‖ · lim sup
T→∞

νT
x,y( Â× B̂)≤ ‖m0‖ · lim sup

T→∞
νT

x,y
(
C−r (x, A+)× C−r (y, B+)

)
,

‖m0‖ · lim inf
T→∞

νT
x,y( Â× B̂)≥ ‖m0‖ · lim inf

T→∞
νT

x,y
(
C+r (x, A−)× C+r (y, B−)

)
.

Proposition 8.3 further implies

‖m0‖ · lim sup
T→∞

νT
x,y( Â× B̂)≤ eεµx(A+)µy(B+)

≤ eεµx( Â)µy(B̂)+αeε(µx(∂X)+µy(∂X))
(42)
≤ eεµx( Â)µy(B̂)+αeε(µx(∂X)+µy(∂X))

and

‖m0‖ · lim inf
T→∞

νT
x,y( Â× B̂)≥ e−εµx(A−)µy(B−)

≥ e−εµx( Â◦)µy(B̂◦)−αe−ε(µx(∂X)+µy(∂X))
(42)
≥ e−εµx( Â)µy(B̂)−αe−ε(µx(∂X)+µy(∂X))

As α was arbitrarily small we get in the limit as α tends to zero

lim sup
T→∞

νT
x,y( Â× B̂)≤ eεµx( Â)µy(B̂)/‖m0‖ and

lim inf
T→∞

νT
x,y( Â× B̂)≥ e−εµx( Â)µy(B̂)‖m0‖.

So for every continuous and positive function h with support in V̂ × Ŵ we have

e−ε

‖m0‖

∫
h (dµx ⊗ dµy)≤ lim inf

T→∞

∫
h dνT

x,y

≤ lim sup
T→∞

∫
h dνT

x,y ≤
eε

‖m0‖

∫
h (dµx ⊗ dµy).

Now the compact set ∂X × ∂X can be covered by a finite number of open sets of
type V ×W with V,W ⊂ ∂X as above, and similarly X × X by finitely many open
sets V̂ × Ŵ with V̂ , Ŵ ⊂ X as above. Using a partition of unity subordinate to such
a finite cover we see that the inequalities above remain true for every continuous
and positive function on X × X . The claim now follows by taking the limit ε→ 0,
and passing from positive continuous functions to arbitrary continuous functions
via a standard argument. �

Corollary 8.4. Let 0 < Is(X) be a discrete rank one group with nonarithmetic
length spectrum, Z0 6=∅ and finite Ricks–Bowen–Margulis measure m0.

Let f : X→ R be a continuous function, and x , y ∈ X. Then

lim
T→∞

δ0e−δ0T
∑
γ∈0

d(x,γ y)≤T

f (γ y)=
µy(∂X)
‖m0‖

∫
∂X

f (ξ) dµx(ξ).
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9. Asymptotic estimates for the orbit counting function

In this section we let X be a proper Hadamard space and 0 < Is(X) a discrete rank
one group with Z0 6=∅. Recall that the orbit counting function with respect to x ,
y ∈ X is defined by

N0 : [0,∞)→ N, R 7→ #{γ ∈ 0 : d(x, γ y)≤ R}.

We first state a direct corollary of Theorem 8.1 (using f = 1X×X ):

Proposition 9.1. Let 0 < Is(X) be a discrete rank one group with nonarithmetic
length spectrum, Z0 6=∅ and finite Ricks–Bowen–Margulis measure m0 . Then for
any x, y ∈ X we have

lim
R→∞

δ0e−δ0R N0(R)=
µx(∂X)µy(∂X)
‖m0‖

.

We next deal with the case that the Ricks–Bowen–Margulis measure is not finite:

Theorem 9.2. Let 0 < Is(X) be a discrete rank one group with Z0 6= ∅ and
infinite Ricks–Bowen–Margulis measure m0. If 0 is divergent we further require
that 0 has nonarithmetic length spectrum. Then for the orbit counting function
with respect to arbitrary points x, y ∈ X we have

lim
t→∞

N0(t)e−δ0 t
= 0.

As in the proof of Theorem 8.1 we define the measure

νT
x,y := δ0e−δ0T

∑
γ∈0

d(x,γ y)≤T

Dγ y ⊗Dγ−1x ;

here we only have to show that

lim sup
T→∞

νT
x,y(X × X)= 0.

Again, the first step of the proof is provided by:

Lemma 9.3. Let (ξ0, η0) ∈ ∂X × ∂X and x , y ∈ X with trivial stabilizer in 0 and
such that x ∈ (ξ0v

+), y ∈ (η0w
+) for some 0-recurrent elements v,w ∈ Z. Then

there exist open neighborhoods V,W ⊂ ∂X of ξ0, η0 such that for all Borel sets
A ⊂ V , B ⊂W

lim sup
T→∞

νT
x,y
(
C−1 (x, A)× C−1 (y, B)

)
= 0.

Proof. Let ε > 0 arbitrary and set ρ :=min{d(x, γ x), d(y, γ y) : γ ∈ 0}.
As in the proof of Proposition 8.2 we fix r ∈ (0,min{1, ρ/3, ε/(30δ0)}) such

that
µx(∂̃Or (ξ0, x))= 0= µy(∂̃Or (η0, y))
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and choose open neighborhoods V̂ , Ŵ ⊂ X of ξ0, η0 such that if (a, b) ∈ V̂ × Ŵ ,
then a can be joined to v+, b can be joined to w+ by a rank one geodesic and
(35) holds. Let V ⊂ V̂ ∩ ∂X , W ⊂ Ŵ ∩ ∂X be open neighborhoods of ξ0, η0, and
A ⊂ V , B ⊂ W arbitrary Borel sets; denote K+ = K+r (x, A), K− = K−r (y, B),
and M = r2µx(Or (ξ0, x))µy(Or (η0, y)) > 0. Then by mixing (or dissipativity in
the case of a convergent group 0) there exists T0� 1 such that∑

γ∈0

m(K+ ∩ g−tγ K−) < Mε · e−ε/3

for all t ≥ T0, which implies

(eδ0(T+3r)
− eδ0T0)Mε · e−ε/3 > δ0

∫ T+3r

T0

eδ0 t
∑
γ∈0

m(K+ ∩ g−tγ K−) dt.

We now use (40) to get

δ0

∫ T+3r

T0

eδ0 t
∑
γ∈0

m(K+ ∩ g−tγ K−) dt

≥ e−ε/6 Meδ0T νT
x,y
(
C−1 (x, A)× C−1 (y, B)

)
−C

with a constant C independent of T . Dividing by Meδ0(T+3r) then yields

(1− eδ0(−T−3r+T0))ε · e−ε/3 > e−ε/6e−3δ0rνT
x,y
(
C−1 (x, A)× C−1 (y, B)

)
−C ′e−δ0T

= e−4ε/15νT
x,y
(
C−1 (x, A)× C−1 (y, B)

)
+C ′e−δ0T ,

where C ′ is again a constant independent of T . We conclude

lim sup
T→∞

νT
x,y
(
C−1 (x, A)× C−1 (y, B)

)
< ε,

and the claim follows from the fact that ε > 0 was chosen arbitrarily small. �

The next statement shows that in fact we can omit the conditions on x and y in
Lemma 9.3.

Lemma 9.4. Let x , y ∈ X arbitrary. Then for all (ξ0, η0) ∈ ∂X × ∂X there exists
r > 0 and open neighborhoods V ⊂ ∂X of ξ0, W ⊂ ∂X of η0 such that for all Borel
sets A ⊂ V, B ⊂W

lim sup
T→∞

νT
x,y
(
C−r (x, A)× C−r (y, B)

)
= 0.

Proof. Let (ξ0, η0) ∈ ∂X × ∂X be arbitrary. Choose 0-recurrent geodesics v,w ∈ Z
and x0 ∈ (ξ0v

+), y0 ∈ (η0w
+) with trivial stabilizers in 0. Let V,W ⊂ ∂X be open

neighborhoods of ξ0 and η0 such that the statement of Lemma 9.3 holds for x0, y0

instead of x , y. Set
r = 1+max{d(x, x0), d(y, y0)}
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and let A ⊂ V , B ⊂ W be arbitrary Borel sets. From the choice of r above and
Lemma 6.5(b) we know that (γ y, γ−1x) ∈ C−r (x, A)× C−r (y, B) implies

(γ y0, γ
−1x0) ∈ C−1 (x0, A)× C−1 (y0, B).

If d(x, γ y)≤ T , then obviously

d(x0, γ y0)≤ d(x0, x)+ d(x, γ y)+ d(y, y0)≤ T + d(x0, x)+ d(y, y0),

hence for T � 1

e−δ0T #
{
γ ∈ 0 : d(x, γ y)≤ T, (γ y, γ−1x) ∈

(
C−r (x, A)× C−r (y, B)

)}
≤ eδ0(d(x0,x)+d(y,y0)) · e−δ0(T+d(x0,x)+d(y,y0))

·#
{
γ ∈ 0 : d(x0, γ y0)≤ T + d(x0, x)+ d(y, y0),

(γ y0, γ
−1x0) ∈

(
C−1 (x0, A)× C−1 (y0, B)

)}
.

We conclude that

lim sup
T→∞

νT
x,y
(
C−r (x, A)× C−r (y, B)

)
≤ eδ0(d(x0,x)+d(y,y0)) lim sup

T→∞
νT+d(x0,x)+d(y,y0)

x0,y0

(
C−1 (x0, A)× C−1 (y0, B)

)
= 0,

where we used Lemma 9.3 in the last estimate. �

Proof of Theorem 9.2. Let x , y ∈ X and ε>0 arbitrary. For (ξ0, η0)∈ ∂X×∂X we
fix r > 0 and open neighborhoods V,W ⊂ ∂X of ξ0, η0 such that the conclusion of
Lemma 9.4 holds. Choose open sets V̂ , Ŵ ⊂ X with V̂ ∩∂X = V and Ŵ ∩∂X =W ,
and let Â, B̂ ⊂ X be Borel sets with

Â ⊂ V̂ and B̂ ⊂ Ŵ .

Choose open sets A, B ⊂ ∂X with the properties

Â∩ ∂X ⊂ A ⊂ V and B̂ ∩ ∂X ⊂ B ⊂W ;

from Lemma 6.6(b) we know that the number of γ ∈ 0 with

(γ y, γ−1x) ∈ ( Â× B̂) \
(
C−r (x, A)× C−r (y, B)

)
is finite. Hence

lim sup
T→∞

νT
x,y( Â× B̂)≤ lim sup

T→∞
νT

x,y
(
C−r (x, A)× C−r (y, B)

)
= 0,

which implies that for every continuous and positive function with support in V̂×Ŵ
we have

lim sup
T→∞

∫
h dνT

x,y = 0.
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Now the compact set ∂X × ∂X can be covered by a finite number of open sets of
type V ×W with V,W ⊂ ∂X as above, and similarly X × X by finitely many open
sets V̂ × Ŵ with V̂ , Ŵ ⊂ X as above. Using a partition of unity subordinate to such
a finite cover we see that the statement above remains true for every continuous
and positive function on X × X . �
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