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Let X be a proper, geodesically complete Hadamard space, and I' < Is(X) a
discrete subgroup of isometries of X with the fixed point of a rank one isometry
of X in its infinite limit set. In this paper we prove that if I' has nonarithmetic
length spectrum, then the Ricks—Bowen—Margulis measure — which general-
izes the well-known Bowen—Margulis measure in the CAT(—1) setting — is
mixing. If in addition the Ricks—Bowen—Margulis measure is finite, then we
also have equidistribution of I"-orbit points in X, which in particular yields an
asymptotic estimate for the orbit counting function of I". This generalizes well-
known facts for nonelementary discrete isometry groups of Hadamard manifolds
with pinched negative curvature and proper CAT(—1)-spaces.

1. Introduction

Let (X, d) be a proper Hadamard space, x, y € X and I' < Is(X) a discrete group.
The Poincaré series of I' with respect to x and y is defined by

P(s; x,y) i= ) e s,
yell

its exponent of convergence

or = inf{s >0: Z e sy converges} (1)
yell

is called the critical exponent of I". By the triangle inequality the critical exponent
is independent of x, y € X. We will require that the critical exponent §r is finite,
which is not a severe restriction as it is always the case when X admits a compact
quotient or when I' is finitely generated.

Obviously P(s; x, y) converges for s > ér and diverges for s < §r. The group
I is said to be divergent, if P(r; x, y) diverges, and convergent otherwise.
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Since X is proper, the orbit counting function with respect to x and y
Nr:[0,00) > [0,00), R #yel:d(x,yy) =R} 2

satisfies Ny (R) < oo for all R > 0; moreover, it is related to the critical exponent
via the formula
In(Nr (R
dr = lim sup M
R—+o00

One goal of this article is to give a precise asymptotic estimate for the orbit
counting function for a discrete rank one group I' as in [Link 2018] (that is a group
with the fixed point of a so-called rank one isometry of X in its infinite limit set);
for precise definitions we refer the reader to Section 3. Such a rank one group
always contains a nonabelian free subgroup generated by two independent rank
one elements, hence its critical exponent dr is strictly positive. Notice that our
assumption on I" obviously imposes severe restrictions on the Hadamard space X
itself: it can neither be a higher rank symmetric space, a higher rank Euclidean
building, nor a product of Hadamard spaces.

Using the Poincaré series from above, a remarkable I'-equivariant family of
measures (Uy)xex supported on the geometric boundary 0X of X —a so-called
conformal density — can be constructed in our very general setting (see [Patterson
1976; Sullivan 1979] for the original constructions in hyperbolic n-space).

Let G denote the set of parametrized geodesic lines in X endowed with the
compact-open topology (which can be identified with the unit tangent bundle SX
if X is a Riemannian manifold) and consider the action of R on G by reparametriza-
tion. This action induces a flow gr on the quotient space I'\G. If X is geodesically
complete, then thanks to the construction due to R. Ricks [2017, Section 7] —
which uses the conformal density (u,).cx described above —we obtain a gr-
invariant Radon measure mr on I"\G. This possibly infinite measure will be called
the Ricks—Bowen—Margulis measure, since it generalizes the classical Bowen—
Margulis measure in the CAT(—1)-setting.

If I' is divergent, then according to [Link 2018, Theorem 10.2] the dynamical
system (I'\G, gr, mr) is conservative and ergodic. We also want to mention here
that if X is a Hadamard manifold, then the Ricks—Bowen—Margulis measure mp
is equal to Knieper’s measure first introduced in Section 2 of [Knieper 1998] for
cocompact groups I' (and which was used in [Link and Picaud 2016] for arbitrary
rank one groups). In the cocompact case Knieper’s work further implies that the
Ricks—Bowen—Margulis measure is the unique measure of maximal entropy on
the unit tangent bundle of the compact quotient I'\ X (see again [Knieper 1998,
Section 2]).
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In this article we will first address the question under which hypotheses the
dynamical system (I'\G, gr, mr) is mixing. We remark that in our very general
setting we cannot hope to get mixing without further restrictions on the group I':
F. Dal’Bo [2000, Theorem A] showed that even in the special case of a CAT(—1)-
Hadamard manifold X, the dynamical system (I"\SX, gr, mr) with the classical
Bowen—Margulis measure mr is not mixing, if the length spectrum of I' is arith-
metic (that is if the set of lengths of closed geodesics in I'\ X is contained in a
discrete subgroup of R). However, we obtain the best possible result:

Theorem A. Let X be a proper, geodesically complete Hadamard space and let
I' < Is(X) be a discrete, divergent rank one group. Then with respect to Ricks—
Bowen—Margulis measure the geodesic flow on I'\G is mixing or the length spec-
trum of T is arithmetic.

Notice that in the CAT(0)-setting Theorem A was already proved by M. Babil-
lot [2002, Theorem 2] in the special case when X is a manifold and I' < Is(X)
is cocompact; moreover, in this case the second alternative cannot occur, that is
the length spectrum of I cannot be arithmetic. It was then generalized by Ricks
[2017, Theorem 4] to non-Riemannian proper Hadamard spaces X and discrete
rank one groups I' < Is(X) with finite Ricks—Bowen—Margulis measure. Under
the additional hypothesis that the limit set of I' is equal to the whole geometric
boundary X of X, Ricks also proved that the length spectrum of I" can only be
arithmetic if X is isometric to a tree with all edge lengths in ¢N for some ¢ > 0.
Here we allow both infinite Ricks—Bowen—Margulis measure and limit sets that are
proper subsets of 0X.

Let us mention that the restriction to divergent groups is quite reasonable: If the
measure mr is infinite, then the mixing property of (I'\G, gr, mr) only states that
for all Borel sets A, B C I'\G with mp(A), mr(B) finite we have

. t _
t_l)lgloomr(A NgrB)=0.

This condition is very weak and obviously neither implies conservativity nor er-
godicity. Actually it is easily seen to hold true when (I'\G, gr, mr) is dissipative,
which —according to [Link 2018, Theorem 10.2] —is equivalent to the fact that
" is convergent.

In the second part of the article we use the mixing property in the case of finite
Ricks—Bowen—Margulis measure to deduce an equidistribution result for I"-orbit
points in the vein of T. Roblin’s results [2003, théoreme 4.1.1] for CAT(—1)-
spaces:

Theorem B. Let X be a proper, geodesically complete Hadamard space and let
I' < Is(X) be a discrete rank one group with nonarithmetic length spectrum and
finite Ricks—Bowen—Margulis measure mr.
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Let f be a continuous function from X x X to R, and x, y € X. Then

Tli_)ngo(Sr'e_arT ) f(yy,y‘1X)>=

yell
d(x,yy)<T

FE ) dux(€)duy, ().

lmrll Jax xax

Finally, from the equidistribution result Theorem B and its proof we get the
following asymptotic estimates for the orbit counting function introduced in (2):

Theorem C. Let X be a proper, geodesically complete Hadamard space, x, y € X
and I' < Is(X) a discrete rank one group.

(a) If T is divergent with nonarithmetic length spectrum and finite Ricks—Bowen—
Margulis measure mr, then

Jim or e Ry e Td(x, yy) < R} = 1 (0X) 11y (9X) /||mr .

(b) If T is divergent with nonarithmetic length spectrum and infinite Ricks—Bowen—
Margulis measure, then

lim e " R#{y e :d(x,yy) <R} =0.
R—o0

(c) If T is convergent, then Rlim e_arR#{y el:dx,yy)<R}=0.
—00

In work in progress with Jean-Claude Picaud we apply the equidistribution result
Theorem B above to get asymptotic estimates for the number of closed geodesics
modulo free homotopy in I'\ X which are much more general and much more
precise than the ones given in [Link 2007].

The paper is organized as follows: Section 2 fixes some notation and recalls
basic facts concerning Hadamard spaces and rank one geodesics. In Section 3 we
introduce the notions of rank one isometry and Is(X)-recurrence and state some
important facts. We also recall the definition of a rank one group and give the
weakest condition which ensures that a discrete group I' < Is(X) is rank one. In
Section 4 we introduce the notion of geodesic current and describe Ricks’ construc-
tion of a geodesic flow invariant measure associated to such a geodesic current first
on the quotient ['\[G] of parallel classes of parametrized geodesic lines and finally
on the quotient I'\G of parametrized geodesic lines. Moreover, we recall from
[Link 2018] a few results about the corresponding dynamical systems. Section 5
is devoted to the proof of Theorem A, which follows Babillot’s strategy [2002,
Section 2.2] and uses cross-ratios of quadrilaterals similar to the ones introduced
by Ricks [2017, Section 10]. In Section 6 we introduce the notions of shadows,
cones and corridors and state some important properties that are needed in the proof
of Theorem B. Section 7 gives estimates for the so-called Ricks—Bowen—Margulis
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measure, which is the Ricks measure associated to the quasiproduct geodesic cur-
rent coming from a conformal density. In Section 8 we prove Theorem B, and
Section 9 finally deals with the orbit counting function and the proof of Theorem C.

2. Preliminaries on Hadamard spaces

The purpose of this section is to introduce terminology and notation and to sum-
marize basic results about Hadamard spaces. Most of the material can be found in
[Ballmann 1995; Bridson and Haefliger 1999] (see also [Ballmann 1982; Ballmann
et al. 1985] in the special case of Hadamard manifolds and [Ricks 2017] for more
recent results).

Let (X, d) be a metric space. For y € X and r > 0 we will denote B, (y) C X the
open ball of radius r centered at y € X. A geodesic is an isometric map o from a
closed interval I/ C R or I = R to X. For more precision we use the term geodesic
ray if I = [0, 0co) and geodesic line if I = R.

We will deal here with Hadamard spaces (X, d), that is complete metric spaces
in which for any two points x, y € X there exists a geodesic oy , joining x to y
(that is a geodesic 0 =0y, : [0, d(x, y)] = X witho(0) =x and o (d(x, y)) =)
and in which all geodesic triangles satisfy the CAT(0)-inequality. This implies in
particular that X is simply connected and that the geodesic joining an arbitrary
pair of points in X is unique. Notice however that in the non-Riemannian setting
completeness of X does not imply that every geodesic can be extended to a geodesic
line, so X need not be geodesically complete. The geometric boundary 0X of X
is the set of equivalence classes of asymptotic geodesic rays endowed with the
cone topology (see for example [Ballmann 1995, Chapter II]). We remark that
for all x € X and all § € 0X there exists a unique geodesic ray o, ¢ with origin
x = oy ¢(0) representing .

Given two geodesics o7 : [0, T1] = X, 02 : [0, T»] — X with 01(0) =02(0) =: x
the Alexandrov angle /(o1, 07) is defined by

L(oy, 02) = ltimolx(ffl (t), 02(2)),
1,I—

where the angle on the right-hand side denotes the angle of a comparison triangle
in the Euclidean plane of the triangle with vertices oy (#1), x and 0> (#>) (compare
[Bridson and Haefliger 1999, Proposition I1.3.1]). By definition, every Alexandrov
angle has values in [0, 7]. For x € X, y,z € X \ {x} the angle /,(y, z) is then
defined by

Zx(ya Z) = Z(O—x,y’ Ux,z)- (3)

From here on we will require that X is proper; in this case the geometric bound-
ary dX is compact and the space X is a dense and open subset of the compact space
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X := X U dX. Moreover, the action of the isometry group Is(X) on X naturally
extends to an action by homeomorphisms on the geometric boundary.
If x,ye X, & € 0X and o is a geodesic ray in the class of &, we set

Be(x,y) = lim (d(x, 0(s) —d(y, 0(5))). 4)
This number exists, is independent of the chosen ray o, and the function
Be(-,y): X >R, x> Be(x,y)

is called the Busemann function centered at £ based at y (see also [Ballmann 1995,
Chapter II]). Obviously we have

Bye(g-x,8y) =B:(x,y) forall x,y e X and g € Is(X),
and the cocycle identity

Be(x,2) = Be (x, y) + B (y, 2) )
holds for all x, y, z € X.
Since X is non-Riemannian in general, we consider (as a substitute of the unit
tangent bundle SX) the set of parametrized geodesic lines in X which we will
denote G. We endow this set with the distance function d; given by

di(u, v) :=suple "ld(v(r), u(r)) :t e R} for u,veg; (6)

this distance function induces the compact-open topology, and every isometry of
X naturally extends to an isometry of the metric space (G, d}).

Moreover, there is a natural map p : G — X defined as follows: To a geodesic
line v: R — X in G we assign its origin pv := v(0) € X. Notice that p is proper, 1-
Lipschitz and Is(X)-equivariant; if X is geodesically complete, then p is surjective.

For a geodesic line v € G we denote its extremities v~ := v(—o0) € dX and
vt := v(+00) € 9X the negative and positive end point of v; in particular, we can
define the end point map

90 :G— X x 03X, v (v ,v7").
For v € G we define the parametrized geodesic —v € G by
(=v)() :=v(—t) forall r € R.

We say that a point £ € dX can be joined to n € X by a geodesic v € G if
v~ =& and v = 5. Obviously the set of pairs (£, n) € 80X x dX such that & and
n can be joined by a geodesic coincides with d,,G, the image of G under the end
point map ds. It is well-known that if X is CAT(—1), then any pair of distinct
boundary points (€, 1) belongs to d,,G, and the geodesic joining & to 1 is unique up
to reparametrization. In general however, the set d,,G is much smaller compared
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to 0X x 0X minus the diagonal due to the possible existence of flat subspaces in
X. For (£, n) € 000G we denote by

En:=p(lvegd:v =& vi=n})=pod ) n 7

the subset of points in X which lie on a geodesic line joining & to . It is well-
known that (§n) = (n€) C X is a closed and convex subset of X which is isometric
to a product C;) x R, where Cg,) = C(;¢) is again a closed and convex set.

For x € X and (&, n) € d,0G we denote

v=v(x;&,n)eg (8)

the unique parametrized geodesic line satisfying the conditions v € 9! (&, 1) and
d(x,v(0)) =d(x, (§n)). Notice that its origin pv = v(0) is precisely the orthogonal
projection onto the closed and convex subset C(g,). Obviously we have

v(x;n, &) =—v(x:;&,n) and yv(x; &, n)=v(yx;y§ yn) forall yels(X).

In order to describe the sets (§n) and C ;) more precisely and for later use
we introduce, as in [Ricks 2017, Definition 5.4], for x € X the so-called Hopf
parametrization map

H:G— 3G xR, vi> (v, 0", By (v(0), x)) 9)

of G with respect to x. We remark that compared to [Ricks 2017, Definition 5.4] and
(5) in [Link 2018] we changed the sign in the last coordinate in order to make (13)
below consistent. It is immediate that for a CAT(—1)-space X this map is a home-
omorphism; in general it is only continuous and surjective. Moreover, it depends
on the point x € X as follows: If y € X, v € G and H,(v) = (£, 1, 5), then

Hy(v) = (&,1, 5 +Bs(x, y))

by the cocycle identity (5) for the Busemann function (compare also [Coornaert
and Papadopoulos 1994, Section 3]).

The Hopf parametrization map allows to define an equivalence relation ~ on
G as follows: if u,v € G, then u ~ v if and only if H,(u) = H,(v). Notice
that this definition does not depend on the choice of x € X and that every point
(§,1,5) € 000G x R uniquely determines an equivalence class [v] with v € G. The
width of v € G is defined by

width(v) := sup{d (u(0), w(0)) : u, w € [v]} = diam(C-y+))- (10)

Notice that if X is CAT(—1) then for all v € G we have [v] = {v} and hence
width(v) = 0; in general, if v(R) is contained in an isometric image of a Euclidean
plane, then the width of v is infinite.
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This motivates the following definitions: A geodesic line v € G is called rank
one if its width is finite; it is said to have zero width if width(v) = 0. In the sequel
we will use as in [Ricks 2017] the notation

R:={veG:visrank one}, respectively

Z :={v € G: v is rank one of zero width}.

We remark that the existence of a rank one geodesic imposes severe restrictions
on the Hadamard space X. For example, X can neither be a symmetric space or
Euclidean building of higher rank nor a product of Hadamard spaces.

The following important lemma states that even though we cannot join any
two distinct points in the geometric boundary 0X of the Hadamard space X by
a geodesic in X, given a rank one geodesic we can at least join all points in a
neighborhood of its end points by a geodesic in X. More precisely, we have the
following result:

Lemma 2.1 ([Ballmann 1995, Lemma III1.3.1] reformulated). Let v € R be a rank
one geodesic and ¢ > width(v). Then there exist open disjoint neighborhoods U~
of v~ and U of vT in X with the following properties: If ¢ € U~ andn € U™
then there exists a rank one geodesic joining & and n. For any such geodesic w € R
we have d(w(t), v(0)) < c for some t € R and width(w) < 2c.

This lemma implies that the set R is open in G; we emphasize that Z in general
need not be an open subset of G: In every open neighborhood of a zero width rank
one geodesic there may exist a rank one geodesic of arbitrarily small but strictly
positive width.

Let us now get back to the Hopf parametrization map defined in (9): As stated
in [Ricks 2017, Proposition 5.10] the Is(X)-action on G descends to an action on
000G X R = H,(G) by homeomorphisms via

yE.n.s) = (v& yn.s+Bye(yx,x)) fory els(X).

Moreover, the action of Is(X) is well-defined on the set of equivalence classes
[G] of elements in G, and the (well-defined) map

[6] = 000G X R, [v] > Hi(v) (1)

is an Is(X)-equivariant homeomorphism. For convenience we will frequently iden-
tify 000G x R with [G]. We also remark that the end point map deo : G — 90X x 0X
induces a well-defined map [G] — dX x dX which we will also denote 0.

As in Definition 5.4 of [Ricks 2017] we will say that a sequence (v,) C G
converges weakly to v € G if and only if

v, > v, v:[—> vt and an—(vn(O),x)—>Bv—(v(O),x); (12)
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notice that this definition is independent of the choice of x € X. Obviously, weak
convergence v, — v is equivalent to the convergence [v,] — [v] in [G], and v,, —> v
in G always implies [v,] — [v] in [G].

We will also need the following result due to Ricks, which implies that the
restriction of the Hopf parametrization map (9) to the subset R is proper:

Lemma 2.2 [Ricks 2017, Lemma 5.9]. If a sequence (v,) C G converges weakly
to v € R, then some subsequence of (v,) converges to some u € G with u ~ v.

The topological space G can be endowed with the geodesic flow (g');cg which
is naturally defined by reparametrization of v € G. In particular we have

(g'v)(0)=v(t) forallveGandreR.

The geodesic flow induces a flow on the set of equivalence classes [G] which we
will also denote (g');cr; via the Is(X)-equivariant homeomorphism [G] — 9,G X R
the action of the geodesic flow (g’);cr on [G] is equivalent to the translation action
on the last factor of d,,G x R given by

g & ns)=E,ns+0). (13)

3. Rank one isometries and rank one groups

As in the previous section we let (X, d) be a proper Hadamard space and denote
Is(X) the isometry group of X.

Definition 3.1. An isometry y € Is(X) is called axial if there exists a constant
¢ =1£(y) > 0and a geodesic v € G such that yv = g‘v. We call £(y) the translation
length of y, and v an invariant geodesic of y. The boundary point y* := v™
(which is independent of the chosen invariant geodesic v) is called the attractive
fixed point, and y ~ := v~ the repulsive fixed point of y.

An axial isometry 4 is called rank one if one (and hence any) invariant geodesic
of h belongs to R; the width of & is then defined as the width of an arbitrary
invariant geodesic of A.

Notice that if y € Is(X) is axial, then 80_01 (y~, yT) C G is the set of parametrized
invariant geodesics of y, and every axial isometry ¥ commuting with y satisfies

pod @, ¥ =poad(y .y ).

If & is rank one, then the fixed point set of & equals {A~, h™}; moreover, if g is an
axial isometry commuting with 4, then g and £ clearly generate a virtually cyclic
subgroup of Is(X).

The following important lemma describes the north-south dynamics of rank one
isometries:
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Lemma 3.2 [Ballmann 1995, Lemma I11.3.3]. Let h be a rank one isometry. Then

(a) every point € € 30X \ {h™} can be joined to h™ by a geodesic, and all these
geodesics are rank one,

(b) given neighborhoods U~ of h~ and U of h* in X there exists N € N such
that ™" (X\UY) c U™ and "'(X\U~) C U* foralln > N.

We next prepare for an extension of part (a) of the lemma above, which replaces
the fixed point 2™ of the rank one isometry & by the end point of a certain geodesic:

Definition 3.3 (compare Section 5 in [Ricks 2017]). Let G < Is(X) be any sub-
group. An element v € G is said to (weakly) G-accumulate on u € G if there exist
sequences (g,) C G and () /' oo such that g,gv converges (weakly) to u as
n — 00; v is said to be (weakly) G-recurrent if v (weakly) G-accumulates on v.

Notice that if v is an invariant geodesic of an axial isometry y € Is(X), then v is
(y)-recurrent and hence in particular Is(X)-recurrent. Moreover, if v € G weakly
G-accumulates on u € R, then by Lemma 2.2 v G-accumulates on some element
w ~ u. In particular, if v € Z is weakly G-recurrent, then it is already G-recurrent.

The following statements show the relevance of the previous notions.

Lemma 3.4 (see Section 6 in [Ricks 2017] or Lemma 3.11 in [Link 2018]). If
v € R is weakly Is(X)-recurrent then for every & € 30X \ {v"} there exists w € R
satisfying

width(w) < width(v) and (w™,w") = (&, v").

We will also need the following generalization of a statement originally due to
G. Knieper in the manifold setting; recall the definition of the distance function d;
from (6).

Lemma 3.5 (Lemma 7.1 in [Link 2018] or Proposition 4.1 in [Knieper 1998]). Let
u € Z be an Is(X)-recurrent rank one geodesic of zero width. Then for all v € G
with vt =u™ and By+(v(0), u(0)) = 0 we have

lim d;(g'v, g'u) =0.
—00

We will now deal with discrete subgroups I of the isometry group Is(X) of X.
The geometric limit set L of I" is defined by L := [ -xNaX, where x € X is an
arbitrary point.

If X is a CAT(—1)-space, then a discrete group I' < Is(X) is called nonelemen-
tary if its limit set L is infinite. It is well-known that this implies that I" contains
two axial isometries with disjoint fixed point sets (which are actually rank one of
zero width as G = Z for any CAT(—1)-space). In the general setting this motivates
the following
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Definition 3.6. We say that two rank one isometries g, h € Is(X) are independent
if and only if {g*, g7} N{h*, h™} # @ (see for example [Link 2010, Section 2;
Caprace and Fujiwara 2010, Section 2]). Moreover, a group I' < Is(X) is called
rank one if I' contains a pair of independent rank one elements.

Obviously, if X is CAT(—1) then every nonelementary discrete isometry group
is rank one. In general however, the notion of rank one group seems very restrictive
at first sight. Nevertheless we have the following weak hypothesis which ensures
that a discrete group I' < Is(X) is rank one:

Lemma 3.7 [Link 2018, Lemma 4.4]. If I" < Is(X) is a discrete subgroup with in-
finite limit set Ly containing the positive end point vt of a weakly 1s(X)-recurrent
element v € R, then I is a rank one group.

Notice that the conclusion is obviously true when v is a fixed point of a rank
one isometry of X.

We will now define an important subset of the limit set L of I". For that we let
x,y € X arbitrary. A point § € dX is called a radial limit point if there exists ¢ > 0
and sequences (y,) C I' and (¢,) /" oo such that

d(yny, Oyt (tn)) <c¢ forallneN. (14)

Notice that by the triangle inequality this condition is independent of the choice of
x, y € X. The radial limit set LF“d C Lr of T" is defined as the set of radial limit
points.

We will further denote

Zr°:={ve Z:vand — v are ['-recurrent} (15)

the set of zero width parametrized geodesics which are I'-recurrent in both direc-
tions. Notice that if v € Z is weakly I'-recurrent, then it is already I'-recurrent
according to the remark below Definition 3.3. We will also need the following:

Definition 3.8. An element v € I'\§G is called positively and negatively recurrent,
if it possesses a lift v € G such that both v and —v are I"-recurrent.

4. Geodesic currents and the Ricks measure

In this section we want to describe the construction of the Ricks measure from an
arbitrary geodesic current on d,,R. We will also recall the properties of the Ricks
measure which are relevant for our purposes. Our main references here are [Ricks
2017, Section 7; Link 2018, Section 5].

From here on X will always be a proper Hadamard space and I"' < Is(X) a
discrete rank one group with

Zri={veZ:v ,vt elLr} #2.
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Notice that according to Proposition 1 in [Link 2018] the latter hypothesis is always
satisfied when X is geodesically complete. For later use we further fix a point o € X.

Recall that the support of a Borel measure v on a topological space Y is defined
as the set

supp(v) = {y € Y :v(U) > 0 for every open neighborhood U of y}. (16)

We also recall that a set A C Y is said to have full v-measure, if v(Y \ A) =0.

We start with two finite Borel measures p_, (4 on X with supp(i+) =L, and
let i« be a I'-invariant Radon measure on d.,R which is absolutely continuous with
respect to the product measure (- ® j4)| s, =~ Such [ is called a quasiproduct
geodesic current on d5R (see, for example, [Link 2018, Definition 5.2]).

Following Ricks’ approach we can define a Radon measure i = 1t @ A on [R] =
0o R x R, where A denotes Lebesgue measure on R. Now according to Lemma 2.1
™ acts properly on [R] = 05R x R which admits a proper metric. Since the action
is by homeomorphisms and preserves the Borel measure m = i ® A, there is (see,
for instance, [Ricks 2015, Appendix A]) a unique Borel quotient measure /1 on
I'\[R] satisfying the characterizing property

/ﬁdn‘q:f (h- fz)dinr (17)
A \[R]

for all Borel sets A C [R] and T-invariant Borel maps h: [R] — [0, oc] and
fi:[R1— [0, oo] defined by fz([v]) :=#{y € T':y[v] € A} for [v] € R, and with
h and f3 the maps on I'\[R] induced from h and f}.

Our final goal is to construct from a weak Ricks measure mr a geodesic flow
invariant measure on I'\G. So let us first remark that Z C R is a Borel subset by
semicontinuity of the width function (10) (see [Ricks 2017, Lemma 8.4]), and that
H0| 21 Z—> 00Z Xx R=[Z] is a homeomorphism onto its image; hence [Z] C [R]
is also a Borel subset. So if I'\[Z] has positive mass with respect to the weak
Ricks measure m we may define (as in [Ricks 2017, Definition 8.12]) a geodesic
flow and I'-invariant measure m° on G by setting

m®(E) :==m(H,(ENZ)) forany Borel set E C G; (18)

this measure m® then induces the Ricks measure mf. on I'\G.

Notice that in general m(I"\[Z]) = 0 is possible; obviously this is always
the case when Z = &. However, Theorem 6.7 and Corollary 2 in [Link 2018]
immediately imply:

Theorem 4.1. Let X be a proper Hadamard space, and I" < Is(X) a discrete rank
one group with Zr # & (which is always the case if X is geodesically complete).
Let u_, iy be nonatomic, finite Borel measures on 0X with L4 (L{L“d) = 1+ (0X),
and L~ (L-® /L+)| R @ quasiproduct geodesic current.
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Then for the set Z1°° defined in (15) we have

(1= ® i) (0021 °) = (1= ® p4)(00R) = p—(9X) - 4 (9X),

and in particular L ~ p— Q .

So in this case the Ricks measure ml(l is actually equal to the weak Ricks measure

mr used for its construction. Moreover, for the measure m on G, from which the
Ricks measure descends, we have the formula

m(E)=f3 ZX(J??(E)ﬁ(f;“n)) die(§, n), (19)

where A again denotes Lebesgue measure, and E C G is an arbitrary Borel set.
We further remark that if X is a manifold, then the Ricks measure is also equal to

Knieper’s measure mllfn associated to & which descends from

mKn(E) = / Vol (p(E)N(En))di(§, n) for any Borel set E C G,
000G

where vol,) denotes the induced Riemannian volume element on the submanifold
én CX.
From here on we will therefore denote the Ricks measure m instead of m(ll.
For later reference we want to summarize what we know from Theorem 7.4 and
Lemma 7.5 in [Link 2018]. Before we can state the result we denote B(R) C G the
set of all parametrized geodesics v € G with origin pv = v(0) € Bg(0) and define

In 1 (30B(R))
R
Theorem 4.2. Let X, I' < Is(X), u—, uy and i as in Theorem 4.1. We further

assume that the constant A defined via (20) is finite. Then the dynamical systems
(0X x0X, T, u— ® uy), (000G, I', 1) and (I'\G, gr, mr) are ergodic.

A= sup{ :R>0}. (20)

We will repeatedly make use of the following argument, which is immediate by
Fubini’s theorem:

Corollary 4.3. Let X, I <Is(X), u—, 4, L and A < oo as in Theorem 4.2. Then
if @ C T'\Z is a subset of full mp-measure, and 2 C Z the preimage of 2 under
the projection map Z +— '\ Z, the sets

E:={€dX:(.n)e 3002 for pt-almost every ' € X} and
Et:={nedX:¢E e 3002 for n”-almost every &' € ax}
satisfy p—(E~) = u_(0X) and p(EY) = 4 (3X).

Before proving the important Lemma 4.4 we want to recall a few notions from
topology and geometric group theory: If Y is a topological space, then a collection
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of subsets of Y is said to be locally finite if every y € Y has an open neighborhood
that intersects only finitely many sets in the collection. Notice that if the collection
{Uy: A € A} C Y (with A a countable set) is locally finite, then the collection of
the closures {U, : 1 € A} C Y is also locally finite. Moreover, for the closure of
the countable union (_J, _, U, we have

UseaUn = Usea U 1)

Indeed, if (y,) C (U, U is a sequence converging to apoint y € Y, welet U C Y
be an open neighborhood of y such that U N U, = & for all but finitely many A € A;
denote the finite set of exceptions by

F:={LeA:UNU, # o}.
Then for n sufficiently large we have

ymeun L_J)LEAU)L C U)\EFU}” hence y e LJ)LEFU}L = LJ)LGFZT)L C UAEAIT}»'

The converse inclusion is trivial.

Assume now that a discrete group G acts by isometries on a proper metric
space Y. An open set D C Y is called a fundamental domain for the action of
GonY,if

Y=|Jg-D. and gDND=2 forallgeG\ (e}

it is said to be locally finite (for the action of G on Y) if the collection of sets
{g - D:g € G} is locally finite; notice that this is equivalent to the fact that for any
compact set K C Y the number

#HgeG:KNg-D +# @)
is finite.
For our purposes we will need a fundamental domain for the action of I" on

G whose boundary is negligible with respect to the measure m on G inducing the
Ricks measure on I'\G (which is defined by (19)):

Lemma4.4. Let X, T <Is(X), u—, s+,  and A < oo as in Theorem 4.2. Then
there exists a T'-invariant subset G' C G of full m-measure and a locally finite
Sfundamental domain D C G’ for the action of T on G’ which satisfies m(dD) = 0.

Proof. We denote
F = {veQ:yv:vforsomey eF\{e}}

the set of parametrized geodesics in G which are fixed by a nontrivial element in I".
Notice that this set is nonempty only if I" contains elliptic elements.
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Obviously F is closed, I'-invariant and invariant by the geodesic flow. Moreover,
F N Z is a proper subset of the support of m. By ergodicity of mr we conclude
that m(F) = 0.

Choose a point x € X with trivial stabilizer in I". Let Dr C G denote the open
Dirichlet domain for I with center x, that is the set of all parametrized geodesic
lines with origin in

[zeX:d(z,x) <d(z, yx) forall y € T\ {e}};
then by choice of x we have
yDrNDr =@ forally eI\ {e}.

Moreover, Dr is locally finite as X is proper and I' is discrete. Notice that in
general Dr need not be a fundamental domain for the action of I" on G, because

UyGFVZD_F g g

is possible as the following example provided by the anonymous referee shows:
If X is the universal cover of a bouquet of circles of length 1 (that is a regular
tree), I' < Is(X) the group of deck transformations (which does not contain elliptic
elements) and x € X the midpoint of an edge E of X, then the closure of the
Dirichlet domain Dr C G with center x consists of all parametrized geodesics v
with origin v(0) € E and E C v(R). But if w € G is a parametrized geodesic with
w(R) N E = {w(0)}, then w ¢ U, er ¥Dr.
For this reason we consider the “enlarged boundary”

IDr = {v € G:d(v(0), x) =d(v(0), yx) for some y € '\ {e}
and d(v(0), x) <d(v(0), yx) forall y € F} D J0Dr
and use the set
Dr :=DrUdDr

instead of the closure Dr of the Dirichlet domain. Then obviously
Uyeryl’)} —G, and FNDrCdDr.

However, the problem is that in general the boundary dDr of the Dirichlet do-
main (and also the enlarged boundary 3Dr) is very complicated, and in particular
m(dDr) = m(dDr) > 0 is possible.

In order to get a fundamental domain with boundary of zero m-measure we
will therefore modify the Dirichlet domain Dr in a neighborhood of the enlarged
boundary dDr as proposed by Roblin [2003, p. 13]: We first choose a covering of
dDr \ F by a locally finite family of open sets {V,, :n € N} C G\ F with a uniform
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upper bound on the diameter with respect to the distance function d; introduced in
(6) such that for all n» € N we have

m@V,)=0 and V,NyV,=2 forall y eI\ {e}.

We first claim that the family of subsets {I" - V,; : n € N} C G\ F is still locally
finite. For the proof we choose for each j € N a point v; € V; N 5Dr; there exists
r > 0 such that V; C B,(v;) for all j € N. Since the map p:G — X, v+ v(0)
is 1-Lipschitz, we also have pV; C B,(pv;) for all j € N. Moreover, v; € dDr
implies that d(pv;, yx) > d(pv;, x) forall y €T.

Now assume that the family {I" - V,,: n € N} C G \ F is not locally finite. Then
there exists an open set U C G\ F and infinite sets {yx :k e N} C T, {jr:keN} CN
such that U Ny, V;, # & for all k € N. Let R > 0 such that pU C Bg(x), where x
is the center of the Dirichlet domain. For k € N we pick uy € U Ny, V), ; passing
to a subsequence if necessary we can assume that (u;) converges to a point u € U.
Since I' is discrete and {y; : k € N} is infinite, we know that d(x, yk_l pu) — 0O as
k — o0, hence for all k sufficiently large we have y,:l pug & Brior(x).

Let k € N such that d(x, y,;lpuk) > R+2r. Notice that uy € yxV;, C vk B-(v},)
implies d(yk_lpuk, pvj,) < r and hence

d(x, pvj) = d(x, v pur) —=d(pvj, v ' pur) > R+2r —r = R+r.

By choice of v;, C dDr we further know that d(pvj,yx) > d(pvj, x) for all
y €I, hence in particular

d(x, yrpvj) >d(x, pvj) > R+,
and therefore

d(-xa puk) Zd(-xa Vkpvjk) _d(p”k, ykpvjk) > d(-x’ ijk) —r> Ra

this is an obvious contradiction to pU C B (x).

We are now going to construct the desired fundamental domain. We start with
the Dirichlet domain Dy := Dr from above and set D; := (DO \I"- \71) UV CG\F.
This set is open as a union of two open sets, and it is still locally finite for the
action of I" on G \ F; obviously we have y - D;ND; = & for all y € I' \ {e}. Hence
defining D, := (D,,_; \I"- V) UV, forn eN, we get a sequence of open subsets
of G\ F each of which is locally finite for the action of I" on G \ F. The limit of
this sequence exists and equals

D= (Do \UZT-V) U2 (Vi\Uis,T - V).

We claim that D is a locally finite fundamental domain for the action of I" on G \ F,
but now with boundary 0D of m-measure zero as it is contained in

U T8V, UF.
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We first show that G\ F C I'-D: So let v € G\ F arbitrary. As Uyer y Do=G
we may assume without loss of generality that v € Dy. Forve Do\ ;o -V, CD
we are done, so let

vedD U, T-Vi c U, TV,

(as {V, :n € N} is an open covering of 3Dy \ F). Let £ € N be the largest integer
such that v € T - V;; such £ exists by local finiteness of the family {I"- V, :n € N}.
Hence for some y € I we have v € y V; \ Ui T V; C yD, which proves the claim.

We next show that D is locally finite for the action of I on G \ F. Notice that
D CDyU Uj’; 1 Vs as Dy is locally finite it suffices to prove that the collection of
sets {y . U(j’il Viiy e F} C G\ F is locally finite. But this follows directly from
the local finiteness of the family of sets {T"- V,:n e N} C G\ F.

We finally show that 3D C ([ J72, T'-9V; UF. As

D C (Do \UZ T - Vi)Ua(UjZ (Vi\Uin; T-Vi))UF,
the claim will follow from the inclusion
(U T-Vi)NG\F Cc U T-aVi.
But v € o(U;2 T - V;) NG\ F implies v ¢ [ J2, T - V; and
ve TSI Ving\F ¢ UZ,r W

according to (21), hence the assertion is true. O

5. Mixing of the Ricks measure

Let X be a proper Hadamard space as before, and I' < Is(X) a discrete rank one
group with Zr # &. Notice that if X is geodesically complete, then according
to Proposition 1 in [Link 2018] the latter condition is automatically satisfied. We
further fix a point 0 € X.

From here on we will assume that ;_, p are nonatomic, finite Borel measures
on 0X with py (Lrlé“d) = u+(0X). We will further require that for the quasiproduct
geodesic current (L ~ (U— & M+)|300R on 05 R the constant A defined in (20) is
finite.

From Theorem 4.1 and Definition 3.8 we immediately get that the set

{u € T\G : u is positively and negatively recurrent}

has full mr-measure (which is equivalent to conservativity of the dynamical sys-
tem (00, gr, ). Moreover, according to Theorem 4.2 the dynamical system
(000G, gr, 1) is ergodic and we can use its Corollary 4.3.
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Our proof of mixing will closely follow Babillot’s idea [2002]. However, as
she only gives the proof for cocompact rank one isometry groups of Hadamard
manifolds, for the convenience of the reader we want to give a detailed proof in our
more general setting, which includes arbitrary discrete rank one isometry groups of
non-Riemannian Hadamard spaces. We also emphasize that her set R in [Babillot
2002] is defined as the set of unit tangent vectors v € SX = G which do not admit
a parallel perpendicular Jacobi field; this is in general a proper open subset of
our set R (which was defined as the set of parametrized geodesic lines with finite
width) which is contained in Z. In particular, her Proposition-Definition below
Lemma 2 in [Babillot 2002] is not true when considering our set R instead of hers.
We therefore have to work on the set Z (which is not open in R) and use —up
to a constant factor — the cross-ratio introduced by Ricks [2017, Definition 10.2]
instead of Babillot’s.

From the Busemann function introduced in (4) we first define for (§, n) € 000G
the Gromov product of (£, n) with respect to y € X via

Gry(&, n) = 2(B: (v, 2) + B, (3, 2)). (22)

where z € (§n) is an arbitrary point on a geodesic line joining & and 5. It is
related to Ricks’ definition following [Ricks 2017, Lemma 5.1] via the formula
Gry(§,n) = —2B,(&, n) for all (§, n) € 0o0G. We then make the following:

Definition 5.1 [Ricks 2017, Definition 10.1]. A quadruple of points (£1, &, &3, &4) €
(ax )4 is called a quadrilateral, if there exist v(3, V14, V23, U24 € R such that

doovij = (§;, &;) forall (i, j) € {(1,3),(1,4),(2,3), 2, D}

The set of all quadrilaterals is denoted Q, and we define
4
Qr=29n(Lr)".

Definition 5.2 (compare [Ricks 2017, Definition 10.2]). If (§,&',n,n') € Qisa
quadrilateral, its cross-ratio is defined by

CR(, &, n, 1) =GCr,(§, ) +GCr, (&', n') — Gro(§, n') — Gro(&', ).

Notice that our definition corresponds to Ricks’ via

CR(S’ 5/, n, 7]/) = _2B("$s 5/, n, 77/)

The properties of a cross-ratio listed in Proposition 10.5 of [Ricks 2017] are there-
fore satisfied for our cross-ratio CR. We further have:

Lemma 5.3 [Ricks 2017, Lemma 10.6]. If g € Is(X) is axial, then its translation
length €(g) is given by

£(g) =CR(g". g% & g8).
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From this we immediately get:

Proposition 5.4. The length spectrum {£(y):y € I" axial} of T is a subset of the
cross-ratio spectrum CR(Qr).

Theorem 5.5. Let I' < Is(X) be a discrete rank one group with nonarithmetic

length spectrum and Zr # . Let (i, i+ be nonatomic finite Borel measures on
X with s (L) = 4 (3X), and

m~(n-® M+)|3OOR

a quasiproduct geodesic current defined on d-R for which the constant A defined
by (20) is finite. Let my be the associated Ricks measure on I'\G. Then the dynam-
ical system (I'\G, gr, mr) is mixing, that is for all Borel sets A, B C I'\G with
mr(A) and mr (B) finite we have (with the abbreviation ||mr| = mp(I'\G))
mr(A)-mr(B)

if my is finite,
lim mr(Amg;fB):{ e fomr i
t—=+o00 0

if mr is infinite.

Proof. We first remark that mixing is equivalent to the fact that for every square
integrable function ¢ € L?(mr) on I'\G the functions ¢ o gl converge weakly in

L? (mr) to the constant
1
d
Il / pamr

as t — +o0o0. Moreover, since the continuous functions with compact support are
dense in L>(mr) it suffices to show that for every f € C.(I'\G)

1
fogtr—>—/fdmr
o

weakly in L%(mr) as t — +o0.

We argue by contradiction and assume that mr is not mixing. Then there exists
a function f € C.(I'\G) (without loss of generality we may assume [ f dmp =0
if mr is finite) and a sequence (¢,) /' oo such that f o g{f does not converge to 0
weakly in L%(mr) as n — oo. By [Babillot 2002, Lemma 1] there exists a sequence
(sy) /" oo and a nonconstant function ¥ € L?(mr) such that

fogir >V and fogr"—>W

weakly in L?(mr) as n — oo. Without loss of generality we may assume that W
is defined on all of '\G. Let ¥ : G — R denote the lift of ¥ to G and smooth it
along the flow by considering for T > 0 the function

~

T
v, Q— R, vn—)/ W (g'v)ds.
0
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For fixed ¢ > 0 sufficiently small W, is still nonconstant, and now there exists a set
E" C 3G of full ji-measure such that for all v € 3! E” the function

hy :R—>R, 1> W.(g'v)

is continuous. Notice that according to Theorem 4.1 we can assume E” C 95, 2
as 00 21+ has full fi-measure in 0,,G. To any such function we associate the set of
its periods which is a closed subgroup of R; it only depends on (v—, v*) € E”. This
gives a map from E” into the set of closed subgroups of R which is I'-invariant as
0, is. By ergodicity of it (Theorem 4.2) this map is constant jt-almost everywhere.

Assume that this constant image is the group R. Hence for p-almost every
(v™, v") € E” every real number is a period of A, for some v € Bo_ol(v_, v™) which
is only possible if /4, is independent of 7. In this case U, induces a -invariant
function on a subset E’' C E” C 052 of full ji-measure. Again by ergodicity
of i this function is constant, which finally gives a contradiction to the fact that
‘35 is nonconstant. So we conclude that there exists a subset E’ C Joo 21 ¢ of full
p-measure and a > 0 such that the constant image of the map above restricted to
E’ is the closed subgroup 2aZ.

In order to get the desired contradiction, we will next show that the cross-ratio
spectrum CR(Qr) is contained in the closed subgroup aZ. We denote f : G — R
the lift of f to G, and define

fe:G— R, vr—>/8f~(gsu)ds'
0

Since f is ['-invariant, fg is also I'-invariant and therefore descends to a function
fe. on I'\G. Moreover,

fe oglsq” — V¥, and f; oglfs” — Y,

weakly in L%(mr) as n — 0o, where W, € L?>(mr) is the function induced from the
T-invariant function ¥, above. According to the classical fact stated and proved
in [Babillot 2002, Section 1] there exists a sequence (n;) C N such that W, is the
almost sure limit of the Cesaro averages for positive and negative times

| & | &
Sn —Sn
ﬁzfsogrk and FZfSOgF k.
k=1 k=1

We denote {Ivlj , \TJ; the lifts of the almost sure limits of the Cesaro averages above
and consider the set

Qi={ue ZF Ul (w), U, (u) exist and U () = U (u) = U, (u)};
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from the previous paragraph and the fact that 0., Z1°° has full fi-measure we know
that 9,02 has full fi-measure. The same is true for the set E := E'N 9002, Where
E' C 050 2[° is the set of full ji-measure from the first part of the proof. So in
particular v € 9! E implies that the periods of the continuous function 4, € C(R)
are contained in the closed subgroup 2aZ.

Since f is the lift of a function f € C.(I'\G), both f and f, are uniformly
continuous. So if u, v € Q C 9! E are arbitrary, then according to Lemma 3.5 we
have the following statements:

(a) If u™ = v and By+ (u(0), v(0)) = 0, then W (u) = U (v).
(b) If u~ = v~ and By~ (u(0), v(0)) =0, then ¥ (1) = ¥ (v).

Now according to Corollary 4.3 the sets

E:={£€0dX:(5,n) € E for u*-almost every n’ € 0X} and
E*:={nedX: (& n) €E for u” -almost every £ € X}
satisfy u_(E7) = u_(3X), uyr(E") = u,(3X), hence E~ x E* has full ji-

measure.
We first consider the set of special quadrilaterals

S={E & n,n):¢EnNeENE" XED), (¢.1),En), ., neE}Cor.

Solet (§,n) € EN(E~ x E™) and choose (¢/, ') € E such that (§', n) and (&, n)
also belong to E. In order to show that the cross-ratio CR(€, &', , ) belongs to
aZ we start with a geodesic v € 80_01 &, n).

Let v; € 3 (&, n) such that B, (v(0), v1(0)) = 0, v, € 3 (&', ') such that
Be (v1(0), v12(0)) =0, v3 € 80_01 (¢, n") such that B, (v2(0), v3(0)) = 0 and finally
V4 € Bgol (&, n) such that Bg (v3(0), v4(0)) = 0. Then according to (a)

UF ) =T ) =¥, ()
by choice of €. Moreover (b) gives

U, () =¥ (v2) = U ().
Again by (a) we get

U (ug) = U (v3) = U, (v3)
and by (b)

U (v3) = U, (vg) = B (va).

Altogether this shows \AI;S(U4) = \TJS (v), and since 0o V4 = 0oV We know that there
exists ¢ € R such that v = g'v4. Hence 1 is a period of the function /4, and therefore
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t €2aZ (as 0V € E’). On the other hand, we have

2CR(, &, 0, 1) =2(Gro (&, 1) + Gro(¢', n') = Gro(§, ') — G, (8", 1)
= B¢ (0, v(0)) + B, (0, v(0)) + Bz (0, 12(0)) + By (0, 12(0))
— Bz (0, v3(0)) — By (0, v3(0)) — By (0, v1(0)) — By (0, v1(0))
= B, (v1(0), v(0)) + By (v1(0), v2(0)) + By (v3(0), v2(0))

=0 =0 =0
+ B (v4(0), v3(0)) +B; (v3(0), v(0))
—_—
=0

= Bz (v4(0), v(0)) = Be (v4(0), v4(1)) =1 € 2aZ,

hence CR(&, &', n, ') € aZ. This proves that CR(S) C aZ.

Finally, since the cross-ratio is continuous and the set of special quadrilaterals
S is dense in Qr, the cross-ratio spectrum CR(Qr) is included in the discrete sub-
group aZ of R. So according to Proposition 5.4 the length spectrum is arithmetic
in contradiction to the hypothesis of the theorem. ([

We will often work in the universal cover X of I'\ X and therefore need the
following

Corollary 5.6. Let I' < Is(X) be a discrete rank one group with nonarithmetic

length spectrum and Zr # . Let i, i+ be nonatomic finite Borel measures on
X with (L) = uy(3X), and

IEL ~ (IL— ® M+)|3OOR

a quasiproduct geodesic current defined on d-R for which the constant A defined
in (20) is finite. Let mr be the associated Ricks measure on I'\G, A, B C I'\G
Borel sets with mp (A) and mr(B) finite, and A, B C G lifts of A and B. Then

mA)mB) oo
lim (Z m(A~ ﬂg_tyé)) _ { T if mr is finite,

t—=+00 . .. .
yel 0 if mr is infinite.

Proof. According to Lemma 4.4 there exists a I'-invariant subset G’ C G of full
m-measure and a locally finite fundamental domain D C G’ for the action of I" on
G’ with m(0D) = 0. Notice that for any measurable function & € L' (mr) with lift
h:G— R the integral fD hdm is independent of the chosen fundamental domain
D C G as above. Moreover, we obviously get from (17) and (18)

/Edm:/ hdmr.
D g

Now let A, B C I'\G be Borel sets with m(A) and mr (B) finite, and A,BCg
lifts of A and B. Without loss of generality we may assume that A, B C D. For
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t € R consider the function /, € L' (mr) defined by

h[ = 1AmgF—tB.
For its lift /1, and v € G we have

h,(v)=1 ify've Ang~'yB forsomey’, y €T,

and ﬁ,(v) = 0 otherwise. So

mp(AﬂgFtB)zf h,dmr=/ fz,dm:Zm(Aﬂg‘tyé).
g D yel

The claim now follows from Theorem 5.5, because
mr(A)=/ 14 dmr =/ 1ridm=m(A) and mr(B)=m(B). O
Mg D

Notice that in general it is not so easy to determine whether a discrete rank one
group has arithmetic length spectrum or not. As mentioned before, if ' < Is(X)
has finite Ricks—Bowen—Margulis measure and satisfies L = X, then according
to Theorem 4 in [Ricks 2017] the length spectrum of I' is arithmetic if and only
if X is a tree with all edge lengths in ¢N for some ¢ > 0. This includes Babillot’s
observation that for cocompact discrete rank one groups of a Hadamard manifold
the length spectrum is nonarithmetic. Moreover, we recall a few further results:

Proposition 5.7. Let X be a proper CAT(—1) Hadamard space. A discrete rank
one group I' < 1Is(X) has nonarithmetic length spectrum if

o I" contains a parabolic isometry [Dal’bo and Peigné 1998],

o the limit set L1 possesses a connected component which is not reduced to a
point [Bourdon 1995],

» X is a manifold with constant sectional curvature [Guivarc’h and Raugi 1986,
Proposition 3],

o X is a Riemannian surface [Dal’bo 1999].

6. Shadows, cones and corridors

We keep the notation and conditions from the previous section. So in particular
X is a proper Hadamard space and I < Is(X) a discrete rank one group. For our
proof of the equidistribution theorem we will need a few definitions and preliminary
statements. Recall that for y € X and r > 0 B,(y) C X denotes the open ball of
radius r centered at y € X. The shadow of B,(y) C X viewed from the source
x € X is defined by

O, (x,y):={n€dX:0,y,(Ry)NB,(y) # T}
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this is an open subset of the geometric boundary 0X. If £ € 0X we define

O, (&, y) :={n € 0X : there exists v € 80_01 (&, n) with v(0) € B, (y)}
={nedX:(§,n) € 9G and d(y, (§n)) <r}.

Notice that due to the possible existence of flat subspaces in X a shadow O, (§, y)
with source & € 9X need not be open: In a Euclidean plane such a shadow always
consists of a single point in the boundary, no matter how large r is. In our context,
the shadows with source £ in the boundary 90X will be larger, but still not necessarily
open.

Remark. If & is the positive end point v+ of a weakly Is(X)-recurrent geodesic
v € Z, then Lemma 3.4 and Lemma 2.1 imply that O, (&, y) is open for any y € X.

More generally, if there exists a geodesic u € Z with u™ =& and u(0) € B,(y),
then according to Lemma 2.1 the shadow O, (£, y) contains an open neighborhood
of u~ in 90X, but need not be open: If u is not Is(X)-recurrent, then this open
neighborhood of #~ can be much smaller than O, (€, y), and there might exist a
point n € O, (&, y) such that (§n) is isometric to a Euclidean plane. But £ cannot be
joined to any point in the boundary of (§7n) different from 7, no matter how close it
is to n. In this case, every open neighborhood of 7 intersects the complement of the
shadow O, (&, y) in dX nontrivially (as this complement includes all the boundary
points which cannot be joined to £ by a geodesic), hence n € 10, (&, y).

We will now prove that this cannot happen if 7 is the end point of an Is(X)-
recurrent geodesic v € Z, that is if  belongs to the set

dX"™ := {n € 0X : there exists v € Z Is(X)-recurrent with n = v™}. (23)

Lemma 6.1. Let £ € 0X, x € X and r > 0 arbitrary. Then for the closure O, (&, x)
and the boundary 00, (&, x) of the shadow O, (&, x) C 0X we have

(a) Or(§,x) C{L €0X:(§,¢) € 80G and d(x, (§0)) <r},
(b) 00, (&, x) N0X™ C {¢ € 0X™\ (£} :d(x, (§¢)) =T}

Proof. In order to prove (a) we let ¢ € O, (&, x) be arbitrary. Then there exists a
sequence (&) C O, (&, x) with ¢, — ¢ asn— o0o. ForneNweletv, =v(x; &, ¢,) €
G as defined in (8), hence in particular v, =&, v = ¢, and v,(0) € B, (x). Passing
to a subsequence if necessary we may assume that v,(0) converges to a point
z € B.(x) (as B,(x) is compact). Recall the definition of the Alexandrov angle
from (3). According to Proposition 11.9.2 in [Bridson and Haefliger 1999] we have

L,(§,¢) > limsup Zvn(O)(%‘a ln) =m,

n—oo
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since v, (0) is a point on the geodesic v, joining £ to ¢,. From /,(&, ¢) € [0, ]
we therefore get /. (&, ¢) = m, hence z € B,(x) is a point on a geodesic joining &
to ¢, and in particular (£, ¢) € 05G. This proves (a).

For the proof of (b) we let { € 00, (&, x) N X" be arbitrary. By definition of
the boundary we know that ¢ € O, (&, x) and that there exists a sequence (1,) C
X \ O,(,x) with n, — ¢ as n — oo. From (a) we know that (£, {) € 050,
hence in particular ¢ # &, and that d(x, (§¢)) <r. So it only remains to prove that
d(x,(E8) =r.

We will prove that every point n € (3X™°\ {£}) N O, (&, x) is an interior point of
O, (&, x): Then d(x, (§¢)) < r would imply that ¢ is an interior point of O, (&, x)
and therefore cannot be the limit of a sequence (n,) C dX \ O, (&, x), in contradic-
tion to ¢ € 90, (&, x).

So let n € (0X™°\ {£€}) N O, (&, x) be arbitrary. From Lemma 3.4 we get that
(§,1) € 00Z, and with v :=v(x; &, n) € Z we have d(x, v(0)) =d(x, (§n)) <r.
Fix e = %(r —d(x, (¢ n))) > (. According to Lemma 2.1 there exists an open neigh-
borhood U C 8X of 1 such that any u € G with u™ =& and u™ € U satisfies u € R
and d(v(0), u(R)) < &. Let n’ € U arbitrary and u € 3! (€, n') be parametrized
such that d(v(0), u(0)) < ¢. Then

d(x, (') <d(x, u(0)) <d(x, v(0) +d@(0), u(0)) <d(x, (En) +e
<d(x,EM) + 5(r—d(x, (En)) <r. O

Instead of using the boundary 00, (¢, x) we will work in the sequel with the set

00, (€, x) :={n € 3X : (&, ) € 3G and d(x, (1)) =1} (24)

whose intersection with X" may be strictly larger than 0O, (€, x) N dX"™. Notice
that every point n € (0X™°\ {£§}) N (80X \ 90, (£, x)) is an interior point of the
complement 0X \ 00, (§, x) of 30, (§, x) in 0X.

Remark. The converse inclusions “D” in the above Lemma 6.1 are wrong in gen-
eral: If X is a 4-regular tree with all edge lengths equal to 1, then

O, x) =0, x)={nedX\{§}:d(x, (En) < [r] =1},

where [r] € N is the smallest integer bigger than or equal to r. So for n € N we
have

On(. x) C {n € dX \{£}:d(x, (Em) <n}.
Moreover,
IO, (&, x) = {n € X \ (£} :d(x, (En)) =n)
={ne€dX\{E}:n <d(x,(En) <n+1}
= Op1(E. )\ On (&, x) # 2,
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whereas the boundary 00, (€, x) is always empty. Since all points in 0X are Is(X)-
recurrent, this shows that for all n € N

2 =00,(5,x) NX™ C 0, (&, x) = (¢ € X"\ {§}:d(x, (§0)) =n}.

We will further need the following refined versions of the shadows above which
were first introduced by Roblin [2003]: for r > 0 and x, y € X we set

O, (x,y) :={n € 0X :Vz € B,(x) we have o, ,(R;) N B, (y) # 9},
Of(x,y) :={n € 8X : 3z € B, (x) such that o, ,(Ry) N B, (y) # 2}.

It is obvious from the definitions that for any o > 0 and for all x’, y’ € X we have
dx,x'y <pandd(y,y) <p = Of(x,y) C O/, ,(x", ). (25)

Notice also that O, (x, y) need not be open as it is an uncountable intersection
of open sets O,(z, y) with z € B,(x) (for a concrete example see the remark on
page 820). If £ € 9X, we set

07 (6, 9) =0, ) =0, y).
Remark. In the middle of page 58 of [Roblin 2003] it is stated that in a CAT(—1)-

space X every sequence (z,) C X converging to a point £ € 3X satisfies

lim OF(zy, x) = O, (£, x).

n—oo

This is not true in a CAT(0)-space as the following example shows:

Let X be the Euclidean plane, x € X the origin (0, 0), and identify dX with
S' =0, 27). Let £ = 7 and r > 0. Then obviously O, (€, x) = {0}.

For n € N we define ¢, :=1/n and z,, := (—rn cos(gy), —rn sin(<p,,)), hence

Ox.z, (—00) = Uzn,x(oo) =¢, and (z,) > &=m.
By elementary Euclidean geometry we further have O, (z,, x) = {¢,}, and thus
Tim O] (2, ) = @ # 0} = 0,8, %).

However, the following statement will be sufficient for our purposes.

Proposition 6.2. Let £ € 0X, x € X, r > 0 and recall the definitions of 5(’), (&, x)
from (24) and of 9X™° from (23). Then for every sequence (z,) C X converging to
& the following inclusions hold:

(a) lim sup(O;° (24, x) N 3X™) C (O, (&, x) UJO, (&, x)) NIX™,

n—oo

(b) lim inf(Ori(zn, x)N3X™) D O, (&, x) NIX™.
n—oo
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Proof. Let us first prove (a), which will follow from

lim sup(O; (24, X) N 3X™) C (O, (&, x) UJO, (&, x)) NIX™.
n—oo

If ¢ € limsup,_, (O} (z,, x) N 9X™°), then for all n € N there exists k, > n such
that ¢ € O (zx,, x) N X™°. Moreover, by definition of X" and Lemma 3.4 there
exists w € Z with w™ = ¢ and wt = £. Reparametrizing w if necessary we may
assume that its origin w(0) satisfies B, (x, w(0)) = 0.

Passing to a subsequence of (zj, ) if necessary we may assume that either (zx, ) C0X
or (zx,) C X.

Fix n € N. If zx, € 0X we choose a geodesic line

up €9 (¢, zx,)  with u, (R)N B, (x) # 2.

If zx, € X we first let 0, be a geodesic ray in the class of ¢ with 0,,(0) € B, (zx,)
and 0,(R;) N B, (x) # &, and then u, € G a geodesic line with u,, = ¢ whose
image in X contains o,,(R,) (that is —u, € G extends the ray o,,). From ¢ € 9X™¢
and Lemma 3.4 we know that in both cases u, € Z; up to reparametrization we
can further assume that B; (x, u,(0)) = 0.

By choice of u, we further know that d (x, u,(R)) < r; we fix s, € R such that
d(x, u,(sy)) =d(x, u,(R)) (which is equivalent to g*u,, = v(x; ¢, £)). Then

I$n| = 1B¢ (un(0), un(sp))| = By (x, un(sp))| < d(x, un(sn)) <r.  (26)

In the easy case that (zx,) C X we have (u) = (zx,) — &, so (u,) converges
weakly to w € Z.

Otherwise, for n € N we choose 1, € R such that u,(¢,) = 0,(0) € B,(zx,).
Since (zx,) converges to & we also have u,(t,) — &, hence (#,) / co. From the
estimate (26) we get d(x, u,(0)) < 2r, so u,(t,) — & implies u,;’ — &, which
proves that also in this case (u,) converges weakly to w € Z.

Passing to a subsequence if necessary we may now assume that the sequence
(sp) from above converges to s € [—r, r] and that (u,) converges to w in G (by
Lemma 2.2). This finally gives

d(x, w(R)) <d(x, w(s))
< Tim (d(x, tn(sn)) +d(tn(50), W(sn)) +d(W(sn), w(s))) <.

<r —0 =|sp—s|—>0

For the proof of (b) we let { € O, (&, x) N 0X™° be arbitrary. By definition of
0X™° and Lemma 3.4 there exists w € Z with w™ =§, wt = ¢. Reparametrizing
w if necessary we may assume that w = v(x; &, ¢), hence d(x, w(0)) <r.

Since B, (x) is open, there exists € > 0 such that B.(w(0)) C B,(x). According
to Lemma 2.1 there exist neighborhoods U, V C X of w™, w* such that any two
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points in U, V can be joined by a rank one geodesic u € R with d(u(0), w(0)) <€
and width(u) < 2¢. As z, — & = w™ there exists n € N such that for all k > n
we have B,(zx) C U if z; € X respectively zx € U if zx € 9X; for these k we
immediately get { = w™t € O (zx, x) C O (zx, x) (since Be (w(O)) C B, (x)). O

We now fix nonatomic finite Borel measures p_, 4 on 0X with ui(LrF"‘d) =
p+(9X) and such that it ~ (u— ® j1y)| 5., 18 @ quasiproduct geodesic current on
000 R for which the constant A defined by (20) is finite. We will need the following:

Lemma 6.3. Let & € 0X, x € X and recall definition (24). The set

{r>0:u:0,(, x) > 0}

is at most countable.

Proof. We first notice that the sets 90, (£, x) are disjoint for different values of r.
Hence by finiteness of , we know that for n € N arbitrary the set

Api=1{r>0: 1130, x)) > 1/n)

is finite. Therefore the set {r > 0:u+(5(9r (£,x)) > 0} = [J,ecnAn is at most
countable. O

From Proposition 6.2 we get the following estimate on the p4-measure of the
small and large shadows with source in the neighborhood of a given boundary
point.

Corollary 6.4. Let & € 0X, x € X and r > 0 such that
1 (Op(, X)) >0 and pi (0., x)) =0.
Then for all € > 0 there exists a neighborhood U C X of & such that for all z € U
e 14 (0r (€. X)) < ni (07 (2, X)) < 1y (O, (€, x)).

Proof. We first recall the definition of Z7° from (15) and notice that I'\ Z7° has
full mp-measure by Theorem 4.1. So according to Corollary 4.3 we have

u+({§ €03X :(n,¢) € 00 21" for p_-almost every n € 8X}) = 4 (0X).
Hence from the obvious inclusion
{£ €0X :(n,¢) € 00 21¢ for pu_-almost every n € X} C 9X™°

we obtain 4 (0X™%) = uy (0X).
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Since w4 is a finite Borel measure, Proposition 6.2 implies

rec ®) L + rec
4 (Or(E, X)) = 14 (O, (€, %) N0X™) < pu (1im inf(OF (2, %) N 9X™) )

<lim inf,uu+((’);IE (zn, x) N OX™) < limsup 4 ((’);JE (2,1, x) N 3X"™°)
n—>oo

n—oo

<y <lim sup(O* (2, x) N axm))

n—oo

2 1 (O, ) U0, (5.3) NOX™) = 14 (O, (€. %)),
because 1 (00, (&, x)) = 0. So we conclude
Tim g (OF @n, 1)) = im0 (O (20, 1) N9X™) = 44 (O (8, 1)),
hence the claim. O
For a subset A C dX we next define the small and large cones
C (x,A):={z€X:0f(x,z) C A}, o
Crx,A):={z€X:0(x,z2)NA # @}.
Notice that our definition of the small cones C,” differs slightly from Roblin’s in
order to get Lemma 6.8. Moreover, they are related to our large cones via
C (x,A)CCl(x,A) and C (x,A)=X\C(x,dX\A).
From the latter equality and (25) we immediately get:

Lemma 6.5. Let p > 0, xo € B,(x) and yo € B,(y). Then

(a) yeCh(x, A) = yo €Cf, (x0, A),
(b) Y €Crpp(x, A) = yo € C; (x0, A).

This shows in particular that for » < r" we have
CHix,A)cCl(x,A) and C; (x,A)DC., (x,A). (28)
In Sections 8 and 9 we will frequently need the following:

Lemma 6.6. Let x,y € X, r >0, and VcX , V. C 0X be arbitrary open sets.
(a) For A C 30X with A C Vnox only finitely many y € I' satisfy

yy € CE(x, A)\ V.
(b) For A C X with ANax C V only finitely many y € I satisfy

yy € A\CE(x, V).
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Proof. We begin with the proof of (a) by contradiction. Assume that there exists a
sequence (y,) C I such that v,y € C/(x, A) \ V forall n € N. As I is discrete,
every accumulation point of (y,,y) C X belongs to 0X. Passing to a subsequence
if necessary we will assume that y,y — ¢ € Lr C 90X as n — oo.

From y,y € C; (x, A) we know that O (x, y,y) N A # &. We choose a geodesic
line v, € G with v:[ € A whose image intersects B, (x) and then B, (y,y). Up to
reparametrization we can assume that an+ (x, v,(0)) =0 and ij(yny, v, (1)) =0
for some t, > 0. Then by an easy geometric estimate analogous to the one in the
proof of Proposition 6.2 (a) we have d(x, v,(0)) < 2r and d(y,y, v, (t,)) < 2r. By
convexity of the distance function and Oyt (00) = vy (00) = v:[ we get

d(o, ,+(T),v,(T)) <2r forall T > 0.

Hence
d(Yny, Oy vt t2) =d (Y, va(t)) +d (v, (1), Oy vt (ty)) < 4r

which implies v;F — ¢ and therefore ¢ € AcCVnax.

On the other hand, as V is open and y,y ¢ Vforall n € N, we obviously have
¢ V N aX, hence a contradiction. The claim for C (x, A)\ V follows from the
obvious inclusion C; (x, A) C C} (x, A).

For the proof of (b) we assume that there exists a sequence (y,,) C I" such that
Vu) € A \C. (x, V) for all n € N. Passing to a subsequence if necessary we will
assume as above that y,y — ¢ € Lr C 90X as n — oo. Here y,,y € AforallneN
obviously implies ¢ € ANdX cCV.

From y,y ¢ C(x, V) we know that O (x, y,y) ¢ V. We choose a geodesic
line v, € G with vn+ ¢ V whose image intersects B,(x) and then B,(y,y). As in
the proof of (a) we get v;7 — ¢, and therefore ¢ € 9X \ V = 93X \ V since V is
open; this is an obvious contradiction to ¢ € V. Again, the claim for A \CF(x, V)
follows from the obvious inclusion C; (x, V) D C (x, V). O

Before we proceed we will state some results concerning the following corridors
first introduced by Roblin [2003]: for r > 0 and x, y € X we set

L:(x,y) = {(£, ) € 300 : there exists v € 3 (&, 1) and > 0

such that v(0) € B, (x), v(t) € B,(y)}. (29)
Notice that if (&, ) ¢ 0,02, then the element v € 8501 (&, n) satisfying the con-
dition on the right-hand side is in general different from v(x; &, n) (and from
g (&, ).
Remark. The inclusion O, (y, x) x O, (x,y) C £,(x, y) claimed in the middle

of page 58 of [Roblin 2003] is wrong even in the hyperbolic plane H? as the fol-
lowing counterexample provided by C. Pittet shows: Let x = 1 +1i, y = e* 4 ie*
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and r =d(x, «/Ei) =d(y, ﬁe4i) (which is equal to the hyperbolic distance of x
respectively y to the imaginary axis). Then elementary hyperbolic geometry shows
that the geodesic line

o:R—H? tm¢i

satisfies o (—00) € O, (y, x), 0 (00) € O (x, y), but (6(—00), 0(00)) ¢ L, (x,y)
(since o (R) is tangent to the open balls B, (x) and B,(y)). Notice in particular that
none of the sets O, (y, x), O, (x, y) is open.

As a replacement for the above inclusion we will prove Lemma 6.8 below.

From here on we fix r > 0, y € Is(X), points x, y € X and subsets A, B C dX.
The following results relate corridors to cones and large shadows. The proof of the
first one is straightforward.

Lemma 6.7. If (£, £) € £, (x, yy) N (y B x A), then
(yy. vy ') €Cr(x, A) xCH(y. B) and (£.&) € O} (yy, x) x O} (x,yy).
Lemma 6.8. If (yy,y 'x) € C7(x, A) x C; (v, B), then
Lr(x,yy)N(yBxA) D{(§, &) €dX x X :£ €O (x,yy), { €05, 1)}

Proof. From ¢ € O, (¢, x) we know that the geodesic line w =v(x; &, {) € G defined
by (8) has origin w(0) € B,(x). Then v := —w € 80_01 (¢, &) satisfies v(0) € B, (x),
so vt =& € O (x, yy) implies v(r) = ov(0),£(t) € B.(yy) for some t > 0. We
conclude (¢, &) € L, (x, yy).

It remains to prove that ¢ € y B and § € A. By definition (27) yy € C; (x, A)
immediately gives O, (x, yy) C O (x, yy) C A, hence & € A. Moreover, from
(¢, E) € L, (x, yy) we directly get £ € OF (yy,x). So y~'¢ € OF (y, y'x), and
fromy ~'x € C- (v, B) we know that O (y, ¥ ~'x) C B according to definition (27).
Hence y ~!¢ € B which is equivalent to ¢ € y B. U

We will further need the following Borel subsets of G which up to small details
were already introduced by Roblin [2003]:

K (x) ={g'v(x;: &, m): (5. 1) € 0o Z With d(x, (§m)) <7, s € (—1/2,7/2)},
Kf(x,A)={veK,(x):vF € A} = KT, (30)
K- (y,B)={wekK,(y):w eB}=K".

Notice that by definition the orbit of an element v € Z either never enters one of
the sets above or spends precisely time 7 in them.

Moreover, we have the following relation to the corridors £, (x, yy) introduced
in (29):
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Lemma 6.9. Forall y € Is(X) with d(x, yy) > 3r we have
do({KTNgT'yK™:1>0}) =L, (x, yY) N0 ZN(yB x A)

Proof. For the inclusion “C” we let v € K™ N g~y K~ for some ¢ > 0. Then
obviously (£, &) :=(v",v") €02, E=vt € Aand { =v~ € y B. Now consider
u:=v(x; ¢, &) e Zand let T € R such that

v(yy, ¢, &) =g u;

such t exists because (¢, §) € 0,0 Z. From the definition of K, (x) and K,(yy) we
further get |d(x, yy) — t| < 2r; since d(x, yy) > 3r this implies T > r > 0. Hence
(£, &) =@, u*) CL(x,yy).

For the converse inclusion “D” we let (£, &) € L,(x, yy) N0 ZN(y B x A) be
arbitrary. Then by definition (29) there exists v € Z and ¢’ > 0 with

W, v =8, dxv0)<r and d(yy v()) <r.
As above we set u :=v(x; ¢, &) and let T € R such that

v(yy, ¢, &) =g"u.

Since d(x, u(0)) <d(x,v(0)) <r and u™ =& € A we have u € K™, and from
diyy,u(t)) <d(yy,v(t")) <r and u— = ¢ € yB we further get g'u € yK~.
Moreover we have T > r > 0 as above, so the claim is proved. (]

7. The Ricks—Bowen—-Margulis measure and some useful estimates

As before X will denote a proper Hadamard space and I < Is(X) a discrete rank one
group with Zr # &. In order to get the equidistribution result Theorem B from the
introduction we will have to work with the so-called Ricks—Bowen—Margulis mea-
sure: This is the Ricks measure from Section 5 associated to a particular quasiprod-
uct geodesic current fi. We are going to describe this geodesic current now.

Definition 7.1. A §-dimensional I"-invariant conformal density is a continuous
map u of X into the cone of positive finite Borel measures on dX such that for
all x, y € X and every y € I' we have

Supp(/'l’x) C Lra

Valx = fyx, Where yyuy(E) = wx(y "L E) for all Borel sets E C 9X, 31)

S () = 8100
duy
Recall the definition of the critical exponent dr from (1) and notice that in our
setting it is strictly positive, since I" contains a nonabelian free subgroup generated
by two independent rank one elements. For § = dr a conformal density as above can

for any n € supp(uy).
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be explicitly constructed following the idea of S. J. Patterson [1976] originally used
for Fuchsian groups (see for example [Knieper 1997, Lemma 2.2]). From here on
we will therefore fix a dp-dimensional I"-invariant conformal density yu = ((4y)xex-

With the Gromov product from (22) we will now consider as in Section 7 of
[Ricks 2017] and in Section 8 of [Link 2018] for x € X the geodesic current fi,
on d,,G C 0X x dX defined by

diiy (&, ) =eXrO=En1, o (&, n) dp, ) diy ().

As 1y does not depend on the choice of x € X we will write i in the sequel.

Since we want to apply Theorem 5.5 we will assume that ,ux(L}ad) = i, (0X); in
view of Hopf—Tsuji—Sullivan dichotomy [Link 2018, Theorem 10.2] this is equiv-
alent to the fact that I" is divergent. Moreover, it is well-known that in this case
the conformal density p from above is nonatomic and unique up to scaling. So
Theorem 4.1 implies that for all x, y € X we have

din(€, n) =e®rEm dy &) duc(n) =e®?rED dp @) duy, () (32)
and

(x ® /'Lx)(aoozlr“ec) = (Ux @ Ux) (00 Z) = (HX)Z‘

The Ricks measure m on ['\G associated to the geodesic current i from (32) is
called the Ricks—Bowen—Margulis measure. It generalizes the well-known Bowen—
Margulis measure in the CAT(—1)-setting. Moreover, for the measure m from
which it descends we have the formula (19). Notice also that if X is a manifold and
" is cocompact, then the Ricks—Bowen—Margulis measure is equal to the measure
of maximal entropy mllfn described in [Knieper 1998] (this is Knieper’s measure
associated to i from (32)). We further remark that the constant A defined in (20) is
equal to 28 in this case (compare the last paragraph in Section 8 of [Link 2018]),
hence in particular finite.

Fix r > 0, points x, y € X and subsets A, B C dX. We will first compute the
measure of the sets introduced in (30). From (19), (32) and the remark below (30)
we get

m(K*) = / d1x (8) dya () &2 ) / L+ (g v(x: £, ) ds
00 Z
=r f dpe (€) dpa () 2 S,
A O,(,x)
and similarly

m(K™) = r[ dluy(n) dﬂy(g) 6251* Gry(.f;‘,n).
B Or(n,y)
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From the nonnegativity of the Gromov-product (22) and the fact that
Gre(§,m) <r ifneOr (& x)

we further get the useful estimates

r fA dus (€) px (O, (8, x)) <m(K 1) < re®” fA duy (&) 1 (O0-(E, X)), (33)

r / diey (1) 1y (O, (0, y)) < m(K ™) < re®r” fB diey () 1 (O- (1, ).
B

We continue with the important:

Lemma 7.2. Let Ty > 6r, T > To+3r, y €', (§,n) € L, (x, YY) N0 Z and
s € (—r/2,r/2). Then

T+3r
(a) / e 1k, () (g v (x; €, ) di = r e PrTelr Ay
T

' if To+3r <d(x,yy) <T,

T-3r
(b) / e Lk, () (8" v(x; €, ) dr < - e¥rTelrdr),
Tt

0

T—-3r
and/ e g (g u(x; &, ) dr =0
T
° if d(x,vy) < To—3r ord(x, yy) > T.

Proof. Denote v =v(x; &, n) € Z and let T > 0 such that g*v = v(yy; &, ). Since
(&,n) € L,(x, yy), the triangle inequality yields

ld(x, yy) —t| <2r.

By definition of K, (yy) we have g'*v € K, (yy) if and only if |t +s5 — 7| < r/2.
Henceif 1t —s—r/2>Tp and T —s+r/2 <T + 3r, then

T43r T—s+r/2
f e Lk, () (& v(x; £, 1)) dr = / e dr
Tt

0 T—5—r/2
>r. eér(r—s—r/Z) >r. e—3érreérd(x,yy)‘

Now d(x, yy) € (Top+3r,T] and s € (—r/2,r/2) imply
T—s—r/2>dx,yy)—2r—r/2—r/2>Ty and

T—s+r/2<dx,yy)+2r+r/24+r/2 <T+3r,
so (a) holds.
In order to prove (b) we first notice that

T-3r T—s+r/2
f S g (6" (xs £, ) df < / et
T

0 T—5—r/2
<r 'esr(r—s+r/2) <r. 635rre5rd(x,)/Y);
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this proves the first assertion in (b).
Now if d(x, yy) < Ty — 3r, then

T—s+r/2=<d(x,yy)+2r+r =T,
and if d(x, yy) > T, then
T—s—r/2>d(x,yy)—2r—r>T —3r,
hence the integral in (b) equals zero in both cases. U

Moreover, from Lemma 6.9 we immediately get:

Corollary 7.3. Forall y € Is(X) withd(x, yy) > 3r and all t > 0 we have

m(K"Ng™'yK™) = f dp (§) dpx () €2 O 6D
L (x,yy)N(y BxA)

r/2
- / Lk i (8" 0(x: £, 1)) ds.
—r/2

8. Equidistribution

We keep the notation and the setting from the previous section and will now address
the question of equidistribution of I"-orbit points in X. In order to get a reasonable
statement we will have to require that the Ricks—Bowen—Margulis measure mr is
finite:

Theorem 8.1. Let I' < Is(X) be a discrete rank one group with nonarithmetic
length spectrum, Zr # & and finite Ricks—Bowen—Margulis measure mr.
Let f be a continuous function from X x X to R, and x, y € X. Then

: —8rT -1 1
lim 8re o fayyTlo= FE ) due () duy ().
T—00 o Imrll Jaxxox

d(x,yn=T

Our proof will closely follow Roblin’s strategy for his [2003, théoreme 4.1.1]:
Using mixing of the geodesic flow one proves that for all sufficiently small Borel
sets A, B C dX the limit inferior and the limit superior of the measures

T ._ —6rT
Ve y = or-e °r E Dyy ®Dy71x (34)
yell
d(x,yy)<T

as T tends to infinity evaluated on products of “cones” of opening A, B is approx-
imately 11, (A) - iy (B)/|Imr]|.

In the first step we only deal with sufficiently small open neighborhoods of pairs
of boundary points which are in a “nice” position with respect to x and y; then one
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shows that the estimates hold for all pairs of sufficiently small Borel sets A and B.
The final step consists in the full proof by globalization with respect to A and B.
The following Proposition provides the first step in the proof of Theorem 8.1:

Proposition 8.2. Let ¢ > 0, (&9, no) € 0X x 0X and x, y € X with trivial stabilizer
in T and such that x € (§ov™), y € (now™) for some T -recurrent elements v, w € Z.
Then there exist open neighborhoods V, W C 0X of &y, no such that for all Borel
sets ACV, BCW

limsup v, (C (x, A) x CT (v, B)) < & ux(A)pey(B)/Imrl,

T— o0

liminf vy (Cf(x, A) X Cf (v, B)) = €™ e (A) ey (B)/llmr ]l

Proof. Set p :=min{d(x, yx), d(y, yy):y € '\ {e}}.
Let & > 0 arbitrary. We first fix r € (0, min{1, p/3, ¢/(306r)}) such that

[1x (30, (50, x)) = 0 =y (30, (10, ¥))-

Since vt € Lr N O, (&9, x) and w™ € Lr N O, (1o, y), both shadows O, (&), x) and
O, (no, y) contain an open neighborhood of a limit point of I' by Lemma 2.1. So
from supp(j,) = supp(uy) = Lt and the definition (16) of the support of a measure
we have

tx(Op (80, X)) - 1y (Or (Mo, ¥)) > 0.

Moreover, according to Lemma 2.1 and Corollary 6.4 there exist open neighbor-
hoods V, W C X of &j, ng such that if (a, b) € V x W, then a can be joined to v,
b can be joined to w™ by a rank one geodesic, and

e 30, (0, (50, X)) < ux(OF(a, x)) <0, (O, (%o, X)),

(35)
e~y (0, (00, ) < 1y (OF (b, 1)) < 11, (O; (0, ).

Let V, W C 8X be open neighborhoods of &y, 19 such that V C V N9X and
WcCWnNaoX.LetACV,BCW be arbitrary Borel sets.

Roblin’s method consists in giving upper and lower bounds for the asymptotics
of the integrals

T+3r
/ e‘SFIZm(K’Lﬂg_’yK_)dt
To yel

as T tends to infinity: on the one hand one uses mixing to relate the integrals to
tx(A) - iy (B); on the other hand one computes direct estimates for the integrals
to get a relation to the measures v | (Ci(x, A) x CF (v, B)).
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Let us start by exploiting the mixing property. Notice that by choice of r < p/3
and the definition of p we have

K, (x)NyK,(x)=@ and K,(y)NyK,(y) =9 forall y e I'\ {e},

hence the projection map G — I'\G restricted to K is injective. So we can apply
Corollary 5.6 to get

m(KT) -m(K™)

lmrll

; + I
tgr&XEm(K Ng'yK) =
ye

Hence there exists 7y > 6r such that for t+ > T, we have

e Pm(KT) -m(K™) < lmpl|- Y m(KtNg~'yK™)
yell (36)
<ePm(KT)-m(K™).

Combining (33) and the estimates (35) we obtain from A C Vand BC W

re 3% (O, (50, X)) 1t (A) < m(KT) < re®e30u (O, (50, x)) 1 (A),
re 301, (O, (o, Y)) ity (B) < m(K ™) < re®"e?30u, (O, (o, y)) ity (B);

using the abbreviation M = r? (O, (%0, X)) ity (O, (10, ¥)) > 0 and rr < /30,
we get

e /P Muc(A)uy(B) <m(KT)m(K™) <" Mpu(A)uy(B). (37
Hence according to (36) we have for t > Ty

My (A)y(B) < e/ lmr||- > “m(K*ng™yK™),
yel

M (A)py(B) = e P Pmp| - Y m(KTNg™'yK ).
yell

We now integrate the inequalities to get
(= — ) My (A)pay (B)

T-3r

=S / e’ My, (A)u, (B) dt

To
T—-3r

< 626/5”17’[]"” SF/ ear‘l Zm(K"‘ ﬂg_tyK_)7 (38)

To yel
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(e — ) Myt (A)pay (B)

T+3r
= 5F/ e M, (A)py(B) dt
Tt

0

T+43r
26_88/15“’”1“”'51“/ e5FIZm(K+ﬂg_tyK_)- (39)
To yel

We will next give upper and lower bounds for the integrals on the right-hand
side: For the upper bound we first remark that

&.n) el ,(x,yy)NdsxZ implies Gr,(§,n) <r.

Moreover, our choice of Ty > 6r guarantees that KT N g~ 'y K~ # & for some
t > Ty implies d(x, yy) > 3r. Applying Corollary 7.3 we therefore get

T—3r
ort + —t —
e m(K™Ng~'yK™)dt
f, X

0 yel
< f Qs (&) dpey () 217
yer Y Lr(yn(y BxA)
r/2 T-3r
/ (/ 1K,<yy>(g’+sv(x;$,n))e‘s”dt>ds
—r/2 To
< | Qi (©) iy () - €700,
s JeeyyneBxa
d(x,yy)<T

here we used Lemma 7.2(b) in the last step. Lemma 6.7, <1 and the first estimate
in (28) further imply

T-3r
/ e‘S”Zm(K+ﬂg*tyK*)dt
T

0 yel
EE S [ e s ) 05T,
e OF (yy,x) Of (x,yy)
dx,yy)<T

(ry.y~'wecf (x,A)xCf (v, B)

Using the fact that for all n € O (x, yy) we have B, (x,yy) > d(x, yy) — 4r,
I"-equivariance and conformality (31) of p imply

/+ dpey () 9T < My (OF(y T, y).
OF (x.yy)

Moreover, since by Lemma 6.6(a) there are only finitely many y € I" such that

(yy, v 'x) e (€ (x, A) x ¢ (v, BY)\ (V x W),
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restricting the summation to y € I with

(v, v 'x) e (€ (x, A) x ¢ (v, BY) N (V x W)

only contributes a constant C to the upper bound. So with our choice of » <1 and
r <¢&/(308r) we conclude

T-3r
/ e‘WZm(KJrﬂg_tyK_)dt
T

0 yel
< r2e/30 > 1O ¥y, Ny (OF (v 'x, ) +C
yel
d(x,yy)<T

(yy,y ') (x, A)xC{ (v, BNV x W)

(33)
< r2e!le/30 > e (Or (§0, X))ty (Or (n0. ¥)) + C,

yell
d(x,yy)<T R
(ry.y 0 (. A)xC (v, BNV x W)

orT
< e“eBOMeS—VxT,y(CfF("’ A) X Cfr(y, B)) +C.
r

Plugging this in the inequality (38) divided by Me®r(7=3).

constant C’ independent of T')

lmr| we get (with a

1— eﬁr (=T+3r+Tp)

px(A) ey (B)

S628/56118/306381"7");)(Cii-(x’ A) XCi‘r(y’ B))+ C/e—(SrT

<Pyl (CF(x, A) x Cf (3, B)) +Cle™r T,

lmr |l

which proves
liminful, (C}'(x, A) x C (v, B)) = e ux(A)pay(B)/llmr ]|

We finally turn to the lower bound. Using again Corollary 7.3 and the nonnega-
tivity of the Gromov product (22) we estimate

T+3r
/ e‘S”Zm(KJrﬂg_’yK_)dt
To yel

>

dpe (€) dpey (1) €270
r/2
‘ /—r/Z(

zrfeT Y / dpex (&) dpay () - 407,
eI r(x,yy)N(y BxA)

yer /ﬁr(x,yy)ﬂ(yBxA)

T+3r
f 1,y (8" v (x; &, m))e’” dt) ds
Tt

0

Y
To+3r<d(x,yy)<T
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where we used Lemma 7.2(a) in the last step.
By Lemma 6.8, r < 1 and the second estimate in (28) we have for all y € I with
(yy,y~'x) €Cr (x, A) x C (v, B) CC; (x, A) X C; (v, B)
Lr(x,yy)N(yBxA) D{(£,§) €0X x0X : £ € O; (x,yy), { € 0:(£, 1)},
hence

T+3r
f Y m(KTNg Ty K ) dr
To yel

> p2.=¢/10 > / dpae () €TI0 (0, (&, X)),
Or (x,vy)

yell
To+3r<d(x,yy)<T
(yy.y '0)eCy (x,A)xCy (3, BYNV x W)

Notice that
yy el (x,A) CC. (x,A) implies O, (x,yy) C Of(x,yy)CAC %

by definition of the small cones. Hence (35) shows that for all £ € O, (x, yy) we
have

(O, (&, x)) > e 30 u, (0, (&, x)).

By I'-equivariance and conformality of n we further have
[ @ = (0 6 ) 2 e, O )
Or (x.yy)

where the last inequality follows from y ~!x € W and (35). Altogether this proves

T+3r
f Y “m(KTNg Ty K ) dr
To yel

> 7. e/ > 1 (O (€0, X)) 11, (O (o, ¥)).

yel
To+3r<d(x,yy)<T R
(ry.y ~'x)eCy (x,A)xCy (3. BNV x W)

Since the number of elements y € I with d(x, yy) < Tp + 3r or with

(v, y ') e (€ (x, A) x C (v, B)\ (V x W)
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is finite thanks to Lemma 6.6(a), there exists a constant C > O such that

T+3
f +re5rfzm(1<+mg—’y1(—)dt
T

0 yel
> 72 #/0 > 1x (O, (50, X))y (O, (o, ¥)) = €
yell
d(x,yy)<T
(yy,y "' 0)EC] (x,A)xCy (v,B)
60, 7
>e ¢/ M?vx’y(c’f(x, A)x Cy (y, B)) - C. (40)

Plugging this in the inequality (39) divided by Me®r(T+3).

constant C’ independent of 7')

lmr| we get (with a

1— eﬁr (=T -3r+Tp)

tx (A) ey (B)
> e ¥/ Bt /0e7 ] (C (x, A) x €y (y, B)) — Cle ™"

=e /Pyl (Cr(x, A) x C (v, B)) +ClerT,

lmr |l

which proves

limsup v, (Cy (x, A) X C[" (y, B)) < & e (A)pay (B)/Imr|l. O

T—o0

The next Proposition is the second step in the proof of Theorem 8.1:

Proposition 8.3. Let ¢ > 0 and x, y € X arbitrary. Then for all (&, no) € 0X x 9X
there exists r > 0 and open neighborhoods V- C 90X of &, W C 0X of no such that
for all Borel sets ACV, BCW

limsupv] (C7(x, A) x C; (., B)) < e uux(A)uy(B)/|Imr],

T—o00

liminful, (CF(x, A) x C (v, B)) = e e (A)pay(B)/lImr |l
—00

Proof. Let (&g, no) € 0X x 0X be arbitrary. Choose I"-recurrent geodesics v, w € Z
and xo € (§ov™), yo € (now™) with trivial stabilizers in I'. Let V, Wy C 90X be
open neighborhoods of &) and 7 such that the statement of Proposition 8.2 is true
for xg, yo instead of x, y, Vy, Wy instead of V, W and ¢/3 instead of .

Choose open neighborhoods f/\o, Wo of &y, no such that %ﬂaX c Vo, Wonax Wy
and

&
|d (x0, @) —d(x, a) — Bg,(x0, x)| < —,
66r

(41)
[d(yo, b) = d (3, b) = By (yo, y)| < 6%
r
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for all (a, b) € % X Wo. Notice that if a = £ € X we use the convention that
d(xg,a) —d(x, a) = B,(xo, x) and similarly for b = n € dX.

Now let V, W C 0X be nelghborhoods of &y, no such that for the closures we
have V C VO NdX and W C WO N oX. We further set

r =14+ max{d(x, xo), d(y, yo)},

and let A C V, B C W be arbitrary Borel sets. From the choice of r above and
Lemma 6.5(b) we immediately deduce that (yy, y~Ix) € C (x,A) xC (y,B)
implies
(7Y0, 7™~ x0) € Cy (x0, A) X C} (o, B).
For r > 0 we set

Vo, :={z€X:B.(2) C Vo}U(VpNax).

If d(x,yy) < T and (yy,y 'x) € V_, x Wy, then (yyo,y 'x) € Vo x Wy and
hence

d(x0, Yy0) < d(x, yyo) + Be,(x0, X) + 67 =d(yo, ¥~ 'x) + Bg, (x0, X) + @

<d(y, y'x) + By, (yo, ¥) + B, (x0, X) + T
r

< T+ By, (50, y) + Bg,(x0, X) + ——
38r

So we conclude that for 7 > 1
e Ty eTid(, y») =T, (yy, y ') € (C7 (v, A)XC7 (v, B)N (V- x W)}

<ef/3. e (Byy 00, 3)+Bg, (x0,%)) e—dr(T—i-B,m (0, ¥)+Bg, (x0,x)+&/38r)
#{y €T 1d(xo, y30) = T+ By (0, ¥) + Bey (x0, %) +2/30r,
(30, v~ x0) € (CT (0. 4) x CT (o, B)) N (Vo x Wo) .
Since the number of elements y € I' with
(ry, ™' € (G (x, A) x € (v, B)) \ (V- x Wp)
is finite by Lemma 6.6(a), we conclude that

lim sup vxT’y(Cr_(x, A) xC; (v, B))
T—o0
< ¢8/3ar (Bey (x0.0)+ By (30.7))
B B 380 _
Jim sup vxo—:oé‘o(xo X))+ r]()()() y)+e/ F(Cl (X(), A) « Cl (yO, B))

T—o00

< eZs/3e8r (Bg0 (x0,X)+By, (yovy))MxO (A)Myo (B)/|lmr|,
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where we used Proposition 8.2 in the last estimate.
Now foré e AC VpnoX and n € B C WyNoX we get from (41)

P €
Be, (x0, x) < Be(x0, x) +——,  Byy(yo, ¥) < B;(y0,y) + —.

65r 65F
hence

C‘SFBEO(XO’X),UJXO (A) :/ CSFBSO(XO’X) d/'LXO(S)
A

<etfe [ et 0 g ) L e ),
A Hx

and similarly
e(Sl“Bno (yo,y)uyo (B) < e8/6uy (B)

This finally proves

limsup v! | (C; (x, A) x C; (y, B)) < e jux(A)py(B)/|Imr]|.

T— o0

The proof of the inequality for the limit inferior is analogous.

833

O

Proof of Theorem 8.1. Let x, y € X and ¢ > 0 arbitrary. For (&, ng) € 0X x 0X we
fix r > 0 and open neighborhoods V, W C dX of 50, no such that the conclusion
of Proposition 8.3 holds. Choose open sets vV, W e X with VNoX =V and

WnNnox = W, and let A\, B C X be Borel sets with A C V, B C W and

(tx ® 1) (3(A x B)) =0

(42)

Let @ > 0 be arbitrary, and choose open sets AT, Bt C dX and compact sets

A, B~ C 0X with the properties
A" CcAnax c Anax c At cV,
B~ CB°Nax cBNnax c B* c W,
AN A7) <@, p(AT\A) <a,
1y(B°\B™) <o, uy(B*\B) <a.

Notice that according to Lemma 6.6(b) the number of y € I' with
v,y ') e Ax B)\ (¢ (x, A*) x 7 (y, BY))
is finite; the same is true for the number of y € I" with

(yy, v ~'x) € (CF(x, A7) x CF (3, BT)) \ (A° x B)
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by Lemma 6.6(a). Hence

I | -im sup vl (A x B) < |mr| Timsup vl (€ AT x ¢ (v, BY)),
—00 —00

el - iminf vl (A x B) = el -liminfv] | (¢ (v, A7) x G (v, BD).

Proposition 8.3 further implies

lmr|l - limsup v] (A x B) < e p (AT py(BT)

T—o0

< e 10 (A) iy (B) + e (1 (0X) + py (9X))

42) ~ -~
< e’ U (A) iy (B) + e’ (1y (0X) + 1, (9X))
and

I -liminf vl (A x B) > e~ 11.(A)uy(B7)
> e e (A% pay (B°) — e ™ (e (9X) + fuy (9X))

“42) _ -~ -~ _
> e U (A py(B) — ore™" (ux (0X) + 11y (9X))
As o was arbitrarily small we get in the limit as « tends to zero

limsupv! (A x B) < €11, (A) 1y (B)/|lmr|| and

T—o00

liminfv{ (A x B) = e~ i (A)juy (B) | mr .
— 00 ’

So for every continuous and positive function 4 with support in V x W we have

€

&
.. T
e /h (dux @dpuy) < hTrgloréf/h dvy

&
§limsup/hdv£y§ c /h(d,ux@)d,uy).

T—o00 l[mrl
Now the compact set 90X x dX can be covered by a finite number of open sets of
type V x W with V, W C 3X as above, and similarly X x X by finitely many open
sets V x W with V, W C X as above. Using a partition of unity subordinate to such
a finite cover we see that the inequalities above remain true for every continuous
and positive function on X x X. The claim now follows by taking the limit & — 0,
and passing from positive continuous functions to arbitrary continuous functions
via a standard argument. (]

Corollary 8.4. Let I' < Is(X) be a discrete rank one group with nonarithmetic
length spectrum, Zr # & and finite Ricks—Bowen—Margulis measure mr.
Let f : X — R be a continuous function, and x, y € X. Then

lim §reorT :M/ duy (8).
im dre Yo foy el BUOL TG

T—o
yell

d(x,yy)<T
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9. Asymptotic estimates for the orbit counting function

In this section we let X be a proper Hadamard space and I < Is(X) a discrete rank
one group with Zr # @. Recall that the orbit counting function with respect to x,
y € X is defined by

Nr:[0,00) > N, Rr—#{yel:dx,yy) <R}
We first state a direct corollary of Theorem 8.1 (using f =15, 3):

Proposition 9.1. Let I' < Is(X) be a discrete rank one group with nonarithmetic
length spectrum, Zr # @ and finite Ricks—Bowen—Margulis measure mr. Then for
any x,y € X we have

0X) iy (0X
lim 5re_5FRNr(R) - M
R—o0 lmr||

We next deal with the case that the Ricks—Bowen—Margulis measure is not finite:

Theorem 9.2. Let I' < Is(X) be a discrete rank one group with Zr # & and
infinite Ricks—Bowen—Margulis measure mr. If T is divergent we further require
that T has nonarithmetic length spectrum. Then for the orbit counting function
with respect to arbitrary points x, y € X we have

lim Nr(t)e " =0.
t—00
As in the proof of Theorem 8.1 we define the measure

T ._ —orT .
Vyy i= dre E Dyy ®D,-1,;

yell
d(x,yy)<T

here we only have to show that

limsupv;y()_( x X)=0.

T—o0

Again, the first step of the proof is provided by:

Lemma 9.3. Let (&9, no) € 0X x 0X and x, y € X with trivial stabilizer in " and
such that x € (§pv™), y € (now™) for some I'-recurrent elements v, w € Z. Then
there exist open neighborhoods V, W C 0X of &y, no such that for all Borel sets
ACV,BCW
limsup v/ (Cy (x, A) x C[ (v, B)) =0.
T—o00

Proof. Let € > 0 arbitrary and set p := min{d(x, yx),d(y, yy):y € I'}.

As in the proof of Proposition 8.2 we fix r € (0, min{1, p/3, ¢/(30561)}) such
that

1x (00, (£0, X)) = 0 = 1, (3O, (o, ¥))
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and choose open neighborhoods V, W cC X of &o, no such that if (a, b) € V x VT/,
then a can be joined to v™, b can be joined to w™ by a rank one geodesic and
(35) holds. Let V C VNax , WC W N aX be open neighborhoods of &, 19, and
A CV, B C W arbitrary Borel sets; denote K = K" (x, A), K~ = K, (y, B),
and M = r?u, (O, (&, X))y (Or (10, y)) > 0. Then by mixing (or dissipativity in
the case of a convergent group I') there exists 7o > 1 such that

X:m(l(+ Ng'yK™) < Mg-e*/3
yel
for all ¢+ > Ty, which implies

T+3r
(GSI‘(T+3I‘) . eBFTO)M(‘? . 6*8/3 - 8F/ elsl‘t Zm(K+ mg*tny) dr.

To yell

We now use (40) to get

T+3r
5F/ > m(KtNgTlyKT)dt
Tt

0 yel
> e OM VT (Cr(x, A) x O (v, B)) — C

with a constant C independent of 7. Dividing by Me’rT+3") then yields
(1 —drT=3r+To)y o o=8/3 o 678/66738”\);), (Cl_(x, A) xC{ (v, B)) —Cle7 0T
=e ¥/l (Cr(x. A) x €y (y. B)) + Cle T,
where C’ is again a constant independent of 7. We conclude
lim sup vxTy(Cl_(x, A) xC; (y, B)) <e,
T—o0 '
and the claim follows from the fact that ¢ > 0 was chosen arbitrarily small. (]

The next statement shows that in fact we can omit the conditions on x and y in
Lemma 9.3.

Lemma 94. Let x, y € X arbitrary. Then for all (&y, ng) € 0X x 0X there exists
r > 0 and open neighborhoods V C 0X of &), W C 90X of no such that for all Borel
sets ACV, BCW

limsup v/ (C; (x, A) x C; (v, B)) =0.
T—o00
Proof. Let (&9, no) € 0X x dX be arbitrary. Choose I'-recurrent geodesics v, w € Z
and xo € (§ov™), yo € (now™) with trivial stabilizers in I". Let V, W C dX be open
neighborhoods of &y and 5¢ such that the statement of Lemma 9.3 holds for xq, yo
instead of x, y. Set

r =1+max{d(x, xo), d(y, yo)}
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and let A C V, B C W be arbitrary Borel sets. From the choice of r above and
Lemma 6.5(b) we know that (yy, yflx) €C, (x, A) xC. (y, B) implies
(yY0, ¥ ~'x0) € CT (x0, A) X C[ (y0, B).
If d(x, yy) < T, then obviously
d(x0, yy0) <d(xo,x)+d(x,yy)+d(y, yo) < T +d(xo, x) +d(y, yo),

hence for T > 1
e T#y eTidx,y)) < T, (yy, v '0) € (€7 (x, A) x C (v, B))}
< e8r(d(xo, ) +d(y,30)) | o=0r (T'+d(x0,x)+d(y,y0))
#{y €T:d(o, yy0) < T +d(xo, ) +d(y, yo),
(30, v~ x0) € (€] (x0, A) X €5 (3o, BY) .

We conclude that

lim sup v, y(c (x, A) xC; (y, B))

T— o0

dr(d d . T+d d(y, - —
< DAL lim sup v 0RO (o, A) x €1 (0, BY) =0
—

where we used Lemma 9.3 in the last estimate. |

Proof of Theorem 9.2. Let x, y € X and ¢ > ( arbitrary. For (&g, n9) € 0X x 90X we
fix r > 0 and open neighborhoods V/, W C aX of &, 7o such that the conclusion of
Lemma 9 4 holds Choose open sets V,WcCXwithVNaX =V and WNaX =W,
and let A, B C X be Borel sets with

A cV and B cw.
Choose open sets A, B C 0X with the properties
ANOXCACV and BNIXCBCW;

from Lemma 6.6(b) we know that the number of y € I with

(ry, 7y '0) € A x B)\ (C; (x, A) x C; (v, B))
is finite. Hence

limsup v! ),(AxB) <limsupv, LG (x, Ay x € (v, B)) =0,

T—o00 T—o0
which implies that for every continuous and positive function with support in VxW
we have
: T
lim sup/h dv, , =0.

T—o00
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Now the compact set 0X x 0X can be covered by a finite number of open sets of
type V V x W with V W C X as above, and similarly X x X by finitely many open
sets V x W with V, W C X as above. Using a partition of unity subordinate to such
a finite cover we see that the statement above remains true for every continuous
and positive function on X x X. ([l
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