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VALUE DISTRIBUTION PROPERTIES FOR THE GAUSS MAPS
OF THE IMMERSED HARMONIC SURFACES

XINGDI CHEN, ZHIXUE LIU AND MIN RU

We study the value distribution theory for the immersed harmonic surfaces
and K-QC harmonic surfaces. We first investigate the value distribution
properties for the generalized Gauss map ® of an immersed harmonic sur-
face, similar to the result of Fujimoto and Ru in the minimal surfaces case.
After building a relation between ® and the classical Gauss map n for the
K-QC harmonic surfaces, we derive that, for a complete harmonic and K -
quasiconformal surface immersed in R3, if its unit normal n omits seven
directions in S2 and any three of which are not contained in a plane in R3,
then the surface must be flat. In the last section, under an additional con-
dition, we give an estimate of the Gauss curvature for the K-QC harmonic
surfaces, generalizing the result of the minimal surfaces in the case that the
unit normal n omits a neighborhood of some fixed direction.

1. Introduction

Since R. Osserman and S. S. Chern [Chern 1965; Chern and Osserman 1967;
Osserman 1964] initiated the study of the value distribution properties for the Gauss
map of complete minimal surfaces immersed in R”, it has grown into a very rich
theory due to the works of F. Xavier [1981], H. Fujimoto [1993], Osserman and
Ru [1997] and M. Ru [1991] etc. On the other hand, as early as the late 60s,
T. K. Milnor [1967; 1968] started to consider whether the theory carries over in an
interesting way to the larger class of harmonically immersed surfaces. Many similar
results have been obtained (see [Alarcén and Lépez 2013; Connor et al. 2015;
2018; Dioos and Sakaki 2019; Jensen and Rigoli 1988; Kalaj 2013; Milnor 1979;
1980; 1983]). In particular, it was first observed by Milnor [1983] that, instead
of the Gauss map n, the map ® (in this paper, we call it the generalized Gauss
map; see the next section for the definition) carries the same value distribution
properties as the Gauss map n in the minimal surface case. The observation is that
if the induced metric ds? on M (from the standard metric in R3) is complete, then
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the conformal metric ||®||? (which is called the associated Klotz metric) is also
complete, so it allows us to study the value distribution properties for ®. In this
paper, we first study the value distribution properties for the map ®. In particular,
we obtain a result which is similar to Fujimoto and Ru’s result in the minimal
surface case (see Theorem 3.3). We then use the results we obtained to study the
value distribution property for the Gauss map n of harmonically immersed surfaces
by comparing n with ® (see Theorem 4.7). In the last section, under an additional
condition, we give an estimate of the Gauss curvature for the K-QC harmonic
surfaces, generalizing the result of the minimal surfaces in the case that the unit
normal n omits a neighborhood of some fixed direction.

2. Immersed harmonic surfaces

We study the maps X : M — R”, with n > 3, where M is a complex Riemann
surface, and X is a regular and immersed map. The surface X is called an immersed
harmonic surface if X is harmonic. Under a local coordinate z = u + +/—1v for
the Riemann surface M, it is well known that X is harmonic if and only if
AX =49%X /3202 =0
where i% = %(B/Bu — +/—1d/0dv) and % = %(8/8u + +/—19/0dv). Thus X is
harmonic if and only if
X
(D ¢=——=(b1.....bn)
z
is holomorphic, where ¢; = = X' fori =1,...,n when we write X = (X ',..., X").
Note that although ¢; are only locally defined, the holomorphic one-forms ®; :=
¢;dz are globally defined on M. Thus the map ® :=[®; :---: D,]: M — P*~1(C)
is well-defined and holomorphic. We call it the generalized Gauss map of the
harmonic surface X.

Let ds? be the metric on M induced through X from the standard inner product
on R”. In terms of local coordinate (u, v), the first fundamental form of ds? is
given by
) ds* = Edu* + 2Fdudv + Gdv*
with

E=X,-X,, F=X,-Xy, G=Xy Xy
Let z = u + +~/—1v. Then we have
Xu=¢+$v Xy = v—1(¢—$)-
Utilizing the complex local coordinate (z, z), we can rewrite (2) as

3) ds®> = hdz? +2|¢||?|dz)* + hdz2,
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where
E—G-2+-1F - E+G
@) h=¢-¢= 7 o lolP=¢-¢=——.
We call the quadratic differential n := hdz? the Hopf differential. 1t is clear that
(5) Al < llo1I*.

We call the metric T := %||¢||2 |dz|? the associated conformal metric of ds?, also
known as the Klotz metric. From (3) and (3), if ds? is complete, then the associated
Klotz metric ||¢||?|dz|? is also complete (see also Lemma 1 in [Milnor 1976]). The
immersion X is said to be weakly complete if the associated Klotz metric ||¢||*|dz|?
is complete.

Denote by £(7) the intrinsic curvature (Gauss curvature) of the induced metric
ds? above and R(I") the Gauss curvature with respect to the Klotz metric I' :=
%||¢||2|dz|2. By Lemma 1 in [Milnor 1980], there exists a positive function p < 1
such that

6) R(T) < uRU).
For any choice of a unit normal vector field n, one has an associated second

fundamental form
1 (n) = Ldu® +2Mdudv + Ndv?

with AX -n= L + N = 0. Thus det(II(n)) = —(L* + M ?) < 0. It follows that
R(I) <0 since
3727 det(ll(n)

EG-—F?
for any choices (n;) of n — 2 mutually orthogonal unit normal vector fields.

(7 R(I) =

3. Value distribution properties of the generalized Gauss map

Let

X=X"....X": M > R"
be an immersed harmonic surface with the induced metric, where M is a Riemann
surface. Let ® = [®; :---: ®,]: M — P""1(C), where ®; := (%Xi)dz, be the
generalized Gauss map. In this section, we study the value distribution properties
for the generalized Gauss map ®. We begin with the following lemma.

Lemma3.1. Let X = (X',..., X"): M — R" be an immersed harmonic surface
with the induced metric, where M is a Riemann surface. Let

O =[P:-:D,]: M — P 1(0),

where ®; := (%X i )dz, be the generalized Gauss map. If © is constant, then
X(M) lies in a 2-plane.
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Proof. As above, denote by K(I") the Gauss curvature with respect to the Klotz
metric T := 1||¢]?|dz|% Then
g2 = (8- @) (@ - p)

(1)

Since @ is constant, we conclude that ¢ is constant, so K(I") = 0. From (6), we get

A) =

0=R(T) < uR),

where > 0. Using the fact that K(/) < 0, we get R(/) = 0. Now, from (7) and
det(/I(n;)) < 0 for all j, we conclude that II(n;) = 0 for all j, so X (M) lies in a
2-plane. O

We recall the following result due to Milnor [1983] (see also Theorem 2.1 in
[Jensen and Rigoli 1988]).

Theorem 3.2 [Milnor 1983, Theorem 3]. Let X = (X',...,X"): M — R" be
a complete immersed harmonic surface with the induced metric, where M is a
Riemann surface. Let ® =[® :---: ®,]: M — P""1(C), where ®; := (%Xi)dz
fori =1,...,n, be the generalized Gauss map. Then either X(M) is a 2-plane

or else ®(M) comes arbitrarily close to every hyperplane ZZ=1 apwy = 0in
P"=1(C).

We note that Theorem 3.2 corresponds to Chern’s theorem [1965] in the theory
of minimal surfaces. It is known that Chern’s result has been extended to a much
sharper result by Fujimoto [1990] and Ru [1991] for the Gauss maps of minimal
surfaces. In the following, we have the result corresponding to the result of Fujimoto
and Ru.

Theorem 3.3. Let M be an open Riemann surface and
X=x'...,X"): M - R"

be a harmonic immersion. Let ® : M — P"~1(C) be the generalized Gauss map.
Assume that X is weakly complete with respect to the reduced metric. If ® omits
more than %n(n + 1) hyperplanes in P"~1(C) in general position, then X (M) lies
in a 2-plane.

Remark 3.4. As we noted above, if the induced metric ds? is complete, then
the associated Klotz metric ||¢||?|dz|? is also complete (we say that X is weakly
complete in this case).

In order to prove Theorem 3.3, we need to introduce some basic concepts and
the following auxiliary results.

Let H={[zg:z1 :---: zx] | @ozo + - - + axzx = 0} be a hyperplane in PX(C);
here a = (ay, ..., ax) € CKT1\ {0} is called the normal vector associated to H.
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Hyperplanes H, ..., Hy are said to be in m-subgeneral position (with m > k) if
and only if for every injective map w:{0,1,...,m} —{1,...,q}, the linear span of
those corresponding normal vectors @ (o). - - - » @y (m) 18 Ck+1 When m = k, then
we just say the Hy, ..., Hy are in general position in Pk (C). It is clear that if the
hyperplanes Hj, ..., Hy in P"(C) are in general position, then, for kK < m and re-
garding P¥(C) C P™(C), the restricted hyperplanes H; N PX(C), .. ., H,;n Pk (C)
are in m-subgeneral position.
We need the following lemma.

Lemma 3.5 [Chen 1987; Nochka 1983]. Let { H; }q be a set of hyperplanes in
PX(C) in m-subgeneral position. Then there exist a functzon w:J={l,...,q}—R
and a number 0 > 0 with the following properties:

e O<w(j)=<1forall jeJ.

e g—2m+k—1 :9(2? @) —k—1).

+1 2m—k+1

s l=Fa =0="

We call @ () the Nochka weight associated to the hyperplane H;(1 < j < g).

Next, we recall the definition of the derived curves. Let F be a nondegenerate
holomorphic map of Ag into PX(C) (i.e., F(Ag) is not contained in any proper
subspaces of P%(C)), where Ag :={z | |z] < R} C C and 0 < R < oco. Take a
reduced representation F = (fo, f1,..., fr) of F,ie., AR — Ck‘H \ {0} and
P(F) = F, where P is the natural prOJectlon Let | F| = (Z i=ol /il ) Take the
s-th derivative F®) = ( Jo (s) (S), . jks ) and deﬁne

(8) Fy=FOANFDO A AF®D AR — /\([:"+1

for each 0 < s < k. Obviously, Fk+1 = 0. Let Fy = P(F;). We call the map Fj
the s-th derived curve of F.

For holomorphic functions fy, f1,..., fx, we denote
W(fo fi-o fi) = det(f{0.0 < jus < k).
Let {eg, €1, ..., e} be the standard basis of C¥*+!. Then we can write, for 0 <s <k,

Fy= Y W(figos fieig A=Ay

0<ig<-<ig<k

Hence,

= Y Wi i)

0<ip<-<iy<k

From above, it is easy to see that if F' is nondegenerate, then Fy # 0 for any
0<s=<k-1.
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For a hyperplane Hj in Pk (C) with the normal vector a j = (ajo,....ajk), we
define, for 0 <s<kand 1 <j <gq,

©  IhHP= Y | Y @Wlefe i)

0<iy<-<ig<k t#iy,..is

Notice that
|F(Hj)| = |Fo(H))| = lajo fo+aj1 fi + -+ ajk fel.
From (9), we see that IE'S(H]-) = 0 if and only if it holds for all iy, ..., that

S @ W e fireennn fi) =0

t;éil"-'ais

Thus if F is nondegenerate, then Fs(Hj) Z0foral0<s<k—1landl1=<j <gq.
Indeed, if Fs(Hj) = 0 for some s and j, then

W(E(H;), fis-os fi,) =0

for all iy, ...,is. This implies that F (Hj), fi,..... fi, are linearly independent,
which contradicts the nondegeneracy of f.

The following result is due to Ru [1991, Main Lemma]. It plays an important
role in the proof of our theorem.

Lemma 3.6 [Ru 1991, Main Lemma]. Let F : Ag — Pk (C) be a nondegenerate
holomorphic map with its reduced representation F. Let {Hj}gzl be a set of
hyperplanes in PX(C) in m-subgeneral position, and w () be their associated
Nochka weights. If ¢ > 2m —k + 1 and

2gk(k +2)
S w() -+ 1)

then there exists a positive constant C such that

~ 2q k—1, & 4 1 2g Kk
Fel N T (iZol AGHDDY ¢ o\ $REEDER Ximos?
[T | F (HpI™ ) TR P

| F|X

where x = Y 1_ @ (j) — (k + 1) = R (k* + 2k — 1).

We also need the following lemma.

Lemma 3.7 [Fujimoto 1993, Lemma 1.6.7]. Let do? be a conformal flat metric
on an open Riemann surface M. Then for each point p € M, there exists a local
diffeomorphism ¥V of a disk Agp = {w € C | |[w| < R}(0 < R < 00) onto an
open neighborhood of p with V(0) = p such that V is a local isometry (i.e.,
the pullback V*(do?) is equal to the standard Euclidean metric ds% on AR),
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and there exists a point ag with |ag| = 1, such that the V-image Ty, of the line
Loy ={w =apt : 0 <t < R} is divergent in M.

Now we are ready to prove Theorem 3.3.

Proof of Theorem 3.3. Assume that the holomorphic map ® : M — P"~1(C)
omits the hyperplanes Hy, ..., Hy, which are in general position in P"~1(C) with
q > %n(n + 1). From Lemma 3.1, it suffices to prove that ® is constant. By taking
the universal cover of M if necessary, one can assume that M is simply connected.
It follows from the uniformization theorem that M is conformally equivalent to C
or the unit disk A. By Nochka’s result [1983] (see also [Chen 1987]) about the
Cartan conjecture, we know that @ is constant when M is conformally equivalent
to C. So the result holds in this case.

Therefore it suffices to consider the case where M is the unit disc A. Assume
that @ is not constant. We want to derive a contradiction. From the assumption
that @ is not constant, there exists k (1 <k <n — 1) such that the image of ® is
contained in P%(C) c P"*~!(C), but not in any subspace whose dimension is lower
than k. In other words, ® : A — P¥(C) is a nondegenerate map. Let

& = (o, 1. P1)

then, by the assumption, the metric | ®(z)|?|dz|?* is complete. Let FIJ =H;jN
P*(C), 1 < j <gq. Then these hyperplanes are in (n—1)-subgeneral position in
P*(C). One may assume that HJ is given by

Hj:ajozo+ajizi++ajpze =0 (1=j=<q).

Since ®: A — PX(C) is nondegenerate, from the discussion above, Dy (2) = 0 and
none of the CDS(H]) 0 <s <k, 1= j <gq, vanishes identically. Thus, by (9) for
each O (H ), there exist iy, i5,...,is such that

(10) Visi= ) apW(de iy, i)
t;éil,...,is

does not vanish identically. Note that every v/ is a holomorphic function and has
only isolated zeros.

Let @ (j) be the Nochka weight associated to the hyperplane {I:Ij} forl <j <gq.
By Lemma 3.5, one has

q
g—2mn—1)+k—1 =9(Zw(j)—k—l),
j=1
g 2n=D—k+1
- k+1
Since g > %n(n + 1), and noticing that n(n + 1)/2 > (k + 1)(n—k/2—1)+n

and
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always holds for any 0 < k <n — 1, it is easy to verify that
2g—-2m—1)+k—1) 2(q—2n+k+1)
kQmn—-1)—k+1)  2kn—k2—k

forall 1 <k <n-—1. Hence

20X m(D—k=1) 2q-201—1)+k—1)
k(k +1) Ok(k + 1)
- 2(g—-2mn—1)+k—1)
kKQn—1)—k +1)

> 1,

> 1,

which yields that

q
Zw(j)—k—l—%k(k+1)>0.
j=1
Let
. PSPy
xo=) w() =k +1) = (k> + 2%k 1),

Jj=1

1
Ao 1= x( k(k+1)+—Z )
Choose some N such that
Y w()—k—1=4(k+1) <2_q<zj!=1w(j)—k—1—’§(k+1)
eyt k=92 +k2+2%—1 N YR (k-9)2 + k2 +2k -1

which implies that

4

O<iyg<l, —>1
° Nx(1— o)

We define a new metric

2
[T}, 1907 o
(11) do?* = =1 = J |dz|?

~ 274 k— i
| N 10 (M=ol Vs ™

on the set M’ := A\{p € A | either ®; = 0 or ]_[q_1 T2 sl = 0}.

Notice that do? is a flat metric on M. Fix a point py € M"; ’ by Lemma 3.7 there
exists a local diffeomorphism W of a disk Ag ={w e C:|w| < R} (0 < R <0)
onto an open neighborhood of py with W(0) = pg such that W is a local isometry.
Furthermore, there exists a point a¢ with |ag| = 1 and the W-image Iy, of the
line Ly, = {w =aopt : 0 <t < R} is divergent in M. Again, by Nochka’s result
[1983] (see also [Chen 1987]), we know that R < oo since ® is nonconstant. We
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claim that the W-image I',, actually is divergent to the boundary of A. To this end,
we assume the contrary, that the curve Iy, is divergent to a point zo which either
satisfies @ (z9) = 0 or ¥js(z9) = 0 for some s and j. Thus, we have

lim inf |®y |V +2D%0/2 I [¥js]?%0 v >0,
Z—>Z0
1<j<q,1<s<k—1
where
2
[T} 197 (o
V= Z
BN T, (TTE20 1w )
and
) —4 >
0 =
Nx(1—2o)
Thus,
R = / U*do = do
La, Ty,
1
[T} 197 o
=/ 7 |dz|
T N

= 2q k—1
wo \ 1®4 ¥ TT_, (20 1))

1
Zc/ —8|dz|=oo
Fao |Z_ZO| 0

which yields a contradiction.

Therefore I'y, = W(Lg,) is divergent to the boundary of A. To compute the
length of T'y, with respect to the Klotz metric |®|12|dz|? where ® = (. . ... Pr),
we introduce the following functions defined on {w | |w| < R}:

Jfs(w) :=¢s(¥(w)) (0=s=k),
and F(w) := (fo(w), fi(w),..., fr(w)). For 1 <j <g¢q, 0<s <k, we define

F(I—Ij)::aj0f0+"'+ajkfk’ Fk ::W(fO’fI’"'fk)

and
gisi = Y apiW(fe. firsoon fiy):
t?éil ..... ig
where (i1, ...,1s) is the index in the definition of ¥ in (10). Noticing the fact

that, for 0 <s <k,

_ _ d s(s+1)/2
Fsw)=(FAF A AFw)=(DA---A CD(S))(Z)(%) ,
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we have, from (11), that

Q_ &)(1_}) w(j) ¢ AO)X
S ST P
D "N TTI2, (TTs=olWys) ™ v
~ . A’
B 1—[‘?_1 |F(H.)|w(j) (1=20)x
- 4
|Fk|1+qu_1(H oleis) ™
(+F) D+ RS0 56+
z (1-Xo)x
== d
T | w|
~ . A
H?=1|F(Hj)|w(]) a AO)X dz 1—())»0+1|d |
= —_— w
2 k— + d
\F "N T, (T 2o legsl) ™ v
[10_ | (i)™ = dz *I ol
= —_— w
r d
|l R T, (TTE2d ey ) ™ v

Using the isometry property of W, i.e., |dw| = ¥*do, we get
1
HQ=I|F(I§-)|”’U) x
s .
||+ I_Iq_l(l_[ oleis)™

Now, denote by /(I'y,) the length of the curve I',, with respect to the Klotz metric
| ®|1?|dz|?; then from (12),

du| _

(12) 7

I(Tag) = / 1B 1dz| = / L)

Tag Lay

~ d
~ [ 1ewyi| £ idul
Lag w

X =

|dw|

4
[ [Fel " ¥ T (Tales)
L [7_, | F(H)[= )

a0

2q F— ~ 4
| F|X| Fe| "N l_[?=1(l—[s=é|Fs(fh)|)N
< | |[dw|.

[T/ | F(HpImD

a0
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In the above inequality, we use the fact that ;5| < | Fy (fI,)| forall 0 <s <k,
1 < j <gq. By Lemma 3.6, it can be concluded that, noticing that 0 < Ay < 1,

R Ao
2R
I(Fa()) = C/(; (1{2——|u)|2) |dU)| < 00,

which contradicts the completeness of the Klotz metric || ®||2|dz|2. Thus ® is a
constant map. O

4. Value distribution properties for the Gauss map of the harmonic and
QC-harmonic surface immersed in R3

In this section, we study the value distribution properties for the Gauss map (i.e.,
its unit normal) of harmonic and K-quasiconformal surfaces immersed in R3. Our
method is to compare the Gauss map of the surface (i.e., its unit-normal) with the
generalized Gauss map ® and apply the results obtained in the previous section.
The classical Bernstein theorem says that a minimal graph over a plane is planar. W.
H. Meeks III and H. Rosenberg [2005] showed that a complete embedded minimal
surface over a plane is either a plane or a helicoid. It is known that the classical
Bernstein theorem still holds for the K-quasiconformal harmonic graph, but fails
if we only assume the graph is harmonic. So in order to get the desired value
distribution properties for the Gauss map of harmonic surfaces immersed in R3, the
additional condition that X be K-quasiconformal seems necessary.
Let M be an open Riemann surface and

X=xLx2x%: MR
be a harmonic immersion. Write
(13) IVXI? = E+G = 4],
where ||V X ||? is the Hilbert—Schmidt norm defined by
IVX? = 119X /9ul|® + 19X /3]

Also the Jacobian of X is given by

(14) Jx =1 Xu x Xoll = VEG — F2 =2y/|¢]*—|h?,

where ¢ is given by (1), and /4 and ||¢|| are defined by (4).

Let n be a normal vector on a harmonic surface X : M — R3, and b be a
unit vector in R3. The following proposition aims to give a relation between the
intersection of n and b and the projective distance of the generalized Gauss map ¢
to a hyperplane with the normal b. Instead of the proof which is originally from
Lemma 1.1 in [Osserman 1964] we use the mixed product to deal with it.
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Proposition 4.1. Let X : M — R3 be a harmonic surface. Then every normal
vector makes an angle o with the unit vector b at a given point if and only if

-9 lol*  (0-9)’h+(0-9)°h o] .2

= —sin“ «,

1> el —1h12 2ll¢112 g% —1A12 2
where ¢ is given by (1), and h and ||¢|| are defined by (4).

(15)

Proof. The unit normal vector is given by n = (X, x X3)/Jx. For a unit vector b,
we denote by | 4| the mixed product of the three vectors b, X}, and X,,, where A
is a matrix determined by three row vectors b, X, and X,. Then it follows from
determinant expansion of |AAT | in its first row that

| Xux Xy o027 |4AT|
~ EG-F?>  EG-F?

(b-X,)2G + (b- X,)2E —2(b- X)) (b- X)) F
B EG — F? '

n-b|?

=1

Utilizing the relations
Xy=¢+¢ and X,=+v-1(¢—¢).
we have, from the above relation, that
(b-0)2(G—E—=2i F)+(6-0)2(G—E+2iF) 2|b-¢|*(E+G)
EG—F? EG—F?
By the relations (4), (13) and (14), the above equality is equivalent to
(b-9)2h+(0-4)*h |g]>  21b-¢]* |¢]*
o112 lpli* =112 llol? llol* —IA1?

Since n and b are two unit vectors, |n-b| = |cos«|. Hence, the normal vector n
makes an angle o with the unit vector b if and only if the equality (15) holds. O

In-b)?> =1—

(16) |n-b)>=1+

Remark 4.2. If X : M — R? is a minimal surface with a conformal minimal
immersion X, then we have # = 0. In this case, Proposition 4.1 implies that

p-6> _ 1,
in“ o

lglz 2

This relation shows that in the case of minimal surfaces, a normal vector n makes
an angle of at least o with a given vector b if and only if its generalized Gauss
map P has a positive projective distance to a hyperplane H with the unit normal b.
If we take b to be the x>-axis, then our proposition is Lemma 1.1 in [Osserman
1964] in the R3 case.
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Remark 4.3. By the fact that || < ||¢]||? for a harmonic surface, the relation (15)
gives us the following inequality
=0 1o [0glP N> 1[b-gP

2 2 ~ ol llelZ+ 1Al 2 ol
which shows that the inequality |b-¢|?/||¢]|> > € > 0 implies that [n-b| <75 <1,
that is, it will force normals to avoid some neighborhood of the unoriented direction
determined by the vector b. Conversely, it is also true that

b-¢1* _ 1—[n-b? [¢]* — 4]
lpl> = 2 lpll?

However, the result that |b - ¢|?/||¢||> has a positive lower bound cannot be de-
rived from this inverse inequality under the condition that |n-b| < 5 < 1, that is,
the condition that normals avoid some neighborhood of the unoriented direction
determined by a vector b does not imply that [6-¢|?/||¢||> > € > 0. The harmonic
rotational horn with the generalized Gauss map ® = [1dz : v/—1dz : 1/zdz], which
is given by A. Alarcén and F. J. Lépez [2013], is such a counterexample. To verify
it, one can choose the unit vector b = 1/v/u2 + v2(v,u,0), then n-b = 0 and
6-¢1%/14]> — 0as |z| — 0.

From Remark 4.3, we see that Theorem 3.2 would not tell any useful information
about the unit-normal n. Indeed the Bernstein type theorem fails for some harmonic
immersed surfaces. In order to derive some useful consequence from the previous
results about ®, we need to derive the lower bound for |b-¢|?/||¢||?> when |n-b| <
n < 1. This requires the assumption that X is K-quasiconformal.

An immersion X = (X', X2, X3): M — R3 is called K-quasiconformal if it
satisfies the inequality

1
(17) IVX|? < (KJFE)JX,

which is equivalent to

K?+1
2 4 2
(18) o]~ < K Vilel*—1hl=.

Note that we adopt the definition of quasiconformality given by D. Kalaj [2013]
(see also [Alarcén and Lopez 2013]). If K = 1, then the above inequality can be
changed into the two relations

(19) |Xu| =|Xy| and X,-X, =0,

where we say that X is an isothermal parametrization (isothermal coordinate) of
the surface M. If a Riemann surface M admits a K-quasiconformal harmonic
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immersion X into R3, we call such a surface a K-quasiconformal harmonic surface,
and say its immersion is a K-quasiconformal harmonic immersion.

Lemma 4.4. Let M be a surface with a harmonic immersion X. Then X is K-
quasiconformal in the sense of the definition given by (17) if and only if its Hopf
differential n and conformal metric || Q|| satisfy

(20) Inl < 0k 1@/,

where Qg = (K* —1)/(K? + 1). Particularly, if K = 1 then X is a conformal
immersion. Furthermore, the metric ds? and its associated conformal metric | ®||?
satisfy the inequality

b)) 2(1- Q)@ < ds? <2(1+ Qk)l|@|I>.
The inequalities of the above relations hold simultaneously if and only if X is a
conformal immersion.

Proof. The inequality (18) implies that
(22) h] < Ok llgl?,

ie., [n] < Qg || ®|? since n := hdz> Conversely, the inequality (20) (i.e., inequal-
ity (22)) implies that

1
[VX|? < (K + E) Jx.

Therefore, X is K-QC in the sense of definition given by D. Kalaj. Finally, it is
easy to see that the inequality (20) (i.e., inequality (22)) implies both the upper and
lower bound of (21) from the first fundamental form (3). O
Under the assumption that X is K-quasiconformal, we give an estimate of the

quantity

7(1=n-0b%)

|¢-612/ll9|1?
in the quasiconformal distortion constant K for a K-quasiconformal harmonic
surface in R>.

Lemma 4.5. Let M be a K-quasiconformal harmonic surface in R3. Then for
every unit normal vector n and every unit vector b at the same point p on M,
K>+1]¢-b> _1—n-b]> _K>+1]p-b]?

2K o> = 2 T 2 gl*
In particular, when K = 1 we have

L—fn-bf _ [g-bP
e 2 el

(23)
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Proof. From the relations (16), (18) and (22), we have
I—[n-b>  |6-9]2 |o|* (b-¢)2h+ (b-¢)2h ¢

2 T el el = 2elr el =P
5( ol* . gl )|b~¢|2
14— i ol =2 ) ol
1614 Jo-gP?
<1+
U+ OO e ol
0+ 00K+ /KR -9 _ K41 o-g
: 4 B 2 el

Hence we complete the proof of the right-hand side of the relation (23).
Similarly, we have

1—[n-b]> _ ( lgl* — ll1A] )|b-¢|2
2 T \lelt =112 lel*=1a12) liol?

>( 1> )|b-¢|2>1<2+1|b-¢|2

“\llel2+1al) N> — 2K ol

Thus the proof of Lemma 4.5 is finished. O

Combining Lemma 4.5 with Theorem 3.2, we get the following theorem.

Theorem 4.6. Let X : M — R? be a complete harmonic and K -quasiconformal
immersion with the induced metric, where M is an open Riemann surface, and let n
be the unit normal of M. If its Gauss map (i.e., the normal n) omits a neighborhood
of a direction in S?, then X must be a plane.

The above theorem recovers the classical Bernstein theorem for graphs of har-
monic and K-quasiconformal surfaces defined on R It is known that the Bernstein
theorem fails for graphs of harmonic surfaces on R? without the K-quasiconformal
assumption. Thus the additional assumption of K-quasiconformality seems neces-
sary and reasonable in order to study the value distribution for its Gauss map.

From Lemma 4.5, we see that |n-b| = 1 if and only if ¢ - b = 0. For any
unit-vector b = (by, by, b3) € R3, it corresponds to a hyperplane

Hy, = {byw; + byws + bw3} C P?(C).

Notice that Hy;, 1 < j < g, are in general position if and only if any three of among
bi,..., by are not contained in a plane in R3. Thus Lemma 4.5 and Theorem 3.3
imply the following interesting result about the value distribution of the Gauss
map n which extends Theorem 4.6.

Theorem 4.7. Let X : M — R? be a complete harmonic and K -quasiconformal
immersion with the induced metric, where M is an open Riemann surface, and let n
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be the unit normal of M. If its Gauss map (i.e., the normal n) omits seven directions,
say unit vectors by,...,b7in S 2 and any three of which are not contained in a
plane in R3, then X must be a plane.

5. Estimate of Gauss curvature for K-QC harmonic surfaces

In this section, for a K-quasiconformal harmonic immersion X : M — R3, we will
study its Gauss curvature estimate if the Gauss map (not the generalized Gauss
map) omits a neighborhood of some direction. For the result in the minimal surface
case, see [Osserman and Ru 1997].

We first derive the expression for the Gauss curvature £ of a harmonic immersed
surface in terms of its generalized Gauss map ®. Let X = (X!, X2, X3) be its
harmonic immersion. Take a local coordinate z = u + ~/—1v. It follows from

Xy =¢+¢and X, = V—1(¢ — ) that
Xuu = (P, +$a Xuy = \/—_1(¢,—(17), Xyy = _(¢/ +‘]?)
and

Xy X Xy . «/—_1($><¢)

25 = =
) "TVEG-F Il P

which imply that the Gauss curvature can be expressed by

_LN-MP [Xux X ¢ (x4
 EG-F* (EG-F22  (|¢ll*—|h|?)?>

Furthermore, it can be rewritten by an expansion of the determinant as

4
(VEG—F?)3
4h(¢’ - 9) (@ - $)
G— F2 /2
{°E P+ = ge—m
LG9 8) AP $) @) + (¢'-¢)($-$)1}
VEG - F? VEG - F? '

In particular, if X is a conformal harmonic immersion, that is, 4 = 0, the above
relation can be simplified as

26) A=—

Mogh I8 PISIP—@9)@Fd)  Ticislbidl—dd;
27) KR=-— =— — ,
@7 E IEE ol

where A = v/2|¢].
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It will be useful to introduce the meromorphic functions v (z) defined by

i (2)
28 = , k=1,2,3.
(28) Vi (2) 5102)
Then

Y
and 610, — '
w;w@—w;wﬁ’k(p—z’k, jok=1,2.3,
3

Hence, we can rewrite (27) as

g =P+ X P
3P+ 5 v

Lemma 5.1. Let M be a K-quasiconformal harmonic surface from the unit disk
{z | |z] <1} into R? whose unit normal makes an angle of at least @ > 0 with the
x3-axis at every point of the surface. If p is the point of M corresponding to z = 0,

then the distance d from p to the boundary of M satisfies

2K
(30) d < —
vVK2+1
Proof. After choosing b to be a x3-axis, we have |¢-b| = |¢3|. If a normal n makes
at least an angle o with the x3-axis, then |n-b| < |cos «|. Thus the right-hand side
of relation (23) becomes

(29) A=

|esca| |3 (0)].

2
¢3] > ! sin? .
¢l — K241

Let ¢ be an arbitrary curve going from z = 0 to the boundary |z| = 1. Thus by (21)
and (31), the length of the image y on M of the curve c is given by

dy = [ ds =20+ ) [19lld
14 c
2K
5 —
VEK?+1
Set F(z) = foz ¢3(¢) d¢. The inequality (31) shows that F’(z) # 0. Then { = F(z)
will have an inverse z = G({) in some disk with center { = 0. Let R be the largest ra-

dius such that G is holomorphic, then by Liouville’s theorem we have that R is finite.
Hence, there exists a point ¢y on the circle |¢| = R such that G cannot be extended

€29

|csca|[|¢3||dz|.
(4
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to a neighborhood of {y. Let L be the line segment from { =0to {y and ' = G(L).
Thus G(R¢) satisfies Schwarz’s lemma, which shows |G’(0)| < 1/R. Thus,

~int / s 2 el / 1311dz|

lesc |/|d§| _ 2K scalr < —2Klescal
= — o = (07
\/K2+1 L \/K2+ VK2 +1|G'(0)]
2K 2K
= ———lcsca||F'(0)] = ——==lcsca||$3(0)|. O
vVKZ+1 vVKZ+1

Theorem 5.2. Let M be a K-quasiconformal harmonic surface in R3. Suppose
that its unit normal makes an angle of at least a > 0 with some fixed direction at
every point of M. In addition, we assume that |(¢' - ) (¢’ - $)|/||¢||* < Nk, where
Nk is a constant. If d(p) is the distance of p to the boundary of M, then the Gauss
curvature K(p) of M at p satisfies the inequality

4K?csc?a
(K2+1)(1-0%)3/?

Proof. After a rotation we assume that the normals make an angle of at least o with
the x3-axis. Let M be the universal covering surface of M under a universal cover-
ing transformation z(¢). Suppose that the point ¢ = 0 in M corresponds to p in M.
For a conformal metric ds; on M, we have ds; = p(z)|dz| = p(z({))|dz/d¢||d ]|,
which implies that

R (0) = _Aglog(p(z(9))|dz/dE]) A logp
M (p(z()ldz/d¢])?

If we form the functions % ({) by (28), then from the relation (31), we have

(32) [R(p)ld(p)* <

K?-1)N
[2(K2+1)csc2a—2+ %]

0z(8) = Rm (2(9)).

2
(33) D W@ < (K> + 1esc>a—1.
k=1
Thus we have bounded holomorphic functions ¥, k = 1,2, on M. If M is the
entire ¢-plane, Liouville’s theorem says that ¥, k = 1,2 are constants. Then the
relation (29) shows that the Gauss curvature 8 = 0. Thus, the relation (32) holds
automatically. Now we need to consider the case that M is the unit disk [¢] < 1.
For convenience, we adopt the following notation:
(34) Ce = Yk (0),  Dr = |y (0)], Mk=|Sl|1P [V (w)].
w(<1
From the application of the Schwarz-pick lemma to the function v / M}, we obtain
2

Ck
35 Dy < M, 1—— = My,
Mk
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where
G
(36) ne=1- ik
k
Utilizing the relation (29) at the point w = 0 in M, we next give an estimate of
Gauss curvature R at a given point p € M. By (33), we get

(37) CE<M?<(K*+1)csc’a—1,
and
(38) DI < ((K*+ 1)esc>a— s,

By the Cauchy—Schwarz inequality, we have

2 2
V1 O)50) =¥} O)y20)? = (C1D2 + CDy)> < > C2 Y DE.

j=1 k=1

Thus, the combination of (37)—(38) and the above inequality yields

2
[¥1(0)95(0) = ¥ (0¥ 1 (0)] + > [ (0)]

7= 2 2
< ZD,%(HZCJ?)
k=1 j=1
2 2
<((K*>+1)csc®a— 1)(1 + Z CJ?) Z n?.

j=1 j=1
Hence,
18121812 = @' $)@ -¢) _ (K> + Desc?a— )37 7
R T P+, CH

Furthermore, it follows from (26) and Lemma 5.1 that

20 112—( D) (D - 2 1 AN (AT
|ﬁ(0)|5( : le )3 [II¢II 9|l ||¢ﬁd6) ) (P ¢)+KK 1{(¢ ﬁﬁq)s(anS ¢>)|]
Vi ¥k
<! [2(K2+1>csc2a—2 (K21 |(¢’-¢)(W-¢)|]
T (V1—0%)’ $3(0)17 K Tk
1 (K2—1)Ng
NNEAEOE [2(K2+1)CSC2“_2+T]
< 4K?csca |:2(K2+1)CSCZO[_2+M:|' 0
(K2+1)(v/1-0% ) d2(0) K
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