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EXPLICIT WHITTAKER DATA FOR ESSENTIALLY TAME
SUPERCUSPIDAL REPRESENTATIONS

GEO KAM-FAI TAM

Based on the ideas of Bushnell and Henniart, and of Paskunas and Stevens,
we construct explicit Whittaker data for an essentially tame supercuspidal
representation of GL, (F), where F is a non-Archimedean local field.

1. Introduction

Let F be a non-Archimedean local field, V be an n-dimensional F-vector space,
and G be the group Auty (V) of F-linear automorphisms of V, usually regarded as
GL,, (F) by choosing a basis of V. Let = be a supercuspidal representation of G. As
a classical result in [Gel’fand and Kajdan 1975], we know that 7 admits a unique
Whittaker model. More precisely, take a tuple of Whittaker data (V, 1) consisting
of a maximal unipotent subgroup N of G and a nondegenerate character ¥ of N, in
the sense that its restriction to every simple root subgroup of N is nontrivial, then

we have
Homg (77, Ind$ ) = 1.

As another classical result in [Bushnell and Kutzko 1993], we know that

is isomorphic to a compactly induced representation from a finite-dimensional
representation A of an open compact-mod-center subgroup J of G; that is,

T = cInd?A.

Using Frobenius reciprocity and Mackey’s formula [Kutzko 1977], the existence
and uniqueness of a Whittaker model is equivalent to the existence of a pair (N, )
as above such that

(1-1) Hompnjy(4, A) #0,

and the pair is unique up to conjugation by J [Bushnell and Henniart 1998].

The above is the starting point of [Bushnell and Henniart 1998] in describing
an explicit Whittaker function for a supercuspidal representation. This description,
together with the result in [Paskunas and Stevens 2008], turn out to be useful in
computing the epsilon factor for a certain pair of supercuspidal representations which
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differ only at the “tame level” (see [Paskunas and Stevens 2008, Section 7] and [Kim
2014, Theorem 4.4.3]). However, as pointed out in the introduction of [Paskunas
and Stevens 2008], the proof of [Bushnell and Henniart 1998, Lemma 2.10] contains
a gap, so they have to bypass the problem using a “black box™ case (explained
below) in [Paskunas and Stevens 2008].

The purpose of this paper is to construct explicit Whittaker data (N, i) for an
essentially tame supercuspidal representation 7. The essential tameness condition
means that, by the definition in [Bushnell and Henniart 2005], if the group

{x : unramified character of F* such that (x odet) @ w = 7}

has order f, which is necessarily a divisor of #, then the residual characteristic p
of F does not divide n/f. We will explain the advantage of restricting to the
essentially tame case at the end of this introduction.

We summarize briefly the method of constructing our Whittaker data, mostly
following Theorem 3.3 and Section 4.2 of [Paskunas and Stevens 2008]. Let 6 be
the simple character of a compact subgroup H'! of G, in the sense of [Bushnell and
Kutzko 1993, Section 3.2], underlying a chosen inducing type A of w. Associated
to 0 is an element 8 € A = Endp (V) such that Eq = F[B] is a subfield of A and is
tamely ramified over F' in the essentially tame case. We will construct a maximal
unipotent subgroup N satisfying

Olminy = Vgluinn,

where g : A — C, x — Ypotry/p(B(x —1)) with ¥ being an additive character
of F trivial on pr but not on o, together with other conditions in [Paskunas and
Stevens 2008, Theorem 3.3].

The above unipotent subgroup N is defined by a particular ordered basis b of V,
given in (4-4). To describe it briefly, associated to the element 8 is a set {,B,-};ZO
of approximation elements such that Zfzo Bi = B and, in the essentially tame case,
that £; = F [Z j<i ,8,-] form a tower of intermediate (tamely ramified) extensions
between Eq and F. When ¢ =0, which is known as the minimal case in [Bushnell and
Kutzko 1993, (1.4.15)], we define b cyclicly using the element 8, similar to the one
defined in [Bushnell and Henniart 1998, 2.1 Proposition]. In the presence of multiple
approximation elements (i.e., t > 0), we define b cyclicly also, but in an inductive
way along these elements. Our b is different from the one defined in [Bushnell and
Henniart 1998, 2.1 Proposition] at the level of the complexity of approximations.

It is unknown whether ¥4 can be extended to a character of N; however, using
the matrix presentation of 8 with respect to b, we construct an analogous element
o € A such that Y = i, is a nondegenerate character of N. As the main result in
Theorem 5.1, we will show that v satisfies

1MH'ON = Wﬂ|HlnNa
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and that the conditions in [Paskunas and Stevens 2008, Theorem 3.3] are satisfied
as well, which is enough to imply that (1-1) holds for our (N, ¥). As a note, the
case when [Eg : F] = n, i.e., Eyg is a maximal subfield in A, is the “black box”
case deemed by [Paskunas and Stevens 2008]. Hence when Ey/F is moreover
tamely ramified, our (N, y) serve as a “black box” character for the arguments in
[Paskunas and Stevens 2008, Section 3].

The description of our basis b, combined with the results in [Paskunas and Stevens
2008; Kim 2014], provides a direct formula of the conductor of the epsilon factor
for a certain pair of supercuspidal representations mentioned above and which are,
as in our present paper, essentially tame. Such a formula can also be deduced from
the general conductor formula in [Bushnell et al. 1998], obtained using the theory of
intertwining operators of Shahidi, with an inductive calculation of a certain discrimi-
nant of 8 [Bushnell and Henniart 2003]. We will explain it briefly in the last section.

Note that, using the rational canonical form of B, we can of course extend /g to
a character of the maximal unipotent subgroup Ny defined using the cyclic basis
generated by 8 (as in [Bushnell and Henniart 1998, 2.1 Proposition]). However,
(Ng, ¥g) may not be good Whittaker data; in particular, they do not give the correct
conductor formula for the epsilon factors of pairs in Paskunas and Stevens’ case.

Finally, we remark that the whole development of our main result requires
Ey/F to be tamely ramified. As we will see, the tower of intermediate extensions
{E j}tj':O between Eq and F allows us to define inductively the basis b in (4-4), and
consequently decompose the simple character 6 and the compact subgroup H' N N
inductively to derive our main result. The author believes that a more complex
technique is required for the general case beyond the essentially tame case, and
hopes to deal with it in his future work.

1A. Notations. Let F be a non-Archimedean local field with an algebraic closure
denoted by F. Denote by o the ring of integers of F and by py the maximal ideal
of or. The residue field Kr = or/pF of F is a finite extension of [,. Denote by
vr . F — Z U {oo} the valuation of F.

If r € R, we denote by r+ the smallest integer strictly greater than r.

2. Tamely ramified extensions

The main purpose of this section is to gather some known facts concerning tamely
ramified extensions. More importantly, we consider minimal elements in a tamely
ramified extension, and study how they form bases with nice properties on lattice
filtrations.

2A. Complementary subgroup. Let E/F be a tamely ramified extension of degree
n =n(E/F) and ramification degree e = e(E/F). Put f = f(E/F) =n/e.
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Throughout we fix a chosen uniformizer @wr of F, and let w be the group of
roots of unity with order coprime to p. We also fix @ g and let u 5 similarly for the
field E, and assume that w len g- We define the complementary subgroup
CEg of E* to be the subgroup generated by @ g and g . It can be shown that Cg
depends only on the choice of @wr. Moreover, if K/F is an intermediate field
extension in E, then Cx C Cg. We denote by C }ame the union of all Cg, with E
ranges over all tamely ramified extensions of F.

If r is a positive integer, let U}, be the r-th unit group 1+ p’;. In general for r € R,
we write U, = U }” where [r] is the smallest integer > r, and write U F“ =U }”*
where [r], is the smallest integer > r. We define Uy similarly. Any element
b € E* can be uniquely decomposed as cu where c € Cg and u € U }g We call ¢
the first term of b.

2B. Minimality. At the beginning of this subsection, we only require E/F to be a
finite separable extension of degree n. Later we will require £/ F to be moreover
tamely ramified.

Let £ = F[a] for some @ € E. Denote e = ¢(E/F) and v = vg(«). From
[Kutzko and Manderscheid 1988, Proposition 1.5], we say that « is minimal over F
if it satisfies

D ged(v,e) =1, and
(II) any one of the following conditions:

(a) op[B] = 0k, where K/F is the maximal unramified extension in E/F
al’ld,BINE/K(Ol)/ZD'};. .

(b) The elements {x;};_,, where x; = o Jar "1, form an op-basis of 0.
In particular we have o = 69?;50 FXj.

(c) kg =kply +pEgl, where y = x, = o/ ([Bushnell and Kutzko 1993,
(1.4.15)).

By [Kutzko and Manderscheid 1988, Proposition 1.5], given (I), the three
conditions in (II) are equivalent.

To incorporate the construction of simple characters, we recall another equiv-
alent minimality condition from [Bushnell and Kutzko 1993]. Let V be a finite-
dimensional E-vector space. We first regard V as an F-vector space and denote
A =Endp(V). Let 2 be an hereditary og-order in A, with Jacobson radical {3 and
normalized by E*. Let vy be the valuation on A associated with . Let B be the
centralizer of E in A, and denote B8 = A N B. Recall from [Bushnell and Kutzko
1993, 1.4] the o p-lattice

N (o, A) = {x eQ(:ozx—xoze&Bk}
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and the critical exponent
ko(a, A) = max{k € Z : My (o, A) ¢ B +L}.

By convention, if & € F, we put ko(o, 1) = 0o. In fact, by [Bushnell and Kutzko
1993, (1.4.13)(ii)], the definition is independent of the vector space V. One important
property is [Bushnell and Kutzko 1993, (1.4.15)]

2-1 var(@) = ko(a, 20),

with equality if and only if « is minimal over F.

Proposition 2.1. An element o € F* with finite order modulo F* coprime to p is
minimal over F. In particular, any element in C #™ is minimal over F.

Proof. The second statement follows directly from the first, so we focus on proving
the first statement. The idea of the proof comes from [Reimann 1991, Lemma 2.8].
Let o have finite order modulo F*, and assume that o« ¢ F (otherwise the result is
trivial). We will use condition (2-1) and, since the condition does not depend on
the choice of the vector space V, we can assume V to be E = F[«] as an F-vector
space, and denote A, 2, and 3 as above, so that B = E and 8 = og. The statement
can be proved if we show that

Me(or, A) = 0 + P 2@

forall k € Z. Let T(x) = axa~! for all x € A, which is an F-algebra automorphism
of A. We hence take x € 2 such that t(x) —x € q3k_”9‘(“). If m is the order of « in
F*/F*, we define

m—1

1 .
A= A, X —E "(X),
s — |—>m‘0r()

1=

which is an F-linear projection onto E, and so s(x) € og as m € o. The relation

m—1 i
x=s(x)— Z thfl(f(x) —X)

i=0 j=1
implies that x € oz + 9% ~"2@_ The converse inclusion is straightforward. ([

Corollary 2.2. Suppose that the field E = F|a], for some « € E, is tamely ramified
over F. Then « is minimal if and only if the first term of o also generates E over F.

Proof. We write « = au for some a € Cg andu € U 115 It is straightforward to see
that o satisfies minimality conditions (I) and (c) if and only if a does the same for
field E. O

We provide a useful calculation of the critical exponent of an element generating
a tamely ramified field extension.
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Proposition 2.3. Suppose that B € A such that E = F[B] is a tamely ramified
extension of F, and 2 is an o p-hereditary order normalized by E*. Take ¢ € Cg
and denote y = B —c. If ko(y,2A) < vy (c), then

ko(y,2) ifce Flyl,
ko(p, 2 = {1003 e Iy
vy () otherwise.
Proof. This can be derived from [Bushnell and Kutzko 1993, (2.2.8)]. O

2C. A special property. Suppose that V is an n-dimensional F-vector space con-
taining an op-lattice chain £. We call an F-basis {x j}’}zl of V an op-basis of £, in
the sense of [Bushnell and Kutzko 1993, (1.1.7)], if

(A) it is an og-basis of L(r) for some r € Z, and

(B) there exist a(j,r) € Z,forall j =1,...,n and r € Z, such that
L(r) = GB w7

We may arrange the integers such that a(j,r) <a(j+1,r).

For example, if V is a field extension £ = F[«] as in the last section, then the set
{x; }’}.: | in the minimality condition (b) is an oz-basis of {p;},cz. Indeed, suppose
that {y;} is an ordered set equal to {x;} as a set but with the order rearranged such
that ve(y;) =iif j = fi+k withO <i <eand 1 <k < f, then we have

e—1 f -1 f
(2-2) pE = @ @ PEYfivk @ @ @ Py ik

i=t k=1 i=0 k=1
ifr=se+tforallse€Zandt=0,..., e—1. Indeed we always have the inclusion D
for all r € Z, and we just have to show the equality forr =0, ..., e—1 by periodicity.

We of course have the equality for » = 0 and r = e. We then obtain the equality for
other r by counting the k z-dimensions of successive quotients on both sides of (2-2).

For constructing Whittaker data, we require a special property. Denote by
ve .V — Z U {oo} the associated valuation of £. Let {uj}'}:1 be an og-basis of £
satisfying the following condition.

(*) For every u = Zj ajuj € V witha; € F, we have ve(a;u;) > vo(u) for all j.
This condition leads to the following simple useful result:

Proposition 2.4. Suppose further that vo(u;) > ve(u;) if i < j. For every u =
Y oiaiui €V, ifve(u) > ve(u;) for some i, then aj € pp forall j > i.

Proof. This is because vo(aju;) > ve(u) > ve(u;) > ve(uj), where the first
inequality comes from condition (*) above. (]
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For example, the basis of E in the minimality condition (b), and hence the cyclic
basis {o! }l[i:()F]_l, satisfy the condition (*), by observing from (2-2). If moreover
vg (o) <0, then the cyclic basis also satisfies the conclusion in Proposition 2.4.

3. Essentially tame supercuspidal representations

In this section, we recall the construction of essentially tame supercuspidal repre-
sentations of G using admissible characters.

3A. Structure of admissible characters. Given a character & of F'*, the level of &
is the smallest integer r = rr(§) > 0 such that &| Ut is trivial. We call & tamely
ramified if » = 0.

Suppose that £/ F is a tamely ramified extension and & is an admissible character
of E* over F in the sense of [Howe 1977], which means that for some intermediate
subfield K between E and F,

« if & factors through Ng /g, then E = K, and
o if & |U,§ factors through Nk, then E/K is unramified.

From [Howe 1977, Corollary of Lemma 11] we know that an admissible character &
admits a factorization

(3-D §=8& 1600 NEgsEy) -+ (6o Ng/g,) (&1 0 NE/F),
with notations specified as follows.

¢ We have a tower of field extensions
(3-2) E=E 1DEy2E---2E DE 1 =F,

and each &; is a character of E*. This tower is uniquely determined by &.

o Let r; be the level of §; o Ng/g,, then r = 1,11 is the level of §. We assume
that & is trivial if .| = r,. We call the increasing sequence of integers
ro < --- < ry the jumps of &, which are uniquely determined by &. For later
computation, we put r—_; = 0.

 If Eg = E, then we replace (§oo Ng/g,)é—1 by &o. If Ep C E, then we assume
that £_; is tamely ramified and E/Ej is unramified.

We PUtéf:ll =E0oNE/E,, where Eg=8&0(§10NEgy/E,) - - (§:0NEy/E)(Er+10NEy/F)-
Note that the jumps {r;};_, depend only on Ego Ng/k, |Ué , and are invariant under
the Galois action on &.

We fix an additive character i of F, which is assumed to be trivial on py but
not on o. For any tamely ramified extension K /F, we write Y x = ¥rotrg/r.
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We recall several results from [Moy 1986, Section 2.2]. Fori =0, ...,¢t+1,
suppose that s; is the level of §;, which means that s;e(E/E;) = r;; then there is
Bievg — pgis"Jr such that

— si/2+
(3-3) §i(x) =Yg (Bi(x—1)), forallxeUg ™.
This B;, depending on the choice of &, can be regarded as in p;" — p;" " and
chosen mod p%_r"/z)Jr. Let ¢; € Cg, be the first term of §;. Fori =0, ..., ¢, each
character &; is generic over E;; [, in the sense that

(3-4) Eiiilcil = E;,

which implies that

(3-5) ged(s;, e(Ei/Eit+1)) = 1.
We write
(3-6) B=pBE) =B+ -+ Bit1.

Note that vg(8) = —r, the level of £&. When r =0, i.e., £ is tamely ramified, then
all &, withi =0, ..., + 1, are trivial, and we take g = 0.

Proposition 3.1. Fori =0, ...,1:
(i) Ei =F[Br+1+---+Bil
(i) Each B; € E; is minimal over E; .

Proof. We know (i) is true because we have a decreasing sequence (3-2) of field
extensions, while (ii) follows from (3-4) and Corollary 2.2. O

3B. Construction of simple characters. We identify E as an n-dimensional vector
space V and hence obtain an embedding E < A. We define an hereditary order

A={(XecA:Xph cph forall k € 7}
and its j-th radical
Ph={X € A: Xpk < p/ forall k € 7}, for j € Z.

We also extend the definition such that 3 = *Bg ! and ‘ﬁ;ﬁ = ‘Bg ™ for r € R. We
then define the following subgroups in G,

Uy =Ug=2A% and Uf=1+%}, foralljeZ,

and define U} and Uy " similarly for r € R-¢. Finally, we define B;, P, and 213;:
as the centralizers of E; in 2, I35, and ‘Bgfr respectively, and define the subgroups
Us,, U&i, and Ugir in Uy as the centralizers of £ l.X in Uy, Ugrl, and UQTF respectively.
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Given an element o € A, we denote a map
Yo A— C, x> Yrotryr(a(x —1)).

If v = vy (o) < 0, then the restriction of ¥, on UQI W/2F defines a character, which
is trivial on UQT”JF.

Given an admissible character & of E*, we recall the construction of a simple
character 6 = 0, in the sense of [Bushnell and Kutzko 1993, Section 3.2], on the
compact subgroup

1 _ pgl._ g7l grro/2+ Te—1/24 571 /24
H'= HY == Uy UR - Uy ug?

(note that B,,; = 2() and whose restriction onto U é coincides with &|, 1 Like &,
this simple character also admits a factorization

0 =601 - - - O 11
such that

;| /2 rio1/2 = & odetBi/E,. and 9i|Ur,-/2+mUr[/2+ = 1,0/3,..

U‘IBOU‘Bl Uss, Bip1  Bign
It is well-defined since on the intersection U%l_/ ¥ the characters are equal, by (3-3).
Note that when r = 0, we take 2 = M, (o) with H' = Ugll, and 6 is the trivial

character of H'.

Proposition 3.2. The assignmentélué > 0 is well-defined, i.e., it is independent
of the factorization (3-1).

Proof. The verifying arguments are quite routine, so we only provide a brief idea
as follows. Before we begin, in order to reduce the load of notations, we denote
the restriction of any character ¢ of some E* to U }E just by ¢ instead of ¢|U}5 , and
similarly if we replace E by other fields.

First of all, remember that the jumps {r;} and the intermediate subfields {E;} in
(3-2) are uniquely determined by &. Suppose we have another factorization of &
whose factors are {Si’ }“rl then we can inductively deduce that, fori =0, ...,t+1,

i=—1

3-7) Siiléi/qsi—l =¢io NEi/Ei+1

for some characters ¢; of U ém, each of whose level ¢; is less than s; =r;/e(E/E;)
because of (3-5). We remark that here we take ¢_; and ¢, to be trivial. In the
additive level, suppose that

(3-8) ¢i(x) = Vg, (yi(x — 1)) forall x e UJ/>*

Eix1

then (3-7) becomes, fori =0, ...,t+1,
(3-9) Bi+vici—Bi=vi

for some element y; € E;11, and we take y_; = y;4+1 =0.
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Now we consider the restriction of 6 to U%i/ +21+ on which each factor 6; is equal to

K/fﬂj if j <i, and é’j OdCtBj/Ej = (‘5] ONE;/E_/) odetB,/El. if j >1i.

Similar results apply to each factor 9;. of 8”. We then apply (3-7) and (3-9) to obtain

0O Iy =i odets.ymi Uy
i+
which is just trivial because of (3-8). Therefore, we have 6 = 6. O

Given & with 8 as in (3-6), we associate a stratum [2(, r, 0, 8], in the sense of
[Bushnell and Kutzko 1993, (1.5)], to &, where r = —vg(8). Note that we have
taken 8 = 0 when & is tamely ramified, in which case the associated stratum is null
M, (0F), 0,0, 0].

Proposition 3.3. (i) If the level r of & is positive, then the stratum [, r, 0, B] is
simple, with a sequence of approximation strata [, r, r;, y;1, where

t+1

Yi = Zﬁj,
j=i

and each with a derived stratum [*B;, r;, ri — 1, ¢;], all in the sense of [Bushnell and
Kutzko 1993, (2.4.2)].

(i) 8 € C(&A, 0, B), the set of simple characters in the sense of | Bushnell and Kutzko
1993, (3.2.3)].

Proof. We first prove (i), which is to show that the sequence [2, n, r;, y;] satisfies the
conditions in [Bushnell and Kutzko 1993, (2.4.1)]. In fact, many of the arguments
are routine, mostly following from constructions. One technical part is [Bushnell
and Kutzko 1993, (2.4.1)(iv)], where we have to show that

ko(y;,A)=—r; foreachi=0,...,1.

We first decompose 8 term by term as 2;21 a; with @; € Cg and vg(a;) = —i.
Hence g8, = Z?:r,-,l 41 4; and a,, = ¢;. We now apply induction, assuming
that ko(yi4+1,20) = —ri+1, which is less than vg(c;). By the second case of

Proposition 2.3, we have ko(c; + yi+1, %) = —r;. Now notice that each a; with k =
rici+1, ... ri liesin E; = Fyis1+ Y., ai]. In particular y;4 +eri=r,-_1+1 a;=
y;, and so by the first case of Proposition 2.3, ko(y;, /) = —r;.

Once (i) is established, (ii) can be checked just by the definition in [Bushnell
and Kutzko 1993, (3.2.3)]. The case for 0 being trivial (when £ is tamely ramified)
is just by convention, so we move on to the positive level case. By induction along
the approximation sequence in (i), it suffices to show that for eachi =0, ..., ¢+ 1,
we have

O :=0;---011 €CEri—1/24+, vi).
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Now the subgroup H'i-1/>* is U%i"/2+ e U%I/f:r For each j > i, the factor
0| gri-12+ 1s equal to

SjodetBj/E ri- 124 rj-1/2 Wﬁ,|U,/2+ Lyt

'U%/ jHl Byl
We hence check the conditions in [Bushnell and Kutzko 1993, (3.2.3)] for the

character ©®;.
(a) We have O] 12+ = (§i(§iv1 0 NEyE 1) - - (410 NEyF)) o detp, /.
B;

oy

(b) The compact subgroup H'i-'/?* is clearly normalized by
R(B)) ={x € B 1 x 'B;x =B},
and so are the characters §; odetg, /g, and g, for j > i.

(c) We have H"/*>*+ = U%/2+ . Ug[/f:r on which the factor ¢; is equal to ¥,
and ®; 41 € C(A, r; /2+, vi+1) by induction assumption. O

We show very briefly that our 6 agrees with the one in [Bushnell and Henniart
2005, Section 2.3]. We will not go into detail as it incurs heavy definitions and
notations from transfers [Bushnell and Kutzko 1993], endo-classes [Bushnell and
Henniart 1996, Section 7], and tame liftings [Bushnell and Henniart 1996, Section 9],
but only refer to the references as given.

Suppose that £ is an admissible character of E*, with an associated stratum
[2L, r, 0, B] as constructed in the previous section, and 6 € C(2, 0, 8) is a simple
character of a compact subgroup H' of G. Recall from [Bushnell and Henniart
2005, Section 2.3] that, if we write &| UL = EooNE/E, for some character Eg of U }EO,
and denote the endo-classes of 6 and E¢ by ££(6) and Eg,(Eo) respectively, then a
specific simple character 6 is characterized by the condition that

EE,(Eo) is a Eq/ F-lift of Er(6p).

Our simple character 8 constructed above satisfies this condition, because of the
relation
0 |U}€ = ‘5 |U}E
which is exactly the relation in [Bushnell and Henniart 1996, (9.2)] that defines the
tame lifting of a simple character. Hence 6y = 6
We continue to follow [Bushnell and Henniart 2005, Section 2.3]. On the compact
mod-center subgroup

ro/2 re—1/2y11/2
J=J: =E~ U%U0 "'UsB,l Uy'",
we define an extended maximal simple type A = Ag, which is a finite-dimensional

irreducible representation, depending on £ and whose restriction onto H'! is a direct
sum of 6 = 0:. We then put 7 = 7z := cInde



628 GEO KAM-FAI TAM

Proposition 3.4. (i) The representation 7 is irreducible, supercuspidal, and es-
sentially tame. Moreover, any such representation arises from the above
construction.

(i) We have f(m) =n/e(Ey/F).
(iii) The isomorphism class of w depends only on the orbit of (E/F, &) under

Galois conjugation. (This orbit is called an admissible pair in [ Bushnell and
Henniart 2005].)

Proof. All statements can be deduced from Proposition 2.3 and Theorem 2.3 of
[Bushnell and Henniart 2005]. O

4. A special choice of ordered basis

We continue from the last section. In Section 4A, we provide the desired properties
of our F-basis of E for constructing our explicit Whittaker data. In Section 4B, we
construct such an ordered basis, and express the element 8 and the compact subgroup
H' with respect to this basis. Finally, in Section 4C we provide a factorization of
H' N N, where N is the maximal unipotent subgroup defined by this ordered basis,
according to the one defined by 6.

4A. An inductively subordinate condition. We first consider a general situation.
Suppose that Ey/F is a finite extension with a tower of subextensions {Ei}ﬁi(l)
similar to (3-2), except that we do not require Ey/F to be tamely ramified. Let V

be an Ey-vector space with an og,-lattice chain £ in V. Suppose that, for each

i=0,...,t+1, there is an ordered E;-decomposition of V as
(4-1) v=pwi
jelt

for an ordered set I’ of indices, such that the following conditions hold:

(I) There is a decomposition of ordered sets i+l = L] 1 ;H such that

jer

] i+1
(4-2) Wi= EB with

kelit!
J

(IT) For each r € Z, we have

Lry=PLaenwi,
jelt
which means that the decomposition (4-1) conforms with £ over E;, in the

sense of [Bushnell and Kutzko 1993, (7.1.1(1))] or [Bushnell and Henniart
1996, (10.5)].



WHITTAKER DATA FOR ESSENTIALLY TAME SUPERCUSPIDAL REPRESENTATIONS 629

We call the refining decompositions in (4-1) inductively subordinate to L. Let Fg,
be the associated E;-flag. By regarding all flags Fg, as F'-flags by restriction of
scalars, we have a successive refinement of F-flags

(4-3) Fgy C--- C Fi, S F,
which gives rise to a tower of unipotent subgroups
Npg C---CNp, SN =Nr.

4B. The ordered basis. Let & be an admissible character of E* over F, with
{Bi}:_, the set of approximation elements as in Section 3A. For future computation,
we define an extra element S_; to be a primitive root of unity in uy when E # Ej,
and put f_; =0 when E = E|.

We choose the following ordered F-basis b = {x j};le of V=EFE,
(4—4) X1 = 1 and Xj+1 = ﬂixj

fori =—1,...,¢, if j is a multiple of [E;; : F] but not a multiple of [E; : F].
Note that:

* Ve(xj) < vg(xg) for all j > k, with equality if and only if E # E and k is a
multiple of [Ey : F] with j =k + 1, in which case xz4+1 = f—_1x¢.

o If B ¢ F, then vp(x;) <Oforall j > 1.
We can also define this basis inductively as follows. Let
b= = {1, By, B2, ..., BTN

This is an ordered cyclic Eg-basis of E. Fori =0, ..., + 1, we define

b, (B) ={1, B, 1312, o IBi[Ei:EiJrl]—l}

and, if b'~! is ordered as {z;, ..., Z[E:E,;]}, define
] j—1 E,'ZE,' -1
(4_5) bl] — ZjIBi(j ) +1] )bE,‘Jr] (,Bl)
for j=1,...,[E: E;]. Each b; is an E;-basis of an E;-vector space, and

bl == bl] Ll-- ‘I—IbltE:Ei]’

is an E;,-basis of E. Finally, we have b = b'.
We hence define, fori =0, ...,t+1and j=1,...,[E: E],

(4-6) W]l: = spang b;_l ,

which is an E;-vector space of dimension 1. Condition (I) in the previous section is
clearly satisfied.



630 GEO KAM-FAI TAM

Proposition 4.1. (i) Let L(r) = p’; in V = E; then the refining decompositions
defined by (4-6) are inductively subordinate to L.

(i1) In particular, the condition of Proposition 2.4 is satisfied by the basis b.

Proof. For (i), we claim that condition (II) is satisfied by (4-6). If we show that, for
eachr € Z,

[E:E;]
4-7 pp = @ pcg[(J’r)zj (here b' ' ={z1, ..., 2[E:EN))
j=1

for suitable integers a;(j, r), fori =0, ..., ¢+ 1, then the claim is implied by the
last i. The minimality of B_; implies that (4-7) holds for i = 0, by the remark
after Proposition 2.4 (indeed in this case ag(j, r) =r for all j). If (4-7) holds for
some I, then by the same remark again (substituting £, F and « by E;, E; 1| and §;,
respectively) and the minimality in Proposition 3.1, we show that, for s € Z,

[Ei:Eiy1]-1

—v _ o G=DUE:Eia]-1) b1 kes) i
pr =8 = D el B
k=0

for suitable integers bl.jH(s, k) and where v = (j — 1)([E; : Ei+1] — Dvg, (Bi). We
obtain
. b,y Geai (r,))
PE = Ero Wik
Jik

with wj = z; 87~V EEHI=DH forming the basis b by (4-5). Hence (4-7) holds
fori+1.

For (ii), it is enough to show that (*) is satisfied. We again apply induction on i.
Condition (*) is satisfied by the cyclic basis b, and suppose it is satisfied by b1,
sothatifu =3y i1a;z;jfora; € E; then vg(a;z;) > ve(u). Write

[Ei:Eit1]—1

aj= Y by
k=0

for some b x € E;jy1 and y; x = ﬁlgj_])([Ei:Ei+‘]_l)+k, then by applying (*) on the

E;-basis {yj7k}k for E; we obtain VE; (bj,kyj,k) > Vg, (aj). Now
u= Z bj,kwj,k,
ijkEbi

with w;; as above forming the basis b, and ve(bjrwjx) = ve(ajzj) = ve(u).
Hence (*) is satisfied by b'. ]
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We now provide some properties of the matrix presentations of the elements
and B_1, and also the compact subgroup H', with respect to the ordered basis b.

Proposition 4.2. (i) The matrix presentation B, where j,k =1,...,n, of B
with respect to b takes the form

B e {l—i—pp if j —k =1 and k is not a multiple of [Ey : F],
Pk pr ifj—k>1lorif j—k =1 andk is a multiple of [Ey: F].

(i) When E # E, the matrix presentation (B_1) j x of B—1 with respect to b takes

the form
B €{1+pp if j—k=1andk is a multiple of [Ey : F],
—Lk Pr if j—k>1orif j—k=1 and k is not a multiple of [Ey : F].

(iii) In the matrix presentation of H' with respect to b, the entries in the strictly
upper triangle belong to op.

(We remark that, in cases (i) and (ii), we do not need to study the (j, k)-entries
with j <k.)

Proof. To prove (i), for each k = 1, ..., n, we will determine where the entries
of the k-th column of 8 belong with respect to b. Let i = i (k) be the index such
that k is a multiple of [E;1; : F] but not a multiple of [E; : F]; then xz+1 = B;xk
by construction. If E = Ej, we want to show that the product

1+1
Bri=Y_ Bixi
i=0
lies in
k n
@ Fxp =+ X1+ @ pFx.
=1 I=k+1

First of all, we have

k
- . ,
(4-8) Bivixi+- -+ Biixi € @ Fx,
=1
. . m; m; .
because if we write x; = ;" - - - ﬁjﬂ'ﬂj ' for some integers m;41,...,mj; > 0,

theni > j — 1, and we see that E;1x; € @L  FFx;; in particular (4-8) holds. We
then show that

4-9) Bi—1xk + -+ Boxk € EB PFX].
I=k+1

Forall j <1,
vE(Bjxk) > ve(Bixk) = v (Xkt1).
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By Proposition 2.4, the coefficients of x;, for/ > k+ 1, of all B;_1xg, ..., Box, lie
in pr, and (4-9) holds. When E # E, the proof is similar, except that when k is a
multiple of [Ey : F], we have x;+; = B_1xk, and so

k n
Bxi € @FXIGB @ PrX;.
=1

I=k+1

For (ii), the arguments are similar to above. If k is a multiple of [Eq : F],
then B_1x;x = xp41. Otherwise, we have vg(B_1xr) = v(xx) > v(xr+1), and so
B-1xx € By Fxi ® Dy pro.

For (iii), notice that {x;/ wﬁvE(x"' % eJ}?:l is an op-basis for the lattice chain
L(r) =p% in V = E. With this basis, the entries of Usp, for all i, hence those

of H!, belong to or. If we use the basis b = {x ;j}_, instead, then the (j, k)-entry
Log (xj)/e]—LvE () fe) =

is multiplied by @ . In the upper triangle consisting of (j, k)-
entries where j < k, we have vg(x;) > ve(xr), and so the (j, k)-entry with respect
to bis still in op. O

Corollary 4.3. Vg5 Ivnm (X) =VF (Z'};} Xj j+1), where x i is the (j, k)-entry
of the matrix presentation of x € A with respect to b.

Proof. With respect to the basis b, it is easy to see that the entries of 8+ _; in the
lower sub-diagonal belong to 1+ pr, and those underneath belong to pg. Also, N is
defined by this ordered basis, and the entries of N N H' in the strictly upper triangle
belong to 0. Since v is trivial on p g but not on oy, we have the desired result. [

As a remark, for a fixed 8, there are other bases which also serve our purpose.
For instance, we can take the basis constructed in the same way as b but with all 3;
replaced by their first terms ¢;. One can prove, almost verbatim, that 8 takes the
same form as in the proposition. Also, another factorization of & yields another set
of elements {B;}, and so another g, but the matrix presentation of that § takes the
same form.

We end this subsection with a few examples.

Example 4.4. Let [2, r, 0, 8] be a minimal stratum, and let m be the degree of
Ey= F[B] over F. For a positive integer d, let E be the unramified extension of Eg
of degree d, and take a primitive root of unity in gz. We construct the basis

b={1,8,....8" g™t cpm, ... BT 2R i gdim=Dy

We consider the matrix of g relative to b. On the j-th column where j is not
a multiple of m, the entries are all 0 except the (j+1)-th entry, which is 1. For
k=1,....d,if B™ = ¢(B) for some F-polynomial ¢ of degree m — 1, then we
have B - xpm = B - £*71gRn=D = k=1 gk=Dm=Dg, (8) which lies in the F-span
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of x; for (k —1)m < j < km. Therefore, on the (km)-th column, the j-th entries
for j > km are all 0.

We then consider the matrix of ¢ relative to b. On the j-th column where j is
a multiple of m, the entries are all 0 except the (j+1)-th entry, which is 1. For
s=1,...,m—1,if B7° = ¢,(B) for some F-polynomial ¢ of degree m — 1, then
minimality implies that its coefficients must lie in pp. Now if j = (k — I)m + 1,
where k=1,...,dand!/=1,...,m —1, then

¢xj =g gD DRIED — chgkn=g, 1 (B),

which lies in the pp-span of x; where km < i < (k+ 1)m, in particular i > j + 1.
Therefore, on the j-th column, the i-th entry for i < j + 1 is 0, and lies in pr for
i>j+1

We hence see that the element ¢ + 8 has the desired form as in Corollary 4.3.
Note that we did not assume that Ey/ F is tamely ramified in the minimal case: all
we need to know is that the valuation of g is negative.

Example 4.5. We provide one more example for small n which exhibits the situation
when multiple jumps are present. Let’s take n = 4. As the minimal case is covered
in the previous example, we assume that our simple stratum [2, r, O, 8] has two
jumps. Consider a tower of the form £ D K D F where [E : K] =[K : F] = 2.
For simplicity, we only consider two extreme cases.

(i) Suppose that E/F is totally ramified, and so p # 2. We fix a uniformizer wg
and choose wg and wg such that w,z( =awr and wé =bwyg for some a,b € pr.
Consider the element

ﬂ — w;r + w_lzs + ZD'EZ,

where 4r > 2s >t > 0 and both s and ¢ are odd. The basis constructed by o = @ !

s
and B = @ is

- -, __— —t_ =2
{1, wy°, o oy, o g™}

The matrix of S takes the form

w.;r (awp)™* b—t(aw.F)—(H—s)/Z *

1 o 0 *
0 1 o *
(awF)® 0 1 *

(the last column is unimportant for our purposes).

(ii)) Suppose now that E/F is unramified. Let K = F[¢] and E = K[n], where
¢, n € pp and satisfy the equations ¢2 = a¢ +b and % = (c¢ +d)n + (e¢ + f)
with all a, ..., f € 0. Write @ = wy and consider for example the element

ﬂzw_—r_'_;w_—s_i_nw_—t,
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where r > s > t > 0. With the basis
(1 co™, tnw ™, P =T,

the matrix of B takes the form

o b =2 b(ae+ fom 612 «

1 o +aw ™ (ae+af +be)wH x
(—a/b)w* 1 o "+ bcw! *
(1/byew* 0 1+ (ac+d)yo*™"  *

4C. A factorization for maximal unipotent subgroups. We first work on a general
situation. Let E/F be a finite extension and V be a finite-dimensional E-vector
space, also regarded as an F-vector space. Denote A = Endg (V) and let 2 be
an hereditary op-order in A defined by an og-lattice chain £ in V. Let B be the
centralizer of E in A, and denote B =2A N B.

We suppose that V admits an ordered decomposition & ; W into a direct sum
of E-subspaces, and Fg is the associated E-flag. We further suppose that each W,
viewed as an F-vector space, admits an ordered decomposition into a direct sum
b, W; of F-subspaces, altogether forming an F-flag F in V. Let Mr be the
subgroup of G stabilizing all W;, let Nz be the unipotent subgroup in G defined by
the flag 7, and let Nz be its opposite. Also, define Mz, Nr,, and Nx_ similarly,
using the flag Fp.

Lastly, we suppose that the refining decompositions above are both subordinate
to £, in the sense of the conditions in Section 4A.

Proposition 4.6. (i) For each positive integer k, the subgroups Ué‘[ and Ug admit
an Iwahori decomposition

Uy = (UyN Nz,) Uy " Mz,)(Uy N N7,)

and similarly for Ug.

(ii) For positive integers k| < ko, we have

(Ug Up) N Nr = (Ugt N N£,) Uy N Nx).

Proof. Part (i) is given by [Bushnell and Henniart 1996, (10.4)] and noting that, if
the decomposition conforms with £ over E, it also conforms with £ over F. For
part (ii), we first prove the “maximal” case, i.e., when V is 1-dimensional over E, in
which case Nx, is trivial, and the right-hand side is Ué‘f N Nz. This is equal to the
left-hand side by [Blondel and Stevens 2009, Lemma A.5 Appendix]. If E is not
maximal in A, we can follow the idea in [Blondel and Stevens 2009, Corollary A.6
Appendix]. By (i), we have

Uy Uy’) N Pr, = Uyl NNz, (Ut N NE) Uyt 0 Mp) (Ut N M),
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and note that Nr C Pr,, so
UgUg NNz = (Ug N N£) Uy NNz (Ugt N Mz,) Uy N Mz,) W NE).

The last bracket lies in the maximal case for the Levi subgroup M z,, and so is equal
to Uy N Mz, N N. Since (Uy> N Nz,)(Uy N\ Mz, N Nz) = Uy’ N Nz, we have
the desired result. U

We further assume that £/ F is tamely ramified, with a tower of intermediate sub-
fields (3-2) coming from an admissible character. Let H' be the subgroup defined in
Section 3B, and NFE,- ,fori =0, ..., t+1, be the maximal E;-flags defined by the or-
dered decompositions in (4-6), which are inductively subordinate by Proposition 4.1.

Corollary 4.7. Given a sequence of flags as in (4-3), then
H'N Nz = (U, NN7,) - (Ug* O Np Uy NNF).

Proof. By the inductive subordination, we apply Proposition 4.6 (ii) inductively.

First regard U%O e Ug:l/ *asa subgroup of U%, and so

We can therefore apply induction on U%O e U%t"/ AN 75, and obtain the desired
result. O
Proposition 4.8. 0|yt = ¥glyng!-

Proof. For each i, we already know that 6; is equal to ¥g, on

ri/2 re /2
WUy NNz, Uy N N7)

i+1

from its construction. It suffices to show that 6; on
1 i—1/2+
(Uss, Nz -+ (U T N N,

which is &; o detp,/f;, is also equal to ¥g4. Indeed, on all N Fr for j < i, the
character detp, /g, is trivial, while g, is also trivial since i € Mr, C M Fr,- ([

5. The main result

Let 7 be an essentially tame supercuspidal representation compactly induced by
an extended maximal type (J, A) which contains a simple character 8 € C(2(, 0, 8)
associated to an admissible character £, and N = Nz be the maximal unipotent
subgroup defined by the F-flag

j
F={V;}i-;, where V; = @ Fxg,
k=1

and {x; };f: | 1s the ordered basis constructed in (4-4).
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Let:

* o be an element in Mat, (F) whose matrix representation («p) j x With respect
tobis1if j —k=1butis 0if k is a multiple of [Ep: F],andis 0if j —k > 1
(and can be anything if j < k).

e a_1 be an element in Mat, (F) whose matrix representation (_1); with
respect to b is O if j —k =1 butis 1 if k is a multiple of [Ey : F'], and is O if
Jj —k > 1 (and can be anything if j < k).

e 0 =0_1 +qp.

Hence, with the notation defined in [Paskunas and Stevens 2008], we have

an}::{xeA:xVicViH and xV; ¢ V; for all i},

and so by [Paskunas and Stevens 2008, Lemma 1.2] v, defines a non-degenerate
character of N. (Note that, in contrast, /g may not extend to a character of the
whole N.)

Theorem 5.1. Hompyn (s, A) # 0.

Proof. We show that the condition at the beginning of [Paskunas and Stevens 2008,
Section 4.2] is satisfied, then our result is implied by Corollary 4.13 of the same
work. Hence it suffices to show that (F, v,, ¢—1) satisfies the conditions (i)-(iv)
in Theorem 3.3 of the same work.

(1) This condition is just Fg, C F in our notation, which is true by construction.

(i1) In Proposition 4.8, we showed that 0| y~g1 = ¥g|yngy1. Now with the ma-
trix representation of 8 and elements in H'! in Proposition 4.2(i), we know that

Velnnat = Yool nnmt -
@ii1) If E = Eg, then N Fa, is trivial and the result is clearly satisfied. If E # Ej,

then 4, on N Fe, is trivial since the matrix entry (ceo)x x+1 With respect to b is 0
when £ is a multiple of [Eq : F].

(iv) The maximal unipotent subgroup Nz, NUs,/ U;}BO of Uy, / U%O is defined by
the cyclic basis

{ia B—l’ 5317 LECICEY B[,Ei:EOJ_l}v

where each x is x + Py, € U%O/U%O for x € Ugp,. The character yg_, clearly
defines a nondegenerate character, by arguments similar to [Bushnell and Henniart
1998, 2.1]. This character is equal to ¥, , by Proposition 4.2 (ii). O

5A. A formula for the Artin conductor. Suppose that (;r1, 7p) is a pair of essen-
tially tame supercuspidal representations of GL,, (F'), for i = 1, 2, such that their
extended maximal simple types contain the same simple character, hence the same
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associated simple or null stratum. Recall the conductor of the epsilon factor for the

pair (1, m) computed in [Paskunas and Stevens 2008; Kim 2014], which is
niny

e(Eo/F)[Eo: F]

fr1 x m2) = (11 X 1) + VE (X[Ey:F1/X1),
where 7; is a supercuspidal representation of GLy, /(£,.r)(Eo), compactly induced
from the “level-zero” component of the extended maximal simple type of 7; (see
[Paskunas and Stevens 2008, Section 7]).

Let’s compare this result with the calculation in [Bushnell et al. 1998, Theo-
rem 6.5]. The conductor formula implies that

¢(B)

f(r1 x 1) = (11 X 72) +n1n2m-

Here ¢(B) is a certain kind of “discriminant”, whose value can be inductively
computed from [Bushnell and Henniart 2003, 3.1] as

c«(Bi)  (Bit1) ko(ﬁi,m)< 1 1 )
[E '

[Ei: FP [Eis1: FPP ' e(Eo/F) \[Eis1: F1 [E;: F]

We can rewrite it into a direct formula as

LB FINS o e .
«(B) = ET ) ;qE CEip1] = [E : EDko(Bi, 20).

In the essentially tame case, our result implies that

t

(5-1) vE(Eer1/X¥1) = Y _(E : i1l — [E : EDve(B).

i=0

We can use Proposition 2.3 to see that our result (5-1) agrees with the calculation
in the above literatures.
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