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CALDERON–ZYGMUND SINGULAR INTEGRAL ESTIMATES
IN GENERALIZED WEIGHTED FUNCTION SPACES

AHMED LOULIT

We prove boundedness of commutators associated to some anisotropic sin-
gular integral on weighted Lebesgue spaces and on generalized weighted
Morrey spaces. As an application, we obtain the boundedness of those oper-
ators on weighted Triebel–Lizorkin space.

1. Introduction and main results

In harmonic analysis, there are a number of important inequalities of the form

(1-1)
∫

Rn
|T f |pw(x) dx ≤ C

∫
Rn
|S f (x)|pw(x) dx,

where T is a singular integral operator and S is an operator which is, in principle,
easier to handle (e.g., a maximal operator), and w is in some class of weights. This
type of estimate plays an important role in many fields of analysis, including partial
differential equation theory. For instance, the estimate (1-1) can be used to study the
regularity of the elliptic equation with discontinuous coefficients; see for example
[Chiarenza et al. 1991].

Definition 1.1. A Calderon–Zygmund kernel (C–Z kernel) is a function

K : Rn
\{0} → R

such that:

(i) K ∈ C∞(Rn
\{0}).

(ii) K is homogeneous of degree −n.

(iii)
∫

Sn−1 K (σ ) dσ = 0 and
∫

Sn−1 |K (σ )|2 dσ <∞, where Sn−1is the unit sphere
in Rn.

Theorem 1.2. Let K be a C-Z kernel and ε > 0. Then the operator

Tε f (x)=
∫
|x−y|>ε

K (x − y) f (y) dy
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is well defined in L p and for any f ∈ L p, there exists T f ∈ L p such that

lim
ε→0
‖Tε f − T f ‖L p = 0.

Furthermore T is a bounded operator in L p, 1 < p <∞, i.e., for some positive
constant c = c(n, p),

‖T f ‖L p ≤ c‖K‖L2(Sn−1)‖ f ‖L p , for all f ∈ L p.

The operator T will be called a Calderon–Zygmund (C-Z) singular operator and
we will use the notation

T f (x)= lim
ε→0

∫
|x−y|>ε

K (x − y) f (y) dy.

In their work F. Chiarenza, M. Frasca and P. Longo [Chiarenza et al. 1991] have
considered more general operators that are not necessarily of convolution type,

T f (x)= lim
ε→0

∫
|x−y|>ε

K (x, x − y) f (y) dy.

They established, under some suitable conditions, the continuity of such operators
in nonweighted L p spaces. More precisely, they obtained the following result.

Theorem 1.3. Let K : Rn
×Rn
\{0} → R be such that

(i) K (x, · ) is a C–Z kernel for a.e x ∈ Rn ,

(ii) supy∈Sn−1 |∂
β
y K (x, y)| = M <+∞ for all multi-indices β < r with

r > 3n
4
−

1
2
.

For f ∈ L p, 1< p <∞, and ϕ ∈ BMO, set

Tε f (x)=
∫
|x−y|>ε

K (x, x − y) f (y) dy

and

Cε[ϕ, f ](x)=ϕ(x)Tε f (x)−Tε(ϕ f )(x)=
∫
|x−y|>ε

K (x, x−y)[ϕ(x)−ϕ(y)] f (y)dy.

Then for any f ∈ L p there exist T f and C[ϕ, f ] ∈ L p such that

T f (x)= lim
ε→0

Tε f (x), C[ϕ, f ](x)= lim
ε→0

Cε[ϕ, f ](x)

in L p. Moreover, there exists a constant c = c(n, p,M) such that

‖T f ‖L p ≤ c‖ f ‖L p



CALDERON–ZYGMUND SINGULAR INTEGRAL ESTIMATES 199

and
‖C[ϕ, f ]‖L p ≤ c‖ϕ‖BMO‖ f ‖L p .

Introducing a new metric ρ, Fabes and Rivière [1966] studied the continuity of T
in L p(Rn), where Rn is endowed with the topology induced by the metric ρ. Using
this metric, L. Softova [2006] showed that T and its corresponding commutator
operators are continuous in generalized Morrey spaces.

In this work we study the continuity of the N -th commutator operators associated
to Calderon–Zygmund singular operators on weighted Lebesgue and Morrey spaces
by using the metric ρ. As an application we conclude by showing that the operator T
is continuous in inhomogeneous weighted Triebel–Lizorkin spaces, which contain
many classical spaces, such as BMO spaces, Hardy spaces, and fractional Sobolev
spaces.

In what follows, ρ will be a metric as defined in Section 2.

Definition 1.4. We say that K : Rn
×Rn
\{0} → R is a variable kernel with mixed

homogeneity if

(i) K (x, · ) ∈ C∞(Rn
\{0}),

(ii) for any λ > 0, βi ≥ 1, β =
∑n

i=1 βi

K (x, λβ1 y1, . . . , λ
βn yn)= λ

−βK (x, y),

(iii)
∫

Sn−1 K (x, σ ) dσ = 0 and
∫

Sn−1 |K (x, σ )|2 dσ <∞,

(iv) supy∈Sn−1 |∂
γ
y K (x, y)| = M <+∞ for all multi-indices γ < r with

r > 3n
4
−

1
2
.

The N -th commutator operators, N = 1, 2, . . . are defined inductively by

C N
ε [ϕ, f ] = T N

ε f (x)= ϕ(x)T N−1
ε f (x)− T N−1

ε (ϕ f )(x)

with

T 0
ε f (x)= Tε f (x)=

∫
ρ(x−y)>ε

K (x, x − y) f (y) dy.

Note that for every N ∈ N0,

T N
ε f (x)=

∫
ρ(x−y)>ε

K (x, x − y)[ϕ(x)−ϕ(y)]N f (y) dy.

Throughout this work, ϕ is assumed to be in BMO, C denotes a constant that does
not depend on f but it is not the same at each occurrence, and the kernel of the
operator T is as in Definition 1.4. Our main results are the following.
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Theorem 1.5. If 0< p <∞ and w ∈ A∞, then

(1-2)
∫

Rn
|T N f |pw(x) dx ≤ C‖ϕ‖N p

BMO

∫
Rn
|M N+1 f (x)|pw(x) dx .

In particular, if 1< p <∞ and w ∈ Ap, then

(1-3)
∫

Rn
|T N f |pw(x) dx ≤ C‖ϕ‖N p

BMO

∫
Rn
| f (x)|pw(x) dx,

where Mk f (x) is the Hardy–Littlewood maximal operator iterated k-times.

Note that M N+1 f (x)≈ ML(log L)N f (x) for each x ∈ Rn and N = 0, 1, 2, . . . .

Remark 1.6. An interesting consequence of the estimate (1-2) is the following
sharp weighted estimate.

Let w be a weight. Then

(1-4)
∫

Rn
|T N f |pw(x) dx ≤ C‖ϕ‖N p

BMO

∫
Rn
| f (x)|p M [(N+1)p]+1w(x) dx

for all 1< p <∞, where [p] stands for the integer part of p. See [Lorente et al.
2008; Pérez 1995b].

Also, the weighted vector-valued inequality in [Cruz-Uribe et al. 2004] and the
weighted vector-valued inequality for the maximal operator in [Andersen and John
1981] lead to the following important result.

Corollary 1.7. If 0< p, q <∞ and w ∈ A∞, then∥∥∥∥(∑
j∈Z

|T N f j |
q
) 1

q
∥∥∥∥

L p(w)

≤ C‖ϕ‖N p
BMO

∥∥∥∥(∑
j∈Z

|M N+1 f j |
q
) 1

q
∥∥∥∥

L p(w)

.

In particular, if 1< p, q <∞ and w ∈ Ap, then∥∥∥∥(∑
j∈Z

|T N f j |
q
) 1

q
∥∥∥∥

L p(w)

≤ C‖ϕ‖N p
BMO

∥∥∥∥(∑
j∈Z

| f j |
q
) 1

q
∥∥∥∥

L p(w)

.

The estimate (1-2) can also by applied to obtain an other important estimate in
rearrangement invariant Banach spaces. We recall that a Banach function space X
is said to be rearrangement invariant if whenever f, g ∈ X are equimeasurable, then
‖ f ‖X = ‖g‖X and that two functions are equimeasurable if w f (t)= wg(t), t > 0,
where w f (t)= w({x ∈ Rn

: | f (x)|> t}) is the distribution of f . Given a Banach
function space X and 0< r <∞, f is said to be in X r if and only if

‖ f ‖Xr (w) = ‖| f |r‖
1
r
X (w) <∞.
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The definition of the Boyd indices involves the norm of the dilation operator in X
and gives information about the localization of X in terms of interpolation properties;
see [Bennett and Sharpley 1988, Chapter 1] for more details. For instance, L p, L p,q

and L p(log L)r have Boyd indices qX = p.
Using estimate (1-2) and [Curbera et al. 2006, Theorem 2.1] we obtain the

following weighted vector-valued inequality.

Theorem 1.8. Let X be a rearrangement invariant Banach function space with
upper power indices 0 < qX <∞ and such that X r is a Banach space for some
r > 1. Then for all 1< q <∞ and for all w ∈ A∞,∥∥∥∥(∑

j∈Z

|T N f j |
q
) 1

q
∥∥∥∥

X (w)
≤ C‖ϕ‖N p

BMO

∥∥∥∥(∑
j∈Z

| f j |
q
) 1

q
∥∥∥∥

X (w)
.

2. Preliminaries

We begin this section by recalling some definitions and some classical results in
harmonic analysis. Good references are [García-Cuerva and Rubio de Francia
1985], and [Stein 1993] in the context of the Euclidean spaces. In the context of
the noneuclidean spaces we refer, for instance, to Y. Sawano [2006].

Let α1, . . . , αn be real numbers, where αi ≥ 1, and set α =
∑n

1 αi . Following
Fabes and Rivière [1966], the function F(x, ρ)=

∑n
1 ρ
−2αi x2

i , considered for any
fixed x ∈Rn

\{0}, is a decreasing function of ρ and therefore there is a unique solution
ρ(x) of the equation F(x, ρ)= 1. Set ρ(0)= 0 and define d(x, y)= ρ(x − y). It
can be proved (see [Fabes and Rivière 1966]) that d is actually a distance. The
balls with respect to ρ, centered at some point x and of radius r , are defined by

Qr (x)= {x ∈ Rn
: d(x − y) < r}.

Introducing the polar type change of variables
x1 = ρ

α1 cosϕ1 · · · cosϕn−2 cosϕn−1,

x2 = ρ
α2 cosϕ1 · · · sinϕn−1,

...

xn = ρ
αn sinϕ1,

we find dx = ρα−1dρdσ with dσ the surface measure on the Euclidean unit
sphere Sn−1. Therefore we can compute

µ(Qr (x))= cnrα for all r > 0,

where dµ= dx = ρα−1dρdσ . In particular (Rn, d, dx) is a homogeneous space. In
what follows the balls considered are balls with respect to ρ. To simplify notation
we put (Rn, d, dx)= Rn.
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We say that w is a weight if w is an a.e. positive locally integrable function
in Rn. Given E a measurable set, we set |E | = µ(E) and w(E)=

∫
E w(x) dx . Let

0< p <∞. Then f is said to be in L p(w) if and only if

‖ f ‖L p(w) =

(∫
Rn
| f (x)|pw(x) dx

) 1
p

<∞.

The weak-L p spaces, denoted by L p,∞(w) are defined as follows: f ∈ L p,∞(w) if
and only if

‖ f ‖L p,∞(w) = sup
λ>0
(λ[w{x ∈ Rn

: | f (x)|> λ}]
1
p ) <∞.

When w = 1 we drop the subscription w. The Hardy–Littlewood maximal func-
tion M f and the sharp maximal function M# f are defined, respectively, for a locally
integrable function f by

M f (x)= sup
x∈Q

1
|Q|

∫
Q
| f (y)| dy,(2-1)

M# f (x)= sup
x∈Q

inf
c∈R

1
|Q|

∫
Q
| f (y)− c| dy ≈ sup

1
|Q|

∫
Q
| f (y)− fQ | dy,(2-2)

where the supremum is taken over all balls containing x , and fQ denotes the average
of f over the ball Q. For δ > 0, we set

Mδ f (x)= (M | f |δ(x))
1
δ ,(2-3)

M#
δ f (x)= (M#

| f |δ(x))
1
δ .(2-4)

Lemma 2.1 (Kolmogorov’s inequality). Let 0< r < q <∞ and define

Nq,r ( f )= sup
E

1

w(E)
1
s

(∫
E
| f (x)|rw(x) dx

) 1
r

,
1
s
=

1
r
−

1
q
,

where the sup is taken for all measurable sets with 0<w(E) <∞. Then

(2-5) ‖ f ‖Lq,∞(w) ≤ Nq,r ( f )≤
q

q − r
‖ f ‖Lq,∞(w).

A nonnegative locally integrable function w is said to be in the Muckenhoupt
classes Ap if there exists a constant C p > 0 such that for all balls Q,

1
|Q|

∫
Q
w dy

(
1
|Q|

∫
Q
w1−p′ dy

)p−1

≤ C p,

when 1< p <∞, 1
p +

1
p′ = 1, and for p = 1,

1
|Q|

∫
Q
w dy ≤ C1w(x),

for a.e. x ∈ Q, or equivalently Mw(x) ≤ C1w(x) for a.e. x ∈ Rn, and we
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set A∞ =
⋃

p≥1 Ap. It is well known that Muckenhoupt classes characterize
the boundedness of the Hardy–Littlewood maximal M on the weighted Lebesgue’s
space; see [García-Cuerva and Rubio de Francia 1985, Chapter 3]. Namely,

(2-6) M : L p(w)→ L p(w)

if and only if w ∈ Ap when 1< p <∞, and

(2-7) M : L1(w)→ L1,∞(w),

if and only if w ∈ A1.
Another important result that we will use in this work is the Fefferman–Stein’s

inequality; see, for instance, [García-Cuerva and Rubio de Francia 1985, p. 410].

Theorem 2.2 (Fefferman–Stein’s inequality). Let w ∈ A∞ and let f be such that
M f ∈ Lr (w) for some 0< r <∞. Then for every p such that r < p <∞,

(2-8)
∫

Rn
|M f (x)|pw(x) dx ≤ c

∫
Rn
|M# f (x)|pw(x) dx .

Lemma 2.1 and Theorem 2.2 play a principal role in the studies of many singular
integral operators since most of these operators are “controlled” by the operator M .

Another class of functions that plays an important role in harmonic analysis and
in partial differential equation theory is the class of functions of bounded mean
oscillation noted by BMO, i.e., ϕ ∈ BMO if

(2-9) sup
Q

1
|Q|

∫
Q
|ϕ(y)−ϕQ | dy. < A <∞

The smallest constant for which (2-9) is satisfied is taken to be the norm of ϕ in the
space BMO, and is denoted by ‖ϕ‖BMO.

One of most important properties of BMO is the John–Nirenberg inequality,

(2-10)
(

1
|Q|

∫
Q
|ϕ(y)−ϕQ |

p dy
)1/p

≤ cp‖ϕ‖BMO.

One has also

(2-11) |ϕ2k Q −ϕQ | ≤ ck‖ϕ‖BMO.

See for instance [Stein 1993, Chapter IV].

Remark 2.3. The above results are well known in the literature in weighted Eu-
clidean spaces, and by standard argument they are still valid in weighted space of
homogeneous type; see for instance [Hu et al. 2007; Strömberg and Torchinsky
1989].
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3. Proof of Theorem 1.3

As in [Chiarenza et al. 1991], the proof of Theorem 1.5 is based essentially in the
expansion of the kernel K into spherical harmonics. Therefore we need to recall
first some definitions and results related to this last notion. A good reference is
[Neri 1971].

Denote by 5m the set of all real polynomials in x ∈ Rn, n ≥ 2, which are
homogeneous of degree m. It is well known that 5m is a finite-dimensional vector
space of dimension gm = Cn−1

m+n−1.
Solid harmonics of degree m are polynomials P ∈5m which satisfy 1P = 0.
The set of all solid harmonics of degree m, denoted by Sm , is a subspace of 5m

of dimension
dm = gm − gm−2 = Cn−1

m+n−1−Cn−1
m+n−3.

The restrictions of solid harmonics to the unit sphere are called spherical harmonics
of degree m and we denote by Qm the set of all spherical harmonics of degree m.

The vector space Qm can be seen as a linear subspace of the Hilbert space
L2(Sn−1), with inner product

〈 f, g〉 =
∫

Sn−1
f g dσ.

With respect to this inner product, we can construct in each Qm an orthonormal
basis Ykm, k = 1, . . . , d(m). Moreover, we have:

Theorem 3.1. The collection {Ykm(z)}, k ∈ {1, . . . , dm}, m ∈ N, is a complete
orthonormal system of spherical harmonics on L2(Sn−1).

On the other hand if we denote by L the operator defined by L f = |x |21 f then:

Lemma 3.2 [Neri 1971, Chapter III]. (a) dm ≤ c(n)mn−2,

(b)
∣∣( ∂
∂x

)α[
|z|mYkm(z/|z|)

]∣∣≤ C(α, n)m(n−2)/2+|α|
|z|m−|α|,

(c) Lr Ykm = (−m)r (m+ n− 2)r Ykm for all r ∈ N,

(d) if f, g ∈ C2r (Rn
\{0}) are homogeneous of degree zero, then∫

Sn−1
f Lr g dσ =

∫
Sn−1

f Lr g dσ.

By the completeness of {Ykm} in L2(Sn−1), we can write (see [Neri 1971, Chap-
ters III and IV])

(3-1) K (x, z)= ρ(x − z)−α
+∞∑
m=1

dm∑
k=1

akm(x)Ykm(z′),

where

akm(x)=
∫

Sn−1
K (x, z)Ykm(z) dσz
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and z′ = z/ρ(z). The last equality, Lemma 3.2 and the definition of the kernel K
imply

(3-2) ‖akm‖L∞ ≤ C(n)Mr m−2r .

Lemma 3.3 (pointwise Hörmander’s condition [Softova 2006]). Let Q and 2Q be
balls centered at x0 and put Kkm(x)= Ykm(x ′)/ρα(x). Then

(3-3) |Kkm(x − y)− Kkm(x0− y)| ≤ C(n)m
n
2
ρ(x0− x)

ρ(x0− y)α+1

for each x ∈ Q and y /∈ 2Q.

Define for ε > 0, N = 0, 1, 2, . . . and ϕ ∈ BMO, the operators T N
kmε by

T N
kmε f (x)=

∫
ρ(x−y)>ε

Kkm(x − y)[ϕ(x)−ϕ(y)]N f (y) dy

and set
Tkmε f (x)= T 0

kmε f (x)=
∫
ρ(x−y)>ε

Kkm(x − y) f (y) dy.

Lemma 3.4 [Tao 1999]. Tkm is a weak (1, 1) with

(3-4)
∣∣{x ∈ Rn

: |Tkm f (x)|> λ}
∣∣≤ C(n)m

n
2

λ

∫
Rn
| f (x)| dx .

Lemma 3.5. For any 0< δ < η < 1, there exists a constant

C = C(n, δ, η)

such that

(3-5) M#
δ (Tkm f )(x)≤ Cm

n
2 M( f )(x)

and

(3-6) M#
δ (T

N
km f )(x)≤Cmn/2

[
|ϕ|NBMO M N+1( f )(x)+

N−1∑
j=0

‖ϕ‖
N− j
BMO Mη(T

j
km f )(x)

]
.

Proof of Lemma 3.5. To prove the inequality (3-5) we proceed as in [Pérez 1995a].

Case 1. N = 0. Fix a ball Q containing x and put

f = f χ2Q + f χRn\2Q = f1+ f2,

then
Tkm f = Tkm f1+ Tkm f2

and it suffices to prove (3-5) for f1 and f2. For 0< δ < 1, for all α, β ∈ R,∣∣|α|δ − |β|δ∣∣≤ |α−β|δ.
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This implies(
1
|Q|

∫
Q

∣∣|Tkm f (y)|δ−(Tkm f2)
δ
Q

∣∣dy
)1
δ

≤Cδ

(
1
|Q|

∫
Q
|Tkm f (y)−(Tkm f2)Q |

δ dy
) 1

δ

≤Cδ

(
1
|Q|

∫
Q
|Tkm f1|

δ dy
) 1

δ

+Cδ

(
1
|Q|

∫
Q
|Tkm f2(y)−(Tkm f2)Q |

δdy
)1
δ

≤Cδ(I+ II).

To estimate I we use the weak type (1, 1) and the Kolmogorov inequality (2-5):(
1
|Q|

∫
Q
|Tkm f1|

δ dy
) 1

δ

≤
1

1− δ
1
|Q|
‖Tkm f1‖L1,∞ .

Hence,

(3-7) I ≤
C(n, δ)m

n
2

|Q|

∫
Rn
| f1| dy≤

C(n, δ)m
n
2

|Q|

∫
2Q
| f | dy≤C(n, δ)m

n
2 M( f )(x).

Also for y ∈ Q,

|Tkm f2(y)− (Tkm f2)Q | ≤
1
|Q|

∫
Q

∫
Rn\2Q

|Kkm(y− ξ)− Kkm(z− ξ)| | f (ξ)| dξdz

≤ J1+ J2

with

J1 =
1
|Q|

∫
Q

∫
Rn\2Q

|Kkm(y− ξ)− Kkm(x − ξ)| | f (ξ)| dξdz

and

J2 =
1
|Q|

∫
Q

∫
Rn\2Q

|Kkm(x − ξ)− Kkm(z− ξ)| | f (ξ)| dξdz.

The estimate (3-3) leads to

J1 ≤ cm
n
2

1
|Q|

∫
Q

∫
Rn\2Q

ρ(x − z)
ρ(x − ξ)α+1 | f (ξ)| dξdz

≤ cm
n
2

∣∣∣∣+∞∑
k=1

2−k 1
|2k Q|

∣∣∣∣ ∫
2k+1 Q
| f (ξ)| dξ

≤ cm
n
2 M( f )(x).
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The same argument can be applied to obtain the same inequality for J2. It follows
that

(3-8) II ≤ cm
n
2 M( f )(x).

Case 2. k = 1, 2 . . . . We expand T N
km f as follows: for an arbitrary constant λ we

can write

T N
km f (x)=

N−1∑
j=0

C j,N (ϕ(x)− λ)N− j T j
km f (x)+ Tkm((λ−ϕ)

N f )(x).

As before, we fix a ball Q containing x and put f = f χ2Q + f χRn\2Q = f1+ f2.
Then, with λ= ϕ2Q and c = (Tkm(ϕ−ϕ2Q)

N f2)Q we have(
1
|Q|

∫
Q

∣∣|T N
km f (y)|δ−|c|δ

∣∣dy
)1
δ

≤

(
1
|Q|

∫
Q
|T N

km f (y)−c|δ dy
) 1

δ

≤C
[N−1∑

j=0

(
1
|Q|

∫
Q
|ϕ(y)−λ|(N− j)δ

|T j
km f (y)|δ dy

)1
δ

+

(
1
|Q|

∫
Q
|Tkm((ϕ−λ)

N f1)(y)|δ dy
) 1

δ

+

(
1
|Q|

∫
Q
|Tkm((ϕ−λ)

N f2)(y)−c|δ dy
)1
δ
]

≤C(I+ II+ III).

To estimate I we use Hölder’s inequality with q = η

δ
> 1 and John–Nirenberg’s

inequality (2-10),

I ≤
N−1∑
j=0

(
1
|Q|

∫
Q
|(ϕ(y)− λ)(N− j)δq ′

| dy
) 1

δq′
(

1
|Q|

∫
Q
|T j

km f (y)|δq
) 1

δq

dy

≤ C
N−1∑
j=0

‖ϕ‖
N− j
BMO Mη(T

j
km f )(x).

To estimate II we again use Hölder’s inequality and the weak type (1, 1) of Tkm :

II ≤ C(n)m
n
2

1
|Q|

∫
2Q
|(ϕ(y)− λ)N f | dy

≤ C(n)m
n
2 ‖ϕ− λ‖N

Exp L(2Q)‖ f ‖L log Lm(2Q)

≤ C(n)m
n
2 ‖ϕ‖N

BMO M N+1 f (x).
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To estimate the last term III we use the Jensen’s inequality to obtain

III≤
1
|Q|

∫
Q
|Tkm(ϕ(y)−ϕ2Q)

N f2)(y)−(T (ϕ−ϕ2Q)
N )Q |dy

≤
1
|Q|2

∫
Q

∫
Q

∫
Rn\2Q

|Kkm(y−ξ)−Kkm(y−ξ)| |ϕ(ξ)−ϕ2Q |
N
| f (ξ)|dξdzdy

≤
cmn/2

|Q|2

∫
Q

∫
Q

∫
Rn\2Q

ρ(y−z)
ρ(x−z)α+1 |ϕ(ξ)−ϕ2Q |

N
| f (ξ)|dξdzdy

≤ cm
n
2

∞∑
j=1

2− j

|2 j+1 Q|

∫
2 j+1 Q
|ϕ(ξ)−ϕ2Q |

N
| f (ξ)|dξ

≤ cm
n
2

∞∑
j=1

2− j

|2 j+1 Q|

∫
2 j+1 Q
|ϕ(ξ)−ϕ2 j+1 Q |

N
| f (ξ)|dξ

+cm
n
2

∞∑
j=1

2− j

|2 j+1 Q|

∫
2 j+1 Q
|ϕ2 j+1 Q−ϕ2Q |

N
| f (ξ)|dξ

≤ IV+V.

Using again the Hölder and John–Nirenberg inequalities, we get

IV ≤ cmn/2
∞∑
j=1

2− j 1
|2 j+1 Q|

∫
2 j+1 Q
|ϕ(ξ)−ϕ2 j+1 Q |

N
| f (ξ)| dξ

≤ cmn/2
‖ϕ‖N

BMO M N+1( f )(x)
∞∑
j=1

2− j
≤ cmn/2

‖ϕ‖N
BMO M N+1( f )(x).

On the other hand, the inequality

|ϕ2 j+1 Q −ϕ2Q | ≤ cj‖ϕ‖BMO

implies

V ≤ Cm
n
2 ‖ϕ‖N

BMO

∞∑
j=0

j N 2− j

|2 j+1 Q|

∫
2 j+1 Q
| f (ξ)| dξ

≤ Cm
n
2 ‖ϕ‖N

BMO M( f )(x). �

Corollary 3.6. For any 0< p <∞, w ∈ A∞,

(3-9)
∫

Rn
|T N

km f |pw(x) dx ≤ cm
pn
2 ‖ϕ‖

N p
BMO

∫
Rn
|M N+1 f (x)|pw(x) dx .

Proof. Let f be a bounded function with compact support, i.e., f ∈ L∞c . Then
by [García-Cuerva and Rubio de Francia 1985, Theorem 3.1, p. 411], M(Tkm f ) ∈
Lr (w) whenever w ∈ Ar and 1 < r < ∞. Let w ∈ A∞; then w ∈ Ar for
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some 1< r <∞. Let 0< r0 < r . Then for all 0< δ < r0/r we have w ∈ Ar0/δ and
then M(Tkm f ) ∈ L r0/δ (w). It follows from the Fefferman–Stein’s inequality (2-8)
and Lemma 3.5 that for all w ∈ A∞ and all 0< p <∞,∫

Rn
|Tkm f |pw(x) dx ≤

∫
Rn
(M(|Tkm f |)δ)p/δw(x) dx

≤

∫
Rn
(M#(|Tkm f |δ))

p
δ w(x) dx

≤ cm
pn
2

∫
Rn
|M f (x)|pw(x) dx .

Iterating over the last inequality, we obtain∫
Rn
|T N

km f |pw(x) dx ≤ cm
pn
2 ‖ϕ‖

N p
BMO

∫
Rn
|M N+1 f (x)|pw(x) dx .

Since L∞c is dense in L p(w), the last inequality is true in the whole space L p(w). �

Denote T ?
km f (x)= supε>0|Tkmε f (x)|.

Corollary 3.7 (Coltar’s inequality). For any 0< δ ≤ 1,

T ?
km f (x)≤ C(Mδ(Tkm f )(x)+m

n
2 M f (x))

where C = C(n, δ).

Proof. We adapt here the proof given in [Duoandikoetxea 2001, pp. 103–105].
First assume 0 < δ < 1 and fix ε > 0. Let Q = B(x, ε/2) and define f =
f χ2Q + f χRn\2Q = f1+ f2. Then

Tkmε f (x)= Tkm f2(x).

If y ∈ Q, then it follows from the proof of the estimation (3-8) that

|Tkm f2(y)− Tkm f2(x)| ≤ |Tkm f2(y)− (Tkm f2)Q | + |Tkm f2(x)− (Tkm f2)Q |

≤ Cm
n
2 M( f )(x).

It follows that

|Tkmε f (x)| ≤ C(m
n
2 M f (x)+ |Tkm f (y)| + |Tkm f1(y)|)

and then

|Tkmε f (x)|δ ≤ C(m
δn
2 M f (x)δ + |Tkm f (y)|δ + |Tkm f1(y)|δ).

Integrate in y over Q, divide by |Q| and raise to the power 1/δ, to get

|Tkmε f (x)|δ ≤ C
(

m
n
2 M f (x)+M(|Tkm f (x)|δ)1/δ +

(
1
|Q|

∫
Q
|Tkm f1|

δ dy
)1
δ
)
.
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Use the estimate (3-7) to obtain

|Tkmε f (x)|δ ≤ C(m
n
2 M f (x)+M(|Tkm f (x)|δ)

1
δ ).

The proof of Coltar’s inequality when δ = 1 is as in [Duoandikoetxea 2001]. �

By standard argument we obtain Proposition 3.8 as a consequence.

Proposition 3.8. T ?
km is strong (p, p), 1< p <∞, and is weak (1, 1) with

(3-10)
∫

Rn
|T ?

km f (x)|p dx ≤ c(n, p)m
n
2

∫
Rn
| f (x)|p dx

and

(3-11)
∣∣{x ∈ Rn

: |T ?
km f (x)|> λ}

∣∣≤ C(n)m
n
2

λ

∫
Rn
| f (x)| dx .

Now we will prove the following result.

Theorem 3.9. For any 0< p <∞, w ∈ A∞,

(3-12)
∫

Rn
|S?km,N f |pw(x) dx ≤ cm

pn
2 ‖ϕ‖

N p
BMO

∫
Rn
|M N+1 f (x)|pw(x) dx

with Skm, j = T j
km .

To prove Theorem 3.9, we need a pointwise estimate of S?km, j f . To obtain this,
we use some technical results used in [Rubio de Francia et al. 1986].

Lemma 3.10. Let ψ ∈ C1(R) such that

supp(ψ)⊂
{
t ∈ R : 1

2 ≤ t ≤ 3
}
, 0≤ ψ(t)≤ 1,

and put ϕ(x)= 1−ψ(x), then both the kernels

ψkmε(x − y)= Kkm(x − y)ψ
(
ρ(x − y)

ε

)
,

ϕkmε(x − y)= Kkm(x − y)ϕ
(
ρ(x − y)

ε

)
satisfy the Hörmander’s condition uniformly in ε and are bounded uniformly in ε
by (Cmn/2)/(ρα(x − y)).

Proof. We have from the definition of ρ,

∂ jρ(x)=
x jρ
−2α j (x)∑n

1 αiρ−2αi (x)x2
i
ρ(x)≤ C |x j |ρ

−2α j+1(x)

≤ Cρ−α j+1(x),



CALDERON–ZYGMUND SINGULAR INTEGRAL ESTIMATES 211

since |x j | ≤ ρ(x)α j and
∑n

1 αiρ
−2αi (x)x2

i ≥minαi . Let ϕε be either ψ
(
·

ε

)
or ϕ

(
·

ε

)
,

y ∈ Q = Q(x0, r) and z /∈ 2Q. Using the last estimate, we obtain

|ϕε(z− y)−ϕε(z− x0)| ≤ C
|y− x0|

ε
ϕ′
(
ρ(c)
ε

)
|∇ρ(c)|

≤ C |y− x0|
|∇ρ(c)|
ρ(c)

≤ Cρ(y− x0)
αρ−α(c),

with c = (1− t)(z− y)+ t (z− x0) for some t ∈ (0, 1). On the other hand, one can
check that 2ρ(c)≥ ρ(z− x0). Thus

|ϕε(z− y)−ϕε(z− x0)| ≤ Cρ(y− x0)
αρ−α(z− x0)

≤ Cρ(y− x0)
α−1ρ−α+1(z− x0)

ρ(y− x0)

ρ(z− x0)

≤ C
ρ(y− x0)

ρ(z− x0)
.

By this and the properties of the kernel Kkm , we have

|ϕkmε(z−y)−ϕkmε(z−x0)|

≤ |ϕε(z−y)| |(Kkm(z−y)−Kkm(z−x0)|+|Kkm(z−x0)| |ϕε(z−y)−ϕε(z−x0)|

≤Cmn/2 ρ(y−x0)

ρ(z−x0)α+1 . �

Define

9?
km, j f (x)= sup

ε>0
9kmε, j f (x)(3-13)

= sup
ε>0

∫
Rn
|ψkmε(x − y)[ϕ(x)−ϕ(y)] j f (y)| dy,

8?km, j f (x)= sup
ε>0
|8kmε, j f (x)|(3-14)

= sup
ε>0

∣∣∣∣∫
Rn
ϕkmε(x − y)[ϕ(x)−ϕ(y)] j f (y) dy

∣∣∣∣.
Then we can see that

(3-15) S?km, j f (x)≤9?
km, j f (x)+8?km, j f (x).

Lemma 3.11. For any 0< δ < η < 1, there exists a constant C = C(n, δ, η) such
that

M#
δ (9

?
km f )(x)≤ Cm

n
2 M( f )(x)
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and

M#
δ (9

?
km,N f )(x)≤ Cmn/2

[
‖ϕ‖N

BMO M N+1( f )(x)+
N−1∑
j=0

‖ϕ‖
N− j
BMO Mη(9

?
km, j f )(x)

]
with 9?

km =9
?
km,0.

Lemma 3.12. For any 0< δ < η < 1, there exists a constant C = C(n, δ, η) such
that

M#
δ (8

?
km f )(x)≤ Cm

n
2 M( f )(x)

and

M#
δ (8

?
km,N f )(x)≤ Cmn/2

[
‖ϕ‖N

BMO M N+1( f )(x)+
N−1∑
j=0

‖ϕ‖
N− j
BMO Mη(8

?
km, j f )(x)

]
with 8?km =8

?
km,0.

Proof. We only prove Lemma 3.11, the proof of Lemma 3.12 is similar. We note
first that

9?
km f (x)≤ sup

ε>0

∫
ε/2<ρ(y−x)<3ε

|Kkm(x − y) f (y)| dy

≤ sup
ε>0

Cmn/2ε−α
∫
ρ(y−x)<3ε

| f (y)| dy ≤ Cmn/2 M f (x).

It follows that 9?
km is of weak type (1, 1) and satisfies

(3-16)
∣∣{x ∈ Rn

: |9?
km f (x)|> λ}

∣∣≤ C(n)m
n
2

λ

∫
Rn
| f (x)| dx .

Put Q = B(x, r) and

f = f χ2Q + f χRn\2Q = f1+ f2.

The Kolmogorov inequality and (3-16) tell us that

(3-17)
(

1
|Q|

∫
Q
|9?

km f1(y)|δ dy
)1/δ

≤ Cmn/2 M f (x).

On the other hand, since T ?
km is finite almost everywhere, we can choose x0 ∈ Q

such that 9?
km f2(x0) <∞. From the definition of the supremum, for any y ∈ Q,

|9?
km f2(y)−9?

km f2(x0)| ≤ sup
ε>0
|9kmε f2(y)−9kmε f2(x0)|

≤ sup
ε>0

∫
Rn\2Q

|(ψkmε(y− z)−ψkmε(x0− z))| dz.
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For any ε > 0 we have∫
Rn\2Q

|(ψkmε(y− z)−ψkmε(x0− z))|| f (z)| dz

≤

∞∑
j=1

∫
2 j+1 Q\2 j Q

|(ψkmε(y− z)−ψkmε(x0− z))| | f (z)| dz

≤ Cmn/2
∞∑
j=1

∫
2 j+1 Q)\2 j Q

ρ(x0− y)
ρ(x0− z)α+1 | f (z)| dz

≤ Cmn/2
∞∑
j=1

r
(2r) j (α+1)

∫
2 j+1 Q)\2 j Q

| f (z)| dz

≤ Cmn/2 M f (x).

To prove the second estimate in Lemma 3.11, we proceed, with a slight modification,
as in the proof of the estimate (3-6). Set λ= ϕ2Q and c = cε, ε > 0, with

cε =9kmε(ϕ− λ)
N ) f2)(x0)

and x0 ∈ Q such that
9?

km(ϕ− λ)
N ) f2)(x0) <∞.

Then with the same notation as before(
1
|Q|

∫
Q

∣∣|9kmε,N f (y)|δ−|cε|δ
∣∣dy

) 1
δ

≤C
[N−1∑

j=0

(
1
|Q|

∫
Q
|ϕ(y)−λ|(N− j)δ

|9kmε, j f (y)|δ dy
) 1

δ

+

(
1
|Q|

∫
Q
|9kmε((ϕ−λ)

N f )(y)|δ dy
) 1

δ

+

(
1
|Q|

∫
Q
|9kmε((ϕ−λ)

N f )(y)−cε|δ dy
) 1

δ
]
.

Since 9kmε is nonnegative and∣∣|a+ b| − |c|
∣∣≤ |a| + |b− c|,

it follows that

|9kmε((ϕ− λ)
N f )(y)− cε|

=
∣∣|9kmε((ϕ− λ)

N f1)(y)+9kmε((ϕ− λ)
N f2)(y)| − |cε|

∣∣
≤ |9kmε((ϕ− λ)

N f1)(y)| + |9kmε((ϕ− λ)
N f2)(y)− cε|.
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This implies(
1
|Q|

∫
Q

∣∣|9kmε,N f (y)|δ − |cε|δ
∣∣ dy

) 1
δ

≤ C
[N−1∑

j=0

(
1
|Q|

∫
Q
|ϕ(y)− λ|(N− j)δ

|9kmε, j f (y)|δ dy
) 1

δ

+

(
1
|Q|

∫
Q
|9kmε((ϕ− λ)

N f1)(y)|δ dy
) 1

δ

+

(
1
|Q|

∫
Q
|9kmε((ϕ− λ)

N f2)(y)− cε|δ dy
) 1

δ
]

≤ C(I + II + III).

By definition of 9?
km, j , we have

I ≤
N−1∑
j=0

(
1
|Q|

∫
Q
|ϕ(y)− λ|(N− j)δ

|9?
km, j f (y)|δ dy

) 1
δ

≤ C
N−1∑
j=0

‖ϕ‖
N− j
BMO Mη(9

?
km, j f )(x).

Arguing as in the proof of Lemma 3.5 we obtain

II ≤ Cm
n
2 ‖ϕ‖N

BMO M N+1 f (x)

III ≤ Cm
n
2 (‖ϕ‖N

BMO M N+1 f (x)+‖ϕ‖BMO M f (x)).

All those estimations are uniformly in ε. �

Proof of Theorem 3.9. The proof is an immediate consequence of Lemmas 3.11
and 3.12. �

Proof of Theorem 1.5. Note that Theorem 3.9 implies the convergence of T j
kmε

in L p(w) with w ∈ A∞. Using the series expansion of K (x, y), Lemma 3.2,
estimation (3-2) and Theorem 3.9 we get

‖(T N )? f ‖L p(w ≤ C‖ϕ‖N
BMO‖M

N+1 f ‖L p(w)

+∞∑
m=1

mn/2−2r+n−2

≤ C‖ϕ‖N
BMO‖M

N+1 f ‖L p(w)

since r > 3n
4 −

1
2 >

3n
4 − 1. We conclude that the series is absolutely convergent

in L p(w). Set

lim
ε→0

T N
kmε f = T N

km f, T N f =
+∞∑
m=1

dm∑
k=1

akm T N
km f ;



CALDERON–ZYGMUND SINGULAR INTEGRAL ESTIMATES 215

then we have

‖T N f ‖L p(w) ≤ C‖ϕ‖N
BMO‖M

N+1 f (x)‖L p(w).

The second inequality of Theorem 1.5 is obvious. �

4. Weighted estimates in Morrey space

Let h(x, r) be a positive function on Rn
×R+ satisfying

(4-1) h(x, 2r)≤ Ch(x, r) for all r ∈ R+,

where 1≤ C = Ch < 2α is a constant independent of r and x .

Definition 4.1. We say, for 0< p <∞, that a locally integrable function f is in
the generalized weighted Morrey space L p

h (w) whenever

‖ f ‖L p
h (w)
= sup

x∈Rn,r>0

(
1

h(x, r)

∫
B(x,r)
| f (y)|pw(y) dy

) 1
p

<∞.

Theorem 4.2. For any 1< p <∞, w ∈ A∞,

(4-2) ‖T N f ‖L p
h (w)
≤ C‖ϕ‖N

BMO‖ f ‖L p
h (w)

.

Theorem 4.2 is a direct consequence of following lemma.

Lemma 4.3. Let w ∈ A∞ and 0< p <∞; then

(4-3) ‖M f ‖L p
h (w)
≤ C‖M# f ‖p

Lh(w)

and for a sufficiently small δ > 0,

(4-4) ‖Mδ f ‖L p
h (w)
≤ C‖ f ‖p

Lh(w)
.

If 0< δ ≤ p ≤∞ and w ∈ Ap/δ, then

(4-5) ‖Mδ f ‖L p
h (w)
≤ C‖ f ‖p

Lh(w)
.

Proof. Let w ∈ A∞. Then there is some q > 1 such that w ∈ Aq . The Jones
factorization theorem tells that w ∈ Aq if and only if there exist w1, w2 ∈ A1

such that w = w1−q
1 w2; see [García-Cuerva and Rubio de Francia 1985]. On

the other hand, w2 ∈ A1 if and only w2 = k(x)u2(x) with u2 ∈ A1 and k is a
positive function such that k, 1

k ∈ L∞. Thus, we can write, to simplify notation,
w = w

1−q
1 w2 with w2,

1
w2,
∈ L∞. Now, fix a ball Q centered at x , with radius r .

Then we may assume M(χQw2) is still in A1 with A1 constant independent of Q.
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Using the Fefferman–Stein’s inequality, we obtain∫
Q
|M f (z)|pw(z) dz =

∫
Q
|M f (z)|pw1−q

1 (z)w2(z) dz

≤

∫
Rn
|M f (z)|pw1−q

1 (z)M(χQw2)(z) dz

C ≤
∫

Rn
|M# f (z)|pw1−q

1 (z)M(χQw2)(z) dz

C ≤
∫

2Q
|M# f (z)|pw1−q

1 (z)M(χ2Qw2)(z) dz

+C
∫

Rn\2Q
|M# f (z)|pw1−q

1 (z)M(χQw2)(z) dz

= J1+ J2.

Since w2 ∈ A1, we have

J1 ≤ C
∫

2Q
|M# f (z)|pw1−q

1 (z)Mw2(z) dz

≤ C
∫

2Q
|M# f (z)|pw1−q

1 (z)w2(z) dz

≤ C
h(x, 2r)
h(x, 2r)

∫
2Q
|M# f (z)|pw(z) dz ≤ Ch(x, r)‖M# f ‖p

L p
h (w)

.

To estimate J2, we observe that if B is any ball in Rn , then for z ∈ (2Q)c, z ∈ B,
and Q ∩ B 6=∅, we have ρ(z− x)α ≤ C |B|. Thus

(4-6)
1
|B|

∫
Q∩B

w2(y) dy ≤ Cρ(z− x)−α
∫

Q
w2(y) dy.

It follows from (4-6) that

J2 ≤ C
∫

Rn\2Q
|M# f (z)|pw1−q

1 (z) sup
z∈B

(
1
|B|

∫
Q
w2(y) dy

)
dz

≤ C
∫

Rn\2Q
|M# f (z)|pw1−q

1 (z)ρ(z− x)−α|Q|w2(z)

≤ C
∞∑
j=0

∫
2 j+2 Q\2 j+1 Q

|M# f (z)|pw1−q
1 (z)

|Q|
|2 j+2 Q|

w2(z) dz

≤ C
∞∑
j=0

2− jα
∫

2 j+2 Q
|M# f (z)|pw1−q

1 (z)w2(z) dz

≤ C
∞∑
j=0

2− jα
∫

2 j+2 Q
|M# f (z)|pw1−q

1 (z)w2(z) dz
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≤ C
∞∑
j=0

2− jαh(x, 2 j+2r)
1

h(x, 2 j+2r)

∫
2 j+2 Q
|M# f (z)|pw(z) dz

≤ C‖ f ‖p
L p

h (w)

∞∑
j=0

(2−αCh)
j h(x, r)≤ Ch(x, r)‖M# f ‖p

L p
h (w)

.

Therefore,
1

h(x, r)

∫
Q
|M f (z)|pw(z) dz ≤ C‖M# f ‖p

L p
h (w)

.

This last estimate implies (4-3). To prove (4-4) we choose δ > 0 small enough so
that w ∈ Aq with q = p/δ. It follows from the Fefferman–Stein inequality that∫

Q
|M( f δ)(z)|

p
δ w(z) dz =

∫
Q
|M( f δ)(z)|

p
δ w

1−q
1 (z)w2(z) dz

≤

∫
Rn
|M( f δ)(z)|

p
δ w

1−q
1 (z)M(χQw2)(z) dz

≤ C
∫

Rn
| f (z)|pw1−q

1 (z)M(χQw2)(z) dz

≤ Ch(x, r)‖ f ‖p
L p

h (w)
.

The proof of (4-5) is similar. �

5. Application

Definition 5.1. Let ν be in the Schwartz space with supp ν̂ contained in an annulus
about the origin and ∑

j∈Z

ν̂(2− jξ)= 1 for all ξ 6= 0.

Let w ∈ A∞, 0< p, q ≤∞, and γ ∈ R.

• The homogeneous Triebel–Lizorkin space Ḟγ,qp is the set of all distributions f
(modulo polynomials) such that

‖ f ‖Ḟγ,qp,w
=

∥∥∥∥(∑
j∈Z

2 jγ q
|ν2− j ? f |q

) 1
q
∥∥∥∥

L p(w)

<∞,

• the inhomogeneous Triebel–Lizorkin space Fγ,qp is the set of all distributions f
(modulo polynomials) such that

‖ f ‖Fγ,qp,w
= ‖µ? f ‖p,w +

∥∥∥∥(∑
j≥1

2 jγ q
|ν2− j ? f |q

) 1
q
∥∥∥∥

L p(w)

<∞,
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where µ is a Schwartz function satisfying

µ̂(ξ)+
∑
j≥1

ν̂(2 jξ)= 1 for all ξ ∈ Rn.

Here, ν̂ denotes the Fourier transform of ν and νt(x) = t−nν
( x

t

)
. Note that the

Triebel–Lizorkin spaces are independent of the choices of ν; see for instance [Qui
1982].

Proposition 5.2. Let 1 < p, q < ∞ and let T be as in Theorem 1.3. If T is a
convolution operator then

‖T f ‖Ḟγ,qp,w
≤ C‖ f ‖Ḟγ,qp,w

and
‖T f ‖Fγ,qp,w

≤ C‖ f ‖Fγ,qp,w
.

Proof. Since T commutes with convolution,∥∥∥∥(∑
j

2 jγ q
|ν2− j ? T f |q

) 1
q
∥∥∥∥

L p(w)

=

∥∥∥∥(∑
j

2 jγ q
|T (ν2− j ? f )|q

) 1
q
∥∥∥∥

L p(w)

≤ C
∥∥∥∥(∑

j

2 jγ q
|ν2− j ? f |q

) 1
q
∥∥∥∥

L p(w)

.

In the last step we have used Corollary 1.7. It follows that

‖T f ‖Ḟγ,qp,w
≤ C‖ f ‖Ḟγ,qp,w

.

A similar argument leads to

‖T f ‖Fγ,qp,w
≤ C‖ f ‖Fγ,qp,w

. �

Proposition 5.3. Let 1 < p, q <∞ and let T be a C–Z operator with kernel K
satisfying

sup
x∈Rn

sup
y∈Sn−1

|∂σx ∂
β
y K (x, y)| = M <+∞

for all multi-indices β, σ such that |β| + |σ |< r , with r > 3n
4 −

1
2 . Then

‖T f ‖Fγ,qp,w
≤ C‖ f ‖Fγ,qp,w

.

The proof of Proposition 5.3 is based on the following lemmas.

Lemma 5.4 (boundedness of the multiplication operator [Rychkov 2001]). Let
a ∈ C N (Rn) and w ∈ A∞. Assume that

‖∂σa‖∞ ≤ CN for all |σ | ≤ N ,
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then we have
‖a f ‖Fβ,rp,w

≤ CN‖ f ‖Fβ,rp,w
for all f ∈ Fβ,rp,w.

Lemma 5.5. Let r ∈ N0 and assume

(5-1) sup
x∈Rn

sup
y∈Sn−1

|∂σx ∂
β
y K (x, y)| = M <+∞

for all multi-indices β, σ such that |β| + |σ |< r . Then

‖∂σakm‖L∞ ≤ C(n)Mr m−2r .

Proof. We have

akm(x)= (−m)−r (m+ n− 2)−r
∫

Sn−1
K (x, z)Lr Ykm dσz

= (−m)−r (m+ n− 2)−r
∫

Sn−1
Lr K (x, z)Ykm dσz.

Then Hölder’s inequality and (5-1) lead to

‖∂σakm‖L∞ ≤ C(n)Mr m−2r
(∫

Sn−1
|Ykm |

2 dσz

) 1
2

≤ C(n)Mr m−2r . �

Proof of Proposition 5.3. We conclude using Proposition 5.2, Lemmas 5.4 and 5.5
and arguing as in the proof of Theorem 1.5. �

Acknowledgements

The author is grateful to the managing editor for useful comments which improved
the contents of this paper.

References

[Andersen and John 1981] K. F. Andersen and R. T. John, “Weighted inequalities for vector-valued
maximal functions and singular integrals”, Studia Math. 69:1 (1981), 19–31. MR Zbl

[Bennett and Sharpley 1988] C. Bennett and R. Sharpley, Interpolation of operators, Pure Appl. Math.
129, Academic Press, Boston, 1988. MR Zbl

[Chiarenza et al. 1991] F. Chiarenza, M. Frasca, and P. Longo, “Interior W 2,p estimates for nondiver-
gence elliptic equations with discontinuous coefficients”, Ricerche Mat. 40:1 (1991), 149–168. MR
Zbl

[Cruz-Uribe et al. 2004] D. Cruz-Uribe, J. M. Martell, and C. Pérez, “Extrapolation from A∞ weights
and applications”, J. Funct. Anal. 213:2 (2004), 412–439. MR Zbl

[Curbera et al. 2006] G. P. Curbera, J. García-Cuerva, J. M. Martell, and C. Pérez, “Extrapolation
with weights, rearrangement-invariant function spaces, modular inequalities and applications to
singular integrals”, Adv. Math. 203:1 (2006), 256–318. MR Zbl

[Duoandikoetxea 2001] J. Duoandikoetxea, Fourier analysis, Grad. Studies in Math. 29, Amer. Math.
Soc., Providence, RI, 2001. MR Zbl

http://dx.doi.org/10.4064/sm-69-1-19-31
http://dx.doi.org/10.4064/sm-69-1-19-31
http://msp.org/idx/mr/604351
http://msp.org/idx/zbl/0448.42016
https://www.sciencedirect.com/bookseries/pure-and-applied-mathematics/vol/129/suppl/C
http://msp.org/idx/mr/928802
http://msp.org/idx/zbl/0647.46057
http://msp.org/idx/mr/1191890
http://msp.org/idx/zbl/0772.35017
http://dx.doi.org/10.1016/j.jfa.2003.09.002
http://dx.doi.org/10.1016/j.jfa.2003.09.002
http://msp.org/idx/mr/2078632
http://msp.org/idx/zbl/1052.42016
http://dx.doi.org/10.1016/j.aim.2005.04.009
http://dx.doi.org/10.1016/j.aim.2005.04.009
http://dx.doi.org/10.1016/j.aim.2005.04.009
http://msp.org/idx/mr/2231047
http://msp.org/idx/zbl/1098.42017
https://bookstore.ams.org/gsm-29/
http://msp.org/idx/mr/1800316
http://msp.org/idx/zbl/0969.42001


220 AHMED LOULIT

[Fabes and Rivière 1966] E. B. Fabes and N. M. Rivière, “Singular integrals with mixed homogeneity”,
Studia Math. 27 (1966), 19–38. MR Zbl

[García-Cuerva and Rubio de Francia 1985] J. García-Cuerva and J. L. Rubio de Francia, Weighted
norm inequalities and related topics, North-Holland Math. Stud. 116, North-Holland, Amsterdam,
1985. MR Zbl

[Hu et al. 2007] G. Hu, X. Shi, and Q. Zhang, “Weighted norm inequalities for the maximal singular
integral operators on spaces of homogeneous type”, J. Math. Anal. Appl. 336:1 (2007), 1–17. MR
Zbl

[Lorente et al. 2008] M. Lorente, J. M. Martell, M. S. Riveros, and A. de la Torre, “Generalized
Hörmander’s conditions, commutators and weights”, J. Math. Anal. Appl. 342:2 (2008), 1399–1425.
MR Zbl

[Neri 1971] U. Neri, Singular integrals, Lecture Notes in Math. 200, Springer, 1971. MR Zbl

[Pérez 1995a] C. Pérez, “Endpoint estimates for commutators of singular integral operators”, J. Funct.
Anal. 128:1 (1995), 163–185. MR Zbl

[Pérez 1995b] C. Pérez, “On sufficient conditions for the boundedness of the Hardy–Littlewood
maximal operator between weighted L p-spaces with different weights”, Proc. Lond. Math. Soc. (3)
71:1 (1995), 135–157. MR Zbl

[Qui 1982] B. H. Qui, “Weighted Besov and Triebel spaces: interpolation by the real method”,
Hiroshima Math. J. 12:3 (1982), 581–605. MR Zbl

[Rubio de Francia et al. 1986] J. L. Rubio de Francia, F. J. Ruiz, and J. L. Torrea, “Calderón–Zygmund
theory for operator-valued kernels”, Adv. Math. 62:1 (1986), 7–48. MR Zbl

[Rychkov 2001] V. S. Rychkov, “Littlewood–Paley theory and function spaces with Aloc
p weights”,

Math. Nachr. 224 (2001), 145–180. MR Zbl

[Sawano 2006] Y. Sawano, “A vector-valued sharp maximal inequality on Morrey spaces with
non-doubling measures”, Georgian Math. J. 13:1 (2006), 153–172. MR Zbl

[Softova 2006] L. Softova, “Singular integrals and commutators in generalized Morrey spaces”, Acta
Math. Sin. (Engl. Ser.) 22:3 (2006), 757–766. MR Zbl

[Stein 1993] E. M. Stein, Harmonic analysis: real-variable methods, orthogonality, and oscillatory
integrals, Princeton Math. Series 43, Princeton Univ. Press, 1993. MR Zbl

[Strömberg and Torchinsky 1989] J.-O. Strömberg and A. Torchinsky, Weighted Hardy spaces,
Lecture Notes in Math. 1381, Springer, 1989. MR Zbl

[Tao 1999] T. Tao, “The weak-type (1, 1) of LlogL homogeneous convolution operator”, Indiana
Univ. Math. J. 48:4 (1999), 1547–1584. MR Zbl

Received July 9, 2017. Revised October 7, 2018.

AHMED LOULIT

DÉPARTMENT DE MATHÉMATIQUE

RESEARCH CENTER E. BERNHEIM

SOLVAY BRUSSELS SCHOOL

UNIVERSITÉ LIBRE DE BRUXELLES

BRUSSELS

BELGIUM

hloulit@ulb.ac.be

http://dx.doi.org/10.4064/sm-27-1-19-38
http://msp.org/idx/mr/209787
http://msp.org/idx/zbl/0161.32403
https://www.sciencedirect.com/bookseries/north-holland-mathematics-studies/vol/116
https://www.sciencedirect.com/bookseries/north-holland-mathematics-studies/vol/116
http://msp.org/idx/mr/807149
http://msp.org/idx/zbl/0578.46046
http://dx.doi.org/10.1016/j.jmaa.2007.01.106
http://dx.doi.org/10.1016/j.jmaa.2007.01.106
http://msp.org/idx/mr/2348486
http://msp.org/idx/zbl/1125.42005
http://dx.doi.org/10.1016/j.jmaa.2008.01.003
http://dx.doi.org/10.1016/j.jmaa.2008.01.003
http://msp.org/idx/mr/2445285
http://msp.org/idx/zbl/1141.42013
http://dx.doi.org/10.1007/BFb0079049
http://msp.org/idx/mr/0463818
http://msp.org/idx/zbl/0219.44006
http://dx.doi.org/10.1006/jfan.1995.1027
http://msp.org/idx/mr/1317714
http://msp.org/idx/zbl/0831.42010
http://dx.doi.org/10.1112/plms/s3-71.1.135
http://dx.doi.org/10.1112/plms/s3-71.1.135
http://msp.org/idx/mr/1327936
http://msp.org/idx/zbl/0829.42019
http://dx.doi.org/10.32917/hmj/1206133649
http://msp.org/idx/mr/676560
http://msp.org/idx/zbl/0525.46023
http://dx.doi.org/10.1016/0001-8708(86)90086-1
http://dx.doi.org/10.1016/0001-8708(86)90086-1
http://msp.org/idx/mr/859252
http://msp.org/idx/zbl/0627.42008
http://dx.doi.org/10.1002/1522-2616(200104)224:1<145::AID-MANA145>3.3.CO;2-U
http://msp.org/idx/mr/1821243
http://msp.org/idx/zbl/0984.42011
http://dx.doi.org/10.1515/GMJ.2006.153
http://dx.doi.org/10.1515/GMJ.2006.153
http://msp.org/idx/mr/2242335
http://msp.org/idx/zbl/1102.42012
http://dx.doi.org/10.1007/s10114-005-0628-z
http://msp.org/idx/mr/2219687
http://msp.org/idx/zbl/1129.42372
http://msp.org/idx/mr/1232192
http://msp.org/idx/zbl/0821.42001
http://dx.doi.org/10.1007/BFb0091154
http://msp.org/idx/mr/1011673
http://msp.org/idx/zbl/0676.42021
http://dx.doi.org/10.1512/iumj.1999.48.1784
http://msp.org/idx/mr/1757083
http://msp.org/idx/zbl/0943.43002
mailto:hloulit@ulb.ac.be


PACIFIC JOURNAL OF MATHEMATICS
Founded in 1951 by E. F. Beckenbach (1906–1982) and F. Wolf (1904–1989)

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

blasius@math.ucla.edu

Matthias Aschenbrenner
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

matthias@math.ucla.edu

Daryl Cooper
Department of Mathematics

University of California
Santa Barbara, CA 93106-3080

cooper@math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics

The University of Hong Kong
Pokfulam Rd., Hong Kong

jhlu@maths.hku.hk

Paul Balmer
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

balmer@math.ucla.edu

Wee Teck Gan
Mathematics Department

National University of Singapore
Singapore 119076

matgwt@nus.edu.sg

Sorin Popa
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

popa@math.ucla.edu

Paul Yang
Department of Mathematics

Princeton University
Princeton NJ 08544-1000
yang@math.princeton.edu

Vyjayanthi Chari
Department of Mathematics

University of California
Riverside, CA 92521-0135

chari@math.ucr.edu

Kefeng Liu
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

liu@math.ucla.edu

Jie Qing
Department of Mathematics

University of California
Santa Cruz, CA 95064

qing@cats.ucsc.edu

PRODUCTION
Silvio Levy, Scientific Editor, production@msp.org

SUPPORTING INSTITUTIONS

ACADEMIA SINICA, TAIPEI

CALIFORNIA INST. OF TECHNOLOGY

INST. DE MATEMÁTICA PURA E APLICADA

KEIO UNIVERSITY

MATH. SCIENCES RESEARCH INSTITUTE

NEW MEXICO STATE UNIV.
OREGON STATE UNIV.

STANFORD UNIVERSITY

UNIV. OF BRITISH COLUMBIA

UNIV. OF CALIFORNIA, BERKELEY

UNIV. OF CALIFORNIA, DAVIS

UNIV. OF CALIFORNIA, LOS ANGELES

UNIV. OF CALIFORNIA, RIVERSIDE

UNIV. OF CALIFORNIA, SAN DIEGO

UNIV. OF CALIF., SANTA BARBARA

UNIV. OF CALIF., SANTA CRUZ

UNIV. OF MONTANA

UNIV. OF OREGON

UNIV. OF SOUTHERN CALIFORNIA

UNIV. OF UTAH

UNIV. OF WASHINGTON

WASHINGTON STATE UNIVERSITY

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no
responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2020 is US $520/year for the electronic version, and $705/year for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at the University of California, c/o Department
of Mathematics, 798 Evans Hall #3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at
Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O.
Box 4163, Berkeley, CA 94704-0163.

PJM peer review and production are managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2020 Mathematical Sciences Publishers

http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias@math.ucla.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:balmer@math.ucla.edu
mailto:matgwt@nus.edu.sg
mailto:popa@math.ucla.edu
mailto:yang@math.princeton.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/


PACIFIC JOURNAL OF MATHEMATICS

Volume 307 No. 1 July 2020

1The Dirichlet problem for the mimimal hypersurface equation with Lipschitz
continuous boundary data in a Riemannian manifold

ARÌ AIOLFI, GIOVANNI DA SILVA NUNES, LISANDRA SAUER and RODRIGO

SOARES

13A new complex reflection group in PU (9, 1) and the Barnes–Wall lattice
TATHAGATA BASAK

53Willmore type inequality using monotonicity formulas
XIAOXIANG CHAI

63Split bounded extension algebras and Han’s conjecture
CLAUDE CIBILS, MARCELO LANZILOTTA, EDUARDO N. MARCOS and
ANDREA SOLOTAR

79Symmetry breaking differential operators, the source operator and Rodrigues
formulae

JEAN-LOUIS CLERC

109On the irreducible components of a Gelfand–Graev representation of a finite
Chevalley group

CHARLES W. CURTIS

121Eliminating tame ramification: generalizations of Abhyankar’s lemma
ARPAN DUTTA and FRANZ-VIKTOR KUHLMANN

137Periodicities for Taylor coefficients of half-integral weight modular forms
PAVEL GUERZHOY, MICHAEL H. MERTENS and LARRY ROLEN

159A conical approach to Laurent expansions for multivariate meromorphic germs with
linear poles

LI GUO, SYLVIE PAYCHA and BIN ZHANG

197Calderon–Zygmund singular integral estimates in generalized weighted function
spaces

AHMED LOULIT

221Local plurisubharmonic defining functions on the boundary
LUKA MERNIK

239On the compactness of commutators of Hardy operators
SHAOGUANG SHI, ZUNWEI FU and SHANZHEN LU

0030-8730(202007)307:1;1-I

Pacific
JournalofM

athem
atics

2020
Vol.307,N

o.1


	1. Introduction and main results
	2. Preliminaries
	3. Proof of Theorem 1.3
	4. Weighted estimates in Morrey space
	5. Application
	Acknowledgements
	References
	
	

