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We first prove that a properly immersed static n-dimensional submanifold
(A H = 0) with restricted growth of the curvature at infinity in F**?(c) (¢ > 0)
is totally umbilical if the Willmore functional is pinched by a positive constant
depending only on n. Secondly, we obtain a global rigidity theorem for Will-
more surfaces in the sphere. Thirdly, we give a lower bound on the lifespan
of the surface diffusion flow in F?*7(c). Finally, we get the longtime existence
and convergence of the surface diffusion flow in F>*?(c) (¢ > 0) under the
small initial Willmore energy condition.

1. Introduction

An important problem in global differential geometry is the study of curvature and
topology of Riemannian manifolds and submanifolds. As we know, curvature flows
are powerful tools in the study of sphere theorems as in [Andrews and Baker 2010;
Brendle and Schoen 2009; Hamilton 1982; Huisken 1984; Gu et al. 2017; Liu et al.
2018; Wang 2008; Gu and Xu 2012; Xu and Gu 2013], etc. For instance, Brendle
and Schoen [2009] proved the remarkable differentiable }‘-pinching sphere theorem
via the Ricci flow, which had been open for half a century.

Let F"*7(c) be the (n + p)-dimensional complete and simply connected space
form with constant curvature c. In this paper, we study the motion of an immersed
submanifold with the normal velocity —A H in the space form "7 (c). More
precisely, let f : M" — F"*P(c) be a compact immersed submanifold. The diffusion
flow for submanifolds is a fourth order flow
af
o =

where Vx¢ = (Dx¢)* for a tangent vector field X and a normal vector field ¢

(I-1) —AH,
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on M, A =V;V; and H is the mean curvature vector of M". Denote by A the
second fundamental form and by A° = A — %g ® H the trace free part of the second
fundamental form. When VH = 0, we call M a submanifold with parallel mean
curvature. In particular, M is minimal if H =0. When AH =0, we call M a static
submanifold for the diffusion flow which is a generalization of the submanifold
with parallel mean curvature.

For n = 2, surface diffusion flow (1-1) in R was proposed by Mullins [1957]
to describe thermal grooving in material sciences. From the view of geometric
analysis it appears naturally as the gradient flow of the area functional with respect
to the inner product of H~!; see [Mayer 2001; Taylor and Cahn 1994]. Escher,
Mayer and Simonett [Escher et al. 1998] showed that solutions that start out close
to spheres with respect to the C2#-topology for hypersurfaces exist globally and
converge exponentially fast to a sphere. Wheeler [2012, Chapter 3] obtained the
following convergence theorem.

Theorem A. Let f : ¥ — R3 be a compact surface. There exists an absolute
constant Cy > 0 such that if

f AP du <C,
>

then the surface diffusion flow with initial data f exists smoothly for all time and
converges exponentially to a round sphere as t — 00.

Willmore flow is another important fourth order flow that is closely related to
the surface diffusion flow. Letting M be an n-dimensional compact submanifold in
the space form, the Willmore functional is

(12) Wi = [ 14y da.
M

It is invariant under the conformal (or Moebius) transformations of the ambient
space. When n = 2, the Willmore functional is also called Willmore energy. For a
compact immersed surface f : ¥ — R>*?, the associated Euler—Lagrange operator is

(1-3)  W(f)=AH+ Q(A)H, Q(A°)H = A%(e;, ¢)(A%(ei, ¢j), H).

When W (f) =0, we call it the Willmore surface. The L,-gradient flow of W( f) for
surfaces, briefly called Willmore flow, is a quasilinear geometric evolution equation
af

(1-4) a5 = W

Kuwert and Schitzle [2002] gave a lower bound on the lifespan of a smooth
solution, which depends only on how much the curvature of the initial surface is
concentrated, and in [Kuwert and Schitzle 2001] they proved the following theorem:
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Theorem B. Let f : ¥ — R>TP be a compact surface. There exists a constant
C>(p) > 0 such that if

f |A°1>du < Ca(p),
>

then the Willmore flow with initial data f exists smoothly for all time and converges
exponentially to a round sphere as t — 00.

Kuwert and Schitzle [2004] investigated point singularities of Willmore surfaces
and obtained that the Willmore flow of spheres in R? with energy less than 87
exists at all times and converges to a round sphere.

For other fourth order flows, Bernard, Wheeler and Wheeler [Bernard et al. 2019]
introduced the so-called Chen’s flow and investigated the lifespan theorem and finite-
time singularities for such a flow. Moreover, one class of fourth order flows derived
from the critical point of some constructed functionals in different background
manifolds. Metzger, Wheeler and Wheeler [2013] investigated the gradient flow
of f s |H |> d and proved the lifespan theorem in Riemannian 3-manifold. Link
[2013] also studied this flow in bounded Riemannian manifolds. Magni [2015]
studied the gradient flow of f s |A |2 diu and obtained a smooth convergence theorem
in three-dimensional Riemannian manifolds.

The local existence of these fourth order curvature flows is standard as we can
see in [Escher et al. 1998], for example. In this paper, we first obtain a gap theorem
for an n-dimensional properly immersed static submanifold M" with restricted
growth of the curvature at infinity in F**7(c)(c > 0) under the pinching condition
for the Willmore functional, which generalizes the gap lemma in [Wheeler 2012]
to any dimension and codimension.

Theorem 1.1. Let f : M" — F"*P(c) (c > 0) be a properly immersed submanifold
with AH = 0. There exists a positive constant o (n) depending only on n such that if

/ A°1" du < o (),
M

1
lim inf — IAPdu=0 forx e F"*P(c),
P00 P J 1By (x)

then M is totally umbilical.

Notice that the properness of the immersion implies the completeness of M.
For a complete immersion, if we choose the cutoff function on intrinsic balls, the
properness of the immersion isn’t essential. For higher dimensions, there are few
results about the convergence of fourth order flow, and the above gap theorem
provides a feasible method to handle this problem. Xu and Gu [2007] proved a gap
theorem for complete surfaces with parallel mean curvature in a space form under
the pinching condition fM |A°|*du < D(|H], ¢), where ¢ + |H|?/4 > 0. Moreover,
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they proposed an open problem asking if there is global rigidity for surfaces with
parallel mean curvature under the pinching condition for the Willmore functional.
As a consequence of Theorem 1.1, we have solved this open problem for compact
surfaces in F2*7(¢) (¢ > 0).

For compact Willmore surfaces in a sphere, Xu and Yang [2016] proved a global
rigidity theorem under the pinching condition for [, |A°|* du. Motivated by the
convergence result in Theorem B, we obtain the following global rigidity theorem
for compact Willmore surfaces in a sphere under the pinching condition for the
Willmore functional.

Theorem 1.2. Let M be a compact Willmore surface in the unit sphere S**P. There
exists an absolute positive constant oy (= 6.23 x 1073) such that if

/ AP du <o,
M

then M is totally umbilical.

Next we obtain a prior estimate on the lifespan of the surface diffusion flow
in space forms in terms of the concentration of curvature at the initial time. Our
proof is standard for the analysis of Willmore flow in Euclidean spaces and later in
bounded Riemannian manifolds [Link 2013; Metzger et al. 2013].

Theorem 1.3. Let f : X — F>tP(c) be a compact surface. There exist constants
€1 >0, C < oo depending only on p, such that if p > 0 is chosen with

/ |APdu < e <e(p) foranyx e FFP(c),
F1H(B,y(x))

then the maximal time T for the surface diffusion flow with initial data f satisfies
1
T > —p%
z &P

and one has the estimate
2 1 4
|[Al“du < Ce forO<t<—p".
F1B, () c

Then we perform a blowup at an assumed singularity and construct a static surface
as a limit. Putting the above results together we get the following convergence
theorem.

Theorem 1.4 (main theorem). Let f : = — F>TP(¢) (¢ > 0) be a compact surface.
There exists a positive constant €y(p) such that if

(1-5) /E AP du < €o(p),
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then the surface diffusion flow with initial data f exists smoothly for all time and
converges exponentially to a round sphere as t — 00.

In particular, the convergence theorem for the surface diffusion flow implies the
differentiable sphere theorem and the method can be also applied to the Willmore
flow in a sphere. The key ingredient of the proof is to establish regularity and
stability results in a space form. As we know, the equation of the diffusion flow
is a fourth order equation so that tools related to the maximum principle are not
available. Here we use the Sobolev inequality due to Michael and Simon [1973]
and the Holder inequality to classify the curvature terms especially for | u |A°" du,
then we get the gap theorem for static submanifolds under the pinching condition
for the Willmore functional. However, it contradicts the blowup limit at a finite time
curvature singularity and thus we obtain the convergence theorem for the surface
diffusion flow in the space form F>*7(c)(c > 0).

2. Preparation

Let (F"*P(c), g) be the space form with constant curvature ¢. For an immersion
f:M"™— F""P(c), the basic geometric data associated to f is the induced metric g =
f*gand g(X,Y)=(Df-X, Df-Y) with corresponding Levi-Civita connection V.
Let {e;} be a set of locally defined orthogonal bases and the summation over
repeated indices is used. The second fundamental form is given by A(X, Y) =
D; v/ =Dx(Dyf)— Df - VxY with mean curvature vector given by the trace
H = A(ej, e;) and the trace free part A°(X,Y)=AX,Y) — %g(X, Y)H. We have
the normal connection Vy¢ = (Dx¢)" which acts on the normal vector field ¢
along f. In (1-1) the Laplace operator A¢p = —V*V¢ is understood with respect
to the normal connection, where V* denotes the formal adjoint of V.

When computing tensor identities we freely use vector fields with first derivative
vanishing at a given point. We define the curvature by R+ (X, Y)p=V3 ,¢—V} ¢
and the equations of Codazzi, Gauss and Ricci are

(VxA)(Y, Z) = (VY A)(X, 2),

n

VH=-V*A=— V*A°,

n—1
RX, Y, Z,W)=c(X, ZYY, W) —c(X, W)Y, Z)
+AX, 2)AY,W)—AX, WA, Z2),

RY(X, Y)p = A%(ei, X)(A°(ei, Y), ¢) — A°(er, Y)(A®(ei, X), §).

The Codazzi equation implies that VA and V?A can be expressed by VA° and
V2 A, respectively. In particular one has inequalities

(2-1) IVA| < C|VA®|, |V?A|<C|V?A°|.
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If ¢, ¢ are normal forms, we denote by ¢ * i any normal-valued, multilinear
form depending on ¢, ¥ in a universal, bilinear way. In particular, we have the
properties |@p x| < C|@| || and V(¢ x) = Vo +¢ V. We use the notation
P! for any term of the type

(2-2) P = Z VIA*V2A%-. % VIrA,
i1y =m
Now we derive a Sobolev type inequality in S"*7.

Lemma 2.1 [Michael and Simon 1973]. Let M" (n > 2) be a compact submanifold
with or without boundary in the Euclidean space R"*? with p > 1. For a nonnegative
function g € C'(M) such that glyy =0 if IM # 0, we have

n—1

U gxldu}” < D) [ (VeI + H19)du,
M M

where D(n) = 4"“0{1/", and oy, is the volume of the unit ball in R".

Let M" be a compact submanifold in $"*7. We consider the composition of
isometric immersions M" < S"*? C R**P*! and denote by H the mean curvature
vector of M" as a submanifold in R"T7*!. Then |H|* = |H|*> 4+ n?. Hence we have

for any nonnegative function f € C'(M),

n—1

[/ gn”ldu]" SD(H)/(IVgIHﬁIg)dM
M M

sD(n)f (Vg + (n + | H])g) duc.
M

3. Gap theorem

In this section, using the Sobolev inequality we get some integral estimates, and
obtain the gap theorem. First, we need the following lemma.

Lemma 3.1 [Kuwert and Schitzle 2002]. Let f : M" — "7 (c) be a complete
submanifold, then for any l-linear normal form ¢ we have

(VV* =V*V)¢) (X1, X2... X))
= —(V*T)(X1, X2... X)) + (R*(es, X)) (ei, X2 ... X))

1
=Y ¢ (Xir ..., Rlei, X)Xk, ... X),
k=1

where T (X0, X1 ... X)) = (Vx,0) (X1, X2... X)) — (Vx,0) (X0, X2 ... X)).
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We have the following Simons’ identity in space form: F**7(c).
Ahi; =V H+H hiphpj—hij-hpghpg+hjg-hiph pg—hjg-hpgh pi+cnA°+ R+ A.
Therefore, we can write

H?2 AH
(3-1) AA° =V’H + — A°+A°*A°>x<A+an°——g

Here we need to estimate the terms of A° % A° % A and cnA°, which are different
from the equation of surfaces in the Euclidean space. Taking ¢ = VH in Lemma 3.1,
and using the Gauss equation, we have

(VV* = V*V)VH)(e)) = A°x A°« VA®° — VH(R(e;, e1)e;).

Since
—(R(ej,e1)ei,ex)ViH =c(n—1)ViH+H -h Vi H—hy;-hiyy Vi H

n—1
=c(n—1)VH(e1)+—2H2VH(e1)+A*A°*VA°,
n

we have

(3-2) V*(V? VH+ AxA°xVA°.
Taking ¢ = VA® in Lemma 3.1, we have

(3-3) V*(V2A®) = V(V*VA®) + Ax Ax VA° +cCVA°.

Replacing ¢ by V¢, we have

(3-4) A(Vp) —V(AP) =A% AxVdp+AxVAxdp+cCVe.

Since the last terms of (3-2)—(3-4) are new compared with the equations in the
Euclidean space, the next lemma is important in our proof.

Lemma 3.2. If f : M" — F"*P(c) is a complete submanifold with AH = F and
re Ccl(M") satisfies |Vr| < A, then

(3-5) /lVA°|2r2dM+cf|A°|2r2dM
—f|F|2r du + — f|A°|6r4du+CA2/ |A% du,
[r>0]
(3-6) /lVA°|2r4d/L+c/|A°|2r4dM

§C/|VH|2r4dpc+C/|A°|4|A|2r4d,u+CA4f |A1% dp.
[r>0]
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Proof. Multiplying (3-1) by r? A°, we have
/(|VA°|2+cn|A°|2+%H2|A°|2>r2du
-1
:n—/Wlerzdu—i— C/|A°|3|A|r2du+/A°*VA°*r*Vrdu
n

< —”_1f<H, AH)rsz+%/|A°|6r4du+A2/
n A [r>0]

c / 2.4 C / 6 4 2
<— | IFI7rtdu+ — [ |A°]°r*du+A
A? A? [r>0]

IAIZdM+%/IVA°|2r2dM
|A|2d,u+%/|VA°|2r2du.

Multiplying (3-1) by r* A°, we get another inequality. [l

Lemma 3.3. Under the assumption of Lemma 3.2 we have for n = r?,

/(|V2H|2+|A|2|VA|2+ |A|4|A°|2)ndM+CfIVH|2ndM

< Cf(|A°|2|VA°I2+|A°I6)ndM

—I—C/|F|2nd,u+A4/ |A1% du.
[r>0]
Proof. Multiplying (3-2) by VHn, we have
(3-7) /(|V2H|2+c<n— DIVH)ndu
» n—1_, 2
= [ (AH]| —TH IVH|")n dp
—i—C/|A||A°||VA°|2nd,u+/r3*Vr*VHVsz,u,

and the proof is similar to Lemma 2.3 in [Kuwert and Schitzle 2002]. O

Proposition 3.4. Let f : M" — F""P(c) (¢ > 0) be a complete submanifold with
F=AHand r € CLI. (M) satisfying s > 4, and let A = ||Vr|| 0, then

/(|v2A|2+|A|2|VA|2+|A|“|A°|2> rs dﬂ+€/(lA°|2+ IVH|H)r du
5C/|F|2r°‘du+CA4/ |A|? du
[r>0]

+C/(|A°|2|VA°|2+ |A%°)r* .
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Proof. Multiplying (3-3) by VA°n, n=r*, using (3-1) we have
[172 8t
:/(|AA°|2+|A|2|VA°|2+cC|VA°|2—|—r_1*Vr*VZA"*VA")nd,u
5/<|V2H|2+|A|4|A°|2+|A|2|VA°|2+|F|2>ndu
+%/|V2A°|2ndM+A2/|VA°|2r2d,u+cC/(|VA°|2+|A°|2)nd,u.
Using Lemma 3.2, we have
f|v2A°|2ndu+c/ | A1 dp
s/(|v2H|2+|A|2|VA°|2+|A|“|A°|2+c|VH|2>ndu
+/|F|2ndu+/|A°|6ndu+A4/[ O]|A|2d/L.
r>

The assertion follows from Lemma 3.3. O
Now we can prove Theorem 1.1.

Proof of Theorem 1.1. 1t follows from Proposition 3.4 that

/(|V2A|2+|A|2|VA|2+|A|4|A°|2> rs du+€/(|A°|2+ IVH|»)r du

< C/|F|2rs dM+CA4/

|A|2du+Cf(|A°|2|VA°|2+|A°|6>rs du.
[r>0]

Then we have
/|A°|2|VA°|2rsd,u§C/|A°|6rde+C/|VA°|3rsdu,

and

(3-8) /|VA°|3rde§/|A°| |VZA°| |VA°|rfdu+A/|A°| VA2 du
< f @BIV2A°P+Cs|A°PIVA® ) du

o L o 1 o 1 o 3 s—1
+A | |A°]Z|[VA®|2|A°|Z|[VA® |2 du

< / (8|V2A°P+C5|A°|°+8|VA°P)r* du

4 02 012 s—%
FAS [ A3 IVA T du

53/|V2A°|2rsd,u+c,;/|A°|6rde+A4/ |A1>du.
[r>0]
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Therefore,

f|A°|2|VA°|2rSd/,L58/|V2A°|2rsdu+C5/|A°|6rde+A4/ |A|% d.
[r>0]

When ¢ =0, the Sobolev inequality is

n—1

U oot dM] " <cm /(IVgI +1Hlg) du.

If we take g = |A°|6(”_1)/”r(”_1)/(”)“, then

(3-9) ([|A o dM)
i

6(n— (n l) n—1 l
SC(n)/[V(IA"I ) 4 140 ]du

n—1

n

(=1 n—1,
R du]

§/|VAO||A |5nn()rnn SdM+Af|A | (n D n IS 1d/_L

6(n—=1) n—1
+f|A||A°| o ‘du=a+b+ec.

Here

. ° o3 'L lS 2n—=3)(Tn—6) 2n— b
a = |VA ||A |,(n Dyp3 |A | 3n(n=1) p 3n dl,L

0 In=6 n-1g
| +1A°| " )r=d

1 n—=1 n—1
5(/ |A°|"du) [(/IVA°I3rSdM> +(/|A°|6rSdu> ]
[r>0]

° ° Sn—6 L—ls_l
b=A | |AI°|A°| 7 rn du
Sn-6 o n_ o
E( |A°]" du) (An T |A®] =1 ST d;L)
[r>0]
n—1
:( |A|d) <An1/|A |2(n l)|A|2(n]))r "ldﬂ>
[r>0]
n—1
s( A" dy [ ( IAIdM) (/|A|6r du)] ,
[r>0] [r>0]
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- n—1 l
c—f|A||A| or
1 n=1
n 5n—6 _ n_ n
5(/ |A°I"du) [/(|A||A°| z )n—'rfdu]
[r>0]
1 n—1
5(/ |A°I”du> (f|A|2|A°|4rSdu) :
[r>0]

When ¢ = 1, the Sobolev inequality is

n—1

[/gni]du] =Cm) | (IVgl+IH|g+g)du.

If we take g = |A°|0*=1/np(n=D/(Ws then the third term in the Sobolev inequality is

6(m—1D n—1 Sn—6 n—1
/|A°| nopon Ad,u:/|14|°|14°| oo tdp
1 n—1
n M n
5(/ |A°I"du) (/|A°|w rsdu)
[r>0]
1 =1
([ wra [ futes]
[r>0]

Combining the above estimates, we have

(3-10) f (A PIVA P+ A1) dpe
<A*(1+|A°] [r>0])f |A|2du+8/|V2A°|2rsd,u
+11A° II,,[,>O]/ (IV2A P4 A%+ AP A el A°P)r’ dpa.
Now take the cutoff function r(q) = ¢ (yx(f(g))/p), where y, is the distance func-

tion with respect to the fixed point x € F>*7, ¢ € C'(R) and XBip) < ¢ < X8, (X);
then A = %. From Proposition 3.4, |A°[| ., < o (n), and s > 4, we have

(3-11) /(|V2A|Z+|A|2|VA|2+|A|“|A°|2> r du+c/ |A°Pr dp

c
< /|F|2rs di+ <—)4f AP du.
1% [r>0]

Since f is a proper immersion, taking p — 0o and using a similar argument as in
Theorem 8 of [Wheeler 2012], we finish the proof. O
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A surface in the sphere is a Willmore surface if and only if it satisfies
W(f)=AH+ Q(A°)H =0,

or else we get (4-1). The estimate of W(f) is easy to handle as in [Kuwert and
Schitzle 2002], so we also have the gap theorem for Willmore surfaces in a sphere.

Proof of Theorem 1.2. For n =2 and ¢ = 1, the gradient of the second fundamental
form can be controlled (see [Andrews and Baker 2010]) by

(3-12) 2l VHP? < 5IVAP < |VA°P2.

The precise forms of (3-1), (3-2) and (3-3) are

* o o 2 1 AH
(3-13) V*VA°+4+2KA°=—-V°H —R (ek,-)A(ek,-)—i-Tg(-,'),
(3-14)  V*(V’H)+ KVH =V(V*VH) — R (e, - )VH (er),
(3-15)  (V*(V2A°), VA®) < (V(V*VA®), VA®) — 5|VA°|?
+2|VH]? 4+ 12|A2|VAJ?,

where the section curvature K = 1+ |H|?/4 — |A°|?/2.
Multiplying (3-13) by r2A° with r € C!(M?) satisfies || V7|l = A. We have

/(|VA°|2+2|A°|2+%H2|A°|2)r2d,u
5%/IVHIZerquz/|A°|4r2du+6A/|A°||VA°|rdM

<} /<H, Wyt du + | f<H, (A% H) du
1

128 A2
C 2.4 1 21 4012..2

<5 (W r*du+5 | H*|A®|r" du
1

128 A2

+ /|A°|6r4d,u—|—CA2/ |A|2du+%/|VA°|2r2du
[r>0]

+

/|A°|6r4dM+CA2/ |A|2du+%/|VA°|2r2d;L,
[r>0]
and

(3-16) /(lVA°|2+4|A°|2)r2du

1
64 A2

C
<— [ WP*du+ |A° (% du + C A? |A% du.
A? [r>0]
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Multiplying (3-13) by r*A°, we have
G17) [AVATP 1Ay d
< 2/|VH|2r4dM+2f |A°|6r4d,u+CA4/[ ) |A% du.
Similarly, from the proof of Proposition 3.4 we have
(3-18) /(§|V2A|2 +A°> +20|VA° > +40|AP|IVAP? + AN A°P) r* du
5/(3546|A°|2|VA°|2+5230|A°|6)r4du
+ C/ W 2r* du + CA4/[ ) |A1Z du.
re

Taking g = |A°|*r? in the Sobolev inequality, we get

1 0164
(3-19) 02(2)/|A 1574 dpu

2
< [/(3|A°|2|VA°|r2+2A|A°|3r+|H| |A°|3r2+2|A°|3r2)dM:|

55[ IA°I2dM/(9|A°|2IVA°I2+2|A°I6+2IA|2|A°|4+|A°|2)r4du
[r>0]

2
+CA4(/ |A°|2du) .
[r>0]

Thus

6 4
(3-20) <5D2(2) )/|A °r* du

s/ |A°|2du/(9IA°I2|VA°|2+2|A|2|A°I4+|A°I2)r4du
[r>0]

2
+ CA4(/ |A°|? du> .
[r>0]

Taking g = |A°||VA°|r? in the Sobolev inequality, we also obtain

(3-21) f|A°|2|VA°|2r4dM

5D2(2)

5/ |A°|2du/(%|V2A°|2—|—2|A|2|VA°|2—|—4|VA°|2)r4d,u
[r>0]

2
+CA4(/ |A°|2d,u) .
[r>0]
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It follows from (3-18), (3-20) and (3-21) and the assumption || A° ||% <6.23x10°8
that

/(|v2A|2+|A|2|VA|2+|A|“|A°|2> r“‘d/LJr/IA"IZrSdM

5C/|W|2rSdM+CA4/ |A] du.
[r>0]

We take the cutoff function r(q) =@ (vx(f(g))/(p)), where y, is a distance function
with respect to the fixed point x € Star s @€ C'(R) and XBipx) <@ < XB, (x);
then A = C/p. Taking p — oo, we finish the proof. (]

4. Lifespan theorem

In this section, we give a lower bound on the lifespan of a smooth solution of the
surface diffusion flow, which depends only on how much the curvature of the initial
surface is concentrated. First, we recall these equations from [Kuwert and Schitzle
2002], and we can see the proof in [Link 2013].

Lemma 4.1. Let f : M" x [0, T) — F"*P(c) be a smooth variation with normal
velocity o, f = —V, then

(X Y)=2(A(X Y), V),
0:(du) = (H, V)du,
- (Vx) = Vxd ¢ — A(X (Ve V, ¢) — Vo, VIAX ), ¢).
- (VxY) = ((V, A)(X, Y), V)er — (A(X Y), V., Ve
+(A(X ¢), VyV)e; + (A(Y e;), Vx Ve,
OTAX Y)= V3,V +Ale, X)(Ae;, Y), V) —cg(X V)V,
O -H =—AV — A(e;, ej){Alei, ej), V) —ncV.

Using Gauss equation 2R312 =2c+ H 2_|A|? and Lemma 4.1, the first variation
formula for the Willmore functional in space forms in the normal direction -¢ is

(4-1) diW(f—ﬂb)le:o
— & APl o——/(—+2c>dme 0
/EH —Ap—Alei,e;){Ale;,e)), p)— 2c¢+2c¢>du+§/E<H3,¢>du
- [ 6. an+0uyHdn.

which proves grad; » W(f) = AH + Q(A°)H.
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The following lemmas will be needed for computing the evolution of derivatives
of the curvature.

Lemma 4.2. Let ¢ be an (I — 1)-form with normal values along a variation f :
M" x I — F"P(c) with normal velocity 3, f = —V. If d; ¢ + A’p =Y, then
Y = V¢ satisfies an equation

42) O Y+ATY=VY+ > VAxV/AxVig
i+j+k=3
+A%VVp+V A% Vsdp+C(A(V)+V(Ad)).

Proof. Let X1, ..., X; be independent of ¢ and such that VX; = 0 at a given point
and a given time. Using Lemma 4.1 we have

B (X1, .., X)) =37 ((Vx,0) (X2, ..., X))

)
=0 (Vx, ¢ (Xa, ., X)) =0 ) ¢ (Xa, .., Vi, Xy, X0)
k=2

= (V3 ) (X1, ..., X))+ A*VVxp+V A%V xe.
So,
(4-3) Y+ A —VY = AX(V) —V(A’P) + AxVV g+ VA%V x¢.
Using (3-4), we have
A*(V$)—V(A%$) = AA(V)—V(A$)+A(V(A)—V(A(AP))

= A(AxAxVp+AxVAxp+CVd)+AxAxV(Ap)
+AxVAx(Ap)+CV(AP)

— Z ViAxV/ AxVEp+C(A(VP)+V(AP)). O
i+j+k=3

Lemma 4.3. Let f : X x [0, T) — F**7(c) be a compact surface diffusion flow,
then

-V A) + ALV A) = PP (A) + PR (A),
for any m € N.

Proof. We proceed by induction on m, starting with m =0,

A(VZH) —V?*(AH)
= (VV* = V*V)V(VH) + V(VV* = V*V)VH
=A*A*V’H+A*VA*xVH+V(A*A«*VH+A*VAxVH)+CV’H,
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and
(4-4) A=V (AH)+AxAxAH—cAHg=—A(V*H)+P;(A)+PL(A)
=—A*(A)+P{(A)+P{(A).
Now let m > 1 and conclude from (4-2), that we have
dE(V™A) + A2 (V™ A)
= V(PP A) + P AN+ Y VIARVIARVR(VTA)
i+j+k=3

+A*V(AH) V" 'A+ VA« AH*x V" A+ V3(V"1A),

which yields the result. O

In the following we assume r =7 o f, where 7 € CLI. (Bp) and ||7]|c2 < C < o0.
This implies

(4-5) IVrl<C, V| <C(1+]|A]),
and for a ball B, = B, (xp) C F2*7(c) we use the notion
(4-6) 2, (x0) = [ (B, (x0)).

We denote by € (p) the upper bound of the concentration of curvature for the initial
surface, which is a positive constant depending only on the codimension p.
The next lemma can be proved much as in [Kuwert and Schitzle 2002].

Lemma 4.4. Let f : ¥ x [0, T) — F>*P(c) be a compact surface diffusion flow,
then for = V™ A withm € N and s > 2m + 4, we have

d
E/wrs du+%/|v2¢|2rs du
< / (PIT2(A) + PI(A) + PP (A) % ¢ r* du + C / LA 42 gy

Remark 4.5. Suppose xz,, <7 < XB,,(x) and | D/F|~ < C'p~/ for j =1, 2.

px) —

Then we have C = C’/(p**>") in Lemma 4.4.

Proposition 4.6. Let f: = x [0, T) — F>T7(c¢) be a compact surface diffusion flow,
then for ¢ = V" A withm € Nand s > 2m + 4, we have

d ,
@n 5 [lorr s [1920 du

< CUIAN% =01+ DIAIS 0y + CIANZ 20y f 617 de.
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Proof. According to Lemma 4.4, we only need to show

/(Pg’,"”(A)JrPg"(A)+P1’"+2(A))*¢ rsd,u+C/ |A12du
[r>0]

<1 f IV201*r* du+C AN (oot DIALS o0+ C AN =0y / 1% r* dps,

and the proof is similar to Proposition 4.5 in [Kuwert and Schitzle 2002] with

4-8) / PI2(A) o’ du < T / V2612 d + CONAI oy

It follows from Corollaries 5.3 and 5.5 in [Kuwert and Schitzle 2002]. O

Since the Sobolev inequality is similar when in F>*7(c¢) for ¢ < 0, in the next
lemma we just check the situation ¢ > 0 (see [Kuwert and Schitzle 2002]).

Lemma 4.7. For any normal [-form ¢ on ¥ and r as in (4-5),

4-9) 1ol oy < ClIDI3 pogi(IV2D3 ooy + 17 A1 (=01 + 1013 (poop-

Moreover, if = A and ||A||% (r=0] = €1(p) for some €| small enough depending on
the constants in (4-5), then

(4-10) 1A% < CIAI3 - (IVAII3 ooy + 1A13 prsop)-

oo [r=1] =

Proposition 4.8. Let f : X x [0, T]— F**7(c) be a compact surface diffusion flow,
then there exists an €1 (p) > 0 such that if

e:sup/ |A1? du < e,
[0, 7] J[r>0]
then for any t € [0, T] we have

1 t
(4-11) |A12 du + —f / (VAP + AP VAP + A% dudt

[r=1] 4 0 [r=1]
< / |Ao)? duo + Cet.
[ro>0]

Proof. We know from (3-10) that
/(|A|2|VA|2+|A|6>r4du

sc/ |A|2du+%f IV2AI>r* du
[r>0] M

+||A||%,[r>m/ (IV2AP 4+ APIVAP + 1AL + AP r dp.
M
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Choosing m = 0 in Lemma 4.4, we get
d
T / APt dp+3 /|V2A|2r4 du

5/(P32(A)+P5°(A)+PE(A))*A r4d/L+C/ |A% du.
[r>0]

Combining these two inequalities, we have
d
E/|A|2r4du+f¢/(|V2A|2+|A|2|VA|2+|A|6)r4du
SCf(|A|3|V2A|+|A|2|VA|2+|A|6+|V2A||A|)r4+C/ |A|1? du
[r>0]

< ||A||%,[r>01/(|V2A|2+|A|2|VA|2+ |A|6)r4du+%/|V2A|2dM

2
+c/ |A|2dM+C(/ |A|2du> )
[r>0] [r>0]

Since f;,_q, |AI” du < e, it yields

d
(4-12) E/|A|2r4dpa+}1/(|V2A|2+|A|2|VA|2+|A|6)r4du§Ce.

The proposition follows by integrating over [0, ¢]. (]

This proposition is the local estimate for the flow, from which we can see the
variation of curvature is locally small. Furthermore, we have the following estimate
as Proposition 3.4 in [Kuwert and Schitzle 2001] for the surface diffusion flow in
F2*7(¢) (¢ > 0) with small initial Willmore energy.

Proposition 4.9. Let f : = x [0, T] — F**P(c) (¢ > 0) be a compact surface
diffusion flow with f 5 |A|> di < R, then there exist constants €y(p) > 0 and ¢| =
C(p)/R > 0, such that if p > 0 is chosen with

/ |A°)Pdu < e < €o(p) attimet =0 forall £, C F2+r,
EP

then for any time 0 < t < t; = min{cp*, T}, we have

J

Applying Proposition 4.6, Lemma 4.7 and Proposition 4.8, we get the higher
order derivative estimate and the proof is similar to Proposition 4.6 in [Kuwert and
Schitzle 2002].

t
|A°|2du+f / (V2AP+|APIVAP AP +c|VH|?) dudt < C(e+Rp~1).
0 Jx,

P
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Proposition 4.10. Let f : X x [0, T]1 — F>*7(c¢) be a compact surface diffusion
flow. If

sup/ |A* du < €1 (p),
[0,T] J[r>0]

where €1(p) is small enough, then
V" Alloo (r=1] < C(m, T, ap(m +2)),
where ao(m) = "y 1197 Aoll2 re0)-
Furthermore, we get the following proposition:

Proposition 4.11 (interior estimates). Let f : ¥ x (0, T1 — F>*7(c) be a compact
surface diffusion flow satisfying the condition

sup/ APdu<e<e(p) forxePP),
0,T1JX,(x)

where T < Cp4, then for any k € Ny, at time t € (0, T, we have the estimates

+1

_k+1
IVFAll Lo (s, iy < cl)NEt™ 7,
_k
IV*All 25, oy < (k)€ 173,

These are the higher order derivative estimate, which are localized in time. The
proof follows similar to Theorem 3.5 in [Kuwert and Schitzle 2001].
Now we prove the lifespan theorem for the surface diffusion flow.

Proof of Theorem 1.3. We may assume that p = 1 by rescaling. Put

€(t) = sup / |A1? du.
Z1(x)

xeFtr

By a trivial covering argument, we get

€ <T- sup/ AP du,
23%(96)

xelF2+r

for some I' = I'(p). The function € : [0, T) — R is continuous by the compactness
of f(X x[0,¢]) fort < T. Now let A > 0 be a parameter, and define

to:sup{0 <t <min(7, 1) : e(r) <3lefor 0 <t < t}.
The continuity of €(¢) implies 7y > 0 and

(4-13) e(ty) = 3T€ if ty < min(T, 1).
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Fix a cutoff function 7 € C*(F**7) with ||F||c2p2+ry < C and x5, ,x) < T < XBy(x)»
then r =7 o f satisfies condition (4-5). Thus, it follows from Proposition 4.8 that

/ |A|2(t)dM§/ |A1?(0) duo + CTer <2 for0 <t <.
E%(X) Zi(x)

Taking A = (CT")~!, we conclude that
€(r) <2I'e, 0=1=<1,

and (4-13) implies o = min(T, (CT")~"). Now if fp = (CT")~!, we prove the
proposition with a contraction for

(4-14) to=T.
We can apply Proposition 4.10 to obtain

V" Alloe < C(p,m, fo).
With the same argument as in [Magni 2015], we can get

10" fllocs 19™0; flloe < C(p, m, fo).

Then f(¢) converges in C"™(X) as t — T to a smooth function f (7). By short time
existence, we can extend the flow f to an interval [0, T + §), which is contrary to
the maximality of 7. Hence it contradicts with (4-14). This proves Theorem 1.3. [J

5. Blowup analysis

In this section, we rescale the surface diffusion flow in FZt?(¢) (¢ > 0) at an
assumed singularity, thereby constructing a static surface as a limit. First we need
the following local area bound due to L. Simon [1993] in the Euclidean space,
which has been generalized by F. Link [2013] in Riemannian manifolds.

Lemma 5.1. Let f : ¥ — F2TP(c) be a compact surface. Then for 0 < p < oo and
X, = X,(x0), one has

(5-1) “(;”) < c(/ |A°|2du+4nx(2)>.
)

Moreover, the global area estimate is given as follows:

Proposition 5.2 (area estimate). Let f : X x [0, T1— F>*P(c) be a compact surface
diffusion flow with fz |A°)? du < € < ey(p), where €y(p) is as in Proposition 4.9,
then

(5-2) (I =Ceuo(X) = u(X) < puo(%).
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Proof. Using Lemma 4.1, we have

d

— | du=— | |[VH|?*du <0,
7 i /I | du <

s0, w(X) < no(X), and the area is decreasing. On the other hand, by the Sobolev
inequalities we have

/|VH|2du < C<n>u<z>f|v2H|2+|H|2|VH|2+c|VH|2du.
We obtain
%u@) > —CM(Z)/|V2H|2+ |HPP|VH|> +c|VH|? dp.
Using Proposition 4.9 with p = oo implies
w() > MO(Z)[C]O’ [5 \V2HP+HPIVH P +c|VH? dpdt > 1o(2)(1 = Ce). 0

Now we state the required compactness theorem, which was originally proved
by Langer [1985] for surfaces. Recently it has been generalized by Breuning
[2015] to any dimension and codimension in the Euclidean space and even to
Riemannian setting, where the ambient space can be isometrically embedded into
some Euclidean space with bounded second fundamental form. Here we use a
simplified version from [Cooper 2011; Magni 2015].

Theorem 5.3 [Cooper 2011, Theorem 1.2]. Given a compact surface X, a se-
quence of complete Riemannian manifolds {(N**?, g i)} jeN with uniformly bounded
geometry and two sequences of points {q;}jen C L and {xj}jen C NP et
fi(Z,8)—> (NZ+P, gj) be a sequence of isometric proper immersions such that
fi(qj) = x;. Suppose that

(5-3) nj(Zr(x;)) <C(R) forany R >0,
(5-4) IV*AjllLe(sp) < Ck(R)  for any R > 0 and any k € N.

Then there exist a surface T, a complete Riemannian manifold (M**?, g) and two
points q € ¥ and x € M**P such that:

o There exists an increasing exhaustion {U} jen of S made of open relatively
compact sets, and there are diffeomorphisms ¢; : U; — X with ¢;(q) = q;,
such that for any R > 0 we have Ef;j (qj) Co;Uj), forall j = jo(R).

o There is an increasing exhaustion {V;}jen of M 2+P made of open relatively
compact sets, and diffeomorphisms ;. V; — NP with V¥j(x) = x;, such
that for any R > 0 we have B}? (xj) C¥j(V)), forall j > jo(R).

* ¢;(Uj) C¥j(Vj) and ;8 — & smoothly.
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o There exists a proper immersion f > — M" such that 1// o fiodj— f
smoothly with respect to a global isometric embeddlng of (M +r ) into a
suitable Euclidean space RX. The immersion f also satisfies (5-3) and (5-4)
with respect to x.

Here, the sequence of proper immersions f; converging as in Theorem 5.3
to a proper immersion f .3 — M?**P, will be denoted by f; — f . Let f:
¥ x [0, T) — F>*7(c) be a surface diffusion flow defined on a compact surface X,
where 0 < T < co. Define

R(r,1) = sup /E()IA(t)Iszz, 2 () = £ (B ().

xeF2tr

Choose an arbitrary sequence r; \ 0 and assume concentration in the sense that
for all j,

(5-5) tj=1inf{t > 0:R(r;, 1) > e} < T,

where €; =€/C, and € and C are the constants from the lifespan theorem. Clearly,
/ |A(t))* dpy, <€ for any x € F**P(c).
%, (x) ’

On the other hand, choosing an appropriate sequence of balls at times 7\ 7;, we
find a point x; € F*™7 satisfying

/ AR day = .
£ )

Now we rescale by considering

Fit (g x L—=r 7T —1) — (F77, g)),
fip, )= f(p, tj+rin),

where g; = ri g and g; = fj(-,1)*g;. From Theorem 5.2 in [Magni 2015], we
know that the rescaled flows converge locally smoothly on T x R to a static surface
diffusion flow represented by a static properly immersed surface f 3 > R2P,
open sets with the property X ;(1, ) < €, for all # <0 and

(5-6) / __lAPdp= e
f=1(B1(0))

More precisely, the lifespan theorem yields 7~ T —1t ;) = co and in fact

Ni(l,1) <e for0 <t =<cp.
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We may now apply Proposition 4.11 on parabolic cylinders By (x) x (t — 1, t] to
obtain

VXA Lo < c(k) forr +1<1t<co.
Then we can apply the compactness theorem to the sequence
fi=f(.0): T — PP,

thus obtaining a limit immersion fo 3 — R2t?. Then by reparametrization
fi(@j,-) is a surface diffusion flow and has initial data converging locally in ck
to the immersion fo. By standard estimates for geometric evolution equations in
[Kuwert and Schitzle 2002], we deduce the locally smooth convergence f; — f ,
where

f:2 %[0, co] = R*P

is a surface diffusion flow with initial data fo.
In order to get the static blowup limit, we need the monotonicity of the Willmore
functional.

Lemma 5.4. Let f : X x (0, T] = F>TP(¢) be a compact surface diffusion flow
with small initial Willmore energy satisfying Proposition 5.2; we have

4 [ eran<ld [ A
dt/lAlduizd/IAldM
_2d/|H| dp < —3 /IAHI dy.

Proof. The first two inequalities are obvious. From (3-7) and (3-8) with r = 1, we
know

C/IVHIZdMSC/ |A||A°||VA°|2dM§C/ |AP|A°) +|VA°) du
§C/|A|4|A°|2dpa+3/|V2A°|2d,u+C5/|A°|6d,u.
From (3-11) we know
f<|v2A|2+|A|2|VA|2+|A|4|A°|2>du+c/ AP du < f|AH|2du,
and (3-10) implies
/|A|2|A°I4dM+CfIVH|2dM5/(5|A|4|A°|2+C5|A°I6+CIVHI2)dM

< (8 +ce +€Cs) /lAled,u.
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/|H|2du:—/(AH+H|A°|2+2cH)(AH)d,u
s—§/|AH|2du+2/|A|2|A°|4du+2c/|VH|2du
< —%/|AH|2dM. 0

Proposition 5.5. Let f : X x (0, T]1— F**7(c) be a compact surface diffusion flow
with small initial Willmore energy, then the blow up f which is constructed above
is static.

Proof. Let U € 3 be an open set and ¢; be the diffeomorphisms in Theorem 5.3,
then from Lemma 5.4 and the scale invariance of || A ||%,

co ¢
f /|AH(fj(¢j’t))|2dej(¢j,')dIZ/ / |AH;|*du;dt
0 U 0 ¢;(U)
< 14O du;= [ 145l dis = [ 146 Pdu [ 1aa+ricnPdu,
) > > >

and it converges to zero as j — oo, Therefore A H ( f ) = 0 and the blow up f is
static, which means that f(-,t) = fy. Furthermore (5-6) implies

/A |Al’di > & > 0.
FH(B1(0)

Thus f is not totally geodesic. ([

Lemma 5.6. Let f 3 — R2tP be the blowup constructed above. If S contains a
compact component C, then in fact ¥ = C and X is diffeomorphic to C.

Proposition 5.7 (nontriviality of the blowup). Let f : & — R*™P be the blowup of a
compact surface diffusion flow as constructed above. Then none of the components
of f is compact. In particular, the blowup has a component which is a noncompact
nonumbilical surface with AH = 0.

Proof. Assume that there is a compact umbilical component of f , then Lemma 5.6
implies f has no further components. It follows that, up to diffeomorphism ¢; :
> — X, we have

/|A°(tj)I2dM=/ |45 duj — 0,
X X

() () = (0)(L) — 0.

This contradicts the area estimate. O
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Now we prove the longtime existence. Combining the previous theorems, we
can finally rule out concentration of curvature in finite time.

Proposition 5.8. Let f: X %[0, T) — F>*7(c) be a compact surface diffusion flow,
then there exists a constant €g(p) such that if

(5-7) [ 4P dus < <o
b
then T = o0 and there exists a radius ro > 0 such that

(5-8) / AP du < e,
o ()

forall x € F>+P, t € [0, 400), where €3 > 0 as in (5-5).

Proof. First, if curvature concentrates at time 7', then we perform a blowup as above

at T and get a static surface f with small tracefree curvature. Now the gap theorem

implies f must be a plane or sphere, which contradicts the nontriviality of the

blowup. There does not exist a finite time when curvature concentrates, so 7' = oo.
Then we claim there exists a radius ¢ > 0, such that

/ AP du <€, forallx e PP, 1€ [0, 00),
Ty (¥)
where ¢, > 0 is as in(5-5).

If not, in the same way we can perform a blowup as above, and get a static
surface f : ¥ — R**P with

/  iPdpz e
f1(B1(0))

f|A°|2dﬁ < e,
)

whereas

due to the scale invariance of ||A°||§. Now the gap theorem implies f must be
totally umbilical, which contradicts the nontriviality of the blowup. O

Using a similar argument as in Proposition 5.5, we get the smooth convergence
from Propositions 4.11 and 5.8.

Proof of Theorem 1.4. For any sequence t; — o0, there exist ¢; € Diff(X) such
that, after passing to a subsequence, f(¢;,1;) converges smoothly to a static
surface. The gap theorem implies it is a union of planes and spheres. After
excluding several components as in [Kuwert and Schitzle 2001] and investigating
the asymptotic behavior as in [Wheeler 2012], we get the global existence and
exponential convergence for the surface diffusion flow with small initial Willmore
energy. (]
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In particular, the convergence theorem implies a differentiable sphere theorem.

Corollary 5.9. Let f : = — F>T7(¢) (¢ > 0) be a compact surface. If there exists
a positive constant €y(p) such that

/ |A°*dn < eo(p),
>

then X is diffeomorphic to the unit sphere.

The proof of Theorem 1.4 also applies to the Willmore flow in a sphere.

6. Open problems

In this section, we propose several problems for the convergence of the curvature
flow. Applying the Morse theory of submanifolds, Shiohama and Xu [2000]
obtained a topological sphere theorem for n-dimensional compact submanifolds in
F**P(c) (c > 0) under the pinching condition for the Willmore functional. Thus, a
natural problem is whether or not M" is diffeomorphic to S" under the pinching
condition for the Willmore functional. More precisely, we propose the following
problem.

Conjecture 6.1. Let f : M" — F""P(c) be a compact submanifold. There exists a
positive constant Cz(n) such that if

(6-1) / |A°I" d < C3(n),
M

then the diffusion flow for submanifolds with initial data f exists smoothly for all

time and converges to a round sphere as t — oo. In particular, M is diffeomorphic
to S".

Liu, Xu, Ye and Zhao [2018] investigated the convergence of the mean curvature
flow of compact n-dimensional submanifolds in R"*?. They proved if the initial
submanifold satisfies some suitable integral curvature conditions, then along the
mean curvature flow it will shrink to a round point in finite time.

T. J. Willmore [1968] proved the Willmore inequality about the total mean
curvature f |H|?* du for compact surfaces in R3, and then B. Y. Chen [1971] obtained
a general version of the Willmore inequality for compact submanifolds in R"*7, as
follows:

Theorem 6.2. If M is an n-dimensional compact submanifold in R"*P, then
n" Vol(§") < / |H|" du,
M

where the equality holds if and only if M" = S"(r).
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Therefore, the total mean curvature for compact submanifolds in R"*? has a
natural lower bound. Applying the Morse theory of submanifolds, Xu [2007]
obtained a topological sphere theorem under the total mean curvature pinching
condition. For other topological sphere theorems we can see [Shiohama and Xu
1994; 2000]. Similarly, we have the following problem for the diffusion flow under
the total mean curvature pinching condition.

Conjecture 6.3. Let f : M" — R"*P be a compact submanifold. There exists a
positive constant C4(n) such that if

/ |H|" di < n” Vol(S") + C4(n),
M

then the diffusion flow for submanifolds with initial data f exists smoothly for all

time and converges to a round sphere as t — oo. In particular, M is diffeomorphic
to S".

For surfaces in R?, the small Willmore energy assumption means a pinching
condition for f |H|*dp and the convergence of the surface diffusion flow has
answered these two problems. The Willmore conjecture verified by Marques and
Neves [2014] says the integral of the square of the mean curvature of a torus in R>
is at least 8772, In fact, they proved the integral inequality of the square of the mean
curvature for any compact surfaces with genus greater than or equal to one. Thus, a
strong version of the problem related to the Marques and Neves’s theorem is: what
is the best pinching constant in Conjecture 6.3 for compact surfaces in R3?

Conjecture 6.4. Let  : = — R> be a compact surface satisfying

[ |H|2d,u <872,
o

then the surface diffusion flow with initial data f exists smoothly for all time and
converges to a round sphere as t — oco. In particular, ¥ is diffeomorphic to S?.

Conjecture 6.5. Let f : = — R? be a compact surface satisfying

/ |H|?du < 872,
)

then the Willmore flow with initial data f exists smoothly for all time and converges
to a round sphere as t — oo. In particular, ¥ is diffeomorphic to S*.

For higher dimensions, there are seldom results about the diffusion flow. However
it provides a feasible method to handle the above problems so we can study the
gradient flow of some constructed functionals. Li [2002] investigated the rigidity
of the Willmore submanifold, which is the critical point of the Willmore functional
for n-dimensional compact submanifolds in a sphere. As the Willmore flow for
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surfaces, we can also study the higher-dimensional Willmore flow, which is the
gradient flow of the Willmore functional for n-dimensional compact submanifolds
in space forms. More precisely, we will study the following higher-dimensional
Willmore flow

6-2) A~ graw(s),

where grad W(f) is the gradient vector field of the Willmore functional (1-2). We
propose the following problems.

Conjecture 6.6. Let f : M" — P (c) be a compact submanifold. There exists a
positive constant Cs(n) such that if

6-3) / A°P" dut < Cs(n),
M

then the Willmore flow for submanifolds with initial data f exists smoothly for all

time and converges to a round sphere as t — oo. In particular, M is diffeomorphic
to S".

Conjecture 6.7. Let f : M" — R"P be a compact submanifold. There exists a
positive constant Cg(n) such that if

/ |H|" du < n" Vol(S") + Cg(n),
M

then the Willmore flow for submanifolds with initial data f exists smoothly for all

time and converges to a round sphere as t — oo. In particular, M is diffeomorphic
to S".
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