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In this paper, we construct a double chain complex generated by certain
graphs and a chain map from that to the Chevalley—Eilenberg double com-
plex of the differential graded Lie algebra (dgl) of symplectic derivations
on a free dgl. It is known that the target of the map is related to charac-
teristic classes of fibrations. We can describe some characteristic classes of
fibrations whose fiber is a 1-punctured even-dimensional manifold by linear
combinations of graphs though the cohomology of the dgl of derivations.

1. Introduction

The Chevalley—Eilenberg complex of the limit of the Lie algebra of symplectic
derivations on (graded) free Lie algebras is isomorphic to the graph complex defined
by the cyclic Lie operad (details in [Kontsevich 1994; 1993; Conant and Vogtmann
2003; Hamilton 2006]). In this paper, we introduce an extension of (the dual of) the
construction to a Lie algebra of symplectic derivations on free differential graded
Lie algebras (dgls). Let (W, w) be a finite-dimensional graded vector space with
symmetric inner product of even degree N and ¢ a differential of degree —1 on
the completed free Lie algebra Lw satisfying the symplectic condition dw = 0.
An important example is the case that (LW, 8) is a Chen dgl model of an even-
dimensional manifold and w is its intersection form. We construct a W-labeled
graph complex Cg» (W) and a chain map

com

Cona (W) — C(Der, (LW))

com

to the Chevalley—Eilenberg (double) complex Cp (Derw(i W)) of the differential
graded Lie algebra (Derw(i W), ad(8)) of symplectic derivations on LW. Further-
more, from the nonlabeled part C2;y (N, Z) of the graph complex, which depends
on only the integer N and the set Z of degrees of W, we can obtain a chain map

Cimm(N, Z) C Cope W)W — €t (Der,, (LW))SPM2),

com com

I would like to thank Y. Terashima and H. Kajiura for many helpful comments. This work was sup-
ported by Grant-in-Aid for Japan Society for the Promotion of Science Research Fellow (17J01757).
MSC2010: primary 55R40; secondary 55P62.

Keywords: graph complex, characteristic class, derivation, fiber bundle.

547


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2019.301-2
http://dx.doi.org/10.2140/pjm.2019.301.547

548 TAKAHIRO MATSUYUKI

where Sp(W, §) is the group of graded linear isomorphisms of W preserving o
and 4. In the case of N =0 and Z = {0}, the map corresponds to the Kontsevich
one [1994; 1993].

The construction above gives characteristic classes of fibrations. It is known
that characteristic classes of simply connected fibrations are related to Lie alge-
bras of derivations [Schlessinger and Stasheff 2012; Tanré 1983]. In nonsimply
connected cases, we got relations between characteristic classes and Lie algebras
of derivations as in [Matsuyuki and Terashima 2016; Kajiura et al. 2016]. In this
paper, we consider the case that the boundary of a fiber is a sphere. For a simply
connected compact manifold X with 0X = §"~1 let auty(X) be the monoid of
self-homotopy equivalences of X fixing the boundary pointwisely and auty ¢(X) its
connected component containing idy. According to [Berglund and Madsen 2014],
the isomorphism

H*(B auty o(X); Q) ~ Hg(Der} (Lx))

is obtained. Here L x is a cofibrant dgl model of X. The underlying Lie algebra of L
is generated by the linear dual W of the suspension of the reduced cohomology
of X. So the graph complex above gives the invariant part of the cohomology
Hig (Der; (Lx)) with respect to the action of the group Sp(W, §) of automorphisms
of W with intersection form preserving the differential § of Ly. Using the Serre
spectral sequence for the fibration

B auty o(X) — B auty(X) — Bmp(auty (X)),

the image of the natural map H*(B auty(X); Q) — H*(B auty o(X); Q) is included
in the invariant part. We give a chain map

Coom(N, )4 = Cg(Dery (Lx) TP

com

using a positive truncated version C2* (W), of C2* (W). Considering W-labeled

com com

graphs, we can also obtain a W-labeled version C¢; (W), and a chain map

Comi (W) — C&p(Deryf (Lx)).

com

2. Preliminary

In this paper, all vector spaces are over a field K whose characteristic is zero. A
field K is regarded as a Z-graded vector space all of whose elements have degree 0.
For a finite set U, the number of elements in U is denoted by #U .
All tensor products of linear maps between Z-graded vector spaces contain their
signs: for homogeneous linear maps f: A — V and g : B — W between Z-graded
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vector spaces, we set

(f ®g)(a,b):= (=D f(a) ®g(b)

for a € A and b € B. (We often denote by |a| the degree of an element a. But we
omit the symbol | - | of the degree when it appears in a power of —1. For example,
(—1)8¢ means (—1)'¢llal )

Let V be a Z-graded vector space. We denote by V' the subspace of elements of V
of cohomological degree i and V; = V! the subspace of elements of homological
degree i. Note that the linear dual V* = Hom(V, R) of V is graded by (V*)! =
Hom(V;, R).

The p-fold suspension V|[p] of V for an integer p is defined by

Vipl :=V'tP,

and elements of V[p]' are presented by xo for x € VI*? using the symbol o of
cohomological degree —p. The p-suspension map V — V[p] is also denoted by o.
In this paper, the N-suspension ¢ for an even number N often appears. It is used
for adjusting degrees of elements though we can ignore it when calculating signs.

Let V be a Z-graded vector space and o : V @ V — K be a nondegenerate
bilinear map of (cohomological) degree n. Out of the two conditions

@) ax,y)= (—D*a(y, x) for homogeneous elements x, y € V, and
(i) a(x,y) =—(—D*a(y, x) for homogeneous elements x, y € V,
the pair (V, @) is called a symmetric vector space with degree n if satisfying (i),
and a symplectic vector space with degree n if satisfying (ii).
2A. Algebras and signs. Let V be a finite-dimensional Z-graded vector space.

Definition 2.1. We define the following quotient algebras of the tensor algebra 7TV
generated by V.

e The symmetric algebra SV generated by V is the Z-graded commutative
algebra which is the quotient algebra obtained from the Z-graded tensor algebra
TV by introducing the relation

xy=(=D"yx
for x, y € V. The image of V®* for an integer k in SV is denoted by S¥V .

o The exterior algebra AV generated by V is the Z-graded anticommutative
algebra which is the quotient algebra obtained from the Z-graded tensor algebra
TV by introducing the relation

xy = —(=1)%yx
for x, y € V. The image of V®* for an integer k in AV is denoted by A*V.
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Definition 2.2. For distinct elements vy, ..., vy € V and a permutation 7 € Gy,
the sign € defined by the equation on S¥V

Ul...vkzé.vﬂ(l)...vﬂ(k)

is called the Koszul sign of (vi, ..., v) = (Vz(1), ..., Uz@k)). Similarly the sign
€ defined by the same equation in A*V is called the anti-Koszul sign. Note the
equation € =sgn - €.

2B. Derivations. Let W be a finite-dimensional Z-graded vector space.

Completed tensor algebras. We denote the completed tensor algebra by

o0
TW := []we
r=0

Its product p and coproduct A are defined by

/‘L(xl®"'®x3vxs+l®"‘®xr):xl®"'®xrs

,

AM® - ®@x)=) D € () ®  ®Xe(s) ® (re(st1) @+ ® Xe(r)
s=0 t€Ush(s,r—s)

for homogeneous elements xi,...,x, € W, where Ush(s,r — s) is the set of

(r, s — r)-unshuffles and € is the Koszul sign of the permutation (x, ..., x,) —

(Xz(1y, - - -, X¢(r)) (Definition 2.2). The primitive part of TW is the completed free

Lie algebra LW. These algebras have the gradings defined by the grading of W.

Derivations on a completed tensor algebra. Let Der(LW) be the Lie algebra of
(continuous) derivations on the completed algebra T W. Given a symplectic inner
product w of degree N on W, we define the Lie algebra of symplectic derivations
on TW
Der,,(TW) := {D € Der(TW); D(w) = 0}.

Here o is identified with the element of LW described by

> wiylxt, X7,

i<j

where {x'} is a basis of W and matrix (w;;); ; is the inverse matrix of (w(x', x/)); ;.
Since derivations on 7 W are determined by the values on the generating space W,
we get the isomorphism as graded vector space

®,, : Der(TW) ~Hom(W,TW)~TW ® W[—N] = ]_[ W& [—N],

r=1
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where the second isomorphism is induced by the isomorphism Hom(W, R) =~
W[—N] derived from nondegeneracy of w. Furthermore, we also have the identifi-
cation by @

Der’ (TW) := {D € Der(TW); D(W) Cc W®+h)
~ Hom(W, WU +Dy ~ W@+ _ N,

Fixing a homogeneous basis x',

., x™ of W, the derivations x'! ---x% 3/9x’
(1<iy,...,ix, 1 <m), which are these elements corresponding to the linear map

xi > x1 ... xit, comprise a basis of Der**! (T W). On the basis, ®., is described by
q)w<Xi] ‘ 8xl) Zwu ~eatxdo

where o~ is a symbol of the (—N)-suspension which has homological degree —N.
By the identification ®,,, the space of symplectic derivations is described by

—1

Der,(TW) 2 H(W®’)Z/’Z[ N]= ]—[ Wadl=N1.

Here WC(Q := (W®)Z/"Z is the space of invariant tensors by cyclic permutations of
tensor factors, which is also defined in Definition 3.2.

Therefore, the Lie algebra Der,(LW) of symplectic derivations on LW is de-
scribed by

N ~ ~ Dy 1=
Der,,(LW) := Der(LW) N Der,,(T W) ~ 1_[ W(r)[—N],

Der’2(LW) := Der’*z(LW)mDerw(TW) W) [—=N],

where W(r) .= (LW Q W)N Wé;g
Through the isomorphism ®,,, the Lie algebra structure of Der(7 W) is described
as follows:

Lemma 2.3. Let [-, -] be the Lie bracket of Der(fW). Then the linear map
[ loi=0®Ppo[-, 10 (®, 0 ™1)®% is equal to

> d®oa, d2>>< DDA ”5'5’2>:W®”®W®’2—> w2

di+dy= 1<t<r 1<s<nr

where wg, 4y : W @ W — R for integers dy, dy is the composition of the projection

WQW — Wy ® Wy, and the restriction of w to Wa, @ Wy,, and 7| .ler Tl
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W @ W2 — W2 for 1 <i <ryand 1 < j <r is defined by

nr_l,.rz(a<1)_”a<1>®a(z 4@ =c.a®..a®a..a® a® ...aPaDa®,

=181 a4y r 4
r ra o (1) (1) () @)y _ 1 (1) (2) @ 2 2 (@) (2)

' 2(a ’ ®a Tdy, )=¢€- fap et ay rzflajJrl” a,,_14; 4
for homogeneous elements a(l) ). aﬁll ), a?), . afzz ). Here € is the Koszul sign

of the corresponding permutatlons.

Proof. Let x' ..., x™bea homogeneous basis of W. The Lie bracket for the basis
is described by

xil,,,xiki’le . E E(gltle_._xjmxil ,,,xikszﬂ_,,lei
dx! axf ox/

E is .01 xls=1y 1 Jiyis+1 ik d

_ 68 .. s=lyJb oo x ittt ——

ox?

where € = ( 1)(xi1+---+x’k —xi)(x-/1+-<-+xjf*1), ¢ = (_1)(le e —x Ty (sl e x Tl —xT)
and 8‘ is the Kronecker s delta.

]

Then for A=x"...x"n and B =x/1 .- x/», we obtain
[A B]w: E ijl"‘ il” xlrl -1, x]r2w1r|.]t+ E 6/ ll .. x]r2 1,. xirla)i.rjrz
rr L
E (1d®w(d1 dz))< E Ty E Ty, )(A®B),
di+dr= 1<t<ry 1<s<r

where € and €’ are the Koszul signs of

Mo xt x o x0T X xt L e xt ) xn),

Gy xt X T s (T, x L xd o Xt X xIn),

respectively. In the calculus above, note that we use the assumption that N is
even. (]

The lemma above is needed to prove Theorem 3.9.

Derivations on a dgl. Let § be an element in Der,,(LW) of homologlcal degree —1
such that % = 0. Then ad(8) is a differential operator on Derw(L w).
In the case that Wy is positively graded, i.e., W; =0 for i <0, we can regard that
8 € Der,,(LW) since § is described by only finite sums. Then we often consider the
positive truncation (Der;r (LW), ad(8)) of the chain complex (Der, (LW), ad(§))
defined by
Der,(LW); (i >?2),
Der} (LW); := { Ker(ad(8)); (i =1),
0 (otherwise).
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Definition 2.4 (Chevalley—FEilenberg complex). Let (L, §) be a dgl. We define the
Chevalley-Eilenberg complex as

CLI(L) = (APLYYY,

where A°L* is the exterior algebra generated by the graded vector space L*. The first
differential dcg is defined by the formula for ¢ € Cé”Eq (L)yand Dy, ..., Dpy1 €L,

(dege)(D1, ..., Dpy1) =Y _&-c(D;, Dj1, Dy,..., Di,.... Dj,..., Dpyy),
i<j
where € = (—1)Pi(P1t+Di-)+Dj(Dit++Dj-)+DiDj+i+j—1 and the second differ-

ential Ls derived from § is defined by
Ls = isdcg — dcgls,
using the interior product defined by
@isc)(Dy,...,Dp)=c(8, D1, ..., D),

for ¢ € ngl’q (L) and Dy, ..., D, € L. Then the triple (C&r (L), dcg, Ls) is a
double complex.

We will consider the Chevalley—Filenberg complexes of dgls (Derw(f, W), ad(§))
and (Der (LW), ad(8)), and the invariant space Cgp,(Der (LW))SP(W-9) where
Sp(W, §) is the group of symplectic linear isomorphisms W — W preserving 4.

2C. A dgl model with symplectic form of manifolds. In this subsection, we review
a Chen dgl model of a manifold. Let X be a smooth manifold. Put A = A*(X) and
H = H},p(X). Fix a homotopy transfer diagram

CA:H;

e.g., in the case that X is a closed manifold, it is obtained by using the Hodge
decomposition of the de Rham complex A. Since A is a commutative differential
graded algebra (dga) with symmetric form (intersection form), H has the structure of
a minimal cyclic C;-algebra by the diagram (details in [Kontsevich and Soibelman
2001; Merkulov 1999; Kadeishvili 2009; Markl et al. 2002; Hamilton and Lazarev
2004] for instance).

Let I be the intersection form on H, m the cyclic Cy-algebra structure on H
obtained by the homotopy transfer diagram, and s : H — H[1] the suspension map.
We denote V = H[1]*. Defining the suspension of m; by ii; := s om; o (s~1)® for
alli > 1 and of I by @ := I o (s~!)®2, then the duals of these define the symplectic
inner product w on H[1]* of degree N =n — 2 and the linear map §; : V — V&
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of homological degree —1. Thus, extending the unique derivation §; : LV > Lv
by the Leibniz rule, then we have the derivation of homological degree —1

o
5= Z 8; € Derw(ﬁV).
i=1

Furthermore we can prove that § is a differential since m satisfies the A.-relations
and quadratic, i.e., (V) C ]_[122 V® since (H, I, m) is minimal.
The Chen dgl model is a reduced version of the construction. Suppose X is
connected, and put
W= H[1]{, = H (X: R)[-1].

Then we have the restriction § : LW — LW of § and w : W®2 — R. If X is simply
connected, we can restrict the differential § on the free Lie algebra LW C LW
since 6 (w) for w € W has only finitely many nontrivial terms.

Theorem 2.5 [Chen 1977]. For a simply connected closed manifold X with base
point *, the dgl (LW, ) is a Quillen model of X, i.e., there is a Lie algebra
isomorphism

H,(LW,$) ~m,(Q2X)® Q.

3. Graph complex

3A. Orientation and ordering of graded sets. The set of orderings on a set U is
defined by

Ord(U) = {(u1, ..., u) e UK U = {uy, ..., wi}},
where k :=#U.
Definition 3.1. Let U be a Z-graded set, i.e., a finite set U givenamap |- |: U — Z.
» The graded vector space generated by U is denoted by RU.
o The symmetric algebra generated by U is denoted by SU := S(RU).
» The exterior algebra generated by U is denoted by AU := A(RU).

For an element (uy,...,u;) € Ord(U), we denote the image of u; ® - -- ® uy
in AU by [uy, ..., ur]. The 1-dimensional vector space generated by this element
is written by

OW) :=([uy,...,ux]) C AU.

Definition 3.2. Let V be a Z-graded vector space. We define the subspace Vc(ykc)
of cyclic tensors in V®* by the image of the map [-, ..., Joyc : V& — V&
obtained by
X1 Q- Qx> Z € X)) Q- Xy,
TeZ/kZ
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where Z/kZ is identified with the group of cyclic permutations and € is the Koszul

sign of (x1,...,xt) = (Xz1), ..., X (k)). For a Z-graded set U, we denote
Cyc(U) :=([u1, ..., ugleye: (w1, ..., ug) € Ord(U)) € RU)L).

3B. Definition of graph complex. Let W be a finite-dimensional symplectic vector
space with form w of degree N and suppose N iseven and Z :={a € Z; W, #0} C
{0, ..., N}. Our labeled graph complex depends on (W, w).

Definition of graphs.
Definition 3.3. An N-graded graph T" consists of the following information:
o The set H(I") of half-edges.
e The set V(I') of vertices. It is a partition of the set H(I"); i.e.,
HD) = [] v. v#@ @ev).
veV ()

The number #v of elements of any v € V(I') is called the valency of v. A
vertex with valency > 1 is called an internal vertex, and one with valency 1 is
called an external vertex. The sets of internal and external vertices are denoted
by V;(I') and V,(I"), respectively.

o The set E(I") of edges. It is a partition of the set H (I") such that the number
of elements of any e € E(I") is two, i.e.,

HTO)= [] e. #e=2 (ecED)).
ecET)

o The cohomological degree of half-edges. It isamap |-| : H(I') — Z such
that ||+ |h2| = N for an edge e = {h, ho} € E(I"). Then the cohomological
degrees of vertices and edges are defined by

vl :=|hi|+---+|h:|—=N, le|]:=N,
forv={hy,...,h,}eV({I)ande e E).
» The division of the set V;(I") of internal vertices to two disjoint sets

Vi([) = Vi (') L V(')

such that all elements in V(I") have cohomological degree —1 and valency > 3.
An element of V,(I") is called a normal vertex, and one of V (I") is called a
special vertex.

The set of isomorphism classes of such graphs is denoted by %(N). Here an
isomorphism between N-graded graphs is a bijection between the sets of half-edges
preserving all information of N-graded graphs.
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Figure 1. Examples of 4-graded graphs.

Example 3.4. In the case of N =4 and Z = {0, 1, 2, 3, 4}, we can give examples
of 4-graded graphs in Figure 1. In these figures,

« a black vertex » means a normal vertex, a white vertex o a special vertex, and
a square vertex m a univalent vertex, and

« a number drawn beside a half-edge is its degrees.

Decoration on vertices. We shall give the relation equivalent to the dual of vertices
defined by the cyclic Lie operad as in [Conant and Vogtmann 2003; Hamilton 2006;
Markl 1999].

Definition 3.5. Let I be an N-graded graph.

e We introduce to Cyc(v)[N] for v € V;(I') the commutativity relation

(v.hr)

Soms@ = > o =0,

teSh(s,r—s—1)
=€lheqy, ooy heg =1y, Brleyeo,
forr—1>s>0ando=[hy,..., h;]cyco € Cyc(v)[N], where Sh(p, q) is the
set of (p, g)-shuffles, o is the symbol of the N-fold suspension, and € is the
Koszul sign. Then we denote by C(v) = Cyc(v)[N]/(com. rel.) the obtained
space. This relation for r = 3, 4 is described in Figure 2. (In the case of r = 3,
it is the AS-relation for Jacobi diagrams.)

(,hr)
OT

Decoration on N-graded graphs. Set

Ocom(W.T):i= ) 0(@® () WI-Nu® /\ coHe A Cw).
ecE() ueV,(I') v eVy(T) veV, (1)

where

Ovw = {vul coopy, € S (@ V(u)); v, € V(up), (uy, ... ux) € Ord(U)},

uel uel

NV = {vul vy, € Ak(@ V(u)); Vi, € Vi), (uy, ... ux) € Ord(U)}

uelU uel
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Figure 2. Commutativity (»r = 3, 4). (Koszul signs are omitted in figures.)

for a family (V (u)),cu of Z-graded vector spaces indexed by a finite set U. This
tensor product consists of four factors: the first factor means directions of edges of I',
the second factor W-labels of external vertices of I, the third factor (equivalence
classes of) cyclic orderings on special vertices of I', and the fourth factor the same
on normal vertices of I'. Note that W[—N],; = W, [—N] for an external vertex
u ={h}.

We need to identify elements of 5com(W, [') by the symmetry of I"'. An au-
tomorphism o of an N-graded graph I' € 4(N) induces the linear isomorphism
C(v) = C(a(v)) for v € V;(I') described by

[y, ..., hk]cyc = [a(hy), ..., O‘(hk)]cyc’

and the identity map W[—N],j = W[=Nlow) = W[=N] for u € V.(I').
Therefore, the automorphism group of I' acts on the vector space Ocom(W, T')
by the induced permutation of half-edges. Then the coinvariant vector space
of 5com(W, ') by this action is denoted by Ocom(W, ). We often consider an
element o of O¢om (W, I') described by the form

0=[01,...,01;wl,...,wke;ci,...,cix;cl,...,ckn]
= (01---0) ®(wy -+ w,) ®(cy ¢ )@ (€1 ¢x,)
where w; € W[—-N],,| and

A

o;i = [oi], C? = [é?]cyco—a Ci = [éi]cyca»

for 0; € Ord(e;), ¢; € Ord(v;), and ¢! € Ord(v?). Such element o is called an
orientation of I, a pair (I', 0) is an oriented graph, and the information

N N o s As A A
0=(01,...,01,wl,...,wke,cl,...,cks,cl,...,ckn)

is called a [ift of an orientation o = [0] on I". The vector space O¢om(W, I') is
generated by orientations.

Example 3.6. In the case of N =4 and Z = {0, 1, 2, 3, 4}, we can give examples
of decorated 4-graded graphs in Figure 3. In these figures,
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Figure 3. Left and center: nonlabeled examples (I', 0;) and
(T, 02). The ordering of vertices is v1vpv3v4 and vy vyv4v3. Right:
a labeled example. The ordering of vertices and labels is
(w10 N (w0~ Hvsvgvs.

e an arrow on an edge means a direction, and

e an arc drawn around a vertex is an ordering of half-edges incident to this
vertex.

In Figure 3, left and center, the degrees of vertices are vy = —1, v, =4, v3 =5,
and v4 = 4. In the space O(I"), we have

01 = (_1)5-4+1 (_1)3-1-‘1-1 (_1)3-(3+1+1)02 =0,

where the signs (—1)>*+!, (=1)31*1 (=1)>G+1+D are coming from changes of the
ordering of vertices, the direction of the edge between v, and v4, and the ordering
of half-edges incident to v4, respectively.

In Figure 3, right, elements w; € W3 and w, € Wy are labels of univalent vertices
vy, v (their names vy, vy of vertices are omitted in the figure). Note their degrees
luil = [wio™!| = —1and |vz| = |[wao ™! =0.

o~

Definition of the bigraded vector space CZ;,,(W). The cohomological bidegree
(p,q) €ZxZof T € 4(N) is defined by

p=#V,(D),  g= > [o|=#V(D)+NHETD)—#VI)— Y |ul,
veV, () ueVe(I)
and the bidegree of elements in Oqn(W, I') is defined by that of I'. We define the
space of N-graded ribbon graphs by

ComW)i= @ Ocom(W.T),  CLAW):= @ Ocom(W,T),
'e%(N) regra(w)



DOUBLE GRAPH COMPLEX AND CHARACTERISTIC CLASSES OF FIBRATIONS 559

where 9”-9 (W) is the subset of 9(N) consisting of N-graded graphs of degree (p, q).
Then C So'm(W) can be regarded as a bigraded vector space. We often denote an

element in C** (W) corresponding to 0 € Ogon (W, I') for I' € §(N) by (T, 0).

com

Deﬁmtzon of the first differential d. We define a linear map d“’ h1 2" Ocom(W, T) —
Cgo‘m(W) for an N-graded graph I' € (), a normal vertex v € V, ("), two distinct
half-edges h!, h? incident to v, and a, b € Z satisfying a + b = N. For an order
hy, ..., h, of half-edges incident to v such that h' = h, and h? = h;, put

(NN EEREREN VTR 4 % )

- (Fv hl h27 [ ) [h/v h//]; * ’ * ’ [hlv sy hi’ h/]av [h//a hi+1v ey hr]av ])

Here o is the N-fold suspension, and the N-graded graph '’ is defined by

h‘ h?
HIeP )y =H@) U, R, VTS )= (VIO \{h T, 0"},

V(T 0) = V(D). ET®?, )= ET) U{eo},

where v' = {hy, ..., hi, W'}, v" ={h", hiy1, ..., b}, eo ={h', 0"}, |h'| = a, and

|h”| = b. Note that the equation above is enough to define the operator d;l;’;l;l, ;2 and

the operator is well-defined. A picture of the map dv ut 2 18 described in Figure 4.
Then we obtain the linear map d : Ce: (W) — Cee (W) by

com com
1
d( o)== 37 3 dip (o), d o= ) dl0).
a+b=N n'£h2ev veV, (I
The map d can be also described by
d(T0= Y Y diy (o),
a+b=N O0<s<t<r

whereo=1[-;-;-;[h1,...,h]lo,-1and v ={hy, ..., h,}. Note the relation

d:l 51 hz(F» 0) = dzl;;’Zz,h] (T, 0)

for half-edges h'! # h? € v. Here well-definedness of d is proved by the relation
with the commutativity relation:

Proposition 3.7. Using the notations above, d,,S, p,.i (I, 0) is equal to zero under
the commutativity relation.

Proof. For integers p, g, we define the linear ordered set [p, gl by {p < p+1 <

-<qg—1<gq}. If p>gq,put|p,q]=9. For partially ordered sets P;, P,, we
denote their direct sum by P; + P, (in the category of posets), and their ordinal sum
by P; @ P». Then a (p, g)-shuffle is equivalent to the inverse of an order-preserving
bijection [1, p]+[p+1, p+q] — [1, p+4l.
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Figure 4. The operator d, ;’llz)s, B

Let t—':[1,i]+[i+1,r—1] — [1,r — 1] be an (i,r — i — 1)-shuffle and
0<s<t<rintegers. Put L=1([s+1,¢]) and/ =1 —.

Ift(s+1),...,7(t) are <i,thenwehave (s +m)=t(s + 1)+ (m — 1) for
1 <m<t—ssince [1,i] — v !([1,i]) is an isomorphism between posets. Put
a=71(s+1)— 1. Then we obtain the shuffle 7, by t:

-1
12}

[1,i —14+1]+[i—=1+2,r—1] [1,r—1]

canonical isomI Tcanonical isom.
bij.
Lal®E @la+l,il+li+1,r—1]—s[, sl ®l+1,r—1]

T _1 T

[(Lil+l+1,r—1] [1,r—1]
The shuffle T can be recovered from a pair (a, [, 72), where {a+1, ..., a+1l} C[1, ]
and o isan (i — [+ 1, r —i — 1)-shuffle.
Similarly, if t(s+1), ..., 7(¢) are > i+ 1, we can obtain a triple (a, [, 1), where

{fa+1,...,a+l}Cli+1,r—1]and rpisan (i — I+ 1,r —i — 1)-shuffle.
Otherwise, put p =#(L N[1, i]). Then we obtain the shuffle t; by restricting t:

[1,p]+[p+1,l]L>[1,l]

canonical isoml lcanonica] isom.

-1
L— (L)

|

[Lil+[i+1,r—1]——=[1,r—1]

We consider L = ([1,i]+[i + 1,7 — 1]) \ L and the order-preserving bijection
p~ 'L - [1,s]1®[t+1,r —1] defined by the restriction of 7~!. The shuffle
is recovered from a pair (p, 71), where ol L—[l,s]®[t+1,r—1]isan
order-preserving bijection and 1 is a (p, [ — p)-shuffle.
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Thus, we have

duSu,h,;i([hh...,h,]a)_Z<ZZZO +ZZ ! m)
p=1 p T a

= Z(ZZS % P(Op)+ZS s (o Z))

p=1 p

(L )

WhereL={1,...,r—1}\E={u1 <--- <u, as integers},

0,0 = E[[hul LA hu],7 h/]ov [h,o(l)’ MR hp(S)7 h//v hp(t+1)’ AR ] hp(rfl)s hr]a]’
Ou,l = 6/[[ha+l, ceey ha-‘rh h/]O', [hl’ D) hm h//7 ha+l+1, ceey hr]O'],

and ¢, €’ are appropriate Koszul signs. (In these equations, the subscripts cyc are
omitted.) |

Definition of the second differential L. For I" € 4(N), let i, (I") be the N-graded
graph obtained by converting a normal vertex v of degree —1 to a special vertex.
We define the linear map iy : Ocom(W, I') = Ocom (W, i, (I")) for 0 € Ogom (W, T')
such that

W@ e D=0@), [0 D)
for ¢ € C(v) if v has degree —1 and valency > 3, and i,(I", 0) = 0 if v does not.
Since the relation
iv1 sz,h,;k(r» 0) = sz,hr;kivl T, o)

for Vi, V2 € V,-(F) holds clearly, the map i, is well-defined. Then the linear map
:Cee W) - — Ce» (W) is defined by

com com
L:=id—di,

where the linear map i : Ce:e (W) —> Cee (W) is obtained by

com com

i(T,0):= Z iv(T, 0).

veV,([T)

The map L is also described by

L(T0)= Y (iy+iy)dy(T,0)

veV, (')

since i,d, = d,i, for normal vertices u # v.
Then d, i, and L have (cohomological) bidegree (1, 0), (—1, 1), and (0, 1),
respectively.
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=0
Figure 5. A.-relation.
> = .. >
v
¥=a X X
Ix/|=b

Figure 6. Cut-off relation.

Definition of the underlying bigraded vector space CZy. (W). The space Cg (W)

is the quotient space of Cs: (W) by

o (Ao -relation) R,(T",0) :=iyiyd,(I',0) =0

.
com

for I' € (V) and a normal vertex v (of degree —2). This relation is described
in Figure 5.

o (Cut-off relation) For I' € 4(N) and e = {hy, hy} € E(I'), we define the
N-graded graph I', as
H(T,) = H() U {hy, hy},
E) = (E(M) \{e}) U{{h1, hi}, {ha, ha}},
V(L) = V() LU {1}, (ha}},

|hi| =N — |hy]| =:a, lha| = N — |ha| =: b.
Then
(a1, hal, 55 D= @ij(Te, [, bl o b, s xio ™  xo ™ s),
Ix/|=a
x/|=b

where {x'} is a homogeneous basis of W and (w;j) is the inverse matrix of
(w(x', x7)). This relation is described in Figure 6.

Note that C2* (W) is generated by W-labeled graphs with only one internal vertex

com
by cut-off relation.
On well-definedness of three operators d, i, L on CZ; (W). The endomorphisms
d,i,and L of C2* (W) induce endomorphisms of C* (W) by the equations

com com
dR,(T.0) =Y Ryd,(T.0), iR,(.0)=) Ryiy(T'.0)
uF#v uFv

for a normal vertex v of an N-graded graph I'.
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[, @) ", -] [0, "), @), -]

Figure 7. dyd,(l", 0) = —d,d, (T, 0).
On two differentials d, L on Cy (W).
Proposition 3.8. The bigraded vector space Cg5. (W) is a double complex with
respect to differentials d and L. We call C;, (W) a double graph complex.
Proof. First, we show the equation d> = 0. It is proved in the same way as
Kontsevich’s original graph complex. For a normal vertex v of an N-graded graph

(T, 0), let v', v” be new vertices obtained by splitting at v. Then
dydy(T, 0) = —dydy(T, 0), d,dy(T', 0) = —dyd,(T', 0)

for u # v. The first equation is shown by Figure 7. In the figure, v’ and v” are defined
such that the direction of the new edge is from v to v”, and (v")’, (v")”, (v")’, (v")”
are also defined in the same way. So we obtain d*(I", 0) = 0 by cancellation.

o~

Next, we show L? = 0. From the equation in C2» (W)

com
> v+ ivodviu) (T, 0)
uFv
= Z(iv”iv/ +iyiy)dy(T', 0)

(iL—Li)T,0) = (Z i (i + i)y —

v
=2 RuT.0),

we obtain the relation i L — Li =0 in Cg; (W). So the equations

L?>=(id —di)L =idL —diL =idL —dLi = idid —didi,
L?>=L(id —di) = Lid — Ldi =iLd — Ldi = —idid + didi

hold. Then we obtain L? =0. Since Ld +dL = —did +did =0 holds by definition
of L, we get the proposition. ([

3C. Construction of the map to Chevalley—Eilenberg complexes. Let (W, w) and
Z be as in Section 3B and & be a symplectic and quadratic differential of homological
degree —1 on LW. In this section, the Lie algebra Der,,(LW) of symplectic
derivations is denoted by ®. We construct a double chain map

Copn(W) = CE(D)

com
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from the graph complex C2 (W) to the Chevalley—Eilenberg complex of the dgl

com
(®, ad(é)).
Let (T, 0) be an oriented graph and 0 be a lift of 0. Put

k=#V (), ke =#V(I'), ky =#Vy ('), kn =#V, (I'),

ri,....,re)=0,...,1, a1, ..., ak+x,)
ke
=(,..., 1,#1){,...,#v,ﬁs,#vl,...,#vkn).
ke

We denote by 7(0) the linear isomorphism (the permutation of factors of the tensor
product)

wern ®R -® Wk s W®2 ® - ® W®2 (W®2)®l
corresponding to the permutation of half-edges
(hiy ooy hig, €1y oo iy Gy Cly oo ey ) > (015 -2 25 01).

Then we define the linear map «(I", 6) of cohomological degree (I — k)N by
composing these maps

ks+ky
(T, 5) : W[=N]®* @ Der,, (L W)@k tk) 2% yyr nreke g &) Der 2(Lw)
i=l1
ks+ky,

2 wi-N1%k © ® W (a))[—N] c®<w®“ —N1)

o Qwen T, (WSl 25 R,
i=1
where @ := d®k” "N ® <I>®(ks+k”) WE =W, @ - - Q w,,, and We; 1= @ W ’I I i if
{he’ he’} Here we denote by w, 4,) for integers dy, d> the composmon of
the projection W @ W — W, ® W,, and the restriction of w to Wy, ® W,,. The
map « (T, 0) is independent of a choice of linear orders of half-edges representing
cyclic orders, and compatible with the commutativity relation.
We define the map /(T 9) : D% — R by

n

&(F,é)(D],...,Dkﬂ)::a(r,a)(w],...,U)ke,(s,...,(S,Dl,...,Dk)
——
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/ﬁ\ x|=a
= b
w(xy)= a ly|=b

x y

¥(T,6)(D,, Dy)=

wy Wy So D.o Dza

Figure 8. An example of Iﬁ(f‘, 0)(Dq, D). (T is the decorated
graph in Figure 3, right.)

for D; € ©. (An example of U (T, 6) is described in Figure 8.) Restricting the map'
on the exterior algebra, we can get the map

(T, 0) =¥ (T, 0)0Aly, : AMD — R.

The map is independent of a representation o of o by the definition of an orientation.
So we obtain the map ¥ : Cey (W) — Cip(D).

com

Well-definedness of ¥ is proved by the correspondence through i between

relations in the graph complex CZ; (W) corresponding to properties of derivations:

graph complex derivations
cyclicity symplectic derivation
commutativity Lie derivation
Aso-relation 82=0
cut-off symplectic form

By definition, it is clear except for the A -relation. The correspondence for the
Ao-relation is proved in the end of the proof of the following theorem.

com

Theorem 3.9. The map  : Cy (W) — CEr(®) is a double chain map.

~

Proof. First, we shall show that dcgyy = ¥d on C; (W). To prove this, we need
Lemma 2.3.

IFor a graded vector space V, the injective map Alt, : A"V — V& is defined by

1 _
Ally o) = — 3 7 E@)(1) B B Uy ()

‘oe6,

for vy, ..., v, € V, where €(o) is the corresponding anti-Koszul sign.
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For an oriented graph (I", 0), we define the two lifts o', 6% on Fz;,thv h,

ol = (W, h"), 55 vn, V0 ),
P = (W' ), ;5 01,00 ),
vi=(hly ..kl b, o = (R R R R R,
where r; = #v;. The signs ¢; are defined by the equations
oli=ealo'l,  o=eld’l, &, ,o=(ED"o = (=D

So we obtain

d(T, 0) = ZZ Y=oty oh

i=1 v<ita+b=N
—ZZ > DT 00,
i=1 v<pa+b=N

Note that
1 p
dep(x o Alty) = 2 3 (=11 o 1% @[, 1@ 1977) 0 Alty 4
s=1

for a linear map x : W& [-N]®---® W®»[—N] — R and the antisymmetrization
Alt,, for p-components. So we should prove

1&(F,é)o(]@)iﬂ@[_ .]®1®p7i71)
_Z Z (EIW(FU :h, h ,0 )+€2¢(FU h h ,0 )OT)

V<@ a+b=N

where the map t means the permutation
Xl®"'®(-xv+l"'-xux/)®(xl "'-xv-x//'x/l.-‘rl X)) Q- QX

e X1® - ® (1 XX Xpp1 - X)) ® (g1 - X, X)) Q- QX
and e is the Koszul sign. It follows from the equations
V(0,60 (17 @0 1 @wup)r), o @127 =iy, | oY,
P60 (1% @0 (1 @ W)y, 0 @19 ) =) (L), | 6Yor,

forr’'=u—v+1,r"=r—u+v+1,and t = v + 1. The first equation is verified
as follows: we have by the definition of v

o T O)(X, .. Xp) = ey Ty, 0D (X, XL XY

i jooee

9Xp)
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I and

. So we obtain the first

for X, € W, x" € W,, and x” € W,,. Here we put X! = x, 1 -+ - x,x'0~

X! = x1- - xx x4 - cxyo ) for X; = x; -+ x,0 !

equation from
aXioW, ) =o' 1®@wn]" ®® (X ®X]).

The second is also verified in the same way.
Next, we shall prove isyy = i on C2: (W). The ordering

com
0i = (31 0,01, ..., 0, ...,0p)
is a lift of €; - 0, where €; is the anti-Koszul sign of the permutation

(W1, Up) = (U, V1L o, Dy e, Up).

So we have

Yil, o)Xy, ..., Xp_1)

ke+1

J
DG ey (D), o), w8, 8 Al (X, X))
s=1 ~
>

Z €-a(F,6)(w1,...,wke,é,...,S,X,,(l),...,8,...,Xn(p_1))
N —

s=1 7T€6p71 ks

8, ..., 8, Alty(8, X1, ..., X, 1))
v-l
ks

=is¥y(T,0) (X1, ..., Xp-1)

where € is the anti-Koszul sign of

=Ot(F, 6)(w], vy, Wi

e

(87 X17 AR ] Xp—l) = (XJT(l)a MRS 87 MR ] X]T(p—l))
From the discussion above, the relation (R, (I", 0)) = 0 follows from

Y (Ry(T, 0)) = ¢ (iviydy(T, 0)) = ¥ (I, 0)([4, 3], -) =0.
Thus, ¥ induces the map ¥ : Cgyy (W) — Cgp(®). Furthermore, since v is

com
commutative with d and i, so is L. So we complete the proof. (]

The group Sp(W, §) acts on C2 (W) by the action on their labels. Then, the

com

chainmap v : Cey (W) — CEp (D) is Sp(W, 6)-equivariant clearly. In particular, we

com

can consider the Sp(W, §)-invariant part C22 (W)SP(W:9) of the complex C2 (W).

com com

It has the double subcomplex C2* (N, Z) consisting of N-graded graphs which have

com

no external vertex. This complex Cgy (N, Z) does not depend on the symplectic

vector space W. It depends only a range Z of degrees and a degree N of a symplectic
inner product.
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Remark 3.10. We can define the associative version of C2* (W) as follows. Set

Ous(W,T):= () 0(@©® () WI-Nly

ecE() ueV, ()
® /\ Cyc@)INI® /\ Cycw)IN],
v eV () veV, ()
CaiW)i= P Ous(W,T),  Oas(W, T) 1= Oas(W, ) auicr)-
'e%(N)

Then (C3:2 (W), d, L) is also a double Sp(W, §)-chain complex, and the chain map

ass

C(W) = Cgt(Der, (TW))

ass

can be defined in the same way. In this case, we can also consider the double sub-

complex Cy;2(N, Z) which consists of N-graded graphs without external vertices.

4. Applications and examples

Examples of relations between our chain map and a known notion are given in the
following two examples.

Example 4.1. For a cyclic minimal A-algebra (H, I, m) with even degree, putting
W := H*[—1], we have the map Cy;3(W) — Cgi(Der,(TW)). Here TW is the

ass

dual of the bar construction of (H, I, m). The map induced by the chain map
Co(N, Z) = CL:(Der,(TW)) =R

is known as the Kontsevich cocycle [Kontsevich 1994; Penkava and Schwarz 1995;

Hamilton and Lazarev 2008] of a cyclic A.-algebra (H, I, m).

Example 4.2. In the case of Z = {0} and § = 0, the chain map

€200, {0}) — Cap(Der,, (T W))SPW)

ass
is equal to Kontsevich’s chain map [1994; 1993].
In the case that W is positively graded, we define a chain complex C2: (W), by

com

Cin (W) =Cor (W) /(positivity),

com
where the positivity relation is as follows:

 (Positivity) (i) a graph which has a normal vertex v satisfying |v| < 0 is zero,
and (ii) (iy + iy)dy(I', 0) = 0 for an oriented graph (I', 0) and a normal
vertex v of degree O.

The differentials d, L are also defined on C=*

o (W), while i is not.

Proposition 4.3. The operators d, L induce the differentials on C2y (W) .
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Proof. 1t is clear that these operators are compatible with the former condition
(i) of the positivity relation. Note that, to prove compatibility with L for a graph
including a vertex with degree 0, we need to use (ii).

We shall prove they are compatible with (ii). First, we shall calculate the image
of (ii) by the operator d. For I € 4(N) and a normal vertex v of degree 0, we have

d(iv’ + iv”)dv = dv”iv’dv +dv’iv”dv + Z du (iv’ + iv”)dv
M#U’,UN
= dyiydy +dyiyd, — Z(iv’ + iy )dyd,.
u#v

Here we used the equations in the proof of Proposition 3.8. For a splitting of v such
that |v'| = —1, dyi,yd, must have a nonpositive vertex since [v”| = 1. In the same
way, dyi,d, must also have a nonpositive vertex. So d (i, +i,7)d, is equal to zero
under the positivity relation.

Next, we shall calculate the image of (ii) by the operator L:

Ly +iv)dy =Y (i + iy )dy (i +iv)dy
u

= (i(v//)/ + i(v//)//)dv//iv/dv —|— (i(v/)/ + i(v’)”)dv’iv”dv

=Y iy +iv)dy (i + i)
uFv
= (i(v//)/ —+ i(v//)//)iv/dv//dv =+ (i(v/)/ —+ i(v/)//)iv//dv/dv

- Z(iv’ + iv”)dv (iu/ + iu”)dw
uFv

By changing names of vertices like in the proof of Proposition 3.8, we get
oy + iy Vivdydy = =iy +i)igydydy, = —Rydydy — iqryiydydy,
and
(itory + iy ivdyrdy + Gy +iyiydydy = —Rydydy + iqyiydyd,
= —Rudyd, —iqryiydyd,
= —Rydyd, — Rydyd,.

Using the A-relation, L(i,y +i,7)d, is equal to zero under the positivity relation.
O

Then we can also get the chain map
Yy Con (W) — C*(Der} (LW))
induced by .
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Example 4.4. Suppose X =#,(S" x §")\Int D*". Its Quillen model is described by

Ly =L(uy,vy,...,ug,vy) (degu; =degv;=n-1), §=0,
(ui, vj) =dij, (Ui, uj) =w;,v;) =0.

It means N =2n —2, W = (uy, v1, ..., ug, V), and Z = {n — 1}. Then the dgl
(Der:ur (Lx),0) is a Quillen model of B auty o(X) (which is proved in [Berglund
and Madsen 2014]). In this case, we can forget all special vertices in the graph
complex since 6 = 0. So we have the chain map

Clon(2n — 2, {n — 1)) /(special vertices) — Cep(Der) (Lx))SP™).

com

This map is constructed by [Berglund and Madsen 2014], and it is proved that the
map is an isomorphism under the limit g — oo.

Example 4.5. Suppose X = CP3 \ Int D°. Its Quillen model is described by

. d
Ly =L(uy,uz) (degu; =2i—1), §=%uy, url—,
ouy

oy, up) =w(uy, u) =1.

It means N =4, W = (uy, us), and Z = {1, 3}. Then the dgl (Der} (Ly), ) is a
Quillen model of B auty ¢(X). Since Sp(W, §) = 1, we have the chain map
Ciom W)+ — Ce(Derf (Lx)) = Cg(Dery (L)) ™.

com
We shall define a certain sub dgl 9 of Der,,(Lx). Put

9 1 )
[er, ur]— Az = 5luz, us]l—

Al = ,
: dun duy

2| —

. ad 0 0 1 d
B = 3lui, MI]EJT + [u1, Mz]a—uz, By = [uy, ”2]87 + 3 lua, uz]a_uz'
| 1

Then we have

8(A1) =48(B1) =48(B2) =0,

d 0
8(A2) = lur, url, uol— + 3[[uz, usl, uyl— =[Ay, A2l = —[By, B,] =: C,
ouy dur

[A;, Bj]=[A;, Ai]=[B;,B;]1=0 (i,j=1,2),
degA; =—1, deg A> =5, deg By =1, deg B, =3, degC =4.
Here we put 6(Z) := [, Z] for simplicity. By the relation above,

:=(Aj, Ay, By, By, C) = Der! (Lx) ® Der’ (Ly)
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Figure 9. The relation of graphs (the orientations are omitted).

is a sub dgl of Der,,(Lx). Its positive truncation 07 is described by
0" = (A, By, By, C),
8(A2) = —[B1, B2] =C, 8(B1) =68(B2) =4(C) =0,
[A2, Bi] =[A2, A2l =[B;, Bil=[A2, C]=[B;,C]=0 (i=1,2).

Let x, y1, ¥2, z be the suspension of the dual basis of A;, B, By, C. Then the
Chevalley—Eilenberg complex of the dgl 97 is written by

Cep() = A(x, y1,y2,2) (degx =6, degy; =2, degy, =4, degz =5),
dx =dy =dy, =0, dz=x—=y1»

and its total cohomology

Heg(F) = Alx, y1, y2)/(x — y1y2).

Since o is the rank < 2 part of Der (Ly), the map Hgg(Der) (Lx)) — Heg(d)
induced by the inclusion has a section. So nontrivial classes in HéE(0+) give
nontrivial classes in HéE(Der$ (Lx)).

The relation dz = x — y; y» in the Chevalley—Filenberg complex is corresponding
to the relation in the graph complex C2y (W), described in Figure 9. Here the
classes x and y;y, correspond to the first term and the sum of the second and third
terms in the figure. Note that y; and y, do not correspond to graphs without external
vertices. According to the positivity relation, all the trivalent graphs appearing in
the right-hand side are cycles since the degrees of two half-edges incident to a
permitted bivalent vertex in Cg;, (W) must be 3.

Example 4.6. Suppose X = CP*\ Int D®. Its Quillen model is described by

. ad 0
Ly =L(uy, uz,u3) (degu; =2i —1), 8= gluy, uy]— +[u, ul—,
ouy ous

w(uz, u3) =w(uy, uz) =1.
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It means N =6, W =(uy, us, u3), and Z={1, 3, 5}. Then the dgl (Der$(LX), d)isa
Quillen model of B auty ¢(X). Defining the linear transformation t by 7 (1) = —u;,
T(uy) = uy, and 7 (u3) = —u3, we have Sp(W, §) = {1, t}. So C;;)}n(W)Sp(W"S) is
generated by graphs labeled by u1, uo, us satisfying #{u, us-labeled vertex} even.
For simplicity, we put

k
[uil te Mik] = [ui]a ceey Mik]cyc = Z(_I)S(kiﬂuiﬁ_] e Mikuh te uis € WCkyC'

s=1

Using notations in Section 3C, we can take a basis of W (2)
[wju;] (i <j} C{l1,2,3}),
a basis of W(3)
%[”iuiui]» wiwju;l, lwiuiu;] (i <j}C{l,2,3}), [uiuous]+[ujuzus],
and a basis of W(4)

ujnjuju;] @G <j),

[ururuous] + [uruiuzuz], [uruausus] — [uiuzuous], [urusuzuz] — [uuzusus].
We put the corresponding rank-0, rank-1, and rank-2 bases of Der,, (L)
Pij, Aiii, Aijj, Aiij, A123, Biijj, Bi123, Bi22s, Bi23s,

and these dual bases p;;, x;jx, and y;ji; of P;j, A;jx, and B;ji;. Then by direct
calculation we have the equations in Cg (Der} (Lx))

dyi2 = x220 — 2x123 + X122X113 — X122X122,

dy2033 = X333X122 + X233X222 — X223%223 — 2X123X233 + X133X223 + 223 Y1233,
dyi133 = X233 — X133X113 — X123X123 — 2P23Y1123,

dy1123 = X223 — X133 — P23Y1122,

dy1203 = X233 + X223X122 + X123X123 — X223X113 — X123X222 — X133X122 + P23Y1123,
dyi233 = X333 + X233X122 — X123X223 — X233X113 — X123X122 + P23)1133.

Here all terms appearing in the right-hand side of the equations are cocycles. For

example, the fifth relation is corresponding to the relation in the graph complex
Coe (W)4 described in Figure 10. In Figure 10, the image by ¢4 of each graph

com
appearing the last term of the right-hand side is zero.
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+ ( graphs including
bivalent vertices

Figure 10. The relation of graphs ((D and (2) mean the orientation
of vertices and the other orientations are omitted).
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