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INKA SCHNIEDERS AND GUIDO SWEERS

Our main result is that for any bounded smooth domain € C R” there exists a positive-weight function w

and an interval I such that for » € I and A%u = Awu + f in Q with u = 3%” =0 on 9€2 the following

holds: if f is positive, then u is positive. The proofs are based on the construction of an appropriate weight
function w with a corresponding strongly positive eigenfunction and on a converse of the Krein—Rutman
theorem. For the Dirichlet bilaplace problem above with A = 0 the Boggio—Hadamard conjecture from
around 1908 claimed that positivity is preserved on convex 2-dimensional domains and was disproved
by counterexamples from Duffin and Garabedian some 40 years later. With w = 1 not even the first
eigenfunction is in general positive. So by adding a certain weight function our result shows a striking
difference: not only is a corresponding eigenfunction positive but also a fourth-order “maximum principle”
holds for some range of A.

1. Introduction

Consider for 2 C R" a bounded domain with a smooth boundary d€2 and A € R the fourth-order Dirichlet

problem
(A’ = w)u=f inQ,
u:iu:O on 92, W
av
with weight function w > 0. Here v is the exterior normal on 92 and €2 is a domain, whenever it is open
and connected. For (1) with A =0 and 2 = B, a ball in R", Boggio [1905] constructed explicit Green’s
functions Gp. Since his Green’s functions are positive, one finds for any f for which the corresponding

solution is well-defined through u(x) = f 5 GB(x,y) f(y)dy that
f =0 implies u >0,

and not only for A = 0 but even for A in some interval. By introducing an appropriate weight w that
depends on the domain, we derive such kind of positivity-preserving property (PPP) on general domains
for some range of A. For A = 0 and Q C R? (1) is called the clamped plate problem [Hadamard 1968a].

Concerning that just-mentioned interval for A, if (1) is positivity-preserving for A = 0 on a domain 2
as above, then by a Krein—Rutman theorem, see [Gazzola et al. 2010, page 63], there is a first and simple
eigenvalue 11 € R for the biharmonic eigenvalue problem. Moreover, p = Al_l is the spectral radius of
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the corresponding solution operator for A = 0 and by a Neumann series expansion [Grunau and Sweers
1998, Proposition 4.1] one finds that PPP holds for all A € [0, A;). The eigenfunction ¢; for A; is of fixed
sign, and hence can be chosen positive. For 02 smooth, the function ¢; is then even strongly positive in
the sense that for some ¢ > 0

@1 (x) > cd(x,dQ)* forall x € Q. (2)
Here d( -, 0€2) is the distance to the boundary

d(x,0) := inf |x —y|. 3)
yeoQ

In [Schnieders and Sweers 2020] a converse of the Krein—Rutman theorem is shown for (1) with w =1
on arbitrary smooth and bounded domains 2:

If there exists a simple eigenvalue \; to the biharmonic eigenvalue problem with the correspond-
ing eigenfunction strongly positive in the sense of (2), then (1) is positivity-preserving for A in a
left neighbourhood of ;.

Although there are domains besides balls for which there exists an eigenfunction that satisfies (2), see
[Sweers 2001], for most domains there is no positive eigenfunction. In this article we overcome that
restriction by introducing an appropriate weight function w that is positive. With this w we prove the
existence of a simple eigenvalue A ,, and a corresponding eigenfunction ¢; ,, for the weighted eigenvalue

problem
A’ = wp inQ,
w:i(p:O on 0€2 @
v ’
where ¢; ,, is strongly positive as in (2). We will do this for arbitrary bounded smooth domains €2 in
any dimension. As a consequence and by arguing as in [Schnieders and Sweers 2020], we find for (1) a

positivity-preserving property if A is in a left neighbourhood of 4 .

Remark 1. Although the positive eigenfunction for most €2 will correspond to the first eigenvalue, [Duffin
and Shaffer 1952; Coffman et al. 1979] give an example where such an eigenvalue is the third one. See
also [Schnieders and Sweers 2020]. So, we suppose that the eigenvalue A ,, is the j-th eigenvalue, where
eigenvalues are counted with their multiplicity. Hence 0 < Ay < Apyp <+ <Ajy <---— 00.

The precise statements and main result of the present article are presented in the following theorem
and corollary:

Theorem 2. Let Q@ C R" be a bounded domain with Q2 € C*? for some y € (0, 1). Then, there exists
a strictly positive-weight function w € C%7 (Q), meaning min, g w(x) > 0, such that the eigenvalue
problem (4) has the simple eigenvalue X ; , = 1 with an eigenfunction ¢; ., € cH( Q)N C(l)(S_2) satisfying
@jwx) >d(x, BQ)zfor all x € Q.

The existence of a strictly positive weight w with a strongly positive eigenfunction ¢; ,, is established

in Section 2, more precisely in Proposition 9 below. Since the corresponding eigenvalue is not necessarily
simple, we have to consider an eventual small perturbation of the weight function. In Section 4 we
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describe a perturbation procedure so that the slightly changed weight is still positive, the eigenfunction
remains strongly positive and the corresponding eigenvalue becomes simple.

Remark 3. The generic simplicity of the spectrum for the clamped plate equation with respect to domain
was proved in [Ortega and Zuazua 2000; Pereira 2004]. Other results for generic simplicity under
perturbations with respect to the coefficients can be found in [Albert 1975; Teytel 1999].

With the w-variant of the main theorem from [Schnieders and Sweers 2020] we find the following
positivity-preserving property for the biharmonic Dirichlet problem in (1).

Corollary 4 (PPP). Let Q, w and Aj ., = 1 be as in Theorem 2. Then there is Ao < Aj ., such that for
0< fe L?(2) with f nontrivial and u the solution of (1):

(D) If X €[Aes Ajw), thenu > 0 in L.
(2) If X € (Ac, Ajw), then a Hopf type result holds: there exists cy,; > 0 such that

u(x) > cypyd(x, dQ)* forall x € Q.

Proof. With the existence of a simple eigenvalue A ; ,, = 1 with a strongly positive eigenfunction ¢; ,,
from Theorem 2 one may continue with the estimates in Theorem 16 and find statement (1) for A €
[Ajw—C2/C3,Ajy) and (2) for A € (A, — C2/C3, A} w). O

Remark 5. As already mentioned, the positivity-preserving property does not hold true for the biharmonic
Dirichlet problem on general domains €2,

ANu=f in Q,

u:iuzo on 0L2. ©®)

av

Hadamard [1968b] reported on discussions with Boggio and conjectured that at least on convex domains
(in R?) there should be a positivity-preserving property for (5). The first, by now well-known coun-
terexample was established by Duffin [1949], who considered the biharmonic Dirichlet problem on an
infinitely long strip. Garabedian [1951] showed that the Green’s function changes sign in the case that
the underlying domain is a sufficiently eccentric ellipse. For a survey see [Sweers 2001]. An interesting
family of domains concerning PPP are the limacons of Pascal. Hadamard calculated an explicit Green’s
function for those limagons in [Hadamard 1968a, Supplement] and, as was shown in [Dall’ Acqua and
Sweers 2005], those functions are positive only when the limagon is not too far from the disk. Other
known examples with PPP for (5) are based on perturbations of Boggio’s results [1905] for balls. See
[Gazzola et al. 2010, Chapter 6].

One notices that if (5) is not positivity-preserving for a domain €2 and A = A, with A, as described in
Corollary 4, then a Hopf principle fails for the solution to (1). Moreover, for A < A, one expects some
negativity close to the boundary since this is the same phenomenon that appears for the limagons which
are close to the cardioid.

Remark 6. When asked about a physical meaning of the weighted problem, we recall that (5) for n = 2
is used to model the deviation u of a thin plate due to a force density f that is clamped at its boundary.
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The eigenvalues here correspond to resonances due to exterior induced vibrations and the weight w
would be a measure for the stiffness of the plate. This stiffness could be x-dependent, although then the
corresponding differential equation should be A(w~'Au) = Au + f. A second-order term bAu in the
equation also appears when modelling a prestressed plate and fixing the horizontal movements at the
boundary. The value of b can have either sign, although for reinforced concrete no engineer would like
b > 0. If we forget about the third-order terms and compensate the second-order term by prestressing
appropriately, the present weight produces a plate that is very stiff near the boundary and rather flexible
in the interior.

The structure of the paper is as follows. In Section 2 we introduce a specific weight with which we get
a positive eigenfunction with corresponding eigenvalue A = 1 for the eigenvalue problem in (4). Next
in Section 3, we will describe the adapted setting and adjust and expand the results in [Schnieders and
Sweers 2020] to the weighted biharmonic problem (1). Finally in Section 4, we prove that by perturbing
the initial weight function slightly, we obtain a simple eigenvalue with a positive eigenfunction.

2. Construction of weight and eigenfunction

In this section we will construct an explicit weight function that guarantees the existence of a positive
eigenfunction. To this end we suppose that  C R” is a bounded domain with Q2 € C*Y for some
y € (0, 1). We start with one special positive combination u, f for (5). Let e : Q — R be the solution of
—Ae=1 1in Q,
e=0 onoaQ.

It holds that e € C*7 (R); see [Gilbarg and Trudinger 1983, Theorem 6.19]. Using the maximum principle
for the laplacian, it follows that e > 0 in €2, and with Hopf’s boundary point lemma [Gilbarg and Trudinger
1983, Section 3.2] and the mean value theorem, we obtain constants ¢, ¢, > 0 such that

cid(x) <e(x) <cpd(x) forall x € Q, (6)

where we let d(x) :=d(x, 02) from (3). In [Gilbarg and Trudinger 1983, Lemma 14.16] one finds that
d € C*Y near 9S2 follows from 92 € C*7.
A direct computation shows

e Ze2=0

81)
on 02 and

A232:2(—A)((—A6’)e—;(£) )_2( A)(e—z<axl) )

de dAe d 32e \? 2
=244 +4 =2 = f 7
+ Z(axl ox; > ijZ= (Bx, x]> +4 Z (axlaxj) g (7N

Note that the function f € C>7 () is strictly positive on Q.
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Example 7. For Q2 = B (0) we find

) R? —||x||?
e(x) = —
2n

The main idea of the construction of the weighted problem with positive eigenfunction is the following:
2

4
and f(x)=2+-—.
n

If we define w = f/e, then the function e? would be a solution to

(—A)%e*> =we* inQ,

e = ie2 =0 onadf.
av

is a weighted eigenfunction with corresponding eigenvalue A = 1 and there is a constant ¢ > 0
such that e*(x) > ¢ d(x)? for all x € Q. We notice that f is strictly positive and e behaves like d(x)?
near the boundary. So the weight function w is unbounded and especially not Hélder-continuous on 2.

Hence €2

In order to deduce estimates for the Green’s function and positivity results we will apply a converse of
the Krein—Rutman theorem. In Section 3 we need regularity results from Agmon—Douglis—Nirenberg
results, and Holder-continuity of the weight function is necessary.

So, the combination of the positive functions e and f is not directly suitable and we need a combination
where both functions grow like d(x)? near the boundary. In order to achieve this we modify f and
consider f, : Q — R defined by

fo(x) = x:(d(x))* f (x), (8)

where ¢ > 0 is small enough and x. € C*°(R; R) is an e-sized mollification of the sign-function. A sketch
of x. can be found in Figure 1. For ¢ small one finds f; € C%7 () and on 9% that

3 3
f‘g:a—‘)fg:() and mfg > 0.

Remark 8. The function y, is constructed with the usual mollifiers ¢, : R — R with support in [—¢, €]

and defined by
_1(t
@e (1) = 8<p<8)

- 1 ) " i
- t 17 .
o) = {Cm exp< 1—12 or |f] < with Cm:/ exp(_ 1 )ds.
O _

for [¢] > 1, i 1—s?

and

With sign(t) = t/|t| for t # 0 we define the function
xe (1) = (@e *sign)(t) fort € R.

Note that x, € C*°(R) satisfies

x:(0) =0, X;(O)zﬁg—l, and x.(t)=1 fort>e.

m

Moreover

2t /(cme) |
€ )

min(i, 1) <)) < min( fort > 0. 9
£
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S ;,' 7_1
Figure 1. Sketch of x. as mollified sign-function with the estimates from (9).

Letting u. be the solution of

10
ugz%ugzo on 092, (10)

we shall prove with the next proposition that w, = f./u. is well-defined and that ¢ = u, with A =1 is an

{Azug:fg in Q,

appropriate eigenfunction of the eigenvalue problem
A’p = \w,@ inQ,
=9, 0 on o2 1D
=0T '
Theorem 2 will follow from this result except for the simplicity of the eigenvalue.

Proposition 9. Let f, f., u. be defined in (7), (8) and (10). Then there exists ey > 0 such that for
g € (0, gg) the following holds:

(1) wg := fs/u, € C®7(Q) and min{w,(x): x € Q} > 0.

(2) ¢ :=u, is a strongly positive eigenfunction in the sense of (2), with eigenvalue ). = 1, for the weighted
eigenvalue problem (11).

Remark 10. One may guess that generically the eigenvalue A = 1 is simple for ¢ € (0, &9). We need,
however, that the eigenvalue is simple and not just generically. To obtain this we may fix ¢ = %80 and
proceed by an appropriate perturbation of f, for this fixed ¢. This is done in Section 4 and yields a simple
eigenvalue 1.

Proof. Let Q(¢) ={x € Q:d(x) < e}. One directly checks that for any p € [1, co) it holds that
Ife = Fler@ < 1 fl~@IR()? — 0 fore 0. (12)
Since (12) holds, we find by Agmon—Douglis—Nirenberg [Gazzola et al. 2010, Theorem 2.20] that
lue — € llwsriy < Capnll fe = fllLry — 0 fore | 0. (13)
By Sobolev imbedding [Adams and Fournier 2003, Theorem 4.12] and taking p > n it follows that
lue —€*ll s — 0 fore | 0. (14)
Using the mean value theorem, we find

e(x)” —ue(x) < [lus — €[l 2, d(x)?,
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and applying (6) we obtain
2 2 2 2 2 2
ug(x) > e(x)” — |lug —e ||c2(§) d(x)” > (e — llug —e ||c2(§)) d(x)”.

So there exists g9 > 0 such that for all ¢ € (0, g9) the function u, is strongly positive and uniformly in the
sense that ¢; > 0 exists, not depending on ¢, it satisfies

ue(x) > é1d(x)* in Q. (15)
Using the mean value theorem, we also find a constant ¢; > 0, also independent of &, such that

ug(x) <& d(x)* in Q. (16)
Hence, we find by (15) an upper bound for f;:

fo(x) <& 2ue(x) (17)

for some constant ¢ > 0. For ¢ € (0, gg) the function ¢; = u, is a strictly positive eigenfunction of (11)
for . =1and 0 < w, = f./u.. We also find by applying (7), (9), (16) and (17) that
T

0< we <cg <00,

s g2 =2
FAE min(d“e™, 1) < .

so min w, > 0, and since u, € C3() and fe € C%7 (), we obtain w, € C%7(Q). Il
Remark 11. Note that even if one considers a small perturbation of f, respectively w,, one obtains a

positive eigenfunction with the eigenvalue A = 1. For example, by setting fo(x) = fo(x) +1q(x) for
t € R with |¢] small and g € C2°(£2), one finds

Ug(x) =u; + tuq(x)’
where u, is the solution to
0

ug=——uy;=0 onadQ.

{Azuq:q iIl Q,
ov

Hence, also

- fe+1tq X o Ug =
Weg=—""=W t"(—1 — — W, —
e e+ 11t et k§:1 (=1 i, i, (uq e—q)

is a real analytic function of . Analogously to (12)-(15) it follows that iz, > 0 in 2 for sufficiently
small |7|. We use this fact in Section 4.

3. Adapting to the weight

In this section we will present the new weighted setting and the results from [Schnieders and Sweers
2020] adjusted to the weighted case. The results in that paper depend strongly on the estimates in [Grunau
et al. 2011] for the Green’s function for A = 0, which use the positive function H, : Q x Q — [0, oo]
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defined by
d 2d 2\ n/4
(d(x)*d(y)>)'—/4 min(l, %) forl <n <4,
X—=y
d(x)*d(y)?
H,(x,y)=1log 1—|——4 for n =4, (18)
lx =yl
d(x)%d(y)*
lx — y|*" min(l, Lb?) forn > 4.
|x =yl

The functions H, give the asymptotic behaviour of the biharmonic Green’s function on bounded smooth
domains €2 C R" besides a rank-1 perturbation.

Notation 12. Throughout the paper:

(1) Calligraphic #H,, : L*(Q) — L*(R2) denotes the operator defined by
) 0) = [ Hix.3) ) dy.
Q

(2) Forw € C%7(Q) a positive weight as in Section 2 we write f = f/w for f € L*() and we let
Gy (-, -) denote the Green’s function for

19
u:iuzO on 0%2; (19)

:(Az—kw)uzwf in Q,
v

that is, u(x) = fQ G.w(x, y)f(y) dy solves (19) if defined. By G ; we mean the Green’s function for
the biharmonic Dirichlet problem (5) and if we write G, 1, we consider the Green’s function for (19)
without a weight function, i.e., w = 1.

(3) For A, B: L*(2) — L*(2) we write A> 18 whenever, for all f € L>(Q) with f(x) >0 a.e., it holds that

(Af)(x) = (Bf)(x) ae. (20)

If A, B are defined through kernels, i.e., (Af)(x) = fQ A(x, y) f(x)dx, and these kernels are continuous
except maybe for the diagonal x = y, then A(x, y) > B(x, y) for all x # y € Q implies (20).

One finds for G, the Green’s function for (1) with A = 0 that for ¢ large enough
Go1(x,y) +cd(x)*d(y)> ~ H,(x,y) forallx,ye Q.

In [Schnieders and Sweers 2020] such estimate was first extended to G, ; for any bounded interval in R
below A;. In a second step the asymptotic behaviour of the constant ¢ was studied for A 1 A;. We have to
adapt these results for the weighted problem and can do so by similar lemmata to those in [Schnieders
and Sweers 2020, Sections 4-7].
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Remark 13. The weight w does not influence the arguments in the proofs of the results in [Schnieders
and Sweers 2020]. The results are consequences of estimates for the Green’s function and since there
exist two constants ¢y, 1, ¢y 2 > 0 such that

w1 <wkx)<cy, foralxeq,
we can follow the steps with only adjusted constants.

We will obtain the two following results, which are variations of [Schnieders and Sweers 2020,
Theorems 1, 2]:

Theorem 14. Suppose that Q@ C R" with n > 2 is a bounded domain with 3Q € C*Y for some y € (0, 1).
Suppose 0 < w € CY7(Q) and let {Aiw}ien+ denote the eigenvalues for (4) and take M, § € R*. Set

o0
Ins=1=M MI\J._ Giw =8, ki +9).

Let G,y be the Green’s function for (19). Then there are cy, c2, c3 > 0, depending on the domain, M, §
and w, such that for all A € Iy 5 the following estimate holds:

1 Hy(x,y) < Gy w(x, ) +c2d(x)* d(y)* < c3 Hy(x,y) forallx,yeS. (21)

Remark 15. For w =1 and A = 0 this result can be found in [Grunau et al. 2011, Theorem 1]. For w =1
and A € I =[—M, A — 6] see [Schnieders and Sweers 2020, Theorem 1].

Theorem 16. Suppose that Q@ C R" with n > 2 is a bounded domain with 3Q € C*Y for some y € (0, 1).
Let 8 > 0. Suppose 0 < w € C%7(Q) and that A j.w is a simple eigenvalue of (4) with the corresponding
eigenfunction @j ,, strongly positive as in (2). Suppose Is = [}, — 8, X} ,) contains no eigenvalue. Let
G.w be the Green’s function for (19). Then there exist C1, Ca, C3 > 0, depending on 2, § and w, such
that for all ) € I

(&
Grw@.y) = C1 Hy(x,y) + (ﬁ - C3)§0j,w(x)‘pj,w()’) forallx,y € Q. (22)
.]?w -

Proof of Theorems 14 and 16. The proofs use the estimate from [Grunau et al. 2011] just as [Schnieders
and Sweers 2020] does. Instead of using a Weyl-type asymptotics for the growth rate of eigenvalues, we
exploit here regularity results and Sobolev imbeddings.

o We first recall the standard arguments for existence and the relation with corresponding eigenvalues.
Let L%U(Q) denote the Hilbert space (L*(Q), (-, - >Li)’

(u, v)sz(Q) :=/Qu(x)v(x)w(x) dx,

equivalent with the standard inner product since w € C%(Q) satisfies w > 0 on Q.
A weak solution to (1) for f € L2(2) is defined by u € W,'>(2) such that

f (AuAv —rwuv — fwv)dx =0 forall v e W (). (23)
Q
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We obtain that the standard norm on WO2 ’Z(Q) is equivalent to the norm

||Lt|| = ”AM”LZ(Q) — AV (M, u>L%,(Q) for any A < 0.

Hence, by the Riesz representation theorem there exists a solution u)_,, to (23) for every f € sz(Q) and
A < 0. The solution operator G, ), i.€., Uy = Qx,wf solves (19), is well-defined on Lﬁ)(Q). Using the
results by Agmon—Douglis—Nirenberg [Gazzola et al. 2010, Theorems 2.19, 2.10], we find that

Grow : L2(Q) — WH(Q) N W)

is an isomorphism for A < 0.
With 7 the compact imbedding from W42(Q) to sz(Q), one finds Z o Gy ,, is compact and it is the
inverse operator of A, : D(A,) C L2() — L2 (Q) defined by

D(A,) = W) N W3 (Q) with A, = %AZ.
Since Z o Gy ,, is compact, the spectrum of A,, is discrete and since A,, is self-adjoint and positive, i.e.,
(Ayu, u)r2 @) = (Aru, u)2(q) > 0 for u # 0, the spectrum consists of countably many real eigenval-
ues {A;wlient, with 0 < Ay < Az < --- — 00 and corresponding eigenfunctions {¢; ,}ien+. The
eigenfunctions can be chosen such that they are orthonormal in the norm induced by (-, - )12 (q). By the
Hilbert—Schmidt theorem we then find a complete orthonormal system of eigenfunctions, still denoted by

{i.w)icn, and such that for A & {A; }ien+ and f € L2 ()

o0

- 1 -

Giwf = E PP (Giw, 12 @) Yiw-
i—1 i

o Next we recall an asymptotic formula for Gj_,, that uses Go 1. If [A| < A1, and u;,_,, = Gy, f, then also

iw = Go.w(Mtsw + f) = Go. Gwits . +w ),
which is equivalent to

(Z —2Go.1(w - Nty = Go1(w f),

where Gy | is the solution operator for (5). For A € (—A y, A1,w) We may invert Z — AGp | (w - ) and by
using a Neumann series we obtain

o
=y XGo1w- ). (24)
k=0
We can still find a similar expression when |A| > A ,, when we single out the lower eigenfunctions.
Let A,,,,, be the smallest eigenvalue larger than M and we may use for A € (—A;.u, Am.w) \ {Ai,w}i<m the
expression

m 1 . o] .
=Y Pif + Y M Goaw )T Py (25)
i=1 bW k=0

-

I
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with the following orthogonal projections in L%}(Q) :

P =) [ Ga)v0I00)dy.
Q
Piy=L—-P1—---—P.
We may suppose that A,y > M > A 4.
« In order to estimate / in (25) we will use D : L*>(Q) — L?*(2), defined by

P =d? [ Fam2dy. 6)
With the mean value theorem, we get for every ¢ € C2(Q) N C}(Q) and all x € Q
l0@)] < @]l c2@yd (%) (27)
Since (27) holds for each eigenfunction ¢; ,, there exists ¢; > 0 such that
—ciD <P; <¢;D. (28)

* We split the series on the right of (25) into a finite part with singular behaviour /Il and an infinite
remainder /] that can be estimated by D. The splitting for those A above is as follows:

o] o] 2k, —1
S K Goaw N P f= Y MG P f+ Y MG Pt S (29)
k=0

k=0 k=2k,

big i
where k,, = [%(n +4)] + 1.

o This number &, is determined as follows. With Q2 € C*7 the regularity results of Agmon—Douglis—
Nirenberg state that for all p € (1, 00)

Go.1: L () — WHP( Q) N WP (%),
Go.1:C™7(Q) — CH () NCH(RQ)

are bounded operators. Alternating such a regularity result with a Sobolev imbedding [Adams and Fournier

2003, Theorem 4.12],

WHP(Q) — L1(Q)  ford— % > —g,

W*P(Q) — CF7(Q) for 4 — % >k+vy,
one finds after k, = [§(n +4)] + 1 iterations that
(Go.1(w )+ L2,(Q) — WP () N WP (%)
is bounded for some p > %n (and p > 2): there is ¢ > 0 such that

1Go.1 w0 )" fllya gy < €I f iz forall f € LX), (30)
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Since W*7(Q) N Wy'”(R) imbeds in C2(Q) N CL(Q) for p > Ln there exists ¢ > 0 such that for all
@ e WHP(Q) N WP ()

p(x)
d(x)?

sup

xeQ 0

By combining (30) and (31) we find for C = ¢¢ that

[Go.1(w - )" fF@)| < Cllfll2@d(x)* forall f e L*(Q). (32)

o This number &, not only allows the estimate in (32) but also allows us to have a dual estimate by
working in Sobolev spaces with a negative coefficient. By duality one finds that also

(Go.1(w ) - (WHP(Q) N WP (Q)* — L2(Q)

is bounded with k&, as above for some p > %n (and p > 2). Therefore we find a constant ¢ such that for
all g € (WP ()N WP ()"

1Go.1 (w3 g1z = llgl e ioymriay- (33)
Since p > 2, one has L*(Q) c (WP ()N Woz’p(Q))* in the sense that f € L?(S2) determines a continuous
linear mapping on WP (Q) N Woz’p(Q). Indeed, we have (f, - )sz(Q) e (WHP(Q)N Woz’p(Q))* for all

f € L*(Q), see [Adams and Fournier 2003, Paragraph 3.13]. For f € L*(Q2) the symmetry of the kernel
implies that Gy 1 (w - )* f = Go.1(w f). Moreover, using the imbedding in (31) one obtains for p > %n

2, .
||f||(W4.])(Q)ngvP(Q))* = Sup:/ f(x)w(x)ﬁﬁ(x) dx : (Z8S W‘LP(Q) N W() p(Q) with ||§0”W4P(Q) = 1}
Q

< Esup{/52 F@w@)ex)dx : ¢ € CH(Q) N Cy(RQ) with [l g) < 1}.

(34)
With (27) and ¢,,» as in Remark 13 we find that for all f € L*(Q) and ¢ € C*(Q) N C}(Q) with
||§0||C2(§) <1
[ rwwtoemar < [ 17w iewidr < [ F0lde? . (35)
Q Q Q
Inequality (34) and (35) imply
||f||(W4p(Q)mW§p(Q))* < ECw,Z /|f(-x)|d(x)2 dx. (36)

By combining (33) and (36) we find a constant C > 0 such that

1Go.1(w - )" fllzz @ < C f |f(0)ld(x)*dx  forall f e L*(Q). 37)
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« For part /] in (29) we write
x x
Y MG P f =076y, (Z Mggh! 7>m,+> G S
k=2k, k=0
with the middle series denoting a bounded operator in sz(Q). With (32) and (37) we find that ¢, > 0

exists with

D MG Py ()] <En(DIfN(x) forall f e L¥(RQ).

k=2k,

This means that there is C,, > 0 such that

o8}
—Cu D= Y MG Py < Cu D (38)
k=2k,

o We are left with an estimate for /1 in (29). We refer to [Schnieders and Sweers 2020, Corollary 9,
Lemma 10, 11], from which it follows that for each k > 1 there are cj g, 2.k, ¢3.k, €4k, €51 > O such that

k _ ok k
14D < caxH, <Gy + 34D < carM, < csiHn.

Since we consider such estimates for only finitely many terms, the additional factor w only results in
adapted constants and we again find
2y —1
ctHn— D < Y MG Py < c3Hy — 4. (39)
k=0
» We may wrap up our estimates to finish the proof for both theorems. If [A| < A, and |[A — A; | > 8
for all i < m, then we may combine (38), (28) and (39) to find through the splitting in (25) and (29) that

gk,w = Cl,mHn - CZ,"’lD'
This shows Theorem 14.
For A € [A} ,—38, Aj ) we also single out P; in / and find for those A uniform constants Co, C, C2 € RT
such that

1
Grw > Co—Pj +CiH, — CD. 40)
Ajw—A

Only here we will use that besides ¢; ,, € c*7(Q)N C(% (2) this function ¢ j,w 18 strongly positive and
hence there are ¢y, ¢ > 0 such that
C{DE'Pj <cD. 41

The estimate in (22) follows from (40) and (41) and this completes the proof of Theorem 16. Il

4. Simplicity of the eigenvalue

If A,,, =1 is a simple eigenvalue of (11), we consider problem (1) with w = w, and find a positivity-
preserving property for A in a small left neighbourhood of 4,,,. If the multiplicity of A,,, = 1 is greater
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than or equal to 2, we will show the simplicity of the eigenvalue after a small perturbation of the weight
function w,.
The perturbations we consider start from the function f, defined in (8).

Definition 17. Let f;, u, be as in Proposition 9 and Remark 10. For g € C2°(£2) and # € R with |¢| small,
set

t
YT fr;o,iq)’ @
where Gy 1 is the solution operator for (5), and define A(tq) : WOZ’Z(Q) NWH2(Q) — L*(Q) by
Atq) = A* —wyy. (43)
We will consider the 7-dependent eigenvalue problems
(Az—w,q)go:)wp in €2,
Altg): Y= 88—v<p =0 on J9%2. “4)

Remark 18. Note that the multiplicity of the eigenvalue A,,, = 1 for (11) coincides with the multiplicity
of A =0 for (44) with r = 0, since wg = w;.

Assuming that A = 0 is an eigenvalue of multiplicity m > 2 for (44) with t = 0, one finds by [Kato
1980, Theorem 3.9, Chapter 7] or [Rellich 1969, pages 76—77] the existence of an interval (—#g, tp) C R
and m real analytic functions

te> Misgs Ging) (=0, 1) = Rx CH(NCH (Q) forie{l,...,m},
with:
(1) (Aiyt,q» @i,t,q) are pairs of eigenvalues and eigenfunctions for A(zg) for all i € {1, ..., m}.
(2) {¢i,0,4}7-, is an orthogonal system and so {¢; ; ,}7, is independent for |¢| small.
(3) Aiog=0forallie{l,...,m}.
With our construction we may fix the first one by
P1.1.q =Ue +1G0,1(q) (45)

and find
A,q =0 forallt e (—t, ).

We will show that there exists g; such that

ad
Mo = (grtenn ), #0
for at least one k € {2, ..., m}. In that case one finds for some small positive #, that A; ;, 4, # 0 and hence

that 0 is an eigenvalue of multiplicity at most m — 1 for A(#;q). If the multiplicity of the eigenvalue O for
A(ti1q1) is 1, we are done. Otherwise we repeat our arguments for A(t1q; 4+ tq). After k <m — 1 steps
we have found an eigenvalue problem A(#1q; + - - - 4+ txqx) having O as a simple eigenvalue. The idea of
the proof was inspired by [Albert 1975; Teytel 1999].
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Lemma 19. Suppose that 0 is an eigenvalue of multiplicity m > 2 for problem (44) with t = 0. Then there
existk € {2,...,m} and q; € CZ°(2) such that

0
<§Ak’t’q‘)|t:0 70

Proof. Suppose that A;{’O’q =0forallk €{2,...,m}and g € C°(R2). Note that )Jl’,’q = 0 by construction.
Differentiation with respect to ¢ of

A(tqQ)Pk,t,g = MeigPht,g Torallk efl, ... m}
yields

0 0
(A(tq) — )\k,t,q)g(pk,t,q = (Ewtq + )”;c,z,q>(pk,t,q

and setting t = 0, we find using (42), (43) and )\;(’O,q = ( that

) 1
AO)(F70000) = @ = w0G01 @),

[t=0

Hence, we obtain that (1/u,)(g — woGo,1(9))¢k,0,4 is in the range of A(0) for all ¢ € C°(£2). Since
every eigenfunction in ker(A(0)) can be written in the form Z;?:l Ck@k,0,4 and A(0) is self-adjoint, it
follows that

ui(q —wo%0,1(¢)¥1 L ker(A(0)) for all ¥/, € ker(A(0)),

or in other words
1
f u—(q —wGo,1(g) Y1 Y2dx =0 for all ¥y, Y2 € ker(A(0)).
Q &

Since Go,1(x, y) = Go.1(y, x), we obtain

0= / L (g = woGo.1 (@)1 v dx
Q Ue

:/Q(CI(X)_WO(X)/QGOJ(X,y)q(y)dy)de

ue(x)

=/Qq(x)(%(x) wz(x)_goyl(wolﬁl 1ﬁ2>(x)> i 46)

ug(x) e

and we can use the fundamental lemma of calculus of variations to find for all ¥y, ¥, € ker(A(0)) that

Y (x) Yra(x) G (w()%%)(x) _o.

ug(x) Ug
So if Y| and yr, are eigenfunctions of 4(0) with A = 0 in (44), then also
Jro= P2 @7)
Ug

is an eigenfunction for .4(0) with A = 0. This is obvious for ¥ = u,, since then 1}1,2 = 1, but it is not
to be expected for all ¥, ¥» € ker(A(0)). Indeed, we will show that this cannot be true. Therefore fix
some eigenfunction ¥ € ker(A(0))\{0} orthogonal to u..
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Let xo € 2 be a point on a nodal line of . Indeed the existence of the nodal line follows since u, is
positive with v orthogonal. Suppose that By € [1, oc] is the largest constant such that

lim &

x—x0 |x — xo|P

=0 forall 8 < By.

Here By > 1 follows from the fact that i is differentiable and ¥ (x¢) = 0. By repeating (47) we find
nonzero eigenfunctions {y,},en defined by

Yn(x) = (‘”(x)) ¥ )

ug(x)
and 8, = (n + 1)By is the largest constant in [1, co] such that
fim " 0 forall g < g, (48)

x—xo |X — x0|.3

Since the multiplicity is m, there is mo < m such that v,,, is a linear combination of the previous ones.
Since any such linear combination inherits the behaviour as in (48) of the lowest-order term 1/, one finds
a contradiction for By < co. Hence v, and also D*,,, with |¢| < 4 and n > |«|, contain a factor ¥ and

satisfy
lim DY, (x)
X—> X0 |x — x0|l3

=0 forall 8 eR. (49)
One finds by the unique continuation theorem of [Shirota 1960] that i, = 0 for n > 4 and hence that
¥ =0, a contradiction. So there exists g; € CZ°(2) and k € {1, ..., m} such that )\';C,O,ql #0. Il
The previous lemma implies:
Corollary 20. Let ¢ be fixed as in Remark 10. Then there is g* € C2°(2) such that
() w* = (fo +¢%) /(e + Go.1(g*)) € CO7(RQ) is strictly positive on Q, and
(2) ¢ =us+Go.1(g™) is a strongly positive eigenfunction in the sense of (2) for
(A2 —wHp=1rp in%,
@ = ;—vw =0 on 0L2,
with simple eigenvalue ) = 0.

Proof. 1If the multiplicity of the eigenfunction ¢ = u, for the weight function w = f; /u. is m > 2 we
may proceed as in Lemma 19 and find ¢; such that for #; > 0 small enough, problem .A(f;¢;) contains a
positive weight and has a positive eigenfunction ¢y ;, ,, with eigenvalue 0 of multiplicity at most m — 1.
Repeating the argument now starting with A(#;q;) as in (43) and considering A, (tq) = A(t1q1 +tq), we
may again reduce the multiplicity. After at most k < m — 1 steps the multiplicity for A(g*) with

q* =tiq1 +tgr+- -+ trgx,

with t; >> tp > - - > t; > 0, has reduced to 1. O

Using this result, the proof of Theorem 2 is complete.
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