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Hypocoercivity methods are applied to linear kinetic equations with mass conservation and without
confinement in order to prove that the solutions have an algebraic decay rate in the long-time range,
which the same as the rate of the heat equation. Two alternative approaches are developed: an analysis
based on decoupled Fourier modes and a direct approach where, instead of the Poincaré inequality for the
Dirichlet form, Nash’s inequality is employed. The first approach is also used to provide a simple proof of
exponential decay to equilibrium on the flat torus. The results are obtained on a space with exponential
weights and then extended to larger function spaces by a factorization method. The optimality of the
rates is discussed. Algebraic rates of decay on the whole space are improved when the initial datum has
moment cancellations.

1. Introduction
We consider the Cauchy problem
O f+v-Vof =Lf  f(0.x,0) = fo(x,v) (1

for a distribution function f(¢, x, v), with position variable x € R4, velocity variable v € R4, and with
time t > 0. Concerning the collision operator L, we shall consider two cases:

(a) Fokker—Planck collision operator:
Lf =Vy-[M Vy(M~" f)].

(b) Scattering collision operator:
Lf = /Rd o V)(fIM() = f()ME) dv'.
We shall make the following assumptions on the local equilibrium M(v) and on the scattering rate
o(v,v'):
/Rd M@)dv=1, VyvMeLl?>R?%), MeCRY),

M =M(v]), 0<M@)<cie Pl forallveR?, forsomecy,co>0. (HI)
MSC2010: primary 82C40; secondary 76P05, 35H10, 35K65, 35P15, 35Q84.
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150(1},1}’)56 for all v,v’eIRd, for some o > 1. (H2)
/ (0(v,v)—c (@, v))M@)dv' =0 forallveR?. (H3)
Rd

Before stating our main results, let us list some preliminary observations.

(i) A typical example of a local equilibrium satisfying (H1) is the Gaussian

_2
M) =" )
(2m)*%

(ii)) With o = 1, Case (b) includes the relaxation operator L f = Mps — f, also known as the linear BGK
operator, with position density defined by

pr(t,x):= /[R{d f(t,x,v)dv.

(iii) Positivity and exponential decay of the local equilibrium are essential for our approach. The
assumption on the gradient and continuity are technical and only needed for some of our results. Rotational
symmetry is not important, but assumed for computational convenience. However the property

/ vM(v) dv =0,
R4

i.e., zero flux in local equilibrium, is essential.

(iv) Since microreversibility (or detailed balance), i.e., symmetry of o, is not required, assumption (H3)

/ Lfdv=0,
R4

in Case (b). The boundedness away from zero of ¢ in (H2) guarantees coercivity of L relative to its null

is needed for mass conservation, 1.e.,

space (such bound can always be written o > 1 by scaling).

Since e’" propagates probability densities, i.e., conserves mass and nonnegativity, L dissipates convex
relative entropies, implying in particular

/Rde%dUSO.

This suggests to use the L2-space with the measure dyoo := Yoo dv, Where Yoo (v) = M(v)™1, as a
functional-analytic framework (the subscript co will make sense later). We shall need the microscopic
coercivity property

[ I vz [ (7= Moy e (14

with some A,, > 0. In Case (a) it is equivalent to the Poincaré inequality with weight M,

2
v V= Am - v v
|Voh|>M dv > A h hMdv| Md
R4 R4 R4
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forall h = f/M € HY(M dv). It holds as a consequence of the exponential decay assumption in (H1);
see, e.g., [Nash 1958; Bakry et al. 2008]. For the normalized Gaussian (2) the optimal constant is known
to be A, = 1; see for instance [Beckner 1989]. In Case (b), (H4) means

1 , ) / ,
2 //RdXW o,V YM@)M©W) (@) —u®))?dv dv > Ap /Rd(u — purt)2M dv

forallu = f/M € L?>(M dv), and it holds with A,, = 1 as a consequence of the lower bound for & in
assumption (H2).

Although the transport operator does not contribute to entropy dissipation, its dispersion in the x-
direction in combination with the dissipative properties of the collision operator yields the desired
decay results. In order to perform a mode-by-mode hypocoercivity analysis, we introduce the Fourier
representation with respect to x,

Fltox.v) = /R vt ).

where du(§) = (2) "¢ d & and d is the Lebesgue measure on R?. The normalization of dju(£) is chosen
such that Plancherel’s formula reads

1/ ) 2@y = 1@ ) 2@ue))

with a straightforward abuse of notation. The Cauchy problem (1) in Fourier variables is now decoupled
in the £-direction:

0 f+iw-8)f=Lf. F0,6v)= fol& ). 3)

Our main results are devoted to hypocoercivity without confinement: when the variable x is taken
in R?, we assume that there is no potential preventing the runaway corresponding to |x| — +oo. So far,
hypocoercivity results have been obtained either in the compact case corresponding to a bounded domain
in x, for instance T¢, or in the whole Euclidean space with an external potential V' such that the measure
e~V dx admits a Poincaré inequality. Usually other technical assumptions are required on V' and there are
many variants (for instance one can assume a stronger logarithmic Sobolev inequality instead of a Poincaré
inequality), but the common property is that some growth condition on V' is assumed and in particular the
measure e ~" dx is bounded. Here we consider the case V = 0, which is obviously a different regime. By
replacing the Poincaré inequality by Nash’s inequality or using direct estimates in Fourier variables, we
adapt the L? hypocoercivity methods and prove that an appropriate norm of the solution decays at a rate
which is the rate of the heat equation. This observation is compatible with diffusion limits, which have
been a source of inspiration for building Lyapunov functionals and establishing the L? hypocoercivity
method of [Dolbeault et al. 2015]. Before stating any results, we need some notation to implement the
factorization method of [Gualdani et al. 2017] and obtain estimates in large functional spaces.

Let us consider the measures

dyr == yr(v)dv, where yk(v):(1+|v|2)% and k >d, G))
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such that 1/y; € LY(R9). The condition k € (d, oc] then covers the case of weights with a growth of the
order of |v|¥, when  is finite, and we denote by k = oo the case when the weight yoo = M ~! grows at
least exponentially fast.

Theorem 1. Assume (H1)—(H4), x € R?, and k € (d, 00]. Then there exists a constant C > 0 such that
solutions f of (1) with initial datum fo € L?>(dx dy) NL?>(dyy; L' (dx)) satisfy, forall t > 0,

2 2
” fO ||L2(dx dyi) + ” fO ||L2(dyk ;L1(dx))
(141)%

For the heat equation improved decay rates can be shown by Fourier techniques, if the modes with

”f(lv o .)”iz(dxdyk) <C

slowest decay are eliminated from the initial data. The following two results are in this spirit.

Theorem 2. Let the assumptions of Theorem 1 hold, and let

f/ fodx dv=0.
R4 xR4

Then there exists C > 0 such that solutions f of (1) with initial datum fy satisfy, for all t > 0,

2 2 2
||f0||L2(dyk+2;L1(dx)) + ||f0||L2(dyk;Ll(|x|dx)) + ||f0||L2(dx dyi)
(141)%+!

”f(t’ © ')||1242(dxdyk) <C

with k € (d, c0).

The case of Theorem 2, but with k = oo, is covered in Theorem 3 under the stronger assumption
that M is a Gaussian. For the formulation of a result corresponding to the cancellation of higher-order
moments, we introduce the set Ry[X, V] of polynomials of order at most £ in the variables X, V € R4
(the sum of the degrees in X and in V is at most £). We also need that the kernel of the collision operator
is spanned by a Gaussian function in order to keep polynomial spaces invariant. This means that for any
P e Ry[X, V], one has (L—T)(PM) € R¢[X, V]M. Since the transport operator mixes both variables x
and v, one needs moments with respect to both x and v variables.

Theorem 3. In Case (a), let M be the normalized Gaussian (2). In Case (b), we assume that 0 = 1. Let
k € (d,00], £ €N, and assume that the initial datum fu € LY (R x R?) is such that

// fo(x,v)P(x,v)dxdv=0 )
R4 xR4

forall P € Ry[X,V]. Then there exists a constant cy, > 0 such that any solution f of (1) with initial
datum fy satisfies, forallt > 0,

2 2 2
||f0||L2(dyk+2;L1(dx)) + ||f0||L2(dyk;L1(|x|dx)) + ”fOHLZ(dx dyi)
(1 +Z)%+1+€

The outline of this paper goes as follows. In Section 2, we slightly strengthen the abstract hypocoercivity

/.-, .)”iz(dxdyk) =Ck

result of [Dolbeault et al. 2015] by allowing complex Hilbert spaces and by providing explicit formulas
for the coefficients in the decay rate (Proposition 4). In Corollary 5, this result is applied for fixed £ to
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the Fourier transformed problem (3), where integrals are computed with respect to the measure d Yo
in the velocity variable v. Since the frequency & can be considered as a parameter, we shall speak of a
mode-by-mode hypocoercivity result. It provides exponential decay, however, with a rate deteriorating as
&§—0.

In Section 3, we state a special case (Proposition 6) of the factorization result of [Gualdani et al. 2017]
with explicit constants which corresponds to an enlargement of the space, and also a shrinking result
(Proposition 7) which will be useful in Section 6.2. By the enlargement result, the estimate corresponding
to the exponential weight y is extended in Corollary 8 to larger spaces corresponding to the algebraic
weights y with k € (d, 00). As a straightforward consequence, in Section 4, we recover an exponential
convergence rate in the case of the flat torus T¢ (Corollary 9), and then give a first proof of the algebraic
decay rate of Theorem 1 in the whole space without confinement.

In Section 5, a hypocoercivity method, where the Poincaré inequality, or the so-called macroscopic
coercivity condition, is replaced by the Nash inequality, provides an alternative proof of Theorem 1. Such
a direct approach is also applicable to problems with nonconstant coefficients like scattering operators
with x-dependent scattering rates o, or Fokker—Planck operators with x-dependent diffusion constants
like Vy - (2(x)M Vy(M ™1 £)).

The improved algebraic decay rates of Theorems 2 and 3 are obtained by direct Fourier estimates in
Section 6. As we shall see in Appendix A, the rates of Theorem 1 are optimal: the decay rate is the rate of
the heat equation on R?. Our method is consistent with the diffusion limit and provides estimates which
are asymptotically uniform in this regime: see Appendix B. We also check that the results of Theorems 2
and 3 are uniform in the diffusive limit in Appendix B.

We conclude this introduction by a brief review of the literature: On the whole Euclidean space, we
refer to [Vazquez 2017] for recent lecture notes on available techniques for capturing the large-time
asymptotics of the heat equation. Some of our results make a clear link with the heat flow seen as the
diffusion limit of the kinetic equation. We also refer to [lacobucci et al. 2019] for recent results on the
diffusion limit, or overdamped limit (see Appendix B).

The mode-by-mode analysis is an extension of the hypocoercivity theory of [Dolbeault et al. 2015],
which has been inspired by [Hérau 2006], but is also close to the Kawashima compensating function method
[1990]; see also [Glassey 1996, Chapter 3, Section 3.9]. We also refer to [Duan 2011] where the Kawashima
approach is applied to the Fokker—Planck operator (a) and to a particular case of the scattering model (b).

The word hypocoercivity was coined by T. Gallay and widely disseminated in the context of kinetic
theory by C. Villani. In [Mouhot and Neumann 2006; Villani 2006; 2009], the method deals with
large-time properties of the solutions by considering an H!-norm (in x and v variables) and taking
into account cross-terms. This is very well explained in [Villani 2006, Section 3], but was already
present in earlier works like [Hérau and Nier 2004]. Hypocoercivity theory is inspired by and related
to the earlier hypoellipticity theory. The latter has a long history in the context of the kinetic Fokker—
Planck equation. One can refer for instance to [Eckmann and Hairer 2003; Hérau and Nier 2004] and
much earlier to Hormander’s theory [1967]. The seed for such an approach can even be traced back to
Kolmogorov’s computation [1934] of Green’s kernel for the kinetic Fokker—Planck equation, which has
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been reconsidered in [Ilin and Hasminskii 1964] and successfully applied, for instance, to the study of
the Vlasov—Poisson—-Fokker—Planck system in [Victory and O’Dwyer 1990; Bouchut 1993].

Linear Boltzmann equations and BGK (Bhatnagar—Gross—Krook, see [Bhatnagar et al. 1954]) models
also have a long history: we refer to [Degond et al. 2000; Céaceres et al. 2003] for key mathematical
properties, and to [Mouhot and Neumann 2006; Hérau 2006] for first hypocoercivity results. In this paper
we will mostly rely on [Dolbeault et al. 2009; 2015]. However, among more recent contributions, one has
to quote [Han-Kwan and Léautaud 2015; Achleitner et al. 2016; Bouin et al. 2017] and also an approach
based on the Fisher information which has recently been implemented in [Evans 2017; Monmarché 2017].

With the exponential weight Yoo = M ~1, Corollary 9 can be obtained directly by the method of
[Dolbeault et al. 2015]. In this paper we also obtain a result for weights with polynomial growth in
the velocity variable based on [Gualdani et al. 2017]. For completeness, let us mention that recently
the exponential growth issue was overcome for the Fokker—Planck case in [Kavian and Mischler 2015;
Mischler and Mouhot 2016] by a different method. The improved decay rates established in Theorems 2
and 3 generalize to kinetic models similar results known for the heat equation; see for instance [Mischler
and Mouhot 2016, Remark 3.2(7)] or [Bartier et al. 2011].

2. Mode-by-mode hypocoercivity

Let us consider the evolution equation

dF
E—}—TF:LF, (6)

where T and L are respectively a general transport operator and a general linear collision operator. We
shall use the abstract approach of [Dolbeault et al. 2015]. Although the extension of the method to Hilbert
spaces over complex numbers is rather straightforward, we carry it out here for completeness. For details
on the Cauchy problem or, e.g., on the domains of the operators, we refer to [Dolbeault et al. 2015].
Notice that we do not ask that L is a Hermitian operator but simply assume that L*A = 0.

Proposition 4. Let L and T be closed unbounded linear operators on the complex Hilbert space
(A, (-,-)) with dense domains 2(L) and 2(T). Assume that T is anti-Hermitian. Let Tl be the
orthogonal projection onto the null space of L and define

A= 1+ (TIH*TI)~Y(TI)*,

where * denotes the adjoint with respect to (- ,-). We assume that L*A = 0 and that there are positive
constants Am, Ay, and Cyg such that, for any F € 52, the following properties hold.

¢ Microscopic coercivity:
—(LF,F) > Am||(1=I0)F||*> forall F € 2(L). (A1)
¢ Macroscopic coercivity:

ITILF||? > Ay |TIF||* forall F € 9(T). (A2)
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¢ Parabolic macroscopic dynamics:
ITIHF =0 forall F € 2(T). (A3)
¢ Bounded auxiliary operators:
|AT(1-IDF| + |ALF|| < Cymq |1 =TI)F|| forall F € 2(L)N2(T). (A4)

Then L — T generates a Cy-semigroup and for any t > 0 we have

AM ) AmAm

(L—T)t )2 —At _
e <3¢ ™, where A= ———-—minil,A,;, ———
| I”= 3(14Apm) "1+ ) CEy

(N

Proof. For some § > 0 to be determined later, the Lyapunov functional
H[F]:= 1| F|?* + §Re(AF, F)
is such that %H[F] = —D[F] if F solves (6), with
D[F]:=—(LF,F)+§(ATIIF, F)+ §Re(AT(1—II)F, F) — 3 Re(TAF, F) —§Re(ALF, F).

Note that we have used the fact that Re(AF, LF) = 0 because of the assumption L*A = 0, and also that
(ATILF, F) is real because ATII is self-adjoint by construction. Since the Hermitian operator ATII can
be interpreted as the application of the map z + (1 +z)~ 1z to (TIT)*TII and as a consequence of the
spectral theorem [Reed and Simon 1980, Theorem VIIL.2, p. 225], the conditions (A1) and (A2) imply

IIF|~.
|

As in [Dolbeault et al. 2015, Lemma 1], if G = AF, i.e., G + (TII)*TIIG = (TII)* F, one has

—(LF, F) + §(ATIIF, F) > Anu||(1=II)F|? + ;

|AF|? + |TAF|? = (G, G + (TID*TIG) = (G, (TI)*F) = (TAF, (1 - TI) F),

where we have used A = 1A and T1TTI = 0. Using |(TAF., (1 — I)F)| < |TAF|? + (1 - T F |2,
one gets
IAF|* < 311 =) F|?, (3)

which implies that [Re(AF, F}| < ||AF ||| F| < %HF |2 and provides us with the norm equivalence of
HF] and ||F |,
3= F[? <H[F] < 5(1+8)| F|*. ©)

With X ;= ||(1-TII)F| and Y := ||[I1F||, it follows from (A4) that

SAm

— 2 Y2 _8Cy XY.
1+/\M M

DIF] = (Am — ) X? +

The choice

8:lmin 1,A AmAu
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implies

2 2
DF) = 220 x7 4 5 My > Lmind a2 P = )

2(1+ Apr) 4 "1+ Am ~3(1+Ay)
With A defined in (7), using § < % and (1+48)/(1—=4) <3, we get

2 1+68 _ -
IFOI? = T HIFI0) < e M IFO)> <37 FO). 0

For any fixed £ € R4, let us apply Proposition 4 to (3) with F' = f and
A =L%(dyso). ||F||2=/ |F?dyso, TMF =M | Fdv=Mpp, TF=i(v-§)F.
RY R4

Here we are in a mode-by-mode framework in which the transport operator T is a simple multiplication
operator.

Corollary 5. Assume (H1)~(H4), and take & € Re. If f is a solution of (3) such that fo(£.-) € L2(dyeo),
then for any t > 0 we have

If(@¢, .)”1242(51)/00) = 33_Mét||f0(g, ')”]2_2(01),00)»

where

e P
ET e

and A = I min{l,@}min{ 1,

(10)

K + ©«k2

Am©?
=3 ,

with
@::/ (v-e)>?M(v) dv, K::/ (v-e)*M(v) dv, ezzi/ |Vo/M | dv (11)
R4 R4 d R4

for an arbitrary e € S9=1 and with k = /8 in Case (a) and k = 26+/O in Case (b).

Proof. We check that the assumptions of Proposition 4 are satisfied with F' = f . The property L*A =0 is
a consequence of the mass conservation fRd L f dv = 0 because ITA = A. Assumption (H4) implies (A1).
Concerning the macroscopic coercivity (A2), since

TIF =i(v-§)pr M,
one has
ITILF|? = |pF|? /Rd lv-£2M(v) dv = O|E]|pr|> = O TLF |2,

and thus (A2) holds with A3; = ®|£|2. By assumption M (v) depends only on |v|, so it is unbiased, i.e.,
.[[Rd vM (v) dv = 0, which means that (A3) holds.

Let us now prove (A4). Since (TIN)*F = —IITF = —i (£ [za v F(v') dv') M, we obtain

1+ (TIH*TH)pM = (1 + /d(s )M dv’)pM =(1+OlE|>)pM
R
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and the operator A, defined in Proposition 4, is given mode-by-mode by

AF —i§ [pa VF(V)dv'
1+ ®l&]2

As a consequence, A satisfies the estimate

AR = IAG =PI = gz [ =D et ao

STTORE Ju T
ja-mF| e\ VBl
<o (00 20) = a0~ mF I

In Case (b) the collision operator L is obviously bounded,

ILF|l < 20(|(1 - T F|

and, as a consequence,
26/ OlE|
1+ 0O|€|?

We also notice that L*A = 0 according to (H3). For estimating AL in Case (a), we note that

F
vLde=2/ VovM——dv
/[Red R4 Y v M

IALF| < (1 =T F.

and obtain as above that

2 (=T F]| Vo]
ALF| < VovM|dv < ———||(1 =T F|.
IALFI = s [, 6 oMy = (=T |
For both cases we finally obtain
K€
[ALF|| < W”(l —IF|.
Similarly we can estimate
AT(1-IDF = fRd(v’~§)2(1 —IDFE) v
1+ 0O¢)?
by
I, £)\2 1—IDF / d /
AT( | e @820 = TDEE) dv]
1+ O&?
1
U -EAM©O) dv')? VKIE|)?
< Ve Do myry = R -y,
14+ O] 1+ 0]
meaning that we have proven (A4) with
kgl + VKIE]?

Cy =
M 1+ O£

211
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With the elementary estimates

el €17 Am _6u+eg?  e?

————— >min{l,®}——— and = > ,
TroEp MO ™ G002 T g VR - Kt o2

the proof is completed using (7). O

3. Enlarging and shrinking spaces by factorization

Square integrability against the inverse of the local equilibrium M is a rather restrictive assumption on
the initial datum. In this section it will be relaxed with the help of the abstract factorization method of
[Gualdani et al. 2017] in a simple case (factorization of order 1). Here we state the result and sketch a
proof in a special case, for the convenience of the reader. We shall then give a result based on similar
computations in the opposite direction: how to establish a rate in a stronger norm, which corresponds
to a shrinking of the functional space. We will conclude with an application to the problem studied in
Corollary 5. Let us start by enlarging the space.

Proposition 6. Let 21, %> be Banach spaces and let B be continuously imbedded in %1, i.e., | -|1 <

cill- 2. Let B and A + B be the generators of the strongly continuous semigroups e and e+

on %1. Assume that there are positive constants ¢z, C3, C4, A1 and Ay such that, for all t > 0,

[e@FD 55 < coe™ ||eP |11 <cze ™ | U152 < ca,

where || - ||; - denotes the operator norm for linear mappings from %; to %;. Then there exists a positive
constant C = C(cy, ¢, ¢3, ¢4) such that, forall t > 0,

@D < {C(l + A1 = A" hemintAnA2dt b 2 £ s,
| CA +1)e M for A1 = As.

Proof. Integrating the identity %(e(%%)s eBU—8)) = oA+ B)s o BU—S) with respect to s € [0, ] gives

@B _ B +/’ o A+B)s g, B(—9) 7
0

The proof is completed by the straightforward computation
t
||e(Ql+‘B)t”1_)1 < C3e_)”t + Cl/ ||e(21+%)s2le%(t—s)”1_>2 ds
0

t
< cze M 4 eiepcscse M [ eG1=22)s g¢. O
0

The second statement of this section is devoted to a result on the shrinking of the functional space. It
is based on a computation which is similar to the one of the proof of Proposition 6.

Proposition 7. Let %1, %, be Banach spaces and let B, be continuously imbedded in %1, i.e., |- |1 <

cill- 2. Let B and A + B be the generators of the strongly continuous semigroups e and e+
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on %1. Assume that there are positive constants ¢z, C3, C4, A1 and Ay such that, for all t > 0,

le®FB 1oy < cae™1 (e flamn S e3¢ U152 S ca,
where || - ||;— ; denotes the operator norm for linear mappings from %; to %;. Then there exists a positive
constant C = C(cy, ¢3, ¢3, c4) such that, forall t > 0,
||e(m+%)’|| C(l+|Ary—A1|™ l)e min{A>,A 1}t for Az # A1,
C(1 +1)e Hit for A1 = M.

Proof. Integrating the identity - (e%(’ )e(A+B)s) — BU=9)9(e(A+B)S with respect to s € [0, 7] gives
P+ B) _ B +/ o BU—) g, A+B)s 7
0
The proof is completed by the straightforward computation

t
”e(QH—%)t”z_)z < C3e—)L2t +/ ”e%(t—s)me(gl-l—%)”lz_)z ds
0
t
< c3e—lzt +C1/ ”e%(l‘—s)gle(gl-‘r%)snl_)z ds
0
t
<ee ™ per [ 1R ol Al ™D 1y ds
0

t
<cze 2 4 cieaczege 2! / eP2=As ¢ O
0

We will use Proposition 7 in Section 6.2. Coming back to the problem studied in Corollary 5,
Proposition 6 applies to (3) with the spaces Z; =L?(dyy), k € (d, o0), and B, = L?(dyso) corresponding
to the weights defined by (4). The exponential growth of y., guarantees that %, is continuously imbedded
in & 1.

Corollary 8. Assume (H1)-(H4), k € (d 00, and & € R4, Then there exists a constant C > 0 such that
solutions f of (3) with initial datum fo (£,-) € L2(dyy) satisfy, with g given by (10),

17 gy = CE 1 o6 Paay,y Sorallt = 0.

Proof. In Case (a), let us define A and B by AF = NyprF and BF = —i(v-§) F +LF —2(F, where N and
R are two positive constants, y is a smooth function such that 1, < y <1p,, and yg := (- /R). Here
B, is the centered ball of radius r. It has been established in [Mischler and Mouhot 2016, Lemma 3.8]
that if k > d, then the inequality

/ (L—%(F)deks—m/ F2dy,
R4 R4

holds for some A1 > 0. Moreover, A1 can be chosen arbitrarily large for R and N large enough. The
boundedness of U : %’1 — %, follows from the compactness of the support of y and Proposition 6 applies
with A, = 2:“5 < 4, where g is given by (10).
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In Case (b), we consider 2 and 23 such that
AF(v) = M(v)/ o, vV)FQ) dv',
R4
BF(v) = —|:i(v~$) +/ o, v )YM®) dv/:|F(v).
R4

The boundedness of A : %, — %, follows from (H2) and

1
2
IAF I 2(dye) S ONF L1 (gv) = 5(/Rd Vi dv) I F N2y
Proposition 6 applies with 1, = %MS < % and A1 = 1 because [pq o (v, V)M (') dv' > 1. O

4. Asymptotic behavior based on mode-by-mode estimates

In this section we consider (1) and use the estimates of Corollary 5 with weight yo, = 1/M and Corollary 8
for weights with O(Jv[¥) growth to get decay rates with respect to 7. We shall consider two cases for
the spatial variable x. In Section 4.1, we assume that x € Td, where T is the flat d -dimensional torus
(represented by [0, 27)¢ with periodic boundary conditions) and prove an exponential convergence rate.
In Section 4.2, we assume that x € R? and establish algebraic decay rates.

4.1. Exponential convergence to equilibrium in T%. In the periodic case x € T9 there is a unique
nonzero normalized equilibrium given by

1
fool.0) = pooM) with poo = [ fodd
[T4| JJyaxpa
Corollary 9. Assume (H1)—(H4) and k € (d, oo]. Then there exists a constant C > 0 such that the solution

f of (1) on T x R? with initial datum fy € L2(dx dyy) satisfies, with A given by (10),

—AL
1) = foolliz@ax aye) < Clfo— foollizx ayye ™ forallt = 0.

Proof. We represent the flat torus T¢ by [0, 277)? with periodic boundary conditions, and the Fourier
variable is denoted by £ € 7%, For & =0, the microscopic coercivity (see Section 2) implies

1/ 2.0.) = foo (0, ) L2(ayes) < 1/0(0,-) = oo (0, ) IL2(ayueye ™

For all other modes, foo(&‘, -) = 0 for any & # 0 (that is, for any £ such that |§| > 1). We can use
Corollary 5 with g > %A, with the notation of (10). An application of Parseval’s identity then proves the
result for k = oo and C = /3. If k is finite, the result with the weight y; follows from Corollary 8. []

Note that the latter result can also alternatively be proved by directly applying Proposition 4 to (1), as
in [Dolbeault et al. 2015].
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4.2. Algebraic decay rates in R?. With the result of Corollaries 5 and 8 we obtain a first proof of
Theorem 1 as follows. Let C > 0 be a generic constant which is going to change from line to line.
Plancherel’s formula implies

2 - £12
7 anany =€ [ ([ 1ol d€) am.

27
ehel g < / SR g =(_)
/|5|51 : RA : At

— ~ _Ag2 _d
/lEI ¢ “E’IfolzdéSCIIfo(wv)Ilfl(dx)/Rde 2 g <l fo(- 0 IE s gyt 2
=

‘We know that ,
7

and thus, for all v € [Rd,

Using the fact that ug > %A when |£| > 1 and Plancherel’s formula, we know that, for all v € R,

_ 2 _A
[P dg = Ce A DI gy
[€1>1
which completes a first proof of Theorem 1.

5. Hypocoercivity and the Nash inequality

In view of the proof of Theorem 1 in Section 4.2 and of the rate, it is natural to wonder if the hypocoercivity
can be controlled by the use of Nash’s inequality. Here we temporarily abandon the Fourier variable &
and consider the direct variable x € R4: throughout this section, the transport operator on the position
space is defined as

Tf=v-Vif
We rely on the abstract setting of Section 2, applied to (1) with the scalar product (-, -) on L?(dx dywo)
and the induced norm || - ||. Notice that this norm includes the x variable, which was not the case in
the mode-by-mode analysis of Section 2. It is then easy to check that (TIT) f = MTps =v-Vypr M,
(TIN* f = =Vx - (Jga vf dv)M, and (TIN)*(TI) f = —OA,ps M so that
g=Af=1+TIM*TI) N (TI*f <<= g=uM,

where u — ®Au = —V; - (fRd vf dv). Since M is unbiased, A f = A(1 —II) f. For some § > 0 to be
chosen later, we redefine the entropy by H[ f] := %||f||2 +S5(Af, f).

Proof of Theorem 1. If f solves (1), the time derivative of H[ f(z, -, -)] is given by

d
CHIf]=-DL/] (12)

where, as in the proof of Proposition 4,

D[f]:=—(Lf, f)+S(ATILf, f) +SRe(AT(1 —T1) f, f) —SRe(TAf, f) —SRe(ALY, f).
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Here we use the fact that (A f,Lf) = 0. The first term in D[ f] satisfies the microscopic coercivity
condition

(LA f)Z Amll(1=TD) f 2.

The second term in (12) is computed as follows. Solving g = ATILf is equivalent to solving (1 +
(TID*TIT)g = (TID)*TIILS, i.e.,

v —OA v = —OAxpr, (13)
where ¢ = vy M. Hence
(ATILS, 1) :/[Rd vrprdx.

A direct application of the hypocoercivity approach of [Dolbeault et al. 2015] to the whole-space
problem fails by lack of a macroscopic coercivity condition. Although the second term in (12) is not
coercive, we observe that the last three terms in (12) can still be dominated by the first two for § > 0,
small enough, as follows.

(1) As in [Dolbeault et al. 2015], we use the adjoint operators to compute

(AT(1=TD) f. f) = —((1 —TD) L TA" f).

We observe that
A*f =TI +((TI*TI) ! f = TA + (TI)*TH) ' TIf = MTuy = vM - Vyuy,
where uy is the solution in H!(dx) of
ur —OAxus = pr. (14)
With K defined by (11), we obtain
ITA* £112 < K207 122 gy = KAty [P g

On the other hand, we observe that vy = —®Au s solves (13). Hence by multiplying (14) by vy = —OAuys
and integrating by parts, we know that

®||Vx”f”iz(dx) + ®2||Axuf||iz(dx) = /[Rd vy py dx = (ATILS, f). (15)

Notice that a central feature of our method is the fact that quantities of interest involving the operator A
can be computed by solving an elliptic equation (for instance (13) in case of ATILf or (14) in case of
A* f). Altogether we obtain

(AT =D £, /)l < 1A =TD fIHITA™ ]| < %?Il(l — I fI{ATTLS, £)=.

(2) By (8), we have

D=

(TAL fI=TA—I) £ (1—I0) £)| < |1 - T0) £ ||*.
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(3) It remains to estimate the last term on the right-hand side of (12). Let us consider the solution u ¢
of (14). If we multiply (13) by us and integrate, we observe that

®”quf”12}(dx) = /Rd urvy dx < /Rd Urvr dx—l—/Rd |vf|2dx = Ad vrpr dx

because vy = —OAuy, so that
IA* £ 17 = Ol Vxus |2 gy < (ATILS £).
In Case (a), we compute

M

s =wa-mpa = [ v SEa-mysaxa
R4 xR4

It follows from the Cauchy—Schwarz inequality that

[Rd Vo M [[(1 =TD) fldyeo < VoM || 2(ayo) | (1 = TD) fllL2ays,) = VO = TD) f 24y,

and

2\
ALL ) = IVt sy (/R (5 [, 1vamiia-my) dy) dx) .

Altogether, we obtain

D=

HALS )l < \/gll(l—n)fll(ATHf,f) :

In Case (b), we use (H2) to get

(ALL A= ILAITIATfI < 26 [1(1 =T fHIA* £ Il < 26| (1= ID) fI[(ATILS, f)2.

=

In both cases, (a) and (b), the estimate can be written as

HALS ) =20 (1 =TI fI(ATILS. £)>.

with the convention that 6 = %‘/ 0/ O in Case (a).
Summarizing, we know that

D=

—%H[f] > (o —8) X% + 672 4 28bX Y,
with X := |[(1=TI) |, Y := (ATILf, £)'/2, and b := K/(20) + 25. The largest a > 0 such that
(Am —8)X24+8Y2 +26bXY > a(X2+2Y?)
holds for any X, Y € R is given by the conditions

a<Am—38, 2a<8, 8b>—(Am—8—a)§—2a)<0 (16)
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and it is easy to check that there exists a positive solution if § > 0 is small enough. To fulfill the additional
constraint § < 1, we can for instance choose

_4min{l, A}

and a=-.
8b2 +5 4

Altogether we obtain
d
——HIf 1= a(l( =T £ > + 2(ATTLS, f).

Using (14) and (15), we control || T1f||? = ||pf||§2(dx) by (ATILf, f} according to

”Hf”2 = ”uf”izwx) +2®”vxuf”52(dx) + ®2||Axuf||§2(dx) = ||uf||1%2(dx) + 2(ATILf, f).
We observe that, for any ¢ > 0,

1
ey ()Lt axy = lor )Ly = I folluiaxavys 1Vt l1E2 4 < o (ATILS f).

We recall the Nash inequality [1958]

_4 2d_
72 gy < ENashllull 2 1Vl 52 (17)
(dx) (dx) (dx)

for any function u € L' N H!(R?). We use (17) with u = us to get

Y

d
d+2
ITIf||? < @ LQ(ATILf, f)), with ® 1(y):=y+ (Z) for all y >0,

where 5 .
—1-2 _4
c= 2®%Nash ¢ ”fO”L]a('dx dv)’
The function @ : [0, 00) — [0, c0) satisfies ®(0) =0 and 0 < &’ < 1, so that
2
0= 1P +20AT117,£) = 01£ 1) = o ML),

where the last inequality holds as a consequence of (9). From

d d
a+3 2y, e 2 ; 4
ZZCD_l(y):y—F(X) Sy(;] 2yd+2+(z) =(y61+2+c_m)ym’
C C

as long as y < yg, for yg to be chosen later, we have

Y= ®(z2) > (D(z0)TF2 + a2y~ U147

as long as z < zg := ®1(yg). Since %H[f] <0, we have

2 2
——H[f] < ——H[ fo].
s 1= hlol
We thus apply the previous inequalities with

Zo= %H[fo]
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together with the fact that

1-46
o 1-0 2
(zo) > z0 > 1+8”f0“

and that c is proportional to || fol|, . to get

Ll(dx dv)’

2 e rE= _d+2 1+2
‘D(mH[f])Z(Ilfolle(dxd,,oo)Jr||fo||L1(dxdv)) PuLf

We deduce the entropy decay inequality

— Ly (el Il R (18)
dt ~ MJONL2 (dx dyeo) OllL1(dx dv) .

A simple integration from 0 to ¢ shows that

d

2 _4 _4 _d+2 o
HLA1S LA + (ol 52 gy 100 G g™ 2172
The result of Theorem 1 then follows from elementary considerations. O

Using moments instead of the mass, it is possible to state an improved Nash inequality: there exists a

positive constant %, such that

22 gy < Eellcul 758 IVul S

for any u € H!'(dx) N LY((1 + |x|) dx) such that Jga wdx = 0. The proof follows from a minor
modification of the original proof (attributed by Nash himself to Stein) in [Nash 1958] and uses Fourier
variables. As a consequence, any solution of the heat equation with zero average decays in L?(dx) like
O(t7174/2) as t — +o00. It is the topic of the following section to use Fourier variables in the spirit of
Nash’s proof to get improved rates of decay at the level of the kinetic equation.

6. Algebraic decay rates in R? by Fourier estimates and improvements
We prove Theorem 2 in Section 6.1 and Theorem 3 in Section 6.2.

6.1. Improved decay rates. Let us prove Theorem 2 by Fourier methods inspired by the proof of Nash’s
inequality.

Step 1: decay of the average in space by a factorization argument. We define

fo(t,v) = / f(t,x,v)dx (19)
R4
and observe that f, solves

3 fo=LFf.

As a consequence, we have that 0 = fRd fe(t,v) dv. From the microscopic coercivity property (H4), we
deduce that

(1, V) 2
M

1A 2 gy = M dv < || £(0,)II%5 ., e~ forallt > 0.
(dyoo) (dyoo)
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With k € (d, 00), Proposition 6 applies like in the proof of Corollary 8 or in [Mischler and Mouhot 2016].
We observe that || fe(0, )l 2|2 dye) = 1 follL2(v)2 dys ;L1 (@x))- For some positive constants C and A,
we get

2 2 —At
”f'(ta ')||L2(|U|2 dvi) <C ||f0||L2(|v|2 dyi;L! (dx))e forall r > 0. (20)
Step 2: improved decay of f. Let us define g(z, x,v) := f(¢, x,v) — fo(t,v)p(x), where ¢ is a given
positive function satisfying

|x]2

/ p(x)dx =1, eg, @x):= (2n)_%e_ 2, forall x e RY.
R4

Since d; f. = L /., the Fourier transform g(z, £, v) of g(¢, x, v) solves
0:§+Tg=Lg— fTo,
where T¢ = i(v-&)¢. Using Duhamel’s formula
t
§= g0 [0 (5,09 ds

Corollary 5, and Proposition 6, for some generic constant C > 0 which will change from line to line,
we get

n _1 n owe ~
18, &)l 2(ay,) =Ce 2“5’IIgo(E,-)IILz(dyk)JrC/O e” 2 I fu(s. ) 2oy [E1 G @) ds. (1)

The key observation is go(0, v) = 0, so that
. 3 ~ (&
foev) = [ Vedo(n o) an
o1&l

1805, V)] < €I Ve&o (- v)llLoo(agy < IENlgo (-, v)lILi(x(ax) forall (5,v) € R? x RY.

We know from (10) that pg = A[£]?/(1 + |£|?). The first term of the right-hand side of (21) can therefore
be estimated for any ¢ > 1 by

L 1
—_ A j _A 2 j
(/ﬂ I/I;d |€(|- T)tg0|2d)/k dg) < (/Rd |§‘|2€ 5 €] td%—) ||g0||L2(dJ/k;L1(|x|dx))
=

= m”gOHLz(dyk;L] (x| dx))>

which is the leading-order term as ¢+ — oo, and we have

€]

yields

_ ~ _A
/m 106 oy 46 = CeH g0l g
>

for any 7 > 0, using the fact that g > %A when |£] > 1 and Plancherel’s formula.
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Using (20), the second term of the right-hand side of (21) is estimated by
t TP A 2
L[ e F e egpalelio©las) ds
2 2z [~ —s) 25 2
< Cll fola qup ayeit @y [R REREG! ( [0 T ds) ds.

On the one hand, we use the Cauchy—Schwarz inequality to get

n A 2
/ |é|2|¢a<s>|2( f )b ds) d
lE1<1 0

t t
< 2 / 2(/ e~He(t=9) =55 ds) (/ ¢3S ds) d
<ol [, () O ¢
21,12 t 2,~41E20—5) g ) % ~4-1 ~41
SX”"D”Ll(dx)/(; (/|g|§1 |E]%e™ 2 VdEle 2%ds < Cit™ 27 4 Cre™ 47,

where the last inequality is obtained by splitting the integral in s on (0, %t) and (%t, t). On the other

hand, using pg > %A when |£] > 1, we obtain

o 2 .
[ e |¢<s>|2( | e Feeis ds) dg < 2emmnA g2,
[E]>1 0

By collecting all terms, we deduce that ||g(z,-,-)|| is bounded by

2
L2(dx dyx)

2 2 —(1+¢
C(||g0||L2(dyk;L1(|x|dx)) + ||f0||L2((|v|2 dyk;L‘(dx)))(l + t) ( 2)

for some constant C > 0. Recalling that /' = g + f.¢, the proof of Theorem 2 is completed using (20).

6.2. Improved decay rates with higher-order cancellations. We prove Theorem 3, which means that
from now on we assume in Case (a) that M is a normalized Gaussian (2), and in Case (b) that o0 = 1.
Moreover, the initial data satisfies (5); that is,

// foP dxdv=0 forall P € Ry[X,V].
R4 xR4

For any P € Ry[X], let
PG = [ PO 0 dx,

so that [q P[f](0,v) dv =0.
In this section we use the notation < to express inequalities up to a constant which depends on k.

Step 1: conservation of zero moments. For a solution f of (1) we compute

%//;Rdxﬂ%d f(t,x,v)P(x,v)dxdv:—//RdXRd(v-fo)dedv+//RdXRd(Lf)dedv

- //Rded(v'V’“P)f dx dv +//RdXRd(Lf)P dx dv.
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In Case (a) of a Fokker—Planck operator, we may write

/f (Lf)dedv=/f %VU-(MVUP)fdxdv=/f (AyP —v-VyP) fdxdv.
R4 xR4 R4 xR4 R4 x R4

By the definition of R,[X, V], it turns out that A, P —v -V, P € Ry[X, V]. For the scattering operator of
Case (b), one has

// (Lf)YP dxdv
R4 xR4
=/f (/ (M(v)f(t,x,v/)—M(v’)f(z,x,v))dv’)P(x,v)dxdv
Rd xRd \JR4

= /// (M) f(t,x,v)=MQ) f(t,x,v))P(x,v)dx dvdv
R4 xR x R4

:// (/R M(v)P(x,v)dv)f(t,x,v')dxdv’—/f F(x, v)P(x, v) dx dv.
Rd xR d Rd xR

One can check that [ps M(v) P(x,v)dv € Rg[X]. Since also v- VP € Ry[X, V], the evolution of
moments of order lower than or equal to £ is equivalent to a linear ODE of the form Y (f) = QY (¢), where
0 is a matrix resulting from the previous computations. Consequently, if Y (0) = 0 initially, it remains
null for all times.

Step 2: decay of polynomial averages in space. We claim that for any j < ¢, there exists A > 0 such that,
forany P € R;[X]and g € N,

IPLAIE I 2@y ry) Sia 1 0llL2@yepgsns it (@ ix7) daxy (1 + e ™™ forallt >0. (22

Let us prove it by induction.

(1) The case j = 0. Notice that j = 0 means that P is a real number and P[f] = f. as defined in (19),
up to a multiplication by a constant. Since [pq fo(f,v) dv = 0 for any ¢ > 0, one has 9, f. = L f.; thus
we deduce from the microscopic coercivity property as above that

1A 2y < /0. ) |2gayaye " forall £ > 0.
We also obtain
£ )2 dypsy) Sa ”fO||L2(dyk+q;L1(dx))e_M for all 7 > 0, (23)

but this requires some comments. The case k € (d, o0) is covered by Corollary 8.
The case k = oo in (23) is given by the following lemma.

Lemma 10. Under the assumptions of Theorem 3, one has

A D2t o]0) dyooy Sa 1o lL2(1tivl) dymiL @xpe " forallt = 0.

Proof. We rely on Proposition 7 with the Banach spaces % = L?(dyso) and %2 = L2((1 + |v]9) dyoo)-
In Case (a), let us define 2f and B by AF = NyrF and BF = LF —2F. In Case (b), we consider 2
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and ‘B such that
AF (v) = M(v)/ F@')dv,
Rd

BF(v) = _/[Rd M®@") dv' F(v).

The semigroup generated by 2 + ‘B is exponentially decreasing in %; by the microscopic coercivity
property, as above. The semigroup generated by ®B is exponentially decreasing in %,. In Case (b), it is
straightforward. In Case (a), F(t) = e®! Fy is such that

1d
2dt Jg

- / (BF)F(14+]0]%) dyos
Rd

. [FP(1+[v]?) dyoo

- i q — 2 q
= [, (M9 (57)) PO+ oo [ Nxe@F PO+ v

G

- { g Vo(v]1=20M)
w2 (+1I)M

(1+|v|q)Mdv—/

F\F dv
1=2y.v ——Md—/N F2(1+v]|9)—
Rdqlvl v U(M)M v ARWIFIPA+ )5

dv A
~NarO) PR+ T <=5 [ 1P+ dres

for some A > 0, by choosing N and R large enough.
The operator 2 : 41 — %> is bounded. This is straightforward in Case (a) and follows from the
boundedness of [e M (v)(1+|v|?) dyso in Case (b). Proposition 7 applies, which concludes the proof. [J

(2) Induction. Let us assume that (22) is true for some j > 0, consider P € R;1[X], and observe that
P[f] solves

8, PLf] = LP[f]—/Rd(v-VxP)de-

Since Vy P € R;[X], the induction hypothesis at step j (applied with ¢ replaced by g + 2) gives

of (GP)L1dx

5 ‘

/ (V4 P)Lf] dx
Rd

L2(dYk+q) L2(dyk+q+2)
i ,—At
Sjaq || fO ||L2(dyk+q+2(j+1);Ll ((1+]x]/) dx)) (1 + t)J e .

By Duhamel’s formula, we have

P[f](@.v) = e“ P[f](0, v)—/teL(t_s) (v/ (VxP)[fs]dx) ds.
0 R4
Note that
/ v (VxP)[f]dxdv=// (v-VxP)[fldxdv =0
R4 R4 R4 xR4
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for all t > 0 since v-V, P € Ry[X, V]. As a consequence, the decay of the semigroup associated with L
can be estimated by

ett=9) (v / (Vx P)[fs] dx) <|v / (Vy P)[fs] dx e~Am=s),
R L2(dYoo) R4 L2(dyoo)
As in the case j = 0, we deduce from Corollary 8 that
L(t—s) V. P d < V. P d —A(t—s)
e v (Vx P)[ fs]dx = |V (Vx P)[fs]dx e
R4 L2((1+|v|9) dyk) Re L2(dVk+4q)

j ,—At
Sq,k ”f0||L2(dyk+q+2(_/+1);L1((1+|x|/)dx))(1 +S)je :

//Rded Sfo(x,v)P(x)dx dv =0,

for the same reasons we also have

Moreover, since

le" PLAO. iz aysry) < IPLollliz (g vl avere ™

for some A > 0. We deduce from Duhamel’s formula that

IPLA L2 @yesy)
—L(t—s) ; ; d )
e (v /R v P[fs]dx

S 1€ PLAO ) 2@y +/ ds
| =
Sk ol @yt (@ +ixi+1ydxne l+/0 L+ €™ follL2(@ye sy aagni (417 dxy) 45

t
0 L2(dyk4q)

41 ,—At
<k ”fO||L2(d)/k+q+2(j+1);L1((1+|x|-/+1)dx))(1 +1)' e ’

which proves the induction.

Step 3: improved decay of f. Let us choose some #y > 0. In order to estimate

1L g ayey = 1€ folP2ax ayey:
we compute its evolution on (0, 2¢¢) and split the interval on (0, zp) and (29, 2¢¢) using the semigroup
property

e folP2 g ayy = 10T f0) P2 4 -

Up to the end of this section, T = v - V. denotes the transport operator in position and velocity variables.
We decompose f, = e(-= D% £ into

1 . 1
To= (Z aX“[frola“w) +g0. with go:= fiy— Y — X[ [0,
lal<t le|<€ ™"

where « = (a1, @2, ..., i, ...,0z) € N? is a multi-index such that || = Z,d:l a; </{ and ¢ is given by

x|2

o(x) = (271)_%.9_T for all x € R?,
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Here we use the notation 3% = 95! 052 ---8%(,0 and X* =T[" X l.a !, According to (22), we know that

IX*Ufrodlli2aye) S7 1 folli2(@yern; it (41x7) dxy (1 + f0) €740
so that, by considering the evolution of the first term on (¢g, 2¢p), we obtain

e(L—T)to( Z %X“[fto]aaw)

lee] <€

< ) IX ol 1% @ll2x S e ECTNG Y
L2(dxdyk) |a|<e

Next, let us consider the second term and define, on ¢ + ¢y € (fg, 2t9), the function

1
8= ft+1o— Z aXd[fttho]aa‘/)-

lee] <€

With initial datum gg, it solves on (0, #9) the equation

1
0:8 = 0t fr410 — Z al A (X[ fr+10]) %9

lee] <€
1 1
= (L=T)(fi+1) — L (Z — X[ fr10] 8 w) > —,( / (v Vax®) fr sz dx)a‘*«p
/=t FEA

:(L—T)(g)—T(Z —X [ft+60] 9% ‘/’)+ Z (/ (v Vyx® )ft+todx)a @

la|<t \oc|<€
=(L-T)@)+v ) amxa [/19%¢ = X[ fr10]Vx (3%9)),

le|<t

where ! = ]_[l 1 «;!is associated with the multi-index o = (oz,)l_1 and

VeXO[f] = (0 XU/ D, = ( /R gt s dx) - ( /R e f dx)d

i=1 i=1
Here the notation oz »; denotes the multi-index (o1, @2, ..., 0;—1, 0 —1, i +1, ..., 0g) with the convention
that X~ = 0 if o; = 0. We also define the opposite transformation

avi = (a1, 02,....0i—1,0; + 1, ai41,...,0g)

so that dy, (0%¢) = 0% @. Let us consider the last term and start with the case d = 1. In that case,

vy —(v X[ f10% = X[ f144,]Vx (%))

|05|<€
U Z o |((/R(a1xal_1)ft+t0 dx)ax‘l’”(p—(/R 1ft+t0dx)8x°“+1 )

a1=0

v
= ——1(/ xzfl-i-t() dx)axf—H(p
O\ Jr
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because it is a telescoping sum. We adopt the convention that a! = 1 if ; <0 for somei =1,2,...,d.
The same property holds in higher dimensions:

1
D O XS0 = X[ fr10)0; (079))

lee] <€ . Z (

o] <€

1 1 !
'Xow [f10% — axa[ft+to]3avi(p) T Z aXa[fttho] dx; (0% ).

[CINE
Al |Dt|=e

‘We deduce that

1
dig=(L=TQ)—v > X Ufrrss]Vx (@9).
la|=¢ "

Duhamel’s formula in Fourier variables gives

fo 1 —
8to. £, v) =" D0gy — / (=D lto=s) (v > —X“[mtolvx(a%)) ds
0 o!

lor|=£

up to a straightforward abuse of notation. Hence
||§(t07 E? . ) ”Lz(d]/k)

_1 ~ _ _ — o -
< €TI0 20 (€, ) 12 (ay,) + f e~ % (0= > ||X [stollL2quf2 dyey | Ve (0% @) ds.
le|= e

Recall that (22) gives

_a
IX*[fsttoll2quiz dye) Se I folli2(@yesnesnilt (1+1x1) dxpe 2"
On the other hand we use |W"‘(p)| < |E[¢*1|¢| and observe that

180(E. )| S 181" g0 (- v) L1 (xje axy forall (5,v) € RY x RY.

Collecting terms, we have
A _1 _1 N
”g(ZO,g,')HLZ(dyk) Se 2“5t°|5|e+11|g|<1||g0(-,v)IILz(dyk;L1(|x|edx))+e 2M5t01|5|21||g0(§,-)||L2(dyk)
. o _meq oy _a
+|§|K+1|(p(5)|||f0”L2(d)/k+zg+2;Ll((1+|x|£)dx))/O e 2 (o S)e 2%ds.

We know from (10) that s = A[§[?/(1+ |€]?) so that g > SA|E?if |§] < 1 and pug > JA i €] > 1.
Hence, for any 79 > 1,

1
2 _ d
||e_%”5’°|5|£+11|g|<1 ||L2(d$) < (/ e—%|5|210|§|2(€+1) dé) < Iy (1+€+2)’
R4

_ N _A
/ISI G0 ) 45 5 €000y
>
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by Plancherel’s formula. We conclude by observing that

to “w to
/ £ 6() / 5035 45 dt < ol / (/ |é|‘“e—95'2<’°—”ds)e—%ws
lEl<1 0 0 |£1<1

_ a4
<0 (1+€+2)’

. o _meq, o _a . .
/ISI e @) /0 e” 2 0™ ds dE S| [E1T Q) L (agytoe ™+ MM,
=

Altogether, we obtain

. —(14+6+4
1800+ Woargeayey = 180 N geayy Sto T2,

The decay result of Theorem 3 is then obtained by writing

(3 XLl i)

lo|<€ ™~

||f2to H?ﬂ(dx dyi) < ”g(th T ')”iz(dx dyi) +

L2(dx dyx)

and using (24) for any 79 > 1, with ¢ = 2¢¢. For ¢ < 2, the estimate of Theorem 3 is straightforward by
Corollary 8, which concludes the proof.

Appendix A: An explicit computation of Green’s function for
the Kinetic Fokker-Planck equation and consequences

In the whole-space case, when M is the normalized Gaussian function, let us consider the kinetic
Fokker—Planck equation of Case (a)

0 f+v-Vif=Vy-(vf +Vyf) (25)
on (0, 00) x R? x R? 5 (¢, x, v). The characteristics associated with the equations

dx dv B

ar =" dr

suggest to change variables and consider the distribution function g such that

ft, x,v)= edtg(t,x + (1 —e")v,e'v) forall (t,x,v) € (0, 00) X R x R4,

The kinetic Fokker—Planck equation is changed into a heat equation in both variables x and v with
t dependent coefficients, which can be written as

;g =V-9Vg, (26)

where Vg = (Vyg, Vxg) and Z is the ¢-derivative of the block matrix

1 {ald bId
@_E(bld cId)’
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with a = e?! —1, b =2e! —1—e?!, and c = €2 —4e’ + 21 + 3. Here Id is the identity matrix on R?.
We observe that & is degenerate. it is nonnegative but its lowest eigenvalue is 0. However, the change of
variables allows the computation of a Green’s function.

Lemma 11. The Green’s function of (26) is given for any (t, x,v) € (0, 00) X RY x R4 by
( alx|? —2bx-v+ c|v|2)
(27 (ac — bZ))% 2(ac—b?)

The method is standard and goes back to [Kolmogoroff 1934] (also see [Ilin and Hasminskii 1964;
Hormander 1967; Victory and O’Dwyer 1990; Bouchut 1993]).

G(t,x,v) =

Proof. By a Fourier transformation in x and v, with associated variables £ and 71, we find that
log C—log G (t.6.1) = (1.£)-2(1. £) = L(aln|? +2bn-E +c|g1?) = La|n+ 2e|* + 1AE12, A=c-2,
for some constant C > 0 which is determined by the mass normalization condition

1G@. -, e xpay = 1.

Let us take the inverse Fourier transform with respect to 7,

@m) / G (1,6 m) dy = M itve daee € 2 el gl
R (27[3)% (2ma)d
and then the inverse Fourier transform with respect to &, so that we obtain
1)2 X2 b 2 1)2
G(t,x,v) = %e_(l'i':%)‘z‘a e |21-\ gabe'v = %e_ﬁ x—gv| e_‘z‘a
(2ma)2 (27A)2 (472%aA) 2
It is easy to check that C = 1. O

Let us consider a solution g of (26) with initial datum go € L' (R? x R?). From the representation
g(l,',') = G(ta"') *X,U g0,
we obtain the estimate

Igolr@xnty g —ary 4 o1y,
(8712)2

as t — 00. As a consequence, we obtain that the solution of (25) with a nonnegative initial datum fy

g, oo xray < 1G (s, )||Loo(rd xra) 180 |1 (R xRA) =

satisfies ol
oll1 1(rd xpd
M(H— (1))
(87r21)2

Using the simple Holder interpolation inequality

”f(t"")”LOO(Rdx[Rd) ast — 00.

1 ety = 11 ety 1 T ey

we obtain the following decay result.
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Corollary 12. If f is a solution of (25) with a nonnegative initial datum fy € LY (R4 x R?), then for any
p € (1, 00] we have the decay estimate

Il follLt (e xra)

(8721)2 $(1-3) (L+o(l)) ast—oo.

”f(t’ B ')”Lp(RdXRd) =

By taking fo(x,v) = G(1, x,v), it is moreover straightforward to check that this estimate is optimal.

With p = 2, this also proves that the decay rate obtained in Theorem 1 for the Fokker—Planck operator,
i.e., Case (a), is the optimal one because, again with fo(x,v) = G(1, x, v), we observe that

_4
L1 g ayey = €7 NG )T oy any = OCT2)  ast — +oo.

Appendix B: Consistency with the decay rates of the heat equation

In the whole-space case, the abstract approach of [Dolbeault et al. 2015] is inspired by the diffusion limit
of (1). We consider the scaled equation

ci,F +TF = lLF 27)
which formally corresponds to a parabolic rescaling given by ¢ — g2¢ and x > ex, and investigate the
limit as ¢ — 0. Let us check that the rates are asymptotically independent of ¢ and consistent with those
of the heat equation.

B.1. Mode-by-mode hypocoercivity. 1t is straightforward to check that in the estimate (7) for A, the gap
constant A,, has to be replaced by A,, /¢, while, with the notation of Proposition 4, Cps can be replaced
by Cyps /¢ for € < 1. In the asymptotic regime as ¢ — 04, we obtain

)LM lm)LMé‘
3(1+Am) (1 + Aw)CE

s%H[F] <-D[F]<-— D[F],

which proves that the estimate of Proposition 4 becomes
Am AZ
3( 1+ M)2C 2

We observe that this rate is independent of ¢.

B.2. Decay rates based on Nash’s inequality in the whole-space case. In the proof of Theorem 1, &
has to be replaced by 6 /¢ and in the limit as ¢ — 04, we get that b ~ 46 /¢ and (16) is satisfied with

Am
da=§~—-¢.
? 852
Hence (18) asymptotically becomes, as ¢ — O,
2
a

1+
0= ()
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which again gives a rate of decay which is independent of ¢. The algebraic decay rate in Theorem 1 is the
one of the heat equation on R4 and it is independent of ¢ in the limit as ¢ — 0.

B.3. Decay rates in the whole-space case for distribution functions with moment cancellations. The
improved rate of Theorem 2 is consistent with a parabolic rescaling: if f solves (1), then fé(z, x,v) =
¢4 f(e72t, e 1x,v) solves (27). With the notation of Section 6.1, let g% = f& — ffp(-/e), with
¢¢ = ¢ %¢(- /e). The Fourier transform of g solves

£20,8° +eTg® = Lg% —efFT¢".

The decay rate A in (20) becomes A /g2 and the decay rate of the sernigroup generated by L —eT is, with
the notation of Corollary 5, ug¢. Moreover, A in (10) is given by A = 3 m1n{1 ®} for any & > 0, small
enough. Duhamel’s formula (21) has to be replaced by

_Meg b Meg R
185, &, )2y, <Ce 282’||g8(é,-)||L2(dyk)+C/0 e 22 S)Ilff(s,~)||Lz(|v|2dyk)lsé|Iw(sé)lds-

Using
2
lim o€ i 2EE e
0y 82 om0y 1+ £2[E]
a computation similar to the one of Section 6.1 shows that the first term of the right-hand side is estimated
by

Hee, - ~5,
/Rde 11266120 g0 46 = / o tIIgo(é,')||§2(dyk)d§+/|$|>le 2852y, dE
A
2

2 2,— 4 1€1%t 2 -55
E||g8”L2(de§Ll(|X|dX))/Rd|§|e 2P dE G I gx e

while the square of the second term is bounded by
2 2 2 L 2 12 >
15 = 0912 o2 ays) /r; |eE P16 (e8) ( /0 e aHee (eI g oA ds) d§
d +1 C . A
2 —min{4 AL

< Ul o (O gy + e 8402).
By collecting all terms and using Plancherel’s formula, we conclude that the rate of convergence of
Theorem 2 applied to the solution of (27) is independent of ¢. We also notice that the scaled spatial
density pre = [pa [ dv satisfies

%o
lore(t,)|? <—— forallt >0
f L2(dx) (1 +I)1+%
for some positive constant 4y which depends on fp but is independent of e. This is the decay of the heat
equation with an initial datum of zero average.
Similar estimates can be obtained in the framework of Theorem 3.
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