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In the semiclassical regime (i.e., € N\ 0), we study the effect of a slowly varying
potential V(et, €z) on the magnetic Schrodinger operator P = sz + (D, + pux)?
on a strip [—a, a] x R,. The potential V(z, z) is assumed to be smooth. We
derive the semiclassical dynamics and we describe the asymptotic structure of
the spectrum and the resonances of the operator P 4 V(et, €z) for € small enough.
All our results depend on the eigenvalues corresponding to sz + (ux +k)? on
L?*([—a, a]) with Dirichlet boundary condition.

1. Introduction

The quantum dynamics of an electron in a strip subject to an uniform magnetic field
and an external slowly varying potential is governed by the Schrédinger operator

H():= P+ V(et, €0) = DI+ (D +px)+ Viet, €2, Dy=1d, € >0,

where p is proportional to the strength of the magnetic field and € is a small pa-
rameter. The potential V is assumed to be smooth and real valued.
The operator

P =D} + (D, + px)*,

is defined on {u € H*(C,); ulyc, = 0}, where H?(C,) denotes the second order
Sobolev space on a strip C, := {(x, z) € R2; —a < x < a}. The Fourier transfor-
mation with respect to z reduces the spectral problem of P to an analysis of the (k
depending) eigenvalues Ey(k), E|(k), ... of the Sturm-Liouville operator

P(k) = =037 + (k + px)*,
on the interval [—a, a] with Dirichlet boundary condition at —a and a.
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In this paper, we are interested in the asymptotic solutions of the time-dependent
Schrodinger equation

Diu=H(e)u, uli=o =ue(x,2), 1-1)

as € N\ 0. In particular we derive the semiclassical dynamics and we describe the
asymptotic structure of the spectrum and the resonances of the operator H(¢) for
€ small enough.

The hydrogen atom in a homogeneous magnetic field is a model of quantum
chaos. See for example [Viehweger et al. 1990]. The spectral properties of H(e)
on R? have been intensively studied in the last twenty years. In the case of per-
turbations, the Landau levels A, (1) = w(2n + 1) become accumulation points of
the eigenvalues of H(¢) and the asymptotics of the function counting the number
of the eigenvalues lying in a neighborhood of A, (1) have been examined by many
authors in different aspects. For recent results, the reader may consult [Gérard and
Laba 2002; Ivrii 2018; Fournais and Helffer 2010].

The spectrum of P on a bounded domain Q C R? were considered by many
others. In particular the asymptotic behavior of the bottom of the spectrum of P as
w tends to infinity has been treated for different geometry of €2 (see [Fournais and
Helffer 2010]). In the case where €2 is the semiinfinite plane or the disk, the WKB
approximations of the energies and the eigenfunctions are obtained in [Spehner
et al. 1998; Bonnaillie-Noél et al. 2016].

S. De Bievre and J. F. Pulé [1999] studied the perturbed operator H(1) on the
half plane with Dirichlet boundary condition. They showed that the spectrum of
H(1) is purely absolutely continuous in a spectral interval of size y u (for some
y < 1) between the Landau levels of the operator P. A similar problem has been
considered in [Briet et al. 2008; 2009; Bony et al. 2009] for H(1) on a strip C,.
Moreover the behavior of the spectral shift function near the thresholds E;(0) was
studied in [Briet et al. 2008].

In this work, by the WKB method we construct nontrivial asymptotic solutions
of (1-1) (see Theorem 3.1). From the eikonal equation, we derive the classical
effective Hamiltonian corresponding to (1-1). In particular we show that the equa-
tions of motion in the z-direction are given by z = —d E;(k), k= d,V(s, z). These
WKB approximate solutions fail at the so called turning points. In such neighbor-
hoods, where the semiclassical approximation fails, we use the semiclassical Airy
equation to describe the solution of (1-1). Next the connection of the two solutions
in the matching regions leads to the Bohr—Sommerfeld quantization conditions. In
Section 5 we use these quantization conditions to determine asymptotically the
eigenvalues and the resonances of H(e) for € small enough. Particular attention
will be paid to the asymptotic behavior of the spectrum near the thresholds of P.
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The paper is organized as follows: Section 2 is devoted to the study of the
operator P (k) on the interval [—a, a]. In Section 3, we construct the approximate
solutions of (1-1). In Section 4, we study the concept of a turning point #; for
equations of the form (1-1). We describe also the asymptotic behavior as € N\ 0 of
solutions in a neighborhood of #;, and we derive the Bohr—Sommerfeld quantization
conditions.

2. The unperturbed Hamiltonian

Consider the 2D Schrodinger operator with constant magnetic field in the strip Cy,:
P = D? + (D, + ux)>.

The operator P is unitarily equivalent to
o
J-"P]-"*:/ P(k)dk, (2-1)
R

where F is the partial Fourier transform with respect to z,

—izk

(Fu)(x, k) = u(x,z)dz,

1
Eppe— e
N2 ‘/I;{
and
P(k) = D> 4 (k + ux)?,

is the operator defined on H, := {u € H?*([—a, a)); u(—a) =u(a) = 0}. We begin
with a general result on such operators.

Theorem 2.1. The operator P (k) has a simple discrete spectrum i.e., o (P (k)) =
U?il{Ej(k)} with E\(k) < E2(k) < E3(k) < ---. Moreover, for every j, E;(k) is
an even real analytic function in k, with the following properties:

kE; k) >0, k#0 and E; 0) =0, E]’.’(O) >0, (2-2)
o0
Ej(k)=E;j(0)+» a;j k¥, (k—0), aj>0, (2-3)
i=1
E; (k) =k2—2auk+vj(2uk)% +001), k— Hoo, (2-4)
where 0 < vy < vy < --- <V; < --- are the eigenvalues of the operator M =

sz +x on RT. Here E;(0) are the eigenvalues of the operator sz + u’x% In
particular, E;j(0) ~ (2j — 1) for strong magnetic field (i.e., u large enough),
and E;(0) ~ (jm)*/a® + (,uz/az)(% — 1/(27'[2j2)) for weak magnetic field (i.e.,
w K 1). The normalized eigenfunctions V; (-, k) corresponding to E;(k) can be
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chosen real-valued analytic with respect to k satisfying:
a
forall p € N, there exists C, such that / (a,f’\p(x, k))2 dx < Cp. (2-5)
—da

Proof. From the Sturm-Liouville theory (see for instance [Marchenko 1986]), it is
well known that P (k) has a simple discrete spectrum: E;(k) < E>(k) < ---. The
change of variable x — —x shows that E;(k) = E;(—k). Since the eigenvalues
are simple, ordinary perturbation theory shows that E;(k) (and the corresponding
eigenfunction) are analytic functions in k (see [Kato 1966; Reed and Simon 1978]).
The estimate (2-2) is proved by [Geiler and Senatorov 1997] in a more general
setting (see [Geiler and Senatorov 1997, Theorem 2]). Formula (2-3) follows from
the fact that E;(k) is an even real analytic function with E£7(0) > 0. The asymp-
totic behavior of E;(0) for u small enough (resp. large enough) follows from the
perturbation theory (resp. semiclassical analysis).

To prove (2-4) it suffices to study the operator! sz +1 2uxk + k2. RepNIacing X
by t = ;(x +a) and rescaling ¢ — /A (with A = (2uk)3) we transform H(k) into

A2(D? + 1) — 2apk 4+ 2k* : L*([0, 2Apal) — L*([0, 2 ual),

which yields (2-4) since? A — 400 as k — +00.

The only point remaining concerns the estimate (2-5). Let W, ( -, k) be the nor-
malized real-valued? analytic function corresponding to E, (k). Since W, is real
and ||W, (-, k)| = 1, it follows that

a a

] \Dn(x,k)zdx:0:2/

a

a
W, (x, k) —W,(x, k)dx. (2-6)
—a ok
Put P. (k)= sz +2xk+x2%,andletT, bea simple closed contour around E,, (k) —k?
such that dist(Fn, O'(P(k))) > C > 0 uniformly on k. Let IT, (k) be the orthogonal
projection onto W, (-, k):

1 ~
I, (k) = 2—m/F (P(k) =)~ dz = (-, Wa(-, k)W (x, k). (2-7)

!By the min-max principle the spectrum of Dx2 +2kx 4 k2 and P (k) differ by a constant for k
large enough.

2The eigenvalues of the Airy equation, (D? + (t — v;))u(t) = 0, on L%([0, u]) with Dirichlet
condition #(0) = u(u) = 0 are the solutions of the equation

Ai(—v; +p)

_ E
Bi(—v; +u) ®

Ai(—v}) = Bi(-v})

Here Ai(x) is the Airy function and Bi(x) = Ai(e2"¢/3x). Since the right hand side of (E) tends to
zero as p tends to +00, —v; are approximated by the zeros of the Airy function.

3Since sz + (x+ k)2 = sz + (x + k)2, W, (x, k) can be chosen real-valued.
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From (2-6) we deduce that I1,, (k) 0; W, (x, k) = 0. Combining this with the fact
that I, (k) ¥, (x, k) = ¥, (x, k) and using (2-7), we get

O Wn (x, k) = 0 I, (k) Wy (x, k)

1 ~ ~
= —/ (P(k) —2) ™" 2x(P(k) —2) " dz Wy (x, k), (2-8)
21 T,
which yields
[0 Wn (-, I = OV, (-, Il =O(1).
We now proceed by induction using (2-8). ([

3. The perturbed Hamiltonian

For the simplicity of the notation we take ; = 1. As stated in the introduction, we
consider the time-dependent Schrodinger equation with perturbed potentials:

[D;—HE©Ju=0, wu=u(,xzeé). (3-1)
With the change of variables
s = et (adiabatic scale) and y=¢€z (long spacial scale),
Equation (3-1) becomes

[GDS—I/‘I\(G)]UZO, v=1(s,x,y,€), (3-2)
where

H(e) := D} + (€D, +x)* 4 V(s, y).

Now if H (€) is regarded as an e-pseudodifferential operator on (s, y) with operator-
valued symbol, one looks for a local solution of the form

PO m(s, x, y, €), (3-3)
m(s,x,y;€) =mo(s,x,y)+emi(s,x,y)+---. (3-4)

v(s,x,y,€)=e

Substituting (3-3) into (3-2) and collecting terms which are the same order in €,
we get
PRASL [eDS — ﬁ(e)]v
= [8s¢_P(¢;(S» ) —V(s, y)]m+[€Ds—3kP(¢;(s, y)eDy+ie(Ag)|m
+e2Am
= co(s, X, y) +eci(s, x, )+ -+ eV enials, x, v, €), (3-5)
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with
co(s, x, y) =@y — P(#)) — V(s, y)]|mo, (3-6)
ci(s, x,y) = Kmo+ ¢} — P(¢;) = V(s, y)]m1, (3-7)
and for j =2,3,..., N +2,
cj(s,x,y) =Kmj_ 1+ Aymj o+ by — P(@)) = V(s, y)|mj.  (3-8)
Here

K =i[0cP($})dy + b}y — 35 ], (3-9)
and

6, =p(s. ). @l =000, APK) =20k +x). (3-10)

Notice that, when ¢ is real-valued, (3-3) is the standard ansatz of geometric optics.
In the construction of geometric optics solutions one requires that

co(s,x,y) =0, (3-11)
ci(s,x,y)=0, j=1,2,---. (3-12)

Eikonal equation and semiclassical dynamics. From now on we fix [, and we let
W; (-, k) be the normalized eigenfunction corresponding to E;(k):

P()W (-, k) =E(k)WY;(-, k), /a U (x, k)?dx =1. (3-13)

—a

By Theorem 2.1, the function k — W;( -, k) can be chosen real analytic.
Equations (3-11) and (3-6) tell us that for all s, y, mqo(s, -, y) is an eigenfunction
of P(qb;) with eigenvalue d;¢ — V(s, y). Hence, we can satisfy (3-11) by choosing

¢; = Ei(¢y) +V(s,y), (eikonal equation) (3-14)
and setting
mo(s, x,y) = fols, )Wi(x, ¢y). (3-15)
Since the eikonal equation is derived from the “effective Hamiltonian”
G(s.0,y.k) =0 — Ej(k) — V(s. y),
we see that equation of motion in the y-direction are

s=1, o=0V(s,y), y=—%Ek), k=203,V(s,y). (3-16)

By applying the classical “method of characteristics,” one can solve the eikonal
equation (3-14) at least for small s. From now on we assume that ¢ is constructed.
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Propagation of the amplitude. For simplicity we ignore the dependence of the
following operators and functions on d); and we write P, 0 P, E;, 0p E;, W and fy W,

instead of P(@), % P(¢,), Er(@)), % Ex(@), Wi(x, @) and fols, Y)W (x, ¢)).
By the Fredholm alternative in L?([—a, a]), we can solve (3-12) for j = 1 if
and only if the first term of the right hand side of (3-7) is orthogonal to

ker[ P — (¢; — V()] = ker[ P — E;] = Vect(¥)),

where we have used (3-14) and (3-15). In view of (3-7) and (3-8) this is equivalent
to

([3 POy + by — Bs1(foWr), Wi)=0.
We conclude from (2-6) that (o, W;, ¥;) = 0, hence that
(0 PW1, W1)0y fo — By fo + [(0k POy Wy, W1) + ¢} ] fo =0. (3-17)
Taking the derivative with respect to k in (3-13),
[P(k) = Er(k) |0k (-, k) = [0k Er (k) — 3k P (k)| Wy (-, k), (3-18)

and taking the inner product with W; and using again (3-13) we get
W E;(k) = ((0p PV, V;) =2 ’ (x + k)W (x, k) dx. (3-19)
—a
Next, taking the derivative with respect to y of oy E; = o E; (¢;), we obtain
dy - O Ep =20y +2((3 P)3y (W), Vy). (3-20)

Substituting (3-19) and (3-20) into the left hand side of (3-17), we get the trans-
port equation for fy:

Ok Erdy fo — 85 fo+ 5[0y - e Er] fo=0. (3-21)

Assuming that ¢ (s, y) is selected and let U, : y = y(0) — y(s) be the flow on
the configuration space R, corresponding to

() = =0k E(9 (s, y(s)))-

It is well known that

d 0
—0, - 0Ei(9}5, y(©) = o log‘ g;s)

Along y(s) the differential equation (3-21) takes the form

d 1d dy(s)
E[fo(s, ys)]+ |:§£ 10g'T

]fo =0, (3-22)
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which yields a kind of energy conservation

[ ay(s)

Thus, fR | fo(s, y)|? dy does not depend on s and consequently

f /Iu(s,x,y,e)lzdxdy:f /|u(o,x,y,e)|2dxdy+c9(e).
—a JRy —a JR,

We now derive the transport equation for m (s, x, y). Like (3-7), Equation (3-8)
can be solved for j =2 if and only

i| =0. (3-23)

(i[0k POy + @) — 35 |m1 + Aymg, ;) =0. (3-24)
Writing
mi(s, x,y) = fi(s, Y)W (x, ¢}) +mi(s, x,y) (3-25)
with

(Wi (-, ¢}), my) =
According to (3-7) and (3-25), the term mf is given by

—1
mi = [, — P(@}) — V(s. )] (Kmy). (3-26)
Inserting (3-25) in (3-24) and using (3-26) we see that f(s, y) satisfies an inho-
mogeneous version of the transport equation (4-3):
Ok E1y fi — 05 fi+ 310y - 0 Erl fr = —([0k POy +) — dsImy +i Aymo, Wy). (3-27)

We repeat this process (by solving the transport equation with a right-hand side)
and get explicitly all the terms m; (at least for s small). This gives a solution of
(3-1) modulo O(e*°). Consequently, we have proved:

Theorem 3.1. Given N € N, ¢ € C*(R) and f € C;°(R). There exists T, €9 > 0
and an approximate solution
u(s, x, y; €) =mo(s, X, y) +emi(s, x,y) +- -+ € my(s, x, y)

such that for all |s| < T and € € 10, €y we have:

10(0, x, y: €) — VW (x, ¢ ()| = OCe),

I(e D — H())v|l = On (™),

with

mo(s, x, y) = e'?CV/E fo(s, y)Wi(x, 0y (s, ),

where ¢ (s, y) and fo(s, y) are solutions of (3-14) and (3-21) respectively with
initial condition fy(0, y) = f(y) and ¢ (0, y) = ¢ (y).
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However, as is well known, if we try to construct WKB-solutions globally (that
is in some large given region), ¢ may develop singularities at “caustic” and the
transport equations then become undefined. The consideration of these difficulties,
beginning with [Keller 1958; Maslov and Fedoriuk 1981], lead to the develop-
ment of the theory of Fourier integral operators as given by Hormander [1971].
Since here the problem is reduced to study a one-dimensional Hamiltonian in the
y-direction, we will use in the next section the standard semiclassical techniques
based on the Airy function.

4. Quantization conditions

Recall that H(¢) and H (¢) have the same spectrum, since they are unitarily equiv-
alent by a change of variable (see (3-1) and (3-2)). Hence, in this section we will
be concerned with the spectrum of the operator H (¢). From now on we assume
that V is time independent (i.e., V(y) := V(¢, y)).

Fix an energy e, and consider the stationary equation

(HE)—ew=0, w=e?(mo(x,y)+em(x,y)+--). (4-1)

Clearly, f is a solution of (4-1) if and only if v(x, y, s, €) = e'¢/€w is a solution
of (3-2). In particular, the eikonal and transport equations corresponding to (4-1)
are

e=Ei(¢'(y)+ V(y), (4-2)
3, QE
dy fo+ %[—)ak Pf“z ! } fo=0. (4-3)

Let Eé ={(y,k) e RxC, E;(k) + V(y) = e} be the isoenergy curve. Recalling
that k = 0 is the only critical point of k +— E;(k). Assume that

V/(y) # 0 on the set of turning points I', := {y € R; V(y) =e — E;(0)}. (4-4)

Thus, I‘é is a discrete set: Ff? ={--<y_1 <yp <y <---}. Each finite interval;
[yj, yj+1] is covered by a closed finite branch y, of X., which consists of two
regular branches y,, y_:

Y+ik=1(y), y-tk=-1(y).

(Classical allowed region). Consider an interval [y;, yj+1] covered by a real closed
branch y, of X,. The construction of Section 3 and (4-3) give us two solutions w, w
of (4-1) such that

. y
w =0 (mo+em; + ), mmmw=/fmm, (4-5)
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and

mo(x, y) = Co Wi (x, ().

|0 Er (@, ()2

(Classical forbidden region). In the regions |y;_1, y;[ and ly;41, yj+2[, which are
classically forbidden, we can also construct a solution of the form (4-5). But now,
since in Eé the number k is complex, the phases ¢ (y) are purely imaginary. We
denote the corresponding solution by g;. From g; we can construct a linearly inde-
pendent other solution g by the change k — —k, (we recall that E; (k) is an even
function). The solutions g; and g; in this regions are decreasing and increasing
exponential functions. Notice that, the turning points separate the projections of the
real and complex branches of the isoenergy curve to the y-axis. As indicated above,
in vicinities of the turning points y; the semiclassical approximations w, w, g; and
g are note defined, since ¢;(yj) =0 and 8kE1(¢;(yj)) = 0. To describe the
solutions near y; we use the standard semiclassical Airy equation. Morezprecisely,
near the turning point y; we replace the variable y by the new one y=¢€73(y — y;),
and we consider instead of (4-1) the equation

[D?+ (3 D5 +x)> + V(y; +€35) — e]w(x, 3; €) =0, (4-6)
with
w(x, €)=Y e’ mx, ). (4-7)
>0

Expanding the operator in the left hand side of (4-6) in powers of €3 and substitut-
ing into (4-7), we obtain

[D} +x* + V(y)) — e]mo(x, ) =0, (4-8)
[D} + x>+ V(y)) — e]mi(x, §) = —2x D.my(x, §), (4-9)
[D? +x*+ V(y)) — e]ma(x, §) = —2x Dym (x, 7)
— [D}+V'G)F]mo(x, 5). (4-10)
Since E;(0) + V(y;) = e, it follows from (4-8) that
mo(x, §) = N(3)¥(x, 0). (4-11)

Notice that x — vy (x, 0)? is an even function, hence the right hand side of (4-9)
is orthogonal to ¥;(x, 0). We conclude from the Fredholm alternative that (4-9) is
always soluble and its solution is given by

my(x, ) = BGWi(x,0) +iN'()[ D2 + x>+ V(y) —e] ' @2x W (x, 0)).
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Next, applying (3-18) to k = 0, and recalling that d; P(0) = 2x and 9 E;(0) = 0,
we deduce that

[sz +x2+ V(yj) — e]_1(2x\IJl(x, 0)) = -k V¥ (x, 0).
Consequently,
mi(x, §) = B Wi (x,0) —iN'(5)d Wi (x, 0). (4-12)
The right hand side of (4-10) can be written as

2ixB' (3)V¥;(x,0) +2ixN" ()0 ¥, (x, 0)
+[=N"M+ V' ONIND|Wi(x,0). (4-13)

Combining this with fact that x\W;(x, 0) is orthogonal to W;(x, 0), we deduce that
Equation (4-10) has a solution if and only if
a

=N"(M+V'NING) =2N"(G) | xW(x, 009 Wi (x, 0)dx =0.  (4-14)

—a
On the other hand, it follows from (3-19) that

a
K= %aszl(O)zl—F/ 2xW;(x, 0)0 W (x, 0) dx, (4-15)

—a

which together with (4-14) yields the following Airy equation for N (y):

—N"(M)+mING) =0, 0=k V'()). (4-16)

1 .
mo(x, §) = [C3 Ai(n} §) + C4 Ai(n} €3 5) Wi (x, 0). (4-17)

Thus, the leading term of the series (4-7) is given by (4-11) where for N (y) we
can choose an arbitrary solution of (4-16). All the remaining terms of (4-7) can
easily be constructed. This gives a solution near the turning points.

It now remains to construct a global approximate solution to Equation (4-1).
For the wave function to be square-integrable, we must take only the exponentially
decaying solutions (g1, ;, g1,j+1) in the two classically forbidden regions Jy;_1, y;[
and ]y; 11, yj+2[. These must then connect properly through the turning points y; to
the classically allowed region. Let us fix a solution in the allowed region Jy;, yj41l:

U(x, Vs 6) — (Clei¢(y)/e + Cze—itb(y)/e)(;l\pl(x, (b;(y)) + 0(6)) .
|0k E1(d5,(¥))|2

Next, it is possible to find a condition under which v(x, y; €) satisfies the fol-
lowing property: the continuation of v through the turning points y; and y; by
means of solutions of the form (4-17) leads to solutions of the form gy ;, g1,j+1.
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This condition, called the “Bohr—Sommerfeld quantization condition,” has the fol-
lowing form:

/ kdy =m(@2n+ind(y.)/2)e + Y we€”, (4-18)

e n>2

where (w,) is some sequence of 1-form and ind(y,) is the Maslov index of y, (see
[Maslov and Fedoriuk 1981]).

This condition, which can be considered as a condition on the spectral parame-
ter e, plays a crucial role in calculation of eigenvalues or resonances (see the next
section).

Remark. Consider the e-pseudodifferential operator
Hli(€) = E(eDy) + V(y) —e.

The equations (4-2) and (4-3) are exactly the eikonal and transport equations in
the construction of asymptotic solutions to Helff(e)u = O(€?)||u]|*>. The operator
H tfff(e) is called* the effective Hamiltonian of order O(e?) corresponding to H (€)
near e. By using the Feshbach method (or Grushin problem) see [Dimassi and
Sjostrand 1999], we can construct an effective Hamiltonian of any order O(e™)
corresponding to H (¢) (see [Dimassi 1993; Martinez 1991a])).

5. Asymptotic behavior of the spectrum

According to (2-1), (2-4) and (2-3), we have

o(P) =0xe(P) = J | Ej(k) = [E1(0). +oql.
j=1keR
and E;(0), j =1, 2, ... are thresholds in o (P). R
It is known that the spectrum of the perturbed operator H(e) depends on the
asymptotic behavior of V at infinity. Here we distinguish two definite types of
these asymptotics:
V(y) = 400, y— 00, (A)

V(y) — 0, y — 00. B)

We refer to the remark on page 211 for other type of asymptotics.

Case (A). If V(y) = 400 as y — oo, the spectrum of H (e) is simple and purely
discrete. For instance, let us assume:

4 An effective Hamiltonian of order O(e") is a Hamiltonian that acts in a reduced space (here
Lz(Ry) instead of L2([—a, a] x Ry)) and only describes a part of the spectrum of the true Hamilton-
ian H(e) modulo an error term (’)(eN ).
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Assumption A. A nondegenerate minimum occurs at y = 0 and V(y) is strictly
increasing when y > 0 and strictly decreasing when y < 0.

Then the discrete spectrum of H (¢) is included in [E;(0) + V(0), +o0l.

For e € ]E{(0) 4 V(0), E>(0) + V(0)[, the isoenergy curve ¥ ; has a nontrivial
real branch yel which is oval. The projection of yel on the y-axis is [y, y2], where
{y1, y2} are the unique turning points of X!. The quantization condition (4-18)
leads to the asymptotic description of the allowed discrete spectrum near e. The
corresponding eigenfunction are localized asymptotically in [y;, y2]. For [ > 2, the
real branches of the isoenergy curve Eé are absent.

Fixe e ]En(0)+V(0), En+1(0)4+V(0)[. Forl €{1, 2, ..., N} the real branch y(f
of the isoenergy curve Eé is oval. The projection of yel on the y-axis is [y17, y2.11
where {y;;, y2,;} are the unique turning points of Eé. The quantization condition
for each curve y/,

/ kdy =m@2n+ind(y!)/2)e + Z whe, (5-1)

e n>2

gives a set of eigenvalues efl (e) ~ Z ajn, 1€/ . The corresponding eigenfunction
are concentrated in [y ;, y2;]. For [/ > N + 1, the real branches of the isoenergy
curve X! are absent.

Now let us treat the general case (i.e., without the monotonicity assumption).
Fix e € I := ]E1(0) + inf,cr V(x), +00o[. We recall that the spectrum of H (e)
1s dlscrete and included in /. The isoenergy curve El has a ﬁmte.real branches
y ,j=1 , N(l). Under the assumption (4 4), the curve ye is oval. The
quantlzatlon condltlon (4-18) for each curve ye ,j=1,...,N() gives the de-
scription of the asymptotic behavior with respect to € of the corresponding eigen-
value. If all these asymptotic series are different they give the description of the
asymptotic properties of the eigenvalues. However, if some of these series are
equal (this happens for example if V is even) we have to take into account the
interaction effects to describe their splitting. The interaction between two series
corresponding to different real branches of the isoenergy curve can be estimated
in terms of tunneling through all the intervals separating the asymptotic supports
of the eigenfunctions and covered by the complex branches of the isoenergy curve.
This interaction leads to exponentially small displacement of the eigenvalues. Thus,
the spectrum of H (€) can be described essentially as the simple unification of the
contributions of the separate y..

Finally, let us study the bottom of the spectrum (i.e., e = E;(0) +inf,cr V(y)).
Without any loss of generality we may assume that inf,cr V(y) = V(0) with V'(0) =0,
V”(0) > 0and V(y) > 0 forall y #0. In this case, the isoenergy curve X el is reduced
to a single point X = (0, 0) and X! = & for [ > 2. Therefore, the approximate
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solutions of the Equation (4-1) are localized in {y = 0}. In the Appendix, we
follow the standard construction of approximate solutions near a nondegenerate
minimum of the semiclassical Schrodinger operator (see [Dimassi and Sjostrand
1999, Chapter 3]). More precisely, denote «,, := v E{(0)V"(0) (m + %), m € N.
We have:

Theorem 5.1. Fix Cy in lky, kny1[. For € small enough the operator ﬁ(e) has
exactly N eigenvalues e (€), ..., en(€) in |—o0, E{(0) + V(0) + Coe[. Moreover,
for je{l,2,..., N}, the following asymptotics hold:

o
ej(€) = Ei(0)+ V(0) +kje+ > cjue.

=2
Case (B). Assume that V tends to zero at infinity. By the Weyl criterion the es-
sential spectrum of H (¢) and P are the same, and coincide with [E;(0), +o0o[. In
]—o0, E1(0)[ we have a discrete spectrum caused by the potential V. This part
of the spectrum (except near E1(0)) can be studied as above. If e — E(0), the
isoenergy curve becomes infinite. In particular, the total number of eigenvalues
near E1(0) can be infinite. In this case, the asymptotic behavior of eigenvalues
near E(0) is the same as for the operator —(Ei’(O)/Z)eza% + V(y) on L*(R).

To investigate the effect of V on the continuous spectrum of H (e), it is natural
to study the resonances. One can treat the resonances by two different ways. If
the potential V is analytic in some neighborhood of the real axis, one can consider
the resonances as the eigenvalues of the spectrally deformed Hamiltonian [Hislop
and Sigal 1996]. If the analytical continuation of V is impossible, the resonances
can be considered as a poles of the meromorphic continuation of the kernel of the
resolvent (ﬁ (€) —z)~! on some weighted L? space (see [Helffer and Martinez
1987]).

Let us assume that V satisfies the assumption A with vy := —V(0) > 0. The struc-
ture of the isoenergy curve Eé depends on the correlation of v and E;1(0) — E; (0).
For simplicity let us assume that

vy < min(E3(0) — E;(0), E3(0) — E(0)).

If e € ]E1(0), E2(0) + V(0)[, then the isoenergy curve Eel is unbounded, and
its projection on the y-axis is R. The real branches of the isoenergy curve Eé are
absent for / > 2. Thus, the quantization conditions (4-18) lose their meaning and for
each e there are two eigenfunctions of the continuous spectrum which correspond
to two separated unbounded parts y_ and y; of X 3 (see Section 4).

If e = E5(0) + V(0), then X! is unbounded and X2 = {(0, 0)}. Real branches of
the isoenergy curve Eé are absent for / > 3, so the contribution of these branches
to the spectrum is empty asymptotically. As indicated above the real branch of X el
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are two separated unbounded curves y_ and . Thus the set X! is nontrapping’
and then the operator K; does not produce resonances near e. The operator K,
has a discrete spectrum near e which is resonances of the operator H (¢). More
precisely, let

Ky = 3(E5(0)€* D} + V" (0)y?),

and let 1€ < {pe--- < {je < --- be the eigenvalues of K>. As in the proof of
Theorem 5.1 we have:

Theorem 5.2. Fix Cy in |¢y, {n+1l. For € small enough the operator ﬁ(e) has
exactly N resonances z1(€), ..., zn(€) in the disk

D(e, Coe) :={z € C; |z —e| < Cope}.

Moreover, for j € {1,2, ..., N}, the following asymptotics hold:

zj(€) = E2(0) + V(0) +kje + Y _€d;,. (5-2)
=2

Formula (5-2) shows that Jz;(¢) = O(¢*°). Assuming that V is analytic in a
complex conic neighborhood of the real axis we can show as in [Martinez 1991b]
that Jz;(e) = O(e~C/€) for some positive constant C. We cannot exclude the exis-
tence of embedded eigenvalues as the case u =0 (i.e., H (e) = sz + esz + V(y))
shows. So in this paper we make no distinction between real eigenvalues and
resonances.

Next, fix e € |E2(0) + V(0), E>(0)[. The isoenergy curve X el is unbounded, the
real branch y, of 262 is oval and the real branches of Eé are absent for / > 3. Again
the branch X el does not produce resonances near e, and the quantization condition
(4-18) corresponding to y, gives the asymptotic expansion in powers of € of the
real part of some resonances z(€). The study of the resonances of H(e) near E;(0)
is related to the study of the operator —(E5(0)/ 2)62%22 + V(y) on L*(R).

Remark. (1) Our results hold for more general potential V. In particular, one
can consider the case where V depends on the variable x (i.e., V = V(x, €t, €2)).
In this case the results depend on the eigenvalues G (s, k, y) corresponding to
sz + (ux +k)>+ V(x, s, y) on L*>([—a, a]) with Dirichlet boundary condition.

(2) The asymptotic behavior of the spectrum of H (e) in the case where V is peri-
odic will be treated elsewhere. The case of the plane was considered in [Briining
et al. 2002] for strong magnetic field (u is large enough).

5)::21 is nontrapping for the classical Hamiltonian p(y; k) = Ej(k) + V(y) if for all (y, k) € Zel»
lexp(rHp(y, k)| = oo when 1 — oo.
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(3) If V(y) — y tends to zero at infinity then the spectrum of H (€) covers the real
axis. In this case to study the resonances we can use the analytic deformation.
More precisely, set W(y) = V(y) — y, and suppose that W admits a holomorphic
extension into the domain I's := {z € C; |3Jz| < 8} for some § > 0. We also assume
that W (z) tends to zero uniformly on z € I';.

For real 6 the operator i (e) is unitarily equivalent to
Hg(€):=D>+ (eDy+x)>+y+0+W(y+6).

The above assumption on W implies that Hy (€)ger, 18 an analytic family of type-A
in the sense of Kato [1966]. Fix 6 = —iv with v > 0. According to the Weyl
criterion, we have

Gess(H—iv(€)) = 0 (H_in(€) = W(y —i8)) =R —iv.
Thus on the upper half plane {z € C; Iz > —v}, the operator H —iv(€) has discrete
eigenvalues of finite multiplicities. These eigenvalues are the resonances of H(e).
Appendix: Sketch of proof of Theorem 5.1

Recalling that ¥ el ={(0,0)} and Zé = @ for [ # 1. Thus the approximate solutions
w of (4-1) are localized in y = 0. Therefore, we want to find

w =€ (mo(x, y) +emi(x,y)+---), and e=eg+ee;+eier+- -

solutions of (4-1) near y = 0, with R(i¢(y)) > 0 for y £ 0 and (¢ (0)) = 0.
From (3-21), (3-27), (4-2) and (4-3) we have:

Ei(¢'(») + V(y) = eo, (A-1)
(L—iey) fo=0, (A-2)
(L—ier)fi =—([0Pdy+d}Imi +iAymo, W) —ies fo, (A-3)
and for® j =2,3,...
(L—ienf;=F(y) —iejfo. (A-4)
Here
L= xE(¢'(y)dy + %¢”(y)8,sz(¢’(y))- (A-5)

Since k — E;(k) is an even real analytic function, the same is true for E;(ik),
and it follows from (2-3) that
E}(0)

E1(ik) — E{(0) = —Tkz +Ok™Y). (A-6)

OF is a function given by the preceding equations depending on myj, .. ., mj_1 and m;-.
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Combining this with the fact that

V() = V) + 252 + 00, (A7)

we deduce that there exists a unique real valued function ¢ (y) such that y¢o(y) > 0
for y # 0 and

Ei(igy(») + V(y) = eo = E;(0) + V(0),  ¢'(0) =0, (A-8)

for y small enough. From (A-6) and (A-7), we have

1 V70) , 3
Po(y) =7,/ Ei’(O)y + 0. (A-9)

Next, replacing ¢ by i¢g in (A-5) and using (A-8), we obtain

L=1i(yco(y)dy +c1(y)), (A-10)

where ¢(y) and ci(y) are real valued function with ¢o(0) = v E{(0)V"(0) and
c1(0) = 2VE] (0)V"(0).

We now turn to Equation (A-2). We look for a solution of (A-2) in the form
Jo(y) = y"go(y) with go(0) = 1. An easy computation shows that

(mco(y) +c1(y) —e1)go(y) + ygo(y) =0.

Hence mcy(0) 4+ ¢;(0) — e; = 0, since go(0) = 1. This gives the allowed values
of ey:

e1 =mco(0) +¢1(0) =VE{ OV (m+ 1) =k, meN. (A1)
In this case go(y) is uniquely determined by

(yeo(y)dy +meo(y) +c1(y) —A1)go(y) =0, go(0) =1. (A-12)

From now on we fix e; =mcy(0) +c¢;(0) and fy(y) = y" go(y) with go(0) = 1. Let
us solve Equation (A-3) for the unknown (e2, f1). Applying Taylor’s formula to
the first term of the right hand side of (A-3) and using (A-10), we see that (e2, f1)
is a solution of the following equation

m—1

(reomdy+er1() —e) fi= Y vy +y" k() +eago().  (A-13)
j=0

Put fi(y) = Z’;’:ol v;¥/ 4+ y™g1(y). Using again Taylor’s formula for co(y) and
c1(y) at y = 0, and equating the coefficients of y/ in both sides of (A-13) we get

(c1(0) —eDvo = yo, (A-14)
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and by induction for j € {1,...,m — 1},

(jco©) +c1(0) —er)v;+ F(vo, ..., vj—1) =¥j. (A-15)
By (A-11), jco(0) +c1(0) —e; #0 for j =0,1,2,...,m— 1. Thus, the equations
(A-14) and (A-15) uniquely determine v;. This gives the polynomial p,,_i(y) :=
Z}}:ol v jyf . Similarly, comparing the coefficient of y" on both sides of (A-13),
we see that e; is given by

m—1

— 5 s 1 um

er=—k(0)+ Y Wj—!ﬂcg”m)vm_,- LD O),
-

and thus, g satisfies

(yeo(y)dy +mco(y) +c1(y) —en)g1(y) =r(y) +k(y) +eago(y).  (A-16)

Here r(y) only depends on cg(y), c1(y) and p,,—1(y) with r(0) 4+ k(0) + e, = 0.
Combining this with (A-11) and (A-15) we see that g|(y) is uniquely determined
by adding g;(0) = 0.

We can now proceed analogously to construct (e;, fj—) for j =2,3,.... This
yields Theorem 5.1.
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