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ON THE COMPACTNESS OF
COMMUTATORS OF HARDY OPERATORS

SHAOGUANG SHI, ZUNWEI FU AND SHANZHEN LU

We focus on the need for the compactness characterizations of the commu-
tators of Hardy operators. More precisely, we prove that the commutators
of Hardy operators, including the fractional Hardy operator, are compact
operators on L?(R") (1 < p < oco) spaces if and only if the symbol functions
of the commutators belong to CVMO(R”) spaces (the central BMO(R") clo-
sure of C°(R")).

1. Introduction

For a locally integrable function » and an operator 7, the commutator formed by 7T
and b can be defined by

[, T1f :=b(Tf)=T(Obf).

In the literature, b is also called the symbol function of [, T']. The pioneer work on
[b, T] when T belongs to a class of nonconvolution operators and b € BMO(R")
can be traced to Coifman, Rochberg and Weiss [Coifman et al. 1976], the well-
known result of which is a new characterization of BMO(R") via the boundedness
of [b, T]. For any ball B C R", BMO(R") is the mean oscillation function space
defined via the norm

1 . 1
”b”BMO(R”) =sup — / |b(x) —bp|dx with bg = —/ b(x)dx.
B |BlJg |B| Jp

Commutator theory, especially the boundedness of [b, T'] on different function
spaces, is now being applied to a variety of subjects, such as the regularity of
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solutions to elliptic equations [Bramanti and Cerutti 1993; Chiarenza et al. 1993],
and the characterization of function spaces [Janson 1978; Paluszyniski 1995; Shi
and Lu 2013; 2015]. This article results from a study of [b, T] when T is the
higher-dimensional Hardy operator H, which was first introduced by Christ and
Grafakos [1995],

Hf (x) =

/|| FO)d v R (O]
yl<|x

|x["
The dual operator of H is defined as

Hpw= [ Iy,
NECINA

which can be understood as
/ gHf(x)dx = / f(x)H*g(x)dx for a suitable function g.
Rr Rr
The commutators of H and H* can be written as

1
(b, H]f(x)=—/| | l(b(x)—b(y))f(y)dy, x € R"\ {0},
yl<|x

x|

and

b, H'1f (x) :/ f»

2 (b(x) = b(y) dy.
lylzlxl 1Yl

The commutator [b, H] (resp. [b, H*]) shares the same boundedness as that of H
(resp. H*) on L?(R™) — the usual Lebesgue space on R” with the norm

||f||€p(Rn) =/ | f(x)|Pdx forl < p < oo.
Rn

As a class of the classical average operator, the Hardy operator, the integral
inequalities of which were first studied by Hardy [1920], plays an important role
in probability theory [Lifshits and Linde 2002], interpolation theory [Holmstedt
1970] and the embedding theory of function spaces [Edmunds et al. 1997; Lang and
Edmunds 2011]. Since 1920, a considerable amount of research has been done to
estimate H and [b, H]; see, for example, [Andersen and Muckenhoupt 1982; Christ
and Grafakos 1995; Golubov 1997; Hardy et al. 1934; Komori 2003a; Sawyer
1984; Stein and Weiss 1971]. Since the Hardy operators are centrosymmetric, the
function spaces, which are characterized by the boundedness of [b, H] and [b, H*],
are central ones. In [Fu et al. 2007], it was shown that

b € CBMO™> (PP }(R™) O
& both [b, H] and [b, H*] are bounded on L?(R") with ; + ? =1,

where the space CBMO? (R") is the central BMO(IR") space first introduced by Lu
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and Yang [1995] via the norm

1/q
Ibllcamon @y = sup( : / |b(x) —bg, | dx) with 1 <¢ < co.
r>0 \|Br| Jg,
Here, B, := B(0, r) is a ball with center at 0 and a radius ». CBMO?(R") can
be regarded as a local version of the BMO(R") space at the origin and can be
understood as BMO(R") ¢ CBMO?(R") for 1 < g < co. It is well known that
BMO(R") = BMO?(R") (1 < g < 00). However, CBMO’ (R") c CBMO?(R")
for 1 < g < r < oo according to [Komori 2003b]. Therefore, the behavior of
CBMOY(R™) may be quite different from that of BMO(R"). For example, there is
no analog of the famous John—Nirenberg inequality of BMO(R") for CBMO? (R").

The earliest study on the compactness of operators can be traced to Uchiyama
[1978], where the characterization of the L?-compactness of [b, T] was obtained
for the case when T is the classical Calderén—Zygmund singular integral op-
erator and b € VMO(R"), the BMO(R") closure of C°(R") (the space of all
functions being infinite-times continuously differential in R" with compact sup-
port). Since then, the study of compactness for commutators on different function
spaces and their applications (for example, the application in PDEs [Iwaniec and
Sbordone 1998; Palagachev and Softova 2004]) has been a basic component of
harmonic analysis. If 7 is the multiplication operator, then [Beatrous and Li
1993] shows the compactness of [, T] on LP(R") (1 < p < 0o) when b is in
an appropriately BMO space, and gives applications to Hankel-type operators
on Bergman spaces. Chen and Ding [2010] proved that [b, T'] is a compact
operator on LP?(R") (1 < p < oo) if and only if b € VMO(R") with T be-
ing the parabolic singular integral. For generalized Toeplitz operators (includ-
ing the singular integral operator and multiplication operator), Krantzl and Li
[2001] developed the compactness theory on L?(R"). Furthermore, as appli-
cations, they formulated some characterization theorems for the compactness
of [b, T] on holomorphic Hardy spaces. For a Morrey space, Chen, Ding and
Wang consider the compactness of [b, T] when T is the Riesz potential [Chen
et al. 2009] and T is the singular integral operator [Chen et al. 2012], and give
some characterizations of VMO(R") via the compactness of [b, T]. Ding and
Mei [2015] showed the compactness of [b, T'] for bilinear Calderén—Zygmund
operators, bilinear fractional integrals and bilinear pseudodifferential operators on
Morrey spaces.

Generally, the existing results are all related to singular integral operators. For the
average operators, one of the three most important operators in harmonic analysis
due to Stein [1993], as a concept of highly independent interest, has received little
attention to the best of our knowledge. The aim of this paper is to explore the
compactness of [b, H] and [b, H*] on the L?(R") space. In fact, we obtain:
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Theorem 1.1. Let 1 < p < oo. Then,
b € CVMO(R") < both [b, H] and [b, H*] are compact on L? (R").
Here, CVMO(R") denotes the CBMO(R") closure of C2°(R").

Remark 1.2. Theorem 1.1 can be seen as a first work on the problem of central
function space characterization via the compactness of the commutator of the
classical Hardy operator. This theorem makes up for the compactness results
of average integral operators and enriches the characterization theory of central
function spaces via the compactness of operators.

Remark 1.3. It is easy to see that the structure of a Hardy operator is centrally
symmetric, being quite different from that of other operators (including the singular
integral operator, Riesz potential and bilinear operator). This might be the reason
why the existing methods (for example, the John—Nirenberg inequality) used to
address the singular integral operator can not be applied when considering the Hardy
operator. In this paper, we prove Theorem 1.1 using some new ideas exploiting the
center symmetry of the Hardy operator and function space.

Section 2 provides the proof of Theorem 1.1. In Section 3, we show the com-
pactness characterization of the fractional Hardy operator on L? (R").

Throughout this paper, we utilize C to express a positive constant that is inde-
pendent from the main parameters, but may vary from line to line. The symbol
A < B means A < CB. Moreover, A >~ B whenever A < B and B < A. We denote
by Z and B(x, r) the set of all integers and the ball centered at x with radius r > 0,
respectively, and B, := B(0, r), By := By with k € Z for short.

2. The compactness of Hardy operator

In this section, we verify Theorem 1.1. To do so, we need the lemmas given below.
The first pertains to the properties of the CBMO(R") space.

Lemma 2.1. The space CBMO(R") has the following properties:
(1) L=(R") C CBMO(R") and ||bllcmo®r) < 2[1b1l Lo rr).

(2) Assume that there exists C > 0 such that for all balls B, C R", there exists a
constant c satisfying

1
sup—/ [b(x) —c|dx <C.
r Br B,

Then, b € CBMO(R") and ||b||csmo) < 2C.
(3) lIbllcBMo(®n) = sup, infeer 1/ B, fBrlb(X) —cldx.
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@) If b € CBMO(R"), then b € CVMO(R") if and only if b satisfies the following
two conditions:

(2-1) lim sup N (b, B,) = 0;
r—0 ,

(2-2) lim sup N (b, B,) =0,
r—00

where N (b, B,) :=inf.cg 1/|B;| fBr|b(x) —c|dx.

Proof. We prove (1)—(3) by a slight modification of [Grafakos 2009, Proposi-
tion 7.1.2]. It is easy to check (1) by the following observation:

1
L / 1b(x) — b, | dx < 21|b 1.
5, Iy

For (2), we first note that

1
Ib—bB,ISlb—6|+|b3,—0|§|b—6|+|B|/ |b(x) —c|dx,
ri JB,
which gives
1/|b()b|d<1/|b() | dx+ 1/|b<>|dd
X)— Br X = X)—C X X)—C X y
5.1 /s 5.1 /s 3.1 181 /s

Hence ||b||cemom) < 2C as desired. The proof of (3) is equivalent to the inequality

slIbllcamog) = sup inf [b(x) =l dx < [Ibllcamoqe).
r ¢

|Br| J B,
where the lower inequality follows from (2), while the upper one is trivial.

The conditions in (4) are a characterization of the CVMO space and can be seen
as a central version of [Uchiyama 1978, Lemma], which was presented in [Neri
1975] without proof. Next, we show (4), which is partly inspired by the proof of
[Uchiyama 1978, Lemma]. As we will see, it requires a large modification since
the CBMO(R") space is central space.

The sufficiency of (4) is trivial according to the definition of the CVMO(R")
space. Next, we prove the necessity. To do this, it is sufficient to show that if b
satisfies (2-1) and (2-2), then for any & > 0, there exists b, € CBMO(R") such that

2-3 inf ||b,—h n < C
(2-3) heCI?O(Rn)” e — hllcemowr) < Ce
and

(2-4) 1bs — bllcBMO®) < Ce.

By (2-1) and (2-2), there exist K, K> € Z such that
(2-5) sup N (b, By) <e fork <K,
k
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and
(2-6) sup N (b, By) <e fork > K.
k

Define b; (x) = bp,, where

BKl’ XGBKI;
Bx: BKZ’ XGBKZ\BK]a
By xe€B\Bi_1, k=K, +1.

By (2-6), there exists K3 > K> such that
2-7) sup{|b, (x) — b, (y)| : x,y € Bg, \ B,—1} <.

Without loss of generality, we may assume that K3 = K, 4+ 1 in the following
analysis.
Set
b. , € Bg.;
ety = { o0 D
b By X € 323 .
Then, b, is our desired function. Namely, b, satisfies (2-3) and (2-4). We first claim
that for any x and y,

(2-8) |be(x) — be(y)| < Ce

and
1

2-9
@ | By

/ |b(x) —b.(x)|dx < Ce forr > 0.
B,

We can show (2-8) by four cases.
Case 1. x, y € Bg,. This case can be divided into four subcases.

Subcase 1.1 x, y € Bk, \ Bgk,. The formula (2-8) is an immediate consequence
of (2-7).

Subcase 1.2. x, y € Bg,. In this subcase, (2-5) and (2-6) can be used to obtain
\BL]|fBKl|b(Z)_bBK1|dZ<C8, X,y € Bk,
‘B—iwaK2|b(Z)—bB,<2|dz<C8, X,y € Bk, \ Bg,;

|be(x) — be(¥)| =
’ ) WideKl|b(Z)—bBK2|dZ<C8, x € Bk,,y € B, \ Bg,;

\322|ka2|b(Z)_bBK]|dZ<C8’ y € Bg,,x € Bg, \ Bg,.
Subcase 1.3. x € Bg,, y € Bk, \ Bk,. We conclude from (2-6) that

e (x) — be(y)| =

|b(z) — bp,.|dz < Ce.
|BK2| Bk, 3
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Subcase 1.4. y € Bg,, x € Bk, \ Bk,. This subcase can be dealt with in the same
way as Subcase 1.3.

Case2. x,y¢€ B;<3. The formula (2-8) can be deduced from the definition of b,.
Case3. x € Bg,,y € B;Q. Using (2-5) and (2-6) again, we can get (2-8) since

|B_1(1|fBK] |b(Z)_bBK3|dZ<C8’ XEBKI;
|be(x) — b (¥)| = @ kazlb(Z) —bpy,1dz < Ce, x € Bk, \ Bxy;
5 Jgy, D@ — by | dz < Ce, x € By, \ B,.

Cased. x € B;Q, Y € Bg,. The proof for Case 3 also works for this case.

We conclude from (2-8) that b, € CBMO(R") and (2-3) is obvious. Now, we
are in a position to show (2-9), which can be divided into three cases.

Case 1. B, C Bg,. Using (2-5), we have

1
Ib(y) — be(y)|dy =
1B,] J5, ‘ |B, |

[ 160) = b 1y < ce.
B,

Case 2. B, C Bk, withr > 2K1 In this case, Minkowski’s inequality and (2-6) are
used to obtain

1
| B, |

/;} [b(y) —be(y)|dy < |b(y) —bp,|dy < Ce.

|BK2| Bk,

Case 3. B, C By, . By applying (2-6) to B,, we obtain

1 [ 1
|b(y) —be(y)ldy < / |b(y) —bpy, |dy < Ce,
1B,1 /3, ‘ 1B,1 /3, s
thus finding (2-9). This shows that for any B, C R" withr >0, N(b—b,, B,) <Ces.
This result plus Lemma 2.1(3) gives (2-4). U

The second lemma is the Fréchet—Kolmogorov theorem [Yosida 1965], which
gives a characterization of compact sets.

Lemma 2.2. Let G C LP(R") and Ey = {x € R" : |x| > «}. Then G is strongly
precompact, if and only if

(2-10) sup|| fll r ey < 00;
feG
(2-11) ll‘imollf(' +3) = fOllLr@) =0 uniformly in f € G;
y|i—
(2-12) lim || fxg, lLr@y =0 uniformly in f € G.
o— 00

The condition (2-12) is the L”-boundedness of H, which was obtained by Christ
and Grafakos [1995].
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Lemma 2.3. Let 1 < p < oo and let f be a locally integrable function on R". Then
there exists a constant C > 0 such that

NHf lLr@wey < ClfllLe@e)-
Now, Theorem 1.1 is contained in the following two theorems.

Theorem 2.4. Let (b, H] and [b, H*] be compact operators on LP(R") with
1 < p <o00. Then, b € CVMO(R").

Theorem 2.5. If b € CVMO(R"), then both [b, H] and [b, H*] are compact oper-
ators on L?(R") with 1 < p < oo.

2.1. Proof of Theorem 2.4. Since [b, H] and [b, H*] are compact operators on
LP(R"), b € CBMO™P-P'}(R") [Fu et al. 2007, Corollary 2.1], and hence b €
CBMO(R"). Without loss of generality, we may assume that ||| gy omaxis.r R = 1.
Our task is to show (2-1) and (2-2) of Lemma 2.1. This can be done by contradiction.
We begin with the assumption that » does not satisfy (2-1). Then, it is immediate
that there is a § > 0 and a sequence of balls {B,,}7° | with lim;_, o, r; = 0 satisfying

1
By,

213) [ 100~ bs, 1y =
B,

Denoting g9 = 1/|By, | fBr» sgn(b(y) — bBri ) dy, we choose the function

1 .
(2-14) gi(y) = W[Sgn(b(” —bp, ) —eolxs, (y), i=12,...
to get
gi € LP(R");
supp g C B;;
(2-15) 18 Ob(y) —bg,) > 0;

lgi(»)| <2|B,,|”V/? with y € B,,;
S &) dy =0.

Hence, {[b, H]g;}:2, is a bounded set in L”(R"). Next, we pick a subsequence
{[b, H]gi,},_, from {[b, H]g;}72, such that {[b, H]g;,} ", has no convergence
subsequence in L?(R") to show that [b, H] is not a compact operator on L (R").
This contradiction will show that b must satisfy (2-1). To do so, we first need the
following estimates for {[b, H]g;}.

Lemma 2.6. Let b € CBMO(R"), 1 < p < o0, and § and g; be defined as in
(2-13) and (2-14), respectively. Then there exist constants Cy > C1 > 2, C3 >0
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and 0 < ¢ K Cy, which are dependent only on n, p, 6 and b, such that

1/p
(2-16) ( (D, H]gi(X)Ide) > C;

1/p C3
(2-17) I[b H]g;(x)|"dx =7
and

1/p C3
(2-18) | [b, H]gi(x)|” dx < R
where

{x Ciri <|x| < Cori};
sx| > Cori)
S3 C 51 with |S3|/|By,| < &"

Proof. For fixed r; and x € (aB,,)° with o > 2, one gets from (2-15) and Holder’s
inequality that

|H(b—bg,)g)(x)| <

x|

) 1/p 1/p
(f 1b(y) — bs, |7 dy) (f |gl-<y>|de)
" \Js, B,

CB, """ )
SC”b”CBMOI’,(R")T R |B,|~ dy .

/B 1b(y) —bs, |1gi(y)|dy

Namely,
C|B, """
(2-19) |H(b —bp, )gi(x)| < BT
On the other hand, (2-13) and (2-15) are used to obtain
C8|B,,|'/"
(2-20) |H(b—Dbp,)gi(x)| = T

Furthermore, the fact that fR” gi(y) dy =01is used to show that for @ > max{«, 8},

1
(2-21) |(b(x) —bp, )Hgi(x)| = (b(x) —bp, IXI”/B gi(y)dy =0.

Hence,

1/p
(2-22) </{| | }I(b(X)—bB,,.)H(gi)(X)I”dX> =0.
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Upon setting S4 = {x : ar; < |x| < dr;} ford > a, (2-20) and (2-22) show that
1/p 1/p
(2-23) (/ \[b, H]gi (X)I”dx> > ( |H(b—bp, )gi (X)I”dx)
Sq Sy
1/p
—(/{l | }I(b(X)—bB,l.)Hgi(X)l”dX)

1/p
> Cs (anu—p)_dn(l—p))

On the other hand, combining (2-19) with (2-22), we can assert that

1/p 1/p
( [ g <x>|f’dx) < ( | iHe-bae <x>|f’dx)
{lx|>dr;} {lx|>dr;}

1/p
+(/{ . }I(b(X)—bB,i)Hgi(X)lde>
[x|>dr;

’ dx 1/17
<C|B,|'? (/ n,,) :
{lx|>dri) |X]

1/p
(2-24) (/ |[D, H]gi(X)I”dX> <cd™",
{lx|>dr;}

Namely,

It is easy to check that there exist constants C, > C > 2 and C3 > 0, which are
dependent only on n, p, § and b, such that the required inequalities (2-16) and
(2-17) are true.

Now it remains to prove (2-18). Let S3 C S; be an arbitrary measurable set.
Combining (2-19) and (2-21) with the Minkowski inequality, one has

1/p
(2-25) </ I[b, H]gi(x)lde>
$3

1/p 1/p
5( IH(b—bB,,.)gi(x)I”dx) +(/I(b(x) —bB,,.)Hgi(X)I”dx)
S3 S3

, 1 1/p
<C|By,|""? (f " dX)
S3 |X| P

I/p
| By, |

thanks to |S3| < | By, |¢", and thus (2-18) holds by taking £ < C;. Hence, the proof
of Lemma 2.6 is completed. U
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Now, we can use Lemma 2.6 to choose a subsequence {[b, H]g;, } ~_, such that

{[b, H]gi,};—, has no convergence subsequence in L?(R"), thus reaching (2-1).
Thus, it is sufficient to verify that there exist a subsequence {[b, H]g;, },_, and
T > 0, independent of g; , such that

(2-26) b, Hlgi, — b, Hlgi, ., lLr@®n = T.

Since lim; , o r; = 0, we may choose a subsequence {B,, },, from {B,,} such
that

Tt [Tin < €/C2.

Here ¢, C; are defined as in Lemma 2.6. We claim that if the function g;, is defined
relative to B,, asin (2-14), then {[b, H]g;, },=_, is our desired subsequence. Indeed,
fork,m e N,

Ib, Hlgi, — b, H1gi, ., lLr@®m
1/p 1/p
z( b, H]gi,,l<x>|pdx) —( [ . H]gim+k<x>|f’dx) ,
Ss Se

where

Ss ={x:Ciry, < |x| < Cory, };

Se = {x : |x| > Cari,, .}
and C;, C, are defined as in Lemma 2.6. Then a further use of (2-16) and (2-17)
gives

b, Hlgi, — b, H]gi,., lLrwn

1/p
> ( \[b, H]gi,, (X)Ide) - ( [b, H]gi,n+k(X)|de>
Ss Se

1/p

> C G
- L3 4
3¢,
==

which gives (2-26).
The proof of Theorem 2.4 is completed since the proof of (2-1) also works
for (2-2).

2.2. Proof of Theorem 2.5. To prove Theorem 2.5, we first recall the following
lemma which can help us to simplify the proof by considering only b € C2°(R").

Lemma 2.7. Let [b, T] be the commutator of operator T and 1 < p < oco. If [b, T]
is a compact operator on L? (R") with b € CX°(R"), then [b, T is also a compact
operator on LP (R") with b € CVMO(R").
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Proof. The proof of Lemma 2.7 follows by a modification of [Chen and Ding 2010,
p. 2645]. Note first that for > e CBMO(R"), there exists {b.} C C°(R") with ¢ >0
satisfying ||b — b ||cBmo(wrr) < €. Then by the L?-boundedness of [b, T'], one has

(2-27) |6, T1—=1be, Tllr@n = I1b—be, T1llLr@n < Cllb—bellcBMO@®) < Ce.

Let
Q={f:felL’®R") and |flLr@w) =<C}.

Then the LP-compactness of [b., T] implies that the set S = {[b., T]f : f € O}
is strongly precompact. Now, it is sufficient to show that S ={[b, T1f : f € O}
satisfies (2-10)—(2-12). Using (2-10) and (2-27) produces

sup |[[b, T1f |l wry < supl|[be, T1f|lLrwn) + Ce < 00.
feQ feo

Moreover,
‘}{}goll[b, T1f(¢+y)—[b, T1f )l wn
= |;|iglo|| (b, T1fC+y)=[be, T+ y)+[be, T1f (- +y)

— e, TIfO) + 106, T = B, T O] 1 oy
= |y1|iTo” [be, T1f (- +y) = [be, T1f () +[b—be, T1f (- + )

+[b—b,, T]f(')H LP (R
3 l;@o”[bg’ T1fC+y) = [be, T1f O llr@wny + 2116 — be, T1f || Lr @)

<2Cé¢ > 0 uniformly for f € Q with ¢ — 0.

A similar argument gives
lim (|[6, T1xe, lLr@®n < Gm [[[be, T1f xE, lLe@n) + 16— be, T1f | Lrwn)
oa—> 00 a—>o0
< Cé¢ +> 0 uniformly for f € Q with ¢ — 0.

According to Lemma 2.2, S is a strongly precompact set in L”(R"), and hence,
[b, T] is a compact operator on L?(R"). ([
By Lemma 2.7, we only need to consider b € C2°(R"). Namely, we will prove
that the set
G={[b.Hlf: feFtwithF={f:feLP(R")and | fllr@)=C}
and
G ={lb.H*|f: feFlwithF={f:feL’R") and || flLr@n = C}

are strongly precompact on L”(R"). By Lemma 2.2, showing (2-10)—(2-12) for G
and G* is sufficient. We begin with the proof for G.
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First, for f € F and b € C°(R"), the boundedness of [b, H] on L”(R") shows

sup(I[b, H1f |lLr@ny < Cllblicemomr supll fllLr @y < 00,
feF feF

which gives (2-10).
Second, suppose that
supp b C {x : |x| < &}.

Then, for 0 < & < 1, we choose « > £ + 1 such that (£/a")"/?" < ¢ to verify
b, H1f xe lLr@wny < Ce  for Ey ={x: |x| > a}.
Indeed,

1/p
</|| I[b,H]f(x)I"dX)
1 p I/p
sc(/ (—/ If(y)ldy) dx)
e \ X1 Sy <e
o0 tn_ldl 1/p 1/p 1/p
5(/ - dz) (/ dy) (/ If(y)l”dy>
a 1 ly|<& ly|<&

gn/p/ 1/p
<C—r0 |[fFD)IP dy
P \Jjyi<t

This means that (2-12) holds for [b, H] in G uniformly.
Finally, we continue the proof by showing (2-11). To do this, it is sufficient to
prove that for any ¢ > 0 and |z| sufficiently small dependent only on ¢, one has

(2-28) b, H1f(+2) =D, HIfOllerwy =Ce ¥V feF.

Let0 <e < % and z € R". We first rewrite [b, H] f(x +2) — [b, H]f(x) as

1
b, H1f (v +2) — by H1f ()] = / (b +2) = BONLF () dy
|x+z|n U,
+ (b +2) = bONLF () dy
|x+z|n U,
1
- / (b — bONLF () dy
lx|™ Jy,
1
- [(BGr) = bONTF () dy
lx|™ Jv,

=L+hL+1—14
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Here,
Up={y:|yl <|x+z|and x| > e~ |z|};
Up={y:|yl <|x+z|and x| <& 'z|};
Vi={y:lyl <|x|and x| > e~ "|z|};
Va={y:lyl <lxl <& 'zl}

and

L =5 fy, [((x+2)=b ()] f () dy;

L= [ IO —ba+)If () dy— ks [, 1B —bx+2)] f () dy;
I = #[Vz[(b(y)—b(X))]f(Y)d%

I = 5 [, [ =b(x+2)] £ () dy.

Therefore, (2-28) follows from the following L?”-estimates for /;, i = 1,2, 3, 4.
Note first that b € C°(R"), |b(x +2z) —b(x)| < C|z|. So,

1| < ClzIH (L f DGO X(jx>e112)3-
This, plus Lemma 2.3, implies that for f € F,
(2-29) M llLr @y < ClzIlH( ) e wny < Clzlll fllLe@ny < Clz].

The fact |b(x +z) — b(y)| < 2||bl|zo@) < C and |x + z| = |z| for |z| small
enough allow us to obtain the following estimate for I:

Clz| Ce
< CEL f Ol dy < == / £ X112y ()
Vi X" Jiyi<ix]

- |x|”+1

< CeH(fD) X(ix|>e-11z)y X)-
Using Lemma 2.3 again, we obtain
(2-30) I 2MlLe ey < CellH(| fDIILrwny < Cell fllLr@wn < Ce.

For I3, we note the fact that |b(x) —b(y)| < C|x — y| since b € C°(R") and that
|x — y| < 2|x| since y € V»; therefore,

Ce 7|
lfn)ldy <
lx =1 Jy, lx” Jv,

< Ce Mz H( 1)) X ()11 ()

13| <

| f)ldy

Hence,

(2-31) 150 Le@ey < Ce Nzl fllLr@en < Ce™ 'zl
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For the term I4, we use the fact that |b(x +z2) —b (V)| < Clx+z—y| < Clx 4+ 7|
since y € U, to obtain

-1
e |zl + |zl
[I4) <C———F— [fDMIdyx “1izp ()
|x 4+ z|" {lyl<lx+zl} (bl ezl
<C( Mzl +1zDH(fD(x + 2D X (x| <e1 12y X)-

Therefore,
(2-32) 14l Lr@ey < C ezl + 12D fllLr@eny < Ce™ "zl + 120).

The desired estimate (2-28) can be obtained by (2-29)—(2-32) and by taking |z| to
be sufficiently small. We proceed the proof of Theorem 2.5 to show (2-10)—(2-12)
for G* In fact, similar arguments for G can be used to deal with G* by recalling
the L”-boundedness of [b, H*]. We omit its proof here due to the similarity.

3. The compactness of the fractional Hardy operator

Let f be a locally integral function on R” and O < o < n. In [Fu et al. 2007], the
n-dimensional fractional Hardy operator H,, is defined as

Hy f (x) =

/ll ||f(y)dy, x € R"\ {0}.
y|<|x

|x|n70l

It is easy to check that
|Ho f(x)| = CMq f(x),

where M,, is the fractional Hardy-Littlewood maximal operator, defined by

M, f(x) = sup

e | oldy 0<a<n,

r

{ly—x|<r}

For the boundedness of M, on the Lebesgue space, Lu, Ding and Yan [Lu et al.
2007, Theorem 3.2] provided the following lemma:

Lemma 3.1. Let0 <« < n, 1<p§§and$=%

C > 0 such that

— % Then there exists a constant

Mo fllLawny < Cll fllr@-
For the boundedness of [b, H,] on the Lebesgue space, the known result is from

[Fu et al. 2007, Theorem 2.1].

Lemma 3.2. Let 0 < o < n, 1<p§§andl= — & Then
q n

1
p
[b, Hy]: L"(R") — LY(R") <& b € CBMO” (R").

This section presents the compactness characterization of [b, H,] on Lebesgue
space.
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Theorem 3.3. Suppose that0 <o <n, 1< p <2 and é = % — o Then
[b, Hy] is compact from L (R") to L1(R") <& b € CVMO(R").
Theorem 3.3 will be proved by the following two results.

Theorem 3.4. Assume that 0 <o <n, 1<p<2, [17: % — = and [b, Hy] is
compact from LP(R") to LY(R"). Then b € CVMO(R").

Theorem 3.5. Let o, p, q be defined as in Theorem 3.4 and let b € CVMO(R").
Then [b, H,] is compact from LP(R") to L1(R").

The proofs of Theorems 3.4 and 3.5 can be viewed as modifications of those of
Theorems 2.4 and 2.5 thanks to Lemmas 3.1 and 3.2. We omit their proofs here
due to their similarity.
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