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We obtain, for a stratified, rotating, incompressible Navier—Stokes system, generalized asymptotics as the
Rossby number ¢ goes to zero (without assumptions on the diffusion coefficients). For ill-prepared, less
regular initial data with large blowing-up norm in terms of &, we show global well-posedness and improved
convergence rates (as a power of ¢) towards the solution of the limit system, called the 3-dimensional
quasigeostrophic system. Aiming for significant improvements required us to avoid as much as possible
resorting to classical energy estimates involving oscillations. Our approach relies on the use of structures
and symmetries of the limit system, and of highly improved Strichartz-type estimates.

1. Introduction

1.1. Geophysical fluids. The primitive system (also called primitive equations; see for example [Chemin
1997; Babin et al. 2001]) is a rotating Boussinesq-type system used to describe geophysical fluids located
at the surface of the Earth (in a large physical extent) under the assumption that the vertical motion is
much smaller than the horizontal one. Two phenomena exert a crucial influence on geophysical fluids:
the Coriolis force induced by the rotation of the Earth around its axis and the vertical stratification of the
density induced by gravity. The former induces a vertical rigidity in the fluid velocity as described by the
Taylor—Proudman theorem, and the latter induces a horizontal rigidity to the fluid density: heavier masses
lie under lighter ones.

In order to measure the importance of these two concurrent phenomena, physicists defined two numbers:
the Rossby number Ro and the Froude number Fr. We refer to the introduction of [Charve 2005; 2018a;
2018b] for more details and to [Bourgeois and Beale 1994; Cushman-Roisin 1994; Bougeault and
Sadourny 1998; Pedlosky 1979] for an in-depth presentation.

The smaller these numbers, the more important these two phenomena become and we will consider the
primitive equations in the whole space, under the Boussinesq approximation and when both phenomena
are of the same scale, i.e., Ro = ¢ and Fr = ¢ F with F' > 0. In what follows ¢ will be called the Rossby
number and F the Froude number. The system is then written as follows (we refer to [Chemin 1997,
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Babin et al. 2001] for the model):

0:Us + ve - VUs — LUs + L AU, = 1(-V ,,0),
divvg =0, (PEe)
U£|t=0 = UO,e-

The unknowns are U, = (v, 0;) = (v;, vf, vg’, 0:) (where v, denotes the velocity of the fluid and 6, the
scalar potential temperature) and @, which is called the geopotential and gathers the pressure term and

centrifugal force. The diffusion operator L is defined by

LU, & (vAv,, V' AG,),

where v, v’ > 0 are the kinematic viscosity and the thermal diffusivity. The matrix A is defined by

0 —1 0 0
def|1 O 0 0
A= 0 0 0 F1

0 0-F1 o0

We will also make precise later the properties satisfied by the sequence of initial data Up ¢ (as & goes to
zero). Let us now state some remarks about this system (we refer to the introductions of [Charve 2005;
2018a; 2018b; Charve and Ngo 2011] for more details):

¢ This system generalizes the well-known rotating fluids system (see [Chemin et al. 2000; 2002; 2006]).
The penalized terms (which are divided by the small parameter ¢), namely AU, and the geopotential, will
impose a special structure to the limit when ¢ goes to zero.

o As A is skew-symmetric, thanks to the incompressibility, any energy method (that is based on L?
or H/HS5-inner products) will not “see” these penalized terms and will work as for the classical
incompressible Navier—Stokes system (AU - U = 0 and (V®,, v¢) Hs/Hs = 0). Therefore the Leray and
Fujita—Kato theorems provide global-in-time weak solutions if Up . € L? and local-in-time unique strong
solutions if Up ¢ € H? (global for small initial data).

e There are two distinct regimes: F # 1 or F = 1. The first one features very important dispersive
properties. In the second case, the operators are simpler but we cannot rely on Strichartz estimates and
the methods are completely different (see [Chemin 1997; Charve 2018b]). In the present article we focus
on the case F # 1.

1.2. Strong solutions. As explained before, thanks to the skew-symmetry of matrix .4, any computation
involving L? or Sobolev inner products will be the same as for the Navier—Stokes system. So given the
regularity of the initial data (even if some norms can blow up in &), we can adapt the Leray and Fujita—Kato
theorems as well as the classical weak-strong uniqueness results: for a fixed ¢ > 0, if Up ¢ € H: (R3),
we denote by U, the unique strong solution of system (PE;), defined on [0, 7] forall 0 < T < 7). In
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addition, if the lifespan 7, is finite then we have (blow up criterion)

T*
/O ||VU8(T)||H1/2(|R3)d = 0Q. (1_1)
Moreover, if Up ¢ € H* then we also can propagate the regularity as done for the Navier—Stokes system.

1.3. The limit system, the QG/osc decomposition. We are interested in the asymptotics, as the small
parameter ¢ goes to zero. Let us recall that the limit system is a transport-diffusion system coupled with a
Biot—Savart inversion law and is called the 3-dimensional quasigeostrophic system:
0y QQG + UQG - VQQG FQQG =0,
Ugc = (5q6. o) = (=92, 91,0, —=F93) AF! Qq.
where the operator I" is defined by

(QG)

re AAF (v82 + v82 + v F28§)
with Ap = 8% + 3% + F 28%. Moreover we also have the relation
Qoo = 0103 — 02Ugg — F3Us = 91936 — 02046 — F d30qc.
Remark 1. The operator AF is a simple anisotropic Laplacian but I" is in general a tricky nonlocal
diffusion operator of order 2 (except in the case F' =1 where Ar = Aand I' = 1)8% + vag +/ 8%, or
in the case v = v’ where I' = vA). We refer to [Charve 2016; 2018a] for an in-depth study of I" in the

general case (neither its Fourier kernel nor singular integral kernel have a constant sign and no classical
result can be used).

This limit system is first formally derived, and then rigorously justified (see [Chemin 1997; Charve
2005]). Led by the limit system we introduce the following decomposition: for any 4-dimensional vector
field U = (v, 6) we define its potential vorticity Q2(U) by

QU) E 9,02 — 30! — Fo36
and its quasigeostrophic and oscillating (or oscillatory) parts by

—9,
01
0

—Fos

Uos = QU) & AF'QU) and Use =P(U) E U - Ugg. (1-2)

As emphasized in [Charve 2005; Charve and Ngo 2011] this is an orthogonal decomposition of 4-
dimensional vector fields (similar to the Leray orthogonal decomposition into divergence-free and gradient
vector fields) and if Q and P are the associated orthogonal projectors on the quasigeostrophic or oscillating
fields, they satisfy (see [Chemin 1997; Charve 2004; 2005; 2018a; 2018b]):

Proposition 2. For any function U = (v, 0) € HS (for some s) we have:

(1) P and Q are pseudodifferential operators of order Q.
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(2) Forany s € R, we have (P(U) | Q(U))HS/HS = (AU | P(U))HS/HS = 0 (when defined).
3) PU)=U <= 9Q(U)=0<+= Q(U)=0.

4) Q(U)=U <= P(U)=0 <= there exists a scalar function ® such that U = (—0d3, 31,0, —F d3)®.
Such a vector field is said to be quasigeostrophic (or QG) and is also divergence-free.

(5) If U = (v, 0) is a quasigeostrophic vector field, then v-VQU) = Q(v-VU) and TU = Q(LU).

(6) Denoting by P the Leray orthogonal projector on divergence-free vector fields, PP = PP and
PO=0P=0.

Thanks to this, system (QG) can for example be rewritten in one of the equivalent following velocity

formulations:
8~,I7QG + Q’SﬁQG -VUqg) —TUqgG = 0,~
Uqgc = Q(Uqgg).  (or equivalently P(Ugg) = 0), (QG)
ﬁQg|t=0 = ijO,QG’

or

EZtﬁQG + 17(3(} . VﬁQG — LUQG = PEDQG,
IZQG = Q(UgG), (QG)
Uqclr=0 = Uo,qG-

Remark 3. We recall that Theorem 2 from [Charve 2004] claims that if ﬁO,QG € H! then system (QG)
has a unique global solution I7QG € E9N E1 (see below for the space notation). We refer to [Charve
2004; 2008] and to the next sections for more details.

Remark 4. It is natural to investigate the link between the quasigeostrophic/oscillating parts decom-
position of the initial data and the asymptotics when & goes to zero. This leads to the notion of well-
prepared/ill-prepared initial data depending on whether or not the initial data is already close to the
quasigeostrophic structure, i.e., when the initial oscillating part is small/large (or going to zero/blowing
up as ¢ goes to zero). In the present article we consider large and ill-prepared initial data with very large
oscillating parts depending on &.

Going back to system (PE;), we introduce Q; = Q(Ug), Us,oc = Q(Ug) and Ug osc = P(Ug). We
showed in [Charve 2005] that for an initial data in L? (independent of ¢), the oscillating part Ug,osc of a
weak global Leray solution U, goes to zero in LIZOC([RJ,_, L1(R3)) (g €]2, 6[), and the quasigeostrophic
part Ug oG goes to a solution of system (QG) (with the QG-part of Uy as initial data). This requires
the study of system (A-79), and its associated matrix in the Fourier space: As explained in detail in
Proposition 43, when v # V' there are four distinct eigenvalues (it is necessary to perform frequency
truncations to obtain their expression). The first one is explicit but discarded as its associated eigenvector
is not divergence-free, the second one is real (and mainly linked to the quasigeostrophic part). The last
two are nonreal and mainly linked to the oscillating part.

Let us denote by P; (i € {2, 3,4}) the associated projectors. When v = v/, many simplifications arise

(see Remark 44). Unfortunately none of these simplifications are true anymore in general (when v # V')



ENHANCED CONVERGENCE RATES AND ASYMPTOTICS FOR A DISPERSIVE BOUSSINESQ-TYPE SYSTEM 481

but we are able to bound their operator norms and prove that the P>-part of an oscillating divergence-free
vector field is small (we refer to [Charve 2005; 2006]; see also Proposition 43).

Moreover we are able to obtain Strichartz estimates for the last two projections P344. In [Charve
2005] we obtained the following Strichartz estimate upon which the main result depended:

1
P3+4PrR flpapoe < Cr.re*(IPr,R follp2 + |Pr,rRF || L2)-

In [Charve 2004] we focused on strong solutions. We first proved that if the initial QG-part Up g is
H! then the limit system has a unique global solution l7QG. We proved that if Up o € H? then Uy is
global if ¢ is small enough. For this we filtered some waves: we constructed a solution WST of (A-79)
with a particular external force term (constructed from ﬁQg) and proved that U, — ﬁQG - WET goes to
zero thanks to a generalization of the previous Strichartz estimates (allowing different regularities for the
external force term):

1
IP34aPr R f 2000 < Cr.re* (IPrR foll 2 + | PrrF2ll L1 12 + 1PrrFl1212)-

In [Charve 2006] we generalized the previous result for initial data depending on & and with large
oscillating part (bounded by |In|In ¢|| in the general case and |In ¢| when v = V') considering frequency
truncations Py, g, with radii depending on ¢ allowing us to exhibit explicit convergence rates. In this
work we distinguished the case v = v’ for which we were able to produce Strichartz estimates without
frequency truncations in inhomogeneous spaces:

1
IWellL2ps, , = Ces (1 follgs+ars + G L1 py+ar4))-

In the second part of [Charve 2006], inspired by the work of Dutrifoy [2004] on vortex patches in the
inviscid case and by the work of Hmidi [2005] for Navier—Stokes vortex patches, we investigated the case
of initial potential vorticity which is a regularized patch, and very large initial oscillating part (regular but
bounded by a negative power of &) when v = V. This work was recently generalized in the case v # Vv’ in
[Charve 2016; 2018a] where we deeply studied the limit quasigeostrophic operator I" which is nonlocal
and nonradial. In this setting, the fact that v # v’ highly complicates every computation.

Let us also mention that in [Charve 2008] we obtained global existence when the initial QG-part is
only H 2+ This required real interpolation methods (inspired by [Gallagher and Planchon 2002]) in
order to obtain economic estimates for the limit system (see (1-12)). In [Charve and Ngo 2011] with
V. S. Ngo we studied the asymptotics in the case of evanescent viscosities (as a power of ¢) and for
simplified oscillating initial data (as the initial QG part is zero, the limit is also zero).

Let us now give a survey of other results on this system. In the nondispersive setting F' = 1 there are
few works: let us mention the seminal work [Chemin 1997] (that we recently generalized in [Charve
2018b]) and [Iftimie 1999a] in the inviscid case.

In [Koba et al. 2012] the authors distinguish the rotation and stratification effects, in the case v = v’ for
initial datain 2 N A and for a special condition Bzu(l) — 81u% = 0 (the initial potential vorticity only
depends on the temperature), and they obtain existence of a unique global solution to (PE;) in C(Ry, HY)
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for strong enough rotation and stratification. If the initial data is small in H> they manage to obtain that
VU, € L2Hz.

Lee and Takada [2017] studied global well-posedness in the case of stratification only (no rotational
effects) when v = v’ and for large initial oscillating part (independent of ¢). They first give global existence
of a unique mild solution in L*(R4, W33 (R3)) for large initial oscillating part in H (s € ] ], there
is a kind of smallness condition see Remark 17) and small QG-part in H 2 >, Then they show global
well-posedness in the case s = 5 and for any initial oscillating part and small QG-part, of a unique mild
solution in C(Ry, H2) N L*(R., W2-3(R3)).

These results are adapted to the primitive system in [Iwabuchi et al. 2017]. Iwabuchi, Mahalov and
Takada focused on the case v = V' and obtained (through stationary phase methods) the following
Strichartz estimates, which we state with our notation:

Proposition 5 [Iwabuchi et al. 2017, Theorem 1.1 and Corollary 1.2]. Assume F # 1. If r €12, 4[ and
peEl2,o0[N [l/(2( )) 2/(3 ( ))] there exists a constant C = Cf,, p » such that, if f solves
the homogeneous (A-79),

1 £ lLr@s.rry < Cer 3G foll 2.

Ifs e ]% %] there exists a constant C = C(F, s, v) such that

leg1
1S sy pirs.orasasy < Ce2S7 2 foll s

From this they are able to obtain through a fixed point argument the following global well-posedness
results for initial data (independent of ¢) with small quasigeostrophic part (assume v = v’ and F # 1):

o Ifse ] ] there exist 81,62 > 0 (dependmg on v, F, s) such that for any ¢ > 0 and any initial data
Uo = Uop,qG + Uo,osc With (Up,qc. Uo,osc) € Hz2 x HS and

1U0.Q6ll g1/2 < 61,

1-3
”UO,osc”I_'Is < 528_%(5_%)’ (1-3)

there exists a unique global mild solution in L*(R4., W* 3 (R3)).

e There exists § > 0 such that for any initial data Uy = Up,qc + Up,osc € H? with 1Uo,qGll gr1/2 <6,
there exists g9 > 0 such that for any 0 < ¢ < g, system (PE;) has a unique global mild solution in
C(Ry, HY) O LA Ry, W5 (RY)).

Let us also mention works in the periodic case where resonances have to be studied (see for example
[Gallagher 1998; Ngo 2009; Ngo and Scrobogna 2018; Scrobogna 2018]), in the rotating fluids system
case (see [Chemin et al. 2000; 2002; 2006; Giga et al. 2008; Hieber and Shibata 2010; Koh et al. 2014a])
or in the inviscid case (see [Dutrifoy 2004; 2005; Koh et al. 2014b; Takada 2016; Widmayer 2018]).

In the present article we wish to generalize our results from [Charve 2004; 2006; 2008] and motivated
by the very interesting results in [Iwabuchi et al. 2017] we want to obtain full asymptotics (as in [Charve
and Ngo 2011; Charve 2018a]) for very large ill-prepared initial data (less regular, depending on & and
bounded by a negative power of ¢). In our work we will provide global well-posedness results but also
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precise convergence rates as & goes to zero. We also generalize [Iwabuchi et al. 2017] in the sense that
we consider initial data with large quasigeostrophic part (with low-frequency assumptions) and provide
solutions in homogeneous energy spaces E* both in the particular case v = v’ and in the general case
v # V', Let us also mention that our methods closely rely on the special structures and properties of the
3-dimensional quasigeostrophic system.

1.3.1. Statement of the results. We will consider general ill-prepared initial data Ug ¢ = Up,¢,05c + Uo,6,0G>
whose QG-part converges to some ﬁO,QG (without any smallness condition), and whose oscillating part is
very large (see below for details).

The aim of the present article is to generalize Theorem 3 from [Charve 2004], Theorems 1.2 and 1.3
from [Charve 2006] and Theorem 4 from [Charve 2008] with the least possible extra regularity for the
initial data and the biggest possible blowing-up initial oscillatory part (as a negative power of ¢). The
energy methods used in [Charve 2004; 2005; 2006] would only allow at best an initial blow-up of Up ¢, osc
as |In¢|#. Indeed, these methods require the use of energy estimates for the oscillations Wy and WgT and
produce large terms involving exp(||Uo.¢.osc||?) that can only be balanced thanks to &” provided by the
Strichartz estimates. We need to change our point of view and try to not resort to energy estimates for
these oscillations. This will require us to make more flexible dispersive estimates so that the oscillations
can be estimated with minimal use of their energy (the only term where it was unavoidable is Fg; see
below for details). We will here state only the new results. Let us define (in the whole space R3) the
family of spaces E% for s € R,

Ef =Cr(H®)N LT (H*),
endowed with the following norm (where we define vg = min(v, v’); see the Appendix for other notation):

def 2

T
170y E NS 12+ 0 /0 | £, d.

When T = oo we write ES and the corresponding norm is over R in time. Let us now state the main
result of this article (we do not assume v = v’).

Theorem 6. Assume F # 1. Forany Co > 1, § € ]O, %], and ag > 0, there exist five constants
0,1, Bo, k, B > 0 (depending on F,v,V',Cq,ag) such that for all ¢ € 10, 9] and all divergence-free
initial data Uy ¢ = U ¢,0G + Uo,s,0sc Satisfying

~ 1
(1) Uo,e,0c converges towards some quasigeostrophic vector field Uy qc € H 3H8 \ith

U — U < Coeo,
{H 0,6,06 — U0,q6 | gr1/2+5 < Cos (1)

100,061l g71/2+5 < Co,
(2) ||U0’8’OSC||F3 < Coe ¥, where the space Fg is defined as follows (q = %)
H2 80 H2+s ifv="v,

Fg= % 7146 . ’
Bj,NH?2 if v#v/,
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then system (QQG) has a unique global solution UQG €cE'NE %"'5, and system (PE,) has a unique global
solution U, € E* forall s € [% —né, % + nS], which converges towards l~]QG with the estimate

|Us — Uggl 2100 < Boe™n@0:88)

Remark 7. In the general case, « is small (less than ﬁ), whereas in the case v =V/, k < % (and is as
close to % as we want). We refer to the next section for a more precise statement of this theorem.

Remark 8. It is interesting to adapt these results to the case with only stratification.

1.4. Precise statement of the main results. This section is devoted to giving the precise statement of
Theorem 6, which will be split into two formulations based on whether we have v = v’ or v # v'. This
statement requires us to introduce auxiliary systems, which is the subject of the first two subsections, and
state additional regularity properties for the solution of the limit system (we refer to the third subsection).
Then we will state the results we will prove in this article.

1.4.1. Auxiliary systems in the general case v # V'.
Remark 9. In what follows, we will systematically write, for f :R3 - R* 7.V f = Z?=1 fidi f.

Following [Charve 2004] we rewrite the primitive system, projecting onto the divergence-free vector
fields (P is the classical Leray projector):
% 0:Us — LUg + 1PAU; = —P(U, - VUj).
U8|t=0 = UO,s-

Notice that we can rewrite (QG) as follows (we also refer to [Charve 2004] where it was first used):

(1-5)

{8tﬁQG—LU8+ %PA&QG = —P(ﬁQG'VﬁQG)+G, (QG)
Uog|t=0 = Uo,qG-
where
—F 3,03
~ ~ 2 ~
G = Gb +Gl déf P’P(UQg-VUQG)_F(V—V/)AA;vz Fa(;a3 QQg. (1-6)
(93 + 93)03

Remark 10. It is important to notice that G is the sum of two terms, both divergence-free and whose
potential vorticity is zero, which is crucial to fully take advantage of (A-84). We refer to [Charve 2004;
2008] for more details.

As explained in [Charve 2004; 2005; 2006; 2008; 2018a; Charve and Ngo 2011], in the case F # 1
the oscillatory part enjoys dispersive properties that allow us to obtain Strichartz-type estimates. More
precisely the oscillatory part satisfies system (A-79) (we refer to the Appendix for details), and in all the
cited articles, we used that the frequency-truncated third and fourth projections of the oscillatory part
satisfy Strichartz-type estimates as given by Proposition 46. As in [Charve 2004; 2008; Charve and Ngo
2011], in the present article we will consider some particular oscillatory terms whose existence is devoted
to absorbing some constant terms in order to get the desired convergence rate for the asymptotics as ¢
goes to zero.
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More precisely, we introduce the following linear system (we refer to the Appendix for the notation
e, Rg and Py, R,):
WL —LwI +1pAwW] = —P, g P344G.,

(1-7)
WST [t=0 = PrE,Rg |]:[)3-1-4 UO,e,osc-

Remark 11. We recall that it would be useless to consider the free system: indeed the system satisfied
by Ug — ﬁQG features G as an external force term which is independent of ¢ and blocks any convergence.
It is then necessary to absorb a large part of this term, which is the reason why we considered such an
external force term in system (1-7). In other words, WBT is small due to dispersive properties, but still it
allows us to “eat” a large part of G. We refer to [Charve 2004] for more details.

Finally we define §, = U, — ﬁQG — WET, which satisfies the following system (see [Charve 2004] for
details):
8:6s — Lo+ LPAS = Y5 F + [0+ f1,

- (1-8)
8sjt=0 = (Uo,6,06 — Uo,qa) + (Id = Pr,,R.)Uo,s,05c + Pr.,R: P2U0,6,05c
where we define
FIE—PG:VE),  FBE—PEV0). FE—PUocVe), FsE—PEIW]),
def def [ & J =
Fs &P V5e). Fo = —Ploa VW), Fr = —PW] V). Fs<—pwIvw]).

fb d=ef _(Id_Prg,Rg)Gb_Prg,Rg [FDZGb,
1Y _(1d—P,, r.)G' =Py, r,P2G'.

1.4.2. Auxiliary systems in the special case v = v’. In this case, many simplifications arise in the
computations of the eigenvalues and eigenvectors of system (A-79) (see Remark 44). In this case, as used
in the first part of [Charve 2006], we can use the following system instead of (1-7):

{8,W8—LWE+%PAW8=—G1’, (1-10)

We [t=0 = UO,s,osc .

We will be able in the present article to provide for this system much more accurate Strichartz
estimates without any frequency restrictions (generalizing the ones obtained in [Charve 2006]). If we

write §; = U, — (7QG — W, it satisfies the system
{8t88—L88+%|]3’A85=Z?=1 i, -1
8ejr=0 = Uo,e,06 — Uo,qG-

Remark 12. We choose here to use the same notation as in the general case; the only difference is that
WST has to be replaced by W;.

1.4.3. The limit system. Let us recall that Theorem 2 from [Charve 2004] states that when the initial
data ﬁo,QG is in the inhomogeneous Sobolev space H!, system (QG) has a unique global solution
l~]QG € E%N E'; moreover there exists a constant C = C(8) > 0 such that for all s € [0, 1] and all 7 € Ry
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(and denoting as usual vy = min(v, v’) > 0)

t
”UQG”i?oH'S + VO/O IVUac (D13, dt < C(1Uo,q6l12°1U0,0611%1)* < C 100,06 1 71

In [Charve 2008] we used real interpolation methods from [Gallagher and Planchon 2002] (we also refer
to [Calderén 1990]) to obtain a much more accurate estimate, which allowed us to bound the energy in
EON E2+S only with the H 2+8 initial norm instead of the full H '-norm (we refer to Lemma 2.1 in
[Charve 2008]; our aim was to consider less regular initial data): for any § > O there exists a constant
C = Cs,y, > 0 such that for all € Ry

~ to ~ ~ 1
||UQG||i;>oH1/2+8+VO/O ||VUQG(T)”12ql/2+5dffc&,vOHUO,QG”Iqu/zHmax(lv||U0,QG||16_11/2+5)- (1-12)

Remark 13. The reader may wonder why the right-hand side is not simply Cs ,, ||(70,QG||§;I/%2+5 as
stated in [Charve 2008; Gallagher and Planchon 2002]. This is the right formulation when ||Up oG || gr1/2+5
is large (in [Charve 2008] we implicitly focused on large initial QG part). When it is small, the right-hand
side is even simpler: Cj ||l70,QG||12LI1 /245 In the proof in [Charve 2008] of (1-12) it is crucial to use
Lemma 4.3 from [Gallagher and Planchon 2002], and for this some threshold jo > 1 has to be defined:

e either || UO,QG | gr1/2+5 > %cv0228 (where c is the smallness constant from the Fujita—Kato theorem),
and we can define the threshold jg as stated in [Charve 2008] so that the right-hand side of (1-12) is

1
as._ 3 \¢, ~ 241
Co(1—27%%) 2(;)0) 100,06l 17245

(Cp is a universal constant),
e Oor ||l70,Qc.||H1/2+a < %cv0228 and then we can simply choose the threshold jo = 1 and obtain (1-12)

with right-hand side that can be simplified into Co(1 —2746)72| ﬁO,Qg||§11 Py
In other words, the right-hand side of (1-12) is in general
1
—48\—28 | 77 2 1{ 3 ,~ 8
Co(1=27"")"""||U0,qG I 571/2+5 max L EHUO,QG”HI/HS :

Our first result is devoted to the limit system and generalizes Theorem 2 from [Charve 2004] using the
precise estimates obtained in [Charve 2008]:

Theorem 14. Let § > 0 and ﬁO,QG eH 3+8 be a quasigeostrophic vector field (that is, ijO,QG = QﬁO,Qg).
Then system (QQG) has a unique global solution in E 38 — FON E2+8 and the previous estimates hold
true.

1.4.4. Statement in the case v =Vv'.

Theorem 15. Assume F # 1. Forany Co > 1, § € ]0, %] y € ]0, %[, and any ag > 0, if we define n > 0
such that

y=-2n% (thatis,n=1(1-2)),
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there exist €y, By > 0 (both of them depending on F,v,Cy, 8, y, o) such that for all ¢ € 10, go] and all
divergence-free initial data Up ¢ = Up ¢,0G + Uo,¢,05c Satisfying

(1) there exists a quasigeostrophic vector field ﬁo,QG € H2%3 such that

1Uo,6,06 — Uo,qG | g 1/2+8 < Coe®®, a13)
|Uo,q6llg1/2+s < Co,

() Uo,eonc € H2 0VH T with U s.osell 172017245 < Coe ™

then system (PE;) has a unique global solution U, € ES foralls e [%, % + r]5], and if we define

o ﬁQG as the unique global solution of (QG) in E'N E%""g,

o W; as the unique global solution of (1-10) in E3N E%""g,

o 8 = Uy — Uqc — W,
then for all s € [% % + )75]

16611 55 < Boe™n(@-3)). (1-14)

Moreover if we ask for more low-frequency regularity for the initial oscillating part, that is, Ug ¢ 0sc €

H275 0 H3%8 with |Uoeoscll g1/o—sgg1/245 < Cos™? then (1-14) is true for all s € [ —n8, 1 + 5]
and we also can get rid of the oscillations W, and obtain that

~ ; sn
|Us = Uag 2100 < Bog™"@02).

Remark 16. Compared to Theorem 1.3 from [Charve 2006] we highly reduced the regularity of the
initial data, only the quasigeostrophic part lies in a inhomogeneous space, and we allow a far greater
blowup in ¢ for the oscillating part, keeping a satisfying convergence rate as a power of ¢ (in accordance
with physicists) for any size of the initial quasigeostrophic part.

Remark 17. In [Lee and Takada 2017; Iwabuchi et al. 2017] there is a smallness condition for the initial
quasigeostrophic part (and also for the oscillating part in some sense). Their result states there exist
81,2 > 0 such that for any initial data satisfying (1-3), there exists a global unique mild solution for any
¢ > 0. This has to be compared with our formulation, where we prove that for any size Co and any initial
data with ||Up¢,0c| < Co and ||Up ¢,0sc|| < Coe™7, there exists a unique global solution when ¢ < gy.

Remark 18. Compared to the assumptions in [Iwabuchi et al. 2017, Theorems 1.3 and 1.5], we reach
the same regularity for the oscillating part, we ask more regularity for the initial QG-part, and we ask
more low-frequency regularity for both of them (we have to assume Uy, € H?Z as we need to consider
Fujita—Kato strong solutions)

Uoeose € H? N EH3+5 (H3+8 in [Iwabuchi et al. 2017]),
Ups.og € H2T  (H 2 in [Iwabuchi et al. 2017]),

but we do not ask any smallness to the initial quasigeostrophic part, and we provide global strong solutions
in the energy spaces E* for any s € [% -1, % + nS] (compared to mild solutions in L* (R, W%’3)).
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Remark 19. At first sight our blow-up rate seems slightly less general than the one from [Iwabuchi et al.
2017] (in that work they require e% | Uo,¢,05¢ |l g1/2+s be smaller than some 82 > 0, and in the present
work, we choose any Co and require & |[Up,g,0sc || 172 g1/245 < Co for any y < ) but in our result we
look for explicit rates of convergence as powers of . We refer to Remark 32 for more details.

Remark 20. We refer to Remark 48 for a comparison of the Strichartz estimates we use and the ones
from [Iwabuchi et al. 2017].

1.4.5. Statement in the general case v # V'.

Theorem 21. Assume F # 1. Let § € ]O, %] g=-2:,00>0,me ]0, ﬁ], and M, n > 0 such that

and let yg € ]O M ] Ifwe define R, = ¢~ M andr, = ™ then for all Co > 1 there exist gg, By (all of
them depending on F,v,V’, Cy, 8, y, ag) such that for all initial data Up ¢ = Uy ¢,0sc + Uo,e,qc satisfying

(1) there exists a quasigeostrophic vector field ﬁO,QG € H2%3 such that

1Uo.6.06 — Uo.qa | gr1/2+5 < Cos® (1-15)

|U0,qGll gr1/2+5 < Co,
L ~
(2) Up,g,0sc € qu,q N H2%8 with ”UO,e,oscHBl/ZmI_'Il/z-&-s <Coe™7,

system (PE;) has a unique global solution U, € ES forall s € [ 775 + 775]. Moreover, with the same
notation as in Theorem 14 (replacing W by WST, which involves m, M ),

186 s < Boe™n(@0- "4, (1-16)
and finally, thanks to the Strichartz estimates, we can get rid of the oscillations WsT and obtain

1Us — Uocll L2y ooy < Boe™ (@0 "5

Remark 22. This generalizes the first result from [Charve 2006]: in the present work we reduced the
assumptions on high and low frequencies for the initial oscillating part, and the choice for r, and R, now
correctly fits the power of ¢ provided by the Strichartz estimates, which produces a convergence rate as a
power of & without any assumption on the viscosities.

.1
Remark 23. The low-frequencies assumption Up ¢ osc € quq is mainly needed to produce a pos-
itive power of ¢ when estimating || x(|D[/Re) x(|D3]/re)Uo.e,0sc |l g s (the other need is to reach
regularities less than 5), and the high-frequencies assumption Up g osc € H2ts helps to estimate

”(1 - X(|D|/R8))UO,8,OSC||H5-

. . . . -1_3 :
Remark 24. The classical Bernstein estimate ensures that qu,q < H273% 50 that Uo,¢,0sc € H® for all
s € [— — —8 1 5+ 8]
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The rest of this article is structured as follows: we will first prove Theorem 14, then turn to the proof
of Theorem 15 in the case v = v’ (much easier computations to obtain the eigenvalues and vectors, but
needs more careful use for the Strichartz estimates as Wy is not frequency-truncated) and we will finish
with the proof of Theorem 21 (the eigenvectors are not mutually orthogonal anymore, and care is needed
for the frequency-truncated terms). We end the article with an Appendix gathering results on Sobolev
and Besov spaces, the process of diagonalization of system (A-79), and the new Strichartz estimates that
allow us to reach this level of precision.

2. Proof of the results

2.1. The limit system. 1If (70,QG is as described in Theorem 14, we regularize it by introducing for A > 0
(where y is the smooth cut-off function introduced in the Appendix)

~1 def (D]
U&QGiX( i )UOQG

Then U&QG € H' and applying Theorem 2 from [Charve 2004] there exists a unique global solutlon
U AG eE'NE!to system (QG) and thanks to Lemma 2.1 from [Charve 2008] we apply (1-12) to U,
and for all 1 € Ry (taking Co = max(1, || U, QG g1/2+5))

A 12 : F7A 2
10 e v +minto,)) [ 19Ty

OQG max| 1, || x UOQ
A H1/2+8 A

= CS v()”UO QG||H1/2+5 max(l ||U0 QG||H1/2+5) =< CS vOC

= Cs,vo | X

1
s
H1/2+s)

2+5

(2-17)

Then (taking A = n) we prove that ( G)nEN* is a Cauchy sequence in E?t = EONE3+8 Forn >m,

let us define 8, U 5G UQG, which satisfies the system

atgn,m - an,m = _Q(ﬁgc, : vgn m+ Sn m* Vﬁéng)»

o |D| |D] (2-18)
8n,m|t=0 = (X(T) _X( " )) Uo ,QG-

For any s € [(), % + 8], taking the H$-inner product and then using the classical Sobolev product laws

(see Proposition 38), we get ((sl,sz) € {(1, s — %), (s, %)})

2 77 ||5n mlZ, + 00l VénmlZi,
=C ||USG Vénm+ nm 'VU(’)nG”HS—l 18n,m |l grs-+1

< C(103G g1 15 mllqu 185 mIIHSJrl + UGG 372 18n,m | g5 18m,m Nl grs+1)

Vo C 1 ~
< ST s+ oW, (19085 + g||U(3’G||";~,1/2||VUQG||H1/2) (2-19)
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Thanks to the Gronwall lemma and using (2-17), we obtain that

~ ~ 2N~2+1/8 2N~2+1/8
18n,m 1% 1245 < 16n.m (O)|%1/245€ Covo/P0)Co™ A+ Cang /o)),

As ||S,,m (0)|| r1/2+s goes to zero when m = min(n, m) goes to infinity, the sequence is Cauchy and if
we denote by I7QG its limit in £ %+8, we immediately get that it solves system (QG) and satisfies the
expected estimates. O

As an immediate consequence we easily bound G?! (introduced with the auxiliary systems) as follows:

Proposition 25. There exists a constant Cg > 0 such that, for all § € |0, 1] and s € [0, 3 +§].

Cr 241
[0 e

(2-20)
lv—v'|? 2+1
[T16M 0, L dr < e,

Remark 26. In [Charve 2004] the previous terms were estimated for any s € [0, 1] with || ﬁo,Qgﬂ Hl-

Proof of Proposition 25. G' is estimated as in [Charve 2004], and for G?, as we wish to use only % +94
derivatives on ﬁonG, a much better way than in that work is to write (thanks to the Bony decomposition;
see the Appendix for details)

1G85 < CF10oc - VUqa |l 45 < Cr |l div(Uqc ® Ugo) |l 4
< Cr 21175, Ul g1 + 1R (Tag, Uoe) 1) (2-21)

< Cr2||Uqlie + 10aall go, ) NUaGll gys1-

Then using the injection Bgo’l — L together with the Bernstein lemma and Lemma 27 below (whose
proof is close to Lemma 5 from [Charve 2016]), we obtain that

2 Tglle +1Tacl g, . <3NTasll a2 < Clbacl o o106y 222

and we end up with (using also (1-12))

o0 1 1
) o, o, _
| e ||H-sdrscF||VUQG||22H1/2_5||VUQG||;2H1/2+5||VUQG||L2HS

Cr
<=£¢5.,,Co (2-23)
Vo

This completes the proof of the proposition. O

Lemma 27. For any o, B > 0 there exists a constant Cy g > 0 such that for any u € HS~ 2N H5P e
have u € Bil and

el g | = Capllul ;,t’*o, | j:,tiﬁ (2-24)
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2.2. The casev =v’.

2.2.1. Estimates for W,. Let us first focus on the linear system (1-10). Let us recall that thanks to
Proposition 25 we obtain that (see [Charve 2004] for details) for any s € [%, % + 8]

1 ! 1 rtyab .
”We”%y =< (”UO,S,OSC”?_I'S + 5/0 ”Gb(‘[)HHs)e2 f() o (r)”HS =< DO(”UO,S,OSC“Z'S + l): (2'25)

with
def CF 2+5 SECs.ucgt!?

Do = Cg v0Co
One of the main ingredients is to prov1de a generalization of the Strichartz estimates obtained in [Charve
2006]. Our new Strichartz estimates are much more flexible and we refer to the Appendix for the most
general formulation (see Propositions 47 and 51). We also postpone to the end of the next section the
precise statement of the Strichartz estimates we will use.

2.2.2. Energy estimates. As explained in Section 1.3, we already have a local strong solution Uy whose
lifespan is c.leinote‘dlb}; T}. As seen in the previous section ﬁQG and W, exist globally, and §; is well-
defined in E;z N EZ ~ forall T < T, and we can perform for any s € [%, % + r]8] the inner product in
H* of system (1-11) with §;. We have to bound each term from the right-hand side.

Let us begin with the easiest terms, namely Fp, F> and F3: thanks to the classical Sobolev product
laws ((s1,52) = (% s); see Proposition 38), we obtain that

(F118) gisl < 186 - Vel gromi 18el frssn < ClISell 3 186l (2-26)
Similarly we obtain that
~ C ~
[(F2 [ 8e) gis| = ClIVUQGH ;1 186l s 18ell grsrn = 7 118170 + =1V Taa 1%, 1813,
16 H % H (2-27)

~ C ~
|(F3 | 8¢) gis| = CllUQG g1ll8ell grs+1/218ell grs+1 =< 16||5 [P FIIUQGII‘}pIISeIIip

Compared to [Charve 2004; 2006] we cannot use for the other F; the same methods because they would
produce (after using the Gronwall lemma) a coefficient of the form eWell s which would ruin our efforts
to allow large initial blow up for the oscillating part (which could only be of size (— In ¢)B). We need to
estimate carefully these terms and especially use as much as possible the new Strichartz estimates (giving
positive powers of ¢ thanks to Proposition 47) and the least possible basic energy estimates on W, (that
produce £~V from (2-25)).

The most obvious way would be to use the paraproduct and remainder laws (see the Appendix). For
example with F7, as s — 1 < 0, we have

|(F7188) g5 | < IWe-VUQG || -1 186l g+
< CUITw, VUqGl g1+ Ty g, We l gro—1 I div(RWe, Uoo) | s—) 118l s
< C(IWellzoo IV oG | rs—1+ IV oG | grs—1 1Well go,__ +I1Well o 100G ) I18ell s

C .
=ClWellgo, ||UQG||Hs 186l grs+1 = 16”8 ell % T ;”WSHZB&JHUQG”Z'S- (2-28)
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This result could be also usable for F but to deal with ||Well, , BY. from Proposition 47 we would have
to use Lemma 27 which would force us to have a slightly smaller range for y. More important, for Fg
this method would force us to require y < , which is clearly not optimal.

Finally, the most important problem is that the previous estimates cannot be used to estimate F4 and Fg.
Indeed for instance if we wish to estimate Fg the same way

I F6ll grs—1 = CUITg,, VWell gs—1 + 179w, Uocll g1 + | div(R(Tog, We)ll 1)

and the first paraproduct (see the Appendix for the Bony decomposition) leads to an obstruction as the
only possibilities to estimate it are (for 8 > )

IUqallLoe | Well s

7 (2-29)
1UqGl gs—s1Well go. -

T TWell s = |
In the first estimate each term is well-defined but the H*-norm of W, produces negative powers of €, and
in the second one the first term is not defined (I7QG is not defined for negative regularities). It is possible
to deal with this term using the same idea as in [Charve 2004] (with a, b > 1 so that % + % =1),

t t
/ 1UqG - VWel%,_ dt < C / 1Uqc - VWellz21UqG - VWell gracs—) d
0 0
< 1Uqc | Loo 2 IV WellLaroo 1TaG | 1o grst1/2 | Well oo g (2-30)

and due to the gradient pounding on W, the most interesting use of Proposition 47 consists in choosing
a as close as possible to 1, which implies that b is very large. As s + % > 1, this forces us to use (1-12)
for regularity index close to 1 (in this case it would be necessary to require that ﬁO,QG € H* with s close
to 1), which was something we wished to avoid as we only consider indices s < % + &. Moreover it would
also produce a clearly nonoptimal decrease in ¢.

Finally both of these two methods fail for F4: the former for the same reason as for Fg, and the latter
as we cannot consider ||, | ;2: there is a lack of derivatives pounding on J,.

To overcome this lack of derivatives, we will distribute them differently among the whole H*-inner
product. We will do this for all the last five external force terms and the idea will be to do as in [Charve
2016; 2018a] and deal with the nonlocal operator | D|* applied to a product and dispatch s derivatives
on §, and obtain something close to the second line of (2-29). More precisely, we directly deal with the
inner product as follows:

|(Fa | 55)[-1's| = |(div(3e @ W) | 56)H.v| = [(ID]* (e - We) | |D|SVSS)L2|- (2-31)

The nonlocal operator |D|* can be written as a singular principal value integral (we refer to [Stein 1970;
Coérdoba and Cérdoba 2004; Hmidi and Keraani 2007; Abidi and Hmidi 2008; Charve 2016; 2018a]) and
when the index s lies in ]0, 1] (which is the case here as s is close to %) it is a classical singular integral:

e [ @10 £~ flx—y)
DS =6 | Ty @ f D
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Let us recall that an equivalent formulation of the Besov norm involves translations as stated in the
following result:

Theorem 28 [Bahouri et al. 2011, 2.36]. Let s €10, 1[ and p,r € [1, o0]. There exists a constant C such
that for any u € BIS,J

lu(- —y) —u(-)lLr
R4

From this we can prove exactly as in [Charve 2018a] (see Section A.3.1 there) the following result:

C Yu

Iy, <1

I ) < Cllllgg -

Proposition 29. For any s €10, 1[ and any smooth functions f, g we can write

IDI*(fg) =(DF f)g+ fIDI’g + Ms(f. ),
where the bilinear operator My is defined for all x € R3 by

M(f.8)(x) = /W (f() = fx—y))(gx) —g(x —y))

|y|3+s

dy. (2-32)

Moreover there exists a constant Cy such that for all f, g and all p, p1, pa,r1.72 € [1,00] and 51,52 >0
satisfying

l=L+L, 1=L+i, s1+ 852 =35,
V4 P1 p2 r1 ]
we have
IMs(f)llLr = Csll fllgsy | llglgsz - (2-33)
1:71 P2.12

Remark 30. The additional term M; allows us to freely dispatch the derivatives as desired provided
that 51,55 > 0, which will force us to spend a small extra amount of derivative in order to meet these
conditions. So even if it is not possible to use Proposition 29 for (s1, s2) = (s, 0), our method will enable
us to do nearly as if we could estimate || Ms(8s, We) L2 by [|0ell g1/211D]° Well 6.

More precisely for a small «; > 0, instead of (2-31), we will write (also using the Sobolev injections):
|(Fé | 8¢) g s|
= [(div(Toa®We) | 8¢) gis | = (I DI*+*1 (Tga-We) || DI* ™1 V5e) L, |
< (DT Uqg)-We+Uqa| D IS T4 WetMista, (Uga, We) |l porG+200) || D15 Ve || 6/ G201
= CUIDIT* Ugall2 IWellyven +1 TGl 11DF* Wel Losai+2en 100 L s IWell g, )
XD~ Vel gy
<C(1Uq6 | gs+a | Wellpare +1Ta6 172 11 DI Wel Lora+2a +1Tqa l g+ ||Wsllgg/nalsz)-ll&llgsﬂ

Hs+1 HS Hs+1
> 2 2 > 2 2
+||UQG||H1/2|||D|s+alWa||L6/(1+za1)+||UQG||'s||Ws||B§t/1 ) (2-34)
S/a

1:2

v C .~ 20— 2
< 1o I8l i+ (100all 3~ 1 Tall 3 Wl e
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Remark 31. Notice that as 8¢, W, UQG are divergence-free, we will systematically (thanks to integration
by parts) transfer the divergence as a gradient on the right-hand part of the inner product, and as a
consequence the computations are the same respectively for F4 and F5 and for Fg and F5.

Let us continue with Fy4, by the classical Sobolev interpolation and Young estimates, we can write that
(for ap > 0 small)

|(Fa|8e) s

= (div(E®We) [ 8c) g | = [(ID|" T2 (8- We) | | D"~ V) L, |

< Cl(IDPY*2) We48e-| DS T2 Wot My oy (86, We) | p6/G+203) | | DS ™2V 84 || L6/ 3—2a)

= C (D128 | L2 | Well Lo +18e | I1D1 T Wl oscrszom + 185 | s el g2, )
XD~ Ve o

= C 86l 33" 086l IWell v +C (186 3N DI Woll poravaa 186 s I Well gz )8l o4

Vv
= E||88”Hs+1

1 1
2 o 2 + 2
+C||88||Hs( e el i, + ;nWent/zazqz) 18l D Wl gtszayy . (2-35)

v 1—ap

Finally we estimate Fg with the same method, but the term Mj o, (W;, We) has to be estimated differently
(otherwise we end up with the same problem as explained in the beginning of this section): instead of
estimating it as for the other terms by

el s Wl g
(the first term being L, and the second L? in time), we will estimate it by

| Well gs+as—ssl W'S”Bff%z’

for small enough a3, B > 0 so that the first term keeps L in time and the second one is L2 (we try to
be as close as possible to the forbidden choice § = 0). As we will make precise below, dealing with

A=A LA R A

LooHS LZHS L2L3/O¢3
(for the first term) will only lead to y < , Whereas
2
” W8 ||L00H5+Ol3 ” WS ||L2L3/ot3

will allow us to reach y < % For the same reason we will estimate the other term by

W, X
[ We ||L2B§3/8a3 )

instead of

| We “LZ/U_%)B;‘S&%,[
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Although this choice seems very close to the other, it allows us to use a smaller p in the Strichartz
estimates, which allows a slightly wider range for 6 helping us to reach y < % instead of y < %. Once
more, we try to obtain as close as possible to what we would get if it Proposition 29 could be applied for
s1 =54+ a3 and s, = 0:

|(F8|86) gs| = 1 DI (We@We) | o/ 200) I DI* T3 Vel o/ -2a3)

= (2|| | Dt Wslle IWellp3/as + 1 Well grs+as—ss IIWaIIBBs VMNP Ve o
||3 [P (IIWsIIHA+a3IIWsIIiz/a3+IIWsII ys-+as— wIIWsllBs/a ) @36
a3,

We can now gather all the external force term estimates (2-26), (2-27), (2-35), (2-34), (2-36) and taking
the HS-inner product of system (1-11) with 85, we obtain that for all s € [3.2+né]andallr < T

2 2
L 12, 4019513
(C||8 s + 82 )||8 12,
_2

C 1 ry 1 o
+;||88||§S{||VUQG||H,/2( + 300l a) + IV, + 1l

v 1—ap .2

2(1 o) 2 2 72 2
[IIUQ s 100615 IWellF 30, + 100611 /0 1D Wl 7 67014200

2 2 2
+ ||UQG||HS IWell B, + ||58||H1/2|||D|S+a2 Well7o/a+2a)

+ ||W8||Hv+a3 IWelZsras + 1Welgosas-ps Wl - 237
In order to perform the bootstrap argument (we refer to in [Charve 2004; 2006]), let us now define
def Vv
T, = sup{t €0, T)[:forall ¢’ <t,|8(¢ g2 < c (2-38)
Due to the assumptions, ||§(0)||g1/2+s5 < Coe®° so that we are sure that 7, > 0 if

(v %
=\scc, ) -

Thanks to the Gronwall and Young estimates, and estimating the first terms in the last block as

o0
2(1— 2 2
/0 1Ta0l 2 N Tao I, IWel2 1, dT

o _ 1—oa
< ([ 1Facliar) ([ ||Ws||Lg7;1||UQG||§-,Sdr) @39)

we can now state that for all s € [%, % + 778] and all < T, we have (as W, and (7QG are globally defined,
each time integral in the right-hand side is over R4)



496 FREDERIC CHARVE

t
Vv
1801+ [ 198012,

C,  ~ _ ~
5 2(1 2 2
< [uss«»n ot (1006135 2 1001 2% IWell 22/ e

7 2 2 r7 2 2
106 1/ DI Wl oty 1T} o s 1P gy
3/aq

IWell7

+|||D|S+Q2W€|| 2L6/(1+20t2)+||W8|| L213/a3

LooHstes

IVl e s Wel Lo )

C 1 ~
xexp;{ 19Tl 501 +v—2||UQG||§OO H/)

2
i IVl st W L 240)
vl s 3/a2.2

It is now time to properly use the new Strichartz estimates we proved in the present article (see the
Appendix for Proposition 47 and its proof).

Let us begin with the case (d, p,r,q) = (s +a,2, 5= 1+2a’ ) for all 6 e] » T= 4a[ 10,1] =10, 1].
Thanks to Proposition 40 (for simplicity we will not track the dependency in v),

” ID |s+oc We ”L%L6/(l+2a)

<C||D|*t*wW,
<CJ|D] ell72 2801 4

t
61—
SCF,v,p,e,a812(1 4e) (HUO,E,osc||Hs+(9/6)(1—4a> +/ ||Gb(f)||Hs+(0/6)(1—4a)dr)’ (2-41)
0

and if we choose o € ]0, %[, and

6(8 + % —5)
C1—4a

1 2a

(which isin 0, 1] if § <s — 3 — 5%, recall that s ~ %) then we obtain (thanks to Proposition 25)

f =

sta sta
ID] W8”L2L6/(1+2a) < ClIDI"™* Wel 2 7B (| 12a2

t
Lsl_
= CF,v,s,8,a52(8+2 ) (||U0,a,osc||p11/2+5 +/ ||Gb(f)||;'11/2+3 df)
0

1 1_
= CF,v,s,S,a82(8+2 S)DO(”UO,e,oscHHl/z-i-s +1). (2-42)

Let us continue with the case (d, p. 7. ¢q) = (.2, 2,2), for all

if we assume « € |0, %[, and choose 6 = then

4oe’

8
IWellzz e, , < Crvs.ac?Do(lVoeoscl /245 +1). (2-43)
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For the case (d, p,r,q) = ( %, 3,2), for all

o
1 _«o
273
96}0,1_4_&[,
3

then

ifa e ]O, %[, and if we choose 0 = 3=4a 4a,

8
”WS”L?/U_“)LS/Q = C”WEHZ%/(I—“)B%Q 5 = CF,v,S,(xgzDO(”UO,s,oscHHl/erS + 1)- (2-44)

All these estimates are verified fora; = oy = a = % if § < %. Then we turn to the last two terms from
(2-36), let us begin with the first one: as announced, due to the first factor (estimated thanks to (2-25)),
doing as before will only allow us to get S%DO(”UO,&OSC”[JII/Z-H + 1)2, which leads to y < %. In order
to reach the announced bound %, we will try to take a slightly smaller p which will allow us to widen
the range for 6. But taking p = 2 instead of ﬁ requires that || Wel| gs+as is L that is, we need that
S+a3z < % + §. More precisely with (d, p,r,q) = (O, 2, %, 2), we have

0 (1_%493
IWellL2p3/as < C||Ws||L230 2 < Cr.0,564" 73 Do (| U0, 050l jy1/2-a3 +0/201—sa3/% +1) (2-45)

and as we want
a3+s=%+5=%—a3+%(1—%)

we choose
1 2(8 + a3)
(3,0) = (5 + E—S, w)-

This is possible (according to the condition from Proposition 47) when

1_ o3
2~ 3
0 < | dar
3
that is if
§ < 1832, (2-46)
which is realized (recall that s € [%, % + nS]) when § < LO < 5¢- Then we have
1 1_
||W8||L2L3/a3 = C||WS||~2 30 = CF,v,S,sf‘fz(z(S—i_2 S)[DO(”UO,e,osc“ 717248 T 1)- (2'47)
t L[B H

3/a3.2

Now, for the last term, o3 is fixed and we will adjust 6 and . For d,p,r.q)= (,38 2,5 ,2), we choose
6 so that the corresponding o (see Proposition 47) is equal to > =+ 6; that is

(1-28)=2-B)8+ 3 —s.

1_ o3

2 3
96]0,1_4a3 [
3

which is possible when
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that is § < /3 which is realized when (2-46) is true (when B € 0, 1[). In this case, we end up with
12— 1_
IWellgzpes = CF.0,6,582 F P29 (| Ug e 0scll 17245 + 1. (2-48)
o3,

Combining (2-40) with all these Strichartz estimates, namely (2-42), (2-43), (2-44), (2-47) and (2-48), we
end up with for all s € [% % + 778], all B > 0 small and all t < T

v t
18O +5 [ 19812, de

1_
<1811, + Do (5275 + &%) (| Upe .05l gr1/245 + 1)
1_ _ 1_
+(828+2 S+8(2 B)S+5 s)(”UO,E,OSC”H1/2+8+1)4)]
x exp{Do(1 + &2 (| Uo,s,osc | gr1/24+5 + 1)%)}

<|D0[820£0_+_(85+§—S +88)||U080§c|| 8+(828+2 s+8(2 ,3)8-}—2—S)||U080g0”

H1/2+ H1/2+5]

X CXP{DO(I + & ” UO,E‘,OSC ||[_'Il/2+5 + (gj || UO,S,OSC ||H1/2+3) 1—D¢2 )} (2'49)

As s € [%, % + 775], we can write that

18:0)1%, + / IV8:(0) I, d

< [DO[82060 + c(1=m8=2y + e (2—ms—4y + 8(2—77—,3)5—4)’]600(1+85_2y)’ (2-50)

so that we need
y<min((1 =03 (1= 3. (1-£3)3)

If we fix 8 = 7, the condition is reduced to y < (1 —n)$, so that if 0 < y < &, we define n = 1(1— 28—")
(or equivalently y = (1 —21)3); then with B = n, for all s € [1, 1 + 78] and ¢ < T, we end up with (as
soonas ¢ < 1)

t
1801, + 5 [ 1980113, dr < Doeoezmnten ), @-s)

We can now conclude the bootstrap argument: there exists €9 > 0 such that for any 0 < ¢ < g¢ the
previous quantity is bounded by (%) , so that (1n particular for s = %) if we assume by contradiction
that 7, < TS, then

v
5 1 < =
” 5||L%°EH1/2 =38C

which contradicts the maximality of T} (in this case, we would have ||8:(T5) || g2 = %) Then Ty = Tf

and the previous estimates hold true for any ¢ < 7., so that by the blowup criterion 7, = T, = oo and
the previous estimate is true for all # > 0 and all s € [% % + r}8]:

. 8
||8,9 ||Ev < Boé‘mm(ao’%)-

Finally, to prove the last part of the theorem, we only have to remark that the previous argument is then

true forany s € | 5 — ,—+ when we require o < 1nstead o < 57, See = , and use
for any 1 —n8.% +n8] wh quire § 4( dofé (2-46)), and

26+1 26’
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Lemma 27:

1 i né
[8ellp2p00 < ||58||L23801 < IBell ;2 gg3/2-ns 18ell ;2 gr3saans) 2 < Boe™in@0-2),

For (d, p,r,q) = (0,2,00,1) and for all 6 € ]O, %[, from Proposition 47,
6 o b
|Wellp2p00 < Coe4 ||U0,g’osc||321!/12+9/2 + ; |G (T)||321,/12+6/2 dt).
Using Lemma 27 with («, B) = ( %) and if 6 = 5 +k (for some small k > 0),

_k
||U0,8,osc||321’/12+9/2 = ||UO,6,osc”}_'I+1];2 ”UO,S,osc”}_;1524_(1_,_,()(9/2) = COS v, (2'52)

Choosing k = ﬁ, we get

IWall 2100 < Doe2 (e ~1=21) — g5’
and the conclusion follows from the fact that U, — ﬁQG =8¢ + We. O

Remark 32. Going back to (2-49), in the case s = % if we only seek for global well-posedness, we retrieve
here the same condition as in [Iwabuchi et al. 2017], except for the last term because Proposition 29
imposes B > 0, so that the condition for global well-posedness is still y < 5. If B could reach zero, the
conditions would be:

* ||Uo,¢,0s¢ ||i-11 2N 1245 &8 < ¢, with ¢ some fixed small constant, if we want global well-posedness.

e |Uo,e 050”?.'11/201;1/2-1—888_)0 as ¢ — 0 if we want §, to go to zero.

oy < , if we want &, to go to zero as a positive power of & (which is what we originally searched for).

In our case, due to this 8 > 0 these three conditions coincide.

2.3. The general case.

2.3.1. Estimates on WET. Let us begin by recalling the energy estimates for WST (we refer to Theorem 21
form, M).

Proposition 33. Assume M < 3, there exist g = &o(v, v/, M) > 0, and By = Bo(Co, v,V’, F,8) > 1
such that for any 0 < & < gg ands € [— — —5 1 >+ 8] we have

w2 +vol W, |2 <Bo(e™2 +1). (2-53)

LRy ,H) L2(Ry ,Hs+1) —

Proof. We know from [Charve 2004] that there exists a constant Cr > 0 such that for any s € [0, 1] and
t € R4+, we have

WL 5 <efoIIG @l s d
t 1
><(||Wf<o>||2-s+cF<1+sR§|v—v'|)2 /0 (nGb(r)an||G’<r>||Hs_1)dr). (2-54)
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Combined with (A-86), Proposition 25 allows us to obtain that when s € [% — %8, % + 8]

l
WI es < Cr(14 |v—v'|eR?)2e % o CougCo *
E

L =P 241
X (HPrS,Rg UO,s,osc”%S + (V_o + T Cs 1,0([: 5. (2-55)
0

We have [v —1/[eR? <l assoonas M > 1 and e < g = |[v — /| =237 , which leads to (2-53). O

2.3.2. Estimates on §z. As explained in the previous section (see also [Charve 2004; 2018a]), as Up ¢ € HS
forall s € [% — %8 , % + 8], in particular it lies in H 2 and thanks to the Fujita—Kato theorem there exists
a unique local strong solution U; € L%OI-'I N L%H 3forall0< T < T}, where T,” > 0 denotes the
maximal lifespan. In addition, if 7, is finite then we have

T*
| 19Uy a7 = o0

Moreover, as our initial data enjoys additional regularity properties, they are transmitted to the solution:
forall s €[4 —38,4 + 8] and T < Ty, we have Us € L H* N L2 HST. As before, with a view to a
bootstrap argument, let us now define

T, défsup{t e[0, T [:forall t' <1, 8(t")| g1z < E (2-56)

Thanks to (2-59), we are sure that ||3¢(0)]| ;1 /2 < g¢ (and then T, > 0) if & is small enough. Assuming
that 7, < T.*, the computations from the previous case imply that, for all s € [— — 175 + 08], and all
t S Té‘a

v t
18:(0) 12 +— ||vss(r>||2- LAt
2

) ~ o n2(1- o2 T2
s[nsa(mn (vollf I gzs H I 12 s H 1006 15 80128 MW 12 2 1y g v
T T
10617 s 12N PP W W ot + 10061 o IV 172 gor
T T 201 T2 T
HIDET2 W12, orsaan HIWT 2D IWT 2%, IV ||L2/<,_a3)L3/a3

R R [T vy 2)}

C
xexp— 1)OHf ||L1Hv+||VUQG“ 2f71/2 1+ 2”UQG” o f1/2
L2H LoH

1 2 T
i WIS s I g 50
1—ap
%
0

Compared to (2-40), the only differences are:

¢ The force terms f bl (dealt with as in [Charve 2004; 2006]).
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e The simpler estimates for Fg: as precision will be imposed by the truncated terms, we only write

2(1 2
(Fsl8e) s = e l8ey 0+ —(||WT||LE>O WIS Vel 2 0 v
+||W8||L°°H?||W8||L2B 2) (2_58)

2.3.3. Estimates for the truncated quantities. We will now bound much more precisely than in [Charve
2004; 2006] the external force terms and initial data (see (1-9)):

Proposition 34. There exists a constant By > 1 such that for all s € [% — 18, % + 778],

1F21 0 pie < Bo(e!2M 4 M= | J8—M(GHn8))
1 £ 2 o < Bo(e!72M 4 £MA=ME | mG=nd)) (2-59)

18:(0) | 5 < Bo(e%0 + &1 72M Y 4 SM—nm)=y | S(G—m=M)=r)
Remark 35. Note that as we want positive powers of ¢, the previous estimates imply the conditions

M,n,né e ]O, %[,
n<%<min(5+16n8,%—n), (2-60)

y < min(l —2M,8(M —nm), 5((% — n)m — M))

Proof of Proposition 34. Let us begin with the terms involving G: thanks to (A-84), and Remark 10
and Proposition 25, we immediately obtain that there exists a constant Bg (only depending on Cq, v, v’
and F) such that for all s € [% -1, % + 775]

”Prs,RslszbHLlHS + ||Prg,R5|P)2Gl”L2H.S—1 =< B08R§~

Thanks to Lemma 42 (see the Appendix), Proposition 25 and (2-17), the second term in fj can be bounded

(forall s € [% — 18, % + 778]) according to
D D D
L A [ o)) L PR P G- P e
L1HS c e

&

L1HSs

bl
S T — +R\x\ = x| — |G
Ri+8_s Re L1H1/2+8 Rg Te L1L2
&
1 b sip2.\2=1,7 7
< ——— G L1 gr/2+s t Re(Rre) 37 2 || UgcVUqGlI 1 1.3/2
§+8—s
R
1 +% % © ~
S T 1GP N1 /25 +Re 1 U6 (D)l Ls VUG (D)l 2 d
2 0
R
L et d
<Bo m-l-Rs re |, (2-61)
R
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which implies the first estimates in (2-59) for all s € [l —nd, % + nS]. Similarly, we have

(=R

and using that the expression of G! (see (1-9)) features some derivative d3, for all s € [% -1, % + 778]

Bo

2(3+8-s)’

< (2-62)
L2Hs—1 Rs

we have
D D D D
x(u)x(—| 3|)G’ . =Crlv—V| X(u)){(l 3')83VUQG ,
Rg Fe L2Hs—1 Rg Fg L2Hs—1
<Crlv— V’|r§||3§_SVUQG||Lsz—1
< Crlv=v1r1Tqcll 2 1- (2-63)

Let us now turn to bound the initial data 6.(0):

18 (O)]l s < 1U0,e,06 — ﬁO,QGHHs + 1 Pre,ReP2U0,e 05l s + 1 (1d = Prp R, ) Vo6 05|l g

< Coe™ + | Pr,,R.P2U0.e,05ll s

D IDI | D3|
+ (=2 & ))Vo.eosc| X Upsosc| - (2-64)
€ fIY I'g HS
As before, we easily estimate the second and third terms for all s € [5 -1, % + r]S] b
/ 2 CF —y 2 1 T
Crlv—V'|eR; ||U0,a,osc||ys + 1—||U0,8,osc||H1/2+8 < Boe R, + ———|. (2-65)
Ri+8—s R§+8—S

1
It is here that the quq assumption on the 1n1t1al data will be specifically used (everywhere else we only

use the fact that this space is embedded in H2 28) To bound the last term, thanks to Proposition 40 let
us write that (we recall that ¢ = 5 + 3 <2

|D| | D3| W (1PN (1P3]Y, s
X R X Uo,e,0s¢ =X X |D| Uo,e,05c
& Te Hs R, Te L2

|D] | D3|
X X |D|2U0€o€c
R, I's
S+s—1

3

<CR; 2 62|||D| UOsoqc”BO
3
P2

1

_1
< C(R%r,)i 2R} 2

L4

1

< CRIT 212 U sose s (2-66)

Note that this can be done only if s > 1 . In the case s € [ —né, [ we simply go back to (2-64) and
write that (taking advantage of the frequency localization)

1
[ (Id = Pr,, R, ) Uo,e,05¢ll gjs < l—_s||(Id—Prs,Rs)UO,s,osc”HUz
re

CF 1
=— (R8 ||U080§C||H1/2+8 +R rsz ||U080§C||Bl/2) (2'67)
7‘

&
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We can sum up as follows: for all s € [% —né, % + n8]

1+ms 5 .
[ R e [ g,
||(Id—Prs,Rg)UO,s,osc”Hs = q:08 Y x ¢

s
%%(Rig—i—Rgrﬁ) if s €[4 —n8, 1]
eMEU=m 4 SE-UEmM) ip g e [11 4 p5],

<Coe™ ¥ x (2-68)

g8M=mn) 4 S(G=—mm=M) jf g ¢ [3—n8.3]
As

M(1—n)—(M —mn) =n(m—M), and (5 —A+nM)—((3—nm—M)=n(m-M),
and as m > M (see (2-60)), we obtain the announced result. O

2.3.4. Strichartz estimates for WST. We will need the following Strichartz estimates to complete our
bootstrap argument:

Proposition 36. There exist g9, By > 0 such that for any a > 0 and & < &y, WsT satisfies

T 12 ME-4a-8)-m(3—20) _ p 1-%-2 M+m
W ||Z23g/a2§B084 3TMG ymm(3=20) < Boea—§3(MAm)

||WT||L2/(1—a)L3/a < Boséll —M(3—3a=8)-m(3-32) < Bosz_%_i(Mer) (2-69)

==

|||D|s+aWT||L2L6/(l+2lX) < BO 12— %—M(§—3a)—m(§—2cx) S Bogﬁ—g—%(M‘l‘m)
Proof. Using Proposition 51 in the case (d, p,r,q) = (a 2, = 2), we obtain that

W 72 g,

101 4da R4—30t
<Boe (! 73— (um RUoe.osell grae 1 Pre, RGPl 1 ot —— ||PrE,RgGl||L2m)
.

1
2 Vg e
4—3a 1

1_4ey R 1 11—,

<Boet (173 = — x( 5 1U0sosell f1/2-332 GOl fra+—1—RE ™ IG l2 gases
r2 2 27 v2r
€ € ofe

<B08‘11 —M(4—3a)— m(2—2a)(8 y— m(2 ——oc)_i_g m— M(2—8 a)) (2_70)

From (2-60), we know that y < §M so that

m+M(L-6—a)-(y+m@E -2 -a) =ML -6-a)+mE+2 +a)-y>0,
which leads to the first estimate. Similarly, considering Proposition 51 in the case (d, p,r,q) =
(O 23 2) we get (thanks to Proposition 40)

’laa’

T
W N L20-a L3re < W ||zzgg/a.2

l(l_ﬂ) R§_3°‘ 1
=Boed™ 37 —— 1Uo,e,05cll g1/2-382 + 1G? ||L1L2

z 1_38
rsz rsz 2 B 1
RGN L2 Hl/m)

Vg T'e

< Bogi—%—M(4—3(x)—m(%—3a) (E—V—m(%—%) + E—m—M(%—S)), (2-71)
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which leads to the second estimate. In the case (d, p,r,q) = (s +a,2, 155 +2 5 2), we obtain that (provided
O<a<dé+ 5 —9)

D s+a WT < W
I D| o 2pera+200 < || ||L236Y/(‘1X+2a)2

23
1 (1—4a) RE
<o 017, Unel s+ 1P, Gl oo
re 1
+ T||PrsaRsGl ||L2[-']s+a)
Vg e
5—3x
11— R? _ 1 s+a+i ~
< Boet2! )—( P R P Dol ravass
ré
< Boet2~ §MG-30)-m(3-2a) (o~y | g=m—M) (2-72)
which concludes the proof. O

2.3.5. Bootstrap. We are now able to conclude the bootstrap argument (see the previous section and
[Charve 2004; 2006]). Gathering (2-57), (2-59) and (2-69), we obtain that for all t < T

t
Vo
18O+ [ 19812, de
< D[220 + £21-2M=7) | 26M—nm)=y) | 26(G—mm=M)=y) | 1-2M
4 eMA-mé 8%—M(5+n8) + 82(1—2M) 4 g2M-m)§
1-2M

xexp£{1 +e 4 eMU=m8 | G-M(G+nd) | min2,125 Of)(f_%_f(Mer))} (2-73)
Vo

For simplicity we will require, instead of the second condition from (2-60), that
M _1_. 11
20 < oy < 3 min(s365.3 —1)-

This obviously implies that n < ==, so we will finally ask that

n€]0. 15[,
=, (2-74)
y <min(3(1 —2M), 36(M —nm), 38((3 —n)m — M)).

100
M e]o, 1.

Moreover, if we take o = y and ask that
S(M+m)<t and 28<i(i-3(M+m)), 075
IM+my<L and ¢<

As M < this is realized when

10’
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‘When

M5 mé m L)_ M$

y<m1n( 16°12° 32 %

we obtain that all powers of ¢ in the exponential are positive so that for small enough ¢, we get that for
all s € [%—778,%+n8] and 1 < T,

M)

t
8012 + 5 / [V8:(2)[3, dv < Doe?Pogmneo- 72 (2-76)

so that we finally end up with (for small enough ¢), 8¢(T¢) < g C , which clearly contradicts the maximality
of T,. We can conclude that 7, = 7,* and then the previous estimate is valid for all # < 7%, which implies
for s = % that the integral in (1-1) is finite. Therefore T, = oo and (2-76) is then valid for all # > 0. The
rest of the theorem is done as for the case v = v’ O

Appendix

A.1. Notation and Sobolev spaces. ForscR, HS and H® are the classical homogeneous/inhomogeneous
Sobolev spaces in R endowed with the norms

lll;, = / E*aE)ldE and  JulFs = / (1 +1EP)"1a@)| de.
R3 R3
We also use the following notation: if E is a Banach space and 7' > 0,
CrE=C([0,T],E) and LZE=LP([0,T],E).
Let us recall the Sobolev injections, and product laws:

Proposition 37. There exzsts a constant C > 0 such that if s < 2, then for any u € H*(R3), we have
u e LP(R3) with p = T 2 and
lullLr = Cllull g

Proposition 38 [Bahouri et al. 2011, Chapter 2]. There exists a constant C such that for any (u,v) €
H' (R3) x HS2(R3), if 51,52 € ]—% %[ and 51+ 52 > 0 then uv € Hsl+s2_%([R§3) and we have

||uv||HS1+s2*3/2 = C”u”HYI HUHHY2

A.2. Besov spaces. We refer to Chapter 2 from [Bahouri et al. 2011] for an in-depth presentation of the
classical homogeneous and inhomogeneous Besov and Sobolev spaces. We also refer to the appendix of
[Charve 2018a] for a quick presentation.

Let us just recall that i is a smooth radial function supported in the ball B(O ) equalto 1 in a
neighborhood of B(O, Z) and such that r — ¥ (r - ¢;) is nonincreasing over Ry. If we set ¢(§) =
W(%) — 1 (§), then ¢ is compactly supported in the annulus C = {§‘ eRY:co= % < <Co= %} and
we define the homogeneous dyadic blocks: for all j € Z,

Aju:= @@ Dy =212/ ) xu, withh=F"g.

We recall that m(é ) = ¢(§)1(§) and we can define the homogeneous Besov norms and spaces:



506 FREDERIC CHARVE

Definition 39. For s e Rand 1 < p,r < oo, we set

1

. o 2rls A r g if d . . 21s A

lll gy = (D2 NAml7,) it r<oo and  Jul, = sup 2| Apu s
lez

The homogeneous Besov space B;’r is the subset of tempered distributions such that

Tim|$juflze =0
Jj—>—o00

and ”M”Bﬁ,r is finite (where S'ju =D i<j—1 Aju =y Q277 D).

The space BIS,J is complete whenever s <d/p,ors <d/pandr = 1.

For any p € [1, oo], we have the continuous embedding Bg,l — LP — Bg,oo. L)
. o—d(5-—5=
IfoeR, 1 fdpl < pr<oo,and 1 <r; <rp < oo, then we have Bgl,rl — Bp,.rs Pi P2l

The space BIE 1 1s continuously embedded in the set of bounded continuous functions (going to 0 at
infinity if p < 00).

HS = BS,.

Interpolation: if 1 < p,ry,ra,r <00, 01 # 02, and 6 € (0, 1),
. < 1-9 0 _
11 ggezva-oor S 1710 1 W - (A-T7)

Proposition 40 [Bahouri et al. 2011]. We have the following continuous injections:

. Bg,l — L? forany p > 1.

. Bg,z — LP? forany p €[2,00].

. Bg’p — L? forany p €[1,2].

Let us then define the spaces L? BS _ from the following norm:

T " p,r
Definition 41. For T >0, s € R,and 1 <r, p < 0o, we set

iz g5 = 127 NAqullLe 1o gy

Any product of two distributions ¥ and v may be formally written through the Bony decomposition:

uv = T,v + Tyu + R(u,v), (A-78)

where

Tuv = Z Si_uApv, Tyu:= Z S;—ivAju and R(u,v):= Z Z Aju Apv.
l l I |I'-l=<1

The above operator T is called a “paraproduct”, whereas R is called a “remainder”. We refer to [Bahouri

et al. 2011] for general properties and for paraproduct and remainder estimates but we can recall that (if

1

-1, 1 1_ 1, 1).
r_r1+r2andp P1+P2)'

e For any s € R, we have ”Tuv”Bg,,. < ||u||Loo||U||B}§’r.
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e For any (s5,7) € R* xR, we have ”T"U”B;;f;’ < ||u||le!r] ||v||Bl,)2!r2

e For any 5,7 € R with s +¢ > 0, we have | R(u, U)”B;:tt < ||u||]_,-31§1’r1 ”v”B}, .

A.3. Dispersion and Strichartz estimates. Consider the system

0 f—(L—1PA)f = Fex.
f|t=0 = fo-

If we apply the Fourier transform, the equation becomes (see [Charve 2005] for details)

0 f —B(t, ) f = Fext,

(A-79)

where

—V|EP 616/ ElED)  (5+ED)/ (el 0 £163/(eF|€?)
B, ¢) :L—EPA: —(EF+ED)/ (€1 —v[EP—&162/(clE>) O £263/(cFI€|%)
' € £263/(el€l?) —£183/(el§1?) —v|E]? —(E7+ED)/(eFIE1%)
0 0 1/(eF) —V'|E|?

For 0 < r < R we will denote by C, g the set
Crr={£€R3:|E| < Rand |&]|>r}.

We also introduce the following frequency truncation operator on Cr g:

LI\ VAL
rnR =X R X r ’ (A'SO)

where y is the smooth cut-off function introduced before and (F~! is the inverse Fourier transform)

A2)r-r((5)16) m A(20)r=r o)),

and | D|® the classical derivation operator |D|* f = ]-'_1(|§|Sf(5)).

In what follows we will use it for particular radii r, = ¢™ and R, = &M where m and M will be
made precise later. Let us end with the following anisotropic Bernstein-type result (we refer to [Charve
2005], and to [Iftimie 1999b] for more general anisotropic estimates):

Lemma 42. There exists a constant C > 0 such that for any function f, o >0, 1 <q < p <00, and all
0 <r <R, we have

({2,
(22

Moreover if f has its frequencies located in Cy R, then

<C|fllr».
Lr (A-81)

<cwni=H ()22 s

Lp
IDI* fllr < CRY|| fllLr- O

L4
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A.3.1. Eigenvalues, projectors. We begin with the eigenvalues and eigenvectors of matrix the B(, ¢).
We refer to [Charve 2004; 2005; 2006; 2018a; Charve and Ngo 2011] for details about the following
proposition. We will only state the results and skip details as the proof is an adaptation of Proposition 3.1
from [Charve and Ngo 2011] (there in the anisotropic case).

Proposition 43. If v # V' there exists €9 > 0 such that for all € < go, for all rs = €™, and Ry = ¢ ™M,
with M < % and 3M +m < 1, and for all § € C;, R,, the matrix B(§,¢) = L — %IP.A is diagonalizable
and its eigenvalues have the following asymptotic expansions with respect to ¢:

o =P, A= —e Qe + i 4 eB (6 o)

£l € (A5
p= =8 + v+ PR L 42D, d=—t@lEl il 4 e,

€17 FE|

where |£|3 = 512 + 522 + F2§§J, and D, E denote remainder terms satisfying for all § € C,, R,
2[D(, )| < Crlv =V < Crlv =P~ « 1,
s|EE o) < Crlv—V/Pelgl* < Crlv—v/Pe! M « 1,
eldg, E(E.£)| < Cplv—v/elg]® < Cplv —v/ 26 3M « 1,
F2 2 / F2 2
w(§) = K(1 + 53) + U_(l - 53) > min(v, V') > 0.
2 &% ) 2 €%
Moreover, if we denote by P; (&, €) the projectors onto the eigenspaces corresponding to ju, A and A
(i €12,3,4}), and set

and

P; (u) = FH(Pi (€, ) (11(§))), (A-83)

then for any divergence-free vector field f whose Fourier transform is supported in Cy, g, and s € R, we
have the estimates:

1 if Q(f)#0,

Py f s <C " A-84
IP2 fll s < CRILfll s X b= VeR2 = o — o[ i Q(f) =0, (A-84)
and, fori = 3,4,
R _
IPi fllgs < Cr—=11f e = Cre™ ™0 £l . (A-85)
&

Finally, if we define Paia f = (P3 +Pa) f = (I; —P2) f (as div f = 0), then

IP3taf s < Cr(+v—2"[eRD| S |l gis- (A-86)

Remark 44. In the case v = v’ everything is simpler: the eigenvalues have simple explicit expressions:
—v|£|? (double, u and g coincide), —v|€|? £ (i|€|F)/(¢F|£]), the eigenvectors do not depend on &
and are mutually orthogonal (so that P; are of norm 1) and this basis exactly corresponds to the QG/osc
decomposition (for divergence-free vector fields): P = P344 and Q = [P5 so that the quasigeostrophic
part only depends on W, and the oscillating part only depends on W3 4. Finally the operator I' reduces to
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a simple anisotropic Laplace operator. We refer to [Charve 2006, Appendix B; 2016; 2018a] for more
details.

Remark 45. We emphasize that the leading term in u is the Fourier symbol of the quasigeostrophic
operator I". Moreover, the dispersion is related to the term (i|&|f)/(eF|€]), and when F = 1 this term
reduces to the constant g This is why dispersion does not occur in the case F = 1 (we refer to [Chemin
1997; Charve 2018b] for a study of the asymptotics in the special case F = 1).

A.3.2. Dispersion, Strichartz estimates. Combining Proposition 3 from [Charve 2018a] (covering the
range p > 4) with the convolution arguments from the appendix of [Charve 2004] allows us to cover the
full range p > 1 and obtain the following Strichartz estimates satisfied by the last two projections of the
solution of system(A-79):

Proposition 46. Assume that f satisfies (A-79) on [0, T [, where div fo = 0 and the frequencies of fo
and F are localized in Cyr, R,. Then there exists a constant C = Cf p ., > 0 such that, fori € {3, 4}
and p > 1, we have

T
1P fllLn oo < cz<<e)(||fo||Lz - /0 | Fex(@)l12 dr)-

where

LR T4 INPTE soov [4 /1 1\]p 4

& 582[—(———)] =e4“4M“2+v)’”’[—(———)] if pell, 4,
2teLlvolp 4 vo\p 4
&

K(e) = 546

LR2? 1_ (5.6 4

8; & - :8;—((§+;)M+(2+;)m) lpr4
r2+;
&

Unfortunately these estimates would be completely useless in our case: we need more flexibility than
only LP-L°°-estimates, and in the case v # v’ we need to take into account the second term G as done
in [Charve 2004]. We begin with the case v = v/, where we have to deal with the fact that we obtain
Strichartz estimates on Wg, which is not frequency-localized (we improve the method from [Charve 2006,
Appendix B]). Then we deal with the case v # v’

A.3.3. Strichartz estimates in the case v = v’. The main result of this section is stated as follows:

Proposition 47. There exists a constant Cg > 0 such that foranyd € R, r >4, g > 1, and
1

1
ee]o, T_;[H]O,l], pe [1,

r

&
— .
o(1-3)
if f solves (A-19) for initial data fo and external force Fexx both with zero divergence and potential
vorticity, then (co refers to the smaller constant appearing in the Littlewood—Paley decomposition, usually
3
co = Z)

Cpo. 014 !
DI fllzp g0, < Cr——2 2 gmesC r>x(||fo||ng+/O ||Fext<r>||gzaqdz), (A-87)

2 4
v a1=3)
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73 (1=7-20(1-1))
1 —2—3(=7-200-})

Remark 48. It is interesting to compare our Strichartz estimates with the ones from [Iwabuchi et al. 2017,

1_6_4
o=d+3-3-2+50-1). G, =[3(3-Ga-9)i0P

Scrobogna 2017] (see Proposition 5). In our estimates we use the range r > 4, whereas in Proposition 5
they consider the case r € |2, 4] and they use it for r close to 3. Our index p is mostly equal to 2 but
we can reach p = 1 (which is useful when there are derivatives), whereas in [Iwabuchi et al. 2017],
p>1/(1-2)>2

Proof of Proposition 47. Let us first assume that Fex = 0. As v = V/, the fact that fp is divergence-free
and with zero potential vorticity implies that

Jo=Pfo=PPfo = P314P fo = P314 fo.

so that we only consider the last two eigenvalues (we recall the eigenvectors are orthogonal). The idea is
to push further the Strichartz estimates without the frequency truncation we obtained in [Charve 2006]:
we will once more use a simple nonstationary phase argument (see for example the works of Chemin,
Desjardins, Gallagher and Grenier [Chemin et al. 2000; 2002; 2006]). As outlined previously, in this special
case there is no need to truncate in frequency through the operator P,, g, but within the computations we
will truncate considering the vertical Littlewood—Paley decomposition (A,’éu =27/ D3)u):
. . j+1 . .
1A fllipre = 1Aj flleerr = D IARA; fllLrrr.
k=—00
Now we will use the methods leading to the general Strichartz estimates (previously used when frequencies
are truncated on some C, g) as in our case r = 002k and R = Cy2/. We recall that @ is the truncation
function involved in the Littlewood—Paley decomposition, we denote by ¢; another smooth truncation
function, with support in a slightly larger annulus than ¢ and equal to 1 on supp ¢, and by B the set
BE W € (P @R : W lLo,. Lresy < 1)-
Then following the same classical steps as in [Charve 2006] we get that (we choose for simplicity to write
it only for the third eigenvalue) for any g > 1

IARA; fllLrLr
w . .
= sup/ ALA; f(t, x)¥(t, x)dx dt
0

veB
=¢ 3,“%/0 /R P ERE A ©)01 2 )0 (2K 8 )i (1, £) dE di

1

=Csup 14, follus [/0 [ K(v(z +5), @x) W) * T () () dx ds dzr,

&

sCsupnAjfoan[[/ HK(v(t+s),'t_S',~)H _||w<z>w<s>||mdsdtr, (A-88)
veB 0 0 LB
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with K defined as follows (we refer to [Charve 2006] for details):

e 2, lElF . _
K(.7.x) = fA e EOPHT R o) (071 61202 |£5)2 dE,
J.k

where

A E {6 € R 102! < [6] < Co2/ and ¢o2¥ < [£3] < Co2¥ ). (A-89)

Interpolating the following estimates (we refer to [Charve 2006, Section B.2] for more details), and using
as in [Charve 2018a, Section 3.2] that for all @, b > 0 and 0 € [0, 1] we have min(a, b) <a'=9b?,

2 i a : 1
|K(@, 7, )llLoe < Cpe=72" 2% min(zk_j’ i )
722k=J

2
3] k—
IK(0,7, )2 < Cre~ 2927 2% 25

we get for any r € [2, o], %z%—l—%:%,andee[o,l]

SN

I
2
A-90
k= p)l1—3—26(1-2)] (A-20)

‘[%(1_%)

2 . k—))(1-20)\1-2 . .
2( J r _
IK(0.7.)llr < Cpe= 2% (23’ —) 2%2'7)

2
_%0 592/ ~37(1—1
< CF€ 502 23](1 +)

Now we can go back to (A-88), by the Cauchy—Schwarz inequality, fixing 8 > 1 so that

1y @) * ¥ () ls < IV Oz v $)Lr
that is, choosing B = % = % (which implies that r > 4), and using (A-90), we obtain that

IAVA flLorr < Cr sup [|A; foll 26307927 (=D"5 (=7-260-3)

YeB 1
U/ _h0hts) dsdt]z, (A-91)
It —s]30=D)

ht) = e~ Sz 1 (@)l

with

Next we will use the Hardy—Littlewood—Sobolev estimates, which we recall in R for the convenience of
the reader (we refer to [Hardy and Littlewood 1930; Sobolev 1938; Lieb 1983]):

Proposition 49. There exists a constant C > 0 such that for any function h; € L2 (R) (¢; > 1 fori =1,2)
and any o > 0, with qu + qiz +a =2, we have

hi(t)h
[/ MO 41 45 < )l o Nhallges.

|t —s|*
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Choosing iy = hy = hlg,, o = %(1 —é) > 0, and % =1- %(1 - %) we get that

h(t)h G122
/ / O g5 ar < Clnz, < Clle= 32 pm Lo )2

|Z—s|2 (1- 4) :
17 2 (m__2 2
<C|— ) 27m | llpapr (A-92)
ym

for m € [1, oo] chosen so that % +1- é, that is

Remark 50. Note that this implies the condition p < 7 (1 / ( ))

Combining with (A-91), we can write that

K2l (1-2-20(1-%))

2/1 6 an15—50-%
x o734 [Z(;—z(=2)]""* - (A-93)
VP
It is possible to sum this for k < j + 1 if and only if
1-2-20(1-%)>0,
that is, as r > 4, when
1—2
0 < L
4
2(1-3)
Summing over k we obtain that for all j,
. C
1A fllLorr < Cp— 280 e 80=D/ G325 F 50D A, o] 1, (A-94)

L 8=

which leads to the desired result in the homogeneous case. The inhomogeneous case (i.e., when Fey £ 0)
easily follows thanks to the Duhamel formula. O

A.3.4. Strichartz estimates in the case v # V'.

Proposition 51. There exists a constant Cg 4 > 0 (where W= M) such that for any d € R, r > 4,
and p <4/(1- —) if f solves (A-79) for initial data fo and external force Foy = F? 4+ F!, all three of
them with zero divergence and potential vorticity, then fori = 3,4

4—2
D, 11_4y Rg "
DIep;p e <Cpgo— BT g(=3) 28

Vg re
(nm,Rsfoan Pk PPl

R Fllp2 B) (A-95)
Vo I'e ’
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where Dy, = max(bp,,, dp ) with

1_1¢q_4 o0 -x P
ZL)p 3(1=3) / —e dx) .
cp 0 x4 1-3)

Remark 52. We could prove like in the previous section some refined estimate with 6 € ]0, 1] (allowing
p <4/(6(1—%))) but we will only need the case § = 1 and p close to 2 in this article.

Proof of Proposition 51. Let us first assume that Fey = 0. With the same notation as in the previous
section, we get that (see previous section, as well as [Charve and Ngo 2011; Charve 2018a] for details)

||[pi7)r8’R8f||z[)(R+’Lr(R3)
o0
= s [ / PPy g, S0Vt x) dx di

veB
1ElF 2
weB R3 2R e
00 00 _ %
<C sup ||Piprg,Rsf0||L2|:[ / L@, s, e, )2y @)« ¥ ) Lo dsdf} , (A-96)
veB 0 0
where
_ 2
Lit.s.e.x) = f TE S TONEP+iG—s) SHE +et EE.0) +esE Eue) (|E| ) ( _X(2|53|)) dt.
R3 2R8 rs

Like before, to obtain the L2 -norm, we will interpolate between L2 and L. It is easy to obtain
IL(s.t.6.)l|p2 < CpREe™ 2 @+72

and we refer to [Charve and Ngo 2011; Charve 2018a] where we proved that (there we were working
with local-in-time solutions, and we dropped the exponential)

1
R} R3 e \? v
IL(s. 1.6, )l|Loe < Cro—2 min(1, =5 P A Gl
rz |t —s|

so that we obtain for any > 2

=0

6— 12
—c220 (t+s)r2 R, & 2(1=5)
”L(S’[’g")”LBSCF:we 4 ET% |Z—S| :

e

Thanks to (A-85), and doing the same as previously, we end up with (8 = %)

4-—2

Re " cha-2 supU/ _8gl) _ dsdt]z, (A-97)

I r veB S|2(1 7)

P Pr..r. fllLrLr = CF 0l Pr.,R. foll L2
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with
_c2 2
g)y=e"Z " |y (1) 5.

Using once more Proposition 49, we end up with

4—9
b 1.4y R 7
IPiPrereflerer < Cr i e¥ ™) 5 1Pre k. foll (A-98)
V(f 4 r 32 r

Then it is easy to deduce the nonhomogeneous case with F b only. Let us now focus on the other external
force term; we extend the method from [Charve 2004]. If we denote by S(¢) fo the solution of system
(A-79) with Fx = 0, we have by the Duhamel formula

t
S(t — )P, r,Pi FL(t)) dt’

LfLr

:sup/ / [P’PrgRgFl(f £)

veB
f G ’/)eEF@+£’E(5”")X(ﬂ)(l_X(2|g3|))&(t,§)dtd$dﬂ
t 2R; I'e

; 00 0O OO _ 1

<C sup PPy &, F ||L2L2U / f ||L<z—rcs—r',s,->||Lr/z||w<z)*ws)nw-mdsdz}
veB o Jv Jv

4_2

1cr1_4
< CrolPr.. RgFlanLz ga(1=7)

(Sl

—c 4(t+s —2t)r2
<sp| [ / ramnteon gy WOl VO dsdrar | o9
ves 0 =520

Computing the integral in ¢/,
min(s,?
/ )e 21)Ot r2 e dt’ < 2 eczl%omin(t,s)rg’
0 vorg

and using the fact that |t —s| = s + ¢ — 2 min(s, t), we get

t
/ S(t—t")Py, g P FL(t')dt’
0

LPLr
4— 9
r l _é
<CF0)||PI'8R5F ||L2L2 48 88 (1 )
re r |t Slr %
Xsup[/ / IPENETTEE ||1ﬁ(f)||Lr||w(s)||Lrdsdz] . (A-100)
veB |t—s| 2( )

Then setting
k(r) = =€ dlelr2 =300,
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we just have to estimate a convolution

o0 [e.°]

L] k= Ol ) dsde < Welol 1 o, (A-101)
provided that p > 2 and %(1 — ;) <lsothatk e Lg, whose norm is featured in the constant d), , and
we have

D RY7
L4
IPiPrer. fllLrLr < Cro—t—1a—g et =5
»a(1-3) 3t
% r
0 &
1
< (1P fola 4 1P PPl Pre, Flazz) - (100
Vg Te
Finally, to obtain the announced estimates, we just have to apply this estimate to A jlD 14 7. O
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