SINGULAR PERIODIC SOLUTIONS
TO A CRITICAL EQUATION IN THE HEISENBERG GROUP

CLAUDIO AFELTRA

Volume 305 No. 2 April 2020






PACIFIC JOURNAL OF MATHEMATICS
Vol. 305, No. 2, 2020

dx.doi.org/10.2140/pjm.2020.305.385

SINGULAR PERIODIC SOLUTIONS
TO A CRITICAL EQUATION IN THE HEISENBERG GROUP

CLAUDIO AFELTRA

We construct positive solutions to the equation
0o+2

—Aynu =u 0-2
on the Heisenberg group, singular in the origin, similar to the Fowler solu-
tions of the Yamabe equations on R"”. These satisfy the homogeneity prop-
erty u o8y = T~2~2/2y for some T large enough, where Q =2n+2 and
is the natural dilation in H"”. We use the Lyapunov-Schmidt method applied
to a family of approximate solutions built by periodization from the global
regular solution classified by Jerison and Lee (1988).

1. Introduction

Let H" be the Heisenberg group with its standard pseudohermitian structure. The
problem of studying constant Webster curvature pseudohermitian structures confor-
mal to the standard one, in the spirit of the classical Riemannian case, is equivalent
to finding the positive solutions of the equation

0+2

(1) — st =u 02,
where Ay is the sublaplacian and Q = 2n + 2 is the homogeneous dimension (in
Section 2 we will recall the preliminary definitions about the Heisenberg group).

The positive solutions of (1) satisfying some integrability hypotheses were
classified by Jerison and Lee [1988], and they correspond to conformal factors that
transform the standard pseudohermitian structure of H" into the push-forward of the
pseudohermitian structure of the sphere S*"*! ¢ C"*! with respect to the Cayley
transform, up to translations and dilations. This classification plays an important
role in the solution of the CR Yamabe problem, see [Jerison and Lee 1987; Gamara
and Yacoub 2001; Gamara 2001; Cheng et al. 2017].

In the Euclidean space the analogous equation,

n+2
(2) —Appru =un-2,
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is well studied, being related to the Yamabe problem, and being analytically inter-
esting due to a lack of compactness.

The Yamabe equation in R” also arises when looking for extremals of the
critical Sobolev—Gagliardo—Nirenberg inequality. These were classified as “bubble
functions” independently by Aubin [1976] and Talenti [1976].

A complete classification for solutions of (2) (without integrability hypotheses)
was given by Caffarelli, Gidas and Spruck [Caffarelli et al. 1989]. In this case
also the solutions on R" \ {0} were classified. In addition to the regular ones on
the whole space, there is a singular solution corresponding geometrically to the
cylindrical metric, and a family of singular solutions, the Fowler solutions, which
correspond to a family of periodic metrics on the cylinder which are isometric to
the Delaunay surfaces (see [Mazzeo and Pacard 1999]).

This terminology is in analogy with the structure for axially symmetric constant
mean curvature surfaces: in this case Delaunay surfaces bridge the sphere and the
cylinder (see [Mazzeo and Pacard 2001]). Furthermore, the Fowler solutions have
been used as building blocks (see for example [Mazzeo and Pacard 1999]) for the
construction of more general solutions (as well as for the constant mean curvature
Delaunay surfaces).

The above classification has been used to study the asymptotic profiles of general
singular solutions (see [Korevaar et al. 1999]), and solutions with singular behavior
as with Fowler’s ones arise in the study of blow-up limits for the prescribed scalar
curvature problem (see [Li 1995; 1996; Chen and Lin 1998]).

The aim of this article is to prove, in analogy with the Euclidean case, the
existence of a family of solutions to (1) satisfying a periodicity condition with
respect to dilations, that is such that u o 7 = T%u for some T, o (see Section 2
for the notation). A simple computation shows that it must necessarily hold that
o = —(Q —2)/2. The main result of the paper is the following.

Theorem 1.1. There exists Ty such that for T > Ty there exists a positive solution
of Equation (1) on H" \ {0} such that

_0=2
uodr=T 2 u,

and T is the smallest period.

On the Euclidean space the proof of the uniqueness of such solutions relies on a
result (in [Caffarelli et al. 1989]), proved by the moving planes method, stating that
the positive solutions of (1) are radially symmetric. In this way the construction of
solutions and their classification is carried out by a standard ODE analysis. This
cannot be done on H". We point out that on the Heisenberg group one cannot
expect a symmetric solution, because the sublaplacian is not rotationally invariant.
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We also point out the recent results in [Guidi et al. 2019], where solutions with
singularities at higher-dimensional sets were constructed with different methods.

Theorem 1.1 is proved by writing Equation (1) as the variational equation of the
functional

s = [ (19 o)

on a space of functions satisfying u o 87 = T~(€=2/2y (the integral is with respect
to the Haar measure, see Section 2).

In Section 3 we will find an estimate of the Sobolev constant for periodic solution
through a Hardy—Littlewood—Sobolev-type theorem for Lorentz spaces. This will
be used to carry out the estimates in the subsequent sections.

In Section 4 we will build a family 27 of approximate critical points of _#7 by
gluing a sequence of suitable dilations of the global regular solution w;. We will
show that these solutions are “almost critical” points, in the sense that on 27 the
differential of the functional #7 is small.

In Section 5 we will prove that a nondegeneracy condition holding for w, can be
carried on ;.

In the final section we will prove the existence of the desired solutions through
the Lyapunov—Schmidt method, reducing the problem to the orthogonal of the
tangent of the curve %7, and therein applying the contraction theorem.

We believe that the construction should give perspectives for the study of more
general singular solutions in the Heisenberg group, in the spirit of the cited results
on the Euclidean space.

2. Preliminaries and notation

In this section we recall some basic definitions and facts on the Heisenberg group,
widely present in the literature. See, for example, Chapter 10 of [Chen and Shaw
2001].

Let us consider the Heisenberg group H* = C" x R, with the convention on the
product

(z1, 1) - (22, ) = (21 + 22, 1 + 2 +2Tm(z1 - 22)).
Let

Yi=Ti=—-2xi—, T=Ty=_—

be the standard basis of left invariant vector fields,

Vi =Y X;)X; + Y)Y

1
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the subriemannian gradient,
diV(Z fiXi+ giYi) =) Xi(f)+Yi(g)
i i

the divergence (which coincides with the divergence with respect to a Haar volume
form), and
Aw =divoVin = Y X7 + Y}

1

the sublaplacian. There exists a constant C = C(n) such that

3) K(x) = x[0=2

is a fundamental solution of the sublaplacian. Let
S'MH") = {u € L*(H") | X;u, Yiu € L*(H")}.
We endow H" with the set of dilations
8(z.1) = (hz, A%1)
and with the homogeneous norm
|z, 0l = (lz* + 5%
The Lebesgue measure dx is a biinvariant Haar measure on H" satisfying
(8)adx = 22 dx;

this is essentially the reason why Q takes the place of the topological dimension n
in many analytic questions.
Letus set B, ={|x| <r}and Qr = Br \ B;. We define the Hilbert space

X7 ={u € S (H") |uody =T 2y}
with the product

(u, v) :/ Vynu - Vynv.
Qr
Let X 7 the closed subspace of Xt of the functions of the form u(|z], 1).
It is known that the positive solutions of (1) are
w, =120 81

and the translates thereof, where
1
(£2+ (1+1z|

@z, 1) =co 2)2)(Q—2)/4'
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The problem is variational: the solutions in ST(H™) of the equation are the critical
points of the functional

5w = [ (Vi = ).

Analogously the solutions of the equation in X are the critical points of the

functional
2 1o
srw = | (Vi = ).

Qr

It holds that
d/r(u)[¢]=/ Vit - Vi — ulu)* "¢

Qr

and that

& Jrwle, v = / Virg - Viryr — (2° = Dlul* oy

Qr

We call _#; the operator associated with this bilinear form in the natural way:

(F1 el ¥) =d* Frw)le, ¥1.

Let us notice that, if u € X7 and E C H" then

20 20
4 f |02 = / H@D/2 o 5,02
8 (E) E
and
) / |anu|2=/ @22V (w0 8,))2.
8, (E) E

In particular, if 1 <r < T then

20 20 20
©) |02 =f |02 +/ |02
(SrQT QT\Qr QrT\QT

20 20 20
=/ |u|Q—2+f |T<QZ>/2uo5T|Q—2=/ w02,
Qr\Q, Q Qr

and by induction and inversion one can extend this formula to every value of r.
Analogously

(7) / |anu|2=/ |Vigue|?,
SVQT S-ZT

and by polarization

(8) / VHnM'VHnU:/ VHnM'Van.
8- Q1 Qr
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The following lemma shows that in integration by parts in X7 boundary terms
are null.

Lemma 2.1. Ifu,v € X7 then

/VHnM'VH)lU:—f Apnu - v.
QT QT

Proof. Let us write v =v;+v Withuy, uz € X7, supp u1NQr C Byr+1)/8\B(r+1)/8
and supp uz N7 41y282r C Bry1y28 \ B3(r+1)/4 (this can be carried out through
a partition of unity).

Then, using formula (8),

f VHnM'Van=/ VHnM’VHﬂU1+f Vit - Vign o
Qr Q Qr

T
/ AH"“‘U1+f Vuntt - Vign vy
Qr S(r+2) 281
/ AHnM'U] —/ AHnM‘UZ
Qr S(r+2) 281

/ AHnu'vl—/ AHnM'UZ
QT QT

:—/ A - v. O
Qr

We will need to restrict ourselves to solutions in X 7. In order to do this, we
observe that, under the identification H"* = R?" x R, the functional _J is invariant by
the group of transformations of the form (z, £) — (Az, t) with A € O(IRZ”)OSp(IRZ”).
In fact it is known that if A = (a;;) € Sp(R>") then this transformation is a group
automorphism of H" (see [Folland 1989], Chapter 1, Section 2), and so it maps the
fields 7; into the fields > jaijTj. So, using the fact that A € O (R?"), it is easy to
verify that _#7 is invariant by this group.

Furthermore, under the canonical identification of R** with C”,

O (R*) N Sp(R*") = U(C")

[Folland 1989, Proposition 4.6].

Since U (n) acts transitively on the unit sphere of C", X7 is the set of the
functions in X7 invariant under the transformations of this form, and so, by the
Palais criticality principle [1979], the critical points of the restriction of #7 to it
are critical points in all of X7.

In the sequel we will need also a particular vector field that plays an important
role in H" (and more in general in homogeneous groups), the generator of the
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dilations. It is characterized by the equation

— 85)=2
dk’le(uo ») “

for every u € ¢ (H"). An explicit expression for it is

d
Z th +yl y +2[E

It is easy to verify that
d
O] kﬁ(uo&\)=Z(uo5k)=(Zu)05A.

Using this formula, it is easy to prove that a function u is homogeneous of degree
« if and only if Zu = cu (an extension to H" of Euler’s theorem).
Furthermore it holds that [ X;, Z] = X; and [Y;, Z] =Y;, and so [V, Z] = V.

Lorentz spaces. In Section 3, to overcome the nonintegrability of the functions in
X7 in the whole space, will need to use the Lorentz spaces, which we recall briefly.

Given a o -finite measure space (X, u) and 1 < p <00, 1 < g < oo, the Lorentz
quasinorm is defined as

lullzracxy = p'/? |2 paflue] > ar Hm(dz/r)‘

Furthermore one defines ||u||f.x) = ||u||z(x). The Lorentz space L?'4(X) is
the set of functions such that this quantity is finite. When p = ¢, |ullLr.r = ||ullLr,
while when ¢ = oo, LP"*° coincides with weak L?.

We will need the following generalization of the Young inequality, which some-
times is referred to in the literature as the Young—O’Neil inequality. It can be
deduced applying Theorem 2.6 in [O’Neil 1963] (with the corrections in [Yap
1969]) and Theorem 1.2.12, Remark 1.2.11 in [Grafakos 2008].

Theorem 2.2. If 1 < p, p1, p2 <00, 1 <gq, q1, g2 < o0 are such that

Lol Ll g Lo L]
i P2 p a7 92 9

then there exists C such that for every f € LP-41(H"), g € LP>22(H") it holds that
I fgllra@my < CllfllLevar @ 18Nl 2oz iy -

Basic definitions on CR geometry. For convenience of the reader, we recall the
basic definitions about CR manifolds, also if we will not use them. The reader can
find more on the topic in [Boggess 1991; Dragomir and Tomassini 2006].

A CR manifold is a real smooth manifold M endowed with a subbundle 57 of the
complexified tangent bundle of M, TC M, such that #°N.J7 = {0} and [#, #°] C ..
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We will assume M to be of hypersurface type, that is that dim M = 2n + 1 and
that dim .7 = n. There exists a nonzero real differential form 6 that is zero on
MRe(A @ J); it is unique up to scalar multiple by a function. Such a form is
called pseudohermitian structure. On a pseudohermitian manifold, the Levi form
is defined as the 2-form on 7 Lo(V, W) = —id6(V, W) =ido([V, W]). A CR
manifold is said to be pseudoconvex if it admits a positive definite Levi form (this
implies every Levi form to be definite).

The Heisenberg group is the simplest pseudoconvex CR manifold, if endowed
with the bundle # = span(Zy, ..., Z,) with Z; = 2(X; — iY)).

On a nondegenerate pseudohermitian manifold one can define a connection,
the Tanaka—Webster connection. This allows to define curvature operators in an
analogous manner as in Riemannian geometry: the pseudohermitian curvature
tensor is the curvature of the Tanaka—Webster connection, the Ricci tensor is

Ric(X,Y) =trace(Z — R(Z, X)Y),

and the Webster scalar curvature is the trace of the Ricci tensor with respect to the
Levi form.

Being a pseudohermitian structure defined only up to a conformal factor on
a CR manifold, in CR geometry the Yamabe problem is even more natural than
in Riemannian geometry. If § = u%/"f, the transformation law of the Webster
curvature is

W = u_l_z/"(znn——f_zAbu + Wu),

where A} is the sublaplacian, which can be defined in a similar way as the Heisen-
berg group. So the Yamabe problem takes to the equation

2n+2
n

Apu+ Wu = qu't",

Since the Heisenberg group has zero Webster curvature, and since the pseudoher-
mitian sublaplacian coincides with the sublaplacian defined formerly, the Yamabe
problem, up to an inessential constant, is equivalent to finding a positive solution to
Equation (1).

The solution of this case plays in the solution in the general case the same role
that the solution on R" plays in the solution of the general Riemannian case.

3. Estimate of the Sobolev constant on X1

In order to carry out the estimates in the next sections, we will need an explicit
bound on the Sobolev constant on X7. We will achieve this relating the L? norm
on Q7 and the L?*° norm on the whole space.
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Proposition 3.1. If f is an L{;C Sfunction on H"* \ {0} such that f o6y =T % f and
ap = Q then

T2 _1\l/p
() Iulirom <2 lulliren < @7 (og )P lull ros e,
Proof. Letus call f(A) = u{x € Qr |u(x) > A}and g(t) = u{x e H" | u(x) > A}.

Then it holds that
g0) =) T T

kezZ
Therefore for every A > 0
)LTD(k
lull? ;) =p/ Pl f(E)dE = pi EPTf(€) dg
0 kez VAT
Tozk
> pi(,\T“k)/ gr~dg = L SO 10 purehy
kez et ” kez
721
=g Mg,

Taking the supremum with respect to A we get the first inequality.
For the other one, let us pick an integer N > 0 and write

Tak+D/N
lell} ooy = / Pl f(&) ds = pZ[ P f(€) de

Tok+1)/N

<p Y Fae f £r dt

keZ

— Z Z(Tap/N - I)TcxpjTapm/Nf(TajTam/N)

m=1 jeZ
N
— (TQ/N -1 Z 79m/N Z Tij(TajTam/N)
m=1 jez
N
=@V =) Y 1NNy < N(T 2N = Dlull]
m=1
Taking the limit for N — oo we get the second inequality. (]

Using Theorem 2.2 we can prove a Sobolev type inequality for weak L? spaces.

Proposition 3.2. There exists a constant C such that every function u € L>*°(H")
with Vu € L>®(H") verifies

llull ;20/00-21.00 < C|| V]| 200
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Proof. Let E ={u > 1}, EC=H"\E, uy =uyg-+ xg and up = (u — 1) xg, so
that u = u| + u,. It is standard to prove that #; and u, have weak subriemannian
gradient and that

Vuur = (Vuu)xee,  Vauo = (Vuu) xe

(the proof is the same as on R"). It is easy to prove that u; € S?(H") for p > 2 and
that up € S9(H") for g < 2. If ¢ € €2°(H") it holds that

(10) P(x) = (@) (x) = (¢ * (A K))(x)

= [ V@) xy™) (Vi K)(3) dy 2= (Vi + Vi K) (x)

Formula (3) implies that Vi K € L2/(@=1-% and so, by Theorem 2.2, the operator
f = f* VK is bounded from L? and L7 to some other Lebesgue spaces.
Therefore, using the density of €>° in S”(H") for 1 < p < oo, formula (10) holds
almost everywhere for functions in these spaces, and so it holds for #; and u,. By
summing one obtains that

u=VyuxVy K.
The thesis follows applying Theorem 2.2 once more. ]

We point out that in the proof of the last proposition the splitting of u in two
pieces belonging to some L? space was necessary because ¢>° functions are not
dense in the weak L? spaces.

Combining Propositions 3.1 and 3.2 we get the following Sobolev theorem for
X7 spaces with an explicit constant.

Proposition 3.3. There exist a constant C independent of T such that for every
ueXr

92, 70 \1)2
lelene 2@ < CUogT) 20 (5= lullx-

4. Construction of a family of approximate solutions

In order to apply a perturbative method, we find a family of approximate stationary
points of _#7 for T big enough.
The family is the following:

0-2,
\'II)L,T:ZCO)L/T/":ZT 2 C())LO(STI(
kez kez
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(we will hide the dependence on T when convenient). The series converges uni-
formly on compact sets, because, if x € K,

0-2
W)=Y T 2 *wy 08
kez
2

0-2,
<Cik Z 2 TR 2)+CAKZT <CA,K~
>0 k<0

The subriemannian gradient satisfies

0-2
Ve W ()| < Y T2 “THVipw| 0 874
keZ

9 1 9y
fCA,KZTz m+CA,KZT2 <Cuk
k>0 k<0

and so it converges uniformly on compact sets. The same holds for higher order
subriemannian derivatives. ¥, € X7 because

0-2 -
\I’AOST:ZT 2 ka))LOSTkoéT: ZT 2 wAO(STk— 2 \IJ)L
kez keZ
It holds that
-2, 0-2, 1
\IJTA—ZT 2 wTAO(STk ZT 2 (T)L)(—QZ)/ZQ)O(SI/”OSTI{
kez kezZ
0-2,_ 1
ZZT 2 k Dma)oal/logzﬂf—l: T 2 (k l)a);\O(Squ:‘-I’;\.
kez kezZ

Therefore the set 27 = {W; | A € (0, 00)} is a closed curve in X7.
Moreover, using formula (9), it can be computed that

v, d 0, _o_
(11) W:ﬁzwk/Tk:Zﬁ()\. (Q 2)/2601/Tk 08);1)
ke

keZ
0-21 _0-2 1
—Z ———a)k/Tk A 2 ﬁ)\.Z(a)l/TkO(S);l)
keZ
0-21 1
—Z _—_wA/T"_XZ(wA/Tk)
keZ
0-21 1
== V-2
G (V).

This implies that the curve %7 is immersed for 7' big enough, because if 3%

was zero then Z(W;) = — —\IJA would be zero, and by the aforementioned Euler S
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theorem W, would be homogeneous of degree —%; but it is clearly not by

construction if 7" is big enough.
We want to prove the following proposition.

Proposition 4.1. For every ¢ there exists Ty, depending only on n, such that if
T > Ty then ||Vun Z7l < € on 7.

We divide the proof in several lemmas.
First we compute the differential of #r in W :

(1) d sl = [ Vs Viou =07
Qr

2%—1
/ ZVHna)}L/Tk VHnu— (Zw)‘/Tk> u
Q

T kez kez

—Z(/ VHna)k/Tk ‘VHnM—a))\Q/;k M)
kez
g+2 0+2
Q_
(S ) -0l ]

keZ kez
:=A+B.

Lemma 4.2. In the above notation, A = 0.

Proof. We have

+2
A= Z/ (anwk)oaTk Vigru — (T@~ 2>/2’<)Q Z(wAO(sTk)g 2y
keZ
2, 042, 0+2
—Z/ T2"(Vyrwy) o7k - Vpnu — T 2 ((,())LOSTk)Q 0-2y
keZ
042
- Z/ T‘kQ[TngHnw,\ (Vi) 0 Sk — TQT”"%Q‘ZM osT_k}
keZ 8TA(QT)
0+2
:Z/ 7% “T* Vs, - Vi (0 874) — 0.2 " u
keZ 5Tk(QT)

0+2
0

) =2
= E f Vi wy, - Vg — w,, u:/ Vinwy, - Vignu — w,° " u
keZ 5Tk(QT) "

0+2
0

Let us pick a family of smooth functions ¢, r such that ¢, g = 1 on Bg \ Ba,
@e.r =0 0n B, and H"\ Bgy1, |Virge gl << on By, \ B, and Vi, g| < C on
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BR+1 \ BR. Then

A= 1lim | (Vipw, - Vipu — o 2 C D) g, ¢
e—0 Hn
R—o00

= lim | —(Apa, +o @O
e—>0 H~»
R—o0

UPe g — UV @y - Vign e R

=— lim LtVHna);L . VHn ©Ye,R — lim uVHn ), - VIHI" ©De.R-
R=00 J Bri1\Bk 620/ By \B,

If x — oo then Vipw, < 1/]x|27 " and u < |x|7(@72/2 and so the first limit is
zero. If x — 0 then Vipw, <1 and u < |x|~€~2/2, and so also the second limit
is zero. Therefore A = 0. O

Now we have to estimate the term B from formula (12).

Lemma 4.3. In the above notation
|B| < C(T)|lullx;»

where C(T) tends to zero uniformly in A as T tends to infinity.

Proof.
442 042
|B|S/ [(Za)x/Tk> wa/Tk]ml
keZ kez
2
£ 9w
0—2
Lz
keZ
Q+2 20 042
in% ¥2)720
Z Wh/ Tk — oy llull 20102 (027
keZ
+2 2 +2
9-2 5 929650\
<C(logT) 22 ||lu|x, / Zwk/Tk — o)
Qrl \kez

o2
=C(logT) € Jlullx,

0-2 o+2
/ (lel e k) B 0, §3]0 ar 1%
/T =

keZ

by Proposition 3.3 (taking 7 > T > 1, since we are going to make a limit for
T — o0). Let us define n; = |x|‘¢72/2w,. Then

20
02 02 9129952 dx |20
|B| < C(log T) 22 IIMIIXT{/ [(Z’“/Tk> - 2] IXIQ} '
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By periodicity we can suppose that % € [1 JNT, T ], with A = A(x). The function
. is bounded and tends to zero for |x| — 0, 00. If K > 0 and T is large enough
then n, /7« satisfies estimates

0 (9
(T*/2))x] 2 L\ 2 1\ *=1/2(0-2)/2
o= () - <05 T <@
(T~ /1)Ix] )

and
|\ 2 (k=1/2(0-2)/2
X 1 - -
_ < < < (—)
s "(x)'w<1+<T—k/A>2|x|2 (Tk ) “\T

uniformly in A. It is easy to verify that, for o, § > 1 the function

0-2
2

[(x + ) —x*]°
x(‘x—l)ﬁylg —|-y0115

is bounded on (0, c0)?, and so there exist C such that

[(x+y)* —x“1 < C(x @ VPyP 4 yF)
for x, y > 0. Taking

20

0+2
= Y= ) My “=o= M FEG

keZ\{0}
one gets that

9-2
|B] = C(logT) 22 |lullx,

5 ot %7 ax 155
(EEA(e) + =27 dx
AL (2 mr) (X ) i)
T

keZ\{0} kez\{0}
Let
QIT={erT|)\(x)<1} and Q%:{erTU»(x)zl}.
Then
0- 20
Q-2 0+2
B < C(log T) 20 ||u||xr{<f / ){ Gl 2)( > mm>
keZ\{0}
2 042
% dx |2
+ Z M) T* |0
keZ\{0}

92 1\"g 012, (1 4'—2] dx }2Q
< C(logT) 20 - T x|
< C(logT) ”uHXT{/QT[(T) +(T> |x|2
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_ 0+2
9-2 O dx |20
< C(logT) 2¢ ||M||XT{< )2<Q 2 / W}
Qr

S| =

2
9-2 RS 5
< C(logT) 22 ||u||XTi<%)2(Q ? log T} -0
uniformly in A. ([
Proof of Proposition 4.1. 1t follows from the above lemmas. ([

5. Nondegeneracy of the second differential

In order to verify the nondegeneracy of the second differential, we restrict ourselves
to the space X7 defined in Section 2 (which contains Z7). We recall the following
result.

Proposition 5.1 [Malchiodi and Uguzzoni 2002]. A function u € S YHY is a
solution of the following equation:

(13) —Apu= (0" — N %u
if and only if there exist coefficients |, V1, ..., V2, € R such that
9w 2n
A
u= MW‘/\_ + Z(; v T (w;.)
1=

For u to solve (13) is equivalent to being in the kernel of _#”. Since the operator
7" is the sum of an isomorphism and a compact operator on S1(H"™) (see [Malchiodi
and Uguzzoni 2002]) and that it only a negative eigenvalue whose one-dimensional
eigenspace is spanned by w;, (see [Birindelli and Capuzzo Dolcetta 2000]) there
exists a constant C such that if u € S'(H") and

9
(14) | Vipu-Vige a‘?:o, vanu-anT,-(wx)zo, /VHnu-VHnwFo
[H]l'l s n
then
(15) dzf(wmu,u]zc/ Vil
Hn

Furthermore, since #” is selfadjoint and w; is an eigenfunction,

(16) d* 7 (w)[wy, ul = 0.

We want to use this to prove a similar nondegeneracy result for W, on Qr for T’
large enough.
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In order to do this, we introduce on X7 the norm

2
||M||%~,ﬁ:/ (|Vﬂ-|]nl/t|2+| u ‘ )
Qr x|

Thanks to Hardy’s inequality in H” (see Lemma 2.1 in [Bahouri et al. 2005],
or otherwise apply the Holder inequality for Lorentz spaces), if u € S'(H"), then,
under the aforementioned hypotheses (14),

2
@ sl = C [ Vol + [
[H]n

Using this we will prove that, if u € X7 satisfies

oW,
(17) V[]-unu VHH =0
Qr oA
and
(18) / V|].ﬂnl/t'V|]-ﬂn‘~I])L =O,
Qr

then, given € > 0, for T large

d* 71 (W)[u, u] = C/
Qr

2

@2 7 (W)W, W, 1] = C /

Qr

Y
|an%|2+‘—A
x|

and |d2/T(‘I’A)[‘I’A,M]|<8||‘I’/\||T,5§||M||T,5‘a-

ax ’
the inverse is bounded uniformly in 7.

Let us take a radial function p = p(|x]) such that p = 1 on 27, p = 0 on
Bip UM\ Bar), 0 < p <1, |[Vgp| < C on By \ B2, |Vunp| < C/T on
Bor \ Br.

By the computations in formula (11) it follows that

dw;, 0-21 1

A2 -7
ax 7 AT ).
Thanks to formula (11), it can easily be proved that
8\1@ T C 1
19 Vi —| < — .
19) ‘ M | T ax|22

By periodicity with respect to dilations we can suppose the quantity

rQ/ <|an )
B\Bi2
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to be minimal for » = 1. Since there are ~ log 7 mutually disjoint annuli in Q7 of
the form §,{1 < |x| <2}, by easy computations one gets that

Ve + | L \_ )3 g
fBz\Bl/z |x| log7 ™79

and so, calling W = (Bor \ Br) U (B \ B1)2),

2 _cC
2 Vhr 2 )l| < 2 .
20) [ it [ < i

Lemma 5.2. If p is a cut-off function as above, for every ¢ there exists Ty such that
for T > Ty if (17) holds then

ovr ) 1
f Vi (pu) Vign ESX”M“T,S’J
and
/ Vi (ou) Vi W 5| < gllullr,g.
Proof.
8‘-11)L 3‘-1—’)t f a\'pk
Vi Vi = Vin Vip - ViHrut - Vi
/n I]-H(,OM)HHA /ﬂ:ﬂn II-H(IOM)H-I]B)L a H U Hak

3111)L
(,OVHnu + MVHn p)V[H])l
W R

Thanks to formulas (19) and (20) the first estimate follows by easy computations.
The proof of the second one is identical. U

Lemma 5.3. For every ¢ there exists Ty such that for T > Ty if (17) holds then

n u n
. H H a}\ =

il and | Vie(pu)Virar < sl
Proof. Thanks to Lemma 5.2, we can estimate

/v (pu)A Vi 22
—_ n u n
" H (0 H ar

1/2
SC||M||T,YJ</ ) -
Qruw

This quantity can be estimated almost identically as in the proof of Lemma 4.3.
The proof of the second inequality estimate is identical. U

/v (pu)AY, v,
n u n
. H~ (O H I

8\11)\ 8a)
AVip
oA "o
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Lemma 5.4. For every ¢ > 0 there exist constants Ty and C such that for T > Ty if
(17) and (18) hold then

2
u
|d* 7 () pu, pul| zC/ |an<pu>|2+‘|"7 :
Hn
2 2P
|d* 7 () p¥s, pW3]| = C | Vi (p W) + |

and |d* 7 (w)[pWs, pul| < W llr.gllulr.s.

Proof. Since u € X T, Up is invariant with respect to the symmetry (x, t) — (—x, t),
one has

/ Ve (pu) - Vign Ti(@;) = 0.

The claim follows by Lemma 5.3, by (15) and (16), and elementary linear algebra.
O

Lemma 5.5. For every ¢ > 0 there exist constants Ty and C such that for T > Ty if
conditions (17) and (18) hold, then

|d* 77 (W) [u, ul| > Cf | Vipu?,

Qr

|d* 77 (W)W, W, ]| > C/ Vi ;|2
Qr
and |d* 71 (W)W, ul| < el Wallx, lullx,.
Proof. By direct computation we find

|d? 7 () pu, pul —d* 71 (W;)[u, ul|

= ‘ f Vi (pu) [* — 2* — D]y |* ~2p%u* — / Vi |* — (2 — D)W, |* 2u?
Hn Q

T
2% -2 2¥ -2\ 2
f(mm eoaP )
Qr

+ 2" - 1)‘ (/ +/ )Ico,xlz*_z,ozu2
Byr\Br Bi\Bi,2

(/ +/ )(u%vwmz+p2|VHnu|2)'.
Bor\Br Bi\Bi2

The first term can be estimated as in Lemma 4.3, the second in a trivial way, and the
third has been essentially already estimated, to prove that for every ¢ there exists T’
big enough to ensure that the whole sum is bounded by ¢ ||u||§(T.

<@ -1

+2




SINGULAR PERIODIC SOLUTIONS TO AN EQUATION IN THE HEISENBERG GROUP 403

Analogously

f |VHn(pu)|2—/ |VHnu|2‘§e||u||%(T.
n QT

This implies the first part of the thesis. The other statements are deduced in an
analogous manner. O

Proposition 5.6. There exist constants Ty and C such that for T > Ty the operator

7 (W) is invertible on the orthogonal space of aa%

I 277 W) gy < C.

in Xt, and

Proof. 1t follows from the preceding lemmas and elementary Hilbert space theory.
(]

6. Proof of the main Theorem

We have proved that, for T big enough, on the orthogonal in X7 of the tangent of
the curve Z7 the second differential of #7 is nondegenerate, with norm bounded
independently by A and 7. Let us call W this orthogonal in the point ¥, € 2
and m the orthogonal projection on W. We remember that our aim is to solve
Vi 1 (u) = 0. Following the standard reasoning in [Ambrosetti and Malchiodi
2006] we note that this is equivalent to solving

7V I (Wi +w)=0
(auxiliary equation) and
(I — ﬂ)an/T(\I/k + U)) =0
(bifurcation equation) with w € W.

Lemma 6.1. There exists Ty such that the auxiliary equation has a unique solution
wr (A); furthermore sup, ||lwr (A)|| = 0 for T — oo.

Proof. Write
Vi I (Wi 4 w) = Vi F7 (V) + _Z7r[w]+ R(¥y, w)

with R(¥;, w) = o(JJw|)) and R(\¥;, w) — R(¥y, v) = o(||lw — v||), so that the
auxiliary equation becomes

TV I (W) + 7 27 (W) [w] +7 RV, w) =0,

namely

w=— 77 (W) 7 Vi 77 (W) + 7 R(Wy, w)] := Ny (w).
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By Propositions 4.1 and 5.6, N is a contraction if T is big enough, and so the
auxiliary equation has an unique solution w = w7 (1). Furthermore for every r > 0
there exists 7' big enough such that B, (W;) N W is mapped into itself by N. So
sup, ||lwr (A)|| tends to zero for T — oo. ([

Proof of Theorem 1.1. Let us consider the function
Q1) = Jr(V +wi)).

It is continuous and periodic, so it has a stationary point Ag. Following the standard
argument of Theorem 2.12 and Remark 2.14 in [Ambrosetti and Malchiodi 2006],
with the need for only formal modifications, the fact that

’ ’ 8"11)»0 /
@ (o) = I (Wi, +w(Ro)) - i + w (Ao)
implies u = W, + w(Ao) to solve the bifurcation equation, and so to be a stationary

point of 77.

The smoothness of the solution can be proved with the same method of Appen-
dix B in [Struwe 1996].

Also A0=D/2y 08, 1 is a critical point of _¢7, and by the uniqueness in the
fixed point theorem it must be equal to W;; + w(Ao)), and so the whole curve
Q?T = {¥; +w(X)} consists of critical points of ¢#.

To prove the positivity, let us notice that from the proof of Proposition 5.6 it
follows that ¢ (w;) has Morse index one on {)ﬁ% }L. By continuity, the~same
holds for the orthogonal to the tangent space to Z7. Since d ¢t is zero on Z7, the
tangent of fr is in the kernel of _#7. So the Morse index of _#7 on X T 1S one.

By a slight adaptation of the proof of Proposition 3.2 in [Birindelli and Ca-
puzzo Dolcetta 2000] the set {u# # 0} has at most one connected component modulo
o1, and so u does not change sign. By construction it is evident that it must be
weakly positive (and even if it was not, it would be enough to change sign). The
strict positivity follows from Bony’s maximum principle [1969].

The last assertion follows by construction. U
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