i I VO I e
//////%/////////’, ,t"',’;/ L

ooooooo
' MATHIEU LEWIN

......
.......
.......
33550 THE LOCAL DENSITY APPROXIMATION IN DENSITY

lllll

NNNNNNNNNNNNNNNN

.....
''''
I"






PURE and APPLIED

ANALYSIS

Vol. 2, No. 1, 2020
dx.doi.org/10.2140/paa.2020.2.35

THE LOCAL DENSITY APPROXIMATION IN DENSITY FUNCTIONAL THEORY
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We give the first mathematically rigorous justification of the local density approximation in density
functional theory. We provide a quantitative estimate on the difference between the grand-canonical
Levy-Lieb energy of a given density (the lowest possible energy of all quantum states having this density)
and the integral over the uniform electron gas energy of this density. The error involves gradient terms
and justifies the use of the local density approximation in the situation where the density is very flat on
sufficiently large regions in space.

1. Introduction 35
2. Main result 37
3. A priori estimates on T (p) and E(p) 41
4. Proof of Theorems 1 and 3 47
Appendix: Classical case 68
Acknowledgments 71
References 71

1. Introduction

Density functional theory (DFT) [Dreizler and Gross 1990; Parr and Weitao 1994; Engel and Dreizler
2011; Burke and Wagner 2013; Pribram-Jones et al. 2015] is the most efficient approximation of the
many-body Schrodinger equation for electrons. It is used in several areas of physics and chemistry and
its success in predicting the electronic properties of atoms, molecules and materials is unprecedented.
Among the many functionals that have been developed over the years [Mardirossian and Head-Gordon
2017], the local density approximation (LDA) is the standard and simplest scheme [Hohenberg and Kohn
1964; Kohn and Sham 1965; Dreizler and Gross 1990; Parr and Weitao 1994; Perdew and Kurth 2003]. It
is not as accurate as its successors involving gradient corrections, but it is considered as “the mother of
all approximations” [Perdew and Schmidt 2001] and it is still one of the methods of choice in solid state
physics.

In the orbital-free formulation of density functional theory [Levy 1979; Lieb 1983], the local density
approximation consists in replacing the full ground state energy by a local functional as follows:

e~y [ 5 vy [ oo dx. m
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Here p is the given one-particle density of the system and Fyy (p) is the Levy—Lieb functional [Levy 1979;
Lieb 1983], the main object of interest in DFT. This is the lowest possible Schrodinger energy of all
quantum states having the prescribed density p. The first term on the right side is called the direct or
Hartree term. It is the classical electrostatic interaction energy of the density p and it is the only nonlocal
term in the LDA. The second term is the energy of the uniform electron gas (UEG) [Dreizler and Gross
1990; Parr and Weitao 1994; Giuliani and Vignale 2005; Lewin et al. 2018], containing all of the kinetic
energy and the exchange-correlation energy in our convention. That is, eygg(po) is the ground state
energy per unit volume of the infinite electron gas with the prescribed constant density pg over the whole
space (from which the direct term has been dropped). The rationale for the approximation (1) is to assume
that the density is almost constant locally (in little boxes of volume dx), and to replace the local energy
per unit volume by that of the infinite gas at that density p(x).!

Our goal in this paper is to justify the approximation (1) in the appropriate regime where p is flat in
sufficiently large regions of R3. We will prove the following quantitative estimate:

FLL(,O) — % /R% /R% % dx dy _/R3 eUEG(p(x)) dx

c c
$8/R3(P(X)+P(X)2)dx+. ( :8) /R3 |V“/ﬁ(x)|2dx+84p—1 /R3 V()P dx ()

for all ¢ > 0, where Fi (p) is the grand-canonical version of the Levy—Lieb functional. The parameters
p >3 and 0 < 0 < 1 should satisfy some conditions which will be explained below. For instance, p = 4
and 6 = % is allowed. After optimizing over &, this justifies the LDA when the two gradient terms are
much smaller than the local term:

| 19va@Pds < [ (o +pw? ds,
[ v < [ o+ oty i
R3 R3
For instance for a rescaled density in the form

pN (x) := p(N73x),

with [i3 p = 1, we obtain after taking & = N ~1/12

FLL@N)—N /R 3 [R 3 pl(j)";y') dxdy N /R evra(px)) dx| <

1

CN12,

The bound (2) is, to our knowledge, the first estimate of this kind on the fundamental functional Fyj .

Although it should be possible to extract a definite value of the constant C from our proof, it is probably

very large and we have not tried to do it. The factor 1/¢*?~! is also quite large and it is an open problem

11t is often more convenient to fix the densities ,oT (x) and ,o¢ (x) of, respectively, spin-up and spin-down electrons instead of
the total density p(x) = pT (x)+ ,o¢ (x). All our results apply similarly to this situation, as explained below in Remark 6.
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to improve it. We hope that our work will stimulate more results on the functional Fiy in the regime of
slowly varying densities.

In physics and chemistry, the exchange-correlation energy is defined by subtracting a kinetic energy
term 7'(p) from Fip(p). In this paper we also derive a bound on 7 (p) which, when combined with (2),
provides a bound on the exchange-correlation energy similar to (2). This is explained below in Remark 5.

In the next section we provide the precise mathematical definition of Fip and eygg, and we state our
main theorem containing the estimate (2). In Section 3 we review some known a priori estimates on Fip
and prove a new upper bound on the kinetic energy. Section 4 contains the proof of our main results.
Finally, in the Appendix we discuss a similar bound in the classical case where the kinetic energy is
dropped, extending thereby our previous result in [Lewin et al. 2018].

2. Main result

2.1. The grand-canonical Levy-Lieb functional. Let us consider a density p € L!(R3, Ry) such that
JPEH 1(R3). Naturally we should assume in addition that /i g3 0 = N is an integer, but here we will work
in the grand-canonical ensemble where this is not needed. The grand-canonical Levy—Lieb functional
[Levy 1979; Lieb 1983; Lewin et al. 2018] is defined by

Fii(p) := _1111f*>0 %ZTrﬁn( Zij—i— Z %)Fn} 3)

xj — X|
Zn OTr(l"n)—l 1<j<k<n
Zn 1 PTp =P
Here
9= L2(R3x{1,...,¢})",C)
is the n-particle space of antisymmetric square-integrable functions on (R3 x {1, ...,¢})" with ¢ spin

states (for electrons ¢ = 2). The family of operators I' = {I";, },,>0 forms a grand-canonical mixed quantum
state, that is, a state over the fermionic Fock space (commuting with the particle number operator). The
density of each I, is defined by

pr,(x) =n Z /3( 1)Fn(x,crl,Xz,...,xn,crn;x,al,xz,...,xn,an)dxz---dxn,
R2>U1—

015...,0p

€{1,....q}
where [y (x1,...,04; x/l, ..., 0,) is the kernel of the trace-class operator I',. This kernel is such that
R / / /
Fn(xf(l),(fl—(l),...,XT(N),O‘I(N),XI,GI,...,XN,GN)
Lt / / /
= Fn(xl,ol,...,xN,UN,xr(l),O—r(l),...,xr(N),Ur(N))
=&(7) Th(X1.01, ..., XN, ON; X1, 01, ..., Xy, ON)

for every permutation t € & with signature &(7) € {#1}.
If fR3 p = N € N and we restrict ourselves to mixed states I' where only I'y is nonzero, we obtain
Lieb’s functional [1983]. If we further assume that I'y = |¥)(W]| is a rank-one projection, then we
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find the original Levy [1979] or Hohenberg—Kohn functional [1964]. It is well known [Lieb 1983] that
working with mixed states has several advantages, in particular we obtain a convex function of p.

The grand-canonical version (3) is less popular but still important physically.? It is also a convex
function of p. The fact that we can appeal to states with an arbitrary number n of particles (but still a
fixed average number [3 p) will considerably simplify several technical parts of our study. We expect
that our main result (Theorem 3 below) holds the same for the canonical functionals, for which the energy
is minimized over mixed or pure states with N particles.

It is useful to subtract the direct term from Fjp, hence to consider the energy

1 pIP(Y) ,
Er=ruo—5 [ [ dxdy. @
R3 JR3 |X )
The (grand-canonical) exchange-correlation energy is defined by Ex.(p) := E(p) — T (p), where
n
T(p) := 1rl£f* o { Z Tren ( Z ij)I‘n} = 0$yg£*$1 Tr(—A)y (5)
Zn OTr(l"n) 1 - Py=p
Y1 PT =P

is the lowest possible kinetic energy. We will study the functional 7'(p) in Section 3.2 below.

2.2. The uniform electron gas. In [Lewin et al. 2018, Section 5], we have defined the uniform electron
gas, which is obtained in the limit when p approaches a constant function in the whole space. This
is believed to be the same as the ground state energy of jellium, where the density is not necessarily
constant but the electrons instead evolve in a constant background [Lieb and Narnhofer 1975]. This has
recently been proved in the classical case in [Lewin et al. 2019; Cotar and Petrache 2019a] and the same
is expected in the quantum case.

The following result is a slight improvement of [Lewin et al. 2018, Theorem 5.1].

Theorem 1 (quantum uniform electron gas). Let pg > 0. Let {Qn} C R3 be a sequence of bounded
connected domains with |Q | — oo such that QN has a uniformly regular boundary in the sense that

10QN + Br| < Cr|Qn|3 forallr <|Qn|3/C,

1/3 1/3

for some constant C > 0. Let 8y > 0 be any sequence such that S5 /|Q2n|"/° = 0and N |QN |~ — o0.
Let x € LY(R3) be a radial nonnegative function of compact support such that ng x = 1 and

Jr2 |V\/7|2 < 00. Set y5(x) =873 x(x/8). Then the following thermodynamic limit exists:

E(pol
lim (PO QN *XSN)

_ , 6
Jim o evrc(po) (6)

where the function eygg is independent of the sequence {Qn}, of Sy, and of y.

For more properties of the UEG energy eygg we refer to [Lewin et al. 2018]. In Theorem 5.1 of that
paper we rather optimized over the values of p in the transition region around 9<2 . We were able to

2The grand-canonical functional Fyp is the weak-* lower semicontinuous closure of the canonical Lieb functional [Lewin
2011]. Hence it appears naturally in situations where some particles can be lost, e.g., in scattering processes.
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prove the simple limit (6) only when Q u is a tetrahedron. Using an upper bound on E(p) that will be
derived later in Proposition 13, we are now able to treat more reasonable limits in the form of (6). The
proof of Theorem 1 is provided in Section 4.4 below.

The function s, is used to regularize the function pglg , , which cannot be the density of a quantum
state since its square root is not in H ! (R3) [Lieb 1983]. The first condition §x /|2 x|'/3 — 0 implies that
the smearing happens in a neighborhood of the boundary <2 which has a negligible volume compared

1/3

to |2 |- The second condition 8|2 |'/° — oo ensures that the kinetic energy in the transition region

stays negligible in the thermodynamic limit.

Remark 2. The same result holds under the weaker condition that 2 has an n-regular boundary, which

means that |0Qy + Br| < C|Qy|n(r|Qa|~Y/3) for all r < |Qn|Y/3/C, with 5(t) — 0 when  — 0.

1/3

The condition 8y |2 |'/3 — oo is then replaced by §32n(Sn |25]71/3) — 0.

2.3. The local density approximation. We are now able to state our main result.

Theorem 3 (local density approximation). Let p > 3 and 0 < 6 < 1 such that
2<ph<1+1ip. (7)

There exists a constant C = C(p, 0, q) such that

50 [ eveatptan dx

C(l+¢)
<e [ e+ pwrar+ D [ 9 pePar s g [ V@I ®)
R3 & R3 egsp R3
for every € > 0 and every nonnegative density p € L1(R*) N L?(R3) such that V./p € L?(R3) and

Vp? e LP(R3).

The constant C = C(p, 6, q) in our estimate (8) depends on the number of spin states ¢ (¢ = 2 for
electrons), in addition to the parameters p and 6. It diverges when p — 3. If p — 37 then we can
take 6 — %_. Our estimate therefore applies to densities p with compact support, which vanish at the
boundary of their support like §(x)¢ with a > %, where §(x) = d(x, dp~1({0})). In particular, densities
which vanish linearly are allowed. Our proof allows one to consider more singular densities, that is, to
relax the constraint that Op < 1 + % p., but then the power of ¢ deteriorates.

Our estimate (8) is certainly not optimal and it is an interesting challenge to improve it. We conjecture
that a similar inequality holds with p+ p? replaced by p4/ 34p° /3, which have the scaling of the Coulomb
and kinetic energies, respectively. The higher power p? arises from the trial state used in our upper bound
(Proposition 13) and it is used to control some errors appearing when merging quantum systems with
overlapping supports. This is explained in Section 4.1 below. Finally, the last gradient term in (8) is
used to control local variations of p in L. One could expect gradient errors involving only fR3 |V\/ﬁ|2
and fR3 |V,01/ 3|2 which are believed to arise in the gradient expansion of the uniform electron gas for,

respectively, the Coulomb and kinetic energies.
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One interesting case is when the density is given by a fixed function p with fR3 o =1, which is rescaled
in the manner

pN(x) = p(N"3x).

After taking e = N —1/12 4, (8) we obtain the simple bound

Eow) =N [ eoratoton dx

<o [ 9VBP dx+CNE [ o)+ o2+ 95 017 dx. 9)
R3 R

It is conjectured [Kirzhnits 1957; Langreth and Perdew 1980; Langreth and Mehl 1983; Levy and Perdew
1993; Engel and Dreizler 2011] that the next order in the expansion of E(py) should involve the gradient
correction to the kinetic energy

[ vvamerar = [ 1950 dx
R3 R3

and the gradient correction to the Coulomb energy
1 2 1 1 2
[ on@rax=n3 [ votenPax
R3 R3

In particular, the next order should be proportional to N 1/3 1t remains an open problem to establish this
rigorously.

In the classical case where the kinetic energy is neglected, the limit of E¢(pn)/N was found in our
previous work [Lewin et al. 2018], but without a quantitative estimate on the remainder. We can give an
estimate similar to (8) in the classical case, with a lower power of ¢ in front of the gradient term. This is
just a slight adaptation of the proof in [Lewin et al. 2018], which is much easier than the quantum case.
The argument is explained for completeness in the Appendix.

In the classical case the limit for E.(pnx)/N was later extended to Riesz interactions |x| ™5 and other
dimensions d = 1 in [Cotar and Petrache 2019b]. Although our result (8) in the quantum case can
probably be extended to other Riesz interactions by using ideas from [Fefferman 1985; Hughes 1985;
Gregg 1989; Cotar and Petrache 2019b], we only consider here the physically relevant three-dimensional
Coulomb case for shortness.

Remark 4 (canonical case). We expect an inequality similar to (8) for the (mixed) canonical version of
E(p), where [p3 0= N € Nand I', =0 for n # N. However, our proof does not adapt in an obvious
way to this case.

Remark 5 (exchange-correlation energy). In physics and chemistry, the LDA is usually expressed in
terms of the exchange-correlation energy. In the grand-canonical setting it is defined by

Ex.(p) = E(p) =T (p),



THE LOCAL DENSITY APPROXIMATION IN DENSITY FUNCTIONAL THEORY 41

with T'(p) the lowest possible kinetic energy (5). The functional 7'(p) is studied in Section 3 below, where
it is proved that

<eq

Wi

‘T(/O)—q‘%cTF/3 p(x)3 dx
R

/ p(x)idx+%/ IV /p(x)|? dx, (10)
R3 3 JR3

with ctp = %35/ 341/374/3 the Thomas—Fermi constant. The lower bound was derived by Nam [2018]
and we prove the missing upper bound (with a better power of ¢) in Theorem 8 below. Actually, by
following our proof of Theorem 3 (simply discarding the Coulomb interaction) we can also prove a
lower bound on T'(p), with an error similar to the right side of (8) but with a smaller power of ¢ in front
of |Vp?|P. This provides the following estimate on the exchange-correlation energy:

‘EXC(P) _[I;ﬁ eueG(p(x)) dx +61_%CTF /;3 ,o(x)% dx

C(1 C
$8/R3(P(X)+P(X)2)dx+ (:‘8) /R3|Vﬁ(x)|2dx+w__l/l;{3|Vp0(x)|pdx' (an

For a rescaled density px (x) = p(x/N1/3) we obtain the same rate of convergence N /12 as in (9).

Remark 6 (local spin density approximation). In practice, it is often convenient to not fix the total density
but, rather, the density of each spin component

/OU(X)=ZI’1 Z / Fn(x,O',)Q,...,xn,O'n;x,O',xz,,.,,xn,gn)de...dxn
R3(n—1)

n=1 02,...,0pn

€{1,....q}
foro € {1,...,q}. Much as in Theorem 1 one can define the corresponding spin-polarized UEG energy
eveG(p1, . .., pg) of the uniform electron gas where the electrons of spin o are assumed to have the

constant density ps. By following the arguments in this paper, one can then prove an estimate similar
to (8):

‘E(m,---,pq)—/[R3 euG(P1(X). ..., pg(x)) dx

C(l+¢) C
<e [ o +pwran+ D [ 9 pepar s o [ 9P dr a2
R3 & R3 & R3
It is only for simplicity of notation that we work with the total density p = Zgzl Po -

3. A priori estimates on 7(p) and E(p)

Lower bounds on E(p) in (4) are well known and will be recalled below. Upper bounds are somewhat
difficult to derive due to the constraint that the quantum states considered need to have the exact given
density p. In this section we prove an upper bound on the best kinetic energy and use it to derive an
upper bound on E(p). Because our bounds are of independent interest we work in this section in any
dimension d = 1. First we quickly recall the known lower bounds.
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3.1. Known lower bounds. We recall that the Lieb—Thirring inequality [1975; 1976], see also [Lieb and
Seiringer 2010], states that there exists a positive constant ¢yt = crr(d) > 0 such that

TH—A)y = ¢ Ferr / py ()17 dx (13)
Rd

for every self-adjoint operator y on Lz(Rd ,C?) such that 0 < y < 1. The best constant ¢t is unknown
but has been conjectured to be the semiclassical constant

4n2d ( d )31 .
CTE =
T d+2)\sd|
in dimension d = 3. Nam [2018] has proved that
_2 2 K
T8y = g Fere(i=e) [ o= [ 19 B @ dx (1)
R4 83+g R4

for every ¢ > 0 and some constant k = k(d), in all space dimensions d > 1
We also recall the Hoffmann-Ostenhof inequality [Hoffmann-Ostenhof and Hoffmann-Ostenhof 1977],
which states that

Tr(—A)y = /Rd IV /Py (x)? dx (16)

and always imposes that ,/p € H 1 ([Rd). The inequality (16) does not require the fermionic constraint
0<sy<lL

The Lieb—Oxford inequality [1981], see also [Lieb 1979; Chan and Handy 1999; Lieb and Seiringer
2010], states that the total Coulomb energy is bounded from below by

- p(x)p(y) - 4
;Trgn( Z |x-—xk|) /R3 /R3 dx dy 1.64/R3p(x) dx, (17)

1<j<k<n |X y|

where I = {I", } is a grand-canonical quantum state satisfying the conditions in (4). Inspired by [Benguria
et al. 2012], this bound was recently generalized in [Lewin and Lieb 2015] to

> 1
,;T”’”( 2 |xj—xk|)r”

1<j<k<n

[I;Bf[p\g% prj)f;ﬁ)d y _(5(9;,) +8)/R3P(x)§dx—0'02¢/mIVp(x)ldx, (18)

3(9m\1/3
but the constant 2 ()

Using (13) together with (17), we obtain the following.

=~ 1.4508 is not expected to be the optimal Lieb—Oxford constant.

Corollary 7 (lower bound on E(p)). We have
E(p) = q 3eir / p(x)3 dx —1.64 / p(x)F dx (19)
R3 R3

for every p = 0 such that ./p € H! ([R{d).
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The constants can be improved at the expense of adding gradient corrections, using (15) and (18).

3.2. Upper bound on the best kinetic energy. Let us recall that the lowest possible kinetic energy of a
fixed density p € L} (R?, R,) with JPE H'(R?) reads

T(p):= min Tr(—A)y.
osy=y*<l1

Py=p

In [Lewin et al. 2018], we have shown that, for p < 1,

_2
T < [ VAP +a e [
R4 R4

by using the trial state
d—+2

Y = Vpx) 1(—A < CTF q_f%) Vp(x).

Our goal in this section is to prove a similar bound without the assumption that p < 1. Coherent states
[Lieb 1981a] can usually give good bounds on the kinetic energy but they do not preserve the density.
The main difficulty here is to construct a state having the exact given density p. The next result says that
the semiclassical approximation to the kinetic energy is an upper bound to the exact T (p), up to some
gradient corrections.

Theorem 8 (upper bound on the best kinetic energy). There are two constants k1, k2 > 0 depending only
on the space dimension d such that

i2(1 4 /e)?
=

Tp) < q Fere(t+xie) [ o001+ dx+ VVR@Pdx o)
R !

for every p € LY (R? ,Ry) with JpP € HY(R?) and every ¢ > 0, where crr is the Thomas—Fermi
constant (14).

Note that the gradient correction in (20) has a better behavior in & than in Nam’s lower bound (15).
In dimension d = 1, March and Young [1958, equation (9)] have given the proof of a better estimate
without the parameter ¢:

7o) < % [ o dx+ [ (/B P d.

In the same paper they also state a result in three dimensions (for a constant ¢ > ctg) but the proof has a
mistake. This was mentioned as a conjecture in [Lieb 1983, Section 5.B]. Our result (20) can therefore be
seen as a solution to the March—Young problem. We conjecture that a similar bound holds without the
parameter ¢ in dimensions d = 2, 3 as well.

Remark 9 (explicit constants in three dimensions). In dimension d = 3 one can take

k1 =1, k=48 in (20).
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These constants are not optimal and they are only displayed for concreteness. Our proof allows us to
slightly improve the constants under the assumption that ¢ is small enough. For instance, for ¢ < 1, we
have the better inequality

5 19
T(p) < q_gcTF(l + 18—5) /[}@3 o(x)3 dx + ~ /R3 V. /p(x)|? dx. (21)

Proof of Theorem 8. For simplicity we only write the proof in the no-spin case ¢ = 1. Recall that the free
Fermi sea

d+2
Przl(—A$ jl_ CTFI’ﬂZZ)

has the constant density pp, = r and the constant kinetic energy density ctp plt2/d

take

. In particular, if we

y = VI® 1(—A <4 ”cTFrﬁ) JI®

for some f = 0, we obtain
py=rf(). Te=By=r [ VWP +ewr'td [ fa 22)
R4 R4

See for instance [Lewin et al. 2018, Section 5] for details. In addition, we have in the sense of operators
0 <y < f(x); hence y is a fermionic one-particle density matrix under the additional condition that

<l

Let now 1 = 0 be a smooth nonnegative function such that

[Tawar=1 [T <t (23)
0 0 !
Using the smooth layer cake principle
© t
o= [ n(—) i
0 p(x)
we introduce the trial state

o0 t d—+2 2 t dt
V=/o V"(m)l(‘“ d ) "(M)T'

In the sense of operators, we have

o0 t dt o0 dt
0<y< )= N <.
Y /o ”(p(x))z /o 105

In addition, y has the required density

o= [ (5 ) e = ot




THE LOCAL DENSITY APPROXIMATION IN DENSITY FUNCTIONAL THEORY 45

Hence y is admissible and it can be used to get an upper bound on 7'(p). From (22), its kinetic energy is

Tr(—A)y = /d dx/ dt|Vxy/n (,0( )) 2+CTF /[Rd p(x)H% dx /000 n(z)t% dt.

Note that
Van(t/ o)
/Rddx/ ar|v (p(x)) /R / A /o)

|Vp(x)|? I (¢/p(x))]?
= [ gy gy PP
/Rd *ap() / iy

_ ) [ele] t2n/(t)2
_/Rd |V./p(x)| dx/o ) dt

Hence we have proved that
[oe) tzn/ (Z)Z
n(t)

for all = 0 satisfying the two constraints (23). The smallest constant we can get in front of the p
term is ctp, by concentrating 7 at the point £ = 1, but this makes the other term blow up. If we fix

Tr(—=A)y = /[Rd |V\/ﬁ(x)|2dx/0 dt + c1r /Rd ,o(x)1+% a’x/0 n(t)z% dt

1+2/d

o0 2
/ nt)yeadt=1+4+¢
0

then the best constant we can get in front of the gradient term is given by the variational problem

o (t)2
ce= [0 20

Joon=1
/<1
oo t?/ <1+,

We claim that C(g) < const.(1 + &~ !) for & small enough, which we prove by an appropriate choice of 7.
Let us first take, for instance,

3 3
ne(t) = 2—3(1 —D211<t<l+¢)+ F(1 +2e—1)21(1+¢e <t <1+ 2¢). (24)
& &

Then [ ne =1 and [ ne(r)/t dt <1 since 1, is supported on [1, c0). Using the simple bounds
o0 2
/ Nt dr < (1+2¢)%/%,
0

% 121'(1)? 5 [ n(t)? 12(1 4 2¢)?
— 2 dr< dt = ———~ |
/0 n(t) P (12e) /0 n(t) ! &2

we obtain (after changing ¢ into %8)

48(1 + )2 )
— /Rd IVJ/p(x)|“dx foralle>0. (25)

T(o) < ce(l +6)7 / () dx +
Rd
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The behavior of the correction in front of the semiclassical term ctp is not optimal for small ¢. It can
be replaced by 1 4 k&2 for ¢ < 1. To see this we slightly translate the function (24) to the left by an
amount —eb and introduce

Nep(t) = —(z —1+eb)?1(1—eb <t <1+ (1—b)e)
+—3(1+(2 b)e—1)?1(1—eb+e<t <1+ @2—b)e). (26)
Then we have

[e.e]
/0 Ueb(t)— =14 (b—De+ (15 —2b+b?)e* + (-1 + 2e-3b> + )’ + 0(Y),
o0 2
/ Nep()td dt =1— 3(19 — e+ W(zz —40b +20b% — 11d +20bd — 10b%d)e* 4 O(e>).
0

The unique b, such that fooo Ne.b. (t)% = 1 satisfies

by =1 —ﬁe— 32—083 + 0(e*)

and for this b, we have
o0 2 24+d
Ord dt =1
| s T

o 2, (1) 12
/ —=be " a1 = =+ 0(1).
0 &

&2+ 0(eh),

Ne,be (t )
This is how we can get (21) for & small enough (after replacing &2 by ¢). O
Remark 10. In the three-dimensional case we can take for instance b = 1 — 1108 3508 One can then

verify that

o dt o0 5 2
/ Nep(t)— <1, / Nep(t)t3 dt < 1+—
0 ’ 1 0 ’ 15

and 2 )
oo f ISba() 19
—* dt < —
0 ne,bg(t) €
for all £ < 1. Hence

&2 19
/ p(x)% dx+—/ |Vﬁ(x)|2dx forall e < 1. 27
15 g2 R3

Combining with (25), we find the estimate (20) for k1 = 1 and xp = 48.

T(p) < cTF (1 + —

3.3. Upper bound on E(p). It is well known that any fermionic one-particle density matrix y (i.e., an
operator satisfying 0 < y = y* < 1) is representable by a quasifree state I', in Fock space [Bach et al.
1994]. The two-particle density matrix of such a state is given by Wick’s formula

[P (x1,01.x2,02: y1.01. y2.03)

= y(x1,01; y1,01)y(x2,02; y2,0%) — y(x1,01; X2, 02)Y(¥1,07: ¥2,0%).  (28)
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In particular, the corresponding interaction energy with pair potential w is
q

%/Adxww(x—y)(p(x)p(y)— > Iy(x,o;y,o/)|2) dxdy.

o,0'=1
From this we immediately obtain the following.

Corollary 11 (upper bound on E(p) in dimension d = 1). We have

i2(14 e)?
=

E(p) <q 7 crp(l + k1) /d p()FT dx + ) |V /p(x)|* dx (29)
R,

for every p = 0 such that ,/p € H'(RY).

This is for the grand-canonical version (4) of the Levy-Lieb functional which is the object of concern
in this paper. It was proved in [Lieb 1981b] that any fermionic y with integer trace N = Tr(y) is also
the one-particle density matrix of an N -particle mixed state I" on the fermionic space $®, such that the
corresponding two-particle density matrix satisfies

) (2)
o <ry

in the sense of operators. From the positivity of the Coulomb potential we deduce immediately the
following result for mixed canonical states.

Corollary 12 (upper bound in the mixed canonical case). Ler p € L' (R?, Ry) be such that .[Rd p=N¢eN,
and \/p € HY(R?). Then there exists a mixed state T on the fermionic space /\11V L2RY x{1,....q})
such that pr = p and

l 1
TI'(Z —ij =+ Z |X_—X|)F
j=1 STk

1<j<k<N

K2(1 4 /6)?
=

Sq_ﬁcLT(l—i-Klg)/ ()1 dx + Vo) dx.
R4 4

4. Proof of Theorems 1 and 3

Our proof is divided into several steps. The first is to show that the energy is essentially local, that is, to
prove that

E(p) ~ Y E(pxz), (30)
k

where { x4} is a smooth partition of unity, ) ; xx = 1. The precise statement of (30) will involve upper
and lower bounds, as well as an average over the translations, rotations and dilations of the partition
itself. The lower bound was indeed already shown in [Lewin et al. 2018] using the Graf—Schenker
inequality [1995]. The upper bound is the main new ingredient of our proof. The two bounds are derived
in Sections 4.1 and 4.2. This will allow us to provide a rather simple proof of Theorem 1 in Section 4.4,
using the convergence for tetrahedra which will be studied in Section 4.3.
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In Section 4.5 we will estimate the deviation of the energy when we replace py by a constant function,
say p(xg)xr for some xj in the support of yj. If p is essentially constant in the corresponding region,
the error will be small, but if p is not constant we bound the energy using some gradient terms, utilizing
our upper bound (29).

After showing the Lipschitz regularity of eygg in Section 4.6, we will be able to conclude the proof of
Theorem 3 in Section 4.7. We replace E(p(xk) xx) by [z euec(p(x))xx (x) dx when p is large enough
on supp(yx), using some quantitative estimates derived for tetrahedra in Section 4.3.

In the rest of the paper we call C a generic constant which can sometimes change from line to line,
but which only depends on ¢ (the number of spin states) and p, 8, the two parameters appearing in the
statement of Theorem 3.

4.1. Upper bound in terms of local densities. Our main goal here is to give an upper bound on the energy
E(p) by splitting p into a sum of local densities. In the classical case, we have the exact subadditivity
property (see [Lewin et al. 2018, Lemma 2.5])

Ea(p1 + p2) < Ea(p1) + Ea(p2),

which considerably simplifies the analysis and was one of the main tools of our previous work [Lewin
et al. 2018]. In particular we immediately find an upper bound in the form

Ecl(p) < Z Ecl(pXk)
k

for a partition of unity yg. In the quantum case this is not as easy. The first difficulty is that we cannot
cut sharply and have to use a smooth partition of unity. This has the consequence that neighboring local
densities overlap. But then, for two densities p; and p, with overlapping support, it is not obvious how
to relate E(p1 + p2) with E(p1) and E(p2). This is due to the fermionic nature of the electrons which
puts a very strong constraint on trial states. If we take two trial quantum states for p; and p, we cannot
simply take their tensor product and use it as a trial state for p; + p2. The tensor product does not have
the fermionic symmetry, and if we antisymmetrize it, the density is not equal to p; + p> anymore.

For this reason, we will use an incomplete partition of unity with holes, in order to make sure that the
local quantum states are not overlapping. Since we want to get the exact density, holes are however in
principle not allowed. Instead of filling the holes with electrons, our idea is to rather average over all the
possible rotations, translations and dilations of the partition of unity, which will make the holes disappear
in average. All the arguments of this section apply the same to a tiling made of cubes, but for a better
matching with the lower bound we will consider a tiling made of tetrahedra. Our lower bound relies on
the Graf-Schenker inequality [1995] which requires the use of tetrahedra.

Let us consider the unit cube C; = (—%, %)3, which is the union of 24 disjoint identical tetrahedra
A1,...,Anq, all of volume i. Since the cube can be repeated in the whole space, we obtain a tiling of
R3 with tetrahedra:

24
RP= ) J@;+2) (31)

zez3 j=1
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and the corresponding partition of unity
24
Z Z 1o, (x—fz)=1 forae. xcR>,
zez3j=1
for any fixed size £ > 0 of the tiles. Any A; can be written as A; = u; A, where A is a reference
tetrahedron with O as its center of mass. Here u; = (z;, Rj) € C; x SO(3) is an appropriate translation
and rotation, which acts as 1;x = Rjx —z;; hence A; = R; A —z;. In each tetrahedron we now place
the regularized characteristic function
1
X8, = mlﬁuj(l—S/ﬁ)A *1)5. (32)

Here ns(x) = (10/8)311(10x/8), where 11 is a fixed C2° nonnegative radial function with support in
the unit ball and such that [ 71 = 1. Assuming that %8 < {, the function y 5 ; has its support well
inside £A ;, at a distance proportional to § from its boundary. The prefactor has been chosen to ensure that

/ Yes = A3 = |CA].
R3

24
S e x—L2)

zez3j=1

The function

is equal to (1 —§8/£)~3 > 1 inside the tiles but vanishes in a neighborhood of the boundary of the tiles.
It is the incomplete partition of unity which we have mentioned above. We obtain a partition of unity
after averaging over the translations of the tiling:

63[ ZZ){ggj(x (z—1)dr =1 forae. xeR>. (33)
tzez3j=1

Here C; = (-3¢, %6)3 = {Cy is the cube of side length £. This is because, for any f € L1(R?),

[ > flx- fz—r)df—/ Y fx—z—1)dr
Ce

zez3 zel73
=/ f(x—r)dr=/ f(r)dr.
R3 R3
The main result of this section is the following upper bound.

Proposition 13 (upper bound in terms of local densities). There exists a universal constant C such that
forany \/p € H'(R3),any0 < § < %K,andanyo <a< %,

( ) (/H-oc ds)—I/H-a dt J / Z Z ( ( . ) )
E < — — R E R -—tlz—7
P 1 s4 1 t* Jso@) Cpe (1 )3 Aebsd.J P

—o —a GZ%
+C82log(a™ 1)/ . (34
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In particular, we can find £’ € (((1 —a), (1 + )), &' € (§(1 — ), 8(1 + o)) and an isometry (z, R) €
R3 x SO(3) such that

B < Y3 Bl (R € o)+ Cologta™) /e (39)

zez3j=1

The right side of (34) involves our incomplete partition of unity with holes, which is rotated (with
the rotation R), translated (with the translation t) and dilated (with the dilation parameter ¢). The error
is small only when § (the size of the holes) is small. However we cannot take § = 0 since that would
make the gradient of the densities y;¢ 5, j (R - —t{z —7)p blow up. Nevertheless, the statement is that
the energy decouples and the holes can be neglected, at the expense of an error of the order §2 g3 0>.
In (34) we use dilations for purely technical reasons, in order to better control error terms.

Proof of Proposition 13. Using (33), we write our density p as
o) = 5 / S 5 fes (6 -tz — p) . (36)
tzez3j=1
For every fixed t € Cy, we can construct a grand-canonical trial state I'; having the density
24
pro ()= Y > xes.;(x—€z—7) p(x).
zez3 j=1

For this we pick I'y = j_l ®,ez3 I'r,z,j, where each I'; ; ; has the density

Pr...; (X) = xe5,;(x =€z —1)p(x)

and minimizes the corresponding energy E(x¢,s, ; (- —{£z —)p). Since the quantum states I'; ; ; have
disjoint supports, we can antisymmetrize the state I'; in the standard manner. We denote by I'; , the
antisymmetrized state. The energy of I'z 4 is equal to that of I'; and so is its density or, , = pr, . Finally

1
F:£—3/C€F-L-,ad'[,

which satisfies by construction that pr = p. We find the upper bound

we take as trial state

E(p)széf Epr,)d7+ /D(pmdr—D(p)

03
1 1
==/ > Z‘ EQues,j(-—tz=n)p)dr+ ;5 ; D(pr, —p)dx. (37)
¢ zez3 j=1 ¢
Here we employ the usual notation

PPy ,
peyi=y [ [ B dxay. (8)
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In the second line of (37) we have used that the energy of a tensor product of states of disjoint supports is
the sum of the energies of the pieces [Lewin et al. 2018]. This is because the cross terms in the direct
energy exactly cancel with the many-particle interactions of different states in the tensor product.

The error term in (37) is solely due to the nonlinearity of the direct term and it may be rewritten as

24
1
& [, per=mdz=g5 [ D(L S ia, ~res - ~tz=op)dx
Ce zez3j=1

For every real-valued (£Z3)-periodic function f, we have

1 1 . eik-(x—y)
55 | b —opdr=] / F@)ek gz // p(x) p(y) dx dy
Cy ke@n /6)23 r3xr3 X — |
=27 / f(Z)e—lkZd ‘ / |p(p)|2
54
ke2rn /1&)23 |p =kl
Hence we obtain
1/ ik 1p(p)?
| Deor, —pyar=2x f fne@)e % dz / DI,
2 kezzp ! v |p—k/LP
with
24 !
Je(x) = Z(lu,A — mlw(l—gm * TIe) (39)
j=1

for e = §/£. We have
| ez =0
Cy

Since all the functions appearing in the sum on the right side of (39) are supported in the unit cube, we
also obtain, for k € 2773\ {0},

24

2 3
(”) Z A ()R (k). (40)

—ik-z _
/01 fs7e(2)e dz = “0_e?

This results in the final formula for the error term

1 1 24
_ 7 2 b —
/. Dlpr.—pydr=0n 3 (1_8)31,5:1: L,

03
ke2nz3
k#0

16(p)I?

—— _dp. 41
o Ip—kjep P @Y

In order to control the denominator |p — k/{|?>, we are going to average our calculation over all
the rotations of the tiling. We also replace £ and § by, respectively, ¢£ and 7§ and we average over
t € (1 —a, 1 + ) with a weight 1% Rotating the tiling is the same as rotating p. In addition, & = §/ is
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independent of 7. Hence we are left with estimating

Ite dt 1+a dz 1 2 3(1-0?)3 [Ta , 1
2= 2 2 ridr | do———0
1— 50(3) p Rk /(tl)] 47 |k|? 20 (3+a?) - 52 |p'—wr|

02 3(1— a2)3
471|k|2 2a(3+a2)

Aa ||2(p)

with p’ = pl/|k| and where Ay is the annulus

We will use the following estimate:

Lemma 14. We have

< Calog(a™) (42)
LOO

1
14, * —| E

1
foralla < 5

The proof of (42) is a simple computation which is provided at the very end of the proof. Using (42)

we obtain

14+« dt —1 14+« dt 1
— — dR D(pr, r—p)drt
(/l—a 14) /1—a t* Jsom (03 Jc,, P P

1 24
1 _8)3 Z 1Mj
j=1

2
) f p%,  (43)
R3

and it remains to estimate the sum in the parenthesis. For this we have to bound 212'11 1 Mjﬁtg) A (k).

<C log(a_l)( E—

k2Z|
k#0

Lemma 15 (Fourier transform of the reduced tetrahedra). We have
1 24 24
—_— —ik-
s (- L oma e
Jj=1 Grj=1

forall 0 < e < 3 and all k € 2773\ {0}.

2
) (44)

2
$C(84+8

Proof. We recall that A; = R; Ay —z; with u; = (z;, R;j) € C; x SO(3). We have
- — _3 _ —ik-
(=971, woa = Cr - [ ehrax
wj(1—e)A

=(2n)_%/ e~ (Rj (A=e)x=2)) g
A

_ (2n)—g/ omikxtick-(i=z) gy
wiA
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Since k € 2773 \ {0}, the integral vanishes at ¢ = 0 after summing over j. Inserting the derivative at

& =0 yields
24

24

(1- 8)_3 Z 1/Lj(1\—€)A(k) = i(2ﬂ)_%8k / (x _ Z zj 1Aj)e—ik-x dx
= C —
Jj=1 =1

_SZZ/ (1—s) dS/ (k-(x—Zj))ze—ik'x-i-issk(x—zj)dx‘
j=1 0 Aj

We claim the second term is uniformly bounded with respect to k. Indeed, one integration by parts gives

1
[Fa=syds [ @ mzpemihrtionem oy
0 A;

1
1_ 7 .

=i / 5 dS/ k-(x—zj)(x—2zj)- V, e ikxtiosk-(x=z)) g,
o 1—e&s ;

1 1—
:i/ u ds/ k-(x—z;) (x—z)-nj(x)e kxtissk=z) g
0

1—es .
1—
—41/ a ds/ k-(x—zj)e” thextiesk-(x=2;) gy (45)
0 A;

1—es

Here n; (x) is the normalized vector perpendicular to dA ; pointing outwards. Integrating once more in
the same manner (involving the edges of the faces of dA ; for the first term), we see that (45) is bounded
uniformly in k; hence we obtain (44). O

Inserting (44) in (43), we obtain the two error terms

24
&’ Z (x—szlAj)e_ik'x dx
C =

ke2nz3k#0
(using here that ||7};||zec < (27)%/2) and
o4 |71 (k)| 3/ 191 (k)|
dk.
L TRE S0 e wp

keanz3
k#0

2

<e?(2m)3||x =C¢?

szlA_

L2(Cy)

Recalling that ¢ = §/£, our final estimate on the averaged error is proportional to

]
§2 log(a_l)(l + —) / 0.
Z R3
In order to conclude the proof of Proposition 13, it remains to provide the following:

Proof of Lemma 14. We have

1 T

— 1
1 =2 24 i d
Ao * ||”“ ”/1 ’ fésm@)¢ﬂ+uv—wMme

1
T—a \x|(1 a) 1
=l/ log(r+|x|)rdr—n|x|/ (r+ )rdr.
x| J lr — x| lr =1

IXI(l+a)
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For |x| < é and 0 <o < %, the integrand is bounded on the corresponding interval and we obtain

1
1AO,*| E

(x) < Ca.

Similarly, for |[x| >4 and 0 < o < % the integrand can be estimated by 2, which gives again

o
14, * (x)<C— < Ca.
|- 12 |x|?
Finally, for % < |x| £ 4, we have
N
1 xI(1—)
1y, * (x)SCa+C/ 1 [log |r — 1| dr.

LR S
[xI(1+a)

The last integral is over an interval of length

1 1 20 - 40
- = < —a.
X|(1=e) [x|[(1+e) |x[(1-a?) = 3

The integral is maximum when the interval is placed at the divergence point r = 1. So we have

R 40
B I+5a .
/ |log|r—1||drs/ [log|r —1|| dr < Calog(a™ ). |
m max (0,1—%0{)
This concludes the proof of Proposition 13. O

4.2. Lower bound in terms of local densities. Next we turn to the lower bound. We are going to use the
same tiling made of tetrahedra, with the difference that we do not insert any hole. Similarly to (32), we
introduce

§0.6,7 = Loy, A %15, (46)

which forms a smooth partition of unity, without holes,

24
Z ZS@,S,;‘(X—ZZ) =1.

zez3 j=1

Proposition 16 (lower bound in terms of local densities). There exists a universal constant C such that
forany \/p € HY(R3) and any § > 0 with 0 < §/¢ < 1/C, we have

1—-C§/¢ 24
E(p)z—p5"— ) Z/S

zez3j=1

/ E(Sg,g’j(R-—EZ—T),O)de‘L’—g/ (148 YHp+830?). (47)
o) Jc, t g3

In particular, we can find an isometry (t, R) € R3 x SO(3) such that

cs 2 c
E(p) = (1 —7) > E(s,(R-—tz—1)p)— 7 /R3((1 +8 Hp+83p%). (48)

zez3j=1
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Proof. For a state I' = @, o ', on Fock space (commuting with the particle number operator) and an
interaction potential w, we introduce the simplified notation

Cw(F)I=ZTI'an( > w(xj—xk))r,,, (49)

n=2 1<j<k<n
Du(p) = / / w(x — )p()p(y) dx dy. (50)
2 [RE3 IR3

For the Coulomb potential w(x) = |x|~! we simply use the notation C(I") and D(p). For the kinetic
energy, we write

T(T):= Z Tren (— Z ij) T, (51)
j=1

nz1
and finally denote by
&) :=T(T') +C(T) = D(pr)

the total energy, with the direct term subtracted.
The proof uses the well-known fact that, for any interaction potential w and any state I" on Fock space,

we have

1 ~ o711 (md -
—>w(0) [n3 pr when 1 € L1(R%) and 1 = 0,
Cw(P)_Dw(P)B§ ? \

52
—5(Jr3 w) fra(pr)*  when w € L' (R?) and w > 0. 42

For the first bound see for instance [Lewin et al. 2018, equation (4.8)]. The second bound uses only that
Cy(T)=0and Dy(p) < %||w||L1 ||p||i2, by Young’s inequality.

We are now ready to prove (48). The smeared Graf-Schenker inequality from [1995, Lemma 6] states
that the potential

) K8\ hes(x) k82 hys(0)
|x] t) x| € x|+ [x])
has a positive Fourier transform for all £ > k8, with W, (0) = Ty ¢,5(0), where

~ 1
Fos(o—y)= / (Lea *15) % (1_ca #15)(Rx — Ry) dR
LA Jso@3)

1

= m 500) R3(1R*IZA+Z *18)(V)(Lg—14Aa+z *1M5)(x) dz dR.

Here A is a tetrahedron and « > 0 is a large enough constant. In addition, we have from [Lewin et al.
2018, Proof of Lemma 5.5] that the potential
1 e_%“"

e (o) = _
e TN T R

is positive and has positive Fourier transform, with Ws (0) = /2672,
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Arguing exactly as in [Lewin et al. 2018, Lemma 5.5] using (52), we find that for any fermionic
grand-canonical mixed state I' = ,,5 , I'» with density pr we have

C¢(I')—D(pr)
1-x8/¢ 2
Z =3 Z2/80(3)/CZ{C(FM/W—._KM)—D(EMJ(R'—EZ—T)PF)}def
zez3j=1
C Cs3
—— | pr—— / (or)*. (53)
E R3 f R3

Here T’ is the geometrically f-localized state on Fock space [Derezifiski and Gérard 1999; Hainzl
et al. 2009; Lewin 2011], that is, the unique state which has the k-particle reduced density matrices
f®kT () £®k The Jast term proportional to 83 /¢ comes from the L' norm of (=15~ (V2/9)1x] x|~ L.

For the kinetic energy we use the IMS formula as in [Graf and Schenker 1995; Hainzl et al. 2009] and
[Lewin et al. 2018, Lemma 5.6], which yields an error in the form

N N
— | v *=0(—~

where N = [ g3 pr. For the total energy we obtain

24
ar=gE Yy [

e ——F——)dRdt
4= Jso) /Cz [VEe.s.j(R-—Lz—7)

C 1 cs3 )
—7(1-%3)/%301‘—7/“%3(“‘) . (54)

which yields the result. O

4.3. A convergence rate for tetrahedra. In this section we study the convergence of the energy per
unit volume for tetrahedra and find a convergence rate. We introduce the energy per unit volume of a
tetrahedron at constant density pg > 0

ea(po, £,8) ;= [EA| T E(po L¢a *ns), (55)

where ng(x) = (10/8)371(10x/8) with n; a fixed C2° nonnegative radial function with support in the
unit ball and such that fR3 n1 = 1. We prove the following:

Proposition 17 (thermodynamic limit for tetrahedra). For every fixed po > 0, we have

lim ea(po.{,8) = eurg(po)- (56)
§/L—0

83/6—0

£8—00

For§ <{/C and0 <a < %, we have the upper bound

2
e (po.€.8) < eusa(po) + C L2 (1487 +8%po + 8p5) (57)
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and the averaged lower bound

14« ﬁ -1 14+« ﬂ _ ” o .
ea(po,tL,18) r = euec(po) — C37pg log(a ™). (58)
1 1

4
o S —a

If in addition p(l)/ >0 = C, we have the pointwise lower bound

18

5
3 15
Py TP _cP +P . (59)

K ES

4
3
0

eA(po. . 8) = eueg(po) — C4

The constant C only depends on the chosen regularizing function ny. It is independent of pyg, £, §, .

We will later see that the condition §3 /£ — 0 is actually not needed in the limit (56). It is an interesting
problem to replace the error term in the lower bound (59) by an error similar to the upper bound (57).
Note that the error term in (58) goes to zero only when § — 0, whereas (59) does not require § — 0.

Proof. For fixed po > 0 and § > 0, the existence of the limit (56) for £ — oo was proved in [Lewin et al.
2018], using a lower bound similar to (48).

We consider a large tetrahedron £’ A, smeared at a scale §’ and a tiling of smaller tetrahedra of size
£ <V, smeared at scale §. Applying our lower bound (47), we find

ea(po,t',8")
_ 1= o
SINE

Cpo
Ly iy f /S E (0 (L A—tz—o#n5) (Lo awnp)) dRd v— L2 (1457 5% po),

zez3j=1 00

where for the error term we have used that
[ (polya *15)* = Pg/ (Loa xns)* < /03/ Lea x s = pgll'Al.
R3 R3 R3

For all the tetrahedra such that R({juj A —€z—1)+ Bg/19 C (¢'—8") A, we obtain exactly [(A | ea (po. £, §)

in the integral. The other tetrahedra are at a distance proportional to £ + § + §’ from the boundary

of £/A. Hence, using our lower bound (19) on the energy, they give rise to an error term of the order
pe!3(€ + 8 +8')/t'. We obtain

) (+5+8

eA(po,E',S/)B(l CUZ_COE—)eA(’OO’E §)—Cpg

40+5+6 Cpo

7 —Z(1+8 1 +683pg). (60)

Here 0 = 1 if ep (po, £, §) = 0 and 6 = 0 otherwise.
After taking the limit £’ — oo at fixed £, §, §’, pg, we obtain

8 C _
cvralpn) > (1= CoF Jealpn,t.8) = F201+57 +8m).
It follows from our upper bound (29) (see also [Lewin et al. 2018, Remark 5.4]) that

2 s
-3 3
eueG(po) < ¢ 3cTF Py
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for all pg > 0. Hence after dividing by 1 — Co§/¢ we have shown the claimed upper bound

eA(po.L,0) <€UEG(PO)+C P(1+8” 1+33P0+50P0)

We may use exactly the same argument using our upper bound (34) in place of (48), and we obtain the
lower bound (58).

Next we replace £ by £ and § by ¢ in our lower bound (60) on the energy of the large simplex of
size ¢', and average over ¢ € (%, %) with the measure =% We then insert our lower bound (58) and, after
collecting the different error terms, we obtain

L+ 8 +
ea(po.t'.8') = eurg(po) — C ———— ( pg + 3) ct (1 +87 1 +8%po +5p0) C8%p;.-
It is natural to choose § = £~1/ 3(,00)_4/ °, which provides the estimate
13 10 11 2
L+ 548 P + 00 00 od
ea(po,t',8") = eurc(po) — C (p?) ( Py + 3) C—Z—C%—C—g
K 3 £§ E
and then ¢ = (ﬁ’)3/5,052/15, which gives
78
8/ 5 4 ,O + 0 15
ea(po.t'.8") = eurc(po) —C —(pg + pg) — u
¢ ()3
under the assumption that ¢’ (po)% = C. This is exactly (59). The two bounds (57) and (59) give the
limit (56). O

4.4. Proof of Theorem 1. Let Qp be a sequence of domains as in the statement, that is, such that
|Qn|— oo and |dQ2x + B,| < Cr|Q2n|?/3 forall r < |Q2x]'/3/C. Assume also that §x |2 x|~1/3 — 0.

By following the proof of (60) we see that a similar inequality holds with the large tetrahedron £'A
replaced by Q. This gives

E(pol §  L+8+8 $048+8y C
(Po QN*%N)Z(l_CG__C thoton N)eA(po,z 8)—Cpg OFON PO (1 4 514 8350,

121 ¢ Q|3 *lany ¢

Under the sole condition that §n |2 x |_1/ 3 — 0, the right side tends to eygg(po) if we take for instance 8
fixed and £ = |Qy|'/C.
We then use the upper bound (34) with o = % as well as the fact that

E(poxress,j(R - —tlz—1)1qy *15y)
2
< oot (o5 + (W)™ + Cpo [ tueanj (R - =1tz =0)IV g 5y P
by (29), for the tetrahedra close to the boundary. We find

3 -1 .3
E(pol C+6+6 d dt
(polay *m5y) _ (1+C0+_+1N)(/z _j) /zeA(po,zz,za)T

12| QN3 15 3 !

L4564+ 68N Cpo
+C—P0(Po+(5) h+

[2%E Tk

+ Cp38%. (61)
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We have used here that

1/3

5N |QN E
Under the additional assumption that 8 |Q2x|'/3 — co, we may choose for instance £ = |Q y|'/© and

§ = |2x|~1/12, which yields the result. O

4.5. Replacing the local density by a constant density. The goal of this section is to provide estimates
on the variation of the energy in a (smeared) tetrahedron, when we replace the local density by a constant,
chosen to be either the minimum or the maximum of the density in the tetrahedron.

Proposition 18 (replacing p by a constant locally). Let p > 3 and 0 < 6 < 1 such that
2<ph<l+ip (62)

There exists a constant C = C(p, 0, q) such that, for £ = C and § <{/C, we have

E(p(Lea *15)) < E(p (La % 75)) + Ce / (p+ ) (Lea % 15) +C /R oIV /Tea *751
2p P

{
—/ Vel (1ZA*778)+C( 5—_1)/ Vel |7 (63)
gab {A+Bg

and

_ o Cce?_
E(p(Lea *18)) = E(p(Lga xns)) — Cel>(p+ p°) — 5P
2p P

c ¢
-— | VvplPa —-C / vo1? (64
- [vvitaa s —c(s s ) [ 19 6

forall0 <e < 2, where

p=  min  p(x), =  max  p(x)
= xé&supp(lea *7ns) x€supp(lea *ns)

are respectively the minimum and maximum value of p on the support of 1ya * 5.

Under the assumption that [, , + By |V p?|? is finite, the density p is continuous on £A + By, so that 1%
and p are well-defined.

We have already discussed in the beginning of Section 4.1 the difficulty of deriving a subadditivity-type
estimate relating £ (p1 +p2) to E(p1) and E(p2). The following lemma provides a rather rough inequality,
which however will be sufficient for our purposes.

Lemma 19 (rough subadditivity estimate). Let py, p2 € L1 (R?,Ry.) be two densities such that /p1, /p2 €
HY(R3). Then

5 4 2 5 1—¢
E(p1+pz)SE(p1)+C8/2(pf+pf)+C8 3/3P§+C/2|V\/P2+8p1|2+TD(p2) (65)
R- R- R-

forall0 <e < 1.
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Here we have in mind that p, is small compared to p; and we estimate £ (p; + p3) in terms of E(p1)
plus some error terms. The worse error in the estimate (65) is D(p2)/¢, because it grows much faster
than the volume. Later we will only use (65) locally and this bad term will not be too large. But it will
be responsible for the large power of ¢ in front of the gradient correction in our main estimate (8). We
conjecture that there is an inequality similar to (65) without the term D(p2)/e.

Note that we can estimate

/R3 Vo T epil? < /R |v~/—p2|2+e/R3 v /A

by the convexity of p — |V /p 2.

Proof of Lemma 19. Fix an ¢ € (0, 1] and consider two optimal states I'; and I', in Fock space, for p;
and py /e + p1, respectively. Then
'=0—-¢I'1+el»

is a proper quantum state which has the density

2
pr = (1—¢)p1 +8(% +/O1) = p1 + p2.

Inserting this trial state and using (29) for E(p2/€ + p1), we deduce that

C s
B+ <(-0E@)+ < [ pl+C [ 9/mTenP
£3 . :

5
+Ce [ pi = Dlpr+p2)+ (1=e)D(p1) +eD(pr + pa/e).
R

We have .
—¢
—D(p1 +p2) + (1 =) D(p1) + eD(p1 + p2/€) = ——D(p2).
By the Lieb-Oxford inequality E(p1) = —C [na ,o‘lt/ ? and the result follows. |

We are now able to provide the following:

Proof of Proposition 18. We write p = p + (o — p) and apply (65). We obtain
5 4
E(p (Lea 15)) < E(p (Lea 15+ Ce [ (07 +ph)(Lea 1)

C 5 1
+— . (0—p)3(Lea *ns) + ED((P_E)(]-KA *175))
&3 JR3

+C [ [9Varmo—(=op)*

In the first line we have used that p < p on the support of 1y * s and that 15 * ng < 1. First we can
bound p*/3 + p>/3 by p + p?. Next, using

2 _IVURIP _ fIVel® | glVfP
VVIel = S T
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and V(p—(1—¢) 8) = Vp=2,/pV . /p, we can bound the gradient term pointwise by

-
IVV(Lea *15)(0— (1 —)p)|* < (Lea * ) 20V | 2p\W1eA*n5|2.

—(1-
Since p = p, we have ¢p < p— (1 —¢)p and hence
et
p—(I—e)p e

This gives the estimate on the gradient term
2 2 2
LoV me—=opP <= [ 1VVPAasn+2 [ plvViml

Next we estimate the terms involving p— p in terms of the gradient of pe. We use the Sobolev inequality
in the bounded set £A + Bg

<Ccep3 \V4 r
I <z < €U ooy THOON (66)

for p > 3 and every continuous # which vanishes at least at one point in £A + Bg (we always assume
8 <£/C sothat LA + Bjg is included in a ball of radius proportional to £). By the Hardy-Littlewood—
Sobolev inequality, this gives

D((p—p)(Lea *15)) < Cll(p—p)(Lea *18) 7 6/

5
g _ §
<C|p° —/90||%0<>(6A+B,s)(/[R3 p3 =0 (140 773))

% 2 1_%
<C (Ezp/ IVpelp) (/ p7=2 170 (15 % 775))
LA+ Bgs R3

e2r 0p 22 (1-6)
sCe|l —= Vo7 [P +e | pr=2 (Lea % m5))- (67)
eP™ JuA+Bs R3

In the second estimate we have used that

p—p<Cp?—p?p'?

since 6 < 1. In the third estimate we have used Holder’s inequality to obtain an integral to the power
1 —2/p. This yields some power of £ which has been taken into account in the first factor. In order to
bound p(1=@P)/(P=2) by p 4+ p2 we need that

2
1<—=2_1-9)<2,
p—2

which is equivalent to our assumption (62).
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Similarly, we can bound the other error term as follows:

5 2a 5(1—
[ o=03 en w15 < U =0 U e smyy [, 07170 e 5 )
R3 R3

Sa 1—3a
<C (zp / IVp"I”) 7 ( / p3rsa (1760 (1, ns)) v
{A+Bg R3

EP 5p _
( "—1/ |Vp0|p+8/ pr=3a 170D (1,5 *775)), (68)
Ea tA+Bgs R3

where 0 < a <1 is a parameter to be chosen. As before we need the condition

1< P
3p—>5a

WIN

<Ce

(1—6a)<2

in order to bound the last term by p + p?. This is equivalent to

14 2p

5a P + 5a
where the left inequality is always satisfied under our assumption (62). If we choose a = 1 then the upper
bound on p# is stronger than (62). Hence we rather choose a = % and obtain (63).

The argument for (64) is similar. This time we write p = p + (p — p) and obtain from (65)
_ 5 4
B3 (Lea 15 < E(p (Lea 15+ Ce [ (o7 +ph)(Lea )

C 5
55 [ =0 w2 1)+ 2D p)(Lea 5 15)
g3 JR3

+C [ 9V xm)G-(-op)”

The gradient term can be bounded above by

/\V\/(leA*ns)(ﬁ—(l—e)p)IZSg/ IVﬁlz(leA*ns)+25[ Vv 1ea #7s]
R3 £ [R3 R3

2 Cce?_
<2 / IV A2 (Lea #15) + S .
£ R3 8

The other terms are estimated as before, using that p — p < p. O

4.6. Lipschitz regularity of eygg. In this section we prove that the UEG energy eygg is locally Lipschitz.
The main result is the following.

Proposition 20 (Lipschitz regularity of eygg). There exists a universal constant C so that
1 2 1
eueG(p) — C(p3 + p3)p’ < evea(p—p') < eurc(p) + Cp'p3 (69)
for every 0 < p' < p. In particular, we have

1 2
leurc(p1) — eurG(p2)| < C(max(p1, p2)3 + max(p1, p2)3)|p1 — p2|. (70)
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Proof. By scaling we have
E(ap(@ -)) = minfa’3T(I) +a3 (1) = D(pr))} < @3 E(p)
for ¢ < 1. This proves that

E(@poleqisia * Xs/al3) _ ealapo, £/ad, 8/ad) _ |
= <a3 L, 8).
CIA| . a3 ep(po.t,8)

Passing to the limit using Proposition 17, we find

4
euec(apo) < a3eygc(po)
forevery 0 <o =1—¢ < 1; hence

4
euec((1 —&)po) < (1 —¢)3euec(po) < euec(po) + Ceeyec(po)--

Here we have used the notation x_ = max(—x, 0) for the negative part. Using that eygg(p0) = —cLo pg/ 3

by the Lieb—Oxford inequality (with ¢ o < 1.64), we obtain

4
3

euec((1 —&)po) < eurg(po) + Cepg

for all 0 < ¢ < 1. This proves the upper bound in (69).
Similarly, we can write (still for 0 <o < 1)

/p =min{a§T(F)+aé(C(F)—D(PF)+CLO/ pg)%
R3 I R3

Zoz%(E(p)+cL0/ Pg)-
[R3

4
3
0

W=
Wl

E(@p(a )+ croa

This gives as before

4 5 4
eueG(apo) +a3cLopg = o3 (euec(po) + cLopg )-

/3

Using this time eygg(po) < C p(s) , we obtain

4 s
evec((1 —¢&)po) = eurc(po) — Celpg + pg)
forall0<e< 1. O

4.7. Proof of Theorem 3. We have derived all the estimates we need to prove the main inequality (8) in
Theorem 3.

Let p € L' (R3,R4) N L2(R?, R4) be any density so that V/p € L2(R?) and Vp? € LP(R?). First
we recall from our upper bound (29) and the lower bound (19) that

_2 5 a2 C(l+e
E@l<erg 31+ [ pirao [ of+ D [ v ype,
R3 R3 & R3

Similarly, we have
4
3

2 s
leveg(p)| < cTrg™ 3 p3 + cLop3. (71)

In particular, the inequality (8) is obvious for large ¢ and we only have to consider small e.
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In our upper bound (34) and our lower bound (47), the worse coefficient involving £ and § in front of
o+ p?is 62 4+ 1/(£8). This suggests to take

§=1e L=g2, (72)

which we do for the rest of the proof. In fact, in our proof we will replace £ and § by ¢£ and ¢6 and

average over t € [%, %]

Step 1. Upper bound. Let us first take % <e3/2¢ <2 and % < 86712 < 2 and derive an upper bound

on E(p(1ya *1ng)). We recall that A is a tetrahedron of volume i as described in Section 4.1 and that

ns(x) = (10/8)3n1(10x/8) with 0y a fixed CX° nonnegative radial function with support in the unit ball
and such that [p3 1 = 1. We denote by

o= min  p and p:= min
supp(LeA *75) supp(Lea *15)

the maximal and minimal values of p on the support of 1y * 71, as in Proposition 18. We use the upper
bound (63) from Proposition 18 which quantifies the error made when replacing E(p(17a * 1s)) by
E(p(14A *ng)). For the latter we then use our estimate (57) in Proposition 17 on the energy of a smeared
tetrahedron. With our choice (72) of £ and § in terms of &, this leads to

E(p(Learns)) <evsa(o) | Leasni+Ce [ (o) Lensi)
2 C C
4 [ ooVl + 5 [ VR Qasm b [ 196017 (03)
R3 ¢ Jr3 € LA+B;
In the first line we have bounded the error terms in (57) by

e3p(1+e72 +e2p+ /ep3) < Ce(p+ p?)

in order to simplify our final bound. In the support of 1,5 * ng we have by (69)

euea(p) < eura(p(x)) + C(p(x) — p)p(x)3;

hence

1
eueG(p) /R3 1o *ns < /Rs evec(p) (Lea *n5) +C /R3(p—g)p3(1m *15).

Similarly as we did for (68), we can bound for 0 < a <1

1 4_
/R3(p—;_>)p3(1m x15) < Cllp” = p°11¢ o eat 5y /R3 p3 7041y x )

a 1-4
sc(s—%p / |Vp9|l’)"(/ ot ?Q“vfa(lmn,s)) ’
LA+Bgs R3

1 9.p 4-36a _p
<C|l—5—— IVoPIP +e | p 3 7=a(lea*ns)).  (74)
e3Pta—l Joa+Bs R3
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Again we need
1< 4—30a p <2
3 p-—a

which is equivalent to

2p p
2——<0O0p<1+—,
3a P +3a

where the left side is automatically satisfied under our main assumption (7). In order to get an error
controlled by the other gradient terms, we need

3 P
—p+=—-1<4p—1,
2 a

which requires ¢ > 2. Taking a = % provides the smallest power of ¢. Collecting our estimates, we have
proved the following upper bound on the energy in a tetrahedron:

E(p(Leasn) < [ ena(p(o) (Leasn)dx+Ce [ (Leaws) (ot

C C 2
+—0 _1/ |V/09|p+—/ (1eA*775)|V«/5|2+C/ p|VV1a*ns|”. (75)
e*P~% JuA+Bs e Jr3 R3

Here we have considered a tetrahedron placed at the origin for simplicity, but we of course get a similar
inequality for any tetrahedron, by translating and rotating p.
Next we recall our upper bound (34) on the total energy E(p)

2ds\7' (2 di )
E(p><(/ ) / /80(3) /C ) (WZZE(;(M,(R tlz—)p)+Ce /3p, (76)

ez3j=

with ygs.; = (1 =)y, (1-s2)a * 115. We also recall from Section 4.1 that §/€ = (18)/(t€) = &*.
Inserting (75) into (76) and using the fact (33) that y,¢ ;5 ; forms a partition of unity after averaging over
translations and rotations, we obtain

E(p) < (1—¢?)? / eora (1 —£2)~3p(x)) dx
W C 2, 0
+Ce/R3(p+p2)+ 8/ VoI + = 1f_gle 7. (D

Note that when we sum over the tiling, the sets 7€ ; A + B;g have finitely many intersections, which just
results in a bigger constant in front of |V p?|?. We have also used that

/80(3) /cﬂ (t£)3 Z Z/ P!V\/m 18,7 (R - —Kz—f)|

(ff)3/R3 /‘V\/tht(g](R Z—‘L’)‘ 68/ o= Cs[ 0.

From Proposition 20 and (71), we have

(1= [ ewal@ -7 < [ evma(r+Ce? [ (pF o0
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hence we obtain the desired upper bound

C
o)< [ ewato)ve [ o4+ S [ VAP [V

for & small enough.

Step 2. Lower bound. The lower bound is slightly more tedious since all our lower estimates involve
0o which can in general not be bounded by p. We shall argue as follows. First we average our lower
bound (47) over t. This gives

3 -1 .3
2ds 2dt1—Ce
He= / _) /_ / / E( (R - —tlz—7)p)dRd7
(p) (5 s4 ! 14 (t0)3 223; so@) Jc,, §10,15,) )p)
—Cs[ (p+e%0%). (79)
R3

We recall that here §; 5 ; = 14 ;A * 155 see Section 4.2. In order to use the same argument as for the
upper bound, we are going to prove the estimate

Sds\7' 3 4
( / S—j) / —t4(t’€)3{E(p(1tmm»

2
[ vra (o) (uea sa)dx+C [ oIV VLrcarnisl

C
+C8/R3(P+P2)(1MA*77M)+;/R3 |V«/ﬁ|2(1t€A*nt5)}

C / P
— IVp”IP.  (80)
e*P=1 | iA+Bos

That the last integral is over the larger set 2{A + B,s will only affect the multiplicative constant C.

=

Inserting (80) into (79) gives a bound as in (78) but in the opposite direction. This concludes the proof of
the theorem and it therefore only remains to prove (80).
With an abuse of notation we consider the minimal and maximal values over the larger set 2(¢A + By),

= min and p:= min 81
E 20A+Bys P P 2(A+Bss P ( )

instead of the corresponding definitions on the smaller set {A 4+ Bg. First we again recall that, by (29)
and (19), we have

‘E(p(lzm *15)) — /RS(]-MA * 1;5)euEG(p(x)) dx

4 s ,
S C/R3(1MA *18)(03 +P3)+C/R;(1,M >l<r)t5)|V\/ﬁ|2_|_C/R3 P‘Vm} ‘

Hence there is nothing to prove when

4 El 1
/ (p3 +P3)(1tﬁA*77t8)§C3/ (P+P2)(1tZA*77t8)+ﬁ/ e
" R3 € 2UA+Bos
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This is the case if ,61/ 3 < Ce, for instance. Hence we may assume in the following that p > C¢? and that

4 5 1
/ (03 +p3)(Leea *118) =~ f IVe?I.
R3 3 20A+Brg

By (66), this implies
that is,

Under our assumption (7) on p and 6 the exponent is positive; hence we deduce that for &€ small enough
p<Cp<Cp(x)

on 2¢A + B,s. With this additional information we can use our previous estimates.
By arguing exactly as in the proof of Proposition 18 with p the maximum over 2¢A + B,s instead of
the support of 1,4A * 1;5, we get the estimate similar to (64)

E(p (Liga *Me5))

_ I C C
> B Wearn) =CoC G+ )= [ VYo Guasns = o [ 91 5
28

From the fact that p < Cp, the second term on the right side can be bounded by

Ce [ o+ 7P Liea 5 ).

Then we average over ¢t and use our lower estimate (58) on the averaged energy of a tetrahedron. This

3 -1 .3 _
2 ds 2 dt E(p (Lega * 118)) _ ,
> —Cep.
(/é S4) /; T O3A| cueG(p) — Cep

gives

The last term can again be bounded by

007 [ (Lrea )
R3
and included into the average over t. Finally, using (69) and p < Cp, we infer that

eur(p) = eura(p(x)) — C(5— p(x))p(x)3

on the support of 1,4A * 1,5. To conclude the proof of (80) we can proceed in the same way as for the
upper bound (75). This concludes the proof of Theorem 3. O
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Appendix: Classical case

In the classical case where the kinetic energy is neglected, the grand-canonical energy functional is defined
[Lewin et al. 2018] by

1
Eq(p) := inf ) Z/ T dPp(x1,.... xp
anop ®¥")=1 R3)" 1<]<k<n |X) = Xk .
1 PPy =0 / / p(x)p(y) ,oy dxdy. (83)
R3 JR3 |x—

where each P,, is a symmetric probability measure on (R3)" with density

ppn(x)=n/ dPy(x,x2,...,Xn).
R3(n—1)
This classical energy (83) is obtained from the quantum energy in the limit
lim oz_%E(oﬁ,o(a-)) = Eu(p);
a—0

see [Cotar et al. 2013; 2018; Bindini and De Pascale 2017; Lewin 2018]. When fR3 p=N €N, the
canonical version of E reads

Ecan f
CEFN DS

1<j<k<N xj = | A

dP(xq,... xN)——/ / p(x)p(y)dxdy. (84)
Xk r3 Jr3 |x — Y|

In [Lewin et al. 2018] we have shown that for py (x) = p1 (N ~1/3x) with Jrzp1=1,

. EJ™(oN) . Ea(pn) 4
1 —_ 1 = 3dx, 85
VTN D cu [, n0% dx ®)
where
CUEG = lim eUEG4(,0) <0
p—0t p3

is the energy per unit volume of the classical uniform electron gas at density 1. In this appendix we
quickly explain how to derive the following quantitative estimate on the convergence rate in (85).

Theorem 21 (estimate in the (grand-canonical) classical case). Let p > 3 and 0 < 6 < 1 such that 6p = %.
There exists a universal constant C = C(p, 0) such that

< [ ew+phdn+ S [ w60
R3 & R3

Eq(p) — cuec /3 P(X)% dx
R

with
b=max{2p—1,(1+30)p—4},

for every & > 0 and every nonnegative density p € L' (R3) N L4/3([R{3) such that V,oe e LP(R3).
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Under the condition that Op < 1 + % p, which is slightly more restrictive than in the quantum case (7),
we get the much smaller power 2p — 1 of ¢ in front of the gradient term. Then, after optimizing (86) in ¢,

(/ (p() + p(x) ¥ )dx) _”( f Vp (x)v’dx) (87)

—1/3x) and for s<Op<1+ 3p The rate N/ is better than the N 11/12
1/3

we obtain the quantitative estimate

U1

4
Ecl(pN)_NCUEG/3 p(x)3 dx| <
R

for every pny(x) = p1(N
obtained in the quantum case, but still far from the expected rate N

Proof. The estimate (86) follows from the Lieb—Oxford inequality (17) (without the gradient term) when
¢ is large, so we only have to consider the case where ¢ is small.
We use again the tiling (31) and, as in the proof in [Lewin et al. 2018], the upper bound

24 24
Ea(p) < Y D Ealleavep) < Y Y Ea(Ley; atezp), (88)

zez3j=1 zez3j=1
where p = ming, ; A +¢; p- The inequality (88) is a consequence of the subadditivity and the negativity
of E¢. Now it follows from [Lewin et al. 2018, Corollary 3.4] and from the Graf-Schenker inequality as
in Section 4.3 that in a tetrahedron

4 _ Ealpolea) 4 Cpo
0 0 .

CUEGP) = 1A < CUEGP

This provides the upper bound

Ea(p) <CUEG/R p3 + lcurcl > Z/MJAMZ p3 — )+ 7 /

zez3J
For the rest of the argument we use the notation ¢ = 1/£. In each tetrahedron we can follow the argument
in (74) and estimate

4 4 4_
0% =) e 5 1) < Cl® = e smyy [0 CLen )

1 > 4-36a _p -5
sc(—p/ IVPGI”) (/ p 3 P—”(lm*ns))
EX JULA+Bs R3

<C( ! / % 9|p+ / 74_§9ai(1 ))
<Cl—5— P17 +e | p 3 Pma(Lea xns)),
ePT a1 Joa+B; R3

4/3

with 0 < a < 1. In order to estimate the second term by p + p*/~, we need that

4—360a p _ 4

I <

3 p—a 3
which is equivalent to

<Op<1+

[SSREE N

a
3

and which we assume for the rest of the proof.
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We finally turn to the lower bound. Up to an appropriate rotation and translation of the tiling (or,
equivalently, of the density p), the Graf—Schenker inequality gives the following lower bound [Lewin
et al. 2018, p. 100]:

24
Ea(p)= ) Y Ea(lyya+ezp)- (89)

zez3j=1
We recall that

Wl

Ecl(lﬁ,ujA—i—sz) = _CLO/ o
G ALz

by the Lieb—Oxford inequality (17). We have nothing to prove in any tetrahedron £/1; A 4 £z such that

4
3

4 A
CLO/ P $8/ (P+P3)+ﬁ/ IVo?|?.
Linj A+Lz L A+Lz ePTa L A+Lz

Here A is a large constant to be chosen later. This is in particular the case when ,61/ 3 = max, wiA+Lz P
g/cLo. So we may assume that

4 4 A
CLO/ p3 >5/ (P+P3)+ﬁ/ 1Vo?|?
L ALz L ALz gPTa L Aiz

and that p > (g/c10)3. This implies

1 3
g Cea v _a Cor(t5i=0p)

P = < = < 0.
Ar Ar
The power of ¢ is nonnegative when, again,
Op <1+ ﬁ.
3a

For A large enough (or ¢ small enough) this gives p < Cp < Cp in the simplex £u; A + {z. The rest of
the argument is then exactly the same as for the upper bound.
As a conclusion we obtain the bound (86) with the error term

C
— T IVo?|?
ePTa=t Jou; A

wiA+Lz

and the restrictions that p >3, 0 <8 <1, 0<a <1 and

In order to minimize the power of ¢ we want to take a as large as possible; that is,

a zmin(l P )
"30p—1)

For6p <1+ % p we take a = 1, whereas for Op > 1 + % p we choose the other value and get the stated
inequality (86). O
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Remark 22 (canonical case). As was mentioned in (85), in [Lewin et al. 2018] we could also handle the

canonical case. We would easily obtain a quantitative estimate on the canonical energy E"(p) if we

can

knew the speed of convergence of {3 E pei

(polga) toits limit cygg|A|. Unfortunately, the argument
used in [Lewin et al. 2018, Lemma 3.2] to prove that the limit coincides with the grand-canonical one

does not seem to produce a quantitative bound.
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