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On p-adic vanishing cycles of log smooth families

Shuji Saito and Kanetomo Sato

In this paper, we will prove that the sheaf of p-adic vanishing cycles on a regular
log smooth family is generated by Milnor symbols, assuming that the base dvr
contains a primitive p-th root of unity. Our result generalizes the surjectivity
results of Bloch and Kato (Inst. Hautes Etudes Sci. Publ. Math. 63 (1986), 107—
152) and Hyodo (Invent. Math. 91:3 (1988), 543—-557) to a regular log smooth
case.

1. Introduction

Let K be a henselian discrete valuation field of mixed characteristic (0, p), with
residue field k. Let Ok be the ring of integers in K, and let X be a regular
scheme which is flat of finite type over Spec(Og). We consider cartesian squares
of schemes .

Xg 7 X L Xy

| = | = ]

Spec(K) & Spec(Ok) +—— Spec(k)

The Kummer short exact sequence of étale sheaves on X
xp"
0— pp — ﬁ;K s ﬁ;K—>0
yields a long exact sequence of étale sheaves on Xy

ok . ek e X XP" ek e X 8 x pl x pl . X
0— " jupbpr = 0" juOx, —> 0" jsOx, = 'R jupbpr > "R juOx — -+
Since X is regular, we have i*R!j, ﬁ;K = 0 and the connecting map § in this
sequence induces an isomorphism

n

"R juupn = Coker(i* .05, —> i* j.O%,).
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A motivation for this note is to extend this fundamental fact to higher cohomologi-
cal degrees. More precisely, we are concerned with the surjectivity of a geometric
version of Tate’s norm residue homomorphism

0% 1 M p" = i*RY S,

where Ji/ M denotes a Milnor K-sheaf defined as a quotient of (i* j*ﬁx )®4 and
Ay M/ pn denotes the cokernel of the multiplication by p" on ¢, M see Sectlon 4
below The sheaf i*RYj ]*M p” on the right hand side is the, so called sheaf of p-
adic vanishing cycles, which is an étale sheaf of arithmetic and geometric interest.
Bloch and Kato [1986] proved that the map Q(}](’n is surjective in the case where X
is smooth over Spec(Og). Later, Hyodo [1988] extended this surjectivity to the
case where X is a semistable family over Spec(Og). These surjectivity facts play
a fundamental role in a construction of p-adic period maps in the p-adic Hodge
theory, see [Kurihara 1987; Kato 1987; 1994; Tsuji 1999; 2000; Yamashita and
Yasuda 2014].

To state our main results more precisely, we introduce the following generalized
situation with log poles. Let D be a normal crossing divisor on X which is flat over
Spec(Ok), and let

Yv:U:=X—-—(XxyUD)— X

be the natural open immersion. We then have a version of symbol map with log
poles

Q(XD)n %/ /p" — M} _l*RqW*Mpn,

where Ji/qM is again a Milnor K-sheaf defined as a quotient of (i*y.0;)®4, see
Section 4 below. Now we state a main result of this paper, where quasilog smooth-
ness is a generalization of log-smoothness (see Definition 5.2, Example 5.3):

Theorem 1.1 (Theorem 5.4). If (X, D) is quasilog smooth over Spec(Ok) and K
contains a primitive p-th root of unity, then Q?X’ D). IS surjective for any q = 2.

Tsuji [2000] proves an isomorphism in the derived category of étale sheaves
on X:
Su(@)x,p) = T<qi* Ryt ! (12)

for quasilog smooth (X, D) assuming 0 < g < p — 2, where S,(q)x,p) denotes
a log syntomic complex. His strategy is to show that both hand sides in (1.2) are
invariant under log blow-ups, and then to reduce his assertion to the case that X
is smooth over Spec(Ok) (and D = &). This last case is due to Kurihara [1987].
We will prove Theorem 1.1 using his arguments on log blow-ups, which is the first
key ingredient of our results. We have to note that Theorem 1.1 does not follow
from (1.2). Indeed, it is not clear that the ¢g-th cohomology sheaf of S,,(¢)x,p) is
generated by symbols, which is rather a consequence of (1.2) and Theorem 1.1.
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To continue the outline of our proof of Theorem 1.1, we introduce a subsheaf
w' M of M, which is the subsheaf generated by the image of

i*(1+ )@ (" o),

where .# denotes the ideal sheaf of ¢x defining the reduced part ¥ := (Xy)red
of Xy, and (14 .#)* means the kernel of the map 05 — i,y . We will further
introduce a multi-index descending filtration on % I%M , where the multi-indexes
are assigned to irreducible components of Xy, see Definition 4.2. To investigate
the map Q?Xy py.n» We will need to control the behavior of the sheaf

w'M! =m@@' M - M)

and a certain absolute logarithmic differential sheaf 67);],71% under log blow-ups (see
Lemma 5.10 below), which corresponds to a key computation by Hyodo [1988,
Lemma (3.5)] in the semistable family case. Our second key ingredient is the com-
putations on the multigraded quotients of the induced filtration on % 'M ]q, which
will be carried out by ideas of Kato, who introduced a new Cartier operator on the
absolute differential modules with log poles, see Sections 3—4. By this computation
on multigraded quotients, the behavior of % 'M f and ag,log will be calculated by
standard facts on the vanishing of the higher direct image of the structure sheaf
under log blow-ups. We would like to mention also that the idea of our computation
on multigraded quotients of % ljiqu has been used in a recent joint paper of the
first author with Riilling [Riilling and Saito 2018].
Throughout this paper, we will work with the Setting 1.4 stated below.

Definition 1.3. Let k be a field.

(1) A normal crossing variety over k is a pure-dimensional scheme Y which is
separated of finite type over k and everywhere étale locally isomorphic to

Spec(k[Tl, e, INY/(Ty - - Ta)) forsome 1 <a <N =dim(Y)+ 1.

(2) An admissible divisor on a normal crossing variety Y is a reduced effective
Cartier divisor E such that the immersion E < Y is everywhere étale locally
isomorphic to

Spec(k[T1, ... Tn1/(T1 -+ Ty, Tag1 -+~ Tuyp))
— Spec(k[T, ..., Tn1/(T1 - T,))
for some a,b>1witha+b < N.
Let K be a henselian discrete valuation field of characteristic O whose residue

field k has characteristic p > 0. Let Ok be the integer ring of K. Unless mentioned
otherwise, we do not assume that k is perfect. Put B := Spec(Ox) and s := Spec(k).
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Setting 1.4. X is a regular scheme of finite type over B, and D is a reduced divisor
on X which is flat over B (D may be empty). We put ¥ := (X Xp §)rq and
U := X~ (Y UD), and assume the following two conditions:

e The divisor Y U D has normal crossings on X.

o Y is a normal crossing variety over s, and (D X g §)req is an admissible divisor
onY.

When £ is perfect, the first condition implies the second condition.

2. Absolute differential modules with log poles

Let the notation be as in Setting 1.4, and let i and ¥ be as follows:

vyl . x Y >Uu=x-(YuD).
Put
L=, 05N Ox C Y0y,

which we regard as a sheaf of commutative monoids by the multiplication of func-
tions. Let
a:itY — Oy

be the natural map of étale sheaves, where i* denotes the topological inverse image
of étale sheaves. In this section, we study the following étale sheaves.

Definition 2.1. (1) Let Q; 1z be the usual absolute Kéhler differential sheaf on
Y:.. We define the étale sheaf 2511, on Y as the quotient sheaf of

Q7 @ (O ®zi*Y.0)
divided by the Jy-submodule generated by local sections of the form
(da(x),0)— (0, x(x) ®x) with x €i*Z.
There is a logarithmic differential map
dlog:i*y, 0 — cT)l, x— (0,1 ®x).
Put 5(} := Oy and ET)?, = /\f’ﬁy ET)}, for g > 2.

(2) We define ,%’;yq as the kernel of d : 5?, — 5?,“, and %73 as the image of
d: 5;’,_1 — @Y, respectively, and put

cT)?lOg :=Im(dlog: (i*V0)% — &F).

Remark 2.2. The natural map .2 — Ox gives a log structure on X in the sense of
[Kato 1989]. In terms of log schemes, the sheaf 67)} means the differential module
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“’éy, 1),z defined in [loc. cit., (1.7)], where L denotes the inverse image log structure
of £ onto Y [loc. cit., (1.4)].
Theorem 2.3. (1) The sheaf 6’; is locally free over Oy.
(2) There is a unique isomorphism
& = @) = 2 )P
sending a local section x - dlog(y1) A --- Adlog(y,) with x € Oy and each
yi €I, O, to xP -dlog(y) A -+ Adlog(yy) + .

(3) There is a short exact sequence on Y¢

~, 1-c!
~q q q (e
0—— & &Y (@) — 0.

Proof. We first reduce the problem to the case that X is a regular semistable family
over B = Spec(Og). Note that we may work étale locally. Indeed, once we prove
(2) étale locally, then the isomorphisms C~! patch together automatically by the
uniqueness. Assume the following three conditions (see Setting 1.4):
* X isaffine, and Y =Spec(k[Ty, ..., Ty1/(Ti - - - T,)) for 1 < %a <d =dim(X).
o The irreducible components of D are regular and principal.
o There exists a regular sequence ty, . . ., tg of prime elements of I' (X, Ox) such
that t, lifts T, € I'(Y, Oy) for 1 < YA < d and such that tatls ..., tatp are
uniformizers of the irreducible components of D for 0 < 3b < d — a.

Let 7 be a prime element of Okx. We have

T=ut] 1?1 (2.4)
for some u € I'(X, 05) and some ey, ..., e, > 1. Put
X" :=Spec(Ok[Si, ..., Sal/(S1 - Sa —m)),
Y':= (X'); = Spec(k[Si, ..., Sal/(Si - Sa)),
U':=Spec(K[S1. ... Sa. Sylys ooy Spip1/(S1 -+ Sa — ).

Let ¢’ be the open immersion U’ < X’ and i’ the closed immersion Y' < X', and
let B be the isomorphism of schemes

B:Y =Y, ST, (1<i=<d).
Put ¢ :=Ker(Oy — Oy) and X" := Ker(Oy, — Oy,). By 2.4), .0}, /O is a
free abelian sheaf generated by 1, ..., t,4p. Similarly ¥, 0}, / Oy, is a free abelian
sheaf generated by S, ..., S,+». Hence there is an isomorphism of sheaves on Y

B, Oy #) = i O |
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that extends the isomorphism g*¢y, => 0y and sends S, — 1, for 1 <A <a+b.
By this isomorphism we see that *@7, = &}. Thus we are reduced to the case
that X is a regular semistable family over B.

We assume that X is a regular semistable family over B in what follows. Let
a)(f/ be the cokernel of the map

5‘;_1 — &b, x> dlog(m) Ax.

We have a short exact sequence of complexes

dlog(m)A ~
00— wy[-1] wy wy 0 2.5

and a short exact sequence of the g-th cohomology sheaves for any g > 0

dlog(m)A

00— %q—l(w%) w1 (CT)}) — K1 (wy) —— 0, (2.6)

see [Tsuji 2000, Lemma A.7] with m = 0. We recall here the following facts
due to Tsuji [2000, Theorems A.3 and A.4] (see [Kato 1989, Proposition (3.10),
Theorem (4.12)(1)]):

Fact 2.7. (1) a)(f, is a locally free Oy-module, and there is a unique isomorphism
Cwf = ()
sending a local section of the form x - dlog(y1) A --- Adlog(y,) with x € Oy

and each y; € i*y. 0], to xP - dlog(y1) A--- Adlog(yy) —I—da)?fl.

(2) Let V be an open subset of Y which is smooth over k and for which D xx V
is empty. Then the short exact sequence (2.5) splits on V as complexes. Con-
sequently the exact sequence (2.6) splits on V, i.e., we have

HU@y) = Q) © T Q).

(3) There is a short exact sequence on Yg

1-Cc!
q q q (e
0—— Wy jog QPY I (a)Y) — 0,

where a);’log is defined as Im(d log : (i*y.0)®1 — a)‘;)

Theorem 2.3(1) follows from (2.5) and Fact 2.7(1). We prove Theorem 2.3(2).
Let V be a dense open subset of Y which is smooth over k and for which D xx V
is empty. Let o be the open immersion V < Y. We first show that the canonical
adjunction map

HUBy) = 0.0 HU@Y) = 0 (H1(Qy) & T Q) (2.8)
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is injective. Indeed by (2.6) there is a commutative diagram with exact rows

L dlog(m)n ~
0 —— #7(w}) HA(@y) —— AU (@) — 0

T

7 dlog(m)A -
0 —— 0,9 () 0 (DY) —— 0.1 (Q2}) —— 0

where the vertical arrows are adjunction maps. The left and right vertical arrows
are injective by Fact 2.7(1). Hence the map (2.8) is injective. We define the map
C': &) — 1 (@y) as follows. Using differential symbols, we easily see that
the image of the composite map

—1
31— 0 (L @) — s o, (1) B TR,

is contained in #9(&%). We thus obtain the map C~! : &1 — #9(@}). By
the construction, C~! is described by the local assignment as in Theorem 2.3(2),
which implies the uniqueness of C~!. Moreover it is bijective by the following
commutative diagram with exact rows and Fact 2.7(1):

1 dlog(m)A ~
0 w a)?, a)?, 0

Y
CIJ(Z CIJ/ Cllz

1 dlog(m)A ~
0 —— #7 (w3) AU —— A () — 0

This completes the proof of Theorem 2.3(2).

We prove Theorem 2.3(3). By the local presentation of C~!, it is easy to see that
themap 1 —C~': ffyq — 1 (w}) is surjective and that its kernel contains 5;]’,105;‘
Put

L:i=Ker(1—C': &} — 21 @})).

We show that the natural inclusion 5;], log L is surjective. By (2.5), (2.6) and
Fact 2.7(1), there is a commutative diagram with exact rows

dlog(m)A

0— 27! 51 7] 0

O dlog(m)A ~
0 —— 7 (w}) HABy) —— A (Wy) — 0
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By this diagram and Fact 2.7(3), the lower row of the following commutative dia-
gram of complexes is exact:

_ dlog(m)A
g—1 g ~q q
0 wY,log w)’,log wY,log 0
_ dlog(m)A J’ ‘
q—1 g q
0—— WY 1og L Wy o — 0

Hence the middle vertical arrow is surjective, and we obtain Theorem 2.3(3). [

3. Another Cartier isomorphism

Let the notation be as in Setting 1.4. Let i and v be as follows:
vl x bu=x-(Yup).

Let {Y,}1ca be the irreducible components of Y. For A € A, let .%, C Ox be the
defining ideal of Y. For m = (m;);c4 € N4, put

f(m) = 1_[ ﬂ)in)“ C Ox,
reA
where N denotes the set of natural numbers {0, 1, 2, .. .}.

Definition 3.1. (1) We endow N4 with a semiorder as follows. For m = (1 )sc
and n= (n))res € N4, we say that m <n if m; <n, forall > € A.

(2) We put 0 := (0)3e4 and 1:= (1);c4 € N4,

(3) For m, [ € N4, we define a sheaf a)fn’[ (g =0) on Y as
a)Zl’[ = f(m)/f(m+[) oy 6;,

which is a locally free module over &y /.7 if [ < 1. We define a map d, :
I @, & — 7™ @, 31T by the local assignment

1_[ Q@ w > 1_[ Tt ® <dw+2m,\ -dlog(n,\)/\a)) (w e @),
reA reA reA
where 7, € Ox denotes a local uniformizer of Y; for each A € A. This map
does not depend on the choice of local uniformizers {7, },c4. One can easily
check that df{f] od{, =0 and that d is compatible with d¢; for n > m. Hence
d}, induces a differential operator

g9 ., 4 g+1
d_dm’[.a)m’[—> Onp -

Using this d, we regard o} (= (wy, (, d) as a complex.
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(4) We define 2 a 1 (resp [) as the kernel of d : a)m [
ofd: w! [1 — w! [) which are étale subsheaves of w? Ll

— a) (resp the image

The following result is due to Kato:

Theorem 3.2. Let m = (m;);ca and L = (£;)rc 4 be elements of N4 with0 << 1.
Let m’ € N/ be the smallest element that satisfies p-w' >m, and define I' = ()ren
by
o = {1 if;, = 1 and p|m;,
0 otherwise.
Then there is an isomorphism
c ' w /[/——>qu(a) D= m[/%‘m[, IQuwr xP Quw,

where x (resp. w) denotes a local section of .9 () (resp. 675;]/ 1 Og).

We first state an immediate consequence of this theorem. For u € A, put a)Y =
Oy, ®y, @y and define D, = (8,,3)5.e by

5 A::{1 0= ),
: 0 (A#mp.

d 0, =7 ™ R4, ET)‘{,M, and Theorem 3.2 implies the following:

Then we have w,
Corollary 3.3. (1) The complex W, is acyclic (i.e., exact) if p{m,,.
(2) If p | my, then we have an isomorphism

-1. 4
C:w Y = 1 (a)ma“)

where m' € N4 is the smallest element satisfying p -m’ > m.

Proof of Theorem 3.2. Let m, € Ox be alocal uniformizer of Y, for each A € A. If
q+1

p divides m; for any A € A, then the map d : a)lqn (—> wg ' sends
l—[n;"*@)a) to HT[S“@G’Q),
rEA AEA

and the assertion follows from Theorem 2.3(2).
We prove the general case. Take a sequence of elements of N4

m=my<m<m=<---<m=p-m

Z mi+1,,\—z m,;,\:l forO0<i <t,

reA rEA

such that

where m; = (m; ;)rea and m; 1 = (M;413)5ea. For 0 <i <t, define [; = (£; ;) ren
by
E")L .: {1 lfﬂ)L =1 8.1’1(1?7’![’)L =m,,

0 otherwise.
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We have inclusions of complexes

° —_—
wm, [ — m() [()

DOy DO, D DW= Wy 1

and exact sequences (0 <i <1t)

00— w

I
Wh > Oy, a,/j() W, = 0

mjy1, [+l
where = (i) is the unique element of A such that m; , > m; , and 0, is as
we defined before Corollary 3.3. It is enough to show the following two assertions:
(A) The complex wy, /J([i)af L0, IS acyclic for0 <i < t.

wl, = (W, 0 1)-

(B) There is an lsomorphzsmC 1 Wy

The assertion (B) follows from the proved case of the theorem. Because .# ) g
locally free over Oy for any 0 <i < ¢, the assertion (A) is reduced to the following:

Lemma 3.4. Let u € A and assume ptm,,. Then the complex o}, 2, 18 acyclic.

We prove this lemma in what follows. Let w?, be as before Corollary 3.3. Note

that @ a)Y is generated by Q (usual Kiéhler g- forms) and g-forms of the form
dlog(m;)An with L € A and 77 € Qq ' For q > 1, there is a residue homomorphism

q.~4 ~q—1
Res Fwy, —>a)Y

characterized by the following two properties:
(1) Forw e Qqu, Res? (w) is zero.
(2) Forn e Q({,_l, we have
i
n (=p),
0 (A#mw).
, =7 ™ ®g, @y , we define a residue homomorphism

Res? (d log(my) An) = {

: q
Since wy, 5

qg—1

q ., 4
Res twpo, = @,

by Res?(a @ w) :=a ® Res? (w) fora € .#™ and w € ch);], . We show that
d Res?(x) + Res?*!(dx) =m, -x for any x € wl, o> (3.5)

which implies that oy, 5 is acyclic if pfm,,. Put

—[]x e [0 = ™.

reA reA

For x =™ ® w with w € Qqu, we have Res?(x) = 0 and
Res?t!(dx) = Res? ! (6™ ® (dw + Y, o my - d log(m;) A w))

=E"@my, -w=my,-x.
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For x =&™ ®d log(mw,) An withn € Q;’/;] and v # u, we have Res?(x) = 0 and

Res?*!(dx)
= Res?!T (™ @ (—d log(my) Adn + 3,4 my. - dlog(m;) Ad log(m,) An))

=E"Q@m, -dlog(m,) An=m, - x.
Finally for x =&™ ® d log(m,) An with n € 52%4_1, we have

dRes?(x) =dE™"Q®n) =&"Q® (d’7+erA m, -dlog(nA)An)

and

Res?t! (dx)
=Res’™ (6™ @ (—d log(m,) Adn + 3, .4 my - dlog(m,) Adlog(m,) An))
=&"® (—dn— > s M- dlog(m) A n) = —d Res?(x) +m, - x.

Thus we obtain (3.5), Lemma 3.4 and Theorem 3.2. U

Corollary 3.6. sz’[ is generated by local sections of the following forms:

(D) [Leam™ @ (dn+ Y 5cpmy. - dlog(m) An) withn € 6?,71, where T, € O
is a local uniformizer of Y, for each A € A.

2) x? @w withx € I and w € E;;]’,log’ where w' € N4 is the smallest element
satisfying p -m’ > m.
4. Structure of the sheaf % 'M]

Let the notation be as in Setting 1.4. Let i and i be as follows:
Yy X Ou=x(YuD).
For ¢ > 0 and n > 1, we define étale sheaves M, and Ji{lM onY as

VA (g =0),
M = i* Ry, and M = ivy,0p (g=1),
Y 0)%1/Jy (g = 2).
Here J, for ¢ > 2 denotes the subsheaf of (i*y,0[;)®? generated by local sections

X1 ® - ® xq4 such that x, +x,» =0 or 1 for some 1 <r <r’ <g. Thereis a
homomorphism of étale sheaves (see [Bloch and Kato 1986, 1.2])

q .M
O(x.pyn - Hq IP"— M, (4.1)
which is a geometric version of Tate’s norm residue map. For x1, ..., x, € i*Y ﬁg,

we denote the image of {x1, x2, ..., x4} E%M under (4.1) again by {x1, x2, ..., x4}.
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Definition 4.2. (1) We define % %™ as the full-sheaf .z, and %% as the
subsheaf generated locally by symbols of the form

{1+x,51,...,9g-1} withx €i’Zand yy, ..., y,—1 €™V, 0],

where .# C Ox denotes the defining ideal of Y. We define % M and % 'M;!
as the image of % OijM and 7 1</”i/qM under the map (4.1), respectively.

(2) For m = (my)ses € N4 with m > 1, we define %(m)%M as the subsheaf
generated locally by symbols of the form

{I+x,y1,...,y4—1} withx e i*7™ and yq, ..., Yg—1 € YOy,

where .#™ is as we defined in the previous section. We define % ™M, as
the image of % ™.," under the map (4.1).

(3) We define ¢ = (e;)5ca € N4 as follows. For A € A, let e, be the absolute
ramification index of the discrete valuation ring Oy ,, , where 7, denotes the
generic point of ¥;. We put €} := pe; /(p—1) for A € A and ¢’ := (€} )1ca € Q4.

(4) For m = (m))yes and n = (n;)e4 € @4, we say that m < n (resp. m < n) if
my, < n, (resp. my <n,) forany A € A.

The following lemma is straight-forward, and left to the reader:
Lemma 4.3. (1) We have % 'MI = % OM{, where 1 denotes (1), 4 € N4.
) M, %M and % 'M;! are contravariantly functorial in the pair (X, D).
The main result of this section is the following, which is also due to Kato:
Theorem 4.4. Let m and | be elements of N/,
(1) Assume 1 <m < ¢ +1and 0 <[ < 1. For each A € A, assume £; =0 if
m; > e’k. Then there is an isomorphism
ol )28 S ™M j M
given by the local assignment
x®dlog(y) A---Ad1og(yg—1) F {1+F, 31, .o, yg—1} + 2% ™M
for x € i*(F™ /7™y and y,, ..., Yg—1 € "V, O}, where X is a lift of x
to i*7 ™,
(2) If m > ¢/, then % ™M is zero.
Theorem 4.4 describes the structure of the sheaf % 'M f as follows.

Corollary 4.5. Take a sequence of elements of N4
l=my<m=m=<---<m=<--<my

satisfying the following conditions:
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(@) l; :=m;4 —ny satisfies |; <1 foranyi <t—1.
(b) ¢ <m; < ¢ + 1. (Note that such w, is unique in N.)
(c) Forany (i, A) withi <t —1 and m;; > ¢, the A-component of |; is zero.
We then have
2 MY j ™M = ol 28 for0<i<t—1, 7™M =0,
by Theorem 4.4(1) and (2), respectively.
To prove Theorem 4.4, we need the following lemma:

Lemma 4.6. (1) Form, n e N*, we have (% "M, o WAy c o™l .

(2) There is a surjective homomorphism
i*@’x@(i*lﬂ*ﬁg)@r g aj;” XQy1®- - -Qyy > x-dlog(y)A---Ad log(y,),

where for x € i*0Ox, X denotes its residue class in Oy. The kernel of this map
is generated by local sections of the following forms:
e XQVIR - QY withx €i*¥ or y, € i*(1 4+ %) for some 1 <s <r,
CXRYI®-- ®yrwithyé_y§f0rsomel<s<s <r,
o« il (6 ®X®YI®: - ®y—1) =Y (X[ @X[® @ - @Y-1) such that
all x; and x| belong to i*(Ox N, 0};) and such that the sums y | x
and Zf=l x| taken in i*Ox satisfy Y i, X5 = Zle x; mod i*s.

Proof. (1) This follows from the same argument as in [Bloch and Kato 1986,
Lemma 4.1].

(2) Let z be a point on Y. Put A := ﬁs'jz, I := 7 and L := (4.0]))z. Let
A[L] be the free A-module over the set L. There is a surjective A-homomorphism
A[L] — (ET)%,)Z sending a[b] to a-d log(b). Its kernel is the A-submodule generated
by elements of the following forms:

(i) alb] withae Torbe1+1,
(i) [b-b']—[b] —[b'] with b, b’ € L,

(i) Yo, aslas]— Zt vajla)] (as,a, € ANL) with YL a EZle a, mod 1.
The claim follows from this fact. The details are straight-forward and left to the
reader. ]

Proof of Theorem 4.4. (1) By Lemma 4.6, the local assignment in the theorem
gives a well-defined surjective homomorphism of sheaves

Pt 0 —— 2 OMY jw MY
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We prove pm,[(g@ﬁg;]) = 0 assuming m < ¢/, locally on Y. We may assume that
Y,’s are principal on X. Fix uniformizers 7, € i*0x of ¥, (A € A) and put

M= ]_[ e ity ™,

rEA

It is enough to show that local sections of Q"n’fil of the forms (1) and (2) of
Corollary 3.6 map to zero under pm (. For y; € i*05 and ys, ..., yo—1 € i*V.,. 0},
we have

+E"yL Y1, y20 oo gt + ) ma {1+ E™yL, T, y2, - ¥y
reA

={1+&E"y1,E"y1, y2, - Yg-1}
Hence py ((w) =0 for

-1
w=£"® (dn + D seama - dlog(my) A ’7) € Qfg,[

with n = yi -dlog(y2) A Adlog(y,_1) € &%,
Next let m” € N4 be the smallest element that satisfies p - m’ > m. For x € i*#™)
and yi, ..., yg—1 € "0, we have

(I1+x7, y1, o yg—1—p-{l+x, 31, ..., y4-1} € %m/H%M C %mﬂ%/qM,

where we have used the assumption m < ¢’ to verify m’ +¢ > m + [. Hence
Pm,1(w) = 0 for

w=x"@dlog(y)) A---Adlog(y,—1) € &";‘1}1

Thus we obtain pmﬁ[(.,@on‘fil) =0form<¢.
We prove pm,[(.,%‘”nle) =0 for m < ¢/ 4 1. Define n = (1)5c4 and ' = (£})ca
as
{mk ifm, <é, 0, ifmy <é,
ny .=

] . and Z’A::{
m) —1 ifm; >e;,

1 ifmy >e).

Wehaven<m, 1 <n<¢, 0<[l <1and n+[ =m+ [ by the assumptions on
m and [, and there is a commutative diagram

g—1 ¢ q—1
wm,[ wn,[’

Pm, 1 l l Pn.v

%(m)Mlq/%(mH)Mi] ( , ?/(“)M?/%(“"‘[/)M;]
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where the top horizontal arrow maps £ into ,fc“;lq[, Hence pm (2, 4 1 ) is zero

by the previous case and the injectivity of the bottom horizontal arrow.
It remains to prove the injectivity of the induced map

_ . g-1 ~1 [
Pt b /20— w ™M jw M
Since wzl_ll / D%Wni’ Tl is a subsheaf of a)q > the canonical adjunction map
qu (N @ ly*l (a)
yey?

is injective by Theorem 2.3(1), where for y € Y, i y denotes the natural map y < Y.
Hence we may replace X with Spec(Ox y ) (u € A), where y,, denotes the generic

point of ¥,. By the definition of d : w{, |' — @[ |, we have
1 1 qul lfpfmu, el;,:l and mﬂ <e;L’
C()Zl’_[ /D@pnz; ; dQ()j’u : @dQ(){;z 1fP | mu, Eﬂ - 1 and mu < 6’2“
0 otherwise,

and the assertion follows from [Bloch and Kato 1986, Corollary 1.4.1(ii)—(@iv)].

(2) Form e N4 withm > ¢/, 14+.#™ is contained in (1+.7™~9)P. The assertion
follows from this fact. (]

5. Surjectivity of the symbol map

Let Ok be as in Section 1, and let 7w be a prime element of Ok.

Definition 5.1. For an injective morphism of monoids
h:N—> N 1 (e)1znza
we define a scheme X" and a divisor D" on X" as
X" :=Spec(OkIT1. ... Tal [ (TTx with e,o1 T3 — 7))
"= {ITs with ;=0 T =0} < X",
Put Y" := (Xh)s,red. We define a scheme % as Spec(k[T, T>, . .., T4]) and denote
the natural closed immersion Y” < @ by (",

Let (X, D) be as in Setting 1.4. We introduce the following terminology:

Definition 5.2. We say that (X, D) is quasilog smooth over B = Spec(Og), if
it is, everywhere étale locally on X, isomorphic to (X", D") for some injective

morphism of monoids / : N — N“ and a prime element 7 € Ok, where d denotes
dim(X).

Example 5.3. Let (X, D) be a pair as in Setting 1.4.
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(1) Let .# be the log structure on X associated with D, and let .#” be the log
structure on B = Spec(Og) associated with the closed point s € B. If the
canonical morphism (X, .#) — (B, /) of log schemes is smooth in the sense
of [Kato 1989, (3.3)], then the pair (X, D) is quasilog smooth over Spec(Ok)
in our sense. Note also that the converse is not necessarily true.

(2) As a consequence of (1), a pair (X, D) as in Setting 1.4 is quasilog smooth
over Spec(Og), if the multiplicities of the irreducible components of X are
prime to p.

Theorem 5.4. Assume that K contains a primitive p-th root of unity ¢, and that
(X, D) is quasilog smooth over B. Then the symbol map in (4.1),

q . M, n
Ox.py1 Ay 1P = My,
is surjective, and there is an isomorphism

Ml ju'Ml = &

Y,log
fitting into a commutative diagram
M
,, a M/ p (5.5)
q 10,1074 = ~q
My /% M Wy log

Our proof of Theorem 5.4 will be complete in the next section. In this section,
we reduce the theorem to Lemma 5.10 below. Let y be a generic point of Y, and
let iy, be the natural map y < Y. The strict henselian local ring ﬁ;'jy is a discrete
valuation ring by the regularity of X. Hence there is an isomorphism

. q Lady ~. o4 g—1 _ .x~q
l;k,(M1 [% M) = Q) 10, ® Q0 = l;‘a)y’log (5.6)

[Bloch and Kato 1986, Lemma 5.3]. Since, by Theorem 2.3(1), E)({, is locally free
over Oy, the adjunction map

~q . .x~q
@y log — EB Lysly Wy 1og
yey?

is injective, and the isomorphism (5.6) induces a surjective map
UM | UM — By,
(see [Sato 2013, Lemma 2.3]). This map fits into the diagram (5.5) with M{ /% ‘M
replaced by 2°M{ /7'M . In what follows, put
M7 :=M{, N?:=Ker(Z°M'/%'M? - &},,) and L?:=M7/7°M.
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We have show that N9 =0 and L? = 0. Note also that once we show L9 =0, we
will have shown that M, = % °M,! for all n > 1 by a standard argument as in [Bloch
and Kato 1986, Corollary 6.1.1]. We first prove that N4 = L9 = 0 in a simple case:

Lemma 5.7. Assume that (X, D) is quasilog smooth over B and that the under-
lying scheme X is smooth over B. Then we have N9 = 0 and L1 = 0 (i.e.,
Theorem 5.4 holds for (X, D)).

Proof. When D = &, the assertion follows from a theorem of Bloch and Kato
[1986, Theorem 1.4]. We proceed with the proof of the lemma by using induction
on the number of the irreducible components of D. Since the problem is étale
local on X and X is smooth over B by assumption, we may suppose that X =
Spec(Ok [T, T, ..., Ty]) and that D ={TT5--- T, =0} C X, where 2 <r <d =
dim(X).
Fix an irreducible component V of D, which is also smooth over B. Put D’ :=

D — V as an effective Cartier divisor, and let E be the pullback of D’ onto V. It
is easy to see that E is a simple normal crossing divisor on V and the pair (V, E)
is quasilog smooth over B and that the underlying scheme V is smooth over B.
Recall that Y := X 1eq (= X5) and U := X (YU D). Now put Z := Vj 1eq (= V),
U:=X~UD')and W :=V ~ (ZUE), and consider a commutative diagram
of schemes p )

Z VDO W

vy ox lou Loy

W

We then have a commutative diagram of étale sheaves on Y whose upper row is a
complex and whose lower row is exact

M M M
‘%/q,(X,D/)/p > Jifq /p ” L*‘%/q—l,(V,E)/p

| i J i | (58)

q q—1
My p M LMy g

)

Here we put MEIX’D,) = i*wa;M?q and M((";}E) = i’*R‘f_IQ*,ug(q_l), and the
sheaves Ji/q’}’{x, p) and Jifq"i’ 1.(v.g) are Milnor K-sheaves defined as quotients of
(iYL 0;)%% and (i"0,0,,)®9~D, respectively. The right arrow in the upper row
is a boundary map of Milnor K-sheaves, which one can check to be surjective. The
lower row is obtained by applying i* R7+/,, to the Gysin distinguished triangle on
U

a5 V[=2] = ST — RB ! — oV [-1].
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Now the left and the right vertical arrows in (5.8) are surjective by the induction
hypothesis, and we obtain the surjectivity of Q((]X’ p).1 by a simple diagram chase,
that is, L? = 0.

To prove that N9 = 0, we consider the following commutative diagram of
sheaves on Y, whose middle row is exact and whose other rows and columns
are complexes:

r
a4 1 12791
QZ/M(X’D,) — UM —— LU M(VE) — 0

r —1

M1 LM

(V.E) 0

r3 ql

~q
0 —— wy, E— leOg 7 Lz, T 0

,log
where 5;1,,’]% (resp. 67)%;(1)g) denotes the logarithmic differential sheaf defined for
the pair (X, D) (resp. (V, E)); the arrow r| denotes the map induced by r,, and
r3 denotes a residue map of logarithmic differential sheaves. By the smoothness
of X over B, we have

By 1og = 27 (10g Dy)iog ® Q5 '(log Dy)iog (Dy :=DNY)

and similar presentations for @ wy, log and @7 log By this fact and a simple variant
of the purity of logarithmic differential sheaves [Shiho 2007, Theorem 3.2], we
see that the bottom row is exact. On the other hand, one can easily check that the
sequence

rl _
O —— ) UMy ) —— UM —— UM, ) —— 0

is exact for 1 <m < e’ := pe/(p — 1) by Theorem 4.4 and descending induction
on m. Hence the top row in the above diagram is also exact. Now the left and
the right columns are exact by the induction hypothesis, and the middle column is
exact as well by a simple diagram chase, which shows that N4 = 0. O

We now reduce the general case of Theorem 5.4 to Lemma 5.10 below. Fix an
arbitrary point x € Y. We show the stalks (N?); and (L9); are zero by induction
on ¢ := codimy(x). If ¢ =0, then (N?); = (L9)z = 0 by (5.6). In what follows,
assume ¢ > 1 and the following induction hypothesis:

() (N?)3 =(L%)5 =0 forany q > 0and any y € Y of codimension < c — 1.
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Since the problem is étale local, we may assume (X, D) = (X", D") for an injective
morphism 4 : N — N? of monoids (d = dim(X)). Sorting the components of N4
if necessarily, we assume the following two conditions:

(2) The first component of h(1) € N¢ is nonzero.
(3) The composite map
h
Y & & =Spec(k[T, ..., Tj]) — Spec(k[T.s2, . .., T4))
sends x to the generic point of Spec(k[T;42, ..., Ty]) [Tsuji 2000, Lemma 5.3].

Following the idea of Tsuji [2000, proof of Theorem 5.1], we decompose 4 :
N — N into a sequence of morphisms of monoids

BN N N L e
which satisfies the following two conditions:

c-copies
———
@) h°1) =(e,0,...,0,%,...,%) for some e #0 (see (2)).

(5) For1 <t <d, lete, € N? be the element whose t-th component is 1 and whose
other components are 0. Then for 1 <v <r, k" sends ¢, (1 <t <d) to

{Et (t #m),

forsomem Znwithl <m<c+1, 1 <n<c+1.

Put i¥ = k""" .. k'A% and "X := X", and let f" be the morphism induced
by «V:
fv VY v—lX

We further fix some notation. Put VY := ¥ = ("X)s.red> and let x¥ € VY be the
image of x € Y under the composite

gr—] gv-H

Yy="Y L) r—lY VY,

where g¥ : VY — "~!Y denotes the morphism induced by f”. For0 <v <r,let 0"
be the composite map

vy < @ = Spec(k[Ty, . . ., Tyl) = Speck[Tosa, .. ., Tal),

where (" denotes (7. Since 0¥ = ¢”"!g" by (5), the point 6”(x") is the generic
point of Spec(k[T,42, ..., T4]) for any O <v <r by (3). This implies the following:
(6) Forany 0 <v <r, x" has codimension c on"Y. Consequently, x" is a closed
point of (")~ (x¥ ™).
We also need the following fact (see [Tsuji 2000, Lemmas 3.2 and 3.4]):
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(7) For1 <v <r, fYfactorsas
— f
X VX —— VI,

where the left arrow is an open immersion and f" is the blow-up at the closed
subscheme {T,, = T, = 0} C ""'X. The fibers of " have dimension at most
one.

Put
'D:=D" and “U:="X~(YU'D),

and define the sheaves , M9, ,L9 and ,N? on "Yg, for the diagram

VY C VX« DOVU
in the same way as for M7, L? and N7 on Y, respectively. In what follows, we
prove

(qu)P = (qu)P =0
by induction on 0 < v <r. We first note:
Lemma 5.9. (oLq);) =0 and (oNq);) =0.
Proof. By the assumption (4), the pair (°x, D) is, étale locally around x°, isomor-
phic to a quasilog smooth pair (X', D’) over a henselian discrete valuation ring A’

of mixed characteristic such that X’ is smooth over A’, see the first isomorphism
on page 559 of [Tsuji 2000]. Hence the assertion follows from Lemma 5.7. ([

Assume v > 1 and the following induction hypothesis:
(®) (-1LN)5m=0 and (,—1N?) ;5 =0.
We change the notation slightly and put

X = Spec(ﬁlith, ) X' =X xu-ix Spec(O ),
Y := X req, and Y = (X/)s,red’

D = Spec(ﬁith’F), D" :="D x5 X/,
U:=X~(YUD), U= X'\ (Y'UD),

for simplicity. Here vD denotes the closure of (F’)_1 ("D)red ~ ("X) s.red C vX . Note
that "D ='D x5 "X. Leti’ : Y' < X" and ¢' : U" — X' be the canonical closed
and open immersions, respectively. We define étale sheaves M7, LY and N7 on Y’
as

M1 ::i/*wa;ij’q, N := Ker(@/OMq/%qu —»67);]/,,1%), LY := M1 /%"M.

In view of (6), once we prove N7 and L? are zero, we will finish the induction on
v and c. We will prove the following lemma in the next section:
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Lemma 5.10 (cf. [Hyodo 1988, Lemma (3.5)]). For anyt > 0, we have

LY, @y00) =LY, By H' (Y, %'M") = H' (Y, @} 1,0) =0

log)a

We prove here that N9 and L7 are zero admitting this lemma. Noting that
wp=2Z/pZ on U’ by the assumption on K, we compute the Leray spectral sequence

ESY = HY(Y', M) = HP (U, u$9) = HOP (U, pn§9),

where we have used the proper base-change theorem [SGA 43 1973, XI1.5.2] for
the identification H%(Y’, M?) = H(X’, R"y,u57) and also used the fact that £
induces an isomorphism U’ = U. Since cd,(Y’) <1 by (7), this spectral sequence
yields a short exact sequence

0— H'(Y M) - HI(U, u§9) — ' (¥', M%) — 0.

Because L' and N' are skyscraper sheaves on Y’ for any # > 0 by the induc-
tion hypothesis (1) for X', both H'(Y’, M?~') and H'(Y', %#°M?) are zero by
Lemma 5.10. Hence there is a commutative diagram whose lower row is exact

O HI(U, u3?) == H1(U, n57)

| |
0—— I Y, %M —— Y’ , M%) —— I L) ——0
where % *H41(U, M%q) (e =0, 1) denotes the filtration on the stalk of the sheaf of
p-adic vanishing cycles on Y (see Definition 4.2(1) and Lemma 4.3(2)), and the

upper equality follows from the induction hypothesis (8). This diagram shows that
the skyscraper sheaf L9 is zero. We next show that N? is zero. Put

o9, M9 =M ) ‘M9 = M) ' M1
Since N1 is skyscraper by (1), there is an exact sequence

0— I'(Y, N — Y, a%M) S ry, &, log) = 0

and a commutative diagram with exact rows (see Lemma 4.3(2))
0 —— %'HI(U, uy") — HIU, puy") —— I'(Y, &} ,,) — 0
| | |
0—— I Y, #'M9) —— Y, M%) —— 'Y, grﬁ}/Mq) —0

Here the upper row is exact by the induction hypothesis (8), and the lower row is
exact by Lemma 5.10. The arrow B denotes the map induced by the left square,
and the middle vertical arrow is bijective by the proof of the vanishing of L9. Now
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this diagram shows that « is bijective, because S is surjective and a8 is bijective
by Lemma 5.10. Hence the skyscraper sheaf N is zero. Thus the induction on v
and ¢ is complete and we obtain Theorem 5.4, assuming Lemma 5.10.

6. Proof of Lemma 5.10

In this section we prove Lemma 5.10 to finish the proof of Theorem 5.4. Let the
notation be as in Setting 1.4. Assume that

X = Spec(Ok[Th. ... T/(TL - T =) (er.....eq > 1, d = dim(X)),
D={Tgy - Ty =0} C X,

where 7 is a prime element of Ox and D is empty if a =d. Let
f: X -X

be the blow-up at the regular closed subscheme {7, =7, =0} C X with 1 <b <c <d.
Put Y’ := (X’)s.rea- We define a reduced normal crossing divisor D’ on X' as

D = f 1(D)ea~Y' CX

q

and define the sheaves wy, .,

q !/ : ~q
and MI,X’ on (Y’)¢ in the same way as for Oy log
and M{ on Y. Let

g: Y =Y
be the morphism induced by f. Lemma 5.10 follows from:

Lemma 6.1. Let D(Yg) be the derived category of complexes of étale sheaves
onY.

(1) ‘NU?/,log = Rg*a‘)?,,’log in D(Y¢) for any g > 0.

2) ng*(%lMlq’X,) =0 foranyq>0.

We introduce some notation that will be useful throughout the proof of Lemma 6.1.
For e A:={1,2,...,a}, let Y, be the closed subset {7, = 0} C X endowed with
the reduced subscheme structure, which is an irreducible component of Y. Let
{Y; }r.ca be the irreducible components of Y’. We have

A — AUfoo} ifb <a,
A ifa <b,
where Y, for A € A means the strict transform of Y, and Y/ is the exceptional fiber
of f. Form = (m;)zea € N4, we define f*m = (n;)zea € N4 as
m), ifleA,
n) = {mp ifb<a<cand A =00,
mp+m. ifc <aand A =o0.
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For A € A', let .#] C Ox' be the defining ideal of Y,. For n € N4, we define
f}?}) C Oy in the same way as for .# () ¢ Oy, see Section 3. We have

frrm = g™, (6.2)

We will often write .# C Ox and .¢’ C Oy for the defining ideals of Y and Y’,
respectively.

Sublemma 6.3. (1) We have g*@}, => @}, for any g > 0, where g* denotes the
inverse image of coherent sheaves.

(2) Assume that ¢ < a, and let n = (n))yeq € N4 be an arbitrary element with
Ny +ne = oo + 1. Then we have Rg, (73 /. 781%9) = 0in D(Yz,). (See the
definitions before Corollary 3.3 for 9o, € N4"))

(3) We have Oy => Rg.COy' in D(Y,,).

Proof of Sublemma 6.3. (1) Let (X, .%) and (X', .#’) be the log schemes associ-
ated with the pairs (X, D) and (X', D'), respectively (see Remark 2.2), and let L
(resp. L') be the inverse image log structure onto Y (resp. onto Y’). The morphism
(Y’, L") — (Y, L) of log schemes induced by f is étale in the sense of [Kato 1989,
(3.3)] by [loc. cit., Theorem (3.5)]. Hence the assertion follows from [loc. cit.,
Proposition 3.12].

(2) When ¢ < a, Yéo is isomorphic to the trivial P!-bundle over Y, N Y,, and

Y[, NY, and Y, N Y/ are relative hyperplane sections of Y/, over ¥, NY,. Since
(I [ (FL) 1T = G(no) on Y., we have

TN | I = () ® 4y, (ID™ @y (I (I = 6(~1)

on Y/, where we have used the fact that /A/ is principal for A # b, ¢, co and the
assumption that n, +n. =n + 1. Hence we obtain the assertion by a standard fact
on the cohomology of projective lines [Hartshorne 1977, Chapter III Theorem 5.1].

(3) Noting that f : X’ — X is the blow-up along a closed subscheme of X defined
by a regular sequence and that .# = TyT; - - - T, O is a free O'x-module (of rank 1),
we have

Ox => Rf,Ox: and ¥ => Rf,f*7 in D(Xg)

by the theorem on formal functions [Hartshorne 1977, Chapter III Theorem 11.1]
and the cohomology of projective lines. Our task is to check

Rf(Z'/f*7)=0 in D(Xg). (6.4)

Note that .#" = ﬂ)g) and that f*¢ = f}g*l) by (6.2). If a < ¢, then we have f*1=1
in N4" and the assertion (6.4) is obvious. If ¢ < a, then we have

f*1=140s in NV (6.5)
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and the assertion follows from Sublemma 6.3(2). O

Proof of Lemma 6.1. (1) By Theorem 2.3(2) and (3), it is enough to show that
(@ @y = Rg.y, and (b)) Z) = Rg.Zy, in D(Ye).
We first show (a). Since &3;1, is locally free over &y by Theorem 2.3(1), we have
Rg.@}, = Rg.8* &y = Rg.(Oy Qo,, §'01) = (Rg.Oy) ®p, 0F = &y

by the projection formula and Sublemma 6.3(3). We next show (b). The case ¢ =0
follows from (a) and the isomorphism 0 — (Oy)? = Oy. We proceed with the
proof by using induction on ¢g. There is a commutative diagram with distinguished
rows in D(Yg):

Z7 & a— T

L l

Rg*Q’;;l, — Rg*Z)({,, — Rg*éﬁ’;’{;rl —_ Rg*ﬁ;;?,[l]

By Theorem 2.3(2), there is another commutative diagram with distinguished rows
in D(Yg):

~g+1 ~g+1 c ~g+1 ~g+1
%’;’,Jr —>5’,§?+ —>a>§1,+ —m@?f [1]

l l ] |

~q+1 >q+1 € ~q+1 ~q+1
Rg.#LT —— Rg. 20" —— Rg.ot —— Rg. #1011

where C denotes the inverse of the isomorphism C~!. The induction on ¢ works
by these diagrams.

(2) We first show
R'g. (% "Ml y) =0. (6.6)

Take a sequence of elements of N4
l=mp<m<mp<-...<m<---<my
satisfying the following conditions:
(1) Ifi <t —1, then [; :==m; 1 —m; agrees with 0,, for some pu = (i) € A.
(ii) We have m; > ¢’ (in @4) if and only if i =1.

See the definitions before Corollary 3.3 for 9,,, and see Definition 4.2(3) for ¢’ € Q4.
We define ¢ € Q4" for X’ in the same way as we defined ¢’ for X. For n, w’ € N4’
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with 0 < n’ <1, we define the sheaf a) ,1 x on Y’ in the same way as for wy, *1
on Y. By the choice of the above m;’s and ‘the fact that f*¢ = ¢, we see that
(i) Fori <t—1, we have f*[; = f*m;;1 — f*m; € N4 and 0 < [ <1

(ii') We have f*m; > @ (in Q%) if and only if i =1¢.

Hence by Theorem 4.4 for X', we have

(f*mi)prd (fmisopgd o~ 471 q-1 ;
WML ju TOMY = i P e e TOr 0<i<i—1,

ag/(f*m,)Mlq v =0,

and we are reduced to showing that

-1 -1
R'g. (@ Fem, 1,5/ Zfom, poixr) =0 ©.7)

form,[e N4 withm > 1 and [ = 0, for some p € A. We prove (6.7). By (6.2),
there is a short exact sequence on Y/,

~g—1 1 —1
0 — f*j(m-‘r[) ® C();]// — f*j(m) ® C();]// — a)t}*m,f*[,x’ — O

Since .# ™tD and 7™ are locally free x-modules, we obtain

g—1 ~ qg—1

O = R&Wpuy pug x

by applying Rf, to the above short exact sequence and the projection formula
together with the claim (a) in the proof of Lemma 6.1(1). In particular we obtain
ng*wqf:ni’ X = 0 and (6.7), because R'g, is right exact for p-torsion sheaves
for the reason of the dimension of the fibers of g [SGA 43 1973, X.5.2, XI1.5.2].
Thus we obtain (6.6).

By (6.6), it remains to check

R'g (%M y w7 mi ) =0 (6.8)

If a < c, then we have f*1=1in N4’ and the assertion is obvious. As for the case
¢ <a, we have

Lp g4 (fDagd ~,4-1 q—1
UMy |7 "M x =0, x L x

by (6.5) and Theorem 4.4. We have

1

-1 ~ 1 ~q—1 1 *1 ~q—
Rg.0], w=Rg (s /70 V@ y,g* &) ) = Rg (I |7 @4 @Y =0

by (6.4). Thus we obtain R! g*a)1 a x = 0 and (6.8), noting that R'g, is right
exact for p-torsion sheaves. This completes the proof of Lemmas 6.1 and 5.10,
and Theorem 5.4. U
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Remark 6.9. By Lemma 5.10 and the proof of Theorem 5.4 (see the last diagram
of Section 5), we have % 'M{ = g.(%'M{ ) as sheaves on Y, for any ¢ > 0
(under the notation of this section). Consequently, we have

%'M] = Rg,(%'M{ ) in D(Ye)

by Lemma 6.1(2) and the fact that R g, (% M Iq’ ) =0 for s > 2, see [SGA 43
1973, X.5.2, XI11.5.2].
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