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We define and study flag Bott—Samelson varieties which generalize both
Bott—Samelson varieties and flag varieties. Using a birational morphism
from an appropriate Bott—Samelson variety to a flag Bott—Samelson variety,
we compute the Newton—Okounkov bodies of flag Bott—-Samelson varieties
as generalized string polytopes, which are applied to give polyhedral ex-
pressions for irreducible decompositions of tensor products of G-modules.
Furthermore, we show that flag Bott—Samelson varieties degenerate into
flag Bott manifolds with higher rank torus actions, and we describe the
Duistermaat-Heckman measures of the moment map images of flag Bott—
Samelson varieties with torus actions and invariant closed 2-forms.
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1. Introduction

Bott—Samelson varieties provide fruitful connections between representation theory
and algebraic geometry. They are nonsingular towers of C P '-fibrations, and studied
in [Bott and Samelson 1958; Demazure 1974; Hansen 1973] to find resolutions of
singularities of Schubert varieties. Moreover, the set of global sections of a holomor-
phic line bundle over a Bott—Samelson variety is the dual of a generalized Demazure
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module. This leads to worthwhile connections between representation theory and
algebraic geometry exemplified by the character formulas of Demazure modules [An-
dersen 1985; Kumar 1987], the standard monomial theory [Lakshmibai et al. 1979;
Lakshmibai and Seshadri 1991; Lakshmibai and Raghavan 2008; Seshadri 2007],
and the theory of Newton—Okounkov bodies [Fujita and Naito 2017; Kaveh 2015].

On the other hand, for a given Bott—Samelson variety, it is presented by Grossberg
and Karshon [1994] that there is a complex one-parameter family of smooth varieties,
which are all diffeomorphic, such that a generic fiber is the Bott—Samelson variety
and the special fiber is a nonsingular toric variety, called a Bott manifold. It should
be noted that the Bott manifold is toric, while the Bott—Samelson variety is not toric
in general. Using this connection, [Grossberg and Karshon 1994] also introduces a
combinatorial object, called a Grossberg—Karshon twisted cube, which is used to
compute the multiplicities of generalized Demazure modules (see [Grossberg and
Karshon 1994, Theorem 3]).

One of the primary goals of this paper is to generalize the notion of Bott—Samelson
varieties and to extend its rich connections with representation theory. Moreover, the
generalization also supports the Grossberg—Karshon type degeneration into flag Bott
manifolds. Indeed, we consider a flag Bott—Samelson variety (see Definition 2.1)
which is a nonsingular projective tower of products of full flag manifolds. Moreover,
under a certain condition, the flag Bott—Samelson variety is a desingularization
of a Schubert variety. Because of the definition, both the full flag varieties and
Bott—Samelson varieties are flag Bott—Samelson varieties. Hence we may regard
flag Bott—Samelson varieties as the generalization of both flag varieties and Bott—
Samelson varieties.

This notion of flag Bott—Samelson varieties is not new. Actually, in [Jantzen
2003], flag Bott—Samelson varieties are treated in a more general setting without
naming them. Indeed, flag Bott—Samelson varieties are iterated flag manifold
fibrations but Jantzen [2003] considers iterated Schubert varieties fibrations. Perrin
[2007] uses these varieties to obtain small resolutions of Schubert varieties. In fact,
they are called generalized Bott—Samelson varieties (see [Brion and Kannan 2019a;
2019b]). Moreover, flag Bott—Samelson varieties are generalized Bott—Samelson
varieties (see Remark 2.2).

Let G be a simply connected semisimple algebraic group of rank n over C. Bott—

Samelson varieties Z; are parametrized by words i = (iy, ..., i,), where i, ..., i,
are elements in the set [n] := {1, ..., n}. On the other hand, flag Bott—Samelson
varieties Z7 are parametrized by sequences Z = (/y, ..., I,) of subsets of [n].

Even though the class of flag Bott—Samelson varieties is much larger than that of
Bott-Samelson varieties, for each flag Bott—Samelson variety, there exists a Bott—
Samelson variety such that there is a birational morphism from the Bott—Samelson
variety to the flag Bott—Samelson variety (see Proposition 2.7).
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Using the above mentioned birational morphism, we provide Theorem 2.20,
which describes the set of holomorphic sections of a holomorphic line bundle over
the flag Bott—Samelson variety in terms of generalized Demazure modules. The
theory of Newton—Okounkov bodies of projective varieties has been used to present
a connection between representation theory and algebraic geometry (see Section 2C
for the definition of Newton—Okounkov bodies). The description of holomorphic
sections of flag Bott—Samelson varieties is used to compute their Newton—Okounkov
bodies. Indeed, using the result of Newton—Okounkov bodies of Bott—Samelson
varieties by Fujita [2018], we obtain Theorem 2.22, which shows that the Newton—
Okounkov bodies of flag Bott—Samelson varieties with an appropriate valuation
agree with generalized string polytopes up to sign.

One of the fundamental questions in group representation theory is to find the
multiplicities of irreducible representations in the tensor product of two representa-
tions. Berenstein and Zelevinsky [2001] describe the multiplicities in terms of the
numbers of lattice points in some explicit rational convex polytope. In Theorem 3.19
we give a different description of the multiplicities using the integral lattice points
of the Newton—Okounkov bodies, hence generalized string polytopes, of flag Bott—
Samelson varieties. We notice that our results give concrete constructions of convex
bodies, appearing in [Kaveh and Khovanskii 2012a], which encode multiplicities
of irreducible representations.

As is mentioned before, we degenerate the complex structures of flag Bott—
Samelson varieties. The notion of Bott manifolds is generalized to that of flag
Bott manifolds in terms of iterated flag manifold fibrations described in [Kaji et al.
2020; Kuroki et al. 2020]. More precisely, a flag Bott manifold is the total space
of an iterated flag manifold fibrations which are taken by the full flag fibration
of a sum of line bundles (see Definition 4.1). In general, a flag Bott manifold is
not toric but admits an action of a certain torus. For a given flag Bott—Samelson
variety, we provide a complex one-parameter family of smooth varieties, which
are all diffeomorphic, such that a generic fiber is the flag Bott—Samelson variety
and the special fiber is a flag Bott manifold (see Corollary 4.7). Moreover, when
the Levi subgroup L;, of the parabolic subgroup P;, is of type A, we explicitly
describe such flag Bott manifolds in Theorem 4.10 in terms of the Chern classes of
the line bundles used in the construction of the flag Bott manifold.

For a given flag Bott—Samelson variety, there exists a Bott—Samelson variety
which is birationally equivalent to the flag Bott—Samelson variety. Moreover, using
the result of Grossberg and Karshon [1994], and our one-parameter family, we
obtain two manifolds: a flag Bott manifold and a Bott manifold, and a map between
them. We study a relation between these manifolds. Actually, considering torus
actions on these manifolds, we describe the Duistermaat—Heckman measure of the
flag Bott manifold with a certain closed 2-form using a Grossberg—Karshon twisted
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cube in Theorem 5.5.

This paper is organized as follows. In Section 2, we provide the definition of flag
Bott—Samelson varieties and their properties. In particular, we investigate a relation
between flag Bott—Samelson varieties and Bott—Samelson varieties. Moreover, we
describe the set of holomorphic sections of a line bundle over a flag Bott—Samelson
variety using generalized Demazure modules in Theorem 2.20. Using this associa-
tion, we describe the Newton—Okounkov bodies of flag Bott—Samelson varieties
in Theorem 2.22. In Section 3, we give an application of Newton—Okounkov
bodies of flag Bott—Samelson varieties to representation theory. Indeed, we provide
a way to compute the multiplicities of representations in the tensor product of
representations counting certain lattice points in the Newton—Okounkov bodies
of flag Bott—Samelson varieties in Theorem 3.19. In Section 4, we present a
Grossberg—Karshon type degeneration of complex structures on flag Bott—Samelson
varieties, and explicitly describe the corresponding flag Bott manifold when all
Levi subgroups of parabolic subgroups Py, are of type A in Theorem 4.10. In
Section 5, we study torus actions on flag Bott manifolds which are obtained by
the degeneration of flag Bott—Samelson manifolds. Moreover, we describe the
Duistermaat—Heckman measure of flag Bott manifolds using Grossberg—Karshon
twisted cubes in Theorem 5.5.

2. Newton—-Okounkov bodies of flag Bott—Samelson varieties

2A. Definition of flag Bott—Samelson varieties. In this subsection we introduce
flag Bott—Samelson varieties which generalize both Bott—Samelson varieties and flag
varieties, and study their properties. We notice that the notion of flag Bott—Samelson
varieties is already considered in Jantzen’s book [2003, II.13] without naming it.
Let G be a simply connected semisimple algebraic group of rank n over C.
Choose a Cartan subgroup H, and let g =h @ )_, g, be the decomposition of
the Lie algebra g of G into root spaces, where b is the Lie algebra of H. Let
A C b* denote the roots of G. Choose a set of positive roots AT C A, and let

Y ={ay,...,a,} C AT denote the simple roots. Let A~ := —A™ be the set of
negative roots. Let B be the Borel subgroup whose Lie algebrais b=h®) 1+ Jo-
Let {a), ..., a,} denote the coroots, and {1, ..., @w,} the fundamental weights

which are characterized by the relation (w;, a]V) = §;;. Here, §;; denotes the
Kronecker symbol. Let s; € W denote the simple reflection in the Weyl group W
of G corresponding to the simple root «;.

For a subset I of [n] :={1, ..., n}, define the subtorus H; C H as

@2-1) Hy:={he H|ah) =1foraliell°.

Here, for a group G, G is the connected component which contains the identity
element of G. Then the centralizer Cq(H;) ={g € G | gh = hg for all h € H;} of
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Hj is a connected reductive subgroup of G whose Weyl group is isomorphic to
W= (sjliel). Weset L :=Cg(Hj) for simplicity. Then the Borel subgroup B; of
Ljis BNLj (see [Springer 1998, §8.4.1]). Let Ay be the subset ANspany{o; |i €1}
of A. The set of roots A*\ A; defines the unipotent subgroup U; of G satisfying
the condition

LieWUn= P

aEAT\A;

The parabolic subgroup P; of G corresponding to [ is defined to be P; := L;Uj.
The subgroup L, is called a Levi subgroup of Pj.
Note that the Lie algebra of the parabolic subgroup P; is

Lie(P)=b® P oo
aeATNAY

Moreover the parabolic subgroup P; can be described that

P = U BwB = Bw;B C G,
weW;
where w; be the longest element in W (see [Springer 1998, Theorem 8.4.3]).

We now define the flag Bott—Samelson variety using a sequence of parabolic
subgroups. Let Z = ({1, ..., I;) be a sequence of subsets of [n], and let Pz =
P, x ---x Pp. Define a right action ® of B" = B x --- x B on Pr as

-~

,
2-2)  O((pr1s--s ) b1y b)) = (prby, by paba, ... b prbr)

for (p1,..., pr) € Prand (by,...,b,) € B".

Definition 2.1. Let Z = (I, ..., I;) be a sequence of subsets of [n]. The flag
Bott-Samelson variety Z7 is defined to be the orbit space

ZI = PI/®

For instance, suppose that Z = ([n]). Then we have Pz = G and the action
O is the right multiplication of B. Therefore the flag Bott—Samelson variety Zz
is the flag variety G/B. Moreover, for the case when |I;| = 1 for all k, the flag
Bott—Samelson variety is a Bott—Samelson variety, see [Bott and Samelson 1958]
for the definition of a Bott—Samelson variety. In this case we use a sequence

(i1, ..., i) of elements of [n] rather than ({i1}, ..., {i}), and we write Z;, ;)
for the corresponding Bott—Samelson variety.
For the subsequence 7' = (I, ..., I,_1) of Z, there is a fibration structure on the

flag Bott—Samelson variety Z7:

(2-3) P /B~ Z1 5 Zp,
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where the projection map x : Z; — Zz is defined as

7T([p], "'apr—lapr]) = [pl’ ---’pr—]]-
On the other hand, we have that
ZI = P[l XB Z([L_",]r).

Remark 2.2. For a finite sequence w = (wy, ..., w,) of elements of W, Perrin
[2007] considers a tower X (w) of Schubert varieties X (w1), ..., X (w,) fibrations
and call it a generalized Bott—Samelson variety. Let Z = (11, ..., I,) be a sequence
of subsets of [n]. When we take wy to be the longest element in Wy, for 1 <k <r, the
generalized Bott—Samelson variety X (wy, ..., w,)is the flag Bott—Samelson variety
Zz. Indeed, using the notation in [Perrin 2007, §5.2], we obtain P** = P}z,
Py, = Py, Gy, = Ly,. Therefore, P** N G, is a Borel subgroup By, of L; and
Py, NLy; = Ly, Thus, we obtain

X(wi. ... we) = Py, NGy )wi (PPN Gyy) x P00 Xy, .. wy)

= BrwiLy x B1i Sf\(wz, co, W)
=Ly x B ?(wz, e, W)
5o
>~ P, x7 X(wa, ..., wy).
Continuing this procedure, we get X (wy, ..., w,) =~ Zz. This shows that flag
Bott—Samelson varieties are generalized Bott—Samelson varieties. Because we are
considering sequences w = (wy, ..., w,) consisting of longest elements, not all

generalized Bott—Samelson varieties are flag Bott—Samelson varieties.

Let wy € Wy, be the longest element in W, for 1 <k <r. Consider the following
subset of Pr:
P;:=Bw;Bx---x Bw,B C Pr.

One can check that P is closed under the action ® of B” in (2-2), so we consider
the orbit space

Z7:=P;/O.
It is known that flag Bott—Samelson varieties Z7 have following properties (see
[Jantzen 2003, II1.13] for details).

Proposition 2.3. Let 7= (11, ..., I,) be a sequence of subsets of [n]. Then the flag
Bott-Samelson variety Z1 has following properties:

(1) Zz is a smooth projective variety.
(2) Z’ is a dense open subset in Z7.

(3) Z, ~ CXk=1 o) ywhere £(wy) is the length of the element wy.
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Consider the multiplication map

(2-4) n:2r—G/B, [pi,....,p 1= p1---pr

which is a well-defined morphism. The following proposition says that certain flag
Bott—Samelson varieties are birationally equivalent to Schubert varieties via the
map 7.

Proposition 2.4 [Jantzen 2003, 11.13.5]. Let T = (14, ..., I,) be a sequence of
subsets of [n], and let wy € Wy, be the longest element in Wy, = (s;|i € Ii). Set
w=wp- - wp. Ifl(w)=~L(w)+ -+ £L(w,), then the morphism n induces an
isomorphism between Z. and BwB/B C G/B. Indeed, the morphism n maps Zt
birationally onto its image X (w) := BwB/B C G/B.

Example 2.5. Let G = SL(4).

(1) Suppose that Z; = ({1}, {2}, {1}, {3}). Then we have w; =s1, wy =572, w3 =11,
wyq = 53, and w = s15p5153, which is a reduced decomposition. Hence the
morphism 7 gives a birational morphism between Zz, and X (s1525153).

(2) Let I, = ({1, 2}, {3}). Then we have that w; = 5185281, wy = §3, and w =
wiwy = s1525153. Again, this is a reduced decomposition, so the morphism »
gives a birational morphism between Zz, and X (s1525153).

Remark 2.6. Example 2.5 gives two different choices of flag Bott—Samelson va-
rieties each of which has a birational morphism onto the same Schubert variety
X (s1525153). For a given Schubert variety X (w), there are different choices of flag
Bott—-Samelson varieties which define birational morphisms onto X (w), and there

are several studies about such different choices. See, for example, [Elnitsky 1997;
Escobar et al. 2018; Tenner 2006].

We now define a multiplication map between two flag Bott—Samelson varieties.
Let

(2_5) \7=(]1,17"'7"1,N|""7‘Ir,19""Jr,Nr)

be a sequence of subsets of [n] such that J;; C [y for 1 </ < Nyand 1 <k <r.
Since each Jy; is contained in [, we have Py, C Py, by the definition of parabolic
subgroups. Hence we have a multiplication map

(2-6) ngz:lg— 72z
defined as

Ny N,
[Pk, 1<k<r1<i<N, ] —> |:1_[ Piis---» 1_[ Pr,l]~
=1 =1

The following proposition describes a birational morphism between two flag Bott—
Samelson varieties.
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Proposition 2.7. Let T = (I3, ..., I,) be a sequence of subsets of [n], and let
J = (Jl,l, R L /TN A TR, Jr,N,) be a sequence of subsets of [n] such that
Jets oo Jen, C I for 1 <k <r. Let wy, respectively vy, be the longest element
in Wy, ,, respectively in Wj,. Suppose that

Wil WkN, =V and  L(wgp) + -+ C(wey) = L(vg)  for 1<k <r.

Then the multiplication map ny 1 : Z5 — Zz in (2-6) induces an isomorphism
between dense open subsets ZZ7 = 7.

There always exists a sequence (ix,1, - .., ik.N,) € [n]V¢ which is a reduced word
for the longest element in W;, for 1 < k < r. Concatenating such sequences we
get a sequence i = (ix;)1<k<r.1<i<n; € [n]V1F N Hence for a given flag Bott—
Samelson variety Z7 one can always find a Bott—Samelson variety Z; which is
birationally isomorphic to Z7.

Proof of Proposition 2.7. First we recall from [Bourbaki 2002, VI. §1, Corollary 2
of Proposition 17; Jantzen 2003, 11.13.1] that for a reduced decomposition w =
si, -+ Siy € W, the subgroup U(w) C G is defined to be

Uw) := Uail : USi] (aip) Usilsiz(oli3) T USil---SiN_, (ip)+

Moreover, we have an isomorphism

(2-7) V(w) : Uy X Uy X - X Uy = U(w)

which is defined to be (u1,...,un) = uis;uzsi, - --uNs,-Nw_l. Also we have

another isomorphism 7 between varieties:

(2-8) Yr:U() x---xU(v) = Z;

which sends (g1, ..., &) to [giv1, ..., &v,] (see [Jantzen 2003, I1.13.5]).
Because of the assumption, the concatenation wy 1 - - - Wi, n, is a reduced decom-

position of the element v;. Hence we have an isomorphism induced by (2-7):
Vi s Uwg,1) X -+ x U(wg,n,) => U(vg)

which maps (ug, ..., LtNk) tO ujwg (U Wk - -+ uNkwkyNkvk_l for 1 <k <r. Com-
bining isomorphisms 1 and (2-8) we have the following commutative diagram:

14
Zl; = Uwi,) x - x Uwi,y,) X -+ X Uwr1) X -+ x Ulwry,)

UJ.I\L ?l'ﬁlx"'ﬂ/fr

7 4 i U) x - x U(vy)

~

Hence the result follows. O
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Example 2.8. Let G = SL(4), and let Z = ({1, 2}, {3}). Then w; = 515251, re-
spectively wy = s3, is a reduced decomposition of the longest element of Wy ),
respectively Wi3,. Then we have the birational morphism n12,1.3),7: Z(1,2,1,3) = Z71.
Together with the birational morphism 1 described in Example 2.5(2), we can see
that three varieties Z(1 2.1,3), Zz, and X (s1s525153) are birationally equivalent:

Z1.2,1,3) —> Z1 —> X(51525153).

On the other hand, we have another reduced decomposition u/1 = 575157 of the
longest element of Wy 7). This also gives the birational morphism

N2123).7: 202,123 — Z71.

Hence we have the following diagram whose maps are all birational morphisms:

Z1.2.13)

\

Zr — X(s1525153)
/
Z@2,1,2,3)

2B. Line bundles over flag Bott—Samelson varieties. Let 7 be a sequence of sub-
sets of [n]. In this subsection we study line bundles over a flag Bott—Samelson
variety Z7 and their pullbacks in Proposition 2.10. For an integral weight A €
Zw) + - - - + Zw,, we have the homomorphism e+ H— C*. We extend it to the
homomorphism e* : B — C* by composing with the homomorphism

(2-9) Y:B—H

induced by the canonical projection of Lie algebras b — h as in [Jantzen 2003,
II.1.8]. Suppose that Aq, ..., A, are integral weights. Define a representation
1, of B =B x ---x B (r factors) on C as

(b1o-. by v =€ (by) - ™ (br)v.
From this we can build a line bundle over Z7 by setting

(2-10) Lz,n =Prxp C_y 3,

.....

where an action of B" is defined as

2-11) (p1,..., prow)-(by, ..., by)
= (OUp1, s pr)s (b, .., b)), 7 (B1) - - € (b)w).

For simplicity, we use the following notation:

(2-12) Lz :=L10,. 05
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Remark 2.9. Recall from [Fulton 1998, Example 19.1.11(d)] that for a flag bundle
X over Y, the cycle map cly : Ax(X) — Hox(X) is an isomorphism if and only if
cly is an isomorphism. Moreover, the cycle map is isomorphic for an arbitrary flag
manifold. Since a flag Bott—Samelson variety is an iterated bundle of flags Py, /B
over a point, the cycle map clz, : Ax(Z7) = Hx(Zz) is an isomorphism. On the
other hand, since flag Bott—Samelson varieties are smooth (see Proposition 2.3(1)),
we obtain the following isomorphisms

(2-13)  Pic(Z7) — A(dime z9)—1(Z7) f Haime z7)-2(Z1) — H*(Z7).
T

Here, the first isomorphism comes from [Fulton 1998, Example 2.1.1] and the last
isomorphism is obtained by the Poincaré duality. Indeed, ¢ : Pic(Z7) - H 2(Z71)
is the isomorphism (2-13). When the Levi subgroup L; of P, has Lie type A for
all k£, we present the association (2-13) using a certain generator of H 2(Z7) in (4-3),
and we present the first Chern class of the line bundle £z j, ..., in Proposition 4.9.

,,,,,

Specifically when a flag Bott—Samelson variety is a usual Bott—-Samelson variety,
we will choose the weights to be of special form. We recall a description of the
Picard group of Z; from [Lauritzen and Thomsen 2004]. For given an integer vector

a=(ay,...,a;) €Z", we define a sequence of weights Ay, ..., A, associated to
the word i = (iy, ..., i,) and the vector a by setting
AMI=a1Dy, .. A=A,

For such A ; we use the notation
(2-14) Lia:=Lix,. 2-

Since a Bott—Samelson variety is an iterated sequence of projective bundles, the
Picard group of Bott—Samelson variety Z; is a free abelian group of rank r by
[Hartshorne 1977, Exercise 11.7.9]. Indeed, the association between a € Z" and L; ,
gives an isomorphism between Z” and Pic(Z;) (see [Lauritzen and Thomsen 2004,
§3.1D).

Leti = (i) 1<k<r.1<1<n, € [n]V1T TN be a sequence such that (ix 1, ..., ix.n,)
is a reduced word for the longest element in W;, for 1 < k < r. Recall from
Proposition 2.7 that we have the birational morphism n; 7 : Z; — Zz. The following
proposition describes the pullback bundle 77?,151, A1.....», under the morphism n; 1
in terms of an integer vector.

Proposition 2.10. Let Z, i, and Ay, ..., A, be as above. The pullback bundle
ﬂ?,IEI, Ap...., Over the Bott—Samelson variety Z; is isomorphic to the line bundle

.....

L; q for the integer vector

a=(ai(1),...,ai(N1),...,a,(1),...,a,(N,)) e ZV' & - @ Z™
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given by

Mk, Ol;/>+ Z ()\.j,a;/) ifl:max{q | ik,q =s},

_ k<j<r
a(l) = slivulk<t<j,1<u<N)

0 otherwise.

Example 2.11. Let G =SL(4), Z = ({1, 2}, {3}) and i = (1, 2, 1, 3). Consider the
line bundle L7 ;, ;,. Then the pullback line bundle n; ;L7 3, 5, corresponds to the
integer vector

a=(ai(1),a:(2),a;(3), ax(1))
= (0, (A1, 05) + (A2, &3), (A1, @) ) + (A2, ), (A2, @),

Remark 2.12. It is known from [Lauritzen and Thomsen 2004, Theorem 3.1,
Corollary 3.3] that the line bundle £; , is very ample, respectively generated by
global sections, if and only if a € Z!'}), respectively a € Z!|,. Suppose that i is a
sequence satisfying the condition in Proposition 2.10. As we saw in Example 2.11,
we cannot ensure that the pullback line bundle n; ;L7 3, .5, is very ample even if
the weights Ap, ..., A, are regular dominant weights.

.....

Proof of Proposition 2.10. By the definition of pullback line bundles, we have

M 2Ly ={(P. @) € Zi X Lz sy, | Miz(P) =710, (@)},

,,,,, a S L7y, — Zz. In other words,

.....

(2-15) n;7L7o. 0 = {([(pk,1)1<k<r,1<l<1vk], (Pt ...\ prow]) ‘

Ny N,
[l_[pl,l,---,l_[pr,l:| =[p1,....prlin Zz}.
=1 =1

.....

A i =Li0,..,0,01,0,.,0,42,...,0,....0, 3,
——— —— ——
N Ny Nr

Claim 1. ;. IEI Maehy = ﬁi,m

(2-16) F(peDra)s [ty - o pryw]) i= [(Pr.0)is, Cwl.

Here, the value C is defined as follows. Because of the description in (2-15), for
each element ([(px,)x.], [P1, ..., pry w]) in the pullback bundle »; I[iz Ao hops
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there exist by, ..., b, € B such that
Ny N, N,
(2-17)  p1by =1_[P1,1, bl_lpzb2=1_[192,l, ooy b piby =l_[19r,1-
=1 I=1 I=
Using these elements by, ..., b,, the value C is defined by
(2-18) C =" (b)e*(by) - - - ™ (by).

On the other hand, we have a well-defined morphism

defined by

Nr
(2-19)  g([(px,Dk, 1> w]) = < (P01, |:1_[ P1.ls npzz, cees Hpr,z, w])
I=1 I=1

We claim that both compositions f o g and g o f are identities. First we consider
the composition f o g:

fogl(pr,D)k, w])
N N> N,
= f([(pk,z)k,zl, [l_[ Pi.ls 1_[ P2ls -+ 1_[ Drls wi|) (by (2-19))
I=1 I=1 I=1

= ([(pr,Dk, 1, w]).

Here, the last equality holds because all the elements by, ..., b, satisfying the
equations (2-17) are the identity element, and so C = 1. For the composition g o f,
we obtain
o f([prka)s L1y -y pryw])
= g([(pk.Dk.1 Cw])

N,
<[(Pk D] [1_[ Dils l_[pzz, s l_[p”” Cw])
I=1

= ([(pe.0k11, [p1b1, b szz, o b prby, Cwl)  (by (2-17))
= (l(pe.0kal [p1s p2s ooy pry €1 (b7 - € (b7 ) Cw))
= ([(pe.0ka)s [P1s - prywl)  (by (2-18).

Accordingly, f is an isomorphism, and Claim 1 holds.

Claim 2. Z; ,

the proposition.

» = Li q, where a is the integer vector given in the statement of

.....
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To present a concrete isomorphism, we set

(220 k(j,s):=max({k|1 <k <j, ix; =s forsome 1 <I < N} U{0}),
m(j, s) :=max{q | ix(j,s).qg = 5}

for 1 < j <r and s € [n]. We define certain products ¢ (j, s) of pg; using k(j, s)
as follows:

Ni.s) J Ny
£(j,s) = ( I1 pk(j,s),m) < [T 11 Pk,l)-
m=m(j,s)+1 k=k(j,s)+1 I=1

Here, po; is the identity element.
We denote the integral weight A, by di 11 + - - - + di , @), using integers dy ;
for 1 <k <r. We consider the following morphism:

(2-21) foiLisg,.o = Liar [Pk wl [(Pe)k, C'wl,

where the value C’ is defined to be

(2-22) c=]T]Te" @G sn™"

s=1j=1

We note that if / C [n] and s ¢ I, then the map e® : B — C* is naturally extended
to e : P; — C* by setting e™ (exp(gq)) = {1} for all « € A~ N A;. Hence
edis@s (£(j, 5)) is defined.

If the map f, is well-defined, then we obtain Claim 2 because the inverse of
f» is attained by multiplying (C’)~'. Therefore, to prove Claim 2, it is enough to
show that f; is well-defined. Suppose that

[(bk_,z]_mk,zbk,l)k,l, (b)) (brn,)w]

is another representative of the element [(pk )i, w]in L; »,,.. . Here, we use
the convention that by o = bx—1,n,_, and by is the identity element. To show the
well-definedness of f>, we have to prove that the following equality holds:

r Ng n r
(2:23) (1_[ [Ten O (bk,,)) (H [Te" ™0, s))—l)

k=1 1=1 s=1 j:]

= (l_[ [Te ™, s)/)‘l) (H e <bk,Nk>)-
k=1

j=1s=1
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Here, ¢(j, s) is defined by

Nij.s) J N
. / —1 —1
¢(j,8) = ( l_[ bk(j,s),m_lpk(j,x),mbk(j,s),m) ( 1_[ l_[ bkyl_lpk,lbk,l>
m=m(j,s)+1 k=k(j,s)+11=1

= DiGsrm(ius) S U $)bjn;-
Furthermore, since the weight A ; is the sum of d; yy, we have that

[TITe% ™ @iny=]]1¢"®n)-
j=1

j=1s=1
Therefore, the right hand side of (2-23) becomes

(]‘[ [ e (bk<,~,s>,m<,-,s>>> (H [Te ™, s))—l).

j=1s=1 s=1j=1

This implies that to show the equality (2-23), it is enough to show that

r Ng n r
l i j,s Ds
(2-24) TTITe“ " by =TT e ™ baissrmi)-
k=1 1=1 s=1 j=1

The left hand side of (2-24) is written as

r N n
l_[ l_k[ PACLY (bx.s) = 1_[ l_[ 4 (D@ (br.1).

k=11=1 s=1 1<k<r, 1<I<N;
ik 1=s

Using this observation, we verify the equality (2-24) by showing

(2-25) [T O™ @) =]]e"™ Grijoymin)

1<k<r, 1<I<Ny j=1
ik 1=S

for all s € [n]. Let s be an arbitrary index in [n]. If s does not appear in (ix ;) i, then
k(j,s) =0 for all j, and so the equality (2-25) holds. Otherwise, let 1 < j; <--- <
Jx < r be the indices such that s € {i} 1, ..., ij,Nj} if and only if j € {ji, ..., ji}.
By the definition of the number k(j, s), we have that

O0=k(1,s)=---=k(j; — 1, 5),
Ju=k(u,s) = =k(jy41—1,5) forl <u<x.
Here, we set jy+1 =r + 1. Therefore, we have that

r X
j,s Ws —_ d'u.s od; —1,s s . .

[ Te™ ™ biisymis) = [ [ et H =19 (b, i, 0)-

j=1 u=1
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On the other hand, by the definition of the integer vector a, if iy ; = s, then

ke{ji, ..., jx} and we have that
dju,s +d',,+1,s + .- +dju+1—1,s if k = ju and [ = m(ju, S),
0 otherwise.

a(l) = {

Accordingly, we obtain the equality (2-25) for all s € [n], and we get the equality
(2-24). Therefore, the morphism f> is a well-defined isomorphism. This proves
Claim 2. By combining Claims 1 and 2, the result follows. O

For the reader’s convenience, we provide an example for explaining notation
C,k(j,s), C’ in the proof of Proposition 2.10.

Example 2.13. Let G = SL(4). Suppose that Z and i are given as in Example 2.11.
Then for an element ([p1,1. p1,2, P13, p2,1], [p1, p2, w]) in 0] 7L7 5, 2, the value
C in (2-18) is given by

C=¢e" (pflpl,lpl,zpm)e“ (p{lpf1p1,1P1,2P1,3p2,1)-
Moreover the indices k(j, s) in (2-20) are computed by
kK(1,1)=1, k(1,2)=1, k(1,3)=0, k2,1)=1, k2,2)=1, k(2,3)=2.
Hence the value C’ in (2-22) is

C' = eM2™2(py )7 e (py 1 praprs) e (pa1) e ™2™ (pr3pa) T,
where Ay = dy 1o +d 200 +di 33 for k=1, 2.

2C. Newton—Okounkov bodies of flag Bott—Samelson varieties. Here we study
the Newton—Okounkov bodies of flag Bott—Samelson varieties in Theorem 2.22.
First we recall the definition and background of Newton—Okounkov bodies. We
refer the reader to [Fujita and Naito 2017; Harada and Kaveh 2015; Kaveh 2015;
Kaveh and Khovanskii 2012b] for more details. Let R be a C-algebra without
nonzero zero-divisors, and fix a total order < on Z”, r > 1, respecting the addition.

Definition 2.14. A map v: R\ {0} — Z’ is called a valuation on R if the following
conditions hold. For every f, g € R\ {0} and c € C\ {0},

(M v(f-8) =v(f)+v(9),

() v(cf) =v(f), and

(3) v(f +¢) = min{v(f), v(g)} unless [+ g =0.

Moreover we say the valuation v has one-dimensional leaves if it satisfies that if
v(f) = v(g) then there exists a nonzero constant A € C such that v(g —Af) > v(g)
org—Af=0.

Let X be a projective variety of dimension r over C equipped with a line bundle £
which is generated by global sections. Fix a valuation v which has one-dimensional
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leaves on the function field C(X) of X. Using the valuation v one can associate a
semigroup S C N x Z" as follows. Fix a nonzero element € H(X, £). We use ©
to identify H%(X, £) with a finite-dimensional subspace of C(X) by mapping

H(X, L) —» C(X), o~ o/t
Similarly we have the map
H(X, £%%) - C(X), o~ o/t~
Using these identifications we define the semigroup:

S=Sw,1)= U{(k, v(o/t) o e HO(X, £L¥)\{0}} cNx Z",
k>0
and denote by C = C(v, ) C R>o x R" the smallest real closed cone containing
S(v, ). Now we have the definition of Newton—Okounkov body:

Definition 2.15. The Newton—Okounkov body associated to (X, L, v, T) is defined
to be
[xeR |(1,x)eC(v, 1)}

We denote the Newton—Okounkov body by A(X, £, v, 7).
If we take another section ' € H°(X, £) \ {0} then

AX,L,v,7)=AX, L, v, T)+v(t/T)).

Hence the Newton—Okounkov body A (X, £, v, ) does not fundamentally depend
on the choice of the nonzero section T € H°(X, £)\ {0}. Accordingly, we sometimes
denote the Newton—Okounkov body by A(X, L, v).

Remark 2.16. If we choose a very ample line bundle £ in the construction, then it is
known in [Harada and Kaveh 2015, Theorem 3.9] that the Newton—Okounkov body
has maximal dimension, i.e., it has real dimension r. Since we do not necessarily
assume that the line bundle £ is very ample in this paper, the real dimension of the
Newton—Okounkov body may be less than r.

There are many possible valuations with one-dimensional leaves. We recall one
of them introduced in [Kaveh 2015]. One can construct a valuation on the function
field C(X) using a regular system of parameters u1, ..., #, in a neighborhood of
a smooth point p on X. Fix a total ordering on Z" respecting the addition. Let f
be a polynomial in uy, ..., u,. Suppose that ckulf‘ .- u* is the term in f with the
largest exponent k = (ky, ..., k). Then

v(f) = (=ky,...,—k)

defines a valuation on C(X), called the highest term valuation with respect to the
parameters uq, ..., U.
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Example 2.17. Let X = Z; be the Bott—Samelson variety determined by a word
i = (i1,...,1). Let f; be a nonzero element in g_,,. Then the following map
®; : C" — Z; defines a coordinate system as in [Fujita 2018, §2.3; Kaveh 2015,
§2.21]:

®; i (11, ..., 1) — (exp(t1fi)),...,exp(t fi,)) mod B".
We cLerLote the highest term valuation with respect to the lexicographic order on Z”
by v, &".

1

There are some results on computing the Newton-Okounkov bodies using the
valuation v;ugh. We recall a result of Kaveh [2015]:

Example 2.18. Let X = G/B be the full flag variety, and let £ be the line bundle
over X given by a dominant weight A. Suppose that i = (i1, ..., iy) is a reduced
word for the longest element in the Weyl group W of G. Then the Bott—Samelson
variety Z; and the full flag variety G/B are birational by Proposition 2.4. Hence
their function fields are isomorphic, i.e., C(Z;) = C(G/B). Using the valuation v? igh
in Example 2.17, Kaveh [2015, Corollary 4.2] proves that the Newton—Okounkov
body A(G/B, L, v?lgh) can be identified with the string polytope.

The following lemma directly comes from the definition of Newton—Okounkov
bodies.

Lemma 2.19. Let f : X — Y be a birational morphism between varieties of
dimension r, and let L be a line bundle on Y generated by global sections. Suppose
that the canonical morphism HO(Y, £L2%) — HO(X, f*L£%K) is an isomorphism for
every k > 0. Then their Newton—Okounkov bodies coincide, i.e.,

AX, f*L,v, fftr)=A{, L, v, T)

for any valuation v : C(X) \ {0} = Z" and v € H*(Y, £) \ {0}. Here v is regarded
also as a valuation on C(Y) under the isomorphism C(Y) = C(X).

Now we define left actions of Py, on Zz and L1 ;,...,. by

p'[pla---’pl’] 3:[PPI»P2,---7Pr],

(2-26)
p-lp1,...,prsvl:=1pp1, P2, ..., Dr, V]

for p, pre Py, p2€ Py, ..., pr€ Pr,and v € C. Since the projection L7, .., =
Z7 is compatible with these actions, it follows that the space H 0(Z7, L1,
global sections has the natural P;-module structure.

Theorem 2.20. Let 7 = (Iy, ..., I,) be a sequence of subsets of [n], and let
i = (it.)1<k<r 1<1<n, € [N be a sequence such that (i1, ..., ixN,) is
a reduced word for the longest element in Wy, for 1 <k <r. Letn; 1:Z; — Zz1
be the birational morphism in Proposition 2.7. Then for integral weights \j 1=
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droy+ - +dipwon for 1 <k <r,and the corresponding integer vector a given
in Proposition 2.10,

(1) the canonical morphism H(Z7, LTa...n) — H(Z;, Li q) is an isomor-

phism.

.....

(2) The isomorphism in (1) induces the B-module isomorphism

HZz1,L15,..0,) = HYZi, Lia) ®C_,,,

.....

where [ is the weight defined by

M:Z Z djvsws.

To prove the theorem, we recall the following lemma.

Lemma 2.21 [Jantzen 2003, 11.14.5.(a)]. Let ¢ : Y — X be a dominant and
projective morphism of noetherian and integral schemes such that ¢ induces an
isomorphism C(X) => C(Y) of function fields. If X is normal, then ¢, Oy = Ox.

Proof of Theorem 2.20. (1) Because of Propositions 2.3 and 2.7, the morphism
n=mn;1:Zi — Zz satisfies all the conditions in Lemma 2.21. Hence we have that
(2-27) n1+0z; = Oz,.

Then we have the following:

N Lz 5,.5,) = 10z, @0, N*L1....1,)
= 1.0z ®OZI£I,)LI,_,,,)L, (by [Hartshorne 1977, Exercise I1.5.1(d)])
=0z, ®0,,L1...5, (by (2-27)
=LTohe

Taking global sections we have an isomorphism between H’(Zz, L7,
H(Z;, ni 7L1.4;....n,) as C-vector spaces. And the later one is isomorphic to

.....

H%(Z;, L; 4) as C-vector spaces by Proposition 2.10.

(2) Note that there is a bijective correspondence between the set H 0(Z7, L1,
of holomorphic sections and the set of morphisms f : Pz — C satisfying

2-28)  f((p1s-.s )by b)) =€ (1) (b)) (1, pr)

..... )

for (p1,..., pr) € Pr and (by,...,b,) € B". Indeed, a morphism f defines a
section [p1, ..., pr1 = [p1,---, prs f(P1, ..., pr)]. Using C and C’ defined in
the proof of Proposition 2.10 (see (2-18) and (2-22)), for a morphism f satisfying
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(2-28), we associate a morphism f P, — C

N N,
Fpers) = C/Cf(l_[ Dlds---s 1_[ pr,l)
=1 =1

which also gives a section in H(Z;, Li q). Actually, this association is the isomor-
phism in (1).

On the other hand, the left action of P; on Zz and that of P; | on Z; given
in (2-26) define actions of B on the sets of holomorphic sections. For b € B,
f:Pr—C,and f: P; — C, we set

B f)Ppis-ospr)i=fO " prpa .., pr),
b PP = FO T PLL P12 ooy PLNYs -« -5 PrN,)-
Recall from (2-22) that C’ is the product of e%s™s (¢ (j, s))~'. For each s € [n] and
j € 1r], by (2-20), the following three conditions are equivalent:

e pj,1 is involved in ¢(j, 5);

o k(j,s)=0

LS [n]\{il,la -~-si1,N17 ’lJ,NJ}

Using this observation, we obtain that

- HpeD)rr)
=fb 'pr1, pras ..., PLNy»> -+ Pr.N,)

r

N N,
= (1_[ 1_[ e%iss (b))C/Cf (b_1 1_[ Dlgs- s 1_[ Pr,l)
=1 I=1

Jj=1 se[n]\{ix, [1<k=<j,1<I<Ni}

=B (b F (kD)
where C and C’ are values determined by ( Pr.)i Dkl and p is the welght given in the
statement. This proves the desired equality b- f=e*b)b- f ). O

As a direct consequence of Theorem 2.20(1) and Lemma 2.19 we have the
following theorem.

Theorem 2.22. Let T = (Iy, ..., 1) be a sequence of subsets of [n], and let
i = (i) 1<k<r1<i<n; €[NNIV be a sequence such that (iy. 1, . .., ix.n,) is a
reduced word for the longest element in Wy, for 1 <k <r. Let n; 1: Z; — Zz be the
birational morphism defined in Proposition 2.7. Then for integral dominant weights
A, 1 <k <r, avaluation v on C(Zz), and a nonzero sectiont € H*(Zz, LT o)

we have the equality

* *
A(ZI, ﬁI,)\.] ..... Aro v, T) = A(Zi’ nj’Iﬁl',)\,l ..... Aro v, ni7IT)'
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Remark 2.23. Even if the line bundle £ = Lz ,,, ., is very ample, the pullback
bundle n; ;L is not necessarily very ample when Zz is not a Bott-Samelson variety
(see Remark 2.12). Therefore the real dimension of Newton—Okounkov body
A(Z;i, nj 7L, v) can possibly be smaller than the complex dimension of Z; as is
mentioned in Remark 2.16. However, by Theorem 2.22, when L is very ample, we
can see that

dimR A(Zi, n?’Iﬁ, U) = dimR A(ZI, ﬁ, U) = dim@ Z1 = dim@ Z,‘
for any valuation v which has one-dimensional leaves.

By Theorem 2.22 and [Fujita 2018, Corollary 5.4], we have the following
corollary.
Corollary 2.24. Suppose that the line bundle Lz ... ;, constructed by weights
Als ..., Apisvery ample. Then, the Newton—Okounkov body A(Z1,Lz1 5,,...2,> v?lgh)
is a rational convex polytope of real dimension equal to the complex dimension

Of ZI.

3. Applications to representation theory

In this section, we give applications of Newton—Okounkov bodies of flag Bott—
Samelson varieties to representation theory, using the theory of generalized string
polytopes introduced in [Fujita 2018]. We restrict ourselves to a specific class of
flag Bott—Samelson varieties Zz, that is, to the case of a sequence Z = ({1, ..., I,)
of subsets of [n] such that I = [n]. In this case, we have P;, = P, = G. Hence
the space H 0(Z7, L1 3,...2,) of global sections has a natural G-module structure.
Let

.....

x(H) =Zo+---+ 2w,
be the character lattice, and let
x+(H) :=Zs0m +- -+ L0y

be the set of integral dominant weights. Fix nonzero elements e; € gy,, fi € g—q, for
i € [n]. For A € x4+ (H), let V(A) denote the irreducible highest weight G-module
over C with the highest weight A, and let v, € V(1) be a highest weight vector.
Recall that every finite-dimensional irreducible G-module is isomorphic to V (i) for
some A € x4 (H), see [Humphreys 1975, §31.3], and that every finite-dimensional
G-module is completely reducible, that is, isomorphic to a direct sum of irreducible
G-modules (see [Humphreys 1975, §14.3]). For Ay, ..., A, € x+(H), we denote
by tz.2,...%, € H(Z7, L15.,....»,) the section corresponding to 7; 4 € H°(Z;, Lia)
under the isomorphism in Theorem 2.20 (1), where t; 4 is the section defined in



FLAG BOTT-SAMELSON VARIETIES 165

[Fujita 2018, §2.3]. Let >, : RN+ +Nr _, RN2++Nr be the canonical projection
given by -2 ((xk, 1) 1<k<r,1<i<N,) := (Xk,1)2<k<r,1<1<N,» and set

high
..... Ao Vg & ) TI,M,...,A,-))-

.....

. high . . .
Since A(Zz, Lz.,,...5,» V; e T7.x.....2,) 1S a rational convex polytope, the image
A; x,...a, 1s also a rational convex polytope. The following is the main result in
this section.

Theorem 3.1. Let 7 = (I, ..., 1) be a sequence of subsets of [n] such that
I =[n],and fix i = (11, s EINys oo s drds e osirn,) € [RIMTTN such that
(k.15 - - -, Ik, N,) s a reduced word for the longest element in Wy, for 1 <k <r. For
Als - A € x4+ (H), write

H(Zz, L10,.0)" > @ V()
vex+(H)

as a G-module. Then, the multiplicity ¢, equals the cardinality of

e ) ZN2+"'+Nr

{x = (Xk,1)2<k<r1<i<N; € Ai .,

M= > ey, =V}-

2<k<r,1<I<Ny

. high high
Remark 3.2. Since A(Zz, Lz, .5, V; 5 T2, ) = A(Zi, Lia, ;5 Tiq) bY

Theorem 2.22, it is natural to ask why we consider not only Z; but also Z7. The
reason is that the space H 0z;, L; q) of global sections does not have a natural G-
module structure because Z; is not a G-variety. The theory of flag Bott—Samelson
varieties gives a natural framework to relate the usual Bott—Samelson variety Z;
with G-modules.

In order to prove Theorem 3.1, we use the theory of crystal bases, see [Kashiwara
1995] for a survey on this topic. Lusztig [1990; 1991; 1993] and Kashiwara
[1991] constructed a specific C-basis of V(1) via the quantized enveloping algebra
associated with g. This is called (the specialization at ¢ = 1 of) the lower global
basis (= the canonical basis), and denoted by {GkOW (b) | beB()}C V(A). See, for
example, [Kashiwara 1995, §12] for the definition of G;"W(b). In this manuscript,
we put “low” to emphasize that we are considering the lower global basis while
Kashiwara [1995] denoted it by G, (b). The index set B()) is endowed with specific
maps

wt: B(A) — x(H), ¢&i,¢i:B(A)— Zso,
&, fi: B(h) —> BO)U{0} fori € [n],
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which have the following properties:

wt(by) = A,
wt(e;b) = wt(b) + «; if e;b #0,
wt( fib) = wt(b) — o if fib#£0,

gi(b) = max{k € Z>¢ | &b # 0},
¢i(b) = max{k € Zq | f'b #0},

e - GV (b) € C*GY™(&;b) + > CG™ ),

b'eB(L); wt(b)=wt(b)+a;
@i (0')>pi(b)+1

fi - G¥(b) € C*GIV (fib) + > CG™ (b))

b eB(L); wt(b)=wt(b)—a;
& (b))>¢;(b)+1

fori € [n] and b € B(A), where C* = C\ {0}, and b, € B(A) is defined as G}\OW(bA) €
C*v,, called the highest element. We call B()) the crystal basis for V (1), which
satisfies the axiom of crystals, see [Kashiwara 1993, Definition 1.2.1] for the
definition of crystals. The operations &; and f; are called the Kashiwara operators.
Definition 3.3 (see [Kashiwara 1995, §4.2]). The crystal graph of a crystal B is
the [n]-colored, directed graph with vertex set B whose directed edges are given
by: b — b’ if and only if b’ = f;b.

In this paper, we identify a crystal B with its crystal graph. By [Kashiwara
1991, Theorem 3], for a G-module V =V (v;) ®--- & V (vy), the crystal graph
of the corresponding crystal basis B(V') is the disjoint union of the crystal graphs
B), ..., B(vy).

Proposition 3.4 (see [Kashiwara 1993, Proposition 3.2.3]). Leti = (i1, ...,i;) €
[n]" be a reduced word for w € W, and ) € x4 (H). Then, the subset

By = { i+ f7by | x1, ... % € Z20} \ {0} C B(L)
is independent of the choice of a reduced word i.

The subset B,,(A) is called a Demazure crystal.

Example 3.5. Let G =SL(3), and A = | + o = @ + @3. Then, the crystal graph
of B(A) is given as follows:
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In addition, for w = s251 € W, the following directed graph gives the Demazure
crystal By, (A):
(¢] ;) o L} (¢]
/
b)L 9]
XI
o

The following is an immediate consequence of [Kashiwara 1993, Proposi-
tion 3.2.3].

Lemma 3.6. Leti = (i1, ..., ix) € [n]" be a reduced word for the longest element
wo € W. Then, the following equalities hold for all . € x4+ (H):
BO) =By, ={f" - fi¥by | x1.....xy € Z=0} \ {O}.
In particular, the following equality holds for all w € W:
{fi o fi¥b | x1, ..., xn € Zs0, b€ By(W}\ {0} = B).

1
For two crystals By, B, we can define another crystal B ® B;, called the tensor
product of B and B,, see [Kashiwara 1993, §1.3] for the definition. For Ay, ..., A, €
X+ (H), the tensor product B(A;) ® - - - ® B(A,) is identical to the crystal basis for
the tensor product module V(A1) ® - - - ® V(A,) by [Kashiwara 1991, Theorem 1].
Let us recall the definitions of generalized Demazure crystals and generalized string
polytopes.

Definition 3.7 (see [Lakshmibai et al. 2002, §1.2]). Leti = (i1, ..., i,) € [n]" be
an arbitrary word, and @ = (ay, ..., a,) € Zrzo~ We define

Bi,a C B(alw,-l) - B(a,wir)
to be the subset
{ [ (barm, ® fi2 (Payws, @+ ® £ (bay 1o, ® [ (baye,)) ) |
X1, €220\ (O
this is called a generalized Demazure crystal.

Definition 3.8 [Fujita 2018, Definition 4.4]. Let i = (i}, ...,i,) € [rn]" be an
arbitrary word, and a = (ay, ..., a,) € Z’Zo. For b € B; 4, we set b(1) := D,

xp = max(x € Zog | E6(1) #£0),  &7b(1) = baym, ®D(2),
xp 1= max{x € Zo0 | E56(2) #0},  &7D(2) = baym, ® (),



168 NAOKI FUJITA, EUNJEONG LEE AND DONG YOUP SUH

X, i=max{x € Z>¢ | &; b(r) # 0},

and define the generalized string parametrization Q2;(b) of b with respect to i by
Qi(b) :=(x1,...,x).

Definition 3.9 [Fujita 2018, Definition 4.7]. For an arbitrary word i € [n]” and
ac Zrzo’ define a subset S; , C Z-9 x Z" by

Sia=|J{(k. (1)) | b € Bi xa}.
k>0
and denote by C; , C R>o x R" the smallest real closed cone containing S; ,. Let
us define a subset A; , C R by

Aig:={x eR | (1,x) €Cia};
this is called the generalized string polytope associated to i and a.

The following is a fundamental property of generalized string polytopes.

Proposition 3.10 (see [Fujita 2018, Corollaries 4.16, 5.4(3)]). The generalized
string polytope A; 4 is a rational convex polytope, and the equality Q;(Bi 4) =
A; o NZ" holds.

Fujita proved the following relation between the generalized string polytope and
a Newton—Okounkov body of the Bott—Samelson variety Z;.

Theorem 3.11 (see [Fujita 2018, Corollary 5.3]). Let Z; be the Bott—Samelson
variety determined by a word i € [n]", and let L; 4 be the line bundle on Z;
determined by an integer vector a € 7. as in (2-14). Then we have that

high
i

A(Zi, Liar 0,8 Tig) = —Aj g

Remark 3.12. The combinatorial structure of generalized string polytopes is quite
complicated that even their real dimensions are not easy to be determined. By
Remark 2.23, Theorem 3.11 determines the dimensions of generalized string poly-
topes of the type A(Z;, 77?115, v?lgh, Ti.q), Where 7 is a sequence of subsets of [n]
and £ is a very ample line bundle over Z7.

LetZ = (1, ..., 1) be a sequence of subsets of [n], and fix a sequence i =
(k) 1<k<r1<i<n, € [nIV1F+N such that (ig.1, ..., ix.n,) is a reduced word for
the longest element in Wy, for 1 <k <r. Given Ay, ..., A, € x4+ (H), we denote
the dual P;,-module H(Z;, L75,...2,) by VI, 5, and define B; ;. ., C
B(A1) ® - - - ® B(A,) to be the set of elements of the form

FX1,N; ~ ~Xr—1,N,

G-D f) e fipn (@@ f e D (b ®F, S £ (B) )

for some xq,1, ..., X1, Nys -« s Xr1s - oo » Xr N, € L.
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Proposition 3.13. For Ay, ..., A, € x4 (H), leta € ZN+ N be the integer vector
such that L; 4 > ﬁ?,zﬁz,m ,,,,, A, as given in Proposition 2.10, and let p € x(H) be
the weight defined in Theorem 2.20(2).

(1) The B-module V1 y,. .., is naturally isomorphic to C, ® V; 4, where V; 4 is
the generalized Demazure module defined in [Lakshmibai et al. 2002, §1.1].

(2) There is a natural bijective map

compatible with the crystal structures.

(3) The crystal graph of B; »,....», is identical to that of B q.

.....

Proof. (1) The assertion is an immediate consequence of Theorem 2.20 and [Lak-
shmibai et al. 2002, Theorem 6].

(2) For A, i € x+(H), the crystal basis B(A 4+ ) can be regarded as a connected
component of B(A) ® B() by identifying b; 1, with by ® b,, (see [Kashiwara 1995,
§4.5]). If we identify by with by o¥ym; ® by oYy, fOri € [n] and A € x4 (H),
then the definition of tensor product crystals implies that

JEbr=b_. oy ® [ arym  forall a€Zxg
(see [Fujita 2018, Appendix A]). Hence it follows that

For N (b, @ b)

i1,1 1,N
1 ~ ~

= bkl‘Zlgzgm w® fil,l (b/“ ® ft)lclz2 (bm ®:® fil.l;vill (b”Nl ®b)--- ))

forb e Bi, s, and x11,...,X1.N, € Z>0, Where

, {(Mﬂ,-v”)wiu if l=max{l =g <Ny |i14 =114},
Wi = : .
0 otherwise
for 1 <1 < Ny, and i~ := (ix,1)2<k<r,1<i<N,- By repeating this deformation, all the

elements of the form (3-1) can be naturally written as elements in b, ® B; 4. This
proves part (2).
(3) Let us prove that ¢;(b, ® b) = b, Q@ e;b for all i € [n] and b € B; ,. By the

definition of B; 4, we have

wt(b) — wt(b') € > Za;

Jelirg|1<k<r, 1<I<Ny}
for all b, b’ € B; 4. Hence B; , does not have edges labeled by

Jliki |1 <k<r, 1<I<N}.
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From this, we may assume that i € {ix; | 1 <k <r, 1 <l < N¢}. Then, we have
(i, ;") = 0 by the definition of 1, which implies by the definition of tensor product
crystals that ¢;(b,, ® b) = b, ® ¢;b. Thus, we have proved that the crystal graph
of b, ® B; 4 1s identical to that of B; 4. Then, part (3) follows immediately from
part (2). ([l

Proposition 3.13 implies that all the results in [Lakshmibai et al. 2002] for V; ,
and B; , are applicable also for V7, . and B; ;.. .1,

.....

Proposition 3.14. The set B; ;,
not depend on the choice of i.

A, depends only on I, Ay, ..., A, that is, does

.....

Proof. We proceed by induction on r. If r = 1, then the assertion is an immedi-
ate consequence of Proposition 3.4. Assume that r > 2, and that B;_, ;,,...a, 1S
independent of the choice of i>;. By [Lakshmibai et al. 2002, Theorem 2] and
Proposition 3.13, it follows that b ® B;_, 5,.....x, is a disjoint union of Demazure
crystals. Hence it suffices to prove that for each connected component 53, (A) of

by, ® Bi_, 5,.....5, the set
Buii vy 3 = {fi - i w b1 31 2y € Zo, b€ Bu(W}\ {0)
does not depend on the choice of (i, ...,i1,n,). We define vy, ..., vy, € W
inductively by
- Sin, U if Z(s,‘lle v) > £(v),
" if (57, v) < £(V),
o = {SiLNllHUI—l i £(i, y, 1 V1—1) > €(Vi-1),
V-1 i L(siy y, o V1—1) < €(Vi—1)-
Then, we deduce by [Kashiwara 1993, Proposition 3.2.3 (iii)] that B ;, ,...i, N A) =

Ble (1). In addition, it follows by [Kashiwara 1993, Lemma 3.2.1 and Proposi-
tion 3.2.3 (1)] that

x XN 1 1
e (X care)= ¥ care.
XloeeesXN, €220 beBy(X) beBuy ()
From these, we have
low X1 le low
> = ¥ g T coro)
ber’il,l""’il,Nl (}\.) X15ees XNy GZZ() bEB A)

the right hand side does not depend on the choice of (i1 1, ..., i1 n,) by [Kashi-
wara 1993, Proposition 3.2.5(v)], which implies that the set Bv,iu,l,...,iu,zv] (A) is also
independent. This proves the proposition. (]



FLAG BOTT-SAMELSON VARIETIES 171

We denote B; 3,,...» by Bz,
crystal. By definition, we have

BI,M,...,)L, ={];l-xl "'];;XNI (bx,@b) |X1, <o XN EZZ(), bGB(]2 ,,,,, 1), Ao, )\r}\{O}.

1,1 1N

, which is also called a generalized Demazure

.......

Assume that I} = [r], and hence that (ij,...,i1n,) is a reduced word for
wo € W. By [Lakshmibai et al. 2002, Theorem 2] and Proposition 3.13, the
set by, @ B(1,,....1,),15,....», 15 a disjoint union of Demazure crystals. Hence the sec-
ond assertion of Lemma 3.6 implies that each connected component of Bz j,,...»,
is of the form B(v) for some v € x4 (/). Note that the character of Vz,, .,
equals the formal character of Bz 5, .., by [Lakshmibai et al. 2002, Theorem 5
and Corollary 10] and Proposition 3.13. Since finite-dimensional G-modules are
characterized by their characters, we obtain the following.

Proposition 3.15. Let Z = (11, ..., I.) be a sequence of subsets of [n] such that
Iy = [n]. Then, the generalized Demazure crystal Bz ;... is isomorphic to the
crystal basis for the G-module Vz .. 5. In particular, if Bz, ..., is the disjoint
union of B(vy), ..., B(vy), then V1. .4, isisomorphicto V(v)) @ ---® V(vy).

.....

Since, by Proposition 3.13(3), the crystal graph of B; , is identical to that of
Bz.,....»,» the generalized string parametrization 2; of B; , can be regarded as
a parametrization of BI,,\],_“,;V. We denote A; 4, by A;;,....».- Then, we have
1,) by Theorems 2.22, 3.11.

.....

..........

.....

.....

Bza,....n,» wewrite 2; () =(x1,1, ..., X1, Ny» - +» Xr1s - - -, Xr. N, ). By the definition
of Q;, we have

(3-2) xiy=max{x € Z-g | &} & """ .”"“b;ﬁO}

[AW) lll 1 1,1
for 1 <1 < N;. Let Cp, denote the connected component of Bz ,, ., containing b.
Since I} = [n], it follows that (i1, ..., 11 5,) is a reduced word for wg € W. So we
deduce by [Kashiwara 1993, Proposmon 3.2.3] that ~”1 ;Vl o x‘ 1b is the highest
element in C,. Hence

(3-3) (0, ...,O, X2.1 ...,Xz’Nz, ey Xrls ...,xr,Nr)

is the generalized string parametrlzatlon of the highest element. In particular,
the surjective map Br ;, 5, NZN2THN given by b > 755(R2; (b))
induces a bijective map

..........

W : {connected components of Bz x, ...} == Aix...A NNt 4N

In addition, for a connected component C of Bz y,,... 5, the weight of the highest
element in C is determined by W(C) due to the definition of generalized string
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parametrizations (see Definition 3.8). Indeed, if

lIJ(C) = (-x2,la e ’xz,st .. -,xr,la e 7xr,Nr)s

then the weight of the highest element in C is given by
)\.1 —+ - +)\.r — Z xk,laikv,
2<k<r, 1<I<Nj
since the generalized string parametrization of this element is given by (3-3). By
these reasons, we deduce the assertion of the theorem. (]

The following is an immediate consequence of the proof of Theorem 3.1.

Corollary 3.16. Let T = (11, ..., I,) be a sequence of subsets of [n] such that
Iy = [n]. Then, the number of connected components of Bz,

cardinality of

A, equals the

.....

Aisyp ATV,
Let ry : RVi+++N- _, RM denote the canonical projection given by

(‘x],li“'7'xl,N]5 "'a-xr,la---’-xr,Nr) = (-xl,ls"'v-x],N])'

Proposition 3.17. For x € A; 3, NZVH 4N the set (w2} () N Aisya))
is identical to the string polytope for the connected component ¥~ (x) of Bz, Ao hy
with respect to the reduced word (i1 1, ..., i1,n,) for wo € W; see [Kaveh 2015,

Definition 3.5; Littelmann 1998, §1] for the definition of string polytopes.

Proof. Recall that, by Proposition 3.10, €2; : Bz ,...a, = Qi
bijective. Hence by the definition of W, we obtain the following bijective map:

U X)) = 7 ()N Ay, NZNHEN

b— Q;(b).

In addition, we see by (3-2) that 71 (£2; (b)) is the string parametrization of b €
W~ 1(x) with respect to the reduced word (i1 1, ..., i1,n,); see [Littelmann 1998,
§1; Kaveh 2015, Definition 3.2] for the definition of string parametrizations. From
these, we obtain the assertion of the proposition. ([

Remark 3.18. Kaveh and Khovanskii [2012a] gave a general framework to describe
multiplicities of irreducible representations by using the Newton—Okounkov bodies.
Our results give concrete constructions of convex bodies appearing in [Kaveh
and Khovanskii 2012a]. Indeed, by the proof of Theorem 3.1 and [Fujita 2018,
Theorem 5.2], it is not hard to prove that the rational convex polytope A,-, Ahy 18
identical to the multiplicity convex body Ag(A) in [Kaveh and Khovanskii 2012a,
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§4.1] for the valuation v?igh, where

. 0 k
A= H 21, L3, ;)
k>0
From this and Proposition 3.17, we deduce that the generalized string polytope
x, equals the string convex body A(A) in [Kaveh and Khovanskii 2012a,

.....

In representation theory, it is a fundamental problem to determine the G-module
structure of the tensor product module V(1) ® V (1), which is equivalent to deter-
mining the multiplicity cK’ M of V(v) in V(1) ® V(). Berenstein and Zelevinsky
[2001, Theorems 2.3, 2.4] describes the multiplicity ¢; , as the number of lattice
points in some explicit rational convex polytope. In the following, we see that
Theorem 3.1 gives a different approach to such polyhedral expressions for ¢; - Let
us consider the case Z = ([n], [n]). In this case, the flag Bott—Samelson variety Zz
is identical to G x p G/ B, and the following map is an isomorphism of varieties:

Z71 = G/BxG/B, |[g1, 8]~ (81B/B,g18:B/B);

the inverse map is given by (g1B/B, g2B/B) — [g1, gflgz]. It is easily seen that
under the isomorphism Z7 >~ G/B x G /B, the G-action on Z7 coincides with
the diagonal action on G/B x G/B, and the line bundle L7 ; , corresponds to the
direct product of £, and £, where £, denotes the line bundle L)), over G/B
for v € x4+ (H). Hence we obtain the following isomorphisms of G-modules:

H%(Zz, L15,)* ~H(G/B x G/B, L; x L,)*
~ H%(G/B, £,)* @ H*(G/B, L)
>~V ®V(w,
by the Borel-Weil theorem (see [Jantzen 2003, Corollary 11.5.6]). If we write
viyevw= @ v
vex+(H)
as a G-module, then we obtain the following by Theorem 3.1:

Theorem 3.19. Let T = ([n], [n]), and let (iy,...,in), (i, ..., jn) € [n]" be
reduced words for wy € W. Then, the tensor product multiplicity c; . equals the
cardinality of

{(yl,...,yN)GAi,)hMﬂZN ‘ A4 — Z Vi, :v},
1<I<N

where i := (i1, ...,iN, Jl,---» JN)-
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Figure 1. The polytope A,-, . in Example 3.20.

Example 3.20. Let G =SL(3), Z=([2],[2]),andi = (1,2, 1, 1,2, 1). By [Fujita
2018, Corollary 4.15], the generahzed strlng polytope A; ., is identical to the set
of (x1, x2, X3, Y1, Y2, ¥3) € [R{ 20 satisfying the following inequalities:

0 < y3 <min{Az, pu1},
Y3 =y2 = y3+u2,
y2— A2 < yr =minfiy, y» —2y3 + ur},
max{y; — Az, —y1 +y2 — A2} < x3 < =2y1 +y2 — 2y3 + A1 + 1,
X3 <x2 =x3+y1 —2y2+ y3+ i+ po,
0<xi =xo—2x3—=2y1+y2—2y3+ A1 + 11,
where 1; := (A, ;) and p; := (i, ;') for i = 1, 2. Hence the polytope A PR
identical to the set of (y1, y2, ¥3) € R 2o satisfying the following inequalities:
0 < y3 < min{A,, u1},
3= y2=¥3+ U2,
y2—A2 < yr <minfiy, y2 —2y3+ 1}

We deduce by Theorem 3.19 that the tensor product multiplicity Cx equals the
cardinality of (y;, y2, y3) € A AN 73 such that A + u — (1 + yg)al Yooty = V.

If A = u = +w», then the polytope A ., s identical to the set of (y1, y2, ¥3) €
R3 > satisfying the following inequalities:

O<ys=1l, ys=y=y3;+1, ym—I1=<y =min{l, y —2y3+1};
see Figure 1. Hence we deduce that

V(o + @)% >~ V2w +2m2) ®VQGEw) @ V3Bw) & V(w + )% @ V(0).
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Theorem 3.1 can be applied to a more general class of representations than
[Berenstein and Zelevinsky 2001]. We next consider the case Z = ([n], [n], . .., [n])
(an r-tuple). In this case, we have

ZI=GXBGXB-~XBG/B,

r

and this is isomorphic to (G/B)" :=G/B xG/B x---x G/ B (r factors) as follows:

Zr=> (G/B)", [g1.8.....81 (s1B/B.g182B/B, ..., 818 & B/B);

the inverse map is given by

(¢1B/B,¢:B/B, ..., ¢, B/B)— [g1, 87" ¢2. 85 ' ¢3. .-, 8 8]

As in the case r = 2, under the isomorphism Z7 >~ (G/B)", the G-action on
Z1 coincides with the diagonal action on (G/B)", and the line bundle £z ;, . ,,
corresponds to the direct product of £, ,, ..., £;,. From this, we have the following
isomorphisms of G-modules:

H(Zz1, L15,...5,)" =~ H'(G/B), L3, x -+ x L3,)*
~H%G/B, L;,)*®---® H'(G/B, L;,)*
~VOD®--® V().
If we write

VM) ®:---®V(Q,) = @ V(]))EBCK1 ----- Ar
vex+(H)

as a G-module, then Theorem 3.1 implies the following.

Corollary 3.21. Let T = ([n], [n], ..., [n]), an r-tuple, and take reduced words

k1, ---,1kN) € (nIN, 1 <k <r, for wg € W. Then, the multiplicity CXI ’’’’’ a equals
the cardinality of
A —1N
{x = (Xk)2zkzr1<i=N € Aisy., NZT7Y ‘
)L1++)Vr_ Z xk,lal‘kJ:v}a
2<k=<r,1<I<N
where i := (il,I, ey il,N, ey l'r’l, ey ir,N)-

The following gives an application to Z7 for general Z which does not necessarily
start with [n]:

Corollary 3.22. Let T = (I3, ..., I,) be a sequence of subsets of [n], and set
Iy := [n]. Fixio= (ix.)o<k<r.1<i<n, € [V FNr such that (iy.1, ..., ix.n,) is a
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reduced word for the longest element in Wy, for 0 < k <r. Then, the number of

connected components of Bz y,.....», equals the cardinality of

.....

~

Aio,O,M - N ZNIJFWJFM .

Proof. We set Zy := (I, 11, ..., I,). By the definition of tensor product crystals, the
bijective map Bz,...1, = bo® Bz.,....x,» b = bo ® b, is compatible with their
crystal structures, where we mean by by € B(0) the element b, for A = 0. Hence
we may identify by ® Bz ;,....a, With Bz ... This implies by the definition
that the crystal basis Bz;0,1,,...,, 1S obtained from Bz ;, .., by actions of ﬁ,
i € [n]. By [Lakshmibai et al. 2002, proof of Theorem 2] and Proposition 3.13, all
connected components of Bt ... », are Demazure crystals in connected components
of B(A1) ® - - - ® B(A,). Hence they are not joined by fi, i € [n], since they have
different highest elements. From these, the crystal basis Bz, 0.1,.....», has the same
number of connected components as Bz ;,....»,, which implies the assertion of the
corollary by Corollary 3.16. ([

.....

,,,,,

4. Flag Bott-Samelson varieties and flag Bott towers

In this section, we study complex structures on the flag Bott—Samelson variety Zz,
and its relation with a flag Bott tower in Theorem 4.10. We first recall flag Bott
manifolds introduced in [Kuroki et al. 2020]. Let M be a complex manifold and E
a holomorphic vector bundle over M. The associated flag bundle FC(E) — M is a
fiber bundle obtained from E by replacing each fiber E, over a point p € M by the
full flag manifold F4(E)).

Definition 4.1 [Kuroki et al. 2020, Definition 2.1]. A flag Bott tower {Fy}o<k<, of
height r (or an r-stage flag Bott tower) is a sequence,

F—2s Fo 22 o2y p 2y Fy={apoint}

of manifolds F = F 6( ;'Z]J“ ! ék(l)), where 5,51) is a holomorphic line bundle over
Fp_yforeachl <l <mpy+1and 1 <k <r. We call F the k-stage flag Bott
manifold of the flag Bott tower.

For example, the flag manifold F¢(C"*!) = Fe(m + 1) is a 1-stage flag Bott
manifold, and the product of flag manifolds F€(m; + 1) x --- x Fl(m, + 1)
is an r-stage flag Bott manifold. Also an r-stage Bott manifold is an r-stage
flag Bott manifold (see [Grossberg and Karshon 1994] for the definition of Bott
manifolds). We call two flag Bott towers {Fy}o<x<, and {F}}o<i<, isomorphic if
there is a collection of diffeomorphisms ¢ : F;y — F] which commutes with the
maps py : Fx — Fy—j and p; : F| — F,_|.
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Remark 4.2. In [Kaji et al. 2020], an iterated flag bundle whose fibers are not only
full flag manifolds of type A but also other flag manifolds of general Lie type is
considered. We recall their construction briefly. For 1 <k <r, let K; be a compact
connected Lie group, T; C K a maximal torus, and Z; C K the centralizer of
a circle subgroup of 7. Recall from [Kaji et al. 2020, Definition 3.1] that an
r-stage flag Bott tower { Fy}o<k< of general Lie type associated to {(Kx, Zi)}o<k<r
is defined recursively:

(1) Fp is a point.
(2) Fy is the flag bundle over F;_; with fiber K /Z; associated to a map
fi: Fre1 — BKy,
where f} factors through BTj.

Here, the map f; induces the flag bundle Fy — Fj;_; from the universal flag bundle
Kk/Zk — BZk —> BKk.

Ki/Zx == Ki/Zk

[ |

Fy, — BZ;

L, ]

Fo, — 5 BK,

N/

Because the map f; factors through BTy, the bundle Fj is the associated Ky /Zy-
flag bundle of the sum of complex line bundles over F;_;. A flag Bott tower
defined in Definition 4.1 is a flag Bott tower of general Lie type associated to
{(Um+ 1), T H}ocr<,.

Lemma 4.3. Let M be a complex manifold and E a holomorphic vector bundle
over M. Let L be a holomorphic line bundle over M. Then we have that FL(E) =
FL(E ® L) as differentiable manifolds.

Proof. 1t is well-known that for a holomorphic vector bundle £ — M over a smooth
manifold M and a holomorphic line bundle £ — M, there is a diffeomorphism
P(E ® L) = P(E) (see, for example, [Choi et al. 2010, Lemma 2.1]). Since the
induced flag bundle is a sequence of projective bundles as shown in [Bott and Tu
1982, Proposition 21.15], we have a diffeomorphism FL(E) = FL(E Q L). [l

The flag manifold F€(m + 1) and an orbit space GL(m + 1)/Bgr(m+1) can be
identified. Similarly, an r-stage flag Bott manifold F, can also be considered as
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an orbit space. We briefly review the orbit space construction of [Kuroki et al.
2020, §2.2]. Recall from [Kuroki et al. 2020, Lemma 2.12] that for a given Bott
tower {Fy}o<k<r such that F€(my + 1) — F; — Fy_, there is a surjective group
homomorphism:

(4-2) Y ZMF x o x 7™ s Pic(F) forl <k <.

We briefly explain the geometric meaning of the homomorphism (4-2). For the
flag bundle F¢(E) £> M obtained by a vector bundle E of rank n over a complex
manifold M, consider the universal flag of bundles0 C E; C E, C--- C E,, = p*E
on FL(E). Then every element of Pic(F¢(E)) can be written as a polynomial in
xi=c1(E;/E;_1) for 1 <i <n with coefficients in Pic(M) (see, for example, [Fulton
1998, Example 3.3.5]). Because Fy is an iterated flag bundle, applying this procedure
recurrently, we obtain the homomorphism (4-2). Moreover, for & € Pic(Fy), if we
have § = (ay, ..., ar), where a; is an integer vector (a;(1),...,a;(m; +1)) €
7™t for 1 < j <k, then

k Mj+l

(4-3) ca® =y Y a;0x;.

j=1 I=1

Here, x;; is the first Chern class of the quotient bundle E;;/E; ;1 obtained by the
universal flag of bundles 0 C E;; C Ej2 C -+ C Eju,+1 0n F.!
Suppose that ¢ (Sl(k)) is determined by a set of integer vectors

0}
e

m;+1
lay; € 2" h<izmr1, 1 <k=r-

Then
I ! I I
v .al .. ..al_D=8"— F_,
foreach 1 <l <my+1and 2 <k <r. Using this set of integer vectors, we define a

right action @4 of BGLn,+1) X - - X BGLm+1) on GL(m 1 +1) x - - x GL(m; 4 1)
as

Dr((g1s---58k)s (b1, ..., DY)
= (g161, Aa,1(b1) ' goba, Az (b)) Az (b)) ' gabs, ..,
A D) Ak Akt (br—1) T grbr)

1T.he classes x ge'nerate the cohomology Hz(Fj; Z) with the relations x; | + - - - + Xjmj+1=
1) el ) for 1< j <k (see [Fulton 1998, Example 3.3.5] or [Kaji et al. 2020,
J
Corollary 2.4]).
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for 1 <k <r. Here Ay ; is a homomorphism BoLm;+1) = HGLom+1) which sends
be BGL(ijrl) to
. a0 e 2D
diag (Y (b)*7, Y (B)%7, ..., Y (B)*I ) € HGLong+1)»
where Y : BGL(nj+1) = HoLm;+1) is the canonical projection in (2-9), and

. pal), a2 a(m+1)
h® '_hl hz “'hm+1

for h = diag(h, ..., hpt1) € HoLm+1y) and a = (a(l),...,a(m + 1)) € 7mt
Now we can describe the flag Bott manifold F, as an orbit space as follows:
Proposition 4.4 [Kuroki et al. 2020, Propos1t10ns 2.8 and 2.11]. Let {Fi}o<k<r be
a flag Bott tower. Suppose that c, (Sl )) is determined by a set of integer vectors
{a(l) 7" Y e t1.1<j<k<r and let Oy be the action determined by these
integer vectors. Then the flag Bott tower { Fy }o<k<, is isomorphic to

{(GL(m1 4+ 1) x -+ x GL(my + 1)) / D¢ }

0<k<r
as flag Bott towers.

A Bott—Samelson variety has a family of complex structures which gives a toric
degeneration (see [Grossberg and Karshon 1994, §3.4; Pasquier 2010]). Now we
study a family of complex structures on a given flag Bott—Samelson variety. Since

the simple roots are linearly independent elements in h*, there exist ¢ € Z.o and
an injective homomorphism X : C* — H such that

4-4) (A1) =11

for all simple roots o and ¢t € C*. Here ¢* : H — C* is a character induced
from « : h — C. For example, when G = SL(2k + 1) and ¢ = 1, consider the
homomorphism A : C* — H defined by

(4-5) At diag(et, e et LR R,
Then this homomorphism satisfies the condition on (4-4). We define Y, : B — B by
T, b AObO() !

for t+ € C*. It is proved in [Grossberg and Karshon 1994, Proposition 3.5] that
T =lim;_,¢ Yy, where Y : B — H is the homomorphism in (2-9). We put Yo := 7.

Example 4.5. Suppose that G = SL(3) and g = 1. Considering the homomorphism
A : C* — H defined in (4-5), the homomorphism Y} : B — B is given by
bt b1y bi3 bii thiy b3

0 by by3 | — 0 by tby
0 0 b33 0 0 b33
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Hence we have that lim;_,o Y, =Y.

We use the homomorphism Y; : B — B to construct a family of complex
structures on the flag Bott—Samelson manifold Z7 = Pz/B". For t € C, we define
a right action ®; of B” on Pz as

(4-6) O,((p1-... pr). (b1, ..., b))
= (p1b1, Y, (b)) paba, ..., Ye(bro1) " prby)

for (p1,..., pr) € Prand (by,...,b,) € B". Then ® coincides with the right
action in (2-2) because A(1) = e € H and hence Y| = Idg. Again we consider the
family of orbit spaces

Z% = Pr/0,

for ¢t € C. The holomorphic line bundle E’I’ ar..n, OVEL Z% can be defined in a way

similar to £z 3,.....», in (2-10) for integral weights A1, ..., A,. Set ﬁtz,x = UI,O,...,O,A
for simplicity.
Proposition 4.6. For a given sequence T = (11, ..., 1), the manifolds ZtI are all

diffeomorphic for t € C.
Proof. We use the similar argument to the proof of Proposition 3.7 in [Grossberg
and Karshon 1994]. Let K, be the maximal compact subgroup of Py,. Let T be
the maximal compact torus in G, i.e., T = (S 1) Recall that K pNB=T. Define
a right action of T : =T xT x---xT (r factors) on K7 := Kj x---xKj as
“4-7) (g1,...,8) (ay,...,a) = (g1ay, al_lgzaz, el ar__llgra,).
Let X7 be the orbit space
(4-8) Xr =Ky x-xKp)/(Tx---xT).
The inclusion map

KI=K[1 X---XKIrL)PI=P11 X“'XP[r

is T()-equivariant with respect to the 7-action of (4-7) on K7 and the restricted
T -action of (4-6) on Pz via the inclusion 7" < B” because Y;(a) = a for all
a € T. Therefore we get a map

(4-9) fr:Xz—> Z%.

Since, for all &, the inclusion K;, < Pj, induces a diffeomorphism K;, /T = Py, /B,
the map f7 is a diffeomorphism. (]

The manifold Z’ has a fibration structure, similar to a flag Bott—Samelson
manifold in (2-3):

(4-10) P,/B— 745 78,
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where Z' = (Iy, .. ., I,_1) is the subsequence of Z and 7 is the first r — 1 coordinates
projection for all ¢ € C.

LetZ=(L,...,I,_1,I,) and Z' = (11, ..., I,_1). We note that the orbit space
X7 has a bundle structure.

X7 =Ppxr (K, /T) <— K /T

|

Xz

Because the structure group 7 of this bundle is an abelian group, the map f; inducing
the flag bundle X7 — X7 from the universal flag bundle factors through BT.

K, /T —— K, /T

[ [

X7 — BT

| |

Xy — Bk,

BT
Continuing this procedure, we obtain the following corollary.

Corollary 4.7. The manifold X1 is an r-stage flag Bott tower of general Lie type
associated to {(Ky;, T)}o<j<r, and so are Z% for all t € C (see Remark 4.2 for the
definition of flag Bott towers of general Lie type).

For the remaining part of this section, we consider the case when the Levi
subgroup L, of the parabolic subgroup Py, has Lie type A, that is, the flag Bott
tower X7 is a flag Bott manifold whose fibers are all full flag manifolds of Lie type A.
Moreover, we describe the line bundles appearing in the construction explicitly (see

Theorem 4.10). We can always take an enumeration [ = {ug 1, ..., Uk m,} so that
2 ifs=t,
4-11) <“uk,u0‘uvk,,>= —1 ifs—t==£l1,

0  otherwise.

Proposition 4.8. Let Z7 be a flag Bott—Samelson manifold. Let ' = (I, ..., I,_1)
be the subsequence of Z. Assume that the Levi subgroup Ly, of the parabolic sub-
group Py has Lie type A,,, for all 1 <k <r. Then the manifold Zg is diffeomorphic
to the induced flag bundle over Z9,:

Z9=Fe(Ly , &Ly, &C),
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where x; = ay,, + et a,,, € h* for1 <j <m,, ﬁg’»x = L%,O,...,O,x’ and C is
the trivial line bundle.

Before proving the proposition, we observe the following. Suppose that the Levi
subgroup L; of the parabolic subgroup P; for a subset I C [n] has Lie type A,,.
Then we can label the elements of I as uy, ..., u, which satisfy the relation (4-11).
Also we have the group homomorphism F : SL(m 4+ 1) — L; < P;. Then the
map F induces the homomorphism F : hspm+1) — h. We label the coroots of
SL(m+1)as B, By, ..., B, so that F, sends " to O‘LY, for 1 <! < m. Then we
have that

(F*A, B)) = (A, FuB)) = (b o)

for a weight A € h* and 1 <[ < m. Here, we note that F*1L =X o F for A € h*. Let

Wy, Wy, ..., Wy € th(m 41 be the fundamental weights. Then the pullback F*A
is given by

m
(4-12) F*A= (k) @1 € D3 -

I=1

Proof of Proposition 4.8. We write [ =1,, m=m,,and u; =u, ; for1 < j <m.
Note that we have P; = L;Uj (see Section 2A). Since we have an isomorphism of
varieties

P/B=(L;U)/B=L;/(BNL;)=L;/By,

we get a diffeomorphism
Fy :SL(m + 1)/ BsLin+1) = P1/B.

Moreover, the map which sends an element g in SL(m 4+ 1) to a full flag (V; C V, C
-+ C V), where V; = (c1, ..., ¢;) and ¢ is the [-th column vector of g, descends
to a diffeomorphism

Fy : SL(m + 1)/ BsLn+1) = Fl(m +1).

The map F; is equivariant with respect to the following actions of the torus
Hsy (m+1): each element

h =diag(hy, ha, ..., hyt1) € Hs 1)

acts on SL(m + 1)/ Bst (m+1) by the left multiplication, and on F€(m + 1) as the
induced action from the representation space C"*! with weights

(4_13) (wla_w_1+w2’~~~’_wmfl+w_m’_w_m)a

namely A -v = (hjvy, hava, ..., By 1Umy1) for v = (vy, ..., Vpy1) € C"t1. On
the other hand, the map F; is equivariant with respect to the left multiplication
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actions of Hgy (1) and of H via the homomorphism Hsy 41y — H given by the
map F.
By the relation (4-12) between weights in h* and th(m +1y> We have the following:

F*(xj) = F*(tu; +- -+ a,,)
m
= o+ F o, ap) @
=1

=—Wj-1t@;+ D,

where @y =0 for 1 < j < m. Here the third equality follows by considering the
Cartan matrix of SL(m + 1). The Hsy +1)-representation on C"*! with weights
(4-13) becomes an H-representation on C”*! with weights

(Xl _X/9 X2 _X/9 <o Xm _X/’ _X/)a

where x’ is a weight which maps to @,, under the map F* such that F, o F 1_1 is
equivariant with respect to the actions of elements in H \ F'(Hsy n+1)). This proves
that Fro F 1_] is a left H-equivariant diffeomorphism

FaoF7 i P/B — FUCyp—y @ ®Cypmyy ®C_yr).

We notice that the construction of twisted product is functorial, i.e., for a topo-
logical group G and a right G-space X, if f : Y — Y’ is an equivariant map of left
G-spaces then we have the induced map X xg Y — X x¢ Y/, see, for example,
[Bredon 1972, §11.2]. Since the unipotent part of B acts trivially on P;/B and
FUCy —y®---®C,,,—» DC_,), the left H-equivariant diffeomorphism F>o Fl_1
induces a diffeomorphism

Pr/O@=FULY @ DLy, _ BLY ).
Moreover we have that
0 0 0
fﬁ(ﬁz/’xl_x/ @ cte @ﬁz/’Xm_X/ @ LI/’_X/)
— 0 0 0
=Fe((Ly , & - ®L), ®DORLY _,).
Then by Lemma 4.3, we are done. ]

By Proposition 4.8, we can conclude that Zg is an r-stage flag Bott manifold.
For given integral weights A, ..., A,, consider the line bundle [ﬁ% ., OVET @

.....

flag Bott manifold Zg. By (4-2) there is a set of integer vectors {ay € 7mitl H<k<r

.....

.....
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The following proposition computes these integer vectors in terms of integral
weights A1, ..., A, and a sequence Z of subsets of [x].

Proposition 4.9. Let T = (I, ..., I,) be a sequence of subsets of [n]. Assume
that the Levi subgroup Lj, of the parabolic subgroup P, has Lie type A,,, for
all 1 < k <r. For given integral weights Ay, ..., A, € Zwo| + -+ + Zw,, the

.....

ar, = (ar (1), ..., ax(mp + 1)) € Z"F for 1 <k <r, where

ar() =+ 4+ A 0y

iy +“'+O{;/k,mk> for1 <1l <my,

ap(mp+1)=0.
Here, we take an enumeration Iy = {ux. 1, ..., Uk m, } which satisfies (4-11). Indeed,
L is isomorphic to the line bundle Y (ay, ..., a,).

Proof. Since the Levi subgroup L;, of Py, is Lie type A,,,, we have a Lie group
homomorphism Fj : SL(my + 1) — Py,. For each 1 <k <r, consider the homo-
morphism vy : SL(my 4+ 1) — Pp, X --- x Py, defined as

p—(e,...,e, Fr(p),e,...,e)
——
k-th
and consider
(4-14) @kt Bsuon+1) —> B XX B = B’
r
which sends b to
(e7"'7e’ Fk(b)’ Fk(h)"“’Fk(h))?
—— ——
k-th  (k+1)-th r-th

where & = Y (b). Then the map vy is gr-equivariant, namely, for b € Bsy (n, +1)
and g € SL(m; 4 1) we have that

Oo (Y (8), k(b))
=0o((e,...,e, Fr(g).e,....e), (e, ..., e, F(b), F(h), ..., Fi(h)))
=(e,....e, F(g) Fk(b), Y (Fc (b)) ' Fi(h),e, ... ¢)
=(e,...,e, Fr(gh),e,e,...,e)
= Vi (gh).
Here the third equality comes from the fact that Fj; is a homomorphism and
Y (Fi(D)) = Fr (Y (b)).
Under the map (4-14) the weight (A, ..., A,) of H" pulls back to the weight

m

(4-15) Z(Ak + -+ A, Oluvky,)wl € r)§L(mk+1)
I=1
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by (4-12). The integer vector a; € Z™*! is completely determined by the weight in
(4-15) because of the construction of a flag Bott manifold (see [Kuroki et al. 2020,
§2.2]). Indeed, the integer vector a; € Z"™*! should satisfy the equality

my my+1
(4-16) Sty Yo=Y arDe,
=1 =1
where ¢; € th(karl) sends diag(hy, ..., hm,+1) In BsLon+1) to A;. Using the

identification w; = &1 + - - - + &;, we have that

m

@17 D -+ Ay Yo
=1

= (Mt Aoy et et A ) (e e2)
—J’_”'+<)\'k+.”+)\'r’al}t/&mk>(81—"_”._{_‘C"mk)
ukl +-Fa
+<)‘k+ +)\'r’auk2+ +aukm)82
+"'+<)‘k+'"+)"r’ab\t/k,mk>8mk'

=+ +hn o) tay €1

U2 ”k my )

Comparing (4-16) and (4-17), we obtain the assertion of the proposition. ([
By combining Propositions 4.8 and 4.9, we can prove the following theorem:

Theorem 4.10. Suppose that T = (11, ..., I,) is a sequence of subsets of [n] such
that the Levi subgroup L, of the parabolic subgroup Pj_has Lie type A, for all
1 <k <r. Take an enumeration I = {ug 1, ..., Uk m,} which satisfies (4-11). Then
the manifold Zg is an r-stage flag Bott manifold which is determined by

O _ (0 0 o
{ak] (ak](l)a (2), . jmj+ 1))}1§l§mk+1,1§j<k§r

in the sense of Proposition 4.4, where a,gl)i (p)is

+.ootaY

uj,mj)

Oyt oy, ’O[v
, g

Uj,p
ifl <l <mpand1 < p <mj,and0 otherwise.

Proof. Consider the subsequence Z; := (I1, ..., I;) of the sequence Z for all
1 <k <r. Recall from Proposition 4.8 that the flag Bott manifold ng is the induced
flag bundle over ZI -

0 0 0
ZIk = ]:Z(El—k—l:)(l SZAR EIk—l’ka ® ([—:)’
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where x; = ay,, + - +ay,,, forl <I<m. By Proposmon 4.9, the integer

vectors {a,il) € Z”’/+1 }1<j<k—1 which define the line bundle ﬁzk Ly are given by

al.(p)= (i oy, ++-+ay
=<0‘uk,,+--'+0‘uk.mk,0lv. +--'+0luv,-,m,) (by the definition of ;)

) (by Proposition 4.9)

u;
Jom j
Ujp

for 1 </ <my and 1 < p <m;. Moreover we have akl) (p)=0ifl=mp+1or
p =m; + 1 by Proposition 4.9. Hence the result follows ]

Example 4.11. Let G = SL(4). Consider the sequence Z = ({1, 2}, {1, 2}). Hence
uy1 =1, uy2=2, up1 =1, urp = 2. The manifold Zg is a 2-stage flag Bott
manifold with F> = F£(&," @ &> @ C), where line bundles & and & ar
determined by the following integer vectors:

ay = (1 + a2, o) + ), (1 + a2, 07),0) = (2,1,0),

ay’) = ((e2. @) + o), (o2, @), 0) = (1, 2,0).

Remark 4.12. Suppose that the flag Bott—Samelson variety Z7 is a Bott—Samelson
@

variety, i.e., m; = --- = m, = 1. Then integer vectors {ak’/. € Z2}1€[2],15]~<k5r
determining the flag Bott tower Z% is

O _ {((Olukl, a0 ifl=1,

k7 71(0,0) ifl=2

by Theorem 4.10. This computation of a; () (1) for 1 < j <k <r coincides with
the known result in [Grossberg and Karshon 1994, §3.7].

5. Torus actions and Duistermaat-Heckman measure

LetZ = (11, ..., I,) be a sequence of subsets of [n] such that |I;| = my. In this
section we study torus actions on the manifold Z2. We define a torus invariant closed
2-form induced from a given complex line bundle, and we consider the Duistermaat—
Heckman measure of the flag Bott—Samelson manifold using a Bott—Samelson
variety Z; admitting the birational morphism n; 7 : Z; — Zz (see Theorem 5.5).

We first study torus actions on Z% Let T be the maximal compact torus of G
contained in H. Define an action of T on Zg as

(5-1) (S15 -y 87) - [P1s ooy Pl =[s1P1, ST 52P20 -y 5,0 50 /]
=[sipis; sy spesy '

This action is smooth but not effective. We now find the subtorus which acts trivially
on Z% Define a subtorus 7; C T for a subset I C [n] as

T;:={seT|as)=1forallier}’
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which is similar to (2-1). Here, we consider a simple root o € x (H) as a homomor-
phism 7" — S!. For a given sequence Z = (Iy, ..., I,) of subsets of [n], we define
the subtorus 7y of T as

TIZZTIIX-”XT].

r

Similarly, we set T; := T(;,) X - - - x T}; ) for a sequence i = (i1, ..., i,) € [n]". Then
the following proposition comes from (5-1).

Proposition 5.1. The torus Tz acts trivially on Z%

By Proposition 5.1, we have the torus action on Zg:
(5-2) TV )Ty ~ Z9.

Note that 70/ Ty = (§tymi+-+m:
Suppose that

. . Nyt N
i = (ix)1<k<r. 1<1<N, € [n]VTHN

is a sequence such that (ix 1, ..., ix,n,) is a reduced word for the longest element
in Wy, for 1 <k <r. From now on, we ignore the complex structure on the flag
Bott—-Samelson manifold Z7 and regard it as a smooth manifold. Therefore we
can identify Z7 with Z% and Z; with Z? by Proposition 4.6. Using the observation
(5-2), we have the torus action on the Bott—Samelson manifold Z;:

SHY =1/ T ~ 23,

where N := N;+ N +---+ N,. We denote T .= (T(N))/Ti and T := (T(’))/TI
for simplicity.
Lemma 5.2. There is a homomorphism A: T — T such that the mapni1:Zi — 21
is equivariant with respect to the action of T, i.e.,

i, z(A()-x) =1-n;1(x)
foranyt e T and x € Z;.
Proof. Define an inclusion map ¢ : T < T ag

(al,...,ar)lt—> @y, ...,at, ..., Qky.oo.yQpy ooy Qpry...,qr).
e e’ —_———— ———
Ny Ny N,

Then we have the action T") ~ Z; via the inclusion ¢ and the map n; 7 : Z; — Z7
is equivariant with respect to the action of 7’ by the definition of torus action

in (5-1).
We claim that ((77) C T;. For an element (a, ..., a,) € T"), we have that

(@ai,...,ap)eTr s areT;, foralll <k<r.
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Hence we haveay € Tjy |, ..., ar € T,-kyNk since {ig,1, ..., ik n )= Ik forall 1 <k <r.
This gives that ((T7) C T; as claimed. We thus have the homomorphism

(5-3) A:TO )T TN,

induced from the inclusion ¢. Moreover the projection map Z; — Zz is equivariant
with respect to the action of T because of the 7 ”-equivariance of the projection. (]

We set Ay : T/T;, — T(Nk)/T(ik,l,...,ik,Nk) for 1 < k < r. By the definition
of T(,-k_],,_,,,»k'Nk), the torus T(Nk)/T(ik,l,...,ik,Nk) has dimension Ng. Suppose that
{fk.1, .., fr.n, ) 1s the standard basis of Lie((SH)Ne)* = RN Then it is known from
[Grossberg and Karshon 1994, §3.7] that the pullback of fi ; is a;,, for 1 <1 < Ni.
Since the homomorphism A can be identified with A; x --- x A,, the Lie algebra
homomorphism (dA)* : RY — R™* " maps f;, to o, for 1 <k <r and
1<Il<N.

Example 5.3. Recall from Example 2.8 that we have a morphism 71 2,1 3),7 from
Z1.2,1.3) to Zz, where T = ({1, 2}, {3}). Suppose that A : T(Z)/TI — T(4)/T(1’2,1’3)
is the homomorphism in Lemma 5.2. Then the Lie algebra homomorphism (dA)* :
R* — R3 is defined using the integer matrix:

1010
0100
0001

We now consider Duistermaat—Heckman measures corresponding to flag Bott—
Samelson manifolds. We recall definitions from [Audin 2004]. Suppose that M is
an oriented, compact manifold of real dimension 2d with an action of a compact
torus 7. Let w be a presymplectic form, i.e., a T-invariant closed not necessarily
nondegenerate 2-form. Then we call the manifold (M, w, T) presymplectic T -
manifold. A moment map on (M, w, T) is defined to be a map & : M — Lie(T)*
such that

(d®, &) =—1(&y)w forall & € Lie(T),

where &, is the vector field on M which generates the action of the one-parameter
subgroup {exp(t§) | t € R} of T. Note that the Liouville measure on M is defined
tobe [ A w? /d! for an open subset A C M, and its push-forward ®,w?/d! is called
the Duistermaat—Heckman measure in Lie(T)*.

Consider the line bundle £z ,, .., over Zz determined by integral weights
A1, ..., A.. Then we have an integer vectora = (a'V,...,a") e 7N & ... @ 7N
such that n*Lz 3, .5, = Li « by Proposition 2.10. Let w;, respectively w7, be a
closed 2-form corresponding to the first Chern class of the line bundle £; , — Z;,

respectively £z, ..., = Zz. By taking averages of w; and w7 by corresponding

.....
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torus actions we have the following two 2-forms:
(5-4) w; = / (a*w))da and wr:= / (t*w7) dt.
aeT teT

Then the form Wi respectively wz, is a T -invariant, respectlvely T -invariant, closed
2-form on (Z;, T) respectively (Zz, T'). Since compact tori T and T are connected,
we have that

(55  lwil=lwj] in H*(Zi; R), [wr] =[w7] in H(Zz; R)

(see [Guillemin et al. 2002, Corollary B.13]).

Grossberg and Karshon [1994] proved that the Duistermaat—-Heckman measure
of the presymplectic manifold (Z;, w;, T) can be computed by considering a com-
binatorial object, called a Grossberg—Karshon twisted cube. We use it to compute
the Duistermaat—-Heckman measure of the presymplectic manifold (Zz, wz, T).

We recall from [Grossberg and Karshon 1994, §2.5] the definition of Grossberg—
Karshon twisted cubes. Leti = (iy, ..., iy) be a sequence of elements in [n] and
a=(ai,...,ay) € Z". A Grossberg—Karshon twisted cube is a pair (C(i, a), p),
where C (i, a) is a subset of RY and p : RY — R is a density function with support
equal to C(i, a). We define the following functions on RV :

Ay(x) = An(x, ..., xn) = —(avmiy, ),
Ap(x) = Ag(x1, ..., xN)

= —(a,w;, +---+an,-N,aii) —Z(aij,aivz)xj forl <f<N-—1.
j>t

We also define a function sign: R — {£1} as sign(x) = —1 for x <0 and sign(x) =1
for x > 0.

Definition 5.4. Let C (i, a) be the following subset of RN

Cli,a):={x=(x1,...,xx) €RY [ A;(x) <x; <00r 0 <x; < A;(x)
forlgjgN}.

We define a density function p : R¥Y — R whose support is C(i, @) and p(x) =
(—1)Nsign(x) - - - sign(xy) on the set C(i,a). We call the pair (C(i, a), p) the
Grossberg—Karshon twisted cube associated to i and a. Also we define a measure

mc,a) = p(@)|da|,
where |da| is the Lebesgue measure in RV .

Now we have the following theorem.
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Theorem 5.5. Let (Z1, wz, T) be as above, and let ® : Z7 — R™ T+ pe g
moment map of (Zz, wz, T). Then there is a Grossberg—Karshon twisted cube
(C(i, a), p) and an affine projection L : RN — R™ " gych that the Duistermaat—
Heckman measure in Lie(T)* = R™ " js Lomc . q)-

To give a proof, we need the following theorem.

Theorem 5.6 [Grossberg and Karshon 1994, Theorem 2]. Let o Zi —> RN bea
moment map of (Z;, wi, T). Then the Duistermaat—Heckman measure in Lie(T)* =
RY coincides with the measure mc ;. a) for the Grossberg—Karshon twisted cube
C(i,a).

Proof of Theorem 5.5. Suppose that i € [n]" defines a Bott—Samelson manifold Z;
which has a birational morphism 7 : Z; — Zz. For given weights Ay, ..., A,, let
a €7V be an integer vector such that n*Lz ;, ., = Li 4. Consider the pullback
of wz under the map 5. Then we have [w;] = [n*(wz)] in H*(Z;; R) by (5-5).
Now we have the following diagram which does not necessarily commute because
two forms n*wz and w; do not necessarily coincide because of taking averages:

Zi — 2 RN = Lie(T)*

| s

Zr —2 s Rt = je(T)*

Here, the map L : RN — R™1+-+7: is defined as d A*, where A : T — T in (5-3).

But one can see that L o ®, respectively @ o7, is a moment map for (Z;, w;, T),
respectively (Z;, n*wz, T). Recall from [Grossberg and Karshon 1994, Theorem 1]
that the push-forward of Liouville measure only depends on the cohomology class,
so we have that

(Lo®).0) = (®on.(n o)™ = .07 .

Here the last equality holds since 1 induces a diffeomorphism between Zariski open
dense subsets, and a Zariski closed subset is measure zero. By Theorem 5.6, we
have that CD*a)IIV/N! = L.mc,a), so the result follows. O

Example 5.7. Let G =SL4), Z= ({1, 2}, {3}) and i = (1, 2, 1, 3). The projection
map L = (dA)* : R* — R? is given by the integer matrix

1010
0100
0001

as in Example 5.3. In Figure 2 we draw figures for four different pairs of weights
(A1,A2) = Qo1+, 2m3), (w1 H@o, 2@3), Qo+, w3), Qo +30,, 203)
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05 05
Z Z

-1 -1
-15 -15

2 2

4 0
2 2
0 4 X
y -2 6 o
-4 4

(D) (s ha) = Qo +4w2,203). (D) (s ha) = (@01 + b, 23).

4 4

3) (yd) = Qi +4ma, @3). (4) (1, ha) = Qaoy + 302, 20).

Figure 2. The projection images of Grossberg—Karshon twisted cubes.

which determine line bundles £z ,.5,. The polytope in Figure 2(1) has eight facets.
When we change an integer vector (Aq, A,) a little bit, some facets move as one
can see in the figure. In Figure 2(2)—(4) the red dots represent vertices of the
projection for the corresponding integer vector, and the blue dots represent vertices
of the projection for (A, A2) = Qo + 4w, 2w3). For pairs 2w + 4w», 2m3),
(w1 +4w», 2w3), and 2w +4w7, @3), the projections are honest polytopes while
the projection for (2@ + 3>, 2w3) is not.

Remark 5.8. Note that a Grossberg—Karshon twisted cube is neither closed not
convex. When the Grossberg—Karshon twisted cube is a closed convex polytope,
then we say it is untwisted. In [Lee 2020], an interpretation of untwistedness
of Grossberg—Karshon twisted cubes C(i, @) using combinatorics of i and a is
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provided. (Also, see [Harada and Yang 2015; Harada and Lee 2015].) Using
the result [Lee 2020, Theorem 1], Grossberg—Karshon twisted cubes appearing in
Example 5.7 are all twisted. However, their projections can be honest polytopes as
we saw in Figure 2. Determining whether the projection of a Grossberg—Karshon
twisted cube is an honest polytope is a still open problem.
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