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SEMICLASSICAL RESOLVENT ESTIMATES FOR HOLDER POTENTIALS

GEORGI VODEV

We first prove semiclassical resolvent estimates for the Schrodinger operator in R?, d > 3, with real-valued
potentials which are Holder with respect to the radial variable. Then we extend these resolvent estimates
to exterior domains in R?, d > 2, and real-valued potentials which are Holder with respect to the space
variable. As an application, we obtain the rate of the decay of the local energy of the solutions to the wave
equation with a refraction index which may be Holder, Lipschitz or just L.

1. Introduction and statement of results

In this paper we are going to study the resolvent of the Schrodinger operator
P(h)=—h*A+V(x),

where 0 < & < 1 is a semiclassical parameter, A is the negative Laplacian in R?, d > 2, and V € L®(R?)
is a real-valued potential satisfying the condition

V(x) < p(lx)), (1.1)
where p(r) > 0, r > 0, is a decreasing function such that p(r) — 0 as r — oco. More precisely, we are
interested in bounding the quantity

g5 (h, &) :=log|/ (x| + D (P(h) — E£ie) ' (Ix|+ D

—L?

from above by an explicit function of &, independent of &, without imposing extra assumptions on the
function p. Here L? := L?>(R?), 0 <e < 1,5 > % is independent of 4 and E > 0 is a fixed energy level
independent of &. Instead, we impose some regularity on the potential with respect to the radial variable
r = |x|. Note that throughout this paper, the space C! will denote the Lipschitz functions, that is, the
ones with first derivatives belonging to L* (and not necessarily continuous).
We will first extend the result of [Datchev 2014] to a larger class of potentials. Recall that in [Datchev
2014] the bound
gf(h,e) <ch™! (1.2)
is proved when d > 3, with some constant C > 0 independent of 4 and &, for potentials V € C' (R+) with
respect to the radial variable r and satisfying (1.1) with p(|x|) = C1(|x| + 1)~?, as well as the condition

3,V (x) < Colx|+D7F, (1.3)
where C1, Cp,8 > 0 and 8 > 1 are some constants. We will prove the following:
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Theorem 1.1. Let d > 3 and suppose that the potential V satisfies the conditions (1.1) and (1.3). Then

there exists a constant C > 0 independent of h and € but depending on s, E and the function p, such that
the bound (1.2) holds for all 0 < h < 1.

Note that the bound (1.2) was first proved for smooth potentials in [Burq 2002]. A high-frequency
analog of (1.2) on Riemannian manifolds was also proved in [Burq 1998] and [Cardoso and Vodev 2002].
When d = 2, the bound (1.2) is proved in [Shapiro 2019] for potentials V € C L(R?) satisfying (1.1) with
p(Ix]) = C1(Jx| + 1)~? as well as the condition

IVV(x)| < Ca(lx|+1)7F, (1.4)

where C1, C;,5 > 0 and B > 1 are some constants.
On the other hand, for compactly supported L°° potentials without any regularity, the weaker bound

gE(h,e) < Ch™*Plogh™") (1.5)

was proved for 0 < & < 1 in [Klopp and Vogel 2019] and [Shapiro 2020] when d > 2. When d > 3, the
bound (1.5) has been extended in [Vodev 2019] to potentials satisfying the condition

|V (x)| < C3(|x|+ 1), (1.6)

where C3 > 0 and § > 3 are some constants. Note that (1.5) has been recently proved in [Galkowski and
Shapiro 2020] for potentials satisfying (1.6) with § > 2. For potentials satisfying (1.6) with 1 < § < 3, the
much weaker bound

gsi(h’ £) < Ch—(25+5)/(3(s—1))(log(h—l))l/(s—l) (1.7)

was proved in [Vodev 2020c].
In the present paper we show that the bound (1.5) can be improved if some small regularity of the
potential is assumed. To be more precise, given 0 < o < 1 and § > 0, we introduce the space Cg(@r) of

all Holder functions a such that
sup la(r) —a(r’)|

r=0:0<|r—r|<1  |r—71'%

<Cr+D7P, VreRt,
for some constant C > (0. We now suppose that the function V (r, w) := V (rw) satisfies the condition
V(,w)eC{RY), O<a<l, (1.8)

uniformly in w € S~

Theorem 1.2. Let d > 3, and suppose that the potential V satisfies the conditions (1.1) and (1.8). Then

there exists a constant C > 0 independent of h and € but depending on s, E and the function p, such that
the bound

gE(h,e) < Ch @ og(h ™ +C (1.9)

holds for all 0 < h < 1.
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The proofs of the above theorems are based on the global Carleman estimates proved in [Vodev 2020c],
but with different phase and weight functions (see Theorem 4.1). In fact, in the case of Holder or Lipschitz
potentials, we need to construct better phase functions, and hence get better Carleman estimates. Such
functions are constructed in Section 2, modifying the construction in [Vodev 2020c] in a suitable way. In
order for the Carleman estimates (see (4.1) and (4.6) below) to hold, the phase and weight functions must
satisfy some inequalities (see (2.5), (2.9) and (2.21) below), so most of the proofs of the above theorems
consist of verifying these inequalities. Note also that the above theorems have been recently proved in
[Galkowski and Shapiro 2020] by using similar Carleman estimates, but with a better choice of the phase
function. Consequently, the bound (1.9) is proved in [Galkowski and Shapiro 2020] for a larger class of
a-Holder potentials. On the other hand, it is shown in [Vodev 2020a] that the logarithmic term in the
right-hand side of (1.9) can be removed for radial potentials.

We next extend the above results to arbitrary obstacles and all dimensions d > 2. To do so, we need
to replace the conditions (1.3) and (1.8) by stronger ones. To be more precise, we let Q C RY, d > 2,
be a connected domain with smooth boundary 32 such that R? \ Q is compact. Let ro > 0 be such that
R\ Q C {x € R? : |x| < ro}. Given a real-valued potential V e L> () satisfying (1.1) for |x| > ro, we
denote by P (h) the Dirichlet self-adjoint realization of the operator —h%A + V (x) on the Hilbert space
L*(R2). We define the quantity g in the same way as above with L? = L?(Q). Given 0 < « < 1 and
B > 0, we introduce the space Cg‘ (Q) of all Holder functions a such that

J— / —
sup AW a0k, veed,

/
x'eQ:0<|x—x'|<I1 |)C —X |a

for some constant C > 0. Note that the case @ = 1 corresponds to the Lipschitz functions. We suppose
that

VeCi(Q), O<a<l,p>1. (1.10)

Theorem 1.3. Let d > 2, and suppose that the potential V € L°°(R2) satisfies (1.1) for |x| > ro. If V
satisfies (1.10) with @ = 1 and B > 1, then the bound (1.2) holds for all 0 < h < 1. If V satisfies (1.10)
with0 <o < 1 and B = 4, then the bound (1.9) holds for all 0 < h < 1.

To prove this theorem we follow the same strategy as in [Vodev 2020b], where the bound (1.5) is
proved in all dimensions d > 2 for potentials V € L*°(£2) satisfying (1.6). It consists of gluing up two
different types of estimates — one in a compact set coming from the local Carleman estimates proved in
[Lebeau and Robbiano 1995] (see Theorem 3.1) with a global Carleman estimate outside a sufficiently
big compact (see Theorem 4.2). This is carried out in Section 4.

Theorem 1.3 together with Theorem 1.1 of [Vodev 2020b] allow us to get uniform bounds for the
resolvent of the Dirichlet self-adjoint realization, G, of the operator —n(x)~' A in the Hilbert space
H = L*(2, n(x)dx), where n € L®(Q) is a real-valued function called the refraction index, satisfying
the conditions

ny<n(x)<np in, (1.11)
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with some constants n, n, > 0, and
() =1 =Cx[+ D™ ing, (1.12)
with some constants C, § > 0. More precisely, we have the following:

Corollary 1.4. Suppose that the function n satisfies the conditions (1.11) and (1.12). Then, given any
s > % and Ao > 0, there is a constant C > O depending on s and \y such that the estimate

[Qx1+ DG =2 i) (x| + D 7F|| , , <eVP (1.13)

holds for all ). > Ao uniformly in e, where yr (L) = A*3 log(A + 1) if n € L>®(Q) satisfies (1.12) with § > 3,
Y () =AY Nog(h +1) ifn € C(Q) with 0 < a < 1 and Y (1) = if n € Ci(Q) with > 1.

To get (1.13) we apply the theorems mentioned above with 4 = Ag/A, V = )%(1 —n), E= )% and
e replaced by eh’n.

Using Corollary 1.4 one can extend the result of [Shapiro 2018] on the local energy decay of the
solutions of the wave equation

(n(x)d% — Au(t,x) =0 inR x Q,
u(t,x)=0 on R x 082, (1.14)
u(0,x) = fi(x), d;u(0,x) = fo(x) in Q.

Given any ro > 1, denote 2,, = {x € Q: |x| < ro}.

Corollary 1.5. Suppose that the function n satisfies (1.11) and that n = 1 outside some compact subset

of 2. Then, the solution u(t, x) to (1.14) with compactly supported initial data ( f1, f») € HOZ(Q) X HO1 (2)
satisfies the estimate

IV, 2, + 18, 2, < Co®O (I fill i) + 1 f2llm @) (1.15)
fort > 1, where
log log 1\ */*
a)(t):<0g °8 ) .
log ¢t

Suppose, in addition, that n € C* () with 0 < « < 1. Then, the estimate (1.15) holds with

log log ¢ (x+3)/4
o) = < og log )
logt

if0 <a < 1andwith w(t) = (log 1)~ Vifa = 1. The estimate (1.15) remains valid when Q = R¢.

Remark 1.6. In view of the recent results in [Vodev 2020a], when = R¢, d > 3 and the function n
depends only on the radial variable r, the estimate (1.15) holds with w(z) = (log?)™>/* if n € L* and
with w (1) = (logt)~@*+3/4 if n is a-Holder in r.

Note that estimates similar to (1.15) were first proved by [Burq 1998] in the case n = 1. Note also

that an analog of the above theorem is proved by [Shapiro 2018] in the case Q = R?. Then, an estimate

—3/d+e

similar to (1.15) is proved with w(¢) replaced by (logt) , € > 0 being arbitrary. Moreover, if in
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addition the function n is supposed Lipschitz, then the decay rate is improved to w(t) = (log#)~'. The
proof in [Shapiro 2018] is based on the resolvent estimates obtained in [Datchev 2014], [Shapiro 2019]
and [Shapiro 2020].

The assumption that n = 1 outside some compact set is only necessary to study the low-frequency
behavior of the cut-off resolvent of G. Indeed, under this assumption one can easily see that this behavior
is exactly the same as in the case when n = 1, which in turn is well known (see Appendix B.2 of [Burq
1998]). Therefore, in this case the low-frequency analysis can be carried out in precisely the same way as
in [Shapiro 2018]. Most probably, the condition (1.12) with § > 2 would be enough. The high-frequency
analysis, in our case, is also very similar to the one in [Shapiro 2018], with some slight modifications
allowing to deduce from (1.13) the sharp decay rate w(¢) (instead of (log ) "3/4te,

2. Construction of the phase and weight functions

Let p € C3°([0, 1]), p = 0, be a real-valued function independent of /& such that fooo,o(o) do=1.1IfV
satisfies (1.8), we approximate it by the function

o0

Vi (r, w)=9“/ p(r _r)V(r/, w)dr’z/oop(o)V(r—i-@o, w) do,
0 0 0

where 0 = h%/@13)_ Indeed, we have

o
[V (r,w)— Vy(r, w)| < / p@)|V(r+60c,w)—V(rw)ldo
0
o0 2.1)
SO%(r+ 1)‘4/ o%p(o)do <O0%(r+1)~*
0
This bound together with (1.1) implies

Vo(r,w) < p(r) +O((r + D). (2.2)

Clearly, V, is C' with respect to the variable r, and its first derivative V, is given by
i —r
Vi(r, w) =672 / (S5 war
0

=0~ /Oop’(o)V(r+eo, w)do =6~ /Oop’(a)(V(rwo, w) = V(r,w))do,
0 0

where we have used that [;~p'(0) do = 0. Hence,
o0
\Vy(r, w)| SO0 + 1)—4/ o®p (o) do <O+ 1) (2.3)
0

We now construct the weight function u as follows:
. (r+ D% — (r 4 1%k for0<r <a,
r) =
(@+D*—@+D* 0+ @+ ) -+ D> forr>a,

where a =aph™"" with ag > 1 independent of &, m =0 if V satisfies (1.3) and m =2 if V satisfies (1.8). We
choose k = %min{l, B—1}, kg =0if V satisfies (1.3) and k =1, kg = % if V satisfies (1.8). Furthermore,
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s is independent of £ such that

1 Tmin{3, B+ 1} if V satisfies (1.3),
5 <8<1;3 . . 24)
2 2 if V satisfies (1.8).
Clearly, the first derivative of u is given by
) = 2k(r + D)1 —2ko(r + D0~ for0<r <a,
les—-DHer+ D) for r > a.
Lemma 2.1. Forallr > 0, r # a, we have the inequalities
2~ () = ' (r) 2 0, (2.5)
J .
e fr) < a?i(r 4 1), 2.6)
W (r)

forevery j > 0.
Proof. Tt is shown in Section 2 of [Vodev 2020c] that when ky = O the inequality (2.5) holds for all
0 < k < 1. Here, we will prove it when v :=2k —2ky > 1 and 0 < k < 1. For r < a we have

2ur) —rp (r) =2(1 = k)(r + D —2(1 — ko) (r + D0 4+ 2k (r + D1 — 2ko(r 4 1)%k0 !
=20+ D* A =+ D" = A —ko)(r + 1) +k(r + 1)” — ko)
=20r+ DN (A = )r(r+ 1" =D+ @+ 1" —vr/2—1)
>20r+ D* N (r+ 1) —vr/2—1) = vr(r+ D¥7! > 0,

where we have used the well-known inequality (» 4+1)" > vr 41, as long as v > 1. For r > a the left-hand
side of (2.5) is bounded from below by

2r Y (a+ D* — @+ D —5) > 0,
provided a is taken large enough. To prove (2.6) observe that for r < a we have
W) =20k —ko)(r+ D* 7 2 20k ko) (r + D7 2 20 — ko) (r + 17,

which clearly implies the bound (2.6) with j = 0. This together with the fact that ;1 = O(a?*) implies the
bound (2.6) with any j > 0. (|

We will now construct a phase function ¢ € C ([0, +00)) such that ¢(0) =0 and ¢(r) > 0 for r > 0.
We define the first derivative of ¢ by

, tr+ D * —t@+1D* for0<r<a,
@'(r) =
0 forr > a,
where
70 if V satisfies (1.3),
= 20/35—1/3 . 2.7
100%%3p=13  if V satisfies (1.8),

with some parameter 7y >> 1 independent of A to be fixed later on. We choose now the parameter ag of
the form ag = r(f, where £ > 0 is a constant such that k¢ > 2 and (8 — 2k — 2s)£ > 2. Note that the choice
of the parameters k and s guarantees that § — 2k —2s > 0.
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Clearly, the first derivative of ¢’ satisfies

—kt(r+ 1% for0<r<a,
0 forr > a.

¢"(r)= {

Lemma 2.2. For all r > 0 we have the bounds

h! if V satisfies (1.
h o) SV aiass . IV satisfies (1.J), (2.8)
h=4@+3)og(h=1) 4+ 1 if V satisfies (1.8).
Proof. The lemma follows from the bounds
a a 1—-k if k 1
maX(p:/¢’(r)dr§r/(r+1)_kdr§ ta 1 =5 O
0 0 tloga ifk=1.

Forr >0, r #a, set
A(r) = (ug'?) (1),
B(r) = By(r) + Ba(r),

where
Bi(r) = (r + 1) Pu(r)+ pryw (r),

(n(r)g"(r)?

By(r) = ,
20 = Sy ) + )

with 8 > 1 if V satisfies (1.3) and
Bi(r) =0+ )P+ (p(r) + -+ 1) P (),

(v (A0 + D~F + 19" ()D)

B ) + 1 (1)
with 8 =4 if V satisfies (1.8). The following lemma will play a crucial role in the proof of the Carleman
estimates (4.1) and (4.6) in the case d > 3:

By(r) =

Lemma 2.3. Given any constant C > 0, there exists a positive constant t| = t1(C, E) such that for t
satisfying (2.7) with vy > 11 and for all 0 < h < 1, we have the inequality

A@) = CBO) = —21'() 2.9)
forallr >0,r #a.

Proof. For r < a we have

Ar) == ((r+19”) +7%0, (1= -+ D! @+ D7)
==2(r+ 1) (r¢" (r) —2ko(r + D79’ (1) =2k > r+ D* M@+ D ¥ (1-r+ D (@ + D7F)
> 21 (k—ko) (r+ 1) ' (r) =2k (r+ 1) a4+ 1) 7
> 2t (k—ko) (r+ 1>/ (r) —O(c?a ™) ' (r)
> 2t (k—ko)(r+ D g/ (r) = O(tgay ) ' (r)
> 2t (k—ko) (r + D1/ () = O (75 2) 1/ ().



848 GEORGI VODEV
Hence, taking 7( large enough, we can arrange the inequality
A(r) > 2t (k — ko) (r + 1)~ 1g/ (1) — 4,/(;») (2.10)
for all r < a. Observe now that if 0 < r < a/2, then
o) =yrr+D7* 2.11)
with some constant ¥ > 0. By (2.10) and (2.11) we conclude
AC) = 7T+ DT 20 (2.12)
for all r < a/2 with some constant y > 0, and
A(r) > —%;},/(r) for all r # a. (2.13)

We will now bound the function B from above. Since the function p is decreasing, tending to zero, there
is b > 0 such that

p(r)+ @ +1)" ’35% for r > b.

Hence, for every N > 0, there is a constant Cy > 0 such that we have

(P + e+ A )) <Cyer+D N+ %u’(r) for all r # a. (2.14)

Let 0 < r < a. Then u(r) < (r + 1)?*, and in view of (2.14) with N big enough, we have
Bi(r) = Co+ 1P + L)

if V satisfies (1.3), and

Bi(r) < Co i+ 1?4+ Z

oct
with B =4 if V satisfies (1.8). Observe now that the choice of the parameters k, ko and 6 guarantees that
B — 2k > 2(k — ko) + 1 and 6~ '+% = 9**/3=2/3_ Therefore, the above inequalities imply

Bi(r) < O(zy )2 (r + )2kl 4 9 5el () forr < (2.15)
in both cases. Similarly, we get
Bi(r) < O(t?a P /' (r) + %,u/(r) for % <r<a (2.16)
and
B (r) < O(t2a P42 1/ (1) + %,u/(r) forr > a. 2.17)
Since
2P+ < 124 BH2k+2s < To —p+2k+2s _ (;(ﬂ 2k— 2s>€+2
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we obtain from (2.16) and (2.17),

E a
Bi(r) < %u 'ry forr> = >

r#a, (2.18)
provided 1y is taken large enough.
We will now bound the function B, from above. We will first consider the case when V satisfies (1.8).

Let 0 <r <a/2. In view of (2.11), we have

p(r)(h207(r + D)7 + 9" (r)?)
h=1g'(r)
1g2e (T + H~*F hu(r)w”(r)z
¢'(r) ¢'(r)
%R o+ DY (e 1DF?
7 3r2(r+1) 2(k—ko)— 1+T(r+1)k 2

By(r) S

ShT

St
S

where we have used that 5k — 2ky < 28 — 1. Since 3k — 2kg — 1 > 0, we have the inequality
(r 4+ 1)k=2 < pPh=2ko—1 (4 1)=26k=ko)=1 | p=k=1 (. 4 12%k~1

for every b > 1. We take b such that b3*~2k0=1 = pyz_ where by > 0 is a small parameter independent of
T and / to be fixed below. Then the above inequality takes the form

T+ DF2 < bt (r 4 1) 2k =1 4 =200 —ktko)/Gk=2ko=1) 17 (1) < po 2 (r 4 1)~ 2k—ko)- 1+r 7).

Thus, taking tp big enough depending on by, E and C, we get the bound

Ba(r) = Oy +bo) 2+ 26014 L) foro<r <4 (2.19)
When V satisfies (1.3), we have 3k — 2kg — 1 < 0, and hence
T(I"+1)k 2<r(r+l) 2(k—ko)— 1<_[ (r+1) 2(k—ko)— 1
Therefore, the inequality (2.19) still holds in this case.
Let us now see that
By(r) < £/¢ (r) forr>=,r #a. (2.20)

- 8C
Let a/2 < r < a. Since in this case u(r)/u' (r) = O(r), we get the bound
p(r)
w'(r)
( 2920[(r+ 1)2 2'B+f2(r+ 1) Zk)le (r)
(h —242-28 4 12, 2k)M (r)

2
B S (55 ) (7167 0+ D7 4 1" (1) i ()

p2mB=1-2,, 2 26 4 pom— 2/3 Zk) ')

AR AN ZANRZAN

ag z’g—l—roa ) (r)<( 26(;3 1)+‘L’ 2k€+2) ‘),
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which clearly implies (2.20) in this case, provided 7y is taken big enough. Let r > a. Using (2.6) with
j=1, we get
Ba(r) 5 (20 (6% 4+ 1)) )
wr)
S h_2a4k(r + 1)4s—2l3u/(r)
S h_2a4k+43_2’3,u’(r)

g h2m(ﬁ72k72s)72agk+4s—2ﬂM/(r)

S, agk+4s—2l3'u/(r) 5 _L_O—ZK(,B—Zk—Zs)M/(r)’

which again implies (2.20), provided 7y is taken big enough. Similarly, in the case when V satisfies (1.3),
one concludes that the inequality (2.20) holds for all ¥ > 0, r # a.

It is easy to see that for r < a/2, the estimate (2.9) follows from (2.12), (2.15) and (2.19) by taking
by and to_l small enough, while for r > a/2, r # a, it follows from (2.13), (2.18) and (2.20). O

Remark 2.4. It is easy to see from the proof that when V satisfies (1.8), the inequality (2.9) holds as
long as % <k<1,kyo=k— % The choice k = 1, however, provides the best resolvent bound in the
semiclassical regime, that is, for 0 < 2 < hy with some constant 0 < hg << 1. When hg < h < 1, the
choice of k does not really matter, because in this case g=(, €) is bounded from above by a constant.
For example, we may take k = % and ko = 0.

The following lemmas will play a crucial role in the proof of the Carleman estimate (4.6) when d = 2:

Lemma 2.5. Given any constants C, ro > 0, there exists a positive constant 11 = 11(C, E, ry) such that
for T satisfying (2.7) with to > 11 and for all 0 < h < hg, 0 < hg < 1 being a constant depending on E,
ro and to, we have the inequality

A(r) —h*r>u@r) — CB(r) > —ZTEM’(r) (2.21)
forallr > rg, r #a.
Proof. For ro <r < a, we have
W) SR C+ D R0) SR+ D 0) < S0,
provided £ is taken small enough. For r > a, in view of (2.6) with j = 1, we have
W33 (r) < RZa* (r + 1230 () < h2a¥ 300 < h2—m(2k+2s—3)a§k+2sf3ﬂ/(r) < %M/(r),

provided # is taken small enough, depending on ay. Clearly, (2.21) follows from these inequalities
and (2.9). O

It is easy to see from the proof that when V satisfies (1.3), the inequality (2.21) holds also for kg < h < 1.
This is no longer true when V satisfies (1.8), because in this case 2k + 25 — 3 does not have the right
sign. Therefore, to make (2.21) hold for /4 not necessarily small, we need to make a new choice of the
parameters k and ko in order to change the sign of 2k 4+ 2s — 3 and for which Lemma 2.3 still holds.
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Thus, in view of Remark 2.4, in the semiclassical regime (0 < i < hg) we take k =1, kg = %, and in the
classical regime (hg < h < 1) we take k = % ko = 0. To cover the second case we need the following:

Lemma 2.6. If V satisfies (1.8), we take k = % and kg = 0. Then, given any constants C, ry > 0, there
exists a positive constant 1) = t1(C, E, ro) such that for t satisfying (2.7) with to > 1| the inequality (2.21)
holds for allr > ro,r #a,and all 0 < h < 1.

Proof. For ro <r <a/2, we have
W) S e+ D7 ue) S e+ DTS ¢+ pT e

Fora/2 <r < a, we have
W) S 0+ D 0) S a2 0) S ag ) < Lo,
provided ag is taken big enough. For r > a, we have
Rrne) Sa* o+ DP W 0) Sa P SafttP ) < %u’m,

provided aq is taken big enough. Then, (2.21) easily follows from these inequalities and Remark 2.4. [

3. Carleman estimates for Holder potentials on bounded domains

Throughout this section X C R9, d > 2, will be a bounded, connected domain with a smooth boundary 0.X.
Introduce the operator
P(h) =—h>A+V(x),

where 0 < & < 1 is a semiclassical parameter and V € L*>°(X) is a real-valued potential. Let U C X,
U # &, be an arbitrary open domain, independent of 4, such that U N9 X = &, and let z € C, |z| < Cy,
Cp > 0 be a constant independent of 4. We will also denote by H }} the Sobolev space equipped with the
semiclassical norm. Given any 0 < « < 1, denote by C*(X) the space of all functions a such that

|la(x) —a(x")]

lallcs:= sup T < oo
x/,xe)?:0<\x—x/|§l |)C —X |

Theorem 3.1. Let V € C%(X) with 0 < o < 1. Then, there exists a positive constant y depending on U,
|V lce and Cy, but independent of h, such that for all 0 < h < 1, we have the estimate

4/ (@+3) h—4/@+3)
g = ™" NPH) = Dull iz + € ull gy o 3.1

foreveryu € H?(X) such that u|yx = 0.

It is proved in Section 2 of [Vodev 2020b] that for complex-valued potentials V € L°°(X), the estimate
(3.1) holds with & = 0. The proof is based on the local Carleman estimates proved in [Lebeau and
Robbiano 1995]. We will follow the same strategy in the case of Holder potentials as well. For such
potentials we will get new local Carleman estimates by making use of the results of [Lebeau and Robbiano
1995]. To be more precise, we let W C X be a small open domain and let x be local coordinates in W.
If T :=WnNaX is not empty, we choose x = (x1, x’), x; > 0 being the normal coordinate in W and x’
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the tangential ones. Thus, in these coordinates I' is given by {x; = 0}. Let ¢, ¢; € C>°(W) be real-valued
functions such that supp¢ C supp¢; C W, ¢ = 1 on supp¢. When V € C*(X) with 0 < o < 1, we
approximate the function ¢;V by the smooth function

/

Vo(x) =67 fX o( ;x)(th)(x’)dx’,

where p € Cg°(]x| < 1) is a real-valued function such that fRd p(x)dx =1and 0 < 0 < 1 is a small
parameter to be fixed later on. The fact that V € C*(X) implies the bounds

[(P1V)(x) — Vo(x)| S 6%, (3.2)
108 Vo (x)] S 07, (3.3)

for all multi-indices B such that |8] = 1. Set V = 6'"*(Vy —z) if V € C*(X) with 0 <« < 1 and
V=V—zif VeC'(X). In view of (3.2) and (3.3), we have 8’ V(x) = O(1) uniformly in 6, for all
multi-indices 8 such that |8] < 1.

Now, let ¥/ € C*°(W) be a real-valued function independent of / and 6 such that

Vi #0 in W. (3.4)

If I' # o, we also suppose that

9
a_z(o’ X)>0 forall x'. (3.5)

We set ¢ = eV, where A > 0 is a big parameter to be fixed later on, independent of /# and . Let
p(x, £) € C®°(T*W) be the principal symbol of the operator —A, and let 0 < i < 1 be a new semiclassical
parameter. Then the principal symbol, p,, of the operator

A (—R2A 4V e/
is given by the formula
Pp(x,8) = p(x,§ +iVe(x)) + V(x).

An easy computation shows that given any constant C > 0, there is A = A(C) such that the condition (3.4)
for the function ¥ implies the following condition for the function ¢:

{Re py,Im py}(x, ) = 1 for [§] < C, (3.6)

with some constant ¢; > 0 independent of 8. On the other hand, if C is taken large enough, we can
arrange the lower bound

|Py(x, €)= c2l]*  for ] > C, (3.7)

with some constant ¢, > 0 independent of 6. If I = &, the condition (3.5) implies

3
8—)‘:’1(0, x)>0 forall x'. (3.8)
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Now, we are in position to use Propositions 1 and 2 of [Lebeau and Robbiano 1995], where the proof is
based on the properties (3.6), (3.7) and (3.8).

Proposition 3.2. Let the function u be as in Theorem 3.1. Then there exist constants Cy, ho > 0 such that
forall 0 < h < ﬁo, we have the estimate

/ (Ipul> + 12V (@u) )/ dx < C1i~! / [(—R2A + V) (pu) "/ dx. (3.9)
b'¢ X
We take /1 = h0('=0/2 when « < 1, and we rewrite the inequality (3.9) as follows:
/ (|¢M|2 + 01—0{|hv(¢u)|2)e2(p/h0(1*0:)/2 dx
X

< C]h_193(1—(¥)/2/ |(—h2A + V0 B Z)(¢M)|262¢/]19(1—m)/2 dx
X

—a)/2

< Cih~ e f (P (h) — 2) (pu) 2>/ M7 dx
X

+C a0 2 up gy v — v9|2/ pu 22/ M0 g
X
< Cih 19302 / (P(h) — 2)(pu) 22/ """ dxc 4 Coh 1T/ f pu e M g
X X

We now take 0 = h?/(@+3,2/(1=9 'where k > 0 is a small parameter independent of /. Thus, taking «
small enough we can absorb the last term in the right-hand side of the above inequality. When o« = 1, we
take h = hk. Thus, we deduce the following from Proposition 3.2:

Proposition 3.3. Let the function u be as in Theorem 3.1. Then there exist constants C, ko > 0 such that
forall 0 <k <kgand all 0 < h <1, we have the estimate

/(|¢M|2+|hv(¢u)|2)62g0/;<h4/(a+3) dxiakhZ(a+l)/(a+3)/ |(P(h)_Z)(¢u)|262¢)//(/14/(a+3) dx. (310)
X X

Now Theorem 3.1 follows from Proposition 3.3 in precisely the same way as in Section 2 of [Vodev
2020b], where the analysis is carried out in the particular case o = 0. It is an easy observation that the
general case requires no changes in the arguments, and therefore we omit the details.

4. Resolvent estimates

The following global Carlemann estimate is similar to that of [Vodev 2020c, Section 3] and can be proved
in the same way. The proof will be carried out in Section 5. In what follows, we set D, = —iho,:

Theorem 4.1. Let d > 3, and let the potential V satisfy (1.1). Let also V satisfy either (1.3) or (1.8), and
let s satisfy (2.4). Then, for all0 <h <1, 0 < & < 1 and for all functions f € H*(R?) such that

(x| + D*(P(h) — E £ie) f € L2 RY),
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we have the estimate
I(x]+ D" fll 2 ay + I1(x ]+ D e’ "D, 1| 12(ma)
< Ca’h (x| + D)*e?"(P(h) — E £ie) f | 12maey + Crale/ ) 2e? " fll 2qay,  (4.1)

with a constant C > 0 independent of h, ¢ and f.

Theorems 1.1 and 1.2 can be obtained from Theorem 4.1 in the same way as in Section 4 of [Vodev
2020c]. We will sketch the proof for the sake of completeness. It follows from the estimate (4.1) and
Lemma 2.2 that for 0 < & < 1 and s satisfying (2.4), we have the estimate

(x| 4+ 175 fll 2 < MI|(1x| + D (P(h) — E £ie) fll 2+ Me' | I 2, (4.2)
where M > 0 is given by

Cch! if V satisfies (1.3),

log M =
g {Ch4/(“+3) log(h~") 4+ C if V satisfies (1.8),

with a constant C > 0 independent of # and €. On the other hand, since the operator P (/) is symmetric,
we have

ell 17, = £Im((P(h) — E £ie) f.f) 2
< M) (xl+ D7 f I, + @MY I(1x| + D (P(h) — E £ie) f1I3,

which yields
Me' 2| £l < 510x1+ D7 fllz +2M7 [ (x| + D (P(h) — E £ie) f] 2. 4.3)
By (4.2) and (4.3), we get
I(xl+ D7 fll2 <4MPI(x| 4+ 1)*(P(h) — E i) 2. (4.4)
It follows from (4.4) that the resolvent estimate

Qx|+ D5 (P(h) — E£ie) (x| + D7 o ,» <4M? (4.5)

—12

holds for all 0 < & <1 and s satisfying (2.4), and hence for all s > % independent of &. Clearly, (4.5)
implies the desired bounds for g.

Given any ro > 0, we denote ¥, :={x € R< : |x| > ro}, and we let nNr, € C*(R) be such that n,,(r) =0
for r <ro/3 and n,,(r) =1 for r > ro/2. We set V;)(x) := n,,(|x|)V (x). To prove Theorem 1.3 we need
the following:

Theorem 4.2. Let d > 3, and let the potential V satisfy (1.1) for |x| > ro. Let also V,, satisfy either (1.3)
or (1.8), and let s satisfy (2.4). Then, for all0 < h < 1,0 < ¢ <1 and for all functions f € HZ(Y,O) such
that f =0, f =0o0n dY,, and

(x| + D*(P(h) — E+ie) f € L*(Yy),
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we have the estimate

(X 1+ D7 fll 2, ) + 106+ D7 "D, fll 2,
< Ca’h|[(x|+ 1) e " (P(h) — E £ie) fll 2y, ) + Crate/m) ' P1e?”" fll 2y, ), (4.6)

with a constant C > 0 independent of h, € and f.

Letd =2. If V), satisfies (1.8) and k =1, ko = %, then (4.6) holds for 0 < h < hg with some constant
0 < ho < 1 depending on 7o. If 'V, satisfies (1.8) and k = %, ko =0, or V,, satisfies (1.3), then (4.6) holds
forall0 < h <1.

The proof of Theorem 4.2 is similar to that of Theorem 4.1 with some suitable modifications when
d =2 and will be carried out in Section 5.

Theorem 1.3 can be derived from Theorems 3.1 and 4.2 in a way similar to the one developed in
Section 5 of [Vodev 2020b]. Let ro > O be such that Y, ;3 C Q. Fix r;, j = 1,2, 3,4, such that
ro <ry <rp <r3<ry. Choose functions vy, ¥, € C®(RY), depending only on the radial variable r,
such that ¥y = 1 in R\ ¥,,, Y1 =0in Y,,, Yo = 1 in R\ Y,,, ¥» =0 in ¥,,. If s satisfies (2.4), we
choose a function x; € C®(Q), xs > 0, such that x,(x) = |x|™* on Y, Let f € H?(S) be such that
x.'(P(h)—E+ie)f € L>(Q) and f|yq = 0. Set

Qo =llx; ' (P() = Exie) fll20)

Q1 = f ez, vy F 1D fll2gr, \1,)

D = fll2w, v T 1D fll2g, v,
and observe that

1P ), ¥ilfll S Qjr J=1.2.

We now apply Theorem 3.1 to the function ¥, f with X = Q\ Y,, and U C X such that U Nsupp ¢, = .
Thus, we obtain
||f||H]}(Q\yr3) =< ||‘//2f||H,11(Q\Y,4)
ICP(h) — Exie)¥nfllizayy,) 4.7)
~4/(@+3) . —4/(@+3)
<P - Exie) fllqy,) +e O,

< eyh—4/(ot+3)

with a constant y > 0 independent of /# and 7. In particular, (4.7) implies

h74/(a+3) yh74/(a+3)
Q<e Qo+e

. (4.8)

On the other hand, it is clear that if V satisfies (1.10) with « =1 and 8 > 1 (respectively, 0 < o < 1
and B = 4), then V,, satisfies (1.3) (respectively, (1.8)). Therefore, we can apply Theorem 4.2 to the
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function (1 — ) f to obtain
(X1 + D7 fll 2, ) + 106l + D7 "D, fll 2,
< (el + D7 A =y) fll gy, ) + 1Ax I+ D75 "D (1= 91) fll 12y,
< Cah (x| + 1)’ " (P(h) — E £ie)(1 = y1) fll 2y, + Crale/ W) P1e?’” £l )
< Ca’h™ (x| + D¢ " (P(h) — E £ie) fll 2y, + Ca’h™ e Q
+Cra(e/m)' (e fll 2y, (49)
for all 0 < k& < 1. In particular, (4.9) implies
e? Q) < Ca’h ™™ ¥" Qo+ Crale/ h)' 2™ ¢/ | fll 2 + Ca®h™ ™M Q). (4.10)

We have
<ﬂ(r3)—<ﬂ(rz)=T/ ((r+1)_k—(a+1)_k) dr > ct,

rn

with some constant ¢ > 0. We deduce from (4.10)

0 <exp<ﬂh 4@ty | TP h >Q0+81/2exp(ﬂh )||f||L2(Q)
+ 73" exp((B — cto)h @) 0y, (4.11)

with a constant 8 > 0 independent of 4 and a constant 8 > 0 independent of 4 and 7y. Combining (4.8)
and (4.11) we get

0, < exp<(ﬂ by ZZ“P>QO RV eXp<ﬂh 4@ty | M h )”f”LZ(Q)
+13texp((B+y —ctph V@) 0, (4.12)
Taking 1y big enough, independent of 4, we can arrange that
ng exp((B+y — cro)h_4/(°‘+3)) < Toze exp(—croh_4/(°‘+3)/2) < ng exp( cr0/2) %

for all 0 < & < 1. Thus, we can absorb the last term in the right-hand side of (4.12) to conclude that

Q1+ <exr><ﬂlh Yty TP h >Qo+8”ze><p(ﬂ h™ )nfuLz(m, (4.13)
with a constant 8; > 0 independent of 4. By (4.7), (4.9) and (4.13) we obtain
s fllz2) < NQo+ e 2N Fll 2oy (4.14)

where

N =exp (52h_4/(“+3) + _ma;lx Y ),
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with a constant 8, > 0 independent of /. In the same way as above, using the fact that the operator P (h)
is symmetric, we get from (4.14) that the resolvent estimate

[ xs(P() = E£ie) ™ ks | o)y 12y < 4N (4.15)

holds forall 0 <4 < 1,0 < ¢ <1 and s satisfying (2.4), which together with Lemma 2.2 clearly imply
the desired bound.

5. Proofs of Theorems 4.1 and 4.2

The main point is to work with the polar coordinates (r, w) € Rt x S, r = |x|, w = x/|x| and to use
that L>(R?) = L2(RT x S9!, r¢~1 dr dw). In what follows in this section, we denote by || - || and (-, -)
the norm and the scalar product in L(S?~!). We will make use of the identity

~

pAd=1)/2 A —(d=1)/2 _ 3r2 + A_;” 5.1
r

where A, = %(d —1)(d — 3) and A,, denotes the negative Laplace—Beltrami operator on S¢~!. Set
u=r@=D72e0/" f and

’Pi(l’l) — r(d—l)/Z(P(h) _E j:ig)r_(d—l)/z’
P;t(h) = e?/"pE(h)e=?/",

Using (5.1) we can write the operator P*(h) in the coordinates (r, w) as follows:
+ 2 Aw .
P (h):Dr—i-—z—Eﬂ:lE‘i‘V,
r

where we have put D, = —ihd, and Ay, = —hZZw. Since the function ¢ depends only on the variable r,
we get

A
PE(h) =D} + r—;” —Exic—¢ 2+ h¢" +2i¢D, + V.

We write V = V; 4+ Vg with V; :=Vy and Vg :=V — Vy if V satisfies (1.8), and V; :=V and Vg :=0
if V satisfies (1.3). For r > 0, r # a, introduce the function

F(r)=—(0r"Aw—E—¢'(r)’ + VL(r, Du(r, ), u(r, ) + |1 Drutr, )|,
where Vi (r, w) := Vi (rw). Then its first derivative is given by

F/() = 202 Au(r, ), w0, ) + () = Vi) G, I =20~ Tm(PERu(, ), D, )
+2eh™ ' Re(u(r, ), Dyu(r, -)) +4h~ @ | Drulr, H||1> + 20~ Im((Vs + heYu(r, - ), Dyulr, - )).
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Thus, we obtain the identity

(WF) =W F 4 puF'
= Qr =) r P A, ), u(r ) + (B + (@) = wVe)) lu(r, |17
—2h~ pIm(P, (W)u(r, - ), Drulr, -)) £2eh™ wRe(u(r, -), Dyu(r, -))
+ 20 ' Im((Vs + ho"Yu(r, -), Deu(r, -)).

Using that A,, > 0 as long as d > 3 together with (2.5), we get the inequality

/J,/F + /J,F/
> (Ep/ 4 (u(@)? = nV))llu(r, HI1? + (' + 40~ I Drur, )|I*
3h_2,bbz

/

1P, (yu(r, )1 - %nuu(n P —eh™ w(llutr, HIP + I1Dur, )17

- - - 1 -
= 3R P (' + 4R ) T (Vs + hg Y, NP — S + 4R ) [ Dy, )|

—ZMZ

/

uw 3h
> (Ep' + (@)D = Top = Zup)llulr, D17 + 1Dt 1 = IPEhudr, )|
—eh ' u(lur, NP+ 1Drulr, HIF) = 30212 (1 + 40 o' )~ (Qs + hlg” D ludr, )12,
where

TL=0(r+17’), Zr=p@r), Qs=0
if V satisfies (1.3),
T,=00""¢+D"), Zr=pr)+0(r+D7Y), Qs=0(0"r+1"),
if V satisfies (1.8), and we have used the bounds (2.1),(2.2) and (2.3) in the second case. Hence, we can
rewrite the above inequality in the form
WF+pF = (EW +A@) — CBO)llur, ) * + %/nuu(r, olls

_3],1—2“2

/

1P (hyulr, I —eh™" w(llutr, HI* + [1Drudr, )|?),

with a suitable constant C > 0. Now we use Lemma 2.3 to conclude that

E w 32 p?
W+ pF 2 5l I+ 1P I = == IR (utr I

—eh ™ n(llur, P+ 1D, HI?). (5.2)

We integrate this inequality with respect to » and use that @ (0) = 0. We have

o
/ (WF4+uFYdr=0.
0
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Thus, we obtain the estimate
E 00 00 M/ B 00 /sz
S W ar+ [T B inueotar <30 [Tt wue P ar
2 Jo o 3 0o M
o0
+eh™! / (G, DI+ 1Drutr, )N dr. (5.3)
0
Using that u = O(a?) together with (2.6), we get from (5.3)
o0 [e.¢]
/ r+ D7 (lulr, DI+ 1Drutr, HI1?) dr < Ca“h—zf (r+ DZ P, (Wu(r, )| dr
0 0
o.¢]
+Ceh™'a? / (lutr, HIP + 1D, HIP) dr,  (5.4)
0
with some constant C > 0 independent of 4 and e. On the other hand, we have the identity

oo oo
Re/ (219 Dru(r, -), ur, -))dr=/ he" u(r, )| dr,
0 0

and hence,

(o.¢]

Refooowj(h)u(r,-),u(r,-))dr:/o IIDru(r,-)||2dr+/ooo(r_2Awu(r,-),u(r, ) dr
—/OOO<E+¢/2)||u<r, ->||2dr+fooo<w<r, (s, ) dr
> /Ooonuu(r, ')||2dr—0<r2>fooo||u<r, Dl ar.
This implies
sh_lazfooollD,u(r, -)||2dr5(’)(12)8h_1a2/000||u(r,-)||2dr

by [ Py [ DRI e P (55)
0 0

for every y > 0. Taking y small enough, independent of %, T and a and combining the estimates (5.4)
and (5.5), we get

[e.¢] o
/(r+1)_2S(||u(r,-)||2—|—||D,u(r,-)||2)dr§Ca4h_2[ (r+ D> P (Wu(r, )| dr
0 0
o
+C8h_1a2t2[ lu(r, Y| dr, (5.6)
0

with a new constant C > 0 independent of 4 and e. Clearly, the estimate (5.6) implies (4.1).

The proof of Theorem 4.2 in the case when d > 3 goes very much like the proof of Theorem 4.1 above.
The only difference in this case is that we have to integrate the function F(r) from rg to co and use that
F (rp) = 0 by assumption. Thus, by Lemma 2.3 we conclude that the inequality (5.2) holds for all » > ry.
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When d =2, the operator A, is no longer nonnegative. Instead, we will use that so is the operator —A,,.
Thus, it is easy to see that the above inequalities still hold with V; replaced by V; —h?(2r)~2. Since

R2(u(r)2r) ™2 = i/ (1) Qr) 2 =27 02 B ) > —h2r 3 ),

we can use Lemmas 2.5 and 2.6, instead of Lemma 2.3, to conclude that the inequality (5.2) remains
valid for r > rg with E /2 replaced by E /3.
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