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CALDERON-ZYGMUND SINGULAR INTEGRAL ESTIMATES
IN GENERALIZED WEIGHTED FUNCTION SPACES

AHMED LOULIT

We prove boundedness of commutators associated to some anisotropic sin-
gular integral on weighted Lebesgue spaces and on generalized weighted
Morrey spaces. As an application, we obtain the boundedness of those oper-
ators on weighted Triebel-Lizorkin space.

1. Introduction and main results

In harmonic analysis, there are a number of important inequalities of the form

(1-1) /|Tf|f’w<x>dxsc/ ISF ()1 w(x) dx.,
Rn Rll

where T is a singular integral operator and S is an operator which is, in principle,
easier to handle (e.g., a maximal operator), and w is in some class of weights. This
type of estimate plays an important role in many fields of analysis, including partial
differential equation theory. For instance, the estimate (1-1) can be used to study the
regularity of the elliptic equation with discontinuous coefficients; see for example
[Chiarenza et al. 1991].

Definition 1.1. A Calderon—Zygmund kernel (C—Z kernel) is a function
K :R"™\{0} > R
such that:
) K € C(R"\{0}).
(i) K is homogeneous of degree —n.

(i) fg1 K(0)do =0and [, ,|K(c0)*do < oo, where $"~lis the unit sphere
in R".

Theorem 1.2. Let K be a C-Z kernel and & > 0. Then the operator
nfw=[  Ka-nfod
x—yl>e
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is well defined in L? and for any f € L?, there exists Tf € L? such that
lim|| T f —TfllLr =0.
e—0

Furthermore T is a bounded operator in L?, 1 < p < o0, i.e., for some positive
constant ¢ = c(n, p),

ITflr < cllK 21y fllee,  forall f e LP.

The operator 7" will be called a Calderon-Zygmund (C-Z) singular operator and
we will use the notation

Tf(x)=lim K(x—=y)f(y)dy.

e—0 [x—y|>¢

In their work F. Chiarenza, M. Frasca and P. Longo [Chiarenza et al. 1991] have
considered more general operators that are not necessarily of convolution type,

Tf(X)=1iH})| | K(x,x=y)f(y)dy.
&= x—y|>¢

They established, under some suitable conditions, the continuity of such operators
in nonweighted L? spaces. More precisely, they obtained the following result.

Theorem 1.3. Let K : R* x R"\{0} — R be such that

(1) K(x,-) isa C—Z kernel for a.e x € R",

(i1) SUpP, e gn-1 |8§3K(x, V)| = M < 400 for all multi-indices B < r with
3n
4
For feL?, 1 <p<o0,and ¢ € BMO, set

r >

N —

T.f () =f| K@ 0y
x—y|>¢
and

Celo, f1x)=0 )T, f (x)=Te(pf)(x)= K(x,x=y)lex)—eM1f(y)dy.

|x—y|>¢
Then for any f € L? there exist T f and Cle, f] € L? such that
Tf(X)=;i_r3(1)Tsf(X), Cly, f](X)=gij)r%)Cs[¢, S1(x)
in LP. Moreover, there exists a constant c = c(n, p, M) such that

ITfllLr <cllfllLe
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and
ICle, flllr < cllellsmoll fllze.

Introducing a new metric p, Fabes and Riviere [1966] studied the continuity of 7
in L?(R"), where R" is endowed with the topology induced by the metric p. Using
this metric, L. Softova [2006] showed that 7" and its corresponding commutator
operators are continuous in generalized Morrey spaces.

In this work we study the continuity of the N-th commutator operators associated
to Calderon—Zygmund singular operators on weighted Lebesgue and Morrey spaces
by using the metric p. As an application we conclude by showing that the operator T’
is continuous in inhomogeneous weighted Triebel-Lizorkin spaces, which contain
many classical spaces, such as BMO spaces, Hardy spaces, and fractional Sobolev
spaces.

In what follows, p will be a metric as defined in Section 2.

Definition 1.4. We say that K : R” x R*\{0} — R is a variable kernel with mixed
homogeneity if

(i) K(x,-) € C®(R"\{0}),
(i) forany A >0, B; > 1,8=2"7_, B;
K(x, Aﬂ‘yl, R kﬁ”yn) = k_ﬂK(x, y),

(iii) fS"’l K(x,0)do =0 and fS'H |K (x,0)|>do < oo,

@iv) SUp,, ¢ gn-1 IB;/K(x, y)| = M < 400 for all multi-indices y < r with
1
4 27
The N-th commutator operators, N =1, 2, ... are defined inductively by

CMe, f1=TN f) = )TN () = TV N pf) (x)

r>

with
fw=nfm=[  Kwx-nfma.

p(x—y)>¢

Note that for every N € N,

o= [ K- lew - o0 fo)dy.
p(x—y)>e

Throughout this work, ¢ is assumed to be in BMO, C denotes a constant that does

not depend on f but it is not the same at each occurrence, and the kernel of the

operator T is as in Definition 1.4. Our main results are the following.
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Theorem 1.5. If 0 < p < o0 and w € A, then

(1-2) TV f1Pw(x)dx < cnwuZA’;O/ MY F () |Pw(x) dx.
R R

In particular, if 1 < p < oo and w € A,, then
(1-3) 1TV f1Pw(x) dx < C||¢||§A’;0f | f )P w(x) dx,
R R

where M* f (x) is the Hardy—Littlewood maximal operator iterated k-times.
Note that MV +! £ (x) &~ M ogyv f (x) foreachx € R" and N =0, 1, 2,....

Remark 1.6. An interesting consequence of the estimate (1-2) is the following
sharp weighted estimate.
Let w be a weight. Then

(1-4) T fIPw(x) dx < Cligllgho f | f QP M FDPH (o) dx
Rl‘l Ril
for all 1 < p < oo, where [ p] stands for the integer part of p. See [Lorente et al.

2008; Pérez 1995b].

Also, the weighted vector-valued inequality in [Cruz-Uribe et al. 2004] and the
weighted vector-valued inequality for the maximal operator in [Andersen and John
1981] lead to the following important result.

Corollary 1.7. If 0 < p, g < o0 and w € A, then

1 1
q N q
‘ (ZITNf,-Iq> < Clielizio (DMN“fjw)
jez Lo (w) jez Lr(w)
In particular, if 1 < p, g < oo and w € A, then
1 1
q N q
’ (ZITNf,-I"> < Clielizno (me)
jez LP(w) jez L (w)

The estimate (1-2) can also by applied to obtain an other important estimate in
rearrangement invariant Banach spaces. We recall that a Banach function space X
is said to be rearrangement invariant if whenever f, g € X are equimeasurable, then
| fllx =llgllx and that two functions are equimeasurable if w () = wg(¢),1 > 0,
where w7 (1) = w({x € R" : | f(x)| > t}) is the distribution of f. Given a Banach
function space X and 0 < r < 0o, f is said to be in X" if and only if

1
I lxrqwy = M1 gy < 00
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The definition of the Boyd indices involves the norm of the dilation operator in X
and gives information about the localization of X in terms of interpolation properties;
see [Bennett and Sharpley 1988, Chapter 1] for more details. For instance, L?, L9
and L”(log L)" have Boyd indices gx = p.

Using estimate (1-2) and [Curbera et al. 2006, Theorem 2.1] we obtain the
following weighted vector-valued inequality.

Theorem 1.8. Let X be a rearrangement invariant Banach function space with
upper power indices 0 < gx < oo and such that X" is a Banach space for some
r > 1. Then for all 1 < g < 0o and for all w € A,

‘ (ZITijIq); (qu);

jez jez
We begin this section by recalling some definitions and some classical results in
harmonic analysis. Good references are [Garcia-Cuerva and Rubio de Francia
1985], and [Stein 1993] in the context of the Euclidean spaces. In the context of
the noneuclidean spaces we refer, for instance, to Y. Sawano [2006].

Let a, ..., a, be real numbers, where «; > 1, and set o = Z’l’ «;. Following
Fabes and Riviere [1966], the function F'(x, p) = Zrl‘ p 2 xl.z, considered for any
fixed x € R"\{0}, is a decreasing function of p and therefore there is a unique solution
p(x) of the equation F(x, p) = 1. Set p(0) =0 and define d(x, y) = p(x —y). It
can be proved (see [Fabes and Riviere 1966]) that d is actually a distance. The
balls with respect to p, centered at some point x and of radius r, are defined by

N
=< C”(PHB}{;O
X (w)

X (w)

2. Preliminaries

O,(x)={xeR":dx—y) <r}.
Introducing the polar type change of variables

X1 = p*cosg)---COS@,_ COSQ,_1,

Xo = p*2cos g ---sing,_1,

X, = p% sin ¢y,
we find dx = p* !'dpdo with do the surface measure on the Euclidean unit
sphere S”~!. Therefore we can compute

w(Q,(x)) =c,r* forall r >0,

where du =dx = p®'dpdo. In particular (R", d, dx) is a homogeneous space. In
what follows the balls considered are balls with respect to p. To simplify notation
we put (R", d, dx) =R".
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We say that w is a weight if w is an a.e. positive locally integrable function
in R". Given E a measurable set, we set |E| = w(E) and w(E) = fE w(x)dx. Let
0 < p < oo. Then f is said to be in L?(w) if and only if

I fllLrw) = ([I;{nlf(x)lpw(x)dx> ’ < 0.

The weak-L? spaces, denoted by L?>*°(w) are defined as follows: f € LP*°(w) if
and only if

I e = Sup(ifwlx € R 1f (0] > WP < 0.

When w = 1 we drop the subscription w. The Hardy-Littlewood maximal func-
tion M f and the sharp maximal function M* f are defined, respectively, for a locally
integrable function f by

2-D Mf(X)—SUP—/If(y)I s
xeo |0

(22)  M*f(x) = sup inf — / £ () — el dy ~ sup —— f ) = foldy,
S 0] 0/,

where the supremum is taken over all balls containing x, and fp denotes the average
of f over the ball Q. For § > 0, we set

(2-3) Msf(x) = (M| f°(x))3,
(2-4) M!F(x) = (MP| P (x))5.

Lemma 2.1 (Kolmogorov’s inequality). Let 0 <r < g < oo and define

g 1 1 1
1(f|f<x>|rw<x>dx) ot
s \JE s r q

where the sup is taken for all measurable sets with 0 < w(E) < co. Then

q
(2-5) | fllacew) < Ngr(f) < qTr”fHL%OO(w)-

Nq,r(f) = sup
E w

A nonnegative locally integrable function w is said to be in the Muckenhoupt
classes A, if there exists a constant C,, > 0 such that for all balls Q,

p—1
1‘1”d> <C
y =Cp,
IQI/ (IQI/ P
when 1 < p < o0, E—{—;:l,andforp:l,

é /Q wdy < Crw(x),

for a.e. x € Q, or equivalently Mw(x) < Ciw(x) for a.e. x € R", and we
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set Aoo = (J,>1 Ap. It is well known that Muckenhoupt classes characterize
the boundedness of the Hardy—Littlewood maximal M on the weighted Lebesgue’s
space; see [Garcia-Cuerva and Rubio de Francia 1985, Chapter 3]. Namely,

(2-6) M : LP(w) — LP(w)

if and only if w € A, when 1 < p < 00, and
(2-7) M: L' (w) = L"*®(w),

if and only if w € A;.
Another important result that we will use in this work is the Fefferman—Stein’s
inequality; see, for instance, [Garcia-Cuerva and Rubio de Francia 1985, p. 410].

Theorem 2.2 (Fefferman—Stein’s inequality). Let w € Ay and let f be such that
Mf e L"(w) for some 0 < r < oo. Then for every p such thatr < p < 00,

(2-8) IMf@)|[Pwx)dx <c | IM*f@)|Pw(x)dx.

R Rn

Lemma 2.1 and Theorem 2.2 play a principal role in the studies of many singular

integral operators since most of these operators are “controlled” by the operator M.

Another class of functions that plays an important role in harmonic analysis and

in partial differential equation theory is the class of functions of bounded mean
oscillation noted by BMO, i.e., ¢ € BMO if

1
sup —
o 10|

The smallest constant for which (2-9) is satisfied is taken to be the norm of ¢ in the
space BMO, and is denoted by ||¢| sumo-
One of most important properties of BMO is the John—-Nirenberg inequality,

(2-9) /Q|§0()’) —g@oldy. <A< o0

1 1/p

(2-10) <—/ Iw(y)—wgl”dy) < cpllellBmo-
101 Jo

One has also

(2-11) lpak o — @0l < ckllgllBmo-
See for instance [Stein 1993, Chapter IV].

Remark 2.3. The above results are well known in the literature in weighted Eu-
clidean spaces, and by standard argument they are still valid in weighted space of
homogeneous type; see for instance [Hu et al. 2007; Stromberg and Torchinsky
1989].
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3. Proof of Theorem 1.3

As in [Chiarenza et al. 1991], the proof of Theorem 1.5 is based essentially in the
expansion of the kernel K into spherical harmonics. Therefore we need to recall
first some definitions and results related to this last notion. A good reference is
[Neri 1971].

Denote by IT,,the set of all real polynomials in x € R", n > 2, which are
homogeneous of degree m. It is well known that IT,, is a finite-dimensional vector
space of dimension g, = C:;ln—l-

Solid harmonics of degree m are polynomials P € IT,, which satisfy AP =0.

The set of all solid harmonics of degree m, denoted by S,,, is a subspace of I1,,
of dimension

_ _ ,n—1 _ n—1
dn = 8m — 8m-2= Cm—',—n—l Cm+n—3'

The restrictions of solid harmonics to the unit sphere are called spherical harmonics
of degree m and we denote by Q,, the set of all spherical harmonics of degree m.

The vector space Q,, can be seen as a linear subspace of the Hilbert space
L>(S" 1), with inner product

(f.8)=]  fsdo.
Sil—
With respect to this inner product, we can construct in each @, an orthonormal
basis Yy, k=1, ...,d(m). Moreover, we have:
Theorem 3.1. The collection {Y1,,(2)}, k € {1,...,dy,}, m € N, is a complete

orthonormal system of spherical harmonics on L*(S"™1).

On the other hand if we denote by L the operator defined by Lf = |x|>Af then:
Lemma 3.2 [Neri 1971, Chapter III]. (a) d,, < c(n)m" 2,
®) |(5)"[Iz1" Y (2/12D]| < C (e, mym = D/2Hel g n=led,
©) LYy =(—m) (m+4+n—2)"Yy, forallr e N,
(d) if f, g € C* (R"\{0}) are homogeneous of degree zero, then

- fL'gdo = o fL gdo.

By the completeness of {Yj,,} in L>(S"1), we can write (see [Neri 1971, Chap-

ters III and 1V])

+o0 dm

(3-1) K, 2)=px=2""D Y am()Yin (@),
m=1 k=1
where

o () = / K (x, 2)Yen(2) do,
Snfl
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and 7’ = z/p(z). The last equality, Lemma 3.2 and the definition of the kernel K
imply

(3-2) lagmllze < C)M,m ™"

Lemma 3.3 (pointwise Hormander’s condition [Softova 2006]). Let Q and 2Q be
balls centered at xo and put Ky, (x) = Yign (x")/ p% (x). Then

p(xo — x)

(3-3) [Kin(x =) = Km0 = )| = CoomE =2

foreachx € Qandy ¢20Q.
Define fore >0, N =0, 1,2, ... and ¢ € BMO, the operators Tijw by

TN, f() = / Ko x — o) — 001V £ () dy

plx—y)>e
and set
e f ) =T f 0 = [ Kinlx =050 dy.
px—y)>e
Lemma 3.4 [Tao 1999]. Ti,, is a weak (1, 1) with
. C(nym>
(3-4) e e B 1T £ )] > 11| < < /le(x)ldx.
Lemma 3.5. Forany 0 < § < n < 1, there exists a constant
C=Cn,é,n)
such that
(3-5) M} (Ten £)(x) < Cm2 M (f)(x)
and
N-1 ‘ .
(3-6) M (T, f)(x) <Cm"/? [wlgMoMN“(f)(xHZ||w||ZA;éMn(Tk’mf><x>]-
j=0

Proof of Lemma 3.5. To prove the inequality (3-5) we proceed as in [Pérez 1995a].
Case 1. N = 0. Fix a ball Q containing x and put
f=7Fxo+ fxee=fi+ fo,

then
Tkmf = Tkm f] + Tkm f2

and it suffices to prove (3-5) for f| and f>. ForO0 <é§ < 1, forall o, B € R,
lel® = 11| < o = BI°.
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This implies

<|Q|/||Tkmf<y>|5—<Tkmfz> |dy) <|Q|/|Tkmf(y> (Tim f2) ol dy)

sca(|Q|/|Tkmf1| dy)

+C;s (— / |Tkmf2(y)—<rkmfz)g|5dy)s
101/

<Cs(I+1I).

To estimate / we use the weak type (1, 1) and the Kolmogorov inequality (2-5):

(1/|T fl‘sd);<—1 L T fil
— k 1 y = —_— k 1 1,00
101 Jo ™" 1-s|Q "t

Hence,

(3.7) 1< C(n 8)m / il dy C(n 3)m

ol ol
Also for y € Q,

/Q|f| dy <C(n, 8)m> M(f)(x).

T 50 — (Tim f) ol < — f fR K3 =) = K =) | @1 de

Q]
<h+L
with
1
le—/f |Kin (7 — ) — Kim (x — )11 £ (6)] dédz
101 Jo Jrr\20
and

1
12:_// |Kion (¢ = §) = Kin (. — )] | £ ()] & dz.
191 Jo Jrn20

The estimate (3-3) leads to

J 5___ Jed
L= |Q|f/n\2Q plx — g:)a+1|f(§)| &dz

> i G

k=1

fcm2

<cm?M(f)(x).
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The same argument can be applied to obtain the same inequality for J;. It follows
that

(3-8) I <cm2M(f)(x).
Case2. k=1,2.... We expand Tkll\; f as follows: for an arbitrary constant A we
can write
N—1 .
T f @)=Y Cinpx) =N ITL £ @)+ Tem (O — @)™ ().
j=0

As before, we fix a ball Q containing x and put f = fx20 + f xrm\20 = f1 + f2.
Then, with A = @29 and ¢ = (Tim (@ — gDzQ)Nfz)Q we have

s__ d %
<|Q|/|I T f O =1’ y) <|Q|/| S ()| dy)

sc[ (|Q|flso(y) A NPT f(y)l‘sdy)a

(|Q|/|Tkm<<<o WY YO dy)

(|Q|/|Tkm«<o N )—cl dy)]
<CU+I1+11I).

To estimate I we use Holder’s inequality with ¢ = I > 1 and John—Nirenberg’s
inequality (2-10),

L/ 1 . 3q
(N0 ) (_/ 7 aq) d
1< § j<|Q|f|<¢(y) ) )" (g7 | o) "

N-1

< C Y N0l My (T, ().

j=0

To estimate /I we again use Holder’s inequality and the weak type (1, 1) of Ty,,:

11<C(n)m2@/ @) =N Fldy
< C(mym?|lp — MiExp Loy I f 1 L10g Lm 20)

< Cmym? 9| BoM ' f(x).
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To estimate the last term /I we use the Jensen’s inequality to obtain

1
mg— / | Tiem (@ () —020)" L)) —(T (9p—920)") ol dy

2//[ | K (7 —8)— Kim (=) | 19 (E) =201V | f (§)| dEdzdy
|Q| "20

n/2 _
= Tor /QfQ/ n\2Qp(x_—Zyx)Jrl|‘p(g)_¢2Q|N|f(5)|dezdy

o0

n

" 27/ N
<oty m/yﬂglw(é)—wd £ (6)|de

< cm? Z|2,+1Q| O eol' I @)l

+emi S = [ Jgpiig—gaolV 1 £ (E)]dE
L0l g

<IV+V.

Using again the Holder and John—Nirenberg inequalities, we get

o0
|
IV <cm"?y 27 377Tg] zmglfp(é)—<02j+IQ|N|f(%')|d$
j=1 '

o
<em el oM (@) Y27 < em™ ol goM T () ).

j=1

On the other hand, the inequality
lpa2i+19 — 20l < cjllellBmo
implies
n o jN27
v scmfngonBMOZ Q] Jy o E1E
Jj=
<Cm? ||<o||i¥MoM<f><x>. O

Corollary 3.6. Forany (0 < p <00, w € A,

(3-9) / T F1Pwo) dx < em® gl / MY £ (o Pw () d.

Proof. Let f be a bounded function with compact support, i.e., f € L>°. Then
by [Garcia-Cuerva and Rubio de Francia 1985, Theorem 3.1, p. 411], M(Ti,m f) €
L"(w) whenever w € A, and 1 < r < 00. Let w € Ay; then w € A, for
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some 1 <r <oo. Let0 <rg <r. Then forall 0 <8 < ro/r we have w € A, /5 and
then M (Ty,, f) € Lo/ (w). It follows from the Fefferman—Stein’s inequality (2-8)
and Lemma 3.5 that for all w € A, and all 0 < p < o0,

| Tim f1Pw(x)dx < | (M Tin f1D°)?Pw(x) dx
R~ R~
< f (M*(| T £1°) 5 w(x) dx
Rn

<em'T / IMF () [Pw(x) dx.
RVL

Iterating over the last inequality, we obtain

/|ka,if|Pw(x>dxScm"z"||<p||§AZO/ MV F () [Pw(x) dx.
Rn R)‘l

Since L is dense in L? (w), the last inequality is true in the whole space L? (w). [
Denote T, f (x) = sup,. ol Tkme f (x)].
Corollary 3.7 (Coltar’s inequality). Forany 0 <§ <1,
Tion f () < C(Ms(Tin ) (x) +mE M (x))
where C = C(n, d).

Proof. We adapt here the proof given in [Duoandikoetxea 2001, pp. 103—-105].
First assume 0 < § < 1 and fix ¢ > 0. Let Q = B(x,&/2) and define f =

fx20+ fxrn20 = fi + f2. Then
Time f (x) = T f2(x).
If y € Q, then it follows from the proof of the estimation (3-8) that

| Toem f2(3) = Tim 200 < N Tim [2(0) — (Tim J2) 0| + | Tiem f2(x) — (T f2) 0
<Cm2M(f)(x).

It follows that

| Time £ (X)| < Cn2 M) + | Tim £ D+ Tiom F1()])

and then

| Time £ ()P < COnS MF ) + | Tim f O + | Tem AP,

Integrate in y over Q, divide by |Q| and raise to the power 1/, to get

\ 1 3
| Tiome [ (X)|° < C<m2Mf(x) + M (| Tiom £ (1) + (@ /Q | Tiem f1 |5dy) )
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Use the estimate (3-7) to obtain
n 1
| Time f ()|’ < C(m2 Mf () + M (| Tim f (1)|)7).
The proof of Coltar’s inequality when § = 1 is as in [Duoandikoetxea 2001]. [

By standard argument we obtain Proposition 3.8 as a consequence.

Proposition 3.8. T} is strong (p, p), 1 < p < 00, and is weak (1, 1) with

(3-10) / T2 FOP dx < c(n, pym? / ()P dx
Rn Rn
and
C 5
(3-11) (xR [TE, 00| > 4] < (”)3’" lef(x)ldX-

Now we will prove the following result.

Theorem 3.9. Forany (0 < p <00, w € A,
(3-12) f 1Sty fIPw ) dx < em'™ llglph, / |MYTLf o) [Pw(x) dx
R~ R~

with Sgm,j =T,

To prove Theorem 3.9, we need a pointwise estimate of Sy, j f. To obtain this,
we use some technical results used in [Rubio de Francia et al. 1986].

Lemma 3.10. Ler € C'(R) such that
supp(¥) C{reR:3<1<3}, 0<y@® <1,

and put (x) = 1 — Y (x), then both the kernels

Vi (X — ) = K (x — y)xv(@),

p(x—y)
(pkms(x - )’) = K (x — Y)QD(T)

satisfy the Hormander’s condition uniformly in € and are bounded uniformly in ¢
by (Cm" /2)[(p*(x — y)).
Proof. We have from the definition of p,

Xjp 2% (x) p
> aip 2 (x)x}
< Cp~ (),

9jp(x) = (x) < Clxjlp7 2% (x)
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since |x;| < p(x)% and Y 1 a; p~2¥ (x)x7 > mina;. Let g, be either ¥ (+) or (),
y € Q= Q(xp,r) and z ¢ 2Q. Using the last estimate, we obtain

10e (2 — ¥) — ez — x0)| < C'y;x°'¢/(pic)>|w(c>|

IVo(o)l
p(c)
<Cp(y —x0)*p %(c),

= Cly = xol

with c = (1 —t)(z — y) +t(z — x¢) for some ¢ € (0, 1). On the other hand, one can
check that 2p(c) > p(z — x¢). Thus

9e(z = y) — @e(z — x0)| < Cp(y —x0)*p~* (z — x0)

< Cp(y —xp) ot (g — ) L =20
p(z —xo)
C,O(y —Xo).
p(z —xo)

By this and the properties of the kernel Ky,,, we have

| @kme (2—Y) —Prkme (2—X0) |
S @@= (Kim (2—y) = Kim (2—x0) |+ Kim (2—X0) | @ (2—y) — e (2—X0) |

< Cmn/z o (y—xo) 0
- p(z—xp)et1”
Define
(3-13) Wi, i f(x) = Sulg Wime, j f (x)
=sup | [Wkme (X — M@ x) — oMY fF()| dy,
(3-14) DL f(x) = Suglq’kma,jf(X)l
= sug f Gime (X — W@(x) — oMV () dy|.

Then we can see that

(3-15) St LX) < Wi i f () + B, 5 f (1)

Lemma 3.11. Forany 0 < § <n < 1, there exists a constant C = C(n, 8, n) such
that

MEWE, £)(x) < Cm2M(f)(x)
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and
N—1 .

M (W, v (X)) < Cm"/2[||<p||ﬁMoMN“(f)<x) + Y 10lpard My (U jf>(x>]
j=0

with Wp = Wr .

Lemma 3.12. Forany 0 < § <n < 1, there exists a constant C = C(n, 8, n) such

that

M} (D}, /(%) < CmEM(f)(x)

and
N—1

M@}, v @) < cmn/z[||<p||BMoMN“(f><x) + 3 lola My (D, ,f)(x)]
j=0

with &}, = &7, o

Proof. We only prove Lemma 3.11, the proof of Lemma 3.12 is similar. We note
first that

Wi f(x) < SUP/ | Kiom (x — y) f (0| dy
/2<p(y—x)<3e

e>0Je

< sup Cm"/?e™® / If()]dy < Cm">Mf(x).
p(y—x)<3e

e>0

It follows that W7, is of weak type (1, 1) and satisfies

(3-16) lx e R : |}, £(x)] > A}] < (”)m / | £ (x)| dx.
Put Q = B(x, r) and

f=Fxo+ fxrn2o = fi+ /2

The Kolmogorov inequality and (3-16) tell us that

1/8
(3-17) <|Q|/|‘Pkmf1(y)| dy) < Cm"*Mf (x).

On the other hand, since T}, is finite almost everywhere, we can choose xo € Q
such that W}, f>(xo) < co. From the definition of the supremum, for any y € Q,

W5, 2(0) = W5, f2(x0) | < sup|Wime f2() — Wime f2(x0)|

e>0

= SuP/ | (Vieme (Y — 2) — Vime (X0 — 2)) | dz.
R™20

e>0
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For any ¢ > 0 we have

f | (Ykeme (Y — 2) — Yikme (xo — 2| f(2)] dz
R"\20

<3 [ ey = D)~ Ym0 — DS @ d
= Jariovio

2+ gy2i g P(xo — 7)™

S| R e L
j=1

oo
<Cm"y o)l dz
< ;(m)/wl) ranara @

<Cm"*Mf (x).

To prove the second estimate in Lemma 3.11, we proceed, with a slight modification,
as in the proof of the estimate (3-6). Set A = ¢yp and ¢ =¢,, € > 0, with

Ce = Wime (9 = M)™) £2) (x0)
and xg € Q such that
W, (0 — DY) f2) (xo) < 0.

Then with the same notation as before

(i/ [ Wimew f O P —le |‘3|dy>é
101 Jo" ’

N—-1

sc[2(|Q|/|w(y> — MY e F )1 dy)

Wyme WV d)
G@/|k(w YOI dy |

Wyme N 1% d )
(|Q|f| e (=20 ()| y)]

Sol—

Since Wy, is nonnegative and

lla + bl —lcl| < lal+|b—cl,
it follows that
[Wine (9 = DY () = cel

= [[Wime (@ — DY FO) + Wme (@ — WY )] — el
< [ Wime (@ — DN FIYD] + 1 Whome (@ — DN £) () — cel.
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This implies

\'Ijmé‘ (S £ d)
<|Q|/|| kme.N FO)° = lce |’ | dy

N—1
sc[ (|Q|/|¢<y) M= e s FO)° dy)

lI"I’I’lE )" d
(|Q|/| kme (@ =MV FYN° y)

<|Q|/|wkms<<go MY H() = el dy) ]
<C{ + I + II).

1

By definition of W}, ., we have

km,j>
N-1 1

§<|Q|/'*"(” MV, F)I? dy)

N—
Z 10113070 Moy (W3 5 ().

Arguing as in the proof of Lemma 3.5 we obtain
1< Cm? |l foM " £ (x)
i < Cm2 (|9l poM™ ' £ () + llllsuoMf (x)).
All those estimations are uniformly in ¢. U

Proof of Theorem 3.9. The proof is an immediate consequence of Lemmas 3.11
and 3.12. 0

Proof of Theorem 1.5. Note that Theorem 3.9 implies the convergence of T, kms
in LP(w) with w € A. Using the series expansion of K (x, y), Lemma 3.2,
estimation (3-2) and Theorem 3.9 we get

+o00
1T Fllra < ClelBuol MY FllLray Y m/272r4n=2

m=1
N N+1
< Cllelzuol M fliLrw)
3n 1

since r > 5+ — 5 > % — 1. We conclude that the series is absolutely convergent

in L?(w). Set
400 dp
eli_I)%TkZwa =T TVf= Z Zaka;éif

m=1 k=1
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then we have
ITY Fllzea < ClelBuol MY £ Le .-

The second inequality of Theorem 1.5 is obvious. O

4. Weighted estimates in Morrey space
Let h(x, r) be a positive function on R" x R* satisfying
4-1) h(x,2r) < Ch(x,r) forallr e RT,
where 1 < C = Cj, < 2% is a constant independent of r and x.

Definition 4.1. We say, for 0 < p < oo, that a locally integrable function f is in
the generalized weighted Morrey space Lf (w) whenever

1

1 r
||f||L;j(w) sup ( [f D)7 w(y) d)’) < 0.

xeR*,r>0 h(x I") B(x,r)

Theorem 4.2. Forany 1 < p <00, w € A,

4-2) TN Fllpay < Cllmoll Flpw):
Theorem 4.2 is a direct consequence of following lemma.

Lemma 4.3. Let w € Ay, and 0 < p < 00; then

4-3) IMF Ny < CUM*FIT, )

and for a sufficiently small § > 0,

(4-4) 1M5 £ 1Ly < CUAIE, -

If0<é=<p=<ooandw e A,s, then

(4-5) ||M8f||L”(w) = C”f”Lh(w)

Proof. Let w € A. Then there is some g > 1 such that w € A;. The Jones
factorization theorem tells that w € A, if and only if there exist wi, wy € Aj
such that w = w}_q wy; see [Garcia-Cuerva and Rubio de Francia 1985]. On
the other hand, w, € A; if and only wy = k(x)ur(x) with up € Ay and k is a
positive function such that k, 1 © € L. Thus, we can write, to simplify notation,
w= wl1 wy with wy, w— € L®. Now, fix a ball Q centered at x, with radius r.
Then we may assume M (xow-) is still in Ay with A; constant independent of Q.
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Using the Fefferman—Stein’s inequality, we obtain

/IMf(z)I"w(z)dz=fIMf(Z)Ipw}_q(z)wz(z)dz
0 0

< /R IMFP ] M (o) () dz

C< | IM*F@)Pw, ()M (xow))(z) dz
Rll

C= f M* £ @)17wy Q)M (aown) () dz
20
+C / M* £ @)1Pw; (M (xown) () dz
R"™\20
=Ji+ /.

Since wy € A, we have

n<cC / M £ ()P0 ™ () Mw(2) dz
20

< c/ \M* £ (2)Pw, (2)wa(2) dz
20

h(x,2r) 4 4
M P h M AP, .
SCh(x,Zr) /2Q| F@IPw(z)dz < Ch(x,r)| fIIL},l(w)

To estimate J,, we observe that if B is any ball in R", then for z € (2Q)¢, z € B,
and Q N B # &, we have p(z —x)* < C|B|. Thus

(4-6) —
|B| Jons

It follows from (4-6) that

# 1—q 1
ngcf IM” f()Pw, " (2) sup<—/ wz(y)dy)dz
R"\2Q |Bl Jo

z€B

wa(y) dy < Cp(z —x)~° /Q wr(y) dy.

< C/ IM* £ @)1Pw " (2)p(z — x) 7| Qlwa(2)
R™N\20

3 - 19
<C M# p 1—q ! J
< ]2:(:) /zmg\zmg' F@IPwy ™ @) 7 5wa(2) da

j+2Q

§C22_j“/ |M#f(z)|pw}_q(z)w2(z)dz
j=0 ?

<cY o f M £ 1Pw! ™ @ws(2) dz
2/+2Q
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1

o0
<C 27 x, 2 ) —
<Cc>y (x r)h(x’ 777 |

IM* f(2)|Pw(z)dz
j=0 e

o
< ClIAIp o D@, ) < Chx DIM FI .
j=0

Therefore,
1

hix,r)

/ IMf@I"w@) dz < CIM* fII]p,, -
0 h

This last estimate implies (4-3). To prove (4-4) we choose § > 0 small enough so
that w € A, with g = p/é. It follows from the Fefferman-Stein inequality that

/Q IM(£)(2)|5 w(z)dz = /Q IM(£2) ()5 w, ™ (2)wa(z) dz
< RnIM(f‘S)(Z)I%wf_q(Z)M(Xsz)(z)dz

=c| |f@1Pw; 1 (2)M (xow2)(2) dz

p
< ChGe.DIf 1],

The proof of (4-5) is similar. [l

5. Application

Definition 5.1. Let v be in the Schwartz space with supp ¥ contained in an annulus
about the origin and

> b@TE) =1 forall &#0.
jez
Letw € As, 0 < p,q <00,and y € R.

« The homogeneous Triebel-Lizorkin space F ,},’ ! is the set of all distributions f
(modulo polynomials) such that

1
. q
1£1 7 =H (Z 2074)v, *f|‘1>

jezZ

< 00,
LP(w)

« the inhomogeneous Triebel-Lizorkin space F,'? is the set of all distributions f
(modulo polynomials) such that

(szth)zj*flq)q

j=1

< 00,
LP(w)

If Iy = lleex fllpow =+ ‘
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where u is a Schwartz function satisfying
AE) +Y D@/ =1 forallé eR".
j=1

Here, v denotes the Fourier transform of v and v;(x) = f"v(j—‘). Note that the
Triebel-Lizorkin spaces are independent of the choices of v; see for instance [Qui
1982].

Proposition 5.2. Let 1 < p,q < 0o and let T be as in Theorem 1.3. If T is a
convolution operator then

ITH e < ClA N g
and
ITf N pra < CUfpra.

p,w

Proof. Since T commutes with convolution,

H (Z 277 vy % Tf|q> ' = H (Z 2774 T (vy-5 % f) |q) '
J J

LP(w) L (w)
1
. q
ce| (52
j LP(w)
In the last step we have used Corollary 1.7. It follows that
ITfllgra < ClLA N iy
A similar argument leads to
IT Uy < ClLF s O

Proposition 5.3. Let 1 < p,qg < oo and let T be a C-Z operator with kernel K
satisfying
sup sup |8§8§3K(x, V=M < 400

xeRn yeS”*l
for all multi-indices B, o such that |B|+ |o| <r, withr > %” — % Then
IT Uy < ClLANpyg
The proof of Proposition 5.3 is based on the following lemmas.

Lemma 5.4 (boundedness of the multiplication operator [Rychkov 2001]). Let
a e CNR") and w € Aoo. Assume that

[0%allcc = Cn  forall|lo| <N,
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then we have
lafllppr < Cullfllgr  forall f € FJy,.
Lemma 5.5. Let r € Ny and assume

(5-1) sup sup [9707 K (x, y)| =M < +oo
xeR® yeS"*l

for all multi-indices B, o such that |B| + |o| <r. Then
18° axmll L < C()Mpm™>".

Proof. We have

amxX)=(=m) " (m+n-2)" K(x,z)L Yy, do,

Sn—l
= (—m)_r(m+n—2)_r/ L' K(x,2)Yndo,.
Sn—l
Then Holder’s inequality and (5-1) lead to
1
2
10° g |l oo < C()Mym™> </ IYkm|2d0z> <CmMm™>. O
Snfl

Proof of Proposition 5.3. We conclude using Proposition 5.2, Lemmas 5.4 and 5.5
and arguing as in the proof of Theorem 1.5. U
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