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HYPOCOERCIVITY WITHOUT CONFINEMENT

EMERIC BOUIN, JEAN DOLBEAULT, STÉPHANE MISCHLER,
CLÉMENT MOUHOT AND CHRISTIAN SCHMEISER

Hypocoercivity methods are applied to linear kinetic equations with mass conservation and without
confinement in order to prove that the solutions have an algebraic decay rate in the long-time range,
which the same as the rate of the heat equation. Two alternative approaches are developed: an analysis
based on decoupled Fourier modes and a direct approach where, instead of the Poincaré inequality for the
Dirichlet form, Nash’s inequality is employed. The first approach is also used to provide a simple proof of
exponential decay to equilibrium on the flat torus. The results are obtained on a space with exponential
weights and then extended to larger function spaces by a factorization method. The optimality of the
rates is discussed. Algebraic rates of decay on the whole space are improved when the initial datum has
moment cancellations.

1. Introduction

We consider the Cauchy problem

@tf C v � rxf D Lf; f .0; x; v/D f0.x; v/ (1)

for a distribution function f .t; x; v/, with position variable x 2 Rd, velocity variable v 2 Rd, and with
time t � 0. Concerning the collision operator L, we shall consider two cases:

(a) Fokker–Planck collision operator:

Lf Drv � ŒM rv.M
�1f /�:

(b) Scattering collision operator:

Lf D

Z
Rd
�. � ; v0/.f .v0/M. � /�f . � /M.v0// dv0:

We shall make the following assumptions on the local equilibrium M.v/ and on the scattering rate
�.v; v0/:Z

Rd
M.v/ dv D 1; rv

p
M 2 L2.Rd /; M 2 C.Rd /;

M DM.jvj/; 0 <M.v/� c1e
�c2jvj for all v 2 Rd ; for some c1; c2 > 0: (H1)
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1� �.v; v0/� N� for all v; v0 2 Rd ; for some N� � 1: (H2)Z
Rd
.�.v; v0/� �.v0; v//M.v0/ dv0 D 0 for all v 2 Rd : (H3)

Before stating our main results, let us list some preliminary observations.

(i) A typical example of a local equilibrium satisfying (H1) is the Gaussian

M.v/D
e�
jvj2

2

.2�/
d
2

: (2)

(ii) With � � 1, Case (b) includes the relaxation operator Lf DM�f �f , also known as the linear BGK
operator, with position density defined by

�f .t; x/ WD

Z
Rd
f .t; x; v/ dv:

(iii) Positivity and exponential decay of the local equilibrium are essential for our approach. The
assumption on the gradient and continuity are technical and only needed for some of our results. Rotational
symmetry is not important, but assumed for computational convenience. However the propertyZ

Rd
vM.v/ dv D 0;

i.e., zero flux in local equilibrium, is essential.

(iv) Since microreversibility (or detailed balance), i.e., symmetry of � , is not required, assumption (H3)
is needed for mass conservation, i.e., Z

Rd
Lf dv D 0;

in Case (b). The boundedness away from zero of � in (H2) guarantees coercivity of L relative to its null
space (such bound can always be written � � 1 by scaling).

Since etL propagates probability densities, i.e., conserves mass and nonnegativity, L dissipates convex
relative entropies, implying in particular Z

Rd
Lf

f

M
dv � 0:

This suggests to use the L2-space with the measure d
1 WD 
1 dv, where 
1.v/ D M.v/�1, as a
functional-analytic framework (the subscript1 will make sense later). We shall need the microscopic
coercivity property

�

Z
Rd
f Lf d
1 � �m

Z
Rd
.f �M�f /

2 d
1; (H4)

with some �m > 0. In Case (a) it is equivalent to the Poincaré inequality with weight M,Z
Rd
jrvhj

2M dv � �m

Z
Rd

�
h�

Z
Rd
hM dv

�2
M dv
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for all hD f=M 2 H1.M dv/. It holds as a consequence of the exponential decay assumption in (H1);
see, e.g., [Nash 1958; Bakry et al. 2008]. For the normalized Gaussian (2) the optimal constant is known
to be �m D 1; see for instance [Beckner 1989]. In Case (b), (H4) means

1

2

“
Rd�Rd

�.v; v0/M.v/M.v0/.u.v/�u.v0//2dv0 dv � �m

Z
Rd
.u� �uM /

2M dv

for all uD f=M 2 L2.M dv/, and it holds with �m D 1 as a consequence of the lower bound for � in
assumption (H2).

Although the transport operator does not contribute to entropy dissipation, its dispersion in the x-
direction in combination with the dissipative properties of the collision operator yields the desired
decay results. In order to perform a mode-by-mode hypocoercivity analysis, we introduce the Fourier
representation with respect to x,

f .t; x; v/D

Z
Rd

Of .t; �; v/eCix�� d�.�/;

where d�.�/D .2�/�d d� and d� is the Lebesgue measure on Rd. The normalization of d�.�/ is chosen
such that Plancherel’s formula reads

kf .t; � ; v/kL2.dx/ D k
Of .t; � ; v/kL2.d�.�//;

with a straightforward abuse of notation. The Cauchy problem (1) in Fourier variables is now decoupled
in the �-direction:

@t Of C i.v � �/ Of D L Of ; Of .0; �; v/D Of0.�; v/: (3)

Our main results are devoted to hypocoercivity without confinement: when the variable x is taken
in Rd, we assume that there is no potential preventing the runaway corresponding to jxj !C1. So far,
hypocoercivity results have been obtained either in the compact case corresponding to a bounded domain
in x, for instance Td, or in the whole Euclidean space with an external potential V such that the measure
e�V dx admits a Poincaré inequality. Usually other technical assumptions are required on V and there are
many variants (for instance one can assume a stronger logarithmic Sobolev inequality instead of a Poincaré
inequality), but the common property is that some growth condition on V is assumed and in particular the
measure e�V dx is bounded. Here we consider the case V � 0, which is obviously a different regime. By
replacing the Poincaré inequality by Nash’s inequality or using direct estimates in Fourier variables, we
adapt the L2 hypocoercivity methods and prove that an appropriate norm of the solution decays at a rate
which is the rate of the heat equation. This observation is compatible with diffusion limits, which have
been a source of inspiration for building Lyapunov functionals and establishing the L2 hypocoercivity
method of [Dolbeault et al. 2015]. Before stating any results, we need some notation to implement the
factorization method of [Gualdani et al. 2017] and obtain estimates in large functional spaces.

Let us consider the measures

d
k WD 
k.v/ dv; where 
k.v/D .1Cjvj
2/
k
2 and k > d; (4)
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such that 1=
k 2 L1.Rd /. The condition k 2 .d;1� then covers the case of weights with a growth of the
order of jvjk, when k is finite, and we denote by k D1 the case when the weight 
1 DM�1 grows at
least exponentially fast.

Theorem 1. Assume (H1)–(H4), x 2 Rd, and k 2 .d;1�. Then there exists a constant C > 0 such that
solutions f of (1) with initial datum f0 2 L2.dx d
k/\L2.d
kIL1.dx// satisfy, for all t � 0,

kf .t; � ; � /k2L2.dx d
k/
� C
kf0k

2
L2.dx d
k/

Ckf0k
2
L2.d
k IL1.dx//

.1C t /
d
2

:

For the heat equation improved decay rates can be shown by Fourier techniques, if the modes with
slowest decay are eliminated from the initial data. The following two results are in this spirit.

Theorem 2. Let the assumptions of Theorem 1 hold, and let“
Rd�Rd

f0 dx dv D 0:

Then there exists C > 0 such that solutions f of (1) with initial datum f0 satisfy, for all t � 0,

kf .t; � ; � /k2L2.dx d
k/
� C
kf0k

2
L2.d
kC2IL1.dx//

Ckf0k
2
L2.d
k IL1.jxjdx//

Ckf0k
2
L2.dx d
k/

.1C t /
d
2
C1

;

with k 2 .d;1/.

The case of Theorem 2, but with k D1, is covered in Theorem 3 under the stronger assumption
that M is a Gaussian. For the formulation of a result corresponding to the cancellation of higher-order
moments, we introduce the set R`ŒX; V � of polynomials of order at most ` in the variables X , V 2 Rd

(the sum of the degrees in X and in V is at most `). We also need that the kernel of the collision operator
is spanned by a Gaussian function in order to keep polynomial spaces invariant. This means that for any
P 2 R`ŒX; V �, one has .L�T/.PM/ 2 R`ŒX; V �M. Since the transport operator mixes both variables x
and v, one needs moments with respect to both x and v variables.

Theorem 3. In Case (a), let M be the normalized Gaussian (2). In Case (b), we assume that � � 1. Let
k 2 .d;1�, ` 2 N, and assume that the initial datum f0 2 L1.Rd �Rd / is such that“

Rd�Rd
f0.x; v/P.x; v/ dx dv D 0 (5)

for all P 2 R`ŒX; V �. Then there exists a constant ck > 0 such that any solution f of (1) with initial
datum f0 satisfies, for all t � 0,

kf .t; � ; � /k2L2.dx d
k/
� ck

kf0k
2
L2.d
kC2IL1.dx//

Ckf0k
2
L2.d
k IL1.jxjdx//

Ckf0k
2
L2.dx d
k/

.1C t /
d
2
C1C`

:

The outline of this paper goes as follows. In Section 2, we slightly strengthen the abstract hypocoercivity
result of [Dolbeault et al. 2015] by allowing complex Hilbert spaces and by providing explicit formulas
for the coefficients in the decay rate (Proposition 4). In Corollary 5, this result is applied for fixed � to
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the Fourier transformed problem (3), where integrals are computed with respect to the measure d
1
in the velocity variable v. Since the frequency � can be considered as a parameter, we shall speak of a
mode-by-mode hypocoercivity result. It provides exponential decay, however, with a rate deteriorating as
�! 0.

In Section 3, we state a special case (Proposition 6) of the factorization result of [Gualdani et al. 2017]
with explicit constants which corresponds to an enlargement of the space, and also a shrinking result
(Proposition 7) which will be useful in Section 6.2. By the enlargement result, the estimate corresponding
to the exponential weight 
1 is extended in Corollary 8 to larger spaces corresponding to the algebraic
weights 
k with k 2 .d;1/. As a straightforward consequence, in Section 4, we recover an exponential
convergence rate in the case of the flat torus Td (Corollary 9), and then give a first proof of the algebraic
decay rate of Theorem 1 in the whole space without confinement.

In Section 5, a hypocoercivity method, where the Poincaré inequality, or the so-called macroscopic
coercivity condition, is replaced by the Nash inequality, provides an alternative proof of Theorem 1. Such
a direct approach is also applicable to problems with nonconstant coefficients like scattering operators
with x-dependent scattering rates � , or Fokker–Planck operators with x-dependent diffusion constants
like rv � .D.x/Mrv.M �1f //.

The improved algebraic decay rates of Theorems 2 and 3 are obtained by direct Fourier estimates in
Section 6. As we shall see in Appendix A, the rates of Theorem 1 are optimal: the decay rate is the rate of
the heat equation on Rd. Our method is consistent with the diffusion limit and provides estimates which
are asymptotically uniform in this regime: see Appendix B. We also check that the results of Theorems 2
and 3 are uniform in the diffusive limit in Appendix B.

We conclude this introduction by a brief review of the literature: On the whole Euclidean space, we
refer to [Vázquez 2017] for recent lecture notes on available techniques for capturing the large-time
asymptotics of the heat equation. Some of our results make a clear link with the heat flow seen as the
diffusion limit of the kinetic equation. We also refer to [Iacobucci et al. 2019] for recent results on the
diffusion limit, or overdamped limit (see Appendix B).

The mode-by-mode analysis is an extension of the hypocoercivity theory of [Dolbeault et al. 2015],
which has been inspired by [Hérau 2006], but is also close to the Kawashima compensating function method
[1990]; see also [Glassey 1996, Chapter 3, Section 3.9]. We also refer to [Duan 2011] where the Kawashima
approach is applied to the Fokker–Planck operator (a) and to a particular case of the scattering model (b).

The word hypocoercivity was coined by T. Gallay and widely disseminated in the context of kinetic
theory by C. Villani. In [Mouhot and Neumann 2006; Villani 2006; 2009], the method deals with
large-time properties of the solutions by considering an H1-norm (in x and v variables) and taking
into account cross-terms. This is very well explained in [Villani 2006, Section 3], but was already
present in earlier works like [Hérau and Nier 2004]. Hypocoercivity theory is inspired by and related
to the earlier hypoellipticity theory. The latter has a long history in the context of the kinetic Fokker–
Planck equation. One can refer for instance to [Eckmann and Hairer 2003; Hérau and Nier 2004] and
much earlier to Hörmander’s theory [1967]. The seed for such an approach can even be traced back to
Kolmogorov’s computation [1934] of Green’s kernel for the kinetic Fokker–Planck equation, which has
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been reconsidered in [Ilin and Hasminskii 1964] and successfully applied, for instance, to the study of
the Vlasov–Poisson–Fokker–Planck system in [Victory and O’Dwyer 1990; Bouchut 1993].

Linear Boltzmann equations and BGK (Bhatnagar–Gross–Krook, see [Bhatnagar et al. 1954]) models
also have a long history: we refer to [Degond et al. 2000; Cáceres et al. 2003] for key mathematical
properties, and to [Mouhot and Neumann 2006; Hérau 2006] for first hypocoercivity results. In this paper
we will mostly rely on [Dolbeault et al. 2009; 2015]. However, among more recent contributions, one has
to quote [Han-Kwan and Léautaud 2015; Achleitner et al. 2016; Bouin et al. 2017] and also an approach
based on the Fisher information which has recently been implemented in [Evans 2017; Monmarché 2017].

With the exponential weight 
1 D M �1, Corollary 9 can be obtained directly by the method of
[Dolbeault et al. 2015]. In this paper we also obtain a result for weights with polynomial growth in
the velocity variable based on [Gualdani et al. 2017]. For completeness, let us mention that recently
the exponential growth issue was overcome for the Fokker–Planck case in [Kavian and Mischler 2015;
Mischler and Mouhot 2016] by a different method. The improved decay rates established in Theorems 2
and 3 generalize to kinetic models similar results known for the heat equation; see for instance [Mischler
and Mouhot 2016, Remark 3.2(7)] or [Bartier et al. 2011].

2. Mode-by-mode hypocoercivity

Let us consider the evolution equation

dF

dt
CTF D LF; (6)

where T and L are respectively a general transport operator and a general linear collision operator. We
shall use the abstract approach of [Dolbeault et al. 2015]. Although the extension of the method to Hilbert
spaces over complex numbers is rather straightforward, we carry it out here for completeness. For details
on the Cauchy problem or, e.g., on the domains of the operators, we refer to [Dolbeault et al. 2015].
Notice that we do not ask that L is a Hermitian operator but simply assume that L�AD 0.

Proposition 4. Let L and T be closed unbounded linear operators on the complex Hilbert space
.H ; h � ; � i/ with dense domains D.L/ and D.T /. Assume that T is anti-Hermitian. Let … be the
orthogonal projection onto the null space of L and define

A WD .1C .T…/�T…/�1.T…/�;

where � denotes the adjoint with respect to h � ; � i. We assume that L�AD 0 and that there are positive
constants �m, �M , and CM such that, for any F 2H , the following properties hold:

� Microscopic coercivity:

�hLF;F i � �mk.1�…/F k
2 for all F 2 D.L/: (A1)

� Macroscopic coercivity:

kT…F k2 � �Mk…F k
2 for all F 2 D.T /: (A2)
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� Parabolic macroscopic dynamics:

…T…F D 0 for all F 2 D.T /: (A3)

� Bounded auxiliary operators:

kAT.1�…/F kCkALF k � CMk.1�…/F k for all F 2 D.L/\D.T /: (A4)

Then L�T generates a C0-semigroup and for any t � 0 we have

ke.L�T/tk2 � 3e��t ; where �D
�M

3.1C�M /
min

�
1; �m;

�m�M

.1C�M /C
2
M

�
: (7)

Proof. For some ı > 0 to be determined later, the Lyapunov functional

HŒF � WD 1
2
kF k2C ı RehAF;F i

is such that d
dt
HŒF �D�DŒF � if F solves (6), with

DŒF � WD �hLF;F iC ıhAT…F;F iC ı RehAT.1�…/F;F i � ı RehTAF;F i � ı RehALF;F i:

Note that we have used the fact that RehAF; LF i D 0 because of the assumption L�AD 0, and also that
hAT…F;F i is real because AT… is self-adjoint by construction. Since the Hermitian operator AT… can
be interpreted as the application of the map z 7! .1C z/�1z to .T…/�T… and as a consequence of the
spectral theorem [Reed and Simon 1980, Theorem VII.2, p. 225], the conditions (A1) and (A2) imply

�hLF;F iC ıhAT…F;F i � �mk.1�…/F k
2
C

ı�M

1C�M
k…F k2:

As in [Dolbeault et al. 2015, Lemma 1], if G D AF, i.e., GC .T…/�T…G D .T…/�F, one has

kAF k2CkTAF k2 D hG;GC .T…/�T…Gi D hG; .T…/�F i D hTAF; .1�…/F i;

where we have used AD…A and …T…D 0. Using jhTAF; .1�…/F ij � kTAF k2C 1
4
k.1�…/F k2,

one gets
kAF k2 � 1

4
k.1�…/F k2; (8)

which implies that jRehAF;F ij � kAF kkF k � 1
2
kF k2 and provides us with the norm equivalence of

HŒF � and kF k2,
1
2
.1� ı/kF k2 � HŒF �� 1

2
.1C ı/kF k2: (9)

With X WD k.1�…/F k and Y WD k…F k, it follows from (A4) that

DŒF �� .�m� ı/X
2
C

ı�M

1C�M
Y 2� ıCMXY:

The choice

ı D
1

2
min

�
1; �m;

�m�M

.1C�M /C
2
M

�
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implies

DŒF ��
�m

4
X2C

ı�M

2.1C�M /
Y 2 �

1

4
min

�
�m;

2ı�M

1C�M

�
kF k2 �

2ı�M

3.1C�M /
HŒF �:

With � defined in (7), using ı � 1
2

and .1C ı/=.1� ı/� 3, we get

kF.t/k2 �
2

1� ı
HŒF �.t/�

1C ı

1� ı
e��tkF.0/k2 � 3e��tkF.0/k2: �

For any fixed � 2 Rd, let us apply Proposition 4 to (3) with F D Of and

H D L2.d
1/; kF k2 D
Z

Rd
jF j2 d
1; …F DM

Z
Rd
F dv DM�F ; TF D i.v � �/F:

Here we are in a mode-by-mode framework in which the transport operator T is a simple multiplication
operator.

Corollary 5. Assume (H1)–(H4), and take � 2 Rd. If Of is a solution of (3) such that Of0.�; � / 2 L2.d
1/,
then for any t � 0 we have

k Of .t; �; � /k2L2.d
1/
� 3e��� tk Of0.�; � /k

2
L2.d
1/

;

where

�� WD
ƒj�j2

1Cj�j2
and ƒD

1

3
minf1;‚gmin

�
1;

�m‚
2

KC‚�2

�
; (10)

with

‚ WD

Z
Rd
.v � e/2M.v/ dv; K WD

Z
Rd
.v � e/4M.v/ dv; � WD

4

d

Z
Rd
jrv

p
M j2 dv (11)

for an arbitrary e 2 Sd�1, and with � D
p
� in Case (a) and � D 2 N�

p
‚ in Case (b).

Proof. We check that the assumptions of Proposition 4 are satisfied with F D Of . The property L�AD 0 is
a consequence of the mass conservation

R
Rd

Lf dvD 0 because …AD A. Assumption (H4) implies (A1).
Concerning the macroscopic coercivity (A2), since

T…F D i.v � �/�FM;

one has

kT…F k2 D j�F j
2

Z
Rd
jv � �j2M.v/ dv D‚j�j2j�F j

2
D‚j�j2k…F k2;

and thus (A2) holds with �M D‚j�j2. By assumption M.v/ depends only on jvj, so it is unbiased, i.e.,R
Rd
vM.v/ dv D 0, which means that (A3) holds.

Let us now prove (A4). Since .T…/�F D�…TF D�i
�
�
R

Rd
v0F.v0/ dv0

�
M, we obtain

.1C .T…/�T…/�M D

�
1C

Z
Rd
.� � v0/2M.v0/ dv0

�
�M D .1C‚j�j2/�M
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and the operator A, defined in Proposition 4, is given mode-by-mode by

AF D
�i�

R
Rd
v0F.v0/ dv0

1C‚j�j2
M:

As a consequence, A satisfies the estimate

kAF k D kA.1�…/F k �
1

1C‚j�j2

Z
Rd

j.1�…/F j
p
M

jv � �j
p
M dv

�
k.1�…/F k

1C‚j�j2

�Z
Rd
.v � �/2M dv

�1
2

D

p
‚j�j

1C‚j�j2
k.1�…/F k:

In Case (b) the collision operator L is obviously bounded,

kLF k � 2 N�k.1�…/F k

and, as a consequence,

kALF k �
2 N�
p
‚j�j

1C‚j�j2
k.1�…/F k:

We also notice that L�AD 0 according to (H3). For estimating AL in Case (a), we note thatZ
Rd
vLF dv D 2

Z
Rd
rv

p
M

F
p
M
dv

and obtain as above that

kALF k �
2

1C‚j�j2

Z
Rd

j.1�…/F j
p
M

j� � rv
p
M j dv �

p
� j�j

1C‚j�j2
k.1�…/F k:

For both cases we finally obtain

kALF k �
�j�j

1C‚j�j2
k.1�…/F k:

Similarly we can estimate

AT.1�…/F D

R
Rd
.v0 � �/2.1�…/F.v0/ dv0

1C‚j�j2
M

by

kAT.1�…/F k D

ˇ̌R
Rd
.v0 � �/2.1�…/F.v0/ dv0

ˇ̌
1C‚j�j2

�

�R
Rd
.v0 � �/4M.v0/ dv0

� 1
2

1C‚j�j2
k.1�…/F k D

p
Kj�j2

1C‚j�j2
k.1�…/F k;

meaning that we have proven (A4) with

CM D
�j�jC

p
Kj�j2

1C‚j�j2
:
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With the elementary estimates

‚j�j2

1C‚j�j2
�minf1;‚g

j�j2

1Cj�j2
and

�M

.1C�M /C
2
M

D
‚.1C‚j�j2/

.�C
p
Kj�j/2

�
‚2

KC‚�2
;

the proof is completed using (7). �

3. Enlarging and shrinking spaces by factorization

Square integrability against the inverse of the local equilibrium M is a rather restrictive assumption on
the initial datum. In this section it will be relaxed with the help of the abstract factorization method of
[Gualdani et al. 2017] in a simple case (factorization of order 1). Here we state the result and sketch a
proof in a special case, for the convenience of the reader. We shall then give a result based on similar
computations in the opposite direction: how to establish a rate in a stronger norm, which corresponds
to a shrinking of the functional space. We will conclude with an application to the problem studied in
Corollary 5. Let us start by enlarging the space.

Proposition 6. Let B1, B2 be Banach spaces and let B2 be continuously imbedded in B1, i.e., k � k1 �
c1k � k2. Let B and ACB be the generators of the strongly continuous semigroups eBt and e.ACB/t

on B1. Assume that there are positive constants c2, c3, c4, �1 and �2 such that, for all t � 0,

ke.ACB/tk2!2 � c2e
��2t ; keBtk1!1 � c3e

��1t ; kAk1!2 � c4;

where k � ki!j denotes the operator norm for linear mappings from Bi to Bj . Then there exists a positive
constant C D C.c1; c2; c3; c4/ such that, for all t � 0,

ke.ACB/tk1!1 �

�
C.1Cj�1��2j

�1/e�minf�1;�2gt for �1 ¤ �2;
C.1C t /e��1t for �1 D �2:

Proof. Integrating the identity d
ds
.e.ACB/seB.t�s//D e.ACB/sAeB.t�s/ with respect to s 2 Œ0; t � gives

e.ACB/t D eBt C

Z t

0

e.ACB/sAeB.t�s/ ds:

The proof is completed by the straightforward computation

ke.ACB/tk1!1 � c3e
��1t C c1

Z t

0

ke.ACB/sAeB.t�s/k1!2 ds

� c3e
��1t C c1c2c3c4e

��1t

Z t

0

e.�1��2/s ds: �

The second statement of this section is devoted to a result on the shrinking of the functional space. It
is based on a computation which is similar to the one of the proof of Proposition 6.

Proposition 7. Let B1, B2 be Banach spaces and let B2 be continuously imbedded in B1, i.e., k � k1 �
c1k � k2. Let B and ACB be the generators of the strongly continuous semigroups eBt and e.ACB/t
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on B1. Assume that there are positive constants c2, c3, c4, �1 and �2 such that, for all t � 0,

ke.ACB/tk1!1 � c2e
��1t ; keBtk2!2 � c3e

��2t ; kAk1!2 � c4;

where k � ki!j denotes the operator norm for linear mappings from Bi to Bj . Then there exists a positive
constant C D C.c1; c2; c3; c4/ such that, for all t � 0,

ke.ACB/tk2!2 �

�
C.1Cj�2��1j

�1/e�minf�2;�1gt for �2 ¤ �1;
C.1C t /e��1t for �1 D �2:

Proof. Integrating the identity d
ds
.eB.t�s/e.ACB/s/D eB.t�s/Ae.ACB/s with respect to s 2 Œ0; t � gives

e.ACB/t D eBt C

Z t

0

eB.t�s/Ae.ACB/s ds:

The proof is completed by the straightforward computation

ke.ACB/tk2!2 � c3e
��2t C

Z t

0

keB.t�s/Ae.ACB/sk2!2 ds

� c3e
��2t C c1

Z t

0

keB.t�s/Ae.ACB/sk1!2 ds

� c3e
��2t C c1

Z t

0

keB.t�s/k2!2kAk1!2ke
.ACB/s

k1!1 ds

� c3e
��2t C c1c2c3c4e

��2t

Z t

0

e.�2��1/s ds: �

We will use Proposition 7 in Section 6.2. Coming back to the problem studied in Corollary 5,
Proposition 6 applies to (3) with the spaces B1DL2.d
k/, k2 .d;1/, and B2DL2.d
1/ corresponding
to the weights defined by (4). The exponential growth of 
1 guarantees that B2 is continuously imbedded
in B1.

Corollary 8. Assume (H1)–(H4), k 2 .d;1�, and � 2 Rd. Then there exists a constant C > 0 such that
solutions Of of (3) with initial datum Of0.�; � / 2 L2.d
k/ satisfy, with �� given by (10),

k Of .t; �; � /k2L2.d
k/
� Ce��� tk Of0.�; � /k

2
L2.d
k/

for all t � 0:

Proof. In Case (a), let us define A and B by AF DN�RF and BF D�i.v ��/FCLF �AF, whereN and
R are two positive constants, � is a smooth function such that 1B1 � �� 1B2 , and �R WD �. � =R/. Here
Br is the centered ball of radius r . It has been established in [Mischler and Mouhot 2016, Lemma 3.8]
that if k > d , then the inequalityZ

Rd
.L�A/.F /F d
k � ��1

Z
Rd
F 2 d
k

holds for some �1 > 0. Moreover, �1 can be chosen arbitrarily large for R and N large enough. The
boundedness of A WB1!B2 follows from the compactness of the support of � and Proposition 6 applies
with �2 D 1

2
�� �

1
4

, where �� is given by (10).
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In Case (b), we consider A and B such that

AF.v/DM.v/

Z
Rd
�.v; v0/F.v0/ dv0;

BF.v/D�

�
i.v � �/C

Z
Rd
�.v; v0/M.v0/ dv0

�
F.v/:

The boundedness of A WB1!B2 follows from (H2) and

kAF kL2.d
1/ � N�kF kL1.dv/ � N�

�Z
Rd

�1k dv

�1
2

kF kL2.d
k/:

Proposition 6 applies with �2 D 1
2
�� �

1
4

and �1 D 1 because
R

Rd
�.v; v0/M.v0/ dv0 � 1. �

4. Asymptotic behavior based on mode-by-mode estimates

In this section we consider (1) and use the estimates of Corollary 5 with weight 
1D1=M and Corollary 8
for weights with O.jvjk/ growth to get decay rates with respect to t . We shall consider two cases for
the spatial variable x. In Section 4.1, we assume that x 2 Td, where Td is the flat d -dimensional torus
(represented by Œ0; 2�/d with periodic boundary conditions) and prove an exponential convergence rate.
In Section 4.2, we assume that x 2 Rd and establish algebraic decay rates.

4.1. Exponential convergence to equilibrium in Td . In the periodic case x 2 Td there is a unique
nonzero normalized equilibrium given by

f1.x; v/D �1M.v/ with �1 D
1

jTd j

“
Td�Rd

f0 dx dv:

Corollary 9. Assume (H1)–(H4) and k 2 .d;1�. Then there exists a constant C >0 such that the solution
f of (1) on Td �Rd with initial datum f0 2 L2.dx d
k/ satisfies, with ƒ given by (10),

kf .t; � ; � /�f1kL2.dx d
k/ � Ckf0�f1kL2.dx d
k/e
�ƒ t

4 for all t � 0:

Proof. We represent the flat torus Td by Œ0; 2�/d with periodic boundary conditions, and the Fourier
variable is denoted by � 2 Zd. For � D 0, the microscopic coercivity (see Section 2) implies

k Of .t; 0; � /� Of1.0; � /kL2.d
1/ � k
Of0.0; � /� Of1.0; � /kL2.d
1/e

�t :

For all other modes, Of1.�; � / D 0 for any � ¤ 0 (that is, for any � such that j�j � 1). We can use
Corollary 5 with �� � 1

2
ƒ, with the notation of (10). An application of Parseval’s identity then proves the

result for k D1 and C D
p
3. If k is finite, the result with the weight 
k follows from Corollary 8. �

Note that the latter result can also alternatively be proved by directly applying Proposition 4 to (1), as
in [Dolbeault et al. 2015].
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4.2. Algebraic decay rates in Rd . With the result of Corollaries 5 and 8 we obtain a first proof of
Theorem 1 as follows. Let C > 0 be a generic constant which is going to change from line to line.
Plancherel’s formula implies

kf .t; � ; � /k2L2.dx d
k/
� C

Z
Rd

�Z
Rd
e��� t j Of0j

2 d�

�
d
k :

We know that Z
j�j�1

e��� t d� �

Z
Rd
e�

ƒ
2
j�j2t d� D

�
2�

ƒt

�d
2

and thus, for all v 2 Rd,Z
j�j�1

e��� t j Of0j
2 d� � Ckf0. � ; v/k

2
L1.dx/

Z
Rd
e�

ƒ
2
j�j2t d� � Ckf0. � ; v/k

2
L1.dx/t

�d
2 :

Using the fact that �� � 1
2
ƒ when j�j � 1 and Plancherel’s formula, we know that, for all v 2 Rd,Z
j�j>1

e��� t j Of0j
2 d� � Ce�

ƒ
2
t
kf0. � ; v/k

2
L2.dx/;

which completes a first proof of Theorem 1.

5. Hypocoercivity and the Nash inequality

In view of the proof of Theorem 1 in Section 4.2 and of the rate, it is natural to wonder if the hypocoercivity
can be controlled by the use of Nash’s inequality. Here we temporarily abandon the Fourier variable �
and consider the direct variable x 2 Rd : throughout this section, the transport operator on the position
space is defined as

Tf D v � rxf:

We rely on the abstract setting of Section 2, applied to (1) with the scalar product h � ; � i on L2.dx d
1/
and the induced norm k � k. Notice that this norm includes the x variable, which was not the case in
the mode-by-mode analysis of Section 2. It is then easy to check that .T…/f DMT�f D v � rx�fM,
.T…/�f D�rx �

�R
Rd
vf dv

�
M, and .T…/�.T…/f D�‚�x�fM so that

g D Af D .1C .T…/�T…/�1.T…/�f ” g D uM;

where u�‚�uD�rx �
�R

Rd
vf dv

�
. Since M is unbiased, Af D A.1�…/f . For some ı > 0 to be

chosen later, we redefine the entropy by HŒf � WD 1
2
kf k2C ıhAf; f i.

Proof of Theorem 1. If f solves (1), the time derivative of HŒf .t; � ; � /� is given by

d

dt
HŒf �D�DŒf �; (12)

where, as in the proof of Proposition 4,

DŒf � WD �hLf; f iC ıhAT…f; f iC ı RehAT.1�…/f; f i � ı RehTAf; f i � ı RehALf; f i:
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Here we use the fact that hAf; Lf i D 0. The first term in DŒf � satisfies the microscopic coercivity
condition

�hLf; f i � �mk.1�…/f k
2:

The second term in (12) is computed as follows. Solving g D AT…f is equivalent to solving .1C
.T…/�T…/g D .T…/�T…f , i.e.,

vf �‚�xvf D�‚�x�f ; (13)

where g D vfM. Hence

hAT…f; f i D

Z
Rd
vf �f dx:

A direct application of the hypocoercivity approach of [Dolbeault et al. 2015] to the whole-space
problem fails by lack of a macroscopic coercivity condition. Although the second term in (12) is not
coercive, we observe that the last three terms in (12) can still be dominated by the first two for ı > 0,
small enough, as follows.

(1) As in [Dolbeault et al. 2015], we use the adjoint operators to compute

hAT.1�…/f; f i D �h.1�…/f;TA�f i:

We observe that

A�f D T….1C .T…/�T…/�1f D T.1C .T…/�T…/�1…f DMTuf D vM � rxuf ;

where uf is the solution in H1.dx/ of

uf �‚�xuf D �f : (14)

With K defined by (11), we obtain

kTA�f k2 �Kkr2xuf k
2
L2.dx/ DKk�xuf k

2
L2.dx/:

On the other hand, we observe that vf D�‚�uf solves (13). Hence by multiplying (14) by vf D�‚�uf
and integrating by parts, we know that

‚krxuf k
2
L2.dx/C‚

2
k�xuf k

2
L2.dx/ D

Z
Rd
vf �f dx D hAT…f; f i: (15)

Notice that a central feature of our method is the fact that quantities of interest involving the operator A
can be computed by solving an elliptic equation (for instance (13) in case of AT…f or (14) in case of
A�f ). Altogether we obtain

jhAT.1�…/f; f ij � k.1�…/f kkTA�f k �

p
K

‚
k.1�…/f khAT…f; f i

1
2 :

(2) By (8), we have

jhTAf; f j D jhTA.1�…/f; .1�…/f ij � k.1�…/f k2:
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(3) It remains to estimate the last term on the right-hand side of (12). Let us consider the solution uf
of (14). If we multiply (13) by uf and integrate, we observe that

‚krxuf k
2
L2.dx/ D

Z
Rd
uf vf dx �

Z
Rd
uf vf dxC

Z
Rd
jvf j

2 dx D

Z
Rd
vf �f dx

because vf D�‚�uf , so that

kA�f k2 D‚krxuf k
2
L2.dx/ � hAT…f; f i:

In Case (a), we compute

hALf; f i D hL.1�…/f;A�f i D

“
Rd�Rd

rxuf �
rvM

M
.1�…/f dx dv:

It follows from the Cauchy–Schwarz inequality thatZ
Rd
jrvM jj.1�…/f j d
1 � krvMkL2.d
1/k.1�…/f kL2.d
1/ D

p
d�k.1�…/f kL2.d
1/

and

jhALf; f ij � krxuf kL2.dx/

�Z
Rd

�
1

d

Z
Rd
jrvM jj.1�…/f j d


�2
dx

�1
2

:

Altogether, we obtain

jhALf; f ij �

r
�

‚
k.1�…/f khAT…f; f i

1
2 :

In Case (b), we use (H2) to get

jhALf; f ij � kLf kkA�f k � 2 N�k.1�…/f kkA�f k � 2 N�k.1�…/f khAT…f; f i
1
2 :

In both cases, (a) and (b), the estimate can be written as

jhALf; f ij � 2 N�k.1�…/f khAT…f; f i
1
2 ;

with the convention that N� D 1
2

p
�=‚ in Case (a).

Summarizing, we know that

�
d

dt
HŒf �� .�m� ı/X

2
C ıY 2C 2ıbXY;

with X WD k.1�…/f k, Y WD hAT…f; f i1=2, and b WDK=.2‚/C 2 N� . The largest a> 0 such that

.�m� ı/X
2
C ıY 2C 2ıbXY � a.X2C 2Y 2/

holds for any X , Y 2 R is given by the conditions

a< �m� ı; 2a< ı; ı2b2� .�m� ı� a/.ı� 2a/� 0 (16)
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and it is easy to check that there exists a positive solution if ı > 0 is small enough. To fulfill the additional
constraint ı < 1, we can for instance choose

ı D
4minf1; �mg
8b2C 5

and aD
ı

4
:

Altogether we obtain

�
d

dt
HŒf �� a.k.1�…/f k2C 2hAT…f; f i/:

Using (14) and (15), we control k…f k2 D k�f k2L2.dx/ by hAT…f; f i according to

k…f k2 D kuf k
2
L2.dx/C 2‚krxuf k

2
L2.dx/C‚

2
k�xuf k

2
L2.dx/ � kuf k

2
L2.dx/C 2hAT…f; f i:

We observe that, for any t � 0,

kuf .t; � /kL1.dx/ D k�f .t; � /kL1.dx/ D kf0kL1.dx dv/; krxuf k
2
L2.dx/ �

1

‚
hAT…f; f i:

We recall the Nash inequality [1958]

kuk2L2.dx/ � CNashkuk
4

dC2

L1.dx/kruk
2d
dC2

L2.dx/ (17)

for any function u 2 L1\H1.Rd /. We use (17) with uD uf to get

k…f k2 �ˆ�1.2hAT…f; f i/; with ˆ�1.y/ WD yC
�
y

c

� d
dC2

for all y � 0;

where
cD 2‚C

�1� 2
d

Nash kf0k
� 4
d

L1.dx dv/:

The function ˆ W Œ0;1/! Œ0;1/ satisfies ˆ.0/D 0 and 0 < ˆ0 < 1, so that

k.1�…/f k2C 2hAT…f; f i �ˆ.kf k2/�ˆ

�
2

1C ı
HŒf �

�
;

where the last inequality holds as a consequence of (9). From

z Dˆ�1.y/D yC

�
y

c

� d
dC2

� y
2

dC2

0 y
d
dC2 C

�
y

c

� d
dC2

D .y
2

dC2

0 C c�
d
dC2 /y

d
dC2 ;

as long as y � y0, for y0 to be chosen later, we have

y Dˆ.z/� .ˆ.z0/
2

dC2 C c�
d
dC2 /�

dC2
d z1C

2
d ;

as long as z � z0 WDˆ�1.y0/. Since d
dt
HŒf �� 0, we have

2

1C ı
HŒf ��

2

1C ı
HŒf0�:

We thus apply the previous inequalities with

z0 D
2

1C ı
HŒf0�
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together with the fact that

ˆ.z0/� z0 �
1� ı

1C ı
kf0k

2

and that c is proportional to kf0k
�4=d

L1.dx dv/, to get

ˆ

�
2

1C ı
HŒf �

�
& .kf0k

4
dC2

L2.dx d
1/
Ckf0k

4
dC2

L1.dx dv//
�
dC2
d HŒf �1C

2
d :

We deduce the entropy decay inequality

�
d

dt
HŒf �& .kf0k

4
dC2

L2.dx d
1/
Ckf0k

4
dC2

L1.dx dv//
�
dC2
d HŒf �1C

2
d : (18)

A simple integration from 0 to t shows that

HŒf �.
�
HŒf0�

� 2
d C .kf0k

4
dC2

L2.dx d
1/
Ckf0k

4
dC2

L1.dx dv//
�
dC2
d t

��d
2 :

The result of Theorem 1 then follows from elementary considerations. �

Using moments instead of the mass, it is possible to state an improved Nash inequality: there exists a
positive constant C? such that

kuk2L2.dx/ � C?kxuk
4

dC4

L1.dx/kruk
dC2
dC4

L2.dx/

for any u 2 H1.dx/ \ L1..1 C jxj/ dx/ such that
R

Rd
udx D 0. The proof follows from a minor

modification of the original proof (attributed by Nash himself to Stein) in [Nash 1958] and uses Fourier
variables. As a consequence, any solution of the heat equation with zero average decays in L2.dx/ like
O.t�1�d=2/ as t !C1. It is the topic of the following section to use Fourier variables in the spirit of
Nash’s proof to get improved rates of decay at the level of the kinetic equation.

6. Algebraic decay rates in Rd by Fourier estimates and improvements

We prove Theorem 2 in Section 6.1 and Theorem 3 in Section 6.2.

6.1. Improved decay rates. Let us prove Theorem 2 by Fourier methods inspired by the proof of Nash’s
inequality.

Step 1: decay of the average in space by a factorization argument. We define

f�.t; v/ WD

Z
Rd
f .t; x; v/ dx (19)

and observe that f� solves
@tf� D Lf�:

As a consequence, we have that 0D
R

Rd
f�.t; v/ dv. From the microscopic coercivity property (H4), we

deduce that

kf�.t; � /k
2
L2.d
1/

D

Z
Rd

ˇ̌̌̌
f�.t; v/

M

ˇ̌̌̌2
M dv � kf�.0; � /k

2
L2.d
1/

e��mt for all t � 0:
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With k 2 .d;1/, Proposition 6 applies like in the proof of Corollary 8 or in [Mischler and Mouhot 2016].
We observe that kf�.0; � /kL2.jvj2 d
k/ � kf0kL2.jvj2 d
k IL1.dx//. For some positive constants C and �,
we get

kf�.t; � /k
2
L2.jvj2 d
k/

� Ckf0k
2
L2.jvj2 d
k IL1.dx//

e��t for all t � 0: (20)

Step 2: improved decay of f . Let us define g.t; x; v/ WD f .t; x; v/� f�.t; v/'.x/, where ' is a given
positive function satisfyingZ

Rd
'.x/ dx D 1; e.g., '.x/ WD .2�/�

d
2 e�

jxj2

2 ; for all x 2 Rd :

Since @tf� D Lf�, the Fourier transform Og.t; �; v/ of g.t; x; v/ solves

@t OgCT Og D L Og�f�T O';

where T O' D i.v � �/ O'. Using Duhamel’s formula

Og D e.L�T/t Og0�

Z t

0

e.L�T/.t�s/f�.s; v/T O'.�/ ds;

Corollary 5, and Proposition 6, for some generic constant C > 0 which will change from line to line,
we get

k Og.t;�; �/kL2.d
k/�Ce
� 1
2
�� tk Og0.�; �/kL2.d
k/CC

Z t

0

e�
��
2
.t�s/
kf�.s; �/kL2.jvj2d
k/j�jj O'.�/jds: (21)

The key observation is Og0.0; v/D 0, so that

Og0.�; v/D

Z j�j
0

�

j�j
� r� Og0

�
�
�

j�j
; v

�
d�

yields

j Og0.�; v/j � j�jkr� Og0. � ; v/kL1.d�/ � j�jkg0. � ; v/kL1.jxjdx/ for all .�; v/ 2 Rd �Rd :

We know from (10) that �� Dƒj�j2=.1Cj�j2/. The first term of the right-hand side of (21) can therefore
be estimated for any t � 1 by�Z

j�j�1

Z
Rd
je.L�T/t Og0j

2 d
k d�

�1
2

�

�Z
Rd
j�j2e�

ƒ
2
j�j2t d�

�1
2

kg0kL2.d
k IL1.jxjdx//

�
C

.1C t /1C
d
2

kg0kL2.d
k IL1.jxjdx//;

which is the leading-order term as t !1, and we haveZ
j�j>1

e��� tk Og0.�; � /k
2
L2.d
k/

d� � Ce�
ƒ
2
t
kg0k

2
L2.dx d
k/

for any t � 0, using the fact that �� � 1
2
ƒ when j�j � 1 and Plancherel’s formula.
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Using (20), the second term of the right-hand side of (21) is estimated byZ
Rd

�Z t

0

e�
��
2
.t�s/
kf�.s; � /kL2.jvj2 d
k/j�jj O'.�/j ds

�2
d�

� Ckf0k
2
L2.jvj2 d
k IL1.dx//

Z
Rd
j�j2j O'.�/j2

�Z t

0

e�
��
2
.t�s/e�

�
2
s ds

�2
d�:

On the one hand, we use the Cauchy–Schwarz inequality to getZ
j�j�1

j�j2j O'.�/j2
�Z t

0

e�
��
2
.t�s/e�

�
2
s ds

�2
d�

� k'k2L1.dx/

Z
j�j�1

j�j2
�Z t

0

e���.t�s/e�
�
2
s ds

��Z t

0

e�
�
2
s ds

�
d�

�
2

�
k'k2L1.dx/

Z t

0

�Z
j�j�1

j�j2e�
ƒ
2
j�j2.t�s/ d�

�
e�

�
2
s ds � C1t

�d
2
�1
CC2e

��
4
t ;

where the last inequality is obtained by splitting the integral in s on
�
0; 1
2
t
�

and
�
1
2
t; t
�
. On the other

hand, using �� � 1
2
ƒ when j�j � 1, we obtainZ

j�j�1

j�j2 j O'.�/j2
�Z t

0

e�
��
2
.t�s/e�

�
2
s ds

�2
d� � t2e�min f 1

2
ƒ;�gt

kr'k2L2.dx/:

By collecting all terms, we deduce that kg.t; � ; � /k2L2.dx d
k/ is bounded by

C.kg0k
2
L2.d
k IL1.jxjdx//

Ckf0k
2
L2..jvj2 d
k IL1.dx//

/.1C t /�.1C
d
2
/

for some constant C > 0. Recalling that f D gCf�', the proof of Theorem 2 is completed using (20).

6.2. Improved decay rates with higher-order cancellations. We prove Theorem 3, which means that
from now on we assume in Case (a) that M is a normalized Gaussian (2), and in Case (b) that � � 1.
Moreover, the initial data satisfies (5); that is,“

Rd�Rd
f0P dx dv D 0 for all P 2 R`ŒX; V �:

For any P 2 R`ŒX�, let

P Œf �.t; v/ WD

Z
Rd
P.x/f .t; x; v/ dx;

so that
R

Rd
P Œf �.0; v/ dv D 0.

In this section we use the notation .k to express inequalities up to a constant which depends on k.

Step 1: conservation of zero moments. For a solution f of (1) we compute

d

dt

“
Rd�Rd

f .t; x; v/P.x; v/ dx dv D�

“
Rd�Rd

.v � rxf /P dx dvC

“
Rd�Rd

.Lf /P dx dv

D

“
Rd�Rd

.v � rxP /f dx dvC

“
Rd�Rd

.Lf /P dx dv:
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In Case (a) of a Fokker–Planck operator, we may write“
Rd�Rd

.Lf /P dx dv D

“
Rd�Rd

1

M
rv � .MrvP /f dx dv D

“
Rd�Rd

.�vP � v � rvP /f dx dv:

By the definition of R`ŒX; V �, it turns out that �vP � v � rvP 2 R`ŒX; V �. For the scattering operator of
Case (b), one has“

Rd�Rd
.Lf /P dx dv

D

“
Rd�Rd

�Z
Rd
.M.v/f .t; x; v0/�M.v0/f .t; x; v// dv0

�
P.x; v/ dx dv

D

•
Rd�Rd�Rd

.M.v/f .t; x; v0/�M.v0/f .t; x; v//P.x; v/ dx dv dv0

D

“
Rd�Rd

�Z
Rd
M.v/P.x; v/ dv

�
f .t; x; v0/ dx dv0�

“
Rd�Rd

f .x; v/P.x; v/ dx dv:

One can check that
R

Rd
M.v/P.x; v/ dv 2 R`ŒX�. Since also v � rxP 2 R`ŒX; V �, the evolution of

moments of order lower than or equal to ` is equivalent to a linear ODE of the form PY .t/DQY.t/, where
Q is a matrix resulting from the previous computations. Consequently, if Y.0/D 0 initially, it remains
null for all times.

Step 2: decay of polynomial averages in space. We claim that for any j � `, there exists � > 0 such that,
for any P 2 Rj ŒX� and q 2 N,

kP Œf �.t; � /kL2.d
kCq/ .j;q kf0kL2.d
kCqC2j IL1..1Cjxjj / dx//.1C t /
j e��t for all t � 0: (22)

Let us prove it by induction.

(1) The case j D 0. Notice that j D 0 means that P is a real number and P Œf �D f� as defined in (19),
up to a multiplication by a constant. Since

R
Rd
f�.t; v/ dv D 0 for any t � 0, one has @tf� D Lf�; thus

we deduce from the microscopic coercivity property as above that

kf�.t; � /kL2.d
1/ � kf�.0; � /kL2.d
1/e
��mt for all t � 0:

We also obtain

kf�.t; � /kL2.d
kCq/ .q kf0kL2.d
kCq IL1.dx//e
��t for all t � 0; (23)

but this requires some comments. The case k 2 .d;1/ is covered by Corollary 8.
The case k D1 in (23) is given by the following lemma.

Lemma 10. Under the assumptions of Theorem 3, one has

kf�.t; � /kL2..1Cjvjq/ d
1/ .q kf0kL2..1Cjvjq/ d
1IL1.dx//e
��t for all t � 0:

Proof. We rely on Proposition 7 with the Banach spaces B1 D L2.d
1/ and B2 D L2..1Cjvjq/ d
1/.
In Case (a), let us define A and B by AF DN�RF and BF D LF �AF. In Case (b), we consider A
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and B such that

AF.v/DM.v/

Z
Rd
F.v0/ dv0;

BF.v/D�

Z
Rd
M.v0/ dv0 F.v/:

The semigroup generated by ACB is exponentially decreasing in B1 by the microscopic coercivity
property, as above. The semigroup generated by B is exponentially decreasing in B2. In Case (b), it is
straightforward. In Case (a), F.t/D eBtF0 is such that

1

2

d

dt

Z
Rd
jF j2.1Cjvjq/d
1

D

Z
Rd
.BF /F.1Cjvjq/d
1

D

Z
Rd
rv

�
Mrv

�
F

M

��
F.1Cjvjq/d
1�

Z
Rd
N�R.v/jF j

2.1Cjvjq/d
1

D�

Z
Rd

ˇ̌̌̌
rv

�
F

M

�ˇ̌̌̌2
.1Cjvjq/M dv�

Z
Rd
qjvjq�2v�rv

�
F

M

�
F

M
M dv�

Z
Rd
N�R.v/jF j

2.1Cjvjq/
dv

M

�

Z
Rd

�
q

2

rv �.jvj
q�2vM/

.1Cjvjq/M
�N�R.v/

�
jF j2.1Cjvjq/

dv

M
��

�

2

Z
Rd
jF j2.1Cjvjq/d
1

for some � > 0, by choosing N and R large enough.
The operator A W B1 ! B2 is bounded. This is straightforward in Case (a) and follows from the

boundedness of
R

Rd
M.v/.1Cjvjq/ d
1 in Case (b). Proposition 7 applies, which concludes the proof. �

(2) Induction. Let us assume that (22) is true for some j � 0, consider P 2 RjC1ŒX�, and observe that
P Œf � solves

@tP Œf �D LP Œf ��

Z
Rd
.v � rxP /f dx:

Since rxP 2 Rj ŒX�, the induction hypothesis at step j (applied with q replaced by qC 2) gives



vZ
Rd
.rxP /Œf � dx






L2.d
kCq/

.




Z

Rd
.rxP /Œf � dx






L2. d
kCqC2/

.j;q kf0kL2.d
kCqC2.jC1/IL1..1Cjxjj / dx//.1C t /
j e��t :

By Duhamel’s formula, we have

P Œf �.t; v/D eLtP Œf �.0; v/�

Z t

0

eL.t�s/
�
v

Z
Rd
.rxP /Œfs� dx

�
ds:

Note that Z
Rd
v

Z
Rd
.rxP /Œf � dx dv D

“
Rd�Rd

.v � rxP /Œf � dx dv D 0
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for all t � 0 since v � rxP 2 R`ŒX; V �. As a consequence, the decay of the semigroup associated with L

can be estimated by



eL.t�s/�vZ
Rd
.rxP /Œfs� dx

�




L2.d
1/

�





vZ
Rd
.rxP /Œfs� dx






L2.d
1/

e��m.t�s/:

As in the case j D 0, we deduce from Corollary 8 that



eL.t�s/�vZ
Rd
.rxP /Œfs� dx

�




L2..1Cjvjq/ d
k/

�





vZ
Rd
.rxP /Œfs� dx






L2.d
kCq/

e��.t�s/

.q;k kf0kL2.d
kCqC2.jC1/IL1..1Cjxjj / dx//.1C s/
j e��t :

Moreover, since “
Rd�Rd

f0.x; v/P.x/ dx dv D 0;

for the same reasons we also have

keLtP Œf �.0; � /kL2.d
kCq/ � kP Œf0�kL2..1Cjvjq/ d
k/e
��t

for some � > 0. We deduce from Duhamel’s formula that

kP Œf �kL2.d
kCq/

. keLtP Œf �.0; � /kL2.d
kCq/C

Z t

0





e�L.t�s/�vZ
Rd
rxP Œfs� dx

�




L2.d
kCq/

ds

.k kf0kL2.d
kCq IL1..1CjxjjC1/ dx//e
��t
C

Z t

0

.1C s/j e��tkf0kL2.d
kCqC2.jC1/IL1..1Cjxjj / dx// ds

.k kf0kL2.d
kCqC2.jC1/IL1..1CjxjjC1/ dx//.1C t /
jC1e��t ;

which proves the induction.

Step 3: improved decay of f . Let us choose some t0 > 0. In order to estimate

kf .t; � ; � /k2L2.dx d
k/
D ke.L�T/tf0k

2
L2.dx d
k/

;

we compute its evolution on .0; 2t0/ and split the interval on .0; t0/ and .t0; 2t0/ using the semigroup
property

ke.L�T/.2t0/f0k
2
L2.dx d
k/

D ke.L�T/t0.e.L�T/t0f0/k
2
L2.dx d
k/

:

Up to the end of this section, TD v � rx denotes the transport operator in position and velocity variables.
We decompose ft0 D e

.L�T/t0f0 into

ft0 D

�X
j˛j�`

1

˛Š
X˛Œft0 �@

˛'

�
Cg0; with g0 WD ft0 �

X
j˛j�`

1

˛Š
X˛Œft0 �@

˛';

where ˛D .˛1; ˛2; : : : ; ˛i ; : : : ; ˛d / 2Nd is a multi-index such that j˛j D
Pd
iD1 ˛i � ` and ' is given by

'.x/ WD .2�/�
d
2 e�

jxj2

2 for all x 2 Rd :
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Here we use the notation @˛' D @˛1x1@
˛2
x2 � � � @

˛d
xd' and X˛ D

Qn
i X

˛i
i . According to (22), we know that

kX˛Œft0 �kL2.d
k/ .j kf0kL2.d
kC2j IL1..1Cjxjj / dx//.1C t0/
j e��t0 ;

so that, by considering the evolution of the first term on .t0; 2t0/, we obtain



e.L�T/t0�X
j˛j�`

1

˛Š
X˛Œft0 �@

˛'

�




L2.dx d
k/

.
X
j˛j�`

kX˛Œft0 �kL2.d
k/k@
˛'kL2.dx/ . e�

�
2
t0 : (24)

Next, let us consider the second term and define, on t C t0 2 .t0; 2t0/, the function

g WD ftCt0 �
X
j˛j�`

1

˛Š
X˛ŒftCt0 �@

˛':

With initial datum g0, it solves on .0; t0/ the equation

@tg D @tftCt0 �
X
j˛j�`

1

˛Š
@t .X

˛ŒftCt0 �/ @
˛'

D .L�T/.ftCt0/� L

�X
j˛j�`

1

˛Š
X˛ŒftCt0 � @

˛'

�
C

X
j˛j�`

1

˛Š

�Z
Rd
.v � rxx

˛/ftCt0 dx

�
@˛'

D .L�T/.g/�T

�X
j˛j�`

1

˛Š
X˛ŒftCt0 � @

˛'

�
C

X
j˛j�`

1

˛Š

�Z
Rd
.v � rxx

˛/ftCt0 dx

�
@˛'

D .L�T/.g/C v
X
j˛j�`

1

˛Š
.rxX

˛Œf � @˛' �X˛ŒftCt0 �rx.@
˛'//;

where ˛ŠD
Qd
iD1 ˛i Š is associated with the multi-index ˛ D .˛i /diD1 and

rxX
˛Œf �D .@xiX

˛Œf �/diD1 WD

�Z
Rd
@xix

˛f dx

�d
iD1

D

�Z
Rd
˛ix

˛^if dx

�d
iD1

:

Here the notation ˛^i denotes the multi-index .˛1; ˛2; : : : ; ˛i�1; ˛i�1; ˛iC1; : : : ; ˛d /with the convention
that X˛^i � 0 if ˛i D 0. We also define the opposite transformation

˛_i WD .˛1; ˛2; : : : ; ˛i�1; ˛i C 1; ˛iC1; : : : ; ˛d /

so that @xi .@
˛'/D @˛_i'. Let us consider the last term and start with the case d D 1. In that case,

v
X
j˛j�`

1

˛Š
.rxX

˛Œf � @˛' �X˛ŒftCt0 �rx.@
˛'//

D v1
X̀
˛1D0

1

˛1Š

��Z
R

.˛1x
˛1�1/ftCt0 dx

�
@x
˛1
1 ' �

�Z
R

x˛1ftCt0 dx

�
@x
˛1C1
1 '

�

D�
v1

`Š

�Z
R

x`ftCt0 dx

�
@x`C11 '
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because it is a telescoping sum. We adopt the convention that ˛ŠD 1 if ˛i � 0 for some i D 1; 2; : : : ; d .
The same property holds in higher dimensions:X
j˛j�`

1

˛Š
.@xiX

˛Œf �@˛' �X˛ŒftCt0 �@xi .@
˛'//

D

X
j˛j�`

�
1

˛^i Š
X˛^i Œf �@˛' �

1

˛Š
X˛ŒftCt0 �@

˛_i'

�
D�

X
j˛jD`

1

˛Š
X˛ŒftCt0 � @xi .@

˛'/:

We deduce that

@tg D .L�T/.g/� v
X
j˛jD`

1

˛Š
X˛ŒftCt0 �rx.@

˛'/:

Duhamel’s formula in Fourier variables gives

Og.t0; �; v/D e
.L�T/t0 Og0�

Z t0

0

e.L�T/.t0�s/
�
v
X
j˛jD`

1

˛Š
X˛ŒfsCt0 �

3rx.@˛'/
�
ds

up to a straightforward abuse of notation. Hence

k Og.t0; �; � /kL2.d
k/

. e�
1
2
�� t0k Og0.�; � /kL2.d
k/C

Z t0

0

e�
��
2
.t0�s/

X
j˛jD`

1

˛Š
kX˛ŒfsCt0 �kL2.jvj2 d
k/j

3rx.@˛'/j ds:

Recall that (22) gives

kX˛ŒfsCt0 �kL2.jvj2 d
k/ .` kf0kL2.d
kC2`C2IL1..1Cjxj`/ dx//e
��
2
s:

On the other hand we use j3rx.@˛'/j � j�j`C1j O'j and observe that

j Og0.�; v/j. j�j`C1kg0. � ; v/kL1.jxj` dx/ for all .�; v/ 2 Rd �Rd :

Collecting terms, we have

k Og.t0; �; �/kL2.d
k/. e
� 1
2
�� t0 j�j`C11j�j<1kg0. � ;v/kL2.d
k IL1.jxj`dx//Ce

� 1
2
�� t01j�j�1k Og0.�; �/kL2.d
k/

Cj�j`C1j O'.�/jkf0kL2.d
kC2`C2IL1..1Cjxj`/dx//

Z t0

0

e�
��
2
.t0�s/e�

�
2
s ds:

We know from (10) that �� Dƒj�j2=.1Cj�j2/ so that �� � 1
2
ƒj�j2 if j�j< 1 and �� � 1

2
ƒ if j�j � 1.

Hence, for any t0 � 1,

ke�
1
2
�� t0 j�j`C11j�j<1kL2.d�/ �

�Z
Rd
e�

ƒ
2
j�j2t0 j�j2.`C1/ d�

�1
2

. t�.1C`C
d
2
/

0 ;Z
j�j�1

e��� t0k Og0.�; � /k
2
L2.d
k/

d� . e�
ƒ
2
t0kg0k

2
L2.dx d
k/
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by Plancherel’s formula. We conclude by observing thatZ
j�j�1

j�j`C1j O'.�/j

Z t0

0

e�
��
2
.t0�s/e�

�
2
s ds d� �k'kL1.dx/

Z t0

0

�Z
j�j�1

j�j`C1e�
ƒ
2
j�j2.t0�s/d�

�
e�

�
2
s ds

. t�.1C`C
d
2
/

0 ;Z
j�j�1

j�j`C1j O'.�/j

Z t0

0

e�
��
2
.t0�s/e�

�
2
s ds d� . kj�j`C1 O'.�/kL1.d�/t0e

� 1
4

minfƒ;2�gt0 :

Altogether, we obtain

kg.t0; � ; � /k
2
L2.dx d
k/

D k Og.t0; � ; � /k
2
L2.d� d
k/

. t�.1C`C
d
2
/

0 :

The decay result of Theorem 3 is then obtained by writing

kf2t0k
2
L2.dx d
k/

. kg.t0; � ; � /k2L2.dx d
k/C




e.L�T/t0�X

j˛j�`

1

˛Š
X˛Œft0 � @

˛'

�




L2.dx d
k/

and using (24) for any t0 � 1, with t D 2t0. For t � 2, the estimate of Theorem 3 is straightforward by
Corollary 8, which concludes the proof.

Appendix A: An explicit computation of Green’s function for
the kinetic Fokker–Planck equation and consequences

In the whole-space case, when M is the normalized Gaussian function, let us consider the kinetic
Fokker–Planck equation of Case (a)

@tf C v � rxf Drv � .vf Crvf / (25)

on .0;1/�Rd �Rd 3 .t; x; v/. The characteristics associated with the equations

dx

dt
D v;

dv

dt
D�v

suggest to change variables and consider the distribution function g such that

f .t; x; v/D edtg.t; xC .1� et /v; etv/ for all .t; x; v/ 2 .0;1/�Rd �Rd :

The kinetic Fokker–Planck equation is changed into a heat equation in both variables x and v with
t dependent coefficients, which can be written as

@tg Dr � PD rg; (26)

where rg D .rvg;rxg/ and PD is the t -derivative of the block matrix

D D
1

2

�
a Id b Id
b Id c Id

�
;
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with aD e2t � 1, bD 2et � 1� e2t , and cD e2t � 4et C 2t C 3. Here Id is the identity matrix on Rd.
We observe that PD is degenerate: it is nonnegative but its lowest eigenvalue is 0. However, the change of
variables allows the computation of a Green’s function.

Lemma 11. The Green’s function of (26) is given for any .t; x; v/ 2 .0;1/�Rd �Rd by

G.t; x; v/D
1

.2�.ac� b2//
d
2

exp
�
�
ajxj2� 2bx � vC cjvj2

2.ac� b2/

�
:

The method is standard and goes back to [Kolmogoroff 1934] (also see [Ilin and Hasminskii 1964;
Hörmander 1967; Victory and O’Dwyer 1990; Bouchut 1993]).

Proof. By a Fourier transformation in x and v, with associated variables � and �, we find that

logC�log yG.t; �; �/D .�; �/ �D.�; �/D 1
2
.aj�j2C2b� ��Ccj�j2/D 1

2
a
ˇ̌
�C b

a
�
ˇ̌2
C
1
2
Aj�j2; AD c� b2

a
;

for some constant C > 0 which is determined by the mass normalization condition

kG.t; � ; � /kL1.Rd�Rd / D 1:

Let us take the inverse Fourier transform with respect to �,

.2�/�d
Z

Rd
eiv�� yG.t;�;�/d�D

C

.2�a/
d
2

e
�
jvj2

2a �i
b
a
v��
e
�
1
2
Aj�j2
D

C

.2�a/d
e�
jvj2

2a e
�
1
2
Aj�Ci

b
aA
vj
2
�

b2

2a2A
jvj2
;

and then the inverse Fourier transform with respect to � , so that we obtain

G.t; x; v/D
C

.2�a/
d
2 .2�A/

d
2

e�.1C
b2

aA /
jvj2

2a e�
jxj2

2A e
b
aAx�v D

C

.4�2aA/
d
2

e
� 1
2A jx�

b
a
vj
2

e�
jvj2

2a :

It is easy to check that C D 1. �

Let us consider a solution g of (26) with initial datum g0 2 L1.Rd �Rd /. From the representation

g.t; � ; � /DG.t; � ; � /�x;v g0;

we obtain the estimate

kg.t; � ; � /kL1.Rd�Rd /�kG.t; � ; � /kL1.Rd�Rd /kg0kL1.Rd�Rd /D
kg0kL1.Rd�Rd /

.8�2/
d
2

t�
d
2 e�dt .1CO.t�1//

as t !1. As a consequence, we obtain that the solution of (25) with a nonnegative initial datum f0

satisfies

kf .t; � ; � /kL1.Rd�Rd / D
kf0kL1.Rd�Rd /

.8�2t /
d
2

.1C o.1// as t !1:

Using the simple Hölder interpolation inequality

kf kLp.Rd�Rd / � kf k
1
p

L1.Rd�Rd /
kf k

1� 1
p

L1.Rd�Rd /
;

we obtain the following decay result.
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Corollary 12. If f is a solution of (25) with a nonnegative initial datum f0 2 L1.Rd �Rd /, then for any
p 2 .1;1� we have the decay estimate

kf .t; � ; � /kLp.Rd�Rd / �
kf0kL1.Rd�Rd /

.8�2t /
d
2
.1� 1

p
/
.1C o.1// as t !1:

By taking f0.x; v/DG.1; x; v/, it is moreover straightforward to check that this estimate is optimal.
With p D 2, this also proves that the decay rate obtained in Theorem 1 for the Fokker–Planck operator,
i.e., Case (a), is the optimal one because, again with f0.x; v/DG.1; x; v/, we observe that

kf .t; � ; � /k2L2.dx d
k/
D edtkG.t; � ; � /k2L2.dx dv/ DO.t

�d
2 / as t !C1:

Appendix B: Consistency with the decay rates of the heat equation

In the whole-space case, the abstract approach of [Dolbeault et al. 2015] is inspired by the diffusion limit
of (1). We consider the scaled equation

"
dF

dt
CTF D

1

"
LF; (27)

which formally corresponds to a parabolic rescaling given by t 7! "2t and x 7! "x, and investigate the
limit as "! 0C. Let us check that the rates are asymptotically independent of " and consistent with those
of the heat equation.

B.1. Mode-by-mode hypocoercivity. It is straightforward to check that in the estimate (7) for �, the gap
constant �m has to be replaced by �m=", while, with the notation of Proposition 4, CM can be replaced
by CM=" for " < 1. In the asymptotic regime as "! 0C, we obtain

"
d

dt
HŒF �� �DŒF �� �

�M

3.1C�M /

�m�M "

.1C�M /C
2
M

DŒF �;

which proves that the estimate of Proposition 4 becomes

��
�m�

2
M

3.1C�M /2C
2
M

:

We observe that this rate is independent of ".

B.2. Decay rates based on Nash’s inequality in the whole-space case. In the proof of Theorem 1, N�
has to be replaced by N�=" and in the limit as "! 0C, we get that b� 4 N�=" and (16) is satisfied with

4aD ı �
�m

8 N�2
":

Hence (18) asymptotically becomes, as "! 0C,

�
d

dt
HŒf ��

�m

4 N�2
c

�
2

1C ı
HŒf �

�1C 2
d

;
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which again gives a rate of decay which is independent of ". The algebraic decay rate in Theorem 1 is the
one of the heat equation on Rd and it is independent of " in the limit as "! 0C.

B.3. Decay rates in the whole-space case for distribution functions with moment cancellations. The
improved rate of Theorem 2 is consistent with a parabolic rescaling: if f solves (1), then f ".t; x; v/D
"�df ."�2t; "�1x; v/ solves (27). With the notation of Section 6.1, let g" D f " � f "� '. � ="/, with
'" D "�d'. � ="/. The Fourier transform of g" solves

"2 @t Og
"
C "T Og" D L Og"� "f "� T O'

":

The decay rate � in (20) becomes �="2 and the decay rate of the semigroup generated by L� "T is, with
the notation of Corollary 5, �"� . Moreover, ƒ in (10) is given by ƒD 1

3
minf1;‚g for any " > 0, small

enough. Duhamel’s formula (21) has to be replaced by

k Og".t; �; � /kL2.d
k/�Ce
�
�"�

2"2
t
k Og"0.�; � /kL2.d
k/CC

Z t

0

e
�
�"�

2"2
.t�s/
kf "� .s; � /kL2.jvj2 d
k/j"�jj O'."�/j ds:

Using

lim
"!0C

�"�

"2
D lim
"!0C

ƒj�j2

1C "2j�j2
Dƒj�j2;

a computation similar to the one of Section 6.1 shows that the first term of the right-hand side is estimated
byZ

Rd
e
�
�"�

"2
t
k Og"0.�; �/k

2
L2.d
k/

d�D

Z
j�j� 1

"

e
�
�"�

"2
t
k Og"0.�; �/k

2
L2.d
k/

d�C

Z
j�j> 1

"

e
�
�"�

"2
t
k Og"0.�; �/k

2
L2.d
k/

d�

�kg"0k
2
L2.d
k IL1.jxjdx//

Z
Rd
j�j2e�

ƒ
2
j�j2t d�Ckg"0k

2
L2.dxd
k/

e
�ƒ
2
t

"2 ;

while the square of the second term is bounded by

kf "� .t D 0; � /k
2
L2.jvj2 d
k/

Z
Rd
j"�j2j O'."�/j2

�Z "�2t

0

e�
1
2
�"�."

�2t�s/e�
1
2
�s ds

�2
d�

� kf0k
2
L2.jvj2 d
k IL1.dx//

�
C1
"dC1

t
d
2
C1
C
C2

"3
e
�min fƒ

2
;�g t

"2

�
:

By collecting all terms and using Plancherel’s formula, we conclude that the rate of convergence of
Theorem 2 applied to the solution of (27) is independent of ". We also notice that the scaled spatial
density �f " D

R
Rd
f " dv satisfies

k�f ".t; � /k
2
L2.dx/ �

C0

.1C t /1C
d
2

for all t � 0

for some positive constant C0 which depends on f0 but is independent of ". This is the decay of the heat
equation with an initial datum of zero average.

Similar estimates can be obtained in the framework of Theorem 3.
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